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Background Geometric Properties of SQRT-Lasso Statistical Theory Experiments

Linear Model: y = X0 + ¢, with E[¢] = 0 and E[¢?] = o°
SQRT (square-root) Lasso regression:

Datasets:
e “Greenhouse” (n = 2921, d = 5232, [2])
e "“DrivFace” (n = 606, d = 6400, [1])
e simulated datasets: (n = 1000, d =1k, 5k, 10k)

Theorem 3. Suppose X, and n satisfy conditions in Lemma 1.

Lemma 1. Given sub-Gaussian assumpotion of X and ¢, and 1
Given A = Cy+/logd/n, if the output solution 6 obtained from

16" ||o = s*, then with high probability:
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— argming ga Fi(0) = LHZJ — X0||2 + Asarr|[6]]1, (i) for VA > O, logd e have Algorithm 1 and 2 satisfying, wx(0) < e = QO ( - ) . then we
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under different choices of variance o, the number of stages NV, and
the stopping criterion ey .

o )\sqrT > 0: the regularization parameter.

Lasso vs. SQRT-Lasso: which is sufficiently large to yield sufficiently sparse solutions;
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0 = argming [y — X 0|2 + Atasso|[0]]1, (i) forn > Cys*logd, 3B, = {0 € R : ||0 — 6*||5 < r} for some - | N ] N | Minimal
oy . ~ - 10~ 10~ 10~ MSE
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1 _ b o h A\ @ log d _Constant "o t. for Vo, w € B, satisfying [|v —wllo < 5" + 25, L Moreover, we have |6 — o| = Op (JS rlbogd>,where ;= \/)%9”2. 1 [ 0372 | 0.372 | 0.365

® Lasso: smooth loss, tuning heavy Aiasso X 04/ = is locally restricted strongly conve>_<F (LRSC), smooth (LRSS), and 01 Mo T 0275 T 0276 | 0.280 0.013
) . : — [logd Hessian smooth (LRHS), if Jp_ L € (0,00) 1.e. _ ~ o , 30 | 0.336 0.345 0.351
e SQRT-Lasso: nonsmooth loss, tuning free Asqrt =< = ( ) ps s ps s Ls € (0,00) In Algorithm 1,2, 8 achieves the minimax optimal rate of con- U 0o T o4 | 0o

Motivation: “almost’ smooth loss function. The /2 loss function T 05 vergence in parameter estimation. 1] 101 0.104 | 0.103 | 0.109 1.183
. . . . LRSC:L(v)—L(w)—VL(w) (v—w)> 30 | 0217 | 0.222 | 0.220

is not differentiable only when the model are overfitted,
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Boosting via Pathwise Optimization Scheme
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Initialize: 05 < 0, Ajo) < ||VL(0)||oo, N (i[[z;r]] ) N
For: K =1,....N

)‘[K] S nA)\[K—l], (9[(;)] A H[K—l]; €K] < E[N]

AN

Q[K] < PrOX—A|g (y, X, >\[K] , (9[(;?] , 5[K])
End For
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Fig. 1 The objective gap v.s. the number of iterations for
Prox-GD (Left) and Prox-Newton (Right).
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Tab. 2 Timing comparison between algorithms on real data.

Prox-Grad: Given 6'*) at t-th iteration, we consider minimizing a Computational Theory Return: 0y, Data Set QR T-Lasso _| Lasso
: : : Prox-GD | Newton | ADMM | ScalReg | CD | Alt.Min | PISTA
quadratlc approximation of (1) 2> G h 5.812 1.708 1027 3181 14.31| 99.81 | 5.113
(t) ] . . . . _ . reennouse . . . . .
o+ — 5 (Q(t) — V‘;((i) >) — argmin, Qx(0,6"), Theorem 4. Suppose the design matrix X s sub Ga”si’a”' and DrivFace | 0.421 | 0.426 | 18.88 | 124.0 | 3.138| 17.69 | 0.414
L(® 0T . An] = Ciy/logd/n. Forn > Cas*logd and ny € (2,1), the
t S * ; * ; * . . . . . .
where 9, (0,0) = £(0) + vVLOD)T (0 — W) 4 L;) |0 — Rs = P S ={10;#0}, & ={j|6; =0}, following results hold: Tab. 3 Extension to calibrated multivariate regression.
01|12 + X||0]|1, L'?) is step size determined by line search. 1y i ) L (I) There exists an N1 < N such that Synthetic (0 = 1)
B, =B, N{0ER |0 -0l < s° + 5}, AN Prox-GD | Newton | ADMM | CD
° . . . * . :2 -
Algorithm 1 Proximal Gradient Algorithm Theorem 2 (Local Convergence). Suppose X and n satisfy r> s (8AN, /P is) Vlogd/n | 0.2964 | 0.0320 | 14.83 |2.410
Input: y, X, A, €, Lmax > 0; Initialize: 00 <+ 0: Lemma 1. Given \ and 09 such that \ > %HVL(H*)HOO, 2y/logd/n| 0.1725 | 0.0213 | 2.231 |2.227
Repeat: ¢t ¢t + 1 16© — 9|2 < s* (8)\/,0;+§)2 and 0© € B+ e have suffi- (1) For any K € [N1 + 1,.., N|, we have 4/logd/n | 0.0478 0.0112 | 1.868 |1.366
L") <+ Line Search ciently sparse solutions for all iterations, i.e., (0) .12 . N 2 (0) S 1E AN Driviace
Q(t) S H(t_l) B V[,(H(t_l))/[/(t) HH[K] — 0 HQ <s (SA[K]/pS*+§) 79[K] c B, : V9ogd/n 0.562 | 0.2186 | 158.9 |12.77
A/ L) N ||[9(t)]§* lo < 3. 2/logd/n| 8.688 | 0.1603 | 129.4 |20.42
1. t . : t <
Until: wx(0'Y) <e; Return: § + Y (1) Theorems 2 hold for all Axc's, where K € [Ny +1,... N] . 4/logd/n| 1.824 | 0.0024 | 9437 |19.17

Prox-Newton: Given 0 at t-th iteration. we instead update 0 as
p(110-5) — argmin, Qx(6,6")) and
o+ = 9t 4y, (91+0-5) _ 91 by line search,
where Q5 (6,60™) LOD) + vLEODYT (0 — 0) + 16 —
0N TV2L(OD) (O — D) + N||6]]1.
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3 * \ 2
Kox 1058 A
T =0 (lﬁ',s*_|_2g lOg ( +z2 >>
3p%. o~
T=0 <1oglog ( i +28>>
£

Prox-Grad

Prox-Newton

Neighborhood of 6*:

References

[1] K. Diaz-Chito, A. Hernandez-Sabaté, and A. M. Lépez. A reduced feature
set for driver head pose estimation. Appl. Soft Comput., 45(C):98-107,

Aug. 2016.
)
. . . Initial Solution [2] D. D. Lucas, C. Yver Kwok, P. Cameron-Smith, H. Graven, D. Ber
. D. , C. , P. , H. , D. gmann,
Algorlthm2 Proximal Newton A gonthm . Output Solution for T. P. Guilderson, R. Weiss, and R. Keeling. Designing optimal greenhouse
Input: 7, X, \, & Initialize: 00 + . 0 iterations to guarantee that the output solution 6 satisfies Output Solution for gas observing networks that consider performance and cost. Geoscientific

Repeat: t <+ t + 1;
0" « argmin, Qx (6,01 1)
n¢ <— Line Search
9t) gt 7715(6,(75) _ e(t—l)A)
Until: wy(0'Y) <e; Return: 6 « 0%

Stopping Criteria (approximate KKT condition):
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