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of {X(t}}-

he desired

(]
e reversal
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(1.8)
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it distribu-

0.} Obvi-

/mation on

oming out
jual to the
tate i—the
whieved at
ir of states

state space
be a node,
rate g{i, 7}

(1.9)

q(i,5) > 0.

} has tran-
ated graph

1.2 Time Reversibility

Proof. Pick any pair of nodes (¢, 7)- If g(,7) = 0, then ¢(j,i) = 0, follow-
ing (1.9), and the detailed balance cquation (1.8) is trivially satishied, If
q(#,7) > 0, then there is an edge linking the pair. Since the graph is a tree,
the only probability flow between i and j is through this edge. In other
words, the full balance equation for state i {or for state f) reduces to the
detailed balance equation between ¢ and j. That is, (1.8) is satisfied. D

Example 1.7 A special case of the above is the birth-death process. The
associated graph is a line, or a single-branch tree. Here, q(4,7) = A(z) or
. u(7), respectively for j =i+ landj =1-1, the birth and the death rates;
¢ and the familiar relation [cf. (1.1)]

st o i Sl

E Aa)r(d) = p(i + D)+ 1)
_:;f: s nothing but the detailed balance equation.

Below are some quick implications of Theorem 1.4, with the proofs left
- as exercise problems.

Corollary 1.8 Suppose { X (£)} is a reversible Markov chain on state space
Suppose we truncate the state space to 8’ © 8 (by letting some transi-
! tion rates be zero, for instance). Then, the modified Markov chain is still
I reversible, with invariant distribution

' (i) = n(i)/ Y w(j), Vie§.

R
=
JES

Corollary 1.9 Suppose a stationary Markov chain {X{t)} has a finite
state space and is irreducible. Then, {X (t)} is reversible if and only if its
matrix ) can be expressed as 2 = AD with A being a symmetric
trix and D a diagonal matrix.

5

(EXa ple 1.10 Consider the M /M (n)/1 queue. with Poisson arrivals at a
: tant rate A and state-dependent service rates u{n}. Let {X(t)} be the
isdte process: X (t) denotes the total number of jobs in the system at time
'his is a special case of the birth-death process in Example 1.7. Hence,
sequilibrium {X (t)} is reversible.

‘Now consider the time-reversal {X({t)}, which represents another birth-
i h queue, whose departure process is the arrival process of the orig-
| queue, i.e., a Poisson process with constant rate A. But because of

£ ' sibility, the original queue and its time-reversal have the same prob-

process from a stationary M/M(n)/1 queue is Poisson with constant rate
B exactly the same as the arrival process.

ey ?Ethermore, in the original queue the number of future arrivals after
£ 5"independent of the state—the number of jobs in the system-—at .




= 1. Birth-Death Quenes

This is simply because the Poisson arrival process has a constant rate. By
reversibility, this immediately translates into the fact that the number of
past departures up to time ¢ in the time-reversed queue, and hence also n
the original queue, is independent of the number of jobs in the system at
t. This is a counterintuitive result. since one would tend to think that the
number of jobs in the svstem at time t, e.g., whether there is zero or at
Jeast one job to keep the server busy, would depend on the number of past
departures up to i

| 3

e

1.3 Stochastic Orders

Suppose X is a nonnegative, integer-valued random variable. Let p(n) =
P(X =n) >0foralln ¢ N = {0,1,..., N}, where N is a given integer.
We allow N to be infinite.

Definition 1.11 The equilibrium rate of X is a real-valued, nonnegative
function, r : N = Ry = [0, %) defined as

r(0) =0, r(n)=pln-1)/p(n), n=1...,N

It follows that the equilibrium rate of X and its probability mass function
(pmf) uniquely define each vther. In particular,

p(n) = p(0)/Ir(1)--- r(n}}, n=1..,N,

-1

N
p(0) = [1+ ) 1/(r(1)---(n)

(When N = co, convergence of the summation is required.)

Example 1.12 For a birth-death queue in equilibrium, with unzt arrival
rate and state-dependent service rate p(n), we have

u(n) = PIY =n = 1/P[Y = n] = ry{n),

where Y denotes the number of jobs in the system, and ry(n) its equilib-
rium rate. That is, the equilibrium rate is simply the service rate.

It turns out that the equilibrium rates are useful in comparing random
variables under the Likelthood ratio ordering.

Definition 1.13 X and Y are two discrete random variables. Suppose
their pmfs have a common support set N. Let rx and ry denote their

e P e e T T = TR I, LT R
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