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Abstract—We present a novel score detector for temporal
spectrum opportunity detection in cognitive radio by exploiting
the differences in both energy and correlation of the empty band
and the occupied band. Motivated by the challenge of detecting a
weak primary user’s signal without precise knowledge of the signal,
where the conventional energy detector faces the limit of ”SNR
wall”, we assume a simple model which captures a key difference
between noise and primary user’s signal — their correlation
structures. Besides the merit of incorporating signal correlation,
our score detector also avoids the computational complexity of
covariance matrix inversion incurred by the corresponding maxi-
mum likelihood statistic assuming signal correlation. We provide
a theoretical approximation to the false-alarm-rate of the score
detector, which can be used to determine the threshold efficiently.
We demonstrate that our approximation is quite accurate, and
that our score detector has an advantage when the signal is weak
and correlated.

I. INTRODUCTION

Cognitive radio is an emerging technology which has a great
potential to increase spectrum efficiency. A key challenge in
cognitive radio is spectrum opportunity detection. Recently,
temporal spectrum opportunity detection via change-point de-
tection approach has attracted much interest [1], because the
change-point formulation fits well with the temporal opportunity
detection objective. Also, there is a wealth of tools for change-
point detection from the statistics literature. Existing methods
for spectrum opportunity detection primarily use three signal
processing techniques: matched filtering of the spectrum of the
received signal with that of the primary user, cyclostationary
feature detection, and energy detection exploiting the difference
between received signal power and noise power. The matched
filtering and feature detector require detailed knowledge of
primary user’s signal. When such knowledge is not available,
energy detector is a popular choice. However, there is a funda-
mental limit with the energy detector — the SNR wall — when the
signal-to-ratio (SNR) is low, error for energy detector is very
high. In wireless environment, however, due to fading, SNR of
the primary user’s signal can be quite low. Hence, in cognitive
radio, there is a need for developing weak signal detector, which
also requires little priori knowledge about the primary user’s
signal.

Motivated by the challenge of detecting weak signals, in
this paper we propose a novel score detector by exploiting
differences between signal and noise in both energy and corre-
lation. We assume a simple model for the primary user’s signal,
which captures a key difference between signal and noise: their
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correlation structure. Based on this model, we develop a detector
using the score statistic, which avoids the computationally
intensive inversion of covariance matrix in the corresponding
maximum likelihood statistic assuming signal correlation. In
contrast to the matched filtering detector, our model does not
require precise knowledge about primary user’s signal. We
derive a theoretical approximation to the false-alarm-rate of our
score detector, which can be used to determine the threshold
efficiently. We demonstrate using numerical simulation that our
approximation is quite accurate. We also show that the score
detector has better performance than the energy detector and
the maximum likelihood detector [1] that only assumes power
change.

Sections are organized as follows. Section II presents for-
mulation. Section III derives the score detector. Section IV
contains a theorem that approximates the probability-of-false-
alarm for the score detector. Section V demonstrates that our
approximation is accurate and the score detector has good
performance. Finally, VI concludes the paper.

II. FORMULATION

Consider a cognitive radio system with a primary user and a
secondary user. A secondary user tunes to a frequency band and
starts to take samples y,,, n = 1,--- , N, where N is the number
of samples. If the band is not occupied, the samples are white
noise. If the band is occupied, the samples consist white noise
and a primary user’s signal. Assume that the primary user’s
signal emerges at an unknown time k, 1 < k < N. Using
these samples, our goal is to detect whether or not the band
is occupied. This problem can be formulated as the following
hypothesis test

’I’L:1,"',N, (1)

n:]_’...vk;
n=k+1,..-,N, @

Ho:  yn = wn,
Hy - { Yn = Wn,

Yn = Tn + Wnp,

where w,, ~ N(0,0?), i.e., it is i.i.d Gaussian white noise
with zero mean and variance o3, and z,, is the primary user’s
signal seen by the secondary user. Typically x,, is temporally
correlated, due to dispersion of wireless channel and modulation
scheme used by the transmitter. Let | denote the transpose of a
vector or matrix. We assume the covariance matrix of the signal
vector Ty, = [Tg11, -+ ,oN] " is given by

E{zyz, } £ PV n_p0.



where P is the signal power, and
VN_ro € R(N—k)X(N—k:)
is the normalized covariance matrix parameterized by
0 c0OcR

For example, when x,, has weak temporal correlation, we can
model it using the first-order autoregressive process (AR-1),
which corresponds to d = 1. Hence, under Hy, the covariance
matrix of the received signal vector ¥, = [yrxr1, - ,yn] ' is
given by

En, {yryp } = E =03In_k + PV n_pe. 3)

We assume the signal correlation model (e.g., AR-1) is known,
but parameters P, k and 6 are unknown.

