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Abstract. Free material design deals with the question of finding the stiffest structure with
respect to one or more given loads which can be made when both the distribution of material and
the material itself can freely vary. The case of one single load has been discussed in several recent
papers, and an efficient numerical approach was presented in [M. Kocvara, M. Zibulevsky, and J.
Zow, RAIRO Modél. Math. Anal. Numér. 32 (1998), pp. 255–281]. We attack here the multiload
situation (understood in the worst-case sense), which is of much more interest for applications but
also significantly more challenging from both the theoretical and the numerical points of view. After
a series of transformation steps we reach a problem formulation for which we can prove existence of
a solution; a suitable discretization leads to a semidefinite programming problem for which modern
polynomial time algorithms of interior point type are available. A number of numerical examples
demonstrates the efficiency of our approach.
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1. Introduction. One of the basic problems of structural engineering is to de-
sign the stiffest structure of a given volume, occupying some fixed domain Ω ⊂ Rdim
(dim = 2,3) with boundary Γ, which is capable of carrying a given set of external
loads. The desired optimal structure is considered to be a continuum elastic body,
and the design variables are the material properties which may vary from point to
point. Thus the aim is to optimize not only the distribution of material but also the
material properties themselves, and we are looking for the ultimately best structure
among all possible elastic continua, in a framework of what is now usually referred to
as “free material design.”

Optimization of structures is traditionally performed through the variation of siz-
ing variables (e.g., thicknesses of bars in a truss) and shape variables (e.g., splines
defining the boundary of a body). With the appearance of composites and other
advanced man-made materials it has been natural to extend this variation to the ma-
terial choice itself. The basic problem setting of “free material design” that we will
deal with goes back to the work of Bendsøe et al. [5] and Ringertz [14], where repre-
senting material properties as elements of the unrestricted set of positive semidefinite
constitutive tensors with the trace of the stiffness tensor as a measure of resource
(“cost”) was suggested. In mathematical language this leads to an optimization prob-
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lem with an objective function (stiffness) which is the result of an inner optimization.
More precisely, one minimizes (with respect to material properties) the compliance (a
certain global measure of the stiffness of the structure), where the compliance itself
is the outcome of a lower optimization level (minimization of potential energy). The
resulting minimax problem looks rather complicated: in two (three) space dimensions,
the design variables are the 6 (21) defining elements of the symmetric elasticity tensor
and these variables are allowed to vary pointwise throughout the structure. The case
of single-load design (SLD) was treated in [5] and, emphasizing the numerical aspect,
in [16]. There it is shown that one can analytically reduce the problem to one with
only a single design variable at each point (in addition to the displacement vector),
namely, the trace of the elasticity tensor. The elements of the optimal tensor itself
are then fully recoverable from the optimal trace and the related displacements. A
finite element discretization of the above reduced problem leads to a mathematical
programming formulation, which is identical in form to maximal stiffness optimization
problems for trusses, and the very efficient interior point–based software developed for
truss problems (see, e.g., [1, 9, 10]) can be used almost immediately in this framework
of material optimization. In [16] this computational approach to SLD is discussed in
detail, and a number of examples demonstrate its efficiency.

For most applications, however, the assumption of a single acting load is too
restrictive and may lead to a structure which is highly unstable with respect to small
load perturbations. Hence one is interested in a structure which is stable with respect
to a whole scenario of independent loads and which is the stiffest one in the worst-
case sense. This multiload feature complicates the situation substantially since it
leads to a blow-up in the dimension, and further, the above-mentioned reduction
process leads to an integral over an eigenvalue problem which is hard to eliminate
when discretizing for a numerical approach. All this excludes a direct transfer of the
tools, which are successful in the SLD case, to the multiload situation. Multiload
design (MLD) requires essentially new tools. Only some first steps in the direction
of a theoretical treatment of the MLD can be found in the literature [2]; we are not
aware of reports on numerical approaches. Our paper tries to fill this gap.

2. Problem formulation and existence theorem. We study the optimiza-
tion of the design of a continuum structure that is loaded by multiple independent
forces. In order to deal with the problem in a very general form, we consider the
distribution of the material in space as well as the material properties at each point as
design variables. The idea of treating the material itself as a function of the space vari-
able goes back to [5, 14] and also has been studied in other contexts in [3, 4, 6]. This
present text develops in this framework a theory for the MLD case with additional
contact conditions. We start from the infinite-dimensional problem setting, prove ex-
istence of a solution after a reformulation of the problem, and, after discretization,
reach a finite-dimensional formulation expressed as a semidefinite program and, as
such, accessible to modern numerical interior point methods.

For an easier understanding of the physical background we begin with a sketch
of the single-load model. Let Ω ⊂ Rdim, dim = 2, 3, be a bounded domain (the elas-
tic body) with a Lipschitz boundary Γ. We use the standard notation [H1(Ω)]dim and
[H1

0 (Ω)]dim for Sobolev spaces of functions v : Ω→ Rdim. By u(x) = (u1(x), . . . , udim(x))
with u ∈ [H1(Ω)]dim (in short, u ∈ H1(Ω)) we denote the displacement vector at point
x of the body under load. Further

eij(u(x)) =
1

2

(
∂ui(x)

∂xj
+
∂uj(x)

∂xi

)
for i, j = 1, . . . ,dim
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denotes the (small-)strain tensor , and σij(x), i, j = 1, . . . ,dim, the stress tensor.
We assume that our system is governed by linear Hooke’s law; i.e., the stress is a

linear function of the strain

σij(x) = Eijkl(x)ekl(u(x)) (in tensor notation),(2.1)

where E(x) is the so-called (plain-stress) elasticity tensor of order 4; this tensor
characterizes the behavior of material at point x. To unburden the notation we will
often skip the variable x in u, e, E, etc. The strain and stress tensors are symmetric
(e.g., eij = eji) and E also is symmetric in the following sense:

Eijkl = Ejikl = Eijlk = Eklij for i, j, k, l = 1, . . . ,dim.

