Appendix B

Solutions to Exercises

B.1 Exercises from Lecture 1

Exercise 1.1. We should prove that x is robust feasible if and only if it can be extended, by
properly chosen u,v > 0 such that u — v = z, to a feasible solution to (1.6.1). First, let = be
robust feasible, and let u; = max[x;, 0], v; = max|[—x;,0]. Then u,v > 0 and u — v = . Besides
this, since z is robust feasible and uncertainty is element-wise, we have for every i

Z max _ a;;z; < b;. ()
i A;j<aij<Aq
With our u,v we clearly have MaXy g, <A, GTi = [Aijuj — A;;v5], so that by () we have

Au — Av < b, so that (x,u,v) is a feasible solution of (1.6.1).

Vice versa, let (x,u,v) be feasible for (1.6.1), and let us prove that x is robust feasible for the
original uncertain problem, that is, that the relations (%) take place. This is immediate, since
from u,v > 0 and x = u — v it clearly follows that maxéij <ay <Ay Vi < Ajju; — Aijvj, so that
the validity of (x) is ensured by the constraints of (1.6.1). The respective RCs are (equivalent
to)

[a™; bn]T[x; —1] + p|| PT[z; —1]lg <0, ¢= p%l (a)
[ 0" s = 1] 4 pl| (PTas ~1])4llg < 0, ¢ = 325 (B)
[ 67 s =1] + ol PT [ =1 o0 < 0 (c)

where for a vector u = [uy;...; ug] the vector (u);+ has the coordinates max[u;, 0], i =1, ..., k.
Comment to (c¢): The uncertainty set in question is nonconvex; since the RC remains intact when
a given uncertainty set is replaced with its convex hull, we can replace the restriction ||C||, < p
in (¢) with the restriction ¢ € Conv{(¢ : ||¢|l, < p} = {|I<|l1 < p}, where the concluding equality
is due to the following reasons: on one hand, with p € (0,1) we have

I<llp < p = 220G/ )P < 1= [Gl/p < 1Vi = [Gl/p < ([Gl/p)?
= 2ilGl/p < 32:(1Gl/p)P < 1,

whence Conv{||C|[, < p} C {||[¢]l1 < p}. To prove the inverse inclusion, note that all extreme
points of the latter set (that is, vectors with all but one coordinates equal to 0 and the remaining
coordinate equal +p) satisfy ||C]|, < 1.
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284 APPENDIX B. SOLUTIONS TO EXERCISES

Exercise 1.3: The RC can be represented by the system of conic quadratic constraints

[ 0" ;s = 1] + p 35 lujlla < 0
1/2
5, @) uy = PTla; —1]

in variables z, {uj}‘jjzl.
Exercise 1.4: e The RC of i-th problem is

min {—xl —29:0< 21 <minby,0 < xo < minby,x1 + 29 > p}
T bel; bel;

We see that both RC’s are identical to each other and form the program
min{—z1 —x9: 0 < 1,29 < 1/3,21 + 22 > p}
x

e When p = 3/4, all instances of P; are feasible (one can set x1 = b1, 2 = ba), while the RC of
P- is not so, so that there is a gap. In contrast to this, P> has infeasible instances, and its RC
is infeasible; in this case, there is no gap.

e When p = 2/3, the (common) RC of the two problems P;, Po is feasible with the unique
feasible solution x1 = 29 = 1/3 and the optimal value —2/3. Since every instance of P; has a
feasible solution x1 = by, x2 = bo, the optimal value of the instance is < —b; — by < —1, so that
there is a gap. In contrast to this, the RC is an instance of P, so that in this case there is no

gap.

Exercise 1.5: e Problem P, has a constraint-wise uncertainty and is the constraint-wise en-
velope of P;.

e Proof for item 2: Let us prove first that if all the instances are feasible, then so is the RC.
Assume that the RC is infeasible. Then for every x € X there exists i = i, and a realization

[ag;x, bi, «] € U;, of the uncertain data of i-th constraint such that

T l
i:r, xr — biz,I > 0

when 2/ = z and consequently when 2’ belongs to a small enough neighborhood U, of x. Since
X is a convex compact set, we can find a finite collection of x; € X such that the corresponding
neighborhoods Uy, cover the entire X. In other words, we can points out finitely many linear
forms

fo(z) = ag;x — by, 0=1,..,L,

such that [ag;, bi,] € U;, and the maximum of the forms over ¢ = 1, ..., L is positive at every point
x € X. By standard facts on convexity it follows that there exists a convex combination of our

forms
L

f(x) =" Mlafiz —by,]

/=1
which is positive everywhere on X. Now let I; = {{ : i, = i} and p; = > ycr. Ap. For i with

i >0, let us set
e
[aiT’ bil = Z f[aiev bie]’
Lel; Hi
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so that [a],b;] € U; (since the latter set is convex). For i with w; = 0, let [al, b;] be a whatever
point of U;. Observe that by construction

Now, since the uncertainty is constraint-wise, the matrix [A, b] with the rows [a!, b;] belongs to

U and thus corresponds to an instance of P. For this instance, we have

z )

pl Az — b = f(z) > 0 Vz € X,

so that no z € X can be feasible for the instance; due to the origin of X, this means that the
instance we have built is infeasible, same as the RC.

Now let us prove that if all instances are feasible, then the optimal value of the RC is the
supremum, let it be called 7, of the optimal values of instances (this supremum clearly is achieved
and thus is the maximum of optimal values of instances). Consider the uncertain problem P’
which is obtained from P by adding to every instance the (certain!) constraint ¢’z < 7. The
resulting problem still is with constraint-wise uncertainty, has feasible instances, and feasible
solutions of an instance belong to X. By what we have already proved, the RC of P’ is feasible;
but a feasible solution to the latter RC is a robust feasible solution of P with the value of the
objective < 7, meaning that the optimal value in the RC of P is < 7. Since the strict inequality
here is impossible due to the origin of 7, we conclude that the optimal value of the RC of P is
equal to the maximum of optimal values of instances of P, as claimed.

B.2 Exercises from Lecture 2

Exercise 2.1: W.lo.g., we may assume t > 0. Setting ¢(s) = cosh(t¢s) —[cosh(t) — 1]s?, we get
an even function such that ¢(—1) = ¢(0) = ¢(1) = 1. We claim that ¢(s) <1 when —1 <s < 1.

