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Static feature-specific imaging (SFSI)

imaging has been demonstrated for various applica-
tions, such as sensor network, structured illumina-
tion, and face detection [19–22].

Previous research on FSI systems [19,20,23] has
employed measurement basis, such as the principal
component or Karhunen–Loève basis, that incorpo-
rates the second-order correlation properties of nat-
ural scenes. It is important to emphasize that the
measurement basis remains fixed or static during
the measurement process. Therefore, we refer to
such a system as a static FSI (SFSI) system. Note
that while such a static measurement basis can be
optimized to minimize the reconstruction mean
square error (MSE) for an ensemble of objects; how-
ever, for a given object it becomes suboptimal. An
adaptive approach would suggest modifying themea-
surement basis based on the specific object informa-
tion derived from the previous measurements. This
would allow an FSI system to adapt to the statistics
of the specific object, thereby improving the overall
system performance compared to an SFSI system.
Here, we describe such an adaptive FSI (AFSI) sys-
tem that uses PC and Hadamard bases as examples
to illustrate the adaptive advantage. As mentioned
earlier, the PC basis incorporates second-order object
prior knowledge and is optimal in absence of mea-
surement noise. The Hadamard basis does not incor-
porate such object knowledge, but it is commonly
used in image processing. The remainder of the
paper is organized into six sections. In Section 2,
we review an SFSI system with PC and Hadamard
projections. Then, we describe the AFSI system de-
sign in Section 3. This includes the description of al-
gorithms using the two projections for both noise-free
and noisy cases. In Section 4, a simulation study is
used to quantify the performance of AFSI and SFSI
systems. In Section 5, we describe the results from an
experimental implementation of AFSI and SFSI sys-
tems that validates our simulation study. Finally,
Section 6 summarizes the results and draws conclu-
sions based on the reported simulation and experi-
mental results.

2. SFSI System Framework

Asmentioned earlier, an SFSI system uses projection
vectors from a fixed/static measurement basis to
make feature measurements. Here, we will begin
with the noise-free case. Figure 1 shows a block dia-
gram representation of an SFSI system. A lens array

formsmultiple images of an object. In the focal plane,
an array of spatial light modulators (SLM) display-
ing the projection vectors modulates these images.
Following the SLM array, each modulated image is
spatially integrated onto a single detector, resulting
in one feature measurement. An array L, such projec-
tions depicted in Fig. 1 yield L feature measurements
in parallel. After I such measurements, M ¼ IL
features are collected. Mathematically, these mea-
surement processes can be represented as y ¼ Fx,
where y is the feature measurement vector of size
M × 1, F is the projection matrix of size M ×N, and
x is the object vector of size N × 1 obtained by lexico-
graphically arranging a 2D object of size

ffiffiffiffiffi

N
p

×
ffiffiffiffiffi

N
p

.
In a PC-based SFSI (PC-SFSI) system, each row of F
represents a projection vector that corresponds to an
eigenvector of the object autocorrelation matrix Rx.
To minimize reconstruction error, theM eigenvectors
corresponding to the largest M eigenvalues used to
construct the PC projection matrix, yielding M fea-
ture measurements [24]. The reconstruction process
using noise-free measurements is represented as
x̂ ¼ FTy, where x̂ is the reconstructed object vector
of size N × 1. It is known that PC projections are
optimal in terms of minimizing reconstruction MSE
for an ensemble of objects assuming an underlying
Gaussian distribution [24]. However, to minimize
the reconstruction MSE with a minimum number
of features for a specific object as opposed to an en-
semble, the PC projection vectors need to be derived
specifically for that particular object. For example, to
reconstruct/estimate a “tank” object, a set of M PC
projection vectors derived from tank training images
generate a smaller error relative to another set of M
PC projection vectors derived from an ensemble of
face images. Note that the first set of projection vec-
tors derived from a training set composed of objects
similar to the test object is able to incorporate more
relevant object prior knowledge compared to a train-
ing set composed of a different class of objects than
the test object. This observation motivates the design
for our PC-based AFSI system discussed in the next
section.

