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ON SELF-CONCORDANT
CONVEX-CONCAVE FUNCTIONS

ARKADI NEMIROVSKI*f

Faculty of industrial Engineering and Management at Technion — The Israel
Institute of Technology, Technion city , Haifa 32000, Israel

(Received 24 November 1997, In final form 19 April 1999)

In this paper, we introduce the notion of a self-concordant convex-concave function,
establish basic properties of these functions and develop a path-following interior point
method for approximating saddle points of “sufficiently well-behaved” convex-concave
functions — those which admit natural self-concordant convex-concave regularizations. The
approach is illustrated by its applications to developing an exterior penalty polynomial time
method for Semidefinite Programming and to the problem of inscribing the largest volume
ellipsoid into a given polytope.

1 INTRODUCTION

Self-concordance-based approach to interior point methods for variational
inequalities: state of the art. The self-concordance-based theory of interior
point (IP) polynomial methods in Convex Programming [5] is commonly
recognized as the standard approach to the design of theoretically effi-
cient IP methods for convex optimization programs. A natural question
is whether this approach can be extended to other problems with convex
structure, like saddle point problems for convex-concave functions, and,
more generally, variational inequalities with monotone operators. The goal
of this paper is to make a step in this direction.

The indicated question was already considered in [5], Chapter 7. To
explain what and why we intend to do, let us start with outlining the
relevant results from [5].

* The research was partially funded by the Fund for the Promotion of Research at Tech-
nion, the G.LF. contract No. 1-0455-214.06/95 and the Israel Ministry of Science grant #
9636-1-96
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304 A. NEMIROVSKI
We want to solve a variational inequality
(V) findz*€ cl Z:(z—-2)TA(2) >0 VzeZ,

where Z is an open and, say, bounded convex set in RY and
A(-): Z — R" is a monotone operator. The domain Z of the inequality
is equipped with a ¥-self-concordant barrier (s.-c.b.) B ([5], Chapter 2),
and two classes of monotone operators on Z are considered:

(a) “self-concordant” (s.-c.);

(b) “compatible with B”,

Both classes are defined in terms of certain differential inequalities
imposed on A.

The variational inequalities which actually can be solved by the tech-
nique in question are those with operators of the type (b). In order to
solve such an inequality, we associate with the operator of interest A the
penalized family

{4:(2) = tAR) + B'(2)}iso.

It turns out that every A; is s.-c. and possesses a unique zero z*(¢) on Z,
and that the path z*(t) converges to the solution set of (V). In order to
solve (V), we trace the indicated path:

Given current iterate (¢!, 2:~1) = (¢, 2) with z close, in a certain precise
sense, to z*(t), we update (t, z) into a new pair (¢!, 2%) = (#*, 2*), also close
to the path, according to

(@) t* = (1+0.0197YHt,  (b) 2* =2 — [(Ax) ()] 1 Ap(2); (1)

here (A;)'(2) is the Jacobian of the mapping A:(-) at z.

It turns out that the outlined process converges to the set of solutions
of (V) linearly (w.rt. a certain meaningful accuracy measure) with the
convergence ratio (1 — O(1)9~1/2),

The main ingredient of the complexity analysis of the outlined construc-
tion is an affine-invariant local theory of the Newton method for approxi-
mating a zero of a s.-c. monotone operator. The method is responsible for
the “centering step” (1.5), and the penalty updating policy (1.a) is given
by the desire to keep the previous iterate z in the domain of local quadratic
convergence of the Newton method as applied to A;..

Note that in the potential case, i.e., when A(z) is the gradient field of a
“good” (say, linear or quadratic) convex function f, the outlined scheme
becomes the standard short-step IP method for minimizing f over Z, and
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the indicated complexity result yields the standard, the best known so far
theoretical complexity bound for the corresponding convex optimization
program, which is a good news. The potential case, however, offers us
much more, since here we possess not only a local, but also a global
affine-invariant convergence theory for the Newton method. As a result,
in the potential case we may use instead of the penalty rate (1.a) other
penalty updating policies as well, at the cost of replacing a single pure
Newton centering step (1.b) with several damped Newton steps, until
the required closeness to the new target point z*(¢*) is achieved. The
number of required damped Newton steps can be bounded from above, in
a universal data-independent fashion, via the residual

V(t*, 2) = [t* f(2) + B(2)] — min, [t* f(2') + B(z')]

(t, z) being the previous iterate. Thus, in the potential case the Newton
complexity (# of Newton steps in z per one updating of the penalty param-
eter t) of the path-following method in question can be controlled not only
for the worst-case oriented penalty updating policy (1.a), but for any other
policy capable to control the residuals V(t*, 2). This observation provides
us with possibility to trace the path with “mediate” steps (arbitrary abso-
lute constant instead of 0.01 in (1.a), see [5], Section 3.2.6) or even
with “long” on-line adjusted steps (see [6,7]), which is very attractive for
practical computations.

In contrast to these favourable features of the potential case, in the case
of a non-potential monotone operator A compatible with a s.-c.b. for cl
Z all which has been offered to the moment by the self-concordance-
based approach is the short-step policy (1.a). With current understanding
of the subject we are unable to say what happens with the method when
the constant 0.01 in (l.a) is replaced by, say, 1. This is a definite bad
news about the known so far extensions of the self-concordance-based
theory to the case of variational inequalities: in order to get a complexity
bound, no matter O(+v/¥)-one or worse, we should restrict ourselves with
the worst-case-oriented and therefore very conservative short-step policy
(1.a). This drawback of the theory finally comes from the fact that we
have no global theory of convergence of the Newton method as applied
to a (non-potential) s.-c. monotone operator.

The goal of this paper is to investigate the situation which is in-between
the potential case and the general monotone case, namely, the one of mono-
tone mappings associated with convex-concave saddle point problems. We
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intend to demonstrate that there exists a quite reasonable extension of the
notion of a self-concordant convex function — the basic ingredient of the
self-concordance-based theory of IP methods — to the case of convex-
concave functions. The arising entities — self-concordant convex-concave
(s.-c.c.-c.) functions — possess a rich theory very similar to the theory
developed in [5] for convex s.-c. functions. In particular, we develop a
global theory of convergence of (a suitable version of) the Newton method
as applied to the problem of approximating a saddle point of a s.-c.c.-c.
function. Finally, this theory allows us to build path-following methods
for approximating a saddle point of a convex-concave function which is
“compatible” with a 8-seif-concordant barrier for the domain of the func-
tion. Short and mediate-step versions of these methods admit the usual
O(+v/6)-complexity bounds, while long-step implementations, with arbi-
trarily large steps, converge, although not necessarily in polynomial time.
Our results are quite similar to those known for the (primal) path-following
methods in linear/convex optimization.

The contents of the paper is as follows. In Section 2 we introduce
our central notion — the one of a self-concordant convex-concave
function — and investigate the basic properties of these functions.
Section 3 is devoted to the duality theory for s.-c.c.-c. functions; the
central result here is that the class in question is closed w.r.t. the Legendre
transformation. The latter fact underlies the global theory of (a suitable
vesrion of) the Newton method for approximating the saddle point of a
s.-c.c.-c. function (Section 5). Our main result here is that the number of
Newton steps needed to pass from a point (£, §) from the domain of a
s.-c.c.-c. function f(z,y) to an e-saddle point (z,y) — a point where

u(z,y) = supy f(z,y) — infy f(a',y) < e
— is bounded from above by a quantity of the type
Ou(@, §) + O(1) Inln(s~" + 3),

where ©(-) is a universal function and O(1) is an absolute constant.
This result is very similar to the basic result on the Newton method for
minimizing a convex s.-c. function f: the number of Newton steps needed
to pass from a point £ of the domain of the function to an e-minimizer
of f — to a point z where v(z) = f(z) — min f < ¢ — is bounded from
above by O(1)[v(&) + Inln(e ™! + 3)].
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Equipped with a global theory of our “working horse” — the Newton
method for approximating saddle points of s.-c.c.-c. functions — we get
the possibility to develop a general theory of path-following methods
for approximating saddle points of convex-concave functions “compat-
ible” with self-concordant barriers for their domains. This development
is carried out in Section 6. We conclude this Section by constructing a
polynomial time exterior penalty method for semidefinite programming
problems (the construction works for linear and conic quadratic program-
ming as well).

Finally, in Section 7 we apply our general constructions and results
to the well-known problem of finding the maximum volume ellipsoid
contained in a given polytope. This problem is of interest for Control
Theory (see [1]) and especially for Nonsmooth Convex Optimization,
where it is the basic auxiliary problem arising in the Inscribed
Ellipsoid method (Khachiyan, Tarasov, Erlikh {2]); the latter method,
as applied to general convex problems, turns out to be optimal in
the sense of Information-based Complexity Theory. The best known
so far complexity estimates for finding an e-optimal (with volume >
(1 — &) times the maximum one) ellipsoid inscribed into a n-dimensional
polytope, given by m = O(n) linear inequalities, are O(n* In(ne~! R)) and
O(n*° In(ne~! R) In(ne~! In R)) arithmetic operations (see [5], Chapter 6,
and [3], respectively). Here R is an a priori known ratio of radii
of two centered at the origin Euclidean balls, the smaller being
contained in, and the larger containing the polytope. These complexity
bounds are given by interior point methods as applied to the standard
semidefinite reformulation of the problem. The latter reformulation
is of a “large” — O(n*) — design dimension. We demonstrate that
the problem admits saddle point reformulation with “small” — O(n +
m) — design dimension, and that the resulting saddle point problem
can be straightforwardly solved by the path-following method from
Section 6; the arithmetic complexity of finding e-optimal ellipsoid in
this manner turns out to be O(n3’In(ne~'R)). In contrast to the
complexity bounds from [5,3], the indicated — better — bound arises
naturally, without sophisticated ad hoc tricks heavily exploiting problem’s
structure.

The proofs of the major part of the results to be presented are rather
technical. To improve the readability of the paper, all such proofs are
placed in Appendices.
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2 SELF-CONCORDANT CONVEX-CONCAVE FUNCTIONS

In this section we introduce the main concept to be studied — the one
of a self-concordant convex-concave (s.-c.c.-c.) function — and establish
several basic properties of these functions.

2.1 Preliminaries: Self-Concordant Convex Functions

The notion of a s.-c.c.-c. function is closely related to the one of a self-
concordant (s.-c.) convex function, see [5], For reader’s convenience, we
start with the definition of the latter notion.

DerniTioN 2.1 Let X be an open nonempty convex domain in R”. A

function f : X — R is called self-concordant (s.-c.) on X, if f is convex,

C3 smooth and

(1) f is a barrier for X: f(z;) — oo along every sequence of points
z; € X converging to a boundary point of X.

(ii) For every x € X and h € R" one has

3)2

|D? f(2)[h, h, R]| < 2 (D*f(z)[h, h]) 2

(from now on, DF f@)[hy,..., hg] denotes k-th differential of a smooth
function f taken at a point x along directions hy, ..., hg).

If, in addition to (i), (ii), for some ¥ > 1 and all z € X, h € R" one has

|Df(@)h] < 912/ D2 f(x)ih, hl,

then f is called ¥-self-concordant barrier (s.-c.b.) for cl X.

A s.-c. function f is called nondegenerate, if f”(z) is nonsingular at
least at one point (and then — at every point, [5], Corollary 2.1.1) of the
domain of the function.

For a nondegenerate s.-c. function f, the quantity

Mf,z) = VIF@IFLf" (@)1 f(z) [z € Dom f] 3)

is called the Newton decrement of f at x.
Note that what here is called self-concordance of a function in [5] is called
strong self-concordance.

A summary of the basic properties of convex s.-c. functions is as follows
(for proofs, see [5,4]):
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ProrosiTioN 2.1 Let f be a convex s. -c. function. Then for every x €
Domf one has:

Vh: f@)+hTf' @)+ p(—=/hTf(2)h) < fz+h) < f(@)
+hTf'(@) + p(/ KT f"(z)h),

p(s)=—s —In(l —s) “

(both f and p are +oo outside their domains); in particular, if K% f"(z)h <
1, then x + h € Domf.
Besides this,

T gt fl@+h)= (1~ hTf//(-r)h)zf”(l'),
h’ f (.'E)h < 1 = {f//(x+ h) j (1 _ /hTf”(.T)h)_zf”(iL‘) (5)

(from now on, an inequality A > B with symmetric matrices A, B of the
same size means that A — B is positive semidefinite).
In the case of a nondegenerate f one has

p(=A(f,2) < f(@) —inf f < p(A(f,2)). (©6)

2.2 Self-Concordant Convex-Concave Functions: Definition and Local
Properties

We define the notion of a s.-c.c.-c. function as follows:

DeriniTion 2.2 Let X, Y be open convex domains in R”?, R™, respec-
tively, and let
flz,y): X xY =R

be C3 smooth function. We say that the function is self-concordant convex-

concave on X x Y, if f is convex in z € X for every y € Y, concave in

y €Y for every x € X, and

(i) For every x € X, [~ f(z,")] is a barrier for Y, and forevery y € Y,
f(, ) is a barrier for X

(ii) For every z = (z,y) € X x Y and every dz =(dz,dy) € R* x R™
one has

|D? f()ldz, dz, dz]| < 2[dzTS ((z)d21*?,

_ [ f=® 0
St = ( 0 _ é/y(z)> . (7N
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A s.-c.c.-c. function f is called nondegenerate, if Sy, is positive definite
for some (and then, as we shall see, for all) z € Z.

Remark 2.1 Note thatif f : X x Y — Ris a s.-c.c.-c. function, then the
convex function f(-,y) is s.-c. on X for every y € Y, and the convex
function — f(x,-) is s.-c. on Y for every z € X.

Our current goal is to establish several basic properties of s.-c.c.-c.
functions.

Prorosition 2.2 [Basic differential inequality and recessive subspaces]
Let f(z) be a s.-c.c.-c. functionon Z = X x Y C R* x R™. Then
(i) For every z € Z and every triple dz, dz, dz3 of vectors from R" x
R™ one has

‘D3f(z)[d21 y dZQ, dZ3]| <2 Hj:l A/ dZ]TSf(Z)de 8)

(ii) Let E(z) = {dz = (dz, dy)|dz7S{(2)dz = 0}. Then
(ii.1) the subspace E(2) = E; is independent of z € Z and is the
direct sum of its projections Ey., Es, on R" and R™, respec-
tively. In particular, if Sy is nondegenerate at some point of Z,
then Sy is nondegenerate everywhere on Z.
(ii2) Z =2+ E;.
(iii) [Sufficient condition for nondegeneracy] If both X and Y do not
contain straight lines, then f is nondegenerate.

The next statement says, roughly speaking, that a s.-c.c.-c. function f is
fairly well approximated by its second-order Taylor expansion at a point
z € Domf in the respective Dikin ellipsoid {2'|(?' — 2)TSf(z)(2' — 2) <
1}. This property (similar to the one of convex s.-c. functions) underlies
all our further developments.

ProposiTioN 2.3 [Local properties] Let f: Z=X xY — R, X CR",

Y C R™, be a s.-c.c.-c. function. Then

(i) For every z=(x,y) € Z, the set wi® = {2'|(z' — )T f. (2)(z' —
z) < 1} is contained in X, and the set Wyf(z) ={Y|(y - y)T[—f;y(z)]
(¥ —y) < 1} is contained in Y.
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(ii) Let z € Z and h = (u,v) € R* x R™. Then

r=4/hSe)h <1 =

(a) z+heZz,
) (1 = 7)*S4(z) 2 Sp(z+h) < (1 — 1) 28(2);
(c) V(hi,hy € R" x R™):

1" 1 1 /
x /RIS f(2)hy;

(d) Vi € R” x R™:

2
(BY1S G+ b = £ = F/(2h]| < T/ WIS .

Relation to self-concordant monotone mappings. We conclude this section
by demonstrating that in the case of monotone mappings coming from
convex-concave functions the notion of self-concordance of the mapping,
as defined in[S], Chapter 7, is equivalent to self-concordance, as defined
here, of the underlying convex-concave function.

In [5], Chapter 7, a strongly self-concordant monotone mapping is
defined as a single-valued C? monotone mapping A(-) defined on an open
convex domain Z such that
1. For every z € Z and every triple of vectors ki, ha, s one has

3 ~
W3 VA AGDRa| < 2[ [/ hTAGA,

A) = ! [A'(2) + [4' )T ;
2

10)

2. Whenever a sequence {z; € Z} converges to a boundary point of Z,
the sequence of matrices {fl(zi)} is unbounded.

PROPOSITION 2.4 Let f(z,4): Z=X xY — R be C? convex-concave
Sunction, X, Y being open convex sets in R™, R™, respectively. The function
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is s.-c .c.-c.if and only if the monotone mapping

_( fr @wY). ,_ gen
A(w,y)—<_fé (x’y)).z R

is strongly self-concordant.

2.3 Saddle Points of Self-Concordant Convex-Concave Functions:
Existence and Uniqueness

Our ultimate goal is to approximate saddle points of s.-c.c.-c. functions,
and to this end we should know when saddle points do exist. The simple
necessary and sufficient condition to follow is completely similar to the
fact that a convex s.-c. function attains its minimum if and only if it is
below bounded:

ProrosiTioN 2.5 Let f(2) be a nondegenerate s.-c.c.-c. function on Z =

X xY C R* x R™. Then f possesses a saddle point on Z if and only if
(*) f(zo,) is above bounded on' Y for some xg € X, and f(-,yo) is

below bounded on X for some yp € Y.

