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CONIC-QUADRATIC PROBLEMS*

A. BEN-TALf, A. NEMIROVSKIf, AND C. ROOS?
Dedicated to Jochem Zowe on the occasion of his 60th birthday.

Abstract. We consider a conic-quadratic (and in particular a quadratically constrained) opti-
mization problem with uncertain data, known only to reside in some uncertainty set ¢/. The robust
counterpart of such a problem leads usually to an NP-hard semidefinite problem; this is the case, for
example, when U/ is given as the intersection of ellipsoids or as an n-dimensional box. For these cases
we build a single, explicit semidefinite program, which approximates the NP-hard robust counterpart,
and we derive an estimate on the quality of the approximation, which is essentially independent of
the dimensions of the underlying conic-quadratic problem.
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1. Introduction. A conic problem is an optimization problem of the form

(CP) min {c"z : Az —be K},
TER™

where K C RY is a closed pointed convex cone with nonempty interior. The data
associated with (CP) is the triple (A,b,c), with A € RV*? pc RN, and c € R".

1.1. Uncertainty in conic problems. When the data (A,b) associated with
the constraint is uncertain' and is only known to belong to some uncertainty set U, we
speak about an uncertain conic problem, which is in fact a family of conic problems:

rER™

(UCP) {min {"z : Az —be K} : (A)D) eu}.

The robust optimization (RO-) methodology, developed in [1, 2, 3, 4], associates with
(UCP) a single deterministic convex problem, the so-called robust counterpart (RC):

(RC) Hel]%l 'z Ar—beK V(Ab)eU.
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IWithout loss of generality we assume that the objective function is certain. Indeed, if c is
uncertain, we can use the following equivalent formulation:

min {t : Az —beK, ch—tSO},
xeR™

which is a conic problem with a certain objective function.
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A feasible/optimal solution of (RC) is called a robust feasible/optimal solution of
(UCP). The importance of these solutions is motivated and illustrated in [1, 2, 3,
4]. Of course, a crucial issue regarding the usefulness and applicability of the RO-
methodology is the extent of the computational effort needed to solve problems such
as (RC). At first glance, this looks hopeless, as (RC) is a semi-infinite conic problem.
Nevertheless, for £ = RY (the nonnegative orthant), i.e., when (CP) is a linear
programming problem, the first two authors have shown [3] that for a very wide class
of uncertainty sets U the resulting (RC)-problem is tractable (i.e., can be solved in
time polynomial in the dimensions n, N of (CP)). This is also the case for conic-
quadratic problems, i.c., when K is the Lorentz cone LV :

LN:{xERN : xNZ\/a:%+~-—|—x?V_1},

provided that the uncertainty set is an ellipsoid (see [2]); the corresponding results
are restated below in Theorems 2.1 and 3.2.

In this paper we deal with (conic) quadratic problems for which the uncertainty
sets U are more general. In particular, we are interested in the case in which U is
given as the intersection of several ellipsoids (we call this case the “N-ellipsoid” case).
The situation is then severely aggravated: problem (RC) becomes NP-hard (see [2]
and also section 2.2 below).

The goal of this paper is to build approzimate robust counterparts for the above
NP-hard problems, which are computationally tractable and for which a concise state-
ment can be given on the quality of the approximation.

1.2. Approximate robust counterparts. The approximation scheme we use
is of the lift-and-project type. Specifically, let the uncertainty set U be given as

U= (A" +w,

where (A%, b0) is a nominal data vector and W is a compact convex set, symmetric
with respect to the origin. (W is interpreted as the perturbation set.) Our aim is to
approximate the set X of robust feasible solutions:

X={zeR": Az—-be K V(Ab) e (A" t°)+W}

Towards this aim, we augment the vector x by an additional vector u and look at the
following set R, which is given by conic constraints:

R:={(z,u) : Pr+Qu+reK}

in terms of some matrices P and @, a vector r, and a closed convex pointed nonempty
cone K with nonempty interior.

DEFINITION 1.1. We say that R is an approximate robust counterpart of X if
the projection of R onto the plane of x-variables, i.e., the set R C R" given by

R:={x : Pr+Qu+re K for some u},
s contained in X:

(1.1) RCAX.
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1.3. Level of conservativeness. Next we introduce a measure, called the level
of conservativeness, for the proximity of R to X. To this end, let us look at an
uncertainty set

U, ={(A° ") +pW}, p>1.

Compared to the original uncertainty set i/ = U, the perturbations in U, are increased
by a factor p. The set of robust feasible solutions corresponding to i, is

X, ={zeR" : Az —-be K V(Ab) cl,}.

Clearly, X} = X. As p increases from 1, the set X, shrinks, and eventually we will
have

(1.2) X, CR.
The smallest p for which this occurs,

(1.3) p* = inf{p : X, C R},
p=1

is called the level of conservativeness of the approximate counterpart R. Thus we
have

X, CRCAX.

The implications of this concept are twofold:
(i) Ifx € 7%, i.e., if x can be augmented to a solution (z,u) € R, then x is a
robust feasible solution of problem (CP). This follows from relation (1.1).
(i) If z ¢ R, i.e., if & cannot be augmented to a solution (z,u) € R, then  is not
a robust feasible solution of problem (CP) if its uncertainty set i is increased
to U,, with p > p*.
In real-world applications, the level of uncertainty (the size of vectors in the pertur-
bation set W) is not something that can be specified precisely by the decision maker;
it is more likely that it will be specified up to a factor of order 1. Thus, for problems
for which the level of conservativeness itself is of order 1, the approximate robust
counterpart can be as meaningful as the true robust counterpart. The main results
of the paper show that for conic-quadratic problems under “N-ellipsoid” uncertainty,
this is indeed the case: we derive an explicit semidefinite program which is an approx-
imate robust counterpart of the uncertain conic-quadratic problem and whose level
of conservativeness is a constant, essentially independent of the dimensions n, N of
(CP). The profound implication of these results is that the NP-hardness, associated
with uncertain conic-quadratic problems, can be circumvented, and a computation-
ally tractable tool is at hand, capable of producing robust solutions to these difficult
problems.

