SIAM J. OPTIM. © 2002 Society for Industrial and Applied Mathematics
Vol. 12, No. 3, pp. 811-833

ON TRACTABLE APPROXIMATIONS OF UNCERTAIN LINEAR
MATRIX INEQUALITIES AFFECTED BY INTERVAL
UNCERTAINTY*
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Abstract. We present efficiently verifiable sufficient conditions for the validity of specific NP-
hard semi-infinite systems of linear matrix inequalities (LMIs) arising from LMIs with uncertain data
and demonstrate that these conditions are “tight” up to an absolute constant factor. In particular,
we prove that given an n x n interval matrix U, = {A | |Aiy; — Aj;| < pCij}, one can build a

computable lower bound, accurate within the factor g, on the supremum of those p for which all
instances of U, share a common quadratic Lyapunov function. We then obtain a similar result for the
problem of quadratic Lyapunov stability synthesis. Finally, we apply our techniques to the problem

of maximizing a homogeneous polynomial of degree 3 over the unit cube.
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1. Introduction. In this paper, we focus on the following “matrix cube” prob-
lem:
MatrCube: Given an affine mapping v — B(u) = B° + 25:1 uy B
from R to the space 8™ of m x m real symmetric matrices and
p > 0, check whether the image

Clo) ={A] Aw [lulloc <p) : A= B(u)}

of the box {||ul|cc < p} under this mapping is contained in the cone
S'!" of positive semidefinite matrices.
Problem MatrCube is closely related to what is called uncertain semidefinite pro-
gramming with interval uncertainty. Specifically, consider a linear matrix inequality
(LMI)

n
(1) A()+Z.I']AJ EO,
j=1
here x € R" is the vector of variables, Ag,..., A, € 8™, and A = B means that
A — B e 8. Assume that the data [Ay,...,Ay] of the LMI “are uncertain”—we
only know that the data belong to a given uncertainty set . Our aim is to find robust

solutions of the resulting “uncertain LMI,” i.e., solutions x of the semi-infinite system
of LMIs

(2) Ao+ wiA; =0 V[Ag,..., Ay] €U.

j=1
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812 A. BEN-TAL AND A. NEMIROVSKI

We say that the uncertainty is interval if U is the image of a box under an affine
mapping:

L
(3) U=U,= {[Ao,...,An] =[AD, .. AN+ D il Af, . AL o gp}.
{=1

As an example, consider the following Lyapunov stability analysis problem.
(LSA): Given an uncertain linear time-varying system

d
(4) ax(t) = A(t)x(t), A(t) € AV,
where A is a given compact set of matrices, check whether the system
admits a quadratic Lyapunov function, i.e., whether there exists a

positive definite matrix X such that

d

%(:cT(t)Xflx(t)) <0

for all nonzero trajectories x(t) of (4).
Recall that the existence of a quadratic Lyapunov function is a standard sufficient
condition for the stability of the system (i.e., for the fact that x(t) — 0,¢ — oo, for
every trajectory of the system, whatever is a (measurable) choice of A(-) taking values
in A). Tt is easily seen that the existence of a quadratic Lyapunov function for (4) is
equivalent to the solvability of the semi-infinite system of LMIs

(5) (a) X =1,
(b) AX +XAT < -1 VAc A,

and every solution X of the latter system defines a quadratic Lyapunov function for
(4). Note that (5) is of the form of (2), so that finding a quadratic Lyapunov stability
certificate for uncertain linear dynamic system (4) is exactly the same as solving a
semi-infinite system of LMIs (2) associated with an appropriately chosen uncertainty
set U. Note also that the latter set is an interval uncertainty, provided that A is also;
e.g., provided that A is an interval matrix:

(6) A=A, ={A:[Ai; — Al < pDij Vi, j}.

(A* is the “nominal” matrix, D = [D;; > 0], ; is a “perturbation scale,” and p > 0 is
a “perturbation level.”)

The Lyapunov analysis example, as well as other examples which can be found
in [1, 2, 4, 6], demonstrates the importance of robust solutions to semidefinite prob-
lems affected by data uncertainty, in particular by interval uncertainty. Theoretically
speaking, the major difficulty with this concept is that (2) is a semi-infinite system
of LMIs, and as such it can be computationally intractable. However, the set X of
solutions to (2) is clearly closed and convex; it follows that, essentially (for details,
see [8]), the “computational tractability” of (2) (i.e., the ability to find efficiently a
point in X or to maximize efficiently a linear function over X') is equivalent to the
possibility of solving efficiently the following associated analysis problem.

Anal[z]: Given a candidate solution z, check whether it satisfies (2).
The role of the matrix cube problem in the context of uncertain semidefinite program-
ming comes from the evident fact that in the case of interval uncertainty (3), problem
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Anal[z] is equivalent to problem MatrCube with the data
B'=Af+) ;AL 0=0,1,....L
j=1

Unfortunately, the matrix cube problem in general is NP-hard. This is so even
in the case in which all “edges” Bl,..., BY of the “matrix box” C[p] are of rank < 2
(see [9] or section 4 below). Consequently, one is forced to look for verifiable sufficient
conditions for the inclusion C[p] C S'". The simplest condition of this type is evident:
(S) Assume that there exist matrices Xi,..., X, satisfying the sys-
tem of LMIs

(a) X, > =pB*, (=1,...,L,

(b) X, = B

—~
\]
S—
o~
M-
)

Then C[p] C S
In the context of semi-infinite system of LMIs (2) with interval uncertainty (3), con-
dition (S) results in the following system of LMIs in variables z, {X,}:

X; = Ep [Af+) zAL (=1,...,L,
j=1
(8) . B
Sox AP Y wal
/=1 j=1

This system is a “computationally tractable conservative approximation” of (2) in the
sense that whenever x can be extended to a feasible solution of (8), x is feasible for
(2) (by (S)).
The main result of this paper is as follows:

(N) The simple sufficient condition (S) for the inclusion C[p] C S

is not too conservative, provided that the edges B',..., BY of the

matrix box C[p] are of small ranks. Specifically, if (S) is not satisfied,

then a ¥(u)-enlargement C[¥(1)p] of the box Clp] is not contained in

S'Y'. Here

p = max rank(BY),

yeeey

and 9(p) is a certain universal function such that
H(1)=1; I2)=2=157...; 93)=173...; 94 =2
I(p) < # Y.

