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Introduction

Lesson 3.1 — Introduction

In this introductory lesson, we’ll cover . ..
@ What we mean by bivariate (or joint) random variables.
@ The discrete case.
@ The continuous case.

@ Bivariate cdf’s.
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Lesson 3.1 — Introduction

In this introductory lesson, we’ll cover . ..
@ What we mean by bivariate (or joint) random variables.
@ The discrete case.
@ The continuous case.

@ Bivariate cdf’s.

In this module, we’ll look at what happens when you consider two random
variables simultaneously.
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Lesson 3.1 — Introduction

In this introductory lesson, we’ll cover . ..
@ What we mean by bivariate (or joint) random variables.
@ The discrete case.
@ The continuous case.

@ Bivariate cdf’s.

In this module, we’ll look at what happens when you consider two random
variables simultaneously.

Example: Choose a person at random. Look at their height and weight
(X,Y). Obviously, X and Y will be related somehow.
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Introduction

Discrete Case

Definition: If X and Y are discrete random variables, then (X, Y") is called a
jointly discrete bivariate random variable.
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Introduction

Discrete Case

Definition: If X and Y are discrete random variables, then (X, Y") is called a
jointly discrete bivariate random variable.

The joint (or bivariate) pmf is

flz,y) = P(X =z,Y =y), Va,y.
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Introduction

Discrete Case

Definition: If X and Y are discrete random variables, then (X, Y") is called a
jointly discrete bivariate random variable.

The joint (or bivariate) pmf is
f(m7y) = P(X:x,Y:y)7 vx?g

Properties:
©0< flz,y) <1
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Introduction

Discrete Case

Definition: If X and Y are discrete random variables, then (X, Y") is called a

The is
f(xvy) = P(X:17Y:y)’ vxay

Properties:
©0< flz,y) <1

© 3,2, flzy) =1L
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Introduction

Discrete Case

Definition: If X and Y are discrete random variables, then (X, Y") is called a

The is
Properties:
0 0< fx,y) <1

© .2y flmy) =1
o AC R? = P((X’Y) S A) = ZZ(w,y)EAf(may)'
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Introduction

Example: 3 sox in a box (numbered 1,2,3). Draw 2 sox at random without
replacement. X = # of the first sock; Y = # of the second sock. The joint

pmf f(z,y)is
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Introduction

Example: 3 sox in a box (numbered 1,2,3). Draw 2 sox at random without

replacement. X = # of the first sock; Y = # of the second sock. The joint
pmf f(z,y)is

=y)
Y =1 0 1/6 1/6 1/3
Y = 1/6 0 1/6 1/3
Y = 1/6 1/6 0 1/3
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Example: 3 sox in a box (numbered 1,2,3). Draw 2 sox at random without

replacement. X = # of the first sock; Y = # of the second sock. The joint
pmf f(z,y)is

flz,y) | X=1 X=2 X=3|PY=y)

Y=1 0 1/6 1/6 173
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Introduction

Example: 3 sox in a box (numbered 1,2,3). Draw 2 sox at random without
replacement. X = # of the first sock; Y = # of the second sock. The joint
pmf f(z,y)is

flmy) | X=1 X=2 X=3|PY=y)
Y =1 0 1/6 1/6 13
Y= 1/6 0 1/6 173
V= 1/6 1/6 0 13
P(X=z)| 13 173 13 1

fx(z) = P(X = x)is the

fy(y) = P(Y =y) is the
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By the Law of Total Probability,
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Introduction

By the Law of Total Probability,

P(X=1) => P(X=1Y=y) = 1/3.
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Introduction

By the Law of Total Probability,

In addition,

P(X >2Y >2)

r>2y>2
= 0+1/6+1/64+0 = 1/3. DO
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Introduction

Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that
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Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

® f(z,y) >0,Vz,y.
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Introduction

Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

@ f(z,y) >0,Vz,y.
O [ [po flx,y)dudy = 1.
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Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

@ f(z,y) >0,Vz,y.
o [ [po flz,y) dajdy—l
@ P(A)=P((X,Y)ec A) = [ [, f(x,y)dxdy.
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Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

@ f(z,y) >0,Vz,y.

o [ [po flz,y) dazdy—l
@ P(A)=P((X,Y)ec A) = [ [, f(x,y)dxdy.

In this case, f(x,y) is called the

If A C R, then P(A) is the volume between f(x,y) and A.
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Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

@ f(z,y) >0,Vz,y.

o [ [z f(z,y) dazdy—l
@ P(A)=P((X,Y)ec A) = [ [, f(x,y)dxdy.

In this case, f(x,y) is called the
If A C R, then P(A) is the volume between f(x,y) and A.
Think of
flz,y)dedy =~ Plx< X <z+dr,y<Y <y+dy).
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Introduction

Continuous Case

Definition: If X and Y are continuous RVs, then (X,Y) is a
if there exists a magic function f(x,y) such that

@ f(z,y) >0,Vz,y.

o [ [z f(z,y) dazdy—l
@ P(A)=P((X,Y)ec A) = [ [, f(x,y)dxdy.

In this case, f(x,y) is called the
If A C R, then P(A) is the volume between f(x,y) and A.
Think of
flz,y)dedy =~ Plx< X <z+dr,y<Y <y+dy).

It’s easy to see how this generalizes the 1-dimensional pdf, f(x). Georgia A
ech )

ISYE 6739 — Goldsman 3/2/20 7/110



Introduction

Example: Choose a point (X, Y") at random in the interior of the circle
inscribed in the unit square, e.g., C = (z — )2+ (y — 1) < 1.

Find the pdf of (X,Y).
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Example: Choose a point (X, Y") at random in the interior of the circle
inscribed in the unit square, e.g., C = (z — )2+ (y — 1) < 1.

Find the pdf of (X,Y).
Since the area of the circle is /4,

4/m if (z,y) € C

0 otherwise. O

flz,y) = {
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Example: Choose a point (X, Y") at random in the interior of the circle
inscribed in the unit square, e.g., C = (z — )2+ (y — 1) < 1.

Find the pdf of (X,Y).

Since the area of the circle is /4,

0 otherwise. O

Fag) = { 4/n if (z,y) € C

Application: Toss n darts randomly into the unit square. The probability
that any individual dart will land in the circle is /4. It stands to reason that
the proportion of darts, p,, that land in the circle will be approximately 7 /4.
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Introduction

Example: Choose a point (X, Y") at random in the interior of the circle
inscribed in the unit square, e.g., C = (z — )2+ (y — 1) < 1.

Find the pdf of (X,Y).

Since the area of the circle is /4,

0 otherwise. O

Fag) = { 4/n if (z,y) € C

Application: Toss n darts randomly into the unit square. The probability
that any individual dart will land in the circle is /4. It stands to reason that
the proportion of darts, p,, that land in the circle will be approximately 7 /4.
So you can use 4p,, to estimate 7!

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 8/110



Introduction

Example: Suppose that

ey if0<2<1,0<y<1

0 otherwise.

fx,y) = {
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0 otherwise.
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Example: Suppose that

ey if0<2<1,0<y<1

0 otherwise.

fx,y) = {

Find the probability (volume) of the region 0 < y < 1 — 22,

1 pl—z?
V = / / dxy dy dx
0 JO
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Introduction

Example: Suppose that

ey if0<2<1,0<y<1
flz,y) = .
0 otherwise.

Find the probability (volume) of the region 0 < y < 1 — 22,

1 pl—z?
V = / / dxy dy dx
0 JO

1 pVI-y
= / / dxy dx dy
o Jo
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Introduction

Example: Suppose that

ey if0<2<1,0<y<1
flz,y) = .
0 otherwise.

Find the probability (volume) of the region 0 < y < 1 — 22,

1 pl—z?
V = / / dxy dy dx
0 JO

1 pVI-y
= / / dxy dx dy
o Jo

= 1/3.
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Introduction

Example: Suppose that

ey if0<2<1,0<y<1
flz,y) = .
0 otherwise.

Find the probability (volume) of the region 0 < y < 1 — 22,

1 pl—z?
V = / / dxy dy dx
0 JO

1 pVI-y
= / / dxy dx dy
o Jo

= 1/3.
Moral: Be careful with limits! O
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Introduction

Bivariate cdf’s

Definition: The joint (bivariate) cdf of X and Y is
F(r,y) = P(X <z,Y <y),forall z,y.
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Bivariate cdf’s

Definition: The of X and Y is
F(r,y) = P(X <z,Y <y),forall z,y.

> ngm,tgy f(s,t) discrete
F(mﬁ y) -
fgoo ffoo f(s,t)dsdt continuous.
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Bivariate cdf’s

Definition: The of X and Y is
F(r,y) = P(X <z,Y <y),forall z,y.

> ngx,tgy f(s,t) discrete

F(»”U,y) =
ffoo ffoo f(s,t)dsdt continuous.

Going from cdf’s to pdf’s (continuous case):
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Bivariate cdf’s

Definition: The of X and Y is
F(r,y) = P(X <z,Y <y),forall z,y.

> ngx,tgy f(s,t) discrete
F(SC, y) =
ffoo ffoo f(s,t)dsdt continuous.

Going from cdf’s to pdf’s (continuous case):

1-dimension: f(z) = F'(z) = & [*_ f(t)dt.
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Introduction

Bivariate cdf’s

Definition: The of X and Y is
F(r,y) = P(X <z,Y <y),forall z,y.

2D s<ai<y f(8:t)  discrete
F(:C7 y) =
fi/oo ffoo f(s,t)dsdt continuous.

Going from cdf’s to pdf’s (continuous case):

1-dimension: f(z) = F'(z) = & [*_ f(t)

2-dimensions: f(z,y) = 8gayF( amay [5 P f(s t)dtds.
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Properties:

F(x,y) is non-decreasing in both = and y.
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Properties:
F(x,y) is non-decreasing in both = and y.

lim, F(l‘, y) = hmy—>—oo F(l‘, y) =0.
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Properties:
F(x,y) is non-decreasing in both = and y.
limg oo F(x,y) = limy—,_o F(x,y) = 0.

lim, o0 F(z,y) = Fy(y) = P(Y <y) (“marginal” cdf of V).
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Properties:

F(x,y) is non-decreasing in both = and y.

limg oo F(x,y) = limy—,_o F(x,y) = 0.

lim, o0 F(z,y) = Fy(y) = P(Y <y) (“marginal” cdf of V).

limy o0 F(z,y) = Fx(z) = P(X <) ("marginal” cdf of X).
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Properties:

F(x,y) is non-decreasing in both = and y.
limg oo F(x,y) = limy—,_o F(x,y) = 0.
limg o0 F(z,y) = Fy (y) = P(Y < y)
limy 00 F(z,y) = Fx(z) = P(X < x)

limg o0 limy oo F(z,y) = 1.
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Introduction

Properties:

F(x,y) is non-decreasing in both = and y.
limg oo F(x,y) = limy—,_o F(x,y) = 0.
limg o0 F(z,y) = Fy (y) = P(Y < y)
limy 00 F(z,y) = Fx(z) = P(X < x)
limg o0 limy oo F(z,y) = 1.

F(z,y) is continuous from the right in both z and y.
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Example: Suppose

l—e@—eVte @) ifr>0,y>0
F(z,y) = i
0 ifz <0ory <0.
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Introduction

Example: Suppose

Flz.y) l—e @ —eV4e @) jfr>0y>0
x,y) =
Y 0 ifx <0ory <0.

The marginal cdf of X is

1—e™ ifz>0
0 ifz <0.

Yy—0o0

Fx(z) = lim F(x,y) = {
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Introduction

Example: Suppose

Flz.y) l—e @ —eV4e @) jfr>0y>0
x,y) =
Y 0 ifx <0ory <0.

The marginal cdf of X is

1—e™ ifz>0
0 ifz <0.

Fx(z) = lim F(x,y) = {
y—)OO
The joint pdf is
82

flz,y) = axayF(w,y)
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Example: Suppose

Flz.y) l—e @ —eV4e @) jfr>0y>0
x,y) =
Y 0 ifx <0ory <0.

The marginal cdf of X is

Fy(z) = Jim Flr.y) =

1—e™ ifz>0
0 ifz <0.

The joint pdf is
82
H@y) = gog, 7 @)
0
— (T _ Y, T
ay(e e Ye ™)
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Example: Suppose

Flz.y) l—e @ —eV4e @) jfr>0y>0
x,y) =
Y 0 ifx <0ory <0.

The marginal cdf of X is

1—e™ ifz>0
0 ifz <0.

Yy—0o0

Fx(z) = lim F(x,y) = {

The joint pdf is

flz,y) = F(z,y)

= e @) ifr>0,y>0 O Gegrgia|
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© Marginal Distributions
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Marginal Distributions

Lesson 3.2 — Marginal Distributions
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Marginal Distributions

Lesson 3.2 — Marginal Distributions

We’re also interested in the individual (marginal) distributions of X and Y.
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Lesson 3.2 — Marginal Distributions

We’re also interested in the individual (marginal) distributions of X and Y.

Definition: If X and Y are jointly discrete, then the of X
and Y are, respectively,

fx(@) = P(X=2) = 3 f(a,y)
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Lesson 3.2 — Marginal Distributions

We’re also interested in the individual (marginal) distributions of X and Y.

Definition: If X and Y are jointly discrete, then the of X
and Y are, respectively,

x(@) = P(X=a) = 3 fla,y)

and

frly) = PY =y) = > f(zy)
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).

flz,y) | X=1 X=2 X=3|PY=y)

Y =40 0.01 0.07 0.12 0.2

Y =60 0.29 0.03 0.48 0.8
P(X=x)| 03 01 06 1
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).

f(z,y) X=1 X=2 X=3|PY=y)
Y =40 0.01 0.07 0.12 0.2
Y =60 0.29 0.03 0.48 0.8
P(X =x) 0.3 0.1 0.6 1
By total probability,

P(X=1)=P(X=1,Y=any#) =03. O
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).

flz,y) | X=1 X=2 X=3|PY=y)

Y =40 0.06 0.02 0.12 0.2

Y =60 0.24 0.08 0.48 0.8
P(X=x)| 03 01 06 1
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Marginal Distributions

Example (discrete case): f(z,y) = P(X =z,Y =y).

flz,y) | X=1 X=2 X=3|PY=y)

Y =40 0.06 0.02 0.12 0.2

Y =60 0.24 0.08 0.48 0.8
P(X=2)| 03 o1 0.6 1

Remark: Hmmm. ... Compared to the last example, this has the same
marginals but different joint distribution! That’s because the joint distribution
contains much more information than just the marginals.
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the marginal pdf’s of
X and Y are, respectively,
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the marginal pdf’s of
X and Y are, respectively,

fx(z) = /R f( ) dy
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the marginal pdf’s of
X and Y are, respectively,

fx( /fxydy and  fy(y /fxy
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the of
X and Y are, respectively,

fx( /fxydy and  fy(y /f:cy

Example:

et if x>0,y >0
flz,y) = .
0 otherwise.
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the of
X and Y are, respectively,

Fx( /fxydy and  fy(y /fxy

Example:

et if x>0,y >0
flz,y) = .
0 otherwise.

Then the marginal pdf of X is

- /R f(z, ) dy
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the
X and Y are, respectively,

Fx( /fxydy and  fy(y /fxy

Example:

et if x>0,y >0
flz,y) = .
0 otherwise.

Then the marginal pdf of X is

= /f(w,y)dyz/ =) dy
R 0
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Marginal Distributions

Definition: If X and Y are jointly continuous, then the of
X and Y are, respectively,

Fx( /fxydy and  fy(y /fxy

Example:

et if x>0,y >0
flz,y) = .
0 otherwise.

Then the marginal pdf of X is

= /f(w,y)dy = / et gy = e ifz>0. O
R 0
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Marginal Distributions

Example:
%xzy ifz? <y<1

0 otherwise.

f(x,y) =
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Marginal Distributions

Example:
%xzy ifz? <y<1

0 otherwise.

f(x,y) =

Note funny limits where the pdf is positive, i.e., 22 <y <1,
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Marginal Distributions

Example:

21,2, e .2
Lxcy fr-<y<l1
flz,y) = { 4

0 otherwise.

