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Branch-and-bound is the basic algorithm underlying
state-of-art IP solvers.

Max   x + 2y

s.t. -2x +  7y ≤ 14
 6x +  2y ≤ 27
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Example/Picture credit: Natashia Boland
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Well-defined branch-and-bound algorithm

I Node selection: Which node should we branch on next?

A common rule used: Worst bound rule – use the node which
has the largest (resp. smallest) LP value for a maximization-type
(resp. minimization-type) IP.

I Partitioning the feasible region of an LP at a node
I Simple branch-and-bound: Used in practise by solvers

xj ≤ bx̂jc − − > Added to left node

xj ≥ dx̂je − − > Added to right node

Need rule to decide which variable to branch on: Full strong
branching, Reliability branching, Pseudocost branching: will discuss
some of these later.

I General branch-and-bound:

π>x ≤ π0 −− > Added to left node

π>x ≥ π0 + 1 −− > Added to right node

where π ∈ Zn is an integer vector and π0 ∈ Z is an integer.
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Branch-and-bound procedure

I The branch and bound algorithm was invented by Land and Doig
in 1960.

Ailsa Land Alison Doig

Picture credit: Wikipedia

I Almost 60 years now, but there is very little theoretical analysis of
the branch-and-bound algorithm!
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What kind of questions we want to answer

I What is known: There are simple examples (i.e. knapsack IPs)
with n variables that require O(2n) nodes when using simple
branch-and-bound tree. [Jeroslow (1974)], [Chvátal (1980)]

I However, branch-and bound algorithm (with many bells and
whistle) seems to work well in practice.

So the type of questions we want to understand:
I Can we prove for a random model for instances that

branch-and-bound works well?
I The simple examples above can be solved using a polynomial

number of nodes using general branch-and-bounds [Yang,
Boland, Savelsbergh (2021)]. Can we understand lower bounds
for general branch-and-bound. (Preliminary results: [Dadush,
Tiwari (2020)])

I Can we understand and analyse properties of some well-known
rules for partitioning mentioned above? Hopefully this will lead to
better rules.
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Random model of IPs

We consider the following model of random IPs:

max c>x c ∼ Uniform([0, 1]n)
s.t. Ax ≤ b A ∼ Uniform([0, 1]m×n)

x ∈ {0, 1}n ,

where b = β · n, β ∈
(
0, 1

2

)m.

Incomplete literature review:
I Analysis of gap and enumerative algorithms: [Lueker (1982)],

[Goldberg, Marchetti-Spaccamela (1984)], [Beier, Vocking
(2003)], [Dyer, Frieze (1989)]

I General branching: [Pataki, Tural, Wong (2010)]
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Result for random IPs

Theorem (D., Dubey, Molinaro)
Consider a branch-and-bound algorithm using the following rules:

I Partitioning rule: Variable branching, where any fractional variable can be
used to branch on.

I Node selection rule: Worst bound rule (Select a node with largest LP
value as the next node to branch on.)

Consider n ≥ m + 1 and a random instance of IP described previously. Then
with probability at least 1− 1

n − 2−αā2 , the branch-and-bound algorithm
applied to this random instance produces a tree with at most

nā1·(m+α log m)

nodes for all α ≤ min{30m , log n
ā2
}, where ā1 and ā2 are constant depending

only on m and β.
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Simplified...

Theorem (D., Dubey, Molinaro)
Any branch-and-bound tree using the worst bound rule for node
selection, solving the above problem has no more than (nO(m)) nodes
with good probability.
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Result for random IPs

Simplified...

Theorem (D., Dubey, Molinaro)
Any branch-and-bound tree using the worst bound rule for node
selection, solving the above problem has no more than (nO(m)) nodes
with good probability.
Nice follow up work [Borst, Dadush, Huiberts, Tiwari (2021)]
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Lower bounds

I Remember when using general branch-and-bound, we are
allowed to use general disjunctions:

π>x ≤ π0 −− > Added to left node

π>x ≥ π0 + 1 −− > Added to right node

where π is an integer vector and π0 is an integer.
I As explaned before, most lower bounds are for simple

branch-and-bound trees.

We want results independent of
computation complexity assumptions.

I Very recently, [Dadush,Tiwari (2020)] showed the following:

Theorem (Dadush, Tiwari)
Any (general) branch-and-bound tree that certifies the following
instance is integer feasible requires at least 2n

n leaf nodes:

C :=

x ∈ {0, 1}n |
∑
j∈S

xj +
∑

j∈[n]\S

(1− xj ) ≥
1
2
∀S ⊆ [n]
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Lets consider the cross-polytope again..

C :=

x ∈ {0, 1}n |
∑
j∈S

xj +
∑

j∈[n]\S
(1− xj ) ≥

1
2
∀S ⊆ [n]


We can present a sligthly better result:

I Consider any node of a general branch-and-bound tree where two distinct
0− 1 vectors v and w are feasible for the branching-constraints added to
that node (v and w ofcourse cannot belong to C or its LP relaxation).

I Then observe, by convexity, the vector v+w
2 satisfies the branching

constraints at this node.

