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Random sampling model
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population

random	  samples

random	  samples:	   x1,..., xn
For	  example,	  we	  use	  digital	  thermometer	  to	  measure	  body	  temperature	  for	  5	  times,	  	  
we	  obtain	  a	  sequence.	  	  
If	  we	  do	  this	  experiment	  the	  next	  day,	  we	  get	  a	  different	  sequence	  of	  measures.	  
The	  result	  of	  the	  measurement	  is	  a	  sequence	  of	  random	  samples	  (also	  called	  data).
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Descriptive statistics

• Quantitative	  values	  
• provides	  simple	  summaries	  about	  samples	  	  

• plot

�4

Histogram Box	  plot Stem	  &	  Leaf	  
diagram
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Linear Regression

Numerical Data Categorical Data

Normal Distribution
N(   ,     )µ σ 2

Binomial Distribution
X ~Bin(n,p)

X
np = 2= S2σXµ = 

Hypothesis Testing
H  : µ = µ00

Confidence Interval
µ(L(  ), U(  ) )µ

Confidence Interval Hypothesis Testing
(L(  ), U(  ) ) H  : 0

p = p p p0

Confidence Interval
µ µ H  : µ = 

Confidence Interval Hypothesis TestingHypothesis Testing
1 2 1 µ2

p p1 2 H  : 00
p1 p2− − =

ANOVA Contigency Tables
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Data summary

• Samples	  
• Sample	  mean	  
• Sample	  median	  
• 1)	  rank	  samples	  from	  smallest	  to	  largest	  
!

• 2)	  odd	  number	  of	  samples,	  median	  =	  
	   	  	  	  	  	  	  	  	  	  even	  number	  of	  samples,	  median	  =	  	  
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• Sample	  range	  =	  largest	  -‐	  smallest	  
• Sample	  variance	  
!

• Sample	  quartile	  	  	  	  	  	  :	  	  pth	  quartile	  is	  such	  that	  p-‐
percent	  of	  samples	  are	  smaller	  than	  
!

• upper	  quartile	  
• lower	  quartile	  
!

• Inter	  quartile	  range	  (IQR)	  =	  upper	  quartile	  -‐	  lower	  
quartile	  
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• Distribution	  of	  the	  statistics	  we	  come	  up	  (above)	  
• Sampling	  distribution	  extremely	  useful	  for	  
determining	  
• forms	  of	  confidence	  interval	  
• hypothesis	  test
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Sampling distribution: summary
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Sample	  mean Sample	  variance

Form

sample	  i.i.d.	  normal	  
Known	  variance

Unknown	  variance large	  n,	  approximately	  
normal	  as	  above

large	  n,	  approximately	  
normal	  

X = 1
n

Xi
i=1

n

∑ S2 = 1
n

Xi − X( )2
i=1

n

∑

X ~ N µ, σ 2

n

⎛

⎝
⎜

⎞

⎠
⎟

S2 n −1( )
σ 2 ~ χn−1

2



Other common sampling distribution

�10

Sample	  proportion Standardized	  sample	  	  
mean,	  known	  variance

Standardized	  sample	  mean,	  
unknown	  variance

Exact: Exact Exact

Large	  sample:

p̂ = X
n

np̂ ~ BIN(n, p)

p̂ ~ N(np,np(1− p))

X − µ
σ 2 / n

X − µ
σ 2 / n

~ N 0, 1( )

X − µ
S2 / n

X − µ
S2 / n

~ tn−1



Two sample
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Difference	  in	  sample	  mean,	  
known	  variance

Difference	  in	  sample	  mean,	  
unknown	  (but	  identical)	  
variance,	  

Proportion	  of	  sample	  
variance

X1 − X2( )− µ1 − µ2( )
σ 1
2

n1
+ σ 2

2

n2
~ N 0, 1( )

S1
2 /σ 1

2

S2
2 /σ 2

2 ~ Fn1−1,n2−1
X1 − X2( )− µ1 − µ2( )

Sp
1
n1

+ 1
n2

~ tn1+n2−1

Sp
2 =

X1i − X1( )2
i=1

n1

∑ + X2i − X2( )2
i=1

n1

∑
n1 + n2 − 2



Statistical methods

• Point	  estimator	  
• Confidence	  interval	  
• Hypothesis	  test	  
!

