THE MATRIX CUBE PROBLEM:
Approximations and Applications

Arkadi Nemirovski,
Stieltjes Visiting Professor, TU Delft
and
Technion — Israel Institute of Technology
nemirovs@ie.technion.ac.1il

joint research with A. Ben-Tal

1. Matrix Cube
e The problem: formulation and moti-
vation
e Main result

e Back to applications
e Sketch of the proof

2. From Matrix Cube to Computing Ma-
trix Norms
e The problem

e Main result
e Sketch of the proof



The Matrix Cube Problem
& In several applications, we meet with
the Matrix Cube problems:

& MatrCube.A: Given n X n symmetric ma-
trices B°, B!, ..., B¥ and p > 0, check whether
the “matrix box”

L
Ulp| = {B — BY +£§1 w B | < p, £ =1, ...,L}

is = 0, i.e., all matrices from U[p| are positive
semidefinite.

& MatrCube.B: Find the largest p > 0 such
that U[p] = 0.

Applications:

e Numerous problems of Robust Control,
e.g., Lyapunov Stability Analysis for un-
certain dynamical systems;

e Various combinatorial problems which
can be reduced to maximizing a pos-
itive definite quadratic form over the
unit cube.



Lyapunov Stability Analysis

& Consider an uncertain linear time-varying
dynamical system

#(t) = A(t)z(t), t>0. (S)

Here A(t) is not known exactly. All we
know is that the entries in A(t) belong to
given “uncertainty intervals”:

Question: How to certify that (S) is stable
— all trajectories of the system converge to
Oast— o0 ?

Answer: Try to find a quadratic Lyapunov
stability certificate — a matrix X > [ such
that

ATX+ XA = -1 V(AcA).



34X
X=T&ATX+XA<-1T V(AeA) (L)

4
System &(t) = A(t)x(t), A(-) € Alp], is stable

 If X satisfies the premise, then
Ja>0: ATX + XA =< —-aX VAc Al
= LT (1) X2(t) = ZT()[AT ()X + XA(t))2(t)
< —azl () Xz2(t)
= 2L ()X 2(t) < e 21(0) X 2(0)

= 2(t) — 0, t — oc.

& To find efficiently an X satisfying (L)
is, essentially, the same as to be able to
check whether a given X satisfies (L). This
is nothing but problem MatrCube.A:
V(w: Jui| < p) -

[A;} + uijDij]TX + X[A;} + uijDz’j] j —1

)
V(w: |uij| < p)
[—] — (AN X — X A"
BY=BI[X]
-I—Zuij Dz'j [ej(Xei)T + (X@Z)Gf] t 0
" Bii=Bii[X]




Maximizing Positive Definite Quadratic
Form over Unit Cube

& Let S > 0. Consider the problem
w(S) = max 'Sz ||z)|o < 1} (Q)

Lemma: Let U[p] = {A = AT 1 |A;; — (S| < p}.
Then

w(S) = max {p : U[p] = 0}.
Thus, (Q) is a very specific particular case of

MatrCube.B.
Proof:

w(S) = min{w : |25 = 2! Sz <w|z|% V!
=min{w : |5 = ST > wT €T V]

— m; T Q-1 > —1 T

miniw : ESTE > w B:Br%l:%j‘glf BE V&
=min{w: St —wlB>0 V(B:|Bj| <1)}
_ 1
— max{p:U[p]=0}"




Intermediate Summary

& Good news: MatrCube has important ap-
plications.

#® Bad news: MatrCube is NP-hard
(since (Q) is so).
& Good news: Although NP-hard, prob-

lem MatrCube admits simple tractable ap-
proximation.

Lemma: Let U|p] = {BO +e§1 weBY : Juy| < p}.
Assume that the system of LMIs
X, = B (=1,.. L,
ey (Alp)

in matrix variables X, ..., X is solvable. Then
Ulp] = 0, i.e., the answer in MatrCube.A is af-
firmative.

Corollary: The efficiently computable quantity

p=max{p: (Alp]) is solvable}

is a lower bound on the optimal value p* in prob-
lem MatrCube.B.



Proof of Lemma: If X, are such that
(a) X, = £BY ¢(=1,.., L,
L
(b) Py X, = B
—1

and
0o, & ¢
B=B —I—g)le, lug| < p

is a matrix from U/,, then

B

L

B+ 5 wB'
=1

BY — p> pX, [by (a) due to |us| < p]
-1

0 [by (b)]
Thus, U|p] = 0.