Note funny limits where the pdf is positive, i.e., 22 <y <1,

fx(z) = /R f(x.y) dy
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Marginal Distributions

Example:
f( ) 2413323/ if:v2§y§1
r,y) = .
0 otherwise.
Note where the pdf is positive, i.e., 2?2 < y < 1.

/Rf(w,y / Py dy

Georgia
=)

ISYE 6739 — Goldsman 3/2/20 18/110



Marginal Distributions

Example:
f( ) 2413323/ if:v2§y§1
x, =
Y 0 otherwise.

Note where the pdf is positive, i.e., 2?2 < y < 1.

21 , 4
= f(z,y)d —:c 2ydy = < (I1—-2%), -1<z<1.
R
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Marginal Distributions

Example:
f( ) 2413323/ if:v2§y§1
x, =
Y 0 otherwise.

Note where the pdf is positive, i.e., 2?2 < y < 1.

21 , 4
= f(z,y)d —:c 2ydy = < (I1—-2%), -1<z<1.
R

- /R f(a,y) do
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Marginal Distributions

Example:
f( ) 2413323/ if:n2§y§1
r,y) = .
0 otherwise.
Note where the pdf is positive, i.e., 2?2 < y < 1.

21
/fa:y /—x ydy = —2?(1—zt), —1<z<1.

8
\/3721
— [ tewdr = [ 2y
R —\/334
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Marginal Distributions

Example:
f( ) 2413323/ if:n2§y§1
x, =
Y 0 otherwise.
Note where the pdf is positive, i.e., 2?2 < y < 1.
21 , 4
fa:y —xydy gx(l—a:), -1<z<1.

Vi
= /f(ff,y)d:v = / Roryae = Lo 0<y<1. o
& s d 2
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Conditional Distributions

© Conditional Distributions
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Conditional Distributions

Lesson 3.3 — Conditional Distributions
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Conditional Distributions

Lesson 3.3 — Conditional Distributions

Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
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Conditional Distributions

Lesson 3.3 — Conditional Distributions
Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.

Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,
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Conditional Distributions

Lesson 3.3 — Conditional Distributions
Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

P(X=zNnY =vy)
P(X =x)

PY=yX=12) =
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Conditional Distributions

Lesson 3.3 — Conditional Distributions
Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

.. PX=znY=y) flz,y)
PY =ylX =z) = P(X = 1)  fx(@)”
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Lesson 3.3 — Conditional Distributions

Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

P(X=2nY=y) _ flz.y)
P(X =) fx ()
P(Y = y|X = 2) defines the probabilities on Y given that X = 2.

PY=yX=12) =
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Lesson 3.3 — Conditional Distributions

Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

P(X=2nY=y) _ flz.y)
P(X =) fx ()
P(Y = y|X = 2) defines the probabilities on Y given that X = 2.

PY=yX=12) =

Definition: If fx(z) > 0, then the
is

fyix(ylz) =
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Lesson 3.3 — Conditional Distributions

Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

P(X=2nY=y) _ flz.y)
P(X =) fx ()
P(Y = y|X = 2) defines the probabilities on Y given that X = 2.

PY=yX=12) =

Definition: If fx(z) > 0, then the
is

fyix(ylz) =

Remark: We usually just write f(y|z) instead of fy|x (y|z).
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_ ozl |
Lesson 3.3 — Conditional Distributions

Recall conditional probability: P(A|B) = P(AN B)/P(B) if P(B) > 0.
Suppose that X and Y are jointly discrete RVs. Then if P(X = z) > 0,

P(X=2nY=y) _ flz.y)
P(X =) fx ()
P(Y = y|X = 2) defines the probabilities on Y given that X = 2.

PY=yX=12) =

Definition: If fx(z) > 0, then the
is

fyix(ylz) = f; )

Remark: We usually just write f(y|z) instead of fy|x (y|z).

Remark: Of course, fx |y (z|y) = f(z|y) = ’}Ef(;’)) Gegrala |
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Conditional Distributions

Discrete Example: f(z,y) = P(X =z,Y =y).
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Conditional Distributions

Discrete Example: f(z,y) = P(X =z,Y =y).

flay) |[X=1 X=2 X=3|fr(y
Y=40| 001 007 012 | 02
Y=60| 029 0.03 048 | 0.8
fx(z) | 03 0.1 0.6 1
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Conditional Distributions

Discrete Example: f(z,y) = P(X =z,Y =y).

flay) |[X=1 X=2 X=3|fr(y
Y=40| 001 007 012 | 02
Y=60| 029 0.03 048 | 0.8
fx(z) | 03 0.1 0.6 1

Then, for example,

f(zly =60) =
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Conditional Distributions

Discrete Example: f(z,y) = P(X =z,Y =y).

flay) |[X=1 X=2 X=3|fr(y
Y=40| 001 007 012 | 02
Y=60| 029 0.03 048 | 0.8
fx(z) | 03 0.1 0.6 1

Then, for example,

B ~ f(xz,60)  f(=x,60)
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Conditional Distributions

Discrete Example: f(z,y) = P(X =z,Y =y).

flay) |[X=1 X=2 X=3|fr(y
Y=40| 001 007 012 | 02
Y=60| 029 0.03 048 | 0.8
fx(z) | 03 0.1 0.6 1

Then, for example,

F(z.60)  f(x,60) W el
flaly=060) = Z508 = TEES = 4 g ifr=2

B fp=3. O
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Conditional Distributions

Old Continuous Example:
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Conditional Distributions

Old Continuous Example:

21
flzy) = Za:2y, ifz2 <y<1.
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Conditional Distributions

Old Continuous Example:

21
flzy) = Za:2y, ifz2 <y<1.
21
fx(z) = gmz(l —ah), if-1<z<1.
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Conditional Distributions

Old Continuous Example:

f(z,y)

fx ()

Iy (y)

ISYE 6739 — Goldsman

21

Za:2y, ifz? <y <1.

21

gagz(l —zh), if-1<2 <.

7
Sy if0<Sy<L
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Conditional Distributions

Old Continuous Example:

21

flz,y) = Zx2y, ifa:2§y§1‘
21 4 4 )

fx(z) = i (1—-2%), if-1<z<1.
7 59 .

frly) = "% ifo<y<l.

Then the conditional pdf of Y given X = x is

flylz) =
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Conditional Distributions

Old Continuous Example:

21

flz,y) = Zx2y, ifa:2§y§1‘
21 4 4 )

fx(z) = i (1—-2%), if-1<z<1.
7 59 .

frly) = "% ifo<y<l.

Then the conditional pdf of Y given X = x is

fle,y)  Fa%y
fx(x) Za2(1—at)

flylz) =
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Conditional Distributions

Old Continuous Example:

21 ,

flxy) = 7y, if22 <y <1.
21 4 4 )

fx(z) = i (1—-2%), if-1<z<1.
T 52 .

frly) = "% ifo<y<l.

Then the conditional pdf of Y given X = x is

f(z.y) Ty 2y o2
= = = fas <y <1
fylz) Ix(x) Za2(1—at) 14 NP EYS
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Conditional Distributions

So, for example,

f(3,9)
fx(3)

fyl/2) =
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Conditional Distributions

So, for example,

1 211
f(y|1/2) = ﬁ(z(%)) = %; (14y_ 1_16)
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Conditional Distributions

So, for example,

flyl/2) = = 44 = Ty, ifl<y<1. O
fx(3) 2 1-(0-4) 15 4
Gegraia|

3/2/20 23/110

ISYE 6739 — Goldsman



Conditional Distributions

So, for example,

f(3:y 41y 32 )
fyl1/2) = = = —y, ifz;<y<1. O
Wiz = Fm “rmra-n C e

Note that 2/(1 — x*) is a constant with respect to y, and we can check to see

that f(y|x) is a legit conditional pdf:

1 2y
d g d p— ]_. D
/Rf(ylx) y / T %
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Typical Problem: Given fx (z) and f(y|x), find fy (y).
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [ f(

Georgia
=)

ISYE 6739 — Goldsman 3/2/20 24/110



Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,

flx,y) = fx(@x)f(ylz)
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,

flx,y) = fx(@x)f(ylz)

1
= 2x-— for0<zx<landO<y<cz
x
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,

flzy) = fx(@)f(ylz)
1
= 2x-— for0<zx<landO<y<cz
x
= 2 0 <y < <1(still have funny limits).
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,
fly) = fx(@)f(ylx)

1
= 2x-— for0<zx<landO<y<cz
x
= 2 0 <y < <1(still have funny limits).

Thus,

friy) = /R f () de
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,
fly) = fx(@)f(ylx)

1
= 2x-— for0<zx<landO<y<cz
x
= 2 0 <y < <1(still have funny limits).

Thus,

fy(y) = /Rf(:n,y)dzn = /yl2dw
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Typical Problem: Given fx (z) and f(y|x), find fy (y).

Game Plan: Find f(z,y) = fx(z)f(y|x) and then fy (y) = [; f(z,y) dz.

Example: Suppose fx(x) = 2z, for 0 < x < 1. Given X = x, suppose that
Y|z ~ Unif(0, z). Now find fy (y).

Solution: Y|z ~ Unif (0, z) implies that f(y|z) = 1/x, for 0 < y < z. So,
fly) = fx(@)f(ylx)

1
= 2x-— for0<zx<landO<y<cz
x
= 2 0 <y < <1(still have funny limits).

Thus,

1
Ir(y) = /Rf(:v,y)dzvz / 2dr = 2(1—y),0<y<1. O
Yy
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Independent Random Variables

@ Independent Random Variables
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Independent Random Variables

Lesson 3.4 — Independent Random Variables
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Independent Random Variables

Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).
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Independent Random Variables

Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then
P(ANB)
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Independent Random Variables

Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then P(ANB)  P(A)P(B)
PABY = "pE) = TR

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 26/110



Independent Random Variables

Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then
paB) = £ (];4(;)3) _ P (}2;;3) ~ p(a).
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Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then
paB) = £ (];4(;;3> _ P (}2;;3) ~ p(a).

And similarly, P(B|A) = P(B).
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Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then
paB) = £ (1;4(;;3> _ P (ﬁzggm ~ p(a).

And similarly, P(B|A) = P(B).

Now we want to define independence for random variables, i.e., the outcome
of X doesn’t influence the outcome of Y (and vice versa).
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Lesson 3.4 — Independent Random Variables

Recall that two events are independent if P(AN B) = P(A)P(B).

Then
paB) = £ (1;4(;;3> _ P (ﬁzggm ~ p(a).

And similarly, P(B|A) = P(B).

Now we want to define independence for random variables, i.e., the outcome
of X doesn’t influence the outcome of Y (and vice versa).

Definition: X and Y are RVs if, for all = and y,

f(x,y) = fx(@)fr(v).]
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Independent Random Variables

Equivalent definitions:

Georgia
%)

ISYE 6739 — Goldsman 3/2/20 27/110



Independent Random Variables

Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y
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Independent Random Variables

Equivalent definitions:

or
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Independent Random Variables

Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y

or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.

If X and Y aren’t independent, then they’re
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Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y

or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.

If X and Y aren’t independent, then they’re

Nice, Intuitive Theorem: X and Y are independent if and only if
fylz) = fy (y) Vo, y.

Georgia
Tech ﬂ

ISYE 6739 — Goldsman 3/2/20 27/110



Independent Random Variables

Equivalent definitions:

F(LE,y) = FX(:C)FY(y)7 V$7y
or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.
If X and Y aren’t independent, then they’re

Nice, Intuitive Theorem: X and Y are independent if and only if
fylz) = fy (y) Vo, y.

Proof:

_ fy)
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Independent Random Variables

Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y

or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.

If X and Y aren’t independent, then they’re

Nice, Intuitive Theorem: X and Y are independent if and only if
fylz) = fy (y) Vo, y.

Proof:

flxy)  fx(@)fy(y)
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Independent Random Variables

Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y

or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.

If X and Y aren’t independent, then they’re

Nice, Intuitive Theorem: X and Y are independent if and only if
fylz) = fy (y) Vo, y.

Proof:

flxy)  fx(@)fy(y)

= fr(y). O
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Independent Random Variables

Equivalent definitions:

F(z,y) = Fx(x)Fy(y), v,y

or
P(X <z, Y<y) = P(X<z)P(Y <y), V,y.

If X and Y aren’t independent, then they’re

Nice, Intuitive Theorem: X and Y are independent if and only if
fylz) = fy (y) Vo, y.

Proof:

flxy)  fx(@)fy(y)

= fr(y). O

Similarly, X and Y independent implies f(z|y) = fx(x). Gegrata |
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Independent Random Variables

Example (discrete): f(z,y) = P(X =z,Y =y).
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Independent Random Variables

Example (discrete): f(z,y) = P(X =z,Y =y).

fla,y) | X =1 X=2] fr(y)
Y=2| 012 028 | 04
Y=3| 018 042 | 06

fx(z) | 03 0.7 1
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Independent Random Variables

Example (discrete): f(z,y) = P(X =xz,Y =y).

fla,y) | X =1 X=2] fr(y)
Y=2| 012 028 | 04
Y=3| 018 042 | 06

fx(z) | 03 0.7 1

X and Y are independent since f(z,y) = fx(z)fy(y), Vz,y. O

Georgia
Tech ﬂ

ISYE 6739 — Goldsman 3/2/20 28/110



Independent Random Variables

Example (continuous): Suppose f(x,y) = 62y%, 0 <z <1,0<y < 1.
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Independent Random Variables

Example (continuous): Suppose f(x,y) = 62y%, 0 <z <1,0<y < 1.
After some work (which can be avoided by the next theorem), we can derive

fx(x) = 2z, f0<z<1 and
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Independent Random Variables

Example (continuous): Suppose f(x,y) = 62y%, 0 <z <1,0<y < 1.
After some work (which can be avoided by the next theorem), we can derive
fx(x) = 2z, f0<z<1 and
fry) = 3% ifo<y<1
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Independent Random Variables

Example (continuous): Suppose f(x,y) = 62y%, 0 <z <1,0<y < 1.
After some work (which can be avoided by the next theorem), we can derive

fx(x) = 2z, f0<z<1 and
fry) = 3% ifo<y<1

X and Y are independent since f(z,y) = fx(z)fy(y), Vz,y. O
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Independent Random Variables

Easy way to tell if X and Y are independent. ...
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).

Soif f(z,y) factors into separate functions of = and y, then X and Y are
independent.
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).

Soif f(z,y) factors into separate functions of = and y, then X and Y are
independent.

But if there are funny limits, this messes up the factorization, so in that case,
X and Y will be dependent — watch out!
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).

Soif f(z,y) factors into separate functions of = and y, then X and Y are
independent.

But if there are funny limits, this messes up the factorization, so in that case,
X and Y will be dependent — watch out!

Example: f(z,y) =62y, 0<z<1,0<y < 1.
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).

Soif f(z,y) factors into separate functions of = and y, then X and Y are
independent.

But if there are funny limits, this messes up the factorization, so in that case,
X and Y will be dependent — watch out!

Example: f(z,y) = 62y% 0 <2 < 1,0 <y < 1. Take

a(z) = 6z, 0<x <1 andbly) = y*, 0<y<1.
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Independent Random Variables

Easy way to tell if X and Y are independent. ...

Theorem: X and Y are independent iff f(x,y) = a(x)b(y), Vz, y, for some
functions a(z) and b(y) (not necessarily pdf’s).

Soif f(z,y) factors into separate functions of = and y, then X and Y are
independent.

But if there are funny limits, this messes up the factorization, so in that case,
X and Y will be dependent — watch out!