• Two	  sample	  test	  (two	  populations)	  
• ANOVA	  (more	  than	  two	  populations)	  
!

• Linear	  regression
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Point estimator

• Mean	  of	  estimator:	  unbiased	  
• Variance	  of	  estimator	  
• Mean	  Square	  Error	  (MSE)	  
• MSE	  =	  biase2	  +	  variance	  
!

• Method	  of	  finding	  point	  estimators	  
• method	  of	  moment	  
• maximum	  likelihood
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Confidence interval

• Point	  estimator:	  a	  single	  value	  for	  estimated	  
parameter	  

• Confidence	  interval:	  an	  interval	  such	  that	  true	  
parameter	  lies	  in	  
!

• [a,	  b]	  contains	  true	  parameter	  with	  probability	  
• then	  [a,	  b]	  is	  the	  	  	  	  	  	  	  	  	  	  	  	  	  confidence	  interval	  	  
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Typical forms of k
• k	  =	  upper	  cutting	  point	  *	  variance	  of	  point	  estimator	  
!
!
!
!
!
!
!
!
!

• width	  of	  confidence	  interval	  determined	  by	  sample	  size	  	  
and	  confidence	  level �15
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Tails etc
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Table III Cumulative Standard Normal Distribution

z !0.09 !0.08 !0.07 !0.06 !0.05 !0.04 !0.03 !0.02 !0.01 !0.00
!3.9 0.000033 0.000034 0.000036 0.000037 0.000039 0.000041 0.000042 0.000044 0.000046 0.000048
!3.8 0.000050 0.000052 0.000054 0.000057 0.000059 0.000062 0.000064 0.000067 0.000069 0.000072
!3.7 0.000075 0.000078 0.000082 0.000085 0.000088 0.000092 0.000096 0.000100 0.000104 0.000108
!3.6 0.000112 0.000117 0.000121 0.000126 0.000131 0.000136 0.000142 0.000147 0.000153 0.000159
!3.5 0.000165 0.000172 0.000179 0.000185 0.000193 0.000200 0.000208 0.000216 0.000224 0.000233
!3.4 0.000242 0.000251 0.000260 0.000270 0.000280 0.000291 0.000302 0.000313 0.000325 0.000337
!3.3 0.000350 0.000362 0.000376 0.000390 0.000404 0.000419 0.000434 0.000450 0.000467 0.000483
!3.2 0.000501 0.000519 0.000538 0.000557 0.000577 0.000598 0.000619 0.000641 0.000664 0.000687
!3.1 0.000711 0.000736 0.000762 0.000789 0.000816 0.000845 0.000874 0.000904 0.000935 0.000968
!3.0 0.001001 0.001035 0.001070 0.001107 0.001144 0.001183 0.001223 0.001264 0.001306 0.001350
!2.9 0.001395 0.001441 0.001489 0.001538 0.001589 0.001641 0.001695 0.001750 0.001807 0.001866
!2.8 0.001926 0.001988 0.002052 0.002118 0.002186 0.002256 0.002327 0.002401 0.002477 0.002555
!2.7 0.002635 0.002718 0.002803 0.002890 0.002980 0.003072 0.003167 0.003264 0.003364 0.003467
!2.6 0.003573 0.003681 0.003793 0.003907 0.004025 0.004145 0.004269 0.004396 0.004527 0.004661
!2.5 0.004799 0.004940 0.005085 0.005234 0.005386 0.005543 0.005703 0.005868 0.006037 0.006210
!2.4 0.006387 0.006569 0.006756 0.006947 0.007143 0.007344 0.007549 0.007760 0.007976 0.008198
!2.3 0.008424 0.008656 0.008894 0.009137 0.009387 0.009642 0.009903 0.010170 0.010444 0.010724
!2.2 0.011011 0.011304 0.011604 0.011911 0.012224 0.012545 0.012874 0.013209 0.013553 0.013903
!2.1 0.014262 0.014629 0.015003 0.015386 0.015778 0.016177 0.016586 0.017003 0.017429 0.017864
!2.0 0.018309 0.018763 0.019226 0.019699 0.020182 0.020675 0.021178 0.021692 0.022216 0.022750
!1.9 0.023295 0.023852 0.024419 0.024998 0.025588 0.026190 0.026803 0.027429 0.028067 0.028717
!1.8 0.029379 0.030054 0.030742 0.031443 0.032157 0.032884 0.033625 0.034379 0.035148 0.035930
!1.7 0.036727 0.037538 0.038364 0.039204 0.040059 0.040929 0.041815 0.042716 0.043633 0.044565
!1.6 0.045514 0.046479 0.047460 0.048457 0.049471 0.050503 0.051551 0.052616 0.053699 0.054799
!1.5 0.055917 0.057053 0.058208 0.059380 0.060571 0.061780 0.063008 0.064256 0.065522 0.066807
!1.4 0.068112 0.069437 0.070781 0.072145 0.073529 0.074934 0.076359 0.077804 0.079270 0.080757
!1.3 0.082264 0.083793 0.085343 0.086915 0.088508 0.090123 0.091759 0.093418 0.095098 0.096801
!1.2 0.098525 0.100273 0.102042 0.103835 0.105650 0.107488 0.109349 0.111233 0.113140 0.115070
!1.1 0.117023 0.119000 0.121001 0.123024 0.125072 0.127143 0.129238 0.131357 0.133500 0.135666
!1.0 0.137857 0.140071 0.142310 0.144572 0.146859 0.149170 0.151505 0.153864 0.156248 0.158655
!0.9 0.161087 0.163543 0.166023 0.168528 0.171056 0.173609 0.176185 0.178786 0.181411 0.184060
!0.8 0.186733 0.189430 0.192150 0.194894 0.197662 0.200454 0.203269 0.206108 0.208970 0.211855
!0.7 0.214764 0.217695 0.220650 0.223627 0.226627 0.229650 0.232695 0.235762 0.238852 0.241964
!0.6 0.245097 0.248252 0.251429 0.254627 0.257846 0.261086 0.264347 0.267629 0.270931 0.274253
!0.5 0.277595 0.280957 0.284339 0.287740 0.291160 0.294599 0.298056 0.301532 0.305026 0.308538
!0.4 0.312067 0.315614 0.319178 0.322758 0.326355 0.329969 0.333598 0.337243 0.340903 0.344578
!0.3 0.348268 0.351973 0.355691 0.359424 0.363169 0.366928 0.370700 0.374484 0.378281 0.382089
!0.2 0.385908 0.389739 0.393580 0.397432 0.401294 0.405165 0.409046 0.412936 0.416834 0.420740
!0.1 0.424655 0.428576 0.432505 0.436441 0.440382 0.444330 0.448283 0.452242 0.456205 0.460172