1.4. Organization of the paper. We start in the next section by considering
the case of an uncertain convex quadratically constrained problem. The more general
case of conic-quadratic problems is considered in section 3. In both cases we first
recall the results already known for simple-ellipsoid uncertainty from [2]. The main
results concern the cases of N-ellipsoid uncertainty, and, as a special case of it, box
uncertainty. In the box uncertainty case, we present robust counterparts for which
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the level of conservativeness is bounded above by a constant, namely, 7w/2. The robust
counterparts presented in the N-ellipsoid cases have level of conservativeness at most

K 3
(1.4) (2 log (62rank Qk>> .
k=1

The matrices Q) in this expression are symmetric positive semidefinite matrices, of
the same order L, and it will always be assumed that their sum is positive definite.
Note that the expression under the logarithm in (1.4) may be as large as 6K L. In
many applications, however, it is likely to be much smaller.

2. Approximate robust counterparts of uncertain quadratically con-
strained problems. A generic convex quadratically constrained problem has the
form

T AT T :
sat A Ajx < 2b; ; =1,...
(QC) fgﬁgi{cox o' AT Ajx <20 w4 ¢, i=1,...,m},

where the matrices A; have size m; x n. Note that (QC) can be written as a conic-
quadratic problem:2

;rel]eri,{COx : H( %(1—2bT:£—cl )H 3 1—|—2b1x+cl), i 1,...,m}.

However, we shall treat the direct formulation (QC). An uncertain (QC)-problem
corresponds to the case in which the data {(A;,b;,¢;) : i =1,...,m} of the problem
is uncertain. To model the uncertainty, we use uncertainty sets U;, and we assume
(21) (Ai,bi,ci) eU;, i=1,...,m,
where the uncertainty set U; associated with the ¢th constraint is given as the inter-
section of ellipsoids.

In order to construct the robust counterpart (RC) of problem (QC), we should
be able to construct the robust counterpart of a single uncertain quadratic constraint

(UQC) 2T AT Az <26z + ¢ V(A bc) €U,,

where U, is the intersection of K ellipsoids; i.e., it is described as

L
U, = {(A,b, c) = (Ao,b(),co) + Zyz (Aé,be,cé) Dy € pV} ,
=1

where V' is the intersection of K ellipsoids,
V={yeRl: yTQuy<1, k=1,... K},

and where each @ = 0. As stated above, we make the generic assumption that

Zszl Qk = 0.

2When not further specified, ||.|| always denotes the 2-norm ||. |-
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2.1. Simple ellipsoidal uncertainty. In this case we look for the robust coun-
terpart of the convex quadratic constraint

(2.2) 2TAT Az < 2Tz +¢ V¥ (A, b, c) € Usimple,
where
L
usimple = {(Aa b7 C) = (AO’bO’CO) + ny (AZ’bZ,CZ) : Hy||2 S 1} ’
=1
with
AL e RMXn - pte R, eR, (=0,...,L.

This is a special case of (UQC), where K = 1 and @) is the identity matrix. This
case has been considered already in [2, 6], where the following result is proved.

THEOREM 2.1. A wvector x € R™ is a solution of (2.2) if and only if for some
A € R the pair (x,\) is a solution of the following linear matrix inequality (LMI):

@+ 2270 — X %cl + 7! e %CL + zTv" (A%)T
Lol 4 2Tyl A (Alaz)T
2
=0
Leb 4 aThP A (AL2)"
Az Alx cee Alg Iy

Fundamental in the proof of this result is the so-called S-lemma (see, e.g., [5]).
LEMMA 2.2 (S-lemma). Let P and Q be symmetric matrices of the same order,
and assume that y* Py > 0 for some vector y. Then the implication

2TPr>0 = zTQZZO

is valid if and only if Q = AP for some A > 0.

2.2. Intersection-of-ellipsoids uncertainty. In this case we consider the ro-
bust feasible set for (UQC):

X,={x : aTATAz < 2"z +c V(A b,c)elU,},
where
L
U, = {(A,b,c) = (47,0 +pZye (A50, ) - yTQry <1, k= 1K}
=1

Note that the robust counterpart of (UQC) with the N-ellipsoid uncertainty i, is, in
general, NP-hard. In fact, the associated analysis problem “given x, check whether
it is robust feasible” is already NP-hard. To support our claim, we observe that the
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analysis problem in question is at least as difficult as the problem of maximizing a
positive definite quadratic form over the unit cube:

(MAXQ) given @ >~ 0 and ¢ € R, check whether rlnal)él y'Qu < q;
yilyel <

the latter problem is known to be NP-hard.? Indeed, given data Q, ¢ of (MAXQ) with
a K x K matrix @, let us find a K x K matrix D such that DT D = Q and associate
with @, g the following uncertainty set for (UQC):

K
Z/{l:{(A7b7c):(OKXKaOKXIaq)+ZyE(A€7OK><1)O> : y?§17 Ele"aK}a
{=1

where the first column of A, equals the £th column of D, and the remaining columns in
Ay arezero, £ = 1,..., K. With this setup, one has (A,b,c) = (Dy, 0(x—1)x x> 0k x1,9)-
If x = (1,0,0,...,0)T € RX then Az = Dy, and hence checking whether x is robust
feasible for (UQC) is exactly the same as checking whether y” Qy = || Dy||? is < ¢ for
all y with |ye| < 1; thus, the NP-hard problem (MAXQ) is reducible to the analysis
problem for (UQC) with a pretty simple N-ellipsoid uncertainty (“box uncertainty”:
L = K and Qy is the diagonal matrix with the only nonzero diagonal entry, equal to
1, in the cell (k, k)).

The NP-hardness of the robust counterpart of (UQC) in the presence of N-ellipsoid
uncertainty motivates our current goal—to build a tractable approximate robust coun-
terpart. We introduce some more convenient notations:

alz] = A%z, clx] =22T0° + 0, A lx] =p(A'z,... A2),

Then one may easily verify that z € X, holds if and only if
Y Qry <1, k=1,....K = (alz] + A [z]y)" (alzx] + A,lzly) <2 (bylz] +d,)" y+cla].
The last inequality can be rewritten as
yT A lx) T A lrly + 29T (Ap[x]Ta[x] —bplz] —d,) < clz] - alz]"a[x].
Hence we obtain that x € &, holds if and only if

yTQu <1, k=1,.... K =

(2:3) yTAp[x}TAp[a:]y + 297 (Ap[x]Ta[x] —bylx] — dp) < c[z] — a[z]Ta[z].

