FREE MATERIAL DESIGN VIA SEMIDEFINITE PROGRAMMING.
THE MULTI-LOAD CASE WITH CONTACT CONDITIONS*

A. BEN-TALS, M. KOCVARA** A. NEMIROVSKI!, AND J. ZOWE**

Abstract. Free material design deals with the question of finding the stiffest structure with
respect to one or more given loads which can be made when both the distribution of material as
the material itself can be freely varied. The case of one single load has been discussed in several
recent papers and an efficient numerical approach was presented in [7]. We attack here the multi-load
situation (understood in the worst-case sense) which is of much more interest for applications but
also significantly more challenging, both from the theoretical and the numerical point of view. After
a series of transformation steps we reach a problem formulation for which we can prove existence of
a solution; a suitable discretization leads to a semidefinite programming problem for which modern
polynomial time algorithms of interior-point type are available. A number of numerical examples
demonstrates the efficiency of our approach.

1. Introduction. One of the basic problems of structural engineering is to de-
sign the stiffest structure of a given volume, occupying some fixed domain Q C R%™
(dim = 2,3) with boundary I, which is capable of carrying a given set of external
loads. The desired optimal structure is considered to be a continuum elastic body
and the design variables are the material properties which may vary from point to
point. Thus the aim is to optimize not only the distribution of material but also the
material properties themselves and we are looking for the ultimately best structure
among all possible elastic continua, in a framework of what is now usually referred to
as “free material design”.

Optimization of structures is traditionally performed through the variation of siz-
ing variables (e.g., thicknesses of bars in a truss) and shape variables (e.g., splines
defining the boundary of a body). With the appearance of composites and other
advanced man-made materials it has been natural to extend this variation to the ma-
terial choice itself. The basic problem setting of ”free material design” we will deal
with goes back to the work of Bendsge et al. [3] and Ringertz [9], where it was sug-
gested to represent material properties as elements of the unrestricted set of positive
semi-definite constitutive tensors with the trace of the stiffness tensor as a measure of
resource (”weight”). In mathematical language this leads to an optimization problem
with an objective function (stiffness) which is the result of an inner optimization. More
precisely, one minimizes (with respect to material properties) the compliance (a cer-
tain global measure of the stiffness of the structure), where the compliance itself is the
outcome of a lower optimization level (minimization of potential energy). The result-
ing minimax-problem looks rather complicated: in two (three) space dimensions, the
design variables are the six (twenty-one) defining elements of the symmetric elasticity
tensor and these variables are allowed to vary pointwise throughout the structure. The
case of single-load design (SLD in short) was treated in [3], see also [10]. It is shown
that one can analytically reduce the problem to one with only a single design variable
at each point (in addition to the displacement vector), namely, the trace of the elas-
ticity tensor. The elements of the optimal tensor itself are then fully recoverable from
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the optimal trace and the related displacements. A finite element discretization of the
above reduced problem leads to a mathematical programming formulation, which in
form is identical to maximal stiffness optimization problems for trusses, and the very
efficient interior-point based software developed for truss problems (see e.g. [1, 6, 7])
can be almost immediately used in this framework of material optimization. In [10]
this computational approach to SLD is discussed in detail and a number of examples
demonstrate its efficiency.

For most applications, however, the assumption of a single acting load is too
restrictive and may lead to a structure which is highly unstable with respect to small
load perturbations; hence one is interested in a structure which is stable with respect
to a whole scenario of independent loads and which is the stiffest one in the worst-case
sense. This multi-load feature complicates the situation substantially since it leads
to a blow-up in the dimension and further, the above mentioned reduction process
leads now to an integral over an eigenvalue problem which is hard to eliminate when
discretizing for a numerical approach. All this excludes a direct transfer of the tools,
which are successful in the SLD-case, to the multi-load situation. Multi-load design (in
short: MLD) requires essentially new tools. Only some first steps in the direction of a
theoretical treatment of the MLD can be found in literature [2]; reports on numerical
approaches are not known to us. Our paper tries to fill this gap.

2. Problem formulation and existence theorem. We study the optimiza-
tion of the design of a continuum structure that is loaded by multiple independent
forces. In order to deal with the problem in a very general form, we consider the
distribution of the material in space as well as the material properties at each point as
design variables. The idea to treat the material itself as a function of the space vari-
able goes back to the works [8,24] and has also been studied in various other context
in [6,7,9]. This present text develops in this framework a theory for the MLD-case
with additional contact conditions. We start from the infinite-dimensional problem
setting, prove existence of a solution after a reformulation of the problem and, af-
ter discretization, reach a finite-dimensional formulation expressed as a semidefinite
program, and as such accessible to modern numerical interior point methods.