Whenever (*) is the case, the saddle point of f on Z is unique.

3 DUALITY FOR SELF-CONCORDANT CONVEX-CONCAVE
FUNCTIONS

We are about to study the notion heavily exploited in the sequel — the
one of the Legendre transformation of a nondegenerate s.-c.c.-c. function.
The construction goes back to Rockafellar [8] and defines the Legendre
transformation of a convex-concave function f(z,y) as

f(&,m) = infy sup, [Tz + 0Ty — f(z,y)]

(cf. the definition of the Legendre transformation of a convex function f:
f«(&) = sup [Tz — f(2)]).

Our local goal is to describe the domain of the Legendre transforma-
tion of a nondegenerate s.-c.c.-c. function and to demonstrate that this
transformation also is s.-c.c.-c.

DeriNiTION 3.1 Let f(2) be a s.-c.c.-c. function on Z =X x Y C R" x
R™. We say that a vector £ € R” is z-appropriate for f, if the function
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¢Tz — f(x,y) is above bounded on X for some y € Y. Similarly, we say
that a vector n € R™ is y-appropriate for £, if the function nTy — f(z,y)
is below bounded on Y for some x € X. We denote by X™*(f) the set
of those £ which are x-appropriate for f, and denote by Y*(f) the set of
those n which are y-appropriate for f.

ProrosiTiON 3.1 Let f(2) be a nondegenerate s.-c.c.-c. function on Z =
X xY Cc R* x R™. Then
(i) The sets X*(f) and Y*(f) are open nonempty convex sets in R", R™,
respectively;
(ii) The set Z*(f) = X*(f) x Y*(f) is exactly the set of those pairs
(&, m) € R® x R™ for which the function

fen(z,y) = flz,y) — Tz —nTy

possesses a saddle point (min in x, max iny)on X x Y
(iii) The set Z*(f) = X*(f) x Y*(f) is exactly the image of the set Z under
the mapping
2z f'(2)

and the mapping is a one-to-one twice continuously differentiable
mapping of Z onto Z*(f) with twice continuously differentiable
inverse;

(iv) The function

Ff(&,m) = infyeysup,x[E7z + 07y — f(z,9)]
is s.-c.c.-c. on Z*(f) and is equal to
SUP e x infyGY[ETx + 77Ty - f(wa y)]a

and the mapping
¢— fO)

is inverse to the mapping z — f'(2).

DeriniTion 3.2 Let f: Z=X xY — R be a nondegenerate s.-c.c.-c.
function. The function

f:Z7(H=X"(HxY'(H—R

defined in Proposition 3.1 is called the Legendre transformation of f.
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THEOREM 3.1 The Legendre transformation f, of a nondegenerate s.-c.c.-
c. function f is a nondegenerate s.-c.c .-c. function, and f is the Legendre
transformation of f.. Besides this, one has

{z€2,(=f@D}e{CeZ () 2= 1O}

(@ f'"2)=1f"Or %
=B OIS ()] = S50 (11)
(© F2)+ fO =T

4 OPERATIONS PRESERVING SELF-CONCORDANCE OF
CONVEX-CONCAVE FUNCTIONS

In order to apply the machinery we are developing, we need tools to
recognize self-concordance of a convex-concave function. These tools are
given by (A) a list of “raw materials” — simple s.-c.c.-c. functions, and
(B) a list of “combination rules” preserving the property in question. The
simplest versions of (A) and (B), following immediately from Definition
2.2, can be described as follows:

Prorosition 4.1 (i) Let f(x,y) be a quadratic function of (z,y) which is

convex in ¢ € R" and concave in y € R™.Then f is s.-c.c.-c. function on

R™ x R™,

(ii) Let ¢(x), Y(y) be s.-c. convex functions on X C R*, Y C R™, respec-
tively. Then f(z,y) = ¢(z) — Y(y) is a s.-c.c.-c. function on X x Y.

(iii) Let X; C R™, Y; C R™, let a; > 1, and let f; be s.-c.c.-c. function on
Z;=X; XE,i:l,...,k.

If the set Z = ﬂLl Z; is nonempty, then the function f(z) = ZL a; fi(2)

is s.-c.c.-c.on Z.

(iv) Let f(z) be s.-c.c.-c. function on Z =X xY C R* x R™, and let
I(u,v) = <I = Pu+p> be affine mapping from R” x R* to R™ x

y=Qu+g
R™ with the image intersecting Z. Then the function ¢(u,v)=

fI(u, v)) is s.-c.c.-c. on TI7Y(Z).

More “advanced” combination rules (Propositions 4.3, 4.4 below)
state, essentially, that minimization/maximization of a s.-c.c.-c. function
with respect to (a part of) “convex”, respectively, “concave”, variables
preserves the self-concordance. To arrive at the corresponding results, we
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start with important by its own right “dual representation” of the extremum
values of a s.-c.c.-c. function.

ProrosiTioN 4.2 Let f: Z =X xY — R be a nondegenerate s.-c.c.-c.

function, and let f.: Z* = X* x Y* — R be the Legendre transformation

of f. Then

(i) Whenever y € Y, the function f(-,y) is below bounded on X if and
only if 0 € X* and infey[nTy — £.(0,m)] > —o0. When this is the
case, one has

infoex f(z,y) = mingex f(z,y) = minernTy — £0,m]:  (12)

(ii) Whenever x € X, the function f(z,-) is above bounded on'Y if and
only if 0 € Y™ and supgex.[£7x — fu(€,0)] < +oo. When this is the
case, one has

Superf(xa y) = maXerf(CE, y) = MaXge x+ [ETZ - f*(€7 0)]

ProrosiTioN 4.3 Let f(z,y): Z =X xY — R be a nondegenerate s.-
c.c.-c. function. If the set X* = {x € X|,sup,y f(z,y) < oo} is nonempty,
then it is an open convex set, and the function

J(@)=sup,cy f(z,y): X* = R

is a s.-c. convex function on X*.
Similarly, if the set Y* = {y € Y|inf,ex f(z,y) > —o0} is nonempty,
then it is an open convex set, and the negative of the function

J) =infeex f(z,y) : Y* >R
is a s.-c. convex function on Y*.

In the case when one of the sets X, Y — say, ¥ — is bounded, the
latter proposition can be strengthened as follows:

ProposiTionN 4.4 Let f: Z =X xY — R be a nondegenerate s.-c.c.-c.
function, and let the set Y be bounded. Let also y = (u,v) be a partitioning
of the variables vy, and let U be the projection of Y onto the u-space. Then
the function

Oz, w) = MaXyuuey [, (w,v) : X xU — R (13)

is nondegenerate s.-c.c.-C .



316 A. NEMIROVSKI

5 THE SADDLE NEWTON METHOD

5.1 Outline Of The Method

The crucial role played by self-concordance in the theory of interior-point
polynomial time methods for convex optimization comes from the fact that
these functions are well-suited for the Newton minimization. Specifically,
if f is a nondegenerate s.-c. convex function, then a (damped) Newton step

r—oxt=r—

1 " —1 g/
m[f @] fl(=) (14)

(see (3)) maps Domf into itself and
(A) reduces f at least by O(1), provided that A(f, z) is not small: f(z*) <
f@) = p(=A(f,2));
(B) always “nearly squares” the Newton decrement: A(f, z*) < 2X2(f, ).
Property (A) ensures global convergence of the Newton minimization
method, provided that f is below bounded: by (A), the number of Newton
steps before a point & with A(f, Z) < 0.25 is reached, does not exceed
O(1)(f(Z) — inf f), T being the starting point. Property (B) ensures local
quadratic convergence of the method in terms of the Newton decrement
(and in fact — in terms of the residual f(x) — min f, since this residual
can be bounded from above in terms of the Newton decrement solely,
provided that the latter is less than 1). As a result, for every € < 0.5,
an s-minimizer of f — a point z satisfying f(z) — min f < & — can be
found in no more than

o ([f(f) —min f]+ Inln é) (15)

steps of the damped Newton method (14).

When passing from approximating the minimizer of a nondegenerate
s.-c. convex function to approximating the saddle point of a nondegenerate
s.-c.c.-c. function f, a natural candidate to the role of the Newton iteration
is something like

2 2t = 2 — @ ()17 f(2), (16)

+v(z) being a stepsize. For such a routine, there is no difficulty with
extending (B) (see [5], Chapter 7) and thus — with establishing local
quadratic convergence. There is, however, a severe difficulty with
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extending (A), and, consequently, with establishing global convergence
of the method, since now it is unclear what could play the role of the
Lyapunov function of the process, the role played in the minimization case
by the objective itself. To overcome this difficulty, recall that process (16),
started at a point 2, is a discretization of the “continuous time” process

d ~
2= ""@I @), 20)=7%
S

and that the trajectory of the latter process is, up to the re-parameterization
8 +— t = exp{—s}, the path given by

@) =tf'®,121t>0, an

so that z(t) is the saddle point of a s.-c.c.-c. function fi(2) = f(z) —
tzTf'(z). Now, path (17) can be traced not only by (16), but via the
path-following scheme

(%, 25) = @ < tF 2P = 2P [ GO e R, (@2 = (1, 2).

(18)
An advantage of (18) as compared to (16) is that with a proper control
of the rate at which the homotopy parameter t* decreases with k, z*
all the time is in the domain of quadratic convergence, as given by a
straightforward “saddle point” extension of (B), of the Newton method as
applied to fu.. Thus, one can analyze process (18) on the basis of the
results on Jocal convergence of the Newton method for approximating
saddle points. The resulting complexity bound for (18) (see Theorem 5.1
below) states that the number of steps of (18) required to reach an e-saddle
point — a point z satisfying

/J/(fa 2= SuPy f(mv yl) — infy f(wla ?J) <e [z= ($, y)]

for € < 0.5 is bounded from above by
1
O(1u(zini)) + O(1) Inln o (19)

where ©(:) is an universal (i.e., problem-independent) continuous func-
tion on the nonnegative ray. Note that the residual u(f,z) is a natural
extension to the saddle point case of the usual residual ¢(z) — min ¢ asso-
ciated with the problem of minimizing a function ¢ (indeed, the latter
problem can be though of as the problem of finding a saddle point of
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the function f(x,y) = ¢(x), and u(f,(x,y)) = ¢(x) — min ¢). Thus, the
complexity bound (19) is of the same spirit as the bound (15). The
only — and quite essential — difference of our complexity results with
those known for the minimization case is that in the latter case the universal
function ©(-) is just linear, while in the saddle point situation we end up
with a universal function of a much faster growth. To the moment, it is
unclear whether this phenomenon “reflects the reality” or it is an artifact
coming from a too rough analysis.

The goal of this section is to implement the outlined scheme and to
establish (19).

5.2 Newton Decrement and Proximities

We start with introducing several quantities relevant to the construction
outlined in the previous subsection.

Derinition 5.1 Let f: Z=X xY — R be a nondegenerate s.-c.c.-c.
function, and let z = (z,y) € Z. We define

e the Newton direction of f at z as the vector e(f, z) = [f"(2)]" f/(2);

o the Newton decrement of f at z as the quantity w(f,2)=
VeI, 28 f(2)e(f, 2);

e the weak proximity of z as the quantity u(f,z)=sup,.y flz,y) —
infyex f(a',y) < +00;

e the strong proximity of 2z as the quantity v(f, 2)=

VIS (171 f(2).

The following proposition establishes useful connections between the
introduced entities.

ProrosiTioN 5.1 Let f: Z =X xY — R be a nondegenerate s.-c.c.-c.
Sfunction, and let f, : Z* = X* x Y* — R be the Legendre transformation
of f. Then

(i) One has

Ve e2): wlf,n) = \/IF@USL(fEf().  (20)

(ii) The set K(f) = {z € Z|u(f,2) < oo} is open, and u(f, z) is contin-
uous on K(f).
(iii) The following properties are equivalent to each other:
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(iii.1) K(f) is nonempty;

(iii.2) f possesses a saddle point on Z,

(iii.3) (0,0) € Z7;

(iii.4) there exists z € Z with w(f,z) < 1.
(iv) For all z € Z one has

(@) w(f, 2) < v(f,2);
®) v(f,2) < 1= p(f,2) < p(f,2) (21)
—s—In(1-9), s<1}|.
recall that p(s) = {+oo, s>1]"
2
© ce K= LD o,

20+ v(f,2) —

(v) Let 2 € Z be such that w(f,z) < 1. Then the Newton iterate of
z — the point z* = z — e(f, z) — belongs to Z, and

. wi(f, 2)
S T

(vi) Assume that K(f) # 0, and let 2* be the saddle point of f (it exists by
(iii)). For every z € K(f) one has

Iz = 2 T80z — 21 < 2ulf, )+ ValF, ) (23)

(22)

5.3 The Saddle Newton Method

Let f(z,y): Z=X XY — R be a nondegenerate s.-c.c.-c. function, and
let z € K(f). The Saddle Newton method for approximating the saddle
point of f with starting point 2 is as follows.
Let
fil2) = f(z) — t2Tf(),0 <t < 1,

and let 2*(¢) be the unique saddle point of the function f;, 0 <t < 1t In
the method, we trace the path z*(¥) as t — +0, i.e., generate a sequence
of pairs (¢, 2 = (z*,y")) such that

{t' > 0} and {2* € Z} and {v; = v(fs,2") < 0.1} (Py)

! The existence of z*(t) is given by Proposition 5.1. (iii): since K(#) is nonempty, (0,0) €
Z*(f), and of course f(2) € Z*(§), so that tf(2) € Z*(f) for all ¢ € [0, 1]. The uniqueness
of 2*(t) follows from the fact that f; is nondegenerate.
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We start the method with the pair (¢!, 2!) = (1, 2) which clearly satisfies
(P1). At i-th step, given a pair (', 2°) satisfying (P;), we

1. Choose the smallest t = #**! € [0, #!] satisfying the predicate
w(fi,2') < 0.2

2. Set
Zi+1 = Zi _ [f”(zi)]_lftliﬂ(zi)' (24)

We are about to establish one of our central results — the efficiency
bound for the Saddle Newton method.

THEOREM 5.1 Let f : X X Y — R be a nondegenerate s.-c.c.-c. function,
and let the starting point % be such that u = u(f, £) < co. As applied to
(f, 2), the Saddle Newton method possesses the following properties (@
and © below are properly chosen universal positive continuous and nonde-
creasing functions on the nonnegative ray):

(i) All iterates (£, 2') are well-defined and satisfy (B;).

(ii) Whenever t*' > 0, one has

g gl > @_I(N)-

In particular,
i>0W+1=t=0.

(iii) If i is such that t* = 0, then

. V2
Vie1 = V(f, 1) < !

=a-wr @

(iv) Let € € (0,1). The method finds an c-approximate saddle point z,
of f:
U z)<e [= wf z) £ —e—In(1 - ¢)]

in no more than

Ou(f, )+ O Inln (3 )

£

steps, O(1) being an absolute constant.
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6 THE PATH-FOLLOWING SCHEME

We are about to achieve our main target — developing an efficient interior
point method for approximating saddle point of a “good enough” convex-
concave function, one which admits s.-c.c.-c. regularizations. The method
in question is based on the path-following scheme. Namely, let f : X x
Y — R be the function in question. We associate with f and “good” (s.-c.)
barriers F' and G for cl X, cl Y, respectively, the family

ft(ma y) = tf(.’l), ?/) + F(.T) - G(y)a

t > 0 being penalty parameter; a specific regularity assumption we impose
on f implies that all functions from the family are nondegenerate s.-c.c.-
¢. Under minimal additional assumptions (e.g., in the case of bounded
X,Y) every function f; has a unique saddle point z*(t) = (z*(t), y*(£)) on
X x Y, and the path z*(¢) converges to the saddie set of f in the sense that

,u'(f7 Z*(t)) = Superf(x*(t)a y) - inszX f(wa y*(t)) - 07 t — o0.

In the method, we trace the path 2*(¢) as t — oc. Namely, given a current
iterate (£, 2') with 2! “close”, in certain exact sense, to z*(¢), we update
it into a new pair (t*!, 2"*!) of the same type with t™*! = (1 + )t’, the
“penalty rate” o > 0 being a parameter of the scheme. In order to compute
2**1, we apply to fu. the Saddle Newton method, 2* being the starting
point, and run the method until closeness to the new target point z*(#**!)
is restored.

We start our developments with specifying the regularity assumption
we need.

6.1 Regular Convex-Concave Functions

For an open convex domain G C R¥ and a point u € G let
78(h) = inf{tlu £t~ 'h € G}

be the Minkowski function of the symmeterized domain (G — w) N (u —
(). In what follows, we associate with a positive semidefinite k£ x k matirx

@ the seminorm
Ikle = VATQA

on R*.
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DermniTioN 6.1 Let X C R™, Y C R™ be open convex sets, let Z = X X
Y and let f(z,y): Z — R be a C3 function which is convex in z € X for
every y € Y and is concave in y € Y for every z € X. Let also § > 0.

