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comenineten = Getting Generic Cuts: Basic Idea

Dey, Richard

» Consider the set
P={xeZ |Ax = b}.
We would like to find all it's facet-defining inequalities of the convex hull of
feasible solutions.
» Without knowing structure, this is an impossible task.
» So we resort to the following strategy:

» Generate a "generic" relaxation of MIPs which is “easy to
handle"/structured.
» Derive valid inequalities for the convex hull of this relaxation.
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gemeviineton— Tha Corner Relaxation

Dey, Richard

Corner and Master
Group Relaxation

1. Consider the set
P={xeZ]|Ax = b}
where A€ Z™*"and b € Z™.
2. Given a basis B of the LP relaxation of P, we rewrite
P={xeZl|xg=Az'b— Az Ayvxn}.

3. Drop the non-negativity constraints at the current solution. (If Basis is not
degenerate this is equivalent to dropping all the constraints that are not
binding at the current solution)

Cornerg(P) = {(xg, xn) € (Z™ x Z"™) | xg = Ag'b — Ag ' Anxn}.

4. Rewrite as [Gomory (1965)]
Cornerg(P) = {x € Z7~™| A5 Ayx = Ag'b(mod 1)}.
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Gomory Function

Dey, Richard

Corner and Master
Group Relaxation

Corner Relaxation to Master Group Relaxation

n—m
Cornerg(P) = {x € =™ Alx; = b(mod 1)}
+
P

Disadvantage of Corner Relaxation: It is dependent on data.



Gomory Function

Corner Relaxation to Master Group Relaxation

Dey, Richard
Corner and Master n—m .
Group felaton Cornerg(P) = {x € Z7~™| Y Alx; = b(mod 1)}

i=1

Disadvantage of Corner Relaxation: It is dependent on data.

Master Group Relaxation:
1. Aggregate all the variables that correspond to the same column.
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Corner Relaxation to Master Group Relaxation

Dey, Richard
Corner and Master n-m
Group Relaxation CornerB(P) _ {X c Zi—m‘ Z A’X,' — b(mod 1)}

i=1

Disadvantage of Corner Relaxation: It is dependent on data.

Master Group Relaxation:
1. Aggregate all the variables that correspond to the same column.
2. Let G be a group such that
> Group operation is addition modulo 1 componentwise,
> ,~4’ egvie{l,...n—m},
» beg,
3. Add one non-negative variable for each new columnin G.
[Gomory (1969)]
Definition (Master Group Relaxation)
The master group relaxation is the set of all x : G — Z. such that
> x(9) € Z4+Vg € G,
> X has a finite support,

> DgegX(g) =r.

(I am going to assume r # 0)



What Group to Use?

1. The Infinite Group:

ImM={x € R™|0< x; < 0}:

«O>» «F»r <
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Corner and Master
Group Relaxation

1. The Infinite Group:
Im ={x € R™|0 < x; < 0}: Gives the infinite group relaxation.
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Gomory Function

What Group to Use?

Dey, Richard

Corner and Master
Group Relaxation

1. The Infinite Group:
Im={x € R™|0 < x; < 0}: Gives the infinite group relaxation.
2. Direct product of Cyclic Groups:

CR ={(xq, ..., xm) | x; = KL,-’ n e {0,...,K; — 1}}: Gives the finite group
relaxation.

20



cemevfeneten = Mixed Integer Group Relaxation

Dey, Richard

Corner and Master
Group Relaxation

Notation: P : R™ — [™ is the function
P(u) = [u1(mod 1), up(mod 1), ..., um(mod 1)]7.

24



cemenrineten = Mixed Integer Group Relaxation

Dey, Richard

Corner and Master
Group Relaxation

Notation: P : R™ — [™ is the function
P(u) = [u1(mod 1), up(mod 1), ..., um(mod 1)]7.

[Gomory (1969)], [Gomory and Johnson (1972a,b)]

Definition
Let G be a subgroup of /™ and let W be a subset of R™.

Then the Mixed Integer Group Relaxation MI(G, W, r) is set of functions
Xx:G — Z4andy : W — R, such that

> X, y have finite support,
> > geg 9X(9) + P e wy(w)) =r.

29



cemenrineten = Mixed Integer Group Relaxation

Dey, Richard

Corner and Master
Group Relaxation

Notation: P : R™ — [™ is the function
P(u) = [u1(mod 1), up(mod 1), ..., um(mod 1)]7.

[Gomory (1969)], [Gomory and Johnson (1972a,b)]

Definition
Let G be a subgroup of /™ and let W be a subset of R™.

Then the Mixed Integer Group Relaxation MI(G, W, r) is set of functions
Xx:G — Z4andy : W — R, such that

> X, y have finite support,
> > geg 9X(9) + P e wy(w)) =r.

This presentation is going to be mostly about the ‘pure’ integer group
relaxation MI(G, D, r).

bk



2
Valid Inequalities



Gomory Function Va“d |nequa||t|es

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory (1969)], [Gomory and Johnson (1972a,b)], [Johnson (1974)]
Definition (Valid Inequality)

Valid inequalities for MI(G, W, r) are represented by functions ¢ : G — Ry and
m: W — Ry suchthat 37 o #(9)x(9) + X wew n(W)y(w) > 1.

Also see [Basu, Cornuejols, Conforti, and Zambelli (2009)]

25



Gomory Function Example Of Valld Inequa“t'es

Dey, Richard

A Hierarchy of Valid
inequalities

A valid inequality For a finite group
relaxation

A valid inequality for a two row infinite
group relaxation

26
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Gomory Function

Subadditive Valid Inequality

Dey, Richard
[Gomory (1969)], [Gomory and Johnson (1972a,b)]
A Hierarchy of Valid Theorem
Trearelilee Given a valid inequality ¢ : G — Ry for MI(G, 0, r), there exists a function

¢ : G — R4 such that
> ¢ represents a valid inequality.
> ¢ is subadditive, i.e., p(u) + ¢p(v) > d(u+ v) Yu,v € G.
» d(u) < p(u)Vueg.

