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Simple linear regression

Based on the scatter diagram, it is probably reasonable to assume that the mean of the
random variable Y is related to X by the following simple linear regression model:
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where the slope and intercept of the line are called regression coefficients.

*The case of simple linear regression considers a single regressor or predictor x and a
dependent or response variable Y.



Regression coefficients

Sey = i (x; — ) ixz _ <i=EIXi)

i (11-10)
i=1 i=1 n
n (22
Soy = > i — Y& — X) Exy, e (11-11)
i=1
0 =Y _1313_5
i A A Fitted (estimated)
n Sxy Vi _IBO 181 ; regression model
,B1 = S—

Caveat: regression relationship are valid only for values of the regressor variable
within the range the original data. Be careful with extrapolation.



Test for slope - method 1: Use t-test for

slope « Under Hp, test

Under Hog statistic
slope parameter 31 I, - Br — Bio
v 6-2/Sxx
E(B1) = B1o
~ t distribution with
o2 n-2 degree of freedom
VB, = —
B) =5

e Reject Hy if

A

=
ﬁl NN( ﬂl,O’ 0-2 /Sxx ) |t0‘ to&/2,n—2
(two-sided test)



Test for slope - method 2: Analysis of
variance (ANOVA)

ANOVA can be used to test for significance of
regression

Partition the total variability in the response variable
into meaningful

Analysis of variance identity

error sum of squares regression sum of squares
SSkr SSe

SS; = SSx + SS;



ANOVA continues ...

* |ntuition: if the null hypothesis Hy: 3; = 0 is true
B =0 Y =10y + €

n

SSk= > (3 —y)*  “small”

i=1

e otherwise Y=8,+Bx+¢€

n

SSk= > (%i— 37 “large”

i=1

* Test statistic
SSg/1  MSg

F. = -
" 8Sg/(n —2)  MSg

~ Fi,

reject HO lffO > fa,l,n—2



..doing calculation



Example: oxygen purity

* Test whether or not purity is related to carbonhydron
concentration

n

S —y)? =SS, = 17338

i=1
B, = 14.947
SSk = B1S,, = (14.947)10.17744 = 152.13

SSp = 8S; — SS, = 173.38 — 152.13 = 21.25

e value of test statistic

fo = MSg/MS; = 152.13/1.18 = 128.86.
* p-value P=123x10"



ANOVA will lead to the same
conclusion as t-test.
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Mean response

* Observation

Y=03p+ Bx + €

Y: response X: predictor

* Meanresponse E(Y|x)= pyx = Bo + Bix

E(Y|x) = E(By + B1x + €) = By + Bix + E(e) = By + Byx

* Variance of response

V(Y[x) =V(Bo + Bix +€ =V({Bo+ Bx) + V(e) =0 + o

2 = &

2
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Example of response

* Oxygen purity vs carbon hydrolevel

Yy
(Oxygen
purity)
Po+ Pq(1.25) True regression line
uylx =Bo+ P1x
=/b +1bx
Bo+ B (1.00)
x=1.00 x=1.25 x (Hydrocarbon level)

Figure 11-2 The distribution of Y for a given value of x for the
oxygen purity—hydrocarbon data.

if x = 1.25 Yhasmean value py, =75 +
15(1.25) = 93.75 and variance 2



Confidence interval of mean
response

e A confidence interval can be constructed on mean
response of a specified value of x

E(Y|x0) — Mylx,
* Also called the confidence interval about regression
line
* Step 1: point estimator for mean response
Ry |x, = Bo + Bixo
* Step 2: variance of mean response

| =2
L (x0 — X) ]
n SXX

2

V(ilY|X0) — 0
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* to construct confidence interval, replace

&2 use as an estimate of o~

MY’XO o MY|XO

Ve

~ Tn—2
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* constructed confidence interval for mean response

A 100(1 — a)% confidence interval about the mean response at the value of
X = Xp, SaY Jhy|y,, 1S glven by

