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Motivation

A QCQP for Structural engineering application

Updating FEM model for bridges

m
min g Zk
k=1

st. X' Quyt+aix+blytal=z ke{l,...,

xe[0,1",y € [0,1]",

QCQP (Bilinear Program):

m
min E z, +z)
k=1

st. x Quy+ax+blyta=2z -z, ke{l,...

x €[0,1]™,y € ]0,1]™.
0<z,z/ <u, ke{l,...,m}.

(1)

m)

(2)
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Motivation We tried various approached.

1. McCormick relaxation + Semidefinite programming
relaxation

2. Commercial solvers (for hours)
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Motivation We tried various approached.

1. McCormick relaxation + Semidefinite programming
relaxation

2. Commercial solvers (for hours)

Motivation from Integer programming: Convexification of
substructures like knapsack set, flow cover sets, mixing sets, etc.

A very successful  approach in integer  lin-
ear  programing is to  generate  cutting-planes
implied by single constraint relaxations.
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Motivation

Convex hull of one-constraint relaxation

Theorem (Santana, D., Wang)
Consider the set (S) defined as:

Doy o w20y aixi + 20 by + ¢ =0,
wij = xiyj, i € [m],j € [n],
(X,y, W) c [0, 1]”1+n2+n1n2

(%)

Then, conv(S) is SOC-representable (SOCr).
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Motivation

Convex hull of one-constraint relaxation

Theorem (Santana, D., Wang)
Consider the set (S) defined as:

>ty _;Zl qijwij + 37y aixi + ijiil biyj + ¢ =0,
Wi = XiYj, | € [nl],j c [n2]’
(X7y7 W) S [O, 1]”1+"2+n1n2

(5)

Then, conv(S) is SOC-representable (SOCr).
We give a constructive proof.
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Santanu Dey, Theorem (Santana, D., Wang)
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Asteroide Santana - Consider the set (S) defined as:

Motivation

Py j= 2w+ 13x,_|_ZJ by +c=0,
wij = Xiyj, 1 € [m],j € [m], (S)
(x,y, w) € [0, 1]m+nz+mnz

Then, conv(S) is SOC-representable (SOCr).

M. Tawarmalani, N.V. Sahinidis [2001]

M. Tawarmalani, J.-P. P. Richard, K. Chung [2010]

K. M. Anstreicher, S. Burer [2010]

T. T. Nguyen, J.-P. P. Richard, M. Tawarmalani [2012]
A. Gupte Thesis [2012]

B. Kocuk, SSD, and X. A. Sun [2018]

» And many others...(especially on convex envelopes of
bilinear functions)
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This substructure convexification worked well

1. We used a new branching rule.

2. Used a polyhedral outer approximation of the SOCr convex

hull.
Table: Comparison with BARON
newBB, row-wise SOCP BARON
Inst | Dual  Primal % Gap | Dual Primal % Gap
1 | 25074 34785 2791 | 0.3312 3.4789 90.47
2 2.8644 3.4998 18.15 | 0.5245 3.4993 85.01
3 | 3.1308 3.6810 14.94 | 0.4760 3.6831 87.07
4 | 31115 3.7522 17.07 | 0.7863 3.7530 79.04
5 | 3.7806 4.1328 8.30 | 0.3840 4.1354 90.71
6 | 46399 5.6609 18.03 | 2.2657 5.6605 59.97

Running-time: 10 hours.

%gap =

Primal

Primal—Dual
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Motivation

» What about more general quadratic
constraints?

» What about more general linear
constraints?

12
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The convex hull of
a quadratic
constraint over a
polytope

Section 2

The convex hull of a quadratic constraint
over a polytope

13
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The convex hull of
a quadratic
constraint over a
polytope

Our result

Theorem (Santana, D.)

Let
S={xeR"| x"Qx+c'x=d, xe P},

where P is a polytope. Then, conv(S) is SOCr. Moreover,
we provide a constructve proof to generate conv(S).

14
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If S is a compact set, then

The convex hull of

drati o
soiiira:itlcover a conv (S) = conv (extr(S))
polytope

15
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If S is a compact set, then

The convex hull of

a quadratic conv (S) = conv (extr(S)).

constraint over a
polytope

As a consequence:
1. If extr(S) CUp; Tk C S, then

conv (S) = conv (U COhV(Tk)>

k=1

2. Finally, if conv (Ty) is SOCr, then conv (S) is SOCr.

16
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Proof of Thm (sketch)

Structure Lemma on Quadratic functions

Lemma
Consider the set defined by a quadratic equation. Then exactly

one of the following occurs:

17
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a quadratic
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polytope

Proof of Thm (sketch)

Structure Lemma on Quadratic functions

Lemma
Consider the set defined by a quadratic equation. Then exactly

one of the following occurs:

1. It is the boundary of a SOCP representable convex set,

18
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The convex hull of
a quadratic
constraint over a
polytope

Proof of Thm (sketch)

Structure Lemma on Quadratic functions

Lemma
Consider the set defined by a quadratic equation. Then exactly

one of the following occurs:
1. It is the boundary of a SOCP representable convex set,

2. It is the union of boundary of two disjoint SOCP
representable convex set; or

10
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The convex hull of
a quadratic
constraint over a
polytope

Proof of Thm (sketch)

Structure Lemma on Quadratic functions

Lemma
Consider the set defined by a quadratic equation. Then exactly
one of the following occurs:

1. It is the boundary of a SOCP representable convex set,

2. It is the union of boundary of two disjoint SOCP
representable convex set; or

3. It has the property that, through every point, there exists a
straight line that is entirely contained in the surface.

https:
//www.math.arizona.edu/smodels/Ruled_Surfaces/source/1.html
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aTzeuggr"avt?: hull of 1. If in Case 1 or Case 2: (i.e., the boundry of SOCP

constraint over a representable convex set or union of boundary of two
polytope
SOCP representable sets), then done!

bl
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The convex hull of 1. If in Case 1 or Case 2: (i.e., the boundry of SOCP

a quadratic i
constraint over a representable convex set or union of boundary of two
polytope
SOCP representable sets), then done!
2. Otherwise:

2.1 Because of the lines (Case 3), no point in the relative
interior of the polytope can be an extreme point;

23
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polytope

Proof of Thm (sketch)

Using the Structure Lemma

1. If in Case 1 or Case 2: (i.e., the boundry of SOCP
representable convex set or union of boundary of two
SOCP representable sets), then done!