Proof Sketch:

27



Semenineten = Sybadditive Valid Inequality

Dey, Richard
[Gomory (1969)], [Gomory and Johnson (1972a,b)]
A Hierarchy of Valid Theorem
Trearelilee Given a valid inequality ¢ : G — Ry for MI(G, 0, r), there exists a function

¢ : G — R4 such that
> ¢ represents a valid inequality.
> ¢ is subadditive, i.e., p(u) + ¢p(v) > d(u+ v) Yu,v € G.
> d(u) < Pu)Vueg.
Proof Sketch:
1. Construct the function

d(v):= inf " ¢(g)x(g)

geg

st. Y gx(@)=v
geg
x(9g) € Z+, x has a finite support.

o8



Semenineten = Sybadditive Valid Inequality

Dey, Richard
[Gomory (1969)], [Gomory and Johnson (1972a,b)]
A Hierarchy of Valid Theorem
Trearelilee Given a valid inequality ¢ : G — Ry for MI(G, 0, r), there exists a function

¢ : G — R4 such that
> ¢ represents a valid inequality.
> ¢ is subadditive, i.e., p(u) + ¢p(v) > d(u+ v) Yu,v € G.
» d(u) < p(u)Vueg.
Proof Sketch:
1. Construct the function

d(v):= inf " ¢(g)x(g)

geg

st. Y gx(@)=v
geg
x(9g) € Z+, x has a finite support.

2. Show that the function above is a subadditive and represents a valid
inequality.

29



GomenFinsien — Minimal Valid Inequality

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory (1969)], [Gomory and Johnson (1972a,b)]

Definition

We say that a valid inequality ¢ for MI(G, 0, r) is minimal, if there does not exist
a valid inequality ¢ such that ¢(u) < é(u) Yu € G and ¢ # ¢.

Proposition
Every minimal inequality is a subadditive function.

20



emevineien - Characterization of Minimal Inequalities

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory and Johnson (1972a,b)]

Theorem
A function ¢ is valid minimal inequality for MI(G, 0, r) if and only if

> ¢ is subadditive,
> p(u) +o(r—u) =g(r) =1.

29



Gomory Function CharaCterization Of M|n|ma| Inequalltles

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory and Johnson (1972a,b)]

Theorem
A function ¢ is valid minimal inequality for MI(G, 0, r) if and only if

> ¢ is subadditive,
> o(u) +o(r—u)=9¢(r)=1.
Proof Sketch: <= We assume conditions above are satisfied.

> ¢ is valid: Let x be a feasible solution to MI(G, 0, r). The
¥ geg AX(9) > $(X geg 9X(9)) = 6(r) = 1.

kPl



Gomory Function

Characterization of Minimal Inequalities

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory and Johnson (1972a,b)]
Theorem
A function ¢ is valid minimal inequality for MI(G, 0, r) if and only if
> ¢ is subadditive,
> d(U)+o(r—u)=a(r)=1.
Proof Sketch: <= We assume conditions above are satisfied.
> ¢ is valid: L(_et X be a feasible s_olution to MI(G,0,r). The
Y gec H@XG) > ¢ geg 9X(9)) = (1) = 1.

> ¢ is minimal valid inequality: Assume by contradiction that ¢ is not
minimal. Then let ¢’ be a valid inequality and let ¢/ () < ¢(u). Then
¢'(U) + ¢'(r — u) < ¢(U) + ¢(r — U) = 1, a contradiction.

k]



Proof Contd.

= Let ¢ be minimal.

24
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Gomory Function PI’OOf Contd .

Dey, Richard

A Hi hy of Valid .
nequalties = Let ¢ be minimal.

1. Show that ¢ is subadditive: Assume by contradiction that ¢ is not
subadditive. Then ¢(u®) + ¢(v0) < #(u® + v0). Then construct a new
function

by d(w) w# Ul +v0
¢(w) = { (W) + (V0 w =10+ V0.

Show that ¢’ is a valid inequality to obtain a contradiction.

25



Gomory Function PI‘OOf COI’I'[d

Dey, Richard

A Hi hy of Valid .
noqualtios = Let ¢ be minimal.

1. Show that ¢ is subadditive: Assume by contradiction that ¢ is not
subadditive. Then ¢(u®) + ¢(v0) < #(u® + v0). Then construct a new
function

P d(w) w# U0+ v0
¢(w) = { (W) + (V0 w =10+ V0.
Show that ¢’ is a valid inequality to obtain a contradiction.
2. Show that ¢(u) + ¢(r — u) = 1: Assume by contradiction

&(U0) + ¢(r — u®) =1 + & where 5 > 0. WLOG let ¢(u®) > 0. Construct
the function

’ _ L(]5(‘/0) w=u0
“W)‘{ Tow)  w .

Show that ¢’ is a valid inequality to obtain a contradiction (Proof uses the
fact that ¢ is subadditive and non-negative).

26



Gemenfineien = Extreme Valid Inequality

Dey, Richard

A Hierarchy of Valid
inequalities

[Gomory and Johnson (1972a,b)]

Definition
A function ¢ is called an extreme valid inequality, if there do not exist valid
functions ¢', ¢? : G — Ry such that ¢! # ¢? and ¢ = 1! + S92

Theorem
Every extreme function is minimal.

Proof: Suppose that ¢ is extreme and not minimal. Then there is a valid
function ¢’ such that ¢’ < ¢. Then ¢ = 3¢’ + 3(2¢ — ¢'), a contradiction.