I Observe that any vector u ∈
{

0, 1, 1
2

}n
with at least one component 1

2
satisfies the LP relaxation of C:

v + w
2
∈

x ∈ [0, 1]n |
∑
j∈S

xj +
∑

j∈[n]\S
(1− xj ) ≥

1
2
∀S ⊆ [n]


I So v+w

2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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Lets consider the cross-polytope again..
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∑

j∈[n]\S
(1− xj ) ≥

1
2
∀S ⊆ [n]


We can present a sligthly better result:

I Consider any node of a general branch-and-bound tree where two distinct
0− 1 vectors v and w are feasible for the branching-constraints added to
that node (v and w ofcourse cannot belong to C or its LP relaxation).

I Then observe, by convexity, the vector v+w
2 satisfies the branching

constraints at this node.

I Observe that any vector u ∈
{

0, 1, 1
2

}n
with at least one component 1

2
satisfies the LP relaxation of C:
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2
∈
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1
2
∀S ⊆ [n]


I So v+w

2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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I So v+w

2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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I Consider any node of a general branch-and-bound tree where two distinct
0− 1 vectors v and w are feasible for the branching-constraints added to
that node (v and w ofcourse cannot belong to C or its LP relaxation).

I Then observe, by convexity, the vector v+w
2 satisfies the branching
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I Observe that any vector u ∈
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0, 1, 1
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with at least one component 1
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satisfies the LP relaxation of C:
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I So v+w
2 satisfies all the constraints at the node. Equivalently, the node is

non-empty.
I In order to prove integer-infeasiblilty of C, every leaf node should be

infeasible. So from above, there must at at least 2n leaf nodes!
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We can present a sligthly better result:

I Consider any node of a general branch-and-bound tree where two distinct
0− 1 vectors v and w are feasible for the branching-constraints added to
that node (v and w ofcourse cannot belong to C or its LP relaxation).

I Then observe, by convexity, the vector v+w
2 satisfies the branching

constraints at this node.

I Observe that any vector u ∈
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0, 1, 1
2
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I So v+w

2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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We can present a sligthly better result:

I Consider any node of a general branch-and-bound tree where two distinct
0− 1 vectors v and w are feasible for the branching-constraints added to
that node (v and w ofcourse cannot belong to C or its LP relaxation).

I Then observe, by convexity, the vector v+w
2 satisfies the branching

constraints at this node.

I Observe that any vector u ∈
{

0, 1, 1
2

}n
with at least one component 1

2
satisfies the LP relaxation of C:

v + w
2
∈

x ∈ [0, 1]n |
∑
j∈S

xj +
∑

j∈[n]\S
(1− xj ) ≥

1
2
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I So v+w

2 satisfies all the constraints at the node. Equivalently, the node is
non-empty.

I In order to prove integer-infeasiblilty of C, every leaf node should be
infeasible. So from above, there must at at least 2n leaf nodes!
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More results –I: Hardness of some combinatorial problems

Theorem (D., Dubey, Molinaro)
Let n be a even positive integer. Any branch-and-bound tree, solving
the following instance

max
∑
j∈[n]

xj

s.t.
∑
k∈S

xj ≤
n
2
− 1, ∀S ⊆ [n], |S| =

n
2

x ∈ {0, 1}n

requires at least 2Ω(n) nodes.
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More results –II: Hardness for travelling saleman problem

We develope techniques to reduce branch-and-bound hardness, and
together with

the cross polytope result, we can obtain the following
result:

Theorem (D., Dubey, Molinaro)
Let P be LP relaxation of the usual travelling saleman problem
formulation (with sub tour elimination) with n cities. There exist an
objective function c, such that any branch-and-bound tree, solving the
following instance

max c>x

s.t. x ∈ P

x ∈ {0, 1}
(n)(n−1)

2

requires at least 2Ω(n) nodes.
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More results –II: Hardness for travelling saleman problem

We develope techniques to reduce branch-and-bound hardness, and
together with the cross polytope result, we can obtain the following
result:

Theorem (D., Dubey, Molinaro)
Let P be LP relaxation of the usual travelling saleman problem
formulation (with sub tour elimination) with n cities.

There exist an
objective function c, such that any branch-and-bound tree, solving the
following instance

max c>x

s.t. x ∈ P

x ∈ {0, 1}
(n)(n−1)

2

requires at least 2Ω(n) nodes.
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More results –II: Hardness for travelling saleman problem

We develope techniques to reduce branch-and-bound hardness, and
together with the cross polytope result, we can obtain the following
result:

Theorem (D., Dubey, Molinaro)
Let P be LP relaxation of the usual travelling saleman problem
formulation (with sub tour elimination) with n cities. There exist an
objective function c, such that any branch-and-bound tree, solving the
following instance

max c>x

s.t. x ∈ P

x ∈ {0, 1}
(n)(n−1)

2

requires at least 2Ω(n) nodes.
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More results –III: Smoothened analysis not possible

Random family of instances:

Q :=
∑
i∈I

(
1 + N

(
0, 1

202

))
xi +

∑
i /∈I

(
1−

(
1 + N

(
0, 1

202

))
xi

)
≥ 1.6n

20
, ∀I ⊆ [n]

x ∈ [0, 1]n,

where each occurrence of N(0, 1
202 ) is independent.

Theorem (D., Dubey, Molinaro)
With probability at least 1− 2

en/2 the polytope Q is integer-infeasible and every

branch-and-bound tree proving its infeasibility has at least 2Ω(n) nodes.
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Full strong branching

I Full strong branching is a partitioning rule for simple
branch-and-bound trees.