The energy detector detects the primary user by comparing
the receive energy with a threshold b > 0

N
doyp >
n=1
In [1], the maximum likelihood (ML) detector exploiting power
difference without assuming signal correlation structure is stud-
ied. For fixed sample size N, it corresponds to the following
detector:

P T P+ o2
—_— — (N —-k)l >b
0<kEN—No (P + o3)ok YiYr ) log ( od -
Pe[Py,P,]
for some threshold b, where the unknown P is assumed to be
within the range of [Py, P»], and Ny is a parameter that specifies
the minimum number of samples needed detection.
The log likelihood ratio of hypothesis Hy versus Hy for given
P, k and 6 is given by:
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0

The maximum likelihood detector assuming signal correlation
structure detects when:
max L(Pk,0)>b (5)
0<k<N—No,P>0,0€©
for some threshold b > 0. It has a major drawback that it
requires computing a matrix inversion X! for each and all
possible values of k, 6, and P.

III. SCORE DETECTOR

We present a maximum score detector that can avoid the
covariance matrix inversion in the maximum likelihood for-
mulation (5). Maximum score is an alternative to maximum
likelihood that is frequently used in deriving efficient test,
especially when the parameter for Hy only contains one single
point. In our case, Hy corresponds to P = 0 in (3), and hence
we can derive an efficient score detector.

The score detector is derived as follows. Consider the deriva-

tive of £ in (4) with respect to P and evaluated at P = 0:

oL 1

oP|, Rtr[VN—k,e(YkYkT — o). (6)
where tr(A) denotes the trace of a square matrix A. In the
following P {-}, E{-} and var{-} denote the probability, mean
and variance under the null hypothesis. We can verify the
mean of the derivative under the null hypothesis is zero:
E { g—fj | P:O} = 0. The covariance of (6) under null hypothesis
can be shown to be

var oL
oP

1
} = Ftr(Vka,GVIuk,e)' )
P=0 o)

The score statistics is given by 55 ‘ p_o hormalized by its mean
and variance:

VN—ko Yt 1Yht1 I
= o vk
\/2tr(VN7k,0VN—k,0) 0

Note that Z(k,#) is a two dimensional random field in k €
{1,--- N — Ny} and 6 € O, with zero mean and unit variance.
The second expression shows that Z(k, §) can be interpreted as
a “matched-filter”: matching the theoretical covariance matrix
with the sample covariance matrix. The score detector detects
a signal when:

Z(k,0) =tr

Z(k,0) = b, )

max
0<k<N—No,0€0

for some threshold b > 0.
We consider two performance metrics for the detectors pre-
sented above: the probability-of-false-detection

P, 2Py, {T > b},
and the probability-of-detection under Hy:
Py &Py AT > fH(@)},

where T is the statistic of the corresponding detector. Assume
that P, is related to the threshold by some function f: P, =
f(b). We will obtain this function in Theorem 1.
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Fig. 1: Probability-of-detection versus probability-of-false-detection
for the energy detector, ML power detector, and the score detector,
for p = 0.7 and o2 = 0.07. The noise variance is oa = 1.

IV. APPROXIMATION OF
PROBABILITY-OF-FALSE-DETECTION

We prove the following theorem that approximates the
probability-of-false-detection P, of the score detector for a
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given threshold b, which can be used to determine the threshold
efficiently.

Theorem 1: When b — oo, under Hg, the probability-of-
false-detection of the score detector (9) is given by

P. 2Py, { max Z(k,0) > b}
0<k<N—No,0€0
_ L NN (k68
B (2m)2 Z /066 €o(k,0) .

k=0
Pt (P .

