ISyE 2030 — Probability Practice Problems

1. A box contains 2 red sox, 4 blue sox, and 3 yellows. T'wo sox are selected randomly
without replacement.

(a) What is this experiment’s sample space?
Solution: S = {RR,RB,RY,BR,BB,BY,YR,YB,YY}. &

(b) Suppose X denotes the number of yellow sox selected. What are the possible
values of X7
Solution: X can equal 0,1,2. <

(c) Calculate the probability that X = 0.

Solution: . .

T

2. Everybody in Syracuse, NY participates in at least one of the following sports:
bowling, skiing, and aerobics. In particular, 60% of the people bowl, 65% ski, and
65% do aerobics; 35% bowl and ski; 35% bowl and do aerobics; and 50% ski and

do aerobics. What proportion of the people participate in all three sports?

Solution: Pr(B) = 0.6, Pr(S) = 0.65, Pr(A) = 0.65, Pr(BNS) = 0.35, Pr(BNA) =
0.35, Pr(SNA) = 0.5, and Pr(BUSU A) =1 (since everyone participates).

6
PT(X:O> = §X

So by the principle of inclusion-exclusion, we have
1 = Pr(BUSUA)

= Pr(B)+Pr(S)+Pr(A) —Pr(BNS)—Pr(BNA)—Pr(SNA)+Pr(BNnSNA),
which implies that Pr(BNSNA)=03. &

3. An electronic assembly consists of two subsystems, say A and B. Suppose we have
the following information:

e Pr(B fails) = 0.5
e Pr(A and B fail) = 0.3
e Pr(A fails but B doesn’t fail) = 0.3



Find the probability that B fails given that A fails.
Solution: Pr(B) = 0.5, Pr(AN B) = 0.3, Pr(AN B) = 0.3.

Thus,
Pr(AN B) Pr(AnN B)
Pr(B|A) = = — = 1/2.
H(Bl4) Pr(A) PHANB) - PrAnE) ~ V*©
4. Pick 6 cards from a standard deck. Find the probability of getting exactly three
pairs.
Solution:

13) (4)°
Pu(3 pairs) =~ o
r(3 pairs) = ——F—=".
P 52
6
5. (Short answer questions — Just write your answer.)

(a) The set of all outcomes of an experiment is called .
Solution: The sample space. <
(b) Any subset of the above set is called ___________.
Solution: An event. <
(c) If A and B are disjoint, then Pr(AU B) =7
Solution: Pr(A) + Pr(B). <
(d) If Pr(A) = 0.7 and Pr(B) = 0.6, and A and B are independent, then
i. Pr(ANB) ="
Solution: Pr(A) Pr(B) =042. ¢
ii. PrlAUB) =7
Solution: Pr(A) + Pr(B) — Pr(ANB) =0.88. &
(¢) TRUE or FALSE? AUB=ANDB
Solution: TRUE <
(f) TRUE or FALSE? C,,, = P, /7!
Solution: TRUE <
() (§) =7
Solution: 1. <
() () ="

s . (100)(99)(98) _
Solution: o0 — 161700. <




(1) P1573 - ?
Solution: % = 2730. <
6. Consider the continuous random variable Y having p.d.f.

oy if —1<y <
fly) = { 0 otherwise :

(a) What does “p.d.f.” mean?
Solution: probability density function. <
(b) Find c.
Solution: c=2
(¢) Find Pr(—=1 <Y <0).
Solution: 1/2 ¢
(d) Find Pr(l0 <Y <05/0<Y <1).
Solution: 1/16
(¢) Find Pr0 <Y < 05| — 1 <Y < —0.5).
Solution: 0 <
(f) Find E[Y].
Solution: 0 <
(g) Find Var(Y).
Solution: 2/3
(h) Find E[3Y — 2].
Solution: —2 <
(i) Find Var(3Y — 2).
Solution: 6 <

7. TRUE-FALSE Questions. X and Y must be independent if

(a) fzly) = fr(y) for all y.
Solution: FALSE <

(b) Cov(X,Y) =0.
Solution: FALSE <

() fle,y)=cy, 0 <z <y<l1.
Solution: FALSE <



(d) flz,y)=cy?/(1+23),0<z<1,1<y<3.
Solution: TRUE <

(e) E(XY)=E(X)- -E(Y).
Solution: FALSE <

8. Suppose f(z,y) =cr,0<y <z <1

(a) Find c.
Solution: 3 <

(b) Find Pr(X < 0.5 and Y > 0.5).
Solution: 0 <

(¢) Find the p.d.f. of Y.
Solution: fy(y) =3(1—-4%),0<y<1l. &

(d) Find the conditional p.d.f. of X given that Y = y.
Solution: f(z|y) = 1322, O<y<z<l &

9. Suppose that E(X) =3, E(Y) =2, Var(X) =5, Var(Y) =4, and Cov(X,Y) = —2.
(a) Find E(2X + 3Y).
Solution: E(2X + 3Y) =2E(X) +3E(Y) =12. &
(b) Find Var(2X + 3Y).
Solution: Var(2X 4 3Y) = 4Var(X)+9Var(Y) +2(2)(3)Cov(X,Y) =32. &
10. If the m.g.f. of X is Mx(t) = 2, find E(X).

Solution:

E(X) = & Mx(1)

d 2t2

d 2
= — 4te? = 0.
t=0 dt t=0 <>

t=0 dt

11. Suppose that a light bulb has a lifetime that is exponentially distributed with a
mean of 1000 hours. Suppose the bulb has already survived 3000 hours. What’s
the probability that it will survive another 1000 hours?

Solution: By the memoryless property,

Pr(X >4000| X >3000) = Pr(X >1000) = e = ¢! = 0.368. ¢



