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Spring 2016
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Problem 1 (30 points): Consider a (state-dependent) M/G/1 queue
where arrivals occur with rate A\, and an arriving customer that finds the sys-
tem idle has an exponential processing time distribution with rate p; while
every other customer has an exponential service time distribution with rate
w. For this queue establish the following results:

i. (10 pts) If this queue is stable, the steady-state probability of being
empty is equal to 7o = (1 — p)/(1 — p + p1), where p = A\/p and
pL= A

ii. (10 pts) The required stability condition is p < 1.0.

ili. (10 pts) This queue is actually Markovian, i.e., it can be modeled by
a CTMC. Provide the corresponding CTMC, and also use this CTMC
to interpret the result of part (ii) above.
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Problem 2 (30 points): Consider a call center that sells tickets for a local
baseball team. Upon dialing, a customer first connects to an interactive
voice response (IVR) system (node A). This system provides two choices:
(1) purchase single-game tickets, or (ii) purchase multi game packages. Also,
customers who do not select any option effectively are returned to the be-
ginning of the IVR process, to start over. On the other hand, based on an
effective selection, the customer is transferred to either the single-game sales
representatives (node B) or to the multi-game sale representatives (node C).
After selecting tickets, customers are transferred to another set of represen-
tatives (node D) to handle credit card payments. Furthermore, customers
routed to node C might change their mind during the transaction process
and be re-routed to node B with probability 0.1, while at nodes A, B and
C, there is also a probability of abandonment of 0.1.

Regarding the service provided at each station, the IVR system can handle
an arbitrarily large number of calls with the call times at this node being
exponentially distributed with an average duration of 0.5min. Calls routed
tonodes B and C' are answered one at a time with respective (instantaneous)
rates up = 30 hr~! and pc = 10 hr~!. Station D is supported by two
operators and the corresponding service rate is up = 15 hr~'. The call
arrival rate to the center is 7 = 30 hr—!

For the above system, apply the results of the open Jackson network in order
to compute:

i. (10 pts) the average number of customers in the system;

ii. (10 pts) the average time a customer spends in the system;

iii. (10 pts) the expected number of visits of f{,c}eived@all to each of

the nodes of this center.
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Problem 3 (20 points): Consider a stable M/G/1 queue with two cus-
tomer classes, A and B, and with respective arrival and processing rates \;
and 1, 1 = A, B. Furthermore, assume that this system experiences a cost
of ¢; dollars per time unit spent in the system by a customer of class i.

Show that if these two customer classes are to be served according to a
preemptive-resume scheme, then, in order to minimize the accrued cost, class
A must be given priority over class B if and only if capa > cppp (with the
case of the equality of these two products being resolved arbitrarily — this
is an application of the, so called, cu-rule of stochastic scheduling theory).
What is the intuitive interpretation of this result?
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Problem 4 (20 points): Consider an M/D/1 queue with service time
equal to b time units. Suppose that the system size is measured when time
is a multiple of b, and let X,, denote the system size at time ¢t = n - b. Show
that the stochastic process {Xn,n=0,1,2,.. .} is a Markov chain, and find
its transition matrix. Please, define carefully all the notation used in this
characterization.
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