For an easier understanding of the physical background we begin with a sketch
of the single-load model. Let Q@ C R%™ dim = 2,3, be a bounded domain
(the elastic body) with a Lipschitz boundary I'.  We use the standard notation
[H1(Q)]4™ and [HE(Q2)]%™ for Sobolev spaces of functions v : Q@ — R4™. By
w(@) = (ur(z), ..., ugim(x)) with u € [HY(Q)]4™ (in short u € H(2)) we denote
the displacement vector at point x of the body under load. Also

1 [ 0u; ou; o ,
eij(u(z)) = 5 ( gx(m) + %];x)) fori,j=1,...,dim
J 7

denotes the (small-)strain tensor, and o;;(x),i,5 = 1,...,dim, the stress tensor. We
assume that our system is governed by linear Hooke’s law, i.e., the stress is a linear
function of the strain

(2.1) 0ij(x) = Eijri(x)er(u(z)) (in tensor notation),

where FE(z) is the so-called (plain-stress) elasticity tensor of order 4; this tensor
characterizes the behaviour of material at point z. To unburden the notation we will
often skip the variable = in u,e, E, etc. The strain and stress tensors are symmetric
(e.g., e;; = €j;) and also E is symmetric in the following sense:

Eijkl = Ejikl = Eijlk = Eklij for i,j, k‘,l = 1, . ,dim.
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These symmetries allow us to avoid the tensor notation which is not so common in
the optimization community and interpret the 2-tensors e and ¢ as vectors

e = (e11, e, V2e12)" € R?, o = (011,02, V2012)T € R3

for dim = 2 and analogously as vectors in RS for dim = 3. Correspondingly, the
4-tensor E can be written as a symmetric 3 x 3 matrix

Einn Bz V2E1112

(2.2) E= FEa295  V2F912
sym. 2E1212

for dim = 2 and as a symmetric 6 x 6 matrix for dim = 3. In this notation, equation
(2.1) reads as

Since E will be understood as a matrix in our paper, we will use double indices for
the elements of E; the correspondence between FE;; and the tensor components Ej ;i
is clear from (2.2). To allow switches from material to no-material, it is natural to
work with (d = 3 or 6)

E € [L°(Q)]™*?  (in short: E € L=()).

For a consistent notation, we will always use d = 3 in connection with dim = 2 and
d = 6 when dim = 3.
Further we put

H = {u € [H (Q)]¥™ | eT(s)u(s) = 0,s € T'},

e(s) being a measurable matrix-valued function defining the boundary conditions, so
that [H}(Q)]4™ c H C [HY(Q)]%™; we assume that the admissible displacement
fields belong to H.

Part of the body is under an external load

fe[LA@))%™  (inshort: f e L*(I)),

I C T being open in I', which leads to the displacement v € H of the body. To allow
for more general situations, we require that u stays within a closed convex set U C H.
This U can be given, e.g., by unilateral contact condition (for details cf. [18,21]). Our
body under load deformates and capacitates a certain potential energy (the so-called
compliance), which is a measure for the stiffness of the structure, i.e., its ability to
withstand the load; the less is compliance the more rigid will be the structure with
respect to the considered load. For given elasticity matrix E and acting load f, the
potential energy as a function of the displacement v € U is given by

1

(2.3) —5 /Q (Fe(u), e(u)) dz + F(u),

where we have put

(2.4) F(u) := // frudz.
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We recall once more that E,u and f in (2.3), (2.4) are functions of « which is omitted
only to economize the notation. The system is in equilibrium (outer and inner forces
balance each other) for 4 which maximizes (2.3), i.e., u which solves

(2.5) sup {; /Q (Ee(u),e(u)) dx + F(u)} .

uelU

Nature always tries to reach the equilibrium (2.5). It is now the interest of the
designer to choose under physical and economical constraints the material function E
such that the “sup” in (2.5) becomes as small as possible, that is, the body responds
with minimal displacements and strains to the load. Physics tells us that E(x) has to
to be a symmetric and positive semidefinite matrix for each x € €, what we write as

(2.6) E(x)=E@)T =0 forzeQ  (inshort: E=ET = 0).

To introduce a resource (cost) constraint for E, we use the trace of E' (with d =3 or
6 according to dim = 2 or 3)

(2.7) tr(E(x)) =Y Ei()
and require with some given positive a

(2.8) /Qtr(E(x)) dx < a.

Further, to exclude singularities at isolated points (e.g., at boundary points of I'') we
demand that, with some fixed r™, 7= € L®°(Q), 0 < r~ < 7T,
(2.9) r~(x) <tr(E(z)) <rt(z) for z € Q.

It is convenient to summarize the feasible design functions in a set

(2.10) £ .= {E € L=(Q) | E is of form (2.2) and }

satisfies (2.6), (2.8) and (2.9)

With this definition, the SLD-problem becomes

(2.11) inf sup {; /Q (Ee(u),e(u)) dr + F(u)} .

