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Preface

Subject. The data of optimization problems of real world origin typically is uncertain - not
known exactly when the problem is solved. With the traditional approach, “small” (fractions of
percents) data uncertainty is merely ignored, and the problem is solved as if the nominal data
— our guesses for the actual data — were identical to the actual data. However, experiments
demonstrate that already pretty small perturbations of uncertain data can make the nominal
(i.e., corresponding to the nominal data) optimal solution heavily infeasible and thus practically
meaningless. For example, in 13 of 90 LP programs from the NETLIB library, 0.01% random
perturbations of uncertain data lead to more than 50% violations of some of the constraints as
evaluated at the nominal optimal solutions. Thus, in applications there is an actual need in a
methodology which produces robust, “immunized against uncertainty” solutions. Essentially,
the only traditional methodology of this type is offered by Stochastic Programming, where
one assigns data perturbations a probability distribution and replaces the original constraints
with their “chance versions”, imposing on a candidate solution the requirement to satisfy the
constraints with probability > 1—¢, € < 1 being a given tolerance. In many cases, however, there
is no natural way to assign the data perturbations with a probability distribution; besides this,
Chance Constrained Stochastic Programming typically is computationally intractable — aside of
a small number of special cases, chance constrained versions of simple — just linear — constraints
are nonconvex and difficult to verify, which makes optimization under these constraints highly
problematic.

Robust Optimization can be viewed as a complementary to Stochastic Programming ap-
proach to handling optimization problems with uncertain data. Here one uses “uncertain-but-
bounded” model of data perturbations, allowing the uncertain data to run through a given
uncertainty set, and imposes on a candidate solution the requirement to be robust feasible — to
satisfy the constraints whatever be a realization of the data from this set. Assuming that the
objective is certain (i.e., is not affected by data perturbations; in fact, this assumption does not
restrict generality), one then looks for the robust optimal solution — a robust feasible solution
with as small value of the objective as possible. With this approach, one associates with the
original uncertain problem its Robust Counterpart — the problem of building the robust optimal
solution. Originating from Soyster (1973) and completely ignored for over two decades after its
birth, the Robust Optimization was “reborn” circa 1997 and during the last decade became one
of the most rapidly developing areas in Optimization. The mini-course in question is aimed at
overview of basic concepts and recent developments in this area.

The contents. Our course will be focused on the basic theory of Robust Optimization, specif-
ically, on

e Motivation and detailed presentation of the Robust Optimization paradigm, including
in-depth investigation of the outlined notion of the Robust Counterpart of an uncertain
optimization problem and its recent extensions (Adjustable and Globalized Robust Coun-
terparts);

e Computational tractability of Robust Counterparts. In order to be a working tool rather
than wishful thinking, the RC (which by itself is a specific optimization problem) should



ii

be efficiently solvable. This, as a minimum, requires efficient solvability of every certain
instance of the uncertain problem in question; to meet this requirement, we restrict our-
selves in our course with uncertain conic optimization, specifically, with uncertain Linear,
Conic Quadratic and Semidefinite Optimization problems. Note, however, that tractabil-
ity of instances is necessary, but by far not sufficient for the RC to be tractable. Indeed,
the RC of an uncertain conic problem is a semi-infinite program: every conic constraint of
the original problem gives rise to infinitely many “commonly structured” conic constraints
parameterized by the data running through the uncertainty set. It turns out that the
tractability of the RC of an uncertain conic problem depends on interplay between the
geometries of the underlying cones and uncertainty sets. It will be shown that “uncertain
Linear Optimization is tractable” — the RC of an uncertain LO is tractable whenever
the uncertainty set is so; this is the major good news about Robust Optimization and
its major advantage as compared to Stochastic Programming. In contrast to this, the
tractability of the RC of an uncertain Conic Quadratic or Semidefinite problem is a “rare
commodity;” the related goal of the course is to overview a number of important cases
where the RCs of uncertain Conic Quadratic/Semidefinite problems are tractable or admit
“tight”, in certain precise sense, tractable approximations.

Links with Chance Constrained Linear/Conic Quadratic/Semidefinite Optimization. As it
was already mentioned, chance constrained versions of randomly perturbed optimization
problems, even as simple as Linear Programming ones, usually are computationally in-
tractable. It turns out that Robust Optimization offers an attractive way to build “safe,”
in certain natural sense, tractable approximations of chance constrained LO/CQO/SDO
problems. As a result, information on the stochastic properties of data perturbations,
when available, allows to build meaningful (and often highly nontrivial) uncertainty sets.

Prerequisites. Participants are expected to possess basic mathematical culture and to know
the most elementary facts from Linear Algebra, Convex Optimization and Probabilities; all
more specific and more advanced facts we intend to use (Conic Duality, Semidefinite Relaxation,
Concentration Inequalities,...) will be explained in the course.

Textbook. The course is covered by these Lecture Notes and more than covered by the book
A. Ben-Tal, L. El Ghaoui, A. Nemirovski, Robust Optimization, Princeton University Press,
2009 (freely available at http://sites.google.com/site/robustoptimization)
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Lecture 1

Robust Linear Optimization:
Motivation, Concepts, Tractability

In this lecture, we introduce the concept of the uncertain Linear Optimization problem and its
Robust Counterpart, and study the computational issues associated with the emerging opti-
mization problems.

1.1 Data Uncertainty in Linear Optimization

1.1.1 Linear Optimization Problem, its data and structure

The Linear Optimization (LO) problem is
min {CTJ:—i-d:AJ: <b}; (1.1.1)

here x € R" is the vector of decision variables, ¢ € R™ and d € R form the objective, A is an
m X n constraint matrix, and b € R™ is the right hand side vector.

Clearly, the constant term d in the objective, while affecting the optimal value, does not
affect the optimal solution, this is why it is traditionally skipped. When treating the LO
problems with uncertain data there are good reasons not to neglect this constant term.

When speaking about optimization (or whatever other) problems, we usually distinguish between
problems’s structure and problems’s data. When asked “what is the data of the LO problem
(1.1.1),” everybody will give the same answer: “the data of the problem are the collection
(c,d,A,b).” . As about the structure of (1.1.1), it, given the form in which we write the
problem down, is specified by the number m of constraints and the number n of variables.

Usually not all constraints of an LO program, as it arises in applications, are of the form
a”x < const; there can be linear “>” inequalities and linear equalities as well. Clearly, the
constraints of the latter two types can be represented equivalently by linear “<” inequalities,
and we will assume henceforth that these are the only constraints in the problem.
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1.1.2 Data uncertainty: sources

Typically, the data of real world LOs is not known exactly when the problem is being solved.
The most common reasons for data uncertainty are as follows:

e Some of data entries (future demands, returns, etc.) do not exist when the problem is
solved and hence are replaced with their forecasts. These data entries are thus subject to
prediction errors;

e Some of the data (parameters of technological devices/processes, contents associated with
raw materials, etc.) cannot be measured exactly, and their true values drift around the
measured “nominal” values; these data are subject to measurement errors;

e Some of the decision variables (intensities with which we intend to use various technological
processes, parameters of physical devices we are designing, etc.) cannot be implemented
exactly as computed. The resulting implementation errors are equivalent to appropriate
artificial data uncertainties.

Indeed, the contribution of a particular decision variable z; to the left hand side of constraint 4
is the product a;jz;. A typical implementation error can be modeled as x; — (1 + &;)z; + n;,
where §; is the multiplicative, and 7; is the additive component of the error. The effect of this
error is as if there were no implementation error at all, but the coefficient a;; got the multiplicative
perturbation: a;; — a;;(1 + &;), and the right hand side b; of the constraint got the additive
perturbation b; — b; — n;a4;.

1.1.3 Data uncertainty: dangers

In the traditional LO methodology, a small data uncertainty (say, 0.1% or less) is just ignored;
the problem is solved as if the given (“nominal”) data were exact, and the resulting nominal
optimal solution is what is recommended for use, in hope that small data uncertainties will
not affect significantly the feasibility and optimality properties of this solution, or that small
adjustments of the nominal solution will be sufficient to make it feasible. In fact these hopes
are not necessarily justified, and sometimes even small data uncertainty deserves significant
attention. We are about to present two instructive examples of this type.

Motivating example I: Synthesis of Antenna Arrays.

Consider a monochromatic transmitting antenna placed at the origin. Physics says that

1. The directional distribution of energy sent by the antenna can be described in terms of
antenna’s diagram which is a complex-valued function D(d) of a 3D direction 6. The
directional distribution of energy sent by the antenna is proportional to |D(4)%.

2. When the antenna is comprised of several antenna elements with diagrams D1 (d),..., D(9),
the diagram of the antenna is just the sum of the diagrams of the elements.

In a typical Antenna Design problem, we are given several antenna elements with diagrams
D1(9),...,Dp,(0) and are allowed to multiply these diagrams by complex weights x; (which in
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reality corresponds to modifying the output powers and shifting the phases of the elements). As
a result, we can obtain, as a diagram of the array, any function of the form

D(6) =Y x;D;(9),
Jj=1

and our goal is to find the weights x; which result in a diagram as close as possible, in a
prescribed sense, to a given “target diagram” D, (J).

Example 1.1 Antenna Design Consider a planar antenna comprised of a central circle and 9
concentric rings of the same area as the circle (figure 1.1.a) in the XY -plane (“Earth’s surface”).
Let the wavelength be A = 50cm, and the outer radius of the outer ring be 1 m (twice the
wavelength).

One can easily see that the diagram of a ring {a < r < b} in the plane XY (r is the distance
from a point to the origin) as a function of a 3-dimensional direction § depends on the altitude
(the angle 6 between the direction and the plane) only. The resulting function of # turns out to
be real-valued, and its analytic expression is

b 2
1

Doyp(8) = 5/ /rcos (27Tr)\_1 cos(0) cos(¢)) do | dr-.

a 0

Fig. 1.1.b represents the diagrams of our 10 rings for A = 50cm.

Assume that our goal is to design an array with a real-valued diagram which should be axial
symmetric with respect to the Z-axis and should be “concentrated” in the cone 7/2 > 6 >
w/2 — 7/12. In other words, our target diagram is a real-valued function D, (6) of the altitude
0 with D,(8) = 0 for 0 < 6 < /2 — /12 and D,(#) somehow approaching 1 as 6 approaches
/2. The target diagram D, () used in this example is given in figure 1.1.c (blue).

Let us measure the discrepancy between a synthesized diagram and the target one by the
Tschebyshev distance, taken along the equidistant 240-point grid of altitudes, i.e., by the quan-
tity
10 i
T = max ‘D*(Hi) — Zl‘j Dy i (0:) |, 0 = —.
= — 480
D;(6:)

Our design problem is simplified considerably by the fact that the diagrams of our “building
blocks” and the target diagram are real-valued; thus, we need no complex numbers, and the
problem we should finally solve is

10
min =7 < D, (6;) — x;D;(0;) <T7,i=1,..,240 » . 1.1.2
el 7T S D00 = YDy 0) <7 (112)
This is a simple LP program; its optimal solution z* results in the diagram depicted at figure
1.1.c (magenta). The uniform distance between the actual and the target diagrams is ~ 0.0589
(recall that the target diagram varies from 0 to 1).
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Figure 1.1: Synthesis of antennae array.

(a): 10 array elements of equal areas in the XY -plane; the outer radius of the largest ring is
1m, the wavelength is 50cm.

(b): “building blocks” — the diagrams of the rings as functions of the altitude angle 6.
(c): the target diagram (blue) and the synthesized diagram (magenta).

w0 " m »

p=0 p = 0.0001

w0 ] W ®

p =0.001 p=0.01

Figure 1.2: “Dream and reality,” nominal optimal design: samples of 100 actual diagrams (red)
for different uncertainty levels. Blue: the target diagram
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Dream Reality
p=0 p = 0.0001 p =0.001 p=0.01
value min mean max min mean max min mean max

II lloo-distance 0.059 || 1.280 | 5.671 | 14.04 || 11.42 | 56.84 | 176.6 || 39.25 | 506.5 | 1484
to target
energy

. 85.1% || 0.5% | 16.4% | 51.0% || 0.1% | 16.5% | 48.3% || 0.5% | 14.9% | 47.1%
concentration

Table 1.1: Quality of nominal antenna design: dream and reality. Data over 100 samples of
actuation errors per each uncertainty level p.

Now recall that our design variables are characteristics of certain physical devices. In reality,

of course, we cannot tune the devices to have precisely the optimal characteristics a:j-; the best

we may hope for is that the actual characteristics a:g-‘:t will coincide with the desired values z

within a small margin p, say, p = 0.1% (this is a fairly high accuracy for a physical device):
2t = (14 &)af, ] < p=0.00L.

It is natural to assume that the actuation errors {; are random with the mean value equal to 0;

it is perhaps not a great sin to assume that these errors are independent of each other. Note

that as it was already explained, the consequences of our actuation errors are as if there were

no actuation errors at all, but the coefficients D;(6;) of variables x; in (1.1.2) were subject to

perturbations D;(6;) — (1 +&;)D;(6;).

Since the actual weights differ from their desired values 7, the actual (random) diagram
of our array of antennae will differ from the “nominal” one we see on figure 1.1.c. How large
could be the difference? Looking at figure 1.2, we see that the difference can be dramatic. The
diagrams corresponding to p > 0 are not even the worst case: given p, we just have taken as
{&; }31-(;1 100 samples of 10 independent numbers distributed uniformly in [—p, p] and have plotted
the diagrams corresponding to z; = (1 + @-)xj. Pay attention not only to the shape, but also
to the scale (table 1.1): the target diagram varies from 0 to 1, and the nominal diagram (the
one corresponding to the exact optimal z;) differs from the target by no more than by 0.0589
(this is the optimal value in the “nominal” problem (1.1.2)). The data in table 1.1 show that
when p = 0.001, the typical || - || distance between the actual diagram and the target one is
by 3 (!) orders of magnitude larger. Another meaningful way, also presented in table 1.1, to
understand what is the quality of our design is via energy concentration — the fraction of the total
emitted energy which “goes up,” that is, is emitted along the spatial angle of directions forming
angle at most 7/12 with the Z-axis. For the nominal design, the dream (i.e., with no actuation
errors) energy concentration is as high as 85% — quite respectable, given that the spatial angle
in question forms just 3.41% of the entire hemisphere. This high concentration, however, exists
only in our imagination, since actuation errors of magnitude p as low as 0.01% reduce the average
energy concentration (which, same as the diagram itself, now becomes random) to just 16%; the
lower 10% quantile of this random quantity is as small as 2.2% — 1.5 times less than the fraction
(3.4%) which the “going up” directions form among all directions. The bottom line is that “un
reality” our nominal optimal design is completely meaningless.



6 LECTURE 1: ROBUST LO: MOTIVATION, CONCEPTS, TRACTABILITY

Motivating example II: NETLIB Case Study

NETLIB includes about 100 not very large LOs, mostly of real-world origin, used as the standard
benchmark for LO solvers. In the study to be described, we used this collection in order to
understand how “stable” are the feasibility properties of the standard — “nominal” — optimal
solutions with respect to small uncertainty in the data. To motivate the methodology of this
“case study”, here is the constraint # 372 of the problem PIL0OT4 from NETLIB:

aTx = _15-7908133826 — 8.5988191‘827 — 1.887891‘828 — 1.362417.23829 — 1.526049.13830
—0.031883.23849 — 28.7255551‘850 — 10.7920651‘851 — 0.19004.13852 — 2.7571761‘853
—12.29083233854 + 717.5622561‘855 — 0.057865.23856 — 3.785417.23857 — 7830661.23858
—122.163055%859 — 6.46609%860 — 0.48371$361 — 0.615264$362 — 1.353783%363 (C)
—84.644257x864 — 122.459045x565 — 43.15593x866 — 1.712592x879 — 0.401597 2871
+xg880 — 0.946049.23898 — 0.946049.23916

> b =23.387405

The related nonzero coordinates in the optimal solution x* of the problem, as reported by CPLEX
(one of the best commercial LP solvers), are as follows:

Thpe = 255.6112787181108 2%y, = 6240.488912232100 7ps = 3624.613324098961
The = 18.20205065283259  af,o = 174397.0389573037 %, = 14250.00176680900
2%y, = 25910.00731692178  afg, = 104958.3199274139

The indicated optimal solution makes (C) an equality within machine precision.

Observe that most of the coefficients in (C) are “ugly reals” like -15.79081 or -84.644257.
We have all reasons to believe that coefficients of this type characterize certain technological
devices/processes, and as such they could hardly be known to high accuracy. It is quite natural
to assume that the “ugly coefficients” are in fact uncertain — they coincide with the “true” values
of the corresponding data within accuracy of 3-4 digits, not more. The only exception is the
coefficient 1 of xggp — it perhaps reflects the structure of the underlying model and is therefore
exact — “certain”.

Assuming that the uncertain entries of a are, say, 0.1%-accurate approximations of unknown
entries of the “true” vector of coefficients a, we looked what would be the effect of this uncertainty
on the validity of the “true” constraint alx > b at 2*. Here is what we have found:

e The minimum (over all vectors of coefficients @ compatible with our “0.1%-uncertainty
hypothesis”) value of a’ z* — b, is < —104.9; in other words, the violation of the constraint can
be as large as 450% of the right hand side!

e Treating the above worst-case violation as “too pessimistic” (why should the true values of
all uncertain coefficients differ from the values indicated in (C) in the “most dangerous” way?),
consider a more realistic measure of violation. Specifically, assume that the true values of the
uncertain coefficients in (C) are obtained from the “nominal values” (those shown in (C)) by
random perturbations a; — a; = (1 + §;)a; with independent and, say, uniformly distributed
on [—0.001,0.001] “relative perturbations” &;. What will be a “typical” relative violation

max[b — al z*, 0]

; x 100%

V=

of the “true” (now random) constraint a’x > b at 2*? The answer is nearly as bad as for the
worst scenario:
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Prob{V > 0} | Prob{V > 150%} | Mean(V)
0.50 0.18 125%

Table 2.1. Relative violation of constraint # 372 in PILOT4
(1,000-element sample of 0.1% perturbations of the uncertain data)

We see that quite small (just 0.1%) perturbations of “clearly uncertain” data coefficients can
make the “nominal” optimal solution x* heavily infeasible and thus — practically meaningless.
A “case study” reported in [8] shows that the phenomenon we have just described is not an
exception —in 13 of 90 NETLIB Linear Programming problems considered in this study, already
0.01%-perturbations of “ugly” coefficients result in violations of some constraints as evaluated
at the nominal optimal solutions by more than 50%. In 6 of these 13 problems the magnitude
of constraint violations was over 100%, and in PILOT4 — “the champion” — it was as large as
210,000%, that is, 7 orders of magnitude larger than the relative perturbations in the data.
The conclusion is as follows:

In applications of LO, there exists a real need of a technique capable of detecting
cases when data uncertainty can heavily affect the quality of the nominal solution,
and in these cases to generate a ‘“reliable” solution, one that is immunized against
uncertainty.