0.0 0.464144 0.468119 0.472097 0.476078 0.480061 0.484047 0.488033 0.492022 0.496011 0.500000

z 0

Φ (z)

"1z2 # P1Z $ z2 # !
z

!%
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 du
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CDF Upper	  cutting	  point	  
(also	  called	  “percentage	  point”	  	  
in	  textbook)

Table V Percentage Points t!," of the t Distribution

!
" .40 .25 .10 .05 .025 .01 .005 .0025 .001 .0005

1 .325 1.000 3.078 6.314 12.706 31.821 63.657 127.32 318.31 636.62
2 .289 .816 1.886 2.920 4.303 6.965 9.925 14.089 23.326 31.598
3 .277 .765 1.638 2.353 3.182 4.541 5.841 7.453 10.213 12.924
4 .271 .741 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610
5 .267 .727 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869
6 .265 .718 1.440 1.943 2.447 3.143 3.707 4.317 5.208 5.959
7 .263 .711 1.415 1.895 2.365 2.998 3.499 4.029 4.785 5.408
8 .262 .706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 .261 .703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781

10 .260 .700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587
11 .260 .697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 .259 .695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318
13 .259 .694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221
14 .258 .692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140
15 .258 .691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 .258 .690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015
17 .257 .689 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965
18 .257 .688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922
19 .257 .688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 .257 .687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850
21 .257 .686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819
22 .256 .686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 .256 .685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.767
24 .256 .685 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745
25 .256 .684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725
26 .256 .684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707
27 .256 .684 1.314 1.703 2.052 2.473 2.771 3.057 3.421 3.690
28 .256 .683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674
29 .256 .683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.659
30 .256 .683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646
40 .255 .681 1.303 1.684 2.021 2.423 2.704 2.971 3.307 3.551
60 .254 .679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.460

120 .254 .677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373
# .253 .674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291

" $ degrees of freedom.