Ee& yecu

Obviously, a minimizing F in (2.11) will only be optimal for the one considered load f
and might be extremely unstable (may even collapse) under other loads than f (even
of small magnitude). Hence a more realistic approach requires to look for a structure
which can withstand a whole collection of independent loads f!,..., f& from L?(I"),
acting at different times; further, the design should be the “best possible” one. In
an engineering context, the worst-case aspect makes most sense. This leads to the
following MLD-problem, in which we seek the design function E which yields the
smallest possible worst-case compliance

(2.12) inf sup sup {_1 /Q <Ee(u5),e(u@)>da:+ﬂ(uf)};

E€E p—1,..,L uteUt 2
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here we have put in accordance with (2.4)

(2.13) F(u):= | f* uds for¢=1,...,L.
I‘/
Further, the sets U in (2.12) allow individual contact conditions for the loads f*;
hence we can work in (2.12) with different rigid obstacles and we solve indeed a
coupled multiple-load and multiple-obstacle problem.
To be more precise for the numerical part later on we assume that the sets U in
(2.12) can be written in the form

(2.14) Ut = {ue Q)| ¢"(u) <6}

with linear functions ¢%, £ =1,..., L.

All our forthcoming efforts aim at finding an efficient analytical and computational
way to solve the MLD (2.12). We start with two steps which convert (2.12) to an
“equivalent” but easier accessible problem. First let us eliminate the discrete inner

“ sup 7 in (2.12). With a weight vector A for the loads, which runs over the unit
0=1,...,L
simplex

L
A= {)\GRL|ZM:1, /\520f0r£:1,...7L}7
=1

we get from a standard convexity argument the following equivalent representation of
(2.12):

L
1
2.15) inf —= | M(Ee(u’ Y da + A\ F(u) b .
(2.15) inf sup ;1{ 2/Q o(Be(uf), e(ul)) da + A F* (u’)

(ul,...,ut)eUt x...xU*

The objective function in (2.15) is linear (thus convex) in the inf-variable E; it is,
however, not concave in the sup-argument (u!,...,u% ). This is in sharp contrast to
the SLD-case, where A reduces to 1 and (2.15) specializes to (2.11) which is convex-
concave in (F,u). However, we will show here that a simple change of variable can
recover a convex-concave formulation of the MLD as well.

We begin by noting that the inf-sup value in (2.15) remains the same when re-
stricting A to the half-open set

A :={NeA|N\>0forl=1,...,L}
and passing from the variable (u',...,u’;\) to
(0! = Mt .o = A pul ).
This step converts (2.12) — (2.15) to

L
1
2.16 inf sup {—/ A Y Ee(v?), e(v?)) de + FY(v* },
@16 s S g [ (B de s F

where we have put v := (v!,...,v") and

Vi={(N) | Ae A g' (") — A" <Ofor £=1,...,L}
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with ¢g¢ and §° from (2.13). V is again a convex set. Further, and this is the crucial
observation, the objective function in (2.16)

L
(2.17) F(E; (v; X)) = Z {1 /Q A, HEBe(vh), e(vh)) dx + FZ(UZ)}

2
(=1

is now concave in (v, \) = (v',...,v*;\) € V. This follows easily from the concavity
of —22?/y in (z,y) € R xR, \ {0} and linearity of F in E. We are thus in a position to
apply tools of Convex Analysis. Using the Minimax Theorem (cf., e.g., [, Thm. 2.7.1])
one gets the following existence result.

THEOREM 2.1 (Existence of an optimal design tensor for MLD). There exists
E* € &£ such that

sup F(E*;(v; ) =v" ="
(VN eV

where

v* = inf sup F(F;(v;A
2k s (E; (v;A))

B8 = sup inf F(E;(v;))).
up (E; (v A))

Proof. The claim follows if we can guarantee that
(i) V is a convex set;
(ii) F(E;-) is concave for fixed E € &;
(iil) € C L>=(0) is convex and weak*-compact;
(iv) F(+;(v;A)) is convex and lower semicontinous on &£ (equipped with the
weak*-topology of L (Q)) for fixed (v;\) € V.
Conditions (i) and (ii) were already discussed above and the convexity in (iii) and
(iv) is obvious. The lower-semicontinuity in (iv) follows by assumption on the data
and it remains to prove the weak*-compactness in (iii). From F = ET = 0 and
tr(E(x)) < r*(x) for each z € Q it is easily seen that F € £ lies in a norm ball of
L>(€)) which implies the weak*-compactness of £. O
Note that (2.12), (2.15) and (2.16) yield the same objective values but that we
work in (2.16) with a restricted domain of definition (A is replaced by A°). Obviously,
we can extend A in (2.16) to A for the price of working with an extended-valued
variant of F. We avoid these technicalities here since it is the design function F, we
are really interested in; and for such E we dispose of an existence result with Theorem
2.1. Further we will see that, after discretizing (2.16), we almost automatically fall
back to a problem with A € A.

3. Discretization and Semidefinite reformulation. Given the existence of
an optimal elasticity matrix E* for (2.16), we ask how to “compute” this E*. The
results of this section supply the key to this question; it is shown that after a finite-
element discretization of (2.16), the question can be reduced to a semidefinite program,
for which efficient computational tools are available.