Indeed, otherwise ¢ attains its maximum on [—1,1] at a point § € (0,1), and ¢”(5) < 0. The
function g(s) = ¢'(s) is convex on [0, 1] and g(0) = g(5) = 0. The latter, due to ¢’(5) < 0, implies

that g(s) =0, 0 < s < 5. Thus, ¢ is constant on a nontrivial segment, which is not the case.

For a symmetric P supported on [—1,1] with [ s2dP(s) = > < v? we have, due to ¢(s) < 1,
-1<s<1:

fexp{ts}dP = , cosh(ts)dP(s)

= f [cosh( ts — (cosh(t) — 1)s?]dP(s) + (cosh(t) f | 5%dP(s)

< f_l dP(s) + (cosh(t) — 1)? < 1 + (cosh(t) — 1)
as claimed in example 8. Setting h(t) = V 2cosh(t) + 1 — v2), we have h(0) = h'(0) = 0,

)
wepy — V2R +(1=12) cosh(t)) " v’ g
W(t) = = remnmriy? - maxe h( { ! {14_ = 2’/2} <i v

o -
IN IV
Qo= Lol

9 , whence ¥3)(v) < 1.

Exercise 2.2: Here are the results:
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I »n ] ¢ I tea || tNem | tBu [ tBUBx | !Bdg |
16 | 5.02 || 3.802 || 3.799 | 9.791 | 9.791 | 9.791
16 | 5.e-4 7.406 7.599 | 15.596 | 15.596 | 15.596
16 | 5.e-6 9.642 10.201 | 19.764 | 16.000 | 16.000
256 | 5.e-2 || 15.195 || 15.195 | 39.164 | 39.164 | 39.164
256 | 5.0-4 || 30.350 || 30.396 | 62.383 | 62.383 | 62.383
256 | 5.0-6 || 40.672 || 40.804 | 79.054 | 79.054 | 79.054

L2l eI twa [ ter [ teg | teo | tUnim |
16 | 502 | 3.802 | 6.228 | 5.653 | 5.653 | 10.826
16 | 5.e-4 7.406 9.920 9.004 9.004 12.502
16 | .06 || 9.642 || 12.570 | 11.410 | 11.410 | 13.705

256 | 5.0-2 || 15.195 || 24.910 | 22.611 | 22.611 | 139.306

256 | 5.e-4 30.350 39.678 | 36.017 | 36.017 | 146.009

256 | 5.0-6 || 40.672 || 50.282 | 45.682 | 45.682 | 150.821

Exercise 2.3: Here are the results:

T n] e [ tea | tnem | tmu iBuBx | !Bdg tB.7 tes |
16 | 5.e-2 4.000 6.579 9.791 9.791 9.791 9.791 9.791
16 | 5.e-4 || 10.000 || 13.162 | 15.596 | 15.596 | 15.596 | 15.596 | 15.596
16 | 5.e-6 || 14.000 || 17.669 | 19.764 | 16.000 | 16.000 | 19.764 | 19.764

256 | 5.e-2 || 24.000 || 26.318 | 39.164 | 39.164 | 39.164 | 39.164 | 39.164

256 | b5.e-4 || 50.000 || 52.649 | 63.383 | 62.383 | 62.383 | 62.383 | 62.383

256 | 5.0-6 || 68.000 || 70.674 | 79.054 | 79.054 | 79.054 | 79.053 | 79.053

Exercise 2.4: In the case of (a), the optimal value is t, = /nErfInv(e), since for a feasible
x we have £"[z] ~ N(0,n). In the case of (b), the optimal value is ¢, = nErflnv(ne). Indeed,
the rows in B,, are of the same Euclidean length and are orthogonal to each other, whence the
columns are orthogonal to each other as well. Since the first column of B,, is the all-one vector,
the conditional on 7 distribution of £ = > j EJ has the mass 1/n at the point nn and the mass
(n — 1)/n at the origin. It follows that the distribution of £ is the convex combination of the
Gaussian distribution A(0,n?) and the unit mass, sitting at the origin, with the weights 1/n
and (n — 1)/n, respectively, and the claim follows.
The numerical results are as follows:

[ n [ e ]| t [ to/ta |
10[1e2] 7357 12.816] 1.74
100 | 1.e-3 || 30.902 | 128155 | 4.15

1000 | T.e-4 || 117.606 | 1281.548 | 10.90

Exercise 2.5: In the notation of section 2.4.2, we have

O(w) = In(Efexp{d ,weCe}}) = >y Ae(exp{we} — 1)

= maxy[wlu — ¢(u)],

d(u) = maxy,[ufw— d(w)] = { > elueIn(ug/Ag) —ug + N], uw>0

400, otherwise.

Consequently, the Bernstein approximation is

20+ 8 Me(exp{w/B} — 1)+ fIn(1/e) | <0,
l

inf
£5>0
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or, in the RC form,

zg + max {wTu u€ Zo={u> O,Z[Ug In(ug/Ae) — ug + N < ln(l/e)}} <0.
¢

Exercise 2.6: w(e) is the optimal value in the chance constrained optimization problem

L
min {wo : Prob{—w + Zcz@ <0}>1- e} ,
wo

(=1

where (; are independent Poisson random variables with parameters A.
When all ¢y are integral in certain scale, the random variable (¥ = Zle ceCy is also integral
in the same scale, and we can compute its distribution recursively in L:

L [1, i=0 = Y N
po(i) = 0. i£0 J%(Z)—Zpkfl(Z—Cej)ﬁeXp{— k)

=0

(in computations, Z?io should be replaced with Z;V:o with appropriately large N).
With the numerical data in question, the expected value of per day requested cash is ¢/ \ =
7,000, and the remaining requested quantities are listed below:

€
l.e-1 [ l.e-2 [ l.e-3 [ l.e-4 [ l.e-5 [ 1l.e-6

w(e) | 8,900 | 10,800 | 12,320 | 13,680 | 14,900 | 16,060
CVaR 9,732 | 11,451 | 12,897 | 14,193 | 15,390 | 16,516
+9.3% | +6.0% | +4.7% | +3.7% | +3.3% | +2.8%
BCV 9,836 | 11,578 | 13,047 | 14,361 | 15,572 | 16,709
+10.5%| +7.2% | +5.9% | +5.0% | +4.5% | +4.0%
B 10,555 | 12,313 | 13,770 | 15,071 | 16,270 | 17,397
+18.6%| +14.0% | +11.8% | +10.2% | +9.2% | +8.3%
E 8,900 | 10,800 | 12,520 | 17,100 - -
+0.0% | +0.0% | +1.6% |+25.0%

“BCV” stands for the bridged Bernstein-CVaR, “B” — for the Bernstein,
and “E” — for the (1 — €)-reliable empirical bound on w(e). The BCV
bound corresponds to the generating function vi6,10(-), see p. 64. The
percents represent the relative differences between the bounds and w(e).
All bounds are right-rounded to the closest integers.