2. Otherwise:

2.1 Because of the lines (Case 3), no point in the relative

interior of the polytope can be an extreme point;
2.2 Intersect the quadratic with each facet of the polytope;

24
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The convex hull of 1. If in Case 1 or Case 2: (i.e., the boundry of SOCP

a quadratic i
constraint over a representable convex set or union of boundary of two
polytope
SOCP representable sets), then done!
2. Otherwise:

2.1 Because of the lines (Case 3), no point in the relative
interior of the polytope can be an extreme point;

2.2 Intersect the quadratic with each facet of the polytope;

2.3 Each intersection yields a new quadratic set of the same
form, but in lower dimension;

25
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The convex hull of 1. If in Case 1 or Case 2: (i.e., the boundry of SOCP

a quadratic i
constraint over a representable convex set or union of boundary of two
polytope
SOCP representable sets), then done!
2. Otherwise:

2.1 Because of the lines (Case 3), no point in the relative
interior of the polytope can be an extreme point;

2.2 Intersect the quadratic with each facet of the polytope;

2.3 Each intersection yields a new quadratic set of the same
form, but in lower dimension;

3. Repeat above argument for each facet.

26
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polytope

Proof of Thm (sketch)

Proof of Structure Lemma: Reduction

Lemma
If F is an affine bijective map, then:

1. conv(F(S)) = F(conv(S)),
2. conv(S) is SOCr iff conv(F(S)) is SOCr.

Then, we rewrite
S:={xeR"| x"Qx+c'x=d, x € P},
as

S= {(u, v,w) € R%+ x R"™~ x R™|

Ng+ q n

S-d v+

1 k=1

we =d, (u,v,w) € P},

i=1 J

where we may assume d > 0.
27
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The convex hull of
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constraint over a
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Proof of Thm (sketch)

Proof of Observation 2: Classification

S= {(u, v,w) € R+ x RN~

Lemma

Case

x R™M|

Classification

1) n/22

2)ng+ <1, nm=0

3) ngyng— =0, <1

4) ngy, ng—>1,n =1
5)ng+ >2,ng->1,n=0

28
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Discussion

‘Classify: conv.hull of QCQP substructure is SOCr?

Is SOCP representable:
1. One quadratic equality constratraint N polytope

2. Two quadratic inequalities (Burer, Klinc-Karzan [2017],
Modaresi, Vielma [2017] )

20
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‘Classify: conv.hull of QCQP substructure is SOCr?

The convex hull of

e ers Is SOCP representable:
polytope . . .
1. One quadratic equality constratraint N polytope
2. Two quadratic inequalities (Burer, Klinc-Karzan [2017],
Modaresi, Vielma [2017] )

Is not SOCP representable:

1. Already in 10 variables, 5 quadratic equalities, 4
quadratic inequalities, 3 linear inequalities (Fawzi
[2018])

20
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Section 3

Rank-one sets and Rank-one sets and applications to the
applications to the
pooling problem

Setting and

pooling problem
Theoretical results

Application: To the
Generalized Pooling
Problem

21
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min  x " Q% + (a%) " x
st. x"Qx+(a")Tx=by  Vke[m]
x e o, 1]

Setting and
Theoretical results

23



comenieaions . Rank-one sets with linear side constraints

for QCQP .
. 5 Notation: [m] = {1,..., m}
t: b . .
Burak Kocok. Consider again the QCQP:

Asteroide Santana
min  x " Q% + (a%) " x
st. x"Qx+(a")Tx=by  Vke[m]
x e o, 1]

Which can be rewritten as:

min  (Q% X) + (a°) "x
%’f:;:gt;gcl'results S,t. <Q X> +( ) X S bk Vk 6 [m]
1 x'
rank ([ X X ]) =1
x € [0, 1],

where (U, V) := > Z 2, UiV

24
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Setting and
Theoretical results

Rank-one sets with linear side constraints
Notation: [m] = {1,..., m}
Consider again the QCQP:

min  x " Q% + (a%) " x
st. x"Qx+(a")Tx=by  Vke[m]
x €0, 1]".

Which can be rewritten as:

min (Q Xy + ( O)T
st (Q, X) + (") Tx < by Vk € [m]
1

(5]

x € [0, 1]7,

where (U, V) := > Z 2, UiV

U = {W € R*™ | (AR, W) < by, Vk € [m], rank(W) < 1}

25
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U= {W € RMX™ [ (A%, W) < by, Vk € [m], rank(W) < 1}.

Known result

Setting and
Theoretical results

» All individual variable bounds:

U= {W e RP*™ | Wy < 1,Vi € [m],j € [m], rank(W) < 1}.

Then, conv (L_{) is the Boolean Quadric Polytope.
(Burer, Letchford [2009])

26
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Setting and
Theoretical results

One of two arbitrary side constraints

» Single linear constraint with non-negative coefficients:
Ul = {W e R ™| (AL, W) < by, rank(W) < 1}.

Then, conv (U1) is a polyhedron.

7
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» Single linear constraint with non-negative coefficients:
Ul = {W e R ™| (AL, W) < by, rank(W) < 1}.

Then, conv (U1) is a polyhedron.
» Two linear constraint (assuming set is bounded):

Setting and
Theoretical results

Uu? = {W ER™™ | (AK W) < by, k=1,2,

rank(W) < 1}.

Then, conv (14?) is SOCr.