These symmetries allow us to avoid the tensor notation, which is not commonly used
in the optimization community, and interpret the 2-tensors e and σ as vectors

e = (e11, e22,
√

2e12)T ∈ R3, σ = (σ11, σ22,
√

2σ12)T ∈ R3

for dim = 2 and analogously as vectors in R6 for dim = 3. Correspondingly, the 4-
tensor E can be written as a symmetric 3× 3 matrix,

E =

 E1111 E1122

√
2E1112

E2222

√
2E2212

sym. 2E1212

 ,(2.2)

for dim = 2 and as a symmetric 6 × 6 matrix for dim = 3. In this notation, (2.1)
reads as

σ(x) = E(x)e(u(x)).

Since E will be understood as a matrix in our paper, we will use double indices for
the elements of E; the correspondence between Eij and the tensor components Eijkl
is clear from (2.2). To allow switches from material to no-material, it is natural to
work with (d = 3 or 6)

E ∈ [L∞(Ω)]d×d (in short, E ∈ L∞(Ω)).

For a consistent notation, we will always use d = 3 in connection with dim = 2 and
d = 6 when dim = 3.

We consider a partitioning of the boundary Γ into two parts: Γ = Γu ∪ Γf , where
Γu and Γf are open in Γ, and Γu ∩ Γf = ∅. Further, we put

H = {u ∈ [H1(Ω)]dim | G(s)u(s) = 0 for s ∈ Γu},
G(s) being a measurable matrix-valued function defining the boundary conditions, so
that [H1

0 (Ω)]dim ⊂ H ⊂ [H1(Ω)]dim; we assume that the admissible displacement
fields belong to H.

The boundary conditions on Γf are specified by the surface traction (“external
load”)

f ∈ [L2(Γf )]dim (in short, f ∈ L2(Γf )).

To allow for more general situations, we require that u stays within a (nonempty)
closed convex set U ⊂ H. This U can be given, e.g., by unilateral contact condition
(for details, see [10, 13]).
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For given elasticity matrix E and acting load f , the potential energy as a function
of the displacement u ∈ U is given by

−1

2

∫
Ω

〈Ee(u), e(u)〉 dx+ F (u),(2.3)

where we have put

F (u) :=

∫
Γf

f · u dx.(2.4)

We recall once more that E, u, and f in (2.3), (2.4) are functions of x, which is omitted
only to economize the notation. The system is in equilibrium (outer and inner forces
balance each other) for u, which maximizes the concave term (2.3), i.e., u which solves

sup
u∈U

{
−1

2

∫
Ω

〈Ee(u), e(u)〉 dx+ F (u)

}
.(2.5)

Nature always tries to reach the equilibrium (2.5). The supremum in (2.5) is equal
to what engineers often call compliance of the system. It is a measure of the stiffness
of the structure: the less the compliance, the more rigid the structure with respect
to f . It is now the interest of the designer to choose under physical and economical
constraints the material function E ∈ ÃL∞(Ω) such that the “sup” in (2.5) becomes as
small as possible. Physics tells us that E(x) has to to be a symmetric and positive
semidefinite matrix almost everywhere (a.e.) on Ω, which we write as

E = ET � 0 a.e. in Ω.(2.6)

The diagonal elements of E(x) measure the stiffness of the material at x in the coor-
dinate directions. Hence it makes sense to use as resource (cost) constraint the trace
of E (with d = 3 or 6 according to dim = 2 or 3),

tr(E(x)) :=

d∑
i=1

Eii(x),(2.7)

and to require, with some given positive α,∫
Ω

tr(E(x)) dx ≤ α.(2.8)

The trace is invariant under orthogonal transformations; hence our constraint does
not depend on the coordinate system.

Further, to exclude singularities (e.g., on the boundary Γf ) we demand that, with
some fixed r+, r− ∈ L∞(Ω), 0 ≤ r− < r+,

r− ≤ tr(E) ≤ r+ a.e. in Ω.(2.9)

It is convenient to summarize the feasible design functions in a set

E :=

{
E ∈ L∞(Ω) | E is of form (2.2) and

satisfies (2.6), (2.8), and (2.9)

}
.(2.10)

With this definition, the SLD problem becomes

inf
E∈E

sup
u∈U

{
−1

2

∫
Ω

〈Ee(u), e(u)〉 dx+ F (u)

}
.(2.11)
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Obviously, a minimizing E in (2.11) will be optimal only for the one considered load
f and might be extremely unstable (may even collapse) under loads other than f
(even of small magnitude). Hence a more realistic approach requires us to look for a
structure which can withstand a whole collection of independent loads f1, . . . , fL from
L2(Γf ), acting at different times; further, the design should be the “best possible” one.
In an engineering context, the worst-case aspect makes most sense. This leads to the
following MLD problem, in which we seek the design function E which yields the
smallest possible worst-case compliance:

inf
E∈E

sup
`=1,...,L

sup
u`∈U`

{
−1

2

∫
Ω

〈Ee(u`), e(u`)〉 dx+ F `(u`)

}
;(2.12)

here we have put, in accordance with (2.4),

F `(u) :=

∫
Γf

f ` · u dx for ` = 1, . . . , L.(2.13)

Further, the sets U ` in (2.12) allow individual contact conditions for the loads f `;
hence we can work in (2.12) with different rigid obstacles and indeed we solve a coupled
multiple-load and multiple-obstacle problem. One could even go one step further and
consider different partitioning of Γ for each load-case. However, in technical practice
the (noncontact) boundary conditions are usually the same for all load-cases and thus
we assume f ` ∈ Γf for all ` = 1, . . . , L.