Exercise 2.7: The results of computations are as follows (as a benchmark, we display also the
results of Exercise 2.6 related to the case of independent (1, ...,(r):

€
le-1 [ l.e-2 [ l.e-3 [ l.e-4 [ l.e-5 [ 1.e-6
Exer. 2.6 | 8,900 [ 10,800 [ 12,320 [ 13,680 | 14,900 | 16,060 |
Exer. 2.7, [ 11,000 [ 15,680 | 19,120 [ 21,960 | 26,140 | 28,520
lower bound |+23.6%| +45.2% | +55.2% | +60.5% | +75.4% | +77.6%
Exer. 2.7, [ 13,124 | 17,063 | 20,507 | 23,582 | 26,588 | 29,173
upper bound|+47.5%| +58.8% | +66.5% | +72.4% | +78.5% | +81.7%

Percents display relative differences between the bounds and w(e)
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Exercise 2.8. Part 1: By Exercise 2.5, the Bernstein upper bound on w(e) is

By(e) = inf{wg:infgsg[—wo+ B, Ae(exp{ce/B} — 1)+ BIn(1/e)] <0}
= infgso [BD_, Ae(exp{ce/B} — 1) + BIn(1/€)]

The “ambiguous” Bernstein upper bound on w(e) is therefore

Ba(e) = maxyepinfgso B>, Ae(exp{c/B} — 1) + Sln(1/€)] (%)
= infgso B [maxyer >y Ae(exp{c//B} — 1) +In(1/€)]

where the swap of inf 3~.o and max e, is justified by the fact that the function 5, \¢(exp{c,/3}—
1) + B1n(1/e) is concave in A, convex in § and by the compactness and convexity of A.

Part 2: We should prove that if A is a convex compact set in the domain A > 0 such that
for every affine form f(\) = fo + e’ \ one has

max f(A) < 0= Proby.p {f(A) <0} 2 14, (")

then, setting wy = B (€), one has

Proby.p {)\ : PTOb{NPAlx...xPAL {ZQC@ > ’wo} > 6} <. (7)
l

It suffices to prove that under our assumptions on A inequality (7) is valid for all wg > Ba(e).
Given wy > By (€) and invoking the second relation in (x), we can find 5 > 0 such that

/73' max E X Y —1)+1In(1 <
[)\6 e )\g(e p{Cg/ } ) ( /6)] < W,
or, which is the same,

[ + Fn(1/e)] + max 3" M[Blexpier/ 5} - 1] <0,
l

which, by (!) as applied to the affine form

FA) = [Fwo + Bln(1/e)] + Y Ae[Bexp{ey/B} — 1)),

14

implies that
Proby.p {f(A\) >0} <. (%)

It remains to note that when A > 0 is such that f(\) < 0, the result of Exercise 2.5 states that

PrObCNP/\lx-nXP)\m {—wo + ZC@C@ > O} <e.
V4

Thus, when wg > Ba(e), the set of A’s in the left hand side of (?) is contained in the set
{A>0: f(\) >0}, and therefore (?) is readily given by (xx).
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B.3 Exercises from Lecture 3

Exercise 3.1: Let S[-| be a safe tractable approximation of (Cz,[]) tight within the factor
Y. Let us verify that S[\vyp] is a safe tractable approximation of (Cz[p]) tight within the factor
AY. All we should prove is that (a) if  can be extended to a feasible solution to S[Ayp], then
x is feasible for (Cz[p]), and that (b) if 2 cannot be extended to a feasible solution to S[Ayp],
then x is not feasible for (Cz[A\Jp]). When x can be extended to a feasible solution of S[A\yp],
x is feasible for (Cz,[\yp]), and since pZ C AypZ,, x is feasible for (Cz[p]) as well, as required
in (a). Now assume that z cannot be extended to a feasible solution of S[Ayp]. Then z is not
feasible for (Cz,[9\vp]), and since the set YAypZ, is contained in YApZ, x is not feasible for
(Cz[(YA)p]), as required in (b). O

Exercise 3.2: 1) Consider the ellipsoid

Z.={¢: cT[ZQiJc < M}.

We clearly have M~1/2Z, ¢ Z C Z,; by assumption, (Cz,[]) admits a safe tractable approxi-
mation tight within the factor ¥, and it remains to apply the result of Exercise 3.1.
2) This is a particular case of 1) corresponding to (T Q;¢ = Cf, 1<i< M =dim(.
M

3) Let Z = () E;, where E; are ellipsoids. Since Z is symmetric w.r.t. the origin, we also
i=1

M
have Z = () [E; N (—E;)]. We claim that for every i, the set E; N (—E;) contains an ellipsoid F;
i=1
centered at the origin and such that E; N (—E;) C v2F;, and that this ellipsoid F; can be easily
found. Believing in the claim, we have

M M
z*;ﬂFich\@ﬂFi.
=1 =1

By 1), (Cz,[]) admits a safe tractable approximation with the tightness factor ¥v/M; by Exercise
3.1, (Cz[]) admits a safe tractable approximation with the tightness factor 1v/2M.

It remains to support our claim. For a given ¢, applying nonsingular linear transformation
of variables, we can reduce the situation to the one where F; = B + e, where B is the unit
Euclidean ball, centered at the origin, and |ell2 < 1 (the latter inequality follows from 0 €
intZ C int(E; N (—E;))). The intersection G = E; N (—E;) is a set that is invariant w.r.t.
rotations around the axis Re; a 2-D cross-section H of G by a 2D plane II containing the axis is
a 2-D solid symmetric w.r.t. the origin. It is well known that for every symmetric w.r.t. 0 solid
Q in RY there exists a centered at 0 ellipsoid F such that E C Q C VdE. Therefore there exists
(and in fact can easily be found) an ellipsis I, centered at the origin, that is contained in H and
is such that v/2I contains H. Now, the ellipsis I is the intersection of II and an ellipsoid Fj that

is invariant w.r.t. rotations around the axis Re, and F; clearly satisfies the required relations
F, C E;N(—E;) C V2F;. !

n fact, the factor \/2 in the latter relation can be reduced to 2/\/3 < ﬁ, see Solution to Exercise 3.4.
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Exercise 3.3: With y given, all we know about x is that there exists A € RP*? with ||All22 < p
such that y = By[z;1] + LT AR|[x; 1], or, denoting w = AR[z; 1], that there exists w € RP with
wlw < p?lo; 1T RT R[z;1] such that y = By[x;1] + LTw. Denoting z = [z;w], all we know
about the vector z is that it belongs to a given affine plane Az = a and satisfies the quadratic
inequality 27Cz + 2¢’z 4+ d < 0, where A = [A,, L], a = y — by, and

(6wl Cléw] +2¢T[6 0] + d = wTw — PG 1] RTR[E 1, [60] € R,
Using the equations Az = a, we can express the n + p z-variables via k < n + p u-variables:
Az=a<JueR: 2 =Fu+e.