Note that in typical semi-infinite systems of LMIs arising in control, perturbation
of a single data entry results in small rank perturbations of the LMIs; whenever
this is the case, (S) and (N) allow us to build a “tight” (up to a moderate absolute
constant factor), computationally tractable conservative approximation of the semi-
infinite system in question, provided that the uncertainty is interval. For example,
in the Lyapunov stability analysis system (5), by perturbing a single entry in A, we
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perturb the left-hand side of the semi-infinite LMI (5.b) by a matrix of rank < 2; as
we shall see, this observation combined with (N) allows us to build efficiently a lower
bound, tight up to the factor 7, for the “Lyapunov stability radius” of an interval
matrix (i.e., for the supremum of those p > 0 for which all instances of the interval
matrix (6) share a common quadratic Lyapunov function).

The rest of this paper is organized as follows. In section 2, we prove our main
result (N). Section 3 is devoted to control applications of this result, specifically, those
in Lyapunov stability analysis and synthesis. In section 4, we establish links between
the matrix cube problem and the problem of maximizing a positive definite quadratic
form over the unit cube; in particular, we demonstrate that (N) allows us to rederive
the “Z theorem” of Nesterov [12], which states that the standard semidefinite bound
on the maximum of a positive definite quadratic form over the unit cube is tight within
the factor 7. In the concluding section 5, we apply our techniques to the problem of
maximizing a homogeneous polynomial of degree 3 over the unit cube.

In what follows, we frequently use the semidefinite duality; for the reader’s con-
venience, we list here the relevant results (for proofs, see, e.g., [11]). Consider a
semidefinite problem

n
: T,. . AL .
(Pr) min q ¢ x.ZxJAJ Ag =03
j=1
here z € R", Ag,..., A, € S™. It is assumed that no nontrivial linear combination
of the matrices A4,..., A, is zero.

The semidefinite dual of (Pr) is the problem

(D1) m}e{mx{Tr(AoX) Tr(A4;X)=¢;,5=1,...,n,X = 0}.

The duality is symmetric: (D1) can be straightforwardly rewritten in the form of
(Pr), and the semidefinite dual of this reformulation is (equivalent to) (Pr). The
semidefinite duality theorem says that if (Pr) is bounded below and strictly feasible
(ie, >, 2;4; — Ao = 0, for certain Z, where A - B means that A — B is positive
definite), then (DI) is solvable and has the same optimal value as (Pr).

2. The matrix cube problem. The formal statement of our main result (N)
is given by the following.

THEOREM 2.1. Consider problem MatrCube along with system of LMlIs (7) in
matriz variables Xq,..., X, and let

= k(B
j= max ran (BY)

(note 1 < £ in the max!). Then

(i) if system (7) is solvable, the matriz box C[p] is contained in the positive semidef-
inite cone S'';

(ii.a) if system (7) is unsolvable, the 9(u)-enlargement C[9(u)p] of the matriz box
Clp] is not contained in the positive semidefinite cone, where the function ¥(-) is given

by

o g

T
(2m) k/zexp{—}du

Zau

3 ol = 1}

=1
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(ii.b) the function 9(-) satisfies the relations

3
o|2
3

(10) I(k) < vk, 9(2) = L.

Proof. (i) is evident: If {X,}L | solves (7), then u,B* = —X, for all £ and all
ug € [—p, p] by (7.a), so that

¢ L
[ulloe < p= B+ Zsz = BY — ZXg =0
=1 =1

(we have used (7.b)), and thus C[p] C S".

(ii.a): Assume that (7) is unsolvable, and let us prove that in this case C[9(u)p] ¢
St

19. Since (7) is unsolvable, the optimal value in the semidefinite program

L
P min {t|tI+B°>=> X, X,>=+pB ¢=1,...,L
() t,{X@}{ ; 14 Y4 P

is positive. Since (P) is strictly feasible, it follows from the semidefinite duality
theorem that the semidefinite dual of (P), i.e., the program

L Tr(U)=1,U =0,
p> Tr([Yy - Z)B") - Te(UB°)| Yo+ Z, =U, L=1,...,L,

t=1 Y, Zi =0, 0=1,...,L,

(D)

max
UAYe,Zo}

is solvable with a positive optimal value.

20, To proceed, we need the following simple result.

LEMMA 2.2. Let U = 0 and B be a symmetric matrix of the same size as U.
Then

Te([Y — Z]B) = max Te(VUY2BUY?) = | NUY2BUY?)||,,
V=VT|V|<1

max

Y,Z20:Y +Z=U
(11)
where A(Z) is the vector of eigenvalues of a symmetric matric Z (counted with their
multiplicities) and || Z|| = ||M(Z)|loo s the operator norm of Z.

Proof. We clearly have

max  Tr([Y —Z]B)= max  Tr([UY2PUY? - UY2QU'/?|B)
Y,Zx0:Y +Z=U P,Q=0:P+Q=I

_ _ 1/2p77l/2
pobax TP = QIUYEBUYE)

= max Tx(V[UY2BU'?)),
V=vTi|V]<1
as stated in the first equality in (11). To get the second equality, it suffices to consider
the case in which the matrix U/2BU"/? is diagonal; in that case the equality becomes
evident. ]
In view of Lemma 2.2, the fact that (D) is solvable with positive optimal value
means that there exists U > 0 such that

L
(12) P INUYPBUY?)| > Te(U2BUY?).
=1



816 A. BEN-TAL AND A. NEMIROVSKI

We are about to provide a probabilistic interpretation of (12), and this interpretation
will lead us to (ii.a).

