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ON SELF-CONCORDANT 
CONVEX-CONCAVE FUNCTIONS 
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Faculty of industrial Engineering and Management at Technion - The Israel 

Institute of Technology, Technion c i ty ,  Haifa 32000, Israel 

(Received 24 November 1997; In final form 19 April 1999) 

In this paper, we introduce the notion of a self-concordant convex-concave function, 
establish basic properties of these functions and develop a path-following interior point 
method for approximating saddle points of "sufficiently well-behaved" convex-concave 
functions - those which admit natural self-concordant convex-concave regularizations. The 
approach is illustrated by its applications to developing an exterior penalty polynomial time 
method for Semidefinite Programming and to the problem of inscribing the largest volume 
ellipsoid into a given polytope. 

1 INTRODUCTION 

Self-concordance-based approach to interior point methods for variational 
inequalities: state of the art. The self-concordance-based theory of interior 
point (IP) polynomial methods in Convex Programming [5] is commonly 
recognized as the standard approach to the design of theoretically effi- 
cient IP methods for convex optimization programs. A natural question 
is whether this approach can be extended to other problems with convex 
structure, like saddle point problems for convex-concave functions, and, 
more generally, variational inequalities with monotone operators. The goal 
of this paper is to make a step in this direction. 

The indicated question was already considered in [5], Chapter 7. To 
explain what and why we intend to do, let us start with outlining the 
relevant results from [ 5 ] .  

* The research was partially funded by the Fund for the Promotion of Research at Tech- 
nion, the G.I.F. contract No. 1-0455-214.06195 and the Israel Ministry of Science grant # 
9636-1-96 
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We want to solve a variational inequality 

(V) find z* E cl Z : (z - z*)~A(z)  2 0 Vz E Z,  

where Z is an open and, say, bounded convex set in RN and 
A(.) : Z -+ R~ is a monotone operator. The domain Z of the inequality 
is equipped with a 6-self-concordant barrier (s.-c.b.) B ([5], Chapter 2), 
and two classes of monotone operators on Z are considered: 

(a) "self-concordant" (s.-c.); 
(b) "compatible with B .  

Both classes are defined in terms of certain differential inequalities 
imposed on A. 

The variational inequalities which actually can be solved by the tech- 
nique in question are those with operators of the type (b). In order to 
solve such an inequality, we associate with the operator of interest A the 
penalized family 

{Atk)  = t4.Z) + B1(4)t>0. 

It turns out that every At is s.-c, and possesses a unique zero z*(t) on Z, 
and that the path z*(t) converges to the solution set of (V). In order to 
solve (V), we trace the indicated path: 

Given current iterate (ti-', zi-') = (t, z) with z close, in a certain precise 
sense, to zC(t), we update (t, z) into a new pair (ti, zi) = (tt, zt), also close 
to the path, according to 

(a) t t  = (1 + 0.016-'/~)t, (b) z+ = z - [(At+)'(z)]-'Ap(z); (1) 

here (At)'(z) is the Jacobian of the mapping At(.) at z. 
It turns out that the outlined process converges to the set of solutions 
of (V) linearly (w.r.t. a certain meaningful accuracy measure) with the 
convergence ratio (1 - 0(1)6-'/~). 

The main ingredient of the complexity analysis of the outlined construc- 
tion is an affine-invariant local theory of the Newton method for approxi- 
mating a zero of a s.-c. monotone operator. The method is responsible for 
the "centering step" (l.b), and the penalty updating policy (1.a) is given 
by the desire to keep the previous iterate z in the domain of local quadratic 
convergence of the Newton method as applied to At+. 

Note that in the potential case, i.e., when A(z) is the gradient field of a 
"good (say, linear or quadratic) convex function f ,  the outlined scheme 
becomes the standard short-step IP method for minimizing f over Z ,  and 
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the indicated complexity result yields the standard, the best known so far 
theoretical complexity bound for the corresponding convex optimization 
program, which is a good news. The potential case, however, offers us 
much more, since here we possess not only a local, but also a global 
affine-invariant convergence theory for the Newton method. As a result, 
in the potential case we may use instead of the penalty rate (1.a) other 
penalty updating policies as well, at the cost of replacing a single pure 
Newton centering step (1.b) with several damped Newton steps, until 
the required closeness to the new target point z*(tt) is achieved. The 
number of required damped Newton steps can be bounded from above, in 
a universal data-independent fashion, via the residual 

V(t+, z) = [t+ f (z) + B(z)] - min,t [tt f (2') + B(z')] 

( t ,  z) being the previous iterate. Thus, in the potential case the Newton 
complexity (#of Newton steps in z per one updating of the penalty param- 
eter t) of the path-following method in question can be controlled not only 
for the worst-case oriented penalty updating policy (l.a), but for any other 
policy capable to control the residuals V(ttl z). This observation provides 
us with possibility to trace the path with "mediate" steps (arbitrary abso- 
lute constant instead of 0.01 in (l.a), see [ 5 ] ,  Section 3.2.6) or even 
with "long" on-line adjusted steps (see [6,7]), which is very attractive for 
practical computations. 

In contrast to these favourable features of the potential case, in the case 
of a non-potential monotone operator A compatible with a s.-c.b. for cl 
Z all which has been offered to the moment by the self-concordance- 
based approach is the short-step policy (1.a). With current understanding 
of the subject we are unable to say what happens with the method when 
the constant 0.01 in (1.a) is replaced by, say, 1. This is a definite bad 
news about the known so far extensions of the self-concordance-based 
theory to the case of variational inequalities: in order to get a complexity 
bound, no matter o(&)-one or worse, we should restrict ourselves with 
the worst-case-oriented and therefore very conservative short-step policy 
(1.a). This drawback of the theory finally comes from the fact that we 
have no global theory of convergence of the Newton method as applied 
to a (non-potential) s.-c. monotone operator. 

The goal of this paper is to investigate the situation which is in-between 
the potential case and the general monotone case, namely, the one of mono- 
tone mappings associated with convex-concave saddle point problems. We 
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intend to demonstrate that there exists a quite reasonable extension of the 
notion of a self-concordant convex function - the basic ingredient of the 
self-concordance-based theory of IP methods - to the case of convex- 
concave functions. The arising entities - self-concordant convex-concave 
(s.-c.c.-c.) functions - possess a rich theory very similar to the theory 
developed in [5] for convex s.-c, functions. In particular, we develop a 
global theory of convergence of (a suitable version of) the Newton method 
as applied to the problem of approximating a saddle point of a s.-c.c.-c. 
function. Finally, this theory allows us to build path-following methods 
for approximating a saddle point of a convex-concave function which is 
"compatible" with a 8-self-concordant barrier for the domain of the func- 
tion. Short and mediate-step versions of these methods admit the usual 
0(&)-complexity bounds, while long-step implementations, with arbi- 
trarily large steps, converge, although not necessarily in polynomial time. 
Our results are quite similar to those known for the (primal) path-following 
methods in linear/convex optimization. 

The contents of the paper is as follows. In Section 2 we introduce 
our central notion - the one of a self-concordant convex-concave 
function - and investigate the basic properties of these functions. 
Section 3 is devoted to the duality theory for s.-c.c.-c. functions; the 
central result here is that the class in question is closed w.r.t. the Legendre 
transformation. The latter fact underlies the global theory of (a suitable 
vesrion of) the Newton method for approximating the saddle point of a 
s.-c.c.-c. function (Section 5). Our main result here is that the number of 
Newton steps needed to pass from a point ( 2 ,  fj) from the domain of a 
s.-c.c.-c. function f(x, y) to an &-saddle point (x, y) - a point where 

- is bounded from above by a quantity of the type 

where @(.) is a universal function and O(1) is an absolute constant. 
This result is very similar to the basic result on the Newton method for 
minimizing a convex s.-c. function f :  the number of Newton steps needed 
to pass from a point 2  of the domain of the function to an &-minimizer 
of f - to a point x where v(x) E f (x) - min f _< E - is bounded from 
above by O(l)[v(i?) + lnln(~-I + 3)]. 
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Equipped with a global theory of our "working horse" - the Newton 
method for approximating saddle points of s.-c.c.-c. functions - we get 
the possibility to develop a general theory of path-following methods 
for approximating saddle points of convex-concave functions "compat- 
ible" with self-concordant barriers for their domains. This development 
is carried out in Section 6. We conclude this Section by constructing a 
polynomial time exterior penalty method for semidefinite programming 
problems (the construction works for linear and conic quadratic program- 
ming as well). 

Finally, in Section 7 we apply our general constructions and results 
to the well-known problem of finding the maximum volume ellipsoid 
contained in a given polytope. This problem is of interest for Control 
Theory (see [I]) and especially for Nonsmooth Convex Optimization, 
where it is the basic auxiliary problem arising in the Inscribed 
Ellipsoid method (Khachiyan, Tarasov, Erlikh [2]); the latter method, 
as applied to general convex problems, turns out to be optimal in 
the sense of Information-based Complexity Theory. The best known 
so far complexity estimates for finding an &-optimal (with volume 2 
(1 - E )  times the maximum one) ellipsoid inscribed into a n-dimensional 
polytope, given by m = O(n) linear inequalities, are O(n4.5 1n(nac1 R)) and 
O(n3,5 ln(naP1R) ln(n&-' In R)) arithmetic operations (see [5], Chapter 6, 
and [3], respectively). Here R is an a priori known ratio of radii 
of two centered at the origin Euclidean balls, the smaller being 
contained in, and the larger containing the polytope. These complexity 
bounds are given by interior point methods as applied to the standard 
semidefinite reformulation of the problem. The latter reformulation 
is of a "large" - O(n2) - design dimension. We demonstrate that 
the problem admits saddle point reformulation with "small" - O(n + 
m) - design dimension, and that the resulting saddle point problem 
can be straightforwardly solved by the path-following method from 
Section 6; the arithmetic complexity of finding &-optimal ellipsoid in 
this manner turns out to be O(n3,5 ln(ne-'R)). In contrast to the 
complexity bounds from [5,3], the indicated - better - bound arises 
naturally, without sophisticated ad hoc tricks heavily exploiting problem's 
structure. 

The proofs of the major part of the results to be presented are rather 
technical. To improve the readability of the paper, all such proofs are 
placed in Appendices. 



308 A. NEMIROVSKI 

2 SELF-CONCORDANT CONVEX-CONCAVE FUNCTIONS 

In this section we introduce the main concept to be studied - the one 
of a self-concordant convex-concave (s.-c.c.-c.) function - and establish 
several basic properties of these functions. 

2.1 Preliminaries: Self-concordant Convex Functions 

The notion of a s.-c.c.-c. function is closely related to the one of a self- 
concordant (s.-c.) convex function, see [5], For reader's convenience, we 
start with the definition of the latter notion. 

DEFINITION 2.1 Let X be an open nonempty convex domain in Rn. A 
function f : X -+ R is called self-concordant (s.-c.) on X ,  if f is convex, 
c3 smooth and 
(i) f is a barrier for X :  f(xi) + cc along every sequence of points 

x, E X converging to a boundary point of X .  
(ii) For every x E X and h E Rn one has 

(from now on, D k  f (x)[hl, . . . , hk] denotes k-th differential of a smooth 
function f taken at a point x along directions hl , . . . , hk).  

If, in addition to (i), (ii), for some 6 2 1 and all x E X ,  h E Rn one has 

( D f  (x)[hll L 6li2d=, 

then f is called 6-self-concordant barrier (s.-c.b.) for cl X. 
A s.-c, function f is called nondegenerate, if fl'(x) is nonsingular at 

least at one point (and then - at every point, [5], Corollary 2.1.1) of the 
domain of the function. 

For a nondegenerate s.-c. function f ,  the quantity 

is called the Newton decrement of f at x. 
Note that what here is called self-concordance of a function in [5] is called 
strong self-concordance. 

A summary of the basic properties of convex s.-c. functions is as follows 
(for proofs, see [5,4]): 
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PROPOSITION 2.1 Let f be a convex s. -c. function. Then for every x E 

Domf one has: 

h :  f(z)+hTf'(x)+p(-JhTf"oh)~f(~+h)~f(x) 

+ hTf '(2) + p(J-), 

p(s) = -s - ln(1 - s) (4) 

(both f and p are +m outside their domains); in particular, if hTfll(x)h < 
then x + h E Dom f .  
Besides this, 

(from now on, an inequality A B with symmetric matrices A, B of the 
same size means that A - B is positive semidefinite). 

In the case of a nondegenerate f one has 

2.2 Self-concordant Convex-Concave Functions: Definition and Local 
Properties 

We define the notion of a s.-c.c.-c. function as follows: 

DEFINITION 2.2 Let X ,  Y be open convex domains in Rn, Rm, respec- 
tively, and let 

f ( x , y ) : X  x Y + R  

be c3 smooth function. We say that the function is self-concordant convex- 
concave on X x Y, if f is convex in x E X for every y E Y, concave in 
y E Y for every x E X ,  and 

(i) For every x E X ,  [- f (x,.)] is a barrier for Y, and for every y E Y, 
f (., y) is a barrier for X 

(ii) For every z = (x, y) E X x Y and every dz = (dx, dy) E Rn x Rm 
one has 

1 D~ f (z)[dz, dz, dz]I I 2 [ d ~ ~ ~ ~ ( z ) d z ] ~ / * ,  
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A s.-c.c.-c. function f is called nondegenerate, if Sf(,) is positive definite 
for some (and then, as we shall see, for all) z E Z .  

Remark 2.1 Note that if f : X x Y -+ R is a s.-c.c.-c. function, then the 
convex function f(., y) is s.-c. on X for every y E Y, and the convex 
function - f (x, .) is s.-c. on Y for every x E X.  

Our current goal is to establish several basic properties of s.-c.c.-c. 
functions. 

PROPOSITION 2.2 [Basic differential inequality and recessive subspaces] 
Let f(z) be a s.-c.c.-c. function on Z = X x Y c Rn x Rm. Then 

( i )  For every z E Z and every triple dzl, dz2, dz3 of vectors from Rn x 
Rm one has 

(ii) Let E(z)  = {dz = (dx, dy)ldzT~f(z)dz = 0) .  Then 
(ii.1) the subspace E(z) - Ef is independent of z E Z and is the 

direct sum of its projections Ef.,, Ef.y on Rn and Rm, respec- 
tively. In particular, $Sf is nondegenerate at some point of Z ,  
then Sf is nondegenerate everywhere on Z. 

(ii.2) Z = Z + Ef .  
(iii) [Sufficient condition for nondegeneracy] If both X and Y do not 

contain straight lines, then f is nondegenerate. 

The next statement says, roughly speaking, that a s.-c.c.-c. function f is 
fairly well approximated by its second-order Taylor expansion at a point 
z E Domf in the respective Dikin ellipsoid {zll(z' - ~ ) ~ ~ ~ ( z ) ( z '  - z) < 
1). This property (similar to the one of convex s.-c, functions) underlies 
all our further developments. 