Plugging z = Eu + e into the quadratic constraint z7Cz 4+ 2c¢7z + d < 0, we get a quadratic
constraint u" Fu 4+ 2fTu + g < 0 on u. Finally, the vector Qz we want to estimate can be
represented as Pu with easily computable matrix P. The summary of our developments is as
follows:

(1) Given y and the data describing B, we can build k, a matrix P and a quadratic
form uTFu + 2fTu + g < 0 on R such that the problem of interest becomes the
problem of the best, in the worst case, || - ||2-approximation of Pu, where unknown
vector u € R¥ is known to satisfy the inequality uT Fu + 2fTu+ g < 0.

By (!), our goal is to solve the semi-infinite optimization program

ntlin{t: [Pu—v|2 < tV(u:u Fu+2fTu+g<0)}. (%)

Assuming that inf, [uTF w4 2fTu + g] < 0 and applying the inhomogeneous version of S-
Lemma, the problem becomes

. AF—PTP | M —Ply
>0: > > .
E};l,r)\l{t_o [)\fT—vTP)\g—I-tQ—vTU z0,A20

Passing from minimization of ¢ to minimization of 7 = t2, the latter problem becomes the
semidefinite program

UTvgs,)\ZO
min {7: [ AF—PTP | A\f—PTv
T,0,\,8 T T tO
Aft —w P‘)\g—i-T—s

In fact, the problem of interest can be solved by pure Linear Algebra tools, without Semidefinite
optimization. Indeed, assume for a moment that P has trivial kernel. Then (x) is feasible if
and only if the solution set S of the quadratic inequality ¢(u) = u? Fu + 2fTu + g < 0 in
variables u is nonempty and bounded, which is the case if and only if this set is an ellipsoid
(u—c)TQ(u —¢) < r? with Q = 0 and r > 0; whether this indeed is the case and what are c,
@, r, if any, can be easily found out by Linear Algebra tools. The image PS of S under the
mapping P also is an ellipsoid (perhaps “flat”) centered at v, = Pe, and the optimal solution
to (%) is (t«,vs), where t, is the largest half-axis of the ellipsoid PS. In the case when P has
a kernel, let E be the orthogonal complement to KerP, and P be the restriction of P onto F ;
this mapping has a trivial kernel. Problem (x) clearly is equivalent to

ntain {t | Pi—v|js < tV(@ € E:Fw e KerP : (@ + w) < O}.
k)
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The set R
U={ue FE:3weKerP: ¢(u+w)<0}

clearly is given by a single quadratic inequality in variables u € E, and (*) reduces to a similar
problem with E in the role of the space where u lives and P in the role of P, and we already
know how to solve the resulting problem.

Exercise 3.4: In view of Theorem 3.9, all we need to verify is that Z can be “safely approx-
imated” within an O(1) factor by an intersection Z of O(1)J ellipsoids centered at the origin:
there exists Z = {n: nTQ]n <1,1<5< J} with Qj =0, Z Qj > 0 such that

0 'ZczcC2Z,

with an absolute constant 6 and J < O(1)J. Let us prove that the just formulated statement
holds true with J = J and 6 = v/3/2. Indeed, since Z is symmetric w.r.t. the origin, setting
Ej={n:(n—a;)"Q;(n—a;) < 1}, we have

J J J
z2=E=E)=(EBn[-E;
j=1

Jj=1 Jj=1

all we need is to demonstrate that every one of the sets £;N[—FEj;]| is in between two proportional
ellipsoids centered at the origin with the larger one being at most 2/v/3 multiple of the smaller
one. After an appropriate linear one-to-one transformation of the space, all we need to prove is
that if E = {n € R : (g —7r)? + Z] oM 2 < 1} with 0 < 7 < 1, then we can point out the set

F={n:n}/a®+Y5_,n?/b* < 1} such that

3
{FCEO[—E]CF.

When proving the latter statement, we lose nothing when assuming £ = 2. Renaming m
as y, 2 as x and setting h = 1 —r € (0,1] we should prove that the “loop” £ = {[z;y] :
[ly| + (1 — h)]? + 2% < 1} is in between two proportional ellipses centered at the origin with the
ratio of linear sizes 6 < 2/+/3. Let us verify that we can take as the smaller of these ellipses the
ellipsis

3—h

4 —2h’

and to choose # = = (so that § < 2/v/3 due to 0 < h < 1). First, let us prove that £ C L.
This inclusion is evident when h = 1, so that we can assume that 0 < h < 1. Let [z;y] € &, and
let A = ( ") We have

€= A{lzy] : ?/h° + 2%/ (2h — h?) < pP}p =

2 21,,2 2 2
2/p2 4 2 12 2 y* < h*p? —2?/(2h — h?)] (a)
et/ < > { Sl )
(lyl+ (1 =)+ a2 = g +2y[(1 = h) + (1 = h)? <y + [My? + {(1 — h)?]
+(1 — h)2 = 22k h_|_(2*h)2ﬁ+x2
< |7 = i) (20— )+ B 40 = (a),

where the concluding < is due to (a). Since 0 < 22 < p?(2h — h?) by (b), g(2?) is in-between its
values for 22 = 0 and 22 = ;%(2h — h?), and both these values with our p are equal to 1. Thus,
[z3y] € L.
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It remains to prove that p~'€ D L, or, which is the same, that when [z;y] € £, we have
[nx; py] € €. Indeed, we have

lyl+ Q=R +a2<1=ly| <h&a? <1-y*—2Jy|(1-h)—(1-h)?
= 22 <2h — h? —y% - 2Jy|(1 - h)

<0

® — |yl
2 |32 2 ] _ 2y*(2=h)+ha? 2 h2(2—h)+2(1-h)[y~ — |y|h] 2
= p* |+ QhI—hQ} =W Eaayy - S K hZ(2—h) <p

= [z;y] €€,

as claimed.

