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& Polynomial time method B: a code for
Real Arithmetic Computer with the follow-
ing properties:

e \When loaded by B and given on input

{ the data Data(p) of an instance p of a
generic optimization problem P,

{ required accuracy € > 0,

the computer eventually terminates and out-
puts an e-solution to p (or a correct claim “p
has no solutions”);

e The number of Real Arithmetic operations
in course of this computation does not ex-
ceed a polynomial in the size of the instance

and the number of required accuracy digits.




& Here:

e A generic optimization problem P is a fam-
ily of instances

() min{po(z) 1z € X(p) c R"P)}
such that
{> every instance p € P is specified in P by
finite-dimensional data vector Data(p);
> P is equipped with infeasibility measure
— a nonnegative function Infeasp(p,z) of in-
stance and candidate solution which mea-
sures to which extent x is feasible for p;
Example: LP
e P is the family of all LPs of the form
mm{c x . Az < b, ||ac||oo<R} [A:m X n];
o Data(p) = {m,n,R,c,b, A}

e Infeas, p(p, ) = max [O, max[Ax — b];, ||z|lcc — R
1

e x € R™?) is an e-solution to p € P iff

p(x) < |n1z )po(u) + € & Infeasp(p,z) <€
p

e Size(p) = dim Data(p) and # of accuracy
digits in e-solution is

" (dim Data(p) + ||Data(p)ll1 + €2>

€




& Polynomial time algorithm for solving P:
e-solution is built in

N (p,e) < x [dim Data(p)]* [Digits(p, ¢)]”

operations.

Interpretation: 10-fold growth in computer
power allows to increase by constant factor

— the size of instances which can be solved
within a given accuracy in a given time,

— the # of accuracy digits to which instances
of a given size can be solved in a given time

& For the majority of polynomial time algo-
rithms,

N(p,e) < x[dim Data(p)]® Digits(p, €)

— the price of accuracy digit is independent
of the position of the digit and is polynomial
in Size(p).

& Polynomiality & Computational Efficiency



& History of polynomial time algorithms

e A generic optimization problem P is called
convex, if both pg(x) and Infeas(p, x) are con-
vex in x for every p € P.

& Under mild computability and bounded-
ness assumptions, a convex generic problem
IS polynomially solvable.

> For typical nonconvex generic optimization
problems, no polynomial time solution algo-
rithms are known, and there are strong rea-
sons to believe that no algorithms of this type
exist.

& “‘Universal” polynomial time algorithms for

Convex Programming are based on the El-

lipsoid method (1976) capable to minimize

within accuracy € a convex continuous func-

tion f over a ball {x € R": ||z|[» < R} in
max f(x) — min f(x)

zllo<R [zllo<R

€

O(1)n?In +1

steps, with a single computation of f(x),
f'(z) plus O(n?) arithmetic operations per
step.



& When solving convex program with n vari-
ables by an universal polynomial time algo-
rithm, the price of accuracy digit is at least
O(n%*). This price, although polynomial, be-
comes impractically large when n is few hun-
dreds or more.

& In final analysis, practical drawbacks of
universal polynomial time methods originate
from their universality: such a method uses
complete a priori knowledge of problem’s
structure (and data) to the only purpose of
computing the values and the gradients of
the objective and the constraints at a point,
while for a practical method, adjusting to
problem’s structure is a must.

& Interior Point Polynomial Time methods
is the first (and, essentially, the only known)
theoretically efficient technique allowing to
adjust a solution method to problem’s struc-
ture.



Milestones in history of polynomial time
IPM's:

e 1978 — L. Khachiyan uses Ellipsoid method
(1976) to prove polynomial solvability of LP
(the price of accuracy digit for O(n) x O(n)
LP's is O(n®). This theoretical breakthrough
has no direct computational consequences...
e 1984 — N. Karmarkar proposes polynomial
time Projective algorithm for LP, thus discov-
ering the very first polynomial time interior
point method for LP and reducing the price
of accuracy digit to O(n3>). Much more
importantly, Karmarkar's algorithm demon-
strates clear practical potential...

e 1986 — J. Renegar and C. Gonzaga reduce
the price of accuracy digit in LP to O(n3).
Much more importantly, their algorithms, in
contrast to “exotic” algorithm of Karmarkar,
look quite traditional. As a result, under-
standing of intrinsic nature of interior point
algorithms for LP and extending these algo-
rithms beyond LP becomes just a matter of
time...




e 1987 — Yu. Nesterov discovers general ap-
proach to developing interior point polyno-
mial time methods for Convex Programming.
The general theory of IPMs developed in
1988-94 (Yu. Nesterov & A. Nem.) allows
to explain and to extend to general convex
case basically all IPM constructions and re-
sults known for LP.

e Mid-90’'s: discovery of a specialized ver-
sion of general theory for the “self-scaled”
case covering Linear, Conic Quadratic and
Semidefinite Programming (Yu. Nesterov &
M. Todd).



Outline of IPMs — Path-Following Scheme

& “‘Common wisdom” in Optimization says
that

The simplest convex program is to minimize
a C3-smooth convex objective f(z) when it is
nondegenerate (f”’(x) = 0 for x € Domf) and
the minimum is “unconstrained”: Domf is
open and all level sets {x € Domf : f(z) < a}
of f are compact.

Equivalently: Domf is open, and f(x;) — oo
for every sequence x; € Domf such that ei-
ther ||z;|| — oo, or z; - z € 9Dom§f as i — oo.
The same common wisdom says that

In the unconstrained case, Newton method
is the method of choice.




& T he Newton method in the case of smooth
nondegenerate convex objective with uncon-
strained minimum is:

¢ QGiven an iterate z; € Domf, one approx-
imates f in a neighbourhood of xz; by the
second-order Taylor expansion

f) ~ fu,(v) = flxr) + (y — 2) TV f(24)
+5(y — 2) T (2)](y — 1)

and passes from x; to the minimizer of this
expansion:

Ty = Tygq = argymin fxt(y)

=z — [f"(@)] "1V f ()
e The basic Newton method (%) is known to
converge locally quadratically:

()

(r>0,C <o) |lzg—zsf| <7 =
|21 — 2+l] < Cllwe — 24| < 3|zt — 24|

e \When started “far’ from =z, the ba-
sic Newton method can leave Domf or di-
verge; however, incorporating appropriate
line search, one can enforce global asymp-
totically quadratic convergence.



& Consider a convex program in the form

minc! z, (P)

reX
(X Cc R"™: convex compact set, intX # 0).
Equipping (P) with interior penalty F(-) — a
C3 strongly convex function, DomF = intX,
(P) is the “limit", as t — oo, of problems

min Fi(z) = tcl z + F(z) (P)
xelntX

e (P;) has a unique solution z(¢) V¢t > 0, and
the path z(t) converges to the optimal set
X4« of (P) as t — oo. Thus, we can approach
X« by tracing the path:
Given tight approximation x,_1 of z(ts_1),
we update t;,_1 into ts > t,_1 and minimize
Fi, by the Newton method started at xz4_1
until tight approximation s to the new
target x(ts) is built.
e The path z(t) is smooth
= With ts/ts_1 not too large, zs_1 will be in
the domain of local quadratic convergence
of the Newton method as applied to F;,, and
updating z,_1 — x5 Will take a small number
of Newton steps.



& T he above classical path-following scheme
[Fiacco & McCormic, 1967] worked reason-
ably well in practice, but was not known
admit polynomial time implementation until
the breakthrough results of J. Renegar and
C. Gonzaga. The results, based on highly
technical ad hoc analysis, state that when

{ X is a polytope: X = {z:alx < b;,i < m},

{ F is the standard logarithmic barrier for
m
polytope: F(z) = — 3 In(b; — a] z),

=1
¢ penalty updates are ts = <1 + \O/—%) te 1,
{ ‘“closeness of zs to z(ts)" is defined as
Ft8($3> — mlin Fts($> < 0.1,

then a single Newton step per each penalty
update t;_1 — ts maintains closeness of xg
to x(ts) and ensures polynomial time conver-
gence of the process:

s
'z —minclz <2me 0vn[cl'zg — mincl z]
reX xeX



& Facts:

& I With the standard logarithmic barrier,
the classical path-following scheme admits
polynomial time implementation

{ II. Standard results on the Newton method
do not suggest polynomiality of the path-
following scheme. Indeed, they state that
(i) When minimizing a smooth nondegener-
ate convex objective ¢, the Newton method,
started close to the minimizer xx, converges
quadratically

3(r > 0,C < 00) : ||lzs — || <7 =
2541 — x| < Cllas — 24]|? < Sllws — a|.



(ii) The domain of quadratic convergence is
given by

L3
r = min |ro, Q (%)
32L%L;

where
$ rg > 0,Lo, are such that

B={z:|lx— a4 <ro} C Dom¢
2, 2" € B = ||¢"(a") — ¢"(z")]| < Lollz’ — 2"
$ Lo, L1, 0 < Lo < Ly, are the minimal and
the maximal eigenvalues of ¢ (x«)

& T he less are rq, Lo and the larger are L1, Lo,
the smaller is r — the smaller is the domain
of quadratic convergence as given by (x).

d As path tracing proceeds, the parame-
ters ro, Lo, L1,L> become worse and worse,
which, from the classical viewpoint, makes
minimization problems to be solved by the
Newton method more and more complicated
and therefore slows the overall process down,
thus preventing it from being polynomial.



& Facts:

& I, With the standard logarithmic barrier,
the classical path-following scheme admits
polynomial time implementation

{ II. Standard results on the Newton method
do not suggest polynomiality of the path-
following scheme.

Facts I and II contradict each other; thus,
something is wrong with the “common wis-
dom” on Newton method. What is wrong?

Observation: The classical description of the
very fact of quadratic convergence:

3(r > 0,C < 00) : ||lzs — || <7 =

|lzst1 — 2]l < Cllws — 2|2 < Sllws — asl.
and the quantitative description of this do-
main

L3
r = min |rg, 0 (%)
32L%Lo

are frame-dependent — they depend on how
we define the Euclidean norm ||-||, i.e., on how
we choose the underlying Euclidean struc-
ture.



L3
r = min |rg, 2 (%)
32L7L>
Equivalently: given by (x) domains of quadra-
tic convergence of the Newton method as

applied to a pair of equivalent problems

min ¢(z) < min Y(y) = o(Qy)

do not correspond to each other, in sharp
contrast with the fact that the Newton
method is affine invariant: the trajectories
{xs} and {ys} of the method as applied to
these problems do correspond to each other:

r1 = Qy1 = s = Qys Vs.



& Frame-dependent description of frame-
independent behaviour is incomplete, to say
the least, and can be pretty misleading: the
conclusions depend on ad hoc choice of the
frame!

Cf.: Measuring distances in miles and gas in
gallons, John concludes that he can reach
Savannah without visiting a gas station;
switching to kilometers and liters, John comes
to the opposite conclusion. The technique
underlying John's reasoning is bad, isn't it?

& When investigating the Newton method,
“a frame” is a Euclidean structure on the
space of variables. What we need is to ex-
tract this structure from the problem mlin f(x)
we are solving rather than to use an “ad hoc”
Euclidean structure.

Crucial observation: Smooth convex nonde-
generate objective f(-) itself defines, at ev-
ery point x € Dom f, Euclidean structure with
the inner product and the norm given as

(u, )z = D2f(z)[u,v] = uL[f"(z)]v,
lulle = VuT [ (2)]u

Why not to use this Euclidean structure as
our (local) frame?




& Developing the outlined idea, one arrives
at the families of self-concordant functions
and self-concordant barriers.

{ Self-concordant functions are perfectly well
suited for Newton minimization: fairly strong
global convergence properties of the method
as applied to such a function admit complete
“frame-independent” description

> Self-concordant barriers are specific self-
concordant functions perfectly well suited
to serve as interior penalties in the path-
following scheme. Given such a penalty, one
can equip the path-following scheme with ex-
plicit and simple penalty updating rules and
proximity measures quantifying ‘closeness to
the path” in a way which ensures polynomi-
ality of the resulting path-following method.



& It turns out that

& All polynomial time interior point construc-
tions and results known for Linear Program-
ming stem from the fact that the underlying
standard logarithmic barrier for a polytope is
a self-concordant barrier.

> Replacing logarithmic barrier for a poly-
tope with a self-concordant barrier for a given
convex domain X (such a barrier always ex-
ists, and usually can be pointed out explic-
itly), one can extend interior point construc-
tions and results from Linear to Convex Pro-
gramming.



& What is ahead:

e Developing tools, I. investigating basic
properties of self-concordant functions
and barriers

e First fruits: developing basic primal path-
following polynomial-time interior point
method for Convex Programming

e EXxploiting duality: passing to convex
problems in conic form and developing
primal-dual potential reduction and path-
following polynomial time methods

e Developing tools, II: developing “calculus
of self-concordant barriers’ allowing to
build those barriers (and thus — to apply
the associated interior point methods) to
a wide variety of convex programs

e Applications to Conic Quadratic, Semidef-
inite and Geometric Programming.



Self-Concordant Functions

& For a CF function f(z) defined in an open
domain Domf C R", let

D*f(z)[h1, ..., hg]
— 81:18?;...815]{ _Of(CU + tlh]— + .t tkhk)

be k-th differential of f taken at a point
x € Domf along the directions hq, ..., hi € R".
Recall that

& DEf(2)[hq, ..., hi] is k-linear symmetric form
of h1,..., hk

& Df(x)[h] = D f(x)[h] = h! f'(x)

& D2 f(x)[h1, hol = hi [f"(@)]ho

& Simple and important fact: Let @ be a
positive definite symmetric n X n matrix and
lzllg = /z!Qz be the corresponding Eu-
clidean norm on R"™. Let also M]|h1,..., h]
be a symmetric k-linear form on R™. Then

max |\ M[h1,...,ht]| = max |M]h,h,...,h]|.

h1yehi

hijhllo=1l
Ihellg=1,1<e<k .

7

M| Q00



& Corollary: Let Q be a positive definite sym-
metric nxn matrix and ||z||o = \/z! Qz be the
corresponding Euclidean norm on R"™. Let

also M[h1, ..., h;] be a symmetric k-linear form
on R". Then

Vhi,....,h € R™:
[Mhy, .., hi]| < [[M]lQ,0cllPall@lir2llq-lIhkllQ




& Self-concordant function:. definition. Let
X be a nonempty open convex subset of R"
and f be a function with Domf = X. Func-
tion f is called self-concordant,, if

{ f is convex and 3 times continuously dif-
ferentiable on X

¢ X is a natural domain of f: for every se-
quence of points x; € X converging to a point
x & X, one has

Iim f(z;) = +o0

1— 00

{$ f satisfies differential inequality
V(z € Domf,h € R") :
D3 f(@)[h, h, ]| <2 [D2f(x)[h, h”w (%)

Example 1. The convex quadratic function
f(z) = 327 Az + 26Tz 4 C is self-concordant
on R




V(z € Domf,h € R") :

|D3f(513)[h, h,h]| <2 [DQf(:C)[h, h”3/2

()

Example 2. The function

f(x) =—Inz:{z >0} - R
is self-concordant on its domain; for this
function, (x) is identity:
ID3f ()[R, kBl = [f"(x)h3] = 2|h/z|3
= 2 [f”(x)h2]3/ ’

— 2 [DQf(:p)[h, h]]3/2.



V(z € Domf,h € R") :
D3 f(x)[h, h, h]| < 2 |D2f (), h]f/Q
()

& Comments. 1. Recalling definition of dif-
ferentials, (%) is of the generic form

V(z € Domf,h € R") :

dt3\ s (az—l—th)‘ < const [dt2| _J@+th) ’

"
As functions of h, the LHS is of homogeneity
degree 3, and the RHS is of the homogeneity
degree 243; thus, 8 = 3/2 is the only option
to make (V) possible.



V(z € Domf,h € R") :

;%‘tzof(az + th)‘ < const [%L:Of(w + th)

()

2. Let ||h]lz = \/hT[f"(z)]h be the Euclidean
norm generated by f at . By Simple Fact,
(1) is equivalent to

4| D2f(x+ t8)[h, h]| = [D3f () (5, h, B
< const [|5]l4/|l|2 = const [|6]|. D2 (z)[h,

that is, the second derivative of f is Lipschitz
continuous, with the constant const, w.r.t.

the Euclidean norm defined by this derivative
itself.