28
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S Theorem (D., Kocuk, Santana)
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Asteroide Santana U= {W S Rg_lxnz | <Ak, W> < bk,\V/k S [m], rank( W) < 1}
Suppose the constraint matrices are of the form

AR = akpT k € [m],

where ok € R™ for k € [m] and 8 € R'?,. Moreover, let the a*’s
be such that {u € R} | (a*)Tu <0,V k € [m]} = {0}. Then:
Setting and 1. The conv (U) is a polyhedron.

Theoretical results

2. A compact extended formulation of conv(U) is given by:
n
D=1 20 vj € [no]
j=1

n
> "ok Wy < bet; Vk € [m], j € [n).
i=1

20



Set
Convexifications

for QCQP

Santanu Dey,
Burak Kocuk,
Asteroide Santana

Setting and
Theoretical results

Arbitrary number of constraints - |

Theorem (D., Kocuk, Santana)

U= {W € RMX™ | (AK W) < by, Vk € [m], rank(W) < 1}.
Suppose the constraint matrices are of the form

AR = akpT k € [m],

where ok € R™ for k € [m] and 8 € R'?,. Moreover, let the a*’s
be such that {u € R} | (a*)Tu <0,V k € [m]} = {0}. Then:

1. The conv (U) is a polyhedron.

2. A compact extended formulation of conv(U) is given by:

n
Yo=1, >0 vj € [no]
j=1

n

> BW; < bt vk € [m], j € [m].

i=1

Equivalent to result in (Sherali, Alameddine [1992])
40
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Consider the set
U = {W € R | (AKX W) < by, Yk € [m], rank(W) < 1},

with ny = ny > 3. Suppose that U is bounded and the constraint
matrices are of the form

Setting and

Theoretical results AR = akﬁﬁ—r + ’y’ké‘()‘—r k € [m],
where o*, v € R, for k € [m] and 3,6 € R, .

Then, conv (U) is SOCr. Moreover, for a fixed m, a linear function
can be optimized in polytime over U.

41
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Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

Some corollaries
» Row sum bounds:

m
U .= {W S R'J}an ‘ I < Z VV,'J' < u;,Vie [n]_]7

j=t

rank(W) < 1}.

Then, conv (™) is a polyhedron.

492
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Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

Some corollaries
» Row sum bounds:

m
U .= {W S R'J}an ‘ I < Z VV,'J' < u;,Vie [n]_]7

j=t

rank(W) < 1}.

Then, conv (™) is a polyhedron.

» Row sum and overall sum bounds:

n
Urowt = {W ER™™ | <N Wy < upVi € [,
j=1
nm ny

L<SS Wy < U, rank(W) < 1}.

i=1 j=1

Then, conv (U™"") is a polyhedron.

43
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Application: To the
Generalized Pooling
Problem

Pooling problem
Haverly [1978].

source intermediate terminal
(pools)

Called generalized pooling problem (GPP) if there are pool-
pool arcs, otherwise, standard pooling problem (SPP).

45
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Flow consistency requirement must be met at each pool.

Application: To the z
Generalized Pooling

Problem

46
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Theoretical results
Application: To the
Generalized Pooling
Problem

pg-Formulation

SPP: Tawarmalani and Sahinidis [2002]
GPP: Alfaki and Haugland [2012]

A7
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Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

pg-Formulation

SPP: Tawarmalani and Sahinidis [2002]
GPP: Alfaki and Haugland [2012]

A48
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Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

40
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Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

t y B t t .
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Asteroide Santana . For 3 fixed pool i, consider the matrix

ryl 1 17
Xll XU Xil‘l
S — S e S e S
x7lsg) = | X Xij Xin
m m m
Application: To the —Xi]' XU Xin - (Sv.j)

Generalized Pooling
Problem

Then,

[X,'j'](s,j) = [q/s]s[fU]JT

rank([x,-j](&j)) =1.

i

x; = q;fi, Vs,j

3

51
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Burak Kocuk, Consider again the matrix [x;]s, Vs, j, for a fixed pool i. Then,

Asteroide Santana
s s

> X
=2 Vs & == Vs & rank([xflep) = 1.

S/ )
y Zs’ Xij

1 1 1
X’- 1 [N XU ‘e Xin
S S S
X e X+ e X
Application: To the i1 ij in
Generalized Pooling .
Problem .
m m m
X X ... X!
" i ind (s.)

159



Set
Convexifications
for QCQP

Santanu Dey,
Burak Kocuk,
Asteroide Santana

Application: To the
Generalized Pooling
Problem

From pg-formulation to rank-1 (Part II)

Consider again the matrix [x;]s, Vs, j, for a fixed pool i. Then,

S X’j H S X’j H S
qg; = 7 Vs, & @=—=—, 5] & rank([x,-j](s’j)) =1.
y Zs’ Xij
1 1 1
Xi1 Xij Xin
S S S
Xi1 Xij Xin
m m m
Xi1 X Xind (s )

By applying our convex hull result to /" to each matrix
[x7lsj, Vs, Jj, we recover the pg-relaxation!

1]



coneiatiosFrom pg-formulation to rank-1 (Part )

for QCQP

Santanu Dey, . . . . . .
Burak Kocuk, Consider again the matrix [x;]s, Vs, j, for a fixed pool i. Then,

Asteroide Santana

X3 x>
s _ _U H s __ Y H s _
=7 Vs,j & qi= o5 Vs, j & rank([x7]sp) = 1
) Zs’ Xij
1 1 1
Xi1 Xij Xin
S S S
X X Xz
Application: To the i1 ij in
Generalized Pooling .
Problem .
m m m
i X nd )

By applying our convex hull result to /" to each matrix
[x7lsj, Vs, Jj, we recover the pg-relaxation!

How about &% *7?

R4
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Application: To the
Generalized Pooling
Problem

From pg-formulation to rank-1 (Part II)

Consider again the matrix [x;]s, Vs, j, for a fixed pool i. Then,

1 1
XU DRI X”-’
S S
Xt Xin
m m
Xjj Xy
I
9ij

1949

& rank([x}]s, ) = 1.

