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Table 1. Comparison between Our Results and Beck & Tetruashvili [1].

P1: fel%é}z L{z) +R(=). Method L(-) R(-) Improved Iteration Complexity =~ Beck & Tetruashvili [1]

e A partition of p blocks: z = [z1,..., 2] a] CBCGD  Quadratic Smooth O (p~'log” pL? log(1/e)) O (p~"pL*log(1/€))
e L(x): differentiable and convex; b] CBCGD Quadratic Nonsmooth O (p~'log” pL?log(1/e)) N/A

o R(x) =>"_1Rj(x;): strongly convex and possi- c] CBCGD General Convex  Smooth O (p 'p-min{L? p}log(1/e)) O (u *pL?log(1l/e))
bly nonsmooth for each R;(-). d] CBCGD General Convex Nonsmooth O (p~'pL*log(1/e)) N/A
Popular examples: e] CBCM Quadratic Smooth O (u~tlog” pL?log(1/e) N/A
o EIastic—nethenaIized Regression: f CBCM Quadratic Nonsmooth O (”—1 log? pL2 og(1/e) N/A
min o—|[b — Az|® + M[z]° + A ||z x; g] CBCM  General Convex  Smooth O (u~'pL2log(1/e)) N/A
e Ridge Penalized Logistic Regression: h]  CBCM  General Convex Nonsmooth O (M_lp[’z log(l/e)) N/A

1

min — g log(1 + exp[—b;x ' A ]) + A|z]]?; Our main contributions:
R —~

i-th row of A (1) Develop the iteration bounc

e Support Vector Machines: (2) Significantly improve the ¢

s of CBCM and CBCGD for different specifications on £(-) and R(-);
ependence on dimension p of the iteration bound of CBCGD for quadratic £(-);

(3) Improve the iteration bound

of CBCGD for smooth R(-).

1 n
mxin o ;max{l —bi(x " As — 1), 012 + A||2]|?.

Proof Sketch for Quadratic £(-) via CBCGD

Popular Solvers for model P1:
7

Let F(z) = L(z)+R(x), L. ..
accuracy of the objective value:

e Gradient decent methods; =min,; L;+u;, * = argmin, F(z), dpmax = max;{d; : x; € R%}, € be a pre-specified

e Alternating direction method of multipliers;
(1) Characterize the successive descent after each CBCGD iteration:

LY
Fa') = Fa") =

min

e Cyclic block coordinate descent methods.

: Hm(t) o :zz(tH)HQ'
Algorithms of Our Interests for model P1: ’

(2) Characterize the gap towards the optimal objective value after each CBCGD iteration:

- L2 log2 (2p - dmax)
< 2

(1) Cyclic Block Coordinate Minimization;

(2) Cyclic Block Coordinate Gradient Descent.

Fa' ) = Fla') a+D) — 20| 2

A new proof technique: Symmetrification.

(3) Combine (1) and (2):

Algorithm

o guarantee F(z")) — F(z*) < ¢,

L+ L2 1og® (2p - diax)
pLy

min

Define two auxiliary variables: y

min

F(zO)) — F(z*)

€

# of iterations <
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Tight up to a log® p factor.

()T
Tilq 5Ty

At t + 1-th iteration, we take
(1) CBCM: For all j =1,...,p,

x§t+1)

Tightness of the Iteration Complexity for Quadratic £(-)

(t+1) Consider: min, H(x) := ||Bz||?, * = argmin H(x) = [0,0,...,0]". Let

1:(j—1);

()

LG+

— argmin £ (x ) + Rj(x5);

Lj

xj,

3 1 0 0 0 0 O | Constant
(2) CBCGD: Forall j=1,...,p, 1 3 10 0 0 0 o
0 1 3 1 0 0 O L = Amax(2B'B) < 50
2D — ap minV-E(az(Hl) z;, 2t B = 7
j BN Vi L\ T G-1) 20 T 1 SRR T = Amm(2BTB) > 2
1; t 0 0 0 O 0 3 1 —
X EJH% —:Eg)HanRj(l‘j), 00 0 0 01 3 Constant
n; > 0: the step-size parameter for updating x ;. 17 17
’ ’ Choose (0 = 1, g, z,l, 1,1 — M) = —1,—1,. .,—1, : : L
32" 8 27 2 10" 40
: 25
Assumptions s (@) — H (") > Z(p_g)
Assumption 1. VL(-) is Lipschitz continuous and , ,
blockwise Lipschitz continuous, i.e., 3 L and L,'s such (2O _ H (%) < L 2@ 412 <95 p 924 (3) 4 (Z) < 95(p — 1
that V.2’ € R andV j =1,...,p, we have (@) @) =5l < g 32 S <2 -1)
(1Y * _
VL) - VE@)| < Lila — '] —, Mo )R, B3, I
H(x0)) — H(x*) 100p 50

Vil (x1.0i 1y, 2 2iiiyn) — Vi L(2)|| < Lillx; — 2]
1V ( 1:(j—1)>+t; (.7+1)-p) iL(@)]| < Ljlz; JH Lower Bound
Assumption 2. R(-) is strongly convex and blockwise
strongly convex, i.e., 3y and u;'s such that V z, 2’ € R?

and V7 =1,...,p, we have

and cannot be further improved when A\« and \,;, of Hessian

independent of p

lteration Complexity is

do not scale with p.

R(x) = R(a') + (x —a') € + Slle — a'|”
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