3.1. The discretized problem. To simplify the notation, we use the same
symbols for the discrete objects (vectors) as for the “continuum” ones (functions).
Assume that € is partitioned into M polygonal elements 2, of volumes w,,. Let N
be the number of nodes (vertices of the elements). Assume that E is approximated
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by a function that is constant on each element 2., i.e., it is fully characterized by a
collection E' = (Eq, ..., Ey) of d x d matrices E,, — the values of E on the elements.
The feasible set £ is replaced by its discrete counterpart

E,=El =0andr, <tr(E,) <r}form=1,....M

= E RdXdM M
€ < | S otr(Bm)wm < a
m=1

Further assume that the displacement vector u’ corresponding to the load-case ¢ is

approximated by a continuous function that is tri/bi-linear (linear in each coordinate)
on every element. Such a function can be written as

N
u(2) =) upda(z)

where uf, is the value of u® at n'® node and ¥,, is the basis function associated with
n*® node (for details, see [4]). Recall that, at each node, the displacement has dim
components, hence u € RP, D < dim - N (D could be less than dim - N because of
boundary conditions which enforce the displacements of certain nodes to lie in given
subspaces of R4"™).

Further we define the discrete version of the set U’ of admissible displacements.
We assume that the set is given by unilateral contact conditions. The introduction of
these conditions is quite technical and the details can be found in [7]. Here we only
introduce vectors 6 € R” (representing the gaps between the contact surfaces and the
rigid obstacles) and 7 x M matrices C* (defining the nodes of the contact surface and
the direction to the obstacle). The set of admissible displacements for the discretized
problem takes the form

(3.1) U’ = {u’ e RP | Ctut < 5%},
For basis functions ¥,,,n = 1,..., N, we define matrices (which are again functions
of x)
0,
o1 0
_ v,

109, 199,
2 sz 2 8901

for dim = 2 and

o102
(’9901 0 0
Yy
0 T 0
o0 g
B, = s
109, 100, 0
2 8w2 2 821
0 109, 189,
2 Oxg 2 Oxo
100, (g 199,
2 8x3 2 81’1

for dim = 3. Now, for an element €,,, let D,, be an index set of nodes belonging to
this element. The value of the approximate strain tensor e on element €2, is then (we
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add the variable x as a subscript)

NnEDm

recall that u’, has dim components.

Finally, the discretized linear functional F*(u) is (f¢)Tu® with f* € RP.
As discretized version of the original problem we thus obtain

min E),
E:{Evn}ﬁle(t( )
3¢ z #
¢(E)= sup sup — tr Em ez(u)ef(u)dx +2(fe)Tu ,
(3.2) =1,....L U’ me1 m
s.t.

Emexd, m=1,.. M
0<] rm <4Em) <ri [<ool, m=1,..,M;
%:1 wmtr(Em) < a;

from now on, > denotes the space of symmetric p X p matrices, and E’i is the cone
of positive semidefinite matrices from XP.

Now, for each cell €, there exists a finite set of points z,,s and positive weights
X2.s s =1,...,5, such that

S
/Q er(wel (W)dz = 3 X2 ean. (W)l (u);
m s=1

for all u € RP; e.g., one can take S = 4 for dim = 2 and for linear B, (-).
Let us define linear matrix-valued functions

Cm(u) = w;bl/z[Xmlemml (u)v Xm2€x,,o (U); s XmS€x,,s (u)]a m = 17 (X3} Ma

taking values in the space of d x S matrices; then the objective function in (3.2) can
be rewritten equivalently as

M
$(E)= sup sup | = > wntr(EpnCa(u)¢r () +2(f9)Tu| — min
m=1

¢=1,...,L ueU* —_
E= {Em}n]\{:l’
(3'3) s.t.
Emext m=1,..,M;
T <tr(Ep) <rht, m=1,..M;
Zn]\le wmtr(Ey) < o

From now on we assume that
A. The linear inequalities defining the polyhedral sets U’, £ = 1,..., L, satisfy
the Slater condition: for every £, there exists u§ such that C*uf < 6°;
B. The mapping u +— {(n(u)}Y_; has trivial kernel on R” (this is actually the
assumption which excludes rigid body motion of the construction);
C.rp<rb m=1,...,M, and "M r-w,, <o

m=1"m
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3.2. The main results. We are about to formulate two main results related to
the discretized problem (3.2) (for proofs, see Section 6).
THEOREM 3.1. Under assumptions A, B, C the semidefinite program

maximaize
'(/](U7V7p+ap_) = _O‘VJ\—/I"_QEZLZI(.]Cé)T’UZ
+ 31 (8mPm — Shom)
s.t.
WH+of = pm)la (@) (@) o Cu(0)
¢hwh) Mls
Anp(v,v,pT,p7) = (m(v?) A2ls
(3.4) ...
(0 Azl

Y 1Y
=
~
\
\.H
=

Diag(\6¢ — C*v*)

Diag(p®) = 0,
Diag(p~) = 0,

v > 0,
S = 1

(C*, 6" are given by (3.1)) with the design variables
v=( . .,vl\) e RP)E xRE p* e RM v eR

and constants
+

m

is dual to the problem of interest (3.2) in the sense that the optimal value ¢* of (3.2)
is equal to the optimal value * of (3.4).

