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Abstract

The paper is devoted to developing spatial adaptive estimates of the signals satisfying
linear differential inequalities with unknown differential operator of a given order. The
classes of signals under consideration cover a wide variety of classes usual in the non-
parametric regression problem; moreover, they contain the signals whose parameters of
smoothness are not uniformly bounded, even locally. We develop the estimate which is
optimal in order over these classes and wide range of “discrete” global accuracy measures.



1 Intorduction

The goal of this paper is to develop a spatial adaptive estimate of nonparametric signals
satisfying differential inequalities. Our basic problem is as follows:

given observations
y(z) = f(z) +&(x) (1)

of a function f : R — C along a regular grid X;, = {th | t =0,1,...,|1/h]}, {(x) being
independent Gaussian random vectors from C = R? with the zero mean and the unit
covariance matrix, restore the restriction f* of f onto the grid.

Note that for us it is convenient to deal with complex—valued signals and, consequently,
with complex—valued Gaussian noise. This clearly does not restrict generality: in the case
when the signal is real-valued and the noise in observations is the usual discrete Gaussian
white noise, one can think of the signal as of being complex—valued and add to the actual
(real) observations artifical discrete Gaussian white noise as their imaginary part. It is
also convenient to assume that the signals are defined on the entire real axis; let us,
anyhow, stress that we observe the signals only on the grid X}, C [0, 1] and are interested
in restoring the signal only within the bounds of this segment.

The essence of the matter is, of course, the class of signals the estimate is oriented
to. The usual classes here are those of smooth signals f of certain fixed smoothness (like
the Sobolev and the Besov spaces); these classes form the subject of the majority of the
papers on nonparametric regression (see [12, 5, 10, 3] and references therein). Note that

the classes of smooth functions are associated with the standard differential operators
q(d/dz) = d'/dz'; e.g., the Sobolev class

WPL) ={f 11O, < L}

is defined by imposing an upper bound on the L,-norm of the image of a signal f under
the action of the operator ¢;. A natural way to generalize the family of signals in question
is to impose similar bounds on the image of f under action of another differential operator
q(d/dx) = d'/dx' + Y!Z} ¢;d /da?, thus coming to the classes

W2 (L) = {f | llg(d/dz)f], < L};
the class W;)(-)(L> is comprised of all solutions to the differential inequalities

with the right hand side g satisfying the restriction ||g||, < L. The indicated extension is
of rather restricted practical interest, since in practice we hardly could specify the under-
lying differential operator. What seems to be more attractive, is to consider the classes
comprised of all solutions to all differential inequalities (2) associated with differential
operators of a given order / and right hand sides of a given L,-norm, i.e., the classes

Qf(L) = U Wf(.)(L),
a(-)
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the union being taken over all differential operators ¢(-) (= all polynomials ¢(-)) of a given
order [ with the unit principal coefficient. Thus, our hypothesis on the signal in question
now is that the signal is an output of an unknown linear filter of a given order [, the input
to the filter being not too large, while in the traditional case the filter is known in advance
and is simply d'/dz'. The problem of nonparametric regression estimation for the classes
@ was studied (for the case of p = c0) in [11].

The conceptual drawback of the estimate developed in [11] (same as of the majority
of known estimates for the usual Sobolev classes) is that to use the estimate, one should
know in advance the parameters p, [, L specifying the class in question. Recent progress in
nonparametric estimation resulted in developing spatial adaptive estimates of the signals
from the Sobolev/Besov spaces. These estimates do not require a priori knowledge of
the smoothness parameters of the signal; moreover, the latter should not necessarily be
smooth on the entire segment where it is observed. What is guaranteed by spatial adap-
tive estimates is, roughly speaking, that if the signal is smooth, with certain (unknown)
smoothness parameters, on certain (unknown) segment, then the quality of its restoring
on this segment will be as good as if we knew in advance the segment and the smoothness
parameters (for precise formulations, see the papers of Donoho et al. [1, 2, 4], Lepskii et
al. [9] and Juditsky [7], where the first estimates of this type were suggested and studied).

The goal of this paper is to develop spatial adaptive estimates of the signals satisfying
differential inequalities with unknown differential operators of a given order. We analyze
quality of the adaptive estimate under two different assumptions reflecting local and global
behaviour of f. More exactly, assume that there exists a segment D C [0, 1] where the
signal f in question can be decomposed into a sum

k
F=>7r
j=1

of signals f7 such that
k
>l (d/dz) flpp < L

j=1
for some differential operators ¢’ of order . The indicated assumption describes local
behaviour of the signals f we are interested in; the assumption (and the correspond-
ing family of the signals f) is denoted by Al[k,[;p, L; D]. Now, assume that there ex-
ists real d(f) > d > 0 such that for any x from a segment D’ C intD assumption
Alk,l;p, Le(x); [ — d(f),z + d(f)]] holds with ||L¢(-)|l,,or < L. This assumption de-
scribes global behaviour of the signals f and is denoted by Fy[k, [; p, L; D]. Let us stress
that all quantities involved in the descriptions of Alk,l;p, L; D] and Fylk,;p, L; D] are
not assumed to be known in advance. All what we know is an upper bound m on the
product [k; this upper bound is the only “design parameter” of our estimate f . And what
is guaranteed is that the quality of restoring f at the grid X}, of the segment D’ measured
in the “discrete L, -norm”

1/q
Rop(f.f)=€& (h > |f<:c>—f<x>|Q)

zeXpND’



is optimal in order in the minmax sense:

sup Rop(f,f) <O)inf  sup  Ryp(f, f);

f€F a[k,l;p,L; D] I feFqlklp,L; D]

inf in the right hand side being taken over the set of all possible estimates f and 0(1)
being constant factor independent of A and of the parameters L, D.
Let us make some comments on the formulation of the problem and the outlined result.

)

Note that classes F,[-] are wider than those A[-]; besides this, both cover a wide
variety of classes usual in the nonparametric regression problem (for details, see
Section 3).

Note that the developed estimate is optimal in order uniformly over all polynomials
¢@(-), 7=1,...,k of order [ satisfying kI < m. In particular, the class A[2,[;p, L; D]
includes the signals which are obtained by modulation of a smooth function by a
sine of arbitrary frequency, namely, all signals of the type

f(x) = g(x)sin(wt +¢), (19,0 < L.

(see Section 3). It seems surprising that the quality of our estimate does not depend
on the frequency of the modulator; e.g., the risk Ry pr of our estimate on the signals
in question is bounded, for small h, uniformly in w by the quantity

1
O | DIY2 LY@ 1y 2/ 2
(1ID| (hln 1)@+,

with O(1) depending on the design parameter m (> 2I) of the estimate.

It seems to be impossible to obtain the latter result for the “traditional” estimates,
like the kernel or the wavelet-based ones; these estimates are oriented to smooth, at
least locally, signals, while the parameters of smoothness of the signals in question
are not uniformly bounded, even locally.

In what follows we are interested in restoring f only on the grid X, since as far as
the uniform with respect to the polynomials ¢’(-) risk is concerned, only this goal
is achievable. Indeed, the function f,(x) = sin27h~'x clearly satisfies assumption
All,2;p, L; D] for any L > 0,p € [1,00], D C [0, 1] and vanishes on X}. Therefore,
observations (1) do not allow to distinguish between f,(x) and f = 0.

The rest of the paper is organized as follows. Section 2 is devoted to constituting the
estimate. Section 3 establishes the upper bounds on the accuracy of our estimate. The
concluding Section 4 contains the lower bounds and some comments.