To be more precise for the numerical part later we assume that the sets U ` in
(2.12) can be written in the form

U ` :=
{
u ∈ H1(Ω) | g`(u) ≤ δ`}(2.14)

with linear functions g` and suitable right-hand sides δ` for ` = 1, . . . , L. Further, to
exclude trivial situations, let

U ` 6= ∅ for ` = 1, . . . , L.

All our forthcoming efforts aim at finding an efficient analytical and computational
way to solve the MLD (2.12). We start with two steps which convert (2.12) to an
“equivalent” but more easily accessible problem. First let us eliminate the discrete
inner “sup`=1,...,L” in (2.12). With a weight vector λ for the loads, which runs over
the unit simplex

Λ :=

{
λ ∈ RL |

L∑
`=1

λ` = 1, λ` ≥ 0 for ` = 1, . . . , L

}
,(2.15)

we get from a standard linear programming argument the following equivalent repre-
sentation of (2.12):

inf
E∈E

sup
λ∈Λ

(u1,...,uL)∈U1×···×U`

L∑
`=1

{
−1

2

∫
Ω

λ`〈Ee(u`), e(u`)〉 dx+ λ`F
`(u`)

}
.(2.16)

The objective function in (2.16) is linear (and thus convex) in the inf-variable E;
it is, however, not concave in the sup-argument (u1, . . . , u`;λ). This is in contrast
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to the SLD case, where λ reduces to 1 and (2.16) specializes to (2.11), which is
convex-concave in (E, u). This convex-concave feature of SLD allows one to use
convex analysis and to prove an existence result for (2.11). Further, after applying
a minimax switch and after discretizing, one reaches a mathematical programming
formulation for SLD which is of extremely simple structure (linear objective and
quadratic constraints) and which is open to powerful modern interior point methods;
see [16]. The loss of the convex-concave character in the MLD (2.16) excludes a direct
transfer of this approach to the MLD case. Here we use a trick and show that after a
simple change of variables we reach a convex-concave formulation for this case also.

We begin by noting that the inf-sup value in (2.16) remains the same when re-
stricting λ to the half-open set

Λ0 := {λ ∈ Λ | λ` > 0 for ` = 1, . . . , L}(2.17)

and passing from the variable (u1, . . . , uL;λ) to

(v1 := λ1u
1, . . . , vL := λLu

L;λ).

This step converts (2.12)–(2.16) to

inf
E∈E

sup
(v,λ)∈V

L∑
`=1

{
−1

2

∫
Ω

λ−1
` 〈Ee(v`), e(v`)〉 dx+ F `(v`)

}
,(2.18)

where we have put v := (v1, . . . , vL) and

V :=
{

(v;λ) | λ ∈ Λ0, g
`(v`)− λ`δ` ≤ 0 for ` = 1, . . . , L

}
with g` and δ` from (2.13). V is again a convex set. Further—and this is the purpose
of this substitution—the objective function in (2.18),

F(E; (v;λ)) :=
L∑
`=1

{
−1

2

∫
Ω

λ−1
` 〈Ee(v`), e(v`)〉 dx+ F `(v`)

}
,(2.19)

is now concave in (v, λ) = (v1, . . . , vL;λ) ∈ V; this follows easily from the concavity
of −x2/y in (x, y) ∈ R × R+ \ {0}. Since, as before, F is linear (and thus convex)
in E, our convex-concave inf-sup problem (2.18) is open to the machinery of convex
analysis. From a theorem due to Moreau [11] we get the following existence result.

Theorem 2.1 (existence of an optimal design tensor for MLD). There exists
E∗ ∈ E such that

sup
(v;λ)∈V

F(E∗; (v;λ)) = min
E∈E

sup
(v;λ)∈V

F(E; (v;λ)).

Further,

inf
E∈E

sup
(v;λ)∈V

F(E; (v;λ)) = sup
(v;λ)∈V

inf
E∈E
F(E; (v;λ)).

Proof. The claim follows from [11] if we can guarantee that
(i) V is a convex set;
(ii) F(E; ·) is concave for fixed E ∈ E ;
(iii) E ⊂ L∞(Ω) is convex and weak*-compact;
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(iv) F(·; (v;λ)) is convex and lower semicontinuous on E (equipped with the
weak*-topology of L∞(Ω)) for fixed (v;λ) ∈ V.
Conditions (i) and (ii) were already discussed above, and the convexity in (iii) and
(iv) is obvious. The limit E of a sequence of elements En ∈ E again satisfies (2.6),
(2.8), and (2.9); hence E is closed in L∞(Ω). From (2.6) and (2.9) one easily de-
duces that E lies in a norm ball of L∞(Ω). Thus the weak*-compactness of E fol-
lows from the Alaoglu’s theorem (see, e.g., [15, Theorem III.10.2]. The function
F(·; (v;λ)) is linear in E (for fixed (v;λ)) and obviously continuous on E (as a subset of
L∞(Ω)). The continuity in the weak*-topology follows from the very definition of this
topology.

Note that (2.12), (2.16), and (2.18) yield the same objective values but that in
(2.18) we work with a restricted domain of definition (Λ replaced by Λ0). Obviously,
we can extend Λ0 in (2.18) to Λ for the price of working with an extended-valued
variant of F . We avoid these technicalities here since it is the design function E we
are really interested in, and for such E we use an existence result with Theorem 2.1.

3. Discretization and semidefinite reformulation. Given the existence of
an optimal elasticity matrix E∗ for (2.18), we ask how to “compute” this E∗. The
results of this section supply the key to this question; it is shown that after a finite
element discretization of (2.18), the problem can be reduced to a semidefinite program,
for which efficient computational tools are available.