0

α

α, νt
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Table VI Percentage Points f!,v1,v2 of the F Distribution
f0.25,v1,v2

Degrees of freedom for the numerator (v1)
1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120

1 5.83 7.50 8.20 8.58 8.82 8.98 9.10 9.19 9.26 9.32 9.41 9.49 9.58 9.63 9.67 9.71 9.76 9.80 9.85
2 2.57 3.00 3.15 3.23 3.28 3.31 3.34 3.35 3.37 3.38 3.39 3.41 3.43 3.43 3.44 3.45 3.46 3.47 3.48
3 2.02 2.28 2.36 2.39 2.41 2.42 2.43 2.44 2.44 2.44 2.45 2.46 2.46 2.46 2.47 2.47 2.47 2.47 2.47
4 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08
5 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.88 1.88 1.87 1.87 1.87
6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.78 1.77 1.77 1.77 1.76 1.76 1.75 1.75 1.75 1.74 1.74 1.74
7 1.57 1.70 1.72 1.72 1.71 1.71 1.70 1.70 1.70 1.69 1.68 1.68 1.67 1.67 1.66 1.66 1.65 1.65 1.65
8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.64 1.63 1.63 1.62 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.58
9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.57 1.56 1.56 1.55 1.54 1.54 1.53 1.53
10 1.49 1.60 1.60 1.59 1.59 1.58 1.57 1.56 1.56 1.55 1.54 1.53 1.52 1.52 1.51 1.51 1.50 1.49 1.48
11 1.47 1.58 1.58 1.57 1.56 1.55 1.54 1.53 1.53 1.52 1.51 1.50 1.49 1.49 1.48 1.47 1.47 1.46 1.45
12 1.46 1.56 1.56 1.55 1.54 1.53 1.52 1.51 1.51 1.50 1.49 1.48 1.47 1.46 1.45 1.45 1.44 1.43 1.42
13 1.45 1.55 1.55 1.53 1.52 1.51 1.50 1.49 1.49 1.48 1.47 1.46 1.45 1.44 1.43 1.42 1.42 1.41 1.40
14 1.44 1.53 1.53 1.52 1.51 1.50 1.49 1.48 1.47 1.46 1.45 1.44 1.43 1.42 1.41 1.41 1.40 1.39 1.38
15 1.43 1.52 1.52 1.51 1.49 1.48 1.47 1.46 1.46 1.45 1.44 1.43 1.41 1.41 1.40 1.39 1.38 1.37 1.36
16 1.42 1.51 1.51 1.50 1.48 1.47 1.46 1.45 1.44 1.44 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.35 1.34
17 1.42 1.51 1.50 1.49 1.47 1.46 1.45 1.44 1.43 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.35 1.34 1.33
18 1.41 1.50 1.49 1.48 1.46 1.45 1.44 1.43 1.42 1.42 1.40 1.39 1.38 1.37 1.36 1.35 1.34 1.33 1.32
19 1.41 1.49 1.49 1.47 1.46 1.44 1.43 1.42 1.41 1.41 1.40 1.38 1.37 1.36 1.35 1.34 1.33 1.32 1.30
20 1.40 1.49 1.48 1.47 1.45 1.44 1.43 1.42 1.41 1.40 1.39 1.37 1.36 1.35 1.34 1.33 1.32 1.31 1.29
21 1.40 1.48 1.48 1.46 1.44 1.43 1.42 1.41 1.40 1.39 1.38 1.37 1.35 1.34 1.33 1.32 1.31 1.30 1.28
22 1.40 1.48 1.47 1.45 1.44 1.42 1.41 1.40 1.39 1.39 1.37 1.36 1.34 1.33 1.32 1.31 1.30 1.29 1.28
23 1.39 1.47 1.47 1.45 1.43 1.42 1.41 1.40 1.39 1.38 1.37 1.35 1.34 1.33 1.32 1.31 1.30 1.28 1.27
24 1.39 1.47 1.46 1.44 1.43 1.41 1.40 1.39 1.38 1.38 1.36 1.35 1.33 1.32 1.31 1.30 1.29 1.28 1.26
25 1.39 1.47 1.46 1.44 1.42 1.41 1.40 1.39 1.38 1.37 1.36 1.34 1.33 1.32 1.31 1.29 1.28 1.27 1.25
26 1.38 1.46 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.37 1.35 1.34 1.32 1.31 1.30 1.29 1.28 1.26 1.25
27 1.38 1.46 1.45 1.43 1.42 1.40 1.39 1.38 1.37 1.36 1.35 1.33 1.32 1.31 1.30 1.28 1.27 1.26 1.24
28 1.38 1.46 1.45 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.34 1.33 1.31 1.30 1.29 1.28 1.27 1.25 1.24
29 1.38 1.45 1.45 1.43 1.41 1.40 1.38 1.37 1.36 1.35 1.34 1.32 1.31 1.30 1.29 1.27 1.26 1.25 1.23
30 1.38 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.36 1.35 1.34 1.32 1.30 1.29 1.28 1.27 1.26 1.24 1.23
40 1.36 1.44 1.42 1.40 1.39 1.37 1.36 1.35 1.34 1.33 1.31 1.30 1.28 1.26 1.25 1.24 1.22 1.21 1.19
60 1.35 1.42 1.41 1.38 1.37 1.35 1.33 1.32 1.31 1.30 1.29 1.27 1.25 1.24 1.22 1.21 1.19 1.17 1.15
120 1.34 1.40 1.39 1.37 1.35 1.33 1.31 1.30 1.29 1.28 1.26 1.24 1.22 1.21 1.19 1.18 1.16 1.13 1.10