3/2



V(z € Domf,h € R?) :

dt3| P AC —|—th)‘ < const [dt2| _ @+ th)
h

3/2

3. Both sides of (1) are of the same homo-
geneity degree w.r.t. h, but are of different
homogeneity degrees w.r.t. f — multiplying
f by A > 0 and updating const according to

const — const A~ 1/2,

It follows that if f satisfies (!) with a con-
stant const > 0O, then, after proper scaling,
f satisfies similar inequality with a once for
ever fixed value of the constant, e.g., with
const = 2.



V(z € Domf,h € R") :

43 f(x + th)‘ < const [%Ls:of(x + th)

3/2
F‘tzo
(")

Conclusion: Inequality (!) says, essentially,
that the second derivative of f is Lipschitz
continuous w.r.t. the local Euclidean norm
defined by this derivative itself.
The Self-concordance inequality

V(z € Domf,h € R") :
ID3f(2)[h, h, B]| < 2 | D2f(x)[h, h]

}3/2
(%)

IS @ normalized version of this requirement
where the Lipschitz constant equals to 2.
Note: The normalization constant is set to
2 with the only purpose: to make the func-
tion — Inx self-concordant “as it is”, without
rescaling.



Basic Inequality

Proposition [Basic Inequality] Let f be s.c.f.
Then

D3 f(x)[h1, ho, hal| < 2||h1lzllhollz]| P32

for all x € Domf and for all h1, ho,hg € R".
Proof: Simple Fact combined with Self-
concordance inequality.



Elementary Calculus of Self-concordant
Functions

Proposition Self-concordance is preserved by
the following basic operations:

{ Affine substitution of argument: If f(z) is
s.c. on Domf CR"and = Ay+b: R™ —
R™ is an affine mapping with the image in-
tersecting Domf, then the function

g(y) = f(Ay +b)

is s.C. on its domain (thatis, on {y : Ay+b €
Domf)
$ Summation with coefficients > 1: If f,(x),

L
¢=1,..,L, are s.c.f.’s with N Domf, # 0,
=1
and Ay > 1, then the function

L L
Z )\gfg(x) . ﬂ Domfg — R
(=1 (=1

IS S.C.



¢ Direct summation: If fy(z%), ¢ = 1,...,L,
are s.c.f.’s with domains Domf, C R™, then
the function

L
> fg(ibe) : Domfy x ... x Domf; — R
(=1

IS S.C.



Proof. All statements are nearly trivial. Let
us focus on the less trivial of them related to
summation.

> Smoothness, convexity and barrier proper-
ties of

L
f@) = > Mfo(x) [A¢ > 1]

/=1
are evident. Let us verify Self-concordance
inequality:

D3 f(x)[h, h,h]| < > M| D3 folh, b, B

2 M(D? () [h, h])3/2

2 é(/\eDsz(af) [h, h])3/2
‘ [due to Ay > 1]

3/2
2 b AeD? fo(z)[h, h]

for t, > 0 and a > 1]

2(D?f(x)[h, h])3/2.

IA

IA

VAN

[due to > t7 < [Ztg
¢ ¢



Corollary: Let X = {ac : a;-rw <b;,1=1, ...,m}
be a polyhedral set such that X° = {z : alz <
bi,1 < i < m} #* (. Then the associated
standard logarithmic barrier

F(x) = — f: In(b; — a;-r:v)
1=1

IS s.C. on its domain X°.

Indeed, F'is obtained from the s.c.f. —Int by
affine substitutions of arguments and sum-
mation, and these operations preserve self-
concordance.



Properties of Self-Concordant Functions
I. Behaviour in the Dikin Ellipsoid

Theorem. Let f, Domf = X, be s.c.f., and
let x € X. We define the Dikin ellipsoid of f
with radius r centered at x as the set

Wr(z) ={y : lly — zlla <}

Then the unit Dikin ellipsoid W1(x) is con-
tained in X, and in this ellipsoid

(a) the Hessians of f are “nearly propor-
tional” :

_ (1—=7)2f"(x) 2 f"(x + h)
r=[hlla < 1= { 7"z +h) 2 (1 —r)"2f"(x)

(b) the gradients of f satisfy the following
Lipschitz-type condition:

r=|hll: <1=
21 [f (x4 ) = f1(@0)]] < 1512l V2




(c) we have the following upper and lower
bounds on f:

r=|hllz <1=
{ flz+h) < flx) +rlf(@) + p(r)
flx+h) > f(x) + rLf'(x) + p(—1)
where

?“2 ,r.3 r4

Lower bound in (c) remains valid for all h
such that x + h € X, and not only for h with
[hllz < 1.

Remark to (c): Taking into account that
|h]|2 = k! f"(z)h, the bounds on f in (c) can
be rewritten as

o(—r) < fE:c)+ R) — [f(x) + hT f'(z) 4+ 2L
< o(r),

where o(r) = p(r) — g = g + % + ...

Thus, in the unit Dikin ellipsoid, we get a uni-
versal bound on the difference between f(-)
and the second-order Taylor expansion of f,
taken at the center of the ellipsoid.



Sketch of the proof. The results more or
less straightforwardly follow from

Lemma: Let f be s.c.f. on X = Dom/, let
x € X, and let h be such that r = ||hl|lz < 1
and x+ h € X. Then, for every vector v, one
has

i@+ < (A =r) 2ol f(@)v (0)
vl e+ h)v > (1 =r)2l (v (i7)
Proof: 19, Let ¢(t) = hLf"(z + th)h =
||h||m_|_th, so that ¢ is nonnegative C! func-
tion on [0, 1], and let ¢c(t) = ¢(t) + €. For

0<t<1 we have
¢'(1)] = |D3f(x 4 th)[h, h, h]| < 2¢3/3(t),
so that for 0 <t <1 one has

BL(E)| < 20272 (1)
|dt¢e V20 < 1

1;2(%))) —t <o MP) < Zfe(;)/%m —t
€ < t < €
<1+t¢1{)2<o>>2 < elt) (1 ;cp(lé;(o»?
a2 = Y = ooy

e < 90 < Ty

ﬁllllllll



20, Now let ¢ (t) = vl f"(z + th)v = |Jvl|Z 44,
so that ¢ (¢) is nonnegative Cl function on
[0,1]. For 0 <t <1, we have

') = |D3f(z 4+ th)[v,v,h]|
< 2||U||;%-|_th||h”x—|—th

= 2¢(1)p1/2(1),

whence, by 19, [¢/(¢)| < 29 (t)Z~. Setting

Ye(t) = Y(t) + €, we get for 0 <t < 1:

[ Ye(t)] < 2ve(t) 777
|%|n¢€(t)| < 12—7;7“
(1 —tr)2ehe(0) < 9e(t) < (1 —tr)24pe(0)
(1 —r)2(0) < 4(1) < (1 —r)~24(0)
(1 =2l (v < ol (x4 h)v
< (1—r)"20l f'(z)v

(N



Recessive Subspace of a Self-Concordant
Function

Proposition Let f be a s.c.f. For x € Dom},
the kernel of the Hessian of f at = — the
subspace L, = {h : f"(z)h = 0} = {h :
D2f(z)[h,h] = 0} is independent of z. This
recessive subspace Ef of f is such that

Domsz—l—Ef,

where X is the intersection of Domjf with

1
Ef, and

f(z) = ¢(Pz) 4 ¢’ Qu,

where ¢ is a self-concordant function on X
with nondegenerate Hessian, Px is the ortho-
projector of x on E]% and Qzx is the ortho-
projector of = on Ey.

In particular, if f”(z) is nondegenerate at
some point z € Domf, then f”’(z) is nonde-
generate everywhere on Domf; in this case
f is called nondegenerate s.c.f.




Proof. 10, Let z,y € Domf and f”(z)h = 0.
Setting &(t) = kL f"(z + t(y — z))h, we have

/()| = |D3f(z + t(y — =)y — =, h, h]|
<2 D2f(z +t(y — 2)ly — =,y — 2]$(2).
In other words, for 0 < ¢t < 1 ¢(t) satisfies
homogeneous linear equation

¢'(t) = x(t)p(t)

with bounded x(:). Since ¢(0) = 0, we
have ¢(t) = 0 (Uniqueness Theorem for or-
dinary differential equations). Thus, ¢(1) =
hL #(y)h = 0, whence f’(y)h = 0 due to
f"(y) = 0. Thus, f(z)h = 0 implies that
f"(y)h = 0 for all y € Domf, that is, the lin-
ear subspace {h : f”/(z)h = 0} is independent
of x € Domf.




29, Let h € Ef and z € Domf. Since
f"(z)h = 0 by 19, ||h||z = O; thus, =z + h be-
longs to the unit Dikin ellipsoid centered at
x, and tghus belongs to Domf. We conclude
that Domf = Domf + Ef. It follows that if
X is the orthoprojection of Domf onto E]%
then

Clearly, the restriction of f onto X is a self-
concordant function on X; it is nondegener-
ate on its domain, since for 0 # h € Ef we
clearly have hi¢/(z)h = hLf"(x)h, and the
latter quantity is positive due to h € Ef.



30, Let us write a point z € Domf as z =
(u,v), where wu is the projection of z on EfL
and v is the projection of x on Ef. Let £ =
(u,0) € Domyf, and let ¢ = af;—(f_). Let us
prove that

F(u,)
flu,v) = ¢(u) + clv e flu,v) — v = ¢(u).
Function f is s.c. along with f and has the
same recessive subspace Ef. What we should

prove is that f IS independent of v, that is,
to prove that

he Ep= h!f(z) =0Vx € Domf.
Indeed, let x € Domf and h € Er. Let
g@) ="' F'(@ + t(z — 7)).
We have ¢(0) = 0,
g(t) =r' f"(@ 4+ t(z — 7)) (z — T)
= (z - 2)T[f"(@ + t(z — 7))h] =0,

that is, ¢g(t) = 0, and thus ¢(1) = h! f/(z) =
0, Q.E.D.



Newton Decrement of a Self-Concordant
Function

& Definition. Let f be a nondegenerate s.c.f.
and x € bomf. The Newton Decrement of
f at z is the quantity

M z) = (@) T ()] ()

Remarks I. $)A2(f,z) is exactly the amount
by which the NEwton step, taken at z, de-
creases the second order Taylor expansion of

f:
f(@) = min {f(z) + hTf'(x) + 307 ()
= (@) TF"(@)] 71 (=)
L @I @) @] @] ()]
= 3(f @) (@] L (@),




II. Compute the norm conjugate to a norm
-l

I8l = max {nT¢ - lInllg < 1]

— mhax{([Ql/Qh]T[Q—l/Qg] : [Ql/Qh]T[Ql/Qh] < 1}
= [|Q1/2¢||>

= eTQ ¢
Thus, Newton Decrement A(f,z) is nothing
but the conjugate to || - ||z norm of f/(x):

A(f2) = max{h! f'(z) : [hlle < 1} = [IF' @[5,

where

lels = max {eTh : [lall. < 1} = Ve [f"(2)) 2.

h




III. Let e(z) = [f"(2)]1f(z) be the Newton
Displacement of f at x, so that the Newton
iterate of x is

vy =z — [f"(@)] 1 (z) =2 — e(z).
Then
Af ) = F @)L ()]~ ()
= /(f'())Te(x)

= /7@ @] @) [ @)1 @)
= |le(z)]|=




Damped Newton Method

Theorem Let f be a nondegenerate s.c.f. and
let « € Domf. Damped Newton Iterate of x

IS the point

— 1
Ty = T — 1_|_>\1(f’x)e(x) 1
— o e @) ).

T his point belongs to Domf, and
fxy) < f(z) —p(=A(f x))

= f(z) = [A(f,z) —In(T + A(f,2))], ,
A fozg) < 2X23(f, ).
where, as always,

p(r)=—In(1 —7r) —r.



Proof. Let us set A = X(f,z). Then

1 A\
Iz = zllz = ———lle(®)]le =
14X 14\

whence x4 € Domjf. We now have

flzy) f@) + @y — ) /(@) + p(l|lz4 — zl|2)
f(x)-—;L%AeT(w)f“ﬁ0-+-p(A/(1-+-A))
f () —1/\—45/\+p</\/(1 + )

fx) — 1/:—/\_ 14A—/\_|n (1_WA/\)
flx) = A+ 1In(1+X) = f(z) — p(=X)

<1,

| IA




Further, let us set d = x4 —x, so that ||d||z =
0 = 12+ Given z, let ¢(t) = 2T f/(z+td). We

X
have
(1 + tldlo)2f" (@) < £z + td) < 75l
= ¢'(t) = 2'f'"(z+td)d
< TP @d+ Pallaldle | L5z — 1]
< 2 f"(x)d + ||2||0 [(1_%)2 — 1]
= 6(1) < $0) + 2T (@)d + |2]|oely
T gr 1 Tt 02
= Z f(x)—mz f2(:1:)—|-||z||3;1—_9
= 02T (x) + ||2)la1p 2
< Ollzllzll ' @15 + 2l
2
=zl |63 + 25]
l2lly 032
< a1 = 220zl
T hus,
2L (y) <202 2]y Va,
whence

Afrag) = [P @plls, <2532



Minimizers of Self-Concordant Functions

Theorem Let f be a nondegenerate s.c.f. f
attains its minimum on Domf iff f is below

bounded, and in this case the minimizer zx iS
unique.




Proof. All we need to prove is that if f
is below bounded, then f attains its mini-
mum on Domf. Consider the Damped New-
ton method

1 _i )\te(wt), At = A(f,x¢).
Step t decreases f by at least p(—X\t) = A\t —
In(1 4+ X\¢); since f is below bounded, Ay — O
as t — oo.

We have

ldllzy = 5 = f(@t +d) > f(2) + dTf () + p(—3)
> f(@) — ||dllz, |l f @)%, + p(=3)
= f(w) — %At + P(—%)
If follows that for ¢t large enough one has

Lt4+1 — Tt —

Jdller = 5 f (oo +d) > f o),

that is, the minimizer of f(x) on the set
{y : ly — z¢lley < 3} € Domf (which defi-
nitely exists) is an interior point of the set.
By convexity, this minimizer minimizes f on
Domf as well. The uniqgueness of the min-
imizer follows from the strong convexity of

f.



Self-Concordance and Legendre
Transformation

& Recall that the Legendre transformation of
a convex function f: R®" —- RU{+4o0} is the
function

f+(&) = sup €'z — f(2)].

The Legendre transformation always is con-
vex, and twice taken Legendre transforma-
tion of convex function f with closed epi-
graph is f itself.

Theorem Let f be a nondegenerate s.c.f.
and f.« be the Legendre transformation of f.
Then

{ f« is nondegenerate s.c.f. with the domain
{€ = f'(z) : = € Domf},

& the mapping ¢ — fL(£) is one-to-one C2
mapping of Domf, onto Domf, and the in-
verse of this mapping is exactly the mapping




Proof. 1°. The function

fe=sup |'x — f(2)] = —inf |f(z) - € <]

iIs convex function with the domain
. T
{f . Igf [f(:r;) — & az} > —oo}

Since the function f(z) — &1z is s.c. along
with f, it is below bounded iff it attains its
minimum, which is the case iff £ = f/(x) for
some z. Thus, the domain of fx (which al-
ways is convex) is exactly the set {¢ = f/(z) :
r € Domf}, as claimed. Since f” is nonde-
generate at every point, Domf. = f/(Domf)
is an open set (Inverse Function Theorem).
20 S.c.f. f clearly has closed epigraph,
whence (f«)x = f, as claimed.

30, It remains to prove that f« is s.c.f. and
that the mappings € — f.(¢) and = — /()
are inverses of each other.



30.1. As we have seen, for every &€ € Dom f
there exists uniquely defined z = z(§¢) €
Domf such that f/(z(¢)) = & Since f”
IS nondegenerate, by the Implicit Function
Theorem the function z(¢) is C2 on its do-
main. Besides this,

(&) = = (&)

Indeed, f«(n) > nlx(€) — f(x(£)), and this in-
equality is equality when n = &. Thus, z(£) is
a subgradient of fi at &, and since this sub-
gradient continuously depends on &, it is the
gradient.

Since fL(&) = z(¢) is C2, fy is C3.

& Thus, fs is convex C3 function with open
domain, as required by the definition of a
s.c.f.



30.2. We have seen that
Dom fx f'(Domf) (+)

fi(f'(x)) T.
Since f’ is one-to-one (due to strong convex-
ity of f), (x) means that the mappings f/(-)
and f.(-) are inverses of each other.
30.3. Differentiating the identity in (%), we
get

(@) = @1
since f/(Domjf) = Domfx, it follows that f
IS hondegenerate.