We are about to introduce the Robust Counterpart approach to uncertain LLO problems aimed
at coping with data uncertainty.

1.2 Uncertain Linear Problems and their Robust Counterparts
1.2.1 Uncertain LO problem
Definition 1.1 An uncertain Linear Optimization problem is a collection

{min {ch +d: Az < b}} (LOy)
T (e,d,A,b)eU
of LO problems (instances) min {c’z + d: Az < b} of common structure (i.e., with common

numbers m of constraints and n of variables) with the data varying in a given uncertainty set
Uc R(m+1)x(n+1)

We always assume that the uncertainty set is parameterized, in an affine fashion, by perturbation
vector ( varying in a given perturbation set Z:

"' |d CT|d0:| L |:CT dg:|
U= = |2 + £ : EZCRL}. 1.2.1
{[AU?] [A0|b0 EIQ A (b | ¢ (12.1)
——— ———
nominal basic
data Do shifts Dy

For example, when speaking about PILOT4, we, for the sake of simplicity, tacitly
assumed uncertainty only in the constraint matrix, specifically, as follows: every
coefficient a;; is allowed to vary, independently of all other coefficients, in the interval
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n n n n n ;3 3 3
[ai; — pijlai;|, aiy + pijlai;|], where ajy is the nominal value of the coefficient — the one

in the data file of the problem as presented in NETLIB, and p;; is the perturbation
level, which in our experiment was set to 0.001 for all “ugly” coefficients a;; and
was set to 0 for “nice” coefficients, like the coefficient 1 at xggyg. Geometrically, the
corresponding perturbation set is just a box

(eZ= {C = {gz] € [_17 1]}i,j:a§'j is ugly}a

and the parameterization of the a;;-data by the perturbation vector is

B a?j(l + Gij)s a;; is ugly
aij = .
a otherwise

n
177

Remark 1.1 If the perturbation set Z in (1.2.1) itself is represented as the image of another set
Z under affine mapping £ — ( = p+ P&, then we can pass from perturbations ¢ to perturbations

e

d
R
CT d L K R
- {[ A T} = Do+ 2 [pe + ZPekﬁk]Dg:gez}
=1 k=1
d

L
:| :D0+€Z:1C€D€:C€Z}

ey L K L N
= {[ﬁ]z Do+ peDy 2 & > PuDy :seZ}.
/=1 /=1
ﬁ() ﬁk

It follows that when speaking about perturbation sets with simple geometry (parallelotopes, ellip-
soids, etc.), we can normalize these sets to be “standard.” For example, a parallelotope is by
definition an affine image of a unit box {¢ € R¥ : —1 < & <1,j=1,..,k}, which gives us the
possibility to work with the unit box instead of a general parallelotope. Similarly, an ellipsoid
is by definition the image of a unit Buclidean ball {¢ € R* . ||z||2 = 272 < 1} under affine
mapping, so that we can work with the standard ball instead of the ellipsoid, etc. We will use
this normalization whenever possible.

1.2.2 Robust Counterpart of Uncertain LO

Note that a family of optimization problems like (LOy), in contrast to a single optimization
problem, is not associated by itself with the concepts of feasible/optimal solution and optimal
value. How to define these concepts depends on the underlying “decision environment.” Here
we focus on an environment with the following characteristics:

A.1. All decision variables in (LOg/) represent “here and now” decisions; they should
be assigned specific numerical values as a result of solving the problem before
the actual data “reveals itself.”

A.2. The decision maker is fully responsible for consequences of the decisions to be
made when, and only when, the actual data is within the prespecified uncer-
tainty set U given by (1.2.1).
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A.3. The constraints in (LOy) are “hard” — we cannot tolerate violations of con-
straints, even small ones, when the data is in U.

Note that A.1 — A.3 are assumptions on our decision environment (in fact, the strongest ones
within the methodology we are presenting); while being meaningful, these assumptions in no
sense are automatically valid; In the mean time, we shall consider relaxed versions of these
assumptions and consequences of these relaxations.

Assumptions A.1 — A.3 determine, essentially in a unique fashion, what are the meaningful,
“immunized against uncertainty,” feasible solutions to the uncertain problem (LO;). By A.1,
these should be fixed vectors; by A.2 and A.3, they should be robust feasible, that is, they
should satisfy all the constraints, whatever the realization of the data from the uncertainty set.
We have arrived at the following definition.

Definition 1.2 A vector x € R"™ is a robust feasible solution to (LOy), if it satisfies all realiza-
tions of the constraints from the uncertainty set, that is,

Az <b V(c,d,Ab) €U. (1.2.2)

As for the objective value to be associated with a robust feasible) solution, assumptions A.1 —
A.3 do not prescribe it in a unique fashion. However, “the spirit” of these worst-case-oriented
assumptions leads naturally to the following definition:

Definition 1.3 Given a candidate solution x, the robust value ¢(x) of the objective in (LOy)
at x is the largest value of the “true” objective ¢’ x4 d over all realizations of the data from the
uncertainty set:

cz)= sup [clz+d). (1.2.3)
(e,d,A,b)eU

After we agree what are meaningful candidate solutions to the uncertain problem (LOg,) and how
to quantify their quality, we can seek the best robust value of the objective among all robust

feasible solutions to the problem. This brings us to the central concept of our methodology,
Robust Counterpart of an uncertain optimization problem, which is defined as follows:

Definition 1.4 The Robust Counterpart of the uncertain LO problem (LOy) is the optimization
problem

min} é(z) = sup [clx+d]: Az <bV(c,d,Ab) €U (1.2.4)
@ (e,d, Ab)eU

of minimizing the robust value of the objective over all robust feasible solutions to the uncertain
problem.

An optimal solution to the Robust Counterpart is called a robust optimal solution to (LOy),
and the optimal value of the Robust Counterpart is called the robust optimal value of (LOy).

In a nutshell, the robust optimal solution is simply “the best uncertainty-immunized” solution
we can associate with our uncertain problem.
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1.2.3 More on Robust Counterparts

We start with several useful observations.
A. The Robust Counterpart (1.2.4) of LOy can be rewritten equivalently as the problem

. Ar—t < —d
min {t : Az < b } V(e,d, A,b) € U} . (1.2.5)

Note that we can arrive at this problem in another fashion: we first introduce the extra variable
t and rewrite instances of our uncertain problem (LOy) equivalently as

min< ¢ : clz—t < —d
x,t ’ Az S b ’

thus arriving at an equivalent to (LOy) uncertain problem in variables x,t with the objective ¢
that is not affected by uncertainty at all. The RC of the reformulated problem is exactly (1.2.5).
We see that

An uncertain LO problem can always be reformulated as an uncertain LO problem
with certain objective. The Robust Counterpart of the reformulated problem has the
same objective as this problem and is equivalent to the RC of the original uncertain
problem.

As a consequence, we lose nothing when restricting ourselves with uncertain LO programs with
certain objectives and we shall frequently use this option in the future.

We see now why the constant term d in the objective of (1.1.1) should not be neglected, or,
more exactly, should not be neglected if it is uncertain. When d is certain, we can account
for it by the shift ¢ — ¢ — d in the slack variable ¢ which affects only the optimal value,
but not the optimal solution to the Robust Counterpart (1.2.5). When d is uncertain, there
is no “universal” way to eliminate d without affecting the optimal solution to the Robust
Counterpart (where d plays the same role as the right hand sides of the original constraints).

B. Assuming that (LOy) is with certain objective, the Robust Counterpart of the problem is
min {c"z +d: Az <b, V(A,b) €U} (1.2.6)
x

(note that the uncertainty set is now a set in the space of the constraint data [A,b]). We see
that

The Robust Counterpart of an uncertain LO problem with a certain objective is a
purely “constraint-wise” construction: to get RC, we act as follows:

e preserve the original certain objective as it is, and

e replace every one of the original constraints
(Ax); < b; & aiTa: < b; (Cy)
(a¥ is i-th row in A) with its Robust Counterpart
al'x < b; V]a; b € U, RC(C;)
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where U; is the projection of U on the space of data of i-th constraint:
U; = {lai; bi] : [A 0] e U}
In particular,

The RC of an uncertain LO problem with a certain objective remains intact when
the original uncertainty set U is extended to the direct product

U= U X ... x Uy,
of its projections onto the spaces of data of respective constraints.

Example 1.2 The RC of the system of uncertain constraints

{z1 > 1, w2 > (o} (1.2.7)
with ¢ e U := {1 + (2 < 1,¢1, (2 > 0} is the infinite system of constraints

r1 > (1, 11 > G2 V¢ EU;
on variables x1, x2. The latter system is clearly equivalent to the pair of constraints
T > rglg){((l =1, 29 > rggg{@ =1. (1.2.8)

The projections of U to the spaces of data of the two uncertain constraints (1.2.7) are the segments

Uy = {6 :0< G <1} Uz = {0 < (o <1}, and the RC of (1.2.7) w.r.t. the uncertainty set
U=U xUy ={C €R?:0< (1, <1} clearly is (1.2.8).

The conclusion we have arrived at seems to be counter-intuitive: it says that it is immaterial
whether the perturbations of data in different constraints are or are not linked to each other,
while intuition says that such a link should be important. We shall see later (lecture 5) that
this intuition is valid when a more advanced concept of Adjustable Robust Counterpart is
considered.

C. If z is a robust feasible solution of (C;), then z remains robust feasible when we extend the
uncertainty set U; to its convex hull Conv(l4;). Indeed, if [a;; b;] € Conv(l;), then

[as; b Z)\ al; bl],

with appropriately chosen [af; bg | € Ui, Aj > 0 such that Z Aj = 1. We now have

EL;-rx = Zx\j[ag]Tx < Z)\jb{ = b;,

J=1 J

where the inequality is given by the fact that z is feasible for RC(C;) and [a f ; bf | € U;. We see
that a] x < b; for all [a;;b;] € Conv(U;), QED.

By similar reasons, the set of robust feasible solutions to (C;) remains intact when we extend
U; to the closure of this set. Combining these observations with B, we arrive at the following
conclusion:
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The Robust Counterpart of an uncertain LO problem with a certain objective re-
mains intact when we extend the sets U; of uncertain data of respective constraints
to their closed convex hulls, and extend U to the direct product of the resulting sets.

In other words, we lose nothing when assuming from the very beginning that the
sets U; of uncertain data of the constraints are closed and convex, and U is the direct
product of these sets.

In terms of the parameterization (1.2.1) of the uncertainty sets, the latter conclusion means that

When speaking about the Robust Counterpart of an uncertain LO problem with a
certain objective, we lose nothing when assuming that the set U; of uncertain data
of i-th constraint is given as

L;
U = {[az‘; bi] = [ag; b)] + ZC@[af; b : ¢ € Zz} ; (1.2.9)

(=1
with a closed and convex perturbation set Z;.

D. An important modeling issue. In the usual — with certain data — Linear Optimization,
constraints can be modeled in various equivalent forms. For example, we can write:

(a) a1z1 + agzy < as
(b) aqx1 + asxa = ag (1.2.10)
(C) =2 0,])2 >0

or, equivalently,

) ai1xy + agwe < ag

.1) asxr1 + asxa < Qg

.2) —a5x1 — A5 < —ag
(¢)  x1>0,22>0.

(1.2.11)

Or, equivalently, by adding a slack variable s,

(a) ai1x1 + asxs + s = ag
(b) a4x1 + asTo = ag (1.2.12)
(¢) x1>0,29>0,5>0.

However, when (part of) the data ai,...,as become uncertain, not all of these equivalences
remain valid: the RCs of our now uncertainty-affected systems of constraints are not equivalent
to each other. Indeed, denoting the uncertainty set by U, the RCs read, respectively,

(a) arzy+azry <ag
(b) asxy + asxa =ag p Ya = [ay;...;a6] €U. (1.2.13)
(¢) 1 >0,29>0
a) a1xy + agre < as
.1) asr1 + asxrs < ag
2) —asx1 — a5y S —dag
¢) x1>0,29>0

(
E Va = [a1;...;a6] €U. (1.2.14)
(
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(a) a1z + asxe + s = ag
(b) a4z + asze = ag Va = [a1;...;a6] € U. (1.2.15)
(¢) 21>0,29>0,8s>0

It is immediately seen that while the first and the second RCs are equivalent to each other,!
they are not equivalent to the third RC. The latter RC is more conservative than the first two,
meaning that whenever (x1,x2) can be extended, by a properly chosen s, to a feasible solution
of (1.2.15), (x1,x2) is feasible for (1.2.13)=(1.2.14) (this is evident), but not necessarily vice
versa. In fact, the gap between (1.2.15) and (1.2.13)=(1.2.14) can be quite large. To illustrate
the latter claim, consider the case where the uncertainty set is

U={a=ac=[1+G2+G4-GA+G5—-G9:—p < (< p},

where ( is the data perturbation. In this situation, x1 = 1, o = 1 is a feasible solution to
(1.2.13)=(1.2.14), provided that the uncertainty level p is < 1/3:

(140 14+2+¢Q)-1<4—-¢Y(C: K[ <p<1/3) &MA+()-1+(5—-()-1=9VC.

At the same time, when p > 0, our solution (7 = 1,29 = 1) cannot be extended to a feasible
solution of (1.2.15), since the latter system of constraints is infeasible and remains so even after
eliminating the equality (1.2.15.b).

Indeed, in order for x1,x2, s to satisfy (1.2.15.a) for all a € U, we should have
21+ 22y + 5+ (w1 + 22 =4 = CV(C: [C] < p);
when p > 0, we therefore should have x; + 29 = —1, which contradicts (1.2.15.c)

The origin of the outlined phenomenon is clear. Evidently the inequality ai1x1+aszs < as, where
all a; and z; are fixed reals, holds true if and only if we can “certify” the inequality by pointing
out a real s > 0 such that a1x1 + asxs + s = ag. When the data ai, as, ag become uncertain, the
restriction on (z1,z2) to be robust feasible for the uncertain inequality ajz1 + asxs < ag for all
a € U reads, “in terms of certificate,” as

Va € Uds > 0: ajx1 + asxs + s = as,

that is, the certificate s should be allowed to depend on the true data. In contrast to this, in
(1.2.15) we require from both the decision variables x and the slack variable (“the certificate”)
s to be independent of the true data, which is by far too conservative.

What can be learned from the above examples is that when modeling an uncertain LO prob-
lem one should avoid whenever possible converting inequality constraints into equality ones, un-
less all the data in the constraints in question are certain. Aside from avoiding slack variables,?
this means that restrictions like “total expenditure cannot exceed the budget,” or “supply should
be at least the demand,” which in LO problems with certain data can harmlessly be modeled
by equalities, in the case of uncertain data should be modeled by inequalities. This is in full

LClearly, this always is the case when an equality constraint, certain or uncertain alike, is replaced with a pair
of opposite inequalities.

ZNote that slack variables do not represent actual decisions; thus, their presence in an LO model contradicts
assumption A.1, and thus can lead to too conservative, or even infeasible, RCs.
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accordance with common sense saying, e.g., that when the demand is uncertain and its satis-
faction is a must, it would be unwise to forbid surplus in supply. Sometimes a good for the RO
methodology modeling requires eliminating “state variables” — those which are readily given by
variables representing actual decisions — via the corresponding “state equations.” For example,
time dynamics of an inventory is given in the simplest case by the state equations

rog=2=¢C
Tep1 =Tt +q —de, t =0,1,...,7T,

where z; is the inventory level at time ¢, d; is the (uncertain) demand in period [t,¢ + 1), and
variables ¢; represent actual decisions — replenishment orders at instants t = 0,1,...,7. A wise
approach to the RO processing of such an inventory problem would be to eliminate the state
variables z; by setting

t—1
re=c+» g t=0,1,2..,T+1,
T=1

and to get rid of the state equations. As a result, typical restrictions on state variables (like
“z; should stay within given bounds” or “total holding cost should not exceed a given bound”)
will become uncertainty-affected inequality constraints on the actual decisions ¢;, and we can
process the resulting inequality-constrained uncertain LO problem via its RC.3

1.2.4 What is Ahead

After introducing the concept of the Robust Counterpart of an uncertain LO problem, we
confront two major questions:

1. What is the “computational status” of the RC? When is it possible to process the RC
efficiently?

2. How to come-up with meaningful uncertainty sets?

The first of these questions, to be addressed in depth in section 1.3, is a “structural” one:
what should be the structure of the uncertainty set in order to make the RC computationally
tractable? Note that the RC as given by (1.2.5) or (1.2.6) is a semi-infinite LO program, that
is, an optimization program with simple linear objective and infinitely many linear constraints.
In principle, such a problem can be “computationally intractable” — NP-hard.

Example 1.3 Consider an uncertain “essentially linear” constraint

{IPz —plly < 1}pyeu (1.2.16)

where ||z|l1 = )" |#;|, and assume that the matrix P is certain, while the vector p is uncertain and is

J
parameterized by perturbations from the unit box:
pe{p=B¢: ¢l <1},

where ||¢||cc = max |¢¢| and B is a given positive semidefinite matrix. To check whether z = 0 is robust

feasible is exactly the same as to verify whether ||B(||; < 1 whenever ||| < 1; or, due to the evident

3For more advanced robust modeling of uncertainty-affected multi-stage inventory, see lecture 5.
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relation |jull; = | rﬁla)é nTu, the same as to check whether mazx {n"BC: Inlle < 1,[I¢]loo €1} < 1. The
Nlec <1 n,

maximum of the bilinear form 1”7 B¢ with positive semidefinite B over 7, { varying in a convex symmetric
neighborhood of the origin is always achieved when 1 = ¢ (you may check this by using the polarization
identity n” B( = 1(n+{)TB(n+¢)— 1(n—¢)TB(n—()). Thus, to check whether z = 0 is robust feasible
for (1.2.16) is the same as to check whether the maximum of a given nonnegative quadratic form ¢ B¢
over the unit box is < 1. The latter problem is known to be NP-hard,* and therefore so is the problem
of checking robust feasibility for (1.2.16).

The second of the above is a modeling question, and as such, goes beyond the scope of
purely theoretical considerations. However, theory, as we shall see in section 2.1, contributes
significantly to this modeling issue.

