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Reduced-Dimension Multiuser Detection
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Abstract—We present a reduced-dimension multiuser detector
(RD-MUD) structure for synchronous systems that significantly
decreases the number of required correlation branches at the re-
ceiver front end, while still achieving performance similar to that of
the conventional matched-filter (MF) bank. RD-MUD exploits the
fact that, in some wireless systems, the number of active users may
be small relative to the total number of users in the system. Hence,
the ideas of analog compressed sensing may be used to reduce the
number of correlators. The correlating signals used by each corre-
lator are chosen as an appropriate linear combination of the users’
spreading waveforms. We derive the probability of symbol error
when using two methods for recovery of active users and their
transmitted symbols: the reduced-dimension decorrelating (RDD)
detector, which combines subspace projection and thresholding to
determine active users and sign detection for data recovery, and
the reduced-dimension decision-feedback (RDDF) detector, which
combines decision-feedback matching pursuit for active user de-
tection and sign detection for data recovery. We derive probability
of error bounds for both detectors, and show that the number of
correlators needed to achieve a small probability of symbol error is
on the order of the logarithm of the number of users in the system.
The theoretical performance results are validated via numerical
simulations.

Index Terms—Compressed sensing, demodulation, multiuser de-
tection.

the superposition of the transmitted waveforms. MUD has to
detect the symbols of all users simultaneously.

Despite the large body of work on MUD, it is not yet widely
implemented in practice, lagly due to its complexity ahhigh-
precision analog-to-digitg/A/D) requirements. Theamplexity
arises both in the A/D as well as in the digital signalgessing
for data detection of eaalser. A conventional MD structure
consists of a matcheldter (MF) bank front endollowed by a
linear or nonlinear digital MUD. The MF-bankk ia set of cor-
relators, each correlating the receivednsibwith the signature
waveform of a different user. The number ofelators is there-
fore equal to the number of users. In a tyglicommunication
system, there may be thousands of as&Ve characterize the
A/D complexity by the number of corl&ors at the receiver
frontend, and measure data detenttomplexity by the number
of real Roating point operations geired per decision bit [4]
from the MF-bank output.

Verdd, in the landmark paper [5], teblished the maximum
likelihood sequence estimator ((E) as the MUD detector
minimizing the probability ofsymbol error for data detection.
However, the complexity peritoof MLSE is exponential in the
number of users when the sigure waveforms are nonorthog-
onal. To address the compity issue, other low-complexity
suboptimal detectors havweeen developed, including the non-
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Digital Object Identber 10.1109/TIT.20d 3e2dggmslating detector, which, for each user, projects the
received gnal onto the subspace associated with the signature
waveform d that user. This projection ampés noise when
the sign&ure waveforms are nonorthogonal. The decorre-
lating deector provides the best joint estimate of symbols
and ampitudes in the absence of knowledge of the complete
channéstate information [4]. The minimum mean-square-error
(MMSE) detector takes into account both background noise
and irterference, and hence to some extent mitigates the noise
amplbcation of the decorrelating detector in low and medium
SNR [6]. Because of the simplicity arinterference elimination
capability of the decorrelating detector, we will focus on this
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|2]|lce = max)_; |x,|. The minimum and maximum eigen-
values of a positive-semithaite matrix X are represented by
Amin (X)) and,.x(X), respectively. The trace of a square ma-
trix X is denoted asr(X). The notationliag{xy, ..., z,} de-
notes a diagonal matrix withy, . . . , z,, on its diagonal. We use
I to denote the identity matrix aridto denote an all-one vector.
The functioné,,,, is debned such that,,,, = 1 only when
n = m and otherwise is equal to 0. The sign function i®uled
assgn(z) = 1,ifz > 0,sgn(z) = —1,if < 0, and otherwise
is equal to 0. The expectation of a random variabis denoted
asE{xz} and the probability of an evend is represented as
P. The union, intersection, and difference of two setg and
{B} are denoted by A} U {B}, {A} n {B}, and{A}/{B},
respectively. The complement of a det} is represented as
{A}°. The notationA C B means that setl is a subset of
B. The inner product (0Or cross correlation) between two real
analog signala( ) andy(t) in Lo is written as{z(t), y(¢)) =

T [0 t)dt, over the symbol tim&'. TheLs norm ofx(¢)
is || (¢ )H = ( (t), x())/2. Two signals are orthogonal if their
cross correlation is zero. Fig. 1. Front end of (a) the conventional MUD using MF-bank and (b)

RD-MUD.
B. System Model
Our goal is to detect the set of active users, i.e., users with in-

ghqes inZ, and their transmitted symbo{$,, : » € Z}. In prac-

tice, the number of active usel&is typically much smaller than
the total number of use®, which is a form of analog signal
sparsity. As we will show, this sparsity enables us to reduce the
i}?mber of correlators at thedint end and still be able to achieve
i

Consider a synchronousuttiuser system [1] withV users.
Each user is assigned a known unique signature waveform fr
asetS = {s,(-) : [0,7] = R, 1 < n < N}. Users modu-
late their data by their sigriure waveforms. There ad€ ac-
tive users out ofV possible users trangtting to the receiver.
In our setting, we assume that active users modulate their
nature waveforms using binary phase shift keying modulati
with the symbol of user denoted by,, € {1, -1}, forn € Z,

rformance similar to that of a conventional MUD using a bank
of MFs. We will consider two scenarios: the case whE&res
known, and the case whe#€ is bounded but unknown. The

whereZ contains indices of all dive users. The amplitude of o . :
thenth user’s signal at the receiver is given by, which is de- problem of estimatind< can be treated using techniques such
’ as those in [27].

termined by the transmit power and the wireless channel gal
For simplicity, we assume,’s are real (but they can be neg-
ative), and known at the receiver. The nonactive user can
viewed as transmitting with powef,, = 0, or equivalently A conventional MUD detector has an MF-bank front-end fol-
transmitting zerosb,, = 0, for n € Z¢. The received signal lowed by a digital detector. Weow review this architecture.
y(t) is a superposition of the transmitted signals from the active /) MF-Bank Front-End: For general single-user systems,
users, plus white Gaussian noisé) with zero mean and vari- the MF multiplies thereceived signaj () with the single-user
anceo? waveforms(z) and integrates over a symbol time. The MF-bank
i is an extension of the MF for multiple users, and BasMFs
Z Tubnsn(t) + w(t), e [o.7] (1) in parallel: thenth branch correlates the received signal with
the corresponding signature wavefory(t), as illustrated in
with b, € {1,-1},n € Z, andb, = 0,n € Z¢. The duration Fig. 1(a). The output of the MF-bank is a set oflstiént statis-
of the data symbdI is referred to as the symbol time, which igics for MUD when the amplitudes, are known [1]. Using (1),
also equal to the inverse of the data rate for binary modulatidihe output of the MF-bank can be written as
We assume that the signature waveforms are linearly inde-
pendent. The cross correlations of the signature waveforms are 2=GRb+u 3)
characterized by the Gram mati&, debned as

g.e Conventional MUD

wherez = [21,....2n]", 20 = (y(t),5.(t)), R € RV is
(Gl (5n (1), s6(t), 1< nE<N. (2) a diagonal matrix WitR],., = 7, b = [b1,...,bx]T and
w=[uy,...,un]", whereu, = (w(t),s,(t)). The vectom is