27



Gomory Function
Dey, Richard
Corner and Master
Group Relaxation

A Hierarchy of Valid
inequalities

Extreme Inequalities:

Finite Group
Relaxation

Extreme Inequalities:
Infinite Group
Relaxation

Some Questions

Hierarchy of Valid Inequalities

9
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Extreme Inequalities for Finite Group Relaxation.



semevmneien = Generating All Extreme Inequalities Using ‘First Principle’

Dey, Richard

[Gomory (1965)]

Theorem

Let G be a finite subgroup of I™ and let r # o. The extreme inequalities of
MI(G,0,r) are x; > 0 fori € G and }_ g ¢(g)x(g) > 1 where ¢ € R'f‘ are
the extreme points of P*(G, 0, r), where

p(u) +o(v) 2 d(u+v), Vuveg
P*(G,0,r)={ &¢cRI9l ¢§U) p(r—u)=¢(r), Vueg

()):2 Yueg

First Principle

40



Gomory Function Example

Dey, Richard

For every “'red point i” we have a subadditive

First Principle . . X
o relation satisfied at equality

For every “blue point i” we have a subadditive
relation satisfied at equality.

|t

|

|

K -2 linearly independent inequalities are satisfied.

a1




Gomory Function

Shooting Experiment

Dey, Richard
[Gomory and Johnson (2003)]
Theorem
(REIRITE IO The extreme inequalities of MI(G, 0, r) hit first by a random ray v (when shot

from the origin) are the extreme inequalities ©* that correspond to optimal
solutions of the following linear program:

min vz

st w(r)y=1
m(gi) +7(g)) > 7(gi+g;) Vgi,gi€G (1)
(@) +n(r—g)=1 Vg€ G
m(9;) >0 Vg € G.

Also see [Gomory, Johnson, and Evans (2003)][Dash and Giinlik (2006a)]

42



Gemenfineien - Key Observations in Shooting Experiment

Dey, Richard

(Underlying Cyclic Group has order atmost 30)
> Less than 10% of all the extreme inequalities are hit. Further, 50% of the
hits are collected by a very small number of extreme inequalities.

Firet Prinople » The extreme inequalities that receive the most hits are: GMIC,
homomorphisms and automorphisms of the GMIC, and other two-slope
inequalities.

> In addition to the structure corresponding to subgroups, there is
significant persistence in the shape of extreme inequalities for group
problems corresponding to different sizes. For example, the two extreme
inequalities that are hit most often for P(Cy3,12/13) are similar in shape
to the extreme inequalities that are hit most often for P(Cyg,18/19).

Similar observation in [Dash and Giinlik (2006a)] using larger order cyclic
groups.

43



Gemenineten - Results Based on Algebraic Structure

Dey, Richard .
Definition
» Homomorphism: Given two groups (G', ®) and (G2, ®), a function
¢ :G' — G? is said to be a homomorphism if ¢(gy ® g2) = <(g1) ® s(g2)
forallG', g» € G'.
» Kernel: We define the kernel of a homomorphism ¢ : G! — G? as the set
of elements of G! that are mapped to the zero of G2, i.e.
Results Based on Algebraic Kern(s) :={g € g' l<(g) = 0}.
Structure
» Isomorphism: Given two groups (G', @) and (G2, ®), a function
w : G' — G2 is said to be an isomorphism if w is a homomorphism and if
w is also a bijection. We say that G' is isomorphic to G2.

» An automorphism ¢ : G — G is an isomorphism of a group to itself.

44



cemevineter - Results Based on Algebraic Structure
Definition
» Homomorphism: Given two groups (G', ®) and (G2, ®), a function
¢ :G' — G? is said to be a homomorphism if ¢(gy ® g2) = <(g1) ® s(g2)
forallG', g» € G'.
» Kernel: We define the kernel of a homomorphism ¢ : G! — G? as the set
of elements of G! that are mapped to the zero of G2, i.e.
Results Based on Algebraic Kern(s) :={g € g' l<(g) = 0}.

Structure

Dey, Richard

» Isomorphism: Given two groups (G', @) and (G2, ®), a function
w : G' — G2 is said to be an isomorphism if w is a homomorphism and if
w is also a bijection. We say that G' is isomorphic to G2.

» An automorphism ¢ : G — G is an isomorphism of a group to itself.

[Gomory (1965)]

Theorem (Automorphism)

Letw : G — G be an automorphism. Then ¢ is an extreme inequality for
MI(G, 0, r) iff g o w is extreme for MI(G, D, w="(r)).

Theorem (Homomorphism)

LetG', G? be finite groups, and letr € G \ {0}. Lets: G' — G® be a
surjective homomorphism. Assume that r ¢ Kern(s) and that ¢ : G> — R is
an extreme inequality for MI(G?,0,<(r)). Then ¢ o s is extreme for MI(G', 0, ).
(K-cuts [Cornuéjols, Li, Vandenbussche (2003)])

45



Gomory Function

Example of the Homomorphism Result
7(x) = 2x(mod 1)

Dey, Richard

Results Based on Algebraic

Structure 1 N i 1 .
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Gomory Function

Dey, Richard

First Principle
Results Based on Algebraic
Structure

R pecific for

Group Relaxatior

Example of the Automorphism Result

7(x) = 3x(mod 1)
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Gomory Function Results SpelelC to CyClIC Group Relaxation -I

Dey, Richard

[Gomory and Johnson (1972a,b)]

Theorem

If ¢ . I' — Ry is an extreme function for MI(I', 0, r) that is continuous and
piecewise linear, then for any cyclic group G containing all the points at which ¢
is non-differentiable, the valid function ¢|g obtained by restricting ¢ to G is
extreme for MI(G, 0, r).

Results Specific for Cyclic
Group Relaxation

48



Gomory Function Results SpelelC to CyClIC Group Relaxation -I

Dey, Richard

[Gomory and Johnson (1972a,b)]

Theorem

If ¢ . I' — Ry is an extreme function for MI(I', 0, r) that is continuous and
piecewise linear, then for any cyclic group G containing all the points at which ¢
is non-differentiable, the valid function ¢|g obtained by restricting ¢ to G is
extreme for MI(G, 0, r).