PROPOSITION 2.3 [Local properties] Let f : Z = X x Y --+ R, X c Rn, 
Y C Rm, be a s.-c.c.-c. function. Then 

( i )  For every a = (x, y) E Z, the set ~ , f ( ' )  = {xll(xl - ~ ) ~ f ; ~ ( z ) ( x '  - 

x) < 1) is contained in X, and the set w/") = {y'(yl - y)T[- f;y(z)] 
(y' - y) < 1) is contained in Y. 
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(ii) Let z  E Z and h = ( u , ~ )  E Rn x Rm. Then 

Relation to self-concordant monotone mappings. We conclude this section 
by demonstrating that in the case of monotone mappings coming from 
convex-concave functions the notion of self-concordance of the mapping, 
as defined in[5], Chapter 7, is equivalent to self-concordance, as defined 
here, of the underlying convex-concave function. 

In [5], Chapter 7, a strongly self-concordant monotone mapping is 
defined as a single-valued c2 monotone mapping A(.) defined on an open 
convex domain Z such that 
1. For every z E Z and every triple of vectors hl , h2, h3 one has 

2. Whenever a sequence {zi  E 2 )  converges to a boundary point of Z, 
the sequence of matrices { A ( z i ) )  is unbounded. 

PROPOSITION 2.4 Let f (x, y )  : Z = X x Y + R be C3 convex-concave 
function, X, Y being open convex sets in Rn, Rm, respectively. The function 
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is s.-c .c.-c.if and only i f  the monotone mapping 

is strongly self-concordant. 

2.3 Saddle Points of Self-concordant Convex-Concave Functions: 
Existence and Uniqueness 

Our ultimate goal is to approximate saddle points of s.-c.c.-c. functions, 
and to this end we should know when saddle points do exist. The simple 
necessary and sufficient condition to follow is completely similar to the 
fact that a convex s.-c. function attains its minimum if and only if it is 
below bounded: 

PROPOSITION 2.5 Let f(z) be a nondegenerate s.-c.c.-c. function on Z = 
X x Y c Rn x Rm. Then f possesses a saddle point on Z i f  and only i f  

(*) f(xo, .) is above bounded on Y for some xo E X ,  and f( . ,  yo) is 
below bounded on X for some yo E Y. 
Whenever (*) is the case, the saddle point o f f  on Z is unique. 

3 DUALITY FOR SELF-CONCORDANT CONVEX-CONCAVE 
FUNCTIONS 

We are about to study the notion heavily exploited in the sequel - the 
one of the Legendre transformation of a nondegenerate s.-c.c.-c. function. 
The construction goes back to Rockafellar [8] and defines the Legendre 
transformation of a convex-concave function f (x, y) as 

(cf. the definition of the Legendre transformation of a convex function f :  
fdE) = sup,[ETx - f (x)l). 
Our local goal is to describe the domain of the Legendre transforma- 
tion of a nondegenerate s.-c.c.-c. function and to demonstrate that this 
transformation also is s.-c.c.-c. 

DEFINITION 3.1 Let f(z) be a s.-c.c.-c. function on Z = X x Y c Rn x 
Rm. We say that a vector [ E Rn is x-appropriate for f ,  if the function 
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JTx - f (x ,  y) is above bounded on X for some y E Y. Similarly, we say 
that a vector 7 E Rm is y-appropriate for f ,  if the function rlTy - f (x, y) 
is below bounded on Y for some x E X .  We denote by X*(f) the set 
of those J which are x-appropriate for f ,  and denote by Y*( f )  the set of 
those 77 which are y-appropriate for f .  

PROPOSITION 3.1 Let f (2) be a nondegenerate s.-c.c.-c. function on Z = 
X x Y c Rn x Rm. Then 

( i )  The sets X *  (f) and Y* (f ) are open nonempty convex sets in Rn, Rm, 
respectively; 

(ii) The set Z*( f )  = X*( f )  x Y*( f )  is exactly the set of those pairs 
(J, 7) E Rn x Rm for which the function 

possesses a saddle point (min in x,  max in y) on X x Y; 
(iii) The set Z* (f)  = X* (f)  x Y * (f ) is exactly the image of the set Z under 

the mapping 

z f l (z)  

and the mapping is a one-to-one twice continuously differentiable 
mapping of Z onto Z*(f) with twice continuously differentiable 
inverse; 

(iv) The function 

is s.-c.c.-c. on Z*(f) and is equal to 

and the mapping 

s f:K) 

is inverse to the mapping z H f'(z). 

DEFINITION 3.2 Let f : Z = X x Y -+ R be a nondegenerate s.-c.c.-c. 
function. The function 

defined in Proposition 3.1 is called the Legendre transformation of f .  
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THEOREM 3.1 The Legendre transformation f ,  of a nondegenerate s.-c.c.- 
c. function f is a nondegenerate s.-c.c .-c. function, and f is the Legendre 
transformation off,. Besides this, one has 

- i ( a )  f l / ( z )  = [ f : ' (C) l - ' ;  
(b)  [f " ( z ) l - ' S f ( 4 [ f  ll(z)l-l = Sf* (0; ( 1  1 )  
(c)  f ( z )+ f* (C)=CTz .  

4 OPERATIONS PRESERVING SELF-CONCORDANCE OF 
CONVEX-CONCAVE FUNCTIONS 

In order to apply the machinery we are developing, we need tools to 
recognize self-concordance of a convex-concave function. These tools are 
given by (A) a list of "raw materials" - simple s.-c.c.-c. functions, and 
(B )  a list of "combination rules" preserving the property in question. The 
simplest versions of (A) and (B) ,  following immediately from Definition 
2.2. can be described as follows: 

PROWSITION 4.1 ( i )  Let f (x, y) be a quadratic function of ( x ,  y) which is 
convex in x  E Rn and concave in y  E Rm.Then f is s.-c.c.-c. function on 
Rn x Rm. 
(ii) Let #(x), +(y) be s.-c. convex functions on X  c Rn ,  Y c Rm, respec- 

tively. Then f ( x ,  y) = $(x)  - +(y) is a s.-c.c.-c. function on X  x Y. 
(iii) Let Xi C Rn,  Y ,  C Rm, let ai 2 1, and let fi be s.-c.c.-c.function on 

Z, =xi  x Y,,  i =  1 , . . . ,  lc. 
Ifthe set Z  = n;=, Zi is nonempty, then thefunction f ( z )  = c;=~ ai f i ( z )  

is s.-c.c.-c. on Z .  
(iv) Let f ( 2 )  be s.-c.c.-c, function on Z  = X  x Y C Rn x Rm,  and let 

x =  P u + p  
n ( u ,  v )  = ( y  = Qu + y )  be afine mapping from RY x Rp to Rn x 

Rm with the image intersecting Z .  Then the function +(u ,v )  = 

More "advanced" combination rules (Propositions 4.3, 4.4 below) 
state, essentially, that minimization/maximization of a s.-c.c.-c. function 
with respect to (a part of) "convex", respectively, "concave", variables 
preserves the self-concordance. To arrive at the corresponding results, we 
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start with important by its own right "dual representation" of the extremum 
values of a s.-c.c.-c. function. 

PROPOSITION 4.2 Let f : Z = X x Y i R be a nondegenerate s.-c.c.-c. 
function, and let f ,  : Z* = X*  x Y*  -+ R be the Legendre transformation 
o f f .  Then 

(i)  Whenever y  E Y ,  the function f ( . ,  y) is below bounded on X i fand 
only i f  0 E X* and infqEr [qTy - f,(O, q)] > -00. When this is the 
case, one has 

(ii) Whenever x  E X ,  the function f ( x ,  .) is above bounded on Y i f  and 
only i f  0 E Y* and supgEx, [ tTx  - f*(t, O)] < +a. When this is the 
case. one has 

PROPOSITION 4.3 Let f ( x ,  y) : Z = X x Y -+ R be a nondegenerate s.- 
c.c.-c. function. Ifthe set X+  = { x  E XI ,  supvGy f (x ,y )  < m) is nonempty, 
then it is an open convex set, and the function 

is a s.-c. convex function on X+.  
Similarly, if the set Y+ = { y  E Y I infZEx f ( x ,  y) > -m) is nonempty, 

then it is an open convex set, and the negative of the function 

is a s.-c. convex function on Y+. 

In the case when one of the sets X ,  Y - say, Y - is bounded, the 
latter proposition can be strengthened as follows: 

PROPOSITION 4.4 Let f : Z = X x Y -+ R be a nondegenerate s.-c.c.-c. 
function, and let the set Y be bounded. Let also y  = (u,v)  be a partitioning 
of the variables y, and let U be the projection of Y onto the u-space. Then 
the function 

is nondegenerate s.-c.c.-c . 
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5 THE SADDLE NEWTON METHOD 

5.1 Outline Of The Method 

The crucial role played by self-concordance in the theory of interior-point 
polynomial time methods for convex optimization comes from the fact that 
these functions are well-suited for the Newton minimization. Specifically, 
if f is a nondegenerate s.-c. convex function, then a (damped) Newton step 

(see (3)) maps Domf into itself and 

(A) reduces f at least by 0(1),  provided that X(f, x) is not small: f (xC) < 
f (XI - p(-Xf, 2)); 

(B) always "nearly squares" the Newton decrement: X(f, xC) < 2X2(f, x). 

Property (A) ensures global convergence of the Newton minimization 
method, provided that f is below bounded: by (A), the number of Newton 
steps before a point 3 with X(f, 3) 5 0.25 is reached, does not exceed 
O(l)(f(Z) - inf f ) ,  Z being the starting point. Property (B) ensures local 
quadratic convergence of the method in terms of the Newton decrement 
(and in fact - in terms of the residual f (x) - min f ,  since this residual 
can be bounded from above in terms of the Newton decrement solely, 
provided that the latter is less than 1). As a result, for every E < 0.5, 
an €-minimizer of f - a point x satisfying f (x) - min f 5 E - can be 
found in no more than 

x) - min f ]  + lnln - 
E 

(15) 

steps of the damped Newton method (14). 
When passing from approximating the minimizer of a nondegenerate 

s.-c. convex function to approximating the saddle point of a nondegenerate 
s.-c.c.-c, function f ,  a natural candidate to the role of the Newton iteration 
is something like 

y(z) being a stepsize. For such a routine, there is no difficulty with 
extending (B) (see [5], Chapter 7) and thus - with establishing local 
quadratic convergence. There is, however, a severe difficulty with 
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extending (A), and, consequently, with establishing global convergence 
of the method, since now it is unclear what could play the role of the 
Lyapunov function of the process, the role played in the minimization case 
by the objective itself. To overcome this difficulty, recall that process (16), 
started at a point 2, is a discretization of the "continuous time" process 

and that the trajectory of the latter process is, up to the re-parameterization 
s H t = expi-s}, the path given by 

so that z(t) is the saddle point of a s.-c.c.-c. function ft(z) = f (z) - 
tzTf'(%. Now, path (17) can be traced not only by (16), but via the 
path-following scheme 

(tk, zk) H (tktl < tk ,  zk+l = zk - [f;;+&k)]-l f;k+l(zk)), ( t l ,  z l )  = ( I ,%.  
(18) 

An advantage of (18) as compared to (16) is that with a proper control 
of the rate at which the homotopy parameter tk  decreases with k, zk 
all the time is in the domain of quadratic convergence, as given by a 
straightforward "saddle point" extension of (B), of the Newton method as 
applied to f,k+l. Thus, one can analyze process (18) on the basis of the 
results on local convergence of the Newton method for approximating 
saddle points. The resulting complexity bound for (18) (see Theorem 5.1 
below) states that the number of steps of (18) required to reach an &-saddle 
point - a point z satisfying 

for E < 0.5 is bounded from above by 

where O(.) is an universal (i.e., problem-independent) continuous func- 
tion on the nonnegative ray. Note that the residual p(f, z) is a natural 
extension to the saddle point case of the usual residual #J(x) - min #J asso- 
ciated with the problem of minimizing a function #J (indeed, the latter 
problem can be though of as the problem of finding a saddle point of 
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the function f ( x ,  y) = $(x) ,  and p( f ,  ( x ,  y))  = $(a) - min 4).  Thus, the 
complexity bound (19) is of the same spirit as the bound (15). The 
only - and quite essential - difference of our complexity results with 
those known for the minimization case is that in the latter case the universal 
function @(.) is just linear, while in the saddle point situation we end up 
with a universal function of a much faster growth. To the moment, it is 
unclear whether this phenomenon "reflects the reality" or it is an artifact 
coming from a too rough analysis. 

The goal of this section is to implement the outlined scheme and to 
establish (19). 

5.2 Newton Decrement and Proximities 

We start with introducing several quantities relevant to the construction 
outlined in the previous subsection. 

DEFINITION 5.1 Let f : Z = X x Y -+ R be a nondegenerate s.-c.c.-c. 
function, and let z = (x, y) E Z .  We define 

0 the Newton direction of f at z as the vector e( f ,  z )  = [ f"(z)]-' f l ( z ) ;  
the Newton decrement of f at z as the quantity w ( f , z )  = 

J e T ( f ,  z)S f ( z ) e ( f ,  2);  

0 the weak proximity of z as the quantity p ( f ,  z )  = supdEy f ( x ,  y') - 
infz1,x f (x ' ,  y) 5 +m; 
the strong proximity of z as the quantity v ( f ,  z )  = 

J[f '(z)lTISf(z)I-I fW. 

The following proposition establishes useful connections between the 
introduced entities. 

PROPOSITION 5.1 Let f : Z = X x Y -+ R be a nondegenerate s.-c.c.-c. 
function, and let f ,  : Z* = X*  x Y* -+ R be the Legendre transformation 
o f f .  Then 

( i )  One has 

(ii) The set K( f )  = { z  E Zip( f ,  z )  < oo) is open, and p( f ,  Z )  is contin- 
uous on K ( f ) .  

(iii) The following properties are equivalent to each other: 
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(iii.1) K( f )  is nonempty; 
(iii.2) f possesses a saddle point on Z ;  
(iii.3) (0,O) € Z*;  
(iii.4) there exists z E Z with w( f ,  z) < 1. 

(iv) For all z E Z one has 

- 3 - 1  s )  s < 11 . 
recall that p(s) = 

s 2 1  ' 

(v )  Let z E Z be such that w( f ,  z) < 1. Then the Newton iterate of 
z - the point z+ = z - e(f, z) - belongs to Z ,  and 

(vi) Assume that K(f)  $0 ,  and let z* be the saddle point off (it exists by 
(iii)). For every z E K(f)  one has 

5.3 The Saddle Newton Method 

Let f(x,  y) : Z = X x Y + R be a nondegenerate s.-c.c.-c. function, and 
let 2 E K(f). The Saddle Newton method for approximating the saddle 
point o f f  with starting point 8 is as follows. 