Example: f(z,y) = 62y% 0 <2 < 1,0 <y < 1. Take
a(x) = 6z, 0<z <1, andb(y) = v, 0<y<1.
Thus, X and Y are independent (as above). O
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Independent Random Variables

Example: f(z,y) = %Tley, ?<y<l
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Independent Random Variables

Example: f(z,y) = %Tley, ?<y<l

Funny (non-rectangular) limits make factoring into marginals impossible.
Thus, X and Y are not independent. O
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Independent Random Variables

Example: f(z,y) = %Tley, ?<y<l

Funny (non-rectangular) limits make factoring into marginals impossible.
Thus, X and Y are not independent. O

Example: f(z,y) = T l<er<2,1<y<3.
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Independent Random Variables

Example: f(z,y) = %Tley, ?<y<l

Funny (non-rectangular) limits make factoring into marginals impossible.
Thus, X and Y are not independent. O

Example: f(x,y) = ﬁ, 1<x<2,1<y<3.

Can’t factor f(x,y) into functions of x and y separately. Thus, X and Y are
not independent. O
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Independent Random Variables

Example: f(z,y) = %Tley, ?<y<l

Funny (non-rectangular) limits make factoring into marginals impossible.
Thus, X and Y are not independent. O

Example: f(z,y) = ;5,,1<2<2,1<y<3.

Can’t factor f(x,y) into functions of x and y separately. Thus, X and Y are
not independent. O

Now that we can figure out if X and Y are independent, what can we do with
that knowledge?
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© Consequences of Independence
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Consequences of Independence

Lesson 3.5 — Consequences of Independence
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Consequences of Independence

Lesson 3.5 — Consequences of Independence

Definition/Theorem ( ):
Let A(X,Y) be a function of the RVs X and Y.
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Consequences of Independence

Lesson 3.5 — Consequences of Independence

Definition/Theorem ( ):
Let A(X,Y) be a function of the RVs X and Y. Then

2:13 Zy h($7 y)f(l’, y) discrete
fR fR h(z,y)f(z,y)drdy continuous.

E[h(X,Y)] = {
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Consequences of Independence

Lesson 3.5 — Consequences of Independence

Definition/Theorem ( ):
Let A(X,Y) be a function of the RVs X and Y. Then

>z 2y h(@ ) (x,y) discrete

Jz Jg Mz, y) f(x,y)dxdy continuous.

E[h(X,Y)] = {

Theorem: Whether or not X and Y are independent,

[E[X +Y] = B[X] +E[Y] |
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Consequences of Independence

Proof (continuous case):
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Consequences of Independence

Proof (continuous case):

EX+Y] = /R/R(:c—i- y)f(z,y)dzdy (2-D LOTUS)
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Consequences of Independence

Proof (continuous case):

EX+Y] = /R/R(:c—i- y)f(z,y)dzdy (2-D LOTUS)

- /IR /R 2 f(@,y) du dy + /R /R yf (2, y) d dy
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Consequences of Independence

Proof (continuous case):

EX+Y] = /R/R(:c—i- y)f(z,y)dzdy (2-D LOTUS)

- /IR /R 2 f(@,y) du dy + /R /R yf (2, y) d dy
= /Rx/Rf(x,y)dyd:c—l—/Ry/Rf(:L‘,y)dl‘dy
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Consequences of Independence

Proof (continuous case):

EX+Y] = /R/R(QH- y)f(z,y)dzdy (2-D LOTUS)

- /IR /R 2 f(@,y) du dy + /R /R yf (2, y) d dy
— /Rx/Rf(w,y)dyd:c—l—/Ry/Rf(:L‘,y)de‘dy

= /Racfx(x)dx-i-/Rny(y) dy
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Consequences of Independence

Proof (continuous case):

EX+Y] = /R/R(QH- y)f(z,y)dzdy (2-D LOTUS)

- /R /R 2 f(@,y) du dy + /R /R yf (2, y) d dy
— /Rx/Rf(w,y)dyd:c—l—/Ry/Rf(:L‘,y)de‘dy

— /Ra:fx(x)dx-i-/Rny(y) dy

= EX]+E[Y]. O
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Consequences of Independence

One can generalize this result to more than two random variables.
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Consequences of Independence

One can generalize this result to more than two random variables.

Corollary: If X1, X5, ..., X,, are RVs, then

E[ix} = zn:E[Xl-].
=1 =1
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Consequences of Independence

One can generalize this result to more than two random variables.

Corollary: If X1, X5, ..., X,, are RVs, then

E[ix} = zn:E[Xl-].
=1 =1

Proof: Induction. O
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):

E[XY] = /R/R:ny(az, y)dzdy (2-D LOTUS)
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):

E[XY] = /R/R:ny(aj, y)dzdy (2-D LOTUS)

= //myfx(x)fy(y) drdy (X andY are indep)
RJR
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):

E[XY] = /R/R:ny(aj, y)dzdy (2-D LOTUS)

= //myfx(x)fy(y) drdy (X andY are indep)
RJR

— (/Rxfx(:c) dm) (/Rny(y) dy)
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):

E[XY] = /R/R:ny(aj, y)dzdy (2-D LOTUS)

= //myfx(x)fy(y) drdy (X andY are indep)
RJR

— (/Rxfx(:c) dm) (/Rny(y) dy)

— E[X]E[Y]. D
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Theorem: If X and Y are independent, then E[XY] = E[X]E[Y].

Proof (continuous case):

E[XY] = /R /R zyf(z,y)dzdy (2-DLOTUS)

= //myfx(x)fy(y) drdy (X andY are indep)
RJR

— (/Rxfx(:c) da:) </Rny(y) dy)

— E[X]E[Y]. D

Remark: The above theorem is not necessarily true if X and Y are
dependent. See the upcoming discussion on covariance.
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Consequences of Independence

Theorem: If X and Y are independent, then
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:

Var(X +Y) = E[(X +Y)? — (B[X +Y))?
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:

Var(X +Y) = E[(X +Y)* - (E[X +Y])°
= E[X?+2XY +Y? - (E[X] +E[Y])?
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:
Var(X +Y) = E[(X +Y)? — (B[X +Y))?
— E[X?+2XY +Y? — (E[X] +E[Y])?
= E[X?] + 2E[XY] + E[Y?] - {(E[X])2 + 2B[X]E[Y] + (E[Y])2}
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:
Var(X +Y) = E[(X +Y)? — (B[X +Y))?
— E[X?+2XY +Y? — (E[X] +E[Y])?

= E[X?] + 2E[XY] + E[Y?] - {(

[Y])
[X])* + 2BX]E[Y] + (E[Y])*}
= E[X? +2E[X]E[Y] + E[Y?] - (E[X])* - 2E[X]|E[Y] - (E[Y])*

(since X and Y are independent)
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:

Var(X +Y) = E[(X +Y)?] — (E[X +Y])?
— E[X?+2XY +Y? — (E[X] +E[Y])?
— E[X?+2E[XY] + E[Y? - { (B[X])" + 2E[X]E[Y] + (E[Y])*}

= mx%+zmxmn1+EWﬂ—(mxn-—%m]m |- (ElY])*

(since X and Y are independent)

E[X?] - (E[X])* + E[Y?] - (E[V])". O
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Consequences of Independence

Theorem: If X and Y are independent, then

(Var(X +Y) = Var(X) + Var(Y). |

Proof:

Var(X +Y) = E[(X +Y)? — (B[X +Y))?
— E[X?+2XY +Y? — (E[X] +E[Y])?
= E[X?] + 2E[XY] + E[Y?] - {(

Y])

[X])* + 2BX]E[Y] + (E[Y])*}

= E[X?] + 2B[X]E[Y] + E[Y?] - (E[X])" - 2E[X]E[Y] - (E[Y])’
(since X and Y are independent)

= E[X’] - (E[X]))" +E[Y’] - (EY))". O

Remark: The assumption of independence really is important here. If X and

Y aren’t independent, then the result might not hold! Gegrgia Jh
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Consequences of Independence

Can generalize. ..
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Consequences of Independence

Can generalize. ..

Corollary: If X1, X», ..., X, are independent RVs, then

Var (zn; Xi) = izn;Var(Xi).
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Consequences of Independence

Can generalize. ..

Corollary: If X1, X», ..., X, are independent RVs, then

Var (zn; Xi) = izn;Var(Xi).

Proof: Induction. O

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 38/110



Consequences of Independence

Can generalize. . .

Corollary: If X1, X», ..., X, are independent RVs, then

Var(ZXZ) = ) Var(X;).
i=1 i=1
Proof: Induction. O

Corollary: If X1, X», ..., X, are independent RVs, then

n n
Var (Z a;i X; + b) = Z a?Var(X;).
i=1 i=1
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Random Samples

© Random Samples
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Random Samples

Lesson 3.6 — Random Samples
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X,, form a random sample if
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Georgia
Tech ﬂ

ISYE 6739 — Goldsman 3/2/20 40/110



Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1, ..., X, " f(z) (

).
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1, ..., X, " f(z) (

).
Example/Theorem: Suppose X1, ..., X, Y f(z), with E[X;] = p, and
Var(X;) = o2. Define the as X =>." | X;/n. Then
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1, ..., X, " f(z) (

).
Example/Theorem: Suppose X1, ..., X, Y f(z), with E[X;] = p, and
Var(X;) = o2. Define the as X =>." | X;/n. Then
E[X]
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1, ..., X, " f(z) (

).
Example/Theorem: Suppose X1, ..., X, Y f(z), with E[X;] = p, and
Var(X;) = o2. Define the as X =>." | X;/n. Then

B[X] = E[% ix]
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1, ..., X, " f(z) (

).
Example/Theorem: Suppose X1, ..., X, Y f(z), with E[X;] = p, and
Var(X;) = o2. Define the as X =>." | X;/n. Then

E[X] = E[%i&] = %iE[Xi]
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).
Notation: X1,..., X, % f(z) (
).
Example/Theorem: Suppose X;,..., X, ifiwdj(:v), with E[X;] = u, and
Var(X;) = o2. Define the as X =>." | X;/n. Then

B[X] = E[i;X] - igE[Xi] - i;u
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).
Notation: X1,..., X, % f(z) (
).
Example/Theorem: Suppose X;,..., X, ifiwdj(:v), with E[X;] = u, and
Var(X;) = o2. Define the as X =>." | X;/n. Then

E[X] = E[i;X] = i;E[Xi] = i;u = p.
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Random Samples

Lesson 3.6 — Random Samples

Definition: X1, X,,..., X, forma if
@ X;’s are all independent.
@ Each X has the same pmf/pdf f(z).

Notation: X1,..., X, % f(z) (

).
Example/Theorem: Suppose X;,..., X, ifiwdj(ac), with E[X;] = u, and
Var(X;) = o2. Define the as X =>." | X;/n. Then

1 « 1 « 1 —
E[X] = E[RZXZ-] =) BlXi| =) u=p
i=1 i=1 i=1
So the mean of X is the same as the mean of X;. O
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Random Samples

Meanwhile, how about the variance of the sample mean?
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Random Samples

Meanwhile, how about the variance of the sample mean?

Var(X) = Var(%iXi)
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Random Samples

Meanwhile, how about the variance of the sample mean?
1 n
Var(X) = Var <ﬁ Zl Xi>
1=

=1

Georgia
%)

ISYE 6739 — Goldsman 3/2/20 41/110



Random Samples

Meanwhile, how about the variance of the sample mean?
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Random Samples

Meanwhile, how about the variance of the sample mean?
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Random Samples

Meanwhile, how about the variance of the sample mean?

Var(X) = Varclzn:xi)

So the mean of X is the same as the mean of X, but the variance decreases!
This makes X a great estimator for p (which is usually unknown in practice);

the result is referred to as the . Stay tuned. -
eorgia
Tech&

ISYE 6739 — Goldsman 3/2/20 41/110



Conditional Expectation

@ Conditional Expectation
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Conditional Expectation

Lesson 3.7 — Conditional Expectation
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Conditional Expectation

Lesson 3.7 — Conditional Expectation

The Next Few Lessons:
@ Conditional expectation — definition and examples.
@ “Double” expectation — a very cool theorem.
@ Honors Class: First-step analysis.
@ Honors Class: Random sums of random variables.

@ Honors Class: The standard conditioning argument and its applications.
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

E[Y] = Zy yf(y) discrete
Jryf(y)dy continuous.
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

Zy yf(y)  discrete
Jzxyf(y)dy continuous.

E[Y] =

Now suppose we’re interested in the average weight of a 6' tall male.
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

E[Y] = { Zy yf(y) discr'ete
Jzxyf(y)dy continuous.

Now suppose we’re interested in the average weight of a 6' tall male.

f(y|x) is the conditional pmf/pdf of Y given X = x.
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

E[Y] = { Zy yf(y) discr'ete
Jzxyf(y)dy continuous.

Now suppose we’re interested in the average weight of a 6' tall male.
f(y|x) is the conditional pmf/pdf of Y given X = x.

Definition: The of Y given X =z is
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

E[Y] = { Zy yf(y) discr'ete
Jzxyf(y)dy continuous.

Now suppose we’re interested in the average weight of a 6' tall male.
f(y|x) is the conditional pmf/pdf of Y given X = x.

Definition: The of Y given X =z is

ElYIX =2] =
" | f]R yf(y|z)dy continuous.

{ >, uf(ylz)  discrete
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Conditional Expectation

Consider the usual definition of expectation. (E.g., what’s the average weight
of a male?)

E[Y] = { Zy yf(y) discr'ete
Jzxyf(y)dy continuous.

Now suppose we’re interested in the average weight of a 6' tall male.
f(y|x) is the conditional pmf/pdf of Y given X = x.

Definition: The of Y given X =z is

ElYIX =2] =
" | f]R yf(y|z)dy continuous.

{ Zy yf(ylx)  discrete

Note that E[Y|X = z] is a function of x.
Gogual
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Conditional Expectation

Discrete Example:
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Conditional Expectation

Discrete Example:

flz,y) | X=0 X =3| fr(y)
Y=2| 011 0.34 | 045
Y=5/| 000 0.05 | 0.05
Y=10| 029 0.21 | 050
fx(z) | 040  0.60 1
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Conditional Expectation

Discrete Example:

flz,y) | X=0 X =3| fr(y)
Y=2| 011 0.34 | 045
Y=5| 000 0.05 | 005
Y=10| 029 0.21 | 050
fx(z) | 040  0.60 1

The unconditional expectation is

EY] = > ufv(y)
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Conditional Expectation

Discrete Example:

flz,y) | X=0 X =3| fr(y)
Y=2| 011 0.34 | 045
Y=5| 000 0.05 | 005
Y=10| 029 0.21 | 050
fx(z) | 040  0.60 1

The unconditional expectation is

E[Y] =

ISYE 6739 — Goldsman

nyy

2(0.45) + 5(0.05) + 10(0.50) =

6.15.

3/2/20
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Conditional Expectation

But conditional on X = 3, we have
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Conditional Expectation

But conditional on X = 3, we have

f(3,y)

flylz=3) = < (3)
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Conditional Expectation

But conditional on X = 3, we have

flyle=3) = %5 =
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Conditional Expectation

But conditional on X = 3, we have

34 fy =2
fBy) By ¢
p— 3 pu— pu— pr— — P—
f(y!x ) fX(3) 0.60 60 lfy 5
2 ify =10.
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Conditional Expectation

But conditional on X = 3, we have

fBy) _ fBy) _

flylz =3) = <3~ 060

So the expectation conditional on X = 3 is
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Conditional Expectation

But conditional on X = 3, we have

fGy)  fBy)

flylz =3) = <3~ 060

So the expectation conditional on X = 3 is

EY|X =3 = Y yf(yl3)

ISYE 6739 — Goldsman

34
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60

21
60

ify=2
ify=>5
if y = 10.
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Conditional Expectation

But conditional on X = 3, we have

flylz=3) =

34

5o ify=2
Gy _ By _ | 5 ity =5
fx(3) 0.60 60

2 ify =10.

So the expectation conditional on X = 3 is

E[Y|X = 3]

ISYE 6739 — Goldsman

= > yfl3)

= 2(34/60) + 5(5/60) + 10(21,/60)
= 5.05.

3/2/20
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Conditional Expectation

But conditional on X = 3, we have

Hoify=2
ol =3) = ’;Sg)) - By G ity
50 ify=10.
So the expectation conditional on X = 3 is
EY[X =3 = ) yf(y3)
21(/34/60) +5(5/60) 4+ 10(21/60)
= 5.05.