1 1
XU “ee an
S s
XIJ e Xln
m m
Y M= (s4)

& rank([x}](s,)) = 1.



coneiatiosFrom pg-formulation to rank-1 (Part )

for QCQP

Santanu Dey, . . . . . .
Burak Kocuk, Consider again the matrix [x;]s, Vs, j, for a fixed pool i. Then,

Asteroide Santana

S—va ' s_ Ny k L
qi - f’ 57./ Aed qi - S./ a4 ran ([Xul(SJ)_

. s'?
i Zs’ Xij

1 1 1 1 1 1
Xil XU Xin Xil X,,j an
S S S S S s
X X X X X5 X
pprtiezisteny o e il ij in i1 ij in
Generalized Pooling . .
Problem . .
m m m m m m
X: X:: X X X:: e X:
i1 y ind (s.) i1 ] ind (s.j)
S S

Vs,j < rank([xj]is;) =1

Xij
= —,
Zj' Xijr
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These new non-linear equations enforce flow consistency
Santanu Dey,

Burak Kocuk, requirements on the source side:

Asteroide Santana

S

q,’-j_f,,VSJ & X CI,Js:,VSJ

Setting and
Theoretical results
Application: To the
Generalized Pooling
Problem

By applying our convex hull result for /""" to each [x], Vs, j:
» For SPP, we recover all the strength of tp-relaxation.
» For GPP, we partially recover the strength of tp-relaxation.

Most importantly, without having to define the x,-ﬁ- variables of the

tp-formulation.
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Formulation  Standard Pooling (SPP)

Generalized Pooling (GPP)

Pq Known [1]

tp Known [2]
pgxtp Known [3]
rank-1-pq = pq N tp
rank-1-tp = pq N tp

Application: To the
Generalized Pooling
Problem

[1]: Tawarmalani and Sahinidis [2002]
[2]: Alfaki and Haugland [2013]
[3]: Boland et al. [2016]

1¢])

Known [2]

Known [3]

Known [3]
New
New
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B o Reporting the best average duality gap for each instance set:
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Light-LP methods: pq, tp, rank-1-pq, rank-1-tp

Instance Set | Gap  Time  Method

Mining 414 176 rank-1-gp
Literature 18.11 0.02  rank-1-tp
Random 1247 525 rank-1-qp

Application: To the
Generalized Pooling

Beotiam Medium-LP methods: pg N tp, pq X tp, rank-1-pq N tp, pq N
rank-1-tp, rank-1-pq N rank-1-tp

Instance Set ‘ Gap Time Method

Mining 3.82 13.73 rank-1-gp N rank-1-tp
Literature 18.10 0.11  rank-1-gp N rank-1-tp
Random 12.28 27.34 rank-1-gp N rank-1-tp
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Reporting the best average duality gap for each instance set:

MILP methods: pq(g®), rank-1-pq(¢®), rank-1-pq(q’), tp(q"),
rank-1-tp(q"), rank-1-tp(q’)

Instance Set \ Gap Time Method

Mining 1.46 75830 rank-1-qp(q’)

Literature 0.49 150.29 rank-1-tp(q’)
o paoine Random 7.37 92750 rank-1-qp(q’)

Problem
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Appendix

Computational results

Duality gaps via LP for Mining instances

Paper [3] pq rank-1-pq tp rank-1-tp paNtp  rank-1-pg Ntp pq N rank-1tp rank-1-pq M rank-1-tp pa x tp

Inst | Gap Time | Gap Time | Gap Time | Gap Time | Gap Time | Gap Time | Gap Time | Gap Time | Gap Time Gap _ Time
2000H2 [ 3700 005 | 713 053 | 406 112 | 456 123 | 456 028 | 427 513 | 359 589 | 427 7.6 | 3.59 664 402 160727
2000Q3 | 2936 003 | 384 006 | 159 023 | 216 008 | 216 017 | 201 034 | 145 069 | 201 061 | 145 047 196 123
2000Q4 | 4186 002 {2493 013 | 1449 057 | 1711 030 [1711 078 [1694 120 | 1377 175 |1694 136 | 1377 198 10.84 2259
2010Y | 2601 025 1037 516 | 858 1099 | 891 3362 | 891 6163 | 887 10108 | 8.14 8691 | 887 14166 | 8.14 9230 | (8.14) 8691
2010H1 | 3242 008 | 1464 102 | 1342 195 | 1338 897 |1338 623 |1332 1000 | 1277 1747 1332 1848 [12.77 1573 1278 285.80
2010H2 | 1483 009 | 394 081 | 184 209 | 245 327 | 245 534 | 245 1060 | 1.80 1655 | 245 1561 | 1.80 14.89 226 480.52
2010Q1 | 1974 003 | 435 020 | 390 075 | 431 055 | 431 066 | 414 203 | 3.88 181 | 414 250 | 3.88 236 394 1333
2010Q2 | 3538 003 | 2141 011 | 1859 061 | 1858 027 |1858 061 |1855 128 |17.90 139 |1855 138 |17.90 098 1826 566
2010Q3 | 2033 002 | 384 009 | 154 405 | 256 013 | 256 039 | 256 061 | 149 094 | 256 111 | 1.49 098 223 420
2010Q4 [ 2862 005 | 1143 012 | 995 036 | 943 056 | 943 094 | 914 100 | 8.83 137 | 914 148 | 8.83 156 875 4797
2011Y [ 1930 014 | 245 283 | 150 764 | 143 795 | 143 1639 | 141 5767 | 1.25 32228 | 141 6089 | 1.25 88.55 128 116144
2011H1 | 9.07 006 | 230 048 | 140 091 | 124 083 | 124 191 | 123 236 | 113 195 | 123 277 | 113 539 110 1453
2011H2 | 2221 006 | 217 077 | 143 156 | 137 153 | 137 238 | 13¢ 775 | 126 1012 | 134 1262 | 1.26 2131 124 17206
2011Q1 | 1051 002 | 178 004 | 103 015 | 083 011 | 083 034 | 082 05 | 072 053 | 082 047 | 0.72 077 072 116
2011Q2 | 404 002 | 319 005 | 229 016 | 253 012 | 253 040 | 253 034 | 210 045 | 253 063 | 2.10 098 224 375
2011Q3 [ 1004 000 | 0.39 002 | 007 003 | 015 003 | 015 006 | 0.15 014 | 0.07 008 | 015 011 | 0.07 014 015 025
2011Q4 | 1609 0.02 | 101 006 | 057 010 | 0.99 009 | 0.99 030 | 090 053 | 056 073 | 090 063 | 056 097 083 308
2012Y | 820 011 | 279 178 | 172 561 | 237 756 | 237 1638 | 219 2164 | 1.57 3039 | 219 2950 | 1.57 4134 | (1.57) 3039
2012H1 | 499 008 | 335 127 | 220 250 | 300 234 | 300 517 | 277 1077 | 202 1666 | 277 1319 | 2.02 2883 | (202) 1666
2012H2 | 1021 002 | 097 011 | 042 047 | 074 019 | 074 033 | 066 102 | 042 072 | 066 091 | 0.42 133 064 475
2012Q1 | 1393 001 | 931 003 | 443 008 | 866 009 | 866 022 | 825 041 | 416 033 | 825 031 | 4.16 075 813 237
2012Q2 | 168 002 | 070 003 | 030 009 | 049 008 | 049 023 | 049 034 | 021 028 | 049 053 | 021 041 049 095
2012Q3 | 592 002 | 113 005 | 056 013 | 0.99 006 | 099 020 | 092 038 | 056 033 | 092 042 | 056 086 089 152
2012Q4 | 2581 000 | 491 002 | 350 002 | 191 003 | 191 003 | 191 005 | 1.91 006 | 191 008 | 1.91 0.09 191 022

