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Test difference in two means

* Safety of drinking water (Arizona Republic, May 27,
2001)

* Water sampled from 10 communities in Pheonix

e And 10 communities from rural Arizona




Test difference in more than 2 mean

* In many cases we may want to compare means of
more than two populations

e |n practice, many experiment requires comparing
more than two levels

* Analysis of Variance (ANOVA)




ANOVA Example 1;:
Voice Pitch and Height

Each singer in the NY Choral Society in 1979 self-reported his or
her height to the nearest inch. Their voice parts in order from
highest pitch to lowest pitch are Soprano, Alto, Tenor, Bass. The
first two are typically sung by female voices and the last two by
male voices.

One can examine how height varies across voice range, or make
comparisons of sopranos and altos and separate comparisons of
tenors and basses.



Compare Singer Height by Voice Pitch
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ANOVA Example 2: Keybord layout

Three different keyboard layouts are being compared 1n terms of
typing speed.
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Operation Time by Keyboard Layout

Times taken to perform a task
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Keyboard layout

1. Isthere a difference
in the time taken to
perform a task?

2. Which layout 1s more
effective?



ANOVA Example 3: Carpet Wear

Six carpet fiber blends are tested for the amount of wear.

Carpet Type Number Sampled
1 16
2 16
3 13
4 16
5 14
6 15



Test means of multiple normals

Example:

A manufacturer of paper used for making grocerv bags is interested in improving the tensile
strength of the product. Product engineering thinks that tensile strength is a function of the
hardwood concentration in the pulp and that the range of hardwood concentrations of practi-
cal interest 1s between 5 and 20%. A team of engineers responsible for the study decides to in-
vestigate four levels of hardwood concentration: 5%, 10%, 15%. and 20%.

Question of interest: Is hardwood concentration an important factor in improving tensile
strength?

Hoipy =1, =uy =y,
H , : at least one mean differs from others




Hypothesis Test on Means of Multiple Normal

Distributions

Table 13-1 Tensile Strength of Paper (psi)

Hardwood Observations
Concentration (%) 1 2 3 4 5 6 Totals Averages
5 7 8 15 11 9 10 60 10.00
10 12 17 13 18 19 15 94 15.67
15 14 18 19 17 16 18 102 17.00
20 19 25 22 23 18 20 127 21.17

383 15.96
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Hyiwy =wy =uy=u,
H , : at least one mean differs from others

Tensile strength (psi)
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Hypothesis Test on Means of Multiple Normal

Distributions

Table 13-2 Typical Data for a Single-Factor Experiment

Treatment Observations Totals Averages i =12,---,a —> Number of populations
! A LI e 2120 samplesice
2 ya o et Von V2. V2.
4 Yal Yay Yan Ya. Ve y Observation j from
— ] population i
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Population i Average

V. = vi./n i=1.2...., a

.
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-
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Population i Total Yi- =

da n

Grand Total V. = Vii V.. = v../N Grand Average
. l -

i=l j=

e The levels of the factor are sometimes called treatments.

e Each treatment has six observations or replicates.

e The runs are run in random order.

e This setting is known as Completely Randomized Single-Factor Experiment.



Hypothesis Test on Means of Multiple Normal

Distributions
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Hypothesis Test on Means of Multiple Normal

Distributions

We wish to test the hypotheses:

Hoipy =W, =uy =y,
H , : at least one mean differs from others

We know that  w, =u +,

Therefore, the hypothesis test can be written as

Hymy=m=-=1,=0

Hy:71; # 0 forat least one i



Analysis of Variance (ANOVA)

Hytpy=uy =p3 =u i iability i
{ oM =My =My =1y ANOVA partitions the total variability into two parts

H , : at least one mean differs from others

Total Variations = Between-group Variations + Within-group Variations

SST =SSB + SSW or (SST =SS +SS

26

treatments Error)

241
°

22t

201

V3. 18]

T L | Ve  Grand Average

8t °

0 1 2 3 4 5 6 7

D> i—-y)l=n> G-y + > 2 (vj — %) (13-5)

i=1 j=1 i=1 i=1 j=1

=



Calculation in ANOVA

Table 13-2 Typical Data for a Single-Factor Experiment

Treatment Observations Totals Averages
1 yu Yo Yin Y Y-
2 ya  In ‘es Yan Y2 Y2
a Yal Va2 e Yan Ya. ya-
/ Y. ¥-.
a n 2 2 2
_ 2 _ Y < Jio =
SST = A yl] N SSTreatments — n N
a n . a
= (¥ = 3-) = n>» (3. —y.)*
i=1 j=1