Proof uses the important concept of interpolation.

Results Specific for Cyclic
Group Relaxation

[Gomory and Johnson (1972a,b)]
Definition (Interpolation)
The interpolation ¢ : I' — Ry of ¢ : Cn — Ry is defined as

UGCn

o(u)
o(u) = { ()P @)+ WP @)d) g g @
BT (0p) —P=T(uy) ”

Proposition
If $ : Cn — Ry is a minimal inequality for MI(Cn,®,r), then¢ : I' - R, isa
minimal inequality for MI(I', 0, r).

See also [Dash and Giinlik (2006)]
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Example of Interpolation

Gomory Function

Dey, Richard

<l
5
E)
<

Results Specific for Cyclic

Group Relaxation
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Results Specific to Cyclic Group Relaxation-II

Definition (Master Equality Knapsack)
The feasible region of a master equality knapsack problem of size r, denoted

as K; is:
{x ez,

e Theorem ([Araoz (1974)])

Group Relaxation Extreme inequalities >__, pix; > pr of the master knapsack polytope K; are
the extreme rays of the cone defined by

1. pl+p/ > ,0,+/VI,],I+]E {17"'7r}'
2. pit+p—i=prVie{l,., 5]}

Dey, Richard

Zr ix; = r} . (3)
i=1

Theorem (Tilting [Araoz, Evans, Gomory, Johnson (2003)])

Let p be a facet of K, such that p is nonnegative, pr = 1 and p; = 0 for some
i"e{1,..,r}. Seta € R as

ok — pi — pj) fort <ijk<r
«a = max ﬁ((‘ﬂi‘*‘ﬂj)(n—r)‘*‘(n_k)) for1 <i,j<randr<k<n
%((Pk—Piz;_;—ﬂ fori1 <iik<randr<j<n

where k = (i + j) (mod n). If o given by (4) is positive, then ¢ = ”}i—af is
extreme for MI(Cn, 0, r).

Rq



4
Extreme Inequalities for Infinite Group Relaxation.



Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — R4 and r # o such that ¢(r) = 1 and
¢(0) = 0.

First Principle

%]



Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.

1. Prove ¢ is subadditive, i.e., p(u) + ¢(v) > 1 Vu, v € I™. This shows that
¢ is a valid inequality for MI(I™, @, r).

First Principle

R4



Gomory Function

Using ‘First Principle’

Dey, Richard
Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).
0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.
1. Prove ¢ is subadditive, i.e., p(u) + ¢(v) > 1 Vu, v € I™. This shows that
AR ¢ is a valid inequality for MI(I™, @, r).

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

1Y



Gomovfuneten | Jsing ‘First Principle’

Dey, Richard
Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).
0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.
1. Prove ¢ is subadditive, i.e., p(u) + ¢(v) > 1 Vu, v € I™. This shows that
AR ¢ is a valid inequality for MI(I™, @, r).

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

3. Assume by contradiction that ¢ is not extreme, i.e., ¢ = 31 + S ¢» such
that ¢1 # ¢ and ¢4, ¢ are valid inequalities for MI(I™, @, r). It can be
proven that ¢ and ¢, are minimal valid inequalities.
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Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.

1. Prove ¢ is subadditive, i.e., p(u) + ¢(v) > 1 Vu, v € I™. This shows that
¢ is a valid inequality for MI(I™, @, r).

First Principle

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

3. Assume by contradiction that ¢ is not extreme, i.e., ¢ = 31 + S ¢» such
that ¢1 # ¢ and ¢4, ¢ are valid inequalities for MI(I™, @, r). It can be
proven that ¢ and ¢, are minimal valid inequalities.

4. Define the equality set of
E(#) = {(u, v) € I™ x I™ | $(u) + ¢(v) = ¢(u + v)}. Since ¢4 and ¢
are minimal functions, they are subadditive. Thus E(¢1) 2 E(¢) and
E(¢2) 2 E(¢).
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Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.

1. Prove ¢ is subadditive, i.e., p(u) + ¢(v) > 1 Vu, v € I™. This shows that
¢ is a valid inequality for MI(I™, @, r).

First Principle

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

3. Assume by contradiction that ¢ is not extreme, i.e., ¢ = 31 + S ¢» such
that ¢1 # ¢ and ¢4, ¢ are valid inequalities for MI(I™, @, r). It can be
proven that ¢ and ¢, are minimal valid inequalities.

4. Define the equality set of
E(#) = {(u, v) € I™ x I™ | $(u) + ¢(v) = ¢(u + v)}. Since ¢4 and ¢
are minimal functions, they are subadditive. Thus E(¢1) 2 E(¢) and
E(¢2) 2 E(¢).

5. Obtain a contradiction by showing that if E(¢1) 2 E(¢), then ¢1 = ¢.

14:3



Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.

1. Prove ¢ is subadditive, i.e., ¢(u) + ¢(v) > 1 Vu, v € I™. This shows that
¢ is a valid inequality for MI(I™, @, ).

First Principle

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

3. Assume by contradiction that ¢ is not extreme, i.e., ¢ = 31 + S 2 such
that ¢1 # ¢ and ¢4, ¢ are valid inequalities for MI(I™, @, r). It can be
proven that ¢ and ¢, are minimal valid inequalities.

4. Define the equality set of
E(#) = {(u, v) € I™ x I™ | $(u) + ¢(v) = ¢(u + v)}. Since ¢4 and ¢
are minimal functions, they are subadditive. Thus E(¢1) 2 E(¢) and
E(¢2) 2 E(¢).

5. Obtain a contradiction by showing that if E(¢1) 2 E(¢), then ¢4 = ¢.

e}



Gomory Function

Verifying Subadditivity: Piecewise Linear Function

Definition (Boundary)

For a continuous and piecewise linear function ¢, we say that a point / belongs
to the boundary of ¢, denoted B(¢), if ¢ is not differentiable at /.