Observe that if y satisfies y” Qry < 1, then so does —y. Hence, z € X, holds if and
only if
y'Qry <1, k=1,.... K =
y" Apla]" Aplaly £ 29" (Apla] " alz] — bylz] — dp) < clz] — alz]"alz].

3From MAXCUT-related studies it is known that it is NP-hard even to approximate the maximum
of a positive definite quadratic form over the unit cube within relative accuracy like 5% [7].
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Therefore, we may replace the implication by
2<1, yTQuy <1, k=1,...,. K =
yT A, [x]T A lzly + 2ty™ (A,lx]) alz] — bylz] — d,) < c[z] — alz]"alz].

This implication certainly holds if there exist A, > 0, k = 1,..., K, such that for all
t and for all y

K K
Z ey Qry + (c[z] —alz)Talz] — Z )\k> t2
k=1

k=1
> yT A, 2] A,lzly + 2ty" (A,[2]"alz] — by[z] — d,).
We can equivalently express the last condition in a more concise form:

t clz] — a[z]Talx] — Zszl Mo (Ap[z]Talz] — bylz] — dp)T t

y Aplz)Talz] = bplz] —d, S, Qi — Apla]T A, [a]

<

In other words, x € &, certainly holds if

clz] — afz]Talz] = Sf_ A (Apla]Talz] - bylz] — d,)"
IA >0 s.t. =0,

Aye)Talz] = byla] —d,  Soh MQr — A[x]T A, [x]
which can be rewritten as

K —b,lz] —d,)" alx])T
IA>0 s.t. el = e e (Shela] =) > . lalz] — A,[z]].

K
—bplz] = d, =1 M Qk —Ap[a]”
By the Schur complement lemma the latter is equivalent to

cla] = i M (=bylal —d,)" ala]”
NZ0 st | el —d, T M@ —Al]T | 20
alz] —A,la] Ly

Thus we have proved the following theorem.
THEOREM 2.3. The set R, of (z,\) satisfying A > 0 and

cle] =g M (=bple] —d,)" afa)”
(2.4) —bplz] —d, Y Qi —Apla]” | =0
alz] —Aplx] Iy

is an approzimate robust counterpart of the set X, of robust feasible solutions of
(UQC).

Unlike the case in which U is a single ellipsoid, in the general case of N-ellipsoids
we can no longer use the S-lemma (Lemma 2.2) to get an equivalence between the
LMI (2.4) and the uncertain quadratic inequality (UQC). Thus another fundamental
tool is needed, and this is offered by our so-called approximate S-lemma (cf. Lemma
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A.6 in the appendix). With this tool we are able to derive the main results of this
paper: Theorem 2.4, which follows, and Theorem 3.5 in the next subsection.

THEOREM 2.4. The level of conservativeness of the approximate robust counter-
part R (as given by Theorem 2.3) of the set X is at most

K 3
(2.5) pi= <2log (62rank@k>> :

k=1

Proof. We have to show that when z cannot be extended to a solution (x, \) of
(2.4), then there exists ¢, € R™ such that

(2.6) ot <1, k=1,.. K,
and
2.7) P A[a]" Apla]C + 25¢ (A,[2]" alz] — byla] — d) > c[z] — afz]" a[x].

The proof is based on Lemma A.6, which can be seen as an “approximate S-lemma.”
Using the notation of this lemma, let

T
0 (Ap[z])"alz] — by[z] — d)
R = ;
) ala] — byfa] — d A )T A la]
1 0T 0 0T
and g = 1. Note that Ry,..., R are positive semidefinite, and, due to our generic
assumption on the Qy’s,
K 1 OT
Ry + Z Ry = = 0.
k=1 0 Zlf:l Qk

Moreover, Ry is dyadic and g = 1 > 0. We are therefore in the situation in Lemma
A.6 where Ry is dyadic and rg > 0. Hence the estimate (2.5) is valid. We proceed by
distinguishing two cases.

Case 1. We assume in this case that there exist Mg, ..., Ag > 0 such that
K
(2.8) R=> ARy,
k=0
K
(2.9) Z e < clz] — alz]Talz].
k=0

Since the LMI (2.4) was shown to imply (2.3), our assumption that x cannot be
extended to a solution of (2.4) implies that x cannot be extended to a solution of
(2.3). On the other hand, by (2.8),

(t.y")R ( ;) < IfjAk(t,mik (;) Vi, y.
=0
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Hence, using the definition of R and Ry, with ¢t =1,

K K
y" Ap[2)" Aplaly + 29" (A,le]"ale] = bylz] = d) < Mo+ Y My Qry <YM
k=1 k=0

whenever y7Qry < 1, k = 1,..., K. Therefore, by (2.9),
y Apla]T Aylaly + 29" (A,[2]" alz] — by[a] — d) < c[z] — a[2]" alz],

showing that z is a solution of (2.3). Due to this contradiction, Case I cannot occur.

Case II. In this case there do not exist Ao, ..., Ax > 0 such that (2.8) and (2.9)
hold. Hence, every feasible solution of problem (SDP) (in Lemma A.6) has objective
value greater than c[z] — a[r]T a[z]. Thus we have

(2.10) SDP > c[z] — a[z]T a[z].
By Lemma A.6, there exists y. = (t«,7.) such that

(211) 3. TRoy, =t2 <rg =1,
(212) g Reys =0 Qe <57, k=1,... K,

Yo" Ry, = nl Apla]T Apzln. + 2t (Apla]"alz] — b,[z] — d) = SDP
(2.13) > clz] — a[z]"alx],

by (2.10). Setting 7 = p~ 7., the last three relations become

it <1,
7TQw<1, k=1,... K,
i Ayfal® A, [o)i + 2577, (Agla)Tala] — byla] — d) > cla] - afa]7al).
(2.14)
It is easily seen that if (¢.,7) is a solution of (2.14), then either (. = 7 or {, = —7j is
a solution of (2.6)—(2.7).
This completes the proof of Theorem 2.4. 0

2.3. Box uncertainty.
THEOREM 2.5. Consider the uncertain quadratic constraint (UQC), where the
uncertainty set is the “box”