1 (x —X)
. A9
Myly, — fa/z,nz\/U [ﬁ + q
XX
1 (% — X)°

= Wyjx, = Py, T ta/2,n2\/6-2{n + S } (11-31)

where Ly |, = Bo + ABIxO 1s computed from the fitted regression model.
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Example: oxygen purity
Ly, = 74.283 + 14.947x,

95% confidence interval 1s given by

A , 101\/1 18{ 1 (x — 1.1960)
+ . . +
Y1z 20 0.68088

To use this:
predicting mean oxygen purity when x, = 1.00%

Ryiy,, = 74283 + 14.947(1.00) = 89.23

the 95% confidence interval 1s

€093 + 1 10 \/ 8{ 1 (1.00 — 1.1960)>
23 £ 21014 /118 | — + 0 i
9 20 068088 the 95% CI on My|1.00 18

88.48 = Wy|1 00 = 89.98

89.23 = 0.75



Confidence interval on mean
response: plotted
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X
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Implication: predicting new
observations

* Use the fitted linear regression line to predict new
observation

Yo = Bo + Bixo
eﬁ — YO — YO

V(ep) — V(YO — f/o) — 02@ % n (Xo L;xx)z}

Compare with variance of mean response:

2

V(ilY|X0) — 0
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Confidence interval of predicted new
values
Yy — Yy

T
) 1 (XO o x)z i
0) 1 + ﬁ + Sxx

A 100(1 — a) % prediction interval on a future observation Y, at the value x; is
given by

1, (% —X)
A . ) =
Yo fa/z,n—z\/(’ {1 T T S

| Xp — X)?
=Yy=) + toc/2,n2\/6'2|:1 + -+ % = ) (11-33)

XX

The value y, is computed from the regression model y, = QO + f%lxo.
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Estimation of variance

* Using the fitted model, we can estimate value of the
response variable for given predictor

V. =0+ Bx,

* Residuals: 7=y -,

* Our model: Yi= o+ P1X + &, i =1,...,n, Var(g) = 62

* Unbiased estimator (MSE: Mean Square Error)
>

0° = MSE=-"!
n—2
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Example: oxygen purity

* 95% confidence interval for prediction at x0 = 1%

o = 89.23

1 (1.00 — 1.1960)2}

23 — 2101,/ 1.18| 1 + +
5 \/ 8{ 20 0.68088

1 (1.00 —1.1960)
=Y, =8923+2.101+/1.18|1+ — +
20 0.68088

86.83 < y, = 91.63
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Confidence interval on predicted
observations: plotted

102

99

;8

= 96

)

2

o
Figure 11-8 Scatter 2 73
diagram of oxygen ©
purity data from 90
Example 11-1 with
fitted regression line,
95% prediction limits g7 .
(outer lines) and 95% 0.87 1.07 1.27 1.47 1.67
confidence limits on Hydrocarbon level (%)

X
MY|X0'
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Diagnosis for linear regression

We have made various assumptions for linear
regression models

Diagnosis of linear regression model: examine
these assumptions using various statistical tools

Assumptions:
* Estimation: errors are uncorrelated
* Test hypothesis: errors are normally distributed

* |nput - output variables are related linearly
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Residual analysis

 Residuals

€, — Y; _jfi,l. — 1,2,...,7’l,

* Residual analysis

* check whether errors are normally distributed
with constant variance

* whether should include additional (non-linear)
terms
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What should residuals look like
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oK not OK: variance of residuals
increase with magnitude of xi or vyi

data transformation can solve this problem

Vy, In y, or 1/y
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Some other abnormal residual plots
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not OK: model inadequacy
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Check normality

Step 1: standardize residuals

di=e/N6%i=1,2.....n
if residuals are normal, 95% of these d; should be in
(-2, 2)
Step 2: plot normal probability plot of residuals

probability plot: (sec 6.6) a graphical method to
determine whether the samples are from assumed
distribution
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Construct normal probability plot

* Rank the samples: from smallest to largest

X1, X7, ... ,X, 18 arranged as X(1)s X(2)s -+ + » X(n):

