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Problem 1 (20 points): Consider a stock of a certain commodity that is
managed according to the, so called, (s,S) ordering policy: S > s, and if at
the end of the day the stock is at level z > s, then no replenishment order
is placed; otherwise, there is a replenishment order of S — x. This order is
delivered overnight, and it is available when the store opens next morning.

Daily demands are independent and equal to j units with probability p;.
Demand that cannot be met immediately from stock is lost.

Let X, denote the inventory level at the end of the n-th day. Argue that
{X,,n > 1} is a Markov chain, define the corresponding state space, and
compute the corresponding one-step transition probability matrix.
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Problem 2 (30 points):

i. (10 pts) Consider a DTMC {X,,n > 0}, and for states 4,j,k with
k # j let:

P = Prob{Xn =j, Xi # k1 =1,...,n—1|Xo = i}.

Explain in words what pgl/)k represents.
ii. (10 pts) Prove that, for i # j. pgl) =325 pg” )pgy/—ik)
iii. (10 pts) Prove that
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Problem 3 (30 points): A local shop floor employs three machines that
during their daily operation will fail with probability p, independently from
each other. Machines that are down at the end of a day will be repaired by
a single technician at the rate of one machine per day. Let X, denote the
number of machines that are operational at the beginning of the n-th day.

i. (10 pts) Show that {X,,n > 0} is a DTMC and define the correspond-
ing one-step transition probability matrix.

ii. (10 pts) Argue that this Markov chain has a limiting distribution
{m, i=0,1,2,3}.

iii. (10 pts) If the outage of any single machine for a day incurs a loss
of a dollars, characterize the (long run) average loss per day for the
considered shop floor due to the experienced outages.
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Problem 4 (20 points): Consider a Poisson process with rate A = 1
event per time unit. Compute the expected time until the occurrence of

two consecutive events with respective inter-event times of at least two time
units.
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