For convenience, we assume that(#) has unit energy: Gaussian distributed with zero mean and covari&naes” } =
|s.(t)]] = 1 for all n so that[G],,, = 1. Due to our assump- %G (for derivation, see [1]).

tion of linear independence of the signature waveforGiss 2) MF-Bank Detection: Conventional MUD detectors based
invertible. In addition, the signatures typically have low crossn the MF-bank output can be classd into two categories:
correlations so that the magnitudes of the off-diagonal elemeliteear and nonlinear, as illustrated in Fig. 2. In the literature, the
of G are much smaller than 1. synchronous MUD model typically assumes all users are active,
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we rely on the ideas introduced in [9] to construct multichannel
Plters that sample structured aoglsignals at sub-Nyquist rates.
Speckcally, we use the biorthogonal signals with respect to
{sn(#)}, which are dened as

N

() =[G aese(t), 1<n<NAN. 7)

=1

These signals have the property that(t), §,.(t)) = 6., for
all n, m. Note that when{s,,(¢)} are orthogonal@@ = I and
Fig. 2. Diagram of (a) the linear detector and (b) nonlinear detector. §n(t) = S'n(t)-
The RD-MUD front end uses as its correlating signals the
i.e.,b, € {1.—1}, and hence, the goal of the MUD detectorgunctions
is to detect all user symbols. The linear detector applies a linear N
transformT to the MF-bank output [illustrated in Fig. 2(a)] B (£) = Z G i (1), l<m<M 8)

n=1

Tz=TGRb+ Tu 4)
wherea,,,, are (possibly complex) weighting cdefients. De-

and detects each user’s symbol separately using a sign detegil 5 odbcient matrix A € RM*N with [A]nn=dm, and
mn T Hmn

b, = sgn(r,[Tz],), 1<n<N. (5) denote thenth column of A as ané[aln, ces@am] T, m =
1,....N. We normalize the columns o so that||a,|| = 1.
Several commonly used linear detectors are the single-u3ée design of the correlating signals is equivalent to the de-
detector, the decorrelatingetéctor, and the MMSE detector.sign of A for a given{s,(¢)}. Evidently, the performance of
The single-user detector [4] is equivalent to chooslhg= I RD-MUD will depend onA. We will use coherence as a mea-
in (4) and (5). By applying a linear transforfh = G 'in (4), sure of the quality ofA, which is ddoned as
the decorrelating detector can remove the user interference and A y
recover symbols perfectly in the absence of noise; however, it H= Ifg}? |‘1n ‘M| ‘ ©)
also amplbes noise wheiz # I. The MMSE detector min-
imizes the MSE between the linear transform of the MF-barfds We will show later in Section IV-A, it is desirable thatis
output and symbols, and corresponddte- (G + (,—212*2)—1 small to guarantee small probability of symbol error. This re-
in (4)[1]. quirement also fféects a tradeoff in choosing how many correla-
Nonlinear detectors, on thether hand, detect symbolstorsto use inthe RD-MUD front end. With more correlators, the

jointly and (or) iteratively, as illustrated in Fig. 2(b). Examplegoherence ofl can be lower and the performance of RD-MUD
include MLSE and the successi interference cancellationimproves. Choosing the correlating signals (8) and using the re-
(SIC) detector [1]. The MLSE swés the following optimiza- ceive signal model (1), the output of theth correlator is given

tion problem: by
max 2y" Rb — b RGRb. (6) Ym = (b (), y(t))
b,e{l,~1} N N
However, when the signature waveforms are nonorthogonal, = <Z “mngn(t)’z”b”f(t)>
this optimization problem is exponentially complex in the '”\fl =1
number of users [1]. The SIC detectbrst bnds the active - .
user with the largest amplitudegticts its symbol, subtracts its + <z:1 G n(t), “’(t)> (10)
effect from the received signal, and iterates the aforementioned l\”_ N
process using the residual signal. Aft¥riterations, the SIC _ b ar (5 (1) so(8)) + w,
detector determines all users. [Z:; ‘ “; n(3n(8); 5e(0)) + W
N
lll. RD-MUD =" Guerebe + Wi
The RD-MUD front end, illustreed in Fig. 1(b), correlates =1
the recelved signal(t) Wlth a set of correlating signals,, (t), where the output noise is given by
m =1,... M, whereM is typically much smaller tha®v. The A x 5 (1) w(t)). Denoti o T
front-end output is processed by either a linear or nonlinear dém = Z_"# Umn <,'5"( )T’w( )). Deno Ingyth— I[éllg MUéM] tout
tector to detect active users and their symbols; the design w= ["Utl’ ' f ;wy] ", we can express the RD- outpu
these detectors is adapted to take the analog sparsity into )) in vector form asy = ARb ~ w (11)

count.
wherew is a Gaussian random vector with zero mean and co-
A. RD-MUD Front End variances>AG A (for derivation, see [28] and [29]). The
Design of the correlating signals,, (¢) is key for RD-MUD vectory can be viewed as a linear projection of the MF-bank
to reduce the number of correlators. To construct these signéitent-end output onto a lower dimensional subspace which we
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call the detection subspacéince there are at mogf active 1) RDD Detector:A natural strategy for detection is to com-
usersh has at mosk nonzero entries. The idea of RD-MUDpute the inner produa? y and detect active users by choosing
is that when the original signal vectbris sparse, with proper indices corregonding to thek” largest magnitudes of these inner
choice of the matrix4, the detection performance férbased products

ony of (11) in the detection subape can be similar to the per- Z={n: if |R[a] ]| is among the

formance based on the output of the MF-bank front2oé(3). K largest of |R[afy]|, n=1,---,N}. (13)

This corresponds to the thresholding support recovery algorithm

in compressed sensing (e.g., [13]). To detect symbols, we use
We now discuss how to recovdr from the RD-MUD Sign detection sgn (r,R[afy])), nel

front-end output using digital detectors. The model (11) for by, = { 0, n¢ T

RD-MUD has a similar form to the observation model in the

compressed sensing literature [13], [22], except that the noiedetecting active users (13) and their symbols (14), we take

in the RD-MUD front-end output is colored. Hence, to recovehe real parts of the inner products because the imaginary part

b, we can combine ideas developed in the context of comf ey contains only noise and interference, since we assume

pressed sensing and MUD. The linear detector for RD-MUthat symbolsh,, and amplitudes,, are real and onlyl can be

brst estimates active usefsusing support recovery techniquesomplex. Whenk = N andM = N, the RDD detector be-

from compressed sensing. Once the active users are estimageg)es the decorrelator in conventional MUD.