Exercise 3.5: 1) We have

EstErr = sup /oT(GA - I)T(GA — I)v + Tr(GTEG)
veV,AeA
=sup sup ulQ YV2(GA—-IT(GA—1)Q 1/2u+ Tr(GTEG)
AcAuuTu<l

[substitution v = Q~/2u]
= wp I(GA = DQV2|3, + Tr(GTSG),
AeA ’

By the Schur Complement Lemma, the relation ||(GA—I)Q~/2||a2 < 7 is equivalent to the LMI
71 | (GA-DQ~ VT
(GA-1)Q™1/? ] Tl

the semi-infinite semidefinite program
VT2 462 <t, /Tr(GTEG) <4

min < t: Tl ‘ (GA—-DQ /2T
t,7,0,G —
(GA-1)Q7Y?| I

] , and therefore the problem of interest can be posed as

]EOVAE.A ’

which is nothing but the RC of the uncertain semidefinite program
VT2 402 <t, VI (GTEG) <6

min { t: 71 | [(GA—DQ'?T tAc A
Lo [ (GA—DQ 77| 71 =0

In order to reformulate the only semi-infinite constraint in the problem in a tractable form, note
that with A = A,, + LTAR we have

. Tl | (GA—DQ~ /T
N ) = | Ul ]
- 71 [(GAn _ ])Q—l/z]T . o
N [ (GA, — 1Q~1/? 1 ]-ﬁ-ﬂ () AR + R AT L(G),
Bn(Q)

L(G) = [Opxn, LGT],R = [RQ'/2,04xn] -
Invoking Theorem 3.12, the semi-infinite LMI N'(A) »= 0 VA € A is equivalent to

M, | pL(G)
pLT(G) | Bu(G) — ARTR

o E
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and thus the RC is equivalent to the semidefinite program

VT2 402 <t, /T (GTEG) < 6

min { t: ALy pLG
5t§\Tb . I, — AQ ™! 2RTRQ_1 2l Q(AEGT —1I,) =0
o pGLT (GA, — 1,)Q~'/? 71,

2): Setting v = UTv, =Wy, é\: WT¢, our estimation problem reduces to the exactly the
same problem, but with Diag{a} in the role of A, and the diagonal matrix Diag{q} in the role
of @); a linear estimate ég of ¥ in the new problem corresponds to the linear estimate U T@WTy,
of exactly the same quality, in the original problem. In other words, the situation reduces to the
one where A, and @) are diagonal positive semidefinite, respectively, positive definite matrices;
all we need is to prove that in this special case we lose nothing when restricting G to be diagonal.
Indeed, in the case in question the RC reads

VT2 402 <t,0y/Tr(GTG) <6
AL

min ¢ ¢: n pGY ()
ST 71, — ADiag{u} Diag{v}GT — Diag{n} | = 0
o pG | GDiag{v} — Diag{n} TI,

where p; = q;” Vvi=a; /+/@ and 1; = 1/,/q;. Replacing the G-component in a feasible solution
with FGE, where F is a diagonal matrix with diagonal entries +1, we preserve feasibility (look
what happens when you multiply the matrix in the LMI from the left and from the right by
Diag{I, I, E}). Since the problem is convex, it follows that whenever a collection (t, 7,0, A, G) is
feasible for the RC, so is the collection obtained by replacing the original G with the average of
the matrices ETGE taken over all 2" diagonal n x n matrices with diagonal entries 41, and this
average is the diagonal matrix with the same diagonal as the one of G. Thus, when A, and @
are diagonal and L = R = I,, (or, which is the same in our situation, L and R are orthogonal),
we lose nothing when restricting G to be diagonal.
Restricted to diagonal matrices G = Diag{g}, the LMI constraint in (*) becomes a bunch of

3 x 3 LMIs

A 0 PYi

0 T—)\,ui vigi; — 1 EO, i:1,...,n,

PG | Vigi — i T
in variables A, 7, g;. Assuming w.l.o.g. that A > 0 and applying the Schur Complement Lemma,
these 3 x 3 LMIs reduce to 2 x 2 matrix inequalities

T — A ‘ Vigi — i
Vigi — M ‘ T—PQQ?/)\

=0,2=1,...,n.

For given 7, A\, every one of these inequalities specifies a segment A;(7, \) of possible value of g;,
and the best choice of g; in this segment is the point g;(7, A) of the segment closest to 0 (when
the segment is empty, we set g;(7,\) = 00). Note that g;(7,A) > 0 (why?). It follows that (x)
reduces to the convex (due to its origin) problem

: 2 4 52 2
7£I)1\12I10 \/’T +o Zgl(T,)\)
(2

with easily computable convex nonnegative functions g;(7, \).
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Exercise 3.6: 1) Let A > 0. For every & € R™ we have &7 [pg” + gp']¢ = 2(¢Tp)(¢Tq) <
AMETp)? +5(679)? = € [pp” + $qq” )€, whence pg” +qp” < App” + ;qq”. By similar argument,
—[pg” + qp”] = AppT + $qq”. 1) is proved.

2) Observe, first, that if A(A) is the vector of eigenvalues of a symmetric matrix A, then
IA(pg” + ap)|l1 = 2||pll2ll¢ll2- Indeed, there is nothing to verify when p = 0 or ¢ = 0; when
p,q # 0, we can normalize the situation to make p a unit vector and then to choose the orthogonal
coordinates in R™ in such a way that p is the first basic orth, and ¢ is in the linear span of the
first two basic orths. With this normalization, the nonzero eigenvalues of A are exactly the same
2ac
B8 0
in our new orthonormal basis. The eigenvalues of the 2 x 2 matrix in question are & +/a? + 32,
and the sum of their absolute values is 24/a? + 5% = 2||q||l2 = 2|pll2]|¢l|2, as claimed.