L

(2.15) up:{(A,b,c):(AO,bO,co)—kpZyg (A0, o fye] <1, 5:1,...,L}.
/=1

Then
(i) the set R, of (x,\) satisfying A > 0 and

cla] =i A (bl =) afa]”
(2.16) —b,[z] —d diag(n)  —A,z|T | =0
afz] —Ap[z] Ins

is an approvimate robust counterpart of the set X, of robust feasible solutions
of (UQC), and
(i) the level of conservativeness Q of R is at most

(2.17) Q< g
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Proof. Part (i) of the theorem is a special case of Theorem 2.3, with K = L and
where each Q. is equal to a diagonal matrix whose only nonzero element is a 1 in
the kth position of the diagonal. Thus it remains to prove part (ii). This proof will
proceed in two steps. In Step 1 we build an approximate robust counterpart R of
(UQC), which is seemingly different from the R given in part (i) of the theorem, and
we prove that the level of conservativeness of R is /2. In step 2 we demonstrate that
R is in fact equivalent to R.

Step 1. (Construction of R). The quadratic constraint

2T AT Az < 20Tz + ¢

is equivalent, by the Schur complement lemma, to the LMI

2Tz +c (Az)"

>~ 0.
{ Az I =0

Thus the robust feasible set of (UQC), &, corresponding to the uncertainty set i, in

(2.15), is given by

22T + 0 (A%%)" L 20Th + ¢t (Alz)"
ol g ()
Az I =1 Alg

z0, [lylle <1

An evident sufficient condition for a vector z to belong to A, is the possibility of
extending by L matrix variables X', ..., X, which together satisfy the following
LMIs:

(2.18)
22700 + ° (on)T I
= Y Xh
A% 1

The system (2.18) is the aforementioned approximate robust counterpart of R. The
fact that the level of conservativeness of R is at most 7/2 is then a direct consequence
of [4, Theorem 4.4.1, p. 190]. In using the latter, note that rank A[z] = 2.

Step 11. (7@ is equivalent to R). The equivalence is shown in two parts:

IL.1. If (x, A1, ..., Ax) is a solution of (2.16), then = can be extended to a solution
(z, X', ..., XTL) of (2.18).
IL2. If (z, X', ..., X*) asolution of (2.18), then for some A > 0, (z, Ay, ..., Ak)

is a solution of (2.16).
The proofs of both parts rely on the following lemma, whose proof depends on
Lemma A.8 in the appendix.
LEMMA 2.6. Let ce R, d € R™, and

P_[Qc dT].
d 0

Then
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(i) for every A > 0 the matriz

(2.19) Y[\ P] =

belongs to the set
(2.20) LIP,—P]|={X : X =P, X > —P}

(ii) if P # 0, then for every X € L[P,—P] there exists A > 0 such that X >
Y[\, P].
Proof. Setting

a=(1,0,...,07",  b=(c,dy,...,dn)",
one has
T
T T _ 2c dT T l T A0 l C C o
ab” +ba —< PR E Aaa —|—)\bb =10 o —&—)\ d d =Y[\ P
Hence, Lemma 2.6 immediately follows from Lemma A.8. |

Proof of 1L.1. For our case of box uncertainty we have (Qr);, = 1 and (Qx);; =0
(i # k or j # k), and so the system (2.16) reduces (by the Schur complement lemma)
to

el =S A alz]T

1
(2.21) - > o (felx] fel]T),
a[x] IM £, X¢>0

where \y > 0,¢=1,..., L, with \y = 0 = fyz] =0, and fi[z], ..., fr[z] are the
columns of the matrix

(bplz] + )"

Ap[f]T
ie.,
prl bt + £t T’ + 5t
(2.22) felx] = =p
pAtz Alx

or, more explicitly,

(2.23) {23;23:(:0 (A%)" ] - ([ Aoe 8:|_~_;é(f£[x]fz[w}T)>.

Iy
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Note that the matrix under the sum has the form of the matrix Y[\, P] in (2.19).
Hence, denoting this matrix as X, whenever Ay > 0, we may conclude from Lemma
2.6 that

Tt | L e N\T
(2.24) AN>0= X, mdp| 2V FC (A%)” |
Atx 0
Setting X, = 0 whenever \; = 0, and using (2.23), we ensure that z, X', ..., X% is
a solution of (2.18). This proves II.1.
Proof of I1.2. Assume that = can be extended to a solution z, X', ..., X¥ of

(2.18). By Lemma 2.6, for those ¢’s for which

22THt + ¢f (A%)T
(2.25) p { Al 0 #0

there exist Ay > 0 such that

VAN e, \T
(2.26) X' =V’ :=[Aof 8}+;Z(fz[x]fe[x]7’)zp{%Tfﬂ;c (4%2) ]

where the vectors fy[x] are as defined by (2.22). Setting Y* = 0 and )\, = 0 whenever
the left-hand side in (2.25) vanishes, it follows that z, Y'!, ..., YL is a feasible solution
of (2.18), which in turn implies

(5 e 2 ([ ¢ ).

Via the Schur complement lemma (note that Ay = 0 = fy[z] = 0), the latter LMI
shows that (z, A1,..., Ar) is a feasible solution of (2.4). This completes the proof of
I1.2, and thus of Theorem 2.5. 0

3. Robust solutions of uncertain conic-quadratic problems. An uncertain
conic-quadratic problem (CQP) has the form

(CQP) ;r&g}q {cTac : HAzx + blH <alz4+p, i=1,..., m},

where the data (A%, b;,a;,3;) is uncertain and is only known to belong to some un-
certainty sets U;,

(Ai,bi,ai,ﬁi) ceU;, i=1,...,m.

The crucial step in building a robust counterpart for (CQP) is the ability to build
a robust counterpart for a single constraint, i.e., the set of solutions z € R™ of the
semi-infinite inequality system

(3.1) |Az + 0| < alz+p, (A, b,a,8) €U,

Here, we deal with the situation in which the uncertainty affecting (3.1) is sidewise,
i.e., the uncertainty affecting the right-hand side in (3.1) is independent of that af-
fecting the left-hand side. More specifically,

(3.2) U, =Ur x UL,
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where
L
(3.3) ur = {(A,b) = (A%0%) + > we (AY) s ye va} :
(=1
R
(3.4) Uy = {(a,m = (a®B°) + ) & (a7 07) : €€ pvR}.
r=1

The sets VX and V! are convex perturbation sets, and p > 0 is a parameter expressing
the magnitude of the perturbation.