1.32 1.39 1.37 1.35 1.33 1.31 1.29 1.28 1.27 1.25 1.24 1.22 1.19 1.18 1.16 1.14 1.12 1.08 1.00"
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Forms of confidence intervals

• Two-‐sided	  interval	  
[point	  estimator	  -‐	  k,	  point	  estimator	  +	  k]	  

!
• One-‐sided	  interval	  

[point	  estimator	  +	  k,	  infinity]	  
or	  

[-‐infinity,	  point	  estimator	  -‐	  k]	  
!

• k	  specifies	  width	  of	  confidence	  interval
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Hypothesis test

• Use	  data	  to	  test	  two	  contradicting	  statements	  
• H0:	  null	  hypothesis	  
• H1:	  alternative	  hypothesis	  	  

• Two	  approaches	  
• Fixed	  confidence	  level	  
• Form:	  reject	  H0	  when	  test	  statistic	  falls	  out	  of	  
thresholds	  

• p-‐value	  
• probability	  of	  observing	  something	  more	  
“extreme”	  than	  data
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1.  Set&&the&significance&level&(.01,&.05,&.1)&
2.  Set&null&and&alterna:ve&hypothesis&
3.  Determine&other&parameters&
4.  Decide&type&of&the&test&
&&&&&&&&&C&test&for&mean&with&known&variance&(zCtest)&
&&&&&&&&&C&test&for&mean&with&unknown&variance&(tCtest)&

&&C&test&for&sample&propor:on&parameter&
6.  Use&data&available:&&
&&&&&&&&C&perform&test&to&reach&a&decision&&

&&C&and&report&pCvalue&

Procedure of hypothesis test  
(sec. 9.1.6)  



Summary: test for mean
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Alterna(ve*
Hypothesis*

*
H0*is*rejected*if!

*
H0*is*rejected*if!

!

00 : µµ =H

01 : µµ ≠H

01 : µµ >H

01 : µµ <H

x
Test!Sta(s(c!

x − µ0 > zα 2σ / n

x > µ0 + zασ / n

Null!Hypothesis!

Significance!level:!α!

