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L= 4 W=7
L()=4,-W,(1)=4,

I

L) =4 W) =2y

1 1
L+ Ly + L) = Ay + 1+ ) =]

> 4, =04
> L,(1)=02667. L,(1)=0.4. L,(1)=0.3333

For N=2,
W, (2)= il + L L,(1)=0.8445
HoH
] 1
Wi 2)y=—+—-L,(1)=14
Hy M
, ] 1
W,(2)=—+—" Li(1)=1.1111
Hy

L(2) =4, - W,(2)= 4, -0.8445

=4, W (2)=4,- 11111
> L)+ L(2)+ L,(2) = 4,(0.8445+1.4 +1.1111) =2
A,(0.8445+1.4+1.1111)=2

> A, =0.59%

@) W,(2)+W,(2)=14+11111=25111

(5 A, =0.596
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In state space. number with prime indicates job blocked by subsequent node.
b) Following (low balance cquations should be satisfied in the equilibrium,
for state (2.0.0) g, -7(2,0,0) = g, -7(1,0,1)

for state (1.1.0) 4, - 7(1,1,0) + g, - 7(1,1,0) = 4, - #(2,0,0) + 5 - #(0,11)

for state (17.1.0) 1, - 2(1',1.0) = g, - 7(1,1,0)

for state (0.1 1) (g, + 445) - 7(O,L1) = g5 - 2 (1',1,0) + g1, - 2(1,0,1)

for state (1.0.1) (g, + 45)-w(1L,0.1) = g, - (1.1O) + g5 - z(O,1',1)

for state (0.1.1) g5 -m(0,1'.1) = p, - 7(0,1,1)

by distribution property ZX(S) =1.

rEN

if we solve the above cquations, we can get stationary probability for cach state.
[ got the Tollowing result by several matrix operation using Matlab.

[7(2.0.0)] [0.1060]
7(1.1.0) 0.1589

z(1'.1.0) 0.2383

(0.1 0.1987

7(1.0.1) 0.1325

| (0.1 | {0.1656 |

-» probability that any customers are blocked:

z(1'1.0)+ 7(0.1'.1) = 0.2383 + 0.1656 = 0.4039

Further. | think alternative way using special structure of this problem.

What il we replace (17.1.0) (respectively (0.1°.1) with (0.2.0) (respectively (0.0.2))7
Since there s only two customers in the system, the state diagram of (a) will not
change at all. In other words. we can substitute (0.2.0) and (0.0.2) for (1°.1.0) and
(0.1°.1) respectively without any change of state diagram. Moreover. the changed state
diagram is nothing more than state diagram of network without any capacily constraints.
Therelore. we can analyze this system as the normal closed network. while considering
state (0.2.0) and (0.0.2) as blocking situation (1°1,0) and (0.1°.1) respectively.

If this is normal closed network. we can assume that stationary distribution is product

form as follows. Since relative arrival rates are same. we can assume that A=1.

5 p) =l—]§=().667. p,=1. p, =0.833

- ”(n;,ﬂz .ns) =A4.0.667™ -0.833"



LotUs got a normalization constant A.

> w(n.nyn)=A- ) 0.667"-0.833" =1

(s (o)

A(0.667% -0.833° +0.667° -0.833° +0.667° - 0.833
_)
+0.667' -0.833° +0.667' -0.833' +0.667° -0.833') =1

> A=0.2384
In this new state diagram, (0.2.0) and (0,0.2) indicate blocking situation.

7(0.2.0)+ 7(0.0.2) = 0.2384 - (1+0.833%) = 0.4038

(¢)
States that only one node actually does processing are:

7(2.0.0)+ z(1',1.0) + 7(0,1',1) = 0.1060 + 0.2383+ 0.1656 = 0.5099  from 1"

approach. On the other hand. from 2™ approach,
7(2.0,0)+ 7(0,2,0) + 7(0,0,2) = 0.2384(0.667z +1+0.833° ) =0.5097

We ean vee both approaches produce same results.

Preblem B

=S P =1| X =n)-Pr(X =n)

n={}

Pr(W

Cwhere X is theNgumber of customers in the sys when a new customer is arriving.

Since service timeNs exponential, when a ng# customer joins the queue. the current

service can be renewyd like starting r because of memoryless property.

n+l n -
.t"e™

> Pr(W =t| X =n)= ang(nﬂ,/l):” , 2
n.

Note that in order W get through the entire system, nt 1 processes should be repeated.

nctuding the ned coming customeniitsell.

Pr( A5 = &

=0 n: =0 n!

(1~ B)- e,ZM’;‘ﬁL = p(l-

n=0

n+1 t" =t
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Problem 4 (20 points): A scrvice station is processing the commingled
stream of two part types. each of which arrives according to a Poisson process
with rate );. Parts are processed on a FCFS basis. and the expected service
time for either part is equal to t, time units. but when switching from
one part type to the other, there is an additional deterministic set-up time
equal to t; time units. Provide the stability condition for this station; your
response must expressed in terms of the data set provided above.
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Problem 2 (20 points): A machine can experience two types of failure.
Both types of failure can occur only when the machine is operational (i.e..
failures are “operation-driven” and not “time-driven”). they occur indepen-
dently from each other. and their occurrences follow Poisson processes with
corresponding rates X;, i = 1,2. Also. the corresponding MTTRs (mean
time to repare) are equal to ¢;, i = 1,2. Answer the following questions:

i. What is the availablity of this machine?

ii. If both types of failure are non-destructive and the “nominal” process-
ing times (i.e., the times that are required for the processing of the
parts without accounting for the downtimes due to failures) for this
machine are uniformly distributed over the interval [a, b]. what is the
expected number of failures that take place during the processing of a
single part?

In your response, consider that all the referred quantities are given in con-
sistent units.
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