3.1. The discretized problem. To simplify the notation, we use the same
symbols for the discrete objects (vectors) as for the “continuum” ones (functions).
Assume that Ω is partitioned into M quadrilateral elements Ωm of volumes ωm. Let
N be the number of nodes (vertices of the elements). Assume that E is approximated
by a function that is constant on each element Ωm; i.e., it is fully characterized by a
collection E = (E1, . . . , EM ) of d× d matrices Em—the values of E on the elements.
The feasible set E is replaced by its discrete counterpart

E :=

E ∈ Rd×dM
∣∣∣∣∣∣
Em = ETm � 0 and r−m ≤ tr(Em) ≤ r+

m for m = 1, . . . ,M,
M∑
m=1

tr(Em)ωm ≤ α

 .

Further, assume that the displacement vector u` corresponding to the load-case ` is
approximated by a continuous function that is tri/bilinear (linear in each coordinate)
on every element. Such a function can be written as

u`(x) =
N∑
n=1

u`nϑn(x),

where u`n is the value of u` at the nth node and ϑn is the basis function associated
with nth node. (For details, see [7].) Recall that, at each node, the displacement
has dim components, hence u ∈ RD, D ≤ dim · N . (D could be less than dim · N
because of boundary conditions which enforce the displacements of certain nodes to
lie in given subspaces of Rdim.)

Further, we define the discrete version of the set U ` of admissible displacements.
We assume that the set is given by unilateral contact conditions. The introduction
of these conditions is quite technical, and the details can be found in [10]. Here we
introduce only vectors δ` ∈ Rr (representing the gaps between the contact surfaces
and the rigid obstacles) and r ×M matrices C` (defining the nodes of the contact
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surface and the direction to the obstacle). The set of admissible displacements for the
discretized problem takes the form

U ` := {u` ∈ RD | C`u` ≤ δ`}.(3.1)

For basis functions ϑn, n = 1, . . . , N , we define the matrix (which are again func-
tions of x)

Bn =


∂ϑn
∂x1

0

0 ∂ϑn
∂x2

1
2
∂ϑn
∂x2

1
2
∂ϑn
∂x1


for dim = 2 and an analogous matrix for dim = 3. Now, for an element Ωm, let Dm be
an index set of nodes belonging to this element. The value of the approximate strain
tensor e on element Ωm is then (adding the variable x as a subscript)

ex(u`) =
∑
n∈Dm

Bn(x)u`n on Ωm;

recall that u`n has dim components.
Finally, the discrete version of the linear functional F `(u`) is (f `)Tu` with f ` ∈

RD, the load discretized in a standard way by means the basis functions ϑn.
Analogously to E , define

Eh :=

{
E = {Em}Mm=1 | Em ∈ Σd+, m = 1, . . . ,M ;

[0 ≤] r−m ≤ tr(Em) ≤ r+
m [<∞], m = 1, . . . ,M ;

M∑
m=1

ωmtr(Em) ≤ α
}
,

(3.2)

where Σp denotes the space of symmetric p×p matrices and Σp+ is the cone of positive
semidefinite matrices from Σp. As a discretized version of the original problem we
thus obtain

min
E={Em}Mm=1∈Eh

φ(E),

φ(E) := sup
`=1,...,L

sup
u∈U`

[
−

M∑
m=1

tr

(
Em

∫
Ωm

ex(u)eTx (u)dx

)
+ 2(f `)Tu

]
.

(3.3)

Now, for each element Ωm there exists a finite set of points xms and positive
weights χ2

ms, s = 1, . . . , S, such that∫
Ωm

ex(u)eTx (u)dx =
S∑
s=1

χ2
msexms(u)eTxms(u)

for all u ∈ RD; e.g., one can take S = 4 for dim = 2, linear Bn(·), and rectangular
Ωm.

Let us define linear matrix-valued functions

ζm(u) = ω−1/2
m [χm1exm1

(u);χm2exm2
(u); . . . ;χmSexmS (u)], m = 1, . . . ,M,
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taking values in the space of d× S matrices; then the objective function in (3.3) can
be rewritten equivalently as

φ(E) = sup
`=1,...,L

sup
u∈U`

[
−

M∑
m=1

ωmtr(Emζm(u)ζTm(u)) + 2(f `)Tu

]
.

From now on we make the following assumptions:
(A) The linear inequalities defining the polyhedral sets U `, ` = 1, . . . , L, satisfy

the Slater condition: for every `, there exists u`0 such that C`u`0 < δ`.
(B) The mapping u 7→ {ζm(u)}Mm=1 has trivial kernel on RD. (This is actually

the assumption which excludes rigid body motion of the construction.)

(C) r−m < r+
m, m = 1, . . . ,M , and

∑M
m=1 r

−
mωm < α.

3.2. The main results. We formulate two main results related to the dis-
cretized problem (3.3). (For proofs, see section 6.)

Theorem 3.1. Under assumptions A, B, and C, the semidefinite program

maximize

ψ(v, ν, ρ+, ρ−) = −αν + 2
L∑
`=1

(f `)T v` +
M∑
m=1

(s−mρ
−
m − s+

mρ
+
m),

subject to

Am(v, ν, ρ+, ρ−) :=


(ν + ρ+

m − ρ−m)Id ζm(v1) ζm(v2) · · · ζm(vL)
ζTm(v1) λ1IS
ζTm(v2) λ2IS

...
. . .

ζTm(vL) λLIS


� 0, m = 1, . . . ,M,

Diag(λ`δ
` − C`v`) � 0, ` = 1, . . . , k,

Diag(ρ+) � 0,
Diag(ρ−) � 0,

ν ≥ 0,∑L
`=1 λ` = 1.