I Supose x̂ is a LP optimal solution. Let x̂j ∈ (0, 1) for j ∈ F ⊆ [n].
I Let OPT := the optimal value of the LP at this node.
I Let OPTj,0 := the optimal value of the LP of the child node where

we have the inequality xj ≤ 0.
Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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Full strong branching

I Full strong branching is a partitioning rule for simple
branch-and-bound trees.

I Supose x̂ is a LP optimal solution. Let x̂j ∈ (0, 1) for j ∈ F ⊆ [n].

I Let OPT := the optimal value of the LP at this node.
I Let OPTj,0 := the optimal value of the LP of the child node where

we have the inequality xj ≤ 0.
Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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Full strong branching
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I Let OPT := the optimal value of the LP at this node.

I Let OPTj,0 := the optimal value of the LP of the child node where
we have the inequality xj ≤ 0.
Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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Full strong branching

I Full strong branching is a partitioning rule for simple
branch-and-bound trees.
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I Let OPT := the optimal value of the LP at this node.
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Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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Full strong branching

I Full strong branching is a partitioning rule for simple
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I Let
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where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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Full strong branching

I Full strong branching is a partitioning rule for simple
branch-and-bound trees.

I Supose x̂ is a LP optimal solution. Let x̂j ∈ (0, 1) for j ∈ F ⊆ [n].
I Let OPT := the optimal value of the LP at this node.
I Let OPTj,0 := the optimal value of the LP of the child node where

we have the inequality xj ≤ 0.
Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).

I Branch on j∗.
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Full strong branching

I Full strong branching is a partitioning rule for simple
branch-and-bound trees.

I Supose x̂ is a LP optimal solution. Let x̂j ∈ (0, 1) for j ∈ F ⊆ [n].
I Let OPT := the optimal value of the LP at this node.
I Let OPTj,0 := the optimal value of the LP of the child node where

we have the inequality xj ≤ 0.
Let OPTj,1 := the optimal value of the LP of the child node where
we have the inequality xj ≥ 1.

I Let

scorej = max {|OPT−OPTj,1|, ε} ·max {|OPT−OPTj,0|, ε},

where ε > 0 is a small number related to machine precision.
I Let j∗ := argmaxj∈F (scorej ).
I Branch on j∗.
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More on full strong branching

I Experimentally, full strong branching, works better than any other
rule for simple branch-and-bound trees [Achterberg, Koch, and
Martin (2005)].

I However, this rule is not used in practise, because we need to
solve 2|F | LPs just to decide one branching decision.

I Recently there has been many attempts made to mimic full
strong branching using machine learning. [Alvarez, Louveaux,
and Wehenkel (2017)], [Gasse, Chetelat, Ferroni, Charlin, Lodi
(2019)], [Khalil, Le Bodic, Song, Nemhauser, Dilkina (2016)],
[Nair et al. (2020)]
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More on full strong branching

I Experimentally, full strong branching, works better than any other
rule for simple branch-and-bound trees [Achterberg, Koch, and
Martin (2005)].

I However, this rule is not used in practise, because we need to
solve 2|F | LPs just to decide one branching decision.

I Recently there has been many attempts made to mimic full
strong branching using machine learning. [Alvarez, Louveaux,
and Wehenkel (2017)], [Gasse, Chetelat, Ferroni, Charlin, Lodi
(2019)], [Khalil, Le Bodic, Song, Nemhauser, Dilkina (2016)],
[Nair et al. (2020)]
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More on full strong branching

I Experimentally, full strong branching, works better than any other
rule for simple branch-and-bound trees [Achterberg, Koch, and
Martin (2005)].

I However, this rule is not used in practise, because we need to
solve 2|F | LPs just to decide one branching decision.

I Recently there has been many attempts made to mimic full
strong branching using machine learning. [Alvarez, Louveaux,
and Wehenkel (2017)], [Gasse, Chetelat, Ferroni, Charlin, Lodi
(2019)], [Khalil, Le Bodic, Song, Nemhauser, Dilkina (2016)],
[Nair et al. (2020)]
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Some questions..

I How large is the tree produced by strong-branching in
comparison to the smallest possible branch-and-bound tree for a
given instance? Answering this question may lead us to finding
better rules.

I A more refined questions is the following: it would be useful to
understand the performance of strong-branching vis-á-vis
different classes of instances.
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Some questions..

I How large is the tree produced by strong-branching in
comparison to the smallest possible branch-and-bound tree for a
given instance? Answering this question may lead us to finding
better rules.

I A more refined questions is the following: it would be useful to
understand the performance of strong-branching vis-á-vis
different classes of instances.
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Strong branching applied to specific problems
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Vertex cover

Definition (Vertex cover)
The vertex cover problem over a graph G = (V ,E) can be expressed
as the following integer program (IP)

min
∑
v∈V

xv

s.t. xu + xv ≥ 1, uv ∈ E
xv ∈ {0, 1}, v ∈ V

Given an instance I of this IP, we let OPT(I) denote optimal objective
function value and OPTL(I) be the optimal objective function of the LP
relaxation (i.e. when the variable constraints are xv ∈ [0, 1]). Then let

Γ(I) := OPT(I)−OPTL(I).
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Strong branching works well for vertex cover

Theorem (D., Dubey. Molinaro, Shah)
Let I be any instance of vertex cover on n nodes. Assume we break
ties within the worst-bound rule for node selection rule by selecting a
node with the largest depth.