(i) Let B be a convex s.-c. function on Z, We say that f is G-compatible
with B, if for all z € Z, h € R" x R™ we have

D f2)th, ., ] < BRI, Ihlsvc.
(ii) We say that f is 3-regular, if for all 2z € Z,h € R* x R™ one has

3 2 Z
(D f(2)th, b, | < BRI 7E(h)

Note that a 3-regular c.-c. function f : Z = X x Y — R is S-compatible
with any s.-c. convex function on Z, see Proposition 6.1.(i) below.

6.1.1 Examples Of Regular Functions

Let us look at examples of regular functions. We start with the following
evident observation:

Example 6.1 Let f(x,y) be a (perhaps nonhomogeneous) quadratic func-
tion convex in z € R" and concave in y € R™. Then f is O-regular on
R™ x R™.

The next two examples are less trivial:

Example 6.2 Let
S :R™— §"

be a (perhaps nonhomogeneous) quadratic mapping taking values in the
space 8" of symmetric n x n matrices, and assume that the mapping is
concave w.r.t. the cone S of positive semidefinite n x n matrices:

AE0,1]= XS+ (1 = NS 2SOy +(1 - Ny") vy,y" €R™

[example: S(y) = A+ By + y"BT — yTCy, where y runs over the space
of m x n matrices, A, B, C are fixed matrices of appropriate sizes, 4, C
are symmetric and C is positive semidefinite].

Denote

Y = {y|Sw) € 8L},
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S?, being the interior of S7, and let
f@, ) =2TS@z: Z=R*"xY —R.
The function f is 5-regular.

Example 6.3 For a=(ay,...,a,)T € R™ and u = (uy,...,u,)’ € RT,
RT, being the interior of R7, let u® = (uf', u}, ..., us)T. Now, leta,b €
RT be such that 0 < a; <1,0< b, i=1,..., m. The function

flz,y)=In Det(ETDiag(y“)Diag(a:'b)E) :Z=RT xR, — R,
E being an m x n matrix of rank n, is 21(1 + ||b]je)*-regular.

The number of examples can be easily extended by applying “combi-
nation rules” as follows:

ProposiTioN 6.1 (i) If f: X xY — R is B-regular, f is 3-compatible

with any s.-c. function on Z.

(ii) Let f(z,y): X xY — R be B-regular, and let X' ¢ X, Y’ C Y be
nonempty open convex sets. Then the restriction of f on X' xY' is
(B-regular.

(iii) Let a; 2 0, o; CR", Y, CR" let Z;, = X; x Y,,i=1,...,k, and let
the set Z = ﬂf=1 Z; be nonempty. Let also f; : Z; = R, i=1,...,k.
If f; are B;-compatible with s.-c functions B; 1 Z; - R, i=1,...,k,
then the function f(2) = Z;Ll a; fi(z) : Z — Ris (max; 3;)-compatible
with the s.-c. function B =Y, B; : Z — R. If f; are 3;-regular on Z;,
i=1,...,k, then f(2) is (max; 3;)-regular on Z.

, z=Pu+p

(iv) Let Z=X xY C R* x R™, andletII(u,v):( ) be an

y=Qu+gq
affine mapping from R” x R* to R™ x R™ with the image intersecting

Z. If a function f: Z — R is 3-compatible with a s.-c. function B :
Z — R, then the superposition

fru,v) = f0w,v) : T7(Z2) - R
is B-compatible with the s.-c. function B (u,v) = B(II(u, v)). If a function
f:Z — Ris B-regular, so is f*(u,v).
(v) Let f(z,y): Z =X xY — R be 3-regular, and let

U={O0wA>0,11ue X}V ={(vu>0pveY}
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Then the function
d)((A’ u)a (N, ’U)) = )\uf()\'lu, ,Uf_l’U) UxV—->R

is (48 + 9)-regular.

6.2 Path-Following Method: Preliminaries
The following two results are basic for us:

ProrosiTion 6.2 Let X CR™,Y CR™ be open nonempty convex
domains, let 9 > 1, and let F, G be ¥-s.-c. barriers for c1 X, clY,
respectively. Assume that a function f : Z = X x Y — Ris B-compatible
with the s.-c.b. F'(z) + G(y) for ¢l Z, and that

(C) the matrices an [f(z,y) + F(2)], Viy[G(y) — f(z,y)] are nonde-
generate for some (r,y) € Z.
Then the family

B+2>2

{filz,y) =~tfx, )+ F(@) - GW1l}s0, v = < 5

is comprised of nondegenerate s.-c.c.-c. functions.
Condition (C) is for sure satisfied when XY do not contain lines.

ProrosiTioN 6.3  Under the same assumptions and in the same notation as
in Proposition 6.2, assume that a pair (t > 0,Z = (&, §) € Z) is such that

v(f,2) <0.1.
Then 49
p(fy 2) = sup,ey f(Z,y) — infeex f(2,§) < e (26)
Let also o > 0 and
t"=(1+at.

Then

p(fe, 2) < Rpg(a) = 0.25a+/ 79 + 0.02(1 + o) + 2yF[ax — In(1 + @)].
(27)
In particular, for every x > 0

as= = u(fr,3) < 0.02+0.3x + X%

X
Vo
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6.3 The Basic Path-Following Method

Now we can present the Basic path-following method for approximating
a saddle point of a convex-concave function f: Z=X xY — R. We
assume that
Al. X CcR", Y C R are open and convex;
A.2. f is B-compatible with the barrier F(z)+ G(y) for cl Z, F,
G being given ¥-s.-c. barriers for cl X, clY, respectively, and
there exists (z,y) € X x Y such that both V2_[f(z,y) + F(z)] and
V2 [G(y) — f(z,y)] are positive definite;
A.3. There exists § € Y such that f(-,4) has bounded level sets
{z € X|f(z,9) < a}, a € R, and there exists £ € X such that f(Z, )
has bounded level sets {y € Y|f(%,y) > a},a € R.

Let us associate with f, F, G the family

2
{filz,y) = v[tf(z,y) + F(z) = Gl }izo {7 = <ﬂ; 2) } (28)

of convex-concave mappings Z — R. Note that the family is comprised
of nondegenerate s.-c.c.-c. functions (Proposition 6.2).

LemMMA 6.1  Under assumptions A.1 — A.3 every function fi, t > 0, has
a unique saddle point z*(t) on Z, and the path x*(t) is continuously
differentiable.

Now we can present the Basic path-following method associated with
L FG:

Basic path-following method:
e Initialization: Find starting pair (£°, 2°) € R, x Z such that

U(fp,2°) < 0.1 (P,)
e Step i, i > 1: Given previous iterate (£~!, 2'71) € R, x Z satisfying

V(fu-1, 271 < 0.1, (Pi-1)

1. Set ¢! = (1 + a)t*"!, o > 0 being the parameter of the method

2. Apply to g(z) = fu(2) the Saddle Newton method from Section 5.3,
2 = z*~1 being the starting point. Run the method until a point satis-
fying the relation v(g,-) < 0.1 is generated, and take this point as

Z%. Step i is completed.
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The efficiency of the Basic path-following method is given by the
following

TueOREM 6.1 Under assumptions A1 — A.3 the Basic path-following
method is well-defined (i. e., for every i rule 2 yields 2* in finitely many
steps). The approximations 2* = (z',') generated by the method satisfy the
accuracy bound

; . : ;49
sup ey f(@',y) — infrex f(z,y") < (1+a) T

The Newton complexity (# of Newton steps required by rule 2) of every
iteration of the method can be bounded from above as

0:(Rs5()).

Here ©,(-) is a universal continuous function on the nonnegative ray and
Rpg is given by (27).
In particular, with the setup

o= —-—-ZX
T B2V

the Newton complexity of every iteration of the Basic path-following
method does not exceed a universal function of x.

[x > 0] (29)

The result of the Theorem is an immediate consequence of Proposi-
tions 6.2 and 6.3.

Remark 6.1 1In the case of bounded X, Y, in order to initialize the Basic
path-following method one can use the same scheme as in the optimiza-
tion case, namely, find a tight approximation 2° to the minimizer of the
barrier B(z, y) = v(F(z) + G(y)) for ¢l Z, say, one with A\(B, 2°) < 0.05.
After such a point is found, one may choose as t° the largest ¢ such
that v(f;, 2%) < 0.1 (such a ¢ exists, since v(f;, 2°) is continuous in ¢ and
v(fo, 2%) = A(B, 2°)).

6.4 Self-Concordant Families Associated With Regular Convex-
Concave Functions

In some important cases family (28) is so simple that one can optimize
analytically the functions f;(-,-) in either & or y. Whenever it is the case,



SELF-CONCORDANT FUNCTIONS 327

the Basic path-following method from the previous section can be simpli-
fied, and the complexity bound can be slightly improved. Namely, let us
add to A.1 — A.3 the assumption

A.4. The functions

®(t, ) = sup,ey filz, y)

are well-defined on X and “are available” (i.e., one can compute their
values, gradients and Hessians at every © € X).

Note that under the assumptions A.1 — A.4 the family {®(t, )}io is
comprised of nondegenerate s.-c. convex functions (Propositions 6.2 and
4.3), and by Lemma 6.1 the functions ®(¢, -) are below bounded on X, so
that the path

z*(t) = argmin, ®(t, )

is well-defined; it is the xz-component of the path 2*(f) of the saddle
points of the functions f;. Moreover, by A.4 for every £ € X and 7 > 0
the function — f(§, -) is a convex nondegenerate (see Proposition 6.2) s.-
c. and below bounded function on Y'; consequently, there exists a unique
§ = g(r, &) € Y such that

(7,8 = [, §(7, )

Consider the standard scheme of tracing the path z*(¢):
(S) Given an iterate (I, T) “close to the path” — satisfying the predicate

M@, ), x) <k [<0.1], (€, z)

we update it into a new iterate (t*, x*) with the same property as follows:
e first, we compute the “improved” iterate

&=z - [V,0(E )] V. 2(, 2); (30)

o second, we choose at* > t and apply to the function ®(t*, -) the Damped
Newton method

1

" 2 + -1 +
TaE Vet ol Ve, ),

r—x

starting the method with x =232, untii a point z* such that
A, ), x%) < Kk is generated.
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THEOREM 6.2 Under assumptions A.1 — A4 for every pair (f,T) satis-
Ping (C(-,-)) one has

49

Supyey f(@,) — infiex supyey f(@,1) < . (D

Moreover, for every t* > T the number of damped Newton steps required
by the updating (S) does not exceed the quantity

+ _ F + __F +
o) | p(k) + %(1 + \/'719)t—7?—t + Y [% —In %J +Inln %] , (32)

OQ1) being an absolute constant.

Theorem 6.2 says, e.g., that under assumptions A.1 — A.4 we can trace
the path of minimizers z*(¢) = argmin_. x®(¢, z) of the functions &(¢, z) =
maxyey fi(z,y), increasing the penalty parameter ¢ linearly at the rate -
(1 + O(1)(y®)~1/2) and accompanying every updating of ¢ by an absolute
constant Newton-type “corrector” steps in x. The outlined possibility to
trace efficiently the path z*(-) correlates to the fact that we can use the
Basic path-following method to trace the path {(z*(¢),y*(¢))} of saddle
points of the underlying family {fi(z,y)} of s.-c.c.-c. functions. Both
processes have the same theoretical complexity characteristics.

6.4.1 Application:  Exterior Penalty Method For Semidefinite
Programming

Consider a semidefinite program with convex quadratic objective:
1
d(x) = Ea:TAz + bz — min|A(x) = 0 [z € R"], (SDP)

A(z) being an affine mapping taking values in the space S =S of
symmetric 4 x ¥ matrices of a given block-diagonal structure. For the
sake of simplicity, we assume A to be positive definite.
Let
f(z,y) = ¢(@) — Tr(yA@)) : R" xS — R;

this function clearly is convex-concave and therefore O-regular (it is
quadratic!). Given large positive T, let us set

X =R", Yr={yeS|0=y=<2TI},
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I being the unit matrix of the size ¥J. We have

maxyey, f(z,y) = ¢(z) + 2T p_ (),

where p_(z) is the sum of modulaec of the negative eigenvalues of
A(z); thus, for large T the saddle point of f on X x Yr is a good
approximate solution to (SDP). Moreover, if (SDP) satisfies the Slater
condition — there exists x with positive definite .4(x) — then, for all
large enough T', the z-component of a saddle point of f on X X Yr is
an exact optimal solution to (SDP). In order to approximate this saddle
point, we can use the Basic path-following method, choosing as F'(z) the
trivial barrier — identically zero — for X = R™ and choosing as G the
(29)-s.-c. barrier

G(y) = — InDet(y) — InDet(2T'I — y),
thus coming to the family

{filz,y) = t{op(x) — Tr(yA(z))] + InDet(y) + InDet2TI — y)},., -

Since A is positive definite, our data satisfy the assumptions from Propo-
sition 6.2, and we can apply the Basic path-following method to trace the
path (z*(t), y*(t)) of saddle points of f; as ¢ — oo, thus approximating the
solution to (SDP). Note that in the case in question the assumption A.4
also is satisfied: a straightforward computation yields

@(t, z) = maxyey; fi(z, y) = td(x) + Pr(tAlz)),
dy) = TrT2y* I + (I + THAHYH ™ — Ty
—InDet(J + I + T*»Y?) +2InT.

Note that in both processes — tracing the saddle point path (z*(t), y* (%))
by the Basic path-following method and tracing the path z*(f) by iterating
updating (S) — no problem of finding initial feasible solution to (SDP)
occurs, so that the methods in question can be viewed as infeasible-start
methods for (SDP) with v/9-rate of convergence. Note also that the family
{®(¢,)} is in fact an exterior penalty family: as t — oo, the functions

1
Z@(t, x) converge to the function ¢(z) + 27 p_(z), which, under the Slater

condition and for large enough value of T, is an exact exterior penalty
function for (SDP).
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Note also that we could replace in the outlined scheme the set Yr
with another “bounded approximation” of the cone S?, like Yr= {0 <
y, Tr(y) < T} or Yr = {0 = y, Tr(y?) < T?}, using as G the standard s.-c.
barriers for the resulting sets. All indicated sets Yz are simple enough
to allow for explicit computation of the associated functions ®(t,-) and
lead therefore to polynomial time exterior penalty schemes. OQur scheme
works also for Linear and Conic Quadratic Programming problems (cf.
[5], Section 3.4).

7 APPLICATION: INSCRIBING MAXIMAL VOLUME
ELLIPSOID INTO A POLYTOPE

7.1 The Problem

Consider a (bounded) polytope represented as
M={¢cRef¢ <1, i=1,...,m}

We are interested to approximate the ellipsoid of the largest volume
among those contained in the polytope. This problem is of interest for
Control Theory (see [1]) and especially for Nonsmooth Convex Opti-
mization, where it is the basic auxiliary problem arising in the Inscribed
Ellipsoid method (Khachiyan, Tarasov, Erlikh {2]); the latter method, as
applied to general convex problems, turns out to be optimal in the sense
of Information-based Complexity Theory.

The best known so far complexity estimates for finding an e-solution
to the problem, ie., for identifying an inscribed ellipsoid with the
volume > (1 —¢) times the maximal one, in the case of m = O(n)
are O(n*In(ne™'R)) and OM*°In(ne™'R)In(ne~!InR)) arithmetic
operations, see [5], Chapter 6, and [3], respectively; here R is an a priori
known ratio of radii of two centered at the origin Euclidean balls, the
smaller being contained in II and the larger containing the polytope. These
complexity bounds are given by interior point methods as applied to the
standard setting of the problem:

—InDet A — min s.t. /el A%e; < z;(€)

=1-¢el¢i=1,..., mAcS" (Pini)

++9
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where S7, is the interior of the cone S} of positive semidefinite n X n
matrices. The design variables in the problem are a symmetric n X n
matrix A and a vector £ € R® which together define the ellipsoid {u =
¢ + Av|vTv < 1}, and the design dimension of the problem is O(n?).
We shall demonstrate that the problem admits saddle point reformula-
tion with “small” — O(m) — design dimension; moreover, the arising
convex-concave function is O(1)-regular, O(1) being an absolute constant,
so that one can solve the resulting saddle point problem by the path-
following method from Section 6. As a result, we come to the complexity
bound O In(ne~! R)). In contrast to the constructions from [5,3], this
bound arises naturally, without sophisticated ad hoc tricks exploiting the
specific structure of (Py).

The rest of the section is organized as follows. We start with the saddle
point reformulation of (P,;) and demonstrate that the arising convex-
concave function indeed is O(1)-regular (Section 7.2) Section 7.3 presents
the Basic path-following algorithm as applied to the particular saddle point
problem we are interested in, including initialization scheme, issues related
to recovering nearly-optimal ellipsoids from approximate solutions to the
saddle point problem and the overall complexity analysis of the algorithm.