(3.4)

(C`, δ` are given by (3.1)) with the design variables

(v;λ) = (v1, . . . , vL;λ) ∈ (RD)L × RL, ρ± ∈ RM , ν ∈ R
and constants

s±m = ωmr
±
m

is dual to the problem of interest (3.3) in the sense that the optimal value φ∗ of (3.3)
is equal to the optimal value ψ∗ of (3.4).

Theorem 3.1 deals with optimal values of (3.3), (3.4) but does not answer the
crucial question of how to recover a (nearly) optimal solution to the original (primal)
problem from a (nearly) optimal solution to its dual problem. In order to derive
such a recovering routine, recall the notion of a central approximate solution to a
semidefinite program. Problem (3.4) is of the generic form

(SDP) max{cTx | Ax � 0, eTx = 1},
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where the design vector x varies in Rn and x 7→ Ax is an affine mapping of Rn
into space Σ of symmetric matrices of a given block-diagonal structure. Assuming
the problem (SDP) to be strictly feasible (there exists x with eTx = 1 and positive
definite Ax), one can equip the relative interior X ′ of a feasible set X of the problem
with the standard barrier

B(x) = − ln Det(Ax).

Now let t > 0. A point x(t) ∈ X ′ is called central approximate solution to (SDP)
associated with the value t of the penalty parameter if x(t) minimizes the aggregate

−tcTx+B(x)(3.5)

over X ′.
We are about to establish the following theorem.
Theorem 3.2. Under assumptions A, B, and C we have the following:
(i) Central approximate solutions to (3.4) exist for every value t > 0 of the

penalty parameter
(ii) A central approximate solution

x(t) = ((v1(t), . . . , vL(t);λ(t)), ν(t), ρ+(t), ρ−(t))

to (3.4) associated with a large value of the penalty parameter can be explicitly
converted to a good approximate solution to (3.3) as follows. Let

Wm := t−1A−1
m (x(t)) =

(
Ξm QTm
Qm Rm

)
, m = 1, . . . ,M,

Ξm being d× d block, and let

E+
m = ω−1

m Ξm, m = 1, . . . ,M.

Then E+ = {E+
m}Mm=1 is a feasible solution to (3.3), and the value of the

objective of the latter problem at E+ is larger than the optimal value φ∗ of
(3.3) by at most ∆(t), where

∆(t) = t−1

[
N(kS +D + 2) +

L∑
`=1

dim(δ`) + 1

]
.

4. Computational issues. The semidefinite problem (3.4) can be efficiently
solved by modern interior point polynomial time methods; the most attractive seem
to be the path-following algorithms, since they automatically generate (nearly) central
approximate solutions with the value of the penalty parameter growing linearly at the
rate (1 +O(ϑ−2)), where

ϑ = M(kS + d) + 2M +

L∑
`=1

dim(δ`) + 1

is the total row size of matrices from Σ. The computational effort per iteration (i.e.,
per increasing the penalty parameter in the aforementioned ratio) is dominated by
the necessity of assembling and solving (with respect to d) the Newton system

[∇2B(x)]d = b,
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Fig. 5.1. Example 1.

x ∈ V ′ and b being given. It is easily seen that for (3.4) the latter task requires
O(L3D3) arithmetic operations. The theoretical upper bound on the number of itera-
tions required to recover, via the scheme of Theorem 3.2, an ε-optimal solution to the
original problem (3.3) (i.e., a feasible solution to (3.3) with the value of the objective
greater than the optimal one by at most ε) is

√
ϑ ln(ϑε−1V ),

where the scale factor V depends on the numerical values of the data. The practical
behavior of a good interior point method as applied to (3.4) is even better than the one
predicted by the theoretical complexity bound, and the typical number of iterations
required to solve (3.3) to a reasonably high accuracy is 20–40.

The illustrated numerical results reported in the next section were obtained with
the aid of the projective method [8] implemented in the LMI Toolbox for use with
MATLAB—the only interior point solver for semidefinite programs that we had at
our disposal. Unfortunately, this method is not a path-following method; this is why
we were enforced to combine it with an additional (and computationally relatively
cheap) interior point routine, based on Theorem 3.2, which, given a good feasible
solution to (3.4), updates it into a central solution of the same quality and uses this
“refined” solution to recover a nearly optimal solution to the problem of interest.

5. Examples. Results of three numerical examples are presented in this section.
The values of the “density” function ρ are depicted by gradations of gray: full black
corresponds to high density, white to zero density (no material), etc.

Example 1. We consider a typical example of structural design: The two forces
(or force and fixed boundary) are opposite to each other and there is a hole in be-
tween because of technological reasons. The geometry of domain Ω and the forces are
depicted in Figure 5.1. The forces are considered as a single load. Because of sym-
metry, we could compute only one half of the original domain. The resulting values
of the “density” function ρ for 29× 29 mesh are presented in Figure 5.2; the figure is
composed from two computational domains to obtain the original body.

Example 2. Let us now generalize Example 1 to a symmetric two-sided body
shown in Figure 5.3. The body can be loaded by the forces on either the left- or
the right-hand side. Therefore this example has to be considered as MLD (two-load
case). Again, symmetry allows us to compute only one half of the original domain.
The resulting values of the “density” function ρ for 37 × 25 mesh are also presented
in Figure 5.3. Again, the figure is composed from two computational domains to get
the full body.

Example 3. In this example we try to model a spanner. The geometry of domain
Ω is depicted in Figure 5.4. The nut (depicted in full black in Figure 5.4) is considered
to present a rigid obstacle for the spanner. Hence the spanner is in unilateral contact
with the nut and there are no other boundary conditions. The loads are also shown
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in Figure 5.4. Note that the problem is nonlinear because of the unilateral contact
conditions and that for positive vertical force we get a different design than for a
negative one; hence we have to consider these two forces as two independent loads.
The resulting values of the “density” function ρ for 37× 22 discretization are shown
in Figure 5.5. We also performed a more detailed analysis of the most interesting part
around the nut: Figure 5.6 shows the values of ρ for 31×31 discretization of this part.