Dey, Richard

First Principle

1 @+ A-T0-12.0) g
R2 / /

©f2)

R1

0,0) (.0 F+(1-f)1-2,0) (10
X

B0



Gomory Function

Verifying Subadditivity: Piecewise Linear Function

Dey, Richard
[Gomory and Johnson (2003)], [D. and Richard (2007)]
Proposition
T Let ¢ be a continuous, piecewise linear and nonnegative function over I™. The

function ¢ is subadditive if and only if

d(h) + o) > ¢(h + k)
d(h) + ol — h) > d(k)

PN
@ O
= =

Vi, b € B(9).
See [Richard, Li, Miller (2007)] for extensions to discontinuous functions.

A1



Gomovfuneten | Jsing ‘First Principle’

Dey, Richard

Table: Proving a function ¢ : I™ — Ry is extreme for MI(I™, 0, r).

0 Input: A function ¢ : I™ — Ry and r # o such that ¢(r) = 1 and
$(0) = 0.

1. Prove ¢ is subadditive, i.e., ¢(u) + ¢(v) > 1 Vu, v € I™. This shows that
¢ is a valid inequality for MI(I™, @, ).

First Principle

2. Prove ¢ satisfies complementarity conditions, i.e., ¢(u) + ¢(r — u) = 1
Yu € I™. This shows that ¢ is a minimal valid inequality for MI(I™, 0, r).

3. Assume by contradiction that ¢ is not extreme, i.e., ¢ = 31 + S 2 such
that ¢1 # ¢ and ¢4, ¢ are valid inequalities for MI(I™, @, r). It can be
proven that ¢ and ¢, are minimal valid inequalities.

4. Define the equality set of
E(#) = {(u, v) € I™ x I™ | $(u) + ¢(v) = ¢(u + v)}. Since ¢4 and ¢
are minimal functions, they are subadditive. Thus E(¢1) 2 E(¢) and
E(¢2) 2 E(¢).

5. Obtain a contradiction by showing that if E(¢¢) 2 E(¢), then ¢q = ¢.
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Gomory Function E(¢1) :_) E(¢) = ¢1 — ¢

Dey, Richard

1. First verify that if the function ¢ is linear over some set S C /'™, then ¢4 is
also linear over this set S.

2. Then verify that this linear function is exactly the same function.

REsterincilo The first step is accomplished using ‘Interval Lemma’:
Example of one such result: [Gomory and Johnson (2003)]

Lemma

LetU; = [U1,U2] C /1, U, = [V1,V2] cn and Uy + Us = [U1 + Vi, Uz + V2]
such that uy # u» and vy # vs. If there exists a continuous real-valued function
¢ defined over Uy, U and Uy + Us such that ¢(u) + ¢(v) = ¢(u + v)

Yu e U,v € V, then ¢ must be a straight line with constant slope s over Uy, U»
and Uy + Us.

B3



Gomory Function

Dey, Richard

First Principle
on Algebraic

Function/Fill-in
jon of MIPs

lllustration of the Last Step

Ui+ U2

i+ V2




Gomory Function

Interval Lemma in R?

Dey, Richard
[D. and Richard (2007)]
Proposition
Let U and V be closed sets inR?. Let g be a real-valued function defined over
U, Vand U + V. Assume that
Fist Principle 1. U is star-shaped with respect to the origin, and U has a non-empty

interior.
2. V is path connected.

3. g(u)+g(v)=g(u+v),Vue U, vveV.

4. > ics9(U) = g(>Xjes Ui) Vuj € U such that y s u; € U and V'S with
S| <s.

5. g(u) >0,Vue U.
Then g is a linear function with the same gradientin U, V and U + V.

B85



femevEmEe = llustration of Interval Lemma in Two Dimensions

Dey, Richard

First Principle

©1 @1+ (1-M)1-2,1) (g4
R2
©f2)
>
R1
RS
©0) 0 (1+(1-f)1-12,0 (10

X
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femevEmEe = llustration of Interval Lemma in Two Dimensions

Dey, Richard

First Principle

©1 @1+ (1-M)1-2,1) (g4
R2
©f2)
>
©0) 0 (1+(1-f)1-12,0 (10

X
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gomervfineton—|1ystration of Interval Lemma in two Dimensions

Dey, Richard

First Principle

©1) @1+ -1)01-2,1) (g9
ny ’
012)
>
R1
RS
0.0 0 F+1-M)(1-12,00 (10

X
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Gomory Function

A Conjecture of Gomory and Johnson

Dey, Richard
» Gomory and Johnson (2003) conjectured that all extreme inequalities of
infinite group relaxation are piecewise linear.
» Recently [Basu, Cornuéjols, Conforti, and Zambelli (2009)] gave a
AEIRILED counterexample.

» The proof involves a new variant of Interval Lemma: Let f : R — R be a
bounded periodic function with period one. Let U = [uq, u2], V = [vq, Vo],
and U+ V = [u; + vq, Uz + Vo] be three intervals of the real line such that
uy < upand vy < vo. If f(u) + f(v) = f(u+ v) for every u € U and
v € V, then the graph of f above U, V, and U + V is a straight line with
some constant slope s.

(e}



cemenineten - Discussion: Constructing Subadditive Functions

Dey, Richard

» Unlike the finite case, we do not have a complete characterization of all
extreme inequalities.

» One way of thinking of extreme functions is to first understand different
approaches to generate subadditive valid inequalities (and then studying
when they yield extreme inequalities).

» Rest of the talk is structured on the following approaches to generate
subadditive functions:

First Principle

. Interpolation in one dimension (discussed already)
. Using algebraic results.

. Sequences of subadditive functions.

. Value functions of MIPs.