Theorem 3.1 deals with optimal values of (3.2), (3.4) but does not answer the
crucial question of how to recover a (nearly) optimal solution to the original (primal)
problem from a (nearly) optimal solution to its dual problem. In order to derive
such a recovering routine, recall the notion of a central approximate solution to a
semidefinite program. Problem (3.4) is of the generic form

max{c’z | Az = 0,e’z =1} (SDP),

S = wmrfl

where the design vector z varies in some R" and = — Az is an affine mapping of R™
into space ¥ of symmetric matrices of a given block-diagonal structure. Assuming
the problem (SDP) to be strictly feasible (there exists x with e’z = 1 and positive
definite Ax), one can equip the relative interior X’ of the feasible set X of the problem
with the standard barrier

B(z) = —InDet(Azx).

Now let ¢ > 0. A point z(t) € X’ is called central approximate solution to (SDP)
associated with the value t of the penalty parameter, if x(t) minimizes the aggregate

(3.5) —tc'z + B(z)

over X’.
We are about to establish the following
THEOREM 3.2. Under assumptions A, B, C



10 A. BEN-TAL, M. KOCVARA, A. NEMIROVSKI, AND J. ZOWE

(i) Central approzimate solutions to (3.4) exist for every value t > 0 of the
penalty parameter
(ii) A central approzimate solution

z(t) = (01 (1), ., v (£); A1), v (2), P (1), ™ (1))

to (3.4) associated with a large value of the penalty parameter can be explicitly
converted to a good approzimate solution to (3.2) as follows. Let

W, =t A (2(t) = <Em Qﬂ) m=1,..,.M
m — m - Qm Rm K - LA )

Em being d x d block, and let
El = w;lE,m m=1,.., M.

Then ET = {EfYM_| is a feasible solution to (3.2), and the value of the
objective of the latter problem at E* is larger than the optimal value ¢* of
(3.2) by at most A(t), where

L
A(t) =t ' [N(kS+D+2)+ > _ dim(5*) +1].
=1

4. Computational issues and numerical results. The semidefinite problem
(3.4) can be efficiently solved by modern interior point polynomial time methods;
the most attractive seem to be the path-following algorithms, since they automati-
cally generate (nearly) central approximate solutions with the value of the penalty
parameter growing linearly at the rate (1 4+ O(972)), where

L
9 = M(kS +d) +2M + ) dim(5*) +1
=1

is the total row size of matrices from ¥. The computational effort per iteration (i.e.,
per increasing the penalty parameter in the aforementioned ratio) is dominated by
the necessity to assemble and to solve (with respect to d) the Newton system

[V*B(x)]d = b,

x € V' and b being given. It is easily seen that for (3.4) the latter task requires
O(L3D3) arithmetic operations. Theoretical upper bound on the number of iterations
required to recover, via the scheme of Theorem 3.2, an e-optimal solution to the
original problem (3.2) (i.e., a feasible solution to (3.2) with the value of the objective
greater than the optimal one by at most €) is

Vi In(de V),

where the scale factor V' depends on the numerical values of the data. The practical
behaviour of a good interior point method as applied to (3.4) is even better than
the one predicted by the theoretical complexity bound, and the typical number of
iterations required to solve (3.2) to a reasonably high accuracy is few tens.

The illustrative numerical results reported below were obtained with the aid of
the Projective method [5] implemented in the LMI Toolbox for use with MATLAB
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— the only interior point solver for semidefinite programs we had in our disposal.
Unfortunately, this method is not a path-following one, this is why we were enforced
to combine it with an additional (and relatively cheap computationally) interior point
routine, based on Theorem 3.2, which, given a good feasible solution to (3.4), updates
it into a central solution of the same quality and uses this “refined” solution to recover
a nearly optimal solution to the problem of interest.

5. Examples. Results of three numerical examples are presented in this section.
The values of the “density” function p are depicted by gradations of grey: full black
corresponds to high density, white to zero density (no material), etc.

Ezample 1. We consider a typical example of structural design: The two forces (or
force and fixed boundary) are opposite to each other and there is a hole in between be-
cause of technological reasons. The geometry of domain 2 and the forces are depicted
in Fig. 5.1. The forces are considered as a single load. Because of symmetry, we could

Fic. 5.1. Ezample 1

only compute one half of the original domain. The geometry, forces and boundary
conditions for the computational domain are shown in Fig. 5.2. The resulting values

\\\Q\\§

@
&
@

Fic. 5.2. Ezample 1

of the ‘density’ function p for 29 x 29 mesh are presented in Fig. 5.3; the figure is
composed from two computational domains to get the original body.