Let 
f t (z)= f (z ) -  tzTf ' (8) ,01 t 5 1, 

and let z*(t) be the unique saddle point of the function ft, 0 5 t 5 1t In 
the method, we trace the path z*(t) as t + +0, i.e., generate a sequence 
of pairs (ti, zi = (xi, yi)) such that 

{ti 2 0) and {zi E Z)  and {vi = v(ftt, zi) 5 0.1) (Pi) 

The existence of t*(t) is given by Proposition 5.1. (iii): since K(fl is nonempty, (0,O) E 
T(fl ,  and of course f (2) E Z*(fl, so that tf(2) E T(fl for all t E [0, 11. The uniqueness 
of z*(t) follows from the fact that ft is nondegenerate. 
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We start the method with the pair (t ' ,  z l )  = ( l , 2 )  which clearly satisfies 
(PI).  At i-th step, given a pair ( t i ,  z i )  satisfying (Pi), we 

1. Choose the smallest t  = ti+' E [0, t i ]  satisfying the predicate 

2. Set 

zi+l = zi - [ f "(zi)]-' fl,+, (2). (24) 

We are about to establish one of our central results - the efficiency 
bound for the Saddle Newton method. 

THEOREM 5.1 Let f : X x Y + R be a nondegenerate s.-c.c.-c.function, 
and let the starting point 2 be such that p E p( f ,  2) < ca. As applied to 
(f, i), the Saddle Newton method possesses the following properties (6 
and O below are properly chosen universal positive continuous and nonde- 
creasingfunctions on the nonnegative ray): 

( i)  All iterates ( t i ,  zi) are well-dejined and satisfy (8). 
(ii) Whenever ti+' > 0,  one has 

In particular, 

i > 6 ( p )  + 1 + ti = 0. 

(iii) Ifi is such that ti = 0 ,  then 

(iv) Let E E (0 , l ) .  The method jinds an E-approximate saddle point z, 

o f f :  

~ ( f ,  2,) I E [+ p ( f ,  2,) I -E  - ln(l - & ) I  

in no more than 

O(p( f, 2)) + O(1) ln ln 

steps, O(1) being an absolute constant. 
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6 THE PATH-FOLLOWING SCHEME 

We are about to achieve our main target - developing an efficient interior 
point method for approximating saddle point of a "good enough" convex- 
concave function, one which admits s.-c.c.-c. regularizations. The method 
in question is based on the path-following scheme. Namely, let f : X x 
Y -. R be the function in question. We associate with f and "good" (s.-c.) 
barriers F and G for cl X, cl Y, respectively, the family 

t > 0 being penalty parameter; a specific regularity assumption we impose 
on f implies that all functions from the family are nondegenerate s.-c.c.- 
c. Under minimal additional assumptions (e.g., in the case of bounded 
X, Y) every function ft has a unique saddle point z*(t) = (x*(t), y*(t)) on 
X x Y, and the path z*(t) converges to the saddle set of f in the sense that 

In the method, we trace the path z*(t) as t + oo. Namely, given a current 
iterate (ti, zi) with zi "close", in certain exact sense, to z*(ti), we update 
it into a new pair (ti+', zi+') of the same type with ti+' = (1 + a)ti, the 
"penalty rate" a > 0 being a parameter of the scheme. In order to compute 
zi+', we apply to f,,+l the Saddle Newton method, zi being the starting 
point, and run the method until closeness to the new target point z*(ti+') 
is restored. 

We start our developments with specifying the regularity assumption 
we need. 

6.1 Regular Convex-Concave Functions 

For an open convex domain G c Rk and a point u E G let 

~ f ( h )  = inf{tlu f t-'h E G) 

be the Minkowski function of the symmeterized domain (G - u) n (u - 
G). In what follows, we associate with a positive sernidefinite k x k matirx 
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DEFINITION 6.1 Let X c Rn, Y C Rm be open convex sets, let Z = X x 
Y and let f (x, y) : Z -+ R be a c3 function which is convex in x E X for 
every y E Y and is concave in y E Y for every z E X. Let also P 2 0. 

(i) Let B be a convex s.-c. function on Z. We say that f is P-compatible 
with B,  if for all z E Z, h E Rn x Rm we have 

(ii) We say that f is P-regular, if for all z E Z, h E Rn x Rm one has 

Note that a P-regular c.-c. function f : Z r X x Y --+ R is P-compatible 
with any s.-c. convex function on Z, see Proposition 6.l.(i) below. 

6.1.1 Examples Of Regular Functions 

Let us look at examples of regular functions. We start with the following 
evident observation: 

Example 6.1 Let f (x, y) be a (perhaps nonhomogeneous) quadratic func- 
tion convex in x E Rn and concave in y E Rm. Then f is 0-regular on 
Rn x Rm. 

The next two examples are less trivial: 

Example 6.2 Let 
S(y) : Rm -+ Sn 

be a (perhaps nonhomogeneous) quadratic mapping taking values in the 
space Sn of symmetric n x n matrices, and assume that the mapping is 
concave w.r.t. the cone ST of positive semidefinite n x n matrices: 

[example: S(y) = A + By + y T ~ T  - Y T ~ Y ,  where y runs over the space 
of m x n matrices, A, B, C are fixed matrices of appropriate sizes, A, C 
are symmetric and C is positive semidefinite]. 

Denote 

Y = {YIS(Y) E S : J ,  
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Sy, being the interior of ST, and let 

f (x, y) = X ~ S ( ~ ) X  : Z = Rn x Y -+ R.  

The function f is 5-regular. 

Example 6.3 For a = ( a l ,  . . . , a,lT E Rm and u = (u l  , . . . , E Ry,, 
Ry+ being the interior of R y ,  let ua = (u:' , u?, . . . , u % ) ~ .  NOW, let a,  b E 

R y  be such that 0 5 ai 5 1, 0 5 bi, i = 1, .  . . , m. The function 

f ( x ,  y) = ln ~ e t ( ~ ~ ~ i a ~ ( ~ ~ ) ~ i a ~ ( x - ~ ) ~ )  : Z = RT; x R E  + R ,  

E being an m x n matrix of rank n, is 21(1 + jlbll,)2-regular. 

The number of examples can be easily extended by applying "combi- 
nation rules" as follows: 

PROPOSITION 6.1 ( i )  I f  f : X x Y + R is P-regular, f is P-compatible 
with any s.-c. function on Z .  

(ii) Let f ( x ,  y) : X x Y + R be P-regular, and let X' c X ,  Y' c Y be 
nonempty open convex sets. Then the restriction o f f  on X' x Y' is 
P-regular. 

(iii) Let ai 2 0 ,  xi C Rn, C Rm, let Zi = Xi x Y,, i = 1 , .  . . , k ,  and let 
the set Z = nf=, Zi be nonempty. Let also fi : Zi + R ,  i = 1, .  . . , k .  
I f  fi are Pi-compatible with s.-c.functions Bi : Zi -+ R,  i = 1, .  . . , k ,  
then the function f ( 2 )  = ~ f = ,  ai f i(z) : Z -+ R is (maxi Pi)-compatible 
with the s.-c. function B = xi Bi : Z + R.  I f  f i  are Pi-regular on Z i ,  
i = 1 ,  . . . , k ,  then f ( 2 )  is (maxi Pi)-regular on Z. 

(iv) Let Z = X x Y C Rn x Rml and let II(u, v) = (7:::;) bean  

afine mapping from RV x R@ to Rn x Rm with the image intersecting 
Z .  I f  a function f : Z + R is P-compatible with a s.-c. function B : 
Z --t R,  then the superposition 

is P-compatible with the s.-c.$nction B+(u,  v) = B(l l (u ,  v)). I fa  function 
f : Z -+ R is P-regular, so is f+(u, v). 

(v)  Let f ( x ,  y) : Z = X x Y -+ R be P-regular, and let 

U = {(A,  u)lA > 0,  X 1 u  E X ) ,  V = { ( p ,  v)lp > 0,  p-lv E Y). 
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Then the function 

$((A, u), ( p ,  u))  = Ap f (A-'u, ,L1u) : U x V -+ R 

is (4P + 9)-regular. 

6.2 Path-Following Method: Preliminaries 

The following two results are basic for us: 

PROPOSITION 6.2 Let X C Rn, Y C Rm be open nonempty convex 
domains, let 6 2 1 ,  and let F ,  G be 6-s.-C. barriers for cl X ,  cl Y ,  
respectively. Assume that a function f : Z - X x Y -+ R is P-compatible 
with the s.-c.b. F ( x )  + G(y )  for cl 2, and that 

(C)  the matrices v&[f ( x ,  y) + F(x ) ] ,  Vi ,[G(y)  - f ( x ,  y)] are nonde- 
generate for some ( x ,  y )  E Z .  
Then the family 

is comprised of nondegenerate s.-c.c.-c. functions. 
Condition (C)  is for sure satisfied when X ,  Y do not contain lines. 

PROPOSITION 6.3 Under the same assumptions and in the same notation as 
in Proposition 6.2, assume that a pair (t > 0 ,  .Z = ( 2 ,  jj) E Z )  is such that 

Let also a > 0 and 
t+ = ( 1  + a ) t .  

Then 

p(ft+, 2) I RD,e(a)  E 0.25a@+ 0.02(1 + a )  + 2y6[a  - ln(1 + a ) ] .  

(27) 
In particular, for every x 2 0 
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6.3 The Basic Path-Following Method 

Now we can present the Basic path-following method for approximating 
a saddle point of a convex-concave function f : Z = X x Y -+ R. We 
assume that 

A.1. X c Rn, Y c Rm are open and convex; 
A.2. f is P-compatible with the barrier F(x) + G(y) for cl Z, F, 
G being given d-s.-c, barriers for cl X, cl Y, respectively, and 
there exists (x, y) E X x Y such that both Vi,[f (2, y) + F(x)] and 
Vi,[G(y) - f (x, y)] are positive definite; 
A.3. There exists fi E Y such that f( . ,  c) has bounded level sets 
{x E XI f (x, fi) 5 a ) ,  a E R, and there exists 2 E X such that f (2, .) 
has bounded level sets {y E Yl f(2,  y) 2 a ) ,  a E R. 

Let us associate with f ,  F, G the family 

of convex-concave mappings Z -+ R. Note that the family is comprised 
of nondegenerate s.-c.c.-c. functions (Proposition 6.2). 

LEMMA 6.1 Under assumptions A.l - A.3 every function ft, t > 0, has 
a unique saddle point z*(t) on 2, and the path x*(t) is continuously 
differentiable. 

Now we can present the Basic path-following method associated with 

f ,  F, G: 
Basic path-following method: 

0 Initialization: Find starting pair (to, zO) E R++ x Z such that 

0 Step i, i 2 1: Given previous iterate (ti-', zi-') E R++ x Z satisfying 

v( f t t - 1 ,  zi-') 5 0.1, (Pi-1) 

1. Set ti = (1 + cu)ti-', a > 0 being the parameter of the method 
2. Apply to g(z) E ft,(z) the Saddle Newton method from Section 5.3, 

= - zi-l being the starting point. Run the method until a point satis- 

fying the relation v(g, .) 5 0.1 is generated, and take this point as 
z2.  Step i is completed. 
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The efficiency of the Basic path-following method is given by the 
following 

THEOREM 6.1 Under assumptions A.l - A.3 the Basic path-following 
method is well-defined (i. e., for every i rule 2 yields zi in jnitely many 
steps). The approximations zi = (xi, yi) generated by the method satish the 
accuracy bound 

The Newton complexity (# of Newton steps required by rule 2 )  of every 
iteration of the method can be bounded from above as 

Here Oh(.) is a universal continuous function on the nonnegative ray and 
Ro,e is given by (27). 

In particular, with the setup 

the Newton complexity of every iteration of the Basic pathTfollowing 
method does not exceed a universalfunction of X. 

The result of the Theorem is an immediate consequence of Proposi- 
tions 6.2 and 6.3. 

Remark 6.1 In the case of bounded X, Y, in order to initialize the Basic 
path-following method one can use the same scheme as in the optimiza- 
tion case, namely, find a tight approximation z0 to the minimizer of the 
barrier B(x, y) = y(F(x) + G(y)) for cl 2, say, one with X(B, zO) 5 0.05. 
After such a point is found, one may choose as to the largest t such 
that v( f t ,  zO) < 0.1 (such a t exists, since v( f t ,  zO) is continuous in t and 
~ ( f o ,  zO) = w, to)). 

6.4 Self-concordant Families Associated With Regular Convex- 
Concave Functions 

In some important cases family (28) is so simple that one can optimize 
analytically the functions ft(., a )  in either x or y. Whenever it is the case, 
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the Basic path-following method from the previous section can be simpli- 
fied, and the complexity bound can be slightly improved. Namely, let us 
add to A.l - A.3 the assumption 

A.4. The functions 

are well-defined on X and "are available" (i.e., one can compute their 
values, gradients and Hessians at every x E X). 

Note that under the assumptions A.1 - A.4 the family {@(t, .))t>o is 
comprised of nondegenerate s.-c. convex functions (Propositions 6.2 and 
4.3), and by Lemma 6.1 the functions @(t, .) are below bounded on X, so 
that the path 

x* (t) = argrnin, @(t , x) 

is well-defined; it is the x-component of the path z*(t) of the saddle 
points of the functions ft. Moreover, by A.4 for every E E X and r > 0 
the function - f7(<, .) is a convex nondegenerate (see Proposition 6.2) s.- 
c. and below bounded function on Y; consequently, there exists a unique 
8 _= $(r, [) E Y such that 

Consider the standard scheme of tracing the path x*(t): 
(S) Given an iterate (f, 3)  "close to the path" - satisfying the predicate 

we update it into a new iterate (t+, x+) with the same property as follows: 

0 jrst, we compute the "improved" iterate 

0 second, we choose a t+ > fund apply to the function @(t+, .) the Damped 
Newton method 

starting the method with x = 5, until a point x+ such that 
X(@(t+ , .), x+) 5 r; is generated. 
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THEOREM 6.2 Under assumptions A . l -  A.4 for every pair (f, 2 )  satis- 
fying (C(., .)) one has 

Moreover, for every t+ > f the number of damped Newton steps required 
by the updating (S) does not exceed the quantity 

O(1) being an absolute constant. 

Theorem 6.2 says, e.g., that under assumptions A.l  - A.4 we can trace 
the path of minimizers x*(t) = argminxGx@(t, x) of the functions @(t, x) = 
rnaxyGy ft(x, y), increasing the penalty parameter t linearly at the rate 
(1 + 0(1) (~6) - ' /~ )  and accompanying every updating of t by an absolute 
constant Newton-type "corrector" steps in x.  The outlined possibility to 
trace efficiently the path x*(.) correlates to the fact that we can use the 
Basic path-following method to trace the path {(x*(t), y*(t))) of saddle 
points of the underlying family { ft(x, y)) of s.-c.c.-c. functions. Both 
processes have the same theoretical complexity characteristics. 

6.4.1Application: Exterior Penalty Method For Semidefinite 
Programming 

Consider a semidefinite program with convex quadratic objective: 

1 
$(x) = - x T ~ x  + bTx + min IA(x) k 0 [z E Rn], 2 ( S W  

A(x) being an affine mapping taking values in the space S = S* of 
symmetric 6 x 6 matrices of a given block-diagonal structure. For the 
sake of simplicity, we assume A to be positive definite. 