. If ¢ : R — R is subadditive and non-decreasingand ¢ : D — Ris
subadditive, then ¢ o v is a subadditive function.

a »~ W N =

6. Support function of closed convex sets are positively homogenous
subadditive functions.
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Gemenineten - Results Based on Algebraic Structure

Dey, Richard

[Gomory and Johnson (1972a,b)], [Johnson (1974)]

Theorem

Letw : I™ — I™ be an automorphism and let ¢ be an extreme inequality for
MI(I™, @, r). Then ¢ o w is extreme for MI(I™, B, w=(r)).

The only automorphisms for MI(I™, , r) are rotations, reflections and their
combinations.

Results Based on Algebraic
Structure

71



Gomory Function

Dey, Richard

Results Based on Algebraic
Structure

Results Based on Algebraic Structure

[Gomory and Johnson (1972a,b)], [Johnson (1974)]

Theorem

Letw : I™ — I™ be an automorphism and let ¢ be an extreme inequality for
MI(I™, @, r). Then ¢ o w is extreme for MI(I™, B, w=(r)).

The only automorphisms for MI(I™, , r) are rotations, reflections and their
combinations.

Definition
Lets: I™ — I™ be the homomorphism defined as
s(x) = (M xq,N2x2, ..., Nmxm) where n; € Z4 \ {0} fori=1,..., m. We refer

to <(x) as multiplicative homomorphism.
[Gomory and Johnson (2003)], [D. and Richard (2007)]

Theorem
Let s be a multiplicative homomorphism. Then ¢ is extreme for MI(I™, @, r) iff
¢ o is extreme for MI(I™, 0, v), where s(v) =r.
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cemenineten - Eyample of Reflection Automorphism Reflection

Dey, Richard

Results Based on Algebraic
Structure

73



Gemenfensien — Example of Homomorphism Result

Dey, Richard

A
Results Based on Algebraic 1

Structure

RN
DA
QS
s
o
s

Y 00 X Y 00 X

a. Three—gradient facet b. Homomorphism of the three—gradient face
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Semenfineten - Sequence of Functions

Dey, Richard

[Dash and Giinliik (2006)] [D., Richard, Li and Miller (2007)]

Proposition

Let ¢; : I — R4 be valid, subadditive and minimal functions of MI(I™,(, r) for
i=1,2,.... If the sequence of functions {¢;}7°, converges to ¢ pointwise on
I™, then ¢ is a valid, subadditive and minimal function of MI(I™,(, r).

In general, the limit of a converging sequence of extreme functions is not
necessarily extreme.

Theorem

Let ¢; : I' — R be piecewise linear, continuous extreme functions of
Sequence of Functions MI(I™, 0, r) fori > 1. Assume that the sequence of functions {;}°,

converges pointwise to ¢ and that

1. ¢ is piecewise linear,

2. The right-derivative of ¢ at zero, ¢, (0), exists and satisfies
0 < ¢'.(0) < oo,

3. There exists a sequence of finite subgroups Cy;, where
limj_, 4 oo ki = +o00, that satisfy

3.1 ¢j(u) = ¢(u) Vu € Cy, and
3.2 all the points at which the function ¢; is non-differentiable belong to
Cy;

Then ¢ is an extreme function of MI(I', 0, r).

75



Gomory Function

Fill-in Function is Related to Value Function
[Gomory and Johnson (1972a,b)][Johnson (1974)]

Dey, Richard

Table: Fill-in Procedure

1. Input: A subadditive valid function (¢, 8) for MI(G, W, r), where W C R™
and g is a subgroup of /™.

2. Construct the function © : R™ — R as follows:

Value Function/Fillin O(w) = mln{ Z o(v)y(v) ‘ w = Z vy(v),y(v) > 0} , (7

Function of MIPs. veEW veEW
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Gomory Function

Fill-in Function is Related to Value Function
[Gomory and Johnson (1972a,b)][Johnson (1974)]

Dey, Richard

Table: Fill-in Procedure

1. Input: A subadditive valid function (¢, 8) for MI(G, W, r), where W C R™
and g is a subgroup of /™.

2. Construct the function © : R™ — R as follows:

Value Function/Fillin O(w) = mln{ Z o(v)y(v) ‘ w = Z vy(v),y(v) > 0} , (7

Function of MIPs. veEW veEW

3. Construct the function @ : /™ — R as follows:

> Compute ¢ : /'™ — R, as follows:
o) =min {o(v) + o) | veGwew.vrrw —uf. @®

4. Output: A subadditive valid function (®, ©) for MI(I™,R™, r).

Fill-in does not always generate extreme inequalities.
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Gomory Function

Dey, Richard

tur
Sequence of Function

Value Function/Fill-in
Function of MIPs.

n Algebraic

Two Slope Theorem and Extensions

[Gomory and Johnson (1972a,b)]

Theorem

Continuous, piecewise linear, subadditive and minimal functions that have only
two slopes are extreme for Mi( o, r).
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emenineten = Tyo Slope Theorem and Extensions

Dey, Richard
[Gomory and Johnson (1972a,b)]
Theorem
Continuous, piecewise linear, subadditive and minimal functions that have only
two slopes are extreme for MI(I', 0, r).
One (Incomplete) Interpretation:
» Let u',..., uk be the points at which the function ¢ is not differentiable. (I
am assuming these are rational points)
» Let Cp be the cyclic subgroup of /' that is generated by u', ..., uk.
Value Function/Fill-in > Letnt = Iimhio@ andm~ = Iimhlo ¢(1h_h) .

Function of MIPs.

> Theinequality 3°, o d(u)x(u) +nty(1) + 7~ y(=1) > 1 is extreme for
MI(Cn, {+1,-1},1).