Fig. 5.2. Example 1.

21

21

Fig. 5.3. Example 2.

Ω
rigid obstacle

1st load-case

2nd load case

Fig. 5.4. Example 3.
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Fig. 5.5. Example 3.

Fig. 5.6. Example 3.

6. Proofs of Theorems 3.1 and 3.2.

6.1. From the primal (3.3) to the dual (3.4). Recall the definitions of Λ
(2.15), Λ0 (2.17), and v = (v1, . . . , vL). Similarly to section 2, let

V ′ = {(v;λ) ∈ (Rd)L × RL | C`v` < λ`δ
`, λ ∈ Λ0},

V = clV ′ = {(v;λ) ∈ (Rd)L × RL | C`v` ≤ λ`δ`, λ ∈ Λ}.
As in section 2, we can rewrite the function φ(·) as

φ(E) = sup
(u1,λ1;...;uL,λL):

λ∈Λ0,u
`∈U`

L∑
`=1

[
2λ`(f

`)Tu` − λ`
M∑
m=1

ωmtr(Emζm(u`)ζTm(u`))

]

= sup
(v;λ)∈V′

[
2

L∑
`=1

(f
`
)
T
v
` −

M∑
m=1

L∑
`=1

ωmλ
−1
` tr(Emζm(v

`
)ζ
T
m(v

`
))

]
so that (3.3) is only the problem

min
E∈Eh

sup
(v;λ)∈V′

T̂ (E; (v;λ)),

with

T̂ (E, (v;λ)) = 2

L∑
`=1

(f `)T v` −
L∑
`=1

M∑
m=1

ωmλ
−1
` tr(Emζm(v`)ζTm(v`)),
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where Eh is defined in (3.2). By penalizing the linear inequalities in Eh and taking the
supremum with respect to the penalty coefficients, we can rewrite the latter problem
equivalently as

min
E∈P

sup
(v;λ)∈V′,

ν≥0,σ+,σ−∈RM+

T (E; (v;λ), ν, σ+, σ−),(6.1)

with

T (E; (v;λ), ν, σ+, σ−) = 2
L∑
`=1

(f `)T v` −
L∑
`=1

M∑
m=1

ωmλ
−1
` tr(Emζm(v`)ζTm(v`))

−ν
[
α−

M∑
m=1

ωmtr(Em)

]

−
M∑
m=1

[σ−(tr(Em)− r−m) + σ+(r+
m − tr(Em))],

P = {{Em}Mm=1 | Em ∈ Σd+,m = 1, . . . ,M}.

The optimal value in (6.1), due to the origin of the problem, is exactly the optimal
value φ∗ of (3.3). Now let us pass from (3.3) to the problem with swapped infimum
and supremum,

sup
(v;λ)∈V′,

ν≥0,σ+,σ−∈RM+

inf
E∈P

T (E; (v;λ), ν, σ+, σ−),(6.2)

and let φ∗∗ be the optimal value in the latter problem. Note that by weak duality
inequality

φ∗ ≥ φ∗∗.(6.3)

By passing from E = {Em}Mm=1 to new variable F = {Fm}Mm=1, Fm = ωmEm,
and setting

ρ± :=
1

ωm
σm, s±m = ωmr

±
m, m = 1, . . . ,M,

we can rewrite the objective

ψ((v;λ), ν, ρ+, ρ−) := inf
E∈P

T (E; (v;λ), ν, σ+, σ−)

of problem (6.2) as

ψ((v;λ), ν, ρ+, ρ−) = inf
F∈P

{
−αν + 2

L∑
`=1

(f `)T v` +
M∑
m=1

(s−mρ
−
m − s+

mρ
+
m)

−
M∑
m=1

[
L∑
`=1

λ−1
` tr(Fmζm(v`)ζTm(v`))

+ (ρ−m − ρ+
m − ν)tr(Fm)

]}
.

(6.4)
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Now, denoting by µmax(A) the largest eigenvalue of a symmetric matrix A and taking
into account the evident relation

max
B∈Σd

+
,tr(B)=r≥0

tr(BC) = rµmax(C)

which is valid for an arbitrary symmetric d× d matrix C, we can easily continue the
above computation:

ψ((v;λ), ν, ρ+, ρ−) = −αν + 2

L∑
`=1

(f `)T v` +

M∑
m=1

(s−mρ
−
m − s+

mρ
+
m),

if µmax

(
L∑
`=1

λ−1
` ζm(v`)ζTm(v`)

)
≤ ν + ρ+

m − ρ−m,
m = 1, . . . ,M, and ν ≥ 0,

ψ((v;λ), ν, ρ+, ρ−) = −∞,
otherwise.

Thus the problem (6.2) becomes the optimization problem

maximize

ψ((v;λ), ν, ρ+, ρ−) = −αν + 2
L∑
`=1

(f `)T v` +
M∑
m=1

(s−mρ
−
m − s+

mρ
+
m)

s.t.

µmax

(
L∑
`=1

λ−1
` ζm(v`)ζTm(v`)

)
≤ ν + ρ+

m − ρ−m, m = 1, . . . ,M,

(v;λ) ∈ V ′,
ρ± ∈ RM+ ,

ν ≥ 0.