Nl

g(k,0)|H (K, 0) 2

where

~ Vin_
VvV — N—k,0
\/Qtr(Vka,HV;,kﬁ)
&o(k,0) > 0 is the solution to

h(€) 2 {(IN_k — 2 V)V

vare, {Z} = 2tr [(IN,k — 26, V) IV — 26,V) V],

)

—tr(V) = (10)

$(€) = ~u(€V) — 5 log | - 2V,

€Xp {_§O(k7 e)b + 1?(50(]“7 0))}

the Hessian of the covariance matrix (Fisher information matrix)
is given by

g(kve) =

(1)

O?E{Z(k,0)Z(k,s)}
B 02s

H(k,0) =

; (12)
s=60

By tr (VN*kJrl,@V;karl,O)
tr (VN,k,gV%_kﬂ)

and special function (given by Corollary 8.44 of [2] or in [3]):

P IIC

32(5)+6(5)

where ¢(z) and ®(z) are the density and distribution function
of N(0,1), respectively.
The proof of this theorem is provided in Appendix.

u(k, 0) = (N —

13)

V. NUMERICAL EXAMPLES

In this section, we first verify that our approximation in
Theorem 1 is very accurate, and then demonstrate that the
score detect compares favorably with other detectors that do
not exploit signal correlation.

A. Approximation accuracy of Theorem I for P,

Consider the first-order autoregressive process AR(1), with
d=1,6 ¢€[0.1,0.5], N = 100, Ny = 3. The AR(1) process
evolves according to

Tpt+1 = 0x,, + en, (14)

where |0 < 1, and the process noise ¢, are i.i.d. N'(0,1). The
covariance matrix for AR(1) is given by

1 60 6
0 1 46

Hkafl

0N7k72

VN_ko= (15)

To demonstrate that our approximation in Theorem 1 is also
accurate for d > 1, we also consider a first-order autoregressive
moving-average process ARMA(1,1), with d = 2, parameters 6
and ¢. The AR(1, 1) process evolves according

Tn+1 + (bxn == 0€n + En+1y

where ¢,, ~ N(0,1). The corresponding covariance matrix is
given by

VN—ke =
1+6% =200  (6—0)(1—¢0) ¢(p—0)(1—¢b)
(¢ —0)(1—o0) 1+6%—-2¢00  (¢—

0)(1 - ¢0)
¢(¢ — 0)(1 — ¢0) '

In Table I (for AR(1)) and Table II (for AR(1, 1)), the Monte
Carlo results are all obtained from 1000 trials. Note that our
approximation in Theorem 1 is very close to the corresponding
Monte Carlo result in both examples.

TABLE I: Approximate of P. for AR(1)

b Monte Carlo | Theorem 1
3.5000 0.1170 0.1045
4.5000 0.0560 0.0518
5.5000 0.0250 0.0242
6.5000 0.0090 0.0112

TABLE II: Approximate P. for ARMAC(I, 1)

b Monte Carlo | Theorem 1
3.5000 0.0780 0.0667
4.5000 0.0340 0.0341
5.0000 0.0260 0.0235
6.0000 0.0120 0.0109

B. Comparison of probability-of-detection Py

We compare our score detector with the energy detector
and the maximum likelihood (ML) power detector [I]. We
simulate the signal as an AR(1) process (14), with 8 = 6y,
and process noise with variance 2. The signal power of the
AR(1) process can be estimated using the variance of the steady
state P = 02/(1 — 63). Assume N = 100, the primary user
emerges at k = 50 with P = 1, and consider various true signal
correlation y. The probability-of-detection is simulated via 500
Monte Carlo trials. For the score statistic, we set 6 € [0.3,0.8].
Fig. 1 demonstrates that the score detector has the highest
probability-of-detection among the three detectors, over a wide
range of probability-of-false-detection (false-alarm rate), when
6p = 0.7 and 02 = 0.07. Table III further demonstrates that
the score detector has the best performance among the three
detectors different 0 and o2 values.