2

The estimate

In this section we construct our adaptive estimate. The scheme combines the approach
developed in [11] for estimating signals satisfying differential inequalities with unknown
operator of known order and known bounds on the right hand side of the inequality, and
the general adaptation technique of Lepskii [8].
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2.1 Preliminaries

Space of sequences. Let P be the space of two-sided complex-valued sequences {¢; }1ez
with finitely many nonzero entries. In what follows we identify a sequence {¢;} € P with
the rational function
z) =Y ¢
t

We equip P with the natural linear operations - addition and multiplication by scalars
from C - and with multiplication

(@¥)(2) = ¢(2)i(2)

(which corresponds to the convolution in the initial ”sequence” representation of the
elements of P).
For ¢(-) € P we denote by d(¢) the minimum of those 7 > 0 for which ¢, = 0, [t| > T,

so that
Z ¢t75

[t|<d(¢)

We denote by Py, N being a nonzero integer, the subspace of P comprised of all ¢
with d(¢) < N.
Norms on P. For co > N >0 and p € [1,00] let

N 1/p
[¢llnp = ( > Wp)
t=—N

(if p = oo, then the right hand side, as usual, is maxj;<y|¢¢|) be the standard p-(semi)norm
on P; restricted on Py, this is an actual norm. We shall omit explicit indicating N in
the notation of norm in the case of N = oo; thus, ||¢||, is the same as ||}]ocp-

Dicrete Fourier transformation. Let N be positive integer, and let 'y be the set of

all roots
2k

2]V—|—1i}7 k - 071,...,2N,

[k = exp{

of the unit of the degree 2NV + 1.

Let Cy be the space of C-valued functions of I'y, i.e., the space C?* ! with the
entries of the vectors indiced by the elements of I'y. We define the Fourier transformation
Fy : P — C(I'y) by the usual formula

(PN6)(1) = s 3~ ot [= Sms() Tt 6 € Pal, €Ty, ()
[t|<N

which is equivalent to

Gr = > (F , [t < N.
\/2]\7 +1



Being restricted on Py, Fly is, as it is well-known, an isometry in 2-norms:

(@, V)y = D oy = (Fno, Fy) = Y (Fno) () (Fxv)(p), 6,9 € P, (4)

[t|<N nely

where a denotes the conjugate of a € C.
The space C(I'y) also can be equipped with p-norms

1/p
1CC = ( > \C(M)I”)

HEDN

with the already indicated standard interpretation of the right hand side for the case of
p = oo. Via Fourier transformation, these norms can be translated to P, and we set

1011, = [[ENll;

these are seminorms on P, and their restrictions on Py are norms on the latter subspace.

2.2 The adaptive estimate

We are about to define an estimate of a sequence {f, € C}, t € Z, at a given point
T€l,={0,1,...,[1/h]} via noisy observations

y =1y = fr + & her,s

where
f = {gt}

is a sequence of independent N'(0, I) random elements of C, i.e., of vectors & € C = R?
with zero mean and the unit covariance matrix I. Thus, we assume, for the sake of
convenience, that f; and & are defined for all integer ¢, while y; are given only for ¢t € Ij,.

Our estimate will depend on two ”design” parameters - the threshold k > 1 and the
order m, which is a positive integer (x will be in the meantime specified as certain function
of h and m, so that in fact we have a single design parameter - the order of the estimate).

The estimate will be defined for all 7 which are not too close to the enpoints of the
range [, of the index ¢, namely, for 7 satisfying

dm <71 < 1/h —4m.

We set
Tnaz(7) =max{T € N | 4mT <71 < 1/h —4mT};

note that 7T,,,. is well-defined due to our restrictions on 7.
After these preliminary conventions, we pass to constructing the estimate.



2.2.1 Estimates fT (T, y]

To save notation, in this section we omit when possible explicit indicating 7 (which for
the time being is fixed); thus, we write T},,, instead of T},..(7), etc.
Let T be a positive integer such that T' < T},,.. For ¥ € Py,,,r and a finite sequence

{us }rer, we set

gwja U] = {gtw}a u]},

where 2 (0 |t| < 2mT
_ S Urt 2 js)<2mT VsUrti—s, < Zm
gilto,ul = {0, It| > 2mT

(since t < Thaw, g[0, u] is well-defined).
For “design” parameter x > 1 let us introduce two extremal problems with the control
vector 1 € Poy,r:

(Prly]) -

HwHZmT,l — min

S.t. w S PQmT, ||g[¢7y]||;mT,oo S 2"{5
(Prly]) :
1910, Yl 00 — min

5.t Y € Ponr, [Wllamry < A(T) = 22 F2m! 2712,

Now, we define ¢[T] = [T, y] as follows:

e if (Pr[y]) is feasible and the optimal value in the problem is < ¥(T'), we take as
[T the optimal solution to (Pr[y]);

e in the opposite case (i.e., if (Pr[y]) is either unfeasible, or feasible with the optimal
value greater than (7)) we take as 1[T] the optimal solution to the problem (Pj:[y]).

Finally, the estimate f,[T’,y] (let us call it the estimate associated with the window width
T) of the quantity f, is given by

fT[T7 y] - = Z 772)15[717 y]yT—t' (5>
[t|<2mT
We also set R
f210,y] = yr.

2.2.2 Adaptive estimate f,

To define the estimate fT we actually are interested in, we proceed as follows. Let us call
a nonnegative integer T < T),,, good for a given y, if all the segments

N Ok » .. 0,5

D; = [f+li,y] — W,fT[z,y] + 7], i=1,..T,

]
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and the segment Dy = [y, — 0,,K, yr + 0,nk] have a point in common; here
0m — 24m+9m3/2. (6)

Clearly, good T"s exist (e.g., T'=0). We define T*(y) as the largest of these good, for the
given y, T’s, and set

fr = flyl = 1T (), y)-

Our current goal is to investigate the quality of the introduced estimate.

2.3 Auxiliary results

The quality of the estimate will be closely related to certain random variable ©, and we
start with defining this random variable.

2.3.1 Random variable ©

Consider a segment § = 0y o = {t/,t'+1,...,t"} C I, containing an odd number 2N (§) +1
of integers, and let ¢ be the midpoint of the segment. Consider the random sequence

Qt [5} = ftlt

and its Fourier transform
C*[0] = Fns)¢[6]-

Note that entries (*[0](x) of this vector are the standard random AN(0, ) vectors from
C =R~
We set
O = maxsmax,ery; [C*[0] ()]

(the outer maximum is taken over all segments § C I, containing an odd number of
integers). We clearly have the following

Lemma 1 For any r > 0 one has
2
P{O>r}<h? exp{—g}.

2.3.2 Main result on adaptive estimation of sequences

We say that ¢ € P is normalized of degree [, | being a positive integer, if
o [l =1;

e the smallest of ¢’s with nonzero 1/, is zero, and the largest is (.



Let
A: (Ad)y = ¢r

be the shift operator on the space of two-side sequences. Given 1 € P, we can associate
with ¢ the finite difference operator ¥)(A) on P:

(W(A)g)e =D ¥sgi—s-

Our main intermediate result is the following
Theorem 1 Assume that k > 0 and | > 0 are two integers, p is a real from [1, 00| with
pl>1, kIl <m,;

let also Ty be a positive integer < Tpuau(T).
Assume, further, that the sequence f we are estimating satisfies the following condition

S[k,l,m;p; T\ ]: there exists a decomposition f = Z;?:l f7 of the sequence
f into the sum of k sequences fi = {f}Ycz with the following property:

for every sequence f7 there exists ¢* € P, normalized of degree I, such that
for the sequences

s’ = ¢ (A) (AT ),
one has

k
Z 87| 4mzyp < R = 4m—1/2TJ1r/p—l—1/2/€. -
j=1

Under these assumptions the inaccuracy of our estimate is bounded from above as
[Frly) = S| < 400hT X0y + 30rOX (051), (8)

where x4 denotes the characteristic function of event A.
Besides this, independently of assumtion S[k,l, m;p;T,] one has

|f7'[y] - fT’ < 40m’iX{@</i} + SQmKGX{Gmﬁ}- (9>

Proofs of all statements are presented in Appendix.