Ave | 1665 005 | 593 066 | 414 176 | 450 202 | 450 543 | 440 089 | 3.82 2165 | 449 1310 | 3.82 373 702 16911
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Computational results
Duality gaps via LP for Mining instances

Paper [3] rank-1-pg N'tp  pgq N rank-1-tp  rank-1-pq N rank-1-tp pq X tp

Inst Gap Time | Gap Time Gap Time Gap Time Gap Time
2009H2 | 37.00 0.05 | 3.59 5.89 4.27 7.16 3.59 6.64 4.02  1697.27
2009Q3 | 29.36 0.03 | 1.45 0.69 2.01 0.61 1.45 0.47 1.96 1.23
2009Q4 | 41.86 0.02 | 13.77 175 | 16.94 136 | 13.77 1.98 10.84 22,59
2010Y | 26.01 0.25 | 8.14 86.91 | 8.87 141.66 | 8.14 92.30 (8.14) 8691
2010H1 | 32.42 0.08 | 12.77 17.47 | 13.32 18.48 | 12.77 15.73 12.78  285.80
2010H2 | 14.83 0.09 1.80 16.55 2.45 15.61 1.80 14.89 2.26 480.52
2010Q1 | 19.74 0.03 | 3.88 1.81 4.14 2.50 3.88 2.36 3.94 13.33
2010Q2 | 35.38 0.03 | 17.90 139 | 1855 1.38 | 17.90 0.98 18.26 5.66
2010Q3 | 20.33  0.02 1.49 0.94 2.56 1.11 1.49 0.98 2.23 4.20
2010Q4 | 28.62 0.05 | 8.83 1.37 9.14 1.48 8.83 1.56 8.75 47.97
2011Y | 19.30 0.14 1.25 32228 | 141 60.89 1.25 88.55 1.28 1161.44
2011H1 | 9.07 0.06 | 1.13 1.95 1.23 2.77 1.13 5.39 1.10 14.53
2011H2 | 2221 0.06 | 1.26 10.12 | 1.34 1262 | 1.26 21.31 1.24  172.06
2011Q1 | 10.51 0.02 | 0.72 0.53 0.82 0.47 0.72 0.77 0.72 1.16
2011Q2 | 4.04 0.02 | 2.10 0.45 2.53 0.63 2.10 0.98 2.24 3.75
2011Q3 | 10.04 0.00 | 0.07 0.08 0.15 0.11 0.07 0.14 0.15 0.25
2011Q4 | 16.09 0.02 | 0.56 0.73 0.90 0.63 0.56 0.97 0.83 3.08
2012Y | 8.20 0.11 | 1.57 30.39 | 219 2950 | 1.57 41.34 (1.57) 3039
2012H1 | 499 0.08 | 2.02 16.66 | 2.77 13.19 | 2.02 28.83 (2.02) 16.66
2012H2 | 10.21 0.02 | 0.42 0.72 0.66 0.91 0.42 1.33 0.64 4.75
2012Q1 | 13.93 0.01 4.16 0.33 8.25 0.31 4.16 0.75 8.13 2.37
2012Q2 | 1.68  0.02 0.21 0.28 0.49 0.53 0.21 0.41 0.49 0.95
2012Q3 | 592 0.02 | 0.56 0.33 0.92 0.42 0.56 0.86 0.89 1.52
2012Q4 | 25.81 0.00 1.91 0.06 191 0.08 1.91 0.09 1.91 0.22

Ave 1865 0.05 | 3.82 2165 | 449 1310 | 3.82 13.73 4.02 169.11
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Computational results

