ISYE 7201: Production & Service Systems
Spring 2018
Instructor: Spyros Reveliotis
1st Midterm Exam (Take Home)
Release Date: February 16, 2018
Due Date: February 22, 2018

Name: SOLUTIO'\/S

While taking this exam, you are expected to observe the Geor-
gia Tech Honor Code. In particular, no collaboration or other
interaction among yourselves is allowed while taking the exam.

You can send me your responses as a pdf file attached to an email.
This pdf file can be a scan of a hand-written document, but, please,
write your answers very clearly and thoroughly. Also, report any
external sources (other than your textbook and the text by Cas-
sandras and Lafortune that is mentioned in the provided home-
works) that your referred to while preparing the solutions.

Finally, Homeworks 1 and 2 posted at the course website, as well as
some of the past midterms posted at that website, can be provide
useful complementary material (and experience) to the in-class
lectures while working on the exam problems.



Problem 1 (20 points): Consider a sequence of trials with a binary out-
come, and with these outcomes presenting some correlation. In particular,
if the outcomes of the last two trials were positive, the next trial will have a
positive outcome with probability 0.8. Otherwise. the outcome of the next
trial will be positive with probability 0.5. Furthermore, each trial costs $10,
and a positive outcome generates a revenue of $20 while a negative outcome
generates zero revenue.

Use the above information in order to compute the (long term) average profit
per trial.
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Problem 2 (30 points): Consider a discrete-time Markov chain with state
space X = {1,...,n}, and its one-step transitions being governed by the
following law: When the process is in some state 1 € X, with i # 1, it
transitions with equal probability to any state j € {1,...,7 — 1}. On the
other hand, state 1 is an absorbing state (i.e., p1; = 1). Suppose that the
process is started at state n, and let 7' denote the number of periods until
the process reaches its absorbing state 1.

i. (20 pts) Show that E[T] o= Zn—l i

i=1 ¢°

ii. (10 pts) Show that Var[T] = S0} 1(1 - 1).

i=1 3§ 1

Hint: It might be useful, especially for part (ii), to represent r.v. T as
L= 2?2—11 I;, where I; is a binary random variable indicating whether the
process visited state 7 or not.
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Problem 3 (30 points): Consider a local gas station where customers
arrive according to a Poisson process with rate A = 30 customers per hour.
The probability that the customer will pump a particular type of gas is
p = 0.4, and if the customer chooses this gas type, she will pump a quantity
that is uniformly distributed in the interval of 5 and 15 gallons.

Assuming no experienced stock outs, compute the mean and the st. deviation
of the amount of the considered gas type that will be sold by this gas station

over an interval of 6 hours.

Hint: The sought quantity constitutes a “compound” random variable. For
such random variables, the mean and the variance can be effectively com-
puted by using the notion of ‘conditional expectation’.
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Problem 4 (20 points): Consider n independent Poisson processes, with
the i-th process having rate A;. Derive an expression for the expected time

until an event has occurred in all n processes.
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Problem 4 @D

Let T be the time until an event has occurred in every process. For t € R*

P[T < t] = P[an event has occured for every process before T]

S

= P[an event has occured for process i before T]

I:II'
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=] [rve > 0]

[21

=[Ja-e2)

i=1

Here N;(t) denotes the Poisson process with rate A;.

Then E[T] = [ tf(6)de = [” [ [y 1du fr(D)de = f;° [ fr@) dude = [(1 - Fp(0)) dt,

where Fr(+) is the cumulative distribution function of 7. We thus have

E[T] = fow [1 - li[m - e")“it)} dt
=— Z (=)@l j:oexp{z —lwt}dt
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The first “=” comes from the expansion of the product and the interchange of the summation and
integration. Here [n] denotes the set {1, ..., n}.