» The function ¢ : I' :— R is obtained as a fill-in function.
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emenineten = Tyo Slope Theorem and Extensions

Dey, Richard
[Gomory and Johnson (1972a,b)]
Theorem
Continuous, piecewise linear, subadditive and minimal functions that have only
two slopes are extreme for MI(I', 0, r).
One (Incomplete) Interpretation:
» Let u',..., uk be the points at which the function ¢ is not differentiable. (I
am assuming these are rational points)
» Let Cp be the cyclic subgroup of /' that is generated by u', ..., uk.
Value Function/Fill-in > Letnt = Iimhio@ andm~ = Iimhlo ¢(1h_h) .

Function of MIPs.

> Theinequality 3°, o d(u)x(u) +nty(1) + 7~ y(=1) > 1 is extreme for
MI(Cn, {+1,-1},1).

» The function ¢ : I' :— R is obtained as a fill-in function.
[D. and Wolsey (2007)]
Theorem
Let (¢, m) be minimal for MI(G,R™, r) where G is a finite subset of I™. Then the
fill-in inequality (®, ) is extreme for MI(I™,R™, r) if and only if (¢, ) is
extreme for MI(G,R™, r) and (¥, 7) is minimal for MI(I™,R™, r).

0



Gomory Function

Dey, Richard

o

on Algebraic

»

of Functions
Value Function/Fill-in
Function of MIPs

Simple Sets
Multiple Row Ir

From Single R

Using Simple Sets: Gomory Mixed Integer Cut from Mixed
Integer Rounding Inequalities

[Nemhauser and Wolsey (1990)][Wolsey (1998)]
» Analyze a simple mixed integer set Q. E.g.

XZ :={(x,y) €Z xRy |x+y > b}.
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Gomory Function

Using Simple Sets: Gomory Mixed Integer Cut from Mixed
Integer Rounding Inequalities

Dey, Richard

[Nemhauser and Wolsey (1990)][Wolsey (1998)]
» Analyze a simple mixed integer set Q. E.g.

XZ :={(x,y) €Z xRy |x+y > b}

» Obtain a valid inequality (Mixed Integer Rounding Inequalities). E.g.

y
b— b]

> [b]

Simple Sets X+

» Using aggregation of variables in the group relaxation to rewrite it in the
form of Q

» Using the valid inequality for Q, obtain a valid inequality for the group
problem. E.g.: yields the Gomory Mixed Integer Cut.
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Gomory Function

Two Step MIR inequality
eviiciad [Dash and Guinliik (2006)]

» Consider the following Set
@ ={(21,22,y) ELX Ly xRy |21 + az +y > b},

where 0 < a < b— |b| and i > {%1. Assume for simplicity that
0<b<,ie,|bl =0.
» The following two-step MIR inequality is proven to be facet-defining for

: el
— 1 +2+—F2>|—.
’Va-‘ e b—ang T la
» Consider the following single row
n—1 i
X()Jr; EX,‘:I’,

where xp € Z and x; € Z Vi. Suppose « > 0 is chosen such that r > «
and j; > [ L] = 2. The following relaxation is constructed

r
a

Xo + Z Xi + « Z Xi
ili>nr i (r—e)n<i<nr
i i
+ ( SN+ YD (n—a)x/) >r.

S n . f
ili<n(r—a) il an<i<nr

Simple Sets

a3



Gomory Function Two_Step MIR Inequa“ty

Dey, Richard

[Dash and Gunlik (2006)]

Theorem
Let0 < a <randl >[L]> L. Thenthe functiong"® :I' — R, defined
as
W= K@) iy k(e < p
9w =1 ket . , (©)
a0 ifu—k(ua=>p

e wherep=r—a|L|, 7=[L], and k(u) = min{[£],7} — 1 represents an
extreme inequality for the one-row group problem with right-hand side r.

[Kianfar and Fathi (2008)] generalized the above to the n-step MIR inequalities.

4



Gomory Function Agg regatlon

Dey, Richard

Definition

Let ¢ : I' — R be a valid inequality for MI(/', 0, r) and let

A= (M, ..., Am) € Z™{0}. We define the aggregation function ¢* : I™ — R
as ¢*(x) = o1y Aixi)-

[D. and Richard (2007)]

Theorem
Muttile Row Inequaltes If ¢ is an extreme inequality for Ml(l1 ,0,r), then ¢* is an extreme inequality for
Fam S e R MI(I™ @, r") where I’ € I™ satisfies (3.7, Air/)(mod 1) =r.
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Gomory Function

Sequential-Merge Inequalities

Dey, Richard

> Given a valid inequality ¢ for MI(I™, @, r), define [¢], : R — R as
[ (x) = X724 % — 724 P (1) 6(P(x)).
» Given a function ¢ : R™ — R that satisfies ¢(x + €;) = ¥r(x) + 1, define
- - mP(x;)—
el 1 — Ras [0 (0 = S G
Proposition
If ¢ is valid function for PI(r, m),

Multiple Row Inequalities
From Single Row

1. [olr(x + &) = [#]r(x) + 1, where e; is the ih unit vector of R™.

2. [¢]r is superadditive iff ¢ is subadditive. g
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Gemenfineten - Fyplanation of Sequential-Merge Operator

Dey, Richard

Given: (1)m + 1 Tableau Rows:

> alxi = b' }..FirstRow
i

> ax
i

(2) Valid group functions g and h.

b? }... Next m Rows

Multiple Row Inequalities
From Single Row
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Gemenfineten - Fyplanation of Sequential-Merge Operator

Dey, Richard

Given: (1)m + 1 Tableau Rows:

> alxi = b' }..FirstRow
i

> ax
i
(2) Valid group functions g and h.
1. Generate valid inequality [h] for the last m-rows:

> _lh(@)xi < [h(b?) (10)

1

b? }... Next m Rows

Multiple Row Inequalities
From Single Row

a8



Gomory Function

Dey, Richard

ue Function/Fill-i
ction of MIP

Simple Set:

Multiple Row Inequalities
From Single Row

Explanation of Sequential-Merge Operator

Given: (1)m + 1 Tableau Rows:

> alxi = b' }..FirstRow
i

> ax
i
(2) Valid group functions g and h.
1. Generate valid inequality [h] for the last m-rows:

> _lh(@)xi < [h(b?) (10)

1

b? }... Next m Rows

2. Add (10) to the first row of tableau, i.e.,
Do) +a')x < [h)(p?) + b (1)

1
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Gomory Function

Dey, Richard

ue Function/Fill-i
ction of MIP

Simple Set:

Multiple Row Inequalities
From Single Row

Explanation of Sequential-Merge Operator

Given: (1)m + 1 Tableau Rows:

> alxi = b' }..FirstRow
i

> ax
i
(2) Valid group functions g and h.
1. Generate valid inequality [h] for the last m-rows:

> _lh(@)xi < [h(b?)