Let 
f (x, y) = $(x) - Tr(yA(x)) : Rn x S + R; 

this function clearly is convex-concave and therefore 0-regular (it is 
quadratic!). Given large positive T, let us set 
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I being the unit matrix of the size 29. We have 

where p-(x) is the sum of modulae of the negative eigenvalues of 
d(x); thus, for large T the saddle point of f on X x YT is a good 
approximate solution to (SDP). Moreover, if (SDP) satisfies the Slater 
condition - there exists x with positive definite A(x) - then, for all 
large enough T ,  the x-component of a saddle point of f on X x YT is 
an exact optimal solution to (SDP). In order to approximate this saddle 
point, we can use the Basic path-following method, choosing as F(x)  the 
trivial barrier - identically zero - for X = Rn and choosing as G the 
(229)-s.-c, barrier 

G(y) = - lnDet(y) - lnDet(2TI - y), 

thus coming to the family 

{fdx, Y) = t[$(x) - Tr(yd(x))l+ lnDet(y) + lnDet(2TI - y)),,, 

Since A is positive definite, our data satisfy the assumptions from Propo- 
sition 6.2, and we can apply the Basic path-following method to trace the 
path (x*(t), y*(t)) of saddle points of ft  as t + m, thus approximating the 
solution to (SDP). Note that in the case in question the assumption A.4 
also is satisfied: a straightforward computation yields 

@dy)  = T ~ [ T ~ ~ ~ ( I  + (I + T ~ ~ ~ ) ~ / ~ ) - ~  - Ty] 

Note that in both processes - tracing the saddle point path (x*(t), y*(t)) 
by the Basic path-following method and tracing the path x*(t) by iterating 
updating (S) - no problem of finding initial feasible solution to (SDP) 
occurs, so that the methods in question can be viewed as infeasible-start 
methods for (SDP) with &-rate of convergence. Note also that the family 
{@(t, .)) is in fact an exterior penalty family: as t + m, the functions 
1 
-@(t, x) converge to the function 4(x) + 2Tp-(x), which, under the Slater 
t 
condition and for large enough value of T, is an exact exterior penalty 
function for (SDP). 
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Note also that we could replace in the outlined scheme the set YT 
with another "bounded approximation" of the cone s!, like YT = (0 5 
y, Tr(y) 5 T} or YT = {0 5 y, Tr(y2) < T~}, using as G the standard s.-c. 
barriers for the resulting sets. All indicated sets YT are simple enough 
to allow for explicit computation of the associated functions @(t, .) and 
lead therefore to polynomial time exterior penalty schemes. Our scheme 
works also for Linear and Conic Quadratic Programming problems (cf. 
[ 5 ] ,  Section 3.4). 

7 APPLICATION: INSCRIBING MAXIMAL VOLUME 
ELLIPSOID INTO A POLYTOPE 

7.1 The Problem 

Consider a (bounded) polytope represented as 

We are interested to approximate the ellipsoid of the largest volume 
among those contained in the polytope. This problem is of interest for 
Control Theory (see [I]) and especially for Nonsmooth Convex Opti- 
mization, where it is the basic auxiliary problem arising in the Inscribed 
Ellipsoid method (Khachiyan, Tarasov, Erlikh [2]) ;  the latter method, as 
applied to general convex problems, turns out to be optimal in the sense 
of Information-based Complexity Theory. 

The best known so far complexity estimates for finding an E-solution 
to the problem, i.e., for identifying an inscribed ellipsoid with the 
volume > (1 - E) times the maximal one, in the case of m = O(n) 
are O(n4.' ln(nECIR)) and 0(n3.' ln(ne-'R) ln (n~- '  In R)) arithmetic 
operations, see [ 5 ] ,  Chapter 6,  and [3], respectively; here R is an a priori 
known ratio of radii of two centered at the origin Euclidean balls, the 
smaller being contained in II and the larger containing the polytope. These 
complexity bounds are given by interior point methods as applied to the 
standard setting of the problem: 

-1nDet A -+ min s.t. Jz 5 q(t) 
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where Sy+ is the interior of the cone Sy of positive semidefinite n x n 
matrices. The design variables in the problem are a symmetric n x n 
matrix A and a vector J E Rn which together define the ellipsoid {u = 
I + AvlvTv 5 11, and the design dimension of the problem is O(n2). 
We shall demonstrate that the problem admits saddle point reformula- 
tion with "small" - O(m) - design dimension; moreover, the arising 
convex-concave function is O(1)-regular, O(1) being an absolute constant, 
so that one can solve the resulting saddle point problem by the path- 
following method from Section 6 .  As a result, we come to the complexity 
bound O(n3.' ln(n&CIR)). In contrast to the constructions from [5,3], this 
bound arises naturally, without sophisticated ad hoc tricks exploiting the 
specific structure of (&). 

The rest of the section is organized as follows. We start with the saddle 
point reformulation of (Pi,,) and demonstrate that the arising convex- 
concave function indeed is O(1)-regular (Section 7.2) Section 7.3 presents 
the Basic path-following algorithm as applied to the particular saddle point 
problem we are interested in, including initialization scheme, issues related 
to recovering nearly-optimal ellipsoids from approximate solutions to the 
saddle point problem and the overall complexity analysis of the algorithm. 

7.2 Saddle Point Reformulation of (Pini) 

Note that for every feasible solution (J, A) to the problem one has J E 

In other words, (Pini) is the optimization problem 

V(E) z inf{-InDetAlA E i n t S y , e F ~ ~ e ~  I x?(t), i  = 1, .  

-+ min ix(() > 0. 

Setting B = A2, we can rewrite the definition of V as 

[J E int II]. 
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The optimization problem in the right hand side of the latter relation clearly 
is convex in B and satisfies the Slater condition; therefore 

V ( O  = supz,,, infpEsL In DetB + Em z i (eT~ei  - x:(<)) . (34) 
z= 1 I 

It is easily seen that in the latter formula we can replace SUPzERF with 
SUPzERy+. For z E Ry+, optimization with respect to B in (34) can be 
camed out explicitly: the corresponding problem is 

1 
infsEsZ WB), $(B) = -- ln DetB + Em z i ( ~ r ( ~ e i e T )  - x:(t)); 2 z= 1 

for a positive definite symmetric B,  we have 

Setting 

(B* is well defined, since z > 0 and E is of rank n - otherwise I2 
would be unbounded), we conclude that $'(B*) = 0, and therefore B* 
is the desired minimizer of the convex function $. We now have 

Thus, (34) becomes 

Y = Diag(y), X ( [ )  = Diag(x([)) [substitution zi = Kx;l(J)]. 

We have proved the following 
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PROPOSITION 7.1 Whenever 5 E int IT, one has 

Consequently, as far as the 5-component of the solution is concerned, to 
solve (Pini) is the same as to solve the saddle point problem 

Note that the equivalence between the problems (Pini) and (P,) is only 
partial: the component A of the solution to (Pini) "is not seen explicitly" 
in (P,). However, we shall see in Section 7.3 that there is a straightforward 
computationally cheap way to update an ''&-approximate saddle point of 
f" into an &-solution to (Pini). Note also that in some applications, e.g., 
in the Inscribed Ellipsoid method, we are not interested in the A-part of 
a nearly optimal ellipsoid; all used by the method is the center of such an 
ellipsoid, and this center is readily given by a good approximate saddle 
point of (P,). 

The following fact is crucial for us: 

PROPOSITION 7.2 The function f (J, y) dejned in (P,) is 84-regular on its 
domain Z = int II x Ry+ . 

Proof Indeed, from Example 6.3 we know that the function 

is 84-regular on RE x Ry+. The function f (5, y) is obtained from g by 
affine substitution of argument 5 H x(5) with subsequent adding bilinear 
function -2yTx(t), and these operations preserve regularity in view of 
Proposition 6.1. 0 

7.3 Basic Path-Following Method As Applied to (P,) 

In view of Proposition 7.2, we can solve the saddle point problem (P,) by 
the Basic path-following method from Section 6. To this end we should 
first of all specify the underlying s.-c. barriers F(5) for II and G(y) for 
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RY. Our choice is evident: 

which results in the parameter of self-concordance 8 = m. 
The next step is to check validity of the assumptions A.l  - A.3, 

which is immediate. Indeed, A . l  is evident; A.2 is readily given by 
Propositions 7.2 and 6.l.(i). To verify A.3, it suffices to set f = 0, 
tj = e, where e = (1,. . . , l)T E Rm. Indeed, since in the case in question 
X = intII is bounded, all we need to prove is that the function g(y) = 
l n ~ e t ( E ~ D i a g ( ~ ) E )  - 2eTy on Y = R E  has bounded level sets {y E 

Y (g(y) >_ a). This is evident, since 

Thus, we indeed are able to solve (P,) by the Basic path-following method 
as applied to the family 

y being an appropriate absolute constant. 
For the sake of definiteness, let us speak about the Basic path-following 

method with the penalty updating rate of type (29): 

x > 0 being the parameter of the method. 
To complete the description of the method, we should resolve the 

following issues: 

0 How to initialize the method, i.e., to find a pair (to, zO) with 
v(fto, zO) < 0.1; 

How to convert a "nearly saddle point" of f to a "nearly maximal 
inscribed ellipsoid. 

These are the issues we are about to consider. 

7.3.1 Initialization 

Initialization of the Basic path-following method can be implemented as 
follows. 
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We start with the Initialization Phase - approximating the analytic 
center of II. Namely, we use the standard interior point techniques to find 
"tight" approximation of the analytic center 

of the polytope II. We terminate the Initialization Phase when a point 
to E int II such that 

is generated and set 

0.05 to = - , yo  = [2t0x(to)]- 'e ,  e  = ( I , .  . . , I ) ~  E Rm, z0 = (to, yo). 
JZmy 

We claim that the pair (to, zO)  can be used as the initial iterate in the 
path-following scheme: 

LEMMA 7.1 One has v( f t o ,  zO) < 0.1. 

7.3.2 Accuracy Of Approximate Solutions 

We start with the following 

PROPOSITION 7.3 Assume that a pair ( t  > 0 , z  = (t, y)) is such that 
v( f t ,  z )  5 0.1, f t ( ' )  being function from family (35). Then 

V being given by (33). 

Proof By Proposition 7.1, for every t1 E int II one has 

1 J'(tl) = 4n) + 5 S U P ~ ~ R -  f ( E l !  Y')! (38) 

while by Proposition 6.3 we have (note that in the case in question 6 = m) 
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It remains to note that 

( c )  

with (a), (c) given by (38) and (b )  given by (39). 

We are about to prove the following 

PROPOSITION 7.4 Let 0 < 6 5 0.01, and let (t, z = (E, y)) be such that 
v( f t ,  z) < 6. Denote 

Y = Diag(y); X = Diag(z(<)); B = (E~YX-'(<)E)-'; 

and consider the ellipsoid 

w = (5 + auiuTu 5 1) 

The ellipsoid W is contained in II and is &-optimal: for any ellipsoid 
W' c II one has 

In vol(Wt) 5 In Vol(W) + E, (40) 

Vol being the n-dimensional volume. 

7.3.3 Algorithm And Complexity Analysis 

The entire path-following algorithm for solving the saddle point problem 
(P,) is as follows: 

Input: a matrix E specifying the polytope II according to II = (51 EE 5 
e); a tolerance E E (0, l ) .  

Initialization: apply the Initialization Phase from Section 7.3.1 to get a 
starting pair 

satisfying v( f t o ,  2') 1 0.1, { f t ) t>o being given by (35). 
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Main Phase: starting with (to, zO), apply the Basic path-following 
method with penalty updating rate (36) to trace the path of saddle points 
of the family { ft}. Terminate the process when for the first time an iterate 
(f, d = (jj, .f)) with f > 5 m ~ - '  is generated. 

Recovering of a nearly optimal ellipsoid: starting with z = 5, apply to 
the s.-c, function fE(.) the Saddle Newton method (Section 5.3) until an 
iterate z with 

is generated. After it happens, use the pair (f, z) to build the resulting 
ellipsoid W as explained in Proposition 7.4. 
The complexity of the presented algorithm is given by the following 

THEOREM 7.1 Assume that for some R 2 1 the polytope II contains the 
centered at 0 Euclidean ball of a radius r and is contained in the concentric 
ball of the radius Rr. Assume also that the Initialization Phase is carried 
out by the standard path-following method for approximating the analytic 
center of a polytope, the method being started at the origin. Then for every 
given tolerance E E (0 , l )  

( i )  The algorithm terminates with an E-optimal inscribed ellipsoid W ,  
i.e., W C II and 

for every ellipsoid W' C II. 
(ii) The Newton complexity of the method - the total # of Newton steps 

in course of running the algorithm - does not exceed 

where @,(a) is a universal continuous function on the axis and x > 0 is 
the parameter of the penalty updating rule from (36). 
(iii) The arithmetic complexity of every Newton step does not exceed 

0(l)m3,  O(1) being an absolute constant. 

Proof Below O(1)'s denote appropriate positive absolute constants. 
(i) is readily given by Proposition 7.4. Let us prove (ii). It is well-known 

(see, e.g., 151, Section 3. 2. 3) that under the premise of the theorem the 
Newton complexity of the Initialization Phase does not exceed N(' )  = 
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O(l)Jmln(2mR). In view of Theorem 6.1, (36) and (41) the Newton 
complexity of the Main Phase does not exceed N(2) = @+(x)Jm ln (2ml~) .  
  he Newton complexity of the Recovering Phase, in view of the fact that 

(see (21.a)) and by virtue of Theorem 5.1, does not exceed N ( ~ )  = 
O(1) ln(2ml~).  (ii) is proved. 

It remains to prove (iii). The arithmetic cost of a step of the Initialization 
Phase, i.e., in the path-following approximation of the analytic center of 
II, is known to be 5 O(l)m3, so that all we need is to prove a similar 
bound for the arithmetic cost of a step at the two subsequent phases of 
the algorithm. These latter steps are of the same arithmetic cost, and for 
the sake of definiteness we can focus on a step of the Main Phase. The 
amount of computations at such a step is dominated by the necessity (a) 
to compute, given ( t ,  z = (5, y)), the gradient g = (ft)'(z) and the Hessian 
H = (ft)"(z), and (b) to compute H-lg.  The arithmetic cost of (b) clearly 
is O(l)m3, so that all we need is to get a similar bound for the arithmetic 
cost of (a). 

It is easily seen that the amount of computations in (a) is dominated by 
the necessity to compute at a given point the gradient and the Hessian of 
the function 

The function in question is obtained from the function 

by affine substitution of argument (5, y) H (x(J), y), so that computation 
of the gradient and the Hessian of f is equivalent to similar computations 
for q5 plus O(l)mn2 5 O(l)m3 additional computations needed to "trans- 
late" the argumentslresults of the latter computation to those of the former 
one. Thus, all we need is to demonstrate that it is possible to compute the 
gradient g and the Hessian H of q5 at a given point (x, y) E R z  x Ry+ at 
the arithmetic cost O(l)m3. 