30.4. Let us prove that f« is interior penalty
for Domf.. Assuming opposite, there exists a
sequence &, € bom fy converging to a bound-
ary point & of Domfi such that the sequence
f«(&;) is bounded, that is, the functions

&l — f(x)

are uniformly bounded from above. Then
the function &l'z — f(x) also is bounded from
above, whence ¢ € Domfs; since the latter
set is open and ¢ is its boundary point, we
arrive at a contradiction.



30.5. It remains to verify Self-concordance
inequality. We have

D2 f(f'(x)g, ql = o' [ (' (@)]g = "' [/ (@)] 1q
Differentiating this identity in = in a direction

h, we get

D3 fu (f (@)[[f" (@)]R, q, 4]

—gT 1" @] | &, _ @+ k)] [ (2)] g
—4 t:ODQf(:r: + th) [ (x)]Lq, [f"(#)]1q]
—D3f(x)[n, [f"(@)] g, [f"(z)] 4]

which with A = [f”(z)]"1q results in

D3 f.(f'(%))[q, g, q]
= —D3f(@)[[f"(x)] g, [f"(=)] g, [ (x)]dl,

whence

D3 £ (f'(2)) g, q, gl

D3 @ @] g, (@) e [ (@)] 7 1a)
2 (L (@)~ La T (@) L @)1~ L)) ™

2(qL [f"(2)] " 1q)3/
2(qT £ f'(2))q)3/2
2 (D2 fu(f'(2))lg, d]

Since f/(Domf) = Domfx and q is arbitrary,
fx satisfies Self-concordant Inequality.

A IA

)3/2



Minimizers of Self-Concordant Functions
(continued)

Theorem: A nondegenerate s.c.f. f attains
its minimum iff \(f,z) < 1 for some z €
Domf, and for every x with this property one
has

f(z) —min f < p(A(f, z))
[p(r) = —r —In(1 —1r)]

and
A(f, )
o A(fa x),

max [z = o, llz = wlla] < =

where x4 is the minimizer of f.

Proof. If f attains its minimum at a point
x«, then A\(f,z+) = 0 < 1. Now assume that
M f,z) < 1 for certain =.

{ Let f« be the Legendre transformation of
f, and let y = f/(z). We have

1> M(f,2) =yl [ ()] y =y [ (W],

that is, 0 belongs to the unit Dikin ellip-
soid, centered at y = f'(z), of the s.c.f. fx,
whence 0 € Domfx, or Jz. : f'(zx) = 0.



filf(w) =u
Fe(f'(u)) = ul f'(u) — f(u)
Y (W) = [ ()]t

A=Mf,2), y = f(2) =y [f/(ly = \?
In the case of A < 1 we have

+0) = fily+ (=) < f(y) —y! fig(cy) +p(N)
= f:(y) —ylz 4+ p(N)

(1)
Since y = f/(x), we have
fe(y) = zly — f(2), (2),
and since f'(z«) = 0, we have
f+(0) = —f(z+). (3)

Together, (1) — (3) say that

—f(zs) < [zhy — f(@)] —ylz 4+ p(N),
and we arrive at

f(z) —min f < p(A(f,z)).



A= \Mf,z)<1l=
f(x) —min f < p(A) = =X —1In(1 - X).

Let r = ||z — x«||z,. Then
f(x) = f(z+) + p(—r) =minf+r —In(1+r).
We arrive at

r—In(l4+7r) < -=XAx—1In(1-X\),

whence
A

|z — || =17 < ——.

11—



A= Mf,x), y= f'(z) = v [f/ )]y = \°

In the case of A < 1 we have
21 (@ —2)| = [21[fL(0) — fL(]
< 11l fi \/zT[fi’(y)]z

1=yl £y
= 25/ @)]
Substituting z = f"(z)(x« — ), we get

A
1 -2

2
s — x|z <

25 — |2,

whence
A

24 — 2|z < ——

—1-A



Summary: Let f be nondegenerate s.c.f., and

et A(f,z) = [ @ITLF" ()] "L f/(z). Then

{ f attains its minimum on Domf iff f is
below bounded, and iff there exists x with
A f,z) < 1. The minimizer x4, if exists, is
unique.

> The Damped Newton method

B 1 (o —1/x
T el @ @)

At

Li4+1 — Tt

is well-defined, provided that zg € Domf, and
for this method

A1 < 2)7
flregr1) < flxe) = M —In(1 4+ X))



> For every t such that A\ < 1 one has

22
f(z) — f(zs) < —i\t —In(1—X) < 2(1_t>\t)2
loe — il < 12

& When f is below bounded, the domain

D={x:f,z) < %}

IS nonempty; once entering this domain, the
Damped Newton method never leaves it and
converges quadratically:

( 2 <1y
At+1 S 2M =27
1 >‘t—|-1
\ |5 — aft—|—1||a?* < 1_53211

Entering D takes at most

O(1)[f(z0) — min f(z)]

damped Newton steps.



Damped Newton Minimization of

flx) =— 231 In (b@' — Zl aijZEj)
1= j=
[n = 1000, m = 10000]

Ttr I X | Itr ¥ )

0.000000 | 29 || 31 || —483.936054 | 3.2
—28.407093 | 29 || 32 || —486.075608 | 2.4
—56.126388 | 28 || 33 || —487.521929 | 1.7

: e .- || 34 || —488.375100 | 1.0
11 || —250.504812 | 22 || 35 || —488.773190 | 5e-01
12 || =271.074919 | 21 || 36 || —488.893100 | 2e-01
13 || —290.755934 | 20 || 37 || —488.908327 | 3e-02

: e -+ || 38 || —488.908669 | 7e-04
21 || —414.650294 | 13 || 39 || —488.908669 | 4e-07
22 || —425.818147 | 12 || 40 || —488.908669 | 2e-13
23 || —436.016865 | 11

CWN e




Self-Concordant Barriers

& Definition. Let ¥4 > 0. A function f on
R™ is called v¥-self-concordant barrier for G =
clDomf, if

{ f is self-concordant

{ fis Lipschitz continuous, with constant 4,
w.r.t. the local norm defined by f:

IDf(z)[R]] < 9|h]le = 91/2\/D2f(x)[h, h]

V(zx € Domf, h € R")
Note: Nondegenerate s.c.f. f is ¥-s.c.b. iff

_ 1/2
A f,z) = h:m?;;lDf(:v)[h] <9<

Trivial example: f(xz) = const is a 0-s.c.b. for
R™,

Note: A constant is the only s.c.b. for the
entire R™, as well as the only s.c.b. with
constant < 1. We will never deal with this
trivial barrier, so that in the sequel we always
have ¥ > 1.




Less trivial example: f(x) = —Inz is a 1-
s.c.b. for R.

Further examples are implied by the follow-
ing

Proposition. (i) Let f(x) be a ¥-s.c.b., and
let x = Ay + b be an affine mapping with the
image intersecting Domf, Then the function

g(y) = f(Ay +b)

is ¥-s.C.Db.

(ii) Let f;(z), 1 = 1,...,m, be ¥-s.c.b.’s with
intersecting domains, and let A\; > 1. Then
the function

flz) = ZAifi(x)

is (3°Aiv;)-s.c.b.

1
(iii) Let f;(z;), i = 1,...,m, be ¥;-s.c.b.’s.
Then the function

f(xla 7xm) — Zfz(xz)

IS a <Z ﬁi>—s.c.b.

()



Example: Since ¢(t) = —In(¢) is a 1-s.c.b.,
(i) and (ii) imply that the function

F@) = — 3 In(by — a¥a)
1=1

is m-s.c.b. for the set {z : Ax < b} given by
strictly feasible system of linear inequalities.



Proof of (ii): f is s.c.f. and
Df()R]] < S AIDfi()[R]]

5 A0V 2\ D2 (@) [

@WMD%(@M, ]

I

IA

IA A

, /? Aiﬁz’\/? A\;D? f;(z)[h, h]
[ X3\ D2f ()[R, ]




& Why s.c.b.’s?

& In the path-following scheme, we should
apply the Newton minimization to a sequence
of functions

fr.(x) = ticlz + f(x) (*)

rather than to a single function. What is cru-
cial is to be able both

> to minimize well every function from the
segquence,

and

{> to update rapidly the penalty (to have
ti+1/t; not too close to 1) under the restric-
tion that “old” iterate x; is a good starting
point for minimizing “new” function ftl.+1(-).

Self-concordant functions f fit the first of
these requirements, while s.c. barriers are
designed to fit both of them.



& Assume that when starting step ¢ we are
at the path:

Vaft,(z;) =0 & f'(x;) = —tc (*)

Question: How large should be tz’—|—1/ti under
the restriction that x; will be in the domain of
quadratic convergence of the Damped New-
ton method as applied to ft¢+1 ?

Answer: We want to have A(fti+1aflf7:) <1/2.
We have

A(ftz'_|_17 ':BZ)

1" (i) + tiyacllz,
||(ti_|_1/tz' — ]-)f/(mz)H;Z

Thus, we definitely can take

tit1 1 1
=1+ =1+ :
t; 2|1 Cxi) I3, 2A(f, ;)

To avoid slowing down we should keep ti;fl
bounded away from 1
= A(f,x) should be bounded from above




Properties of Self-Concordant Barriers

& Preliminaries: Minkowski function. Let G
be a closed convex domain, and x= € intG.
The Minkowski function of G with the pole
at x is the function

mr(y) = irgf {t x4t (y—2) € G}.

Geometrically: m(y) is the ratio of ||y — x|
and the distance from x to 9G, the distance
being taken in the direction y — x.

& “Explosion”: Let f be ¥-s.c.b. for G C R".
T hen

r €intG,y e R" = Df(z)[y — x] < Inz(y).
Thus, if DF(x)[y — x] > 0, then the point

9
€T int@.
O R




x €intG,y € R" = Df(x)[y — x] < Inmz(y).

Proof. There is nothing to prove when
Df(x)[ly—=x] <0. Thus, let Df(z)[y —x] > 0,
and let

o(t) = fle+tly—2), 0<t<T =+
P(t) = ¢'(t)
Since ¢'(0) = Df(z)[y — ] > 0, we have for
O<t<T:

0 < ¢/(0) < ¢'(t) < V9" ()

0 < (0) < () < VI ()
Lp=1(1) < —9~1/2

Pp1(t) <yp1(0) — 92

Y(t) = 99 (0)9 — tp(0)

Since ¥(-) is continuous on [0,T"), we get
9

Df(x)ly — =]

R

myt(y) =T <9~ 1(0) =




& Semiboundedness: Let f be ¥-s.c.b. for G.
Then

reintGye G=Df(x)[y—x] <V

Indeed, Df(x)[y — z] < Imz(y) and mz(y) <1
when y € G.

Corollary. At a point z = z(¢) of the path one
has

'z — min cTy <

)
nae (4

Indeed, we have

@) +te=0=c=—t"1f(2),

whence

y e G = Ly — cTy = t_lDf(x)[y—:B] <

0,
t



Bounds: Let f be ¥-s.c.b. for GG, and let
x,y € intG. Then

() f(y) < f@)+9Intos
() () > J@)+ DIy - a] + pme(v))
[p(s) = —s — In(1 — 5)]

Proof. (a): Let 2y =+ t(y —x). Then for
0<t<1:

T (y) = (}:27;@%) & Df(z)ly — x] < Iy (v)
= (1 - ODf(z)ly — 2] < vl

= Df(x)[y — x] < 1911T7?37§3()y)

1
= f(y) — f(z) < ng(th)[y — x]dt

—tmz(y) 1—7z(y)

b): Let (1) = f(z), —T. < t < T =
7 1(y). ¢ is ¥-s.c.b. for [-T_,T], whence
t+ [¢" ()72 < T, or

¢"(t) > (T —t) 2 for0<t<T
= f(y) — f(z) = Df(x)[y - :c]t
= ¢(1) — ¢(0) — ¢'(0) = gdtg(T —7)"2dr
= In(T/(T'-1)) —1/T = p(1/T) = p(mz(y)).

1
< g 1%“"@) dt = 9In-—21






Bound on the norm of the first derivative: Let
f be ¥-s.c.f. for G and x,y € intG. Then

Df ()[R < Ble ()

1 —mz(y)

Proof. Let 7 € (mx(y),1). Then

JweG:y=x4+ 7w — z].

Since w € G and the unit Dikin ellipsoid, cen-
tered at x, belongs to G, we have

V={y+h:|hll:<Q-m}=0Q-m){z+g:|glla <1

By Semiboundedness,

Y
Df(y)lz—v] <9 VzeV = |Df(y)[h]| < TPl A

Since 7 € (mx(y), 1) is arbitrary, (%) follows.



Minimizer and Centering property: Let f be
a ¥-s.c.b. for G. f is nondegenerate iff G
does not contain lines. If G does not contain
lines, F' attains its minimum on G iff G is
bounded. In the latter case, the minimizer
xx Of f is unique and possesses the following
Centering property:

{z:||z—2x|lz. <1} C G CA{x: ||o—2k|z, < I+2V.
(%)

Proof. 19. If a s.c.f. is degenerate, its do-
main contains lines. Let us prove that for an
s.c.b. f the opposite is true: if Domf con-
tains lines, then f is degenerate. Indeed, if
h # 0 is a direction of line in G and x € intG,
then =z &= th € intGG for all t. Therefore, by
Semiboundedness, Df(x + th)[sh] < ¢ for all
t, s, which is possible only if Df(x-+th)[h] = O,
Since this is true for all t, D2f(z)[h,h] = O,
and f is degenerate.



20 All which remains to prove is that if f
attains its minimum on intG, then the mini-
mizer x4 is unique (which is evident, since f
is nondegenerate) and Centering holds true.
The left inclusion in (x) merely says that the
closed unit Dikin ellipsoid cantered at z is
contained in G = clDomf; this is indeed true.
The right inclusion in (x) is given by the fol-
lowing

Lemma: Let f be a nondegenerate ¥-s.c.b.
and x € intG, h be such that ||hllz = 1 and
Df(x)[h] > 0. Then

x4+ (9 +2vV9)h & intG.



Proof. Let ¢(t) = D?f(xz+th)[h,h] and T =
sup{t : x + th € G}. By self-concordance,
¢'(t) > —2¢3/2(), 0<t<T
= L(p71/2(t)) <1, 0<t<T
= ¢~ 1/2(¢) — 1/2(0) <t 0<t<T

—Hth =1
= &(t) > (1 +1t)72, O<t<T

= Df(x 4+ rh)[h] >fq5(t)dt> 1+ , 0<r<T.
[since Df(x)[h] > O]
With this in mind, by Seminboundedness,

O§T<t<T:>?92Df(x+rh)[(t_7a)h]>(a_lz)n?“
=t <r 4 300 oy AE0Y

Assuming T > +/6 and setting r = V0, we get
T =sup{t:xz+rheG} <9+ 2V0.



Corollary. Let f be a ¥-s.c.b. for G and h be a
recessive direction of G: x+th € G whenever
x € G and t > 0. Then

Vo €intG: Df(@)A < —llhlla ()

Proof. Let =z € intG. Consider the function
o(t) = f(x 4+ th); it is a ¥-s.c.b. for the set
A = [—a,00) ={t:xz+th € G}. In the case of
[hllz = 0 we have |Df(z)[h]] < VI|h|lz = 0,
and (x) hods true. Now let ||h|lx > 0; then
¢"(0) = D2f(z)[h,h] = ||h]Z > 0O, i.e., ¢ is
a nondegenerate v¥-s.c.b. for A. Since A is
not bounded, ¢ is not bounded below.

By Lemma, the case of ¢'(0) > 0 is impos-
sible. Thus, ¢'(0) = Df(xz)[h] < 0. Finally,
since ¢ is not bounded below, we have

(¢'(0))? _ (Df(@)[h,h])
$"(0)  D2f(z)[h,h]

1 < \%(¢,0) =

and (x) follows.



Approximating properties of Dikin's ellipsoid.
Let f be a ¥-s.c.b. for G. For z € intG, let

pe(h) =inf{r >0:z+r the G}

be the norm with the unit ball G = {y :
r+y e G} Then

pz(h) < ||hllz < (9 + 2V 9)pz(h)

Proof: The inequality pz(h) < ||h||z follows
from the fact that the set 4+ {h : ||h||lz < 1}
is contained in G, whence the unit ball of ||-||z
is contained in Gy.