This compares to the unconditional expectation E[Y] = 6.15. So information
that X = 3 pushes the conditional expected value of Y down to 5.05. O
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Conditional Expectation

Old Continuous Example:
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Conditional Expectation

Old Continuous Example:

21
flzy) = Zmzy, if2?2 <y <1.
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Conditional Expectation

Old Continuous Example:

flr,y) = —aty, ifa? <y<1

Recall that

flylz) = ifz? <y <1.
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Conditional Expectation

Old Continuous Example:

21
flwy) = oy, ifa?<y<1L
Recall that )
Y .
f(y|:c) - 1_ 4 if 22 <y<l.
Thus,
E[Y|z]
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Conditional Expectation

Old Continuous Example:

21
flwy) = oy, ifa?<y<1L
Recall that )
Y .
f(y|:c) - 1_ 4 if 22 <y<l.
Thus,

BY|s] = /R yf (ylz) dy
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Conditional Expectation

Old Continuous Example:

21
flwy) = oy, ifa?<y<1L
Recall that )
Y .
flylz) = 1= 1 if 22 <y<l.
Thus,

1
R e
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Conditional Expectation

Old Continuous Example:

21
flwy) = oy, ifa?<y<1L
Recall that )
Y .
flylz) = 1= 1 if 22 <y<l.
Thus,

1
R e
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Conditional Expectation

Old Continuous Example:

21
flwy) = oy, ifa?<y<1L
Recall that )
Y .
flylz) = 1= 4 if 22 <y<l.
Thus,

2 1 2 1—26
ElY = dy = 2 - Z. )
Y]] /Ryf(ylﬂf) y 1_x4lczy dy = 37—

So,eg.E[Y|X =05]=2.8/12-070. O
Gogaia
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Double Expectation

© Double Expectation
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Double Expectation

Lesson 3.8 — Double Expectation
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Double Expectation

Lesson 3.8 — Double Expectation

Theorem (double expectation):

ISYE 6739 — Goldsman
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Lesson 3.8 — Double Expectation

Theorem (double expectation):

[E[E(Y[X)] = E[V].|

Remarks: Yikes, what the heck is this!?
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Lesson 3.8 — Double Expectation

Theorem (double expectation):

[E[E(Y[X)] = E[V].|

Remarks: Yikes, what the heck is this!?

The expected value (averaged over all X ’s) of the conditional expected value
(of Y| X) is the plain old expected value (of V).
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Double Expectation

Lesson 3.8 — Double Expectation

Theorem (double expectation):

[E[E(Y[X)] = E[V].|

Remarks: Yikes, what the heck is this!?

The expected value (averaged over all X ’s) of the conditional expected value
(of Y| X) is the plain old expected value (of V).

Think of the outside expected value as the expected value of
h(X) = E(Y|X). Then LOTUS miraculously gives us E[Y].
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Double Expectation

Lesson 3.8 — Double Expectation

Theorem (double expectation):

[E[E(Y[X)] = E[V].|

Remarks: Yikes, what the heck is this!?

The expected value (averaged over all X ’s) of the conditional expected value
(of Y| X) is the plain old expected value (of V).

Think of the outside expected value as the expected value of
h(X) = E(Y|X). Then LOTUS miraculously gives us E[Y].

Believe it or not, sometimes it’s easier to calculate E[Y] indirectly by using
our double expectation trick. )
Georgia JM

Tech|)
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da

- A(Ayf(y|x) dy)fx(x)dm
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da

-/ ( / yf<y|x)dy)fx<>
- //yfy|xfx ) da dy
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da

-/ ( / yf<y|x>dy)fx<>
- //yfylfﬂ fx () de dy
= /Ry/Rf(m,y)dmdy
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da

-/ ( / yf<y|x>dy)fx<>
- //yf yl) fx (&) de dy
= /Ry/Rf(m,y)dmdy

= /Ryfy(y)dy
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Double Expectation

Proof (continuous case): By the Unconscious Statistician,

BE(Y]X) = /R E(Y]2) fx () da

-/ ( / yf<y|x>dy)fx<>
- //yf yl) fx (&) de dy
= /Ry/Rf(m,y)dmdy

= /Ryfy(y)dy

= E[Y]. O
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Double Expectation

Old Example: Suppose f(z,y) = %ny, if 22 <y <1.

Find E[Y] two ways.
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Double Expectation

Old Example: Suppose f(z,y) = %ny, if 22 <y <1.
Find E[Y] two ways.

By previous examples, we know that
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Double Expectation

Old Example: Suppose f(z,y) = %mZy, if 22 <y <1.
Find E[Y] two ways.

By previous examples, we know that

21
fx(x) = gxz(l —zh), if-1<z<1
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Double Expectation

Old Example: Suppose f(z,y) = %mZy, if 22 <y <1.
Find E[Y] two ways.

By previous examples, we know that

21

fx(x) = gxz(l—afl), if—-1<z<1
T 52 .

fry) = QY if0sy<l
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Double Expectation

Old Example: Suppose f(z,y) = %mZy, if 22 <y <1.
Find E[Y] two ways.

By previous examples, we know that

21 ,

fx(x) = < (1-—zh, if-1<z<1
7 )

fry) = §y5/2, ifo<y<l1
2 1—25

E[Y|z] = 3] A
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Double Expectation

Solution #1 (old, boring way):
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Double Expectation

Solution #1 (old, boring way):

7

1
E[Y] = /Ryfy(y)dy = /0 ;ymdy =5
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Double Expectation

Solution #1 (old, boring way):

7

1
E[Y] = /Ryfy(y)dy = /0 ;ymdy =5

Solution #2 (new, exciting way):
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Double Expectation

Solution #1 (old, boring way):

1
E[Y] = /Ryfy(y)dy = / ;ymdy = g-

0

Solution #2 (new, exciting way):

E[Y] = E[EY[X)]
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Double Expectation

Solution #1 (old, boring way):

L7 7
E[Y] = /Ryfy(y)dy = /0 §y7/2dy =5

Solution #2 (new, exciting way):
E[Y] = E[E(Y]X)]
= [ BV fx(a) da
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Double Expectation

Solution #1 (old, boring way):

L7 7
E[Y] = /Ryfy(y)dy = /0 §y7/2dy =5

Solution #2 (new, exciting way):
E[Y] = E[E(Y]X)]
— [ BVl ds
R

N /_11 (g ' 1 :ij) <%x2(1 - x4)) dz
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Double Expectation

Solution #1 (old, boring way):

L7 7
E[Y] = /Ryfy(y)dy = /0 §y7/2dy =5

Solution #2 (new, exciting way):

E[Y] = E[E(Y]X)
- /RE(YW)fX(:C) dx
N /_11 (g ' 1 - ii) <%x2(1 - x4)) dz
= 7/9.
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Double Expectation

Solution #1 (old, boring way):

L7 7
E[Y] = /Ryfy(y)dy = /0 §y7/2dy =5

Solution #2 (new, exciting way):

E[Y] = E[E(Y]X)
- /RE(YW)fX(:C) dx
N /_11 (g ' 1 - ii> <%x2(1 - x4)) dz
= 7/9.

Notice that both answers are the same (good)! O Georoi
Tecﬁ&
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Honors Class: First-Step Analysis

@ Honors Class: First-Step Analysis
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss.
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis
Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss. Based on the result X of this first step,

we have

EY] = E[E(Y]X)]
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss. Based on the result X of this first step,

we have

E[Y] E[E(Y]X)]

= Y E[Y|a]fx(x)
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss. Based on the result X of this first step,
we have
E[Y] E[E(Y|X)]
= Y E[Y|a]fx(x)
x

— E[Y|X =T|P(X =T) + E[Y|X = HP(X = H)
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss. Based on the result X of this first step,
we have

B[Y]

E[E(Y|X)]
= Y E[Y|a]fx(x)

— E[Y|X =T]P(X =T) + E[Y|X = HP(X = H)
= (1+E[Y])(1—p)+ (1)(p) (startfrom scratchif X =T).
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Honors Class: First-Step Analysis

Lesson 3.9 — Honors Class: First-Step Analysis

Example: to find the mean of Y ~ Geom(p). Think
of Y as the number of coin flips before H appears, where P(H) = p.

Furthermore, consider the first step of the coin flip process, and let X = H or
T denote the outcome of the first toss. Based on the result X of this first step,
we have

B[Y]

E[E(Y|X)]

— SB[V [alfx (@)

— E[Y|X =T]P(X =T) + E[Y|X = HP(X = H)

= (1+E[Y])(1—p)+ (1)(p) (startfrom scratchif X =T).

Solving, we get E[Y] = 1/p (which is the correct answer)! O _
*shl
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Honors Class: First-Step Analysis

Example: Consider a sequence of coin flips. What is the expected number of
flips Y until “HT” appears for the first time?
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Honors Class: First-Step Analysis

Example: Consider a sequence of coin flips. What is the expected number of
flips Y until “HT” appears for the first time?

Clearly, Y = A + B, where A is the number of flips until the first “H”
appears, and B is the number of subsequent flips until “T” appears for the first
time after the sequence of H’s begins.
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Honors Class: First-Step Analysis

Example: Consider a sequence of coin flips. What is the expected number of
flips Y until “HT” appears for the first time?

Clearly, Y = A + B, where A is the number of flips until the first “H”
appears, and B is the number of subsequent flips until “T” appears for the first
time after the sequence of H’s begins.

For instance, the sequence TTTHHT correspondsto Y = A+ B =442 = 6.
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Honors Class: First-Step Analysis

Example: Consider a sequence of coin flips. What is the expected number of
flips Y until “HT” appears for the first time?

Clearly, Y = A + B, where A is the number of flips until the first “H”
appears, and B is the number of subsequent flips until “T” appears for the first
time after the sequence of H’s begins.

For instance, the sequence TTTHHT correspondsto Y = A+ B =442 = 6.

In any case, it’s obvious that A and B are iid Geom(p = 1/2), so by the
previous example, E[Y] = E[A] + E[B] = (1/p) + (1/p) =4. O
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Honors Class: First-Step Analysis

Example: Consider a sequence of coin flips. What is the expected number of
flips Y until “HT” appears for the first time?

Clearly, Y = A + B, where A is the number of flips until the first “H”
appears, and B is the number of subsequent flips until “T” appears for the first
time after the sequence of H’s begins.

For instance, the sequence TTTHHT correspondsto Y = A+ B =442 = 6.

In any case, it’s obvious that A and B are iid Geom(p = 1/2), so by the
previous example, E[Y] = E[A] + E[B] = (1/p) + (1/p) =4. O

This example didn’t involve first-step analysis (besides using the expected
value of a geometric RV). But the next related example will. ...
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T]P(T)+ E[Y|H|P(H)
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T]P(T)+ E[Y|H]P(H)
= E[[T]P(T)
+{E[Y|HH]P(HH[H) + E[Y [HT] P(HT|H) } P(H)

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 56/110



Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T|P(T)+ E[Y|H]P(H)
= E[Y|T]P(T)
+{E[Y|HH]P(HH[H) + E[Y |HT]P(HT|H) } P(H)
(1+E[Y])(0.5) + {(2)(0.5) + (2 + E[Y])(0.5) }(0.5)
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T|P(T)+ E[Y|H]P(H)
E[Y|T]P(T)
—i—{E[Y\HH]P(HH\H) + E[Y\HT]P(HT\H)}P(H)
= (1+E[Y])(0.5) + {(2)(0.5) + (2+ E[Y])(0.5) } (0.5)
(since we have to start over once we see a T)
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T|P(T)+ E[Y|H]P(H)
E[Y|T]P(T)
—i—{E[Y\HH]P(HH\H) + E[Y\HT]P(HT\H)}P(H)
= (1+E[Y])(0.5) + {(2)(0.5) + (2+ E[Y])(0.5) } (0.5)
(since we have to start over once we see a T)
= 1.5+ 0.75E[Y].
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Honors Class: First-Step Analysis

Example: Again consider a sequence of coin flips. What is the expected
number of flips Y until “HH” appears for the first time?

For instance, the sequence TTHTTHH corresponds to Y = 7 tries.

Using an enhanced first-step analysis, we see that

E[Y] = E[Y|T|P(T)+ E[Y|H]P(H)
E[Y|T]P(T)
—i—{E[Y\HH]P(HH\H) + E[Y\HT]P(HT\H)}P(H)
= (1+E[Y])(0.5) + {(2)(0.5) + (2+ E[Y])(0.5) } (0.5)
(since we have to start over once we see a T)
= 1.5+ 0.75E[Y].

Solving, we obtain E[Y] = 6, which is perhaps surprising given the result

from the previous example. O Georgia Jh
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Honors Class: Random Sums of Random Variables

@ Honors Class: Random Sums of Random Variables
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables

Bonus Theorem (expectation of sum of a random number of RVs):
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables

Bonus Theorem

Suppose that X7, Xo, ... are independent RVs, all with the same mean.
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables

Bonus Theorem
Suppose that X7, Xo, ... are independent RVs, all with the same mean.

Also suppose that N is a nonnegative, integer-valued RV that’s independent
of the X;’s. Then
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables

Bonus Theorem
Suppose that X7, Xo, ... are independent RVs, all with the same mean.

Also suppose that N is a nonnegative, integer-valued RV that’s independent
of the X;’s. Then

E[;X] = E[N]E[X,].
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Honors Class: Random Sums of Random Variables

Lesson 3.10 — Honors Class: Random Sums of Random Variables

Bonus Theorem
Suppose that X7, Xo, ... are independent RVs, all with the same mean.

Also suppose that [V is a nonnegative, integer-valued RV that’s independent
of the X;’s. Then
[Z X; } = E[N]E[X,].

Remark: You have to be very careful here. In particular, note that
E[ ZZ]\L , Xi] # NE[X], since the LHS is a number and the RHS is random.
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,

E(éX) - E E(éX N)
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,

(59 - B(E)
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,

(£0) - bl

=1
[e'¢) N
— ;E<;X N—n)P(N:n)
= iE(iXZ N-n)P(Nzn)
n=1 i=1
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,

(£0) - bl

=1
[e'¢) N
— ZE(ZX N:n)P(N:n)
n=1 i=1
= iE( . X; Nzn)P(N:n)
n=1 i=1
= iE(ZH:XZ)P(N =mn) (N and X;’s indep)
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,
N N
E(sz) = E E(ZXZ» N)]
i=1 i=1
oo N
= ZE(ZX N = n)P(N =n)
n=1 i=1
- (X
n=1 i=1

o0 n
= Y E ( > Xi> P(N =n) (N and X,’s indep)
n=1 =1

N=n>P(N=n)

= i nE[X,]P(N = n)
n=1
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Honors Class: Random Sums of Random Variables

Proof (cf. Ross): By double expectation,
N N
E(sz) = E E(ZXZ» N)]
i=1 i=1
oo N
= ZE(ZX N = n)P(N =n)
n=1 i=1
- (X
n=1 i=1

o0 n
= Y E ( > Xi> P(N =n) (N and X,’s indep)
n=1 =1

N=n>P(N=n)

= i nE[X,]P(N = n)
n=1

= E[X1]> nP(N=n). O
n=1
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Honors Class: Random Sums of Random Variables

Example: Suppose the number of times we roll a die is N ~ Pois(10). If X;
denotes the value of the ith toss, then the expected total of all of the rolls is
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Honors Class: Random Sums of Random Variables

Example: Suppose the number of times we roll a die is N ~ Pois(10). If X;
denotes the value of the ith toss, then the expected total of all of the rolls is

N

E(Z;XZ) = E[NJE[X;] = 10(3.5) = 35. O
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Honors Class: Random Sums of Random Variables

Example: Suppose the number of times we roll a die is N ~ Pois(10). If X;
denotes the value of the ith toss, then the expected total of all of the rolls is

(ZX) = E[NJE[X;] = 10(3.5) = 35. O
Theorem: Under the same conditions as before,

Var(ZX) = E[N]Var(X1) + (E[X;])*Var(N).
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Honors Class: Random Sums of Random Variables

Example: Suppose the number of times we roll a die is N ~ Pois(10). If X;
denotes the value of the ith toss, then the expected total of all of the rolls is

N
E(Z}X) = E[NJE[X;] = 10(3.5) = 35. O

Theorem: Under the same conditions as before,

Var(ZX) = E[N]Var(X;) + (E[X1])?Var(N).