1

b? }... Next m Rows

2. Add (10) to the first row of tableau, i.e.,
> (A1) +a')x; < [h(b?) + b

1

3. Generate the valid cut [g] for (11):
Z[g]([h](a,-z) +a')x < [g]([M(b?) + b)

90
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Gomory Function Sequent|a|_Merge Procedure

Dey, Richard

Proof of validity uses the fact that the function w(a, b) := ¢(a+ ¥(b)) is a
superadditive function if ¢ is superadditive and ¢ is non-decreasing and
superadditive.

[D. and Richard (2007)]

Theorem

Assume that g and h are continuous, piecewise linear valid functions for

MI(I', 0, r') and MI(I™, B, r?) respectively. Assume also that g and h are
. unique solutions of E(g) and E(h) respectively and that [g],« and [h],= are
From Single Row nondecreasing. Then g&h is an extreme inequality for MI(I™ @, (r', r?)).
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Gomory Function

lllustration of Sequential Merge Inequalities

Dey, Richard

1 1
08 08
06 Q 06
04 04
02 02
0 02 04 08 08 1 0 02 04 06 08 1 >
0
Outer Function Inner Function Sequential-Merge Function
(Facet of PI(r,1)) (Facet of PI(r,1)) (Facet of PI(r,2))

Multiple Row Inequalities
From Single Row

Q2



Gomory Function

Searching for Extreme Inequalities Using Approximate
Dey, Richard Lif tl ng
[Richard, Li, and Miller (2007)], [Miller, Li, and Richard (2007)] Basic Idea:
» Decide on a specific template of inequalities.
» Find extreme inequalities within a specific class.
» Verify these inequalities are extreme in general.

Definition
Let KecRyandre (0,K). Letn€ Zy,z = (2,22, ,zn) € R, and
7= (71,72, - ) ER] besuchthat -7, z = KL and 7 75z = 5. A

function ¢ : R! — R is said to be a CPL(K; r; z; ) function if, when u is
restricted to [0, K),

Multiple Row Inequalities

From Single Row. 0, ifue [0, I’],
Fiy+~yi(u—r—2Z_4) ifue(r+2z1,r+2),
(u)= ; ifu=r+2,
1T, ifu=K-— 2,

1=Tig—m(K—u—2_4) ifue(K-2,K-2Z_4),

fori=1,...,nwhere Z, =0,y =0, Z :2}21 ziandT; = z;?:1 ~; for
i=1,...,n. Forthe sake of brevity, we call a CPLy(K; r; z; v) function a CPL,
function.

g3



Semevfineien = Approximate Lifting Contd.

Dey, Richard

Proposition

Letz € R be such that Z, = K; L. Parameter ~ defines a superadditive CPLn

function if and only if v belongs to the polyhedron

POn(z) = {y € RI | +T; < w(2r+ Z + Z), 0<ij<n—1,
Fi—Ti<y(r+K+Z-2)-1, 0<ij<n-1,
M+ >9(r+ 2+ 2), 0<i,j<n—-1}

Multiple Row Inequalities
From Single Row
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Gomory Function

Dey, Richard

Multiple Row Inequalities
From Single Row

Approximate Lifting Contd.

Proposition
Letz € R be such that Z, = K; . Parameter ~ defines a superadditive CPLy,
function if and only if v belongs to the polyhedron

PO(2) = {y € R} |+ T <9(2r + Z + Z), 0<ij<n-—1,
Ni-r<y¢(r+K+zZ-2)-1, 0<ij<n-1,
M+ >9(r+ 2+ 2), 0<i,j<n—-1}
Theorem
The following are the only extreme points of P@,(z1):
] :{ A 7 €0, 55 (GMIC)
z,}—_:rrr, zy € [0, ngr (3-slope inequality)
v = A, z€ [K52r7 7K52r) (new inequality)

, z1 € [K52r7 %] (2-slope inequality).
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Some Questions

Dey, Richard
» More than 4 slopes in 1 dimension?
> A number of techniques used to prove inequalities are extreme (especially
for the infinite group problems) are technical in nature. Better methods to
search and prove that inequalities are extreme are needed. Example:
Some Questions » Understanding Interpolation in higher dimensions.

> Interval lemma in higher dimension.

» Given the large number of extreme inequalities, new methods, other than
based on merit index or strength of continuous variables coefficients, are
needed to predict the usefulness of extreme inequalities for group
problems.

» Good cut selection rules when using multi-row Cuts.
» Generating safe group cuts [Cook, Dash, Fukasawa, Goycoolea].

96



	Corner and Master Group Relaxation
	A Hierarchy of Valid inequalities
	Extreme Inequalities: Finite Group Relaxation
	First Principle
	Results Based on Algebraic Structure
	Results Specific for Cyclic Group Relaxation

	Extreme Inequalities: Infinite Group Relaxation
	First Principle
	Results Based on Algebraic Structure
	Sequence of Functions
	Value Function/Fill-in Function of MIPs
	Simple Sets
	Multiple Row Inequalities From Single Row

	Some Questions