3%, Let us write & ~ N(0,1;) to express that ¢ is a random Gaussian k-
dimensional vector with zero mean and unit covariance matrix, and let

pi(u) = (277)7]“/2 eXp{fuTu/Q}

be the corresponding Gaussian density. We need the following fact.
LEMMA 2.3. Whenever k is an integer and B is a symmetric m X m matriz with
rank(B) < k and £ ~ N(0,1,,), one has

B
E{|¢"B¢|} > .
{ Y2 0m
Proof. 1t suffices to consider the case in which B is diagonal; in this case the
relation in question immediately follows from the definition of 9(-). d

49, Let &€ ~ N(0,I,,). We have

L L
FE {ﬂ(u)p2|§TUl/2BlUl/2§|} _ pZﬁ(M)E{‘gTUl/QBeUl/Qﬂ}
/=1

=1

L
>p) INUY2BUY)|
=1
[by Lemma 2.3 and in view of rank(U/2B‘U"/?) < rank(B*) < y]
12)

]
= E {¢"UY2BUt/2¢} [evident],

> Tr(UY2BOUY/?) [by

A

so that there exists r € R™ such that
L
219 p|rTU1/QB€U1/2T| >TTU1/QBOU1/2
=1
Consequently, there exists a collection {e, = +1, £ =1,..., L} such that

L
T lz W) peUY2BUY? | r > P TUY2BOUY 2,

i.e., the matrix B? — 25:1 I(u)peg Bt is not positive semidefinite. Thus, C[9(u)p] ¢
S'", as claimed in (ii.a).
(i.b): Let a € R*, |lafy =1, B=[ %] € R**, and £ ~ N(0, I;). Setting

k
J:/ Zu?ai
i=1

k
}<E{ Zﬁzai +
i=1

pr(u)du

2k
(13) E{
i=1
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On the other hand, setting n; = (& — &i4r)/V?2, G = (& + &ir)/ V2, we get

(14)

a1m G
=2[a"¢l, @ Lol =

QM Ck

2k
> &8
=1

k
> 200
i=1

Note that ¢ ~ N (0, ;) and 7, ¢ are independent. Setting

laam |
= : )
|k
we have
B{7¢l} = B (1712} [ltin (o)
[since 77, ¢ are independent and ¢ ~ N(0, I})]
(15) 2

~ 2 n
= E{|l2} NeT = EE{H??HZ}

2 N 2 | <& L 2\ 2
> ZIB ==Y ot () 2 2=

i=1

Combining (13), (14), and (15), we get 2J > %\/E’ ie, %
first relation in (10).

The second relation in (10) is given by the following computation:

< =k which yields the

1

O argl}i{g, {/ |a1uf + a2u§|p2(u)du} = 016%1’11] / |9uf - (1- 9)u§|pg(u)du

lleellp =1

1

= 2/’1‘% — u3| pa(u)du

[since the function to be minimized is convex in 6 and symmetric w.r.t. § = 1/2]

= [/|t|p1(t)dtr - % O

Let us reformulate Theorem 2.1 in a more convenient form as follows.
COROLLARY 2.4. Consider a semi-infinite system of LMIs (2) with interval data

(see (3))

Sys -
( Y [p]) Ao—i—Z"EJAJ =0 V[A07A17~~‘7An] eup’
j=1
! L
Z/{p = {[A07A17-.-’A7l] = [A87A?77A%] —|—ZUg[A67A§,,A£] ||u||00 S p}’
=1
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and let

Blla] = A§+> x;A5 0=0,1,... L,
j=1

i = max rank(B*[z])

1<¢<L

(note 1 < £ in the max/).
The system of LMIs in variables x,{X,}

Xy = +pB'x], (=1,...,L,

Appr L
(Appr[p]) S, < B
=1

is a Y(p)-tight approzimation of (Sys[p]), i.e.,

(i) if  can be extended to a feasible solution of (Apprp]), then x is feasible for
(Sys[pl);

(ii) if ¢ cannot be extended to a feasible solution of (Appr|[p]), then x is not feasible
Jor (Sys[9(u)p])-

2.1. Simplification of (7). From the computational viewpoint, a shortcoming
of the sufficient condition (7) for the inclusion C[p] C S}" is that the sizes of the LMI
system (7), although polynomial in the sizes of MatrCube, are “large”: The system
has 2L 41 “big” (m x m) LMIs and has w scalar decision variables. Our local
goal is to demonstrate that in the case in which u = max; <,<z, rank(B*) is small, (7)
can be reduced to a much smaller system of LMIs.

PROPOSITION 2.5. (i) Let S € 8™ be a matriz of rank k > 0, so that

S =PTRP

with invertible k X k symmetric matriz R and k x m matriz P of rank k.
(i.1) A matriz X € S™ satisfies the relation X = S if and only if there exist
k x k symmetric matrices Y, Z satisfying the relations

(a) X = PT(Y+2)P

" o [5 2]

(i.2) In particular, X = £S5 if and only if there exists U = £R such that X =
PTUP.

(ii) Consequently, the solvability of (7) is equivalent to the solvability of the system
of LMIs

Yo pRe
0, (=1,...L,
(a) {PRE Zz} -

L
(b) Y P(Yi+2Z)P < 2B°
(=1
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in matriz variables Yy, Zy € S, £ =1,..., L. Here ky = rank(B®) (without loss of
generality, we can assume that k; > 0), and Py, Ry = RZT are kg x m and k¢ X kg
matrices of rank k¢ such that B = PI'RPy, £=1,...,L.

Proof. (i.1), “if” part: Assume that X,Y, Z satisfy (16); we should prove that
then X = £S5. To this end it suffices to verify that if Y, Z satisfy (16.b), then
(Y + Z) = £R, which is immediate:

(16.b):>{0<[€§§]T[1]; ngf} v(&eRka:il)}

= {0 <€T(Y + 2)¢ + 2e€TRE V(¢ € RF e = 11)} = LY +2) = +R.

(i.1), “only if” part: Let X > £S5. We should prove that there exist Y, Z satisfying
(16). Assume, on the contrary, that the system of LMIs (16) in variables Y, Z is
unsolvable, and consider the semidefinite program

tI+2X — PT(Y + Z)P = 0,

R Z |-

Since P is of rank k, the intersections of the levels sets of the objective with the
(nonempty!) feasible set of the problem are bounded, whence the problem is solvable;
unsolvability of (16) implies that the optimal value t* in the problem is positive. Since
(18) clearly is strictly feasible, it follows that the semidefinite dual of (18), which is
the semidefinite program

V =PUPT
W = PUPT

(19) UI‘?%/‘r/lQ —2Tr(UX) —2Tr(RQT); { C;/T ‘?/ } =0\
Tr(U) =1

UV,W =0

is solvable with the same positive optimal value t*. In other words, there exist U = 0
and @ such that

(a) Tr(UX) < Tr(RQT),
(20) T
o | o8 e | = 0

From (20.b), by standard arguments, it follows that Q = PUY2MU2PT for appro-
priately chosen M such that M7 M < I. Consequently, (20.a) reads
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Te(UY2XUY?) < Te(RPTUYV2MTUY2P) = Te(UYV2SUY?)MT).
X S

Since MTM < I, the quantity Tr(SMT) is < [|A(S)||1, and we come to the relation
Tr(X) < |[A(S)|[1. This is the desired contradiction, since from X = +S it follows
that X = £S5, whence Tr(X) > ||A(S)||1. (Notice what happens in the orthonormal
basis, where S becomes diagonal.) Thus (i.1) is proved.