Known!Variance! Unknown!Variance!

x − µ0 > tα 2,n−1s / n

x > µ0 + tα ,n−1s / n

x < µ0 − zασ / n x < µ0 − tα ,n−1s / n



Test for sample proportion
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Alterna(ve*
Hypothesis*

H0*is*rejected*if!

H0 : p = p0

H1 : p ≠ p0

Test!Sta(s(c!Null!Hypothesis!

Significance!level:!α!

p̂ − p0
p0 1− p0( ) / n

p̂ − p0
p0 1− p0( ) / n

> zα /2



Two sample test: mean
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H0 :µ1 − µ2 = Δ
H1 :µ1 − µ2 ≠ Δ

For the following hypothesis test 
 
 
 
 
Reject H0 when  X −Y − (µ1 − µ2 )

Sp 1/ n1 +1/ n2
> tα /2



Two-sample test: sample proportion
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For two-sided test, 
  
 
 
reject H0 when  

H0 : p1 = p2
H1 : p1 ≠ p2

p̂1 − p̂2

p̂ 1− p̂( ) 1
n1

+ 1
n2

⎛
⎝⎜

⎞
⎠⎟

> zα /2



Analysis of variance
• Multiple	  populations	  
• Analyze	  difference	  in	  their	  means

�24

We#would#reject#H0#if#

)1(,1,0 −−> naaFF α



Linear regression

• Simple	  linear	  regression	  
!
!
!
!
!
!
!
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iii XY εββ ++= 10 ni ,,2,1 !=

Intercept 
 

Slope 

 

iε

Random error 
 

Response 
 

Regressor or Predictor 
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11-2 SIMPLE LINEAR REGRESSION 407

Simplifying these two equations yields

(11-6)

Equations 11-6 are called the least squares normal equations. The solution to the normal
equations results in the least squares estimators and !̂1.!̂0

!̂0 a
n

i"1
 xi # !̂1 a

n

i"1
 x i

2 " a
n

i"1
 yi 
xi

 n!̂0 # !̂1 a
n

i"1
 xi " a

n

i"1
 yi

The least squares estimates of the intercept and slope in the simple linear regression
model are

(11-7)

(11-8)

where y " 11$n2 g n
i"1 yi and  x " 11$n2 g n

i"1 xi.

!̂1 "
a
n

i"1
yi  
xi %

aan
i"1

yib aan
i"1

xib
n

a
n

i"1
x 

2
i %

aan
i"1

xib2

n

!̂0 " y % !̂1x

Least Squares
Estimates

The fitted or estimated regression line is therefore

(11-9)

Note that each pair of observations satisfies the relationship

where ei " yi % is called the residual. The residual describes the error in the fit of the
model to the ith observation yi. Later in this chapter we will use the residuals to provide
information about the adequacy of the fitted model.

Notationally, it is occasionally convenient to give special symbols to the numerator and
denominator of Equation 11-8. Given data (x1, y1), (x2, y2), p , (xn, yn), let

(11-10)

and

(11-11)Sx y " a
n

i"1
1yi % y2 1xi % x2 " a

n

i"1
xiyi %

aan
i"1
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aan
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Sx x " a
n

i"1
 1xi % x22 " a
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i"1
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2
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ŷi

yi " !̂0 # !̂1xi # ei,  i " 1, 2, p , n

ŷ " !̂0 # !̂1x
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xy 10
ˆˆ ββ −=

xx

xy

S
S

=1̂β
ii xy 10

ˆˆˆ ββ += Fitted (estimated) 
regression model 

Fitted coefficients



Model diagnosis

• Plot	  residuals	  
• Use	  R	  and	  read	  the	  output	  
• For	  simple	  and	  multiple	  linear	  regression:	  we	  are	  
going	  to	  rely	  on	  R	  to	  do	  the	  calculations
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Finally…



Finally…

• What	  statistics	  is	  about?	  
• Fit	  model	  using	  data	  (e.g.	  distributions)	  
• Use	  model	  to	  make	  inferences	  
• estimation	  
• hypothesis	  testing	  
• prediction	  (e.g.	  using	  linear	  regression)	  

• Why	  model	  is	  useful?	  
• report	  findings	  from	  data	  
• systematically	  quantify	  uncertainty	  
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