To prove 2), let us lead to a contradiction the assumption that Y,p,q # 0 are such that
Y = +[pq" + gp”] and there is no A > 0 such that Y — A\pp” — %qu > 0, or, which is the same
by the Schur Complement Lemma, the LMI

[Y—AppT q]>0

as the eigenvalues of the 2 x 2 matrix { } , where o and [ are the first two coordinates of ¢

qr A

in variable A\ has no solution, or, equivalently, the optimal value in the (clearly strictly feasible)

SDO program
. tI+Y —Mpp’ ¢
ngl)\n {t : [ o \ =0

is positive. By semidefinite duality, the latter is equivalent to the dual problem possessing a
feasible solution with a positive value of the dual objective. Looking at the dual, this is equivalent
to the existence of a matrix Z € S™ and a vector z € R" such that

[ Z z

- Tz
T pTZp} =0, Tr(ZY) <2¢" =

Adding, if necessary, to Z a small positive multiple of the unit matrix, we can assume w.l.o.g.
that Z = 0. Setting Y = ZV2y z1/2 p = ZV2p q = Z'/2%q, z = Z~Y2z, the above relations
become

[ Lz ] =0,Tr(Y) < 2¢" 2 (%)

5T ﬁTﬁ — Y, q z.

Observe that from Y = +[pg" + gp’] it follows that Y = +[pg’ + gp’]. Looking at what
happens in the eigenbasis of the matrix [pg’ +@p’ |, we conclude from this relation that Tr(Y) >
IAPG" + @")|l1 = 2||pll2/|gllz. On the other hand, the matrix inequality in () implies that
Izl < [Ipll2, and thus Tr(Y) < 2||p|l2]|g]l2 by the second inequality in (x). We have arrived at
a desired contradiction.

3) Assume that z is such that all Ly(x) are nonzero. Assume that x can be extended to a
feasible solution Y7, ..., Y7, z of (3.7.2). Invoking 2), we can find A, > 0 such that Y, = AR} R, +
/\ieLéT(x)Lg(x). Since Ay (z)—p >, Ye = 0, we have [Ay(z)—p Y, NeRI R -, )%L{(x)Lg(a}) -
0, whence, by the Schur Complement Lemma, A1, ..., A\r,z are feasible for (3.7.3). Vice versa,
if A1,..., A,z are feasible for (3.7.3), then Ay > 0 for all ¢ due to Ly(z) # 0, and, by the same
Schur Complement Lemma, setting Y, = )\gRgRg + )\%Lz(:c)Lg(x), we have

Au(z) =p) Y20,
L
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while Y; = + [LT (2)Ry + R} Ly(x)], that is, Y1, ..., Y7, z are feasible for (3.7.2).
We have proved the equivalence of (3.7.2) and (3.7.3) in the case when Ly(z) # 0 for all £.
The case when some of Ly(z) vanish is left to the reader.

Exercise 3.7: A solution might be as follows. The problem of interest is
néi?{t > [(GA—Do+ G2 V(veV,EeE,Ae A)}
| g

wlu <1
’UTPl'U S 1, (*)
néi?{t:uT(GA—I)v—i—uTGfgtv u,v,& 1<i<1I VAGA}.
' fTng < sz
1<j<J
Observing that
IGA-1]| 3G
uT[GA - v+ u"GE = [u;v;¢]" | JIGA-T]T [u; 03 €],
1aT
2

for A fixed, a sufficient condition for the validity of the semi-infinite constraint in (x) is the
existence of nonnegative p, v;, w; such that

wl HGA-1]| 3G

> vils = | iGA-T1]T
> wiQj 26T

and p+Y Vi—|—p§ > jwj < t. It follows that the validity of the semi-infinite system of constraints

p v pg > wi <t >0, > 0,05 >0

i j@A- 1| 16
> vib = | I[GA-1T ()
Zj w;Q; %GT
VAec A
in variables t,G, u,v;,w; is a sufficient condition for (G,t) to be feasible for (x). The only

semi-infinite constraint in (!) is in fact an LMI with structured norm-bounded uncertainty:

wl
Zi vi Py
Zj “iQ 1 1
5[GA-1] | 5G
- | 3EA=Tr
o
)
I —3[GA —1]| 3G
“IGA, —0I7 | SLuib
—%GT Ej WjQi |

B(p,v,w,G)

= 0vAeA

+ Zf:l[ﬁé(G)TAsz + RfTAeTﬁe(G)} = 0
YV ([[Agll22 < pa, 1 < €< L),

Lé(G) = % I:LZGT7O])@><TL70[)2><77L] 9 Rf = [OquT“Ré;Olem] .
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Opt(a) vs. « solutions for « = 160, 180, 320

Figure B.1: Results for Exercise 4.1.

Invoking Theorem 3.13, we end up with the following safe tractable approximation of (x):

min t
[AENTRZRI VAT

s.t.
M+Zi%’+ﬂ§zjwj§t,MZU,WEO,%’EO
Ml | Ly(G)
- </ <
LT(G) | Ye— MR R, z0,1<st<1l
B(/.L,V,W,G)_PAE;/:legiO.

B.4 Exercises from Lecture 4

Exercise 4.1: A solution might be as follows. We define the normal range of the uncertain
cost vector as the box Z = {¢’ : 0 < ¢/ < ¢}, where ¢ is the current cost, the cone £ as

L={CeR": (>0, =0 whenever v; = 0}

and equip R™ with the norm
o vi, v; >0
IICIIUZm?XICj/Uj,UjI{ ﬂ vj.:o

With this setup, the model becomes

Opt(a) =min{c’'z: Pz > b, x> 0,072 < a}.
x

With the data of the Exercise, computation says that the minimal value of « for which the
problem is feasible is @« = 160 and that the bound on the sensitivity becomes redundant when
a > @ = 320. The tradeoff between « € [a, @] is shown on the left plot in figure B.1; the right
plot depicts the solutions for « = a = 160 (magenta), « = @ = 320 (blue) and o = 180 (green).
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Exercise 4.2: 1) With ¢(p) = tau + ap problem (!) does not make sense, meaning that it is
always infeasible, unless £ = {0}. Indeed, otherwise g contains a nonzero vector g, and assuming
() feasible, we should have for certain 7 and «

[ 2(r+ap) | /T +pg”

f+pg | Al ]EOWDO

or, which is the same,

— =0Vp>0.
g | AQD) ] P

gT

AT ] should be > 0, which is not the case when

passing to limit as p — +o0o, the matrix [

g#0.

The reason why the GRC methodology does not work in our case is pretty simple: we are
not applying this methodology, we are doing something else. Indeed, with the GRC approach,
we would require the validity of the semidefinite constraints

T | ST +pg"
e oas EUAE

for all f € F in the case of p = 0 and were allowing “controlled deterioration” of these constraints
when p > 0:

: L R A
dlSt([f—l—pg A ],S+ >§apV(f€.7:,geE).
When 7 and « are large enough, this goal clearly is feasible. In the situation described in item
1) of Exercise, our desire is completely different: we want to keep the semidefinite constraints
feasible, compensating for perturbations pg by replacing the compliance 7 with 74+ ap. As it is
shown by our analysis, this goal is infeasible — the “compensation in the value of compliance”
should be at least quadratic in p.