Example 2. Let us now generalize Example 1 to a symmetric two-sided body shown
in Fig. 5.4. The body can be loaded either by the forces on the left or on the right-hand
side. Therefore this example has to be considered as MLD (two-load case). Because of
symmetry, we can again compute only one half of the original domain. The geometry,
forces and boundary conditions for the computational domain are shown in Fig. 5.5.
Note that the boundary conditions are different for the different loading scenarios, as
indicated in the figure. The resulting values of the ‘density’ function p for 37 x 25

mesh are presented in Fig. 5.6. Again, the figure is composed from two computational
domains to get the full body.
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Fic. 5.3. Exzample 1

FiG. 5.4. Ezample 2

Example 3. In this example we try to model a spanner. The geometry of domain 2
is depicted in Fig. 5.7. The nut (or the bolt head) (depicted in full black in Fig. 5.7)
is considered to present a rigid obstacle for the spanner. Hence the spanner is in
unilateral contact with the nut and there are no other boundary conditions. The loads
are also shown in Fig. 5.7. Note that the problem is nonlinear because of the unilateral
contact conditions and that for positive vertical force we get a different design than
for a negative one; hence we have to consider these two forces as two independent
loads. The resulting values of the ‘density’ function p for 37 x 22 discretization are
shown in Fig. 5.8. We also performed a more detailed analysis of the most interesting
part around the nut: Fig. 5.9 shows the values of p for 31 x 31 discretization of this
part.

6. Proofs of Theorems 3.1 and 3.2.
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Fic. 5.5. Example 2

Fic. 5.6. Exzample 2

6.1. From (3.2) to (3.4). Let, similarly to Section 2,

Vo= {v= (.., 00 0 € RYHE x RE : Cl < Mé% 00 > 0,0=1,..., L;

Y= 1}
Vo= cV = {50k A) i Cf < NN >0, 0=1,..,L; >, A =1},

(the concluding equality is given by A).
Same as in Section 2, we can rewrite the function ¢(-) as

#
x X
$(E) = sup 2 (f)Tu =N witr (B G (u)C (u))
(ul) ;...;uL,AL): =1 m=1
Xg>0, o Ap=1,uleltf #
X XK
= sup 2 (fHT - wn Ay (B Gm ()G (1))

v=(vl,..., vIiev g m=1¢=1
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1st load-case
I
rigid obstacle
2nd load case

Fic. 5.7. Exzample 3

Fic. 5.8. Exzample 1

so that (3.3) is nothing but the problem

min sup T (E;v
Eegve\IJ)’ ( ’ )’

T(E,v) =250 (f) 70" = S0 v w7 (B G (09 ¢ (01))
[v=(vi,...,vE; )]
g = {{Em}'r]\r{ZI |Em Eziar;l StT(Em) STT—;)m:la“wMa

SN wmtr(En) < a}.

By penalizing the linear inequalities in the inner sup and taking sup with respect to
the penalty coefficients, we can rewrite the latter problem equivalently as

min su T(E;v,v,pT,p7),
min, sup ( pTp7)
uZO,p+‘p_€Rilp =)
6.1) T(E;v,vpt,p7) = 2 szl(léfI)MTUe— te1 =1 WmAy T (BmCm (v G (v1))
—le — L wmtr(Em)]

= M lom(tr(Em) = rm) + pih(rih — tr(Em))]
P = {{Em}%:1 | Em € Ei,m =1,.., M}

The optimal value in (6.1), due to the origin of the problem, is exactly the optimal
value ¢* of (3.2). Now let us pass from (3.2) to the problem with swapped inf and
sup:

(6.2) sup inf T(E;v,v,pt,p7)
(v,v,pt,p7)EV XR4 XRT XRﬂ‘rJ Eep

and let ¢** be the optimal value in the latter problem. Note that by weak duality
inequality

(6.3) PF > o*.
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Fic. 5.9. Ezample 1

6.2. Equivalent transformation of (6.2). By passing from E,, to new vari-
ables F,,, = wn, E,, and setting

+

Sm

= wmri, m=1,...M
(cf. Theorem 3.1), we can rewrite the objective

t.p7) = inf T(E; T
W(u, v, p",p7) = nf T(E5u,v,p%,p7)

of problem (6.2) as

Lo . ¢ K oor e
6 45(/)(1), v,p,p ) = Fl,Ielf,;, —av +2 (f ) ot + (smpm - smpm)
) =1 m=1 i
B P hPL 10

M A Mt (Pl (0O CE (00) + (o — it — V) tr(Fin)

Now, denoting by fimax(A) the largest eigenvalue of a symmetric matrix A and taking
into account the evident relation

max tr(BC) = rimax(C)
BGEi ,tr(B)=r>0

which is valid for an arbitrary symmetric d x d matrix C, we can easily continue the
above computation:

P P _
(v, v, p+vpi) = 2 f:l(fz Tyt 4+ 71\:{:1(5um - S;an;tz) —av,
if pmax g A Cm(WOCE (@Y < vt ol — pmym=1,., M, & v >0,
¢(U7V7 P+7P_) = —00,

otherwise

Thus, the problem (6.2) becomes the optimization problem

maximize P
¢(U:va+vpi) = _%—’—2 f:l(fl)Tve
Mo =2 T4y
+ mzl(smpm Smpm)
s.t.
(6.5) P _ _
pmax( {2 A G WOCR0) < v pih = pmy m =1, M,
v € V),
+ M
p= &€ RY,
v > 0.
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Let I, denote the unit p x p matrix, and let us write A = B whenever A, B are
symmetric matrices of the same size with A — B > 0. For positive Ay and rectangular
q X p matrices Z; one clearly has

L
N N ZZ] =205 Zos . ZU)Diag(M Iy, Maly, - ALT) T 20 Zai s 20T
=1

and therefore
0 > pmax(3yy Ay 2o ZF)

aly = [Z1; Zs; . . .; Zg|[Diag(M L, A2 dp, - . ., /\Llp)]_l[Zl; Zo;. .. ZL]T
al, [Z1; Za;...5 Z1)] -0
[Zl;ZQ;...;ZL]T Diag()\llp,)\glp,...,/\LIp) -

the concluding equivalence being given by the standard results on Schur’s complement.
We conclude that (6.5) is equivalent to the problem

maximize

P P o
G et pT) = —aw 2 ()T T N o — siheih)
s.t.
o - 1
WHoh —pm)la Gn(@) CGn(?) o Gm(vF)
(o (01) Ails
Am(v,y,p+,p_) = C'rq;z(vz) )\2[5
(6.6)
. G (vh) Als
P v ; (U17""UL;)\)evl:{(vl7"'7vL;)‘)‘)‘Z>07
Chof < Xdt, 5:1 Ao =1},
pt € RM,
v > 0.

Problem (6.6) is “almost” the problem (3.4); the only difference is that the “unclosed”
inequalities v € V', i.e.,

Cho' < X" 00 >0,) M =1
£

of (6.6) in (3.4) are replaced with their closed versions v € V, i.e.,

Clot < N6 N > O,Z)\g =1.
L

It is immediately seen that this modification does not vary the optimal value. Indeed,
(6.6) clearly is feasible (in fact - even strictly feasible: there exists a feasible solution to
the problem which makes all its inequalities strict. To get such a solution, it suffices to
choose arbitrary v € V' and positive vectors p* and then to extend this collection by
large enough positive v). Due to feasibility of the problem, the standard approxima-
tion arguments demonstrate that its optimal value clearly remains unchanged when
we pass from “unclosed” constraint v € V' to its “closed” form v € V, thus coming to
the program (3.4). Consequently (see (6.3)),

(6.7) ¢" =9,
1* being the optimal value in (3.4).
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6.3. Proof of Theorem 3.2.(i). Problem (3.4) is of the form (SDP); from the
general theory of interior point methods (see [8]) it is known that existence of central
approximate solutions to (SDP) is guaranteed by strict feasibility of the program
(which indeed is the case for (3.4)) along with boundedness of the level sets of the
objective

X(a)={z| Az = 0,e"z=1,c"z > a}

for every real a. Thus, all we need in order to prove (i) is to verify the boundedness
of the level sets X (a).
Consider a sequence

{yj = ((Ul’j7 "'>UL’j; )\1,j7 ey >‘L,j)7 Vj7p+’j7p7’j)};‘>il

of points from X(a), and let us prove that the sequence is bounded. Let m; =
max_, [v; + piH7]. Since the matrices A,,(y;) are positive semidefinite and 0 < A ;,
Yo Aej =1, we have ||¢n(v*7)|| < C\/7; for some constant C' and all m, i,j. By B,
this observation yields that

(6.5) i) < '/
for all 4, j. It follows that the objective of (3.4) at y; is at most

P s .
—avj + O+ =i (smpm” — shog”)

O(y75) . m=1 5m{V; +,¢é’j —om?) o

A — M — 37
= = sy = (s - $m) o’

0;

.
Now, the quantities v; + p;i/ — p;7 are nonnegative (they are diagonal entries of
positive semidefinite matrices A, (y;)), so that {-}1 > 0 and

(6.9) 0<p? <.

By C, we have {-}2 + {-}3 > wm; with some positive «, so that 0; < O(,/7;) — K7;.
On the other hand, 6, is an upper bound on ¥ (y;), and therefore the sequence {0;} is
below bounded; thus, the sequence 7; is bounded, which, in view of (6.9) and (6.8),
implies boundedness of {y;}.