B. RD-MUD Detection

(14)

we can write the RD-MUD front-end output model (11) as To compute the complexity per bit of the RDD detector, we
note that computing4Hy requiresM N RRoating point opera-
y=A;R;b; +w (12) tions whenA is real (or2M N operations wher is complex)

for detection of/NV log, 3 bits (since equivalently we are de-

from which we can detect the symbdis by applying a linear tectingb, € {-1,0,1}). Hence, the complexity per bit of RDD
transform tay. The nonlinear detector for RD-MUD detects acis proportional toM. SinceM < N in RD-MUD, the com-
tive users and their symbols jointly (and/or iteratively). plexity-per-bit of RDD (and other RD-MUD linear detectors as

We will focus on recovery based on two algorithms: 1) theell) is lower than that of theanventional decorrelating linear
RDD detector, a linear detectorahuses subspace projectiodMUD detector. Furthermore, BD and other linear RD-MUD
along with thresholding [13], [19] to determine active users arfiftectors require much loweomplexity in the analog front
sign detection for data recovery; 2) the RDDF detector, a no@Ad.
linear detector that combind&F-MP for active user detection When the number of users is not known, we can replace Step
and sign detection for data recovery. These two algorithms aén Algorithm 1 by

summarized in Algorithms 1 and 2. .
IT={ne{l,....,N}:[Rlay][ > & (15)

Algorithm 1 RDD Detector

whereg > 0 is a chosen threshold. We refer to this method as the
RDD threshold (RDDt) detector.he RDDt detector is related

to the OST algorithm for model selection in [30]. The choice of
¢ depends om,,, 6%, M, N, 11, and the maximum eigenvalue

Linput: An M x N matrix A, a vectory € C* and the
number of active userk’.

2:Detect active user$nd 7 that contains indices of thi of G~*. Bounds or¢ associated with error probability bounds
largest|R[ay]|. will be given in Theorem 1. In Section V, we explore numerical
. . optimization of¢, where webnd that to achieve good perfor-
3:Detect symbolsh,, = sgn(r,R[a;ly]) forn € 7, and mance¢ should increase withV or K, and decrease with .
by = 0forn ¢ 1. 2) RDDF Detector: The RDDF detector determines active
users and their corresponding dyots iteratively. It starts with
Algorithm 2 RDDF Detector an empty set as the initial estimate for the set of active Tider
zeros as the estimated symbol vedtSt = 0, and the front-end
L:Input: An M x N matrix A, a vectory € CM and number output as the residual vectof”) = y. Subsequently, in each
of active users . iterationt = 1,..., K, the algorithm selects the coluna,

that is most highly corratted with the residua* ) as the

Anitializa- 7(0) 0 _ 0) _
2:Initialize: 7 is empty ™ = 0, = y. detected active user in theh iteration

3:lterate Steps 4-6fdr=1,..., K:

ny = arg max ?R[afv(k‘l)]’ (16)
4:Detect active usery, = arg max, [Rlaf v*~1]|. "
which is then added to the active usergét = Z(--D U {n,}.

The symbol for user, is detected with othedetected symbols

staying the same

5 { sgn (rn, Rl v*-V]) . n=n,
)TL =

b&,’“*l), % Ny

5:Detect symbolby”) = sgn(r,, Rlaf vV, forn = ny,
andb® = b for n £ ny.

6:UpdateZ® = 7+~ U {n}, andv® = y — ARD™.

7:0utput:Z = 7 p = p%), (17)
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2) Randomly sampled rows of a unitary matrix. For instancejith equality if and only if @ = (b (t),y(t)) =
the random partial DFT matrix, which is formed by ranea, o, rnobn, = ¢(10)@mn, for bothm = 1,2 with some
domly selecting rows of a DFT matri: [F|,..., = gl R constant(ng). If every two columns oft are linearly indepen-
and normalizing the columns of the submatrix. dent, we cannot have two indicesuch thati,,,, = ¢(ng)@mn,
3) Kerdock codes [31]: these des have dimension restrictedfor . = 1, 2. Also recall that the columns of are normalized,
to M x M?, whereM = 2™%! with mn an odd integer a3, + a3, = |/a.||* = 1. Therefore, the maximum is achieved
greater than or equal to 3. They have very good coheremmaly for n = ng ande(ng) = 1, which detects the correct
properties, withy = 1/\/M which meets the Welch lower active user. The detected symbol is also correct, since
bound on coherence. The Welch bound imposes a general ,
lower bound on the coherence of ahyx N matrix A [32] by = SEN(Tng (@10, (Y(E), h1(2)) + a2n, (y(E), ha(2))])
leading tox £ M /2, whenN is large relative td/ and = sgn(r buy[al,, + a3,,]) = b, (25)
N is much larger than 1.
Among these three possible matrix choices, the random par- :
tial DFT matrix has some impaant properties that simplify B- Noise Amplification of Subspace Projection
closed-form analysis in someases. In practice, if we choose The projection onto the detection subspace apggslthe vari-
the number of correlators to be equal to the number of useasice of noise. When the RDD and RDDF detectors detect the
i.e.,M = N, then there is no dimension reduction, and the petth user, they are affected by a noise componghty. Con-
formance of RD-MUD should equal that of the MF-bank. Whesider the special case with orthogdsignature waveforms, i.e.,
M = N, the random partial DFT matrix becomes the DFT ma3 = I, andA chosen as the random partial DFT matrix. In this
trix with the property thatd”’ A = I, i.e.,a”a,, = 6,m.In case, the noise variance is givendiu? AA% a, = o2(N/M)
this case, the set of statisti¢a y} that RDD and RDDF are so that it is amplbed by a factotN/M > 1. In general, with
based on has the same distribution as the decorrelator outgubspace projection, the noise variance is apegliby a factor
To see this, writmZy = a¥ (Zﬁ;:l amrmbm> +aflw = ofa? AG'A"a, [17]. In the following, we capture this noise
robn + aw, wherea” w is a Gaussian random variable with@mpliecation more precisely by relating the noise variance to
zero mean and covarianeda’ AG ' 4% a,, = [G Jum. In the performance of the RD-MUD detectors.
contrast, the Gaussian random matrix does not have this pr
erty. Therefore, in this setting, the performance of RD-MU
using a Gaussian random matdxis worse than that using the In this section, we present conditions under which the RDD
random partial DFT matrix. Tib is also validated in our nu- and RDDF detectors can successfully recover active users and
merical results in Section V-3. We will also see in Section V-8eir symbols. The conditions depend Anthrough its coher-
that Kerdock codes outperform both random partial DFT arffice and are parameterized by the cross correlations of the sig-
Gaussian random matrices for a large number of users. Thigigure waveforms through the properties of the ma@iOur
due to their good coherence properties. However, as discusBegformance measure is the probability of symbol error, which
previously, Kerdock codes hawvestricted dimensions and aréS debned as the probability that the set of active users is detected
thus less3exible for system design. incorrectly,or any of their symbols are detected incorrectly

. Coherence-Based Performance Guarantee

IV. PERFORMANCE OFRD-MUD P.=P{I#I}+P{{ZI=T}n{b#b}}. (26)

We now study the performance of RD-MUD with the RD
and RDDF detectors. We begin by considering the case o
single active user without noise as a motivating example.

e will show in the proof of Theorem 1 that the second term of
f6) is dominated by thberst term when (13) and (16) are used

for active user detection. ae the largest and smallest channel
A. Single Active User gains as

When there is only one active user in the absence of noise,
the RDD detector can detect the correct active user and symbol
by using onlytwo correlators, if every two columns of are . *)
linearly independent. Later, we will also show this isacorollar?‘ISO dePne }he kth largest chalrgnel gain as*"’|. Hence,
(Corollary 2) of the more general Theorem 1. Fmax| = [+ V] and|rmin| = [r*]. Our main result is the

Assume there is no noise and only one user with indgx following theorem.