To prove that ||hllz < (¥ + 2vV)p=(h) is the
same as to verify that if ||h|lz = 1, then
pz((9 + 2v/9)R) > 1, that is, at least one of
the vectors = + (¢ + 2v¥)h does not belong
to int&G. This is given by Lemma.



EXxistence of s.c.b.'s Let G be a closed con-
vex domain in R®. Then G admits an O(n)-
s.c.b. If G does not contain lines, this barrier
can be chosen as

f(x) =0(1)In (mesn {§ ¢l (y —2) < 1wy € G})




Basic Path-Following Method

Problem of interest:

Cx = Min cTa:
rxeG

(G - closed and bounded convex domain in R™
given by ¥-s.c.b. F'.
Path: Since G is bounded, the following path
is well-defined:
z+(t) = argmin Fi(z), Fi(z) =tclz+ F(2)

zeintG

O<t <o



Cy = min{ Tz e cIDomF} [F: 9 —s.c.b.]

X

J
z+(t) = argmin telz + F(z), 0 <t < oo
zeDoOMF > M g
Fi(x)

Basic Path-Following method traces the path
x«(t) as t — oo, that is, generates sequence
of pairs (z;,t;) with z; € intG “close” to x.(t;)
and t; — oco. Specifically,

{ “Closeness” of x to z«(¢t) is understood as

A(Fta QC) S K,

where xk € (0,1) is a parameter;
{» Penalty t; is updated as

tit1 = (1 T %) t

& w41 is given by the Damped Newton
method as applied to th.+1. The method
iIs started at x; and is run until a close to
r«(t;41) iterate is produced; this iterate is
taken as x; 1.

Note: The initial pair (zg,tg) with tg > 0 and
xg close to z«(tg) is given in advance.




Convergence and Complexity

Proposition: In Basic Path-Following method,
one has

Toj—e <X =X (147 12) 7
x =0+ Y ()

Proof. We have |lz; —z«(¢;) ||, 1,) < 125 and
F'(z«(t;)) = —t;c, whence

cLe; — Loy ()

< lelly, epllws = 2t 2 2)

=t I (@I, oyl — 22 (D) g2y
< Mo

= (1-r)

and clz.(t;) —cx < 9/t;, and we arrive at ().



Proposition: Let = be close to x«(t). Then

Fr(x) — muin Fr(u)

< p(k) + 2 |1 = F[ VI 4+ 0p (1 - T
p(s) = —s—1In(1 —s)

Proof. We have

F/(I*(T))—I-Tl(; = 0
P(r) = [ ()] e
= T U ()] ()
Setting

$(7) = [rc’ () +F(ze ()] =[rc" 2 () +F (2 (1)),

we have

() = cae(@t) = Lz ()
— [z (D" [re+ F/(z+(1)]
0
= ¢'(r) = TP (aa(r)] L
= SF (@I IF" (@ (P (w4(7))
whence
d(t) =¢'(t) =0,0< ¢ (1) <7720

Y
¢(1) < Ip(1 —7/1)



[rclzs(t) + F(2x(t))] — [re! @i (7) 4+ F(24(7))]
< 9p(1—73) »

Further,

[rcle + F(2)] = [tz () + F(z4(t))]

telz + F()] - [t 2 (t) + F(zu(1)]

+[r — tle! (@ — 24 (2))

p(r) + |7 = tlllelly, pllz = 2Dz, 1)

o(5) + 11— /T Cen DI, 1o — 2Dl
p(r) + |1 — 7/t ITE

which combines with (x) to yield

I IA

Fr(x) — mlnFT(u)
< p(r) + 15 1= F VI +9p(1-7F)



Corollary: Newton complexity of a step in the
Basic Path-Following method does not ex-
ceed

N =0 o) + %+ 0p (5 )
p(s) = —s—1In(1 —5s)



& How to start the Basic Path-Following
Method?

& Assume we are given a point xj,j € DomF,
and let

f=—F'(xini)
The paths
y«(t) = argmin [thac + F(m)}
(1) = argmin [tcTa:' + F(w)}

ast — +0, converge to the minimizer x g of F
and thus approach each other. At the same
time, y*(l) = Zini-

Consequently, we can trace the auxiliary path
y«(t), starting with x = xjs,t = 1, ast — 0,
until we approach xg, e.g., until a point

zo : AM(F,xg) < g

Is met. We can then choose tg > 0 in such a
way that

A(Ftoa 330) < K,

and start tracing the path of interest x.«(t)
with the pair xq,tg.



mM=10000 n=1000

Step | Penalty Objective Newton steps
1 2.96e-1 -3.1089918 3
2 5.92e-1 -6.4744761 3
3 1.18e+0 | -12.9940893 4
4 2.37e+0 | -26.3332802 7
5 4.74e+0 | -50.7247307 11
6 9.47e+0 | -88.6103727 17
7 1.89e+1 | -129.7037505 23
8 3.79e+1 | -160.4897883 28
9 7.58e+1 | -178.1641436 29
10 1.52e+42 | -187.2479755 30
11 3.03e+2 | -191.5784964 29
12 6.06e+2 | -193.67380300 28
13 1.21e+4+3 | -194.5293250 27
14 2.43e+3 | -194.9707960 26
15 4.85e+3 | -195.1894802 26
16 9.70e+3 | -195.2984255 26
17 1.94e+4+4 | -195.3525217 26
18 3.88e+4 | -195.3789643 26
19 7.76e+4 | -195.3920128 26

20 1.55e+5 | -195.3985293 26
21 3.10e+5 | -195.4017881 26
22 6.21e+5 | -195.4034183 26
23 1.24e+6 | -195.4042317 26
24 2.48e+6 | -195.4046366 26
25 4 97e+6 | -195.4048382 26
26 9.93e+6 | -195.4049388 26
27 1.99e+7 | -195.4049891 26










The Method of Karmarkar

& Problem of interest is a conic program

c*zmxin{cT:B:a:E[ﬁ—l—b]ﬂK} (P)

& Assumptions:
{> the feasible set

K;=[L+bNK

is bounded and intersects intK.

{> a strictly feasible solution x is given

> the optimal value c+ of the problem is
known

& The method of Karmarkar is associated
with a 9-1.-h. s.c.f. F(-) for K.



c*:mxin{cT:I::a:E[ﬁ—l—b]ﬂK} (P)

& Since the feasible set intersects intK and
IS bounded, it does not contain the origin.
Therefore the feasible plane [£ 4+ b] of the
problem can be represented as

L+b={z: Az =0,elz =1}

Passing from the objective L'z to the objec-
tive (¢ — cxe)lx, we arrive at an equivalent
problem

Ozmajn{aTx:aceMﬁK,eT:C=1} (P

where M = {z : Az = 0} is a linear subspace
which intersects the interior of K.

& There is nothing to solve when the objec-
tive o1z is constant on the feasible set; in this
case (which is easy to recognize) our initial
strictly feasible solution z is optimal. Assume
that ol z is nonconstant on the feasible set,
whence o1z is positive at every strictly fea-
sible solution.



& Karmarkar Potential. Let us set

v(z) = F(z) +9In(olz)

& Observation I: If = is a strictly feasible so-
lution to (P’) with ‘“very negative” v(z), then

x 1S nearly optimal:

cle=cle —c* < Vexp{—v@)gv(@},

()

F(x)—minF
VY = (c!'z — ¢*) exp{ 3 L,

v(Z) —v(x)
dIn(c’z) — In(clx)] + F(Z) — F(x)

; dIn(c?z) — In(elz)] + F(Z) — min F,
Ky

and (x) follows.



(P : Ozmwin{aTx:xGMﬁK,eT:c=1}
4
v(z) = F(z) + 9 In(clz)

& Observation II: The potential v(x) is con-
stant along rays:

v(tx) = v(x) Vt > 0.
In particular, when xz is strictly feasible for
(P"), the point # = (cl2) 1z satisfies

zeN={zcMnintK:olz =1}
v(z) = v(z) = F(Z)

Observation III: When y € rint N = M Nintk,
one has ely > 0. Thus, every y € rint N is z
for x = (eTy)_ly crint K.

Indeed, there exists ¢’ € rint N with ely’ > 0.
If there were yy € rint N with elyy < 0,
rint N would contain a segment [v/,y”] such
that el'y” = 0. Let y; € [¢/,vy") tend to ¢ as
i — oco. Since oly; = 1, we have ||y;|| > ¢ > 0,
whence z; = (ely;)~1y; form an unbounded
sequence of feasible solutions to the original
problem, which is impossible.




Conclusion: In order to get a sequence of
strictly feasible solutions z; to (P’) with the
value of the objective approaching 0O, it suf-
fices to ensure strict feasibility of x; and the
relation v(x;) — —oo. To this end, in turn, it
suffices to build a sequence z; € rint N such
that F(z;) — —oo and to set

Ton—1~
r, = (e ;)" &

& Whether it is possible to push the barrier
F' to —oo while staying in rint N7
{> The restriction of F' onto rint N is a non-
degenerate ¥-self-concordant barrier for N.
Such a barrier is below unbounded iff N is
unbounded. Is it the case? — Yes!

Indeed, since inf ol'z = 0, there
reMNINtK,elz=1

exists a sequence z; € M NintK with el'z; = 1
such that 0 < olx; — 0. Since el
we have ||z;|| > ¢ > 0, whence the points
Z; = (olx;)"1z; € rint N satisfy ||Z;]| — oo.

CB,L':].,



& How to push F to —oo, staying in rint N7
{ In order to push a nondegenerate barrier
b =F fint N for the unbounded set N to —oo,
it suffices to subject ® to damped Newton

minimization. Indeed,

P is below unbounded

Y
AP, z) >1Vzerint N

Y

The process

. . \;
Tig1 =T — 13 Ji
with
f; = argmax hLF'(x))
he M,hTF"(z;)h<1
N = MNP, ) = L F(F)
Zog = (c12)" 1z
ensures that
T; € rint N, F(Z;41) < F(Z;) — [1 — In2]

Setting x; = (e!'#;)"1%;, we get a sequence

of feasible solutions to (P) such that

ey —co < (s —c*)exp {ﬁ — %z}
F(x)—ming , F
8= S x=1-In2>0.




Primal-Dual Potential Reduction Methods

& Problem of interest: primal-dual pair of
conic problems

mljn {ch cx € [L + b ﬂK} (P)
min {st se L4 n K*} (D)

K is equipped with J-1.-h. s.c.b. F, Ky —
with the J-l1.h. s.c.b.

Fi(s) = Fi(—s),
where F is the Legendre transformation of
F.

& Assumption: (P — D) is primal-dual strictly
feasible.

Note: problems are written in purely symmet-
ric form. In this form, the duality gap at a
primal-dual feasible pair (z,s) is

[Tz — Opt(P)] + [bT's — Opt(D)]

CCTS

Ly -+ bl's — cl'h
Indeed, for z € [£L + b], s € L+ + ¢] we have

(z—bl(s—c)=0azls=cla+bls—clb



mxin{cT:c X € [L’—|—b]ﬂK} (P)
msin {st s e [LE+n K*} (D)
& T he idea. Assume we have parameterized

the feasible set of (P): L+b={x = Au+1b},
where A is a matrix with trivial kernel. Then

(P) & min {(ATC)Tu € chomcb}
d(u) = F(Au+b)

$ is a nondegenerate ¥-s.c.b. for cIDom®,
and we could solve the problem

mU!n {(ATc)Tu U € CIDomCD}
by tracing the path
usx(t) = argmin[t(ALe)Tu 4+ ®(w)]

Question: What is the image of ux(-) under
the mapping u+— Au -+ b7

Answer: us(t) minimizes the function tcl (Au+
b) + F(Au 4+ b), so that

xx(t) =Aux(t)+b=  argmin [tcTa: -+ F(ac)}
zc[L+b]NINtK

x«(t) is called the primal central path of (P —
D).




min {CT:IJ cx € [L 4+ b] HK} (P)
mSin {st s e [LE+n K*} (D)

& [Existence of central paths] If (P — D) is
primal-dual strictly feasible, then, for every
t > 0, the points

() = argmin [tch + F(ZIZ)}
r€[L+bNINtK

s (1) argmin [ths + F_I_(s)}

se[LL4c]nintK,

do exist.

(P) is strictly feasible = Kp = [L4b]NintK #
0. (D) is strictly feasible = there exists ¢ €
intK, such that é¢—c e £1. On Kp, the self-
concordant functions té!z 4+ F(z) and telz +
F(x) differ by a constant and therefore the
second attains its minimum on Kp if the first
does. This indeed is the case:

z € intK = tel o+ F(x) > tallz||+8—~ In(|||)

with a > 0 (since ¢ € intKy), whence tél'z +
F(x) is below bounded on Kp and therefore,
being s.c.f. on Kp, attains its minimum on
this set.



& Primal-Dual pair of conic problems

mljn {ch cx € [L 4+ b] ﬂK} (P)
min {b7's : s € [+ + ] N K.} (D)
generates the pair of central paths
() = argmin [tcTa:—I—F(a:)} (primal)
ze[L+blNINTK
s« (1) argmin [ths + F+(s)} (dual)
se[LLt+c]NnintK.
Note: & x = x4 (t) iff
e ¢ iS strictly dual feasible
tc + F'(z) € £+, or, which is the same,
—t—1F'(2) € £+ + ¢. Since —F/(:) € intKs,
this is the same as to say that
o —t—1F/(2) is strictly dual feasible.
Similarly,
O s = s4(t) iff
e s iS strictly dual feasible
° —t_lF_/I_(s) is strictly primal feasible



& xx(t) is strictly primal feasible and such
that —t~1F/(x«(t)) is strictly dual feasible

> sx(t) is strictly dual feasible and such that
—t_qu_(s*(t)) is strictly primal feasible

Note: F'(rz) = r—1F/'(z) and F_’|_(—F’(aj)) =
x, and similarly when swapping F', F. Thus,

O se(t) = =t F (21 (1)) ze(t) = —t71F) (s4(8)).
Besides this,

DualityGap(z«(t), s«(t))
sZ(ﬁ)x*(t) = —t7L(F'(z+ () T 24 (2)
vt

whence

O If s = s4(t), x = z«(t), then

e (x,s) is primal-dual strictly feasible,

e s is proportional to —F’(z), x is proportional
to —Fq_(s),

o g ="

Vice versa,

& If (x,8) is primal-dual strictly feasible and
s is proportional to —F’(z) (or, which is the
same, x is proportional to —F_/|_(s)), then z =

2+(1), s = s4(t) with t = -¥—.

STx



& Recall that we have a ‘variational” de-
scription of the set

K={(z,s) €intKxintKy«:s€ -Ry-F'(z)}

This is exactly the set of minimizers of the
function

®(z,8) = F(x) + Fy(s) +9In(slz),

and on this set this function is equal to
const =9 In(¥) — 9. Thus,

Geometrically, the primal-dual central path
is the intersection of the set of minimizers
d(x,s) on the primal-dual feasible set.

Now let u > 0. Consider the primal-dual po-
tential

W (x,s) d(z,s) + pin(stz)
F(x) 4+ Fp(s) + (9 4 p) In(sTx)
On the path z«(?),s«(t) this potential is

equal to

D (@4(t), 5: (1)) +p In(s5 (Da«(t)) = const+pIn (g)

and thus it goes to —oco as t — oo.



d(z,s) 4+ pin(slaz)

F(z) 4+ Fp(s) + (9 4 p) In(sTx)
Observation: If (x,s) is primal-dual feasible
and W(x,s) is very negative, then (x,s) is
nearly optimal:

W(z,s)

W (x,s) — const

DualityGap(x, s) < exp{ }.