Y 1Y



X, = +B¢
HXe} {szg < B (ITp])
g J
Ulp) = { B+ SueB’ ud < pf =0 (1)

O Matrix Cube Theorem: Efficiently verifi-
able sufficient condition (I1|p]) for “intractable”
predicate (1|p]) is tight, provided that the ranks
of the “edge matrices” B!, ..., B* are small. Specif-
ically, if

_ (
b= max Rank(B")

(note £ > 11in max!) and p > 0 is such that (II|p])
does not take place, then so is (I[9(u)p]). Here
Y(p) is an universal function such that

9(1) = 1,0(2) = ;T ~ 1.57,0(3) ~ 1.73,0(4) = 2

and

Ip) < W‘f V.

In particular,

*

p*  max{p: (I[p]) is valid}
= p max{p: (II[p]) is valid} < Oln);




& In the Matrix Cube problems responsi-
ble for Interval Lyapunov Stability Anal-
ysis and for Quadratic maximization over
the unit cube, the ranks of the “edge ma-
trices” are at most 2. In light of the Ma-
trix Cube Theorem, it follows that

> One can efficiently bound from below the
largest level p* of uncertainty for which all in-
stances of an interval matrix

={A:[Ai; — A < pDyj}
share a common quadratic Lyapunov stability
certificate. The bound is

X7 = £D;[(Xes)ej +e;(X ) ]
— .. /L ‘] 1
P RGP XY 2 T = (A)'X XA
Z?]
X»1

and Is tight within the factor ¥(2) = 7.
Similar results are valid for other prob-
lems of Robust Control under interval un-
certainty:
e Lyapunov stability synthesis,

e Robust dissipativity analysis,
e Synthesis of robust optimal controllers
in Linear-Quadratic Control, etc.



> One can efficiently bound from above the max-
imum w(S) of a positive definite quadratic form
xSz over the unit cube. The bound is given by

(1 + (SZ]>XU i i[eie]T -+ ejeﬂ,

&}_1:max p; 1§Z§J§na
> X =8

I<i<j<n

and is tight within the factor ¥(2) = 7.
On a closest inspection, @ turns out to be

the well-known semidefinite relaxation bound:
0 = m}z{xX{Tr(SX) X =0, X;; <1}

= min {Z)\Z' 05 = Diag{)\}}.

The fact that this bound is tight within the
factor 7 was originally established by Yu.
Nesterov (1997) via completely different
approach originating from the MAXCUT-
related “random hyperplane” technique of

Goemans and Williamson (1995).



& Example: Three material points, linked by
elastic springs, can slide with friction along three
axes in 2D plane:

1

\\

/\
/ |:3

2

Given the nominal masses of the points, rigidities
of the springs, friction coefficients and equilib-
rium positions of the points, what is the largest
level psafe of stability-preserving time-varying per-
turbations of masses and rigidities?

O With the outlined approach, it turns
out that at the level of perturbations p =
0.38% all perturbed instances of the sys-
tem share a common quadratic Lyapunov
stability certificate. Thus,

psate > 5 0.0038.



@ Numerical experiments demonstrate that
with time-varying 2.3% perturbations the
system may lose stability:

!
Y

Il
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Sample shift of point # 1 vs. time,
perturbations 2.3%

Thus,
psate < 0 093 = 6p.



Sketch of the Proof

& Situation: We are given an integer u and
a real p > 0 such that the ranks of the
matrices B!, ..., BY do not exceed ;. and the
system of LMIs

X, = +B¢
55X, < B (Alp])
14

in matrix variables X, has no solution.

& Target: To prove the existence of wuy,
lug| < 9(u)p, such that the matrix

0 & 0
B=B —|—€ZWB
1

is not positive semidefinite. Here () is
given by

07 ) = wjn | [ | £ 0 pu(©)ds s ol 2 1},
where p,(-) is the standard Gaussian den-
sity on R* (zero mean, unit covariance ma-
trix). It is quite straightforward to verify
that this function possesses the properties,
like ¥(2) = 7, U(u) < 7“2//7, etc., announced in
the Matrix Cube Theorem.

i
>l
1=1




& Step 1 (routine): From the fact that the
system of LMIs

X, = +B¢
X, < B (Alp])
7

in matrix variables X, has no solution it
follows by semidefinite duality that
Y > 0

p S INYY2BY 2, > Te(Y V2 BYY V2), (%)
(=1 C, Cy

here \(C) is the vector of eigenvalues of a
symmetric matrix C.