A AN
[Fmax|= max o], |rmin|= min |r,|. (27)

is active. In this casey(t) = rngbngsng(f) and K = 1. In Theorem 1: Letb € RY*! be an unknown deterministic
. g YNngCNno - . e

RD-MUD, with two correlatorsthe RDD detector determinesSYmPol vectorh, € {~1,1},n € T, andb, = 0,n € I,

the active user bynding n = 1,..., N. Denote the RD-MUD front-end output by =

ARb + w, whereAd € C**¥ andG € RY*YN are known,
fo = arg max _|ag, (h1(t), y(t)) + azn(ha(t),y(1))]. (23) w is a Ciau};ssian random vector with zero mean and covariance
n=1, N c2AG "A" andR = diag{ry,...,rn}. Let

From the Cauchy—$wvarz inequalit — .
y uatiy r260/2(1 + a)log N - \/ Amax(G 1) - \/max(agAAHan)
la1n (R (1), y(1)) + azn(ha(t), (1)) (28)
< (a1, + a3,) [(hi (), y(£))* + (ha(t),y(t))*] (24) for a given constant > 0.
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1) Assume that the number of active us&rss known. If the Remarks:

coherence (9) ofl satigoes the following condition: 1) Theterm on the right-hand side of (29) and (32) is bounded
byl < maxn(afAAHan) <14 (N = 1)
|7min| — (2K — 1) p|rmax| > 27 (29)  2) There is a noise phase-transition effectbbe the min-

- imum signal-to-noise ratio (SNR) as
for some constant > 0, then the probability of symbol

error (26) for the RDD detector is upper bounded by SNR.. — |7 imin | (35)
min ()'ZAmax(Gil)

Where/\maX(G’l) captures the noise amptiation effect

2) Assumek| is an upper bound for the number of active in the subspace projection due to nonorthogonal signature
users. If the coherence (9) dfsatiges (29) fork = K, waveforms. Conditions (29) and (32) suggest that for the
and we choose a threshdld> 0 that satibes RDD and RDDF detectors to havé as small as (30), we

need at least

P, < N %[n(1 4 a)log N]7¥/2, (30)

KO/’/|T111ax| +7< E < ‘Tmin| - (KO - 1)/L|T1nax| -7 (31)
SNRmin > 8log V. (36)
then the probability of symbol error (26) for the RDDt de-
tector is upper bounded by the right-hand side of (30).
3) Assume that the number of active usirss known. If the
coherence (9) ofl saties the following condition:

This means that if the minimum SNR is not baifently
high, then these algorithms aaot attain small probability
of symbol error. We illustratéhis effect via numerical ex-
amples in Section V-5 (a similar effect can be observed in
standard MUD detectors).
3) In Theorem 1, the condition of having a small probability
for some constant > 0, then the probability of symbol of symbol error for the RDDF etector is weaker than for

error (26) for the RDDF detector is upper bounded by the the RDD detector. Intuitively, the iterative approach of DF
right-hand side of (30). removes the effect of strong users iteratively, which helps

4) If the coherence (9) oft satides (32) and we choose a  the detection of weaker users.
thresholde > 0 such that

|7'min| - (2K - 1)M|7'min| Z 27 (32)

D. Bounding Probability of Symbol Error of RDD and RDDF

T<e< nfin{|r(’“)|[1 — (K — k)] — 7} (33)  Theorem 1 provides a condition on how smahas to be to
k=1 achieve a small probability of symbol error. We can eliminate
then the probability of symbol error (26) for the RDDFthe constant and rewrite Theorem 1 in an equivalent form that
detector is upper bounded by the right-hand side of (3o)gives explicit error bounds fahe RDD and RDDF detectors.

Proof- See Appendix B. m Debne
The main idea of the proof is the following. We lelee an A l- (2K — D ramel /| Fenim |12
event = =
max,(af AA" a,)
_J N I H _ _ 2
g= {Irlyl:d{( la, w| < T} (34) PR 11— (2K —1)y] (37)

max, (a AA%a,)
for 7 debned in (28), and prove th& occurs with high prob-
ability. This bounds the two-sidktail probability of the noise. For the RDD detector, we have already implicitly assumed that
Then, we show that under (29), whenegeoccurs, the active ! — (2K — 1)|rmax|/[rmin| > 0, since the right-hand side of
users can be correctly detedt On the other hand, we show(29) in Theorem 1 is nonnegative. For the same reason, for the
that under a condition weaker than (29), whenegeoccurs, RDDF detector, we have assumed that (2K — 1)u > 0. By
the user data symbols can be correctly detected. A similar ftgmark (1) and (37)j; < 1 andj, < 1. We can prove the

inductive approach is used toqwe the performance guarantedollowing corollary from Theorem 1 (see [28] for details).
for the RDDF detector. Corollary 1: Under the setting of Theorem 1, with thelufe-

A special case of Theorem 1 is whetd” = (N/M)I, tions (35) and (37), the probability of symbol error for the RDD
maxn(aZ AA%a,) = N/M,andG = I. Thisistrue whem is detector is upper bounded by
the random partial DFT matrix and the signature waveforms are )
orthogonal. If we scale? by AM/N, then the right-hand sides P.ppp < 2 [%
of (29) and (32) are identical to the corresponding quantities in ’ v 2
Theo.rgm 4 of [22]. Hence, in t$1<:asg, Theorem 1 has the samg ., 1 _ (2K — 1)jt|rmes|/|Fin| > 0, and the probability of
cqndltlons as those of Theorgm 4 in [22]. Howevgr, TheoregglmboI error for the RDDF detector is upper bounded by
4 in [22] only guarantees deténf the correct sparsity pattern
of b (equivalently, the correct awe users), whereas Theorem 2N [SNRyipn
1 guarantees correct detection of not only the active users but Fe.roDF < ﬁ [ 9
their symbols as well. Theoremdalso applied to more general
colored noise. with 1 — (2K — 1)p > 0.

—1/2 1 SNRin .
| e

—1/2 1 SNRin .
,32} e (39)
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For the decorrelating detectiora conventional MUD, a com- with probabilty exceedingl — 2¢ ¢, for some constant > 0.
monly used performance measus the probability of error of  Lemma 1 together with Theorem 1 implies that for the partial

each user [4], which is given by DFT matrix to attain a small pbability of symbol error, the
A - number of correlators needégt the RDD and RDDF detectors
P{b, #bn} =Q (rn/(a G~ ]nn)) (40) is onthe order ofog N. This is much smaller than that required

by the conventional MUD using an MF-bank, which is on the

whereQ(z) = j:’o(l/\/er)e‘f/de is the Gaussian tail prob- order of V. _ _
ability. Using (40) and the union bound, we obtain Corollary 2 together with the Welch bound imply that, for
the RDD and RDDF detectors to have perfect detection, the

number of correlatorg/ should be on the order dRK —

1)2. In the compressed sensing literature, it is known that the

bounds obtained using the coherence property of a matrix have

N OTSNR.. 12 sun. a “quadratic bottleneck” [32]: the number of measurem_ents ison

< { ’“““] e Tz (41) the order ofk 2. Nevertheless, the coherence property is easy to
2y/m 2 check for a given matrix, and it is a convenient measure of the

where we also used the fact thét,|/[o /[Gq] = user interference level in the detection subspace, as we demon-
T nn

VSNR i, and@(x) is decreasing i, as well as the bound strated in the proof of Theorem 1.