1.3 Tractability of Robust Counterparts

In this section, we investigate the “computational status” of the RC of uncertain LO problem.
The situation here turns out to be as good as it could be: we shall see, essentially, that the RC
of the uncertain LO problem with uncertainty set U is computationally tractable whenever the
convex uncertainty set U itself is computationally tractable. The latter means that we know in
advance the affine hull of U, a point from the relative interior of ¢/, and we have access to an
efficient membership oracle that, given on input a point u, reports whether v € ¢. This can be
reformulated as a precise mathematical statement; however, we will prove a slightly restricted
version of this statement that does not require long excursions into complexity theory.

1.3.1 The Strategy

Our strategy will be as follows. First, we restrict ourselves to uncertain LO problems with a
certain objective — we remember from item A in Section 1.2.3 that we lose nothing by this
restriction. Second, all we need is a “computationally tractable” representation of the RC of a
single uncertain linear constraint, that is, an equivalent representation of the RC by an explicit
(and “short”) system of efficiently verifiable convex inequalities. Given such representations for
the RCs of every one of the constraints of our uncertain problem and putting them together (cf.
item B in Section 1.2.3), we reformulate the RC of the problem as the problem of minimizing
the original linear objective under a finite (and short) system of explicit convex constraints, and
thus — as a computationally tractable problem.

To proceed, we should explain first what does it mean to represent a constraint by a system
of convex inequalities. Everyone understands that the system of 4 constraints on 2 variables,

1+ ao <1,z —29<1,—21+29<1,—21 — 29 <1, (1.3.1)

represents the nonlinear inequality
|.1‘1‘ + ‘l‘2| <1 (1.3.2)

“In fact, it is NP-hard to compute the maximum of a nonnegative quadratic form over the unit box with
inaccuracy less than 4% [55].
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in the sense that both (1.3.2) and (1.3.1) define the same feasible set. Well, what about the
claim that the system of 5 linear inequalities

—up <21 <up,—ur < xS ug,up +ug <1 (1.3.3)

represents the same set as (1.3.2)7 Here again everyone will agree with the claim, although we
cannot justify the claim in the former fashion, since the feasible sets of (1.3.2) and (1.3.3) live
in different spaces and therefore cannot be equal to each other!

What actually is meant when speaking about “equivalent representations of problems/con-
straints” in Optimization can be formalized as follows:

Definition 1.5 A set X* C R? x RE is said to represent a set X C R?, if the projection of X+
onto the space of x-variables is exactly X, i.e., x € X if and only if there exists u € RE such
that (z,u) € X :

X={z:3u:(z,u)e Xt}.

A system of constraints ST in variables x € R?, u € RF is said to represent a system of
constraints S in variables x € RY, if the feasible set of the former system represents the feasible
set of the latter one.

With this definition, it is clear that the system (1.3.3) indeed represents the constraint (1.3.2),
and, more generally, that the system of 2n + 1 linear inequalities

—Uy S.I‘j Suj,jzl,...,n,Zuj <1
J

in variables z, u represents the constraint
D lzl< L
J

To understand how powerful this representation is, note that to represent the same constraint
in the style of (1.3.1), that is, without extra variables, it would take as much as 2™ linear
inequalities.

Coming back to the general case, assume that we are given an optimization problem

min { f(z) s.t. = satisfies S;, i =1,...,m}, (P)
T

where S; are systems of constraints in variables x, and that we have in our disposal systems S;'
of constraints in variables z, v* which represent the systems S;. Clearly, the problem

min _ {f(z) s.t. (z,0") satisfies S;", i = 1,...,m} (PT)

zol,. oM

is equivalent to (P): the 2 component of every feasible solution to (PT) is feasible for (P) with
the same value of the objective, and the optimal values in the problems are equal to each other,
so that the x component of an e-optimal (in terms of the objective) feasible solution to (P) is
an e-optimal feasible solution to (P). We shall say that (P™) represents equivalently the original
problem (P). What is important here, is that a representation can possess desired properties
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that are absent in the original problem. For example, an appropriate representation can convert
the problem of the form min{||Pz — p||; : Az < b} with n variables, m linear constraints,
x

and k-dimensional vector p, into an LO problem with n + k variables and m + 2k + 1 linear
inequality constraints, etc. Our goal now is to build a representation capable of expressing
equivalently a semi-infinite linear constraint (specifically, the robust counterpart of an uncertain
linear inequality) as a finite system of explicit convex constraints, with the ultimate goal to use
these representations in order to convert the RC of an uncertain LO problem into an explicit
(and as such, computationally tractable) convex program.

The outlined strategy allows us to focus on a single uncertainty-affected linear inequality —
a family

{a" < b} e (1.3.4)
of linear inequalities with the data varying in the uncertainty set
L
U= {[a; b] = [a%0°] + ng[ae;bz] (€ Z} (1.3.5)
{=1
— and on “tractable representation” of the RC
L
ale <b v ([a; b] = [a"; %] + ch[af;bf] (€ Z) (1.3.6)
(=1

of this uncertain inequality.
By reasons indicated in item C of Section 1.2.3, we assume from now on that the associated
perturbation set Z is convex.

1.3.2 Tractable Representation of (1.3.6): Simple Cases

We start with the cases where the desired representation can be found by “bare hands,” specif-
ically, the cases of interval and simple ellipsoidal uncertainty.

Example 1.4 Consider the case of interval uncertainty, where Z in (1.3.6) is a box. W.l.o.g. we can
normalize the situation by assuming that

Z =Box; = {¢ e RV [|¢]|loo < 1}
In this case, (1.3.6) reads

L L
[0z + 3 Gla’]" 2 <00+ 37 Gob* V(¢ [Cllee < 1)
=1 =1
L
=3 S Gllaf])Tr — b < b0 — [a%) Tz V(¢ <1,£=1,...,L)
(=1
L
OT . _ p1| < 10 — [401T
= _pmax eglgg[[a] x—b ]} <) — o]z
L
The concluding maximum in the chain is clearly Y |[a‘]Tx — b|, and we arrive at the representation of
(=1

(1.3.6) by the explicit convex constraint

L
[a®) Tz + Z [[a*)Tx — bt < b°, (1.3.7)
=1
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which in turn admits a representation by a system of linear inequalities:
—up < [a]Tx — b <wup, £=1,..,L,

T L
(@] 2+ 3 up <O,
=1

(1.3.8)

Example 1.5 Consider the case of ellipsoidal uncertainty where Z in (1.3.6) is an ellipsoid. W.lLo.g.
we can normalize the situation by assuming that Z is merely the ball of radius 2 centered at the origin:

Z =Ballg = {¢ € RF : |[¢]]2 < Q).

In this case, (1.3.6) reads
@) + zL: Gl <00+ 3 Gb VC [l < Q)
/=1
[z CllaTe bﬂ <10~ [a)a

HCH2<Q

& Q E ([a4]Tx — b%)2 < B0 — [a°) Tz,
=1

and we arrive at the representation of (1.3.6) by the explicit convex constraint (“conic quadratic inequal-
ityvv )

L
[a®)Tz + Q$ Z([ae]Ta: — )2 <O, (1.3.9)

{=1

1.3.3 Tractable Representation of (1.3.6): General Case

Now consider a rather general case when the perturbation set Z in (1.3.6) is given by a conic
representation (cf. section A.2.4 in Appendix):

Z={¢CeRl:JueR" : PC+Qu+peK}, (1.3.10)

where K is a closed convex pointed cone in RY with a nonempty interior, P, Q are given matrices
and p is a given vector.
In the case when K is not a polyhedral cone, assume that this representation is strictly

feasible: B B
(¢, u) : P+ Qu+ p € intK. (1.3.11)

In fact, in the sequel we would lose nothing by further restricting K to be a canonical cone
— (finite) direct product of “simple” cones K1, ..., K*°:

K=K'x..xK%, (1.3.12)
where every K°? is
o cither the nonnegative orthant R = {z = [z1;...;2,] € R™ : 2; > 0Vi},

e or the Lorentz cone L™ = {z = [x1;...;2,] € R" : z,, > \/Z:z L 22,
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e or the semidefinite cone S" . This cone “lives” in the space S™ of real symmetric n x n
matrices equipped with the Frobenius inner product (A, B) = Tr(AB) = Tr(ABT) =
Ei’ j A;i;jBij; the cone itself is comprised of all positive semidefinite symmetric n x n
matrices.

As a matter of fact,

e the family F of all convex sets admitting conic representations involving canonical cones
is extremely nice — it is closed w.r.t. all basic operations preserving convexity, like taking
finite intersections, arithmetic sums, images and inverse images under affine mappings,
etc. Moreover, conic representation of the result of such an operation is readily given by
conic representation of the operands; see section A.2.4 for the corresponding “calculus.”
As a result, handling convex sets from the family in question is fully algorithmic and
computationally efficient;

e the family F is extremely wide: as a matter of fact, for all practical purposes one
can think of F as of the family of all computationally tractable convex sets arising in
applications.

Theorem 1.1 Let the perturbation set Z be given by (1.3.10), and in the case of non-polyhedral
K, let also (1.3.11) take place. Then the semi-infinite constraint (1.3.6) can be represented by
the following system of conic inequalities in variables © € R™,y € RV :

ply + [z <00,

QTy =0,

(PTy)p+ [a)Tx =050 =1,..., L,
y € K,

(1.3.13)

where K, = {y : y 2 > 0Vz € K} is the cone dual to K.

Proof. We have
x is feasible for (1.3.6)

& sup{ [a”Tz -0+ i ¢ |:[(I£]Tl‘ - bﬂ }<o

ez
d[z] cola]
& sup {cT'[z]¢ + d[z]} <0
ez
& sup ¢! [z]¢ < —dlz]
ez

= Hglax{cT[x]C cPC+Qu+pce K} < —dz].

The concluding relation says that x is feasible for (1.3.6) if and only if the optimal value in the
conic program

Hé%x {CT[J:]( : PC+Qu+peK} (CP)

is < —d[x]. Assume, first, that (1.3.11) takes place. Then (CP) is strictly feasible, and therefore,
applying the Conic Duality Theorem (Theorem A.1), the optimal value in (CP) is < —d|x] if
and only if the optimal value in the conic dual to the (CP) problem

myin {pTy : QTy =0, PTy = —clz],y € K*} ) (CD)
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is attained and is < —d[z]. Now assume that K is a polyhedral cone. In this case the usual
LO Duality Theorem, (which does not require the validity of (1.3.11)), yields exactly the same
conclusion: the optimal value in (CP) is < —d[z] if and only if the optimal value in (CD) is
achieved and is < —d[z]|. In other words, under the premise of the Theorem, z is feasible for
(1.3.6) if and only if (CD) has a feasible solution y with p’y < —d|[z]. O

Observing that nonnegative orthants, Lorentz and Semidefinite cones are self-dual, and thus
their finite direct products, i.e., canonical cones, are self-dual as well,> we derive from Theorem
1.1 the following corollary:

Corollary 1.1 Let the nonempty perturbation set in (1.3.6) be:
i) polyhedral, i.e., given by (1.3.10) with a nonnegative orthant RY in the role of K, or
g g +
(ii) conic quadratic representable, i.e., given by (1.3.10) with a direct product L*1 x ... x LFm

of Lorentz cones LF = {x e RF 1z >\ fa? + ... + z3_,} in the role of K, or
e . . . . . oy . . k
(iii) semidefinite representable, i.e., given by (1.3.10) with the positive semidefinite cone ST
in the role of K.

In the cases of (ii), (iil) assume in addition that (1.3.11) holds true. Then the Robust Counterpart
(1.3.6) of the uncertain linear inequality (1.3.4) — (1.3.5) with the perturbation set Z admits
equivalent reformulation as an explicit system of

— linear inequalities, in the case of (i),

— conic quadratic inequalities, in the case of (ii),

— linear matriz inequalities, in the case of (iii).
In all cases, the size of the reformulation is polynomial in the number of variables in (1.3.6) and
the size of the conic description of Z, while the data of the reformulation is readily given by the
data describing, via (1.3.10), the perturbation set Z.

Remark 1.2 A. Usually, the cone K participating in (1.3.10) is the direct product of simpler
cones K', ..., K®, so that representation (1.3.10) takes the form

Z={¢C:3u} .. ,u° P+ Quf +pseK* s=1,.. 5} (1.3.14)

In this case, (1.3.13) becomes the system of conic constraints in variables z, 3!, ..., y° as follows:

S
> pey® + [Tz <P,
s=1
Qlys=0,s=1,..,5,
S
S (PIys)e+ [Tz =0"0=1,..,L,

s=1
v eKs,s=1,..,85,

(1.3.15)

where K is the cone dual to K°.
B. Uncertainty sets given by LMIs seem “exotic”; however, they can arise under quite realistic
circumstances, see section 1.5.

5Since the cone dual to a direct product of cones K* clearly is the direct product of cones K dual to K*.
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Examples

We are about to apply Theorem 1.1 to build tractable reformulations of the semi-infinite in-
equality (1.3.6) in two particular cases. While at a first glance no natural “uncertainty models”
lead to the “strange” perturbation sets we are about to consider, it will become clear later that
these sets are of significant importance — they allow one to model random uncertainty.

Example 1.6 Z is the intersection of concentric co-axial box and ellipsoid, specifically,

L
Z={CeRV: -1 <G <LUSL, | > (Z/o? <O}, (1.3.16)
(=1

where gy > 0 and €2 > 0 are given parameters.
Here representation (1.3.14) becomes

Z={CeR": P +p1 €K', Po( +po € K?},

where

e PI(=[¢;0],p1 = [0rx1;1] and K! = {(2,t) € REXR : ¢ > ||2|oo}, whence KL = {(2,t) € RE xR :
t = |lzll};

o Po( = [£71¢;0] with ¥ = Diag{o1,...,or}, p2 = [0rx1;9Q] and K? is the Lorentz cone of the
dimension L + 1 (whence K? = K?)
Setting y* = [n1;71], ¥? = [n2; 72] with one-dimensional 71, 75 and L-dimensional 71, 72, (1.3.15) becomes
the following system of constraints in variables 7, 7, :

(@) 71+ Qn+ [z < b,

(0) (m+2"t)e = o —[a)Ta, 0=1,..,L,
(c) Imlh < mn [& m;n] e KL,
(d) 2l < 72 [& o] € K2

We can eliminate from this system the variables 7, 79 — for every feasible solution to the system, we
have 1 > 71 = ||m |1, 72 = T2 = ||n2||2, and the solution obtained when replacing 71, 72 with 71, 7o still
is feasible. The reduced system in variables x, z = 1y, w = ¥~ 11, reads

L
zo| + Q oZw? + [a Tz < Y,
42:31| | 1/%: (wy +[a”] (1.3.17)

zZe+w, = b —[aVTx, 0=1,..,L,
which is also a representation of (1.3.6), (1.3.16).

Example 1.7 [“budgeted uncertainty”] Consider the case where Z is the intersection of || - |- and
I - l1-balls, specifically,
Z={CeR":|Clls < 1, I¢llx <7}, (1.3.18)

where v, 1 <~ < L, is a given “uncertainty budget.”
Here representation (1.3.14) becomes

Z={CeRF: P +p €K' Po( +po € K?},

where

e Pi(=1¢0], p1 =[0rx1;1] and K = {[z;t] € RE X R : ¢ > ||2]|oc}, whence KL = {[z;t] e R x R :
£ el

o P =1¢;0], p2 = [0rx1;7] and K2 = K! = {[z;t] e Rl x R: ¢ > ||2]|1}, whence K2 = K*.
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Setting y! = [2; 1], y* = [w; T2] with one-dimensional 7 and L-dimensional z, w, system (1.3.15) becomes
the following system of constraints in variables 71, T2, z, w, x:

(a) M+ +a)Tz < 0,

(b) (z4+w) = b —[a)Tz,0=1,..,L,
(c) Izl < 7m0 [&m;n] € K,
(d) [wllee < 7 [& [n2;7] € K2

Same as in Example 1.6, we can eliminate the 7-variables, arriving at a representation of (1.3.6), (1.3.18)
by the following system of constraints in variables x, z, w:

zt+w, = b —[a)Fx, 0=1,.. L,

L
0T, < 0
2 |l +ymaxiue] + [ e <8, (1.3.19)

which can be further converted into the system of linear inequalities in z, w and additional variables.

1.4 How it Works: Motivating Examples Revisited

In this section, we outline the results of Robust Optimization methodology as applied to our
“motivating examples.”

1.4.1 Robust Synthesis of Antenna Arrays

In the situation of the Antenna Design problem (1.1.2), the “physical” uncertainty comes from
the actuation errors z; — (14 &;)z;; as we have already explained, these errors can be modeled
equivalently by the perturbations D;(0;) — D;; = (1 + &)D;(6;) in the coefficients of z;.
Assuming that the errors &; are bounded by a given uncertainty level p, and that this is the only
a priori information on the actuation errors, we end up with the uncertain LO problem

J=10
ming 7:—7 S Z Dij:cj - D*(GZ) S 7',1 S ) S I =240 : ‘D” — D](HZ)| S p|D](91)|
T, T

j=1

The Robust Counterpart of the problem is the semi-infinite LO program

min{ 7: -7 < ZDijl"j <7,1<i<IVD; € [G;;,Gij] (1.4.1)

,T —
J

with G;; = G;(0;) — p|G;(0;)|, Gij = G;(0;) + p|G;(6;)|. The generic form of this semi-infinite
LO is
min {c’y : Ay < bY[A, ] : [A,b] < [A,b] < [4,}]} (1.4.2)
y

where < for matrices is understood entrywise and [A, b] < [4, b] are two given matrices. This is a
very special case of polyhedral uncertainty set, so that our theory says that the RC is equivalent
to an explicit LO program. In fact we can point out (one of) LO reformulation of the Robust
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N\
~—" N/
p=0.01 p=0.05

”

Figure 1.3: “Dream and reality,” robust optimal design: samples of 100 actual diagrams (red)
for different uncertainty levels. Blue: the target diagram.

Reality
= 0.01 »=0.05 p =01

min mean max min mean max min mean max

I lloo-distance 0.075 | 0.078 | 0.081 || 0.077 | 0.088 | 0.114 || 0.082 | 0.113 | 0.216
to target
energy

. 70.3% | 72.3% | 73.8% 63.6% | 71.6%6 | 79.3% 52.2% | 70.8% | 87.5%
concentration

Table 1.2: Quality of robust antenna design. Data over 100 samples of actuation errors per each
uncertainty level p.

For comparison: for nominal design, with the uncertainty level as small as p = 0.001, the
average | - ||co-distance of the actual diagram to target is as large as 56.8, and the expected
energy concentration is as low as 16.5%.