Y = 0:

I\ (Yl/ZBng/Q)H N Tr(Y1/2BOY1/2) (%)
Cy Co
& Step 2 (crucial): The quantities ||\(Cy)||1,
¢=1,...,L, and Tr(Cy) admit probabilistic inter-
pretation. Specifically, let £ ~ N(0, I,,).
O If C is an n X n symmetric matrix, then
(2) B{ETCE]) > [A(C)] 10! (Rank(C);
(b) E|¢7CE} = TH(C).
(b) is evident. Due to the rotational in-
variance of the standard (Gaussian distri-
bution, it suffices to verify (a) in the case
when C'is diagonal; in this case, (a) is read-
ily given by the definition of J(-).

$ By (a), (b) relation (x) implies that

Y =
2

L
E{pﬁ(ﬂ)ggl‘fTY1/2B£Y1/2€| . §Ty1/230y1/2€}
> 0.



> We now have

L
E {pﬁ<ﬂ)£§1‘§Tyl/ZBﬁyl/2§| . gTY1/2BOY1/2§}
> 0

4

3¢ pdn) EICTBC - (B > 0

g

L
B+ £ pd(we, BIC<0
- uplu|<(mp
e = —sign(¢"B'Q)]

4

Ul (p)p) 2 0.




From Matrix Cube to Matrix Norms
& In fact, problem MatrCube.B:

0, & ‘
max {p . B +£Z wB" =0 V(u: |lulls) < /0}
-1

asks to compute a specific norm of a linear
mapping. Indeed, w.l.o.g. we may assume
that B’ - 0. Rewriting the problem as

p* = max {,0 ; [+£§1 wB =0 V(u:||ulle < p}
{Be _ (BO)_l/QBg(BO)_l/Q}

we see that our task is to find the norm of
the linear map

L -
u — B(u) :gz wB' Rl — 8"
=1

when the argument space R* is equipped with
the norm ||u||s = max lug|, and the image space

S" of symmetric n X n matrices is equipped with
the standard matrix norm || A|| = [|A(A)]| o

(p") " = max {[|B(u)]| : [lullc < 1}



Indeed,
p* = max{p: I+ Bu) =
I+ B(—

0 V(u: |lulls < p)}
u) = 0,
I+ B(u) =0
) <1
1V

V(u: fullo < p)

V(u: flulle < p)}
(u: lulle < p)}

= max;ip :

= max{p: —I < B(u

— max{p: | B <

1
max{ || B(u)]|:[ulloo <1}




& What about a seemingly simpler “Ma-
trix Norm” problem as follows:

MatrNorm(p, r): Given an m xn real ma-
trix A and reals p,r € |1, o], compute the
norm of the linear mapping

rx— Az - R" — R"

when the argument space is equipped with
the norm ||-||,, and the image space — with
the norm || - ||, i.e., find the quantity

_ Az,
[Allpr = max Huxgﬂ!

= max {[| Az, : [|z]|, < 1}

= max{y Az : [lzll, < L, [yl < 1}
1, 1
[8*2551@34‘8*21]
= 1A, p.-

In this problem, A is the data, and p,r
are once for ever fixed “structural param-

eters”. W.l.o.g., we may assume that A is
square.



& The extremely simple-looking problem
MatrNorm(p, r) is not that simple. It asks
to maximize the convex function | Azx|, over
the convex set {||z||, < 1}, which, in gen-
eral, is a fairly difficult task. In fact, we
know only 3 simple cases of the problem:

O p=1: ||Al1, = nax lal|l., A=la1,...,an]
The formula merely says that the max-
imum of a convex function ||Az||, on the
polyhedral set {x : ||x||; < 1} is attained at
a vertex, and there are just 2n vertices,

the + basic orths.

aj
Or=occ: [|A]pe = 1285 lailln., A= T
a

n
This case is “symmetric” to the one of

p = 1. Recall that

Al = 1A ..

so that the ‘“computability status” of
MatrNorm(p,r) is exactly the same as
the one of MatrNorm(r,,p,).