7.2 Saddle Point Reformulation of (P,,;)

Note that for every feasible solution (£, A) to the problem one has £ €
int 11, i.e.,

2(€) = (1(8), - -, ()" > 0.
In other words, (Py) is the optimization problem

V(€) = inf{— InDetA|A € intS?, el A%e; < z2(£),i=1,...,m}
— min{z(§) > 0. (33)

Setting B = A2, we can rewrite the definition of V as
g

V() = inf{—% InDetB|B € S7,,efBe; — 22(6) < 0,i=1,...,m}
[£ € intII].
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The optimization problem in the right hand side of the latter relation clearly
is convex in B and satisfies the Slater condition; therefore

1
V(E) = sup,gn infpesy {-«1nDetB+Z’,” zi(eTBe; — 22(£))| . (34)
4 ++ 2 i=1
It is easily seen that in the latter formula we can replace SUp,cgr With

Sup,cgn . For z € R}, optimization with respect to B in (34) can be
carried out explicitly: the corresponding problem is

. 1 m

infpesy, @(B), ¢(B)=—3InDetB+ 3 z(Tr(Beie]) — 7} (§));
for a positive definite symmetric B, we have

1 m
Do(B)H]=Tr ([_EB Ly Zi=1 Zieie?] H) .
Setting
. . . * m T -1 T -1

Z =Diag(z),E =[e1;...,;en),B* = [221-:1 zieiei} = 2E'ZE]",
(B* is well defined, since z > 0 and F is of rank n — otherwise II
would be unbounded), we conclude that ¢'(B*) =0, and therefore B*

is the desired minimizer of the convex function ¢. We now have

1 m
$(B") = =5 InDel(2E"ZE) )+ ) z(Tr(B"eie]) - a2(9))

_ nln2

1 T * T mo_2
5— + 5 mDeW(ETZE) + Te(B'ETZE) - ZH 2x}(€)

_ nln2+n 1 T m 2
=—>—+; InDet(E"ZE) — ZM 227 (§).

Thus, (34) becomes

nln2+n 1 T m 2
V() = —5 ¥ SUP.eRy {5 InDet(E* ZFE) — Zi=l 2T; (5)}

nln2+n 1 _
=+ SUPery [5 InDet(ETY X ~(&)E) — mi(g)} ,

Y =Diag(y), X(&) =Diag(z(§)) [substitution z; = Yiz; 1oL

We have proved the following
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ProrositioN 7.1  Whenever € € int1l, one has

nin2+n
2

Y =Diag(y), X(§) = Diag(z(¢)).

GE + WDy, | 3 INDeUETY X OF) ~ y7a(®)]

Consequently, as far as the &-component of the solution is concerned, to
solve (Py;) is the same as to solve the saddle point problem

Mingeintt SUPyern £ 1), f(§,y) =ImDetl(ETY X' (©)E) - 2y ().
(P)

Note that the equivalence between the problems (Py;) and (FP) is only
partial: the component A of the solution to (Py;) “is not seen explicitly”
in (P,). However, we shall see in Section 7.3 that there is a straightforward
computationally cheap way to update an “c-approximate saddie point of
f7 into an e-solution to (Py;). Note also that in some applications, e.g.,
in the Inscribed Ellipsoid method, we are not interested in the A-part of
a nearly optimal ellipsoid, all used by the method is the center of such an
ellipsoid, and this center is readily given by a good approximate saddle
point of (F).
The following fact is crucial for us:

ProrositioN 7.2 The function f(,y) defined in (Fy) is 84-regular on its
domain Z =intIl x R7,.

Proof Indeed, from Example 6.3 we know that the function
9(z, 1) = InDet(E"Diag(y)Diag ™' (z)E)

is 84-regular on R7® x RT.. The function f(£,y) is obtained from g by
affine substitution of argument £ — x(£) with subsequent adding bilinear
function —2y7xz(€), and these operations preserve regularity in view of
Proposition 6.1. a

7.3 Basic Path-Following Method As Applied to (7)

In view of Proposition 7.2, we can solve the saddle point problem (F) by
the Basic path-following method from Section 6. To this end we should
first of all specify the underlying s.-c. barriers F'(§) for II and G(y) for
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RT'. Our choice is evident:

FO=-Y hz©:; Ge=-y Iy,

which results in the parameter of self-concordance % = m.

The next step is to check validity of the assumptions A.1 — A.3,
which is immediate. Indeed, A.1 is evident; A.2 is readily given by
Propositions 7.2 and 6.1.(i). To verify A.3, it suffices to set £ =0,
i =e, where e = (1,...,1)T € R™, Indeed, since in the case in question
X =intIl is bounded, all we need to prove is that the function g(y) =
InDet(ETDiag(y)E) — 2eTy on Y = R™. has bounded level sets {y €
Ylg(y) > a}l. This is evident, since

9(y) < O(1 + In|lyllc) — 2€7y.

Thus, we indeed are able to solve (Fs) by the Basic path-following method
as applied to the family

{#4¢,1) = 7 [tIn Dex(EDiag(y)Diag ™' @())E)

—2tyTe© - > na©+ Y |} G3)

~ being an appropriate absolute constant.
For the sake of definiteness, let us speak about the Basic path-following
method with the penalty updating rate of type (29):

o=

X
= (36)
Vo’

x > 0 being the parameter of the method.

To complete the description of the method, we should resolve the
following issues:

e How to initialize the method, ie., to find a pair (t%, 2% with

V(ft°> ZO) <0.1;

e How to convert a “nearly saddle point” of f to a “nearly maximal

inscribed ellipsoid”.

These are the issues we are about to consider.

7.3.1 Initialization

Initialization of the Basic path-following method can be implemented as
follows.
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We start with the Initialization Phase — approximating the analytic
center of II. Namely, we use the standard interior point techniques to find
“tight” approximation of the analytic center

¢ = argmingeunF© [FO=-Y e

of the polytope II. We terminate the Initialization Phase when a point
€9 ¢ intII such that

0.05
F/OTF//O—IF/0<__ 37
VIF'ETF"(€0)] <5z 37
is generated and set
0 005 0 0\1—1 T m 0 0,0
t =\/m,y =[2t°X ()] Te,e=(1,..., 1) € R™, 2" =(£",y).

We claim that the pair (%, 2°) can be used as the initial iterate in the
path-following scheme:

LEMMA 7.1  One has v(fo,2°%) < 0.1.

7.3.2 Accuracy Of Approximate Solutions

We start with the following

ProposITiON 7.3 Assume that a pair (t > 0,z=(&,y)) is such that
v(fi, 2) < 0.1, fi(-) being function from family (35). Then

. 2m
V(€) — infpeinen V(E) < R
V being given by (33).

Proof By Proposition 7.1, for every & € intII one has

1
V() = e(n) + 5 supyery, fE,1), (38)

while by Proposition 6.3 we have (note that in the case in question ¥ = m)

4dm

supyern f(€,y) — infeeimm f(€,y) < < (39
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It remains to note that

1 2m 1,
V(&), (=) o(n) + 5 SUPycrm f&yH < T +c(n) + 3 infyeimn £, y)
a b

—_
N2

2m 1.
< S +c(n) + ) infgeint i SUPy Ry G

2m
NoPirahs infgeine V(E),
©
with (a), (c) given by (38) and (b) given by (39). O

We are about to prove the following

ProposiTION 7.4 Let 0 < § < 0.01, and let (t,z=(&,y)) be such that
v(fi, 2) < 6. Denote
Y =Diag(y); X =Diagx(§)); B=(E'YX '(OE);

A=2"12B12, A=(1+106)"1%4; &= 577?- +15n6.

and consider the ellipsoid
W = {¢+ AujuTu < 1}

The ellipsoid W is contained in Il and is e-optimal: for any ellipsoid
W' C 11 one has
In Vol(W’) < In Vol(W) + ¢, (40)

Vol being the n-dimensional volume.

7.3.3 Algorithm And Complexity Analysis

The entire path-following algorithm for solving the saddle point problem
(F) is as follows:

Input: a matrix E specifying the polytope II according to IT = {{|E€ <
e}; a tolerance ¢ € (0, 1).

Initialization: apply the Initialization Phase from Section 7.3.1 to get a

starting pair
0.05
(to = — m, ZO> (41)

satisfying v(fy0, 2°) < 0.1, {fi }+>0 being given by (35).
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Main Phase: starting with (¢, 20), apply the Basic path-following
method with penalty updating rate (36) to trace the path of saddle points
of the family {f;}. Terminate the process when for the first time an iterate
&,z = (§,6)) with £ > S5me~! is generated.

Recovering of a nearly optimal ellipsoid: starting with z = Z, apply to
the s.-c. function f;(-) the Saddle Newton method (Section 5.3) until an

iterate z with
€

v(fp2)<é= 3om

is generated. After it happens, use the pair (f,2) to build the resulting
ellipsoid W as explained in Proposition 7.4.
The complexity of the presented algorithm is given by the following

THEOREM 7.1 Assume that for some R > 1 the polytope 11 contains the
centered at 0 Euclidean ball of a radius r and is contained in the concentric
ball of the radius Rr. Assume also that the Initialization Phase is carried
out by the standard path-following method for approximating the analytic
center of a polytope, the method being started at the origin. Then for every
given tolerance € € (0, 1)

(i) The algorithm terminates with an €-optimal inscribed ellipsoid W,

ie, W ClIland

In Vol(W) > In Vol(W') — ¢

for every ellipsoid W' C 11
(ii) The Newton complexity of the method — the total # of Newton steps
in course of running the algorithm — does not exceed

Nywt < 0,(x)y/mIn <ZTZR) ; 42)

where ©.(+) is a universal continuous function on the axis and x > 0 is

the parameter of the penalty updating rule from (36).

(iii) The arithmetic complexity of every Newton step does not exceed
O()Ym3, O(1) being an absolute constant.

Proof Below O(1)’s denote appropriate positive absolute constants.

(1) is readily given by Proposition 7.4. Let us prove (ii). It is well-known
(see, e.g., [5], Section 3. 2. 3) that under the premise of the theorem the
Newton complexity of the Initialization Phase does not exceed NV =
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O()/mIn(2mR). In view of Theorem 6.1, (36) and (41) the Newton
complexity of the Main Phase does not exceed N@ = ©,(x)y/m In(2m/e).
The Newton complexity of the Recovering Phase, in view of the fact that

v(fy,2) 0.1 = pu(f;, 2) <O

(see (21.a)) and by virtue of Theorem 5.1, does not exceed N® =
O(1)In(2m/e). (ii) is proved.

It remains to prove (iii). The arithmetic cost of a step of the Initialization
Phase, i.e., in the path-following approximation of the analytic center of
II, is known to be < O(1)m?, so that all we need is to prove a similar
bound for the arithmetic cost of a step at the two subsequent phases of
the algorithm. These latter steps are of the same arithmetic cost, and for
the sake of definiteness we can focus on a step of the Main Phase. The
amount of computations at such a step is dominated by the necessity (a)
to compute, given (t, z = (£,y)), the gradient g = (f;)(2) and the Hessian
H = (f))"(2), and (b) to compute H~!g. The arithmetic cost of (b) clearly
is O(1)m?, so that all we need is to get a similar bound for the arithmetic
cost of (a).

It is easily seen that the amount of computations in (a) is dominated by
the necessity to compute at a given point the gradient and the Hessian of
the function

f(€,y) = In Det(E"Diag(y)Diag ™' (z(£)) E).
The function in question is obtained from the function
$(x, y) = In Det(ETDiag(y)Diag ™' (x) E)

by affine substitution of argument (£, y) — (z(£), y), so that computation
of the gradient and the Hessian of f is equivalent to similar computations
for ¢ plus O(1)ymn? < O(1)m? additional computations needed to “trans-
late” the arguments/results of the latter computation to those of the former
one. Thus, all we need is to demonstrate that it is possible to compute the
gradient g and the Hessian H of ¢ at a given point (z,y) € R x R]. at
the arithmetic cost O(1)m>.

Denoting h = (i) € R™ x R™, we have

h'g =Tr(A'ETRX'E) - Ti(A"'ETY X SE),
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X =Diag(z), Y =Diag(y), A=ETYX'E,

R =Diag(r), S =Diag(s).
In other words, the y- and the z-components of g are formed by the diag-
onal entries of the matrices (X " !EA1ET), (~-EA~'ETY X~?), respec-

tively; straightforward computation of these two matrices clearly costs
O(1)m? arithmetic operations, and this is the cost of computing g.

!
> € R™ x R™. We have

Now let A’ = (:,

RTHK = ~T(A'ETR' X 'EA'ETRX'E)
+TH(A'ETY S'X2EA'ETRX'E) - T(A"'ETRS'X%E)
+T(AT'ETR' X 'EAT'ETY X*SE)
~Tr(A'ETY X 2S'EA'ETY X 2SE)
—Tr(AT'ETR' X 2SE) + 2Te(A™'ETY X 3 §'SE),

R' =Diag('), &' =Diag(s).
It is easily seen that
WTHN = 2;1 Tr(A,Diag(%') B Diag(h)),

where A;, B; are (2m) x (2m) matrices independent of h,h' and
computable at the cost O(1)m?>. Thus, H is the sum of the 7 matrices H;,
i=1,...,7, of bilinear forms Tr(A4;Diag(h’ )BfDiag(h)) of h, k. Clearly,
j-th column of H; is the diagonal of the matrix A; f;f] B, where f; are
the standard basic vectors in R?>™. Given A;, B;, one can compute the
diagonal of the matrix A;f;ff Bl = (Aif;}(B;f;)T in O(1)m operations;
thus, after A;, B; are computed, the computation of a column in H costs
only O(1)m operations, and the computation of the entire matrix H costs
O(1)m? operations. O

8 APPENDICES: PROOFS

8.1 Proof Of Proposition 2.2

(i): This statement immediately follows from the fact that the form
D3 f(2)[dz, dz, dz] of dzy,dz;,dz; is 3-linear and symmetric, see [5],
Appendix 1.
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(il): Let dz = (dz,dy) € E(2), dz, = (dz,0), dz, = (0,dy), let 2/ € Z,
and let h=2' — 2. Since f;z(z) and — f;y(z) are positive semidefinite,
we have dz,, dz, € E(2); vice versa, the latter inclusions imply that dz €
E(z). Thus, E(z) is the direct sum of its projections Ey.(2) and Eyy(2)
on R", R™, respectively. Setting

o(t) = dzlfo (2 + thydz, = D*f(z + th)dzs,dz,], 0<t <1,

we get a continuously differentiable function on [0, 1]. We have

|6'®)| = |D?f(z + th)[dz,, dzg, hl| < 20(t)1/ hT S4(z + th)h

(we have used (8)), and since ¢(0) = 0, we have ¢(¢) =0,0 < ¢t < 1. Thus,
dzy € Ef,(2'). “Symmetric” reasoning implies that dz, € Ef,(2'), and
since, as we just have seen, E(z) = E.(2') + Esy(2'), we end up with
dz € E(Z). (ii.1) is proved.

By Remark 2.1, f(:,y) is s.-c. on X for every y € Y, and therefore, due
to [5], Theorem 2.1.1.(ii1), X = X + Ey,. By similarreasons Y =Y + Ey,,
whence Z = Z + Ey.

(iii) is an immediate consequence of (ii.2).

8.2 Proof of Proposition 2.3

(1): This is an immediate consequence of Remark 2.1. and Proposi-
tion 2.1.
(ii): (ii.a) immediately follows from (i).
(ii.b): For 0 <t < 1, denote
&(t) = hT Sp(z + th)h = ¢4 (1) + ¢,(1),

{ ¢:(t) = D2 f (2 + th)(u, 0), (u, 0)],
¢y(t) = —D*f(z + tH)[(0,v), (0, v)].

We have (see (8))
|0, ()| = | D*(z + th)[(u, 0), (v, 0), hl| < 2¢:(t)v/6(E) }

1,0 = | D*(z + th)(0, v), (0, v), k]| < 26,V
= g <2621), 0<t< 1
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From the resulting differential inequality it immediately follows (note that

r=¢120)

svheZ = —— <o), 0<t<l: r<l
1+t

=o < ——, 0<t<L. (43)
1—17t

Now let dz = (dx,dy) € R” x R™, and let
WY(t) = dzT Sy(z + thydz = Yy (t) + Uy (D),

{ Y(t) = D? f(z + th)[(dz, 0), (dz, 0)],
Yy(t) = —D? f(z + th)[(0, dy), (0, dy)],

t € [0, 1]. We have (see (8))
9, @)| = |D*(z + th)[(dz, 0), (dz, 0), hl| < 24.(t)v/$(D
[0, = [D(z + th)[(0, dy), (0, dy), k]| < 2wy(t)\/¢(—t)}
=[] < 20)Vo(0), 0<t<1.

From the resulting differential inequality and (43) it immediately follows
that if » < 1, then

D) > (1= rtf9(0),0 <t < 15 @) < (1 —rt)?¢(0),0< ¢ < 1.
(44)
Since the resulting inequalities are valid for every dz, (ii.b) follows.
(ii.c): Let r < 1, let hy, h, € R™ x R™, and let

Git) = hi Sp(z+thhi,i=1,2; 6@t) = D*f(z + th)[h1, hs].
By (8), (43), (44) we have for 0 <t < 1.

18'(1)] = | D f(z + th)[h1, ha, h]| < 24/ )/ 1a(t)V/ B(2)
< 2r(1 = 7) "3 4/91(0)12(0),

whence for r < 1 one has

1 1! 1
V(hi, ko) o (AT (2 + h) — £(2)]hy| < [m - 1} A/ hT Si(2)h
x \/hT S{(2)hy, (45)

as claimed in (ii.c).
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(ii.d): Let r < 1, and let A’ € R* x R™, We have

1
I(YTLf (2 + h) = f'(z) — f(2)h]] = ‘ /0 (T2 + th) — f”(z)]hdt'

2
V/ {(1 —tr? ] ry (T Skt = T_r V(T S5

((%) is given by (45)), and (ii.d) follows.