Proof: See, for instance, Ross. O
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@ Honors Class: Standard Conditioning Argument
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof (computing probabilities by conditioning):
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof
Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
0 otherwise.
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
0 otherwise.

Then
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
0 otherwise.

Then
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
Y = 1A = .
0 otherwise.

Then
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
0 otherwise.

Then
E[Y] = > ufv(y) = P(Y =1) = P(A).
y

Similarly, for any RV X, we have
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
Y = 1A = .
0 otherwise.

Then
E[Y] = > ufv(y) = P(Y =1) = P(A).
y

Similarly, for any RV X, we have

ElY|X =2] = Y yf(yle)
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
Y = 1A = .
0 otherwise.

Then
E[Y] = > ufv(y) = P(Y =1) = P(A).
y

Similarly, for any RV X, we have

EY[X =a] = Y yfl) = POV = 11X =)

ISYE 6739 — Goldsman 3/2/20
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
Y = 1A = .
0 otherwise.

Then
E[Y] = > ufv(y) = P(Y =1) = P(A).
y

Similarly, for any RV X, we have

EY|X =2] = ) yflylz) = P(Y =1|X =2) = P(AIX = ).
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Honors Class: Standard Conditioning Argument

Lesson 3.11 — Honors Class: Standard Conditioning Argument

Bonus Theorem/Proof

Let A be some event, and define the RV Y as the following indicator function:

1 if A occurs
Y = 1A = .
0 otherwise.

Then
E[Y] = > ufv(y) = P(Y =1) = P(A).
y

Similarly, for any RV X, we have
EY|X =2] = ) yflylz) = P(Y =1|X =2) = P(AIX = ).
Y

These results suggest an alternative way of calculating P(A).... Geg.-;g:ig&
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

ISYE 6739 — Goldsman

P(A) = /RP(A|X:x)fX(x) dz.

3/2/20
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X:x)fX(x) dz.

P(A) = E[Y] (wherewetakeY =14)
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X:x)fX(x) dz.

P(A) = E[Y] (wherewetakeY =14)
= E[E(Y|X)] (double expectation)
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X_J;)fX(x) dz.

P(A) = E[Y] (wherewetakeY =14)
= E[E(Y|X)] (double expectation)

_ / E[Y ] fx(z)dz (LOTUS)
R
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X—x)fX(x) dz.

P(A) = E[Y] (wherewetakeY =14)
= E[E(Y|X)] (double expectation)

_ / E[Y ] fx(z)dz (LOTUS)
R

= /P(A\X =x)fx(z)dx (sinceY =1y). O
R
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X—x)fX(x) dz.

P(A) = E[Y] (wherewetakeY =14)
= E[E(Y|X)] (double expectation)

- / E[Y|z]fx(z)dz (LOTUS)
R

= /P(A\X:x)fx(:c)d:v (sinceY =14). O
R

Remark: We call this the
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Honors Class: Standard Conditioning Argument

Theorem: If X is a continuous RV (similar result if X is discrete), then

P(A) = /RP(A|X_,7:)fX(x) dz.

Proof:
P(A) = E[Y] (wherewetakeY =14)
= E[E(Y|X)] (double expectation)
_ / E[Y ] fx(z)dz (LOTUS)
R
= /P(A\X =x)fx(z)dx (sinceY =1y). O
R
Remark: We call this the Yes, it

looks complicated. But sometimes you need to take a step backward to go two

steps forward!
Georai
Tecﬁ&

ISYE 6739 — Goldsman 3/2/20 63/110



Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then
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Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then
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Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then

PY <X) = /RFy(x)fX(z)d:E.

Proof: (Actually, there are many proofs.) Let the event A = {Y < X}
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Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then

PY <X) = /RFy(x)fX(m)d:E.

Proof: (Actually, there are many proofs.) Let the event A = {Y < X'}. Then

PY<X) = /RP(YSX]sz)fX(m)dx
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Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then

PY <X) = /RFy(x)fX(m)d:E.

Proof: (Actually, there are many proofs.) Let the event A = {Y < X'}. Then

PY<X) = /RP(YSX]sz)fX(m)dx

- /RP(Y <z|X =) fx(z)dx
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Honors Class: Standard Conditioning Argument

Example/Theorem: If X and Y are independent continuous RVs, with pdf
fx(+) and cdf Fy (-), respectively. Then

PY <X) = /RFy(.Z’)fx<fE)d:E.

Proof: (Actually, there are many proofs.) Let the event A = {Y < X'}. Then

PY<X) = /RP(YSX]sz)fX(x)dx
= /RP(Y§J:|X::U)fX($)d:E

= / P(Y <z)fx(z)dr (X,Y areindependent). O
R
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Honors Class: Standard Conditioning Argument

Example: If X ~ Exp(«) and Y ~ Exp(f) are independent RVs, then
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Honors Class: Standard Conditioning Argument

Example: If X ~ Exp(«) and Y ~ Exp(f) are independent RVs, then

PY<X) = /RFy(a:)fX(a:)da:
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Honors Class: Standard Conditioning Argument

Example: If X ~ Exp(«) and Y ~ Exp(f) are independent RVs, then
PY<X) = / Fy(x)fx(x)dzx
R

= / (1—6_’8’”)a6_0‘wdm
0
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Honors Class: Standard Conditioning Argument

Example: If X ~ Exp(«) and Y ~ Exp(f) are independent RVs, then

PY<X) = /RFy(a:)fX(a:)da:
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Honors Class: Standard Conditioning Argument

Example: If X ~ Exp(a) and Y ~ Exp(f) are independent RVs, then

PY<X) = /R Fy (2)fx () da

Remark: Think of X as the time until the next male driver shows up at a
parking lot (at rate o / hour) and Y as the time for the next female driver (at
rate 3/ hour). Then P(Y < X) = 3/(a + ) is the intuitively reasonable
probability that the next driver to arrive will be female. O
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy (-), respectively. Define the sum Z = X + Y.
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy-(-), respectively. Define the sum Z = X + Y. Then

P(Z<z) = /RFy(z—:L‘)fX(x)d:p.
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy-(-), respectively. Define the sum Z = X + Y. Then

P(Z<z) = /RFy(z:I:)fX(x)d:L‘.

As expression such as the above for P(Z < z) is often called a convolution.
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy-(-), respectively. Define the sum Z = X + Y. Then

P(Z<z) = /RFy(z:I:)fX(x)d:L‘.

As expression such as the above for P(Z < z) is often called a convolution.

Proof:
P(Z<z2) = / PX+Y <z|X =2)fx(x)dz
R
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy-(-), respectively. Define the sum Z = X + Y. Then

P(Z<z) = /RFy(z:I:)fX(x)d:L‘.

As expression such as the above for P(Z < z) is often called a convolution.

Proof:
P(Z<z2) = / PX+Y <z|X =2)fx(x)dz
R

= /RP(Y <z-—z|X =z)fx(z)dz
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Honors Class: Standard Conditioning Argument

Example/Theorem: Suppose X and Y are independent continuous RVs,
with pdf fx(-) and cdf Fy-(-), respectively. Define the sum Z = X + Y. Then

P(Z<z) = /RFy(z:I:)fX(x)d:L‘.

As expression such as the above for P(Z < z) is often called a convolution.

Proof:
P(Z<z2) = / PX+Y <z|X =2)fx(x)dz
R

= /P(YSz—x|X=x)fX(a;)d:U
R

= /P(Ygz—;v)fx(x)dm (X,Y are indep). O
R
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y S Exp(A),andlet Z = X + Y.
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y " Exp()\), and let Z = X + Y. Then

P(Z<z) = /RFy(z—:L‘)fX(a:)dx
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y " Exp()\), and let Z = X + Y. Then
P(Z<z) = /Fy(z —z)fx(z)dx
R

z
= / (1 — e MED) N gy
0

(must have x > 0 and z — x > 0)
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y " Exp()\), and let Z = X + Y. Then
P(Z<z) = /Fy(z —z)fx(z)dx
R

z
= / (1 — e MED) N gy
0
(must have x > 0 and z — x > 0)

= 1—e M- Dz, ifz>0.
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y " Exp()\), and let Z = X + Y. Then
P(Z<z) = /Fy(z —x)fx(z)dz
R

_ / T (1 = M) e g
O(must have x > 0 and z — x > 0)
= 1—e M- Dz, ifz>0.
Thus, the pdf of 7 is

d
£P(Z <z) = ANz, z2>0.
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Honors Class: Standard Conditioning Argument

Example: Suppose X,Y " Exp()\), and let Z = X + Y. Then
P(Z<z) = /Fy(z —x)fx(z)dz
R

z
= / (1 — e MED) N gy
0
(must have x > 0 and z — x > 0)
= 1—e M- Dz, ifz>0.

Thus, the pdf of 7 is

d
£P(Z <z) = ANz, z2>0.
This turns out to mean that Z ~ (2, ), aka o(N). O
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Honors Class: Standard Conditioning Argument

You can do the similar kinds of convolutions with discrete RVs. We state the
following result without proof (which is straightforward).
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Honors Class: Standard Conditioning Argument

You can do the similar kinds of convolutions with discrete RVs. We state the
following result without proof (which is straightforward).

Example/Theorem: Suppose X and Y are two independent integer-valued
RVs with pmf’s fx(z) and fy (y). Then the pmfof Z = X + Y is

fz(z) = P(Z Z fx (@) fy (z — ).

r=—00
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Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(z) = ZfX )y (z =)

Tr=—00
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(z) = ZfX )y (z =)

Tr=—00

=  fxO0)fy(z)+ fx(1)fy(z—1) (X canonly =0or 1)
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

o0

fz(z) = ) fx(@)fy(z—x2)

Tr=—00

=  fxO0)fy(z)+ fx(1)fy(z—1) (X canonly =0or 1)
= fx(0)fy(2)1g013(2) + fx (1) fy(z = 1)1 9y(2)

(113 (2) functions indicate nonzero fy (-)’s)
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

o0

fz(z) = ) fx(@)fy(z—x2)

Tr=—00

=  fx(O)fy(z) + fx(1)fy(z —1) (X canonly =0or1)
= [x(0)fy(2)lo1)(2) + fx (D) fy (2 = 1)1 23(2)
(113 (2) functions indicate nonzero fy (-)’s)

= P00
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

o0

fz(z) = ) fx(@)fy(z—x2)

Tr=—00

=  fx(O)fy(z) + fx(1)fy(z —1) (X canonly =0or1)
= [x(0)fy(2)lo1)(2) + fx (D) fy (2 = 1)1 23(2)
(113 (2) functions indicate nonzero fy (-)’s)

— poql Opqu z
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

o0

fz(z) = ) fx(@)fy(z—x2)

Tr=—00

=  fx(O)fy(z) + fx(1)fy(z —1) (X canonly =0or1)
= [x(0)fy(2)lo1)(2) + fx (D) fy (2 = 1)1 23(2)
(113 (2) functions indicate nonzero fy (-)’s)

= %" Pl 1y(2)

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 69/110



Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

o0

fz(z) = ) fx(@)fy(z—x2)

Tr=—00

=  fx(O)fy(z) + fx(1)fy(z —1) (X canonly =0or1)
= [x(0)fy(2)lo1)(2) + fx (D) fy (2 = 1)1 23(2)
(113 (2) functions indicate nonzero fy (-)’s)

= P 0 (2) + 0 T T TP 0 (2)
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(z) =

ISYE 6739 — Goldsman

o0

> Ix(@)fy(z—x)

Tr=—00

fx(0)fy(z) + fx(1) fy(z —1) (X canonly =0or1)
Ix(0)fy (2)1g013(2) + fx (1) fy (2 — 1)1 23(2)
(113 (2) functions indicate nonzero fy (-)’s)

a0 o0y (2) + ' T T T g (2)

z 2—z

pq
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(z) =

ISYE 6739 — Goldsman

o0

> Ix(@)fy(z—x)

Tr=—00

x0)fy(z)+ fx(1)fy(z—=1) (X canonly=0or1)
Ix(0)fy (2)1g013(2) + fx (1) fy (2 — 1)1 23(2)

(113 (2) functions indicate nonzero fy (-)’s)

PYd" 7 0 0y(2) + 0 T T TP 0 (2)

P ¢ [1{0,1}(2) + 1{1,2}(2’)]
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(z) =

ISYE 6739 — Goldsman

o0

> Ix(@)fy(z—x)

Tr=—00

x0)fy(z)+ fx(1)fy(z—=1) (X canonly=0or1)
Ix(0)fy (2)1g013(2) + fx (1) fy (2 — 1)1 23(2)

(113 (2) functions indicate nonzero fy (-)’s)

PYd" 7 0 0y(2) + 0 T T TP 0 (2)

P ¢ [1{0,1}(2) + 1{1,2}(2’)]

2
( )qu“, z=0,1,2.
z
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Honors Class: Standard Conditioning Argument

Example Suppose X and Y are iid Bern(p). Then the pmf of Z = X + Y is

fz(2)

Thus, Z ~ Bin(2, p), a fond blast from the past! O

ISYE 6739 — Goldsman

o0

> Ix(@)fy(z—x)

Tr=—00

x0)fy(z)+ fx(1)fy(z—=1) (X canonly=0or1)
Ix(0)fy (2)1g013(2) + fx (1) fy (2 — 1)1 23(2)

(11.3(2) functions indicate nonzero fy (-)’s)

a0 o0y (2) + ' T T T g (2)

P ¢ [1{0,1}(2) + 1{1,2}(2’)]

2
( )qu“, z=0,1,2.
z
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@ Covariance and Correlation
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Covariance and Correlation

Lesson 3.12 — Covariance and Correlation
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Covariance and Correlation

Lesson 3.12 — Covariance and Correlation

In the next few lessons we’ll cover:
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Covariance and Correlation

Lesson 3.12 — Covariance and Correlation

In the next few lessons we’ll cover:
@ Basic Concepts of Covariance and Correlation
@ Causation
@ A Couple of Worked Examples
@ Some Useful Theorems

Georgia
Tech ﬂ

ISYE 6739 — Goldsman 3/2/20 71/110



Lesson 3.12 — Covariance and Correlation

In the next few lessons we’ll cover:
@ Basic Concepts of Covariance and Correlation
@ Causation
@ A Couple of Worked Examples

@ Some Useful Theorems

Covariance and correlation are measures used to define the degree of
association between X and Y if they don’t happen to be independent.
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Covariance and Correlation

Lesson 3.12 — Covariance and Correlation

In the next few lessons we’ll cover:
@ Basic Concepts of Covariance and Correlation
@ Causation
@ A Couple of Worked Examples

@ Some Useful Theorems

Covariance and correlation are measures used to define the degree of
association between X and Y if they don’t happen to be independent.

Definition: The between X and Y is

Cov(X,Y) = oxy = E[(X — E[X])(Y — E[Y])].
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Covariance and Correlation

Lesson 3.12 — Covariance and Correlation

In the next few lessons we’ll cover:
@ Basic Concepts of Covariance and Correlation
@ Causation
@ A Couple of Worked Examples

@ Some Useful Theorems

Covariance and correlation are measures used to define the degree of
association between X and Y if they don’t happen to be independent.

Definition: The between X and Y is

Cov(X,Y) = oxy = E[(X — E[X])(Y — E[Y])].

Remark: Cov(X, X) = E[(X — E[X])?] = Var(X).
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Covariance and Correlation

Remark: If X and Y have positive covariance, then X and Y move “in the
same direction.” Think height and weight.
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Covariance and Correlation

Remark: If X and Y have positive covariance, then X and Y move “in the
same direction.” Think height and weight.