Indeed,

d(z,s) + pin(stz)
const + uIn(st'z)
W (z,s)—Cconst

1L

W (x,s)

= In(s?'z)
= DualityGap(z, s)

A IVl

ST.ZU

expq

IA

\U(zv,s)—COﬂSt}
m :



d(z,s) + pin(slaz)

F(z) + F1(s) + (9 + p) In(sT2)

Conclusion: Given a mechanism which allows
to update strictly feasible pair (x,s) into an-
other strictly feasible pair (z4,s4) with the
value of the potential less by at least x > 0O
(with k independent of (x,s)), then, iterating
the updating, we get a sequence of strictly
feasible primal-dual feasible solutions (x;, s;)
with

W(z,s)

DualityGap(z;, s;) < Vexp{——z}
W (zg,s0)— ConSt}
7

Y = exp{

Fact: The required mechanism does exist. Its
“quality” g depends on u and is optimized
when u = O(VY). In this case, k = O(1),
which results in the V/¥-rate of convergence

DualityGap(z;, s;) < Vexp{— O(D\f}
For the sake of definiteness, from now on we
set = 9.



mwin {ch . x € [L + b] ﬂK} (P)
min{vTs . s € [LL + ] NK.} (D)
Y
V(z,s) = F(z)+ Fy(s) + (9 + V) In(st'z)

& Situation: We are given a strictly feasible
solution (z,s) to (P — D)
& Goal: To update (z,s) into strictly feasible
solution (xz4,sy) in such a way that

W(ry,sy) < W(x,s) —O(1).

& We are about to present two updating rules
which always convert (x, s) into strictly feasi-
ble pairs, and at least one of them definitely
reduces the potential by at least O(1).



W(y,s) = F(y) + Fy(s) + (90 + V) In(s'y)

Rule 1. 19. Treat the potential as a function
of y only and linearize the log-term at y = z,
thus arriving at linearized potential

B(y) = F(y) + (9 + V)32 + const(a, 5),
const(z,s) = Fy(s) + (9 + vVI)[In(s'z) — 1]
Note: Due to concavity of In, we have

Y(y) =2 W(y,s), o(x)=V(z,s). (%)

20, Treat ¢(y) as a function on the domain
Kp = [L 4+ b] nintK if strictly primal feasible
solutions. (y) is self-concordant on this do-

main; let x4 be the damped Newton iterate
of x:

_ A
4 =2 — 155t
f = argmax{h!v'(z) : h € L, ||l pngyy < 1},
h

A= L' (2)
By (%) and basic facts on s.c.f.'s:

V(e 8)~W(ey,s) = (@) —(es) = A-In(1+A).

Thus, Rule 1 decreases & by O(1), unless A
is small.



v(s'y)
wwﬁ%=F@%+Rm@+wg+¢®m@%n
= ¢(y) = F(y) + (9 + V)’ + const(z, s)

_ A
CU_'_ — T — mf,
= | f=argmax{h!v'(z) : h € L, ||h]lpry) < 1},
h
A= 1 (2)
What happens when Rule 1 does not work,
that is, when X is small? In the extreme case
A = 0, v(y) attains its minimum on the set of

strictly primal feasible solutions at the point
x, that is,

F'(z) + (0 + V) - e £+
sle_pi(p) 45 e L

= I+/D
T pi)e Ll s =L+
— T S = C
9+ VO
1
~
= 1= 2.(ty), se(ty) = —SZ_F/()

I+V0



Setting s = ﬁi\wa/(x) = s54(t), we have

W(z,s) = d(z,8) +VInslz
> const + VI Inslz
V(z,54) = W(z(l),s4(1))
= D(zx(t),s(t)) + VP In s?[_a:
— const + v9 In sz;_m
whence
\IJ(:B s) — W(x,s4)
> =+ In s'a
- Sy 2o (—aT P (x))

= ViIn?tY — 0(1)
Thus, When Rule 1 completely does not work
(A =0), the updating
Ty

($,S)H(w,—ﬁ+\ff’( z)) ()

results in a strictly feasible primal-dual pair
and decreases the potential by O(1).

It is natural to guess (and is indeed true) that
when A > 0 is small, then appropriate version
of (x) still decreases the potential by O(1),
thus vyielding a “complement” to Rule 1.



sl

_19—|—fF (z)) ()

(z,s) — (z,

When z is not on the primal path, (x) does
not work, since sy is in intKs, but does not
belong to the dual plane £1++4c¢. To overcome
this difficulty, we correct the updating as

sl

S = —F+—

T o+
Facts: ¢ s € Lt +c
O A< 1= s34 €intKy, and in this case

[F'(z) = AF"(2) ] (+)

9+AV0
and the latter quantity is > O(1), provided
that A\ < )\ with appropriate absolute con-
stant M.
Computation shows that Rule 2 reduces W
by > 0.09, provided X < 0.5, while Rule 1
reduces W by > 0.09, provided A > 0.5.

W(a,s) = Wasy) = VI (ST - p0)



Proof of facts. Let
L=ImA [KerA = {0}],z = Au + b,
F/ F/(x) F// F”(x)
t=04V0 5= _4-1p

STQZ
Then
L+b = {y= Av+b}
Lr4+ec = {o:ATo=e= AT¢)
AN = A[ATF'A]71[te + ATF
A = \/ [te + AT F’]T[ATF”A] 1ite + AT F']
s = s+t FAl= 7N (F = F'IA )
Consequently,
ATS_|_

AT [—t=1 (F' — F'A[ATF" A] 7 te + ATF'])]

€

Thus, s belongs to the dual feasible plane.



Let A < 1. To prove that then s € intKx,
set

v=—F
soO that

S_I_ — t—].(v _F//A[ATF,/A]:l[te _I_ ATF/l>
d

We have
417

dT [F//] —ld

[te + ATF’]T[ATF”A]_1ATF”[F”]_1F”A

X[ATF"Al71[tE + AT F']

[te + ATFNTIATF" A~ 1[tE + AT F']

A2 < 1.

We see that v —d € intKs, whence s =



Assuming A < 1, let us evaluate progress in
potential

a = W(r,s)— WV(x,s4)

STQZ
— _ _ +
= ®(z,5) — P(z,54) — VIIn7—.
We have
CD(QZ,S+)

F(zx) + F4(s4) +91n 32{_:13

[F@)+F4@)+ﬁw@?41
+ [F+(8+) ~F (3 +9In

ST

2

STCL’
— —_— S +
= const + [F_|_(s_|_) Fy (5) +91In—=—

2
We have seen that |tsy — v|lv = A, where
v= —F' = t35, whence

s+ —slls = A
so that
Fi(s4) = Fy(3) < (s —)TFLG) +pN)
= —t(sy — )Tz 4+ p(N)
—zl F'IAf1 4 p(N)

whence
TCB

[z < —a"F'DI+p(0) + 910 S




P o= UV
- T
ST I
s = —t1F
sy = S+t LF[AS]

T
®(z,54) < const—aT F/[\f]+ p(\) + 9 In =
We have
a = P(z,s) — P(z,54) —

> [D(x, s)—const]—l—a:TF”[Af] p(N)
—ﬁlnﬂf 7‘5
> ¢9In F”[Af]
542 5}
Note that
sl = t~ 1o
s?{_m — t_119—|—t_17r
T — z9+t\/5
whence

a > 9Inglo +VIINTE  p())



When A < 1, Rule 2 reduces the potential by

a > [m—0n(14+1)] + VoINS ()
> VIInGELT — p(3)
where

r=al F'[\f] = M(—=F)'+.

By origin of f we have ||fllz < 1, while ||F/||% <
V9. We arrive at

7] < A0

whence

— p(N)

9+ VY
oz>f| —I—)\f



Long-Step Path-Following Methods

& Problem of interest:

mxin {CTm L x € G}

G = clIDomF, F' — nondegenerate 9J-s.c.b.
Assumption: The sets

{reG:cle<a)

are bounded.
& Under Assumption, the central path

z+(t) = Argmin[tc! z + F(x)]

is well-defined.



. T .
min {c x.x € G}
J
xx(t) = ArgminLtcTa: + F(x)]
Fy(x)
& Let us fix a path tolerance x € (0,1) and
call a pair (x,t) k-close to the path if

t>0& z€intG & A\N(Fi,x) <k

& Predictor-corrector scheme iterates the up-
datings as follows:

Given k-close to the path pair (x,t),

& replacet withty =t+dt >t

& [predictor step] form a predictor =/ € intG
of xx(t4)

{ [corrector step] Apply to Ft+(-) Damped
Newton minimization, starting with z!, until
a point x4 such that (xzy,ty) is k-close to
the path is built.




& T he predictor zf can be defined from the
linearized path equation:

V|t +dt)cly + F(y)]
~ [VEia(z) 4+ F'(z)(y — )] =0

y
of = 2f (dt) = 2 — [F"(@)] 1V iy (o)



The PDS becomes as follows:

To update a given k-close to the path pair
(t,z) into a new pair (tT,z1) of the same
type, act as follows:

> [predictor step] Form the primal search line

P = {({t+dt,x+ dx(dt)) : dt € R},

de(dt) = —[F"(2)]"'VEF4q(z)
choose a stepsize 6t > 0 and form the fore-
cast

ty =t+6t, o/ =z + de(st)

& [corrector step] Starting from y = z/, iter-
ate the damped Newton method

1
B 1 _I_ )\(Ft_|_7y)

until (x4 = y,ty4) is k-close to the path.
& To ensure bound on Newton complexity of
a step, we impose on 4t the requirement

Fyy 5¢(x + dz(6t)) — myin Firsi(y) < E (%)

where k = O(1) is method’s parameter.

Y=y [F" ()]~ VE, ()



Fiysi(z + dz(dt)) — min Firsi(y) < R (%)

& Question: How to check (*) in a “cheap”
fashion?
& Structural Assumption: The barrier F is
given as

F(z) = ®(mz + p),

where & s a nondegenerate 9¥-s.c.b. for a
domain Gt with known Legendre transfor-
mation

Dy(s) = max [st — Cb(z)}

Example 1: Problem in conic form:

min {CT:B Az — b € K}
xr
where K is given by 9-l.-h. s.c.b. with known
LLegendre transformation &..

This is the case where the potential reduc-
tion primal-dual methods are applicable.



Example 2: Geometric Programming. A GP
program is

min {cTa: ; Zexp{aﬁx + b} <1,Rx < r}
14

€T

( Zuzﬁ S 07 )
mindclz: ~ T
& MINE T explalie + by}t < ugy

\ Rx <r
Clearly, the problem can be rewritten as

V.

/

min {ch - Brxr+Cu+tdc G+}
T, U

t;, >0,2=1,...,p
Gt ={(t,s,y): *= P :
{( y) eXp{Sj} S y]7 — 17 ey q }

The domain G admits (p + 2¢)-s.c.b.

d(t,s,y) = — Z In ti—Z[In(In yj_Sj)+|n(yj)]
i 7

with explicit Legendre transformation
CD*(Ta n, U)
—(p+2q) ln( ;)

’l,_

S|+ D in (555) + i + ]

Thus, Structural Assumption is valid for GP.



min {CT:I:  d(rx +p) < oo}
Du(s) = max {STZ — (D(Z)}

Observation: Let (7,s) be such that

s+ 71c=0 (%)
and s € Dom®,. Then
fs=p's — Pu(s) < min Fr (")
and consequently the quantity

Vs(r,y) = Fr(y) — fs
rcly + F(y) + ®u(s) —pl's

IS an upper bound on

Fr(y) — min Fr(-).

Proof: By definition of Legendre transfor-
mation, for every u € DomF we have

o) Pi(s) + P(ru+p) — (7u+ p)L's
Py(s) + F(u) —pls+ rclu

—fs + Fr(u)

= fs < min Fr(u)

Il IA



Observation: T here exist a systematic way to
generate “dual feasible” pairs (r,s), that is,
pairs with s € Domd®, and with

s+ rc=0. (%)

Specifically, given x € DomF and t > 0, let
us set

u = mx—+p
du(dt) = mndx(dt)

s = d'(u)
ds(dt) = "(u)du(dt)

 Every pair S(dt) on the Dual search line

D = {S(dt) = (t+dt, s (dt) = s+ds(dt)) : dt € R}

satisfies (x).

& If (t,z) is k-close to the path, then s/(0),
and therefore every sf(dt) with small enough
dt|, is in Dom®*.




mx + p, du(dt)
d'(uw), ds(dt)

wdx(dt),
S (u)du(dt).
(1)

Proof. The first claim is immediate:

(t + dt)e + 7L (s + ds(dt))

(t + dt)c+ 7l [@'(u) + D" (u)wdr(dt)]
(t +dt)c+ F'(z) + F"(x)dz(dt)

0

To prove the second claim, observe first that

(a) |ds(dt)||2 = ||du(dt)||2 = ||dx(dt)||2
= [du(dt)]" ds(dt)
(b) 1ds(0)||s = ||dz(0) |« = A*(F%, ).

which is immediate due to (1) and ®L/(s) =
[ (u)] .

It follows that if A(Fy,z) < &, then s/(0) =
s + ds(0) is in the Dikin ellipsoid of ®, cen-
tered at s = ®’(u) € Dom®y, thus, s/(0) €
Domo®..



& Now we can equip the Predictor step with
Acceptability Test:

Given (x,t) k-close to the path and a candi-
date stepsize dt, build

eI (dt) = =+ dz(dt)

z— [F"(2)] 7 [(t + dt)c + F'(z)]
s + ds(dt)

d'(rx + p) + " (w)wdx(dt)

U

st (dt)

check whether

If it is the case, accept dt — in this case

Fyya(@! (1)) — min Fyiyar(y) <K,

otherwise reject dt.

Note: It makes sense to choose, as the ac-
tual stepsize dt, the largest stepsize dt which
passes the Acceptability Test.



& To justify the scheme theoretically, we
should prove that the “short step” dt =
O(1)t/V/9 passes the Acceptability Test.

& Given a point v € Dom® C R™ and a di-
rection du € R™, let use define the conjugate
point and direction as

s=d'(u), d§s=d"(u)du,
and let
pilou] = P(u—+ ou) + P*(s+ ds)
— [®P(u) + P*(s)]
— [[6u)T®' (u) + [5s]T D/ (s)]
[ [6u]T " (w)éu n [5S]T(q>*)"(s)5s]
2

2

Fact: One has

(a) ¢ = |bullu = [10s]ls = +/[6u]’ s;
b)) (<1 =
pildu] < 2p(¢) —¢?2=-2In(1—-¢) —2¢—¢?

$C+H I+ 5+



Proposition: Let (¢,z) be k-close to the path,
and let dt, |dt| < t, be a stepsize. Let also

u = 7mx+p, du(dt) = ndx(dt),
S d'(u), ds(dt) S (u)du(dt).

& The quantity v(dt) to be compared with &
in the Acceptability Test admits the bound

v(dt) < py[du(dt)]
while
A(Fy, z) + N(F, 2) + A(F, )]
Kk + @[ﬁ; + V9.

& Thus, w < 1= v(dt) < 2p(w) —w?. Conse-
quently, if 2p(k) — k2 < R, then all stepsizes
dt satisfying the inequality

ldu(dt)|lu < w

I\

|dt| < Ky — K
t — k+MNF,x)
where K4 IS the root of the equation

20(z) — 22 = &,

pass the Acceptability Test.



& How long are long steps?

For the sake of simplicity, assume that x =
x«(t). It turns out that for a well-defined
family of s.c.b.’s & which includes, e.qg.,

¢ the barrier —3 Inx; for ]Rf’l_”‘

1
{ the barrier —InDetX for the semidefinite
cone S7_7|}
the step dt is such that the “forecast shift”

6 = ||dtxl, ()|, ) = ll2? (dt) — 22

is of order of Al/2 where

A = min {|[pal (D)l ry © 2+(1) +pa(t) € G}

Note: The standard short step dt = O(1)t/V/?
corresponds to 6 = 1, so that

dtlong-step > O(\/Z)
dtshort—step -

Note that A is at least 1 and can be as large
as .




How to Build S.C.B.'s?

& With the outlined IPMs, solving a convex
program requires
{ reformulating problem in the standard form

: T .
mxln{c :c.:cEG} (P)
with convex set G

Usually this is straightforward; typical de-
scription of G is like

G={g;(z)<0,j=1,..,m} (%)

where g; are explicitly given convex functions.
{ Equipping G with a “computable” s.c.b.
F.

& For the time being, we know just 3 “basic”
s.c.b.’s:

{ 1-s.c.b. —Inx for nonnegative ray

> m-s.c.b. —InDetX for the cone S™ of m x
m symmetric positive semidefinite matrices
O 2-s.c.b. —In(t2—a1'z) for the Lorentz cone

{(t, @) 1t > [|lz|2}.



& We have a kind of ‘“calculus” of s.c.b.’'s
allowing to produce new s.c.b.’'s from known
ones applying the following 3 operations:
{ Summation: Sum of ¥;-s.c.b.’s for domains
G, i <m, is a (3 v;)-s.c.b. for NG;.