3 Nonparametric regression

3.1 The problem

Now we come to our main problem of restoring a function f : R — C at the points of the
regular grid X, = {th,t € I} via observations

Vi ={y(z) = f(z) +&(2) | © € X}, (10)
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where {£(2) }zex, is a sequence of independent complex-valued normal variables with zero
mean and unit covariance matrix.

Given observations (10), we can regard them as the observations of the sequence
{fl = f(th)}ez at the moments ¢ € I; consequently, the estimate presented in the
previous section can be treated as certain estimate f(z) = f(z,Yy), € Xp, of the values
of f along the grid Xj,. The goal of this section is to evaluate the quality of this estimate.

For any segment D C [0, 1] we denote by Dy, the set of observation points contained
in D,ie. D,=DnNX,.

We characterize the quality of the estimate f at a segment D € D by its risk

1/q

Ron(f: ) =€ [Rep(f, N =E |0 X 1@ Vi) = f@)?| b, g€[lo0], (11)

IED}L

where the expectation £ is taken over distribution of £(x),z € Xj,.

3.2 Classes of signals

Recall that our adaptive estimate does not require any a priori knowledge on the family
of signals it is applied to; the estimate is completely identified by the pair of design
parameters m (the order) and s (the threshold; in the meantime we shall specify the
threshold as an explicit function of m and h, so that in fact the estimate is specified by
the design parameter m only). Anyhow, in order to evaluate the quality of the estimate,
we should look at its behaviour at certain classes of signals, and we start with specifying
the classes we are interested in.

3.2.1 Local behaviour of the signal: classes A[]
Let k, [ be positive integers, p € [1,00] and R > 0 be reals such that
pl > 1,

and let D = [# — 6,2 + 0] C [0,1]. We say that a function f : R — C satisfies the
assumption Ak, [;p, R; D], if there exists a decomposition

k
f=>7r
j=1

of f into a sum of k functions f7 such that f7 are [ times continuously differentiable on
D, and for every j < k there exists polynomial

such that .
> @ (d/dx) f],p < R.

J=1
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From now on, || ||, p- denotes the standard L,-norm of a C-valued function on a segment
D’ and |D’| is the length of the segment.

In what follows we use the notation Alk,[; p, R; D] for both the assumption itself and
the family of all signals f satisfying the assumption.

Let us look at typical examples of functions from the classes A.

Example 1 [Sobolev classes| The standard Sobolev class
Wy (R, D)= {f| feC\If,p < R}
is contained in A[1,l;p, R; D] [set f''= f, ¢'(z) = 2].

Example 2 [Functions satisfying differential inequalities| Assume that f is an output of
an unknown linear filter of order [:

-1
q(dfde)f =g, la(z) =2+ a7
i=0
and the input g is not too big on D: ||g|l,.p0 < R. Then f € A[l,l;p, R; D] [set f* = f,
¢ =4l
Example 3 [Modulated signal] Let

f(z) = g(z) cos(wz + ¢)

be a smooth function g(x) € WL(R, D) modulated by a sine of certain (unknown,) frequency
w. Then f € A[2,l;p,R; D] [set f'(z) = 59(z) exp{ilwz + ¢]}, ¢'(z) = (z — iw)’, and
fA(x) = 39(x) exp{—ilwr + ¢]}, ¢*(2) = (2 + iw)'].

The latter example admits immediate generalization: if

exp{\;z}
maxyep|exp{\;z}|’

fx) = ;gj(x)%(fc), ;) =

with g; € W)(R, D), then f € Alk,l;p,kR; D] (set f; = g;o; and ¢/ (2) = (2 — \))").

The classes A in what follows play an intermediate role: they describe local behaviour
of the signals we are interested in. Now we come to specifying the global behaviour of the
signals.

3.2.2 Global behaviour of the signal: classes F;|']

Let us fix positive integers k,[, reals p € [1,00|, L > 0, d € (0,1/6], and a segment
D =[i—6,i+0]C[d1—d with |D| > 4d.

We say that a function f : R — C belongs to the class Fy[k,; p, L; D], if there exist
d(f), |D| > d(f) > d, with the following property:

e for any z € Dy = [# — 0 4 d, & 4+ 0 — d] the function f on the segment Dj(x) =
[z — d(f), = + d(f)] possesses the property Alk,[;p, L;(x)|Ds(z)|"/?; Ds(x)];

12



o Ly(z) € Ly(Dy) is such that ||Ls(-)||, pe < L|D['?.
Our new classes extend the previous ones:
Alk,l;p, L|D|V?; D] ¢ Fylk,l;p,L’; D], L' = k'*"V7L. (12)

Indeed, let f € A[k,l;p, L|D|'/?; D], let f = Z§:1 f7 be the decomposition of f given
by the definition of the class A, and let ¢/ be the corresponding polynomials. Setting
d(f) =d, z € D%,

k

= >_1(¢(d/dz) f7)(x)],

7=1

we have
pllpp < L|D['?

by definition of the class A. It is immediately seen that for any € D? one has

f € Alk,l;p, Ly(x)|Dy(x)|"/7; Dy()]

with

k . . z+d 1/p
Ly(@) = @)™ S (4 do) e < (2) 77K [ / pP(s)ds] ,

j=1 —d

so that

z+d 1/p
f € Fulk,l;p, L'; D], |D|"PL’ = (2d) /P =Vp [/ {f pP(s)ds}dm] <
Dy Jz—d

1/p
< i | [ p(ayda| < L D,
D

as claimed.
Thus, the classes F, are at least as wide as the classes A; in fact the former classes
are wider, as it is seen from the following

Example 4 [“frequency modulation”]

Let the segment [0, 1] be splitted into non-overlapping segments Dy, ..., D of the length
2d each (2d = 1/N), and let xy = 2td, t = 1,...,N, be the right endpoints of the seg-
ments D;. Let g(x) € WL(L,[0,1]) be an “amplitude” which is assumed to vanish, with
its derivatives of orders < 1, at every “switching point” xy,...,xy. Consider the fam-
ily of signals f obtained by “frequency modulation” of the amplitude g, namely, such
that f(z) = g(x)cos(wjz + ¢;), x € D;, where the “local frequencies” w; and “local
phases” ¢; are arbitrary reals. A signal f from the indicated family belongs to the class
Fq4,1;p,2L; [0, 1]].

13



Indeed, in the d-neighbourhood [x — d, z + d] of an arbitrary point = € [d, 1 — d| we have
representation of the type

4

f(8) = gu(s) exp{ilw”s + ¢"]}

v=1

with some (depending on z) w” and ¢ and Yo, |9 |lpe-data < 2190 pp-dora- It
follows (cf. Example 3) that f € A[4,l;p, L(x)(2d)™Y; [z — d, z + d]] with

(2d)'"7L(z) = 2]l 9" |y fo-d.oar;

the latter relation implies that ||L(-)|[pai-a < 2[l9®|lp01, so that f indeed belongs to

3.3 Adaptive estimate: quality over classes Al

Our current goal is to investigate the quality of the adaptive estimate on a function
f € Alk,L;p, L|D|'/?; D],

where D = [& — 0,4 + 6] C [0,1]. We are interested in the risk of the estimate at the
“narrowed” segment ) )
D'=1[z—4/2,2+40/2].

Theorem 2 Let f satisfy assumption Alk,l;p, L|D|'?; D]. Let m > kil and let h be small
enough, namely, such that

~

)
h < ——. 13
— 40m (13)
Let c,, be the smallest real ¢ > 1 such that
30,,h¢/?72 < 1

for all h < 1/2, and let the parameter r underlying the estimate f be chosen as

[ 1
— /I — 14
R= CmyfIn (14)

Then for the indicated estimate one has
R (f, f) <O(1) [QX{@gH} + H@|D|I/QX{®>H}} : (15)

where O(1) depend on m only, and

1 1 P LDl/p € 1 1/(2141)
Q= DY [hln -+ DI L? (hlnh) + |D|Va <|n|> (hlnh) . (16)

where

2
o = 2 (m 1) (U Vi) ™ e:{l’ o

pl(pl —1)71 (20 + 1),  otherwise (17)

and
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1-2
e in the case of ¢ > p(2l +1): 0:21?l+p/—q2; 0=

p(1—2/q) = pl+p/g—1
2pl +p — 2’ 2l +p—2"

e in the case of < p(2l+1): o =1/q; 6 =1/2l+1); v =1/(2l + 1).