Op=r=2:||4A]22 = Aumax(ATA).
This is the self-symmetric case of the
standard matrix norm.

® Bad news: Problem MatrNorm(p,r) is NP-
hard when r < p.

& Conjecture: The cases of p =1, of r = 00
and of p = r = 2 are the only cases when problem
MatrNorm(p, r)is easy; in all remaining cases it
is NP-hard.

& Good news: When p > 2 > r, problem
MatrNorm(p, r), although NP-hard (except for
p = r = 2), admits reasonably tight computa-
tionally tractable approximations.




Semidefinite Relaxation of
MatrNorm(p,7), p > 2>

& Let af ,...al be the rows of an nxn matrix
A, and let p > 2 > r. Setting

X[z] = za”,

and denoting d(X) the diagonal of a square
matrix X, we have

1A]pr = max {||Az||, - [[=][, <1}

| (£ (a2 XDl < 1

= mpx {( £ ol Xlalar)?) "« d(X[a]) ]y < 1
) 1 Xl <1
= max (Z [az-TXcuP) X =0
= Rank(X) = 1
1
roldX)][g <1




O Conclusion: The quantity

Qpr(A) = m)?x{(ﬁ [aTXai]S)T dX)|ly <1

=1 " X =0

is an upper bound on ||A||,.

Since p > 2, the function [[d(X)|[; is con-
vex in X. Since r < 2, the function

1
(%1 a; Xa 2) r
is concave in X > 0. Thus,

O The bound ,,(A) is the optimal value in

an explicit Convex Programming problem and
as such is efficiently computable.

O Nice fact: When p > 2 > r, the bound 2,
is intelligent enough to recognize the identity

Al = 1A I, .-

Specifically,
Qpr(A) =, (AT).



Tightness of the Bound (},,
O Matrix Norm Theorem: Let

©>p=>22>2r2=>l

Then for every n X n matrix A one has

®(p,n) ®(ry,n)

U(r,) = V(p)
O(p,r,n)

1Alpr < €2(A) < min

[ Allp.r,

where for w > 2

min {f( (5;))1@ J2In(n + 1)

< min 2w — 1,2In(n + 1)],

O (w, n)

w—1
2w—1

U(w) = ﬂ(W)w € |21

If A is diagonal, or has nonnegatve entries,
then the bound (2, ,(A) coincides with ||A||,.



cozp=>2>2r>1=
||AHp,T S Qp,r<A> S @<p7 T, n)HAH]?J’

O The factor O(p,r,n) is as follows:

e If either p remains bounded away from
o0: p < p < oo, or r remains bounded
away from 1: » > 7 > 1, or both, O(p,r,n)
remains bounded as n — o0. E.g.,

max|0(p,2,n),0(2,r,n)| < r/2 =1.253...
p<11=0(p,rn) <26
r>1.1=0(p,rn) <26

eAs p - 240, r —» 2—-0, O(p,7,n) — 1
uniformly in n. E.g.,

220 >p>2>r>17=0(p,rn) <1.1

e O(p,r,n) admits a “nearly dimension-in-
dependent” upper bound:
O(p,r,n) < O(c0,1,n) = yrln(n +1).
E.g.,

n < 10° = O(p,r,n) < 6.6.



Sketch of the Proof

& To be concrete, let p =4, r = g Then
. a2 ldX)l: <1

{1 = max ('Z [aZTXaZ-]él) ; (a) = X..
= X =0

Let ¢ ~ N(0, X,). Then
AN sll€NE = 1ACHS =

AR EICI) > E{jAc]?] {( e )}

> (B i)t = o (slal Koo
a(a? X.a;)1 0?
and
E{Icl} l l
o < o) - s
whence -

0302 < B|A|3; = Q < [Ba ]| All,




Q < [B2a73)[| Al 5

Computing o and (3, we arrive at

d(4,n)
Q4,§<A) < W(3)

[p:4ar*:3]

Similar computation as applied to Q3,§(AT) =
947% (A) yields

d(3,n)

h U (4)

(4) <

(\[OV

Al 3

and finally
d(4,n) D(3,n)

2, 3(A) < min TORETD

2

1ALy