Denoting h = (:) E Rm x Rm, we have 
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In other words, the y- and the x-components of g are formed by the diag- 
onal entries of the matrices (X-'EAp'E?, ( - E A - ' E ~ Y x - ~ ) ,  respec- 
tively; straightforward computation of these two matrices clearly costs 
O(l)m3 arithmetic operations, and this is the cost of computing g. 

Now let h' = (::) E Rm x Rm. We have 

It is easily seen that 
7 

h T ~ h '  = x, Tr(~~~ ia~ (h ' )BfDiag (h ) ) ,  
z= 1 

where Ail Bi are (2m) x (2m) matrices independent of h, h1 and 
computable at the cost O(l)m3. Thus, H is the sum of the 7 matrices Hi, 
i = 1 ,  . . . ,7 ,  of bilinear forms ~ r ( A ~ D i a ~ ( h ' ) ~ , ~ ~ i a ~ ( h ) )  of h, h'. Clearly, 
j-th column of Hi is the diagonal of the matrix Ai f j  fTBT, where f j  are 
the standard basic vectors in R2m. Given Ai, Bi, one can compute the 
diagonal of the matrix Ai f j  f;BT = (Ai f j ) ( ~ i  f j ) T  in O(1)m operations; 
thus, after Ai, Bi are computed, the computation of a column in H costs 
only O(1)m operations, and the computation of the entire matrix H costs 
O(l)m2 operations. 0 

8 APPENDICES: PROOFS 

8.1 Proof Of Proposition 2.2 

(i): This statement immediately follows from the fact that the form 
D~ f (z)[dzl ,  dzZ, dz3] of dz1, dz2, dz3 is 3-linear and symmetric, see [ 5 ] ,  
Appendix 1. 
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(ii): Let dz = (dx, dy) E E(z), dz, = (dx, 0), dz, = (0, dy), let zf E Z, 
and let h = z1 - z. Since fi,(z) and - fb ( z )  are positive semidefinite, 
we have dz,, dz, E E(z); vice versa, the latter inclusions imply that dz E 

E(z). Thus, E(z) is the direct sum of its projections Ef,,(z) and Ef&) 
on Rn, Rm, respectively. Setting 

$(t) = d z ~ f ~ , ( z  + th)dzZ = D2 f(z  + th)[dz,, dz,], 0 5 t 5 1, 

we get a continuously differentiable function on [0, 11. We have 

li1(t)l = D 3 f  (2 + thNdz,, dz,, h l  < 24(t)JhT S f(z + th)h 

(we have used (8)), and since $(O) = 0, we have 4(t) = 0 , 0  5 t < 1. Thus, 
dz, E Ef,,(z1). "Symmetric" reasoning implies that dz, E Ef,,(zf), and 
since, as we just have seen, E(zf) = Ef,,(zf) + Ef,,(zf), we end up with 
dz E E(zl). (ii.1) is proved. 

By Remark 2.1, f (., y) is s.-c. on X for every y E Y, and therefore, due 
to [51, Theorem 2.1.l.(ii), X = X + Ef,,. By similar reasons Y = Y + Ef,,, 
whence Z = Z + Ef.  

(iii) is an immediate consequence of (ii.2). 

8.2 Proof of Proposition 2.3 

(i): This is an immediate consequence of Remark 2.1, and Proposi- 
tion 2.1. 

(ii): (ii.a) immediately follows from (i). 
(ii.b): For 0 I t 5 1, denote 

We have (see (8)) 
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From the resulting differential inequality it immediately follows (note that 
r = @12(0)) 

r 
z + h ~ Z + - < & @ ,  O 5 t L l ;  r < l  

1 + r t  - 

Now let dz = (dx, dy) E Rn x Rm, and let 

t E [O,l]. We have (see (8)) 

From the resulting differential inequality and (43) it immediately follows 
that if r < 1, then 

$(t) > (1 - rt)'+(0), 0 5 t 5 1; +(t) 5 (1 - rt)-'$(o), 0 5 t 5 1. 
(44) 

Since the resulting inequalities are valid for every dz, (ii.b) follows. 
(ii.c): Let r < 1, let h l ,  h2 E Rn x Rm, and let 

By (8), (43), (44) we have for 0 5 t 5 1: 

as claimed in (ii.c). 
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(ii.d): Let r < 1, and let h' E Rn x Rm. We have 

I(h')T[ f '(2 + h) - f '(2) - fl'(z)h] 1 = (h')T[ f "(z + th) - f I1(z)]hdt I '  
(*I 

((*) is given by (45)), and (ii.d) follows. 

8.3 Proof of Proposition 2.4 

"lf" part: in the case in question the left hand side expression in (10) is 

(from now on, Ik is the Ic x Ic unit matrix), while &z) is exactly Sf(z). 
Thus, (10) implies that 

(note that JT Sf(z) J = Sf(z)), as required in (7). It remains to verify 
Definition 2.24i). Let y E Y and let {xi E X )  converge to a boundary 
point of X ,  so that the points zi = (xi, y) converge to a boundary point 
of Z. According to [5], Proposition 7.2.1, the ellipsoids Wi = {zl(z - 
zi)T Sf(zi)(z - zi) < 1) (recall that Sf(.) = a(.)) are contained in 2. Now 
let xo E X be a once for ever fixed point, and let ei = xi - xo. We claim 

that the quantities Si = tend to +m. Indeed, since 

in the case of bounded {&) the limit of xi, i.e., a boundary point of X, 
would be a convex combination, with positive weights, of a limiting point 
of 2i E X and xo, which is impossible. 

We now have 
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Now note that in view of self-concordance of A(.) we clearly have 

whence for 0 5 t 5 1 

Consequently, the integral in (46) can be bounded from below by 

and since 6, -t co as i -t co, we see that the integral in (46) tends to +co 
as i grows. Since the remaining terms in the expression for f (xi, y) in (46) 
are bounded uniformly in i, we conclude that f (xi, y) -+ m, as required 
in Definition 2.2.(i). By symmetric reasons, f (x, Y,)  -+ -co whenever 
x E X and a sequence (5 E Y )  converges to a boundary point of Y. 
The "if' part is proved. 

"Only if" part: Assuming f s.-c.c.-c. and taking into account Proposi- 
tion 2.2.(i), we get 

as required in (10) (recall that &z) = Sf(z) and JTSf(z) J = S f(z)). Now, 
if a sequence {zi = (xi, Y,)  E 2)  converges to a boundary point of 2, then 
the sequence of matrices &zi) = Sf(zi) is unbounded due to Proposition 
2.3.(i). Thus, A(.) is a strongly self-concordant monotone operator. 

8.4 Proof of Proposition 2.5 

If f possesses a saddle point on 2, then, of course, (*) takes place. In the 
case in question the saddle point is unique in view of the nondegeneracy 
o f f .  

It remains to verify that if f satisfies (*), then f possesses a saddle 
point on 2. Assume that f satisfies (*), and let xo, yo be the corresponding 
points. Setting 
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we get a lower semicontinuous convex function on X  (taking values in 
R U {+m)) which is finite at xo. We claim that the level set 

is compact for every a  E R. Indeed, the set clearly is contained in the set 

and since f (., yo) is a s.-c. nondegenerate below bounded function on X ,  
2 is a compact set (this is an immediate corollary of [ 5 ] ,  Proposition 
2.2.3). Since $ is lower semicontinuous, X- (a )  is a closed subset of 8 ( a )  
and is therefore compact. 

By "symmetric reasons", the function 

is an upper semicontinuous function on Y which is finite at yo and has 
compact level sets 

Since $ has compact level sets and is finite at least at one point, $ attains 
its minimum on X  at a convex compact set X * ,  and by similar reasons I) 
attains its maximum on Y at a convex compact set Y*.  In order to prove 
that f possesses a saddle point on 2, it suffices to demonstrate that the 
inequality in the following chain 

is in fact equality. Assume, on contrary, that a, < a*, and let a  E (a,, a*). 
Denoting X ( y )  = { x  E Xi f ( x ,  y) i a) ,  we conclude that n Y E y X ( y )  = 0. 
Since f ( . ,  y) is a nondegenerate s.-c, function on X  for every y  E Y, 
the sets X ( y )  are closed; as we just have seen, X(yo)  is compact. 
Consequently, n Y E y X ( y )  = 0 implies that n,,, X ( y )  = 0 for some finite 
subset Y '  E Y. In other words, rnax,,, f ( x ,  y) 2 a  for every x  E X ,  
and therefore a convex combination Cy,, Xy f ( x ,  y) is 2 a  everywhere 
on X .  But EgGr X y  f ( x ,  y) 5 f ( x ,  y*), y* = EYE, XYy, and we see that 
in f , ,~  f ( x ,  y*) 2 a  > a,, which is a contradiction. 
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8.5 Proof of Proposition 3.1 

(i): Since f ( . ,  y) is a nondegenerate s.-c, function on X for every y  E Y, 
by ( [5] ,  Theorem 2.4.1) the set 

is open, nonempty and convex and is exactly the set of those < for which 
the function JTx - f (x, y) is above bounded on X .  From these observa- 
tions it immediately follows that X * ( f )  = U Y E y X * ( f ,  y); in particular, the 
set X * ( f )  is open. Let us prove that this set is convex. Indeed, assume that 
[ I ,  E2 E X * ( f ) ,  SO that for some yl, y2 E Y the functions [? - f (2, yi) 
are above bounded on X ,  i = 1,2. Whenever X E [0, 11, we have 

so that X J 1  + ( 1  - X ) J 2  E X*(x ,  Xyl + ( 1  - X)y2) c X*( f ) ,  and conse- 
quently X*  ( f )  is convex. Similar arguments demonstrate that Y *( f )  also 
is open and convex. 

(ii): Whenever (<,  r ] )  E Z * ( f ) ,  the function ft,,(x, y) (which is s.-c.c.- 
c. on Z  by Proposition 4.l.(i) and is nondegenerate together with f )  
possesses property (*) from Proposition 2.5, and by this proposition it 
possesses a unique saddle point on Z .  Vice versa, if ( E ,  r ] )  is such that 
f<,,(z) possesses a saddle point (x* ,  y*) on 2, the function t T x  - f ( x ,  y*) 
is above bounded on X ,  and the function r]Ty  - f ( x* ,  y) is below bounded 
on Y, so that ( 5 , ~ )  E Z * ( f ) .  

(iii): If zo E Z ,  then zo clearly is the saddle point of the function 
fYcz,,(., a )  on Z ,  SO that f ' (z0)  E Z*( f )  by (ii). Vice versa, if ( J ,  r ] )  E Z*( f ), 
then the function ft,,(z) possesses a saddle point zo on Z  by (ii); we clearly 
have (<,  r ] )  = fl(zo). Thus, z  H f l ( z )  maps Z  onto Z * ( f ) .  This mapping is 
a one-to-one mapping, since the inverse image of a point ( E ,  r ] )  E Z*( f )  is 
exactly the saddle set of the function ft,,(z) on Z ,  and the latter set, being 
nonempty, is a singleton by Proposition 2.5. It remains to prove that the 
mapping and its inverse are twice continuously differentiable. To this end 
it suffices to verify that f l '(z) is nonsingular for every z E Z .  The latter 
fact is evident: since f is convex-concave and nondegenerate, we have 



346 A. NEMIROVSKI 

with positive definite symmetric A, B, and a matrix of this type always is 
nonsingular. Indeed, assuming 

multiplying the first equation by uT, the second by -vT and adding the 
results, we get uTAu + vTBv = 0, whence u = 0 and v = 0; consequently, 
Kerf "(z) = (0). 

(iv): First let us verify that f, is convex in E and concave in q on 
Z*( f). Indeed, 

so that f,(J, q) is the lower bound of a family of affine functions of q and 
therefore it is concave in q. Convexity in 5 follows, via similar arguments, 
from the representation 

coming from the fact that ft,,(x, y) possesses a saddle point on Z when 
(E, 7) E Z*(f ), see (ii). 

Now let us prove that f, is differentiable and that the mapping < + 

fl(C) is inverse to fl(z). Indeed, let < = (E, q) E Z*(f), so that the func- 
tion fc(x, y) possesses a unique saddle point z~ = (xC, yC) on Z ((ii) and 
Proposition 2.5). Note that by evident reasons < = fl(zC) We claim that 
xc is a subgradient of f,(., q) at the point E, and y~ is the super-gradient 
of f,((, .) at the point q. By symmetry, it suffices to prove the first claim, 
which is evident: 

f*(E', 77) = in fy ,d (~ ' )~x  + qTy - f (x, y)I 

[since (xC, yC) is a saddle point of fc(., .)] 

[by the same reasons] 
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Since, on one hand, the mapping C -+ z ~  is inverse to the mapping z  -+ 

f l ( z )  and is therefore twice continuously differentiable by (iii), and, on 
the other hand, the components of this mapping are partial sub- and super- 
gradients of f , ,  the function f ,  is c3 smooth on Z 4 ( f ) ,  and its gradient 
mapping is inverse to the one of f .  In particular, 

It remains to prove that f ,  is s.-c.c.-c. on Z * ( f ) .  Let us first prove the 
corresponding differential inequality. We have 

It follows that 

Now let J = ( - \ ) . w e  have 

whence 

Consequently, (48) becomes 

which is exactly the differential inequality required in Definition 2.2. 
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It remains to prove that f,(., r ] )  is a barrier for X*(  f )  for every r] E 

Y*(f), and that - f,(J, .) is a barrier for Y*( f )  for every J E X*(f).  By 
symmetry, it suffices to prove the first of these statements. Let us fix 
r ]  E Y*(f), and let a sequence {ti E X*(f)} converge to a point J and 
be such that f*(Ji, r ] )  5 a for some a E R and all i. We should prove that 
under these assumptions J E X*(f).  Indeed, we have 

with (a), (b) given by Proposition 3.1. (iv,ii), respectively. Since r ]  E 

Y3(f), there exists xo E X such that the function 

is above bounded on Y. Since (-9) is s.-c, convex and nondegenerate on 
Y, the level set 

is compact (we already have mentioned this fact). We claim that all points 
yi, starting from some io, belong to y+. Indeed, whenever yi @ y+, we have 

by (50) 

and the resulting inequality, due to Ji -+ J ,  can be valid for finitely many 
i's only. 

Since Y+ is compact and contains all yi except finitely many of them, 
we can, passing to a subsequence, assume that yi E Y+ and yi converge to 
yo E Y* c Y. We claim that the function f (x, yo) - JTx is below bounded 
on X, which yields the desired contradiction. Indeed, by (50) we have for 
every x E X and all i 
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and passing to limit, we get 

-a 5 f ( x , ~ o >  - JTx - vTyo, 

so that f (x ,  yo) - JTx L -a + rlTyo. Thus, J E X*(f). 

