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ISYE 7201: Production & Service Systems
Spring 2023

Instructor: Spyros Reveliotis
2nd Midterm Exam (Take Home)

Release Date: March 1, 2023
Due Date: March 5, 2023

While taking this exam, you are expected to observe the Geor-
gia Tech Honor Code. In particular, no collaboration or other
interaction among yourselves is allowed while taking the exam.

Please, send me your responses as a pdf file attached to an email.
Name the pdf file by your last name (only). The pdf file can be
a scan or photos of a hand-written document, but, please, write
your answers clearly and thoroughly. Also, make sure that the pdf
file is not too big; you can reduce the size of your file by loading it
into Adobe Acrobat and saving it with the “reduced” size option
before emailing it to me.

Finally, report any external sources (other than your textbook)
that you referred to while preparing the solutions.
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Problem 1 (20 points): Arrivals occur according to a Poisson process with
rate λ. If there are n arrivals in the interval [0, T ], compute the expected
arrival time of the last arrival.

Problem 2 (20 pts): Suppose that an one-cell organism can be in one
of two states: either A or B. An individual in state A will change to state
B at an exponential rate α. An individual in state B divides into two new
individuals of type A at an exponential rate β. At time t = 0, we have only
one individual from this organism in state A.

i. (10 pts) Define an appropriate Continuous-Time Markov Chain (CTMC)
that traces the evolution of the population that will be generated by
this cell over time. For this Markov chain, define carefully (i) the state
space, (ii) the instantaneous rates of the exponential distributions that
determine the sojourn times of the various states, and (iii) the one-
step transition probability distribution that governs the transition out
of each state.

ii. (5 pts) Draw the State Transition Diagram (STD) of the CTMC de-
fined in part (i).

iii. (5 pts) Is the above CTMC ergodic?

Problem 3 (20 points): A small barbershop, operated by a single barber,
has room for at most three customers. Potential customers arrive according
to a Poisson process with rate three customers per hour, and the customer
service times are normally distributed with a mean of 15 minutes and st.
deviation of 7 minutes. Arriving customers who find the shop full just leave.

i. (5 pts) Model the operation of this barbershop as a Continuous-Time
Markov Chain (CTMC) by approximating the service-time distribu-
tion with a 3-stage Erlang.

ii. (5 pts) What is the average number of customers in this barbershop
at steady-state?

iii. (5 pts) What is the percentage of arriving customers that will actually
receive service, when the barbershop operates in steady-state?

iv. (5 pts) What is the expected total time in the barbershop for a cus-
tomer who enters the barbershop under operation in steady-state?
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Please, justify thoroughly all your answers and demonstrate clearly all your
computations.

Problem 4 (20 points): Consider the CTMC that models the dynamics
of the M/M/1 queue in page 80 of the Primer.

i. (10 pts) Uniformize this CTMC using the rate v = λ+ µ and use the
embedded DTMC of the uniformized CTMC to show that a necessary
condition for the ergodicity of the original CTMC is

λ < µ

ii. (10 pts) Argue that the condition of part (i) is also sufficient.

Problem 5 (20 points): A shuttle moves among three locations. From
location 1, the shuttle is directed half of the time towards location 2 and the
remaining half towards location 3. From location 2, the shuttle is directed
1/3 of the time towards location 1 and 2/3 of the time towards location
3. From location 3 the shuttle is always directed to location 1. The mean
travel times between the different locations are as follows: t1,2 = 20 min,
t1,3 = 30 min and t2,3 = 30 min. Every time that it reaches a location, the
shuttle departs immediately for its next location.

i. (10 pts) What is the limiting probability that the shuttle’s most recent
stop was location i, i = 1, 2, 3?

ii. ( 5pts) What is the limiting probability that the shuttle is heading to
location 2?

iii. (5 pts) What fraction of time is the shuttle traveling from 2 to 3?
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