As before, the specific form of V¥ is an intersection of ellipsoids, i.e., VI = VE,
where

(3.5) Vi ={yeR' : y"Qy <1, k=1,..., K},
with

K
(3.6) Qr=0 and > Q0.

k=1

The form (3.5) includes two important special cases, namely,
o simple ellipsoidal uncertainty (K = 1),
e boz uncertainty (K = L, (Qr)y, = 1, and (Qk);; = 0 (i # k or j # k) for
k=1,..., K).
For the right-hand side perturbation set V* we allow a much more general geometry:
VI is assumed to be bounded, containing zero, and semidefinite representable (sdr),
i.e., it can be represented as the projection of a set described by LMIs:

(3.7) VE={CeR? : JueR® : P()+Q(u)—T =0}

for some symmetric matrix T, and symmetric matrices P({), Q(u), which depend
linearly on their respective arguments. Specifically,

R S
(38) P(C) = ZC’!‘PT7 Q(u) = ZUSQS’
r=1 s=1
where P.(r = 1,..., R) and Qs(s = 1, ..., .S) are symmetric matrices, and it is

assumed that
(3.9) 3¢ a = P +Q(a) = T.

It is well known that sdr-sets include N-ellipsoids and many more [4, Lecture 4].
The sidewise uncertainty assumption implies the following fact: z is robust feasi-
ble for (3.1) if and only if there exists a 7 such that

(3.10) |Az + b < T,
(3.11) r<alz+p.

This fact allows us to handle (3.1) by treating (3.10) and (3.11) separately. We start
with (3.11).
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THEOREM 3.1. A pair (x, 7) satisfies (3.11), where UL is given by (3.4), (3.7),
and (3.8), if and only if, for some symmetric matriz 'V, the triple (x, 7, V) is a
solution of the following system of LMIs:

Proof. The pair (z, 7) satisfies (3.11) if and only if
R R
r<a’ <a° erZfraT) +8%4p) 68 VEeVE,
r=1 r=1
which is equivalent to
R
(3.16) T—2Ta® - < ignf {Zﬁrp (zTa" +87) : P&)+Q(u) = T} .
o r=1

The problem on the right-hand side (rhs) of (3.16) is a semidefinite problem:
(P) inf {¢" o] : P(E)+Q(u) = T},
where
Yelz] = p (z"a” + 7).
The dual problem of (P) is the semidefinite problem

(D) sup {Tr (TV) = P*(V) =[z], @"(V) =0,V = 0},

where P* and Q* are the respective adjoints of P and @, as given in (3.8). Thus
P*(V) e RE, P*V).=Tr (VP), r=1,...,R,
Q*(V) e RS, Q*(V)s=Tr (VQ,), s=1,...,85.

By assumption (3.9), problem (P) is strictly feasible, and due to the assumption that
the set V® is bounded, the objective value of (P) is bounded from below. Hence, by
SDP duality theory (see, e.g., [4]), problem (D) has an optimal solution and inf (P) =
max (D), i.e., there exists a V' such that

rhs of (3.16) = inf(P)=Tr (TV),
(3.17) Tr (VP) = vlal=p(z"a"+57), r=1,...,R,
r (VQs) = 0, s=1,...,5,
vV = 0.

Now (3.16) and (3.17) show that (x, 7, V') indeed satisfies (3.12)—(3.15). O
We now turn to the condition (3.10) with the uncertainty set % given by (3.3),
(3.5), and (3.6). For a general perturbation set as given in (3.5), with K > 1, the
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verification of (3.10) is an NP-hard problem (see [2]). Therefore we shall derive an
approximate robust counterpart (Theorem 3.3 below). For the simple ellipsoidal case
(K =1) an exact robust counterpart is given by the following result of [2].

THEOREM 3.2. Consider the condition (3.10), where U} is given by (3.3) and V-
is the ellipsoid V¥ (see (3.5)). Then a pair (z, 7) satisfies (3.10) if and only if there
exists some Ay > 0 such that the triple (x, T, A1) satisfies the following LMI:

T—XA1 O alz)”
(3.18) 0 M@ pA[z)T | =0,
alr]  pAlx]  TIyg
where
(3.19) alr] = A% +b°
(3.20) Alz] = (Alz+b', ..., Atz 7). O

For the general N-ellipsoids case (K > 1), the following theorem gives an approx-
imate robust counterpart of (3.10).
THEOREM 3.3. The set Sy, of triples (x, T, \) € R” x R x RX satisfying the LMI

UED APV 0 alx]”
(3.21) 0 Sro Qi pAL]T | 20, A0,
alz] pAlx] 71

with alx] and Alz] as given by (3.19)—(3.20), is an approzimate robust counterpart of
the set of pairs (x, 7) satisfying (3.10), under the uncertainty set Z/lpL given by (3.3)
and (3.5).

Proof. We have to show that if (x, 7, A) solves (3.21), then (z, 7) solves (3.10).
Now (3.21) is equivalent to the following three conditions:

(i)

I 0 afz]”
Y = 0 Zle )\ka pA[l’]T = 07
ale]  pAlz] TIm

(i) p >0, X >0,

(i) g+ e < T
Condition (i) implies that for every y € RY and t € R

0 alz]” T
Lyl o K 0,0 ,i[]]T Eyt 0
_ T — Y,
00 I k=1 AR P 00 I
alz] pA[z] Iy
which is equivalent to
[ L 0 t alx]” ]
0 Zk—l >\ka ) pA[QZ]
=0
t
[a[z] pAlz]] 71
Yy
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By the Schur complement lemma, the latter is equivalent to

. K 2

(1) 7(ut? + 33y My’ Quy) > [tala] + pAlalyl”.
Therefore, conditions (i)—(iii) reduce to (i), (ii), and (iii). From these conditions it
follows that if (y,t) are chosen such that

(3.22) 2 <1, yT'Quy <1, k=1,..., K,
then
K K
(3.23) ,LLtZ + Z )\kyTQky < p+ Z A <7,
k=1 k=1

and, since 7 > 0, from (3.23) and (i'),

(3.24) 72 > ||talz] + pAlz]yl|®  V(y,t) satisfying (3.22).
In particular, for t = 1 we get

(3.25) T > |lalz] + pAlz]y| Wy satisfying (3.22).