In a Hadamard-based SFSI (H-SFSI) system, the
construction of the projection vectors does not de-
pend on the object ensemble statistics. Figure 2(a)
shows the first five Hadamard vectors using Sylve-
ster’s method for construction [13]. We define these
vectors as Hadamard vectors sorted in Sylvester

Fig. 1. (Color online) Block diagram for SFSI using PC bases.
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Formulation

I Goal: recover a matrix M∗ ∈ Rm1×m2
+

I Observation: N linear measurements with Poisson noise

yi ∼ Poisson([AM∗]i), i = 1, . . . , N,

I linear operator A : Rm1×m2
+ → RN models the measuring

process of physical devices

[AM ]i = 〈Ai,M〉 , tr(A>i M),

Ai ∈ Rm1×m2



Connection with earlier work

I matrix completion:
I noiseless yi = [AM ]i [Candes, Recht 2009],
I with Gaussian measurement noise yi = [AM ]i + wi [Candes,

Yaniv 2009] [Cai, Candes, Shen 2010]

I compressed sensing with Poisson noise [Raginsky et.al. 2010]

yi ∼ Poisson([Ax]i)

I feasibility study and performance bound for matrix recovery
with Poisson noise [Xie, Chi, Calderbank 2013]

I low-rank signal recovery with Poisson noise (directly observe
entries) [Soni, Haupt 2014]

Yij ∼ Poisson([M ]ij), {M is low-rank}

I this work: efficient algorithm for matrix recovery with Poisson
noise



Regularized maximum-likelihood estimator

M̂ , arg min
M∈Γ

[− log p(y|AM) + λρ(M)]

= arg min
M∈Γ

[−
N∑
j=1

yj log[AM ]j − [AM ]j︸ ︷︷ ︸
f(M)

+λρ(M)]

I ρ(M) > 0: regularization function

I λ > 0: regularization parameter

I Γ: set of feasible estimators



Assumptions

I Total intensity of M∗ is known a priori

I , ‖M∗‖1,1,

where ‖X‖1,1 =
∑

i

∑
j [X]ij

I Positivity-preserving of A : [M ]ij ≥ 0 for all i, j ⇒
[AM ]i ≥ 0, for all i

I Flux-preserving of A :
∑N

i=1[AM ]i ≤ ‖M‖1,1



Sensing operator

I Linear sensing operator A,

[Ai]jk =

{
0, with probability p;
1/N, with probability 1− p.

I satisfies earlier assumptions, and the restrictive isometry
property (RIP)

[Raginsky, Willett, Harmany, Marcia 2010], [Xie, Chi, Calderbank
2013]



Optimization problem

I ρ(M) = ‖M‖∗
I Optimization problem

min
M∈Γ0

f(M) + λ‖M‖∗,

where f(M) = − log p(y|AM)

Γ0 , {M ∈ Rm1×m2
+ : ‖M‖1,1 = I}.

I Convex optimization: Semidefinite program (SDP)

I More efficient algorithm: eigenvalue thresholding



Taylor expansion and approximation

I Taylor expansion of log-likelihood function at (k − 1)th
solution

Qtk(M,Mk−1) , f(Mk−1) + 〈M −Mk−1,∇f(Mk−1)〉

+
tk
2
‖M −Mk−1‖2F ,

∝ tk
2

∥∥∥∥M − (Mk−1 −
1

tk
∇f(Mk−1)

)∥∥∥∥2

F

where tk is the step size at kth iteration



Solution for the next iteration

Mk = arg min
M

[
1

2

∥∥∥∥M − (Mk−1 −
1

tk
∇f(Mk−1)

)∥∥∥∥2

F

+
λ

tk
‖M‖∗

]
.

Theorem (Cai, Candes, Shen 2010)

For each τ ≥ 0, and X ∈ Rn1×n2 :

Dτ (X) = arg min
Y ∈Rn1×n2

{
1

2
‖Y −X‖2F + τ‖Y ‖∗

}
. (1)

Dτ (X) , UDτ (Σ)V T ,

X = UΣV T



Solution of the approximate optimization problem

I Solution given by Singular Value Thresholding (SVT)

Mk = Dλ/tk

(
Mk−1 −

1

tk
∇f(Mk−1)

)
.



Poisson noise Maximal Likelihood Singular Value
thresholding (PMLSV) algorithm

have:

Mk =
arg min

M
[1

2
∥M − (Mk−1 − 1

tk
∇f(Mk−1))∥2

F

+ λ

tk
∥M∥∗] .

(15)

The solution to (15) is given by a form of Singular Value Thresh-
olding (SVT) [5]. Consider the following problem

min
Y ∈Rn1×n2

{1

2
∥Y −X∥2

F + τ∥Y ∥∗} , (16)

where X ∈ Rn1×n2 is given and τ is the regularization parame-
ter. For a matrix X ∈ Rn1×n2 with rank r, let its singular value
decomposition be X = UΣV T , where U ∈ Rn1×r, V ∈ Rn2×r,
Σ = diag({σi}, i = 1,2, ..., r), and σi is a singular value of the
matrix X . For each τ ≥ 0, define the singular value thresholding
operator as :