TABLE III: P; for a fixed P. = a = 0.1. Each cell of the table
corresponds to “score detector / ML power detector / energy detector”.
The bold numbers correspond to score detector.

o

2 0.5 0.7 0.8
0.05 | 0.79/0.68/0.60 | 0.90/0.76/0.62 | 0.92/0.75/0.68
0.07 | 0.89/0.79/0.70 | 0.95/0.83/0.73 | 0.98/0.86/0.79

VI. CONCLUSIONS

We have present a novel score detector to detect weak signal
exploiting both the signal temporal correlation and power. Here
we consider cognitive radio spectrum detection. Nevertheless,
our formulation of the score detector is general and it can be
used for similar problems. We provide a theoretical approxima-
tion to the false-alarm-rate of the score detector, which can be
used to determine the threshold efficiently. We demonstrate that
our approximation is quite accurate, and that the score detector
has an advantage when signal is weak and correlated.

APPENDIX

In the following we prove Theorem 1 for d = 1.

1) Last Hitting Time Formula: We discretize the parameter
0 € (61,02), k € {1,--- N — Ny} by rectangular mesh grid of
size of times 1, where A > 0 is a small number. The size
of the mesh is chosen to balance the difference in the order
of the variance in these two coordinates. Then P, of the score
detector can be approximated as

()21

DZ{(@J')iOSiSN,HlSJ\/ANS@z} (17)

P{(max Z (16)

i,j)€D

where the index set

covers the parameter space. Let the index set .J(ig, jo) denotes
everything to the “future” of the current index (g, jo) (upper
and to the right of (i, jo)) in the random field.

J<i07j0) = {(27]) €D: .7 Z jOa
Using the “last hitting time” decomposition [5], we can rewrite

(16) as

A
Pq max Z (i, j—— | >
{(i,j)eXD <J\/N> }

A A
~ PSsZ|io,jo—= | >b, max Zl|i,j— | <D
2. { (O Jo \/N) (i.4) € (i0-jo) ( J\/N) }

(i0,40) €D

or j=jo and i>ig.}

e A ) dx
= Z / P{Z <i0,j0) =b+ } —.
(in,do)eD 0 \/N b b
A A x
P max JZ\|t,j— | <blZ|ip,jo—=]|=0+—,.
{u,j)eJuU,jo) ( ’ m) ‘ (” ”“m) b}
(18)
Next we will find approximations for the probability
A x| dx
PSZ (i, jo—=)=b+—-p — 19
(ot ootk

and the conditional probability

A A T
Pl max 2z (i) <bZ(igjo-n ) =b+ 21,
{(i,j>eJ(io,jO> ( J\/N> ‘ <° jo\/N) b}

respectively.

2) Skewness Correction: Note that Z(k,0) is a quadratic
function in a Gaussian random vector, so Gaussian distribution
is not likely to be a good approximation for Z(k, ). Moreover,
since (20) is smaller than (19) in magnitude, getting an accurate
approximate for (20) is important. On the other hand, Gaussian
approximation is better for the mean than for the tail of the
distribution. To obtain a better approximation, we use the
change-of-measure technique to shift the mean of the random
field to the threshold, and use complete cumulative generating
function. Note that (19) can be written as

. A xz) dx
]P){Z (Z()v]O W) = b+ b} ?
~g ZOaJOﬁ exp —?x 7

where g and &, are defined in (12) and (10), respectively.

2y

3) Local Analysis of Covariance: Consider the covariance
E{Z(n,0,)Z(m,02)} for scores at change-points n and m, and
with parameters ¢, and 6, respectively. Assume the covariance
matrix associated with y,, is V' ;y_,, ¢,, and that associated with
Yo 1S VN_pm.0,, respectively. Also assume n > m, so the
dimension of the covariance matrix for y,, is larger than that
for y,,. Also note that y,, and y,,, have overlapping samples, so
V N—n,6, is a sub-block matrix of V y_,, ,. Based on these
observations, after some derivations, we find the covariance of
Z(k,0) under Hy to be

E {Z(n, Hl)Z(m, 92)}
r (VN_M;I V}_nﬁz)

1/2°
|:tI' (VN—%Q] VL—n,@]) tr (VN—m,QQ V;—7TL,02):|
(22)

A special case is when 6#; = 63, n = m, then (22) becomes
E{Z(n,6:)*} = 1, which is consistent with the unit variance
of Z(k,0).