145

140

120

56 58 60 62 64 66 68 70 72 74
height
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Covariance and Correlation

If X and Y have negative covariance, then X and Y move “in opposite
directions.” Think snowfall and temperature.
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Covariance and Correlation

If X and Y have negative covariance, then X and Y move “in opposite
directions.” Think snowfall and temperature.

20 30 40 50 60 70 80 9 100
Avg Temp
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Covariance and Correlation

If X and Y are independent, then of course they have no association with
each other. In fact, we’ll prove below that independence implies that the
covariance is 0 (but not the other way around).
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Covariance and Correlation

If X and Y are independent, then of course they have no association with
each other. In fact, we’ll prove below that independence implies that the
covariance is 0 (but not the other way around).

Example: IBM stock price vs. temperature on Mars are independent — at
least that’s what they want you to believe!
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Covariance and Correlation

If X and Y are independent, then of course they have no association with
each other. In fact, we’ll prove below that independence implies that the
covariance is 0 (but not the other way around).

Example: IBM stock price vs. temperature on Mars are independent — at
least that’s what they want you to believe!

Mars Temp
°

75 80 85 90 95 100 105 110 115 120
IBM Stock Price
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Covariance and Correlation

Theorem (easier way to calculate covariance):

Cov(X,Y) = E[XY] - E[X]E[Y].
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Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:

Cov(X,Y) = E[(X —E[X])(Y - E[Y])]
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Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:

Cov(X,Y) = E[(X -E[X])(Y —E[Y])]
= E|XY — XE[Y] - YE[X] + E[X]E[Y]
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Covariance and Correlation

Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:
Cov(X,Y) = E[X —E[X])(Y —E[Y])]

= E|XY — XE[Y] - YE[X] + E[X|E[Y]
= E[XY]-E[X]E[Y] - E[Y]E[X] + E[X]E[Y]. O
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Covariance and Correlation

Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:

Cov(X,Y) = E[(X —E[X])(Y —E[Y])]
= E|XY — XE[Y] - YE[X] + E[X|E[Y]
= E[XY]-E[X]E[Y] - E[Y]E[X] + E[X]E[Y]. O

Theorem: X and Y independent implies Cov(X,Y) = 0.
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Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:
Cov(X,Y) = E[(X —E[X])(Y — E[Y))

= E|XY — XE[Y] - YE[X] + E[X|E[Y]
= E[XY]-E[X]E[Y] - E[Y]E[X] + E[X]E[Y]. O

Theorem: X and Y independent implies Cov(X,Y) = 0.

Proof: By a previous theorem, X and Y independent implies
E[XY] = E[X]E[Y]. Then
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Theorem (easier way to calculate covariance):
Cov(X,Y) = E[XY] - E[X]E[Y].
Proof:
Cov(X,Y) = E[(X —-E[X])(Y - E[Y])]
= E|XY — XE[Y] - YE[X] + E[X]E[Y]
= E[XY]-E[X|E[Y] - E[Y]EX]+ E[X|E]Y]. O
Theorem: X and Y independent implies Cov(X,Y) = 0.

Proof: By a previous theorem, X and Y independent implies
E[XY] = E[X]E[Y]. Then
Cov(X,Y) = E[XY]—E[X]E[Y] = E[X]E[Y] - EX]|E[Y]. O
Gegrgta|
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Covariance and Correlation

Danger Will Robinson! Cov(X,Y) = 0 does not imply that X and Y’
are independent!!
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Covariance and Correlation

Danger Will Robinson! Cov(X,Y) = 0 does not imply that X and Y’
are independent!!

Example: Suppose X ~ Unif(—1,1) and Y = X2 (so X and Y are clearly
dependent).

Georgia
%)

ISYE 6739 — Goldsman 3/2/20 76 /110



Covariance and Correlation

Cov(X,Y)=0 that X and YV
are independent!!

Example: Suppose X ~ Unif(—1,1) and Y = X2 (so X and Y are clearly
dependent).

But
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Covariance and Correlation

Cov(X,Y)=0 that X and YV
are independent!!

Example: Suppose X ~ Unif(—1,1) and Y = X2 (so X and Y are clearly
dependent).

But

1
1
E[X] = /1x-§d:c = 0 and

1

1
E[XY] = E[X?] = / m3-§dx =0,
-1
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Covariance and Correlation

Cov(X,Y)=0 that X and YV
are independent!!

Example: Suppose X ~ Unif(—1,1)and Y = X2 (so X and Y are clearly
dependent).

But

E[XY] = E[X?] = /1 m?’-%dx =0,
-1
SO
Cov(X,Y) = E[XY] - E[X]E[Y] = 0. %
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Covariance and Correlation

In fact, here’s a graphical illustration of this zero-correlation dependence
phenomenon, where we’ve actually added some normal noise to Y to make it
look prettier.
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Covariance and Correlation

In fact, here’s a graphical illustration of this zero-correlation dependence
phenomenon, where we’ve actually added some normal noise to Y to make it
look prettier.
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Covariance and Correlation

Definition: The correlation between X and Y is
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Covariance and Correlation

Definition: The correlation between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.

Corollary: X, Y independent implies p = 0.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.

Theorem: It can be shown that —1 < p < 1.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.
Theorem: It can be shown that —1 < p < 1.

p ~ 1is “high” correlation.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.
Theorem: It can be shown that —1 < p < 1.

p ~ 1is “high” correlation.
p ~ 0is “low” correlation.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) _ 9Xy
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.

Theorem: It can be shown that —1 < p < 1.

p ~ 1is “high” correlation.

p ~ 0is “low” correlation.
p ~ —11is “high” negative correlation.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) - I
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.

Theorem: It can be shown that —1 < p < 1.

p ~ 11is “high” correlation.

p ~ 0is “low” correlation.

p ~ —11is “high” negative correlation.

Example: Height is highly correlated with weight.
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Covariance and Correlation

Definition: The between X and Y is

p = Corr(X,Y) = Cov(X,Y) - I
Var(X)Var(Y') oxoy

Remark: Covariance has “square” units; correlation is unitless.
Corollary: X, Y independent implies p = 0.
Theorem: It can be shown that —1 < p < 1.

p ~ 11is “high” correlation.
p ~ 0is “low” correlation.
p ~ —11is “high” negative correlation.

Example: Height is highly correlated with weight.

Temperature on Mars has low correlation with IBM stock price. Georai
oqa)
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Correlation and Causation

@ Correlation and Causation
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Correlation and Causation

Lesson 3.13 — Correlation and Causation
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Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.
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Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality:
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Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality: Height and
weight are positively correlated, and larger height does indeed tend to cause
greater weight. O
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Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality: Height and
weight are positively correlated, and larger height does indeed tend to cause
greater weight. O

Example in which correlation does not imply causality:
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Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality: Height and
weight are positively correlated, and larger height does indeed tend to cause
greater weight. O

Example in which correlation does not imply causality: Temperature
and lemonade sales have positive corr, and temp has causal influence on
lemonade sales. Similarly, temp and overheating cars are positively correlated
with a causal relationship. It’s also likely that lemonade sales and overheating
cars are positively correlated, but there’s no causal relationship there. O

Tech &

ISYE 6739 — Goldsman 3/2/20 80/110



Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality: Height and
weight are positively correlated, and larger height does indeed tend to cause
greater weight. O

Example in which correlation does not imply causality: Temperature
and lemonade sales have positive corr, and temp has causal influence on
lemonade sales. Similarly, temp and overheating cars are positively correlated
with a causal relationship. It’s also likely that lemonade sales and overheating
cars are positively correlated, but there’s no causal relationship there. O

Example of a zero correlation relationship with causality!
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Correlation and Causation

Lesson 3.13 — Correlation and Causation

This is a
very common pitfall in many areas of data analysis and public discourse.

Example in which correlation does imply causality: Height and
weight are positively correlated, and larger height does indeed tend to cause
greater weight. O

Example in which correlation does not imply causality: Temperature
and lemonade sales have positive corr, and temp has causal influence on
lemonade sales. Similarly, temp and overheating cars are positively correlated
with a causal relationship. It’s also likely that lemonade sales and overheating
cars are positively correlated, but there’s no causal relationship there. O

Example of a zero correlation relationship with causality! We’ve

seen that it’s possible for two dependent RVs to be uncorrelated. 0 georgia JM
Tech|)
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Correlation and Causation

To prove that X causes Y, one must establish that:
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To prove that X causes Y, one must establish that:
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Correlation and Causation

To prove that X causes Y, one must establish that:
@ X occurred before Y,

@ The relationship between X and Y is not completely due to random
chance; and
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Correlation and Causation

To prove that X causes Y, one must establish that:
@ X occurred before YV,

@ The relationship between X and Y is not completely due to random
chance; and

@ Nothing else accounts for the relationship (which is violated in the
lemonade sales / overheating cars example above).
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Correlation and Causation

To prove that X causes Y, one must establish that:
@ X occurred before YV,

@ The relationship between X and Y is not completely due to random
chance; and

@ Nothing else accounts for the relationship (which is violated in the
lemonade sales / overheating cars example above).

These items can be often be established via mathematical analysis, statistical
analysis of appropriate data, or consultation with appropriate experts.
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Correlation and Causation

The three examples above seem to give conflicting guidance with respect to
the relationship between correlation and causality. How can we interpret these
findings in a meaningful way? Here are the takeaways:
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Correlation and Causation

The three examples above seem to give conflicting guidance with respect to
the relationship between correlation and causality. How can we interpret these
findings in a meaningful way? Here are the takeaways:

@ If the correlation between X and Y is (significantly) nonzero, there is
some type of relationship between the two items, which may or may not
be causal; but this should raise our curiosity.
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Correlation and Causation

The three examples above seem to give conflicting guidance with respect to
the relationship between correlation and causality. How can we interpret these
findings in a meaningful way? Here are the takeaways:

@ If the correlation between X and Y is (significantly) nonzero, there is
some type of relationship between the two items, which may or may not
be causal; but this should raise our curiosity.

@ If the correlation between X and Y is 0, we are not quite out of the
woods with respect to dependence and causality. In order to definitively
rule out a relationship between X and Y, it is always highly
recommended protocol to, at the very least,
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Correlation and Causation

The three examples above seem to give conflicting guidance with respect to
the relationship between correlation and causality. How can we interpret these
findings in a meaningful way? Here are the takeaways:

@ If the correlation between X and Y is (significantly) nonzero, there is
some type of relationship between the two items, which may or may not
be causal; but this should raise our curiosity.

@ If the correlation between X and Y is 0, we are not quite out of the
woods with respect to dependence and causality. In order to definitively
rule out a relationship between X and Y, it is always highly
recommended protocol to, at the very least,

@ Plot data from X and Y against each other to see if there is a nonlinear
relationship, as in the uncorrelated-yet-dependent example.
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Correlation and Causation

The three examples above seem to give conflicting guidance with respect to
the relationship between correlation and causality. How can we interpret these
findings in a meaningful way? Here are the takeaways:

@ If the correlation between X and Y is (significantly) nonzero, there is
some type of relationship between the two items, which may or may not
be causal; but this should raise our curiosity.

@ If the correlation between X and Y is 0, we are not quite out of the
woods with respect to dependence and causality. In order to definitively
rule out a relationship between X and Y, it is always highly
recommended protocol to, at the very least,

@ Plot data from X and Y against each other to see if there is a nonlinear
relationship, as in the uncorrelated-yet-dependent example.
@ Consult with appropriate experts.
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A Couple of Worked Correlation Examples

Lesson 3.14 — A Couple of Worked Correlation Examples
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A Couple of Worked Correlation Examples

Lesson 3.14 — A Couple of Worked Correlation Examples

Discrete Example: Suppose X is the GPA of a UGA student, and Y is
their IQ. Here’s the joint pmf.
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Lesson 3.14 — A Couple of Worked Correlation Examples

Discrete Example: Suppose X is the GPA of a UGA student, and Y is
their IQ. Here’s the joint pmf.

flz,y) | X=2 X=3 X=4| fr(y)
Y =40| 00 0.2 02 | 04
Y =50 0.1 0.1 00 | 02
Y =60| 04 0.0 00 | 04
fx(@) | 05 0.3 0.2 1
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Lesson 3.14 — A Couple of Worked Correlation Examples

Discrete Example: Suppose X is the GPA of a UGA student, and Y is
their IQ. Here’s the joint pmf.

fle,y) | X=2 X =3 X=4] fyr(y)
Y =40| 00 0.2 0.2 0.4
Y =50| 0.1 0.1 0.0 0.2
Y=60| 04 0.0 0.0 0.4
fx(@) | 05 0.3 0.2 1

We’ll spare the details, but here are the relevant calculations. ..
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,

EX? = ) 2’fx(x) = 7.9, and
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
EX? = ) 2’fx(x) = 7.9, and

Var(X) = E[X? - (E[X])? = 0.61.
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
EX? = ) 2’fx(x) = 7.9, and
Var(X) = Ex[XQ]—(E[X])2 = 0.61.

Similarly, E[Y] = 50, E[Y'2] = 2580, and Var(Y') = 80. Finally,
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
EX? = ) 2’fx(x) = 7.9, and
Var(X) = EI[XQ]—(E[X]V = 0.61.

Similarly, E[Y] = 50, E[Y'2] = 2580, and Var(Y') = 80. Finally,

BIXY] = ) ) ayf(z.y)
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
E[X?] = ixzfx(:c) = 7.9, and
Var(X) = EI[XQ]—(E[X]V = 0.61.
Similarly, E[Y] = 50, E[Y2] = 2580, and Var(Y") = 80. Finally,

EXY] = > ) ayf(e,y)
= 2(40)11(0.0)+3(40)(0.2)+---+4(60)(0.0) = 129,
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
E[X?] = ixzfx(:c) = 7.9, and
Var(X) = EI[XQ]—(E[X]V = 0.61.
Similarly, E[Y] = 50, E[Y2] = 2580, and Var(Y") = 80. Finally,

EXY] = > ) ayf(e,y)
2(40)11(0.0)+3(40)(0.2)+---+4(60)(0.0) = 129,

Cov(X,Y) = E[XY]-E[X]E[Y] = —6.0, and
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A Couple of Worked Correlation Examples

EX] = > afx(z) = 27,
E[X?] = ixzfx(:c) = 7.9, and
Var(X) = EI[XQ]—(E[X])2 = 0.61.
Similarly, E[Y] = 50, E[Y2] = 2580, and Var(Y") = 80. Finally,

EXY] = > ) ayf(e,y)
2(40)11(0.0)+3(40)(0.2)+---+4(60)(0.0) = 129,

Cov(X,Y) = E[XY]-E[X]E[Y] = —6.0, and
L CovXY) e
Var(X)Var(Y') o
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A Couple of Worked Correlation Examples

Continuous Example: Suppose f(z,y) = 102%y,0 <y <z < 1.
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A Couple of Worked Correlation Examples

—1Ow2y,0§y§x§1.