Dτ(X) ≜ UDτ(Σ)V T , (17)

where the Dτ(Σ) ≜ diag((σi − τ)+), and (x)+ = max(x,0).
The solution to (16) is given by singular value thresholding ac-
cording to the following theorem (Theorem 2.1 in [5])

Theorem 1. For each τ ≥ 0, and X ∈ Rn1×n2 :

Dτ(X) = arg min
Y ∈Rn1×n2

{1

2
∥Y −X∥2

F + τ∥Y ∥∗} . (18)

Theorem 1 indicates that the solution to (15) is given by

Mk =Dλ/tk (M − (Mk−1 − 1

tk
∇f(Mk−1))) . (19)

The remaining question then becomes how to deal with the fea-
sible set Γ0. Note that (15) is a strongly convex problem, so it is
reasonable to project Mk onto the convex set Γ0 at the kth itera-
tion. For a matrix M , define

P(M) = I∥M∥1,1
M (20)

as the projection of M on to the convex set Γ0. At the kth itera-
tion, we replace Mk obtained from (19) by P(Mk). Note that at
the kth iteration we do not force Mk to be a non-negative matrix
and the following initialization explains the reason.

Intuitively, the initialization we choose should be as close as
possible to the matrix with maximal likelihood. In other words,
we would initialize with a matrix that minimizes f(M) in (10).
For this consideration, we initialize byM0 = P(∑ni=1 yiAi) (sim-
ilar to the initialization for alternating minimization in [7]). How-
ever, a difference from [8] is that rather than taking the top k sin-
gular value, we keep all singular values to preserve information
that may be needed for future iterations before truncating them
prematurely. In our algorithm, all singular values of Mk decreas-
es as k increases. With such an initialization, the magnitude of the
gradient ∇[− log p(y∣AMk)] is typically small at each iteration.
Hence, we can ensure each Mk to be nonnegative by choosing a
sufficiently small step size at the kth iteration. The algorithm is
summarized in Algorithm 1.

Details of Algorithm 1 are as follows. Here L is the step size,
γ > 1 changes the step size to ensure the cost function to decrease

Algorithm 1 PMLSV

1: Initialize: M0 = P(∑ni=1 yiAi), parameter γ, step size L
2: for k = 1,2, . . .NOI do
3: G(Mk−1) ∶= ∇[− log p(y∣AMk−1)]
4: C ∶=Mk−1 − 1

L
G(Mk−1)

5: singular value decomposition: C ∶= UDV T
6: Dnew ∶= diag((diag(D) − λ

L
)+)

7: Wk ∶= P(UDnewV
T ).

8: If F (Mk) < F (Mk−1), then k = k + 1; else L = γL, go to
6.

9: If ∣F (Mk) − F (Mk−1)∣ < 0.5/NOI , then k = k − 1, exit;
10: end for
at each iteration, and NOI is the maximum number of iterations.
Steps 3-7 generate solution to (15) at the kth iteration. Step 8 ex-
amines if the cost function is reduced in the iteration. If the cost
function does not decrease, we update the step size by multiply-
ing γ in order to change the singular value more conservatively.
In Step 9, if the absolute difference of cost function between con-
secutive two iterations is less than 0.5/NOI , then we stop the
algorithm. The choice of NOI is user specified: a larger NOI
leads to more accurate solution, and a small NOI obtains the
solution quickly at the cost of accuracy.

4. EXAMPLES

We use the image of solar flare as example (see [9] for detailed
explanation of the data). We break the image into 8 by 8 patches
and vectorize each patch to be a column of a new matrix. This
new matrix formed by vectorized patches can be well approxi-
mated using a low-rank matrix, as demonstrated in Fig. 1. The
intensity of the image is I = 2.37 × 107. To change SNR of the
image, we scale the image intensity by α ≥ 1. The parameters for
the PMLSV algorithm are L = 10−5, γ = 1.1, and NOI = 2500.

48*48 pixels 48*48 Pixels, Rank = 10

(a) original solar flare image (b) solar flare image with rank 10

Fig. 1: Original and low-rank solar flare image.

First, we run the PMLSV algorithm and solve the SDP using
CVX1 with various number of measurements, respectively, when
fixing α = 4 and λ = 0.002. In Fig. 2, the blue line represents
the risk by running PMLSV algorithm and red line represents the
risk by running SDP given the same observations, respectively.
Fig. 2 demonstrates that more measurements lead to more small-
er risk, as expected. Also, since it is an approximate algorithm,
PMLSV algorithm is less accurate than SDP; however, the maxi-
mal increase in risk of PMLSV algorithm relative to that of SDP
is 4.89%. PMLSV is much faster: as shown in Table 1 which is
the CPU running time of solving SDP by CVX and our PMLSV
algorithm.