Let TS(I) be some branch-and-bound tree
generated by strong-branching with the above version of worst-bound
node selection rule that solves I. Then independent of the underlying
LP solver used,

|TS(I)| ≤ 22Γ(I)+1 +O(n).
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Strong branching works well for vertex cover

Theorem (D., Dubey. Molinaro, Shah)
Let I be any instance of vertex cover on n nodes. Assume we break
ties within the worst-bound rule for node selection rule by selecting a
node with the largest depth. Let TS(I) be some branch-and-bound tree
generated by strong-branching with the above version of worst-bound
node selection rule that solves I.

Then independent of the underlying
LP solver used,

|TS(I)| ≤ 22Γ(I)+1 +O(n).
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Strong branching works well for vertex cover

Theorem (D., Dubey. Molinaro, Shah)
Let I be any instance of vertex cover on n nodes. Assume we break
ties within the worst-bound rule for node selection rule by selecting a
node with the largest depth. Let TS(I) be some branch-and-bound tree
generated by strong-branching with the above version of worst-bound
node selection rule that solves I. Then independent of the underlying
LP solver used,

|TS(I)| ≤ 22Γ(I)+1 +O(n).
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Strong branching does not work well for other IP models

{
(x , y) ∈ {0, 1}n × {0, 1}n | yi ≤ 2xi , yi ≤ 2− 2xi , ∀i ∈ [n],

n∑
i=1

yi = 1

}

Theorem
The smallest branch-and-bound tree that shows that the above set is
integer infeasible requires no more than 4n + 1 nodes. On the other
hand, strong branching requires at least 2n nodes.
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2.3.2
A computational evaluation of strong branching
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Optimal branch-and-bound tree

I It is not possible to analyse different problems analytically.
I So we came up with a Dynamic programming algorithm to

compute the optimal branch-and-bound tree.

Theorem (D., Dubey, Molinaro, Shah)
There is a DP algorithm with running time poly(data) · 3O(n) time to
compute an optimal branch-and-bound tree for any binary MILP
instance defined on n binary variables.
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Optimal branch-and-bound tree

I It is not possible to analyse different problems analytically.

I So we came up with a Dynamic programming algorithm to
compute the optimal branch-and-bound tree.

Theorem (D., Dubey, Molinaro, Shah)
There is a DP algorithm with running time poly(data) · 3O(n) time to
compute an optimal branch-and-bound tree for any binary MILP
instance defined on n binary variables.
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I It is not possible to analyse different problems analytically.
I So we came up with a Dynamic programming algorithm to
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Theorem (D., Dubey, Molinaro, Shah)
There is a DP algorithm with running time poly(data) · 3O(n) time to
compute an optimal branch-and-bound tree for any binary MILP
instance defined on n binary variables.
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Figure: Ratio of geometric mean of branch-and-bound tree sizes to geometric
mean of optimal tree sizes over all instances of a problem for various branching
strategies. “Rand" stands for random, “Most Inf" stands for most infeasible,
“SB-P" stands for strong-branching with product score function, and “SB-L"
stands for strong-branching with linear score function.76
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Reminder...

max c>x c ∼ Uniform([0, 1]n)
s.t. Ax ≤ b A ∼ Uniform([0, 1]m×n)

x ∈ {0, 1}n ,

where b = β · n, β ∈
(
0, 1

2

)m.

Theorem (D., Dubey, Molinaro)
Any branch-and-bound tree using the worst bound rule for node
selection, solving the above problem has no more than (nO(m)) nodes
(with good probability).
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Proof Sketch

∆(x) =
∑
j∈[n]

(cj − 〈λ∗,Aj〉)︸ ︷︷ ︸
reduced cost

·( x∗j︸︷︷︸
LP Opt.

−xj ),

G :=
{

x ∈ {0, 1}n |∆(x) ≤ OPT−OPTLP
}

1. The number of internal nodes in a branch-and-bound tree is at
most n times the number of good integer solutions G.

2. The number of good integer solutions is at most nO(m) (with good
probability).
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Proof Sketch

∆(x) =
∑
j∈[n]

(cj − 〈λ∗,Aj〉)︸ ︷︷ ︸
reduced cost

·( x∗j︸︷︷︸
LP Opt.

−xj ),

G :=
{

x ∈ {0, 1}n |∆(x) ≤ OPT−OPTLP
}

1. The number of internal nodes in a branch-and-bound tree is at
most n times the number of good integer solutions G.

2. The number of good integer solutions is at most nO(m) (with good
probability).
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reduced cost

·( x∗j︸︷︷︸
LP Opt.

−xj ),

G :=
{

x ∈ {0, 1}n |∆(x) ≤ OPT−OPTLP
}

1. The number of internal nodes in a branch-and-bound tree is at
most n times the number of good integer solutions G.

2. The number of good integer solutions is at most nO(m) (with good
probability).
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∆(x) =
∑
j∈[n]

(cj − 〈λ∗,Aj〉)︸ ︷︷ ︸
reduced cost

·( x∗j︸︷︷︸
LP Opt.

−xj ),

G :=
{

x ∈ {0, 1}n |∆(x) ≤ OPT−OPTLP
}

1. The number of internal nodes in a branch-and-bound tree is at
most n times the number of good integer solutions G.

2. The number of good integer solutions is at most nO(m) (with good
probability).
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We construct a mapping...

r : internal nodes→ G as follows:

r(N) = x ′ ∈ argmin{∆(x) | x ′j = xN
j︸︷︷︸

Opt. Sol of N

if xN
j ∈ {0, 1}}.

