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Taking expectations gives For reasonably sized populations E[T] can be approximated as

follows:
E[A(®D)=a,+ E Twﬁa &
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8.4 TuE KoLMOGOROV DIFFERENTIAL EQUATIONS

The following example provides another illustration of a pure birth pro ‘Recall that

Exameie 5.3(c) A Simple Epidemic Model. Consider a popula-
tion of m individuals that at time 0 consists of one “infected” and
m — 1 “susceptibles.” Once infected an individual remains in that
state forever and we suppose that in any time interval A any given
infected person will cause, with probability ah + o(h), any given
susceptible to become infected. If we let X(¢) denote the number
of infected individuals in the population at time 7, the {X(¥), t =
0} is a pure birth process with

Py() = P{X(t + 5) = j|X(s) = i}

gpresents the probabili i | wi

. e probability that a process presently in state i will be in state j

; —Wﬂwﬂm_wmmzw zmw Zeww_m”mma property, we will derive two sets of differential
i 1 (2), may sometimes be explici

efore doing so we need the following lemmas. B Nokvedk Elawern

N (m — n)na n=1....m—1

herwise.
0 otherwise Womma 5.4.1

@ _ELTW: N_,

=0

The above follows since when there are n infected individuals, then
each of the m — n susceptibles will become infected at rate na.

If we let T denote the time until the total population is infected,
then T can be represented as

i

N - . .
W im—L==g,, %)

= > T T
i=1
where T, is the time to go from i infectives to i + 1 infectives. AS 3
the T, are independent exponential random variables with respec- smma 5.4.2
& tive rates A, = (m — )i, i=1,...,m — 1, we see that
w..n all s, ¢,
& 1% 1 3
; mq_ummMnu_RSlmv C
; Py(t+s)= M Py(t) Py, (s).
and
e oyl

| Lemma 5.4.1 follows from the fact (which must be proven) that the probabil-

S (e :
Var(T) = =3 « 7 /. 4 ,
TN ¥ of two or more transitions in time ¢ is o(f): whereas Lemma 549 which
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is the continuous-time version of the Chapman-Kolmogorov equations of |

discrete-time Markov chains, follows directly from the Markovian property.

The details of the proof are left as exercises. ,
From Lemma 5.4.2 we obtain

P+ h)= >, Pu(h) Py (0),
k

or, equivalently,

P(t+ h) — mv:Qv = M P (h)Py; (1) — [1- P(R)]P; ().

k#i

Dividing by k and then taking the limit as h — 0 yields, upon application cn 2

Lemma 5.4.1,
P.(t+h)— Pt :
(54.1) lim i€ ) :A ) = lim M W.I»EW:AO - c..m.:.Qv.
o0 h -0is; h

Assuming that we can interchange the limit and summation on the right-hand *

side of (5.4.1), we thus obtain, again using Lemma 5.4.1, the following.

o celnnpa e T :

THEOREM 5.4.3 (Kolmogorov’s Backward Equations).

For all i, j,and t = 0,

P ()= M qu Py (1) — v; P (1).

k#1

Proof To complete the proof we must justify the interchange of limit and m:BBs:sam,.
on the right-hand side of (5.4.1). Now, for any fixed N, \

.. NV;AS .. W;Q_v
:m..._o:m N.. o m..:SN __ﬁlﬂ_nm WU. |I|: w:@
k<N

= M Q;N...:Qv.
k#i
k<N

Since the above holds for all N we see that

(542) lim inf 3, @%ﬁv Py(0=2 qu Py ().

h—=0  k#i k#i
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To reverse the inequality note that for N > i,since P, (1) = 1
] o k]

. P
lim sup M I;MGM P()

h=0 " 4%

h—0
k¥
k<N k=N

<limsup | > WHF:@NN:S 55 3»}?@

h—0 ki

k<N »#
<

h 1 h " h H—
= M i Py (8) + v, — M Gix»

ki s
k<N \.»M\c

where t i
e the last equality follows from Lemma 5.4.1. As the above inequality is true for

ull N > i, we obtain upon letting N — o and using the fact 2, ,, ¢, = v
k+i Qik — Yiy

. P, (k)
lim sup > Pl 7 (= M QP (0).

h=0 " i k#i
The above combined with (5.4.2) shows that
. P,(h
1 I;IM =
\._un.uwWU., h WEAD IWQ;@QQV.

which completes the proof of Theorem 5.4.3.

Th . : ;

xsoém Mmmmrmmmw_mono::m_ equations for P;;(¢) given in Theorem 5.4.3 ure

it danmcmmzwmong gn.»:ﬁi equations. They are called the _z_cri:_..._
in computing the probability distribution of the state al
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Py(e+h) = 2 PX(t + ) = j1X(0) = i, X(h) = K}P{X(h) = k| X (0) = ]

= M P (O Py (h).

We may deri
ve another set o i
f equations, known as the Kolmogorov's

orwar j itioni
/ d equations, by now conditioning on the state at time . ‘This yloldu

Py(t+h)= M»U Py (8) Py (h)
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or
P;(t+h)—P;()= M Py ()P (k) — P;(1)
- W P ()P (h) — [1 — P;(W)]P; ().
Therefore,
i P+ w ~Py(0) _ im &Mr _ Sw_@v 1- m:. ®p i.

Assuming that we can interchange limit with summation, we obtain by Lem
5.4.1 that

Pii(t) = M qi; Pu(t) — v; P; (2).

k#j

Unfortunately, we cannot always justify the interchange of limit and summy
tion, and thus the above is not always valid. However, they do hold in B“, .
models—including all birth and death processes and all finite-state model

We thus have

[ s e S i
THEOREM 5.4.4 (Kolmogorov's Forward Equations).

Under suitable regularity conditions,

Py = M.Qtﬁ:.s —v; Py (0).

k#j

Exaweie 5.4(a) The Two-State Chain. Consider a two-state con- =&
tinuous-time Markov chain that spends an exponential time with e
rate A in state 0 before going to state 1, where it spends an exponen- &
tial time with rate u before returning to state 0. The forward

equations yield
uPo(t) — AP (f)
—(A + p)Py(®) + 1,

Pg(2)

v THE KOLMOGOROV DIFFERENTIAL EQUATIONS

where the last equation follows from Py (t) = 1 — Pyy(t). Hence
MM P (1) + (A + w) Poo(t)] = pe o
or
d
at T?{:WSQZ = pel+mr,

Thus,

mc::.:WSQv =_k

(A+p)e
e
A+ g +1C;

Since Py, (0) = 1, we see that ¢ = A/(A + w), and thus

Nu i) = #. =(
WO = et R
Similarly (or by symmetry),
Pyt) =2y B -veun

Atp A+pu

m§:.._.mm.££,ﬁra~ﬂo_aoom . .
and death pebcose o m3<02<mamazw:ozm How 50@55

Pio(t) = 1 Py(t) — AoPio(t),
Pi@ =X Pyy i (0) + i Py (£) — A+ u)Pi(), j#0.

Exampie 5.4(c) F i .
tedfinarin (c) For a pure birth process, the forward equations

Pj; = l»:%:.QY
Pi(®) = A1 Py i (1) — A, Py(r),

(54.3)
j>i

Int . . .
ﬁ%amm«mz:m the top equation of (5.4.3) and then using P,;(0) = 1

w.... An - Nl\:—.

The above, of course, is true i
[ ve, Irse, as P, (?) is the probability that the
time until a transition from state i is greater than ¢ ,m:o other
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