(6.5)

Let Ip denote the unit p × p matrix, and let us write A � B whenever A,B are
symmetric matrices of the same size and A−B � 0. For positive λ` and rectangular
q × p matrices Z`, ` = 1, . . . , L, one clearly has

L∑
`=1

λ−1
` Z`Z

T
` = [Z1;Z2; . . . ;ZL][Diag(λ1Ip, λ2Ip, . . . , λLIp)]

−1[Z1;Z2; . . . ;ZL]T

and therefore

a ≥ µmax

(
L∑
`=1

λ−1
` Z`Z

T
`

)
,

m
aIq � [Z1;Z2; . . . ;ZL][Diag(λ1Ip, λ2Ip, . . . , λLIp)]

−1[Z1;Z2; . . . ;ZL]T

m(
aIq [Z1;Z2; . . . ;ZL]

[Z1;Z2; . . . ;ZL]T Diag(λ1Ip, λ2Ip, . . . , λLIp)

)
� 0,

the concluding equivalence being given by the standard result on Schur’s complement.
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We conclude that (6.5) is equivalent to the problem

maximize

ψ((v;λ), ν, ρ+, ρ−) = −αν + 2
L∑
`=1

(f `)T v` +
M∑
m=1

(s−mρ
−
m − s+

mρ
+
m)

s.t.

Am(v, ν, ρ+, ρ−) :=


(ν + ρ+

m − ρ−m)Id ζm(v1) ζm(v2) · · · ζm(vL)
ζTm(v1) λ1IS
ζTm(v2) λ2IS

...
. . .

ζTm(vL) λLIS

 � 0,

v ∈ V ′,
ρ± ∈ RM+ ,
ν ≥ 0.

(6.6)
Problem (6.6) is “almost” the problem (3.4); the only difference is that the “unclosed”
inequalities (v;λ) ∈ V ′, i.e.,

C`v` < λ`δ
`, λ` > 0,

∑
`

λ` = 1,

of (6.6) in (3.4) are replaced with their closed versions (v;λ) ∈ V, i.e.,

C`v` ≤ λ`δ`, λ` ≥ 0,
∑
`

λ` = 1.

It is immediately seen that this modification does not vary the optimal value. Indeed,
(6.6) is clearly feasible. (In fact, it is even strictly feasible: there exists a feasible
solution to the problem that makes all its inequalities strict. To get such a solution,
it suffices to choose arbitrary v ∈ V ′ and positive vectors ρ± and then to extend
this collection by large enough positive ν.) Due to feasibility of the problem, the
standard approximation arguments demonstrate that its optimal value clearly remains
unchanged when we pass from “unclosed” constraint v ∈ V ′ to its “closed” form v ∈ V,
thus arriving at the program (3.4). Consequently (see (6.3)),

φ∗ ≥ ψ∗,(6.7)

ψ∗ being the optimal value in (3.4).

6.2. Proof of Theorem 3.2(i). Problem (3.4) is of the form (SDP); from the
general theory of interior point methods (see [12]) it is known that existence of central
approximate solutions to (SDP) is guaranteed by strict feasibility of the program
(which indeed is the case for (3.4)) along with boundedness of the level sets of the
objective

X(a) = {x | Ax � 0, eTx = 1, cTx ≥ a}
for every real a. Thus, all we need in order to prove (i) is to verify the boundedness
of the level sets X(a).

Consider a sequence

{yj = ((v1,j , . . . , vL,j ;λ1,j , . . . , λL,j), νj , ρ
+,j , ρ−,j)}∞j=1
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of points from X(a), and let us prove that the sequence is bounded. Let πj =
maxm=1,...,M [νj + ρ+,j

m ]. Since the matrices Am(yj) are positive semidefinite and
0 ≤ λ`,j ,

∑
` λ`,j = 1, we have ‖ζm(vi,j)‖ ≤ C√πj for some constant C and all m, i, j.

By assumption B, this observation yields that

‖vi,j‖ ≤ C ′√πj(6.8)

for all i, j. It follows that the objective of (3.4) at yj is at most

θj = −ανj +O(
√
πj) +

M∑
m=1

(s−mρ
−,j
m − s+

mρ
+,j
m )

= O(
√
πj)−

{
M∑
m=1

s−m(νj + ρ+,j
m − ρ−,jm )

}
1

−
{(

α−
M∑
m=1

s−m

)
νj

}
2

−
{

M∑
m=1

(s+
m − s−m)ρ+,j

m

}
3

.

Now, the quantities νj + ρ+,j
m − ρ−,jm are nonnegative (they are diagonal entries of

positive semidefinite matrices Am(yj)), so that {·}1 ≥ 0 and

0 ≤ ρ−,jm ≤ πj .(6.9)

By assumption C, we have {·}2 + {·}3 ≥ κπj with some positive κ, so that θj ≤
O(
√
πj)− κπj . On the other hand, θj is an upper bound on ψ(yj), and therefore the

sequence {θj} is bounded below; thus, the sequence πj is bounded, which, in view of
(6.9) and (6.8), implies boundedness of {yj}.

6.3. Proof of Theorem 3.2(ii) and Theorem 3.1. Recall the following.
For every feasible solution E to the problem of interest (3.3), the
value of the objective at the solution is equal to

sup
(v;λ)∈V′,ν≥0,ρ±∈RM

+

T (E; (v;λ), ν, ρ+, ρ−),(6.10)

with T given in (6.1).
Now let x(t) = ((v1(t), . . . , vL(t);λ(t)), ν(t), ρ+(t), ρ−(t)) be a central approximate
solution to (3.4), and let W = t−1[Ax(t)]−1, where (A, e) are the data from the
representation of (3.4) in the generic form (SDP). Note that W is a block-diagonal
positive definite matrix, and that its first N diagonal blocks are the matrices

Wm =

(
Ξm QTm
Qm Rm

)
,m = 1, . . . ,M,

mentioned in (ii). Due to the structure of constraints in (3.4), the remaining diagonal
blocks in W are k diagonal matrices WM+i of the row sizes dim(δ`) associated with the
constraints Diag(λ`δ

` − C`v`) � 0, ` = 1, . . . , L, two more diagonal N ×N matrices
WM+k+1, WM+k+2 associated with the constraints Diag(ρ+) � 0, Diag(ρ−) � 0,
respectively, and 1× 1 matrix WM+k+3 associated with the constraint ν ≥ 0.