Besides this,
€ [1Ox(osny] < B2 (18)

3.4 Adaptive estimate: quality over classes F[']

Now we are ready to formulate our main result - to evaluate the quality of the adaptive
estimate f over the classes Fy.

Theorem 3 Let f be the adaptive estimate of order m with the threshold k chosen ac-
cording to (14), and let

R*(h) = sup{Ry.p,(f. ) | f € Falk,l;p, L; D]}

be the uniform risk of the adaptive estimate f on the class ¥4k, l;p, L; D].
Assume that the parameters of the class F4[-] are such that kl < m and, besides this, that

(i) h is not too large for the parameters in question, namely,
1 1 1 20+1
hln = < min {3; <4|D|) L2; (160m>7171/(2l); (16Om)11/(2l)La} . (19)
with

(20)

_J20@i+1)p—-1), 2pl*>20+1
\(p+2)/(p—1), otherwise

(note that « is well defined, since the “otherwise” case may occur only when
[ =1, and here p > 1 due to the assumption pl > 1),

and
(ii) d is not too small for a given h, namely,
171/(21+1)
d> [L‘2h1n h} (21)
Then .
1
R*(h) < (O()]DI"L (h1n ) (22)

with the same o, ¢, 1, € as in (16) and with O(1) depending on m only.
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3.5 Lower bounds

Here we prove that the risk given by Theorem 3 is optimal in order on the classes Fy, pro-
vided that the parameter d of the class in question “fits” the step size h of the observation
grid. Namely, let us fix k, 1, p, L, D (as always, pl > 1 and D C [0, 1]), and let

171/(21+1)
d=d(h) = [L_thn }

h (23)

(cf. (21)). For a fixed ¢ € [1, o] let

R*(h) = iﬁ_fsup{Rq7Dd(h)<f+7f) | f € Fd(h)[k7lvp7L7D]}

(inf is taken over all estimates f*(-)) be the minmax risk associated with the class
Fymlk,l;p, L; D] and the inaccuracy measure given by ¢. The announced ”optimality

in order” of the adaptive estimate f is given by the following

Proposition 1 Let k >4, m > kl and let h be small enough, namely, let it satisfy (19)
and be such that
d(h) < |D|/40.

Then
R*(h) > O(1)|D|" L* (hln ;ll)¢ (24)

with the same o,¢,1 as in (16) and with positive O(1) depending on p,q,l only. In
particular,

R*(h) > C(p, ¢, k, I, m)R*(h).

Proof. Let ¢(z) be a once for ever fixed C* function on the axis which is equal to 1
for |x| < 1/2 and is identically zero for |z| > 1. In what follows d = d(h), and C; denote
positive quantities depending on [ only.

19, Consider first the case of ¢ < p(21+1). Let A; i € Z, be the sequence of segments
of the length 2d each, with A starting at the left endpoint of the segment Dy and A;,q
starting at the right endpoint of A;, and let N be the number of those of A; which are
covered by Dy. Let AL, 0 < i < N — 1, be the concentric to A; twice smaller segments,
let X; be the sets of observation points contained in A} and let M be the smallest, over
1=0,..., N — 1, of cardinalities of X;. Note that

N>C|DldY, M > Cyd/h > 1. (25)

Now, let C3 = [|¢(-)||c, and let FO be the family of signals f defined as follows: f
vanishes outside UY jA;, and in every A;, 0 <i < N —1 f is of the form

d r —
f@—%éd d)mwm
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where 9 € (0, 1) will be specified later, " is the midpoint of A; and w = w; ¢ is a frequency
of the type 2rM~'h~1v, v being an integer from {0,1,..., M — 1}.

Note that F* C F = Fyp|k, l; p, L; D] (cf. Example 4). Besides this, we clearly have
the following:

(*) for any f,g € F® and any i either f = g on A;, or
pi(f.g) =h Y |f(@) = g(x)|” = 9IC{d" L.

reX;

Now, by the standard reasons there exists a family comprised of
S > MCsIPl/d (26)

functions f, ..., f¢ € F° with the following property:

(**) if j # j', then the functions f; and f; differ from each other at at least N/4 of
the segments Aq,...,Ap.

Combining (25), (*) and (**), we conclude that
hy | fi(@) = fp(x)]? = 67 = 9*C3d""L7| D (27)

zeX

whenever j #£ 5/, 1 < j, 5/ < S; here X = X}, N Dy is the set of observation points in D,.
Let us prove that for appropriately chosen (as a function of [ only) ¥ one has

R*(h) > 6/16. (28)

Indeed, assume that the latter relation is not valid for a given . Then, due to (27), there
clearly exists a routine for distinguishing between S hypotheses H; on observations, j-th
of them being that the observed signal is f;, with the following property: if H; is valid,
then the probability of wrong answer of the routine is < 1/4. Applying the Fano lemma
(see, e.g., [6]), we come to

1
Kz§m& (29)

where K is the largest of the Kullback information distances between the distributions of
the observations related to our hypotheses. It is immediately seen that

K =max;z;<s > |fi(x) = fy(x)]* < Ce?|D|Ih " d* L2 (30)

zeX
Combining (29), (30), (26) and (25), we come to the inequality
1
Ce|D|d™! In - < C:9%| D|h~d* L2,

or, which is the same,
v > C’gd_(Ql“)L_thnflL > Cy

17



(the concluding inequality follows from the definition of d = d(h), see (23)). Setting

v = C’g/ ?/2, we make the latter relation false; consequently, for this choice of ¥ (28)
indeed holds true. Relation (28) immediately implies the lower bound announced in (24)
for the case of ¢ < p(2l +1).

2. In the case of ¢ > p(2] + 1) (24) was in fact established in [10], where it is proved
that the required lower bound is valid already for the Sobolev classes. =

4 Concluding remarks

In conclusion it should be noticed that the aforementioned results remain valid under
weaker assumptions on the noise sequence {&(x)}.cx,. Indeed, all we need from the
noise is the exponentially decreasing tails for distribution of the random variable © (see,
Lemma 1). It can be easily checked that the statement like Lemma 1 holds provided the
noise sequence is defined as

o0
E(th) = > v,
t=—o00
where {1, }\=>°_ is a sequence of normal complex-valued random variables with zero mean

and unit covariance matrix, and >, 1] < 1.

5 Appendix

5.1 Proof of Theorem 1

0°. Note the evident relations

[ovlng < [0l lIY ]l N+a).:

[8llv2 = l9lv2 (31)
(the Parseval equality),

[9llna < [y V2N + 1,
19700 < 2N + )27 VP||g] (32)

d(¢) +d(¥) < N = [|¢¢| N1 < lI@llnvallllia-
Further, let
(A¢)t = ¢t71

be the shifting operator on P. We clearly have

16011300 < olhmaxig<a) 1AW oo < Sl IGln+aee) (2N +1)12712 - (33)

(the concluding inequality follows from (32)).
19. We start with the following
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Lemma 2 [11] Let ¢/ € P be normalized of degree I, j = 1,...,k. Then, for any T > 1,
there exists ¢ € Poyr with the following properties
(i) &(2) = 6(2) + w(z), d(2) = 1 being the convolution unit, with

plly < 2% (34)

and

. VN > 2KIT; (35)

ol <

g2r VN +1
T
(ii) for any j < k there exists representation

$(z) = ¢’ (2)0’ ()

with p € Poyr such that '
17| < 22M71TI1, (36)

20, We proceed as follows.