8.6 Proof of Theorem 3.1 

The fact that f, is s.-c.c.-c. is given by Proposition 3.l.(iv). The equiv- 
alence in the premise of (11) is stated by (47). Under this premise, the 
validity of (a), ( b )  is given by (47), (49), respectively. Now, under the 
premise of (1 1) z clearly is the saddle point of the function f(zl) - CTzl 
of z' E 2, whence 

f*(C) = -[f (2) - cTzl, 

as required in (c). Nondegeneracy of f, follows from (b). It remains to 
prove that the Legendre transformation of f, is exactly f .  From Proposi- 
tion 3.l.(iii, iv) it follows that the domain of the Legendre transformation 
of f, is exactly 2, so that all we need is to prove that 

for every (xo, yo) E 2. This is immediate: setting Jo = fL(xo, yo), Co = 
fb(xo, yo), we clearly have 

and by Proposition 3.1. (iv) 

whence 

8.7 Proof of Proposition 4.2 

By symmetry, it suffices to prove (i). 
"lf" part and derivation of (12): Assume that 0 E X* and the function 

vTy - f,(O, v) is below bounded on Y*. Since the latter function is s.-c, on 
Y* (Theorem 3.1 and Remark 2.1), it attains its minimum on Y* at some 
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while by Theorem 3.1 and Proposition 3.1 for every x E X one has 

and (12) follows. 
"Only if' part: assume that f (., y) is below bounded on X .  Then 0 E 

X*  by the definition of X * ,  and since f ( . ,  y) is s.-c. on X (Remark 
2.1), the function attains its minimum over X at some point x*. Setting 
q* = f i (x* ,  y), we get f l ( x* ,  y) = (0,  q*), whence by Theorem 3.1 (0,  q*) 
is the saddle point of the function 

so that the function f ,(O, q )  - qTy is above bounded in q E Y * .  Thus, the 
function qTy - f * (O ,  77) is below bounded. 

8.8 Proof of Proposition 4.3 

By symmetry, it suffices to prove the first statement. Convexity of X +  is 
evident. To prove openness, note that if x E X+,  then - f ( x ,  .) is a nonde- 
generate s.-c. below bounded convex function on Y ,  so that f ( x ,  .) attains 
its maximum on Y at a unique point y(x),  and the Newton decrement of 
- f(x, .) at y(x)  is zero. Consequently, there exists a neighbourhood U 
of x such that the Newton decrements, taken at y(x), of the s.-c. on Y 
functions - f (x ' ,  .), x' E U ,  are < 1, and therefore the indicated functions 
are below bounded on Y ( [5 ] ,  Theorem 2.2.2.(i)). Thus, U c X+,  whence 
X+ is open. 

As we have seen, for x E X +  the function f ( x ,  .) attains its maximum 
on Y at a unique point y(x)  given by 

Since f t y  is nondegenerate, by the Implicit Function Theorem (5 1 )  defines 
a C2 function y(.) on X + ;  consequently, the function 
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is c2 smooth (and clearly convex). Since by evident reasons 

we see that in fact $ is c3-smooth. 
Let us prove that $ is s.-c. on X+. The barrier property is evident: if xi E 

X+ and xi -+ x $ X+, then either x $ X - and then $(xi) 2 f(xi, y) 4 

co, y E Y being fixed, - or x E X. In the latter case the sequence of 
functions { f ( x i ,  .)) does not contain a uniformly above bounded on Y 
subsequence - otherwise f (x ,  .) were above bounded on Y, which is not 
the case - and therefore $(xi) -+ co as i 4 m. 

It remains to verify the differential inequality (2) responsible for self- 
concordance. Let us fix x E X+ and a direction dx in the x-space, and let 

We have for every h E Rm and u E X+: 

D f  (u,  y(u))[(O, h)l = 0 

* (a) D2f  (u,  Y ( u ) ) [ ( ~ x ,  Dy(u)[dxI), (0, h)l = 0 

=+ (b) D3f (u ,  ~ ( ~ ) ) [ ( d l l : ,  Dy(u)[dxI), (dx, Dy(u)[dxI), (0, h)l 

+02f (u, y(u))[(O, D2y(4[dz ,  dxl), (0, h)l = 0. 
(52) 

Note that from (52.a) we get 

while from (52.b) we get 

Vh E Rm : h T ~ d 2 y  = D3 f (z)[dz, dz, (0, h)]. (54) 

* D3@(u)[dx, dx, dx] = o3 f (u,  y(u)) 
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so that 

D2(b(x)[dx, dx] = D2 f ( z ) [ (dx ,  dy), ( d z ,  O)]  = d x T ~ d x  + dxTBTdy 

- d x T ~ d x  + dyTCdy = dzTsf(z)dz;  G 
(a) 

~ ~ ( b ( x > [ d x ,  dx, dxl = D 3 f  (z)[dz,  dz, (dx ,  0)1+ D2 f ( z )[(o ,  d2y), (dx,  O ) ]  

= D3 f (z)[dz,  dz ,  (dz ,  O ) ]  + d x T ~ T d 2  y  

= D3 f ( z ) [dz ,  dz ,  (dx,  O ) ]  + ( c - I  BdxlTCd2 y  

- D3 f (z)[dz,  dz ,  (dx,  O)]  + D3 f ( z )  G 
(b) 

[dz, dz ,  (0, C - ' ~ d x ) ]  

= D3 f ( z ) [dz ,  dz ,  dz] 
(55 )  

( (a ) ,  (c) are given by (53), ( b )  is given by (54)), and since f is s.-c.c-c., 
we end up with 

1 D3(b(x)[dx, dx, dx] / 1 2(D2$(x)[dx, d x ~ ) ~ ' ~  

8.9 Proof of Proposition 4.4 

First of all, the function $ is well-defined: since Y is bounded, f ( x ,  .) 
is above bounded on Y whenever x  E X ,  and consequently the function 
- f ( x ,  ( u ,  .)) is below bounded on its domain whenever x  E X ,  u  E U .  
Since the latter function is s.-c. ( [ 5 ] ,  Proposition 2.1.l.(i)), it attains its 
minimum. 

Now let us prove that 4 is s.-c.c.-c. Convexity-concavity of (b is evident. 
As we have seen, the maximum in the right hand side of (13) is achieved, 
and the maximizer v(x ,  u )  is unique, since f$ is negative definite. By the 
latter reason and the Implicit Function Theorem the function v ( z ,  u )  is 
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twice continuously differentiable on X x U ,  and since 

due to fL(x, (u, v(x, u))) = 0, $ is c3 smooth. 
Let us verify the barrier properties required by Definition 2.2.(i). Let 

u E U ,  and let {xi E X )  be a sequence converging to a boundary point 
of X. Then $(xi, u) 2 f (xi, (u, v)), where v is such that (u, v) E Y, and 
consequently $(xi, u) + m, i --t m. Now let x E X, and let {ui E U }  
be a sequence converging to a boundary point of U .  Passing to a subse- 
quence we may suppose that vi = v(x, ui) has a limit (Y is bounded!), 
and of course the limit of the sequence (ui, vi) is a boundary point of Y. 
Consequently, $(x, ui) = f(x, (ui, vi)) -) -m, i + w, as required. 

In order to verify the differential inequality required in Definition 2.2(2), 
let us first note that the computations which led to (55) do not use the 
s.-c.c.-c. property of the underlying function and in fact establish the 
following 

LEMMA 8.1 Let g(p, q) be a C3 function dejned in a neighbourhood of 

a point @, 4) such that gk@, 4) = 0, and let gtt@, 4) = (i !:) with 

nonsingular C = -g&@, 3). Then the equation g@, q) = 0 in a neighbour- 
hood of ?j has a C2-smooth solution q(p), q@) = 4, the function h(p) = 
g(P, qb)) is c3-smooth in a neighbourhood of 3, and for every vector dp 
in the p-space we have 

~ ~ h @ ) [ d p ,  dpl = drTsdr, ~ ~ h @ ) [ d ~ ,  dp, dp] = D ~ ~ @ ,  Q)[dr, dr, dr], 

where 

dr = (dp, dq), dq = C 1 ~ d p ,  

In particular, 

htt@) = A + B ~ c - ~ B .  

Let 2ir - (2 ,  a) E X x U ,  and let 
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Let also = v(%, G), 2 = ( 2 ,  ( Q ,  a)), and let 

Applying Lemma 8.1 to g ( p  = ( x ,  u ) ,  q = v )  with ?j = (5, Q),  4 = v(2,G) 
and dp = (dx,  du) being a direction in the ( x ,  u)-space, we get 

Q B,T 
D'W),,, dpl = dlT (: P :) dz, 

O R  

D34(6)[dp,  dp, dp] = D3 f (2)[dz, dz, dz]. 

From (57) we get 

#~:~(G)[dx ,  dx] = dxTQdx + [R-' B , ~ x ] ~ R [ R - '  B,dx] 

-$;,(G)[du, du] = duTpdu - duTIR-l D ~ u ] ~ R [ R - ~  D ~ U ]  

whence 

dpTs@)dp = d x T ~ d x  + ~ x ~ B , T R - I  B ~ ~ X  + ~ U ~ P ~ U  - ~ U ~ D ~ R - ~  D ~ U .  

(58) 
We have (see (57), (58)) 

x R[R-' (B,dx + Ddu)] 

- ~ ~ u ~ D ~ [ R - ' ( B , ~ x  + Ddu)] (59) 

= dxTQdx + duTpdu + dxTB;R-' B , ~ X  + 2dxTB;R-' ~ d u  
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= ~ X ~ Q ~ X  + d z T ~ , T ~ - l  B ~ ~ X  + duTpdu - ~ u ~ D ~ R - ~  D ~ U  

= dPTS4(G)dp. 

Thus. 

/D34(G)[dp, dp,dplI = / ~ ~ f ( N d ~ , d ~ , d z I 1  

< 2(dzT~f(l)dz)312 [since f is s.-c.c.-c.] - 

= 2(dpT~,(G)dp)3/2 [see (59)], 

as required in (7). The fact that 4 is nondegenerate is readily given by (59). 

8.10 Proof of Proposition 5.1 

(i), (ii) are immediate consequnces of (1 1.b) and Proposition 4.3, respec- 
tively. Let us prove (iii). 

(iii.l)~(iii.2): If z E K(f), then 0 E X *  and 0 E Y*, so that 
(0,O) E Z*, and f possesses a saddle point on Z in view of 
Proposition 3.1. Vice versa, if f possesses a saddle point z* = 
(x*, y*) on Z, then clearly z* E K( f )  and therefore K( f )  is 
nonempty. 
(iii.2)*(iii.3): This equivalence is an immediate consequence of 
Proposition 3.1. 
(iii.2)+(iii.4): This is evident, since w(f, z*) = 0 at a saddle point 
z* of f .  
(iii.4)+(iii.3): Given z E Z with w(f, z )  < 1, consider the point 
< e ff(z) = (t, 7). By (20), 0 E W:.(<), so that 0 E X* by Propo- 
sition 2.3.(i) as applied to f, (the latter function is s.-c.c.-c. and 
nondegenerate by Theorem 3.1). By symmetric reasons, 0 E Y*, 
so that (0,O) E Z* = X *  x Y*. 

(iv): Let us start with the following simple fact: 

LEMMA 8.2 Let A = (i 5) be a symmetric matrix with positive defi- 

nite P ,  Q, and let S = (i ). Then A is nonsingular, and one has 
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In particular, $ f : Z = X x Y -+ R is a nondegenerate s. -c.c. -c.function, 
then for every z E Z one has 

Proof of Lemma: Nonsingularity of A was established in the proof of 
Proposition 3.1. Since A is symmetric and nonsingular, to prove that 
A-' 5 S-' is the same as to prove that A 5 A S I A ,  which is immediate: 

where 

Similarly, in order to prove that A-lSA-l 5 S-', it suffices to prove 
that AS-'A - S k 0; from the above computation, the latter difference is 

RP-I R~ 
, i.e., it indeed is positive sernidefinite. 

By Lemma 8.2, 

as required in (21 .a). 
To verify (21.b,c), denote 

so that 
v2(f, 2) = A: + A;. 

Setting z = (x, y) and taking into account Remark 2.1 and (6),  we get 



SELF-CONCORDANT FUNCTIONS 

We see that 

5 max{p(u) + p(v)lO I u, v, u2 + v2 = v2(f, z)), 

and since the function p(s1/2) clearly is convex on [0, l), we come to 
(21 .b). Now, it is easily seen that 

whence in view of (61) 

so that (60) yields 

as required in (21.c). 
(v): The inclusion zt E Z is readily given by (9.a). To prove (221, note 

that by (9.d) for every h E Rn x Rm one has 

while by (9.b) one has 

Consequently, 

which is nothing but (v). 
(vi): Let 
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Then 

(we have used (4) and the fact that ff(z*) = 0). From the resulting 
inequality, as in the proof of (21.c), we get 

+ --- < r ( f ,  z), 
2(1 + d,) 2(1 + d,) - 

whence, after a simple computation, d, + d, 5 2[p(f, z) + d m ] ,  and 
(23) follows. 

8.11 Proof of Theorem 5.1 

In the proof to follow, Oi denote properly chosen universal positive contin- 
uous nondecreasing functions on the nonnegative ray. 

MAIN LEMMA We start with the following technical result: 

LEMMA 8.3 For properly chosen the following holds. Let f :  Z = 
X x Y -, R be a nondegenerate s.-c.c.-c, function, and let f,: Z* = X* x 
Y* -, R be the Legendre transformation of f .  Let also zl = (xl,  yl) E 

K(f ), 51 = (6,111 1 = f '@I>, and let 

Then for 0 5 t < 1 one has 

Proof Since K( f )  is nonempty (it contains zl), f possesses a saddle 
point (Proposition S.l.(iii)). Thus, (0,O) E Z*, whence Ct E Z*, 0 5 t 5 1. 

Let us denote 
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l o .  Note that g, differs from f, by a linear function and is therefore a 
nondegenerate s.-c.c.-c. function on Z*. Besides this, by construction (1 
is a saddle point of g, on Z*.  