Duality gaps via LP for Literature instances

pq rank-1-pg tp rank-1-tp pg N tp rank-1-pq N tp  pq M rank-1-tp  rank-1-pq N rank-1-tp pq X tp
Inst | Gap Time| Gap Time| Gap Time| Gap Time| Gap Time| Gap Time | Gap Time | Gap Time Gap _ Time
[1 | 101 000 | 0.86 000 | 10I 000 | 10I 000 | 1.0l 002 | 0.86 000 | 101 000 | 0.86 0.00 TOI 000
L2 | 5524 000 | 5524 002 | 5574 000 |52.83 000 | 5524 000 | 5524 002 |52.83 002 |52.83 0.00 5524 0.02
L3 | 455 000 | 455 000 | 4.55 000 | 455 000 | 455 000 | 455 002 | 455 000 | 4.55 0.00 455 003
L4 | 245 002 | 245 006 | 245 000 [ 2.45 000 | 245 002 | 2.45 005 | 245 003 | 245 0.09 245 016
L5 | 1080 002 | 10.80 000 | 1126 000 | 9.60 002 | 1080 002 | 1080 002 | 9.60 002 | 9.60 0.03 1080 0.03
L6 | 2222 000 | 2206 000 | 2037 000 [2037 000 |2037 000 2037 000 |20.37 000 |20.37 0.00 2037 0.00
L12 | 25.00 002 | 25.00 0.00 | 25.00 0.00 | 25.00 0.00 | 25.00 0.00 |25.00 000 |25.00 0.00 |25.00 0.00 25.00 0.00
L13 | 66.67 0.00 | 66.67 0.00 | 66.67 0.00 | 66.67 0.00 | 66.67 0.00 | 66.67 0.00 | 66.67 0.00 |66.67 0.00 66.67  0.00
L14 | 1667 000 | 1667 0.00 | 1667 0.00 | 6.67 0.00 | 16.67 0.00 | 1667 000 | 6.67 0.00 | 6.67 0.00 16,67 0.00
L15 | 3741 000 | 25.88 000 | 25.88 0.00 | 25.88 0.00 | 25.88 002 |25.88 000 |25.88 000 |25.88 0.02 25.88  0.00
C2 | 123 003|123 002|123 003|123 003 | 123 008 | 1.23 008 | 123 009 | 1.23 0.06 123 033
D1 | 1.06 009 | 106 025 | 1.06 0.2 | 1.06 022 | 1.06 055 | 1.06 094 | 1.06 0.94 | 1.06 117 1.06 392
Ave. | 2036 001 | 1937 003 | 1932 001 | 1811 002 | 1924 0.06 | 1923 009 | 1811 0.09 | 18.10 011 1924 037
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Computational results

Duality gaps via LP for Random instances

pq rank-1-pq tp rank-1-tp paNtp  rank-l-pq N tp pq (i rank-l-tp rank-1-pq N rank-1-tp pa x tp
Inst | Gap Time| Gap Time | Gap Time | Gap Time | Gap Time | Gap Time | Gap  Time | Gap Time Gap  Time
F1 | 379 002 | 379 002 | 502 003 | 409 006 | 3.79 005 | 3.79 012 | 3.79 000 | 3.79 0.09 379 022
F2 | 481 039 | 460 102 | 515 041 | 450 089 | 430 127 | 420 343 | 428 306 | 4.28 5.98 420 1370
F3 [1352 027 [1319 127 | 1457 070 | 1457 141 |1319 155 |13.19 282 |13.19 200 |13.19 6.44 1310 2239
F4 | 0.00 014 | 0.00 248 | 0.00 103 | 0.00 172 | 0.00 131 | 0.00 480 | 0.00 337 | 0.00 625 0.00 661
F5 | 1458 042 | 1102 181 | 1306 034 |11.96 106 | 1.71 119 | 10.07 350 | 1166 3.03 | 10.97 619 1165 2260
F6 1069 031 [ 1003 173 | 1225 027 |1045 117 | 1015 319 | 992 811 | 997 656 | 9.91 1242 904 6092
F7 3372 105 | 3300 325 | 3491 120 | 3404 508 | 3300 531 | 3300 1250 |33.05 1245 |33.05 2245 33.00 8613
F8 |17.15 058 [16.90 177 | 1746 053 |17.06 181 |16.90 422 |16.90 847 |16.90 7.89 | 1690 1405 16.90 2258
Fo 1813 050 | 1717 103 | 2075 038 |17.78 115 | 17.24 348 |17.15 891 |17.16 577 |17.15 1630 1716 1964
Fl0 | 7.84 031 | 7.81 130 | 808 061 | 7.86 141 | 7.81 266 | 7.81 727 | 7.81 425 | 7.81 917 781 12908
F11 | 543 002 | 532 005 | 571 003 | 520 008 | 528 006 | 528 016 | 519 016 | 5.19 023 528 039
F12 | 457 014 | 454 030 | 514 019 | 478 034 | 448 106 | 448 160 | 447 164 | 4.47 231 448 873
FI3| 720 067 | 715 211 | 812 069 | 7.02 181 | 7.7 186 | 714 445 | 7.16 384 | 7.13 7.48 716 3211
F14 | 0.00 008 | 0.00 048 | 0.00 030 | 0.00 080 | 0.00 095 | 0.00 200 | 0.00 202 | 0.00 175 000 383
F15 | 17.05 023 | 17.88 078 | 1882 039 | 1833 161 | 1636 184 |16.33 277 |1636 303 |1633 6.06 1636 1453
F16 | 464 006 | 420 009 | 441 005 | 431 011 | 428 028 | 426 042 | 428 038 | 4.26 0.64 427 231
F17 (1024 002 | 1024 005 | 963 006 | 9.62 011 | 9.62 012 | 9.62 016 | 9.62 017 | 9.62 027 962 064
F18 [ 16.63 009 | 16.63 034 |16.63 019 |16.63 056 | 16.63 080 | 16.63 073 |16.63 108 |16.63 253 1663 187
F19 | 1.06 002 | 106 002 | 273 003 | 1.06 003 | 1.06 003 | 106 003 | 1.06 005 | 1.06 0.09 106 008
F20 [ 1274 011 | 1211 016 | 1338 0.4 | 1228 031 | 1152 091 | 1148 088 | 1150 100 | 11.46 1.34 1152 263
F21 | 2602 1238|2557 5588 | 2649 872 | 2571 5080 | 2542 7072 | 2540 16503 | 2537 13367 | 2536 31098 | (25.36) 31098
F22 [ 2264 023 | 2217 055 | 2343 034 | 2261 066 | 21.91 142 [21.91 319 |21.91 286 |21.91 434 2191 1083
F23 | 4392 1064 | 4358 49.00 | 47.04 1215 | 4505 4955 | 4339 5361|4335 49314 [ 4316 22412 | 4313 20730 | (43.13) 20730
F24 | 1119 022 [ 1119 050 | 1119 1.02 |1118 223 | 1119 223 | 1119 581 |1118 7.45 |11.18 1138 1L19 544
Ave | 1285 120 | 1247 525 | 1350 124 | 1279 520 | 1235 667 | 1230 3085 | 1232 1701 | 12.28 2734 1232 3623
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Computational results