2) With ¢(p) = (v/7 + vap)?, problem (!) makes perfect sense; moreover, given 7 > 0,
a>0,t €T is feasible for (!) if and only if the system of relations

2T fT
(@) {f 0]
2a T
©) [g 1G]

}§Oerf
]tOVgEE

Since F is finite, (a) is just a finite collection of LMIs in ¢, 7; and since E is a centered at the
origin ellipsoid, the results of section 3.4.2 allow to convert the semi-infinite LMI (b) into an
equivalent tractable system of LMIs, so that (a), (b) is computationally tractable.

The claim that t is feasible for the semi-infinite constraint

2(vT +ap)® | /1 + pg” ] .
T g ‘ Y10) >0V(feF,ge E,p>0) ()

if and only if ¢ satisfies (a) and () is evident. Indeed, if ¢ is feasible for the latter semi-infinite
LMI, ¢ indeed satisfies (a) and (b) — look what happens when p = 0 and when p — oco. Vice
versa, assume that t satisfies (a) and ()b), and let us prove that t satisfies (x) as well. Indeed,
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\/,?_
VTtpva’

(] o

or, which is the same by the Schur Complement Lemma, for every € > 0 one has

IAG) + eZ) ™2 o < V27, [I[A() + eI]2g]l2 < V2a,

uzl—ﬂzﬁf\/&ands:%p. For fe Fand g€ F

given p > 0, let us set y =
from (a), (b) it follows that

whence, by the triangle inequality,
ITA(t) + eI 2([f + pglll2 < V27 + V2ap,

meaning that

(V27 + V2ap]* | £ + pg"
[+ pg |A(t)+el | =

The latter relation holds true for all (e > 0, f € F,g € E), and thus ¢ is feasible for ().

Exercise 4.3: 1) The worst-case error of a candidate linear estimate g7y is

(A2 +€)Tg — fT2]l2,

max
z,&:|2ll2<1,]162[1<1
so that the problem of building the best, in the minimax sense, estimate reads

min {7 (A2 + &g — 72| <7 (58] zlle < 1]l < D},

)

which is nothing but the RC of the uncertain Least Squares problem
{min{T : (Az+f)Tg_fTZ < T,fTZ— (Az+§)Tg < 7-} (=26l € Z2=Bx E} (%)
7.9

in variables g, 7 with certain objective and two constraints affinely perturbed by ¢ = [z;¢] €
B x Z. The equivalent tractable reformulation of this RC clearly is

min {: |[A%g — fll2 + llg| <7}
2) Now we want of our estimate to satisfy the relations
V(p: > 0,p¢ 2 0): [(Az+&)Tg— 12| <7+ zp. + agpe, V(2 : ||zlla < 1T+ p2, € ¢ [[€]l2 < 1+ pe),
or, which is the same,
Vizi&] : [(Az +€)Tg — fT2| < 7+ audisty, (2, B) + agdist .|, (€, E).

This is exactly the same as to say that g should be feasible for the GRC of the uncertainty-
affected inclusion
(Az+ T~ [Tz e Q=[-71].

in the case where the uncertain perturbations are [z;£|, the perturbation structure for z is given
by Z, = B, L, = R"™ and the norm on R" is || - ||2, and the perturbation structure for £ is given
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by Z¢ = 2, L = R™ and the norm on R™ is || - ||2. Invoking Proposition 4.2, g is feasible for
our GRC if and only if

(@) (Az+8Tg—fT2€QV(z€ B, £ €E)
(0.1) |[(ATg— )Tzl < V(z: lz]l2 < 1)
(0:2) [€7g] < agV(E: €]z < 1)

or, which is the same, g meets the requirements if and only if
1ATg = flla+ llglla <7 1ATg = Fll2 < azy llgll2 < .

Exercise 4.4: 1) The worst-case error of a candidate linear estimate Gy is

max G(Az+ &) — Czl|a,
el e 0 1€ )~ Ozl

so that the problem of building the best, in the minimax sense, estimate reads

min {7 : |[G(Az +&) = Czllz < 7 V([2:¢] : [lzll2 < L, [I€]l2 < 1)}

)

which is nothing but the RC of the uncertain Least Squares problem
{min {T:|G(Az+ &) —Cz||2 <7} : (=2l € Z=B X E} (%)
7—79
in variables G, 7. The body of the left hand side of the uncertain constraint is

G(Az+ &) —Cz =LY (G)2R, + LY(G)éRy, L1(G) = ATGT —CT Ry =1,Ly(G)=GT, Ry =1

that is, we deal with structured norm-bounded uncertainty with two full uncertain blocks: n x 1
block z and m x 1 block &, the uncertainty level p being 1 (see section 3.3.1). Invoking Theorem
3.4, the system of LMIs

[ ug — A ul
U U GA-C | =0,
i [GA - C]T Vi
[ vo—p | 0T
v V1G>0 (%)
i GT‘MI
T*U[)*Uo‘ *UT*UT

—Uu—v ‘TI—U—V =0

in variables G, 7, A, i, ug, u, U, v, v, V' is a tight within the factor 7/2 safe tractable approxima-
tion of the RC.
2) Now we want of our estimate to satisfy the relations

V(p= > 0, p > 0) : [G(Az+€) = Czlla < 7+ aups +agpe, W=t |2ll2 < 1 pas€ - [€]l2 < 14 pe),
or, which is the same,

V[z; €] : |G(Az 4+ &) — Czlls < 7+ azdistH,”Q(z, B) + agdiStH,”Q(f,E).
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This is exactly the same as to say that GG should be feasible for the GRC of the uncertainty-
affected inclusion

GAz+ &) - CzeQ={w: ||w|2 <7}

in the case where the uncertain perturbations are [z;¢], the perturbation structure for z is given
by Z. = B, L. = R", the perturbation structure for § is given by Z¢ = Z, L = R™, the global
sensitivities w.r.t. z, § are, respectively, o, ag, and all norms in the GRC setup are the standard
Euclidean norms on the corresponding spaces. Invoking Proposition 4.2, G is feasible for our
GRC if and only if

(a) [[G(Az+&) —Czl2€ QV(2z € B,£€B)

(b) I(GA=C)zlla <z V(z: |z]2 < 1)

(@ [IGEll2 < ag V(€ - [I€lla < 1)

(b), (¢) merely say that
[GA =122 < az, [|Gll22 < ag,

while (a) admits the safe tractable approximation (.5).