Substituting into (3.25) the expression for a[z] and A[z] (see (3.19)—(3.20)), (3.25)
becomes explicitly

L
A2+ 804 p> " A (Alz 4 bF)
(=1

(3.26) 7> Vyst.yTQuy <1, k=1,..., K.

Finally, (3.26) is precisely condition (3.10) for Z/{f{’ given by (3.3) and V' = VE given
by (3.5). 0
Combining the results of Theorems 3.1 and 3.3, we obtain the following result.
COROLLARY 3.4. The set S of tuples

(x, 7, A\, V) satisfying (3.12)—(3.15) and (3.21)

is an approximate robust counterpart of the uncertain conic-quadratic constraint (3.1),
where the uncertainty set U, is given by (3.2)—(3.9).

The level of conservativeness of S can be estimated in a way very similar to that
used in the case of uncertain quadratic constraints (see the proofs of Theorem 2.4 and
Theorem 2.5), and the result is in fact similar.

THEOREM 3.5. (i) For the case of N-ellipsoidal uncertainty, with K > 1, the level
of conservativeness 2 of the approximate robust counterpart S in Corollary 3.4 is at

most
K 3
Q:= <2 log <GZranka>> .
k=1

(ii) For the special case of box uncertainty, one has

s
Q< —. O
-2
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Appendix. Some technical lemmas.

LEMMA A.l. Let x = (z1,...,2,) and & = (&1,...,&) € R™. If ||z||, = 1 and
the coordinates &; of & are independently identically distributed random variables with

then one has

(A1) Pr(|¢¥z] <1) >

W =

Proof.* Without loss of generality we may assume that z > 0 and
Ty 2T > 2Ty 2 0.

We define 6 = z1 and
k
sp =0, skzsk(f):infi, k=1,2,...,n.
i=1

Then (A.1) is equivalent to Pr(|s,| <1) >
events:

%. To prove this, we define the following

Ag={¢ : |s;|<1-0, j=1,...,n},

Ap={& : [sj|<1—-0, j=1,...,k—1, and |s;| >1—0}.

Note that the events Ag, Ay, ..., A, form a partition of the probability space.
Assuming Ay # (), we proceed by deriving a lower bound on the probability that
|sn| <1 occurs, namely:

2
(A.2) Pr(|sn] < 1| Ag) > p(6) := % (1 _ (;_Z)Q> .

For k = 0 this is evident, since the left-hand side is then equal to 1. So let £ > 1 and
let us fix a realization £ € Ai. Then we have

(A.3) 1—0<|si| <1.

Indeed, the left-hand side of (A.3) follows from the definition of Ay, and the right-hand

side from

Isk| = |sk—1 + sk — Sk—1| < |sk—1| + |sk —sp—1| <1 —04+2, <1 -0460=1.
Because of (A.3) we have the following implication:
(A.4) 0> (sp—sk) sign(sg) >—-240 = |sp| <1

Indeed, if s, > 0, then 1—6 < s, < 1and 0 > s, —s; > —246 imply that s,, < s, <1
and s, > sy +0—-2>1—-0+60—-2=—1,and if sy <0,then1—60 < —s; <1 and

4This proof is mainly due to P. van der Wal, Delft University of Technology (private communi-
cation).
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0> —s,+sx > —24+0imply s, > s > —landalsos, < s—0+2<0-1-0+2=1.
So in both cases one has |s,| < 1, proving (A.4). Hence we may write

Pr(|sn| <1|Ag) > Pr(0> (s, —sk) sign(sg) > —2+06| Ag)

1
> = Pr(|sn — s, <2—10), by symmetry,
1
> 3 (1 - Var (s ) by the Chebyshev inequality,
1 7 1 1— 62
_ 172J k+1 "k > = 1o 7 :p<0)
2 (2 - 9) 2 (2 - 0)

Thus we have proved (A.2). Since (Ao, A41,...,A,) is a partition of the probability
space, it follows that

_p2
Pr(|su] < 1) = p(6) > ma; <1_ (;_Z)) :p@ -1

This proves the lemma. ]

Based on numerical experiments, we believe that Lemma A.1 can be improved as
stated in the conjecture below.

CONJECTURE A.2. Let x and £ be as defined in Lemma A.1. Then

Pr(|¢Tz] <1) > %

LEMMA A.3. Letrank B = k, B = 0, and let £ be as defined in Lemma A.1.
Then

Pr(¢"B¢ > aTrB) < 2ke™® Vo > 0.

Proof. Writing

k
B=> b/,
i=1

the statement in the lemma can be rewritten as

k
(Z (b7¢)? >QZHb | ) <2ke"? Ya>0.

=1
We have

pi = (Z (b7¢) >a2||b||>—Pr@ (6Fe) —anbiﬁ)zo)

i=1 i=1

< Pr (m?x<(biT€)2—oz||bi||2) ) Xk: Pr (ng >a||bi”2)

=1

k
= > Pr(jple| = valul) = zz Pr (b7 > va |bi]).

i=1
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For any random variable y with distribution F', we have for any p > 0,
0 00 oo
E(e’) = / e”YdF(y) —|—/ e”YdF(y) >0 +/ dF(y) = Pr(y >0).
—o0 0 0

Hence,
Pr (b7¢ > Va|lbi]) < g(ep(bff—\/al\bi\l)) — g(ep(bin)) e—PValbill

Furthermore, using the inequality cosht < 2!’ we have

n

n
ep(bT H E(ePhibi) = Hcosh (pbij) < H LA 1 L
j=1 j=1 j=1

Substitution gives
Pr (b7¢ > Va ||b])) < eIl =pvalvill > g,

The right-hand side is minimal if p = v/a/||b;||. Thus we obtain

e

Pr (b€ > va b)) < e %

From this we derive the inequality

pk<2z Pr (b7¢ > va||bi]) <2Ze7“: ke %,

i=1

which completes the proof of the lemma. O
LEMMA A.4. Let B denote a symmetric n X n matriz and & be as defined in
Lemma A.1. Then
1
A5 Pr(¢"B¢<TrB) > —.
(A5) HETBE<TEB) >

Proof. Consider the random variable

7= GigiAy = LT Be-TrB).