Counterpart without reference to any theory: it is immediately seen that (1.4.2) is equivalent
to the LO program

min {c’y: Az + Ay +2) <b,z >0,y +2z >0} . (1.4.3)
Y,z

Solving (1.4.1) for the uncertainty level p = 0.01, we end up with the robust optimal value
0.0815, which, while being by 39% worse than the nominal optimal value 0.0589 (which, as we
have seen, exists only in our imagination and says nothing about the actual performance of
the nominal optimal design), still is reasonably small. Note that the robust optimal value, in
sharp contrast with the nominally optimal one, does say something meaningful about the actual
performance of the underlying robust design. In our experiments, we have tested the robust
optimal design associated with the uncertainty level p = 0.01 versus actuation errors of this
and larger magnitudes. The results are presented on figure 1.3 and in table 1.2. Comparing
these figure and table with their “nominal design” counterparts, we see that the robust design
is incomparably better than the nominal one.
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NETLIB Case Study

The corresponding uncertainty model (“ugly coefficients a;; in the constraint matrix indepen-
dently of each other vary in the segments [a;; — plaj;|, aj; + plaj;[], p > 0 being the uncertainty
level) clearly yields the RCs of the generic form (1.4.2). As explained above, these RCs can
be straightforwardly converted to explicit LO programs which are of nearly the same sizes and
sparsity as the instances of the uncertain LPs in question. It turns out that at the uncertainty
level 0.1% (p = 0.001), all these RCs are feasible, that is, we can immunize the solutions against
this uncertainty. Surprisingly, this immunization is “nearly costless” — the robust optimal values
of all 90 NETLIB LOs considered in [8] remain within 1% margin of the nominal optimal values.

For further details, including what happens at larger uncertainty levels, see [8].

1.5 Non-Affine Perturbations

In the first reading this section can be skipped.

So far we have assumed that the uncertain data of an uncertain LO problem are affinely
parameterized by a perturbation vector ¢ varying in a closed convex set Z. We have seen that
this assumption, combined with the assumption that Z is computationally tractable, implies
tractability of the RC. What happens when the perturbations enter the uncertain data in a
nonlinear fashion? Assume w.l.o.g. that every entry a in the uncertain data is of the form

K

a=>Y dfi),

k=1

where ¢}, are given coefficients (depending on the data entry in question) and f1((), ..., fx (¢) are
certain basic functions, perhaps non-affine, defined on the perturbation set Z. Assuming w.l.o.g.
that the objective is certain, we still can define the RC of our uncertain problem as the problem
of minimizing the original objective over the set of robust feasible solutions, those which remain
feasible for all values of the data coming from ( € Z, but what about the tractability of this RC?
An immediate observation is that the case of nonlinearly perturbed data can be immediately
reduced to the one where the data are affinely perturbed. To this end, it suffices to pass from
the original perturbation vector ¢ to the new vector

-~

Cl¢] = [C1s 3¢5 f1(Q)s s fR(Q)]-

As a result, the uncertain data become affine functions of the new perturbation vector Ewhich
now runs through the image Z = ([Z] of the original uncertainty set Z under the mapping
¢ — E [C]. As we know, in the case of affine data perturbations the RC remains intact when
replacing a given perturbation set with its closed convex hull. Thus, we can think about our
uncertain LO problem as an affinely perturbed problem where the perturbation vector is E, and
this vector runs through the closed convex set Z = cl Conv/(C [Z]). We see that formally speaking,
the case of general-type perturbations can be reduced to the one of affine perturbations. This,
unfortunately, does not mean that non-affine perturbations do not cause difficulties. Indeed, in
order to end up with a computationally tractable RC, we need more than affinity of perturbations
and convexity of the perturbation set — we need this set to be computationally tractable. And
the set Z = cl Conv(¢[Z]) may fail to satisfy this requirement even when both Z and the



1.6. EXERCISES 25

nonlinear mapping ¢ +— E[C] are simple, e.g., when Z is a box and E: [C; {ng}frzl], (i.e., when
the uncertain data are quadratically perturbed by the original perturbations ¢ )

We are about to present two generic cases where the difficulty just outlined does not occur
(for justification and more examples, see section 5.3.2).
Ellipsoidal perturbation set Z, quadratic perturbations. Here Z is an ellipsoid, and
the basic functions f; are the constant, the coordinates of { and the pairwise products of
these coordinates. This means that the uncertain data entries are quadratic functions of the
perturbations. W.l.o.g. we can assume that the ellipsoid Z is centered at the origin: Z = {( :

N T
|QCll2 < 1}, where Ker@ = {0}. In this case, representing ([(] as the matrix [ c CCC ], we

have the following semidefinite representation of Z = cl Conv((] [Z]):

o {[efie ][] momaren <)

(for proof, see Lemma 5.4).
Separable polynomial perturbations. Here the structure of perturbations is as follows: ¢
runs through the box Z = {¢ € R¥ : ||¢|loo < 1}, and the uncertain data entries are of the form

a=pi(C) + ... +pL(CL),

where p§(s) are given algebraic polynomials of degrees not exceeding d; in other words, the
basic functions can be split into L groups, the functions of ¢-th group being 1 = Cg, (o, Cg, e Cg.

~

Consequently, the function ([(] is given by
CIe) = 111 G5 ¢ s s (1.5 G5 s G-

Setting P = {5 = [1;5;5%...;8%] : —1 < s < 1}, we conclude that Z = ([Z] can be identified
with the set P’ = P x ... x P, so that Z is nothing but the set P x ... x P, where P = Conv(P).
—— ———

L L
It remains to note that the set P admits an explicit semidefinite representation, see Lemma 5.2.

1.6 Exercises

Exercise 1.1 Prove the fact stated in the beginning of section 1.4.1:

(1) The RC of an uncertain LO problem with certain objective and simple interval
uncertainty in the constraints — the uncertain problem

P = {min {cTa: t Az < b}, [Ab] < [A D] < [Z,E]}
x
is equivalent to the explicit LO program

min{ch:Zu—AvSb,uZO,vZO,u—v:m} (1.6.1)
u,v
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Exercise 1.2 Represent the RCs of every one of the uncertain linear constraints given below:

a’z <b,[a;b] € U = {[a;b] = [a™; "] + PC - |IC]l, < p}

p € [1,00]] (a)
a'x < b, la;b] € U = {[a;b] = [a";0"] + PC 2 |[C]lp < p,¢ > 0}
[p € [1,00]] (b)

a"x < b, la;b] € U = {[a;b] = [a";0"] + PC: €]l < p}
pe©1)] ()

as explicit convex constraints.
Exercise 1.3 Represent in tractable form the RC of uncertain linear constraint
alx <b
with N-ellipsoidal uncertainty set
U ={la,b] = [a" 6" + PC: ¢TQ¢ < p* 1 < j < T},
where @; = 0 and Zj Q; > 0.

The goal of subsequent exercises is to find out whether there is a “gap” between feasibil-
ity /optimality properties of instances of an uncertain LO problem

P = {mgn{cTa: t Az < b} [A)b] € U}
and similar properties of its RC
Opt = H%Cin {cTa: Az < bV[Ab] eU}. (RC)
Specifically, we want to answer the following questions:
e Is it possible that every instance of P is feasible, while (RC) is not so?

e Isit possible that (RC) is feasible, but its optimal value is worse than those of all instances?

e Under which natural conditions feasibility of (RC) is equivalent to feasibility of all in-
stances, and the robust optimal value is the maximum of optimal values of instances.

Exercise 1.4 Consider two uncertain LO problems

731:{min{—xl—xgzogxl§b1,0§x2§b2,x1+x2 Zp}:belxll},
’ Ui ={b:1>by >1/3,1>by>1/3,b1 + by > 1},
sz{min{—xl—xgzogm§b1,0§l’2§b27$1+l’2 Zp}ibeu2}a
’ Up=1{b:1>b >1/3,1> by >1/3).

(p is a parameter).

1. Build the RC’s of the problems.
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2. Set p = 3/4. Is there a gap between feasibility properties of the instances of P; and those
of the RC of P17 Is there a similar gap in the case of Py?

3. Set p = 2/3. Is there a gap between the largest of the optimal values of instances of P;
and the optimal value of the RC? Is there a similar gap in the case of Py?

The results of Exercise 1.4 demonstrate that there could be a huge gap between feasibil-
ity /optimality properties of the RC and those of instances. We are about to demonstrate that
this phenomenon does not occur in the case of a “constraint-wise” uncertainty.

Definition 1.6 Consider an uncertain LO problem with certain objective
P = {min{ch t Az < b} :[Ab] € Z/{}
T

with convex compact uncertainty set U, and let U; be the projection of U on the set of data of
i-th constraint:

U = {[aiT, bi] : 3[A,b] € U such that [a] ,b;] is i-th row in [A,b]}.

Clearly, U C UT = [[,U;. We call uncertainty constraint-wise, if U = U™, and call the uncertain
problem, obtained from P by extending the original uncertainty set U the constraint-wise envelope

of P.

Note that by claim on p. 11, when passing from uncertain LO problem to its constraint-wise
envelope, the RC remains intact.

Exercise 1.5 1. Consider the uncertain problems P; and Py from Exercise 1.4. Which
one of them, if any, has constraint-wise uncertainty? Which one of them, if any, is the
constraint-wise envelope of the other problem?

2. * Let P be an uncertain LO program with constraint-wise uncertainty such that the feasible
sets of all instances belong to a given in advance convex compact set X (e.g., all instances
share common system of certain box constraints). Prove that in this case there is no
gap between feasibility /optimality properties of instances and those of the RC: the RC if
feasible if and only if all instances are so, and in this case the optimal value of the RC is
equal to the maximum, over the instances, of the optimal values of the instances.
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Lecture 2

Robust Linear Optimization and
Chance Constraints

2.1 How to Specify an Uncertainty Set

The question posed in the title of this section goes beyond general-type theoretical considerations
— this is mainly a modeling issue that should be resolved on the basis of application-driven
considerations. There is however a special case where this question makes sense and can, to
some extent, be answered — this is the case where our goal is not to build an uncertainty
model “from scratch,” but rather to translate an already existing uncertainty model, namely, a
stochastic one, to the language of “uncertain-but-bounded” perturbation sets and the associated
robust counterparts. By exactly the same reasons as in the previous section, we can restrict our
considerations to the case of a single uncertainty-affected linear inequality — a family

{a"e <b} e (1.3.4)

of linear inequalities with the data varying in the uncertainty set

L

U= {[a; b] = [a%0°] + ZCg[ae; bl:Ce Z} . (1.3.5)
(=1

of this uncertain inequality.

Probabilistic vs. “uncertain-but-bounded” perturbations. When building the RC

L
ale <b v ([a; b = [a%00) + > Gelas b : ¢ € Z) (1.3.6)

(=1

of uncertain linear inequality (1.3.4), we worked with the so called “uncertain-but-bounded”
data model (1.3.5) — one where all we know about the possible values of the data [a;b] is their
domain U defined in terms of a given affine parameterization of the data by perturbation vector
¢ varying in a given perturbation set Z. It should be stressed that we did not assume that
the perturbations are of a stochastic nature and therefore used the only approach meaningful
under the circumstances, namely, we looked for solutions that remain feasible whatever the data
perturbation from Z. This approach has its advantages:

29
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1. More often than not there are no reasons to assign the perturbations a stochastic nature.

Indeed, stochasticity makes sense only when one repeats a certain action many times, or
executes many similar actions in parallel; here it might be reasonable to think of frequen-
cies of successes, etc. Probabilistic considerations become, methodologically, much more
problematic when applied to a unique action, with no second attempt possible.

2. Even when the unknown data can be thought of as stochastic, it might be difficult, espe-
cially in the large-scale case, to specify reliably data distribution. Indeed, the mere fact
that the data are stochastic does not help unless we possess at least a partial knowledge
of the underlying distribution.

Of course, the uncertain-but-bounded models of uncertainty also require a priori knowl-
edge, namely, to know what is the uncertainty set (a probabilistically oriented person could
think about this set as the support of data distribution, that is, the smallest closed set in
the space of the data such that the probability for the data to take a value outside of this
set is zero). Note, however, that it is much easier to point out the support of the relevant
distribution than the distribution itself.

With the uncertain-but-bounded model of uncertainty, we can make clear predictions like “with
such and such behavior, we definitely will survive, provided that the unknown parameters will
differ from their nominal values by no more than 15%, although we may die when the variation
will be as large as 15.1%.” In case we do believe that 15.1% variations are also worthy to worry
about, we have an option to increase the perturbation set to take care of 30% perturbations in the
data. With luck, we will be able to find a robust feasible solution for the increased perturbation
set. This is a typical engineering approach — after the required thickness of a bar supporting
certain load is found, a civil engineer will increase it by factor like 1.2 or 1.5 “to be on the
safe side” — to account for model inaccuracies, material imperfections, etc. With a stochastic
uncertainty model, this “being on the safe side” is impossible — increasing the probability of
certain events, one must decrease simultaneously the probability of certain other events, since
the “total probability budget” is once and for ever fixed. While all these arguments demonstrate
that there are situations in reality when the uncertain-but-bounded model of data perturbations
possesses significant methodological advantages over the stochastic models of uncertainty, there
are, of course, applications (like communications, weather forecasts, mass production, and, to
some extent, finance) where one can rely on probabilistic models of uncertainty. Whenever this
is the case, the much less informative uncertain-but-bounded model and associated worst-case-
oriented decisions can be too conservative and thus impractical. The bottom line is that while
the stochastic models of data uncertainty are by far not the only meaningful ones, they definitely
deserve attention. Our goal in this lecture is to develop techniques that are capable to utilize, to
some extent, knowledge of the stochastic nature of data perturbations when building uncertainty-
immunized solutions. This goal will be achieved via a specific “translation” of stochastic models
of uncertain data to the language of uncertain-but-bounded perturbations and the associated
robust counterparts. Before developing the approach in full detail, we will explain why we choose
such an implicit way to treat stochastic uncertainty models instead of treating them directly.
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2.2 Chance Constraints and their Safe Tractable Approxima-
tions

The most direct way to treat stochastic data uncertainty in the context of uncertain Linear
Optimization is offered by an old concept (going back to 50s [38]) of chance constraints. Consider
an uncertain linear inequality

L
alz <b, [a;b] = [a®; 0] + Z@[af;bf] (2.2.1)
(=1

(cf. (1.3.4), (1.3.5)) and assume that the perturbation vector ¢ is random with, say, completely
known probability distribution P. Ideally, we would like to work with candidate solutions x
that make the constraint valid with probability 1. This “ideal goal,” however, means coming
back to the uncertain-but-bounded model of perturbations; indeed, it is easily seen that a given
x satisfies (2.2.1) for almost all realizations of ¢ if and only if x is robust feasible w.r.t. the
perturbation set that is the closed convex hull of the support of P. The only meaningful way
to utilize the stochasticity of perturbations is to require a candidate solution x to satisfy the
constraint for “nearly all” realizations of (, specifically, to satisfy the constraint with probability
at least 1 — €, where € € (0,1) is a prespecified small tolerance. This approach associates with
the randomly perturbed constraint (2.2.1) the chance constraint

L

L
p(x) := Probep {C [a®) T + ZC@[ae]T$ > b0+ Z Cgbe} <, (2.2.2)

/=1 /=1

where Prob¢.p is the probability associated with the distribution P. Note that (2.2.2) is a usual
certain constraint. Replacing all uncertainty-affected constraints in an uncertain LO problem
with their chance constrained versions and minimizing the objective function, (which we, w.l.o.g.,
may assume to be certain) under these constraints, we end up with the chance constrained version
of (LOy), which is a deterministic optimization problem.

Strictly speaking, from purely modeling viewpoint the just outlined scheme of passing from
an uncertain LO problem with stochastic uncertainty

L
P = {mTin {c"z: Acx < e} [Ag,be] = [A%0°] + ) Ge[A% b7, ¢ ~ P}

=1
(we have assumed w.l.o.g. that the objective is certain) to its chance constrained version

min {¢"z : Probep {(Acz); < (be)i} > 1—€ 1 <i<m:=dimb¢} (2.2.3)

is neither the only natural, nor the most natural one. When the constraints are hard, a
candidate solution is meaningless when it violates at least one of the constraints, so that a
natural chance constrained version of P would be

min {ch : Probeop {(Acz)i < (be)iVi} >1—€}. (2.2.4)

The latter problem is not the same as (2.2.3): while it is true that a feasible solution to
(2.2.3) is feasible for (2.2.4) as well, the inverse statement usually is not true. All we can
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say in general about a feasible solution x to (2.2.4) is that z is feasible for a relaxed version
of (2.2.3), specifically, the one where ¢ is increased to ke, kK < m being the number of scalar
linear constraints in P which indeed are affected by uncertainty.

In spite of this drawback, the chance constrained model (2.2.3) is the major entity of interest
in Chance Constrained LO. The underlying rationale is as follows:

e As we shall see in a while, aside of a handful of very special particular cases, numerical
processing of the constraint-wise chance constrained problem is a highly challenging
task; these challenges are amplified drastically when passing from this problem to the
“true” chance constrained problem (2.2.4).

e As we have already seen, one can approximate the “true” chance constrained problem
(2.2.4) with problem (2.2.3); to this end, it suffices to associate the latter problem with
a smaller tolerance than the one required in (2.2.4), namely, to reset € to e¢/k. With
this approximation (which is much simpler than (2.2.4)), we “stay at the safe side” —
what is feasible for approximation, clearly is feasible for the true problem (2.2.4) as
well. At the same time, in many cases, especially when € is small, it turns out that the
conservatism built into the approximation nearly does not affect the optimal value we
can achieve.

In this lecture, we focus solely on the chance constrained model (2.2.3), or, which is the
same, on the chance constrained version (2.2.2) of a single scalar linear inequality affected
by stochastic uncertainty; some results on handling chance constrained problems of the form
(2.2.4) will be presented in lecture 3 (section 3.6.4).

While passing from a randomly perturbed scalar linear constraint (2.2.1) to its chance con-
strained version (2.2.2) seems to be quite natural, this approach suffers from a severe drawback
— typically, it results in a severely computationally intractable problem. The reason is twofold:

1. Usually, it is difficult to evaluate with high accuracy the probability in the left hand side
of (2.2.2), even in the case when P is simple.

For example, it is known [61] that computing the left hand side in (2.2.2) is NP-hard already when
¢ are independent and uniformly distributed in [—1,1]. This means that unless P=NP, there is
no algorithm that, given on input a rational z, rational data {[a*;b‘|}} and rational § € (0,1),
allows to evaluate p(x) within accuracy J in time polynomial in the bit size of the input. Unless
¢ takes values in a finite set of moderate cardinality, the only known general method to evaluate
p(zx) is based on Monte-Carlo simulations; this method, however, requires samples with cardinality
of order of 1/§, where § is the required accuracy of evaluation. Since the meaningful values of this
accuracy are < €, we conclude that in reality the Monte-Carlo approach can hardly be used when
€ is like 0.0001 or less.