INTERNAL NODES AND GOOD INTEGER SOLUTIONS

1. The number of internal nodes in a branch-and-bound tree is at 

most        times the number of good integer solutionsn
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<latexit sha1_base64="HHtDDIJO+1Ksx7OjWwnTZVUJyBQ=">AAAB6HicbZC7SwNBEMbnfMbzFbW0WQyCVbiz0UYMWmiZgHlAcoS9zVyyZm/v2N0TQgjY21goYus/Y2/nf+PmUWjiBws/vm+GnZkwFVwbz/t2lpZXVtfWcxvu5tb2zm5+b7+mk0wxrLJEJKoRUo2CS6wabgQ2UoU0DgXWw/71OK8/oNI8kXdmkGIQ067kEWfUWKty084XvKI3EVkEfwaFy0/34hEAyu38V6uTsCxGaZigWjd9LzXBkCrDmcCR28o0ppT1aRebFiWNUQfDyaAjcmydDokSZZ80ZOL+7hjSWOtBHNrKmJqens/G5n9ZMzPReTDkMs0MSjb9KMoEMQkZb006XCEzYmCBMsXtrIT1qKLM2Nu49gj+/MqLUDst+l7Rr3iF0hVMlYNDOIIT8OEMSnALZagCA4QneIFX5955dt6c92npkjPrOYA/cj5+AAn8jpQ=</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="JDbRru7AalRfzxDZ71aBNBh32vM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm00DIB8wHJEfY2c8mavb1jd08IR36BjYUitv4kO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv1mzyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AmrWMxw==</latexit>

internal nodes

|r(N)| � 1
<latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit>

|r�1(x)|  n
<latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit>

Picture credit: Yatharth Dubey

84



Size of
branch-and-bound tree

Dey

Introduction

Main results

Proof Outlines
Random IPs Theorem

Optimal branch-and-bound
tree

We construct a mapping...

r : internal nodes→ G as follows:

r(N) = x ′ ∈ argmin{∆(x) | x ′j = xN
j︸︷︷︸

Opt. Sol of N

if xN
j ∈ {0, 1}}.

INTERNAL NODES AND GOOD INTEGER SOLUTIONS

1. The number of internal nodes in a branch-and-bound tree is at 

most        times the number of good integer solutionsn
<latexit sha1_base64="YnWW2lRUSi8VemtYBW9WjdD2WTI=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZNdoslt+xORZbBm0Pp6rNw+QgA1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9ti5JGqP1sOuiYnFinR8JY2ScNmbq/OzIaaT2KAlsZUTPQi9nE/C9rpya88DMuk9SgZLOPwlQQE5PJ1qTHFTIjRhYoU9zOStiAKsqMvU3BHsFbXHkZGmdlzy17NbdUuYaZ8nAEx3AKHpxDBW6hCnVggPAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHRRiOuw==</latexit><latexit sha1_base64="qO0Jc5NlkzH1g8FlBc+1bia91Ic=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVkZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM2p5Av</latexit><latexit sha1_base64="qO0Jc5NlkzH1g8FlBc+1bia91Ic=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVkZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM2p5Av</latexit><latexit sha1_base64="ck1/v/JpOJELH0iIdgPbhaWErXY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVaclCtuXV3AbJOvILUoEBzUP3qDxOWxSgNE1TrnuemJsipMpwJnFX6mcaUsgkdYc9SSWPUQb44dEYurDIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzqdgQvNWX10n7qu65da/l1hq3RRxlOINzuAQPrqEB99AEHxggPMMrvDmPzovz7nwsW0tOMXMKf+B8/gDV0Yzu</latexit>

...<latexit sha1_base64="TOmnF1j9qCmaTe3IU+gHEwN+OoQ=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVm3OhGLLpxWcFeoB1KJpNpYzPJkGQKZSj4CG5cKOLWR3HvzrcxvSy09YfAx/+fQ845YcqZNp737RRWVtfWN4qb7tb2zu5eaf+goWWmCK0TyaVqhVhTzgStG2Y4baWK4iTktBkObiZ5c0iVZlLcm1FKgwT3BIsZwcZajc4wkkZ3S2Wv4k2FlsGfQ/nq0718BIBat/TViSTJEioM4Vjrtu+lJsixMoxwOnY7maYpJgPco22LAidUB/l02jE6sU6EYqnsEwZN3d8dOU60HiWhrUyw6evFbGL+l7UzE18EORNpZqggs4/ijCMj0WR1FDFFieEjC5goZmdFpI8VJsYeyLVH8BdXXobGWcX3Kv6dV65ew0xFOIJjOAUfzqEKt1CDOhB4gCd4gVdHOs/Om/M+Ky04855D+CPn4wc5dpEL</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Pi7sl/Fdio7BX8Kw5KkLl+36vGw=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOygn1AO5RMJtPGZpIhuVMoQ/+DGxeK+KPc+W9MHwttPRD4OCch954ok8Ki7397pZ3dvf2D8mHlqHp8clo7q3aszg3jbaalNr2IWi6F4m0UKHkvM5ymkeTdaHK/yLtTbqzQ6glnGQ9TOlIiEYyiszqDaazRDmt1v+EvRbYhWEMd1moNa1+DWLM85QqZpNb2Az/DsKAGBZN8XhnklmeUTeiI9x0qmnIbFstp5+TKOTFJtHFHIVm6v18UNLV2lkbuZkpxbDezhflf1s8xuQsLobIcuWKrj5JcEtRksTqJheEM5cwBZUa4WQkbU0MZuoIqroRgc+Vt6Nw0Ar8RPPpQhgu4hGsI4Baa8AAtaAODZ3iBN3j3tPfqfazqKnnr3s7hj7zPH56tjeo=</latexit><latexit sha1_base64="Pi7sl/Fdio7BX8Kw5KkLl+36vGw=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOygn1AO5RMJtPGZpIhuVMoQ/+DGxeK+KPc+W9MHwttPRD4OCch954ok8Ki7397pZ3dvf2D8mHlqHp8clo7q3aszg3jbaalNr2IWi6F4m0UKHkvM5ymkeTdaHK/yLtTbqzQ6glnGQ9TOlIiEYyiszqDaazRDmt1v+EvRbYhWEMd1moNa1+DWLM85QqZpNb2Az/DsKAGBZN8XhnklmeUTeiI9x0qmnIbFstp5+TKOTFJtHFHIVm6v18UNLV2lkbuZkpxbDezhflf1s8xuQsLobIcuWKrj5JcEtRksTqJheEM5cwBZUa4WQkbU0MZuoIqroRgc+Vt6Nw0Ar8RPPpQhgu4hGsI4Baa8AAtaAODZ3iBN3j3tPfqfazqKnnr3s7hj7zPH56tjeo=</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit>