Duality gaps via discretization for Mining instances

pa(q°) rank-1-pq(g°)  rank-1-pq(q’) tp(q") rank-1-tp(qf)  rank-1-tp(q’)
Inst Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time
2009H2 | 3.64 1800.17 | 2.69 1800.18 | 1.61 1800.09 | 2.08 1800.37 | 2.08 1800.27 | 2.65 1800.14
2009Q3 | 0.80 23.67 0.54 16.45 | 0.20 10.64 | 0.21 12.56 0.22 18.12 0.53 8.56
2009Q4 | 8.82 1800.05 | 8.41 1800.05 | 3.45 1558.98 | 4.93 1800.06 | 4.74 1800.06 | 4.69 1800.02
2010Y | 9.13 1800.27 | 8.27 1801.63 | 8.09 1800.63 | 8.06 1800.33 | 8.24 1800.25 | 8.44 1800.14
2010H1 | 13.31 1800.07 | 11.71 1800.15 | 6.92 1800.23 | 9.05 1800.09 | 8.55 1800.23 | 8.41 1800.09
2010H2 | 1.22 1800.11 | 0.84 1800.11 | 1.03 1800.33 | 1.00 1800.19 | 0.93 1800.11 | 2.19 1800.05
2010Q1 | 2.89 23287 | 2.75 379.08 | 1.64 134.11 | 2.25 665.41 | 2.25 1279.26 | 2.32 199.84
2010Q2 | 12.37 1028.67 | 11.64 1594.03 | 2.95 232.52 | 4.89 1800.03 | 4.85 1800.05 | 4.23  422.70
2010Q3 | 0.94 39.75 0.70 40.09 | 0.38 14.31 0.70  33.23 0.70  37.08 0.80  48.44
2010Q4 | 6.38 13255 | 528 160.81 | 1.97 77250 | 3.84 231.61 | 3.84 239.50 | 4.95 701.95
2011Y 1.56 1800.09 | 1.28 1800.19 | 1.20 1800.11 | 1.17 1800.16 | 1.13 1800.20 | 1.28 1800.84
2011H1 | 0.64 1800.09 | 0.54 1800.08 | 0.18 871.16 | 0.41 1800.05 | 0.58 1800.14 | 0.31 287.62
2011H2 | 1.37 1800.06 | 1.26 1800.09 | 0.37 1800.09 | 1.07 1800.09 | 1.05 1800.12 | 0.66 1800.05
2011Q1 | 0.31 18.62 0.26 36.94 0.12 57.71 0.22 20.05 0.22 24.11 0.22 29.84
2011Q2 | 1.08 90.28 1.01 3864 | 0.49 3670 | 0.89 62.84 0.89 111.09 | 0.69 5831
2011Q3 | 0.05 0.66 0.03 0.77 0.01 113 0.04 1.33 0.04 1.81 0.06 0.83
2011Q4 | 0.18 26.39 0.15 31.48 0.10 8.00 0.24 45.20 0.24 39.56 0.17 49.69
2012Y | 1.85 1800.06 | 1.43 1800.09 | 1.20 1802.70 | 1.37 1800.08 | 1.37 1800.06 | 1.95 1800.13
2012H1 | 2.22 1800.03 | 1.72 1800.08 | 1.34 1800.04 | 1.14 1800.06 | 1.39 1800.08 | 2.48 1800.11
2012H2 | 0.19 39.77 0.15 5255 | 0.07 5266 | 0.18 5559 0.18  60.58 0.19 7269
2012Q1 | 3.35 22.00 2.15 10.64 | 0.91 11.08 1.32 9.00 132 2347 1.78 2352
2012Q2 | 0.16 12.02 0.12 10.39 0.12 3.97 0.16 1855 0.16 1977 | 0.11 2223
2012Q3 | 0.29 19.80 0.23 2828 |0.07 2856 | 0.18 20.72 0.18  48.72 0.21 33.38
2012Q4 | 1.77 4.73 1.65 4.16 0.70 1.03 0.44 231 0.44 2.22 0.33 8.56
Ave. 310 82053 | 270 850.29 | 1.46 758.30 | 1.91 874.16 | 1.90 904.45 | 2.07 757.07
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Computational results

Duality gaps via discretization for Literature instances

pa(q®) rank-1-pq(g°)  rank-1-pg(q’) tp(q") rank-1-tp(q)  rank-1-tp(q’)
Inst | Gap Time | Gap  Time Gap Time Gap Time | Gap Time | Gap  Time
L1 0.33 0.03 0.33 0.05 0.26 0.05 0.36 0.05 0.36 0.05 0.59 0.03
L2 | 2.96 1.12 2.96 1.70 15.66 1.38 2.70 0.20 2.70 0.09 1.55 0.28
L3 | 296 0.50 2.96 0.86 3.58 0.37 1.97 0.08 1.97 0.09 1.55 0.17
L4 1.96 16.64 1.96 19.78 2.45 1.36 0.47 0.49 0.47 0.28 0.26 2.14
L5 | 2.88 1.17 2.88 1.58 4.19 12.78 | 0.96 0.81 0.96 0.68 0.05 0.14
L6 | 000 014 |0.00 017 | 0.00 0.11 |0.00 004 |[0.00 0.02 |0.00 0.06
L12 | 0.00 0.09 0.00 0.11 0.00 0.12 0.00 0.02 0.00 0.02 0.00 0.03
L13 | 0.00 0.08 0.00 0.13 0.00 0.20 0.00 0.02 0.00 0.03 0.00 0.03
L14 | 0.00 0.10 0.00 0.11 4.76 0.17 191 0.02 1.91 0.04 0.00 0.03
L15 | 0.77 0.14 0.68 0.12 1.20 0.08 1.20 0.03 1.20 0.06 0.68 0.09
C2 | 014 0.64 0.14 0.72 0.10 0.59 0.10 0.55 0.10 0.69 0.14 0.47
D1 | 1.06 1800.03 | 1.06 1800.00 | 1.04 1800.02 | 1.02 1800.02 | 1.03 1800.03 | 1.04 1800.02
Ave. | 1.09 151.72 | 1.08 152.11 277 151.44 | 0.89 150.19 | 0.89 150.17 | 0.49 150.29
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Computational results