8.3 Proof of Proposition 2.4

“If” part: in the case in question the left hand side expression in (10) is

I, 0
|D*f(z, PITh1, ha, ball, T = < 0 -I ) !

(from now on, I is the k& x k unit matrix), while A(z) is exactly Sy(z).
Thus, (10) implies that

\D*f(z, )b, h, K| = | D* f(z, )[J(JR), h, h]|
< 2[AT SHRITR)T Sp(2)Th]V? = 2(hT Sp(2)h)*/?

(note that JT 8 72} =8f(2)), as required in (7). It remains to verify
Definition 2.2.(1). Let y € Y and let {z; € X} converge to a boundary
point of X, so that the points z; = (x;,y) converge to a boundary point
of Z. According to [5], Proposition 7.2.1, the ellipsoids W; = {z|(z —
27 SH(z:i)(z — z) < 1} (recall that S¢(-) = A(")) are contained in Z. Now
let zp € X be a once for ever fixed point, and let ¢; = z; — xg. We claim

that the quantities 6; = {/e; el 7 (2:)e; tend to +00. Indeed, since

i, y) = (@i + (1 +8) es, ) €W, C Z,

in the case of bounded {é;} the limit of x;, i.e., a boundary point of X,
would be a convex combination, with positive weights, of a limiting point
of #; € X and x;, which is impossible.

We now have

1
f@i,y) = flzo,y) + 6¢Tf;($o,y)+/0 tgi()dt, gi(t)

= el f (zo + (1 — tes, Ve (46)
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Now note that in view of self-concordance of A(-) we clearly have

gty > 2%, 0<t<l,

whence for 0 <t <1

_iy2 | 9@ __ &
#) <y O +t= g2 (1+tm>2 - (1+t6i)2'

Consequently, the integral in (46) can be bounded from below by

I 62 & g
/0 (1+t6i)2dt=/0 Trar®

and since ; — 0o as i — oo, we see that the integral in (46) tends to +o0o
as 1 grows. Since the remaining terms in the expression for f(z;,y) in (46)
are bounded uniformly in i, we conclude that f(x;,y) — oo, as required
in Definition 2.2.(i). By symmetric reasons, f(x,Y;) — —oo whenever
z € X and a sequence {Y; € Y} converges to a boundary point of Y.
The “if”’ part is proved.

“Only if” part. Assuming f s.-c.c.-c. and taking into account Proposi-
tion 2.2.(i), we get

-1/2
g; /

|WIV2ART A(2)ha| = | D? ()T hy, ha, ha)|
< 2(hTJT S (2)Th)VA(RE S f(2)h) V(WY S f(2)hs) /2,

as required in (10) (recall that Az =S #(z) and JTS #2)J = 84(2)). Now,
if a sequence {z; = (z;,Y;) € Z} converges to a boundary point of Z, then
the sequence of matrices A@z) =S #(z;) is unbounded due to Proposition
2.3.(i). Thus, A(-) is a strongly self-concordant monotone operator.

8.4 Proof of Proposition 2.5

If f possesses a saddle point on Z, then, of course, (*) takes place. In the
case in question the saddle point is unique in view of the nondegeneracy
of f.

It remains to verify that if f satisfies (*), then f possesses a saddle
point on Z. Assume that f satisfies (*), and let zg, yo be the corresponding
points. Setting

¢($) = Superf(mv y)7
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we get a lower semicontinuous convex function on X (taking values in
R U {+00}) which is finite at 2. We claim that the level set

X (a)={z € X|¢(z) < a}
is compact for every a € R. Indeed, the set clearly is contained in the set
X(a) = {z € X|f(=z,y0) < a},

and since f(-,yp) is a s.-c. nondegenerate below bounded function on X,
X is a compact set (this is an immediate corollary of [S], Proposition
2.2.3). Since ¢ is lower semicontinuous, X ~(a) is a closed subset of X ()
and is therefore compact.

By “symmetric reasons”, the function

Y(y) = infzex f(z,9)

is an upper semicontinuous function on Y which is finite at yo and has
compact level sets

Y*(a)={y € Y[¥(y) > a}.

Since ¢ has compact level sets and is finite at least at one point, ¢ attains
its minimum on X at a convex compact set X*, and by similar reasons
attains its maximum on Y at a convex compact set Y *. In order to prove
that f possesses a saddle point on Z, it suffices to demonstrate that the
inequality in the following chain

ay = maxyey ¥(y) < mingex ¢p(z) = a”

is in fact equality. Assume, on contrary, that a, < a*, and let a € (a., a*).
Denoting X(y) = {z € X|f(z,y) < a}, we conclude that [ . X(y) = 0.
Since f(-,y) is a nondegenerate s.-c. function on X for every y € Y,
the sets X(y) are closed; as we just have seen, X(yp) is compact.
Consequently, () cy X (y) = 0 implies that [,y X(y) = @ for some finite
subset Y’ € Y. In other words, max,ey f(z,y) > a for every = € X,
and therefore a convex combination } .y A, f(z,y) is > a everywhere
on X. But 3 v A\ f(2,9) < f(@,¥7), ¥" =3 cy Ayy, and we see that
infyex f(z,y*) > a > a., which is a contradiction.
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8.5 Proof of Proposition 3.1

(i): Since f(-,y) is a nondegenerate s.-c. function on X for every y € Y,
by ([5], Theorem 2.4.1) the set

X*f, ) ={folz, |z € X}

is open, nonempty and convex and is exactly the set of those £ for which
the function £Tz — f(z,y) is above bounded on X. From these observa-
tions it immediately follows that X*(f) = UyeyX *(f,v); in particular, the
set X*(f) is open. Let us prove that this set is convex. Indeed, assume that
£1,& € X*(f), so that for some y;,y, € Y the functions &z — f(z, y:)
are above bounded on X, ¢ = 1,2. Whenever A € [0, 1], we have

ATz — flz,ynl+ (A — NElz — f(z, )]
> [+ (1= Nz — flz, Ay + (1= D),

so that A&+ (1 — W& € X*(x, Ayp + (1 — Myz) € X*(f), and conse-
quently X*(f) is convex. Similar arguments demonstrate that Y*(f) also
is open and convex.

(il): Whenever (£,n) € Z*(f), the function f¢,(z,y) (which is s.-c.c.-
c. on Z by Proposition 4.1.(i) and is nondegenerate together with f)
possesses property (*) from Proposition 2.5, and by this proposition it
possesses a unique saddle point on Z. Vice versa, if (§,7n) is such that
fen(2) possesses a saddle point (z*, y*) on Z, the function e — f(x,y*)
is above bounded on X, and the function nTy — f(z*,y) is below bounded
on Y, so that (§,7) € Z*(f).

(iii): If 20 € Z, then zy clearly is the saddle point of the function
freo () on Z, so that f'(29) € Z*(f) by (ii). Vice versa, if (§, 1) € Z*(f),
then the function f¢ ,(2) possesses a saddle point 29 on Z by (ii); we clearly
have (¢,n) = f'(z0). Thus, 2 — f'(z) maps Z onto Z*(f). This mapping is
a one-to-one mapping, since the inverse image of a point (§,7) € Z*(f) is
exactly the saddle set of the function f¢,(2) on Z, and the latter set, being
nonempty, is a singleton by Proposition 2.5. It remains to prove that the
mapping and its inverse are twice continuously differentiable. To this end
it suffices to verify that f”(z) is nonsingular for every z € Z. The latter
fact is evident: since f is convex-concave and nondegenerate, we have

A
f/l(z) = ( QT _QB >
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with positive definite symmetric A, B, and a matrix of this type always is
nonsingular. Indeed, assuming

Au+Qu=0, QTu- Bv=0,

multiplying the first equation by u?, the second by —v” and adding the
results, we get u' Au + vTBv = 0, whence u = 0 and v = 0; consequently,
Kerf"(z) = {0}.

(iv): First let us verify that f. is convex in & and concave in 7 on
Z*(f). Indeed,

fu(€,m) = infeysup, x[¢7x + Ty — f(z,1)]

= infyeyIn”y + sup, x[€Tz — flz, ]I,

so that f,(§,n) is the lower bound of a family of affine functions of 7 and
therefore it is concave in 7. Convexity in £ follows, via similar arguments,
from the representation

Fu(&,m) = sup,cx infyerl€Tz + 0Ty — f(z,y)]

coming from the fact that f¢,(x,y) possesses a saddle point on Z when
(€;m) € Z*(f), see (ii).

Now let us prove that f, is differentiable and that the mapping ¢ —
fi(¢) is inverse to f'(2). Indeed, let ¢ = (§,n) € Z*(f), so that the func-
tion f(x,y) possesses a unique saddle point z; = (z¢,yc) on Z ((ii) and
Proposition 2.5). Note that by evident reasons ¢ = f'(z;). We claim that
z¢ is a subgradient of f.(-,7) at the point &, and y, is the super-gradient
of f.(£,) at the point 7. By symmetry, it suffices to prove the first claim,
which is evident:

(€, m) = sup,e x infyerl (€Y 2 + 0y — f(z,y)]

> infyerl(€) z¢ + 7'y — flae, )] = (€ ac
+infyevln’y — flag, vl

= (€' — &)T¢ + infyevl€Tac + Ty — flze, y)]

= (¢ — e+ [Tz + 7y — flag, o)
[since (z¢, y¢) is a saddle point of f(-,)]

= (¢ — O, + infyey sup,c x[€7x + nTy — f(z,y)]
[by the same reasons]

= (¢ — Oz + ful&,m).
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Since, on one hand, the mapping ¢ — z¢ is inverse to the mapping z —
f/(z) and is therefore twice continuously differentiable by (iii), and, on
the other hand, the components of this mapping are partial sub- and super-
gradients of f,, the function f. is C> smooth on Z*(f), and its gradient
mapping is inverse to the one of f. In particular,

{{=f'@} e {z=fO}={fIQO =1} A7)

It remains to prove that f, is s.-c.c.-c. on Z*(f). Let us first prove the
corresponding differential inequality. We have

d¢TF(Qd¢ = dTLF(FUONT ¢ = D £.(OldC, d, dC]
= —D’ f(fUONFI(QC, £1(C)dC, £1(OdC]
= —D?f(2)[dz, dz, dz],
[z = £I($),dz = £(Q)d¢ = [f"(2)]7"d¢.]
It follows that
|D* £(O1dC, d, dQ)| = | D £(2)]dz, dz, dz]|
< 2T SHf ()] )P (48)

I, O

NowletJ=(O I,

) . We have

1
S4(z) = 5([f”(Z)]J+ JU" @D,

whence
@1 S ()] = %[f”(z)]“ (" @V + JF"N) L")
= S U@+ 1)
= 2 (JUQI+ [€0J)  [we have used (47)

= 5£). (49)
Consequently, (48) becomes
|D? £.(OLd¢, d¢, dC1] < 2(d¢TS . (O)d¢)*?,

which is exactly the differential inequality required in Definition 2.2.
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It remains to prove that f.(:,n) is a barrier for X*(f) for every n €
Y*(f), and that —f.(&, ) is a barrier for Y*(f) for every £ € X*(f). By
symmetry, it suffices to prove the first of these statements. Let us fix
n € Y*(f), and let a sequence {& € X™(f)} converge to a point £ and
be such that £.(&,n) < a for some a € R and all . We should prove that
under these assumptions £ € X*(f). Indeed, we have

—a < —fu(&, ) = infrex sup,ey[f(x, ) — &z — 0Ty

= =sup,cyinfeex[f(z,y) — &z — 0"yl (50)
(a)

= mingex[f(z,y:) — &z — 0"yl [y € Y1
()

with (a), (b) given by Proposition 3.1. (iv,ii), respectively. Since 5 €
Y*(f), there exists 2o € X such that the function

9@W) = f@o,y) — Ty — €Tz

is above bounded on Y. Since (—g) is s.-c. convex and nondegenerate on
Y, the level set

Y*={yeY|f(zo,y) — 7'y — 'm0 > —a— 1}

is compact (we already have mentioned this fact). We claim that all points
s, starting from some g, belong to y*. Indeed, whenever y; & y*, we have
by (50)

—a < mingex[f(@, y:) — & — 0 yi) < fl@o, v) — Ezo — 1y
= [f(@o, yi) — €m0 — 0Tyl + (€ — €)xo < —a — 1+ (€ — €)7o,

and the resulting inequality, due to §; — £, can be valid for finitely many
i’s only.

Since Y* is compact and contains all y; except finitely many of them,
we can, passing to a subsequence, assume that y; € Y* and y; converge to
Yo € Y* C Y. We claim that the function f(z, yo) — {7z is below bounded
on X, which yields the desired contradiction. Indeed, by (50) we have for
every £ € X and all ¢

—a < f(z, %) — &l — 77y,
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and passing to limit, we get
T T
_an(xyyO)'—f — " Yo,

so that f(z,y0) — Tz > —a + nTyo. Thus, € € X*(f).

8.6 Proof of Theorem 3.1

The fact that f, is s.-c.c.-c. is given by Proposition 3.1.(iv). The equiv-
alence in the premise of (11) is stated by (47). Under this premise, the
validity of (a), (b) is given by (47), (49), respectively. Now, under the
premise of (11) z clearly is the saddle point of the function f(z') — ¢T2’
of 2/ € Z, whence

FO) = —[f(2) — ¢F2),

as required in (¢). Nondegeneracy of f, follows from (&). It remains to
prove that the Legendre transformation of f, is exactly f. From Proposi-
tion 3.1.(iii, iv) it follows that the domain of the Legendre transformation
of f. is exactly Z, so that all we need is to prove that

(fu(zo, yo) = f(@0, Yo)

for every (zo,%0) € Z. This is immediate: setting & = f.(xo,y0), o =
Fi(@o, yo), we clearly have

Fu(€o,m0) = 50 + M Yo — f (0, Yo,
and by Proposition 3.1. (iv)

() ¢(€0,m0) = 20, (£) (€05 T0) = %0,
whence

(f)e(x0, y0) = T30 + YEMo — fx(€0,M0) = f(@0, Yo)-

8.7 Proof of Proposition 4.2

By symmetry, it suffices to prove (i).

“If” part and derivation of (12). Assume that 0 € X* and the function
n"y — £.(0,n) is below bounded on Y*. Since the latter function is s.-c. on
Y™ (Theorem 3.1 and Remark 2.1), it attains its minimum on Y* at some
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point 7),. Setting z* = (f*)’g(O, 1), we have f.(0,7.) = (z*, y), whence by
Theorem 3.1

f@*,y) = 07" + 7y — £.(0,m),
while by Theorem 3.1 and Proposition 3.1 for every z € X one has
F@,y) = supee - infrey:[€70 + 'y — ful€,m] = infyer[nTy — £.(0, )]
= ey — fo0, 1),

and (12) follows.

“Only if” part: assume that f(-,y) is below bounded on X. Then O €
X* by the definition of X*, and since f(.,y) is s.-c. on X (Remark
2.1), the function attains its minimum over X at some point z*. Setting
ne = filz*,y), we get f'(z*,y) = (0,7n.), whence by Theorem 3.1 (0,7,)
is the saddle point of the function

.f*(§7 77) - ng* - nTy,

so that the function f,(0,n) — 57y is above bounded in n € Y*. Thus, the
function n’y — £.(0,n) is below bounded.

8.8 Proof of Proposition 4.3

By symmetry, it suffices to prove the first statement. Convexity of X* is
evident. To prove openness, note that if z € X*, then — f(z, -) is a nonde-
generate s.-c. below bounded convex function on Y, so that f(x, -) attains
its maximum on Y at a unique point y(x), and the Newton decrement of
—f(z, ) at y(z) is zero. Consequently, there exists a neighbourhood U/
of & such that the Newton decrements, taken at y(x), of the s.-c. on Y
functions — f(z, -), £’ € U, are < 1, and therefore the indicated functions
are below bounded on Y ([5], Theorem 2.2.2.(i)). Thus, U C X*, whence
X* is open.

As we have seen, for x € X* the function f(z,-) attains its maximum
on Y at a unique point y(x) given by

fy(@,y(@) = 0. (51

Since f,, is nondegenerate, by the Implicit Function Theorem (51) defines
a C? function y(-) on X*; consequently, the function

o(x) = f(z,y(z)) = maxyey f(z,9): X* - R
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is C? smooth (and clearly convex). Since by evident reasons
Dé(x)ldz] = de f,(z, y(x)),

we see that in fact ¢ is C3-smooth.

Let us prove that ¢ is s.-c. on X*. The barrier property is evident: if z; €
X* and z; — z ¢ X7, then either z ¢ X — and then ¢(z;) > f(x,y) —
oo, y € Y being fixed, — or z € X. In the latter case the sequence of
functions {f(z;,-)} does not contain a uniformly above bounded on Y
subsequence — otherwise f(z,-) were above bounded on Y, which is not
the case — and therefore ¢(x;) — 0o as ¢ — oo.