2. More often than not the feasible set of (2.2.2) is non-convex, which makes optimization
under chance constraints a highly problematic task.
Note that while the first difficulty becomes an actual obstacle only when e is small enough, the

second difficulty makes chance constrained optimization highly problematic for “large” e as well.

Essentially, the only known case when none of the outlined difficulties occur is the case where ¢
is a Gaussian random vector and € < 1/2.
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Indeed, when ¢ ~ N (6, 0), the random quantity

L

L
¢ = [Tz + Z Cola) Tz — 10 — Z Cobt (2.2.5)
=1

{=1

also is a Gaussian random variable with the expectation E{¢*} = a”[z;1] and the variance
E {(CT —aT[x; 1])2} = 0%(z) := [7;1)TQTQ[x; 1]; here a and Q are vector and matrix readily
given by the data {[a%; bs]}}_,, 0, © of the chance constraint. Further, the chance constraint
(2.2.2) reads

Prob{¢* >0} <e.

Assuming that 0 < e < 1/2 and o(z) > 0, the latter constraint is equivalent to the relation
Erf (—a”[z;1]/0(z)) <,

where
Erf(s) = \/%/S exp{—r?/2}dr (2.2.6)

is the error function. Introducing the inverse error function
ErfInv(y) = min {s : Erf(s) <~}, (2.2.7)

we see that our chance constraint is equivalent to —a®[z;1]/o(z) > Erflnv(e), or, which is
the same, to the conic quadratic constraint

o' [; 1] 4 Erflnv(e)||Q[z; 1]|]2 < 0 (2.2.8)

in variable z.! Tt is immediately seen that this conclusion remains valid for when o(x) = 0
as well.

Due to the severe computational difficulties associated with chance constraints, a natural
course of action is to replace a chance constraint with its computationally tractable safe approx-
imation. The latter notion is defined as follows:

Definition 2.1 Let {[a%b"]}}_,, P, € be the data of chance constraint (2.2.2), and let S be a
system of convex constraints on x and additional variables v. We say that S is a safe conver
approximation of chance constraint (2.2.2), if the x component of every feasible solution (x,v)
of S s feasible for the chance constraint.

A safe convex approximation S of (2.2.2) is called computationally tractable, if the convex
constraints forming S are efficiently computable.

It is clear that by replacing the chance constraints in a given chance constrained optimization
problem with their safe convex approximations, we end up with a convex optimization problem in
x and additional variables that is a “safe approximation” of the chance constrained problem: the
x component of every feasible solution to the approximation is feasible for the chance constrained
problem. If the safe convex approximation in question is tractable, then the above approximating
program is a convex program with efficiently computable constraints and as such it can be
processed efficiently.

In the sequel, when speaking about safe convex approximations, we omit for the sake of
brevity the adjective “convex,” which should always be added “by default.”

1Since 0 < € < 1/2, we have ErfInv(e) > 0, so that (2.2.8) indeed is a conic quadratic constraint.
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2.2.1 Ambiguous Chance Constraints

Chance constraint (2.2.2) is associated with randomly perturbed constraint (2.2.1) and a given
distribution P of random perturbations, and it is reasonable to use this constraint when we do
know this distribution. In reality we usually have only partial information on P, that is, we
know only that P belongs to a given family P of distributions. When this is the case, it makes
sense to pass from (2.2.2) to the ambiguous chance constraint

L

L
V(P € P) : Probeop {g ) e 4+ Gla) e > 10+ debe} <e (2.2.9)

/=1 /=1

Of course, the definition of a safe tractable approximation of chance constraint extends straight-
forwardly to the case of ambiguous chance constraint. In the sequel, we usually skip the adjective
“ambiguous”; what exactly is meant depends on whether we are speaking about a partially or
a fully known distribution P.

Next we present a simple scheme for the safe approximation of chance constraints.

2.3 The Generating-Function-Based Approximation Scheme

Preliminaries. Let us set

L
w = [wo; wi; ;wr] € R Z,[¢) = wo + Y wis
=1

The random variable (* appearing in (2.2.5) can be represented as Z,,[¢], where z — w[z] is
an affine mapping readily given by the data of (2.2.2) and independent of the distribution of (.
All we need in order to get a safe (or safe and tractable) convex approximation of the chance
constraint (2.2.2) is a similar approximation of the chance constraint

p(w) := Probep {Z,[¢] >0} <€ (2.3.1)

in variables w. Indeed, given such an approximation (which is a system of convex constraints
in variables w and additional variables) and carrying out the affine substitution of variables
w — wlz], we end up with a desired approximation of (2.2.2). Thus, from now on we focus on
building a safe (or safe and tractable) convex approximation of the chance constraint (2.3.1).

2.3.1 The approach

Conceptually, the approach we are about to develop is extremely simple. The chance constraint
of interest (2.3.1) reads

p(w) := Probep {Zy[(] > 0} = /X(Zw[C])dP(C) <e, (2.3.2)

where x(s) is the characteristic function of the positive ray:

0, s<0
X(s) = 1, s>0
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If x(-) were convex (which is not the case), the left hand side in (2.3.2) would be a convex
function of w (since Z,[-] is affine in w), and thus (2.3.2) would be a convex constraint on w.
Now let v(-) be a convex function on the axis which is everywhere > x(z). Then we clearly have

p(w) < W(w) = / A Zu[CDAP(C).

so that the constraint
U(w) <e (2.3.3)

is a safe approximation of (2.3.1); since () is convex, the function ¥(w) is convex in w, so that
(2.3.3) is safe convex approximation of the chance constraint of interest. If, in addition, ¥(-) is
efficiently computable, this safe convex approximation is tractable.

The next step, which usually reduces dramatically the conservatism of the above approxi-
mation, is given by scaling. Specifically, observing that x(s) = x(a~'s) for every a > 0, we
conclude that if y(-) is as above, then y(a~'s) > x(s) for all s, whence

p(w) < ¥(a™ w)

and thus the constraint
a¥(atw) —ae <0 [ U(atz) < ¢

in variables o > 0 and w also Is a safe convex approximation of the chance constraint (2.3.1) —
whenever w can be extended by some o > 0 to a feasible solution of this constraint, w is feasible
for (2.3.1). The punch line is that the constraint

a¥(atw) —ae <0 (2.3.4)

we end up with is convex in variables w and o > 0.2
When implementing this scheme, it is convenient to impose on 7(-) and on the distribution
of ¢ natural restrictions as follows:

(1) v(:) : R — R is a nonnegative monotone function such that y(0) > 1 and y(s) — 0
as s — —oo.

These properties of 7 clearly imply that «(-) is a convex majorant of x(-), so that « indeed can
be used in the above approximation scheme. From now on, we refer to functions v(-) satisfying
(1) as to generators, or generating functions.

We have seen that the condition

Ja>0:a¥(aw) —ae <0

is sufficient for w to be feasible for the chance constraint (2.3.1). A simple technical exercise
(which exploits the fact that W(-), due to its origin, is lower semicontinuous) shows that when
v(+) is a generator, a weaker condition

G(w) = ffifo [a‘l’(a_lw) —ae] <0 (2.3.5)

*This is a well known fact: whenever f(w) : R™ — RU{+4occ} is a convex function, its projective transformation
F(w,a) = af(a” w) is convex in the domain a > 0.
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also is sufficient for w to be feasible for (2.3.1). Note that the function G(w) by its origin is
convex in w, so that (2.3.5) also is a safe convex approximation of (2.3.1). This approximation
is tractable, provided that G(w) is efficiently computable, which indeed is the case when W(-) is
efficiently computable.

Our last observation is as follows: let (-) be a generator, and let, as above, ¥(w) =
[ 7(Z[¢])dP((), so that ¥ is convex and lower semicontinuous. Assume that instead of ¥(
we use in the above approximation scheme a convex and lower semicontinuous function W (
which is an upper bound on ¥(-):

)
')
U(w) < U (w) V.

Replacing in (2.3.4) and in (2.3.5) the function ¥ with its upper bound ¥+, we arrive at the
convex constraint

¥t (o tw) — e <0 (2.3.6)
in variables w and o > 0 and the convex constraint
Gt (w) = inf [a¥t (o w) —ae] <0 (2.3.7)

which clearly also are safe convex approximations of the chance constraint of interest (2.3.1).

2.3.2 Main result

The summary of our findings (which we formulate in a form applicable to the case of ambiguous
version of (2.3.1)) is as follows:

Theorem 2.1 Consider an ambiguous chance constraint in variables w:

L
VP € P : Prob¢cop {Zw[C] = wo + ng(g > 0} <e. (2.3.8)
/=1

Let v(+) be a generator, and let ¥ (w) : REHL — R U {+00} be a convex function such that

Y(PeP,w): U (w) > /’y(Zw[C])dP(C). (2.3.9)

Then both the constraint (2.3.6) in variables w and oo > 0 and the constraint (2.3.7) in variables
w are safe convexr approximations of the ambiguous chance constraint (2.3.8). These approxi-
mations are tractable, provided that U is efficiently computable.

2.3.3 Relations to Robust Optimization

We are about to demonstrate that under mild regularity assumptions the safe convex approxi-
mation (2.3.7) of the ambiguous chance constraint (2.3.8) admits a Robust Counterpart form:

) There exists a convex nonempty compact set Z € RL such that
pLy p

L
GT(w)<0& Ve Z:w+ Y (o <0. (2.3.10)
/=1
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Example 2.1 Let P be the set of all product-type probability distributions on RZ (that is,
(1,...,(r are independent whenever ( ~ P € P) with zero mean marginal distributions P
supported on [—1,1]. Choosing as the generator the function v(s) = exp{s}, let us compute an
appropriate U, This should be a convex function such that

L
Yw € REFL: ot (w) > Eqop {exp{wo +) Cg’wg}} VP e P.
(=1
Given P € P, denoting by P, the marginal distributions of P and taking into account that P is
product-type, we get

L L
Ecop {exp{wo +)° Cewe}} = exp{wo} [ [ E¢,mr, {exp{wiCe}}.
=1 =1

Now let us use the following simple and well known fact:

Lemma 2.1 Let Q be a zero mean probability distribution on the axis supported on [—1,1].
Then for every real t one has
E,g{exp{ts}} < cosh(t). (2.3.11)

Proof. Given t, let us set f(s) = exp{ts} — sinh(¢)s. The function f is convex, so that its maximum on
[—1,1] is attained at the endpoint and thus is equal to cosh(t) (since f(1) = f(—1) = cosh(t)). We now

hawv
e [ exp{ts}dQ(s) = [ f(s)dQ(s) [since Q is with zero mean]
< max|s <1 f(s) [since @Q is supported on [—1,1]] O
= cosh(s).

Note that the bound in Lemma is sharp — the inequality in (2.3.11) becomes equality when @
is the uniform distribution on {—1,1}.
Invoking Lemma, we get

L L

V(P e P,weR"™): Eeop {(v(ZulC))} < exp{uwo} [ [ cosh(we) < ¥ (w) = exp{wo—l—% > wil,
/=1 /=1

(2.3.12)

where the concluding < is given by the evident inequality cosh(t) < exp{t?/2} (look at the
Taylor expansions of both sides).

Now, if not all wy, £ > 1, are zeros, we have a¥*(a~!'w) — ae — +0o when a — +0 and
when o — +oo, that is, our w satisfies (2.3.7) is and only if a¥T(atw) — ae < 0 for certain
a > 0, that is, if and only if woa ™! + 0‘772 Eé::l wi — In(e) < 0 for certain a > 0. The latter is
the case if and only if

wo + \/2In(1/e)

When wy = we = ... = wy, = 0, the relation (2.3.7) clearly takes place if and only if wy < 0.
The bottom line is that with our U, the condition (2.3.7) is equivalent to (2.3.13), and implies

that
L
Prob {wo + Zggwg > 0} <e.

/=1

L
> w?<o. (2.3.13)
/=1
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Note that we have established a useful proposition:

Proposition 2.1 [Azuma’s inequality] If &1,...{;, are independent zero mean random vari-
ables taking values in respective segments [—oy,04], 1 <€ < L, then for every Q > 0

L L
Prob Zf@ > Q ZU? < exp{—0?/2}.
=1 =1

Indeed, setting ¢, = & /oy (so that ; € [-1,1] are independent zero mean), € = exp{—?/2}

(so that Q = \/2In(1/e)) and wo = —Qy/ S0, oZ, we get
wo + v/21n(1/€) ZU? =0,
\ =

L
whence, as we have demonstrated, Prob{ wo + ZHQ@ > 0} < e = exp{—Q?/2}, as

<:>ZZ £g>Q\/Z[ (Tg

claimed in Azuma’z inequality.

Now note that (2.3.13) is nothing but

wo + ¢ wi;wy] <O V(C:I¢]l2 < v/21n(1/€)),

we see that in the case in question (!!) holds true with

Z={¢eRl:|¢]2 < V2In(1/e)}. (2.3.14)

In particular, we have justified the usefulness of seemingly “artificial” perturbation sets — Eu-
clidean balls: these sets arise naturally when we intend to immunize solutions to a randomly
perturbed scalar linear constraint against “nearly all” random perturbations (, provided that
all we know about the distribution P of ( is the inclusion P € P. ¢

Before proving (!!), let us understand what this claim actually means. (!!) says that in order
to immunize a candidate solution to the randomly perturbed scalar linear constraint

L
Zow[¢) = wo + Y Guwe <0 (2.3.15)
(=1

in variables w against “nearly all” realizations of random perturbation ¢ (that is, to ensure
the validity of the constraint, as evaluated at our candidate solution, with probability > 1 — e,
whatever be a distribution P of ¢ belonging to a given family P), it suffices to immunize the
solution against all realizations of ¢ from a properly chosen convex compact set Z.

By itself, this fact is of no much value. Indeed, under mild assumptions on P we can point
out a compact convex set Z which is (1 — €)-support of every distribution P € P, that is,
P(RF\Z) < € for every P € P. Whenever this is the case, every solution to the semi-infinite
linear inequality

Zuf(]<0VCEZ
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clearly satisfies the ambiguous chance constraint (2.3.8). The importance of the outlined ap-
proach is that it produces perturbation sets which, in principle, have nothing in common with
(1—¢)-supports of distributions from P and can be much smaller than these supports. The latter
is a good news, since the smaller is Z, the less conservative is the associates safe approximation
of the chance constraint (2.3.8).

What can be gained from our approach as compared to the naive “(1 — €)-support” one,
can be well seen in the situation of Example 2.1, where we are speaking about product-type
distributions with zero mean supported on the unit box By = {¢ € R : ||¢]|ec < 1}.

As we know, in this case our generator-based approximation scheme allows to take, as Z,
the centered at the origin Euclidean ball of radius 1/21In(1/¢). When L is large, this set
is much smaller than any set Z which “(1 — ¢)-supports” all distributions from P. For
example, when ¢ < 1/2 and zZ (1 — ¢)-supports just two distribution from P, specifically, the

uniform distribution on the vertices of Bo, and the uniform distribution on the entirq\ By,
the diameter of Z must be at least 2v/L (why?), while the ratio of the diameters of Z and

Z is at least kK = 4/ ﬁ It is easily seen that the ratio of the average linear sizes® of z

and Z is at least O(1)x, with an absolute constant O(1). Thus, when L > y/2In(1/¢), Z is
“much less” than (any) (1 — €)-support of the distributions from P. It should be added that
when ( is uniformly distributed on the vertices of By, and L > 1/21In(1/¢), the probability
for ¢ to take value in Z is just O...

One can argue that while for ¢ < 1 fixed and L large, our artificial uncertainty set — the
ball Z — while being much less than any (1 — €)-support of the distributions from P in terms
of diameter, average linear sizes, etc., is nevertheless larger than B, (which is the common
support of all distributions from P) in some directions. Well, we shall see in a while that in
the situation of Example 2.1 we lose nothing when passing from the ball Z to its intersection
with B; this intersection is, of course, smaller than B, whatever be the interpretation of
“smaller.”

Justifying (!!)

Assumptions. To proceed, we need to make mild regularity assumptions on the functions
U (w) we intend to use in the approximation scheme suggested by Theorem 2.1. Recall that the

theorem itself requires from ¥ to be a convex upper bound on the function ¥(w) = sup ¥p(w),
PeP
Up(w) = Eewp{7(Zu[(])}. Observe that W(-) possesses the following properties:

o U:RIHL 5 R, U {400} is convex and lower semicontinuous;
e 0 € Dom V¥ and ¥(0) > 1;
e We have oo > ¥([—#;0;...;0]) - 0 as 0 <t — co.

From now on, we assume that the function U+ we intend to use possesses similar properties,
specifically, that

A [ <]UtREFL 5 R, U {+00} is convex and lower semicontinuous;

3The average linear size of a body @ C R” is, by definition (mesy, (Q))I/L.
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B. 0 € intDom ¥+ and ¥*(0) > 1 (note that we have strengthened 0 € Dom ¥ to 0 €
intDom ¥);

C. 00> Ut ([—#0;...;0]) = 0as 0 <t — oo.

We refer to functions ¥+ with the above properties as to regular.

Key fact. The following result is similar to [3, Lemma B.1.1]:

Lemma 2.2 Consider the situation of Theorem 2.1, and let ¥ be reqular. Then the feasible
set W C REFL of the constraint (2.3.7) is a closed convex cone with a nonempty interior, and
this interior contains the vector e = [—1;0;...;0] € RI+1L,

Proof. We know that

(4+) The set
WO = {w: 3a > 0a¥ T (w/a) — ae < 0}

which clearly is conic, is convex and is contained in the feasible set W, of the ambiguous
chance constraint (2.3.8),

and we want to prove that the set

W ={w:G"(w) = éI;fO {a¥*(w/a) — ac} <0}

(a) is a closed convex cone contained in W,, and (b) contains a neighbourhood of the point e =
[-1;0;...; 0].
In order to derive (a), (b) from (+), it suffices to prove that

(¢) W=clW?and (d) ecintW®.