* Ordered observations X) are plotted against their
assumed frequency (j — 0.5)/n

* |f the assumed distribution is true, this should
approximately follow a straight line
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Example: probability plot

* Battery life

j X(j) (] — 05)/10 3

1 176 0.05 “1.64 77

2 183 0.15 —1.04 %

3 185 0.25 —0.67 =

4 190 0.35 ~0.39 5 80

5 191 0.45 —0.13 150 .
6 192 0.55 0.13 S 20

7 201 0.65 0.39 5~

8 205 0.75 0.67 X

9 214 0.85 1.04 o
10 220 095 164 170 180 190 200 210 220

*()

32



Normal probability plot of oxygen
level example

99.9
99
95
80
50

20

Cumulative normal probability

-1.9 -0.9 0.1 1.1 2.1
Residuals
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Coefficient of determination

* A widely used measure for a regression model
* ratio of sum of square

The coefficient of determination is

_ S5
SS,

_ 3%
SS,

RZ

0=R =1
* amount of variability in data explained by

regression model

* oxygen level example:

R? = §S,/SS, = 152.13/173.38 = 0.877
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Test of correlation coefficient

* Can be used to check linearity assumption

_ Oxy
P OxOy

 Definition of correlation coefficient

* Hypothesis test: whether or not there’s correlation

Hy:p = pg
Hi:p # pg
e estimator
Y.:(X; — X
R =1 ( ) _ SXY

35



Test statistic for test correlation or
hot

Ho:p — O
lep 7& O
If Hg is true
RVn — 2
T(): \/ 5 ~ n—2
1l — R

Reject Ho ‘to‘ > ta/z,n—z



Confidence interval of correlation
coefficient

* For large sample size, n larger than 25, the statistic

1 ] + R
Z=arctanhR=Eln ~N( %lnH’O, 1 ]

1 — R l1-p n-3

* The approximate 1— ¢ confidence interval

Confidence
Interval for Za/2

a Correlation tanh (arctanh r—
Vn — 3
Coefficient

Lo
) =< p = tanh (arctanh r+ Vr%> (11-50)
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Example: wire bond pull strength

Table 1-2 Wire Bond Pull Strength Data

Observation Pull Strength Wire Length

Number y X
1 9.95 2
2 24 45 8
3 31.75 11
4 35.00 10
5 25.02 8
6 16.86 4
7 14.38 2
8 9.60 2
9 2435 9
10 27.50 8
11 17.08 4
12 37.00 11
13 41.95 12
14 11.66 2
15 21.65 4
16 17.89 4
17 69.00 20
18 10.30 1
19 34.93 10
20 46.59 15
21 44 88 15
22 54.12 16
23 56.63 17
24 22.13 6
25 21.15 5

Strength

70

60

50

40

30

20

10

10
Wire length

15

20
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Example: wire bond pull strength

n=725
o =0.05
Sample correlation coefficient
B 2, V(X — X) 2027.7132
r= n = 5 = 09818

So-x Soi-vp]” [(698.560)(6105.9)

i=1

Value of test statistic

rVn—2  09818V23

t —
" N1 =2 V1 — 09640

Compare with threshold f0.025’23 = 2.069

24.8
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Example continue

* Approximate 95% confidence interval for true
correlation

Confidence
Interval for Za/2 Za/2

a Correlation tanh (arctanh r— \/m) = p = tanh (arctanh r + m) (11-50)

Coefficient

1. 1+
arctan h(x) = —ln—x

1—x

( h(23452 1'96>< <t h<23452+ 1‘96)
an . — T | = = dn . -
v22) P /22

0.9585 < p =< 0.9921
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Summary for model diagnosis

* Check residuals are normally distributed?
* use normal probability plot
* Check linearity?
* look at whether residual is stationary
* Check whether or not X andY are correlated?
* z-test and ANOVA
* test and confidence interval for correlation coefficient
* How to use regression model:
* meanh response and its confidence interval

* predicted y and its confidence interval
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