(i.2): If X = PTUP with U = +R, then of course X = +PTRP = 4+S. Con-
versely, if X = £, then by (i.2) there exist Y, Z satisfying (16). Setting U = (Y +2),
we have X = PTUP by (16.a), and applying (i.1) to R rather than to S, we have
U > %R.

(ii) is an immediate consequence of (i). 0

Note that when the ranks k, of the matrices Bf, ¢ = 1,..., L, are much less
than the size m of these matrices, system (17) is much better suited for numerical
processing than (7). Indeed, the latter system has 2L 4+ 1 “big” (m x m) LMIs and
totally % scalar decision variables, while the former system has a single “big”
LMI, L “small” ones (of the sizes at most 2u x 2y, p = maxi<¢<r, k¢), and no more
than Lu(u + 1) scalar decision variables. A shortcoming of the reformulated system,
when compared with the original one, is that when the matrices B’ depend affinely
on certain vectors of parameters x (as is the case in the semi-infinite LMI (2) with
interval uncertainty (3)), system (7) always is a system of LMIs in variables =, {X,}
(cf. (Alp])), while (17) is a system of LMIs in x, Yy, Z; only under the additional (and
restrictive) assumption that the matrices P are independent of x. In section 3.2 we
shall see that in certain important applications this shortcoming can be avoided.

3. Application I: Quadratic Lyapunov stability analysis and synthesis.

3.1. Lyapunov stability analysis/synthesis. Consider a controlled time-
varying linear dynamic system

(a) Lz(t) = A(t)z(t)+ B(t)u(t) [open-loop system)],
(b) u(t) = Kux(t) [feedback],
(21)
I
(c) La(t) = [A(t)+ B(t)K]z(t) [closed-loop system]

(z is n-dimensional, u is m-dimensional), which is uncertain in the sense that the
dependency t — [A(t), B(t)] is not known in advance; all we know is that

(W)i [A(t), B(t)] € U, = {[A, B] | |Aij — Bjj| < pCij,|Bie — Bjy| < pDie Vi, j, L} .
22
Here A*, B* are given “nominal” data; C', D are given “scale matrices” with nonneg-
ative entries; and p > 0 is the “perturbation level.”

Consider the following pair of problems.

Lyapunov stability analysis: Given A*, B*, C, D, and a feedback K, find the
supremum R} of those p > 0 for which all instances A + BK, [A, B] € U,, of the
closed-loop system matrix (21.c) share a common quadratic Lyapunov function:
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(LA)
R*=sup{p: X = I,[A+ BK|X + X[A+ BK|" < I Y[A,B] € U, }
p,X
X =1
V(wij, [uig] < put, [u] < p)
g ij it it T il\T
—supd Zuijcz'j[EJX—FXEJ]—FZu DilF"KX + XK"(F)"] |
p, X 1, Ay, 1X] il A (X]
< [-I - (A*+ B*K)X — X(A* + B*K)T]
A[X]

where E% are the basic n x n matrices (1 in cell 95, zeros in other cells), and F* are
the basic n x m matrices.

Lyapunov stability synthesis: Given A*, B*,C, D, find the supremum R% of those
p > 0 for which there exists a feedback K such that all instances A+BK, [A, B] € U,
of the closed-loop system matrix (21.c) share a common quadratic Lyapunov function:
(LS)

R = sup {p: X = I,[A+ BK]X + X[A+ BK|" < -1 V[A,B] €U,}
p, X, K

=sup {p: X = [LAX + XAT + BZ+Z"B" < —IV[A, Bl €U,}, [Z = KX]
p,X,Z

X =1
V(u”, |u7,7‘ < P uiév |u7£| < p) :

= sup p: Z Usgj Cij [E”X + XEU] + ZUM DM[FMZ + ZT(FM)T]

)
pX,Z 4] By, [X] 7

Bit[Z]

< [—T— A*X — X(A" = B*Z — 2(B")"]

B[X,Z]

where E% are the basic n x n, and F¥ are the basic n X m matrices.
As we can see, both problems (LA) and (LS) deal with solvability of semi-infinite
systems of LMIs. Consider the approximations of these systems as follow:

Ay X] < XY, —Ai[X] < XY Vi, g,

AY[X] <Y —A*[X] <YV L,

ALA & = :
(ALA) LR S L

p [ x 4 v | <)
iy il

B*[Z] <Y¥ —B*[Z] <Y*Vil,
(ALS) py = _ max
P:X7Z7{X”7YM} . .
p DX+ v < B[X, Z).

(2] il
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Note that both (ALA) and (ALS) are generalized eigenvalue problems (see [3, 10])
and as such are “computationally tractable.”

Taking into account that the ranks of the matrices A;;[X], A*[X], B;;[X], B¥*[Z]
never exceed 2 and applying Corollary 2.4, we come to the following result.

THEOREM 3.1. (i) Consider the Lyapunov stability analysis problem and assume
that the matriz A* + B*K of the nominal closed-loop system is stable (i.e., all its
eigenvalues are in the open left half-plane). Then problem (ALA) is an approximation
of (LA) (i.e., the p, X -component of a feasible solution of (ALA) is a feasible solution
of (LA)), and the optimal value of (ALA) coincides with the one of (LA) within the
factor %:

Pr< RY< Tpn

(ii) Consider the Lyapunov stability synthesis problem and assume that the nom-
inal system is stabilizable (i.e., there exists a feedback K* such that the matriz A* +
B*K* is stable). Then problem (ALS) is an approzimation of (LS) (i.e., the p, X, Z-
component of a feasible solution of (ALS) is a feasible solution of (LS)), and the
optimal value in (ALS) coincides with the one of (LS) within the factor % :

P <R < Zpn.