19, Let us first prove that W C cl W°. Indeed, let w € W, and let us prove that w € clWy. Since w € W,
we have for some sequence {«; > 0}:

lim ;[T (w/a;) — €] <0 (%)
71— 00

W.lo.g. we can assume that either

A. Ja = lim «o; € (0,00), or

1— 00
B. a; — +00 as i — oo, or
C.a; - +0asi— oo.
In the case of A we have

0> lim o;[¥H(w/ay) — ] > a[¥t (w/a) — ¢

11— 00

(recall that T is lower semicontinuous), so that w € W?, as claimed.
In the case of B, by lower semicontinuity of ¥+ we have liminf ¥*(w/a;) > U (0) > 1 > €, whence
1— 00
lim o;[¥*(w/a;) — €] = +00, which is impossible.
21— 00

In the case of C (x) says that R,w C Dom U and that U+, by convexity, is nonincreasing along the
ray Ryw and thus is bounded on this ray: IM € [1,00) : U (tw) < M Vt > 0. Besides, U (se) — 0 as
s — 00, so that we can find @ = se € Dom ¥ such that U*(w) < ¢/3. Setting

te 2M — € €
w

ot o YT om

[tw] + {1 - ﬁ} 0,
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we have UF(z;) < 55U (tw) + [1 — 55| UH(w) < § + UH(w) < e, whence z, € W° for all ¢ > 0. Since
W? is conic, we get

te
2M

2M — ¢

-1
WOB[ } Zr =w+ Z—w, t— o0,

and thus w € clW?, as claimed.
29, We have already seen that W C clW?°. To prove that W = clW?, it remains to verify that if
w = lim w; and w; € W°, then w € W. In other words, given that ¥+ (w;/a;) < € for some ; > 0 and
71— 00
that w = lim w;, we should prove that
(3

inf o[0T (w/a)— ¢ <0. (2.3.16)
a>0
There is nothing to prove when w; = w for some i; thus, we can assume that ¢; := ||Jw — w;|| > 0 for all

i. By assumption, 0 € intDom ¥+ and ¥ is convex; thus, ¥T is bounded in a neighborhood of 0:

Ip>0,M <o00): 2] <p=VT(2) < M.

Setting
a;p w — w;
- e (ws s 1 —
(673 51‘ T Oéip, 2 az(wz/az) + ( az) 51‘ P
direct computation shows that
o P wi= W/ :57;+oz7;p
Y St aip T P

Besides this,
UH(z) < 0 WF (wifes) + (1 — a) U (ph5e)
< aue+ (1 — Oéi)M,
= Ut(z;)—e=(1—)[M—¢ =
= %[ (w/v) — € =%[TF(z) —

:%[M—e]—)(),i—)oo,

and the conclusion in (%) follows.

3% We have proved (c¢). What remains to prove is that e € intW. Indeed, Ut is finite in a
neighborhood U of the origin and U*(se) — 0 as s — oo. It follows that for large enough value of s and
small enough value of a > 0 one has

we S :=al+ (1 —-a)se= U (w) <e,

that is, S C W°. Since S contains a neighborhood of s;e for an appropriate s; > 0, sye € intW?, and
since W° is conic, we get e € intW° C intW. ]

Lemma 2.2 is the key to the proof of (!!). Indeed, since W is a closed convex cone and its
interior contains e, the set

Z:{zGRL+1:sz§0VwGW/,eTz:—1}

that is, the intersection of the cone W_ := {z : 2Tw < OVw € W} anti-dual to W with the
hyperplane IT = {z : €Tz = —1}, is a nonempty convex compact set such that

W={w:w'2<0vzeZ}. (2.3.17)
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Indeed, W C RE*! is a closed convex cone and as such it is anti-dual of its anti-dual cone
W_. Besides this, W clearly is proper, i.e., differs from the entire RL+!, since otherwise
we would have —e = [1;0;...;0] € W, that is, [1;0;...;0] would be a feasible solution to the
ambiguous chance constraint (2.3.8) (since all points from W are so), which of course is not
the case. Since W is proper and W = (W_)_, the anti-dual cone W_ of W cannot be {0}.
Further, the hyperplane II intersects all rays Ry f spanned by nonzero vectors f € W_.

Indeed, for such an f, fTe’ < 0 for all vectors ¢’ close enough to e (since f € W_ and
all vectors e’ close enough to e belong to W); since f # 0, since f # 0, the relation
fTe’ <0 for all close enough to e vectors e’ implies that f7e < 0. The latter, in turn,
means that (¢tf)7e = —1 for properly chosen ¢ > 0, that is, II indeed intersects R f.

Since W_ # {0}, the set of nonzero f € W_ is nonempty, and since for every f from this set
the ray Ry f is contained in W_ and intersects I, the intersection Z of W_ and II is convex
and nonempty. Since both ITand W_ are closed, Z is closed as well. To prove that the closed
set Z is compact, it suffices to prove that it is bounded, which is readily given by the fact
that e € intW.

Indeed, assuming that Z is unbounded, there exists a sequence fi, f2, ... of points in Z
such that | fi]l2 = oo, ¢ = oco. Since W_ D Z is a cone, the unit vectors g; = fi/||fill2
form a bounded sequence in W_, and passing to a subsequence, we can assume that
this sequence converges as ¢ — co to a (clearly unit) vector g. Since g; € W_ and W_
is closed, we have g € W_. Further, we have e? f; = —1 for all ¢ due to f; € II, whence
eTg = Zlirglo eTg; = 0. This is in a clear contradiction with the facts that e € intW and

0 # g € W_, since from these facts it follows that g7e’ < 0 for all €’ close to e, and
the latter in the case of 0 # g and gTe = 0 clearly is impossible. Thus, assuming Z
unbounded, we arrive at a contradiction.

We have verified that Z is a nonempty convex compact set, and the only missing fact is
(2.3.17). The latter relation is nearly evident. Indeed, every w € W clearly satisfies w? z <
0Yz € Z due to the fact that Z C W_. Vice versa, if w2z < 0Vz € Z, then wa < 0 for all
0 # f € W_ (since, as we have already seen, a nonnegative multiple of such an f belongs to
Z). But then w € (W_)— = W. Thus, the right hand side in (2.3.17) is exactly W.

Note that (2.3.17) is all we need to prove (!!). Indeed, since e = [-1;0;...;0], we have Il = {z =
[20; 2155 21) s €Tz = =1} = {2 = [1; 21; ...; z1.]}. Consequently, (2.3.17) reads

L
W = {w = [wo; w;..;wg] : w2 <0Vz € Z} = {w = [wo; ...;wr] : wo + Z@we <0V¢ e Z},
/=1

where Z = {¢ € R : [1;¢] € Z}. Tt remains to note that Z is a nonempty convex compact set
along with Z.

Building Z

We have justified (!!); note, however, that this claim is a kind of existence theorem — it just states
that a desired Z exists; at the same time, the construction of Z, as offered by the justification
of (!!), is rather complicated and, in general, difficult to carry out explicitly in the general
case. In fact, this is not a big deal: all that we finally interested in is the resulting convex
approximation (2.3.7) of the ambiguous chance constraint (2.3.8), along with conditions under
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which it is tractable, and this information is readily given by Theorem 2.1: the approximation
is (2.3.7), and it is tractable when W™ is efficiently computable. Whether this approximation
is a Robust Counterpart one and what is the associated uncertainty set — these issues are more
academic and aesthetical than practical. For the sake of aesthetics, which is important by its
own right, here is a rather general case where Z can be pointed out explicitly. This is the
case where the function U* is regular and in addition we have in our disposal a Fenchel-type
representation of W1, that is, representation of the form

U (w) = sup {wT[Bu +b] — ¢(u)}, (2.3.18)
u
where ¢(-) is a lower semicontinuous convex function on certain R possessing bounded level
sets {u: ¢p(u) < c}, c € R, and B, b are a matrix and a vector of appropriate dimensions.

It is well known that every proper (i.e., with a nonempty domain) convex lower semicontin-
uous function f: R™ — R U {400} admits Fenchel representation:

f(w) = sup {sz —¢(2)},
¢ being the Fenchel transform of f:
6(2) = sup {<Tw — f(w)}

The the latter function indeed is proper, convex and lower semicontinuous; it has bounded
level sets, provided that Dom f = R™. It should be added that Fenchel-type (note: Fenchel-
type, not the Fenchel!) representations admit an “algorithmic calculus” and thus usually are
available in a closed form.

Proposition 2.2 [3, section 4.3.2] In the situation of Theorem 2.1, let VT be regular and given
by (2.3.18). Given €, let us set

U = {u: $(u) < —e}.

Then U is a nonempty compact convex set, and

GH(w) <0& m&zch(Bu +b) <0Vuel. (2.3.19)
ue

In other words, the safe convex approximation (2.3.7) of the ambiguous chance constraint (2.3.8)
is nothing but the Robust Counterpart of the uncertain linear constraint

L
> zw <0, (2.3.20)
=0

i variables w, the uncertainty set being
Z={z=Bu+b:uecl}.

The Proposition is an immediate corollary of the following
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Lemma 2.3 Let H(w) : REFT — R U {+00} be a lower semicontinuous convex function such that
0 € Dom H, and a be a real such that H(0) > a, and let H admit a representation

H(w) = sup [w” [Bu + b] — h(u)]

with lower semicontinuous convex function h with bounded level sets. Then the set
U={u:h(u)+a<0}
is a nonempty conver compact set, and

{w: (ir;f;)oz[H(w/a) —a] <0} = {w:w'[Bu+b <0Vucl}. (2.3.21)

Proof. 1. We have H(0) = — inf, h(u) and this infinum is achieved (since h has bounded level sets and
is lower semicontinuous). Thus
Juy : h(us) = —H(0) < —a,

whence the set U is nonempty. Its convexity and compactness follow from the fact that h is lower
semicontinuous, convex and has bounded level sets.

20, Let us denote by Wy, W, the left- and the right hand side sets in (2.3.21), and let us prove first that
Wy C W,.. In other words, we should prove that if w ¢ W,., then w ¢ W,. To this end note that for
w ¢ W, there exists @ such that h(@) +a < 0 and w?[Ba + b] > 0. It follows that

a>0= alH(w/a) —a] > af(w/a)T[Bu+ b] — h(i) — a] = w? [Ba + b] — afh(a@) + a] > w’ [Ba + b],

and thus iI;fOoz[H(w/a) —a] > wT[Bu+b] > 0, so that w ¢ Wy, as claimed.

39. It remains to prove that if w € W,., then w € Wp. Let us fix w € W,.; we should prove that for every
0 > 0 there exists & > 0 such that
alH(w/a) —a] < 6. (2.3.22)

Observe, first, that whenever u € U, there exists «,, > 0 such that
w? [Bu + b] — ay (h(u) +a) < §/2

(since wT[Bu+b] < 0 due to w € W,.). Since —h(-) is upper semicontinuous, there exists a neighborhood
V,, of u such that
Y(u' € V) wl [Bu' +b] — ay(h(u') +a) < §/2.

Since U is a compact set, we see that there exist finitely many positive reals aq, ..., an such that

Yuel: minN [w”' [Bu +b] — a;[h(u) + a]] < 6/2. (2.3.23)

1<i<

R||BT

Now let R < oo be such that ||u — u.||2 < R whenever u € U, and let ay > H(O)ﬁ’g? We claim that

u g U = wl [Bu+b] — ay[h(u) +a) <O0. (2.3.24)

Indeed, let us fix u € U, and let us prove that the conclusion in (2.3.24) holds true for our u. There
is nothing to prove when u ¢ Dom h, thus assume that © € Domh. Let u; = u. + t(u — us), and let
n(t) = h(u) +a, 0 < ¢ < 1. The function n(-) is convex, finite and lower semicontinuous on [0, 1] and
thus is continuous on this segment. Since n(0) = —H(0) 4+ a < 0 and n(1) > 0 due to v € U, there exists
t € (0,1) such that n(f) = 0, meaning that uz € U and thus w? [Bug + b] < 0. Since |luz — u.|l2 < R, we
have

1—1¢ 1—1¢ 1—¢
wT [Bu + b] = w” {b—l—B {ut—l— T(ut—u*)” < TwTB[u,g—u*] < TRHBTng.
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On the other hand, we have 0 = n(¢) < tn(1) 4+ (1 — t)n(0), whence

—Ln(0) =~ [H(0) - al.

We conclude that w? [Bu+b] — o [h(u)+a] < 1T_jR||BTw|‘2 —a+1%—{[H(O) —a] < 0, where the concluding
inequality is given by the definition of ay. We have proved (2.3.24).
3. Setting anyy1 = a, and invoking (2.3.23), we see that

. T . <
o [w" [Bu + b] — a;[h(u) + a]] < 6/2 Vu € Domh,

meaning that

N+1
sup min Z Ai [wh [Bu +b] — a;[h(u) + a]] < 6/2;

A>0,
wveDomh Z];V;{l Ap=1 i=1

i

4

invoking Sion-Kakutani Theorem,* we conclude that there exists a convex combination

N+1
Z A [wT [Bu + b] — a[h(u) + aH =w?’ [Bu + b] — alh(u) + a],

a= ng{l Aia; > 0, such that w?[Bu + b] — a[h(u) + a] < 6 on the domain of h, meaning that

alH(w/a) — a] = sup [w” [Bu + b] — alh(u) +d]] <4,
as required in (2.3.22). O
The above Proposition has an “aesthetical drawback:” in (2.3.20), the coefficients of all
variables wy, ..., wy, are uncertain, while in (2.3.8) the coefficient of wy is certain — it is equal to
1. In [3, section 4.3.2] it is explained how to get rid of this drawback.

2.4 Implementing the Approximation Scheme

2.4.1 “Ideal implementation” and Conditional Value at Risk

A natural question in the situation of Theorem 2.1 is how to choose the best, if any, generator
~(-) and the best U*. When all we are interested in is to minimize the conservatism of the
approximation (2.3.7) of the ambiguous chance constraint (2.3.8), the answer is clear: under
extremely mild boundedness assumptions, the best () and ¥*(-) are

L
Y+(s) = max[l + 5,0, U (w)=sup Ecup {7*(2110 + Z ngg)} . (2.4.1)
pPeP =1

The regularity assumptions in question merely require the expectations E¢op {[|(|l2} to be
bounded uniformly in P € P. Note that in this case (which we assume to take place from
now on) ¥} is regular and Dom ¥} = REHL

4This standard theorem of Convex Analysis reads as follows: Let X,Y be nonempty convex sets with X being
compact, and f(x,y) : X XY — R be a function which is convex and lower semicontinuous in x € X and concave
and upper semicontinuous in y € Y. Then inf sup, .y f(x,y) = sup inf f(z,y).
zeX yey z€X
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Indeed, after a generator is chosen, the best possible, in terms of the conservatism of the
resulting approximation of (2.3.8), choice of ®* clearly is

@ = sup Ecop {7(Zu[C])} -
PeP

Now let v be a generator. Since 7 is convex and nonnegative, v(0) > 1 and ~(s) — 0 as
s = —o0, we have a := v/(04) > 0. By convexity and due to y(0) > 1, we have v(s) > 1+as
for all s, and since 7y is nonnegative, it follows that

v(s) > 7(s) := max[1l + as, 0] = y.(as).

By this inequality, replacing v with . (as) (the latter function is a generator due to a > 0), we
can only ®7, thus reducing the conservatism of (2.3.7). It remains to note o (w) = &F (aw),
meaning that <I>%r and ®F lead to proportional to each other, with a positive coefficient,
functions G* and thus — to the equivalent to each other approximations (2.3.7).

The case of known P. In the case when P = {P} is a singleton, the approximation (2.3.7)
associated with (2.4.1) after simple manipulations (carry them out!) takes the form

CVaR.(w) = ;Ielﬂg a+ %E{[maX[Zw ] —a,0]}| <O. (2.4.2)

The left hand side in this relation is nothing but the famous Conditional Value at Risk, the level
of risk being ¢, of the random variable Z,,[(]. This is the best known so far convex in w upper
bound on the Value at Risk

VaR(w) = mel]%g {a : Probep{Zy[¢] > a} < €}.

of this random variable. Note that in the non-ambiguous case, the chance constraint (2.3.8) is
nothing but the constraint VaR.(w) < 0, the CVaR approximation (2.4.2) is therefore obtained
from the “true” constraint by replacing VaR¢(w) with its convex upper bound CVaR,(w).

While being safe and convex, the CVaR approximation typically is intractable: comput-
ing CVaR,(w) reduces to multi-dimensional integration; the only computationally meaningful
general technique for solving the latter problem is Monte Carlo simulation, and this technique
becomes prohibitively time consuming when € is small, like 1075 or less. Seemingly, the only
generic case when the CVaR approximation is tractable is the one where the distribution P of
¢ is supported on a finite set {¢!,...,¢V} of moderate cardinality N, so that

N
U (w) = Zm max
i=1

L
0,1+wo+ Y Céwe] [ri = Prob{¢ = ('}]
=1

In this case, the RC representation of the CVaR approximation is

CVaR.(w) <0 & wp + Yot Cwp <0V € Z,
Z={¢C= Zi]iluz(i (0 < <mfey v =1},

see [3, Proposition 4.3.3].
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2.4.2 “Tractable case:” Bernstein Approximation

We are about to demonstrate that under reasonable assumptions on P, the generator ~y(s) =
exp{s} which we have used in Example 2.1 results in computationally tractable approximation
(2.3.7) of the ambiguous chance constraint (2.3.8).

The assumptions in question are as follows:

Brn.1. P is comprised of all product-type probability distributions P = P; X...x Py, with marginals
P, running, independently of each other, in respective families Py, 1 < £ < L; here Py is a
given family of probability distributions on R.

Brn.2. The functions
®;(t) == sup In(Es.p,{exp{ts}})
PePy
are convex and lower semicontinuous (this is automatic) and 0 € intDom ® (this indeed is
an assumption), and we have in our disposal efficiently computable lower semicontinuous
convex functions
®7 () > ()

with 0 € intDom ®; .
Under these assumptions, for every P = P; X ... X P, € P we have

L L L
Eq.p {exp{wo + Z ngg}} = exp{wp} H E¢,~p,{exp{wi(r}} < exp{wo} H exp{®; (wy)}.
l=1 (=1 l=1
It follows that setting
L
U (w) = exp{wo} | [ exp{®] (we)},
/=1

we meet the requirements imposed on ¥ in Theorem 2.1, so that the condition
Ja>0: 9" (o tw) <e (2.4.3)

is sufficient for w to satisfy (2.3.8).
Now let us proceed similarly to the derivation of (2.3.7), but not exactly so; it is now
convenient to rewrite (2.4.3) in the equivalent form

Ja > 0:In ¥ (o w) < In(e).
Taking into account the structure of U, the latter condition reads
Ja > 0:wo+ a®(a w;..;wr]) + aln(l/e) <0

B(z) = é &7 () (24.4)

Observe that ®(w) by construction is convex and lower semicontinuous, 0 € intDom ®, and that
®(te) — —oo as t — +o0; here, as above, e = [~1;0;...;0] € REFL. It is not difficult to see (see
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[3] for all proofs we are skipping here) that the sufficient condition (2.4.4) for w to satisfy (2.3.8)
can be weakened to

H(w) := wo + infaso {a®(a wi;..;we]) + aln(l/e) }
= wp + 01};% {25:1 a®) (atwy) + aln(l/e)} <0 (2.4.5)
We shall call the latter sufficient condition for the validity of (2.3.8) the Bernstein approximation
of the ambiguous chance constraint (2.3.8). The main properties of this approximation are
“parallel” to those of (2.3.7). These properties are summarized in the following result (the proof
is completely similar to those of Lemma 2.2 and Proposition 2.2):

Theorem 2.2 Let assumptions Brn.1 — Brn.2 take place. Then

(1) (2.4.5) is a safe tractable convexr approzimation of the ambiguous chance constraint (2.3.8),
and the feasible set W of this approximation is a closed convex cone which contains the vector
e = [—1;0;...;0] in its interior.