Lemma 3 Forany T, 1 <T <T,, one has

|fT [T7 y] - f’r’ S 24m+8m3/2max\£/; @} + 24m+6m2Tl_1/pR. (37)

Proof a) Let ¢ be the element of P given, for the value of T in question, by Lemma 2.
We have

k k
ATf= Z H(A)ATTfI = ;m) AT = Zp]

Consequently,
[(A) AT 500 <
[since p? € Popir C Pamr due to kIl < m and in view of (33) applied with N = 2mT]

k
< Z ||P]H1||5]||4mT,p(2mT + 1)1/2—1/1) <
=1
[due to (36) and the evident relation ||p?||; < (4kIT + 1)||p?||so; recall that p’ € Popr]

< (4mT + 1)22H7 7= omT + 1)M2- 1/pZ||s]||4mTp < 92mt3,3/2pi1/2-1/p pp

7=1

(the concluding inequality follows from (7) due to T < T',).
By construction, the very first expression in the latter chain is exactly ||g[w, f][15,7 00,
so that we have proved that

9w, Sl3mro0 < 22" 2mPPTH2 VPR, (38)
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b) We have
lglw; Elll5mr 00 = O(A)ATTEl|57 00 <

[since ¢ € Pogr C Pamr]

< D AT S <
|t|<2mT
[since T < Ty < T)4(7) and by definition of O]
S ||¢||1@a
whence, in view of (34),

Note that a byproduct of our reasoning is as follows:

Lemma 4 For any ¢ € Poyr one has

l9[th, Elll5mr 00 < 10+ ©[116.

¢) Combining (38) and (39), we come to the following conclusion:

A. There exists w € Pa,,r such that
lglw, Yll5mr 0 < Q= 22" FmPTH2ZYPR 4 2™ max{k, O}, (40)

ollsmry < 227 2m! 2712 = (1)

(the latter relation follows from (35) applied with N = 2mT’; v(T') was defined in formu-
lation of the problem (Pj[y])).
d) From A it follows that

B. zE[T, y| possesses the following properties:

~

V[T, y] € Paprs (41)
1T, Y5y < A(T) = 22" 2m! 2T, (42)
g l0T, 1), )30 < 2. (43)

Indeed, (41) - (42) are readily given by the construction, see Section 2.2. To get (43),
note that if ¢ is given by the solution of (Pr), then (43) is valid even with the right hand
side replaced with 2 - this is the constraint in (Pr); if ¢ is given by the solution of (P;),
then (43) follows from the fact that the right hand side in (43) majorates the value of the
objective of the problem (Pj) at its feasible solution w, see (40).

e) Now we are ready to evaluate the inaccuracy of the estimate fT[T, y]. In what
follows we write f, and 1) instead of f, (T, yl, &[T, y|, respectively. We clearly have (see

(5))

~

|fT_fT‘ < e+ €, (44)
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with

€1 = |90[¢>§] — &l

and

€ =|fr+ Z @Etfr—t| = |do,

lt|<2mT

where

d=gl, [l = (1+D(A)ATS. (45)
Now, let J be the standard involution in P:

(TY)e = Vs

By definition of €;, we have R
€1 =), TATE)yr| =
[see (4)]

= [(Fnt, FnTATE < x|l EnT A Elloo = 1N | PN A€ oo
this inequality combined with (42) and the definition of © results in
e1 < (T)0. (46)

Now let us evaluate 5. From (43) we know that

ld+ g1, Ellzmro0 = 1910, ¥lllmr00 < O (47)
(d is given by (45)). Besides this, from Lemma 4
9[>+ €m0 < 15+ 4010 < (1 + [[4[11)O- (48)

Since ¥ € Ponr (see (41)), we have

11l = [Pllamr < VAT +1)|0lapmrs =
[The Parseval equality (31)]
= VAmT + 1|| P2 < VAMT + 1| Panrt)||1 = \/m||¢”§mT1 < VAmT + 14(T)
(the concluding inequality follows from (42)). Thus,

L4 9l < 14 VERT T I(T) < 27 m (49)
(see (42)). Combining this result with (48), we come to

1[0, ] [[3mr00 < 27™HmO. (50)

From (47), (50) and the triangle inequality we get

ldll5mr 00 < Q427 me. (51)
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Now comes the crucial point. We have

d=(1+{(A)Af,

whence for ¢ given by Lemma 2 one has

B(A)d = (1+ D(A)SA)ATf = (L+ (A Z AT i —

= (1+ (A Zpﬂ AT = (1+d(A ij

Looking at the resulting equahty between sequences at t = 0, we get

do + (w(A)d)o = ($(A)d)o = ((1 +49(A)) Z/ﬂ(A)Sj) ,

j=1
whence
k
€2 = |do| < [(w(A)d)o| + | ( L+9(A) Y. (A ) | = €21 + €22
Jj=1 0
We have
€21 = [(W(A)d)o| = [{w, Td)y,,r| =

[see (3)]

= [(Fomrw, Fomr T d)| < || Foma |1l Eamr T dlloo = @z ldllzmr.oe <
[Lemma 2 applied with N = 2mT" and (51)]
S (22m+2m1/2T—1/2)(Q + 22m+4m@)'

Thus,
€2.1 < (22m+2m1/2T—1/2)(Q + 22m+4m@)‘

It remains to evaluate €3 2. We have

€29 = | ((1 + @(A)) Z:lpj(A)Sj) | <

[since = Pomr]

k
< |16+ [l Z 1078 || 2mr,00 <

=1

[(49)]

k
<2"m Yy 1078 [lamioo <
i=1

22
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[since ||p7s%||amT00 < || 07]l2mT .00 |87 || amzp(2mT + 1)1=4/P by Holder inequality and due to
p? € Pamr, and because of ||p7||amr.co < 22T see (36)]

k
< 24m+3mTl—1(2mT + 1)1—1/p Z HSjHﬁlmT,p < 24m+5m2TZ_1/pR.
j=1

Thus,
€09 < 24m+5m2Tl—1/pR.

Combining (44), (46), (52) and (53), we get
fr = fo] < @1 4 €2 < H(T)O + (2222712 (Q 4 22 H4m@) 4 2452 Ti1/P R,
Substituting
+(T) = 22+ /2 =172

and
O = Qmmax{/i; @} + 22m+3m3/2Tl+1/2_1/pR,

we come to
|f7 — £ < odm+8, . 3/2 max{r, O} 1 24m+6m2Tl71/pR’

VT
as required in (37). Lemma 3 is proved.
3. Now let
=—{¢] @ <n)

For £ € = and T < T the right hand side of (37) does not exceed

24m+8m3/2i 1 gdmt6, 2 l-1/p < 24m+9m3/2i

VT VT T

(we have used (6) and (7)). It follows that for £ € = all segments D;, 1 < i < T, (see
Section 2.2.2) have a point in common, namely, f,; in particular,

|fT[T+7f +€] - fT| < emTil/Qlﬁ.

The point f, belongs also to the segment Dy = [y, — Ok, Y- + Ok, since one clearly has
ly- — f+] = &) < ©, and © < k for € € 2. Consequently, the estimate f,[f + €] for these
€ is certain f[T, f + €] with 7 > T, and by construction the segment Dy intersects with
Dy, . Tt follows that

frlf+8 = Fl < Uff+ 8 = FT f+ e+ T f+€ = ol <

< O[T V2 + T 4 2T7) < 40,,kT "
(note that T > T't). Thus,

E€E={¢| O< K} = |f[f+E - fol <40,k
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Now let £ € =. By construction, fT[ f+&] is certain 1, [T, f+&], where Dr intersects with
Dy. It follows that in the case in question

FoAF4Efo] < I EL A+ e < STDHDrll e fo] < 20,540 < 36,50, (54)

The proof of (8) is completed.
49, Tt remains to verify (9). To this end note that the relation (54) is given by the
contsruction of our estimate and is independent of any assumptions on f; thus,

\folf + € = £ < Dol + |&] = 20,k + |&.