[1] Since conventional MUD is not concerned with active user

detection and the errors are due to symbol detection, it only ) )
makes sense to compare (41) to (38) and (39) wkier N As anillustration of the performance of RD-MUD, we present

andM = N. Under this settingg; = 1 and3; = 1, and the SOMe€ numerical examples. West generaté0® partial random
bounds onP, (38) of RDD and (39) of RDDF are larger thanPFT matrices and choose the matrix that has the smallest coher-

the bound (41) of the decoreting detector. This is becauseSNCe asd. Then, using théxed A, we obtain results from x
when deriving bounds for symbol detection error in the proof ¢ Monte Carlo trials. For each trial, we generate a Gaussian
Theorem 1, we consider the probability of (34), which requird@ndom noise vector and random biks: € {-1,1},n € T
two-side tail probability of a Gassian random variable. In con-With probability 1/2. In this seing, the conventional decorre-
trast, in a conventional MUD, without active-user detectio@ting detector ha#, equal to that of the RDD whel = N.

only the one-sided tail probability of the Gaussian random vari- 1) £ VersusM, asN Increases:Fig. 4 shows the”. of the
ableP{w > r} is required because we use binary modulatiofRPD, RDDF, RDDt, and RDDFt detectors as a functiomaf
) iy Pxed K = 2, and different values olN. The amplitudes

N
P.=P{b#b} <3 Plby # bu} < NQ (v/SNRyn

n=1

V. NUMERICAL EXAMPLES

Nevertheless, obtaining a tighter bound for a symbol detecti ) : e
error is not necessary in RD-MUD because whén< N, 7= = L foralln, the noise variance is® = 0.005, andG = I,

the active user detection error dominates the symbol detectf§pich corresponds tBNR i, = 23 dB. For each combination
error. of N andM, we numerically search tbnd the best values for

By letting the noise variance? go to zero in (38) and (39) _parameter§ ande. The values of range from 0.78 to 0.92,

for the RDD and RDDF detectors, we can derive the followintjcrease for large/V and decrease for largér for the RDDt
corollary from Theorem 1 (a proof of this corollary for the RD etector. The values efrange from 0.50 to 0.80, increase for
detector has been given in Section IV-A). largerN and decrease for largéf for the RDDFt detector. The
Corollary 2: Under the setting of Theorem 1, in the absend@PD and RDD_F detectors can achieve snfallfor M much
of noise, the RDD detector canmectly detect the active usersSmaller thanV; the RDDt and RDDFt have some sawre in
and their symbols ifs < |rumial/[[7max] (2K — 1)], and the performance due to their lack of knowledge#f This degra-

RDDF detector can correctly detect the active users and th@fftion becomes more pronounced for larger values of
symbolsify < 1/(2K—1). Inparticular, ifK = 1, with M = 2 2) P. VersusM, as K Increases:Fig. 5(a) demonstrates
correlators P, = 0 for the RDDF detector, and if furthermoreth€ £ of the RDD, RDDF, RDDt, and RDDFt detectors as a

Pmax| = |Fmia], P. = 0 for the RDD detector (which has alsofunction of M, for abxed N = 100, and different values oK.
For each combination of/ and K, we numerically search to
bnd the best values for the parametérande. Here, ¢ ranges
E. Lower Bound on the Number of Correlators from 0.68 to 0.80 andranges from 0.32to 0.70. The amplitudes

o : : S v
Theorem 1 is stated for any mattk By substitution of the "= = 1 foralln, the noise variance 5" = 0.005, andG = I,
expression for coherence of a givenin terms of its dimen- Which corresponds ®BNR i, = 23 dB. Clearly, the number of

sionsM andN into Theorem 1. we can obtain a lower boung§®'relators needed to obtain sm&llincreases a&” increases.

on the smallest number of correlata¥$ needed to achieve a ] )

certain probability of symbol error. For example, the coherence3) Comparison of Random Matrices We compare thé”,

of the random partial DFT matrix can be bounded in probabilif§f the RDD and RDDF detectors when the Gaussian random

(easily provable by the complex Hoeffding's inequality [33]): matrices, the random par’_tial DFT matrices, or the Ke_rdock
Lemma 1:Let A € CM*N pe a random partial DFT matrix. codes are used fad. In Fig. 6(a), theP. of the Gaussian
Then, the coherence of is bounded by random matrix converges to a value much higher than that

of the partial DFT matrix, when\/ increases taV. In this
1< [A(2log N + ¢)/M]Y? (42) example,N = 100, K = 6, the amplitudes,, = 1 for all »,

been shown in Section IV-A).
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RDD and RDDt, N = 100

100
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104 b
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M: # of Correlators
(@)
RDDF and RDDFt, N =100

100

101
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103

10 N
0 20 40 60 80 100
M: # of Correlators

(®)

Fig. 5. P. versusM for ¥ = 100 and differenti’. The amplitudes,, = 1
for all n, the noise variance is> = 0.005, andG = I. (a) RDD and RDDt,
where the solid lines correspond to RDD and the dashed lines correspond to

Fig. 4. P. versusM for i’ = 2 and different\'. The amplitudes., = 1  pppt; and (b) RDDF and RDDFt, where the solid lines correspond to RDDF
for all », the noise variance is* = 0.005, andG = I, which corresponds to 54 the dashed lines correspond to RDDFt.

SNR.... = 23 dB. (a) RDD and RDDt, where the solid lines correspond to
RDD and the dashed lines correspond to RDDt. (b) RDDF and RDDFt, where

the solid lines correspond to RDDF argetdashed lines correspond to RDDFt. 4) P, Versus M, as SNR Changes: Consider a case where
SNRy,;, changes byxingG = I, r,, = 1 for all n, and varying

the noise variance i8> = 0.005, andG = I. In Fig. 6(b), Ker- o2 (see Fig. 8). For comparison, we also consider the conven-

dock codes outperform both the partial DFT and the Gaussitonal decorrelating detector, which corresponds to the RDD de-

random matrices because of their good coherence properttestor withA/ = N. AssumeN = 100 andK = 2. Note that

This behavior can be explained as follows. For largeiand there is a noise phase-transitieffect in Fig. 5, which is dis-

relatively smallM, it becomes harder to select a partial DFEussed in the Remarks of Section IV-C.

matrix with small coherence by random search, whereas they) Near-Far Problem, G = I: To illustrate the performance

Kerdock codes can be lfiently constructed and they obtainof the RDD and RDDF detectors in the presence of the near-far

the Welch lower bound on coherence by design. IBaeed N problem, we choose, uniformly random from1, 1.5] for ac-

and M, Kerdock codes can support a large number of activize users. Assum®& = 100, K = 2, ands? = 0.005. In Fig. 9,

users, as demonstrated in Fig. 7. In this example, the cohereRE2DF signbcantly outperforms RDD.

of the Kerdock code ig = 0.0312, which is much smaller 6) P. Versus M, Performance of the Noise Whitening

than the coherenge = 0.0480 obtained by choosing fror0®  Transform: Next, we consider practical signature waveforms

random partial DFT matrices.dfdock codes are tight framesin CDMA systems. There are many choices for signature

[31], [34] meaning thaG = N/M1I so that no prewhitening sequences and the Gold code is one that is commonly used

is needed. [35]. For signature sequencgs,,}, the signature waveforms
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Fig. 9. Comparison of RDD and RDDF in the presence of near-far problem,
with amplitudesr,, uniformly random in[1.1.5], N = 100, K = 2,¢? =
0.0053, andG = I. The solid lines correspond to RDD and the dashed lines
correspond to RDDF.