(4 1

T his rule allows to “decompose” the problem
of building s.c.b. for the domain

{x:g;,(x) <0,.,i=1,...,m}

into m similar problems for the simpler do-
mains

{z : g;(x) <O},

1 =1,...,m.

> Affine substitution: If F' is a J-s.c.b. for
G, then F(Azxz +b) is a ¥-s.c.b. for G' = {z:
Az + b € G}, provided that the image of the
mapping Ax + b intersects intG;

¢ Direct summation: If F; are 9¥-s.c.b.’s for
G, i < m, then Y F;(a') is (X 9;)-s.c.b. for

1 1

Gq1 X ... x Gm.




& It turns out that a key to dramatic exten-
sion of the “power” of barrier’s calculus is in
answering the following question:

(?)  Given a closed convex domain G
equipped with s.c.b. F7T and a nonlinear

mapping A(x), how to build a s.c.b. for the
domain

G~ ={z: A(z) €intGT}.



Definition: Let K be a closed convex cone in
RN G~ be a closed convex domain in R”, let
B >0 and

A(z) 1 intG~ — RY
be C3 mapping. A is called g-appropriate for
K, if
& Ais K-concave, thatis, V(2/, 2" € intG—, )\ €
[0, 1]):

Az’ 4+ (1 = N2 > MA@ + (1 - V)AL

Equivalently: D2A(x)[h,h] <y O for all z €
intG_, h e R
O A is B-compatible with G~

z+h € intG™ = D3A(2)[h, h, h] <j —38D?A(z)[h, h]

Note: Affine mapping from R™ to R¥, re-
stricted on the interior of a closed convex
domain G- C R", is O-compatible with every
closed convex cone in RV,



A() 1 intGT — RN, K c RY : closed cone

Main Theorem: Let 1) G1 be a closed con-
vex domain in RY with a 9-s.c.b. F?b
2) K be a closed convex cone in R
that Gt + K c GT

3) G~ be a closed convex domain in R™ with
Y_-s.c.b. F_

4) A : intG- — RY be a p-appropriate for
K mapping such that A(intG™) intersects
intGT.

Then the function

F(z) = F1(A(2)) + max[1, 3% F_(z)
is a ¥-self-concordant barrier for the closed
convex domain

G = cl{z € intG™ : A(z) € intG+},
with

such

9 =94 + max[1, 5°]9_.

Note: When ¢— = R", F_ = 0 and A is
affine, Main Theorem becomes the Substi-
tution rule.



Calculus of appropriate mappings: Let K C
RN be a closed convex cone.

[restriction] If A : intG— — R% is g-appropriate
for K, then the restriction on A on the inte-
rior of every closed convex domain G C G~ is
B-appropriate for K

[conic combination] If A; : intG; — RY are
B;-appropriate for K and \; > 0, t:=1,...,m,
then the mapping

A(z) =) NAi(x) tint ( ﬁ G,L-) — RN
) 1=1

is [max g;]-appropriate for K.
(/



[direct product] If A; : intG; — RYi are g;-

appropriate for closed cones K; C RN and
A; > 0,2=1,...,m, then the mapping

Az, 2™ = Az, iNt(Gy x...xG) — RN+ AN,

is [max G;]-appropriate for K1 x ... x K,
1

[direct summation] If A; : intG; — RY are
B;-appropriate for K and \; > 0, ¢t =1,...,m,
then the mapping

A(z?, ., a™) =) XA’ Dint(Gy x .. x G) > RY

is [max B;]-appropriate for K
7



[affine pre-composition] If A :intG— — RY is
B-appropriate for K, then

A(Az +b) : {z: Az +beintG"} - RY

IS g-appropriate for K.

[affine post-composition] If A : intG— — RM
iIs B-appropriate for a closed cone N in RM
and y — Ay : RM — RN is a linear map-
ping such that A(N) C K, then the mapping
Ao A(-) is p-appropriate for K.



Verification for conic combination:

xiheint(ﬂ G;)
1=1

Y
zEheintG,i=1,..m
Y
U

J
US"ND3A (), h, h] <k —3[maxG;] > \iD2A;(x)[h, h]
7 J 7

Y
D3A(z)[h, b, h] <k —3[max B;]D?A(z)[h, h].
J



Applications of Main Theorem:
Barriers for Epigraphs of Univariate
Functions

&letGT=K=Ry, G ={(z,t) eR?: ¢t >
0}, and

A(xz,t) = f(t) —z :intG™ — R.

Observe that by Calculus, A is g-appropriate
for K, if so is the mapping

ts £(t) : {t >0} — R.

With this observation, in the situation in
question Main Theorem as applied with

Fi(u) =—Inu; F_(z,t)=—Int

reduces to the following statement



Proposition. I. Let f(t) be a C3 concave func-
tion on {t > 0} such that

t+h>0=|f"(t)h3] < =38f"(t)h?

(i
t>0=[f"@)] < -36t7Lf"(t)

Then the function
F(z,t) = —In(f(t) — z) — max[1, 8%]Int
is (1 + max[1, 84])-s.c.b. for

Gr=cl{(z,t) eR?| t >0,z < f(t)}.

II. Let g(z) be C3 and convex on {z > 0}
such that

z>0=|¢"(z)| <38z 1G" ().
Then the function
G(z,t) = —In(t — g(z)) — max[1,5°%] Inz
is (1 4+ max[1, 82])-s.c.b. for

GI=cl{(z,t) eR?| z>0,t> f(x)}.



Epigraph of increasing power function: When-
ever p > 1, the function

—Int — In(tl/p — )
IS 2-s.c.b. for the epigraph
{(z,t) e R? 1 t > af = [max{0,z}]"}

of the power function J;I_?I_, and the function
—2Int — In(tz/p — z2)

IS 4-s.c.b. for the epigraph
{(z,t) e R? | t > [a|"}

of the function |z|P.

Indeed, f(t) =t1/P: (0,00) — R satisfies
)] < =387 (1)

with 8 =252 <1, and the set

Gy =cl{(z,t) : t> 0,2 < f(t)}
is exactly Epi{z] }.



Epigraph of decreasing power function: When-
ever p > 0, the function

—Inz—In(t—2"P), 0<p<l1
—Int—In(z—t"1P), p>1

IS 2-s.c.b. for the epigraph
c{(z,t) eR? | t >z P,z >0}

of the function xP.

The case of 0O < p <1 is covered by Propo-
sition, II applied to g(z) = 7P (B = QT'H’).
The case of p > 1 reduces to the previous
one, since for ¢,z > 0 one has

t>a P>t /P



Epigraph of the exponent: The function

—Int—In(Int — x)
IS 2-s.c.b. for the epigraph
{(z,t) € R?| t > exp{z}}

of the exponent.
This case is covered by Proposition, I as ap-

plied to f(t) =Int (3 =2)



Epigraph of the entropy function: The func-
tion

—Inz—In(t —zlnx)

IS 2-self-concordant barrier for the epigraph

c{(z,t) eR? | t>zInz,z > 0}

of the entropy function z In x.
T his case is covered by Proposition, II as ap-

plied to f(z) =zInz (8 = 3).



Example 1: Geometric Programming. A GP
program

N> ay exp{b;f’;:c}) + c;fr’a: +d;<0,i<m
min{clz: f;
Px > p

T

with a;p > 0 can be rewritten as

( exp{d; + Ina;; + [e; + b;] T2} < gy
mind{clz: 2Zup=<1 >
T, U 14

\ Px Z P J

)

min{ch ‘Rr+ Su+7rc H}

T, U

H = {t,S,y : tj 2 O?J S b, eXp{Sf} S Yo, l = 17 7Q}
It suffices to equip with a s.c.b. the set H,

and here is (p + 2q)-barrier for the set:

d(t,s,y) = —Z Int; — Z[In yo+ In(Inyy — syp)]
7 14



Example 2: Entropy Minimization. An EM pro-
gram

% ajg(aip 4 blyz) In (aw + bgéx)
min{clz:

T ' —I—C;-rx—l—diSO,iSm >
Px > p

\ /

with «a;p > 0 can be rewritten as

(

(a;p + bzéac) In (aw + bz;m) < Up
min < Lo Sayuyp+clz+d; <0 >
) 14
Px > p

\ /

min{ch : Ra:—l—Su—l—rEH}

T, U

H = {t787y : t] > 07] < p, SglﬂSgSyg, = 177Q}
It suffices to equip with a s.c.b. the set H,
and here is (p + 2q)-barrier for the set:

d(t,s,y) = — Z In tj—Z[In sp+In(yp—spinsy)]
7 14



Applications of Main Theorem:
Barriers for Epigraphs of Some Multivariate
Functions

Lemma: Let T 2 0, ij — 1. The function

J
f(x) =2 = ﬁ . intR? — R
p— ' 1 j . _I_
1=

is 1-appropriate for K = IR{_l_.
Proof: Assume that x = h > 0. Setting 4; =

h.
—J we have

D@ = f() |Em3]
- )

D2f(@)lhsh] = f(@) |S i3]
_f(aj) [Zﬂ-]hQI

J J

D3f(z)[h, h, h]

hl>
@) [
-3@) |2 x;%3| [l
J J

3
+2f(x) [z . g] |



Setting
Mg = Y707, k=1,2,3,
J

J 90
§j

0; — My,

2

——
we get Y m;&; =0, Mp = M7+ Y &7, and
J J

Mz — ME| = f(z)o?
2% mi(My +&5)° — 3M1 (M7 + 0°)
J

—D?f(z)[h,h] = f(=)
D3 f(x)[h, h, k] f(x)

23
= f(z) [3M102 —|—227ij]3] :
J

Since |§;] < 1, we have [M1| < 1 and §; <
1 — M7, whence

S omied <> mig2(1 - My) = (1 — My)o?,
j j
whence

D3f(x)[h, h, h] < f(z)(M14+2)0° < —3D?f(x)[h, h].



Hypograph of geometric mean: Let m;; > O
with Zﬂ'z] <1,:=1,....m, and let a; > 0.
J

The function
F(t,x) = — In(ZaiHa:;Tij —t) =Y Inz;
( J J

is (n+ 1)-s.c.b. for { > 0,t < Zazl_[a?;r”}
v J
: Tig \  1—=> . T .
Indeed, by Lemma the function (chj )y IO
J

intIRiT‘l — R is 1-appropriate for R ; by Cal-
culus, so is the function

f(t,x) = Zainx?‘j —t:{(t,x) : x>0} — R.
i J
By Main Theorem as applied with GT =R,
Fy(z) =—Inz, F_(t,x) = -3 Inz;, the func-
1
tion
—In f(t,z) = > Inz;
i

is (n + 1)-s.c.b. for the set cl{(t,z) : =z >

0,t<z™} ={z>0,t< Zaiﬂx;ij}.
i



Epigraph of [Jz; “: Let a; > 0. The function
i

1
14>
F(t,z) =—In|[tz*] ¢ —1|-=) Ing
)

is (n+ 1)-s.c.b. for the set {z > 0,t > x~“}.
Indeed,

1"‘%:0%'
{z>0,t>x *}={(x,t) >0: [tz*] + >1}.




Example 3: || - ||p-approximations. Consider a
constraint

Az 4+ bllp < 'z +d. (%)

In order to work with this constraint, it suf-
fices to represent the set

{(z,2) : [[zllp <t}
in the form {(x,t) : 3y : Az+By-+tc+d € GT},
where GT admits explicit s.c.b. &. Given
such a representation, we can replace (x)
with the constraint

Aa:—I—By—I—tc—I-dEG+

in the extended space of variables; the new
constraint already admits a s.c.b. P(Az +

By +tc+d).
Here is the desired representation for 1 < p <
oo (the cases of p =1 and p = ~o are trivial):

{(t,2) : |lzllp < )
(t,z) St~ (P Dy P < ¢

7\

( p—1 1
= J(t,az) c 3 x| <t P TipazTi<t}
i

\



The set

p—1 1
{(t,x,7) :|x;| <t P Tip,iﬁm,ZTi <t} (5)
1

admits (3m + 1)-s.c.b.

F(t,z,7) = — Z [In (tQ(pp_DT; — a:f) +In TZ} —In(t—z 7).
()

Indeed, consider the mapping

A(t, 7,x) = {(t%Tf — a:i,t?Ti; + a:@)} CintG— — R2™
G- ={({t,7,z) :t>0,7>0,) 7 <t}

By Lemma and Calculus, this mapping is 1-
appropriate for Rﬁ_m (as restriction of pre-

composition of direct product of 1-appropriate
mappings). Setting

2m
Gt =K = R?'_m, F_|_(8) = — Z In s;,
=1

F_(t,T) = —ZMTZ'— |n(t—ZTZ‘)

1

and applying Main Theorem, we conclude
that (%) is a (3m + 1)-s.c.b. for (S5).



Fractional-Quadratic Substitution
Theorem. Let G be a closed convex domain
in R” and Y(z) : R® — S™ be affine and

x € intG = Y(x) > 0.
Then the mapping

AX,z) = =Xy~ Ya)X int R™F x @) — SF
é’_

is 1-appropriate for S’fF.

Proof: Let (X,x) € intG~ and (dX,dzx) are
such that (X, z) & (dX,dx) € intG. Let us set
dY =Y (x+ h) —Y(x). Setting

Y =Y V2qyy Y2 = (sY)T, X =Y V24X, Z=Y 12X :

dXTY1X + XTy-1dX — XTy-dYyy-1X
2dXTY1dX —2dXTY-"dYY1X
—2XTy-1qyYy1dX + 2XTYy-1dYY-dYY1X
2[(6X)T(6X) — (6X)T(6Y)Z—
ZT(6Y)(6X) + ZT(6Y)?Z]

2[6X — (8Y)Z]' [6X — (8Y)Z]
—6dXTY1dyY-ldX
+6dXTY-ldyy-dYY-1X
+6XTY1dYY-1dYYldX

—6XTY - 1dyY 1dYY-dYY1X
—6[(6X)T(6Y)(6X) — (6X)T(6Y)?Z
—ZT(6Y)2(6X) 4+ ZT(6Y)3Z]

= —6[6X — (6Y)Z]' (6Y) [6X — (8Y)Z]

—dA
—d? A

—d3A






d2A —2[6X — (6Y) 2]V [6X — (8Y) Z]
d3A 6[6X — (6Y)Z]1 (6Y) [6X — (8Y)Z]
Since x+=dx € G and Y(x) = 0 in G, we get

Y £dY =0, or —1 <J§Y < I. Consequently,

BA = 6[6X — (Y21 (5Y) [6X — (5Y)Z]
< 6[6X — (6Y)Z]L [6X — (8Y)Z] = —3d2A.



Example 4: Epigraph of convex quadratic form.

The function
f(t,z) = —In(t—a—2blz — 27 QT Q)

is 1-s.c.b. for the epigraph of convex quadratic
form 2 QY Qxz + 2blz + ¢.

In view of the Affine Substitution rule, it suf-
fices to prove that

g(t,y) = —In(t—y'y)
is 1-s.c.b. for {(t,vy) : y'y < t}. By Calculus

and Fractional Quadratic Substitution rule as
applied to the data

A(y,u) =y Y )y, Y(u) =1,
the function
C.
flt,y,u) =t—y Y 1wy =t—yTy : RxR*"xR—- S =R

is 1-appropriate for S} =R . Setting GT =

Ry, Fi(z) = —Inz, F_ = 0 and applying
Main Theorem, we see that
—In(t —y! Y (w)y) = —In(t — y'y)

is 1-s.c.b. for the set {(¢t,vy) : yly < t}.



Example 5: Lorentz cone. The function

f(t,z) = —In(t® — 2! 2)

is 2-s.c.b. for the Lorentz cone {(t,z) : t >
[E2[P32

By Calculus and Fractional Quadratic Sub-
stitution rule as applied to the data

Az, v) =21 Y Nz, Y(u) = ul,
the function
¢
ft,z,u)=t—2' Y 1wz : RxR"x {fu >0t —S'=R

is 1-appropriate for S}|_ = R,. Setting
Gt = Ry, Fyu(z) = —Inz, F_(u) = —Inu
and applying Main Theorem, we see that

—In(t —u tyly) —In(u) = —In(tu — 21 2)

is 2-s.c.b. for the set cl{tu > z'z,u > 0}. By
Affine Substitution rule,

—In(t? — z''2)

is 2-s.c.b. for {(t,z) :t > Valx}.