G
<latexit sha1_base64="HHtDDIJO+1Ksx7OjWwnTZVUJyBQ=">AAAB6HicbZC7SwNBEMbnfMbzFbW0WQyCVbiz0UYMWmiZgHlAcoS9zVyyZm/v2N0TQgjY21goYus/Y2/nf+PmUWjiBws/vm+GnZkwFVwbz/t2lpZXVtfWcxvu5tb2zm5+b7+mk0wxrLJEJKoRUo2CS6wabgQ2UoU0DgXWw/71OK8/oNI8kXdmkGIQ067kEWfUWKty084XvKI3EVkEfwaFy0/34hEAyu38V6uTsCxGaZigWjd9LzXBkCrDmcCR28o0ppT1aRebFiWNUQfDyaAjcmydDokSZZ80ZOL+7hjSWOtBHNrKmJqens/G5n9ZMzPReTDkMs0MSjb9KMoEMQkZb006XCEzYmCBMsXtrIT1qKLM2Nu49gj+/MqLUDst+l7Rr3iF0hVMlYNDOIIT8OEMSnALZagCA4QneIFX5955dt6c92npkjPrOYA/cj5+AAn8jpQ=</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="JDbRru7AalRfzxDZ71aBNBh32vM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm00DIB8wHJEfY2c8mavb1jd08IR36BjYUitv4kO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv1mzyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AmrWMxw==</latexit>

internal nodes

|r(N)| � 1
<latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit>

|r�1(x)|  n
<latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit>

Picture credit: Yatharth Dubey
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We construct a mapping...

r : internal nodes→ G as follows:

r(N) = x ′ ∈ argmin{∆(x) | x ′j = xN
j︸︷︷︸

Opt. Sol of N

if xN
j ∈ {0, 1}}.

INTERNAL NODES AND GOOD INTEGER SOLUTIONS

1. The number of internal nodes in a branch-and-bound tree is at 

most        times the number of good integer solutionsn
<latexit sha1_base64="YnWW2lRUSi8VemtYBW9WjdD2WTI=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZNdoslt+xORZbBm0Pp6rNw+QgA1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9ti5JGqP1sOuiYnFinR8JY2ScNmbq/OzIaaT2KAlsZUTPQi9nE/C9rpya88DMuk9SgZLOPwlQQE5PJ1qTHFTIjRhYoU9zOStiAKsqMvU3BHsFbXHkZGmdlzy17NbdUuYaZ8nAEx3AKHpxDBW6hCnVggPAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHRRiOuw==</latexit><latexit sha1_base64="qO0Jc5NlkzH1g8FlBc+1bia91Ic=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVkZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM2p5Av</latexit><latexit sha1_base64="qO0Jc5NlkzH1g8FlBc+1bia91Ic=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVkZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM2p5Av</latexit><latexit sha1_base64="ck1/v/JpOJELH0iIdgPbhaWErXY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVaclCtuXV3AbJOvILUoEBzUP3qDxOWxSgNE1TrnuemJsipMpwJnFX6mcaUsgkdYc9SSWPUQb44dEYurDIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzqdgQvNWX10n7qu65da/l1hq3RRxlOINzuAQPrqEB99AEHxggPMMrvDmPzovz7nwsW0tOMXMKf+B8/gDV0Yzu</latexit>