It remains to verify the differential inequality (2) responsible for self-
concordance. Let us fix z € X* and a direction dz in the z-space, and let

y=y(@), dy=Dy@ldz], d*y=D*y(z)dz,dz],

A BT
Z=(ﬂ7ay), d2=(d$ady), f”(Z)—-—— (B —C)

We have for every A € R™ and u € X*:
D f(u, yw)[(0,h)] = 0
= (a) D? f(u, y(u))[(dz, Dy(u)[dz]), (0, k)] = 0
= (0) D°f(u, yw)(dz, Dy(w)dz)), (dz, Dy(u)ldz]), (0, k)]
+D? f(u, y@)(0, D*y(u)ldz, dz]), (0, h)] = 0.

(52)
Note that from (52.a) we get
dy = C™'Bdz, (53)
while from (52.h) we get
VYh e R™: RICd*y = D?f(2)ldz, dz, (0, h)]. (54)

Now,
Dé(w)ldz] = Df(u, yw))((dz, Dy(w)ldz])] = D f(u, y(u))
[(dz, 0)]{since D f(u, y(w)[(0, )] = 0]
= D*¢(w)[dz, dz] = D* f(u, y(u))[(dz, Dy(w)ldz]), (dz, 0)]
= D’¢(w)ldz, dz, dz] = D? f(u, y(u))
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[(dz, Dy(u)[dz]), (dz, Dy(u)[dzx]), (dz, 0)]
+ D? f(u, ()0, D*y(uw)ldz, dz)), (dz, 0],

so that

D*¢(x)[dz, dz) = D* f(2)[(dz, dy), (dz, 0)] = deT Adz + dzTB¥dy
= daTAdz + dy"Cdy = d2"S (z)dz;
(@
D3¢(zx)[dz, dz, dz] = D? f(2)[dz, dz, (dz, 0)) + D? f(2)[(0, d*y), (dz, 0)]
= D3f(2)[dz, dz, (dz,0)] + dz” BTd?%y
= D3f(z)[dz, dz,(dz,0)] + (C‘lex)Tcdzy

= D’ f()ldz, dz, (dz,0)] + D f(2)
®)

[dz,dz, (0,C ™! Bdx)]

<= D*f(2)ldz, dz, (dz, 0] + D f(2)ldz, dz, (0, dy)]
(©)
= D3 f(2)[dz, dz, dz]
(35)
((a), (c) are given by (53), (b) is given by (54)), and since f is s.-c.c-c.,
we end up with

| D3 ¢(2)ldz, dz, dz]| < 2AD*¢(z)[dz, dz])*?.

8.9 Proof of Proposition 4.4

First of all, the function ¢ is well-defined: since Y is bounded, f(z,-)
is above bounded on Y whenever x € X, and consequently the function
—f(z, (u,-)) is below bounded on its domain whenever z € X,u € U.
Since the latter function is s.-c. ([5], Proposition 2.1.1.(1)), it attains its
minimum.

Now let us prove that ¢ is s.-c.c.-c. Convexity-concavity of ¢ is evident.
As we have seen, the maximum in the right hand side of (13) is achieved,
and the maximizer v(z, u) is unique, since f/, is negative definite. By the
latter reason and the Implicit Function Theorem the function v(z,u) is
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twice continuously differentiable on X x U, and since
Doz, w(dz, dw)] = D f(z, (u, v(z, w))[(dz, (du, 0))]

due to f!(z, (u,v(z,u))) =0, ¢ is C* smooth.

Let us verify the barrier properties required by Definition 2.2.(i). Let
u € U, and let {z; € X} be a sequence converging to a boundary point
of X. Then ¢(z;, u) > f(z;, (u,v)), where v is such that (u,v) € Y, and
consequently ¢(z;,u) — o0, i — co. Now let z € X, and let {u; € U}
be a sequence converging to a boundary point of U. Passing to a subse-
quence we may suppose that v; = v(z, ;) has a limit (¥ is bounded!),
and of course the limit of the sequence (u;, v;) is a boundary point of Y.
Consequently, ¢(z, u;) = f(z, (u;, v;)) —» —00, 1 — 00, as required.

In order to verify the differential inequality required in Definition 2.2(2),
let us first note that the computations which led to (55) do not use the
s.-c.c.-c. property of the underlying function and in fact establish the
following

LemMa 8.1 Let g(p,q) be a C? function defined in a neighbourhood of
T
a point (9,9) such that g,(p,9) =0, and let ¢"(®,§) = <g fC) with

nonsingular C = — gy (p, §). Then the equation g,(p, q) = 0 in a neighbour-
hood of p has a C*-smooth solution q(p), q(p) = 4, the function h(p) =
9(p, q(p)) is C3-smooth in a neighbourhood of p, and for every vector dp
in the p-space we have

D*h(p)ldp, dp] = dr'Sdr, D>h(p)[dp, dp, dp] = D*g(p, Dldr, dr, drl,
where
A 0
— — -1 _
dr = (dp,dq), dg=C""Bdp, S= (0 C’) .

In particular,
R'p)= A+ BTC'B. (56)

Let w =(2,4) € X x U, and let

gz, w),v) = f(z, (u,v)).
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Let also © = v(%, 4), £ = (&, (&, ), and let
Q | Bf | B
B

f'&=|B, | =P | DT [,

B, | D | -R
Q = fz2(8), =P = fi(8), =R = f,(®).

Applying Lemma 8.1 to g (p = (z,u),q=7v) with p = (£, 4), § = v(&, 1)
and dp = (dz, du) being a direction in the (z, u)-space, we get

0 0 R

dz (57)
dz= [ du | ,dv=R'[B,dz + Ddu]| ;
dv

D*¢()[dp, dp, dp) = D* f($)ldz, dz, dz).
From (57) we get

Q B 0
D2¢(1b)[dp,dp]=dzT(Bu —-P O)dz,

2(D)[dz, dz] = dz”Qdz + [R™! B,dz] R[R™' B.dz]
= dz"Qdz + de" BTR™' B, dz;
~ G (D)[du, du) = duT Pdu ~ duT[R™' Ddu]"R[R™! Ddu]
= duTPdu — du DR Ddu,
whence

dpTS4()dp = dzTQdz + de" BTR™! B dz + duTPdu — du" DTR™' Ddu.
(58
We have (see (57), (58))

d2TS {(2)dz = d2TQdz + duT Pdu + dvT Rdv — 2du” D¥dv
= de’Qdz + du Pdu + [R™'(B,dz + Ddu)]”
x RIR™Y(B,dz + Ddu)]
— 2du’ DT[R™Y(B,dx + Ddu)] (59)
= d2TQdz + du" Pdu + de"BTR™' B,dz + 2dz"BTR™' Ddu
+ du'DTR™Ddu — 2du" DR B, dx — 2du” DTR™' Ddu
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= d2"Qdz + de" BTR™! B,dz + du" Pdu — du" D"R™' Ddu
= dp”S4(d)dp.

Thus,

| D*¢()ldp, dp, dpl| = |D* f(8)[dz, dz, dz]|
< 2(dzTSx(5)dz)** [since f is s.-c.c.c.]

= 2dpTSs()dp)*?  [see (59)],

as required in (7). The fact that ¢ is nondegenerate is readily given by (59).

8.10 Proof of Proposition 5.1

(1), (i1) are immediate consequnces of (11.b) and Proposition 4.3, respec-

tively. Let us prove (iii).
(ili.)&e@ii.2): If z € K(f), then 0 € X* and 0 € Y*, so that
(0,0) € Z*, and f possesses a saddle point on Z in view of
Proposition 3.1. Vice versa, if f possesses a saddle point z* =
(z*,y*) on Z, then clearly 2* € K(f) and therefore K(f) is
nonempty.
(iii.2)&>(iii.3): This equivalence is an immediate consequence of
Proposition 3.1.
(iii.2)=(iii.4): This is evident, since w(f, 2*) =0 at a saddle point
z* of f.
(iii.4)=>(iii.3): Given z € Z with w(f, 2) < 1, consider the point
¢=f(z)=(,n). By (20), 0 € ng*(C), so that 0 € X™* by Propo-
sition 2.3.(i) as applied to f, (the latter function is s.-c.c.-c. and
nondegenerate by Theorem 3.1). By symmetric reasons, 0 € Y*,
so that (0,0) € Z* = X* x Y.

(iv): Let us start with the following simple fact:

P RT
R -Q
PO
0 Q

LemMa 8.2 Let A= ( > be a symmetric matrix with positive defi-

nite P, Q, and let S = ( ) Then A is nonsingular, and one has

A ' <8 and A7lSATI < SN
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In particular,if f + Z = X x Y — Ris a nondegenerate s.-c.c.-c. function,
then for every z € Z one has

OIS @1 2 874 (2),

Proof of Lemma:  Nonsingularity of A was established in the proof of
Proposition 3.1. Since A is symmetric and nonsingular, to prove that
A1 < 87! is the same as to prove that A < AS™! 4, which is immediate:

L, (P H (P“ (P RT
48 A‘<R —Q) Q“) R —Q)

P+RIQ"'R
‘( RP—IRT+Q>‘A+D’
where
RTQ—IR —RT RTQ—IR __RT
= = .
b ( R RP“RT+2Q> ~( R ¢ )=°

Similarly, in order to prove that A~'SA~! < §7!, it suffices to prove
that AS™'4 — S = 0; from the above computation, the latter difference is

RTQ! L . i . .
( QTR , Le., it indeed is positive semidefinite.

RP“RT)

By Lemma 8.2,

WHf,2) = (P @S 17 ()
< (F@TIS 17 f(2) = V3£, 2),

as required in (21.a).
To verify (21.b,c), denote

Xe = LT ULET 1), Ay = (/ST 1 2,

so that
VA, 2) = A2+ A2, (60)

Setting z = (z,y) and taking into account Remark 2.1 and (6), we get

p(_>\z) < [f(z) — mingex f(-T’v ] < p(/\z)7
p(=Ay) < [maxyey f(z,y) — f(2)] < p(\y). (61)
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We see that
v(f,2) < 1= u(f, 2)
< max{p(w) + p()|0 < u, v, u? +v* = 3(f, 2)},

and since the function p(s!/?) clearly is convex on [0, 1), we come to
(21.b). Now, it is easily seen that

2

8
> _8) > —_—
§20=p(=9) 2 337755

whence in view of (61)

b N
+
2L+ 2 21+ A

) < udf, 2),
Y

so that (60) yields

VA(f,2)
m < ulf, 2),

as required in (21.c).
(v): The inclusion 2* € Z is readily given by (9.a). To prove (22), note
that by (9.d) for every h € R* x R™ one has

2
% VRIS 2k 2 IWT(F'*) = £'()+ §' (et f, 20| = IR F ),

while by (9.b) one has

A/ RIS H2)h < (1 — w(f, 2)) 7" 4/ TS f(z*)h.

Consequently,

2
[RTf'(z9)] < (l—f—i%?,/hTsf(f)h Vh,

which is nothing but (v).
(vi): Let

Z* = (iE*, y*)) z= (.'L‘, y)a d:L' (-T - .’E*)ngz(z*)(ill - 113*), dy

= /@ — g — v,
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Then
w(f, 2) = supyey f(z, ) — infoex f(@',y) > fla@, ) — f@s, )
2 [f @y, y) + p(=d2)] = [f(@e, ys) = p(=d)] = p(—ds) + p(—d)

(we have used (4) and the fact that f'(2*)=0). From the resulting
inequality, as in the proof of (21.c), we get
d; v
<
2+ dy) T A+ dy <P

whence, after a simple computation, d, + d, < 2[u(f, 2) + vu(f, 2)), and
(23) follows.

8.11 Proof of Theorem 5.1

In the proof to follow, ©; denote properly chosen universal positive contin-
uous nondecreasing functions on the nonnegative ray.

MaIN LEMMa ~ We start with the following technical result:

LemMa 8.3 For properly chosen ©1(:), the following holds. Let f:Z =
X xY — R be a nondegenerate s.-c.c.-c. function, and let f,: Z* = X* %
Y* — R be the Legendre transformation of f. Let also z; = (xy,y;) €
K(f), ¢t = (&1,m) = f'(21), and let

z = fu(t¢), 0<t<1.
Then for 0 < t < 1 one has

(@) TS (G < Ol f, 21));

(62)
® O7'(w(f, 2081 () = S5t =X O1(ulf, 21)S1. ().

Proof Since K(f) is nonempty (it contains z;), f possesses a saddle
point (Proposition 5.1.(iii)). Thus, (0,0) € Z*, whence {; € Z*,0 <t < 1.
Let us denote

He = f(z1,y1) — mingex f(z,y1) [> 0]
=>p= .U“(fa(whyl)) = Uz + Hys
My = maxyey f(x1,y) — f(z1,91) [= 0]

g*(ﬁ,ﬂ) = f*(ga 77) - ngl - 77Ty1-
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19, Note that g, differs from f. by a linear function and is therefore a
nondegenerate s.-c.c.-c. function on Z*. Besides this, by construction ¢,
is a saddle point of g. on Z*.

20, By (12) we have

mingex f(z,y1) = mingey [Ty — f2(0, )] = — minyey-[—g«(0, ]
== maanY‘ g*(09 n)a

while by Theorem 3.1

F(z1) = Ty + nfyr — FuE1,m) = —gu(E1, m).

Thus,
maxpey G«(0,1) ~ gu(€1, M) = piaz. (63)

By symmetric reasoning,
g(€1,m) — mingex- g.(§,0) = py.

3%, By 19, maxyey g+(€1,m) = 9.(¢1), and since g, (-, n) is convex on X*,
we get from (63)

maXpeys g«(t€1, M) — g(§1) S ey, 0Lt <L (64)

By symmetric reasoning,
9«(C1) — mingex- go(§,tm) S gy, 0K ES L (65)

49, Let & =t€, ny =tn, 0 < ¢ < 1. Since () is a saddle point of g,
the s.-c. on X* function

A& = g.(&,m)
attains its minimum on X* at the point &1, and by (64) we have
HE) S &)+, 0St<1

The latter inequality, due to the standard properties of s.-c. functions ({5],
Section 2.2.4) combined with the fact that p, < y, implies that for ¢ €
[0, 1] one has

O (W@ (1) = ¢"(€) = Oa(w"(€1), ETP"(€1)E < Os(w).  (66)



360 A. NEMIROVSKI
59 Let h € R™, and let

() = ~hT(gu) L (& mh.

We have

W @) = |D*gu(s, IO, h), (0, B, (=&1,0)]] \5/2’7@)\/ 9" (€6

(a)

< Oq(u(®)
~
)

((a) is given by (8) as applied to g., (b) is given by (66)), so that
85 (wy(1) < ¥ < Os(w(D),
for all £ € [0, 1], whence
05 ()= (g ) (C] = [=(g)p(&ty M)}
2 OsWI—(@)y(C)], 0<t<l (67
6°. Now let us fix ¢t € [0, 1] and set
v = —gu(&,m);

note that 1 is a s.-c. function on Y™,
By (64) we have

mingey () > —gu((1) — pas (68)
while for s € [0, 1] it holds

D) = ~ a6t ne) < — Milgex- GulE,m) < —gu(C1) + 1y
[we have used (65)].

Combining these relations, we see that
P(Ms) < mingey P+, 0<s <L (69)

7°. From (69) and the same standard properties of s.-c. functions as in
4° we getfor 0 < s < I:

O (W' (m) = " (Ms) < Oy (m),  nFY () < O7(w);
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combining this result with (67), we see that for s,t € [0, 1] one has
07 (W= (g )y (CD] = [~(g)my(Ets )] = O (W)= (g (S,
M~ (g )OIt < Oo(p). (70)
By symmetric reasoning,
O3 (G )E(CD) = (@&, ns) =X Os()(gw)ee(Cr),
()€€ < Og(). (71)
Relations (70) and (71) in view of f”({) = g”(¢) imply (62.a,b). 0
From MamN LeEmma To TuEOREM 5.1 (i): Since (¢!, z!) clearly satisfies

(Py), all we should prove is the implication (P;) = (Pi+1).
1°. Assume that 7 is such that (P,) is valid. Setting

e = [F'EO (F) (), Qi=S42",
we get by (21.a)
wi = w(fy,2) = [leille, < v = v(fu, 2 S 0.1, 72)
the concluding inequality being given by (7). It follows that
0<t <t = w(fy, ) =N L)

= " @) + & = D F e,

Swi+E =y, %= EN Gle

= £'@ls,, pe (73)

(see (11d)).

20, Since w; < v; < 0.1 by (72), (73) says that there indeed exists ¢ €
[0, '] such that w(fs, 2*) < 0.2, so that ¢*! is well-defined. Note also that
by (73)

1> 0= w(fun, 2 =02 = ' — %1 > 0.197 L (74)
30, For the sake of brevity, denote temporarily
9(2) = fan(2), d=g'(), e=[f'(N'd=[g"(zN""d.
By definition of t*! we have

oi = w(g, 2%) = |[e]lg, £ 0.2,
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whence (see (24) and (9.a))
M=y —ecZ
Moreover, by (9.d) and in view of || g, = 0; < 0.2 we have
V(h €R™™ : [hTg' (") = |hTlg (") - ¢'(2) + ¢"(2)e]|

2
< Y
~1-o0;

2llQ:

whence

Ig'* g < < —— =0.05. (5)
Now note that by (9.b)
SH") = (1 — [lell@)?S4(2Y),
so that by (75)
V(fpr, 21 = 0(g, 21 = [|g' ) 15 qaivi

< (1~ lellg) ™ g’ 2 D llgs i1

. 2 0.05
=(1- Vg Y < —28 < 222 201,
(1 = lelg) ™ 19Dlg < G2ss < 5 <
(76)
Thus, (P;,1) indeed is valid. (1) is proved.
(ii): Assume that 7 is such that t*! > 0. By (74)
t—t* > 01y, = £ Blls,.cre- (a7
Now let
9(2) = fu(2), (78)
so that in view of (F,) we have
[w(g,2) <] w(g,7") 0.1 79)

(the left inequality is given by (21.a)).