Second, we run our algorithms with different α when fixing
N = 1000 and λ = 0.002. The results are shown in Fig. 3. The

1http://cvxr.com/cvx/



Numerical examples

I normalized risk:

R(M∗,M) ,
1

I2
‖M∗ −M‖2F .

I Parameters are as follows : I = 2.37× 107, L = 10−5,
γ = 1.1, and NOI = 2500.
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Fig. 1: Original and low-rank solar flare image.

First, we run the PMLSV algorithm and solve the SDP using
CVX1 with various number of measurements, respectively, when
fixing α = 4 and λ = 0.002. In Fig. 2, the blue line represents
the risk by running PMLSV algorithm and red line represents the
risk by running SDP given the same observations, respectively.
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1http://cvxr.com/cvx/



Solution quality compared with SDP
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Fig. 2: Risk vs the number of measurements when α = 4 and
λ = 0.002. Points from left to right correspond to risk when
N = 500,750,1000,1250,and1500, respectively, and solved by
CVX and PMLSV.

Table 1: CPU time (in seconds) of solving SDP by using CVX
and our PMLSV algorithm when fixing α = 4 and λ = 0.002 with
500, 750, 1000, 1250 and 1500 measurements, respectively.

N 500 750 1000 1250 1500
SDP 725s 1146s 1510s 2059s 2769s
PMLSV 172s 232s 378s 490s 642s

larger α (hence the higher the SNR) we have, the lower the risk
as demonstrated in Fig. 4.

α=2 α=3 α=4

α=5 α=6 α=7

α=8 α=9 α=10

Fig. 3: Recovery results when fixing N =1000, λ = 0.002 with
different value of α.

Third, we run our algorithm with different values of λ when
fixingN = 1000 and α = 4. The results are shown in Fig. 5. From
Fig. 6, we can see that there is an optimal value for λ which leads
to the smallest risk.

5. CONCLUSION AND FUTURE WORK

We have presented a new algorithm for low-rank matrix recov-
ery with linear measurements contaminated with Poisson noise:
the Poisson noise Maximal Likelihood Singular Value Thresh-
olding (PMLSV) algorithm, based on solving a regularized max-
imum likelihood problem with nuclear norm as the reguarlizer.
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Fig. 4: Risk vs α when fixing N = 1000, λ = 0.002. Points from
left to right means the risk with α = 1 to α = 9.

We demonstrate its accuracy and efficiency compared with the
semi-definite program (SDP) and tested on real data examples
of solar flare images. Future work include analyzing the con-
vergence property of the algorithm, and extension to the related
matrix completion problem with Poisson noise.
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N = 1000 and α = 4.
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Changing SNR

I to change SNR of the image, we scale the image intensity by
α ≥ 1.

I recovery results when N = 1000 and λ = 0.002
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Extension to matrix completion

I FΩ,Y (X) =
∑

(i,j)∈Ω Yi,j logXi,j −Xi,j ,

I matrix recovery by the following method

M̂ = arg max
X∈Rd1×d2

FΩ,Y (X),

s.t. ‖X‖∗ ≤ α
√
d1d2r, γ1 ≤ ‖X‖∞ ≤ γ2

(2)



Performance guarantee

Theorem

Assume that ‖M‖∗ ≤ α
√
d1d2r and γ1 ≤ ‖M‖∞ ≤ γ2. Ω is

chosen at random binomial with E|Ω| = m. M̂ is is defined in (2).
Then with probability at least (1− C/(d1 + d2)), we have

1

d1d2
‖M − M̂‖2F ≤ C∗

(
8γ2T

1− e−T

)
(α
√
r +

1√
d1d2

)

√
d1 + d2

m
·√

1 +
(d1 + d2) log(d1d2)

m
,

(3)

If m ≥ (d1 + d2) log(d1d2) then this simplifies to

1

d1d2
‖M − M̂‖2F ≤

√
2C∗

(
8γ2T

1− e−T

)
(α
√
r +

1√
d1d2

)

√
d1 + d2

m
.

T,C∗, C: constants.



Fast algorithm for matrix completion

I algorithm similar to PMLSV can be used except that we
modify the likelihood function, which only affect the gradient

I solution again based on singular value thresholding

(a) p = 0.5 (b) α = 1000, γ1 = 1, γ2 = 12000

Figure : Image with missing data and recovery result



Summary

I fast algorithm for low-rank matrix recovery and matrix
completion

I key idea: approximating the log likelihood function by
sequential Taylor expansion

I known exact solution to the approximated cost function via
Singular Value Thresholding