SSE = SST o SSTreatments
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Analysis of Variance (ANOVA)

Hyipy =ty ==y,
H , : at least one mean differs from others

ANOVA partitions the total variability into two parts

SST =SS +SS

treatments Error

The appropriate test statistic is

. SS Treatments/ (a o 1) _ MS Treatments

Fr = 13-

O SSg/[a(n — 1)] MS; (52
We would reject H, if

FO > Fa,a—l,a(n—l) or FO > Foc,a—l,N—a




ANOVA test

. UnderHO

F. = S§ Treatments/ (a — 1) _ MS Treatments
° SSg/[a(n — 1)] MS;;

(13-7)

is a F distribution with degree-of-freedom (a-1, a(n-1))

. UnderH1

the mean of the numerator is much bigger than the mean of the
denominator




F distribution

A continuous distribution

(dq )1 de
(dy z+dp )91 142
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Analysis of Variance (ANOVA)

Hyipy =ty ==y,
H , : at least one mean differs from others

SST =SS +SS

treatments Error

each treatment are

and

a i
SS Treatments = 2 n

i=1

The error sum of squares is obtained by subtraction as

SSg = 887 — SSreatments

The sums of squares computing formulas for the ANOVA with equal sample sizes in

(13-8)

(13-9)

(13-10)




ANOVA Table

Hyuyp=u, ==,
H , : at least one mean differs from others

Table 13-3 The Analysis of Variance for a Single-Factor Experiment, Fixed-Effects Model

Source of Degrees of

Variation Sum of Squares Freedom Mean Square Fy

Treatments S Treatments a—1 M St catments M rreaments
MSg

Error SSg an — 1) MS;

Total SSy an — 1

We would reject H, if

Fo>Fy 0t amen



ANOVA

Example:

A manufacturer of paper used for making grocerv bags is interested in improving the tensile
strength of the product. Product engineering thinks that tensile strength 1s a function of the
hardwood concentration in the pulp and that the range of hardwood concentrations of practi-
cal interest is between S and 20%. A team of engineers responsible for the study decides to in-
vestigate four levels of hardwood concentration: 3%, 10%., 15%, and 20%.

Hardwood Observations
Concentration (%) 1 2 3 4 5 6 Totals Averages
5 7 8 15 11 9 10 60 10.00
10 12 17 13 18 19 15 94 15.67
15 14 18 19 17 16 18 102 17.00
20 19 25 22 23 18 20 127 21.17
383 15.96
a n y2
_ 2 -
SSr= 2 2 ¥i~ N _
i=1 j=1 =
a ,,2 2 =
Iy _ Yi- y-.
Treatments — m N _
=B N =

SSE = SST - SSTreatments



a=4 4 6 y?
n==6 SST:EEyizj_ﬁ
i=1 j=1
N =24
(383)?
= (7" + (8)* + -+ + (20)* — — . = 51296
RO B
Treatments ~— n N

i=1

(60)* + (94)* + (102)* + (127)*  (383)°

6 24

= 382.79

SSE = SST o SSTreatments
= 51296 — 382.79 = 130.17

a—1=3
aln—1)=4x5=20

under H, : statistic distributed as F; ,,
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F table

o=0.01

f0.0l, vy Vp
I Percentage Points f,,, , of the F Distribution (continued)
Foorons,
Degrees of freedom for the numerator (¥,)