Fig. 8. Performance of RDD and RDDF detectors when= 1 for all n,

G = I, and variousr?, where we denotSNR = 101log,,(r2/0?) dB.
The dashed lines show. for the conventional decorrelating detectors at the
correspondinNR.

Fig. 10. Comparison of RDD and RDDF detectors with and without noise
the fact that the number of active users is typically much smalwhitenirlg whenN' = 100, & = 2, amplitudesr,, uniformly random
than the total number of users in the system. The front end @ﬁlx 1G"i] 1)an:d tlfl'ifgélf)\{/\T/Lng:seott.gl&s’ f(%();szrr;?eo—gofg)c%éi gc;diis(gngm
the RD-MUD is motivated by analog CS and it projects the: = (.01, (c) simulated? with Amax(G~1) = 400, o2 = 0.005, and (d)
received signal onto a lower dimensional detection subspacesgype simulated as in (c) buir = 0.01.
correlating the received signalitiv a set of correlating signals.

The correlating signals are constructed as linear combinatidRB-MUD can be much smaller than that used by conventional
of the signature waveforms using a ceeint matrixA, which  MUD, and the complexity per bit of the RD-MUD detectors
determines the performance of RD-MUD and is our key desigme not higher than their counterpart in the conventional MUD
parameter. Based on the front-end output, RD-MUD detectastting. In particular, when the random partial DFT matrix is
recover active users and their symbols in the detection sulsed for the codftient matrixA and the RDD and RDDF de-
space. tectors are used for detecticghe RD-MUD front end requires a

We studied in detail two such textors. The RDD detector, number of correlators proportional to log of the number of users,
which is a linear detector thatombines subspace projectionwhereas the conventional MF-bank front end requires a number
along with thresholding for active user detection and RDDF def correlators equal to the number of users in the system. We
tector, which is a nonlinear dattor that combines DF-MP for obtained theoretical performance guarantees for the RDD and
active user detection. We have shown that to achieve a desiRIIDF detectors in terms of the coherencedofwhich are val-
probability of symbol error, the number of correlators used higated via numerical examples.
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1072 e ] We want to show thaM = arg minas E{||b; — My]||?}. Using

E -e-RD-LS 1} the same method for derivirtge conventional MMSE detector
.-o-- RD-MMSEH of the MF-bank [1], we assume that has a distribution that is
““““““““““““““““““““““““““““““““““““““““““““““““ uncorrelated with the noige and that {b;b%' } = I. Based on
1071 7, we refer to the model (12), and write the MSEEE|b; —

My||*} = tr(E{(b; — My)(b; — My)}). Now we expand
E{(b; — My)(b; — My)"}
= E{b;b]'} — E{by” 1M — ME{yb!'}
+ME{yy" }M" (44)
=T+ MA;RAY + c2AG " AT )M
~R,AYM" - MA,R;.

1074 L.

Conditional Probability of Error

1075 _
5 10 15 20 It can be verped thatM A; R; = MWM"  Hence, from (44),
M: # of Correlators we have
Fig. 11. Comparison dP{b # b|Z = 7} for RDD, RD-LS, and RD-MMSE E{(b; — My)(b; — My)H}

in the same setting as that in Fig. 10. I _ P _ 7
:I+MWMH—MWM - MWM
TABLE | —J_ M \/ _ M _ MHYH
P{IB # b7 = I} VERSUSM, N = 100, K = 2 ; ; B ]‘RJIZgW—tES,JRI M)W(M M) (45)
+(M — MW (M — M)7.

SinceW is a positive semidenite matrix, the trace of the second
termin (45) is always nonnegative. Therefore, the ma¥fixhat
minimizes the MSE id\.

APPENDIX B
PROOF OFTHEOREM 1

In contrast to other work exploiting compressed sensing tech-The proof of Theorem 1 for both the RDD and RDDF detec-
nigues for multiuser detection, owork has several distinctive tors is closely related. We thdoge begin by proving several
features: 1) we consider analogceived multiuser signals; 2) lemmas that are useful for both results.
we consider front-end complexity, which is the numbeibbf First, we prove that the random evéhtlebned in (34) occurs
ters/correlators at the front end to perform the analog-to-discretéh high probability, where is debned in (28). Then, we show
conversion; 3) the noise is added in the analog domain pritvat whenG occurs, both algorithms catetect the active users
to processing of the front end so that the output noise vectond their symbols. The proofs follow the arguments in [22] with
can be colored due to front-efrttering; and 4) we modify sev- modiPcations to account for the fact that is colored noise,
eral conventional compresseensing estimation algorithms toand the error can also be caused by incorrect symbol detection.
make them applicable for symbol detection and study their prodewever, as we will show, the error probability of active user
ability-of-symbol-error performance. detection dominates the latter case.

Our results are based on binary modulation and can be ex- Lemma 2: Suppose thaiw is a Gaussian random vector
tended to higher order modulation with symbols taking moneith zero mean and covariane8AG ' A7 . If N -+ [r(1+
possible values. In this case, however, the conditions to guai-log N]~*/2 < 1 for somea > 0, then the eveng of (34)
antee correct symbol detection may be stronger than the coreurs with probability at least one minus (30).
ditions to guarantee correct a user detection. We have also ~ Proof: The random variablesaZw}_, are jointly
assumed that the signature wawehs are given. Better perfor- Gaussian, with means equal to zero, varianegsequal to
mance of RD-MUD might be obtained through joint optimizas2a” AG~* A" a,,. Debne
tion of the signature waveforms and the demént matrixA. 12
Our results assume a synchronous channel model. Extending=o[2(1 + a) log N]*/2 - [max(afAG’lAHan)} (46)
the ideas of this work to asynchronous channels, perhaps using "

the methods developed in [37] for time-delay recovery from sA H . . o
low-rate samples, is a topic of future research. and an eventy= {maxi<n<y e, w| < 7}. Using Sidak's

lemma [38], we have

APPENDIX A 5 H - H .
P =Pilafw| <7,... |apw| <
DERIVATION OF RD-MUD MMSE {g} llowl <7..... layw] <7}
. N
Given the active user index sétobtained from (13), we de- > Pllafw| < + 47
bneW = A;R; A + 524G A" andM = R AW 1. - 1;[1 tawwl <7} “7



XIE et al.: REDUCED-DIMENSION MULTIUSER DETECTION 3871

Sincea’w is a Gaussian random variable with zero meafhen, if the event G of (34) occurs, we have
and variance?Z, the tail probability of the colored noise can benax,cz [Rla y]| > max, g7 |Rlal y]|.

written as The following lemma demonstrates that the sign detector can
2 effectively detect transmitted symbols for the RDD and RDDF
P{lafw| < 7)=1-2Q (—} (48) detectors. This lemma bounds the second terf ithat has not
Un

been considered in [22].