1<j

Then (A.5) is equivalent to
(A.6) w:= Pr(y<0)> el

Let p(dt) be the distribution of +, and let
I, :/ it wdt), €=1,2,....

Since £ (y) = 0, we have

/t i) = / |t
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Hence
p(dt)
I:2/ t dt:2/ tl ———x Pr(v <0
1 tSOIIM( ) tSOII Pr(y <0) (v<0)
2
<2 (/ tz,u(dt)> Pr(y <0) < 2wiIZ.
t<0

Further,

12:/ 2 u(dt) :/ It17 |t p(dt) < IFIE < V2wHISIE.

— 00 — 00

Thus it follows that

(A7) s 1B
Also
L=E()=E| > G&&&A A | =) A}
i<j, k<t 1<j
and
3 2
I;<¢ Zfifinj <& (Z&‘fj&j) Zfifg‘Aij
i<j i<j i<j
n(n—1)
<[] Tis (T )Y S
i<j i<j i<j i<j

The last inequality uses that Y5 |a;| < VE(/S2F_, 2. Putting the above estimates
for I and I5 into (A.7), we get
2 1

>7

1
> - °
Y= 16 n(n—1) " 8n2’

and hence the lemma is proved. 1]
CONJECTURE A.5. Let B and & be as defined in Lemma A.4. Then

Pr(¢"B¢E<TrB) >

A~

LEMMA A.6 (approximate S-lemma). Let R, Ry, Ry, ..., Rx be symmetric n X n
matrices such that

(A.8) Ri,...,Rx =0,

and assume that

K
(A.9) oA Ak 200 st > ARy > 0.
k=0
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Consider the following quadratically constrained quadratic program,

(A10)  QCQ=max{y"Ry : y"Roy <ro,y" Ry <1, k=1,...,K}
y n

and the semidefinite optimization problem

K K
(A.11) SDP = min {ro,uo + Zuk : ZHkRk =R, > O} .
k=1

KO 115 K
’ k=0

Then
(i) If problem (A.10) is feasible, then problem (A.11) is bounded below and

(A.12) SDP > QCQ.

Moreover, there exist y, € R™ such that

(A.13) v« TRy, = SDP,
(A.14) y*TROy* <7y,
(A.15) s ' Rpy. < p%, k=1,... K,

where (cf. (2.5))

K 2
p = (2 log (Einank Rk>>
k=1

if Ry is a dyadic matriz, and

K 2
(A.16) p= (2 log (16n2 Zrank Rk>>

k=1
otherwise.
(ii) If
(A 17) ro > Oa

then (A.10) is feasible, problem (A.11) is solvable, and
(A.18) 0<QCQ < SDP < p*QCQ.

Remark A.7. We claim that the usual S-lemma (cf. Lemma 2.2) can be obtained
as a corollary of Lemma A.6. The “if” part of the S-lemma being evident, we focus
below on the “only if” part.

19, Observe that it suffices to prove the following statement:

(") Assume that the set {z : 2T Pz > 0} is nonempty and that

(A.19) 240, 2'Pz>0=21Qz>0.
Then

(A.20) IN>0: Q= AP
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Indeed, let P, (@ be such that
{2:2TP2>0V#0 and 2'Pz>0=27Qz>0.

Then the pair (P,Q + el) for ¢ > 0 clearly satisfies the premise in (!). Believing
in (1), we therefore conclude that for every € > 0 there exists A(e) > 0 such that
Q + el = A(e)P. As € — +0, A\(¢) remains bounded due to A(e)zT Pz < z7(Q + €Iz,
where % is such that 27 Pz > 0. Since A(e) > 0 remains bounded as ¢ — +0, there
exists an accumulation point A > 0 of A(e) as e — +0; since Q + €I > A(e)P, one
clearly has @ > AP, as required.

29, To prove (!), assume that the premise in (!) holds true, and observe that then
the optimal value QCQ(¢) in the optimization problem

(A.21) max {—2" Qz : —z" Pz <1, ex’z < 1}

remains bounded as € — 40. Indeed, otherwise there clearly would exist a sequence
of vectors x;, ||z;|| — 0o as i — oo, such that ! Px; > —1 and 27 Qz; — —o0 as
i — 00. By evident reasons, this would imply the existence of a unit vector Z such
that 27 Pz > 0 and 27 Qz < 0, which would contradict (A.19). Now, the data

R:_Qv RO:_Pa R12617 ro =1, K=1

clearly satisfy the premises (A.8) and (A.9) of Lemma A.6, and with these data,
(A.10) coincides with (A.21). Since 179 = 1 > 0, part (ii) of Lemma A.6 applies.
Thus problem (A.11) is solvable and (A.18) holds. Hence, for every € > 0 there exist
to(€) > 0 and py(e) > 0 such that

—po()P +pr(e)el = =Q,  pole) + pa(e) < p°QCQ(e).

Since QCQ(e) remains bounded as € — 0, so are pig(€), 11 (€); therefore there exists an
accumulation point (g1 > 0, pa > 0) of (ug(€), p1(€)) as € — +0, and A = py clearly
satisfies the conclusion in (A.20). d

Proof. Notice that problem (A.11) is the semidefinite dual of

(A.22) RQCQ = max {TrRX : Tr Ro X <r,, TrR X <1, k=1,...,K}.

The latter problem is the standard semidefinite relaxation of the quadratically con-
strained quadratic problem (A.10), so we have

(A.23) RQCQ > QCQ.

In part (i) of the lemma, (A.10) is assumed to be feasible; hence (A.22) is feasible
as well, and hence, by weak duality, between problem (A.11) and its dual (A.22),
problem (A.11) is bounded below. Now assumption (A.9) ensures that (A.11) is
strictly feasible; thus from semidefinite duality theory, problem (A.22) is solvable and

(A.24) SDP = RQCQ.