Lemma 84 Let g:Z =X xY — R be a nondegenerate s.-c.c.-c. func-
tion, and let zy = (xo,y0) € Z be such that w = w(g,2) <0.2. Then g
possesses a saddle point 2* on Z, and

||Z* — ZO”Sf(zo) S w + 2.7(.«)2. (80)
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Proof Consider the Newton iterate
2 = 20 — [¢"(20)] 7' g (20) = (21, 91)

of zp. Same as in 3%, z; € Z and
w
l20 = ztllsya =@, V(g2 =V S g [see (TO1 B

Let 2* = (z*, y*) be the saddle point of g (it exists by Proposition 5.1.(iii)).
Let us set

@=ser= (5 p) memln-gla n=ln-vis

By (4) we have
max, g(z1,y) > g(x1, y*) = g(z") + 2 — In(1 + 1),
min, g(x, y1) < g(&”,y1) < g(z°) — ry + In(1+1y),

whence
p(g, z1) = 1o+ ry — In(l + 75) — In(1 + 1),

and at the same time

2
g, %) < —v = In(l = v) {u < (T%W]

(we have used (21.b) and (81)). Thus,
~v—In(l—v)2ry+ry—In(l+r) —In(1+ 7y (82)

Since w < 0.2, we have v < %& < 0.07, and therefore —v — In(1 — v) <
0.53v% < 0.0026. Consequently, from (82) it immediately follows that
max[ry, r,] < 0.25, whence 7.+, —In(1+ rz) — In(l +7y) > 0.4(r§ +
r2). Thus, (82) results in

0.531% > 0.4(r2 +12),

whence
|21 — 2*llg < 1.2v < 1.875w* < 0.08.

The latter inequality, by (9.b), implies that

”21 — Z*“sg(zl) <({1- 0.08)—1H2’1 - Z*HQ < 2102,
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By the same (9.b), from (81) it follows that Sy(z1) = (1 —w)ZSg(zo),
whence

21 = 275,00 < (1 = )7 Y21 = 25,2y < 2.7w?

(recall that w < 0.2). Combining this relation with (81), we come to
(80). ]

Now we are ready to complete the proof of (ii). Applying Lemma 8.4
to the function g given by (78) and taking into account (79), we see that

2 = 2*@)g ) < 0.1+ 2.7 x 0.12 = 0.127. (83)
Now let
h(Q) = fuQ) = &N Z°(H - R, (=),
(=) =tf ). (84)
We have

() =2 —2(t), K =0, hz)=f(z+2°()),

so that

wih, () = (/[ — 22 (E)TS (29)[F — 2*(¢)][we have used (20)]

<0.127 [see (83)]

= |16 = ¢flls, ) < 0.127+2.7 x (0.127)>  [we have used Lemma 8.4]

<0.171
= S;.(G) < (0.82)7284.(¢)) [we have used (9.b)]
= (0.82)"2S,(t' f'(2)) [see (84)].

Consequently,

Vi = 1F Blls,.pey < L2 F' s, ppy < Oa(palf, 2)),

(the concluding inequality is given by (62.a)). The resulting upper bound
on ~; combined with (77) implies (ii).
(iii): In the case of #' = 0 one has (we use the same notation as in 3%

g = W(g, zi) = w(fa zi) < V(fa zi)s
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the latter inequality being given by (21.a). This inequality combined with
(76) implies (25).

(iv): By (ii) it takes no more than @o(u(f, 2)) steps to make t equal
to zero, and by (25) it takes at most O(1)Inln(3/¢) more steps to make
v(f, #*) less than e.

8.12 Proof of Proposition 6.1

(i) is an immediate consequence of the fact that whenever B is s.-c. on
Z, the seminorm | - || pr(,) majorates the seminorm 7Z(-), z € Z (see [5],
Theorem 2.1.1.(i1)).

The remaining statements, except (vi), are immediate consequences of
definitions. To prove (vi), it clearly suffices to demonstrate that the function

U@, (1,v) = pf(@,p70) : W=X xV >R

is (28 + 3)-regular.
Let us fix a point w = (z, s = (4, v)) € W and a direction dw = (dz,ds =
(du, dv)) in the (x, (4, v))-space, and let

z=(z,p7), by=p'dv—pTlduv, dz=(dz,8y).

A straightforward computation yields (the derivatives of 1) are taken at w,
the derivatives of f are taken at z):

Dypldw] = uD fldz] + duf;
D*yldw, dw] = uD? f[dz, dz] + uD f[(0, —2u~" duby)]
+2duD fdz]
= uD? fdz, dz] + 2duD fl(dz, 0)]
=  DX)[(dz,0), (dz,0)] = D’ f[(dz,0), (dz,0)] > O,
D*P[(0, du), (0, dw)] = uD* £1(0, 6y), (0, 6y)] < 0,
= (a) dwTS¢(w)dw = pdzTS H2)dz;
D3yldw, dw, dw] = pD? fldz, dz, dz)

— 4uD? fl(dz, 6y), (0, p~ duéy)]
+2duD? fl(dz, 0), (dz, 6y)]
+ duD? fl(dz, 6y), (dz, 6y))
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= uD? fldz, dz, dz] — 4duD? f[(dz, 0), (0, 6y)]
— 4duD? f1(0, 6), (0, 6y)]
+2duD? f(dz, 0), (dz, 0)]
+2duD* fl(dz, 0), (0, 6v)]
+ duD*f[(dz, 0), (dz, 0)]
+ 2duD? f[(dz, 0), (0, 6y)]
+ dpD? f1(0, y), (0, 8y)]
= uD?fldz, dz, dz] + 3duD? f{(dz, 0), (dz, 0)]
— 3duD’ f1(0, 5y), (0, 6y)]
= (D) D*Y(w)dw, dw, dw] = pD? f(2)[dz, dz, dz] + 3%“dwTS¢(w)dw.
It remains to note that
max{2u " du, 1Z(dz)} < 27¥(dw). (85)
Indeed, assuming (85), we immediately get from (a), (b) and from regu-
larity of f that
| D39(w)ldw, dw, dw]| < uB(dz"S j(z)d2)rZ(dz) + 3|u™ duj(dwTS y(w)dw)
< (28 + )TV (dw)(dwT Sy(w)dw),

as claimed. To prove (85), note that the relation |u~'du| < WE/ (dw) is
evident, and all we need to prove is that if w = dw € X x V, then z £
0.5dz € X x Y, ie., that if |du| < p and (u £ du)~}(v + dv) € Y, then

v = p w05 de — pdw) € Y.

This is immediate: setting 8 = p~'dy, r = ‘v, dr = p~'dv, we have
6] < 1,
A+ 'r+dreY,01 -0 r-dr)eY

and therefore
yt =r+0.5[dr — 0r]
= [(1+8)(0.75 — 0.250)](1 + §)~L(r + dr)
+[(1—6)025-0.25011 - 0)"'(r—dr) €Y,
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y- =r—0.5[dr - 0r]
=[(1 +6)(0.25 + 0.250))(1 + 8)"'(r + dr)
+[(1 —6)0.75+0.250))1 — ) (r —dr) e Y
(note that [(1+6)(0.75 — 0.258)] + [(1 — 6)(0.25 — 0.250)] = 1,

367

[(1+

6)(0.25 + 0.258)] + [(1 — 6)(0.75 + 0.256)]} = 1, and that all four weights

in question are nonnegative).

8.13 Justification of Examples 6.2 and 6.3
Example 6.2 The convexity of Y is evident. Now, setting
z=(z,y) € Z, dz=(dz,dy) € R" xR"”, s=S5(),
ds = DS()dy], d’s = D*S(y)ldy, dy],
we have
Df(z)[dz] = 2dzT sz + 2'dsz;
D? fldz,dz] = 2dzTsdz + 4dzTdsz + 2T D?sz;
(a) dzTs H2)dz = 2dzTsdr — z7d*sz = a® + bz,
a= m, b= \/w—T[——dzs]—x;
(b) D3f(z)[dz, dz,dz] = 6dz"dsdz + 6dzTd?sz.
Denoting 7 = wZ(dz), we have
m>nr=yx@)dyeY = Sy () dy) >0,
and since S(-) is quadratic,
Sty + (7Y 'dy) = s £ (') ds + %(w/)*zdzs,
whence for all 7/ > it holds

s+ () lds + %(ﬂ")_zdzs > 0.

(86)

87

Since d2s <0, we conclude, first, that n' > 7 = s+ (7')"'ds > 0,

whence
—ns < ds < 7s;

(88)
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second, taking the arithmetic mean of the two inequalities in (87), we get
7 > = M(n")2[-d?s] < s, whence

0 < —d?s < 2n%s. | (89)
Finally we have
|D? f(2)[dz, dz, dz]| < 6|dzTdsdzx| + 6|dzT[—d?s)z| [see (86.b)]
< 6ndzTsdz + 64/ dzT[—d2s)dz/zT[—d2s]x
[by (88) and since —d?s > 0]
< 6ndzTsdz + 672V dxTsdz /2T~ sl
[see (89)]
= 3n(a® + 2ab) [see (89).0)]
<5m(a?+ b)) = 57rdzTSf(z)dz.

Example 6.3 Letz,y € R™ and let h = Z € R™ x R™, In the below

computation, lowercase letters like a, b, z,y, u, v denote m-dimensional
vectors, and their uppercase counterparts stand for the corresponding diag-
onal matrices: A = Diag (a), X = Diag (z),Y = Diag (y), ... We write Z¢
instead of Diag (%) (2 € RT.,d € R™); e stands for the m-dimensional
vector of ones.
Let
Q=Q(,y)= E"X'Y*E;

then
Df(z, k] = T(Q 'ET[-BX°UY* + X PAVY* *]E);
D2 f(z, )k, k] = -TH(Q 'ET[-BX°UY*+ X PAVY* ¢|E
x QT'ET[-BX°UY? + X PAVY**IE)
+ TH(Q'ET[B(B + I,)) X *-2U%y*®
—2ABX7VCUVY ™ + A(A — L)X Y 2V E),
D3 f(x,y)[h, h,h] = 2THQ 'ET[-BX P *UY* + X PAVY* ¢E
x QUEN[-BXUYe + X PAVY* °|E
x Q'ET[-BX*UY? + X PAVY*°]E)  (90)
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—3T(Q 'ET[B(B + I,) X " *U*Y®
—2ABXPCUVY ™ + A(A - In)X Y *VAE
x QT 'ET[-BXb*UY? + X PAVY* €|E)
+ Tr(Q 'ET[—B(B + In)(B + 2I,) X P 73Uy e
+3B(B + I,)AX b 2ey-eyly
—3BA(A — I) X beyeyy?
+ A(A — I A - 2I)X Y3 V3)E).
Now let us set
SU=UX"1, §V=vVYl P=X"y?EQ-'ETX?y?
Note that P is an orthoprojector. We clearly have
D?f(z,y)lh, h] = ~Tr(P[A6V — BSUIP[ASV — BSUP)
+ Tr(P[B(B + I,,)6U* — 2ABSUSV
+ A(A — I,)6V?1P)
= D?f(x,y)[(u,0), (u,0)] = ~Tr(PBSUPBSU P)
+ Tr(PB(B + I,,)6U?P)
= Tr(PB6U?*P) + Ty(PBSU(I,, — P)6UBP)
> Tr(PB6U?P) [since P is an orthoprojector]
20
—D?f(z, Y)[©0,v),(0,v)] = T(PASV PASV P) + Te(PA(I, — A)6V?*P)
>0.
We see that f is convex in = and concave in y and that
hTS f(z, y)h > Te(PBSU*P) + Tr(PASV P§V AP)
+Tr(PA,, — ASV?P) = w? = p* + ¢* + 17,
p=|PBY?6U|y, q=|PASVP|s, r=|PAYA I, — A)/*6V |2 (91)

from now on, ||S|j2 = v/Tr(S”S) stands for the Frobenius, and ||S||,, — for
the operator norm (maximum singular value) of a matrix S.



370 A. NEMIROVSKI

Now, (90) can be rewritten as

D*f(z, )ih, h, h] = 2Tr((P[ASV — BSU1PD?)
— 3T(P[B(B + I,,)6U* — 2ABSU SV
+ A(A — I,,)6V?]P[ASV — BSU]P)
+ Tr(P[—B(B + I,)(B + 2I,)6U°
+3B(B + I,)ASU*6V — 3BA(A — I,,)6UEV?
+ A(A — I))(A - 21,,)6V3P).

We have
16U oo < 7= mey ¥ (R); [[6V oo < (92)

z,y)

Therefore

2|Te([P[ASV — BSUIPP)| < 2||P[ASV — BSU1P|w
x |P[A§V — BSUIP|3
< 2(1 + [[bloo)n || PBSU P||; + || P A6V P|2)*
[we have used (92)]
< 2(1 + [[blloo)7lg + | PBSU P51 (93)
[we have used (91)]
< 201 + [|bllo)lg + 1BlI55 P12 [since
|PBSUP|, < | PBY26U |5 B'*Pllos
< plibllsf?]
< 201 + [blloo)(1 + fb]| Y2 7w’
< 4(1 + [|blloo)?mw?,

the first inequality being given by the following well-known fact:
Whenever the product of three matrices Q1,Q,, Qs makes sense and
is a square matrix, the trace of the product is in absolute value < the
product of the operator norm of one of the factors (no matter which
one) and the Frobenius norms of the two remaining factors.
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Note that a byproduct of our reasoning is the inequality
|P{ASV — BSU1P|2 < (1 + bl )w. (94)
By similar reasons,
3|Tr(P[B(B + I,)6U* — 2ABSU SV
+ A(A — I,)6V?)P[ASV — BSU1P)|
< 3||PBY2§U|, x |BY*(B + I,)6U — 2ABY26V ||
x [|[PLASV — BSU1P| + 3| PAY3 (L, — A)'26V |,
x |AV2(In, — 4?6V ||o| PLASV — BSU1P|, (95)
< 3pllNA3 + [Blloo)lr(L + [B1ELw + 3r(a/2)(1 + 1B

< 10(1 + ||bl|og)?mw?  [we have used (91), (92), (94)];
|Te(P[—B(B + I,)(B + 2I,,)6U° + 3B(B + I,,) ASU*§V

—3BA(A — I,)6USV? + A(A — I)(A — 21,,)6V°1P)|

< |PB'28U (B + In)(B + 2I;)8U oo
+3||PB'28U 3| A(B + I;)8V ||oo + 3| PAYA(IL, — 4)'8V|[3| BSU |
+[PAYU, — A)'PEVI3I(A = 21,)6V (|oo

< L1+ |15 o) + [[Blloo) + 3(1 + [Bloc) + 3[1b] oo + 21me?

<701 + ||bllo)?*mw?  [we have used (91), (92)]. (96)

Combining (91), (93), (95), (96), we come to
| D f(z, y)lh, h, R]| < 21(1 + ||b]|o)*e?
= 21(1 + [[Bloc)*my s (RURTS iz, y)h).

8.14 Proof of Proposition 6.2

Let t > 0. The function f; clearly is convex in z € X for every y €
Y, is concave in y € Y for every z € X and satisfies the requirements
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from Definition 2.2.(i). In order to verify Definition 2.2.(ii), let us fix z =
(z,y) € Z=X xY and h = (u,v) € R® x R™, We have

|D? fi(2)[hy b, B]| < LD f(2)[h, b, ]| + | D*F(z)[u, u, ]|
+ | D*Glv, v, ][] < YIBtATS f(2)h

%\l + ol

+ 2||u”},(z) + 2[00 [since F, G are s.-c.]

2
< | B nTs o+ Lpulis + i

+ 2““”%@) + 2\\1)\\%,/(11)] [the Holder inequality]

< (B + D[thTS f2)h + uTF" (z)u + vTG” (yyw]*/?

= 2[hTSft(Z)h]3/2 [since 'yﬁ ; 2 = 73/2}

Finally, the nondegeneracy of f; is readily given by (C), see Proposi-
tion 2.2.(ii).