2O. By (12) we have 

while by Theorem 3.1 

By symmetric reasoning, 

3'. By l o ,  max,,r g , ( t l ,  7 )  = g*(C1), and since g,( . ,  7 )  is convex on X*, 
we get from (63) 

By symmetric reasoning, 

4'. Let & = t t i ,  qt = t q l ,  0 I t  5 1 .  Since C1 is a saddle point of g,, 
the s.-c. on X* function 

443 = 9*(5 ,7 l )  

attains its minimum on X* at the point E l ,  and by (64) we have 

The latter inequality, due to the standard properties of s.-c. functions ( [5 ] ,  
Section 2.2.4) combined with the fact that p, 1 p, implies that for t E 

[O ,  11 one has 
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5'. Let h E Rm, and let 

We have 

((a) is given by (8) as applied to g,, (b )  is given by (66)), so that 

for all t E [0, 11, whence 

6'. Now let us fix t E [O,1] and set 

note that $ is a s.-c. function on Y*. 
By (64) we have 

while for s E [0, 11 it holds 

Combining these relations, we see that 

7O. From (69) and the same standard properties of s.-c. functions as in 
4O we get for 0 I s _< 1: 
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combining this result with (67), we see that for s, t E [0, 11 one has 

By symmetric reasoning, 

FROM MAIN LEMMA TO THEOREM 5.1 (i): Since ( t ' ,  2 ' )  clearly satisfies 
(PI) ,  all we should prove is the implication (Pi) + (Pi+'). 

lo. Assume that i is such that (Pi) is valid. Setting 

we get by (21 .a) 

~i w(ftt,  zi) = (lei ( I Q i  5 ~i -- V( fti  , zi) 5 0.1, (72) 

the concluding inequality being given by (Pi). It follows that 

(see ( 1  l b)). 
2O. Since wi < vi < 0.1 by (72), (73) says that there indeed exists t E 

[0, ti] such that w(ft ,  zi) L 0.2, so that ti+' is well-defined. Note also that 
by (73) 

3'. For the sake of brevity, denote temporarily 

By definition of ti+' we have 
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whence (see (24) and (9.a)) 

Moreover, by (9.d) and in view of //ellQt = ai 5 0.2 we have 

whence 
a ?  

g l ( ~ i + l ) Q  5 5 - Oeo4 = 0.05. 
1 - ai 0.8 

Now note that by (9.b) 

Thus, (Pitl) indeed is valid. (i) is proved. 
(ii): Assume that i is such that ti+' > 0. By (74) 

so that in view of (Pi) we have 

[ d g ,  zi> 51 a, zi> l 0.1 (79) 

(the left inequality is given by (21.a)). 

LEMMA 8.4 Let g : Z = X x Y -+ R be a nondegenerate s.-c.c.-c. fine- 
tion, and let zo = (xo, yo) E Z be such that w = w(g, z) < 0.2. Then g 
possesses a saddle point z* on 2, and 
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Proof Consider the Newton iterate 

of zo. Same as in 3O, zl E Z and 

Let z* = (x* , y*) be the saddle point of g (it exists by Proposition 5.1 .(iii)). 
Let us set 

By (4) we have 

and at the same time 

(we have used (21.b) and (81)). Thus, 

-v - ln(1 - v) 2 r, + r, - ln(1 + rx) - ln(1 + r,) (82) 

Since w 5 0.2, we have v < & < 0.07, and therefore -v - ln(1 - v) < 
0.53v2 5 0.0026. Consequently, from (82) it immediately follows that 
max[rx, r,] < 0.25, whence r, + r, - ln(1 + r,) - ln(1 + r,) 2 0.4(rz + 
r i ) .  Thus, (82) results in 

whence 
llzl - % * \ I Q  5 1 . 2 ~  5 1.875w2 < 0.08. 

The latter inequality, by (9.b), implies that 
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By the same (9.b), from (81) it follows that Sg(zl) > (1 - w)'~,(zo), 
whence 

(recall that w 10 .2) .  Combining this relation with (81), we come to 
(80). 0 

Now we are ready to complete the proof of (ii). Applying Lemma 8.4 
to the function g given by (78) and taking into account (79), we see that 

Izi - ~ * ( t " ) ~  5 0.1 + 2.7 x 0.1' = 0,127. (83) 

Now let 

h(<) = j's(<) - (z*(ti))*< : Z*(f) + R, Ci = f'(zi), 

C = f'(Z*(ti)) = ti f '(2). 

We have 

so that 

w(h, 4) = \/[zi - z*(ti)lTSf(zi)[zi - z*(ti)][we have used (20)] 

1 0.127 [see ( W 1  

* ))<i - <;lls,,(~) I 0.127 + 2.7 x (0.127)~ [we have used Lemma 8.41 

< 0.171 - 

* Sf,(&) I (0.82>-'sf,(C) [we have used (9.b)l 

= (0.82)-'sf,(ti f'(2)) [see (84)l. 

Consequently, 

(the concluding inequality is given by (62.a)). The resulting upper bound 
on yi combined with (77) implies (ii). 

(iii): In the case of ti = 0 one has (we use the same notation as in 3O) 
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the latter inequality being given by (21.a). This inequality combined with 
(76) implies (25). 

(iv): By (ii) it takes no more than Olo(p(f, 2)) steps to make ti equal 
to zero, and by (25) it takes at most O(1) lnln(31~) more steps to make 
v( f ,  xi) less than E. 

8.12 Proof of Proposition 6.1 

(i) is an immediate consequence of the fact that whenever B is s.-c. on 
Z, the seminorm 1 1  . 1 1 B ~ ~ ( 2 1  majorates the serninorm T:(.), z E Z (see [5], 
Theorem 2.1.1 .(ii)). 

The remaining statements, except (vi), are immediate consequences of 
definitions. To prove (vi), it clearly suffices to demonstrate that the function 

$(x, (p, v)) = p f (x, p-lv) : W = X x V -+ R 

is (2P + 3)-regular. 
Let us fix a point w = (x, s = (p, v)) E W and a direction dw = (dx, ds = 

(dp, dv)) in the (x, (p, v))-space, and let 

z = (x, p-lv), Sy = p-'dv - p - 2 d ~ v ,  dz = (dx, Sy). 

A straightforward computation yields (the derivatives of 1C, are taken at w, 
the derivatives of f are taken at z): 

D+[dwl= pDf [dzl+ dpf; 

D21C,[dw, dw] = pD2 f [dz, dz] + p D  f [(0, - 2 p - ' d p ~ ~ ) ]  

+ 2dpD f [dz] 

= pD2 f [dz, dz] + 2dpD f [(dx, O)] 
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It remains to note that 

Indeed, assuming (85),  we immediately get from (a), (b)  and from regu- 
larity of f that 

as claimed. To prove (85),  note that the relation Ip-ldpl 5 .rrr(dw) is 
evident, and all we need to prove is that if w f dw E X x V, then z f 
0.5dz E X x Y, i.e., that if ldpl < p and ( p  & dp)- ' (v  % d v )  E Y, then 

This is immediate: setting t9 = p- 'dp,  r = p-'u, dr  = p-'du, we have 
/el < 1, 

( 1  + W 1 ( r  + d r )  E Y, (1  - 8)- ' ( r  - d r )  E Y 

and therefore 

y+ = r + 0.5[dr - Or] 

= [ ( I  + Q(0.75 - 0.2513)](1+ e ) - l ( ~  + d r )  

+ [ ( I  - @(0.25 - 0.258)](1 - 8)- ' (r  - d r )  E Y, 
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y- _= r - 0.5[dr - Or] 

= [ ( I  + 8)(0.25 + 0.258)](1 + 8)-'(r + dr) 

+ [ ( I  - O)(0.75 + 0.258)](1 - 8)-'(r - dr) E Y 

(note that [ ( I  + O)(0.75 - 0.258)] + [ ( l  - 8)(0.25 - 0.25O)l = 1, [ ( I  + 
O)(0.25 + 0.258)] + [ ( I  - O)(0.75 + 0.258)] = 1, and that all four weights 
in question are nonnegative). 

8.13 Justification of Examples 6.2 and 6.3 

Example 6.2 The convexity of Y is evident. Now, setting 

z = ( x ,  y) E 2, dz = (dx,  dy) E Rn x Rm, s = S(y) ,  

ds = DS(y)[dyl, d2s = D2s(y)[dy,  dyl, 

we have 

D f (z)[dz]  = 2dxTsx + xTdsx; 

D~ f ( z ) [dz ,  dz]  = 2dxTsdx + 4dxTdsx + X ~ D ~ S X ;  

(a> dzTsf(z)dz  = 2dxTsdx - xTd2sx = a2 + b2, 

a=-, b =  JzT[-d2s]z; (86) 

(b) D~ f ( z ) [dz ,  dz ,  dz]  = 6dxTdsdx + 6dxTd2sx. 

Denoting .ir = .ir:(dz), we have 

and since S(.) is quadratic, 

1 
S(y f ( d - I d y )  = s i ( d - I d s  + - ( ~ ' ) - ~ d ~ s ,  

2 

whence for all T' > T it holds 

Since d2s 5 0, we conclude, first, that d > n + s k (TI)-'ds > 0,  
whence 

-ns 5 ds 5 ns;  (88) 
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second, taking the arithmetic mean of the two inequalities in (87), we get 
n' > n  + i(n')-2[-d2s] < s ,  whence 

Finally we have 

ID3 f (z)[dz,  dz ,  dz] /  I 6/dxTdsdx( + 6/dxT[-d2s]xl [see (86. b)] 

[by (88) and since -d2s 2 01 

5 6ndxTsdx + 6nhmdzT[-d2s3a: 

[see ( 8 9 ~  

= 3n(a2 + 2ab) [see (89).a)] 

5 %(a2 + b2) = 5ndzTsf(z)dz. 

Example 6.3 Let x, y  E R E  and let h  = (:) E Rm x Rm. In the below 

computation, lowercase letters like a,  b, x ,  y, u,  v denote m-dimensional 
vectors, and their uppercase counterparts stand for the corresponding diag- 
onal matrices: A  = Diag (a) ,  X  = Diag ( x ) ,  Y = Diag ( y ) ,  ... We write zd 
instead of Diag ( z d )  ( z  E Ry+, d  E Rm); e stands for the m-dimensional 
vector of ones. 

Let 
Q  = Q ( X , Y )  = E ~ x - ~ Y ~ E ;  

then 

D  f ( x ,  y)[h] = T~(Q- '  E ~ [ - B x - ~ - ~ u Y "  + x - ~ A v Y " - ~ ] E ) ;  

D2 f ( x ,  y)[h, h]  = -T~(Q-' E ~ [ - B x - ~ - ~ u Y ~  + x - ~ A v Y ~ - ~ ] E  

x Q-' E ~ [ - B x - ~ - ~ u Y "  + x - ~ A v Y " - ~ ]  E )  

+ T ~ ( Q - ' E T [ B ( B  + I , ) X - ~ - ~ ~ U ~ Y "  

- ~ A B X - ~ - ~ U V Y ~ - ~  + A ( A  - I ~ ) X - ~ Y " - ~ ~ V ~ ] E ) ;  

o3 f ( x ,  y)[h, h ,  h]  = 2Tr(Q-' ET[- B X - ~ - ~ U Y "  + x - ~ A v Y " - ~ ]  E 

x Q-'ET[- B X - ~ - ~ U Y "  + x - ~ A v Y " - ~ ] E  

x Q - ' E ~ [ - B x - ~ - ~ u Y "  + x - ~ A v Y " - ~ ] E )  (90) 
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Note that P is an orthoprojector. We clearly have 

o2 f(x, y)[h, h] = -Tr(P[ASV - BSU]P[AGV - BSUIP) 

+ Tr(P[B(B + I,)SU~ - 2ABSUSV 

+ A(A - I,)SV~] P) 

=+ o2 f (x, y)[(u, 0), (u, O)] = -Tr(PBGUPBGUP) 

+ Tr(PB(B + I m ) S U 2 ~ )  

= T~(PBSU~P) + Tr(PBGU(Im - P)GUBP) 

> T~(PBSU~P) [since P is an orthoprojector] - 

L 0; 

- o2 f (x, y)[(O, v), (0, v)] = Tr(PA6VPASVP) + Tr(PA(Im - A)SV~P) 

2 0. 

We see that f is convex in x and concave in y and that 

hTsj(x, y)h 2 Tr(PBSU2P) + Tr(PASVP6VAP) 

+Tr(PA(Im - A ) ~ v ~ P )  = w2 = p2 + q2 + r2, 

p = / / P B ' / ~ ~ u ( ( ~ ,  q = JJPA5VPJJ2, r = (JPA"~(I, - A) ' /~svJ J~ ;  (91) 

from now on, IIS112 = stands for the Frobenius, and llSllm - for 
the operator norm (maximum singular value) of a matrix S. 
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Now, (90) can be rewritten as 

D3 f (x, y)[h, h, h] = 2Tr([P[ASV - B ~ u ] P ] ~ )  

- 3Tr(P[B(B + Irn)6u2 - 2ABGUSV 

+ A(A - I,)SV~]P[ASV - BSUIP) 

+ Tr(P[-B(B + I,)(B + 21,)6U3 

+ 3B(B + I,)ASU~~V - 3BA(A - I,)SU~V~ 

+ A(A - I,)(A - ~I,)sv~]P). 

Therefore 

the first inequality being given by the following well-known fact: 

Whenever the product of three matrices Q1, Qz, Qg makes sense and 
is a square matrix, the trace of the product is in absolute value I the 
product of the operator norm of one of the factors (no matter which 
one) and the Frobenius norms of the two remaining factors. 
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Note that a byproduct of our reasoning is the inequality 

(IP[ASV - BSUIP112 < (1 + llblli2)w. 

By similar reasons, 

31Tr(P[B(B + Irn)6u2 - 2ABSUSV 

+ A(A - I,)GV~]P[ASV - BSU]P)J 

5 ~ I I P B ' I ~ S U I ~ ~  x l l ~ ' / ~ ( ~  + Im)6U - ~ A B ' ~ ~ s v ( ( ,  

x ((P[ASV - BSUIP((2 + ~ ( ( P A " ~ ( I ~  - ~ ) " ~ 6 v ( j 2  

x l l ~ ' / ~ ( I ,  - A)'I~SVII,IIP[ASV - BGUlP112 (95) 

< 3p[llbllZ2(3 + Ilbllm)l.ir(l + 1 1 b i l ~ ~ ) w  + 3r(.ir/2>(1 + llbllz2)w 

< 10(1 + l (b11m)2~~2 [we have used (91), (92), (94)l; 
ITr(P[-B(B + I,)(B + 21rn)Su3 + 3B(B + I,)ASU~SV 

5 7(1 + llb11,)2.ir~2 [we have used (91), (92)l. (96) 

8.14 Proof of Proposition 6.2 

Let t > 0. The function ft clearly is convex in a: E X for every y E 

Y, is concave in y E Y for every a: E X and satisfies the requirements 
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from Definition 2.2.(i). In order to verify Definition 2.2.(ii), let us fix z = 
(x, y) E Z - X x Y and h = (u, u) E Rn x Rm. We have 

+ 2/lu))&,) + 2))v))&(,) [the Holder inequality] I 
< y(P + 2)[thTs f(z)h + u T ~ " ( x ) u  + u ~ G " ( ~ ) u ] ~ / ~  

[since y7 = y312 @ + '  I 
Finally, the nondegeneracy of f t  is readily given by (C), see Proposi- 
tion 2.2.(ii). 

8.15 Proof of Proposition 6.3 

Let us set 

so that 

A($, x) = J($l(x))T[$ll(x)l-l$l(x) being the Newton decrement of the 
convex s.-c. function $J at a point x. By [4], (2.2.23) - (2.2.24), relation 
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(97) implies existence of x* E X such that +I(x*) = 0,  and that 

(a )  E - x *  5 - 5 0.12, 11u(l = d-; 
(98) 

(b) $ ( Z )  - $(x*) 5 -A($, 3) - ln(1 - A($, E) )  5 0.006. 