(ii) The approzimation (2.4.5) is of the Robust Counterpart form:

L
W= {w:wo+» (e <0V € Z} (2.4.6)
(=1

with properly chosen nonempty conver compact uncertainty set Z. Assuming that ® (see (2.4.4))
1s given by Fenchel-type representation

O([wi;..;wr]) = sup [[wi;...;wr ] (Bu+b) — ¢(u)]
u
where ¢ is convex, lower semicontinuous and possesses bounded level sets, one can take

Z={C=Bu+b:¢(u) <In(1/e)}.

2.5 Bernstein Approximation: Examples and Illustrations

In this section, we consider the Bernstein approximations of the ambiguous chance constraint
(2.3.8), the assumptions Brn.l — Brn.2 being in force all the time. Thus, we all the time
speak about the case when (i, ..., (s are independent, changing from example to example our
assumptions on what are the families P, where the marginal distributions of (y run.

2.5.1 Example 2.1 revisited: Entropy, Ball, Ball-Box, Budgeted and Box
approximations

Everywhere in this subsection we assume that the families Py, ¢ < ¢ < L, are comprised of all
zero mean probability distributions supported on [—1,1], cf. Example 2.1.°

SNote that by scalings ¢, — a¢ + b we can reduce to this case the one where (; take values from a known
segment, perhaps depending on ¢, and the expectation of {; is known to be the midpoint of the segment.
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Entropy approximation

When processing Example 2.1, we have seen that

®; := sup In(E¢,~p{exp{t(,}}) = In(cosh(t)).
PyePy

Thus, the best — the least conservative under the circumstances — Bernstein approximation of
(2.3.8) is

L
Zln(cosh(oflwg)) + ln(l/e)] <0. (2.5.1)

(=1

wo + inf «
a>0

The corresponding function @, see Theorem 2.2, is ®(z) = Zé::l In(cosh(zy)). It is easy to find
the Fenchel representation of ®:

N =

®(z) = sup [zTu—

L
wil|ullco<1 —

> 11+ ug) In(1 + ug) + (1 —ug) In(1 — W)]] .

1

It follows that the set Z from the Robust Counterpart representation (2.4.6) of (2.5.1) is

L
zhntr _ {g ER":|[¢llo 1, (1 + ) In(1+ G) + (1= ¢) In(1 = ()] < 21n(1/6)} '
/=1
(2.5.2)

Ball approximation
When processing Example 2.1, we, in fact, were applying the Bernstein approximation, but with

L
the majorant ®*(z) = 3 Y 27 of the above @ in the role of ®, and ended up with the Robust
(=1

Counterpart type safe tractable approximation of (2.3.8) with the Euclidean ball zBall _ {z:
llzll2 < v/21In(1/€) in the role of Z. We can recover the latter approximation directly from the
Entropy one, by noting that (1 + s)In(1 + s) + (1 — s)In(1 — s) > s when |[s| < 1, that is,
zEntr - zBall 4, that the Ball approximation of (2.3.8) — the one with Z = zball i more
conservative than the Entropy one and thus is safe along with the latter. The explicit form of
the Ball approximation is

wo + v/21n(1/e)

and its Robust counterpart form is

L
wo + Y Cewg < 0 V¢ € 2Bl
=1
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Ball-Box approximation

As we have seen, the set ZE0 | which is clearly contained in the box ZBOX = {zeRE: |20 <

1}, is contained also in the ball zBall. it follows that when replacing the uncertainty set ZE0tr

participating in the RC representation the entropy approximation with the larger set
zBallBox _ zBall  zBox _ 1) c RL . |2l < 1&]|2]2 < v/2In(1/€)},

we get a safe tractable approximation of (2.3.8) which is more conservative than the Entropy
one and is less conservative than the plain Box approximation. An explicit representation of the
Ball-Box approximation of (2.3.8) is given by the conic quadratic constraint

L
wo + Z lwe — we| +/21n(1/e)
(=1

L
Zu? <0
=1

in variables w and additional variables w.

The latter claim is an immediate conclusion of the following well known fact (prove it!): if
B, C are two convex compact sets with intersecting interiors in R", then for every ¢ one has

max c¢'z = min maxa’z +max bl x| .
r€ANB a,b:a+b=c | z€A z€eB

Budgeted approximation

For every vector z € RE one has ||z]|; < VI|jz|ls; this, Z2BalBOX ig contained in the set

zBudg _ zBow q {z : |Iz|li €< v/2LIn(1/e)}. Using this set in the role of Z, we get what is
called Budgeted approximation of (2.3.8) which is more conservative than the Ball-Box one and
thus is safe. An explicit polyhedral representation of the Budgeted approximation is given by
the constraint

L
— <
wo + ; |we — up| + /2L 1n(1/e€) max luel <0

in variables w and in additional variables u. While being more conservative than the Ball-Box
one, the Budgeted approximation, introduced by Bertsimas and Sim, is very popular, since the
approximating constraint can be represented by a system of linear inequality constraints, and
thus we do not leave the realm of Linear Optimization.

Box approximation

This is the extreme case of the above constructions, where we use, as Z, the box ZbOX, thus
ignoring all information on the stochastic nature of perturbations and utilizing the only the
assumption that ¢ always takes its values in 2box The polyhedral representation of the resulting

Box approximation of (2.3.8) is
L

wo + Y |we| <0,
l=1
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and this approximation is more conservative (and can be much more conservative when L is
large) than all other approximations we have developed, except, perhaps the Ball one. As a
compensation, the Box approximation is independent of € and on our assumption of independence
Cr. When € is “extremely small”, so that 1/21In(1/¢) > v/L (for not too small L, these values of
€ are by far too small to be of any practical interest), all approximations we have built, except
for the Ball one, coincide with the Box approximation.

How it works: Single Period Portfolio Selection

Let us apply the outlined techniques to the following single-period portfolio selection problem:

There are 200 assets. Asset # 200 ("money in the bank”) has yearly return rop =
1.05 and zero variability. The yearly returns ry, £ = 1,..., 199 of the remaining assets
are independent random variables taking values in the segments [uy — oy, pe + o]
with expected values py; here

200 — ¢ 200 — ¢
=1 B =0. 66—, 0=1,...,199.
177 05+40.3 199 , 00 =0.05+0.6 199 sy 199

The goal is to distribute $1 between the assets in order to maximize the value-at-risk
of the resulting portfolio, the required risk level being € = 0.5%.

We want to solve the uncertain LO problem
199 200
t: —t> =1,y > 0W/
Hﬁx{ ezlwye‘FTQooymo _07;y£ Yo > 0V },

where y, is the capital to be invested in asset # £. The uncertain data are the returns 7y,
£=1,...,199; their natural parameterization is

T = pp + 0oy,

where (g, £ = 1,...,199, are independent random perturbations with zero mean varying in the
segments [—1,1]. Setting x = [y; —t] € R**!, the problem becomes

minimize x99

subject to
199 199
(a) [a® + 3 GaT"e — 07+ 3 b1 <0
=1 =1 (2.5.3)
200
(0) >ox=1
j=1
(c) xy>0,0=1,...,200
where
a® = [—p1; —p2; -.; — 1995 —r200; —1];
at =0y [0p-11;1;0001_¢1], 1 < £ < 199; (2.5.4)

b'=0,0<¢<199.
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0 20 40 60 80 100 120 140 160 180 200

Figure 2.1: Robust solutions to portfolio selection problem. Along the xz-axis: indices 1,2,...,200
of the assets. a: expected returns, b: upper and lower endpoints of the return ranges, c: invested
capital for ball-box RC, %, d: invested capital for Budgeted RC, %.

The only uncertain constraint in the problem is the inequality (2.5.3.a), and this constraint fits
the framework of Example 2.1. We consider 3 of the above safe tractable approximations of the
chance version of this constraint, with e set to 0.005, which results in © := /21In(1/e) ~ 3.255.
We consider three of the above safe tractable approximations of the uncertain constraint in
question — the Box, the Ball-Box and the Budgeted ones.

Box approximation. With this approximation, the resulting robust version of the problem of
interest after straightforward computations becomes the LO program

199
> (e — o0)ye + 1.05y200 >
max{ t: Gol ; (2.5.5)

y,t
Sy=1y>0
/=1

as it should be expected, this is nothing but the instance of our uncertain problem corresponding
to the worst possible values vy = py — op, £ = 1,...,199, of the uncertain returns. Since these
values are less than the guaranteed return for money, the robust optimal solution prescribes to
keep our initial capital in the bank, with a guaranteed yearly return of 1.05, that is, a guaranteed
profit of 5%.

Ball-Box approximation. Here the robust version of the problem of interest is the conic
quadratic program

199 199 199
S peye + 1.05y200 — Y |2e] — 3.255¢ [ > w? >t
max { t: =1 t=1 =1 . (2.5.6)

Y,2,Ww,t 200
2 +we=opye, £=1,..,199, > ye=1,y>0
=1

The robust optimal value is 1.1200, meaning 12.0% profit with risk as low as ¢ = 0.5%. The
distribution of capital between assets is depicted in figure 2.1.
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Budgeted RC. Here the robust version of the problem of interest is the LO problem

199 199
> pueye + 1.05y200 — > |ze] — 45.921 max |wy| > ¢
p. =1 =1 1<0<199 057
max : 200 . ( 5. )

y?z7w7t

ze+we=opys, £=1,..,199, >y, =1,y>0

(=1
The robust optimal value is 1.1014, meaning 10.1% profit with risk as low as ¢ = 0.5%. The
distribution of capital between assets is depicted in figure 2.1.
Discussion. First, we see how useful stochastic information might be — with risk as low as
0.5%, the value-at-risk of the portfolio profits yielded by the Ball-Box (12%) and the Budgeted
(10%) approximations are twice as large as the profit guaranteed by the box approximation
(5%). Note also that both the Ball-Box and the Budgeted approximations suggest “active”
investment decisions, while the box RC suggests keeping the initial capital in bank. Second, the
Budgeted RC, as it should be, is more conservative than the ball-box one. Finally, we should
remember that the actual risk associated with the portfolio designs offered by the Ball-Box and
the Budgeted approximations (that is, the probability for the actual total yearly return to be
less than the corresponding robust optimal value) is at most the required 0.5%, and is likely to
be less than this amount; indeed, all our approximations are safe and thus conservative.

It is interesting to find out how small the actual risk is. The answer, of course, depends
on the actual probability distributions of uncertain returns (recall that in our model, we pos-
tulated only partial knowledge of these distributions, specifically, knowledge of their supports
and expectations). Assuming that “in reality” (s, £ = 1,...,199, take only their extreme values
+1, with probability 1/2 each, and carrying out a Monte-Carlo simulation with a sample of
1,000,000 realizations, we found that the actual risk for the “Ball-Box” portfolio is less than
the required risk 0.5% by factor 10, and for the “Budgeted” portfolio, by factor 50. Based on
this observation, it seems plausible that we can reduce our conservatism by “tuning,” that is,
by replacing the required risk in the approximations with a larger quantity, in hope that the
resulting actual risk, (which can be evaluated via simulation), will still be below the required
level. With this tuning, reducing the coefficient 3.255 in (2.5.6) to 2.589, one ends up with
the robust optimal value 1.1470 (that is, with a profit of 14.7% instead of the initial 12.0%),
while keeping the empirical risk (as evaluated over 500,000 realization sample) still as low as
0.47%. Similarly, reducing the “uncertainty budget” 45.921 in (2.5.7) to 30.349, we increase the
robust optimal value from 1.1012 to 1.1395 (i.e., increase profit from 10.12% to 13.95%), with
the empirical risk as low as 0.42%.

2.5.2 More examples

Under assumption Brn.1, which is in force in what follows, all we need in order to apply to (2.3.8)
the Bernstein approximation scheme in a computationally efficient fashion are efficiently com-
putable convex upper bounds @zr(') : R — R on the worst-case, over Py, logarithmic moment-
generating functions

(PZ(t) = sup In (ECeNPe{eXp{tCK}}}'
P,ePy

The “ideal case” here is the one when we can choose as <I>Z the functions ®; themselves, thus
arriving at the least conservative, under circumstances, versions of the Bernstein approximation.
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We are about to list a number of these “ideal cases.” Below / is a fixed index from {1,...,L}. We
skip the proofs of the claims to follow; all these proofs can be found in [3, Chapter 2]. More to
the point, finding the proofs can be considered as a series of instructive exercises for the reader.
Note that in the examples to follow, to avoid messy formulas, we normalize the situation “to the
largest possible extent;” e.g., when speaking about the case when all distributions from P, are
supported on a common finite segment, we restrict ourselves with the case when this segment is

[—1,1

|, keeping in mind that the results can be extended straightforwardly from this normalized

case to the general one by appropriate scaling {; — a¢(y + by.

1.

Gaussian distributions. Let Py be the set of all Gaussian probability distributions on the
axis with expectation y varying in a given finite segment [, , uzr] and the standard devi-
ation bounded by a given finite and positive quantity v. In this case

2
v

®j(t) = max pt+ L2
py <p<pg 2

. Bounded support: Py is comprised of all probability distributions supported on [—1,1].

Here
Py(t) = [t].

Bounded support plus unimodality: Py is comprised of all probability distributions sup-
ported on —1,1] which are unimodal, that is, are convex combinations of two probability
distributions: one is the unit mass at the origin, and the other one has density p(-) which
vanishes outside [—1, 1] and is nondecreasing to the left of 0 and nonincreasing to the right

of 0. Here
expi[t]} — 1>
It]

oi(t) = In (

. Bounded support plus unimodality plus symmetry: P, is comprised of all symmetric w.r.t.

0 distributions from the previous item. Here

Oi(t) = In (@) .

. Bounded support plus symmetry: Py is comprised of all symmetric probability distribu-

tions supported on [—1, 1]. Here
®;(t) = In(cosh(t)),

cf. Example 2.1.

. Range and expectation information: Py is comprised of all probability distributions sup-

ported on [—1,1] with expectations belonging to a given segment [u, , 4, ] C [—1,1]. Here

®y(t) = max log(cosh(t) + psinh(t)).
py <p<pf
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7. Range, expectation and variance information: Py is comprised of all probability distribu-

tions P, supported on [—1,1] with expectations belonging to a given segment [u[,uj]

and with variances E¢, pe{Cg} not exceeding a given quantity Vg > 0. Assuming that

|uzt\ < vy <1, which is w.l.o.g. (why?), we have

2
1—p)? exp thV +W2—p?) exp{t
max  In (1—p) {1,#}(215 p?) exp{t} >0
— << + 1—2;L-|—Z/£
Dj() = { Mo :
(L2 exp{t T} (v —i?) exp{ 1)
max In Fs Y , t<0
py <p<pg @

8. Range, symmetry and variance information: P, is comprised of all symmetric w.r.t. 0
probability distributions supported on [—1, 1] with variance not exceeding a given quantity
V€2' Assuming w.l.o.g. that 0 <y, < 1, we have

®}(t) = In (t*cosh(t) + 1 — 7).

9. Range, symmetry, unimodality and variance information: Py is comprised of all symmetric
and unimodal w.r.t. 0 probability distributions supported on [—1,1] with variance not
exceeding a given quantity v7. Assuming w.lLo.g. that 0 < vy < 1/4/3 (this is the largest
possible variance of a symmetric and unimodal w.r.t. 0 random variable supported on
[—1,1]), we have

inh(
o (t) = In (1 — 32+ 31/2%) .

Note that the above list seemingly is rich enough for typical applications. When implementing
Bernstein approximation, one can use the above “knowledge” as it is, thus arriving at safe
tractable approximations of the structure depending on what we know about every one of P,.
There exists also another way to utilize the above knowledge, slightly more conservative, but
with the definite advantage that the resulting approximation always is of the same nice structure
— it is a conic quadratic optimization program. Specifically, it is easily seen that in the situations
we have listed, the functions ®;(¢) admits a majorant of the form

2
O (t) = max [x; X t] + S 1< O< L (2.5.8)

with easy-to-compute parameters th, o¢ > 0. The values of th and oy are presented in table
2.1 (in all cases from the above list where oy is given by an efficient computation rather than
by an explicit value, we replace o, with its valid upper bound). Now, we are in our right to use
in the Bernstein approximation scheme in the role of @2’ the functions (2.5.8), thus arriving at
the approximation

L 2,2
H(w) := 01};% wo —|—azz_; [max[xewg/a,xzrwg/a] + 026;26] —l—aln(l/e)] <0,

which is nothing but the explicit convex constraint

L

wo+ " max|xy we, xjwe] + /2(1/€)

(=1

(2.5.9)
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‘ case in the list H X, ‘ XZ ‘ oy H
1 pe Ll | v
2 -1]1 0
T RN R
4 010 1/3
5 010 1
6 pe lpf | <1
7 pe |mg | <1
8 010 <1
9 0|0 |<4/1/3

Table 2.1: Parameters X}t, oy for the listed cases

in variables w; by its origin this constraint is a safe tractable approximation of the ambiguous
chance constraint (2.3.8) in question. Note also that this approximation can be straightforwardly
represented by a system of conic quadratic inequalities.

The Robust Counterpart from of (2.5.9) is

wo + Sk Cwy <0 VC € Z,

2.5.10
Z:{C:u—l—v:xz§W§XZ,€:1,...,L,Z£ZIU?/J?§21n(1/e)}, ( )

that is, the corresponding perturbation set is the arithmetic sum of the box {u : [x7;...;x,] <
u < [x{;..;x7]} and the ellipsoid {v : ZeL:l v?/o? < 2In(1/€)}; here, as always, v /0? is either
+o0 or 0, depending on whether or not v, > 0).