Example 6: Epigraph of matrix norm. Func-
tion

f(t,z) = —InDet(t’I, — X1 X) —Int
[X € R™*7]
is m-s.c.b. for the cone {(t,X) : t > || X|},
where || X|| = max X212 ig the matrix norm

lzllo=1 lI=Il2
of X.
By Calculus and Fractional Quadratic Sub-
stitution rule as applied to the data

AX,w) = XTYy 1w X, Y(u) = ulm,
the function

inta-
FOV, Xu) =V-XTY 1 (u)X : S" x R™" x {u > 0} — 8"
is 1-appropriate for 8. Setting Gt = S,
FL(Z) = —InDetZ, F_(u) = —Inu and ap-

plying Main Theorem, we see that
—InDet(V —u 1 XTX) — In(w)

is (n 4+ 1)-s.c.b. for the set {uV > X1 X, u >
0}. Substituting V =tl,, u =1t, we see that

—In(tl, —t ' XTX) —Int

is (n 4 1)-s.c.b. for the set {(t,X) : t2I, >
XTa} ={( X) 1t > ||X]}.




Note: With our Main Theorem, only two
Ss.C.b.’s remain guessed rather than derived —
these are s.c.b.’s —Int for R4y and —InDetX

for S?IZ. In fact, the second barrier also can

be derived.
Indeed, the function

inta-
flz,2, X) =z —2'X 12 : R x R™ x intSf—>R

iIs 1-appropriate for R_|_. From Main Theo-
rem it follows that if F,,(X) is 6,,-5.c.b. for
SQ’}, then the function

Fpa1(z,2,X) = Fpn(X) — In(z — 2! X~ 12)
is (Vm—+1)-s.c.b. fortheset (z,z,X) =cl{z >
T
eI X g X = 0} = {(z,:c,X: [ - O}.

z X

r X
Thus, we get a recurrence which converts
Um-s.c.b.  for ST into (Ym + 1)-s.c.b. for
SZ_H'l. Starting recurrence with Fy(x) =

—Inz (91 = 1), it is easy to check that the
recurrence results in F(X) = —InDet(X),

ﬁm:m.



Proof of Main Theorem

A. Let
G = {z €intG™ : A(z) € intGT}

Let us prove that GO is an open convex do-

main.

Indeed, all we need to prove is that GO is

convex, which is immediate: with 2/, z” € GO

and X € [0, 1] we have X2’ + (1 —=X\)z” € intG~

and

AX’ + (1 = XN)z") € NA(Z) 4+ (1 —N)A(L)

+K
e (intG1T) + K C intGT.



B. Let us prove that
F(z) = Fy(A(z)) 4+ max[1, 8% F_(z)

is s.c.f. on GO.
We fix x € GO, h and will verify that

(a) |D3F(z)[h,h,h]| < 2{D2F(x)[h, h]}3/?,
() |DF(z)[R]| < 9Y/2{D2F(x)[h, h]}1/2.



Setting v = max|[1, 8] and

a= A(z), a' = DA(x)[h],

a' = DQA(a:)[h, h], a" = D3A(:c)[h, h,h],

DF(z)[h] = dF,  D2F(z)[hh] = d2F,
D3F(x)[h, h, h] = d3F

we have
dF = DFy(a)[d] +~+?DF_(z)[h]
d?F = D2F+(a)[a’,a’] + DFy (a)[d”]

++2D?F_(x)[h, h],
d3F = D3Fy(a)[d,d,a'] 4+ 3DFy(a)[d’,a"]
+DFy (a)[a"] + v D3F_(x)[h, h, h].

Setting p = \/D2F+(a)[a’,a,’], q= \/DQF_(:I:)[h, h],
we have

IDFL(a)[d']| < p\/94, |DF_(2)[h]] < qyD-
ID3Fy[d,d/,a'l| < 2p3, |D3F_[h,h,h]| < 2¢3

Since Fy is s.c.b. for GT and —d” is a reces-
sive direction of GT,

VD?Fi(a)la",d"] < D?F[a"] = 12,



Lemma. One has

36qa" <fc o' <g —3pBqa”, ()

Indeed, let a real t be such that |t|||h||z = tg <
1, and let h; = th; then D2F_(x)[ht, hi] =
t2¢g?2 < 1, whence z + hy € G~ and therefore

3" = D3 A(2)[he, hi, hi] <xg —3B8D?A(x)[ht, hi] = —38t%d”.
This is valid for all t with |t|lg < 1, and (%)
follows.

& Since DF_(x)[-] is nonpositive on the re-
cessive cone of G1 and thus on K, (%) implies

IDFy (a)[a"]] < 38¢DFy(a)[a"] = 38gr°.
Finally, by Cauchy’s inequality

ID2Fy(a)ld,a"]] < /D?*Fi(a)ld’,a]y/D?Fy(a)la”, a”]
< pr



& Putting things together, we get

|DE(z)[h]] < py/O4 + av?VI-
D?F(z)[h,h] = p*+1°+7%¢°
|D3F(z)[h,h,h]| < 2[p>+ 2pr?2 + 28gr?] + 27°¢3.

(%)
Taking into account that v = max|[1, 3], it is straight-
forward to derive from (x) that

(a) |d3F| < 2{d?F}3/,
(b) |dF| < 9Y2{d2F}1/2.

Note: Setting
H(z) = Fy (A(z)),
the above computations imply that
D?H(z)[h,h] = p* +1° > 0.

Thus, H(-) is convex on GO.



& It remains to verify that F(-) is interior penalty for
clGO. Let x; € G°, and = = lim z; € 8G°; we should

prove that

Indeed, let y; = A(x;).
Case 1: x € intG~. In this case, y; — A(x) as 1 — oo
and A(x) € intG*, whence

H(zi) = F1.(A(zi)) — 400, i — oo,

while F_(x;) remain bounded below (since F_(-) is
convex), and (x) follows.
Case 2. z € intG~. In this case,

F (x;) — 400, 1 — oo,

while H(x;) remain bounded below (since H(-) is con-
vex), and (x) follows.



How to initialize IPMs
Self-Dual Embedding

& In the IPMs presented so far, we assumed that

& we know in advance a strictly feasible primal solu-
tion (or primal-dual solutions)

& (in path-following methods) the initial strictly fea-
sible solution(s) are close to the path(s).

& How to get rid of these restrictions?

& Assume we are interested to solve conic problem

min{c'z : X = Az — B € K}, (CP)

(K is a closed convex pointed cone with a nonempty
interior in Euclidean space FE). The corresponding
primal-dual pair is

mXin{<C,X) X e(L-B)nK} (P)
mbax{(B,S) :Se(Lt+C)nK,} (D)
L=ImA, Lt = Ker AT, ATC =
& Assumption: (P), (D) is strictly primal-dual feasible.




mXin{<C,X> : X e (L-B)nK} (P)
max {(B,S): S € (L++C)nK.} (D)
L =ImA, Lt = Ker AT, ATC =

Observation: When shifting B along £, we do not vary
(P) and replace (D) with an equivalent problem; thus,
we can assume that B € £1. Similarly, when shifting C
along £+, we do not vary (D) and replace (P) with an
equivalent problem: thus, we may assume that C € L.
With B € £+, C € £ we have

DualityGap(X,S) = (X,S) = (C, X) — (B, S)
& Goal: To develop an IPM for (P), (D) which
requires neither a priori knowledge of a primal-dual
Strictly feasible pair of solutions.




m)(in{(C,X):Xe(E—B)mK} (P)
mSax{<B,S> S e (Lt +C)nK,} (D)
CeL=ImA,Be L =KerAl ATC = (]

The approach: 1°. Write down system of constraints
in variables X,S and 7,0 € R:

(a) X+7B—-—P € L[

(b) S—rtC—-D € [t

(c) (C,X)—(B,S)4+o0—-d = 0

(e) X € K, (<)
(f) S e K,

(9) o > 0

(h) T > 0.

e P,D,d are such that

& (I) it is easy to point out a strictly feasible solution
Y =(X,8,5,7=1) to (C);

& (II) the solution set Y of (C) is unbounded; more-
over, whenever Y; = (X;, S;, 04, 75) € YV is an unbounded
sequence, we have 1; — oo.



(a) X+7tB—-—P € L

(b) S—1tC—-D € L+

() (C,X)—(B,S)+o—-d = 0;

(e) X € K; (C)

(f) S e K

(9) o > 0,

(h) T > 0.
20, Assume we have a mechanism allowing to “run
away to oo along Y' — to generate points Y, =

(Xi, Si,04,71) € Y such that ||| = /|| Xi13 + [|1Sil|3 + 02 + 77 —
co. By (II) 7; — oo, i — co. Setting

XZ':T'_lXZ', SZ':T-_lSZ'.

1

we get

(a) )g@ € (L—-B+r1 'P)nK;
(b) Sie(Lt4+C+7'D)NK,; c
() (C.Xi) —(B,5y) <7 'd (<)

DualityGap(x.35)

~

Since 1, — oo, we see that X},Si simultaneously ap-
proach primal-dual feasibility for (P), (D) (by (a—1b))
and primal-dual optimality (by (c).



(a) X+7B—-P € L;
(b) S—rC—-D € [t
() (C.X)—(B.S)+o—d = O
(e) X € K; (O)
(f) S € K
(9) o > 0
(h) T > 0.

& How to run to oo along the solution set Yy of (C)7
(C) is of generic form

Y =(X,S,0,7) € ( M+ R)NK (G)
where
KszK*xR+xR+CExExRXR
U+rBeL,

M=<(UV,sr): V—-rCeLt
(C,U) —(B,V)4+s=0
R=(P,D,d— (C,P)+ (B,D),0) € E
Given a 9-I.-h. s.c.b. F for K with known Legendre
transformation, we can convert it into 2(¢ 4+ 1)-Il.-h.

s.c.b. ﬁ(-), also with known Legendre transformation,
for K.



(a) X+7tB—-P € L
(b) S—1tC—-D € L+
(©) (C.X)—(B.S)+0—d = O
(e) X e K; (C)
(f) S e Ky
(9) o > 0
(h) T > 0.
0 _
Y =(X,S,0,7)e M+ R)NK (G)

& By our assumptions, we know a strictly feasible
solution

Y =(X,5,5,7=1)
to (G). Let
C=-VE®Y).
Consider the auxiliary problem

myin{@,m:Ye (M+R)mf<}. (AUX)

By origin of C, Y lies on the primal central path Y. (t)
of (Aux):

Y = Y.(1).



Summary:

(a) X+7B—-P € L

(b) S—7C—-D € L[t

(c) (C,X)—(B,S)+0—-d = 0,

(e) X € K; (C)

(f) S e K,

(9) o > 0

(h) T > 0.
0 _

Y =(X,S,0,7)e M+ R)NK (G)

J

miny {(5’, YY:Ye( M+ R) ﬂIN(} (Aux)

We have in our disposal a point ¥ = Yi(1) on the
primal central path of (Aux).

& In order to run to oo along the solution set') of (C),
we can trace the primal central path Y.(-), decreasing

the penalty, thus enforcing the penalty to approach O.
Indeed,

Y.(t) = argmin t(@, Y) + F(Y)

As t — +0, we are “nearly minimizing"” F over un-

bounded set Y, thus inf ' = —oo, thus thus we should
Y
run to oo!



Implementing the approach

mXin{(C,X>:X€(£—B)mK} (P)
mSax{(B,S> S e (Lt +0)nK,} (D)
CeLlL=ImABe Lt =KerAT ATC = (]

& Specifying P,D,d. Let us choose somehow P >k B,
D >k —C, >0 and set

d=(C,P—B)—(B,D+C)+5.

It is immediately seen that with this approach the
point

Y=(X=P-B,S=C+D,5,7=1)
iSs a strictly feasible solution to

m)/in{(@,Y) = (M+R)mf<} (AUX)
where M + R is given by

(a) X+7tB—-P € L

(b) S—7C—-D € [

(c) (C,X)—(B,S)+0—-d = 0

(e) X e K, (C)
(f) S e K,

(9) o > 0

(h) T > 0.



myin {(5, YY:Ye(M+R)N fi} (Aux)
where M + R is given by

(a) X+7B—-P € L

(b) S—tC—-D € [t

(¢) (C,X)—(B,S)+o0c—-d = 0;

(e) X ¢ K; (O)
(f) S e K

(9) o > 0

(h) T > 0.

& Crucial claim: The solution set Y of (Aux) is un-
bounded, and r;, — oo along every sequence Y; € Y
with ||Yi|| — oc.

Proof: Problem (Aux) is strictly feasible by construc-
tion and admits a central path; therefore the conic
dual (Aux’) of (Aux) also is strictly feasible (in fact, by

construction C is strictly feasible solution of (Aux’)).
To see that )Y is unbounded, it suffices to verify that

ML does not intersect intK,




Claim: ML does not intersect intK.,.
A collection (&,n,s,r) is in M= iff linear equation

(S,m) +o0s+1r=20

in variables X, S, o, 7 is a corollary of the system
X+71BeL,S—1CeL(X,C)—(S,B)+0c=0.
By Linear Algebra, this is the case iff there exist U &

L1V e L, XeR such

(a) ¢
(b)
(c)
(d)

S v 3

that

-+
>
% &

~

< G

(Pr)

jQ\I >
X

I
=
2



& We have seen that (¢,n,s,7) € ML iff there exist
UeLt,ve L, XeR such that

(@) € = U4+XC,
o Tz (Pr)
(d) r = (UB)—-(V,0).

Assuming that MInintK, # 0, there exist U € L,V €
L, X € R such that (Pr) results in £ € intK,, n € intK,
s> 0, r>0. By (¢), A > 0; by normalization ((Pr) is
homogeneous!), we can make A = 1. Since U,B € L+,
V,C e L, we get from (a — b):

<€ﬂ?> — <Cv V> T <B7U>,
adding this to (d), we get

&,m +r=0,

which is impossible, since » > 0 and (£,n) > 0 due to
¢ € intKy,n € intK.



& We have seen that the set Y of solutions Y =
(X,S,0,7) to the system

(a) X+7B—-P € L

(b) S—7C—-D € [t

(¢) (C,X)—(B,S\+0—d = 0

(e) X e K, (<)
(f) S e K,

(9) o > 0;

(h) r > 0.

is unbounded. Now let us prove that if Y; € )Y are such
that ||Y;|| — oo, then 7, — 0.

Let X, S be a strictly feasible pair of primal-dual solu-
tions to (P), (D):

X>k0,X+Bel;5> 0,§—CerLt
There exists v € (0, 1] such that

VX < (S, X)VX €K,
YIS < (X,S)VS e K.

Claim: Whenever ¥ = (X, S,0,7) € M + R, one has
1Yl < ar + 8 with

a = 71 [(X,C)-(5,B)| +1,
B v 1(X+B,D)+(S—C,P)+d].

In particular, if Y; € Y and ||Y;|| — oo, then 7, — o.



(a) X+7B—-P € L;

(b) S—tC—-—D € [+

(&) (C,X)—(B,S)+o—d = O

(e) X € K; (C)
(f) S € K

(9) o > 0

(h) T > 0.

Proof of Claim: WehaveU=X-BeLL, V=S-C¢

Lt
Y, we get
<U,S—7'Ct D>
(U, S)
(X, 5)
(V,X+ 7B~ P)
(V,X)
(S, X)
= (X,S) 4+ (S, X)

= 7 [[IXI -+ 1S]] 4o

IA

Taking into account the constraints (C) defining

0=

(U,7C + D) =
—(B,S) 4+ (U, 7C + D),
0=

(V,—1tB + P) =

B+ P),




m}/in{(é,Y} Y € (M+R)mf<} (AUX)

& Problem (Aux) is strictly primal- dual feasible with
known primal-dual central solutions ¥ = Yi(1), C =

S.(1). Thel.-h. s.c.b. F for K has parameter 2(d94+1)
and known Legendre transformation.

Applying long-step path-following method (where we
decrease penalty instead of increasing it), we obtain
a sequence of iterates (¢;,Y;), where ¢; > 0 and Y; are
strictly feasible solutions to (Aux) which are 0.1-close
to the primal central path. In this process, the Newton
complexity of building the iterate with t; <t € (0,1)
does not exceed

N(t) = O(l)\/@ln%.



Every iterate (¢;,Y;) induces a pair

)?i = Ti_lxi, §z = Ti_lsi

of approximate solutions to (P), (D). These solutions
belong to the interiors of the respective cones K, K.
and are “O(1/7;) primal-dual feasible and primal-dual
optimal”:

(a) )?A +B € L+71P;
(b) R Si — C’ e L+ TZ-_lD;
() (C,X;)— (B >/ < 717

DualityGa P(X.,5)

Question: How good are )?i, §Z~?