...<latexit sha1_base64="TOmnF1j9qCmaTe3IU+gHEwN+OoQ=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVm3OhGLLpxWcFeoB1KJpNpYzPJkGQKZSj4CG5cKOLWR3HvzrcxvSy09YfAx/+fQ845YcqZNp737RRWVtfWN4qb7tb2zu5eaf+goWWmCK0TyaVqhVhTzgStG2Y4baWK4iTktBkObiZ5c0iVZlLcm1FKgwT3BIsZwcZajc4wkkZ3S2Wv4k2FlsGfQ/nq0718BIBat/TViSTJEioM4Vjrtu+lJsixMoxwOnY7maYpJgPco22LAidUB/l02jE6sU6EYqnsEwZN3d8dOU60HiWhrUyw6evFbGL+l7UzE18EORNpZqggs4/ijCMj0WR1FDFFieEjC5goZmdFpI8VJsYeyLVH8BdXXobGWcX3Kv6dV65ew0xFOIJjOAUfzqEKt1CDOhB4gCd4gVdHOs/Om/M+Ky04855D+CPn4wc5dpEL</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Pi7sl/Fdio7BX8Kw5KkLl+36vGw=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOygn1AO5RMJtPGZpIhuVMoQ/+DGxeK+KPc+W9MHwttPRD4OCch954ok8Ki7397pZ3dvf2D8mHlqHp8clo7q3aszg3jbaalNr2IWi6F4m0UKHkvM5ymkeTdaHK/yLtTbqzQ6glnGQ9TOlIiEYyiszqDaazRDmt1v+EvRbYhWEMd1moNa1+DWLM85QqZpNb2Az/DsKAGBZN8XhnklmeUTeiI9x0qmnIbFstp5+TKOTFJtHFHIVm6v18UNLV2lkbuZkpxbDezhflf1s8xuQsLobIcuWKrj5JcEtRksTqJheEM5cwBZUa4WQkbU0MZuoIqroRgc+Vt6Nw0Ar8RPPpQhgu4hGsI4Baa8AAtaAODZ3iBN3j3tPfqfazqKnnr3s7hj7zPH56tjeo=</latexit><latexit sha1_base64="Pi7sl/Fdio7BX8Kw5KkLl+36vGw=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOygn1AO5RMJtPGZpIhuVMoQ/+DGxeK+KPc+W9MHwttPRD4OCch954ok8Ki7397pZ3dvf2D8mHlqHp8clo7q3aszg3jbaalNr2IWi6F4m0UKHkvM5ymkeTdaHK/yLtTbqzQ6glnGQ9TOlIiEYyiszqDaazRDmt1v+EvRbYhWEMd1moNa1+DWLM85QqZpNb2Az/DsKAGBZN8XhnklmeUTeiI9x0qmnIbFstp5+TKOTFJtHFHIVm6v18UNLV2lkbuZkpxbDezhflf1s8xuQsLobIcuWKrj5JcEtRksTqJheEM5cwBZUa4WQkbU0MZuoIqroRgc+Vt6Nw0Ar8RPPpQhgu4hGsI4Baa8AAtaAODZ3iBN3j3tPfqfazqKnnr3s7hj7zPH56tjeo=</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="aFHtxmKy6hg5trx5HNacFn0MYc4=">AAAB7XicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMYC6QLGF2djYZMzuzzMwGwpJ3sLFQxMbCR7G3Ed/GyaXQxB8GPv7/HOacE6acaeN5387S8srq2nphw93c2t7ZLe7t17XMFKE1IrlUzRBrypmgNcMMp81UUZyEnDbC/vU4bwyo0kyKOzNMaZDgrmAxI9hYq94eRNLoTrHklb2J0CL4MyhdfrgX6duXW+0UP9uRJFlChSEca93yvdQEOVaGEU5HbjvTNMWkj7u0ZVHghOogn0w7QsfWiVAslX3CoIn7uyPHidbDJLSVCTY9PZ+Nzf+yVmbi8yBnIs0MFWT6UZxxZCQar44ipigxfGgBE8XsrIj0sMLE2AO59gj+/MqLUD8t+17Zv/VKlSuYqgCHcAQn4MMZVOAGqlADAvfwAE/w7Ejn0XlxXqelS86s5wD+yHn/ASsFkn8=</latexit><latexit sha1_base64="tekngaPRUPMck2feH/v8DQSYMpA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFtKJvNpl27yYbdSaGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4bu53JlwboZJHnKbcj+kwEZFgFK3U7k9ChWZQrbl1dwGyTryC1KBAc1D96oeKZTFPkElqTM9zU/RzqlEwyWeVfmZ4StmYDnnP0oTG3Pj54toZubBKSCKlbSVIFurviZzGxkzjwHbGFEdm1ZuL/3m9DKMbPxdJmiFP2HJRlEmCisxfJ6HQnKGcWkKZFvZWwkZUU4Y2oIoNwVt9eZ20r+qeW/ce3FrjtoijDGdwDpfgwTU04B6a0AIGT/AMr/DmKOfFeXc+lq0lp5g5hT9wPn8Ayi+PPg==</latexit>