Duality gaps via discretization for Random instances

pa(q®) rank-1-pa(q°) rank-1-pg(q’) tp(q*) rank-1-tp(g*) rank-1-tp(q’)
Inst | Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time
F1 2.04 7.06 2.04 9.52 2.30 4.14 2.30 6.31 2.30 4.13 2.26 10.23
F2 3.01 1800.03 | 2.99 1800.02 | 2.39 1800.08 | 2.63 1800.08 | 2.59 1800.08 | 2.63 1800.03
F3 3.42  1800.05 | 4.36 1800.05 | 2.01 526.69 | 7.50 1800.05 | 8.88 1800.03 | 5.42  1800.09
F4 | 0.00 2.44 0.00 3.19 0.00 3.91 0.00 3.20 0.00 3.78 0.00 4.02
F5 7.26 1800.06 | 7.90 1800.03 | 6.52 1800.03 | 6.78 1800.06 | 7.55 1800.05 | 6.27  1800.06
F6 8.25 1800.02 | 8.38 1800.03 | 8.12 1800.05 | 9.11 1800.05 | 8.29 1800.05 | 8.19  1800.06
F7 | 24.44 1800.05 | 25.67 1800.06 | 25.96 1800.05 | 24.79 1800.06 | 26.83 1800.04 | 22.87 1800.08
F8 | 10.40 1800.06 | 10.81 1800.05 | 9.53 1800.05 | 7.66 1800.08 | 8.91 1800.06 | 10.55 1800.03
F9 | 809 1800.06 | 829 1800.06 | 6.78 1800.05 | 8.25 1800.06 | 7.88 1800.06 | 6.37 1800.12
F10 | 3.08 1800.14 | 3.65 1800.14 | 4.23 726.17 | 469 76477 | 469 653.10 2,47 1110.62
F11 | 1.25 23.02 1.25 26.14 1.30 63.05 1.47 57.05 1.47 71.55 0.84 9.50
F12 | 1.75 1800.05 | 1.62 1800.07 | 1.11 431.17 157 1800.14 | 1.61 1800.12 | 1.49 1800.16
F13 | 454 1800.05 | 4.22 1800.05 | 1.67 1751.19 | 3.81 1800.10 | 3.79 1800.06 | 4.40 1800.05
F14 | 0.00 1.09 0.00 0.69 0.00 0.88 0.00 133 0.00 2.36 0.00 3.08
F15 | 13.15 1800.03 | 12.73 1800.03 | 12.22 1800.03 | 12.97 1800.03 | 13.52 1800.05 | 12.43 1800.05
F16 | 1.37 24083 135 34773 1.16 161.31 | 1.15 573.34 | 1.09 146055 | 1.48 39.92
F17 | 1.94 10.59 1.94 19.34 1.82 6.59 1.83 6.95 1.83 10.22 2.50 10.50
F18 | 1.79 61.87 1.79 42.75 1.16 36.03 117 21.73 1.17 27.42 2.64 16.83
F19 | 0.00 0.75 0.00 0.56 0.00 0.38 0.00 0.39 0.00 0.39 0.00 0.44
F20 | 3.47 1800.11 | 3.50 1800.05 | 2.49 53550 | 2.29 631.09 | 229 1337.64 | 2.23  308.12
F21 | 26.01 1800.05 | 25.46 1800.08 | 25.55 1800.06 | 26.20 1800.05 | 25.69 1800.09 | 25.46 1800.11
F22 | 10.40 1800.03 | 11.68 1800.03 | 11.11 1800.05 | 12.60 1800.04 | 12.95 1800.08 | 7.26  1800.13
F23 | 43.65 1800.06 | 43.58 1800.11 | 43.58 1800.09 | 46.52 1800.05 | 45.03 1800.09 | 44.69 1800.09
F24 | 5.96 46.45 5.96 39.28 5.88 12.58 5.99 12.37 5.99 28.78 5.92 20.03
Ave. | 7.72 1141.46 | 7.88 114542 | 7.37 927.50 | 7.97 1061.64 | 8.10 1125.03 | 7.43 1038.93
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Proof of Thm 1 (sketch)
Proof of Case 5

For simplicity, ng+ =2, nq— =1, n; = 0: W12 + W22 _X12 =d.
Let (a1, az, b1) be a point in the surface, i.e.,
al4a3—b?=d.
We show that there exist w1, up, v4 such that the line
{(31, a, bl) + )\(Ul, us, V1) | A€ R}

is entirely contained in the surface:

(a1 + M) + (a2 + Awp)? — (b1 + Avi)?> = d VA € R.
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Proof of Thm 1 (sketch)

Proof of Case 5
Then, VX € R,

d = (a1 + A1) + (a2 + An)? — (b1 + Avy)?
d= a% + a% — b% + Az(uf + U% — V12) + 2)\(81U1 + arup — b1V1)
0= /\2(uf + u% — v12) +2X\(a1u1 + agua — bivy)
0= \Nu + u3 — v}) +2(aru + atn — brvy).
Therefore,
wHui—vi=0
aju; + asus — byvy = 0.
Setting vy = 1:

v +ud=1
aiuy + asup = b1.

a+a—bl=d = al+a3=d+bl>b =
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