3.2. Simplifications of (ALA) and (ALS). Although the dimensions of the
approximating semidefinite problems (ALA) and (ALS) are polynomial in the dimen-
sions of the original system (21), they are nevertheless of huge design dimension.
(They have a matrix variable per every uncertain entry in the data of (21).) This
fact may render the approximating problems too difficult for practical use. We are
about to demonstrate that the design dimensions of (ALA) and (ALS) can be reduced
dramatically.

Consider a “generic problem” of the same structure as (ALA), (ALS):

We are given p > 0 and L + 1 symmetric m x m matrices B%[z],
Blz],..., BE[z] affinely depending on vector = of design variables,
with Bf[z], £ > 1, of the form

(23) BY[z] = agb! [z] + be[z]al,

where a; # 0 and the vectors by[x] # 0 are affine in . We associate
with these data the semi-infinite system of LMIs in variables x, u

L

(24) B) + 3 weB'al = 0 ¥(u: Jule < p),
=1
along with its “tractable conservative approximation”—the system
of LMIs in variables x and additional matrix variables X,..., X, as
follows:
(a) X, = +pB'[z], {=1,...,L,

(Plpl)

L
(b) Y X¢ = Bl

(=1

The problem is to simplify (P[p]), i.e., to pass from this system to a
system of LMIs in variables = and, perhaps, additional variables X in
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such a way that the new system (let it be called (S[p])) is of smaller
design dimension than (P[p]) and is equivalent to (P[p]) in the sense
that an z can be extended to a feasible solution of (S[p]) if and only
if 2 can be extended to a feasible solution of (P[p]).

Note that both (ALA) and (ALS) are of the form of (P[p]).

The simplification of (P[p]) to follow is similar to the construction presented in
Proposition 2.5; it turns out that the specific form (23) of the dependence of B’ on
z allows us to end up with an analogy of (17) which is a system of LMIs in = and
additional variables. The key to our simplification is the following simple fact (which
can be viewed as certain strengthening of Proposition 2.5(i) for the case in which
S = ab? + ba®).

LEMMA 3.2. Let a,b € R™ be two nonzero vectors, and let X be an m X m
symmetric matriz. Then X = £[ab” + ba™] if and only if there exists a positive real
A such that

(25) X = aa” + %bbT.

Proof. “If” part: It suffices to prove that if A > 0, then Aaa” + } = +[ab” +ba],
which is immediate:

v gl [AaaT + ibbT} £ = A@T€ + 3 (7€) 2 2aTETEl > €7 [ab” + ba" .

“Only if” part: Assume that a,b # 0 and X = +[ab? + ba’]; we should prove
that there exists A > 0 such that X = [Aaa” + $bb”], or, a statement which is clearly
equivalent, that the system of LMIs

X = daaT + ,LLbbT7

(26) H HH}

is solvable. Assume, on the contrary, that the system is unsolvable. Since a,b # 0,
the semidefinite problem

tlI + X = Xaa” + pbb”

[ 1}&)

(27) min < t:
A
K

clearly is solvable; but then the infeasibility of (27) means that the optimal value in
problem (27) is positive. Since the problem clearly is strictly feasible, the problem

p=0bTUb
g=aTUa
(28) max { —Tr(UX) —2r: Tr(U) =1 ,
U,p,q,r p T -
roq |~
Ux0

which is the semidefinite dual of (27), is solvable with positive optimal value. Since
at a feasible solution to this problem one clearly has |r| < /pg = +/(aTUa)(bTUD),
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the latter fact is equivalent to the existence of U > 0 such that
(29) 24/ (aTUa)(dTUb) > Tr(UX).

Setting @ = U'%a, b = U'Y/?b, X = U'/2XU"/? and taking into account that X >
+[abT + baT], we get

(30) (a) X = =40, Q = ab” +ba”,
(b) Tr(X) < 2lall2/bl-
This is the desired contradiction. Indeed, from (30.a) it follows that Tr(X) > [|AM(Q)|1
(pass to the orthonormal basis where @ is diagonal); on the other hand, an im-
mediate computation demonstrates that |A(Q)|l1 = 2||all2||b||2, which is > Tr(X)
by (30.b). |

Lemma 3.2 underlies the following proposition.

PROPOSITION 3.3. The LMI system (Plp]) is equivalent to the following system
of LMIs in variables x and additional variables Y € S™, A € RL:

- L -

Y — [z_:l Neagal  bifz] balw] ... belx]
a = 0,
(31) () b3 [a] A2 a
L b1 [a] AL
(b) pY =< Bz

Proof. We should prove that if 2 can be extended to a feasible solution of (P[p]),
then x can be extended to a feasible solution of (31), and vice versa.
19, Assume that z,{X,} is a feasible solution of (P[p]), and let J(z) be the set of
those ¢ for which by[x] = 0. Let us extend x to a feasible solution of (31) as follows:
1. For ¢ € J(z), we set A\, = 0.
2. For ¢ ¢ J(x), we have a; # 0, be[z] # 0, and p~' X, = £[a,b] [z] + be[x]a]].
Applying Lemma 3.2, we can find Ay > 0 such that p~1X, = Aasal +
A; LbealbF [2].
3. After we have defined A\y > 0 forall £ =1,... L, we set

Y=Y [Neacal + M, bla]bf 2] .
(27 ()

Let us prove that x,Y, {\;} is feasible for (31). Indeed, (31.a) is readily given by the
definition of Y and the Schur complement lemma. (Note that a zero A\, on the diagonal
of the left-hand side matrix in (31.a) corresponds to a zero row and a zero column.)
Further, from the origin of A¢, £ ¢ J(z), it follows that Y =< 37, ;. p X, <
p~ S0, Xy, and since z, {X,} is feasible for (P[p]), we conclude that pY < BO[z],
i.e., (31.b) is valid. Thus, z,Y, {\¢} is feasible for (31).

20. Now assume that x,Y, {)\,} is feasible for (31), and let us prove that = can be
extended to a feasible solution of (P[p]). Let, as above, J(z) be the set of those ¢ for
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which bg[z] = 0. Note that from (31.a) it follows that A, > 0 for all ¢, and Ay > 0 for
¢ & J(zx). Let us set

¥ {0, te J(z),
=p _
‘ Neagal + A, be[x]bT 2], & J(x).