6.4. Proof of Theorem 3.2.(ii) and Theorem 3.1. As we remember,
(I) For every feasible solution E to the problem of interest (3.2), the
value of the objective at the solution is equal to

(6.10) sup T(E;v,v,p",p7),
v=€V’,v>0,pFeRY

with T given by (6.1).
Now let z(t) = ({vl(t),...,vE(t); A#)}, v(t), pT(t), p~(t)) be a central approximate
solution to (3.4), and let W = t~[Az(t)]~!, where (A, e) are the data from the
representation of (3.4) in the generic form (SDP). Note that W is a block-diagonal
positive definite matrix, and that its first N diagonal blocks are the matrices W,,, =

=

= T
(“m @ ), m =1,..., M, mentioned in (ii). Due to the structure of constraints in

Qm Rm
(3.4), the remaining diagonal blocks in W are k diagonal matrices Wjs4; of the row
sizes dim(d*) associated with the constraints Diag(\0¢ — C*v%) = 0, £ = 1,..., L, two
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more diagonal N x N matrices Was4r+1, Warsk+2 associated with the constraints
Diag(p™) = 0, Diag(p~) = 0, respectively, and 1 x 1 matrix W3 associated with
the constraint v > 0.

The fact that x(¢) minimizes the aggregate (3.5) over X’ means exactly that the
vector

AW + ¢

is proportional to the vector e defining, via the equality constraint e’z = 1, the affine
span of X; here A* is the operator conjugate to A, i.e., tr(y[Ax]) = (A*y)Tx for all
r € RN y € ¥. Now, the only nonzero component of vector e for the problem (3.4)
is the A-component, and this latter component is comprised of ones. Substituting in
the relation

(6.11) A*W + ¢ = be,
the particular data of (3.4), we end up with the following system of relations (where

diag(Q) denotes the diagonal of a square matrix, and diag,(Q) is i-th diagonal entry
of the matrix):

(a.1) S tr(Em) + Warshes = o

(a.2) tr(E,) + diag, Warik+1) = sh,m=1,..,M;

(a.3) tr(E,,) — diag,, (War4k42) = s,,,m=1,..,M;

(b) 25y tr(ZE (w)Qm)

— S0 tr(WarDiag(Clwt)) = =237, (fO)Tw’ Yw = (w',...,w"),
Zi(w) = [Gn(w'); oo G (wh)];
(c) Yoy tr(Rmm(N)
+ 38 tr(WaiDiag(6°A) = 0L A VA eRE,
(6.12)

where w(\), A € R, is the kS x kS diagonal matrix where the first S diagonal entries
are equal to A1, the next S entries are equal to A9, and so on.

Note that (6.12(a)) along with evident positive definiteness of all W, (and, con-
sequently, of all E) demonstrate that ET is a feasible solution to (3.2).

We have

—p* < —cla(t)
= (AW —0e)Tx(t)
[see (6.11)]
= tr(W[Az]) — 0

(6.13) [since e’z (t) = 1]

tUN (kS + D +2) + Yy, dim(6%) + 1] — 6
[since W =t~ Az(t)] 7]
— A -6

According to (6.13), we have

(6.14) 0 <"+ At).
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Now let v = (v!,..., v 0) € V', v >0, pt € Rﬂ‘_/[. Let us evaluate from above the
quantity T(E*;v,v, p*, p~). The matrices
A, = (zf_l N @G () Zit ,vl>) 1M
m Zp (01, 0h) () ’ e
A,, = Diag(A\6* —C"), l=M+il=1,..k
Anrikr = Diag({wy,' o n-1),
Anvirye = Diag({wy'p 13 _,),
AMikts = Vv

clearly are positive semidefinite, so that

P

0 < Pﬁf*{“”tr(w A )

= _1”' Em 2:1 )\ZICm(UZ)Cg;g)
o et (2 (0 0P)Qm) 7 L tr(Rmm(V)
+p£ 1t7“(D1ag(/\g5é Cz Z)WM+1)
+ N wn'lphdiag,, (Wartke1) + pmdiag,, (Wariri2)]
VWM+k+3 P

7]\14'51”’ Em 5:1A21Cm(vl)cg(ve) -2 ngl(fe)TUZ
+q3 DY

_ywm' [P (st = tr(Em)) + pm (tr(Em) — sm)]

+VW]M+Ic+3
ge have used 4312 a.2,a.3,b,c))]
_ M_ 4 =k A7 _2PL T, 0
T Em L (00) () = ()7

+ o= - [pm(sm —tr(Em)) + pm(tr(Em) — sm)]
+v(a Jﬂ%:l tr(Zm)) + 6
[we have used (6.12(a.1))]
= 7T(E+;U7V’p+7p7)+9
[see (6.1)]
=
T(Etu,v,pt,p7) < 0<y* + A1),

the concluding inequality being given by (6.14). Applying (I), we conclude that the
value of the objective of (3.2) at ET is at most by A(t) greater than ¢*. Since the
optimal value in (3.2) is ¢* > ¢* (see (6.7)), this observation completes the proof.

(1]
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