Continuous Example: Suppose f(z,y)

X
fx(z) = / 102%ydy = 52%, 0<z <1,
0
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A Couple of Worked Correlation Examples

Continuous Example: Suppose f(z,y) = 102%y,0 <y <z < 1.

xX
fx(z) = / 102%ydy = 52%, 0<z <1,
0
1
E[X] = / 520°dr = 5/6,
0
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A Couple of Worked Correlation Examples

Continuous Example: Suppose f(z,y) = 102%y,0 <y <z < 1.

fx(x) = / 102%ydy = 52%, 0<z <1,
0
1
E[X] = /5m5dz = 5/6,
0
1
E[X?] = / 52%dx = 5/7,
0
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A Couple of Worked Correlation Examples

Continuous Example: Suppose f(z,y) = 102%y,0 <y <z < 1.

fx(x) = / 102%ydy = 52%, 0<z <1,
0
1
E[X] = /52:5dz‘ = 5/6,
0
1
E[X?] = / 52%dx = 5/7,
0

Var(X) = E[X?] - (BE[X])? = 0.01984.
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A Couple of Worked Correlation Examples
Similarly,

1 10
frly) = / 102%y dz = gy(l—y?’), 0<y<1,
Yy
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Similarly,
! 2 10 3
) = [ 10yde = Fy1-4), 0<y<t,
Y

E[Y] = 5/9, Var(Y) = 0.04850,
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A Couple of Worked Correlation Examples

Similarly,

Lo, 10

fr(y) = / 1027y dz = gy(l—yz”), 0<y<1,
Yy

E[Y] = 5/9, Var(Y) = 0.04850,
1 T

E[XY] = //1Ox3y2dydw = 10/21,
0 JO
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A Couple of Worked Correlation Examples

Similarly,

Lo, 10

fr(y) = / 1027y dz = gy(l—y?’), 0<y<1,
Yy

E[Y] = 5/9, Var(Y) = 0.04850,
1 T

E[XY] = / / 1023y? dy dez = 10/21,
0 JO

Cov(X,Y) = E[XY]-E[X]E[Y] = 0.01323,
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A Couple of Worked Correlation Examples

Similarly,
! 2 10 3
fr(y) = 107y de = —y(l-y7), 0<y<1,
Yy
E[Y] = 5/9, Var(Y) = 0.04850,
1 T
E[XY] = / / 1023y? dy dez = 10/21,
0 JO
Cov(X,Y) = E[XY]-E[X]E[Y] = 0.01323,
p = X)) 4965 O
Var(X)Var(Y)
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Some Useful Covariance / Correlation Theorems
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Some Useful Covariance / Correlation Theorems

Lesson 3.15 — Some Useful Covariance / Correlation Theorems
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Some Useful Covariance / Correlation Theorems

Lesson 3.15 — Some Useful Covariance / Correlation Theorems

Theorem: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y'), whether or
not X and Y are independent.
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Lesson 3.15 — Some Useful Covariance / Correlation Theorems

Theorem: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y'), whether or
not X and Y are independent.

Remark: If X, Y are independent, the covariance term goes away.
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Lesson 3.15 — Some Useful Covariance / Correlation Theorems

Theorem: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y'), whether or
not X and Y are independent.

Remark: If X, Y are independent, the covariance term goes away.

Proof: By the work we did on a previous proof,
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Lesson 3.15 — Some Useful Covariance / Correlation Theorems

Theorem: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y'), whether or
not X and Y are independent.

Remark: If X, Y are independent, the covariance term goes away.
Proof: By the work we did on a previous proof,

Var(X +Y) = E[X? - (E[X])? +E[Y?] — (E[Y])?
+2(E[XY] — E[X]E[Y])
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Lesson 3.15 — Some Useful Covariance / Correlation Theorems

Theorem: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y'), whether or
not X and Y are independent.

Remark: If X, Y are independent, the covariance term goes away.

Proof: By the work we did on a previous proof,

Var(X +Y) = E[X?] - (B[X])” + E[Y?] - (E[Y])?
+2(E[XY] - E[X]E[Y])
= Var(X)+ Var(Y) +2Cov(X,Y). O
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Some Useful Covariance / Correlation Theorems

Theorem:

Var (Z} Xl) = Z; Var(X;) +2) ijcov(xi, X;).
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Some Useful Covariance / Correlation Theorems

Theorem:

Var (Z} Xl) = Z; Var(X;) +2) ijcov(xi, X;).

Proof: Induction.
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Some Useful Covariance / Correlation Theorems

Theorem:

Var<§ X,-) = E Var(Xi)+2§ g ,<_Cov(Xi,Xj).
i<j

i=1 i=1

Proof: Induction.

Corollary: If all X;’s are independent, then

w($x) - v
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:

Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]

Georgia
%)

ISYE 6739 — Goldsman 3/2/20 91/110



Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:

Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]
E[abXY] + ElacX] — E[aX]|E[bY] — E[aX]E[]
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:

Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]
= E[abXY]+ E[acX]| — E[aX]E]DY] — E[aX]E]c]
= abE[XY]| - abE[X]E[Y] + acE[X] — acE[X]
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:

Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]
= E[abXY]+ E[acX]| — E[aX]E]DY] — E[aX]E]c]
= abE[XY]| - abE[X]E[Y] + acE[X] — acE[X]
= abCov(X,Y). O
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:
Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]
= E[abXY]+ E[acX]| — E[aX]E]DY] — E[aX]E]c]

= abE[XY]| - abE[X]E[Y] + acE[X] — acE[X]
= abCov(X,Y). O

Theorem:
Var <Z a; X; + c) = Z a?Var(X;) + 22 Z‘< a;a;Cov(X;, X;).
i<j
i=1 i=1
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Some Useful Covariance / Correlation Theorems

Theorem: Cov(aX,bY + ¢) = abCov(X,Y).
Proof:
Cov(aX,bY +¢) = E[aX - (bY 4 ¢)] — E[aX]|E[DY + (]
= E[abXY]+ E[acX]| — E[aX]E]DY] — E[aX]E]c]

= abE[XY]| - abE[X]E[Y] + acE[X] — acE[X]
= abCov(X,Y). O

Theorem:
Var <Z a; X; + c) = Z a?Var(X;) + 22 Z‘< a;a;Cov(X;, X;).
i<j
i=1 i=1

Proof: Put the above two results together. O
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Some Useful Covariance / Correlation Theorems

Example: Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).
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Some Useful Covariance / Correlation Theorems

Example: Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Example: Suppose Var(X) = Var(Y') = Var(Z) = 10,
Cov(X,Y) =3,Cov(X,Z) = —2,and Cov(Y, Z) = 0. Then
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Some Useful Covariance / Correlation Theorems

Example: Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Example: Suppose Var(X) = Var(Y') = Var(Z) = 10,
Cov(X,Y) =3,Cov(X,Z) = —2,and Cov(Y, Z) = 0. Then

Var(X —2Y +32)
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Some Useful Covariance / Correlation Theorems

Example: Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Example: Suppose Var(X) = Var(Y') = Var(Z) = 10,
Cov(X,Y) =3,Cov(X,Z) = —2,and Cov(Y, Z) = 0. Then

Var(X —2Y +32)
= Var(X) +4Var(Y) + 9Var(Z2)
—4Cov(X,Y) + 6Cov(X, Z) — 12Cov(Y, Z)
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Some Useful Covariance / Correlation Theorems

Example: Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Example: Suppose Var(X) = Var(Y') = Var(Z) = 10,
Cov(X,Y) =3,Cov(X,Z) = —2,and Cov(Y, Z) = 0. Then

Var(X —2Y +32)
= Var(X) +4Var(Y) + 9Var(Z2)
—4Cov(X,Y) + 6Cov(X, Z) — 12Cov(Y, Z)
= 14(10) — 4(3) + 6(~2) — 12(0) = 116. O
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Moment Generating Functions, Revisited

@ Moment Generating Functions, Revisited )
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited
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Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = B[] = ) e f(x)
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = E[¥] = ) e fl) = e"'p+eq
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = Ble™X] = > e f(z) = e"'p+e¥q = pe' +¢q. O

Georgia
Tech&
ISYE 6739 — Goldsman

3/2/20 94/110



Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = Ble™X] = > e f(z) = e"'p+e¥q = pe' +¢q. O

Old Example: If X ~ Exp(\), then

Mx(t) = Ble¥] = /Retzf(ac)dx
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx(t) = E[eX] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = Ble™X] = > e f(z) = e"'p+e¥q = pe' +¢q. O

Old Example: If X ~ Exp(\), then
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx (t) = E[e!¥] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = B[] = Y e f(z) =

elpt et = pet +¢q. O

Old Example: If X ~ Exp(\), then

Mx(t) = Ble¥] = /Retzf(ac)dx = % ifA>¢t O

Old Theorem (why it’s called the mgf): Under certain technical conditions,
E[X*]
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Moment Generating Functions, Revisited

Lesson 3.16 — Moment Generating Functions, Revisited

Old Definition: Mx (t) = E[e!¥] is the
(mgf) of the RV X.

Old Example: If X ~ Bern(p), then

Mx(t) = B[] = Y e f(z) =

elpt et = pet +¢q. O

Old Example: If X ~ Exp(\), then

Mx(t) = Ble¥] = /Retzf(ac)dx = % ifA>¢t O

Old Theorem (why it’s called the mgf): Under certain technical conditions,

dk
LAy, ﬂ
g Mx ()

E[XF] . k=1,2,....
t=0
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Moment Generating Functions, Revisited

New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then
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Moment Generating Functions, Revisited

New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = ﬁMxi(t).
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New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = ﬁMxi(t).

Proof:
My(t) = E[e"]
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New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = J]Mx, ().
=1
Proof:
My(t) = E[eY]
= El'2Y)
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Moment Generating Functions, Revisited

New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = J]Mx, ().
=1
Proof:
My(t) = E[eY]
= El'2Y)

= E[iljet&}
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Moment Generating Functions, Revisited

New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = J]Mx, ().
=1
Proof:

My(t) = E[e"]
= El'2Y)

= E[i]f[lem}

n
= HE[etXi] (X;’s independent)
i=1
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Moment Generating Functions, Revisited

New Theorem (mgf of the sum of independent RVs): Suppose X1, ..., X,
are independent. LetY = " | X;. Then

My (t) = J]Mx, ().
=1
Proof:
My (t) = E[e!Y]
= El'2Y)

= E[i]i[lem}

n
= HE[etXi] (X;’s independent)
i=1

= [[Mx ). ©
i=1
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Moment Generating Functions, Revisited

Corollary: If X3,..., X, areiidand Y = > | X, then
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Moment Generating Functions, Revisited

Corollary: If X3,..., X, areiidand Y = > | X, then

My(t) = [Mx, )"
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Corollary: If X;,..., X, areiidand Y = > | X;, then
My (t) = [Mx, (1)]".

Example: Suppose X;,..., X, i Bern(p). Then by a previous example,
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Moment Generating Functions, Revisited

Corollary: If X;,..., X, areiidand Y = > | X;, then
My (t) = [Mx, (1)]".

Example: Suppose X;,..., X, i Bern(p). Then by a previous example,

My (t) = [Mx, ()" = (pe' +q)".
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Moment Generating Functions, Revisited

Corollary: If X;,..., X, areiidand Y = > | X;, then
My (t) = [Mx, (1)]".

Example: Suppose X;,..., X, i Bern(p). Then by a previous example,

My (t) = [Mx, ()" = (pe' +q)".

So what use is a result like this? We can use results such as this with our old
friend. ...
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Moment Generating Functions, Revisited

Corollary: If X;,..., X, areiidand Y = > | X;, then
My (t) = [Mx, (®)]"

Example: Suppose X;,..., X, i Bern(p). Then by a previous example,

My(t) = [Mx, ()" = (pe' +q)".

So what use is a result like this? We can use results such as this with our old
friend. ...

Old Theorem (identifying distributions): In this class, each distribution has
a unique mgf.
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢q)".
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢)". To this end, we have

Mz(t) = El']
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢)". To this end, we have

Mz(t) = El']

= Y "P(Z=2z)
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢)". To this end, we have

Mz(t) = E[etZ]
= Y "P(Z=2z)
— - etz ny\ 2 n—z
ZO <Z>pq

z=

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 97 /110



Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢)". To this end, we have

Mz(t) = El']
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Moment Generating Functions, Revisited

Example/Theorem: The sum Y of n iid Bern(p) RVs is the same as a
Bin(n, p) RV.

By the previous example and uniqueness, all we need to show is that the mgf
of Z ~ Bin(n, p) matches My (t) = (pe! + ¢)". To this end, we have

Mz(t) = Ele'’]
= Y *P(Z=2z)
_ ;etz <Z> P
= ; <:> (pe')*q"~*
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

Georgia
%)

ISYE 6739 — Goldsman 3/2/20 98 /110



Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

implies that X ~ Bin(15,0.75). O
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

implies that X ~ Bin(15,0.75). O

Old Theorem (mgf of a linear function of X): Suppose X has mgf M (t)
andlet Y = aX + b. Then My (t) = e®® M (at).
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

implies that X ~ Bin(15,0.75). O

Old Theorem (mgf of a linear function of X): Suppose X has mgf M (t)
andlet Y = aX + b. Then My (t) = e®® M (at).

Example:

3 1 15
_ 2t 2 3t -
My(t) = e <46 + 4)
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

implies that X ~ Bin(15,0.75). O

Old Theorem (mgf of a linear function of X): Suppose X has mgf M (t)
andlet Y = aX + b. Then My (t) = e®® M (at).

Example:

(B 1YY at | gyn
My (t) = e 2t<163t+1) = e"(pe™ + q)
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <Z€t+z)

implies that X ~ Bin(15,0.75). O

Old Theorem (mgf of a linear function of X): Suppose X has mgf M (t)
andlet Y = aX + b. Then My (t) = e®® M (at).

Example:

1\ 15
My (t) = 6_2t<%€3t+1) = e (pe™ + q)" = " Mx(at),
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Moment Generating Functions, Revisited

Example: You can identify a distribution by its mgf.

3 1 15
Mx(t) = <4et—|—4)

implies that X ~ Bin(15,0.75). O

Old Theorem (mgf of a linear function of X): Suppose X has mgf M (t)
andlet Y = aX + b. Then My (t) = e®® M (at).

Example:

1\ 15
My (t) = €2t<i€3t+4) = eM(pe" + q)" = " Mx(at),

which implies that Y has the same distribution as 3.X — 2, where
X ~ Bin(15,0.75). O
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X7, ..., X} are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X1, ..., X}, are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then

k k
Y = ZXZ- ~ Bin(Zni,p)
=1 i=1
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X1, ..., X}, are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then

k k
Y = ZXZ- ~ Bin(Zni,p)
=1 i=1

Proof:

k
My (t) = H Mx,(t) (mgf of independent sum)
i=1
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X7, ..., X} are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then

k k
Y = ZXZ- ~ Bin(Zni,p)
=1 i=1

Proof:

k
My (t) = H Mx,(t) (mgf of independent sum)
i=1

k
= [[@e' + o™ Binomial(n;, p) mgh)
=1
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X7, ..., X} are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then

k k
Y = ZXZ- ~ Bin(Zni,p)
=1 i=1

Proof:

k
My (t) = H Mx,(t) (mgf of independent sum)
i=1

k
= [[@e' + o™ Binomial(n;, p) mgh)
=1

= (pet + )X,
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Moment Generating Functions, Revisited

Theorem (Additive property of Binomials): If X1, ..., X}, are independent,
with X; ~ Bin(n;, p) (where p is the same for all X;’s), then

k k
Y = ZXi ~ Bin(Zni,p)
=1 i=1

Proof:

k
My (t) = H Mx,(t) (mgf of independent sum)
i=1

k

- H(pet +¢)™ (Binomial(n;, p) mgf)
i=1

= (pet + )X,

This is the mgf of the Bin(} ;" ; n;, p), so we’re done. O —
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables

In earlier work, we looked at. . .

@ Functions of a single variable, e.g., what is the expected value of h(X)?
(LOTUS, from Module 2)
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables

In earlier work, we looked at. . .

@ Functions of a single variable, e.g., what is the expected value of h(X)?
(LOTUS, from Module 2)

@ What is the distribution of A(X)? (functions of RVs, from Module 2)
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables

In earlier work, we looked at. . .

@ Functions of a single variable, e.g., what is the expected value of h(X)?
(LOTUS, from Module 2)

@ What is the distribution of A(X)? (functions of RVs, from Module 2)

@ And sometimes even functions of two (or more) variables. For example,
if the X;’s are independent, what’s Var(} """ ; X;)? (earlier in Module 3)
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables

In earlier work, we looked at. . .

@ Functions of a single variable, e.g., what is the expected value of h(X)?
(LOTUS, from Module 2)

@ What is the distribution of A(X)? (functions of RVs, from Module 2)

@ And sometimes even functions of two (or more) variables. For example,
if the X;’s are independent, what’s Var(} """ ; X;)? (earlier in Module 3)

@ Use a standard conditioning argument to get the distribution of X + Y.
(earlier in Module 3)
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Honors Bivariate Functions of Random Variables

Lesson 3.17 — Honors Bivariate Functions of Random Variables

In earlier work, we looked at. . .