If £ € =, the right hand side in this inequality is < 260,,x + kK < 360,,%, and for all £ the
right hand side is at most 36,,K0. =

5.2 Proof of Theorem 2

To avoid extra comments, in the below proof we restrict ourselves to the case of ¢ < oo;
the announced result for the case ¢ = oo can be obtained by straightforward passing to
limit in (15) — (16) as finite ¢ tends to oco.

1°. According to (9), in the case of © > & the left hand side in (15) is bounded from
above by the quantity 36,,x0(Nh)Y4 N being the cardinality of the set D}, independently
of any hypotheses on f. We clearly have N < 2|D|/h, and we conclude that (15) indeed
takes place if © > k. Note also that (18) is an immediate consequence of Lemma 1 and
our choice of k. With these remarks we see that all we need is to prove (15) for the case
of the event © < k.

20, For a function f : R — C let f" be its restriction onto the grid {th}icz: f! =
fit = f(th), t =0,£1,+2,.... We need the following lemma (cf. [11], Lemma 6):

Lemma 5 Let h > 0, and let f € Alk,l;p, R; D]. Assume that the midpoint & of D
belongs to the grid:
t=rt1h [re€Z,

and that the half-length b of the segment is at least [h. Let T = L(gh_lj; then there exist

decomposition
k

=0

J=1

and polynomials &7, j = 1, ..., k, normalized of degree |, such that the sequences
M = (A)AT

satisfy the relation

k
ST Ns™ oy < KU1+ 1)1+ VD' RYPR =yl VPR, (55)
7j=1
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Proof It clearly suffices to prove the lemma for the case of k = 1. Thus, assume that
there exists a polynomial q(2) = 2! +¢_12'"1 +... + qo such that for g = ¢(d/dx) f we have
lgll,.p < R. Let Ay, ..., \; be the roots of the polynomial ¢; without loss of generality we
may assume that A, ..., A, belong to the closed right half-plane, while A\, 1, ..., A\; belong
to the open left half-plane. Let p; = exp{—\;h}, and let

(z) = <ﬁ1(z — ui)> (_H 1(1 — Milz)) = ¢1(2)pa(2).

Let also

PYZ(:B) = exp{)‘ix}X{xZO}7 1=1,...,n, P)/l(x) = _eXp{)‘im}X{xSO}a t=n+1,.., l>

where, as always, X{zea} is the characteristic function of the set A; note that +; is the
Green function of the differential operator ¢;(d/dx) = d/dx — \;: q;(d/dx)y; = 6(x), 6(x)
being the standard J-function. Let us set

’Y:’}/l*...*’yl

(* denotes the convolution on the axis). Then, by construction, ¢(d/dz)y = ¢, whence

f@) = fle—2) = (y*9)(2) + ¥(x) = r(2) + (=),

where g(z) = g(x — )X zepy and ¢(x) satisfies the differential equation
a(d/dz)y =0, |z| <.

Let w" denote the restriction of a function w(-) on the axis onto the grid {th};cz. Let us
prove that B B
16(A) fHlratp < U R, (56)

Indeed, due to the origin of 1" we have (¢(A)y"); = 0 when t < T — I, so that the left
hand side in (56) is nothing but

lplr—tp P = B(A)".

Let 7 be the shifting operator w(-) — w(- — h) on the space of functions on the axis; we
have A(v * w)" = ((Tv) * w)", and, consequently,

A)...(1— iA)hl * .ok gl

e ! L:

h
= [(To = ) 5 oo (T = ) * (st = it Tomsn) ook (o= iy Tn) % 3 =

= vy * ... kU *g]? = [v* gt
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It is immediately seen that the functions v; vanish outside [0, h] for 1 < i <[, while the
absolute values of the functions do not exceed 1. It follows that function v = v; * ...y;
vanishes outside [0, [h] and ||v||. < h!™1. Consequently, for p < oo and t < T — [ we have

lh
o =1 [ elo)gteh — s)asp < L[ gen — s)lasy

th+lh
< [ oy

whence
1/p

lpllr—1p < < I 2lglly,p,

pi=1 g1 / (s)|Pds

as required in (56). )
Now let w be the maximum of absoulte values of the coefficients of ¢, and let ¢(z) =
wl¢(2), so that ¢ is a normalized polynomial of the degree . From (56) it follows that

[6(A) f |71 < wHRTVPR; (57)

the left hand side in this relation is exactly the quantity ||s"||7_;, associated with the
choice ¢! = ¢ (recall that we are considering the case of k = 1). Thus, to complete the
proof of the lemma we should verify that the right hand side in our inequality does not
exceed that one in the inequality (55). This is immediate: there evidently exists a point
z* in the unit circle which is at the distance at least d = (14 +/1)~" to each of the points
11, ..., hp and at least at the same distance from the boundary of the circle. We have,
consequently,

I+ Dw > |6(=")] = d.

whence

<14+ 1)1+ VD,

which combined with (57) results in (55). =
3%. There are two possible cases: that one of “small” h:

W=VPLIDIYP < s, (58)

with 7, given by (17), and the opposite case (“big” h). In the case of “big” h (9) implies
that

1/q
[h > If(x) —f(w)!q] < O(1)|D|"15. (59)
zeD),
Now, in the case of “big” h we have, due to k > 1 (see (13) and (14))
L < (g LID| 7/ (60)
and
k< L|D|YPRI=YP, (61)
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In the case of 2pl*> > 21 + 1 we have | — 1/p > 1/(21 4 1), and (60) and (61) imply that
K < LID|VPRt D),
in the case of 2pl?> < 21+ 1 we have | — 1/p < 1/(2] + 1) and therefore can rewrite (61) as
K < n;LlL|D|l/p(l/h)p‘l—l+l(2l+1)—1 B/ @) <
see (60)]

1 -1~ (p~1—I+i(204+1)7 1 _ _
(n;’blL|D|1/p) FPPEDTET DT i) _ (o LL|D[V/P)Pel=D7 @D /e,

The resulting upper bounds on x demonstrate that the right hand side of (59) does not

exceed!

1\ 1/(2+1)
0D Gy, LDy (hin )

Thus, (15) — (16) are valid in the case of “big” h.

From now on we can assume that h is “small”.

40, Letus fix f € A[k,l;p,|D|"?L; D], and let f7 and ¢ be the corresponding functions
and polynomials.

Consider first the case of p < cc.
Let us associate with f certain partitioning of the segment D’. Denote

D = D= — Qh_ _ L
4°1. Given a point z € D" = [J(u+u'), 3(¢v'+v)], denote by &, (x) the largest § < 6/4
such that

-y —26/p k ' )
s<am e |[7 w0 = Sl )
Let us set o160}
pla) = [ (s)ds;
then
0 (x) < 10m(n2C)  [p(x)] 277, (62)

with the inequality being equality for proper x, i.e., those with §, (z) < ) /4.
Note that
pl@) < | Re(s)ds < |D|L” (63)
D

due to the inclusion f € A.
492, Let us set ug = L (u+u'), us = ug +64 (w1), us = up+0,(us),...; we terminate this
construction at the step N, when it turns out that (uy + un41) > v'. Due to (63) and

to simplify forthcoming considerations, we replace h by larger (due to (19)) quantity hIn(1/h)
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the fact that (62) is an equality for proper = the quantities d(x) are bounded away from
zero for all x € D”| so that the above N is well defined. Let D; = [u;, ujq], 0 = 1,..., N,
and let x; and 2d; be the midpoint of the segment D; and its length, respectively.