B.5 Exercises from Lecture 5

Exercise 5.1: From state equations (5.5.1) coupled with control law (5.5.3) it follows that

w? = W [E]¢ +wn (],
where = = {U7?, U, uf}¥, is the “parameter” of the control law (5.5.3), and Wy [Z], wy[Z] are
matrix and vector affinely depending on E. Rewriting (5.5.2) as the system of linear constraints

T, N .
ewt —f;<0,j=1,...,J,
and invoking Proposition 4.1, the GRC in question is the semi-infinite optimization problem

ming o
subject to
%[ NEIC+wN[E] = f; SOV(C: [ = Clls < R)  (ay)
TWNEIC < a V() <1) (b;)
1<j<J.

This problem clearly can be rewritten as

ming o o

subject to
R|W{[Elejlls. + el WNEIC+wn[E]) - f; 0, 1<j < J
HWN[ lejllr, <o, 1<5<J

where
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Exercise 5.2: The AAGRC is equivalent to the convex program

ming o

subject to
R|W[Elejlls. +ef WN[EIC +wn[E]] - f; <0, 1< < J
IWXEleasllr, <o, 1<j<J

where
s T

s—1""" r—1
and for a vector ¢ = [z;do;...;dy] € RE, [(]a4 is the vector obtained from ¢ by replacing the

z-component with 0, and replacing every one of the d-components with the vector of positive
parts of its coordinates, the positive part of a real a being defined as max|a, 0].

Exercise 5.3: 1) For ( = [z;dp;...;d15] € Z + L, a control law of the form (5.5.3) can be
written down as

t
0
ur = uy + E uprdy,
7=0

and we have

t

T t ¢
Ti+1 :Z [ug_dT"’_ZuTsds] :ZUQ—FZ
5=0 7=0 s=0

7=0

t
Z Urg — 1] ds.
T=38
Invoking Proposition 4.1, the AAGRC in question is the semi-infinite problem

mln{u%)’u”}’a «

subject to
(az) 0> _oul]|<0,0<t<15
(ay) uf| <0,0<t<15
(bz) ’922:0 [Zf—:s Uurs — 1] ds| < @
V(O <t< 15, [do; ...;d15] : ||[d0, ...;d15]H2 < 1)
(ba) |y wrds| < a

V(O E t S 15, [do; ...;d15] : ”[do, ...;d15”|2 S 1)

We see that the desired control law is linear (u) = 0 for all ¢), and the AAGRC is equivalent to
the conic quadratic problem

| VS [t — 1P <07, 0< 1 < 15
min

(67
{utr b m <a,0<t<15

2) In control terms, we want to “close” our toy linear dynamical system, where the initial state
is once and for ever set to 0, by a linear state-based non-anticipative control law in such a way
that the states x1, ..., 16 and the controls u1, ..., u15 in the closed loop system are “as insensitive
to the perturbations dy,...,d15 as possible,” while measuring the changes in the state-control
trajectory

w15:[

0; 1; ... T16; Uty ..., Uls)

in the weighted uniform norm ||w'®|| 5 ¢ = max[f||z| e, |u|ls], and measuring the changes in the
sequence of disturbances [do;...;d15] in the “energy” norm ||[dp; ...;di5]||2. Specifically, we are
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interested to find a linear non-anticipating state-based control law that results in the smallest
possible constant « satisfying the relation

VAdY : || Aw' oo p < al|AdY 2,

where Ad' is a shift of the sequence of disturbances, and Aw' is the induced shift in the
state-control trajectory.
3) The numerical results are as follows:

Exercise 5.4:

[ 6] a |
1l.e6 | 4.0000
10 | 3.6515

2.8284
1 | 2.3094

1) Denoting by x;] the amount of information in the traffic from ¢ to j travelling

through v, by ¢, the increase in the capacity of arc v, and by O(k), I(k) — the sets of outgoing,

resp., incoming, arcs for node k, the problem in question becomes
Z( JeT xv <SPyt Yy
- dij, k=i
; > oncot) T — 2o ay =8 —diy, k=j
(=17}, ; o 0, k& {i,j} )
{av} B V((i,j) e T, keV)
¢y = 0,27 > 0V((i,j) € T, keV) )

\

2) To build the AARC of (x) in the case of uncertain traffics d;;, it suffices to plug into
(%), instead of decision variables 2%, affine functions X (d) = 7" 4 P w)es I, of d =
{dij : (i,j) € J} (in the case of (a), the functions should be restricted to be of the form
Xéj (d) = ” 04 53 d;j) and to require the resulting constraints in variables g, ff M %o be valid
for all reahzatlons of d € Z. The resulting semi-infinite LO program is computationally tractable
(as the AARC of an uncertain LO problem with fixed recourse, see section 5.3.1).
3) Plugging into (x), instead of variables x%, affine decision rules X7 g (d) of the just indicated
type, the constraints of the resulting problem can be split into 3 groups:

(@) Yjes X7 (d) <py+¢, ¥y el
(1) Ceper RYXT(d) =r(d)
(€) ¢y>0,X7(d)>0Y((i,j) € T,y €T).

In order to ensure the feasibility of a given candidate solution for this system with probability
at least 1 — ¢, € < 1, when d is uniformly distributed in a box, the linear equalities (b) must
be satisfied for all d’s, that is, (b) induces a system AE = b of linear equality constraints on
the vector £ of coefficients of the affine decision rules X 1 (-). We can use this system of linear
equations, if it is feasible, in order to express £ as an affine function of a shorter vector n of “free”
decision variables, that is, we can easily find H and h in such a way that A = b is equivalent to
the existence of n such that £ = Hn + h. We can now plug £ = Hn + h into (a), (¢) and forget
about (b), thus ending up with a system of constraints of the form

(@) au(n,q) +af (n,q)d <0,1 <0< L= Card(l')(Card(J) + 1),
() ¢=0
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with ay, oy affine in [n; g] (the constraints in (a’) come from the Card(T") constraints in (a) and
the Card(I')Card(7) constraints X% (d) > 0 in (¢)).

In order to ensure the validity of the uncertainty-affected constraints (a’), as evaluated at a
candidate solution [n; g, with probability at least 1 — ¢, we can use either the techniques from
Lecture 2, or the techniques from section 3.6.4.





