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Nonparametric Regression

Regression on Low Dimensional Manifolds Assumptions

Construct Sparse ReLU Network

Given S = {(x1,91), ..., (T, yn)} with z; € RP ii.d. sam- > Low Dimensional Smooth Manifolds e M is compact with reach bounded by 7. > Step |: Chart Construction
pled from a distribution D, we observe

yi = [ () + €,
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® c1,...,€6, are i.i.d. from N(0,1); More Open Sets
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o f* & F with F being a class of smooth functions, e.g., ) .o _ to Cover
Halder, Sobolev and Besov spaces. igits Speech Signals o f* belongs to the Holder ball H 'y of radius 1 on M. ‘ 0.1
C U,
S * —1 S * —1 v
Information-Theoretic Lower Bound: | | D*(f"o¢ )‘gb(wl) —D(f7 o4 )|</5(a:2)
inf sup EsEx|s(f(X) — f*(X))? = n—zé(ﬁl}aﬁD’ < llgp(z1) — p(z2)l5 - o M =M U, with Cpq = {VO'(Mgédlogﬂ;
Joreer

e X ~ D and F is Holder class HS¢, b ® O, : RP +— RY data transformation.

> Regression on Low Dimensional Manifolds

Statistical Recovery

> Architecture: Sparse ReLU Network Overlapping Charts =— Balance Contribution (Step 111)

Theory VS Practice e x,; sampled from a d-dimensional manifold M (d < D);

Object Recognition on ImageNet: Theorem 1 (Bias Characterization). For any given e € (0,1), > Step II: Local Taylor Approximation
o F is Holder on M (distinguish from Hélder on RP). there exists a ReLU network architecture with
e ImageNet: 1000000 images in 1000 categories; R o N - e no more than O(log + + log D) layers; -
o Image Resolution: 384 x 384 e We learn f by minimizing the empirical /5 risk, i.e., o 2t most O(e_wia log% n Dlog% + Dlog D) neurons
~ R , . and weight parameters,
Empirical Performance: Top 1 Accuracy 86.4% f = a;;é;l\lll\ln - Z(f(%) — i), (1) such that for any f* € 152, the network with properly chosen
and Top 5 Accuracy 98.0%; =1 . ~
parameters yields f satisfying
. | S _—D/(s+a). where Fyn denotes a class of ReLU neural networks. B - _ - _
heoretical Bound: ntheory 2 € ' 1f— f*leo < Approximation in R —> Ambient Dimension D Free
Intercept
e For moderate s and &, Ttheory > 17 OOO’ 000. Intercept \U Bias-Variance Trade-off > Step II1l: Chart Determination and Pairing
QUEStiO“: Intercept . .
e Why does there exist such a huge gap between Q > Statistical Recovery Guarantee
theory and practice? GEE I EEANY | il Theorem 2 (Estimation Error). Suppose that fn minimizes
—Output Layer the empirical risk (1), where
\\:§§
: - Input Layer Hidden Layer FNN — {f ‘ f IS an L—/ayer RelLU network with width
LOW DlmenS|Ona| StrUCtureS Hidden Layer bounded byp’ Hf”oo S R, ijHOO S K ’HbJHOO S K
> Practical Motivation: Images and acoustic signals exhibit Hidden Layer L
low dimensional structures. ° ° fl®)=Wro(---o(Wao(Wix +b1) +ba) )+ b, o) = max{0, -} and Zj:l IWilly + [lbj]ly < K}
L (s+a)logn o 4 o
> Size of ReLU Neural Networks in Fnpn Let L = O( d+2s+2a ) P = O(nd+2 I ) and K = O(Lp),
N (s+a) Cm o, _ QL
Smooth Function Zigzag Function EsEx|s(fn(X) - f*(X))2 _ O(n_ 2ato) log? n) where ) .7 nz(w) =1 t,o balance the contribution of local
Taylor approximations F;'s.

H Optimal?

Discussions

> Minimax Lower Bound

> ReLU activation vs Smooth activation

Conjecture 3 (Common Belief). Given X ~ D supported on

e Popular in modern applications;

M, we have o | T
. e Mitigate the gradient vanishing issue.
> Key Observation: Data intrinsic dimension is much smaller VS il%f sup EsExs(f(X) — F(X))? = Q(n_ 2(s+a)+d). > Feedforward Network vs Convolutional Network
i i i L i .. i i f* cH> ] ] ]
than the ambient dimension making statistical estimation v ‘ v o Comv. filters to extract the low dimensional structures.
manageable. :
Flat Manifold Curved Manifold > Computational Concerns

Long lasting belief for nonparametric regression on e Global optimum?

low dimensional manifolds — no rigorous proof.

Highly depends on smoothness of f*, curvature of M. e Overparameterization?