To study the local covariance of the random field, set 8, = 6,
0o =0+, n=kandm=%k—4,i=1,--- ,k—1in (22).
We have to run the index k for the change point backwards,
because the smaller the k, the more post-change samples we
have, and hence the larger the dimension of the covariance
matrix V y_p 9. Assume  and ¢ are small relative to 6 and
k, respectively. We will expand everything in terms of 6, k, §
and ¢. Using the first order approximation (keeping only the
first order terms), the local covariance is give by

E{Z(k,0)Z(k —i,0 + )}

p(k, 0)
2(N — k)

When d = 1, the Hessian matrix H (k,0) is a scalar and is

(23)

~1-— 72(16, 0)52 — 1+ 0(52) + o(i).



given by
tr ( lekz,vafk,G)

0= tr (VN_W;V;_,C,Q)

; (24)

where the prime f’ denotes %(f). Note that y(k,6) is inde-
pendent of i. The u(fg, ko) defined in (12), is the ratio of
the average sum-of-squares of the “additional” terms when we
decrease k by a small amount, over the average sum-of-squares
of the “original” terms, in the covariance matrix Vi _j .

4) Local Random Field Decomposition: Note that the first
order expansion of the covariance does not have cross product
terms. This implies that if we assume Z(k, ) to be Gaussian,
it can be decomposed as a sum of two independent one
dimensional random processes. Using the local covariance we
just found, we have the following Lemma:

Lemma 2: Assume & — 00, b — 00, n — 00, with % ~1
and -& ~ d where d > 0 is some constant. The discretized

process b | Z (k — 4,0+ \/A—ﬁj) — f}, i € Z,j > 0, conditioned
on Z (k,0)

processes:
. A
{o]z(k-i0+ i) -¢| 200 =} =i v

where S; = S_ a;, with

p(k,0) o p(k6)
2(N — k)bZ’ N— k:b2> ’

= ¢ can be written as sum of two independent

al~N<

and

V\fv

with V ~ N(0,1).

By Lemma 2, using the techniques in [5] and [4], we have the
conditional probability can be written in terms of decomposed
random processes:

A A
P max b|Z|i,j—=]—Z|i0,Jo—= ]| < -7z
o) +(en)

A T
Z | ig,jo—= ) =b+ —
(0 ”VN) b}
=~ P{maxSi < x} P{maxSi +max V; < x}
i>1 i<0 j>1

A AZZ
\FJV 7N

(25)

A similar argument for (25) can be found in [5] and [4].
5) Limit by Shrinking A: Put this together with approxima-
tion for (19) in (21), the approximate significant level becomes

A
P< max Z(4,j—= | > b
{m)eD (]\/N> }

T )3
~ 0Jo—= | —F—=-
(i0,J0)ED \/N \/N
VN [ &
Ab

(26)

]P’{maxS +maxV; < -z
<0 j>1

The following Lemma, which is an extension of Lemma 2 in
[4], enables us to find an expression for integration over x in
(18):

Lemma 3: Assume x1, %o, -- i.i.d. N( ul,af) with g1 >
0. Define the random walk Sy = 0, S; = Zl 1T, 1=1,2,-
and the smooth varying random process V; = SAjV — ﬁ A2 2,
for some constants A > 0, 8 > 0. As A — 0, for some constant
a > 0, we have

A/ _‘”]P’{maxS <—:I:}

:P{maxS +maxV < -

<0

Ao, |B <2u1> (2u1
vV 21 01
where v(x) is defined in (13).
Finally, using Lemma 3 for (26) with o = So 8= \/57\/%,
— _u(k,0) 1 (k,0)
Hr = syl el
significance level

\QM;ED o (i)

b2 (io,joﬁ) < A ) A
v —_— Yl0,00—F7—= ) —F/—.
N —ig vVN) VN

27

\/H,—/

and 07 = we have the approximate

b2l~t(i07j0%)
N — 1o

(28)

As A — 0, the Riemann sum (28) converges to the approxima-
tion in Theorem 1.

The proof is more complex when the number of parameters
d > 1, and we have to use different techniques, such as
computing a Mill’s ratio type of expression by decomposing
the process as a random walk plus a smooth Gaussian field.
The complete proof can be found in [6].
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