4°.3. Note that

Indeed, by construction for a given ¢, 1 < < NN, there are two possibilities:
a) 2d; = ¢/4; in this case d; = §/8 > 5mh due to (13);
b) 2d; < §/4 and (62) is an equality. In this case, due to (63),

2d; = 6 (1) = 10m{0)° plus)] > = 10m (32, 0)(1DIL7) 7

in view of (58) the concluding quantity here indeed is > 10mph.
494, For 1 <i < N let

pr=plu) = [ S 1@ /) ) s

Note that N
> pi < DI, (65)

i=1
495. For 1 <i < N let X" = X}, N [x;, 7;41]. Note that by construction

N-1
D,=X,nD c |J X" (66)

i=1

Let df = min{d;,d;41}, 1 <4 < N, and let for x € X' the quantity T, (z) be defined
as

1 *
Ti(z) = |z maxidy; |z — uin[}].
Note that T (x) is positive integer due to (64).

Lemma 6 Letz € X', 1<i< N. Then

f €Ak, l;p, Ri; [x — bmhT, (x), z + bmhT, (z)]] (67)
with )
R; < 2mm,kh”VYP(T, ()] 25, (68)
besides this,
Ri < K VPps + pia) 7. (69)
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Proof. There are two possible cases: z; < z < u;q and w11 < x < x;47. We shall
prove the statement for the first case only; the second one is completely symmetric.
a) Let D, = [x — 5mhT(x),x + 5mhT(z)]. We clearly have f € Alk,l;p, R"; D,]

with
k

R =Y

J=1

P 1/p 1/p
< KU {/ (Z! (d/ds) f7)(s )y) ds} e Uzz-zp(s)ds} P o

b) Consider the case of

/Dm |(qj(d/ds)fj)(s)|pds] 1/p S

di > | — uigl;
here T' (z) = | (5mh)~'d;], so that
1
5di < BmhT(v) < d, (71)
whence, in particular,

D, C [, 441

and consequently
R* < Ry = k" VP[pi + pia] /s

this inequality combined with (70) proves (67) with the indicated R; (which satisfies (69)).
To prove (68), note that from (62) it follows that

pi < (10m)P/CB) (2 OP12(2d,) /P i =1,...,N,
whence
R, = kl_l/p[pi + p¢+1]1/p < VPR (10m) Y/ (20 (77727101/2(261;?)—1/(25) <
[due to (71), 8 =p/(2pl + p — 2) and ¢ = K]
< 2 h ™ TP ()] 7D,

as required in (68).
c¢) Now consider the case when u; 1 —x > df. Since z; < & < u; 41, we have |z —u;11| <
d;, so that the case in question is possible only if d; > d7, i.e., when d; > d;;1. Here we

have ]
i(uiﬂ —x) <5mhT(z) < ujpy — z, (72)

and since z; < = < u;41, we conclude that D, C D;. Consequently,
R* < R, = kl—l/ppil/p'

Taking into account (70), we see that the inclusion (67) is valid with the indicated R;
(which satisfies (69)). To prove (68), one should repeat with evident modifications the
related part of b), with (72) playing the role of (71) and w;;; — x playing the role of d}. =
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496. Let x = 7h € X' for certain 4, 1 < i < N. By Lemma 6, we have f €
Alk,l;p, R;; D,] with R; satisfying (68) and (69). Consequently, by Lemma 5, there exist
decomposition f* = Z;‘le f™ of the restriction f" on the grid {th},cz and normalized
polynomials ¢’ of the degree [ such that

167 (A) AT 7 | 0y < 0B TP Ry < 2 [T (2)) /@

(we have used (68)). Due to the definition of n,, and v, (see, respectively, (17) and
(55)), the right hand side in the latter inequality is < 4m~Y/2[T (x)]"/P~=1/2k; applying
Theorem 1, we come to R

|f(@) = f(2)] < 40,k[T (2)] 2 (73)

(recall that we are considering the case of the event © < k).
5°. Now let us estimate from above the quantity

1/q
Rop(f, f) = [hZ’f \} -

zeD!

Let us start with the case of
g>2.

We have in view of (66) and (73)

-1
Rep <[40,10 S T Ti=h Y &[Ty ()]

i=1 e Xt

Let I’ bAe the set of those i < N — 1 for which both the segments D; and D, are of the
length 0/4, and I" be the set comprised of the remaining i < N — 1.

If i € I’ and # € X, then, by construction, T, (z) > (40mh)~14, so that
2l—g/2

T < CQ( 2h)q/25

(from now on, C; are positive quantities depending on m only). Besides this, the cardi-
nality of I’ clearly does not exceed O(1), whence

1/q
Tig= || < C (V2D (74)
iel!
Now let 7 € I”, and let
pi = max{p;; pir1} [ / RP(s)ds]
D;UD; 1

Note that from construction of T (x) it follows, by evident reasons, that

h Z T Q/2 < thq/2(d*)1 q/2 (75)

reX?
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Since one of the segments D; and D, is of the length < ) /4, the smaller of the segments,
let it be D;/, also is of the length < ) /4; by construction of the segments D; it is possible
only if

2d; = | Dy = 10m(15,0)° p " = 10m (i) (pi) ",

whence, in view of (75) and ¢ > 2,

h Z [T, (x q/2 (z) < Cdcsi- q/2)</3) 9-2)/ppa/2

rzeX?

Consequently,
I3, = Z T < OqC 9-B(a-2))/2 Z (152,)6(:1—2)/177 (76)

iel” iel”

and in view of (65) we have

I
=

1
pi < 2D| L7, (77)

2

In the case of ¢ > p(2] + 1) we have

—~

q—2)/p>1, so that (76) — (77) imply
¢>p2l+1)= ng < C'Ailg(tz—/@((z—?))/?(|D|Lp)6(q—2)/p7

whence, substituting 5 = p/(2pl +p — 2),

1+1/q—1/p 1/ 1-2/q
q> p(?l + 1) = 1'27(1 < Cy(2F1-2/p (|D| PL) AFI-2/p (78)

Combining (74) and (78), we come to the estimate required in (15) for the case of ¢ >
p(20 +1).
Now consider the case of ¢ < p(2] + 1). From the Holder inequality it follows that

Loy < DIV Ty, 1< q<
setting ¢’ = p(2] 4+ 1), we come to
1 S q S p<21 + 1) = 1'27(] S C«G|D|l/qu/(QH-l)Cl/(?H-l);

combining this estimate with (74), we come to the result announced in (15) for the case
of ¢ < p(20+1).

6°. We have established (15) for the case of p < co. To get the result for the case of
p = 00, it suffices to pass in (15) to limit as finite p tends to co. .

5.3 Proof of Theorem 3

From the definition of the classes F[] it is clear that these classes increase as d decreases,
the remaining parameters of the class being fixed; therefore we without loss of generality
can assume that (21) is equality rather than inequality:

d= [L—2q1/(2l+1) [C _ hlnl

. (79)
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Let us fix f € Fylk,l;p, L; D].

1°. Let us choose § € [d/4,d/2] in such a way that the length 26 —2d of the segment Dy
is an integer multiple of 9. Let us cover Dy by the segments Ay, ..., Ay of the lengths 20
each as follows: the first segment is centered at the left endpoint of D,; each subsequent
segment is centered at the right endpoint of its predecessor; the last segment is centered
at the right endpoint of the segment Dy.

Let us fix ¢ < N. For every y € A,; the segment D¢(y) centered at y of the length
2d(f) > 2d is such that f € A[k,l;p, L;(y)|Ds(y)|*?; Ds(y)]. Let us choose y; € A; =
A; N Dy in such a way that

Ly < 187 [, ] (80

Let D' = Dy(y;); since the midpoint of the segment D’ is in the segment A; and the
length 2d(f) of D" is at least twice the length 26 < d of the segment A;, we have D’ D A;.
Let I; = {n < N | A, C D'}; since A; C D¥, we have UN I, =T ={1,...,N}.

