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Self- and mutually-exciting point processes are popular models
for dependent discrete event data. To date, most existing models
assume stationary kernels (including the classical Hawkes pro-
cesses) and simple parametric models. Modern applications with
complex event data require more general models that can incor-
porate contextual information of the events, called marks, besides
the temporal and location information. Moreover, such appli-
cations often require non-stationarity to capture more complex
spatio-temporal dependence. In this paper, we introduce a novel
and general neural network-based non-stationary influence kernel
with high expressiveness for handling complex discrete events
data while providing theoretical performance guarantees. We
demonstrate the superior performance of our proposed method
compared with the state-of-the-art on synthetic and real data.
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Figure: An example of non-stationary influence kernel k(¢',t) of event time ¢’
and future time ¢ > ¢,

MARKED TEMPORAL POINT PROCESS

A data point in the discrete event sequence:

=(t,m), te€|0,T), meM,
Conditional intensity function:
ANz)de = E (dN(z)|Hy()) -

Hawkes process with kernel k € K C CY(X x X):
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v The kernel function is represented by a spectral decom-
position of the influence kernel.

v' The spectral decomposition of asymmetric influence kernel

consists of a sum of the product of feature maps, which
can be parameterized by neural networks.

v. We establish theoretical guarantees of the MLE
for the true kernel function based on functional vari-
ational analysis and finite-dimensional asymptotic analysis,
which shed light on theoretical understanding of neural
network-based kernel functions.

Influence kernel £ is represented using finite-rank decomposition:
R

= > _v(a)pr(x), v >0, (3)

r=1

k(x' )

where
v, X >R, ¢,: X—>R, r=1--- R,

are two sets of feature functionsin some smooth functional space
F C C'(X), and v, is the corresponding weight or spectrum.

Assumption: (A1) The kernel function family X € CY(X x X),
and kernel functions in & is uniformly bounded; (A2) There exist
c1, ¢ positive constants, such that for any k € IC, ¢; < \j[k](x) <
co, Vr € X and V7.

Kernel identifiability using maximum likelihood: Un-
der Assumption, the true kernel function £* is locally identifiable
in that £* is a local minimum solution of maximum likelihood (2)
In expectation.

KERNEL ARCHITECTURE AND NETWORK STRUCTURE
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(a) Kernel architecture
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(b) Network structure

Figure: (a) The architecture of the proposed non-stationary neural spectral kernel. (b) The structure of the multi-branch neural network.

OPTIMAL FIT USING FEATURE
FUNCTION BASIS REPRESENTATION

e Assume that the feature functions of the kernel can be well-

approximated by a linear combination of basis functions: b;(x) :
X —-R1=1,...,5:

S
= Zﬁmbz‘(ﬂf), r=1,---, R
i=1

The kernel function in (3) can be written as ka(a',z) =

b(z')T Ab(z), where Ay, = S 100,54

e Let A € A be the one which maximizes the expected log-
likelihood function. i.e.

~~

A=argmaxE ({4). (4)
AcA

Under Assumption, let the £>-norm of a kernel be

szfkoWMm (5)
A i)

Then we have
5 4
* 2 CZ‘M |T T C9
|E" =k 42 <
€y
where D(k*, Khnite) is the fo-distance between the true kernel
and the set Cqpite,

DK™, Kgpite) = min ||k — k||

Kﬁmte

exp(2(co—c1)|M|T)D(K*, Kginire)?,

ASYMPTOTIC NORMALITY OF LOW-RANK MLE

Let the singular value decomposition of Abe A =UAVT
and T be the expected Hessian matrix of the log-likelihood
at A. Let J be the covariance matrix of a single trajectory’s
score function at A and G € R*5 be the expected score
at A, Let F = (]IS R UV ®lg) € RS2 wwhere @ is
the Kronecker product, Ig is the identity matrix of size S,
C = (AT®G)Qgs+ (AT ® G)Qs.5)T, where T represents

pseudo-inverse and (), € e R®*% i5 the permutation matrix
such that vec(P?) = Q,pvec(P) for any a-by-b matrix P.

If F7(I + C)F
the low-rank estimator Ay, solved from the constrained
maximum likelihood problem, when M — oo, satisfies

shares the same null-space with F', then

~~

m(vec(A\MEE) —vee(A) =
N, F(FI(I+CYFYF'JF(FY (I + C)F)'F),

REAL DATA EXPERIMENTS

Table: Predictive log-likelihood on real data.

14 Earthquake (2D) Robbery (1D) FtParameters Training/Testing time?
NSMPP -56.50 -74.47 171,555 0.766 / 0.84
RMTPP | -218.39 -132.55 274,168 0.245 / 7.29
Neural Hawkes -189.39 -96.10 282,755 0.204 / 6.09
Hawkes NA -197.84 2 0.021 / <0.01
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Figure: Recovered kernels using three one-dimensional synthetic data sets.
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Figure: Recovered kernels using three two—dlmensmnal synthetic data sets.
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Figure: Predicted conditional intensity using our method and other baseline
approaches for synthetic data sets.
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