Applying Lemma 3.2, we see that (P[p].a) holds true. Now, by the Schur complement
lemma from (31.a), it follows that

p71 ZXZ = Z [)\Zaéag + /\Zlbg[x]bg [xH j Y,
¢ 02J(x)

this observation combined with (31.b) implies the validity of (P[p].b). Thus, x,{X,}
is feasible for (P[p]). 0

We have reduced the system of LMIs (P[p]) to (31). In the original system, there
are (dimz + L dim X)) scalar design variables, while in the resulting system there are
just (dimz + dim X + L) design variables. To realize how large the reduction in the
design dimension can be, consider the case in which (P[p]) is the problem (ALS). Here
r = X is a symmetric n X n matrix, and L is the total number of uncertain entries
in the underlying uncertain interval matrix [A, B]. Here the original system (P[p])
has L + 1 symmetric n x n matrix variables, i.e., totally % scalar design
variables, and (2L + 1) “large” (n x n) LMIs. The reformulated system (31) has just
two symmetric n x n matrix variables X, Y, and L < n?4nm scalar variables ), i.e.,
totally L + n(n + 1) < 2n? + n(m + 1) scalar design variables. As for LMIs, system
(31) has one “large” (nxn) LMI (b) and one “very large” ((n+L) x (n+ L)) LMI (a);
note, however, that this LMI is of very simple “arrow” structure and is very sparse.
Thus, (31) seems to be much better suited for numerical processing than (P[p]).

3.3. Extensions. An LMI regionis a set H in the complex plane C' representable
as

H={2eC| fu(z) =P+ Qz+Q"z <0},

where P = PT and @ are real k x k matrices and Z is the complex conjugate of z.
The simplest examples of LMI regions are
1. open left half-plane: fr(z) = z + Z;

2. open disk {z | |z+q| <r}, g€ R,r>0: fr(z) = ( Z:_Tq Ejrq );
3. the interior of the sector {z | m — 60 < |arg(z)| < 7} (—7 < arg(z) < m,

0<0<7%):

)

Frulz) = ((”Z)Sm@ ~(z—2) Cos@)

(z—2)cosf (z+z)sinf
. 2h1 — (2 + 2 0
4. the stripe {z | h1 < R(2) < ha}: fu(z)=( """ éz ?) (=4 2) — 2hs ).
It is known (see, e.g., [5]) that the spectrum X(A) of a real n x n matrix A belongs

to H if and only if there exists Y € §™, Y = 0, such that the k x k block matrix
M[X, A] with the m x m blocks
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is negative definite. We can treat such an X as a certificate of the inclusion X(A) C H,
and for homogeneity reasons we can normalize this certificate to satisfy the relations
X = I, M[X, A] < —I. From now on, we speak about normalized certificates only.

The problem we are interested in now is as follows. Given an LMI region H and
an “uncertain interval matrix”

up — {[A,B] E R"LX" X R7L><m |
|Aij — A}l < pCij, |Bie — Bjy| < pDig, 1 <14,j <n,1 <L <m}

of the open-loop system (21), we ask what is the supremum R, of those p > 0 for which
there exists a linear feedback K € R™*" such that all instances A+ BK, [A, B] € U,,,
of the uncertain matrix of the closed-loop system share a common certificate X of the
inclusion (A 4+ BK) C ‘H. This important problem in control is a natural extension
of the Lyapunov stability synthesis problem. The problem can be treated in the
same fashion as Lyapunov analysis/synthesis. Indeed, X > I certifies the inclusion
Y(A+ BK) C H for all [A,B] € U, if and only if (X, K) solves the semi-infinite
system of matrix inequalities

M[X,A+BK| = -1 V[A B]clU,.

Passing from the variables X, K to X, Z = KX, we convert this system to the semi-
infinite system of LMIs

V([A,B] €elU,):

N(X,Z,A,B) = [PyX + QAX + Q;BZ + Q;iX AT + Q;Z"B"| _, ., = —1,
(32)

where [M;;]1<i j<r denotes block matrix with blocks M;;. We see that (X, Z) solves
(32) if and only if (X, Z) solves the semi-infinite system of LMIs

(Z[p])
V ({wig, [wiz] < 1}, {vie, [vie] < 1})

p Z uiiN°(X, Z,Ci; EY,0) + Z vieN°(X, Z,0, D;jp F'™)
(4,5):Ci;>0 (i,0): D¢ >0
_I_N(XaZ7A*aB*) i 07

NO(X,Z, A, B) = [QiAX + Q;BZ + Q;iX A" + QuZ"BT| _, .\,

where the basic matrices E¥, F* are the same as in (LA), (LS). As before, an evident
sufficient condition for X = I and Z to solve (Z[p]) is the existence of matrices X%/,
(i,5) € C = {(i,4) | Cij > 0}, and Z%, (i,¢) € D = {(i,£) | Dy > 0}, such that
(X, Z,X4, 7" solves the system of LMIs

X = NO(X, Z,CiEY,0), X7 = —N°(X, Z,C;;E7,0),  (i,4) €C,
7" = N°(X,2,0,DyF*), 7" = —-N°(X,Z,0,DyF),  (i,0) € D,
(ZZ1p)) ’ -
p| 3 XV 3z 2T -N(X,Z,A4%,B),
(i,5)€C (i,6)€D
X1
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Invoking Theorem 2.1, we arrive at the following result.
THEOREM 3.4. Let the system (Z[0]) (or, which is the same, (ZZ[0])) be solvable,
and let

/i = max mZaz(j rank(N°(X, Z,C;; E,0)), Jmax, rank(N°(X, Z,0, D;, F¥)) | .
Then

(1) if (ZZ[p)) is solvable, then so is (Z[p]), and the (X, Z)-component of a solution
of the former system solves the latter system;

(ii) if (ZZ[p]) is unsolvable, then so is (Z[H(u)p]), where ¥(-) is the function given
in (9).
In particular,

sup {p: (Z[p)) is solvable} < 9(p).

33
(33) sup {p : (ZZ0p)) is solvable} B

Note that the denominator in (33) is the optimal value in an explicit generalized
eigenvalue problem and thus is efficiently computable. Note also that one always has
w < 2k, and that, for our list of the 4 simple LMI regions, ;4 = 2 in cases 1 and 2
(“half-plane” and “disk”), and p =4 in cases 3 and 4 (“sector” and “stripe”).