By (A.23) and (A.24), SDP > QCQ, which completes the proof of the first part
of claim (i) in the lemma. To prove the second part, we first simplify the system
(A.13)—(A.15). Letting

X, denote an optimal solution of problem (A.22),
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we introduce

(A.25) R=XZRXZ.
Let
(A.26) R=URUT  (UTU =1, R=diag(ri,...,m))

be the eigenvalue decomposition of R. Choosing
1
(A.27) Yo = X2Uu, ueR",

we have

vy Ry, = uTUTX*%RX*% Uu=uTUTRUu = u" Ru = Zmu2

i=1

Also

SDP =RQCQ=TrRX,=TrR=TrR=> r;,
=1

and thus (A.13) is equivalent to

n n
(a) Z riu? = Z .
i=1 i=1

Now, defining

A~ 1 1 ~ ~
R, = XZRyX?, R,=UTR,U, k=0,1,...,K

) )

and using (A.27), we obtain
(A.28) y*TRky* = uTUTX*%RkX*% Uu = uTUT RyUu = u” Ryu.

Since X, solves RQCQ,

(A.29) ro > TrRoX, = Tr Ry = Tr Ry
and
(A.30) 1>TrRy X, =TrR,=TrRy, k=1,..., K.

From (A.28) and (A.29) we see that (A.14) holds if
(b) u” Rou < Tr Ry,
and from (A.28) and (A.30), relation (A.15) holds if

(c) u'Ryu < p*Tr Ry, k=1,..., K.

i

557
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We conclude that if there exists a @ satisfying

(A.31) > ol => ",
i=1 i=1

(A.32) u" Ryt < Tr Ry,
(A.33) @' Ryu < p*TrRy, k=1,...,K,

1
then y, = X2Uu satisfies (A.13)—(A.15). Note that (A.31) is automatically satisfied
if @ is a £1-vector. Thus it suffices to show that (A.32) and (A.33) can be satisfied
by a +1-vector .

Let us pretend for a moment that the vector @ is a random +1-vector such that
Pr(u; =1) = Pr(a; = —1) = § for each i. Let B denote the event that @ satisfies

(A.32), and C}, the event that @’ Ry < p®Tr Ry, and C = NCy, i.e., C denotes the
event that @ satisfies (A.33). Then we only need to show that

(A.34) Pr(BNC) > 0.
Since
BC (BUC)NCe,
where ¢ refers to the complement of the event, we may write
Pr(BuUC) > Pr(B)— Pr(C° = Pr(B)— Pr((NCk))

K

= Pr(B)— Pr(UyC;) > Pr(B) - > Pr(C).
k=1

Hence, (A.34) will certainly hold if for some py > 0,

(A.35) Pr (B) > po,

(A.36) Pr(C§) < po.

M=

k=1

We first consider the case in which Ry is dyadic. Then Ry and Ry are also dyadic,
and hence we may write, for a suitable vector b,

Ro=0b".
Then condition (A.32) is equivalent to

b
al — < 1.

Il
Hence, in the dyadic case, (A.35) is equivalent to
(A.37) Pr(|u”z| < 1) > po,

where z is the unit vector b/||b||. By Lemma A.1 this inequality certainly holds if
po = % On the other hand, by Lemma A.3, for each £k,

=2

Pr(C) = Pr (a? Ryt > p°Tr Ry,) < 2 (rank Ry )e™ = .
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Since rank Rk < rank Ry, we obtain

K

K
52
Z Pr(Cy) <2e” 2 ZrankRk,

k=1 k=1
and so inequalities (A.35) and (A.36) will hold if py = 1 and j is such that

RS 1
(A.38) 2e 2 ZrankRk =3 = "o
k=1

One may easily verify that the value of p as given by (2.5) is indeed the solution of
(A.38). Thus the proof is complete for the case in which Ry is dyadic.

We finally consider the general case, where Ry is an arbitrary symmetric matrix.
Then we apply Lemma A.4, which gives that (A.35) holds for py = 1/(8n2). Then
solving p from (A.38) with this value of py, we get the value given in (A.16).

To complete the proof of the lemma we need only to prove SDP < 52QCQ, the
last inequality in (A.18). For this, let y,. satisfy (A.13)-(A.15). Then, since p > 1,
the vector

_ Ysx
Yy=—=
P

is feasible for problem (A.10). Therefore, using (A.13),
SDP

P

QCQ >y 'Ry = p%y*TRy* =

and hence the proof is complete. 0
LEMMA A.8. Let a,b € R™ be two nonzero vectors and X a symmetric n X n
matriz. Then

(A.39) X =+ (ab” + ba™)
holds if and only if
1
(A.40) 3p>0 st X »=paa® +=bb".
p
Proof. Suppose (A.40) holds. Then, for arbitrary y € R™ one has
T T T, 1o T2, Lo N2
y' Xy >y" | paa +;bb y=p(a'y) +;(b y)

> 2 ‘aTy| ’bTy‘ > ’yT (abT + baT) Y

bl

hence (A.39) follows. On the other hand, if (A.40) does not hold, then the system
T T p 1
(A.41) X > paa*® + pbb*, ) =0
w

does not have a solution (p, 11). This implies that the optimal value p* of the semidef-
inite optimization problem

1
(SDP) p* =min{t:tl + X > paa® + pbb?, p =0
t.0u1t 1w
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is positive. Clearly (SDP) is strictly feasible and bounded below. Hence its dual
problem (SDD),

(SDD)
max < —Tr (UX)—2v:Tr (U) =1, vt =0, v, =b"Ub,vg =a’Ua y,
v, vy, v, v V2

U*=o0

is solvable and has the same optimal value p* > 0. A feasible solution (U, v, vy, vs2) to
(SDD) satisfies

[v] < \orve =4/ (aTUa) (bTUD).
Hence, p* > 0 implies the existence of U > 0 such that
(A.42) 2\/(aTUa) (5TUD) > Tr (UX).
Let

a=U?a, b=U?b, X =UzXU2.
Then (A.42) can be rewritten as
(A.43) Tr X < 2y/(a”a) (b7b) = 2|lal| [|b].
Now suppose that X satisfies (A.39). Then it follows that
X =+ (ab” +ba").

Define Q = ab” +ba’, and let A\(Q) be the vector of eigenvalues of Q. It then follows
that

Tr X > [M@)ll, = |[A@” +5a")||, =2 a] 3]

This contradicts (A.43). Hence the proof is complete. 0
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