> We do know that ¢; are “rapidly” approaching O and
therefore 7, go to +oco; we, however, do not know at
which rate 1, — .

& We do not know whether O(T DY-duality gap, even

for large 7;, implies that XZ, S are nearly optimal for
the respective problems — the duality gap bounds non-
optimality for feasible primal-dual pairs, while X;,.S; is
only nearly feasible.




myin {(5, YY:Ye(M+R)N K} (Aux)

Fact: e There exist constant © > 0 (depending on
the data of (Aux)) such that for every triple (¢,Y,U)
(t>0,Y =(X,S5,0,7) is a strictly feasible solution to
(Aux), U is a strictly feasible solution to the problem
(Aux’) dual to (Aux)) which is 0.1-close to the primal-
dual central path of (Aux) — (Aux’), one has
T > i — .
S)

In particular, infeasibility and duality gap evaluated
at (X;,S;) admit upper bounds O(t), with data-
dependent constant factor in O(-).

Besides this, non-optimalities of X;, S; for the re-
spective problems do not exceed O(t;), with data-
dependent constant factor in O(+).



& Since the number of Newton steps required to get
t; <te (0,1)is <O(1)V?In(1/t), we conclude that
In order to get e-feasible e-optimal primal and dual
solutions, it suffices to make no more than

N(e) = O(1)VPIn (%)

Newton steps, where V is a data-dependent constant.



Simple fact: Let the primal-dual pair of problems

m)(in{(C’,X) X e(L—-B)nK} (P)
mSax{<B,S) :Se(Lt+0)nK,} (D)
L =ImA, L+ = Ker AT, ATC = (]

be strictly primal-dual feasible and be normalized by
(C,B) =0, let (X4, Ss) be a primal-dual optimal solu-
tion to the pair, and let X, S "e-satisfy” the feasibility
and optimality conditions for (P), (D), i.e.,

(a) X eKN(L-B+ AX), |[AX|2 <k,
(b) SeK.nN(Lt+C+ AS), ||AS|2 <k,
(c) (C,X) —(B,S) <e

Then

(C,X) —Opt(P) < e(1+|X.+ Bl2),
Opt(D) — (B,S) < e(1+4]5—=Cll2).



(@) X€Kn(L-B+AX), |AX]:<e
(b) SeK.N(Lt+C+ AS), ||AS|2 <k,
(c) (C,X)—(B,S) <e

We have S —C — AS € £+, X.+ B € £, whence

0 = (S—C—-AS,X.+ B)
= <s,>i<*> —Opt(P) + (S, B)
+(—AS, X. + B)
=
—Opt(P) —(8,B) + (AS, X, + B)

IAIA

—(5, B) + €[| Xi + Bl|2.
Adding (c¢), we get

(C, X) — Opt(P) <e—+ €| X« + Bll2.
The inequality

Opt(D) — (B, S) < e+ €[|Ss — C|2

IS given by ‘“symmetric” reasoning.



Structural Design and Semidefinite Duality

& Structural design is an engineering area which has
to do with mechanical constructions like trusses, com-
prised of thin elastic bars, and shapes, where the ma-
terial is continuously distributed over 2D /3D domain.
& A typical SD problem is "given the type of mate-
rial, a resource (an upper bound on the amount of
material to be used) and a set of loading scenarios —
external loads operating on the construction, find an
optimal truss/shape — the one capable to withstand
best of all the loads in question”.



& Building the model.
I. A (linearly elastic) construction C is characterized

by

I.1) A linear space V = R™ of virtual displacements
of C,

I.2) A positive semidefinite quadratic form

1
EC’(’U) = EUTAC,U

on V. Eqg(v) is the potential energy stored by the
construction as a result of displacement v. The mxm
matrix Ac > 0 of this form is called the stiffness matrix
of C;

I1.3) A closed convex subset V C R™ of kinematically
admissible displacements.

7
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II. An external load applied to the construction C is
represented by a vector f € R™; the static equilibrium
of C' loaded by f is given by the following

Variational Principle:A construction C' is capable to
carry an external load f if and only if the quadratic
form

1
E(J;(v) = §’UTA0’U — 1w
of displacements v attains its minimum on the set V
of kinematically admissible displacements, and a dis-
placement yielding (static) equilibrium is a minimizer
of Eé(-) on V.
& The minus minimum value of Eé on V is called the

compliance of the construction C with respect to the
load f:

1
Compl;(C) = sup [fTv — EUTA(;U]

veVY



ITII. The stiffness matrix Ao depends on mechanical
characteristics t1,...,t, of ‘“elements” FE;i,...,E, com-
prising the construction, and ¢; are positive semidefi-
nite symmetric d x d matrices, with d given by the type
of the construction. Specifically,

n S
Ac = Z Z bistibis,

1=1 s=1
where b;s are given m X d matrices.
{ For trusses, d =1,
{ For planar shapes, d = 3,
{> For spatial shapes, d = 6.
IV. The amount of material “consumed” by a con-
struction C' is completely characterized by the vec-
tor (Tr(¢1),..., Tr(t,)) of the traces of the matrices
t1,...,tn.



& Static Structural Design problem: Given

& ‘“ground structure’, i.e.,

e the space R™ of virtual displacements along with
its closed convex subset V of kinematically admissible
displacements,

e a collection {b,,-s}mi,...,n of m x d matrices,

O Aset T = {(t1,....tn) | t; € 84 Vi} of “admissible
designs’,

O A set FC R™ of “loading scenarios',

find an admissible construction which is stiffest, with
respect to F, i.e., solve

n S
1
- T T T
minsup sup [f v——2v [E E bzstzbw] ’U]

teT feF vey =1 a1

7

Comvplf(t)



& Standard case:
{ The set V of kinematically admissible displacements
is polyhedral:

V={veR"| Rv<r} [R € M?™]

contains the origin, and the system of linear inequali-
ties Rv < r satisfies the Slater condition;
{ The set T of admissible designs is given by

(

\

t; € Sil'_

pi < Tr(t:) <p;
Z Tl’(ti) < w

\ =1 J

and possesses a nonempty interior
{ The set F of loading scenarios is either a finite set:

T=<t=(t1,....tn):

~~

F = {f17 "'7fk}7
(multi-load design), or an ellipsoid:
F={f=Qu| v'u<1} [Q € M"™*]

(robust design).
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9 x 9 ground structure and load of interest f.

Optimal cantilever; the compliance is 1.000

& Compliance of the nominal design w.r.t. a small
load f (just 0.5% of the load of interest!) is 8.4!



& In order to make the design more stable, one can
use a two-stage scheme:

{ At the first stage, we take into consideration only
the loads of interest only and solve the corresponding
single/multi-load problem, thus getting certain pre-
liminary truss.

{ At the second stage, we treat the set of nodes ac-
tually used by the preliminary truss as our new nodal
set, and take as F the ellipsoidal envelope of the loads
of interest and the ball comprised of all “small’ occa-
sional loads distributed along this reduced nodal set.

7
“Robust’ cantilever

The maximum, over the ellipsoid of loads F, compli-
ance of the “robust” cantilever is 1.03, and its compli-
ance with respect to the load of interest f* is 1.0024
— only by 0.24% larger than the optimal compliance
given by the single-load design!



& In what follows, we focus on the Standard SSD
problem and assume that

n S
ti=0,1<n= Zszstzbz; >~ 0
i=1 s=1



Standard SSD problem as SDP

Proposition: Let ¢t = (t1,...,t,) € (S%)" and f € R™.
Then

Compl,(t) <7
iff Ju > 0:
21 — 2rlp fT—I—,LLTR

=1 s=1

Proof. We have
Complf(t) <rT

B n S
sup [fTv — %’UT [Z > bistibg;] v+ pl[r — Rv]] <rT

217 —2rlp fT +u'R
~ 0
f + RT,U Z Z bzstz o

=1 s=



& Corollary: A multi-load SSD program can be posed
as the SDP

minimize
S.t.
or —2rfpt  — I+ [p1"R
n S

—fe+ RTpt 30 3 bistibl |

1=1
pi S Tr(t) <Py i =1,..,m;

ut>0,0=1,..k,

where the design variables are t; € S¢, uf, and 7 € R.



& Robust Standard SSD problem.

Proposition: Let the set of kinematically admissible
displacements coincide with the space R™ of all virtual
displacements: V = R™, and let F be an ellipsoid:

Then for t = (t1,...,tn) € (S )” one has

Complz(t) <7

iff
271} QT
n S
Q D > bistibl, = 0.
i=1s5=1

Consequently, the robust obstacle-free Standard SSD
problem can be posed as the SDP

minimize r
S.t.
27‘]]€ QT
~ 0

n S
QDD bz-stz-bf}; -
i=1 s=1
t; i 0, 1=1,.
Z Tr(tz) <w

IOZ S Tr(tZ) < pz) - 17 ey T



n S
Proof. Let A(t) = > 3 bistibl,. We have
1=1s=1
Complz(t) <7
e VYov(u :ulu <1):
(Qu)Tv — %UTA(t)’U <7
s Vov(u:ulu=1):
(Qu)Tv — %’UTA(t)’U <rT
< VoV(w # 0)
(Ql|lwl|5  w) v — %’UTA(t)’U <T
< VoV(w # 0)
(Qu)" (lwll2v) —5([lwll2v)" A ([[w]l2v) < Tw"w

-y
< VyV(w # 0)
2rwlw 4+ 2w Qly + yT A(t)y > 0
sVyeR™ weRF:
2rwlw + 2w QTy + yT A(t)y > 0

271, QT
= %g" i )=



& ‘“Universal” form of the Standard SSD. Both the
multi-load Standard SSD problem and the robust
obstacle-free problem are particular cases of the fol-
lowing generic semidefinite program:

( 271, + Doz + Dy [Eiz + Ef]T )
[&z —|— Eg] Z bistibT -

{ =
min < 7. ti=0,1=1,...,n >

n

>, Tr(ti) <w
=1

\ z2>0 J
> The multi-load problem corresponds to

z=(ut,...,pu*) € R x ... x R¢

Dz + Dy = —QTTlLbe

Eiz+ Eg= —fi+ Ry’
{ The robust problem corresponds to the case where
z-variable in empty.
Note: For every ¢ = 1,..., K, there exists ay > 0 and
V, € M™P such that

K

> [Djow + 2&; V] < 0.
/=1




min < 7 :

T,t:,2

\

Note: The primal
bounded.

( 2171, + Dyz + Dy

[Evz + Ey]
= 1

t; = 0O,

Zn: Tl’(ti) < w

=1

z>0 )

problem

[Eez + BT )
n S
Z istibl, | — 7

K
z—l ) >

1=1,...,n

is strictly feasible and



& Passing

to the dual.

p

\

¢

(e

ZTr
> S (o7

27‘Ip —I— Dgz —I— Dg [Egz + Eg]T
n S

-( 51 [ 20

t; = 0= Tr( 7 %..) >0
=0

n
— > Tr(t) > —w= v X > —wy
i—1 ¢ \/

>0
Tr(t;) > pi= o, X..> pio;
ey
—Tr(t;) > —p;= O'j_ X...> —po
=5
z>0= nl x.>0
>

Zl Z bzst bzs) 56) }
([n + (o7 — o — ) 1alt; ) + 21

pi — 0, p;) — yw

€zt B] Y X butid] = 0

Y

/

S {Tr ([271, + Doz + Do) + 27Tr ([Eez + ET V)



S {Tr ([271, + Doz + Do) + 27Tr ([Eez + E)T V)
12

+Tr ((i i bistibg;) 515) }
i=1s=1
+ > Tr ([Ti + (o; — o — W)Id]tz') + 2Tn

> > (o; pi— o pi) — yw
1

To the dual problem, we impose on the weights
ay,...,n, along with positive semidefiniteness/nonnegativity
constraints, the requirement to produce, as the “vari-
able part” of (x), the primal objective T:

25" Tr(ey) =1
12
> bLBbis + 7+ (0 — o)y =0Vi
sl
> [Djar+ 26V +n=0
12

Under these constraints, (x) produces a lower bound
on the primal objective in the primal feasible domain:

7> =3 [Tr(Decy) + 2Tr(EV,)]

14
=2 (pioi" = pioy ) —yw
{2



& We arrive at the dual problem

maximize — ¢ =

= — %j | Tr(Dyoy) + 2Tr(EF VL)

=Y [pio" — pioy 1 —wry
(4
S.t.

2> Tr(ay) = 1,3 [Djag + 2 Vil +n=0
/ 12
S bl Bibis + 7o+ [o; — of =1l =0
l,s
T
e ‘/6 toyTiioaai_l_ao-i_ZO”yZO’nZO
Vi B

with design variables {ay, 8, ViYE |, {o;"

2 70—2'_77-2' ?:11 ’7777
& We can immediately eliminate the 7; and the n-

variables, arriving at

minimize ¢ =

S Tr(Decy) 4+ 2Tr(EF V)]

J4
+ Yo — pioy 1+ wy
s.t.

25 Tr(ar) = 1, Y[Djar + 26;Vi] < 0
12 12
> bLBis X [y + 0 — 07 1L
l,s
Qy VeT +
[w m]iO,ai,ai>O,7>O



minimize ¢ = Y [Tr(Dyoy) + 2Tr(EfVy)]
/

+ (B0 — pio; 1+ wy
s.t. Z
252 Tr(er) = 1, SIDje + 26 Vi) <0

waﬁebw = [7 +ot -0y
ar V[ +
[Ve ,Bg ] ~0,0.",0. >0,v>0
& We have seen that the constraints

Y [Djar+28V] <0, , 04 =0

are strictly feasible. It immediately follows that the
dual problem is strictly feasible, and therefore its op-
timal value remains unchanged when the (implicit)
constraints ay >~ O are strengthen to oy > 0. We now
can eliminate the @y,-variables: their optimal values are

Be = Vi, 'V



minimize ¢ = Y [Tr(Dyoy) + 2Tr(EfVy)]

14
+Z[ﬁ¢0i+ — pio; | + wy

S.t.
QZTI’(OQ) = 1,2[@;045 —|— 25;‘/5] S 0]
14 14

;bg;@bis < [y+o -0/l
aw»dku:W%#WK@h@jzayzo
Eliminating By-variables, we arrive at the problem
minimize ¢ = Y [Tr(Dyoy) + 2Tr(EfVy)]
‘f‘;[ﬁﬂj— — pio; | +wy

S.t.
QZTI’(OQ) = 1,2[@;045 —|— 25;‘/5] S 0]

12 12
S bEVia, Vs < [y 4ot — o7 114
l,s

g = 0,0 ,67>0,7v>0



By Lemma on the Schur Complement, with oy = O

relation
A T R O e A
l.s \7:
iS equivalent to
1074 ngil
077¢ ng%
i szlvl cee bf}éVl bZiVK bg:gVK ’y@'Id




We arrive at the final formulation of the dual problem:
minimize ¢ = Y [Tr(Dyoy) + 2Tr(EfVy)]

4
+ X [pio) — pioy ]+ wry

S.t.
23 Tr(ar) = 1, Y[Djar + 26;Vi] < 0
) /¢ l -
a1 VlTbi1
o VlTbiS
5 >~ 0
QK Vibii | —
1077¢ ng%
T WA [V o SV | i

vi=~y+of -0 ,05 0,7 >0,7>0

1



Note: In the case of “simple bounds” p; =0, p; > w, it

is easy to see that at optimum & = 0, which allows
for further simplification of the dual problem to

minimize ¢ = Y [Tr(Dyoy) + 2Tr(EF V)| + wry
;
S.t.
2 Tr(ap) = 1,) [Djay +2E;V,] <0

a1 VlTbZ'S

1074 Vg;bil

077¢ V};b%

TV W Ve Ve | oL




Advantages of the dual: Consider the case of multi-
load obstacle-free truss design with simple bounds. In
this case, the sizes of the primal and the dual problems
are as follows (M is the number of nodes in the ground
structure):

Design # and sizes # of linear

Problem dim. of LMIs constr.
k of

Primal || ~ 0.5M?2 2M x 2M ~ 0.5M?
LMIs

~ 0.5M?< of
Dual 2MEk (k+1)x(k+1) k+1

LMIs

Typical range of values of M is thousands, while k is
within 10. With these sizes, the dual problem is much
better suited for numerical solution than the primal
one...