G
<latexit sha1_base64="HHtDDIJO+1Ksx7OjWwnTZVUJyBQ=">AAAB6HicbZC7SwNBEMbnfMbzFbW0WQyCVbiz0UYMWmiZgHlAcoS9zVyyZm/v2N0TQgjY21goYus/Y2/nf+PmUWjiBws/vm+GnZkwFVwbz/t2lpZXVtfWcxvu5tb2zm5+b7+mk0wxrLJEJKoRUo2CS6wabgQ2UoU0DgXWw/71OK8/oNI8kXdmkGIQ067kEWfUWKty084XvKI3EVkEfwaFy0/34hEAyu38V6uTsCxGaZigWjd9LzXBkCrDmcCR28o0ppT1aRebFiWNUQfDyaAjcmydDokSZZ80ZOL+7hjSWOtBHNrKmJqens/G5n9ZMzPReTDkMs0MSjb9KMoEMQkZb006XCEzYmCBMsXtrIT1qKLM2Nu49gj+/MqLUDst+l7Rr3iF0hVMlYNDOIIT8OEMSnALZagCA4QneIFX5955dt6c92npkjPrOYA/cj5+AAn8jpQ=</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="KurcJ5DPisOTeeogzDjtLnKrOjQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoIWWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsZ54x6lYrG41cME/Yj0BAsZJdpY1etOoeiW3ImcRfBmULz4sM+T9y+70il8trsxTSMUmnKiVMtzE+1nRGpGOY7sdqowIXRAetgyKEiEys8mg46cI+N0nTCW5gntTNzfHRmJlBpGgamMiO6r+Wxs/pe1Uh2e+RkTSapR0OlHYcodHTvjrZ0uk0g1HxogVDIzq0P7RBKqzW1scwRvfuVFqJ+UPLfkVd1i+RKmysMBHMIxeHAKZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcf+3yQCA==</latexit><latexit sha1_base64="JDbRru7AalRfzxDZ71aBNBh32vM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm00DIB8wHJEfY2c8mavb1jd08IR36BjYUitv4kO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv1mzyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AmrWMxw==</latexit>

internal nodes

|r(N)| � 1
<latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit><latexit sha1_base64="yd9XEKsQyxbpwwYgp9YiP3KGDNI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF08SwTwgWcLspDcZMvvIzGwgbPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiy40rb9ba2tb2xubed28rt7+weHhaPjuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOEN7mZ+Y4RS8Sh80uMY3YD2Qu5zRrWR3IksPVxMSLuHQ+J0CkW7bM9BVomTkSJkqHYKX+1uxJIAQ80EVarl2LF2Uyo1ZwKn+XaiMKZsQHvYMjSkASo3nR89JedG6RI/kqZCTebq74mUBkqNA890BlT31bI3E//zWon2b9yUh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJfXLsmOXncerYuU2iyMHp3AGJXDgGipwD1WoAYMhPMMrvFkj68V6tz4WrWtWNnMCf2B9/gAy2pEP</latexit>
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<latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit><latexit sha1_base64="7rRyCICFYClzc3JrKR1nUudRKuI=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0WoB0sigh6LXjxWsB/QxrLZbtqlm03c3UhLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmeRFnStv2t7Wyura+sZnbym/v7O7tFw6KDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w5up33yiUrFQ3OtxRN0A9wXzGcHaSN1CcSIfkjMnLY9OJ6jD6SMyYsmu2DOgZeJkpAQZat3CV6cXkjigQhOOlWo7dqTdBEvNCKdpvhMrGmEyxH3aNlTggCo3md2eohOj9JAfSlNCo5n6eyLBgVLjwDOdAdYDtehNxf+8dqz9KzdhIoo1FWS+yI850iGaBoF6TFKi+dgQTCQztyIywBITbeLKmxCcxZeXSeO84tgV5+6iVL3O4sjBERxDGRy4hCrcQg3qQGAEz/AKb1ZqvVjv1se8dcXKZg7hD6zPH7kMk5I=</latexit>

Picture credit: Yatharth Dubey
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Let F denote the set of faces of [0, 1]n, i.e. |F| = 3n.

Algorithm 1 Computing Optimal Branch-and-bound Tree

Phase-1: Pruning by Infeasibility or Bound
1: Solve maxx∈P∩{0,1}n〈c, x〉; let x∗ be the solution
2: Initialise: S ← F
3: for F in S do
4: Solve maxx∈F∩P 〈c, x〉; let x∗F be the optimal solution (x∗F = ∅ if LP is infeasible)
5: if x∗F = ∅ or 〈c, x∗F 〉 ≤ 〈c, x∗〉 then
6: OPT(F )← 0
7: S ← S \ {F}
8: end if
9: end for

Phase-2: Recursive bottom-up computation
10: Sort S in order of increasing dimension
11: for F in S do
12: OPT(F )← 1 + minj(OPT(Fj,0) + OPT(Fj,1))
13: end for
14: return OPT([0, 1]n)

5.3 Implementation enhancements

Cascading 0-nodes Observe that for F1, F2 ∈ F such that F2 ⊂ F1, if OPT(F1) = 0, then
OPT(F2) = 0 as well. Thus, at the start of Phase-1, faces in F are arranged in decreasing order of
their dimension and upon finding a face, F1, that is infeasible or pruned by bound, all other faces
that are contained in F1 can be removed from S.

Parallelization Phase-1 of the proposed algorithm can be directly parallelized, as each face can
be independently solved. However, to benefit from Cascading 0-nodes, we group faces that have the
same values from {0, 1, ?} for the first n1 dimensions and run Phase-1 for the resulting 3n1 groups
independently. Note that this also reduces peak memory usage as all 3n faces in F are not required
to be generated at the start of the algorithm and the remaining n−n1 dimensions are generated on
the fly for each group. In our experiments, we set n1 = bn2 c. In addition, this manner of grouping
also enables the LP solver to benefit from smaller incremental changes between consecutive faces.

6 Computational Experiments

We evaluate the following branching strategies on problems mentioned in Section 6.1 by comparing
the number of branching to the optimal number of branching computed using the dynamic pro-
gramming based algorithm presented in Section 5.2. Recall the definition of ∆+

j ,∆
−
j from Section

1.

• SB-L: Strong branching where branching candidates are compared using a convex combina-
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