Lemma 4: Letb be a vector with,, € {1,-1},forne T
andb,, = 0 otherwise, and lgg = ARb+w for a Gaussian noise
vectorw with zero mean and covarianedAG ' A™ . Suppose

Using the bound onQ(r): Q(z) < (xv21) le */2,
(48) can be bounded aB{|lafw| < 7} > 1 — n,,

A Ay 22 o2
where =2/ (0, [F)e T /(0] DeiD/r;e that
O-maxé max,, Op, = o [Inaxn(anHAgflAHan)] , |7'min| - (K - 1)M|T111ax| > T (54)
Nmax 2 /2] (Omax /7 )e T/ %he) | Since omax/? = Then, if the eveng occurs, we have
[2(1 4+ «)logN] /2 py the dénition of 7, we have i 1T
Hmax = \/2/7[2(1 + ) log N]~1/2e~ () 1os Nt is easy to sgn(r, Rla. y]) = by, neZ. (55)

show thaty,, increases as,, increases. Hencey,, < 7max.

Whens,.. < 1, we can use the inequality — 2) > 1 — N« If, instead of (54), a weaker condition

whenz > 0 and substitute the value of,. to write (47) as |+ [Fain] — 20K — 1)pt|rmax| > 27 (56)
N
P{G} > H(1 — ) > (1 = Dnax )™ > 1 — N ?olds,then under the evefitwe havesgn(r,,, Rlall y]) = b,,,,
n=1 or
=1-N"“[x(1 4 a)log N] /2 (49) ny = arg max |[Rja?y]|. (57)

which holds for anyj,.x < 1 andN > 1. Next, we show that

# < 7. Note that N Proof: To detect correctly, fob, = 1, R[r,,a y] has to be

i positive, and fob,, = —1, R[r,a y] has to be negative.
ail AG " A"a, First assumé,, = 1. We expandR[r,ay], bnd the lower
< 1A a2 A ax (G™H) (50) bound and the condition such that the lower bound is positive.
< [max,, afAAHa,L)])\max(G’l). Substituting in the expression fer, using the inequality that

z+y+2z>x— |yl —|z|, under the everd, we obtain
From inequality (50) and d=itions (28) forr and (46) forr, R[raly]
we obtain? < 7. Hence =2+ 3 bmrarm® [afam} +r,R [a{;I,w]
P{G} = P{max, |aZw| < 7} m#n
> [F"{maxn |afw| < IA} — P{Q} (51) > |T7L||Tlllill| - m%;n |T7L||T77L||§R [a’gam] | (58)
Combining (49) and (51), we conclude tHatG) is greater than —[rallR @] | 7
one minus the expression (30), as required. [ > |7l [Irmin] — (K = 1)t rmax| — 7] -

The next lemma shows that, under appropriate conditior}:ci,om (58)R[rnay] > 0 for n € T if (54) holds and, = 1
ranking the inner products betwean andy is an effective Crh T [

thod of detecting th t of acti Th f of thi Similarly, we can show fob,, = —1, under eveng, if (54)
Ime od o de etc :;“? N fe 0 acs"fe “232?“:" € pr°t°f° tr'}\%lds,m[rnaﬁy] < 0. Hence, if (54) holds, we obtain (55).
emma 15 adapted from Lemma 3 in [22] to account for the Recall that is the index of the largest gaifr,, | = [7max|-
fact that the signal vectay here can be complex a can be

. . . Due to (57), we have
complex. Since the real part contains all the useful informa-
tion, to prove thls lemma, we fqllow thg proof for Lemma 3 [R[a y)| > |R[a y]|. (59)
in [22] while using the following inequality whenever needed:
|Rlaa,]| < |afa,| < pforn # m, and|R[alw]| < We will show that under the evergt, once (56) holds, then

laZw|. The proofs are omitted due to space limitations. Detaign(r,, R[a’l y]) # b,, leads to a contradiction to (59). First

T

of the proof can be found in [28]. assumé,,, = 1.1fb,, = sgn(rnl%[aﬁy]) # by, , then
Lemma 3: Let b be a vector with supporf which con- .
sists of K active users, and lgt = ARb + w for a G%ussian ™
. . . —1
noise vectons with zero mean and covarianglG~ A" . De- =sgn (12, + ¥ bprm, R [0 @] 470, R [af w]
Pne |ru.x| and|ryin| as in (27), and suppose that -
= -1
[7min] — (2K — D) pe|rmax| > 27. (52) (60)

So, the expression inside thgn operator of (60) must be neg-
Then, if the eveng of (34) occurs, we havain,ez [R[a y]| > ative. Since2 > 0, we must have
max,¢7 |[R[aly]|. If, rather than (52), a weaker condition holds B
> b, rm® @ @] + 7, R [0 w] <0 (61)
|7'max| - (2K - 1),“|7‘max| Z 27, (53) m#n,
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Multiplying the left-hand side of (59) by-,, |, and using the and
equality|z| - |y| = |zy|, we obtain

, H
|7'm|‘§R[af1 l 1,1L1¢a%( |R[a;; y]| < Kpp|rmax| + 7 < Kopt|rmax| + 7. (66)

If (52) holds forK = K, we can choose a thresh@lduch that
(62) Kop|rmax| +7 < & < |rmin| — (Ko — 1)pt|rmax| — 7. Then,
mingez |Rlely]] > € andmax,.¢7 |R[ey]| < &, and hence,
. for suchg, the RDDt detector can correctly detect the active
users with high probability. Sircwhen (52) holds, (54) is true,
Due to (60), the last line of (62) inside the | operator is from Lemma 4 we know the symbol can be correctly detected
negative. Using the fact thaf, > 0 and (61), and the identity With high probability as well.
z+y|=—(z+y) = |yl — 2 whenz + y < 0 andy < 0, We now prove the performance guarantee for the RDDF de-
under the even§, we obtain that tector adopting the technique used in proving Theorem 4 in
ot H [22]. First, we show that whenevéroccurs, the RDDF detector
7, |[Ras), 9]l correctly detects an active user in thest iteration, which fol-
lows from Lemmas 2 and 3. Note that (32) implies (53), and

= |T711| Tny + Z bmrmm[agam] + ?R[IZ{;II’LU]

m#£n]

2 H H
o+ 2 burp Ry @] 4 Ra] w]
m#n,

= z b, TR (@7, @] + 70, R [a7 w] | =17 therefore, by Lemma 3, we have that by choosing the largest
m#Eny |R[afy]|, the RDDF detector can detect a correct user in set

< ro, [(K = D)l rax| + [rny [7 = 7oy [[7in] 7. Second, we show that whenev@roccurs, the RDDF de-

= |7, (K = Dplraax| + 7 = [7iminl]- tector correctly detects the transmitted symbol of this active