Now, for i < N let f = YV, f* be the decomposition of f on the segment D'
given by the inclusion f € A[k,l;p, Li(y;)|D!|'/?; D], and let ¢/ be the corresponding
polynomials. Let us set

k
= g™ (d/dx)f*)(z)|, =€ D,
J=1
and
1/p
L= (20)747 [/A o(x)dz| , nel.
Let also

L,= min;:.per; Ln,i-

We claim that
fe Ak Lp K PL AV A n=1,..,N, (81)
and that
1/p
< [40]Y?|D|V7L. (82)

N
lzfs S 1
n=1

The proof is as follows. Same as in the proof of (12), we have

feAELp K VPL, AL VP AL, Viin €T

and (81) follows.
To verify (82), assume first that p < co. We clearly have

k - - 1/p\ " ,
> LAl < [ e < (Z [ g e} rda ) < Ly D'l

nel; J=1
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whence
N

N N
20 > Lny=20) > Ly, <2d(f) > Li(ys). (83)
n=1 i€l i=1nel; i=1
Now, every inner sum S, = >_;..cs, Lh. ; is at least LPk,, where k, is the number of those
i for which n € I;. Since the midpoint of D’ belongs to A; and the length of D° is
2d(f) > 2d > 49 and at the same time d(f) < |D|, we have k,, > 0.1d(f)/d; thus, (83)
implies that

N N
ML <10 Lh(y,).
n=1

i=1
The right hand side in the latter inequality, due to (80), is

N
10 A [ Lhydy <2067 [ 1hy)dy <2057 DL
i=1 i d

(we have taken into account that almost all points of Dy belong to at most 2 of the
segments A;), and (82) follows.

The case of p = oo can be obtained by the standard passing to limit.

20, Now we are ready to establish (22). Tt clearly suffices to verify (22) for the case
of ¢ < oo; to get the result for the case of ¢ = oo, it suffices to pass in (22) to limit as
q < oo tends to oo.

Let us denote by Al the segment concentric to A; and twice smaller than A,;. By
construction, the segments A’ form a covering of D;. Now, for every i < N we have
f € Alk,l;p, Li| A:|*/P; A] (see (81)). We are about to apply Theorem 2 with D = A,
to bound from above the inaccuracy of our estimate on the segment A’; to this end let
us verify that the theorem indeed is applicable, i.e., that relation (13) takes place with
(with delta specified as the half-length & of the segment A;). Since § > d/4 and h < ¢
(see (19)), it suffices to verify that

d 1

or, which is the same, to demonstrate that
¢ < (160m)~ -V =1L (85)

(85) is an immediate consequence of (19). Indeed,
e since, due to (19), ¢ < (160m)~'~/() (85) is valid in the case of L < 1;
e to prove (85) in the case of L > 1, note that, according to (19),
¢ < (160m)~ VL7,

and L™ < L™V due to L > 1 and o > 1/I (see (20)).
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3%, Applying Theorem 2 with D = A;, we get

h Z |J3($> — flz)|* < Cf [QiX{esff»} + |Ailﬁq@q><{@>ﬁ}} )

zeANX},

where
0, = 51—(1/2Cq/2 + 5qaLg¢<q¢ + 5(UT;1Li51/p)q6<ql/(2l+1) (86)

and the constants 7,,,0, ¢, 1, € are given by Theorem 2. Taking sum over : = 1,..., N
(recall that N = |Dy|/0 + 1 < 2|D|/), we come to

R, (F. 1) < CF [Qxq0<n + IDIKTO X (00 (87)

where, due to (86) and relations N < 2|D|/§ and d/2 > § > d/4,

N
Q=N < + T+ T, (88)
i=1
with
Ji = |D|(¢/d)"?,
N
Jo = (d7C¥)1S,,  Sp =) Li, (89)
i=1
and
jg _ 61+qe/p<ql/(2l+1)0gesqe' (90)
3°.1. Due to (79) one has
L71 S |D|Lq/(2l+1)qu/(2l+1). (91)
It follows from (82) that
s, <cr [Pl LT >y (92)
- |D|d~tL", 0<r<p

3%.2. To estimate J5, consider two possible cases:
1) ¢ > p(2l + 1). In this case q¢ > p, and (92) implies that

]q¢/p

Spo < O D] 1 = 3 [ Dl

(note that in the case in question o = ¢/p). Taking into account (89) and evident relation
¢ < C5, we obtain
Jo < CLIDILCY)" (93)

2) ¢ < p(2l +1). In this case gp < p, 0 = 1/q, and (89) and (92) again lead to (93).
3%.3. Let us verify that in fact

T+ < G [IDI oY) = cipe. (94)
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To this end, in view of (91) and (93), it suffices to verify that
|D|1/qL1/(2l+1)Cl/(21+1) < |D|UL¢C¢ (95>

This relation is evident in the case of ¢ < p(20 + 1), since here 0 = 1/q, ¢ = 1/(20 + 1),
¥ =1/(2l 4+ 1). Now consider the case of ¢ > p(2] + 1). (95) is equivalent to

Cl/(?H—l)—w < |D’J_1/qL¢_1/(2l+l). (96)

Due to the origin of o, ¢, 1, the left hand side in the latter inequality is

P, B=q—p2l+1), v= (21 + 1)q(2pl +p — 2),

while the right hand side is
|D’(2l+1)ﬁ/’7L2ﬁ/v;

in view of these identities, (96) is an immediate consequence of (19).
4% We are about to prove that J3 is majorated, within appropriate factor, by P (see
(94)). To this end let us set

F=[/P""

and consider two possible cases:

e I. ge > p. In this case (94), (79), (92) and (90) result in

F < GLY|D|%¢H, (97)
with
2 € l 1
P_E—WHI)—@ Q_]—j—cr, R_2H1+q(2l+1)—w. (98)

o II. ge < p. In this case (94), (79), (92) and (90) result in
F < CgLY|D|°CH, (99)
with

2 )]—gb, Q:;—o, R—_PTe (100)

P=¢|l - —"—— =
6[ p(2l+1 p(2l+1)

491, Case I First note that from (17) it is clear that ¢ > 1. With this observation,
(98) immediately implies that
P>0;,Q>0;R>0.

Since |D| <1 and @ > 0, we have
DI <1 (101)
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further, from (19) it follows that L < (=%, and since P > 0, we conclude that
Lt <9 S=aR—-P. (102)

We are about to demonstrate that in the case in question S > 0; note that this inequality
combined with (102), (101) and relation ¢ <1 (see (19)) would imply that

F < Cs. (103)

To verify that S > 0, note that from (98) it is clear that R and —P are nonincreasing
in ¢ when ¢ varies over the segment [p, p(2] + 1)], so that S also is nonincreasing in this
segment. At the right endpoint of the segment S = 0, as it is immediately seen from the
origin of a (note that the second case in (20) is possible only if [ = 1). Thus, S > 0
when ¢ € [p,p(2l + 1)]. Since we are in the case I, the only remaining allowed values of
q are those > p(2l 4+ 1). When ¢ > p(2] + 1), from (98) it follows that R and —P are
nondecreasing functions of ¢, so that S grows with ¢ on the ray [p(2l + 1),00). As we
already have mentioned, at the left endpoint of the ray S = 0, so that S indeed is > 0
when g > p; we have established (103) for the case I.

49 T1. Case II. Let us verify that in this case (103) also is valid. Indeed, as it was already
mentioned, € > 1, whence in the case II ¢ < p, and consequently (see the definitions of
o, ¢,1 and (100))

2 1 €
P—cl1— — >0 =0, R=——>0.
6[ p(2l+1)] 1= @=0 p2I+1) =

Same as above, nonnegativity of P, @, R implies that to establish (103) it suffices to verify
that
S=aR—-P >0,

which is given by immediate calculation.
5°. Combining (94) and (103), we get

i+ Jo+ T < C[|IDI7LoCY]

Ts < Cg6dq6/p|D|Lq6hQ/2 < C’g6|D|(|D|1/pL)th0/2‘
Combining this inequality, (88), (87) and (18), we come to (22). m
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