2'. By (98.b) we have 

3O. Let IIuII0 = d m ;  note that JJuJJQ 5 l/uJJ , SO that by (98.a) 
we have 

7. = Ilx* - ZIl@ 5 0.12, 

Since @ is convex, it follows that 

@(E) 2 @(xt)  + (3 - X * ) ~ @ ' ( X * )  

= @(x*) - ( ( Z  - x*/loV% [since @ is a 0-s.-c.b, for cl X] 

L @(2*) - 0 . 1 2 4 ,  

and we come to 

@(z*) - @(E) 5 0 . 1 2 4 .  ( 1  00) 

Combining this result with (99), we obtain 

1 1 $(a - $(x*) < 1[~.12&+ 0.0061 5 -&. 5t (101) 

Now let x E X. We have 

1 
= $(x*) - -(x  - z * ) ~ @ ~ ( x * )  

t 
[since t$'(x*) + @'(xt) = 0]  

e 
L $(%*I - - [since @ is 0-s.-c.b. for cl X, see (2.3.2)]. 

t 

From this relation and (101) it follows that 
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whence 
28 219 f (3, j j )  - inf,,x f ( x ,  j j )  I - = -. 
t y  t 

Symmetric reasoning yields sup,, f (3, y) - f (3, g) 5 y, and (26) 
follows. 

4O. By (99) we have 

t+ 
[t'$(3) + @(Z)] - [t+$(x*) + @(%*)I  5 [$ - 11 [@(x*) - @(5)] + 0.006- 

t 
= a[@(x*)  - @($)I + 0.006(1+ a )  

I 0 .12af i  + 0.006(1 + a )  [see (loo)]. 

(102) 

5O. Now let x E X. We have 

The remaining reasoning reproduces the one of [5], Section 3.2.6. First, 
we claim that the function Q,(x), for every a 2 0 (in fact - even 
for a > -1 )  attains its minimum on X at a point x(a).  Indeed, @ is 
a 8-s.-c.b. for cl X; consequently, the image of X under the mapping 
x H a'(%) is the relative interior of a convex cone ([5],  Proposition 2.3.2 
and Theorem 2.4.2). Since this cone clearly contains the point @'(x*), it 
also contains the points ( 1  + a)Q1(x*), so that there exists x(a)  E X with 
al(x(a))  = ( 1  + a)G1(x*), or, which is the same, with (Q,)'(z(a)) = 0, as 
claimed. 

From [ 5 ] ,  Proposition 2.3.2 and Theorem 2.4.2 one can easily derive 
that x(a)  can be chosen to satisfy x(0) = x* and to be differentiable in a .  
The point x(a)  solves the equation 

and therefore 
@"(x(a))xl(a) = Q1(x*). 
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We have 

gl(a) = [ ~ ~ ( a ) ] ~ [ @ ~ ( x ( a ) )  - (1 + a)@'(z*)] - (x(a) - x*)~@'(x*) 

* T  I = -(.(a) - x ) @ (x*) 

[since x = x(a) is a solution to (104)], (106) 

whence 

T I  * gl'(a) = -[x'(a)] @ (x ) 

= minh[2hT@'(x*) + hT@"(x(a))h] [see (105)l 

= (1 + a)-2 minh[2hT@'(x(a)) + hT@"(x(a))h] [see (105)l (107) 

2 -(1 + [since @ is a 8-s.-c.b.1. 

Since x(0) = x*, we get from (106), (107) 

whence 
a 2 0 + g(a) _> -B[a - ln(1 + a)]. 

Consequently, (103) ensures that 

infx,x[tt4(x) + @(%)I 2 [tt4(x*) + @(x*)] - B[a - ln(1 + a)].  

Combining this result with (102), we come to 

ft+(.Z) - infxEx ft+(x, jj) 5 0.12aJ8  + 0.006(1 + a )  + @[a - ln(1 + a)]. 

Symmetric reasoning implies that 

ftt(2, y) - ft+(Z) 5 0.12aJ8+ 0.006(1 + a )  + @[a - In(1 + a)]. 

and (27) follows. 

8.16 Proof of Lemma 6.1 

Let us first prove the existence and the uniqueness of the saddle point 
z*(t). Since ft  is a nondegenerate s.-c.c.-c. function, it suffices to verify 
that ft(., 9) is below bounded on X, and f(h, -) is above bounded on Y 
(Proposition 2.5). By symmetry, we may prove the first statement only. 
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Since g(x) = f ( x ,  f i )  has bounded level sets and is convex on X, it admits 
lower bound of the type g(x) > a + bJJxl/2, x E X ,  with b > 0, while for a 
6-s.-c.b. F for cl X we have (see [5],(2.3.3)) 

where xo E X is arbitrary and 

.rr,(xo) = inf{t > 01% + t-'(xo - x) E X). 

For a once for ever fixed xo E X, the quantity 1 - 7rz(xo) is of course 
bounded from below by a function of the type c/(l  + 1 1 ~ 1 1 ~ ) .  Thus, 

and the right hand side in this inequality is below bounded for every t  > 0. 
The fact that the path z*(t) is continuously differentiable is readily 

given by the Implicit Function Theorem (recall that the Hessian of a 
nondegenerate s.-c.c.-c, function is nondegenerate, see the proof of Propo- 
sition 3.1 .(iii)). 

8.17 Proof of Theorem 6.2 

lo. To prove (31) ,  we start with the following observation: 

LEMMA 8.5 Let jj = f i ( f ,  2). Then the Newton decrement w(fi, (2)  j j ) )  of the 
s.-c,c.-c. function ft at the point E = (2,  j j )  is equal to the Newton decrement 
A(@(f ,  .), 2 )  of the convex s.-c.function @(f, .) at the point 5. Moreover, the 
Newton iterate 5 of 2 given by (30) is exactly the x-component of the pair 

Proof 

&a. 
is the 

Denoting @(t, .) = 9(.), ft r 4, let 4 I t -  ( 2 )  - - (i a n d g =  

Since 4&2) = 0, the Newton direction e = e(4, 3) = (:) of 4 at i 

solution to the system of equations 

A P + B ~ ~ = ~ ,  B P - c q = o ,  

whence 

p = ( A  + B ~ C - ' B ) - ~ ~ ,  q = C-'B(A + B ~ C - ~ B ) - ' ~ .  
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Since g = W(3) and Q"(2) = A + BTC-' B (see (56), we get 

Lemma combined with (22) implies that 

By Proposition 6.3 it follows that 

where y+ is the y-component of z'. Since inf , ,~  f(x, yt) < 
infzEx supyEy f (x, y), (3 1) follows. 

2'. Let us prove the bound (32). Since @(t, -) is a s.-c. convex 
below bounded function on X, the number of damped Newton 
steps in the updating (f,3) H (tt ,x+) is bounded from above by 
O(1) [A(tt) + In In i] , where 

and O(1) is an absolute constant (see [S],Theorem 2.2.3). Thus, all we 
need is to verify that 

3 t - f  t - i  
t 2 i + ~ ( t )  5 p ( ~ )  + ?(I + -)T + +3y$ [T - ln ;] . (110) 

Let z*(t) = (x,(t), y,(t)) be the trajectory of saddle points of the functions 
ft; note that z*(.) is continuously differentiable by Lemma 6.1. As we 
remember, 

with continuously differentiable function Q(t, x) satisfying the relation 
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From these relations we get (values of all functions and their derivatives 
are taken at the point (t, x, $(t, z))): 

Taking into account that G is a 6-s.c-c.b. and that f is concave in y, we 
come to 

0 5 @i(t ,  x) 5 y6t-2. (112) 

Now, setting Q(x, y) = F(x) - G(y) we have (values of all functions and 
their derivatives are taken at the point (t, z*(t))): 

d d 
t v ,  f + V,Q = 0 O ---z*(t) = -[tv?; f + v p ] - ' v ,  f O -z*(t) 

dt dt 

whence 

d2 T d  
---@(t ,x*(t))  dt2 = -y[V,fl z ~ * ( t )  

= y t - 2 [ ~ , ~ ] T [ t ~ 2  f + v p 1 - l ~ ~ ~  (113) 

5 t - 2 y 2 [ ~ Z Q l T [ ~  ft(z*(t))l-l V,Q [see Lemma 8.21 

5 2t-'y9, 

the concluding inequality being given by Sft t y ( F 1 l  V,Q = 

and the fact that F, G are 6-s.-c.b.'s. 

Since A(@(< .), 2) 5 K 1 0.1, we have 

(see [5],Theorem 2.2.1, and (6)). Consequently, 
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Besides this, 
d 

A1(t) = q t ,  2 )  - - q t ,  x*(t)),  
dt 

whence in view of ( 1  1 I ) ,  ( 1  12), ( 1  13) 

and 
d2 

AU(t) = @it(t, 2)  - --@(t, x,(t)) 5 3ytK28. 
dt2 

(116) 

3'. In view of the inequalities (114), (116) all we need to bound A(tt) 
from above is to bound from above the quantity 

(see ( 1  15)). 
3'. 1 ) .  For the sake of brevity, let g(x, y) = f t (x ,  y), z* -- (x, , y,) = z*(f l ,  

and let 

BY (log),  v(g, zC)  < 0.1; applying (21.b), weget p(g, z*) I p(0.1) I 0.01, 
whence (see (23)) 

Since p(g, z*) - sup, g(2, y) - inf, g(x,  y+) I 0.01, the quantity g(zt)  
differs from the saddle value g(z*) of g by at most 0.01: 

2 We have g&(z*) yF1'(x,), so that ( 2  - X , ) ~ [ ~ F " ( X * ) I ( ~  - x*) I d,. 
Therefore 

y 1 F(2)  - F(x*)l I ( ( 2  - ~ * ) ~ ( y F ' ( x , ) ) l  + Ad,) [(4) as applied to yF1 

I a d ,  + p(dx) [since yF is (78)-s.-c.b.1 

2 0 . 5 m  + 0.45 [see ( 1  18)] 
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and similarly y lG(y+) - G(y,)J < 0 . 4 5 m  + 0.5. Thus, ( 1  19) implies that 

3O.2). Now consider the self-concordant function $(y) = - y [ f f  (2 ,  y) + 
F(2) - G(y)]. This function attains its minimum on Y at y = 8, and from 
p(g, z+) 5 0.01 it follows that 4(y+) - min, 4(y) < 0.01. Denoting 6 = 
J[y+ - WT$ll(g)[y+ - 91 and applying (4), we get p(-6) 5 0.01, whence 
S 5 0.5. We have 

and from 6 < 0.5, same as in 3'.1), it follows that ylG(y+) - G(g)/ 5 
0 . 5 m  + 0.45. Combining these observations, we get 

which together with (120) and (117) implies that 

Relations ( 1  l4), ( 1  16) and (121) imply ( 1  10). 

8.18 Proof of Lemma 7.1 

Let h E Rm, r E Rn be two arbitrary vectors, and let 

YO = Diag H = ~ , - ' ~ i a ~  (h) ,  Xo = X(Jo) ,  

R = x i l ~ i a g  (Er ) ,  P = Y ~ ~ ~ x ; ' ~ ~ E ( E ~ Y ~ x ; '  E ) - ' E T x ; ' I ~ ~ ~ ~ ~ .  

Note that P is an orthoprojector. 
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We have 

hTfb(rO) = Tr((ETyOx;' E ) - I  ETDiag ( h ) x i l  E )  

- 2hTx(t0) 

h T ~ ' ( y O )  = -Tr(H); 

r T ~ ' ( t O )  = Tr(R). 

Consequently, 

r- '(rT, hT)( fto)'(rO) = ~ O T ~ ( P H )  + tOTr(pR) - 2t0Tr(yOxo H )  

+ 2 t O T r ( f i ~ ~ R )  + Tr(H) + Tr(R) (1 22) 

= tOTr(pH) + ~ O T ~ ( P R )  + 2Tr(R) 

(note that by construction 2t0Yoxo = I ,  I being the unit m x m matrix). 
In view of  (122) and due to the fact that P is an orthoprojector one has 

1(rT, hT)(fto)'(z0)1 5 Y t 0 J 2 m ~ r ( ~ 2  + R2) + 2yITr(R)I, 

while in view o f  (37) 

0 05 
Tr (R)J  = 1rT3"(t0)) 5 = - d m ;  

2 f i  2 f i  
thus, 

( r T ,  hT)(ftO)'(rO) 5 rtO J2mTr(H2 + R2)  + 0 . 0 5 ~  JTr(R2) 
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(see the definition of to). On the other hand, 

(rT,  hT )~ i t o ( zO)  (L) > y [ h T ~ l l ( y O ) h  + r T ~ " ( $ ) r ]  = ~TI(H '  + R'), 

and we conclude that for all h E Rm,  r E Rn one has 

whence V( f,o , zO) 5 0.1, as claimed. 

8.19 Proof of Proposition 7.4 

Let vol be the normalization of Vol which makes the normalized volume 
of the unit Euclidean ball equal to 1; of course, it suffices to prove (40) 
for the normalized volume vol instead of the standard volume Vol. 

Let us set 

Note that since - f i (E ,  9 )  differs from H(. )  by a constant, the function H is 
s.-c, on Rr+, and its Newton decrement at y  (see Definition 2.1) is majo- 
rated by v ( f t ,  z) .  Thus, X(H, y) 5 S < 0.1, whence by [5],Theorem 2.2.2, 
there exists y* E Rr+ such that 

Let us set 

Y, = Diag (y*) ,  B ,  = (E~Y,x- 'E)- ' ,  A, = 2 - ' / 2 ~ t 1 2 ,  

di = y ,* /~ i (<) ,  i = 1 . . , m D = Diag ( d l ,  dz ,  . . . ,dm). 

The second relation in (123), after straightforward computation, 
implies that 

T ei B,ei = 2x:(<) - t - ' d i l l  i = 1, , , . , rn, (1 24) 

whence 

e ,T~le i  =x;(<) - (2 t ) - 'd i ' ,  i = 1, .  . . , m .  (125) 
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Since di > 0 for all i, we conclude that the ellipsoid 

W, = { E  + A , U ~ U ~ U  5 1) 

is contained in H. 
In view of (124) we have 

whence 

f ( E ,  y*)  = - 1nDet B, - 2(y*)Tx(~)  = - 1nDet B, - n - mt-'. 

On the other hand, due to Proposition 7.1 and to the second relation in 
(123) we have 

Combining our observations, we get 

Let V* be the infimum of V(.) over int 11. Proposition 7.3 states that 

From this inequality and (126) we conclude that 

Now, from the first relation in (123) and form the fact that @"(y)  < 0 
it follows that 

whence 
( 1  - 106)yi 5 y,f I ( 1  + 106)yi,i = 1 , .  . . , m, 

so that 
( 1  - IOS)-'B 2 B, ( 1  + IOS)-'B, 
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From this inequality and (125) it follows that W C 11. Finally, we have 
n 

In  eta = - - ln(1 + 106) + ln DetA 
2 

[we have used the first inequality in (128)l 

+ In vol(W) = In DetA 

It remains to recall that (-V*) is the logarithm of the normalized volume 
of the maximal ellipsoid contained in 11. 
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