(63)
On the other hand, multiply the right-hand side of (59) b
|ry, |. Similarly, using the equality| - |y| = |zy| and triangle
inequality, under the eveidt, we obtain

user. Note that (32) also implies (56), since (32) can be written
S|rmin| > 27/[1 — (2K — 1)p], which implies|ryax| >
27/[1 — (2K — 1)p], and hence|rmax| + |7min] — 2(K —
Dprmax| > 27[1—2(K =) p)/[1— (2K — )]+ |7 min| > 27,
7o, || Ral y]| since[l — 2(K — )p]/[1 — (2K — 1)u] > 1. Therefore, by
Lemma 4, using a sign detector, we can detect the symbol cor-
= [0, g g + Z b, TR L @] +70, R [0 ) rectly. Consequently, therst step of the RDDF detector cor-
mng rectly detect the active user and its symbol, ie¢ {Z() ¢
> [, |[1amase] = (K = Dpalrmae] — 7] 7,08 = ba, }.
o (64) The proof now continues by induction. Suppose we are cur-
_ Combining (63) and (64), we}?ave that once (56) holdgeny in thekth iteration of the RDDF detectot, < & < K,
if b,,ﬁ = 1 thgn Sgn(fvnm[amy]) = -1 leads 0 4nd assume that— 1 correct users and their symbols have been
[Rla, 9]l < [Rlay ]|, which contradicts (59), and henceetected in all thé — 1 previous steps. Thieth step is to detect
sgn(rn, Rlay; y]) = 1. A similar argument can be made foryhe yser with the larges[a v(*~1)]|. Using the same nota-

b,, = —1, which completes the proof. tions as those in Section 11I-B2 and byHtetion of v(*~1) | we
We are now ready to prove Theorem 1. The proof for thg,

RDD detector is obtained by combining Lemmas 2-4. Lemma ve

2 ensures that the eve@toccurs with probability at least as ~ y*~1) = AR(b — b(kfl)) +w=ARz* V4w  (67)
high as one minus (30). Whenevgroccurs, Lemma 3 guar-

antees, by using (13), that tiRDD detector can correctly de-\yherez*-2p — 51 This vector has suppoft/Z(* 1)

tect active users under the condition (29), i®.C {Z = T}.  and has at mosk — k +1 nonzero elements, sind& > con-

Finally, wheneveiG occurs, Lemma 4 guarantees that, basqgins correct symbols at the correct locations (fbr— 1) ac-
on the correct support of active users, their transmitted SY®e users. i.e b(k—l) — b forn € T:-=1 Thisp® Y is a
s 1LY — Yny 4 .

bols can be detected correctly under the condition (54), i.

G C {b, = by, n € I}. Clearly, condition (54) is weaker than g7y 'for thekth iteration is identical to the data model in the
(29), since (29) can be written &Suiu| — (K — D)ulrumax| 2 pratjteration withb replaced bye 1) (with a smaller sparsity
7+ (7+ K pt]rmax|) > 7, and hence, if (29) holds, then (54) alsog _ 1. + 1 rather thank), 7 replaced byZ/Z¢~1, andy re-

holds. In summary, under condition (29).C {Z =Z} N {b= placed by 1) Let|rfﬂx|é max, ez 71 |ra|. By assump-

b}, andl — P, = P.({I =1Iin {.b = b}) > P(G), which is ion, £ — 1 active users with largest gains have been correctly
greater than one minus (30), which concludes the proof for the . (k) (%)
RDD detector etected in théorst £ — 1 rounds, and hencéymax| = |7%/].

fioisy measurement of the vectéRz*—1). The data model in

The proof for RDDt s similar tahat for an RDD detector and Since
inspired by the proof of Theorem 1 in [30]. Using similar argu- |,,,<k)| > |rmin (68)
ments to Lemma 3, we can demonstrate that, when the number -
of active users<’ < Ky, wheng occurs we have that under condition (32), this model (67) also sat-

isbes the requirement (53). Consequently, by Lemma 3, we
have that under the evemt, max, 77— |R[aZ v 1]
R[aTw*-1]|. Therefore, in thekth

min [RlaZy]| > [rmin] — (K — Dplrmax| — 7
nel

Z ‘Tmin| - (KO - 1)/L|T111ax| -7 (65) > Ina'xn,e(I/I(’“*l))C
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iteration, the RDDF detector cantdet an active user correctly,
i.e.,¢ ¢ {Z® < 7}, and no index of active users that has
been detected before will be chosen again. On the other hand,
since (32) can be written d8u,in| > 27/[1 — (2K — 1)u],
from (68), this implies|r*)| > 27/[1 — (2K — 1)y], and
hence,|r*)| — (2K — 1)ulr®)| > 27, and consequently,
lr®) — 2K — pulr™| 4 |rmia] > 27. Consequently,
condition (56) is true for (67). Then, by Lemma 4, we have
that under the eveng, sgn(r,, Rlafl v+ V]) = b,,, ie.,

G C {bSZ‘k) = b, }. By induction, since no active users will be
detected twice, it follows that therst K steps of the RDDF
detector can detect all active users and their symbols, i.e.,

(1]
(2]
(3]

(4]

(5]

G c Ul {20 c 7,6 = b,,} °
k;:l yUng — Yng i (69)
= {75 = 7. = b,,n e TUOY. 7

Note that condition (53) is weak than (32), since (32) can be
written asmin|[1— (2K —1)u] > 27, which implies|ryax|[1—
(2K —1)u] > 27. This further impliegryax |[1 — 2(K — 1) ] +
[Fmin| > 27, sincel —=2(K—1)p > 1—-(2K -1 and|rmm| >
0. Consequently, under condition (32), from (6€),C {I =
}n {b =b},andl — P, = P{{I in {b =b}} > P{G}
which is greater than one minus (30), which concludes the proof
for the RDDF detector. [11]
The proof for RDDFt follows the aforementioned proof for
RDDF with one more step. Note that when we have correctly de-
tected all active users ii rounds, from (67), the residuaf*
w contains only noise. Hence, whéhoccurs,||A” v,
A% w||o = max;<n<n |@Fw| < 7, from Lemma 2. On the
other hand, inthéthround,k =1, ..., K, from (67), we have
that whenG occurs

(8]

El

(10]

(12]
(23]

(14]

15
AT D) el

‘ , H H (16]
RREEY Z T bm @y G + @ W (70)
T T mez/I=1
(k) () o
> ‘rmax| - (K - k)/l’|7‘m;1x| -7 >0 (71)

The expression in (71) is posigy when (32) holds (recall that [18]

(32) is also required to detect correct active users): because
when |[ruin| — (2K — 1)p|rwia] > 27, since|r®™| > |7,
|r®) — (2K — Dplr™| > 27, and hencelr®)| — (2K —
2k — Dp|r™®| > 27 > 0. Therefore when (32) holds, we can
chooses < ming {|r®|[1 — (K — k)p] — 7} < Tmin — 7.
Therefore, under the condition (32) wheénoccurs, we can
chooser < ¢ < minj_, {|r®™|[1 — (K — k)u]| — 7}, so that
(AT oD > e, T = 1,... K and||A vl < e
Finally, using similar arguments as for RDDF that (32) guar-
antees (56), RDDFt can also correctly detect the symbols with[22]
high probability.

This completes the proof of Theorem 1.

(19]

(20]

(21]

(23]
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