1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120
4052 4999.5 5403 5625 5764 5859 5928 5982 6022 6056 6106 6157 6209 6235 6261 6287 6313 6339 {
98.50 99.00 99.17 9925 9930 9933 9936 9937 9939 9940 9942 9943 9945 9946 9947 9947 9948 9949
3412 30.82 2946 2871 2824 2791 2767 2749 2735 2723 2705 2687 2669 2600 2650 2641 2632 2622
2120 1800 1669 1598 1552 1521 1498 1480 1466 1455 1437 1420 1402 1393 1384 1375 13.65 13.56
1626 1327 1206 1139 1097 1067 1046 1029 10.16 10.05 9.89 9.72 9.55 9.47 9.38 9.29 9.20 9.11
13.75 1092 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 7.31 7.23 7.14 7.06 6.97
12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 647 631 6.16 6.07 5.99 591 5.82 5.74
11.26 8.65 7.59 7.01 6.63 6.37 6.18 6.03 591 5.81 5.67 5.52 5.36 5.28 5.20 5.12 5.03 495
10.56 8.02 6.99 642 6.06 5.80 5.61 547 5.35 5.26 5.11 496 4.81 4.73 4.65 4.57 4.48 4.40
10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 441 433 4.25 4.17 4.08 4.00
9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.40 4.25 4.10 4.02 3.94 3.86 3.78 3.69
9.33 6.93 5.95 541 5.06 4.82 4.64 4.50 4.39 4.30 4.16 4.01 3.86 3.78 3.70 3.62 3.54 345
9.07 6.70 5.74 5.21 4.86 4.62 444 430 4.19 4.10 3.96 3.82 3.66 3.59 3.51 343 3.34 3.25
8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 3.94 3.80 3.66 3.51 343 3.35 327 3.18 3.09
8.68 6.36 542 4.89 436 432 4.14 4.00 3.89 3.80 3.67 3.52 3.37 3.29 321 3.13 3.05 2.96
8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.55 341 3.26 3.18 3.10 3.02 2.93 2.84
8.40 6.11 5.18 4.67 434 4.10 3.93 3.79 3.68 3.59 3.46 3.31 3.16 3.08 3.00 2.92 2.83 2.75
8.29 6.01 5.09 4.58 425 4.01 3.84 3.71 3.60 3.51 3.37 3.23 3.08 3.00 2.92 2.84 2.75 2.66
8.18 593 5.01 4.50 4.17 3.94 3.77 3.63 3.52 343 3.30 3.15 3.00 2.92 2.84 2.76 2.67 2.58
8.10 5.85 4.94 443 4.10 3.87 3.70 3.56 3.46 3.37 3.23 3.09 294 2.86 2.78 2.69 2.61 2.52
8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40 3.31 3.17 3.03 2.88 2.80 2.72 2.64 2.55 2.46
7.95 5.72 4.82 431 3.99 3.76 3.59 345 3.35 3.26 3.12 2.98 2.83 2.75 2.67 2.58 2.50 2.40
7.88 5.66 4.76 4.26 3.94 3.71 3.54 341 3.30 3.21 3.07 293 2.78 2.70 2.62 2.54 245 2.35
7.82 5.61 4.72 422 3.90 3.67 3.50 3.36 3.26 3.17 3.03 2.89 2.74 2.66 2.58 249 2.40 2.31
7.77 5.57 4.68 4.18 3.85 3.63 346 3.32 3.22 3.13 2.99 2.85 2.70 2.62 2.54 2.45 2.36 2.27
7.72 5.53 4.64 4.14 3.82 3.59 342 3.29 3.18 3.09 2.96 2.81 2.66 2.58 2.50 242 2.33 2.23
7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15 3.06 2.93 2.78 2.63 2.55 247 2.38 2.29 2.20
7.64 545 4.57 4.07 3.75 3.53 3.36 3.23 3.12 3.03 2.90 2.75 2.60 2.52 2.44 2.35 2.26 2.17
7.60 542 4.54 4.04 3.73 3.50 333 3.20 3.09 3.00 2.87 273 2.57 2.49 241 2.33 2.23 2.14
7.56 5.39 451 4.02 3.70 347 3.30 3.17 3.07 2.98 2.84 2.70 2.55 2.47 2.39 2.30 2.21 2.11
7.31 5.18 431 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.66 2.52 2.37 2.29 2.20 2.11 2.02 1.92
7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 2.50 2.35 2.20 2.12 2.03 1.94 1.84 1.73
6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 247 2.34 2.19 2.03 1.95 1.86 1.76 1.66 1.53
6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 241 2.32 2.18 2.04 1.88 1.79 1.70 1.59 1.47 1.32

E).()1,3,20 =4.94



ANOVA table we come up with

Table 13-4 ANOVA for the Tensile Strength Data

Source of Degrees of

Variation Sum of Squares Freedom Mean Square Jo P-value
Hardwood

concentration 382.79 3 127.60 19.60 359 E-6
Error 130.17 20 6.51

Total 512.96 23

E> Reject HO

p-value: P = P(F3, > 19.60) = 3.59 X 107°

E).01,3,20 =494

R command
> p <- 1-pf(19.6,3,20)

> p
[1] 3.599599¢-06

24



Multiple comparisons following the ANOVA

ANOVA only tells whether or not the means are the
same

to determine which means are different: multiple
comparison methods

Fisher’s least significant difference (LSD) method

* compute pairwise group sample means, and claim
the groups to be different if their sample mean
difference satisfies: |y. — y;.| > LSD

MSg = SSg/la(n — 1)

2MS
LSD = topam-\| —7

25