@ Functions of a single variable, e.g., what is the expected value of h(X)?
(LOTUS, from Module 2)

@ What is the distribution of A(X)? (functions of RVs, from Module 2)

@ And sometimes even functions of two (or more) variables. For example,
if the X;’s are independent, what’s Var(} """ ; X;)? (earlier in Module 3)

@ Use a standard conditioning argument to get the distribution of X + Y.
(earlier in Module 3)

Goal: Now let’s give a general result on the distribution of functions of rwo
random variables, the proof of which is beyond the scope of our class.
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,
and
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,
and

X = ki(V,W) and Y = ky(V, W),

for suitably chosen inverse functions k; and ks.
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,
and

X = ki(V,W) and Y = ky(V, W),

for suitably chosen inverse functions k; and ks.
Then the joint pdf of V and W is

g(’l),’u)) = f(kl(vvw)7 kg(v,w)) |J('U7'w)|a
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,
and

X = b(V,W) and Y = ko(V, W),

for suitably chosen inverse functions k; and ks.
Then the joint pdf of V and W is
g(vv w) = f(kl(vv w)? kg(v, w)) ’J(’U, w)|7

where |.J| is the absolute value of the Jacobian (determinant) of the
transformation, i.e.,
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,

and

X = k(V,W)

for suitably chosen inverse functions k; and ks.
Then the joint pdf of V and W is

g(v,w) = f(kl(vvw)a kg(v,w)) ]J(v,w)|,

and Y = ko(V, W),

where |.J| is the absolute value of the Jacobian (determinant) of the

transformation, i.e.,

ov
Oy
ov

oz
J(v,w) =

ISYE 6739 — Goldsman
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Honors Bivariate Functions of Random Variables

Honors Theorem: Suppose X and Y are continuous RVs with joint pdf
f(z,y),and V = hy(X,Y) and W = ho(X,Y) are functions of X and Y,

and

X = k(V,W)

and Y = ko(V, W),

for suitably chosen inverse functions k; and ks.

Then the joint pdf of V and W is

g(v,w) = f(kl(vvw)a kg(v,w)) ’J(’U,’w”,

where |.J| is the absolute value of the Jacobian (determinant) of the

transformation, i.e.,

ov
Oy
ov

oz
J(v,w) =
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Honors Bivariate Functions of Random Variables

Corollary: If X and Y are independent, then the joint pdf of V and W is

g(vvw) = fX(kl(va))fY(k2(vaw)) ‘J(U?w)"
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Honors Bivariate Functions of Random Variables

Corollary: If X and Y are independent, then the joint pdf of V and W is

g(v,w) = fX(kl(va))fY(k2(an)) ‘J(%w)"

Remark: These results generalize the 1-D method from Module 2.
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Honors Bivariate Functions of Random Variables

Corollary: If X and Y are independent, then the joint pdf of V and W is

g(v,w) = fx(k1(v,w)) fy (k2(v,w)) |J (v, w)].

Remark: These results generalize the 1-D method from Module 2.

You can use this method to find all sorts of cool stuff, e.g., the distribution of
X +Y, X/Y,etc., as well as the joint pdf of any functions of X and Y.
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Honors Bivariate Functions of Random Variables

Corollary: If X and Y are independent, then the joint pdf of V and W is

g(v,w) = fx(k1(v,w)) fy (k2(v,w)) |J (v, w)].

Remark: These results generalize the 1-D method from Module 2.

You can use this method to find all sorts of cool stuff, e.g., the distribution of
X +Y, X/Y,etc., as well as the joint pdf of any functions of X and Y.

Remark: Although the notation is nasty, the application isn’t really so bad.
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Honors Bivariate Functions of Random Variables

Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.
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Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.

We'll set V = X + Y along with the dummy RV W = X.
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Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.
We'll set V = X + Y along with the dummy RV W = X.
This yields

X =W = k(V,W)
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Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.
We'll set V = X + Y along with the dummy RV W = X.
This yields

X =W="5kV,W) and Y = V-W = k(V,W).
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Honors Bivariate Functions of Random Variables

Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.
We'll set V = X + Y along with the dummy RV W = X.

This yields
X =W =KkV,W) and Y =V -W = ky(V,W).

To get the Jacobian term, we calculate

3:13_0 Gx_l’ oy

il . 1 d 2~ =-1
w0 dw e ’

v w

Georgia
Tech &

ISYE 6739 — Goldsman 3/2/20 104 /110



Example: Suppose X and Y are iid Exp(\). Find the pdf of X + Y.
We'll set V = X + Y along with the dummy RV W = X.
This yields

X =W =KkV,W) and Y =V -W = ky(V,W).

To get the Jacobian term, we calculate

or or oy oy B
%— s %—1, %—1, and aw— ].,
so that
_ |0x 0y Oy Ox B
| /] 90 9w~ Dv 9w 0(=1) —=1(1)| = 1
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Honors Bivariate Functions of Random Variables

This implies that the joint pdf of V and W is
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This implies that the joint pdf of V and W is

g(v,w) = f(kl(vaw)v kQ(va)) |J(an)|
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This implies that the joint pdf of V and W is

g(v,w) = f(kl(vaw)v kQ(va)) |J(an)|
= flw,v—w)-1
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This implies that the joint pdf of V and W is

g(U,U]) = f(kil(’U,’(U), kQ(an)) |J(an)|
flw,v—w)-1
fx(w)fy (v —w) (X and Y independent)
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This implies that the joint pdf of V and W is

glv,w) = f(ki(v,w), k2(v,w)) [J (v, w)]

flw,v—w)-1

= fx(w)fy(v—w) (X andY independent)

= Ae M A M) forw>0andv—w >0
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This implies that the joint pdf of V and W is

glv,w) = f(ki(v,w), k2(v,w)) [J (v, w)]

flw,v—w)-1

fx(w)fy (v —w) (X and Y independent)
e M xe A=) forw > 0and v — w > 0

= A2, for0<w <.
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This implies that the joint pdf of V and W is
g(U,lU) = f(kl(vaw)v ]{IQ(U,IU)) |J(an)|
= flw,v—w)-1
= fx(w)fy(v—w) (X andY independent)
= Ae M A M) forw > 0andv —w >0
= A2, for0<w <.

And, finally, we obtain the desired pdf of the sum V' (after carefully noting the
region of integration),
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This implies that the joint pdf of V and W is

gv,w) = f(ki(v,w), ka(v,w)) [T (v, w)]
= fw,v—w)-1
= fx(w)fy(v—w) (X andY independent)
= Ae M A M) forw > 0andv —w >0

= A2, for0<w <.

And, finally, we obtain the desired pdf of the sum V' (after carefully noting the
region of integration),

gy (v) = /Rg(v,w) dw
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This implies that the joint pdf of V and W is

gv,w) = f(ki(v,w), ka(v,w)) [T (v, w)]
= fw,v—w)-1
= fx(w)fy(v—w) (X andY independent)
= Ae M A M) forw > 0andv —w >0

= A2, for0<w <.

And, finally, we obtain the desired pdf of the sum V' (after carefully noting the
region of integration),

v
gy (v) = /g(v,w) dw = / Me ™ dw
R 0
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This implies that the joint pdf of V and W is

gv,w) = f(ki(v,w), ka(v,w)) [T (v, w)]
= fw,v—w)-1
= fx(w)fy(v—w) (X andY independent)
= Ae M A M) forw > 0andv —w >0

= A2, for0<w <.

And, finally, we obtain the desired pdf of the sum V' (after carefully noting the
region of integration),

v
gy (v) = /g(v,w) dw = / Me Mdw = Nve ™, forv>0.
R 0
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This implies that the joint pdf of V and W is

gww) = f(ki(v,w), ka(v,w)) T (0,0)
flw,v—w)-1

= fx(w)fy(v—w) (X andY independent)
e M Ae M=) forw > 0and v — w > 0
= A2, for0<w <.

And, finally, we obtain the desired pdf of the sum V' (after carefully noting the
region of integration),

v
gy (v) = /g(v,w) dw = / Ne M dw = Nve ™, forv > 0.
R 0

This is the Gamma(2, \) pdf, which matches our answer from earlier in the
current module. O )
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Honors Bivariate Functions of Random Variables

Honors Example: Suppose X and Y are iid Unif(0,1). Find the joint pdf of
V=X+YadW=X/Y.
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Honors Bivariate Functions of Random Variables

Honors Example: Suppose X and Y are iid Unif(0,1). Find the joint pdf of
V=X+YadW=X/Y.

After some algebra, we obtain

W+ 1 1V, W) an
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Honors Bivariate Functions of Random Variables

Honors Example: Suppose X and Y are iid Unif(0,1). Find the joint pdf of
V=X+YadW=X/Y.

After some algebra, we obtain

VW v
X = grrg = (VW) and Y = = ka(V,W).
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Honors Bivariate Functions of Random Variables

Honors Example: Suppose X and Y are iid Unif(0,1). Find the joint pdf of
V=X+YadW=X/Y.

After some algebra, we obtain

VW 4
X = grrg = (VW) and Y = = ka(V,W).

After more algebra, we calculate

ox w ox v oy 1 dy  —v

o w+l ow (w+D2 . w+l w  (w+1)2
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Honors Bivariate Functions of Random Variables

Honors Example: Suppose X and Y are iid Unif(0,1). Find the joint pdf of
V=X+YadW=X/Y.

After some algebra, we obtain

VW 4
X = grrg = (VW) and Y = = ka(V,W).

After more algebra, we calculate

ox w ox v oy 1 dy  —v

w w+l dw (w+1)? w w+l dw  (w+1)%

so that after still more algebra,
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Honors Bivariate Functions of Random Variables

This implies that the joint pdf of V and W is
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This implies that the joint pdf of V and W is

g(v,w) - f(kl(vvw)7 kQ(vvw)) ‘J(%w)l
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This implies that the joint pdf of V and W is

g(v,w) - f(kl(vvw)v kQ(vvw)) ‘J(vvw)l

_ o w v v
B w41 w+1) (w+1)2
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This implies that the joint pdf of V and W is
gv,w) = f(kl(v,w), kg(v,w)) |J (v, w)]|
_ VW v v
B w41 w+1) (w+1)2

vw v v .
= fX(w—i—l)fY(w—f—l) w1) (X and Y indep)
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This implies that the joint pdf of V and W is
gv,w) = f(kl(v,w), kg(v,w)) |J (v, w)]|
_ VW v v
B w41 w+1) (w+1)2

= fx< o )fY( . ) ! (X and Y indep)

w+1 w+1) (w+1)2
= 1-1- (w-t—l)Q’ for 0 < z,y < 1 (since X, Y ~ Unif(0,1))
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This implies that the joint pdf of V and W is

g(v,w) - f(kl(vvw)v kQ(vvw)) ‘J(%w)l
- f<w+1’ w—i—l) C(w+1)2

vw v v .
= fX(w—i—l)fY(w—f—l) w1) (X and Y indep)

= 1-1- (w-t—l)Q’ for 0 < z,y < 1 (since X, Y ~ Unif(0,1))

v
= m,f0r0<x:1;’}r”1<1and0<y=w11<1.

Georgia
Tech ﬂ

ISYE 6739 — Goldsman 3/2/20 107 /110



This implies that the joint pdf of V and W is

g(v,w) - f(kl(vvw)v kQ(vvw)) ‘J(%w)l
- f<w+17 w—i—l) C(w+1)2

vw v v .
= fX(w—i—l)fY(w—f—l) w1) (X and Y indep)

= 1-1- LQ, for 0 < z,y < 1 (since X, Y ~ Unif(0,1))

(w+1)
v
= m,f0r0<x:1f}r”1<1and0<y=wLH<1.
v

= (w+ 1) 0 <v<1+min{l w}andw >0 (after algebra).
w
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This implies that the joint pdf of V and W is

g(v,w) - f(kl(vvw)v kQ(va)) ‘J(%w)’
- f<w+17 w—i—l) C(w+1)2

vw v v .
= fX<w+1>fY<w+1) w1) (X and Y indep)

= 1-1- %, for 0 < z,y < 1 (since X, Y ~ Unif(0,1))

(w+1)
v
= m,f0r0<x:1§$l<1and0<y:wil<1
v

= m, O<v<1l+ min{i,w} and w > 0 (after algebra).
Note that you have to be careful about the limits of v and w, but this thing
really does double integrate to 1! O
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Honors Bivariate Functions of Random Variables

We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get
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We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get

gw(w) = /R o(v, w) dv
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Honors Bivariate Functions of Random Variables

We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get

gw(w) = /Rg(v,w)dv

1+min{l/w,w} v
-/ S
0 (w + 1)2
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Honors Bivariate Functions of Random Variables

We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get

gw(w) = /Rg(v,w)dv

1+min{l/w,w} v
-/ S
0 (w + 1)2

(14 min{1/w,w})?
2(w+1)2
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Honors Bivariate Functions of Random Variables

We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get

gw(w) = /Rg(v,w) dv
L+min{l/ww}
- (RS
(14 min{1/w,w})?
2(w+1)2
ifw<1
ifw>1,

.

N[ —=

|H

w2

N
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Honors Bivariate Functions of Random Variables

We can also get the marginal pdf’s. First of all, for the ratio of the uniforms,
we get

gw(w) = /Rg(v,w) dv
lmin{l/ww}
- ™
(1 + min{1/w, w})*
2(w+1)2
ifw<1
ifw>1,

1

which is a little weird-looking and unexpected to me (it’s flat for w < 1, and
then decreases to 0 pretty quickly for w > 1). O

N[ —=

|H

w2

N
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,

0<v<l+min{l/ww}, 0<v<2 and w>0.
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,

0<v<l4+min{l/w,w}, 0<v<2 and w >0.

With a little thought, we see that if 0 < v < 1, then there is no constraint on w
except for it being positive. On the other hand, if 1 < v < 2, then you can
show (it takes a little work) that v — 1 < w < =. Thus, we have
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,

0<v<l4+min{l/w,w}, 0<v<2 and w >0.

With a little thought, we see that if 0 < v < 1, then there is no constraint on w
except for it being positive. On the other hand, if 1 < v < 2, then you can

show (it takes a little work) that v — 1 < w < L. Thus, we have
7 g(v,w) dw, ifo<ov<1
gv(v) = { fol/(v 1) )
L4 (,w)dw, if1<v<?2
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,

0<v<l4+min{l/w,w}, 0<v<2 and w >0.

With a little thought, we see that if 0 < v < 1, then there is no constraint on w
except for it being positive. On the other hand, if 1 < v < 2, then you can

show (it takes a little work) that v — 1 < w < =. Thus, we have
fo (v, w) dw, ifo<ov <1
v =
av(v) { fvl/(lv Vg, w)dw, ifl<v<2
v, ifo0<v<1
= (after algebra).
2—v, ifl<ov<2
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Honors Bivariate Functions of Random Variables

For the pdf of the sum of the uniforms, we have to calculate
gv(v) = [ g(v,w) dw. But first we need to deal with some inequality
constraints so that we can integrate over the proper region, namely,

0<v<l4+min{l/w,w}, 0<v<2 and w >0.

With a little thought, we see that if 0 < v < 1, then there is no constraint on w
except for it being positive. On the other hand, if 1 < v < 2, then you can

show (it takes a little work) that v — 1 < w < ~=5. Thus, we have
() fo (v, w) dw, ifo<ov <1
vv) =
g fvl/(lv Vg, w)dw, ifl<v<2
v, ifo0<v<1
= ] (after algebra).
2—v, ifl<ov<2
This is a pdf. Can you see why? Is there an intuitive )
explanation for this pdf? O Ge?r'é%'ﬁﬂ
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Honors Bivariate Functions of Random Variables

And Now a Word From Our Sponsor...
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Honors Bivariate Functions of Random Variables

And Now a Word From Our Sponsor...

We are finally done with the most-difficult module of the course.
Congratulations and Felicitations!!!
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Honors Bivariate Functions of Random Variables

And Now a Word From Our Sponsor...

We are finally done with the most-difficult module of the course.
Congratulations and Felicitations!!!

Things will get easier from now on! Happy days are here again! QOO
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