The fact that x(t) minimizes the aggregate (3.5) over X ′ means that the vector

A∗W + c
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is proportional to the vector e defining, via the equality constraint eTx = 1, the affine
span of X ; here A∗ is the operator conjugate to A, i.e., tr(y[Ax]) = (A∗y)Tx for all
x ∈ RN , y ∈ Σ. Now the only nonzero component of vector e for the problem (3.4) is
the λ-component, and this latter component is composed of ones. Substituting in the
relation

A∗W + c = θe(6.11)

the particular data of (3.4), we end up with the following system of relations (where
diag(Q) denotes the diagonal of a square matrix and diagi(Q) is the ith diagonal entry
of the matrix):

(a.1)

M∑
m=1

tr(Ξm) +WM+k+3 = α;

(a.2) tr(Ξm) + diagm(WM+k+1) = s+
m, m = 1, . . . ,M ;

(a.3) tr(Ξm)− diagm(WM+k+2) = s−m, m = 1, . . . ,M ;

(b) 2

M∑
m=1

tr(ZTm(w)Qm)

−
L∑
`=1

tr(WM+iDiag(C`w`)) = −2

L∑
`=1

(f `)Tw` for all w = (w1, . . . , wL),

ZTm(w) = [ζm(w1); . . . ; ζm(wL)];

(c)

M∑
m=1

tr(Rmπ(λ))

+
L∑
`=1

tr(WM+iDiag(δ`λ`)) = θ

L∑
`=1

λ` for all λ ∈ RL,

(6.12)

where π(λ), λ ∈ RL, is the kS×kS diagonal matrix where the first S diagonal entries
are equal to λ1, the next S entries are equal to λ2, and so on.

Note that (6.12(a)) along with evident positive definiteness of all Wm (and, con-
sequently, of all E+

m) demonstrate that E+ is a feasible solution to (3.3).
We have

−ψ∗ ≤ −cTx(t)

= (A∗W − θe)Tx(t)

(see (6.11))

= tr(W [Ax])− θ
(since eTx(t) = 1)

= t−1[N(kS +D + 2) +
L∑
`=1

dim(δ`) + 1]− θ

(since W = t−1[Ax(t)]−1)

= ∆(t)− θ.

(6.13)

According to (6.13), we have

θ ≤ ψ∗ + ∆(t).(6.14)
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Now let (v;λ) ∈ V ′, ν ≥ 0, ρ± ∈ RM+ . Let us derive an upper bound for the quantity
T (E+; (v;λ), ν, ρ+, ρ−). The matrices

Am =

(∑L
`=1 λ

−1
` ζm(v`)ζTm(v`) ZTm(v1, . . . , v`)

Zm(v1, . . . , v`) π(λ)

)
, m = 1, . . . ,M,

AM+i = Diag(λ`δ
` − C`v`), i, ` = 1, . . . , k,

AM+k+1 = Diag({ω−1
m ρ+

m}Mm=1),

AM+k+2 = Diag({ω−1
m ρ−l}Mm=1),

AM+k+3 = ν

clearly are positive semidefinite, so that

0 ≤
M+k+3∑
m=1

tr(WmAm)

=
M∑
m=1

tr

(
Ξm

L∑
`=1

λ−1
` ζm(v`)ζTm(v`)

)

+2
M∑
m=1

tr(ZTm(v1 . . . , vL)Qm) +
M∑
m=1

tr(Rmπ(λ))

+
L∑
`=1

tr(Diag(λ`δ
` − C`v`)WM+i)

+
M∑
m=1

ω−1
m [ρ+

mdiagm(WM+k+1) + ρ−mdiagm(WM+k+2)]

+νWM+k+3

=
M∑
m=1

tr

(
Ξm

L∑
`=1

λ−1
` ζm(v`)ζTm(v`)

)
− 2

L∑
`=1

(f `)T v`

+θ
L∑
`=1

λ`

+
M∑
m=1

ω−1
m [ρ+

m(s+
m − tr(Ξm)) + ρ−m(tr(Ξm)− s−m)]

+νWM+k+3

(we have used (6.12(a.2, a.3,b, c)))

=
M∑
m=1

tr

(
Ξ+
m

L∑
`=1

λ−1
` ζm(v`)ζTm(v`)

)
− 2

L∑
`=1

(f `)T v`

+
M∑
m=1

ω−1
m [ρ+

m(s+
m − tr(Ξm)) + ρ−m(tr(Ξm)− s−m)]

+ν

(
α−

M∑
m=1

tr(Ξm)

)
+ θ

(we have used (6.12(a.1)))

= −T (E+; (v;λ), ν, ρ+, ρ−) + θ

(see (6.1)),
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which means

T (E+; (v;λ), ν, ρ+, ρ−) ≤ θ ≤ ψ∗ + ∆(t),

the concluding inequality being given by (6.14). Applying (6.10), we conclude that
the value of the objective of (3.3) at E+ is greater than ψ∗ by at most ∆(t). Since
the optimal value in (3.3) is φ∗ ≥ ψ∗ (see (6.7)), this observation completes the proof.
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[16] J. Zowe, M. Kočvara, and M. Bendsøe, Free material optimization via mathematical pro-

gramming, Math. Programming Ser. B, 79 (1997), pp. 445–468.