8.15 Proof of Proposition 6.3

Let us set

o) =vf(®,7), (x)=vF(x)-~vGD,
V() =td(z) + B(z), 0 =77,

so that
f‘r(l'a ﬂ) = T¢(1;) + @(JI), T € X1 T2 07 ft(wi .7;7) = 1/)(-7:)

19, We have
A, 2) < v(fi,2) <01, 97)

A, x) = \/ W' (@)T"(x)] 14'(x) being the Newton decrement of the
convex s.-c. function ¢ at a point z. By [4], (2.2.23) - (2.2.24), relation
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(97) implies existence of z* € X such that ¥/'(z*) = 0, and that

(a) Iz — 2 < 2L2- <012, |u = VuTy(@)u;

® Y@ — Y@ < —X@, ) — In(l — M@, 7)) < 0.006. .
20, By (98.b) we have
tA(E) + B(F) < td(a*) + B(z*) + 0.006 = $(Z) — H(z*)
< %[@(m*) — &(z) + 0.006]. 99

30, Let ||ulls = \/uT®"(x*)u; note that |julls < |jul , so that by (98.a)
we have

r={z” — e <0.12.
Since @ is convex, it follows that
BT > B(z*) + (T ~— )P (")
=®@z*) — ||z — z*||eVO [since ® is a f-s.-c.b. for ¢l X]
> d(z*) - 0.12V/0,

and we come to
o(z*) — &() < 0.12V6. (100)

Combining this result with (99), we obtain
B(F) — (z*) < %[0.12\/§+ 0.006] < %\/@. (101)
Now let € X. We have
o(z) > (") +(z — )1 ¢'(z")
= ¢(z*) — %(w — @' (z*) [since t¢'(z*) + &'(z*) = 0]
> (") — g [since ® is §-s.-c.b. for cl X, see (2.3.2)].

From this relation and (101) it follows that

1 1. 20
7) — i < — g < —
HE) lan¢_5t\/§+t0_ .
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whence 0 29
f(&,9) —infeex f(z,9) < H = s
Symmetric reasoning yields sup,.y f(Z,y)— f(Z,9) < -Zti, and (26)
follows.
4°, By (99) we have

[t (@) + ®(@)] - [t*¢(a") + @M < [§ — 1] [B(z*) — ®(@)] + 0.006%—

= a[®(z*) — ®(Z)] + 0.006(1 + )
< 0.12av8 + 0.006(1 + a) [see (100)].
(102)
5% Now let x € X. We have
t*p(z) + B(x) > t*o(a*) + t*(z — )¢/ (") + B(x)

=t*¢(z*) — (1 + a)(@ — ) @' (@*) + D(x)
=t ¢(z") + (") + Uo(z), (103)

U, (x) = B(x) — &(z") — (1 + o)z — )T ¥ (™).

The remaining reasoning reproduces the one of [5], Section 3.2.6. First,
we claim that the function ¥,(z), for every o > 0 (in fact — even
for @ > —1) attains its minimum on X at a point z(c). Indeed, & is
a f-s.-c.b. for cl X; consequently, the image of X under the mapping
x — ®'(z) is the relative interior of a convex cone ([5], Proposition 2.3.2
and Theorem 2.4.2). Since this cone clearly contains the point ®'(z*), it
also contains the points (1 + a)®’(z*), so that there exists z(a) € X with
®'(z(a)) = (1 + a)®'(z*), or, which is the same, with (¥,)(z(c)) = 0, as
claimed.

From [5], Proposition 2.3.2 and Theorem 2.4.2 one can easily derive
that z(a) can be chosen to satisfy z(0) = z* and to be differentiable in o.
The point z(a) solves the equation

¥'(z) = (1 + )@ (a"), (104)

and therefore
&’ (z(a)z (o) = ®'(z*). (105)

Now let
g(a) = ¥ (z(a)).
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We have
9@ = [2' ()] [¥'(2(a)) - (1 + @' (@] — (z(e) — )P (")
= —(z(a) — 29T (z")
[since z = z(a) is a solution to (104)], (106)
whence
J"(@) = ~[z' (@] ¥ (")
= miny [2hT®'(z*) + hT®"(x(c))h] [see (105)]
= (1 + o) 2 miny [2hT® (z()) + hT®"(z(a))h] [see (105)] (107)
> —(1+a)"%0 [since ® is a f-s.-c.b.).
Since (0) = z*, we get from (106), (107)
9O =0; JO=0; g"(@)>—-01+x)7?

whence
a>0=gla) > —0la—In(l + o)l

Consequently, (103) ensures that
infyex[t™d(z) + ®(x)] = [t o(x*) + B(2™)] — Ola — In(1 + )]
Combining this result with (102), we come to
fo(2) — infoex fo(z, ) < 0.120v/8 + 0.006(1 + o) + 8l — In(1 + @)].
Symmetric reasoning implies that
supcy fr(Z,9) — fr(2) < 0.120v/0 + 0.006(1 + o) + B[ — In(1 + ).

and (27) follows.

8.16 Proof of Lemma 6.1

Let us first prove the existence and the uniqueness of the saddle point
z*(t). Since f; is a nondegenerate s.-c.c.-c. function, it suffices to verify
that fi(-, §) is below bounded on X, and f(&,-) is above bounded on Y
(Proposition 2.5). By symmetry, we may prove the first statement only.
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Since g(z) = f(x, §) has bounded level sets and is convex on X, it admits
lower bound of the type g(z) > a + b||z|l2, z € X, with b > 0, while for a
¥-s.-c.b. F for cI X we have (see [5],(2.3.3))

z € X = F(z) > F(zo) + 9 In(1 — m(x0)),
where zo € X is arbitrary and
7o(xp) = inf{t > Olz + t ™ N(xp — ) € X}.

For a once for ever fixed xy € X, the quantity 1 — m,(zp) is of course
bounded from below by a function of the type ¢/(1 + ||z(z). Thus,

filz, §) > y[tbllz|l2 — 9 1n(1 + ||x|2) + const(t)],

and the right hand side in this inequality is below bounded for every ¢ > Q.

The fact that the path z*(t) is continuously differentiable is readily
given by the Implicit Function Theorem (recall that the Hessian of a
nondegenerate s.-c.c.-c. function is nondegenerate, see the proof of Propo-
sition 3.1.(iii)).

8.17 Proof of Theorem 6.2
1°. To prove (31), we start with the following observation:

LemMa 8.5 Let § = §(t, T). Then the Newton decrement w(fs, (&, %)) of the
s.-c.c.-c. function f; at the point Z = (Z, §) is equal to the Newton decrement
M®(T, ), T) of the convex s.-c. function ®(I, ) at the point T. Moreover, the
Newton iterate & of & given by (30) is exactly the x-component of the pair

2t =2 - [V ATV ().
: — ae A BT
Proof Denoting ®(t,-) = U(-), fi = ¢, let ¢"(2) = B —C and g =
¢'z(2). Since ¢;(2) = 0, the Newton direction e = e(¢, %) = (2) of p at Z
is the solution to the system of equations
Ap+B'g=g, Bp-Cq=0,
whence

p=(A+BIC'B)'g, ¢=C"'B(A+BIC'B)!g.
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Since g = ¥'(%) and ¥"(Z) = A+ BTC~! B (see (56), we get

F=&—pwi(f 2 =pTAp+¢"Cq=g"(A+ BT[C™'B) 'y
= [®'(2)]T[2"(2)] "' ¥/ (2).

O
Lemma combined with (22) implies that
v(fz, 2%) < a i\zfq(it))w;))z < Eggz <0.1. (108)
By Proposition 6.3 it follows that
Sup,ey f(&,y) < infoex f(z,y7) + —4%9, (109)

where y* is the y-component of 2*. Since infyex f(z,y") <
infzex sup,ey f(z, y), (31) follows.

20, Let us prove the bound (32). Since ®(¢,-) is a s.-c. convex
below bounded function on X, the number of damped Newton
steps in the updating (f,%) — (¢t*,z%) is bounded from above by
O() [A(t*) +Inln 1], where

At) = 8(t, 2) — mingex B¢, z')

and O(1) is an absolute constant (see [5),Theorem 2.2.3). Thus, all we
need is to verify that

t>1T= Al) < p(k) + %(1 + \/719)15—;—1E + 430 F%t —1In ;.] . (110)

Let 2*(t) = (z.(t), y«(1)) be the trajectory of saddle points of the functions
f:; note that 2*(-) is continuously differentiable by Lemma 6.1. As we
remember,

Q(t’ .’L’) = 7[tf($a Q(ta .’13)) + F(CL‘) - G(@(ta CB))],
with continuously differentiable function §(¢, «) satisfying the relation

y=9t z) = tfyx,y) - Gy =0.
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From these relations we get (values of all functions and their derivatives
are taken at the point (¢, x, §(¢, z))):

:92 - [G// _ tfé;]-lf; = [G// _ tfé;]—lt_lal,
@, =7f, (111)
‘I)z,t’t = ’)’[f;]Tﬁé = ’yt_l[Gl]Tﬁg = ’Yt_Z[G/]T[GN _ tf;;]_lG/.

Taking into account that G is a ¥-s.c-c.b. and that f is concave in y, we
come to

0 < Byt z) < ¥t 2. (112)

Now, setting ¥(z,y) = F(z) — G(y) we have (values of all functions and
their derivatives are taken at the point (¢, 2*(t))):

tV.f+V, ¥ =0= %z*(t) = —[tVif + V2071V, f = %z*(t)
=t 1tV2f + V2071V, 0,
whence

d
E‘?(t,m*(t)) =7/,

d2 Td *
"E‘P(t, z.(1) = _7[vzf] EEZ ®)

=yt 2 [V, U [tV f + V2OV, U (113)
<2V, UNTS, (25 ()] TV, T [see Lemma 8.2)
< 2t7299,

"

the concluding inequality being given by Sy, > v < G”)’ V.U =

!

—G’) and the fact that F, G are J-s.-c.b.’s.
Since M®(Z, ), ) < k < 0.1, we have

(1, %) < ®(, %) < mingex ¥, z) + p(k)
(see [5],Theorem 2.2.1, and (6)). Consequently,

A@) < p(k). (114)
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Besides this,
At = (¢, &) — %@(t, (1)),
whence in view of (111), (112), (113)
A'®) = 4[f(E, 9, ) — f" ()] (115)

and
2

A"(t) = By (t, &) — %q’(t,m*(t)) < 3yt (116)

30, In view of the inequalities (114), (116) all we need to bound A(t*)
from above is to bound from above the quantity

A@ =f@,9 - fD), §=9¢ D). YY)

(see (115)).
39.1). For the sake of brevity, let g(z, ) = fi(z,y), 2* = (Z«, yx) = 2*(),
and let

d; = \/[57 —207g.,INE ~ z], dy= \/—[y+ — Yl (2t — 3.

By (108), v(g, z*) < 0.1; applying (21.b), we get u(g, z*) < p(0.1) < 0.01,
whence (see (23))

B+ < 2[u(g, 27) + /g, 2] £ 0.5. (118)

Since (g, z*) = sup, g(Z,y) — inf; g(z, y*) < 0.01, the quantity g(z*)
differs from the saddle value g(z*) of g by at most 0.01:

[g(z*) — g(z")| = 7|[Ef(z*) — f(z)] + F(&) — F(z.) + G(y.) — Gy
< 0.01. (119)

We have g/ (z*) = vF"(z.), so that (& — z.) [vF"(z)}& — z.) < &2
Therefore

YIF@) — F(an)| < @ ~ z)T(vF'(2)| + p(ds)  [(4) as applied to yF)
< \/’y—ﬁdz + p(d;) [since vF' is (yd)-s.-c.b.]
<0.5/49+0.45 [see (118)]
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and similarly v|G(y*) — G(y,)| < 0.45y/4D + 0.5. Thus, (119) implies that

YWFE") - f&1)] < L“L—i‘/—w. (120)

30.2). Now consider the self-concordant function oY) = —[Ef(Z,y) +
F(Z) — G(y)]. This function attains its minimum on Y at y = §, and from
u(g,z%) < 0.01 it follows that ¢(y*) — min, ¢(y) < 0.01. Denoting 6 =
\/ [y* — §17¢"(Ply* — §] and applying (4), we get p(—6) < 0.01, whence
6 < 0.5. We have

0.01 > ¢(y") — (@ =[ILf &,y — & D] - [GE) - G@)]],

and from & < 0.5, same as in 3°.1), it follows that v|G(y*) — G(@)| <
0.54/v% + 0.45. Combining these observations, we get

vmm—mmmgﬂ%ﬂﬁ

which together with (120) and (117) implies that

A'®) <

31+ v40)
— (121)

Relations (114), (116) and (121) imply (110).

8.18 Proof of Lemma 7.1

Let h € R™,r € R" be two arbitrary vectors, and let

Yo =Diag (4°), H =Yy 'Diag (), Xo=X(&),
R=X;'Diag (Br), P=Y,*X;'*B(ETY,X;'E)'E X, v}/,

Note that P is an orthoprojector.
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We have
hTf,(2%) = TH(E"Yy Xy ' E)"' ETDiag (W X' E)

()
=Tr(ETYo X5 ' E) ' ETY, X5 ' HE)
— 2Tr(Xo Yo H)
= Te(PH) — 2Te(Xo Yo H);
rTf(2%) = Te(ETY X5 )™ ETYy X ' Diag (Er) X5 ' E)
+ 2y Er
= Tr((ETY, X5 ' E) ' ETY, Xy ' RE)
+ 2Tr(Yy XoR)
=Tr(PR)+2Tr(X Yo R);
RTG" (O h+rTE" (€% = K1Yy 2h+ rTET X2 Er
=Tr(H? + R%);
WG ) = —Te(H);
rTF'(€% = Tr(R).
Consequently,
A7 T BT (f) (2%) = °Te(PH) + t°Tr(PR) — 2t°Te(Yo Xo H)
+ 2t°Tr(Yo Xo R) + Tr(H) + Tr(R) (122)
= {"Tr(PH) + t°Tr(PR) + 2Tr(R)

(note that by construction 2% Xo=1,1 being the unit m x m matrix).
In view of (122) and due to the fact that P is an orthoprojector one has

[T, RD)(Fo) ()] < v1°v/2mTe(H? + R?) + 29|Tx(R)|,
while in view of (37)
ITr(R)| = |rTF'(¢%)] < @\/TTF“@O)T = —O'LS\/Tr(RZ);
27 2.7
thus,
T RD)(f) (2)] < 20/ 2mTe(H? + B2) +0.05,/7y/Tr(R?)
< 0.1/5v/Tr(H? + R?)
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(see the definition of ¢°). On the other hand,
", hDSs, (2% (;) > ~[RTG"(O)h + rTF"(€%r] = vTr(H? + RY),

and we conclude that for all h € R™,» € R" one has

l(rT, D)) (2%)] < 0.1 \/ (rT, h1)S5, (20 ( ;) ,

whence v(fp, 2°) < 0.1, as claimed.

8.19 Proof of Proposition 7.4

Let vol be the normalization of Vol which makes the normalized volume
of the unit Euclidean ball equal to 1; of course, it suffices to prove (40)
for the normalized volume vol instead of the standard volume Vol.

Let us set

DO =FEN, SN =Y Ik, HO=—[80) + ()]

Note that since — f;(€, ) differs from H(:) by a constant, the function H is
s.-c. on R}, and its Newton decrement at y (see Definition 2.1) is majo-
rated by v(f, 2). Thus, A(H,y) < § < 0.1, whence by [5],Theorem 2.2.2,
there exists y* € R}, such that

ly* = yllmay < 108, H'(y")=0. (123)
Let us set

Y. =Diag ("), B,=(ETY.X'E)™', A, =2"'2BY2
di=y/z(&), i=1,...,m, D=Diag(d,dy,...,dn).

The second relation in (123), after straightforward computation,
implies that

el Boe; = 2x2(6) —t71d, d

1,...,m, (124)

whence
el A2e; = z2(&) ~ Q)Y i=1,...,m. (125)



SELF-CONCORDANT FUNCTIONS 383
Since d; > O for all ¢, we conclude that the ellipsoid
W, = {£ + AvuluTu < 1}

is contained in II.
In view of (124) we have

n =Tr(B,B") = Te(B.ETDE) = Tt((EB.ET]1D)
_ moT g m 206y 4=l 3-1N .
=3 elBeedi=Y " (2a}© -t'dHd;
=3 e -mt
whence
f,y") = —InDet B, — 2(y")"z(¢) = —InDet B, —n — mt ™.

On the other hand, due to Proposition 7.1 and to the second relation in
(123) we have

nln2+n 1 N
V() = —  * Ef(f,y ).
Combining our observations, we get
nln2+n 1 n m m
V) = — = ElnDetB* T —InDetA, — 2% (126)

Let V* be the infimum of V(-) over int II. Proposition 7.3 states that
2
VE <V + Tm

From this inequality and (126) we conclude that

Invol(W,) = InDetA, > —V* — 52—7: (127)
Now, from the first relation in (123) and form the fact that ®"(y) <0
it follows that

VI - =y ol - 6w < 105

whence
(1-108)y; < y: <(1+100)y;,i=1,...,m,

so that
(1-1087'B = B, = (1+106)"'B, (128)
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ie.,
Az 2 [|Aulz  Yu.

From this inequality and (125) it follows that W C II. Finally, we have
InDetA = ~g In(1 + 106) + In DetA

=P+ 106 - 02, Ly pes
2 2
n nln2 1 n
> —3 In(1 + 106) — + 3 InDetB, + 5 In(1 — 106)
[we have used the first inequality in (128)]
n. 1+106
= — 2 In(——— A,
5 ln(l — 106)+lnDet
= Invol(W) = InDetA
n, 1+106 sm
> )= 2 In(e— ) > Y = 20
> Invol(W,) 21n(1—106)_ 1% o
n 1+ 106
- E ln(m) [see (127)]
> V' —=e.

It remains to recall that (—V*) is the logarithm of the normalized volume
of the maximal ellipsoid contained in II.
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