There are many other applications of Theorem 2.1 to semi-infinite systems of
LMIs (2) arising in control, provided that the uncertainty set U/ in (2) is an interval
uncertainty. In a typical control application, all matrices A; in (2) share a common
block-diagonal structure and are such that when perturbing a single data entry, every
diagonal block in the matrix Ao+ T A; is perturbed by a small rank matrix, which
is exactly the case considered in Theorem 2.1.

4. Application II: Quadratic maximization over the unit cube. Here
we demonstrate that the MatrCube problem in its simplest form, where all the edge
matrices B¢ are very specific matrices of ranks < 2, is equivalent to the problem

(34) wi(Q) = max {z7Qu : [z <1} Q- 0]

of maximizing a positive definite quadratic form over the unit cube. On one hand, this
observation says that MatrCube (already in the case of “rank 2 edges”) is NP-hard
(since (34) is). On the other hand, our observation allows us to extract from Theorem
2.1 a certain statement about the possibility of building efficiently a tight bound on
the optimal value in (34). As it turns out, this bound is exactly the one given by the
standard semidefinite relaxation of (34), and the corresponding “tightness” statement
coming from Theorem 2.1 is nothing but the “Z Theorem” of Nesterov [12].
The link between the quadratic maximization over the unit cube and the matrix
cube problem is given by the following simple observation.
PROPOSITION 4.1. Assume that @ in (34) is positive definite. Then
(a) w>w(Q)= max 27Qz,
zi||z]loo <1
(i) T
(35) (b) weTQTIE > (i€} v,
(if) T
(c) wQ '+ {AeS":|A;| <1,1<i,j<m}cCST.
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Proof. Relation (a) means that the ellipsoid {z : 27 Qx < w} contains the unit
cube {z : ||z||oc < 1}. Passing to polars, this is exactly the same as saying that the
polar of the ellipsoid, which is the ellipsoid {¢ : ¢TQ~1¢ < w1}, is contained in the
polar of the unit cube, which is the set {£ : ||£]|1 < 1}. But the latter inclusion is
exactly what is stated in (b). Thus we have proved the equivalence (i).

Now, (c) says exactly that

(36) weTQ e + min {€"A¢: A= A" |4, <1} >0 V¢

The minimum in the left-hand side of this relation is equal to —||¢]|2. (Indeed, £T A¢ >
—[|€]|? whenever |A;;| <1 for all 4,7, and £T AE = —||€]|? for A;; = —sign(&;)sign(&;),
i,j=1,...,m.) Thus, (36) is equivalent to the relation w&T Q¢ — ||€]|2 > 0 for all
&, which is nothing but (b). Thus we have proved the equivalence (ii). 0

Now, let S¥ be the basic symmetric matrices (so that S* has a single nonzero
entry, equal to 1, in the cell (i,4), and S¥, i # j, has exactly two nonzero entries,
both equal to 1, in the cells (4,7) and (j,7)). Relation (35.b) says exactly that the
matrix box

1

w

CH: Q' Y S fuf <

1<i<j<m

is contained in the positive semidefinite cone. According to Theorem 2.1, a sufficient
condition for this inclusion is the solvability of the system of LMIs as follows:

X9 = xpS¥, 1<i<j<m,

@ S oxv o< gt =L

1<i<j<m

€

Moreover, since the ranks of the edge matrices S are < 2, Theorem 2.1 says that the
solvability of (37) is a “tight, within the factor §” sufficient condition for the validity
of (35.b). Taking into account that the smallest value of w for which (35.b) is valid is
exactly w«(Q) (Proposition 4.1), we arrive at the following.

PROPOSITION 4.2. Let Q > 0. Consider the semidefinite program

X
(38) p(Q) = max { p: P&

p, X1

1Y

+pSU, 1<i<j<m

Q—l

PN

1<i<j<m

The reciprocal of the optimal value in this problem is an upper bound on the optimal
value w,(Q) in the problem of quadratic mazimization (34), and this bound is tight
within the factor 5 :

1 T
(39) w*(Q) < m < §w*(Q)

Proposition 4.2 says that a certain quantity which is efficiently computable via
semidefinite programming (namely, 1/p(Q)) is a tight, within the factor =/2, upper
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bound on the maximum w,(Q) of the positive definite quadratic form =7 Qz over the
unit cube. We are about to demonstrate that our bound is nothing but the standard
semidefinite upper bound

w(Q) = maxx{Tr(@X): X; <1l,i=1,...,m, X =0}
“40) = m)%n {il A; : Diag{\} = Q}
on w.(Q).

PROPOSITION 4.3. For @ > 0, one has (Q) = w*(Q).
Proof. Let e; be the standard basic orths in R™, so that S = 1+6 [
where 6;; are the Kronecker symbols. Applying Lemma 3.2, we see that

o
ele +eje; ],

XU =+

P leie] +ejel],1<i<j<m
y 1+ 6
p(Q) = max p:3IXY : Z X< Q!

1<i<j<m

1
=max«{ p: El{HZJ > 0}1§i§j§m : Z W [Hijeief + I’IZ €;e j ] ‘< Q
1<i<j<m K

(41)
Let H be the set of all m x m matrices H = [H;;] with positive entries such that
H,;;H;; > 1 for all 4, 5. It is immediately seen that (41) can be rewritten as

p Q) = mln{w AHeH): A(H) 2w@Q™ 1}

(42)
= mm{w:ElHGH)tQﬁWAi( )}7

where A(H) is the diagonal matrix with the diagonal entries

LEMMA 4.4. The matrices which can be represented as A~1(H), H € H, are
exactly the positive definite diagonal matrices with trace < 1.
Proof. A matrix M = Diag{y;} with y; > 0 and s = >, pu; < 1is A~*(H) for

H given by H;; = u] ; note that H € H due to s < 1. It remains to prove that if
H € H, then Tr(A~(H)) < 1. To this end observe that
(*) For positive reals p1, ..., ttm, one has

2
a?
Trstone-0 Sl (50)

Indeed, = is given by the evident relation min,, so.y> u,<1 ;07 /pi = (32; a;)? for
all a; > 0. To verify <=, set a; = y; in the inequality >, a?/u; > (3, ai)?.
In view of (*), in order to prove that H € H implies Tr(A~(H)) < 1, it suffices
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to verify that if H € H and a; > 0, then Y, a?A;;(H) > (3=, a;)?, which is immediate:

ZG?A“(H) = Z a?Hij = ZG?H” + Z[G?Hij + G?Hji]
i=1 ij=1 i=1 i<y
> Zaf +2 Zaiaj [SiIlCG Hij > 0, Hinji > 1}
i i<j

= <Za>2 O

By Lemma 4.4, as H runs through , the matrix A=!(H) runs through the entire
set of positive definite diagonal matrices with trace < 1, so that the matrix wA~!(H)
runs through the entire set of positive definite diagonal matrices with trace < w.
Consequently, (42) implies that

p Q) = min {Z Ai 1 Q= Diag{k}} )

so that p~1(Q) = p*(Q) by (40). O

Note that the fact that the bound (40) on the optimal value w,(Q) of (34) is tight
within the factor 7 is known; it is the “Z Theorem” of Nesterov [12], established
originally via a construction based on the famous MAXCUT-related “random hyper-
plane” technique of Goemans and Williamson [7]. Surprisingly, the alternative proof
that we have developed, although it exploits randomization, seemingly uses nothing

like the random hyperplane technique.

5. Maximizing a homogeneous polynomial of degree 3 over the unit
cube. Let B[z!, 2%, 23] be a symmetric 3-linear form on R™, and let P[z] = B[z, x, 2]
be the associated homogeneous polynomial; i.e.,

Plz] = ij(xTBij where B; € S™.
j=1

Consider the problem of computing
w(P) =max {P[z] : ||z]leo <1}

along with the semidefinite program

(43) w*(P) = /\Xlgninxm Z)\j : ZXj < Diag{\}, X7 = +B;,j=1,...,m p,
XL = .

J

where B; are the matrices of the symmetric bilinear forms Blej,-,-]; here ¢;, j =
1,...,m, are the standard basic orths in R™. We intend to demonstrate that w*(P)
is an upper bound on w(P), and that the quality of this bound basically depends only
on the “width”

d(P) = max rank(B;)

1<j<m

of P.
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THEOREM 5.1. One has
(44) w(P) < w*(P) <4.6529(d(P)) In(m + 1)w(P) < 7.314/d(P) In(m + 1)w(P),
where ¥(-) is given by (9).
Proof. The proof is very much in the spirit of the matrix cube Theorem 2.1; it
uses a probabilistic argument in order to validate the solvability /unsolvability of a

certain deterministic inequality system.
1°. Let A, X1,..., X, be a feasible solution of (43). We have

|z < 1= Ple] = > a;(@"Bya) <Y |ayl(a" Xyo) <Y 2" Xja
J J i

2TDiag{A\}z <> \j,

J

IN

which gives the first inequality in (44).

20 Let us prove the second inequality in (44); without loss of generality we may
assume that P # 0, so that w(P) > 0. Problem (43) is strictly feasible and bounded
below, so that its optimal value w*(P) is equal to that of its (solvable) semidefinite
dual problem:

Ua}/ﬂZ] t 07
(45) w*(P) = max D T(Y; - Z)By): Y5+ 2=,
J

IR R

Uj;=1,j=1,...,m.
Invoking Lemma 2.2, we see that there exists U such that
(a) U = 0,
(b) U, = 1, j=1,...,m,
() D INUVEBUYA)L

J

(46)

|
€

*
=

Now let V = U2 and let & ~ N(0,1,,). By Lemma 2.3 and (46.c) we have
(47) IAPNE Y IEVBVE p 2 Y IMVBV) | = w'(P).
J J
At the same time, by (46.b) the Euclidean norms of the rows of V' are equal to 1, so

that

||V§||oo = max |Cj|7 Cj NN(Ov 1)7

1<j<m
whence, as is well known,

(48) E{|V¢2} < 2m(m+1),
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To make the paper self-contained, here is a derivation of (48). We have

t>0=
_ oo [T L o
»(t) :Prob{|Cj\>t}—2/t mexp{ 2}d7’

<2/°° 1 7 72 d 2t_1 t?
———exXpq—— =4/—t" exp{ ——
=) et P U 2 YTV P12

=
. . 2 2
Prob < max|(;| >t < min[l,my(t)] <min |1, my/ =t exp{ ——
j<m T 2

=

/2 t?
E{maij|2} :2/ tmin[l,mw(t)]dtSZ/ min |t,m exp{—} dt
jsm >0 t>0 ™ 2
Im
T 2 > t2
<2 tdt + 24/ —m expq —— o dt
0 ™ e 2
2

72
<724 24/ =mr texp {} .
0 2
The resulting bound

2 2
(49) E {max chIQ} <2Jn <7+ 2\fm7—1 exp {—T}
j<m ™ 2

is valid for all m and all 7 > 0. Assuming m > 3 and setting 7 = y/21n(m/2), one
can easily conclude from (49) that 2.J,, < 2In(m + 1) for all m > 25. Numerical
computation of J,,, for m < 25 demonstrates that the latter inequality holds true for
all m.

Combining (47), (48), we get

w*(P)
20(d(P)) In(m +

(50) EQY [€TVBVel 2 i EIVEl)
J

and the left-hand side in this inequality is positive. It follows that there exist n € R™
and a vector € € R"™ with entries +1 such that

W (P)

T E B | n> =
n - 6JBJ n= 219(d(P))1n(m+ 1) and ||77||DO 17
whence
w*(P)
: < < > .

On the other hand,

Blz + ty,x + ty,z + ty] = Blz,z,x] + 3tBlz, ,y] + 3t* B[z, y,y] + t°Bly,y, ],
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32

whence
Vt#£0 Va,y:
Blz + ty, x + ty,x + ty] + Blx — ty,xz — ty,x — ty] — 2Bz, z, z]
B[xayvy] = 612 .
It follows that
1+1)° 41
ma (Ble.nn) < el < 1 llle < 13 < EEDE Lugp) v

which combines with (51) to yield the relation

w*(P) (1P +1
20(d(P))In(m + 1) — >0 32

w(P) < 2.326w(P),

and the second inequality in (44) follows. The third inequality follows from ¥(d) <
¥4 see (10). O

Remark. There are two simple cases in which d(P) is small. The first is when
Plz] is “of small rank”: P[z] = 2521(17{5”)3 with a small L (since clearly d(P) < L).
The second case is when P is of a “band” structure; i.e., the quantity

k= max {k—1i:Ble;ej ex] #0}

1<i<j<k<m

is small (since clearly d(P) < 2x + 1).
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