Refinements in the bounded case

Assume that we are in the situation of the previous item and that, in addition, all P, are
comprised of distributions supported on [—1, 1] (or, equivalently, for every ¢ < 1, one of cases 2
— 9 takes place). In this case, all distributions P € P are supported on the unit box By, = {¢ €
RE : ||¢]|oo < 1}. Tt is natural to guess, and is indeed true that in this case the above Z can be
reduced to Z_ = Z N By, so that the Robust Counterpart of the uncertain linear constraint

L
wo + Y Gewe <0,
=1

the uncertainty set being Z_, still is a safe tractable approximation of (2.3.8).

When proving the latter claim, assume for the sake of simplicity that for every £ either
X, < XZ, or oy > 0, or both (on a closest inspection, the general case easily reduces to the
latter one). Taking into account that 1 < x, < er <1 for all £, it is easily seen that in the
case in question the interiors of the convex compact sets Z and B, have a point in common.
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This, in view of the basic fact of convex analysis we have already mentioned, implies the
equivalence

Vw = [wo; w] € REFL:

Th < —woVC e Z_"

(w) B(w,a)

< Ja:maxa’( 4+ max [@ — a]T¢ < —wp
ez (€Bw

Now, all we want to prove is that whenever w = [wg; @] satisfies A(w), w is feasible for
(2.3.8). Assuming that w satisfies A(w), the above equivalence says that there exists a such
that w, a satisfy B(w,a), that is, such that

maxa’ ¢ < Wy := —||w — all; — wo.
CeZ

As we remember from our previous considerations, the latter inequality implies that
VP € P : Probeop {wo + |0 —all1 + (Ta >0} <e. (2.5.11)

When ¢ belongs to the support of P, we have ||(||cc < 1 and thus ¢T[w — a] < ||@w — a1, so
that
wo + ¢ =wo + ('@ —a] +¢Ta <wo+ @ —afy + (T,

which combines with (2.5.11) to imply that w is feasible for (2.3.8), as claimed.

2.5.3 Approximating Quadratically Perturbed Linear Constraint

Till now, we were focusing on Bernstein approximation of (the chance constrained version of) a
scalar linear constraint f(z,() < 0 affinely perturbed by random perturbation ¢ (i.e., with f bi-
affine in x and in ¢). Note that in principle the generating-function-based approximation scheme
(and in particular Bernstein approximation) could handle non-affine random perturbations; what
is difficult in the non-affine case (same as in the affine one, aside of the situation covered by
assumptions Brn.1-2), is to get a computationally tractable and a reasonably tight upper bound
on the function V*(z) = suppcp E{7(f(z,())}. There is, however, a special case where the
latter difficulty does not occur — this is the case when f(x,() is affine in z and quadratic in (,
and ( is a Gaussian random vector. We are about to consider this special case. Thus, we assume
that the constraint in question is

CTW ¢+ 2fwr; s wr]C 4+ wo < 0 (2.5.12)

where the symmetric matrix W and vector w = [wg; wy;...;wr ] are affine in the decision variables
z, and ¢ € RY is a Gaussian random vector. We lose nothing by assuming that the decision
variables are (W, w) themselves, and that ¢ ~ N(0,Ir).

We start with the following observation (which can be justified by a straightforward compu-
tation):

Lemma 2.4 Let ( ~ N(0,1), and let
& =" = TWE+ 2fwn; s wi]T ¢+ wo.
Then In (E {exp{¢"V"*}}) = F(W,w), where

F(W,w) = wy— 3nDet(I —2W) +2b7 (I —2W) twy;...;wi]

2.5.13
Dom F = {(W,w) € S x RLFL: 2W < I} ( )
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Applying the Bernstein approximation scheme, we arrive at the following result:

Theorem 2.3 [3, Theorem 4.5.9] Let

O(a, W,w) = aF (o™ (W, w))
= [ — 2InDet(I — 207 'W) + 207 [wy;..;wp ] (I — 207 W)y ...;wL]] + wo

(2.5.14)
[Dom ® = {(ar, W,w) : > 0,2W < al}],
W ={(W,w) : Ja > 0: ®(a, W,w) + aln(1/e) <0}, W =clW°.
Then W is the solution set of the convex inequality
H(W,w) = inf [®(a, W,w) + aln(1/e)] <O0. (2.5.15)

a>0

If { ~ N(0,1), then this inequality is a safe tractable approzimation of the chance constraint

Probeno.1,) {¢T W+ 2[wyswr] ¢+ wo > 0} <e. (2.5.16)

Application: A useful inequality

Let W be a symmetric L x L matrix and w be an L-dimensional vector. Consider the quadratic
form
f(s) = sTWs 4+ 2wTs,

and let ¢ ~ N(0,I). We clearly have E{f(¢)} = Tr(W). Our goal is to establish a simple bound
on Prob{f(¢) — Tr(W) > t}, and here is this bound:

Proposition 2.3 Let )\ be the vector of eigenvalues of W. Then

¥Q > 0 : Probe. o) {[gTWC +2wT¢] — Te(W) > QVATA T wTw}
I } (2.5.17)

<e —
= Xp{ 4(2\/>\T>\+wTw+||)\||ooQ)

(by definition, the right hand side is 0 when W =0, w =0).

Proof. The claim is clearly true in the trivial case of W = 0, w = 0, thus assume that f is not
identically zero. Passing to the orthonormal eigenbasis of W, we can w.l.o.g. assume that W is
diagonal with diagonal entries A, ..., A,. Given Q > 0, let us set s = QVATA + wlw and let

S
TT220TN  wlw) + [Mws)’

so that ( - - )
dy( M A+ wrw

0<~y&29W <1& =s. 2.5.18

MDY (2:5.18)
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Applying Theorem 2.3 with wyg = —[Tr(W) + s] and specifying 5 as 1/, we get
Prob{f(¢) > Tr(W) + s}
lU2
< exp {—73 + Zé::l (—% In(1 — 2y)\) + 272 o 7)%)}
2
< exp {_78 + ZéLzl (1]2):5)\5 + 272 1f§fy)\[ - 7)\6) }
[since In(1 —§) + % > In(1) = 0 by the concavity of In(-)]
2 2 )\2 11)2 2(\T wTw
= exp {—78 +30 (%)} < exp {_78 + 271(%Ililloo)}
< exp{-%}

by (2.5.18)] .

Substituting the values of v and s, we arrive at (2.5.17). O

Application: Linearly perturbed Least Squares inequality

Consider a chance constrained linearly perturbed Least Squares inequality
Prob {||A[z]¢ + bz]||2 < c[z]} > 1 —, (2.5.19)

where A[z], b[z], ¢[z] are affine in the variables z and { ~ N(0,I). Taking squares of both sides
in the body of the constraint, this inequality is equivalent to

U, u, ug :
U ‘ ul AT[x]A[x] ‘ AT[:v]b[x] o T L " u ]
)= e T ] & Peob {STUC 2 e 0f <

U‘UO

Assuming c[z] > 0, passing from U, u variables to W = ¢~ }[z]U, w = ¢~ }[z]u, and dividing both
sides of the LMI by c[z], this can be rewritten equivalently as

(W, w,wo)Tz )
[ VwV } w(]:li o] } = ¢ [z][Alz], b[z]]T[A[z], b]z]] & Prob {CTWC T 2;1 weCo + wo > 0} <e

The constraint linking W, w and « is, by the Schur Complement Lemma, nothing but the Linear
Matrix Inequality

w [wi;...;wp] | AT[x]
[wi,...,wr] | wo+clx] | bT[z] | =0. (2.5.20)
Alx] bz] clx)I

Invoking Theorem 2.3, we arrive at the following

Corollary 2.1 The system of convex constraints (2.5.20) and (2.5.15) in variables W,w,x is a
safe tractable approximation of the chance constrained Least Squares Inequality (2.5.19).

Note that while we have derived this Corollary under the assumption that c[z] > 0, the result
is trivially true when c[z] = 0, since in this case (2.5.20) already implies that A[z] =0, b[z] =0
and thus (2.5.19) holds true.
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2.6 Beyond the Case of Independent Linear Perturbations

Situation and goal

Until now, we were mainly focusing on the chance constrained version of a scalar linear constraint
affinely affected random perturbations with independent components. Now let us consider the
situation where

A. The uncertainty-affected constraint still is scalar and affine in the decision variables, but
is quadratic in perturbations.

A generic form of such a constraint is
(1" W1 <o, (2.6.1)

where W € SE*1 is affine in the decision variables, and ¢ € R is random perturba-
tion vector. We lose nothing by assuming that our decision variable is the symmetric
matrix W itself.

B. We are interested in the ambiguously chance constrained version of (2.6.1), specifically, in
the constraint
sup Probeop {[G; 1T W[¢;1] > 0} < e (2.6.2)
PeP

in variable W, where € € (0,1) is a given tolerance, and P is a given family of probability
distributions on R”. We assume that our a priori knowledge of P reduces to

B.1: partial knowledge of marginal distributions of { = [(1;...;(r]. Specifically, we
are given families Py, 1 < £ < L, of probability distributions on the axis such that

Py contains the distribution Py of ;. We assume that sup [ s?dP(s) < oo for all ¢;
PePy
B.2: partial knowledge of the expectation and the covariance matrix of (. Specifi-

cally, we are given a closed convex set V in the cone of symmetric (L 4 1) x (L + 1)
positive semidefinite matrices which contains the matrix

c-a{[ 4]}

B.3: partial knowledge of the support of (. Specifically, we assume that we are given
a system of quadratic (not necessarily convex) constraints

ul Ayu+ 2aTu + oy

Au) = <0 (2.6.3)

ul Apu+2ar u + ap,
such that ¢ is supported on the solution set of this system.

Given this information, we want to build a safe tractable approximation of (2.6.2).
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The approach

The approach we intend to use can be traced to [27, 28] and resembles the distance-generating-
function approximation scheme from section 2.3; by reasons to become clear soon, we call this
approach Lagrangian approximation. Specifically, let P be the distribution of (. Our a priori
information allows to bound from above the expectation over P of a function of the form

L
y(u) = [us Tl 1]+ Y ye(ue); (2.6.4)
=1
indeed, we have
L L
Ecop{v(O} =Tr(VI) + ZECNP’YZ(CZ) < Sup Tr(VT) + Z;ug E¢,op, {7e(¢)}. (2.6.5)
=1 =1 FeEPe

Assuming that
~v.1: v(-) > 0 on the support of ¢,
and that for some A > 0 we have
7.2: y(-) > X on the part of the support of ¢ where [¢; 1]TW[¢;1] >0

the left hand side in (2.6.5) is an upper bound on AProb{[¢;1]TW][(;1] > 0}. It follows that
under the conditions v.1-2 we have

L

sup Tr(VT) + Z sup E¢,op, {7(()} < Ae=> sup Probep {[¢; 1 Twi¢; 1] > 0} <e (2.6.6)
vey /=1 PZGPZ

Now, the simplest way to impose on a function ~(+) of the form (2.6.4) condition 7.1 is to require
from it to satisfy the relation
y(u) + pt A(u) > 0 Yu

with some p > 0 (this is called Lagrangian relaxation). Now,

L

y(w) + T Aw) = ye(ue) + [[u; 17 T(u; 1] + " A(u)]
/=1

is a separable perturbation of a quadratic function. The simplest (and seemingly the only

tractable) way to enforce global nonnegativity of such a perturbation is to require from the

perturbation term 2> «,(uy) to majorate a separable quadratic function f(u) of u such that
l

f(u) + [[w; 1)7Tu; 1] + p" A(u)] > 0 for all u. Thus, a sufficient condition for y(-) to satisfy the
condition .1 is
~.1: there exist py, qg, r¢ such that

Ye(8) > pe+2qps + 145 Vs € R, 1 < U< L (2.6.7)
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and
Z(pz + 2qoug 4 roud) + [u; 1) Tu; 1] + pF A(u) > 0 Vau. (2.6.8)
4
Observing that

b Aw) = [u; )T A [us 1), A(p) = [ %:%i 5;4T } ZZ%lﬂaa } 7

relation (2.6.8) is equivalent to

Diag{r1,...,m.} ‘ lq15 -5 q1]
[(ha---,QL] ‘ Zé:lp[

The bottom line is that the existence of {ps, qs,7¢}5_, and p > 0 making (2.6.7) and (2.6.9) valid
is sufficient for ~y(-) to satisfy ~.1.

By similar reasons, a sufficient condition for (v, A > 0) to satisfy 7.2 is given by the existence
of {p},qy,y}l_, and p/ > 0 such that

L'+ A(p) + [ ] = 0. (2.6.9)

Ye(s) > pp+2q)s +1rps> Vs € R, 1< L < L (2.6.10)

and
> + 2qpug + rpug) + [us T Tlus 1+ [T Au) = A+ [us 1T W us 1] Va6
¢
The latter restriction can be represented equivalently by the matrix inequality

Diag{r], ..., } ‘ [qé;...;qj:]
[q/177qlL] ‘ Z[:lpz_)‘

I+ A(y) + - W = 0. (2.6.11)

The result

Observing that the best — resulting in the smallest possible y;(-) — way to ensure (2.6.7), (2.6.10)
is to set

Ye(s) = max[py + 2qes + 7082, P + 24,5 + )57,
we arrive at the following result:

Theorem 2.4 In the situation A, B the system of convex constraints

Diag{ri,...,r1} ‘ [q1; -3 qL] }
a '+ A(p) + [ =0
( 1) ( ) [Q1a~~~7QL] ‘ Zﬁ:le
(a2) p=0 ‘

Diag{r},...7 } | [d};--4}]
(b.1) F+A(u’)+[ -W=0

(dhs v dr) | o — A
(b.2) >0
(c.1) sup Te(VD) + S5, sup [ max[py + 2qps + 7452, 1) + 2¢5s + 145%]dPy(s) < e
Vey PyePy

(c.2) [%’%} = 0 [this just says that A\ > 0]

®In fact we could assign the term [u; 1]7 W[u; 1] with a positive coefficient. On the closest inspection, however,
this does not increase flexibility of our construction.

(2.6.12)
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‘ Hypothesis ‘ Approximation ‘ Guaranteed profit-at-1%-risk ‘

A Bernstein 0.0552
B, C Lagrangian 0.0101

Table 2.2: Optimal values in various approximations of (2.6.13).

in variables W € SETLT € SEH dpy qo,re,0) q) v}, p € R € RM A € R v €ER is a
safe approximation of the ambiguous chance constraint (2.6.1). This approzimation is tractable,
provided that all suprema in (c.1) are efficiently computable.

How it works

To illustrate the techniques we have developed, consider an instance of the Portfolio Selection
problem as follows:

There are L = 15 assets with random yearly returns vy = 1+ py + 0p(p, 1 < € < L,
where py > 0 and oy > 0 are expected gains and their variabilities given by

-1 (-1
e = 0.00140.9——, o = [0.9 + 0.27] e, 1< <15,

and (g are random perturbations taking values in [—1,1]. Given partial information
on the distribution of ¢ = [(3;...; (1], we want to distribute $1 between the assets in
order to maximize the guaranteed value-at-e-risk of the profit.

This is the ambiguously chance constrained problem

15 15 15
= : > > > =
Opt = max {t : Probep {Z peze + Y Coooxy > t} >0.99VPEP, x>0, 1}

=1 =1 =1

(2.6.13)
Consider three hypotheses A, B, C about P. In all of them, (; are zero mean and supported on
[—1,1], so that the domain information is given by the quadratic inequalities ¢} < 1, 1 < ¢ < 15;
this is exactly what is stated by C. In addition, A says that (; are independent, and B says that
the covariance matrix of ¢ is proportional to the unit matrix. Thus, the sets V associated with the
hypotheses are, respectively, {V € Si‘H Ve <Voo=1,Vie =0,k #(}, {V € Sf’l 11 =Vy >
Vit = Voo = . = Vi, Vie = 0,k # £}, and {V € ST Vi < Voo = 1,V = 0,1 < ¢ < L},
where S]j_ is the cone of positive semidefinite symmetric k x k matrices. Solving the associated
safe tractable approximations of the problem, specifically, the Bernstein approximation in the
case of A, and the Lagrangian approximations in the cases of B, C, we arrive at the results
displayed in table 2.2 and on figure 2.2.

Note that in our illustration, the (identical to each other) single-asset portfolios yielded by
the Lagrangian approximation under hypotheses B, C are exactly optimal under circumstances.
Indeed, on a closest inspection, there exists a distribution P, compatible with hypothesis B (and
therefore — with C as well) such that the probability of “crisis,” where all {;, simultaneously are
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e I ———
) e S N

Optimal portfolios: diversified (hypothesis A)

Expectations and ranges of returns and single-asset (hypotheses B, C)

Figure 2.2: Data and results for portfolio allocation.

equal to —1, is > 0.01. It follows that under hypotheses B, C, the worst-case, over P € P,
profit at 1% risk of any portfolio cannot be better than the profit of this portfolio in the case
of crisis, and the latter quantity is maximized by the single-asset portfolio depicted on figure
2.2. Note that the Lagrangian approximation turns out to be “intelligent enough” to discover
this phenomenon and to infer its consequences. A couple of other instructive observations is as
follows:

e the diversified portfolio yielded by the Bernstein approximation in the case of crisis exhibits
negative profit, meaning that under hypotheses B, C its worst-case profit at 1% risk is
negative;

e assume that the yearly returns are observed on a year-by-year basis, and the year-by-year
realizations of ¢ are independent and identically distributed. It turns out that it takes
over 100 years to distinguish, with reliability 0.99, between hypothesis A and the “bad”
distribution P, via the historical data.

To put these observations into proper perspective, note that it is extremely time-consuming to
identify, to reasonable accuracy and with reasonable reliability, a multi-dimensional distribution
directly from historical data, so that in applications one usually postulates certain parametric
form of the distribution with a relatively small number of parameters to be estimated from
the historical data. When dim ( is large, the requirement on the distribution to admit a low-
dimensional parameterization usually results in postulating some kind of independence. While in
some applications (e.g., in telecommunications) this independence in many cases can be justified
via the “physics” of the uncertain data, in Finance and other decision-making applications
postulating independence typically is an “act of faith” which is difficult to justify experimentally,
and we believe a decision-maker should be well aware of the dangers related to these “acts of
faith.”

2.6.1 A Modification
Situation and Goal

Assume that our losses in certain uncertainty-affected decision process are of the form

L(z,¢) = f([¢: T W2][¢; 1)),
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where z is the decision vector, ¢ = [(1;...;¢r] € RY is a random perturbation, W[z] is affine in
x and f(s) is a convex piecewise linear function:

f(s) = 1%%[% + bjs,

and we want the expected loss E{L(z, ()} to be < a given bound 7.

For example, let
L
G WG] =) Gee
(=1

be the would-be value of a portfolio (that is, x, is the initial capital invested in asset
¢, and (p is the return of this asset), and let —f(s) be our utility function; in this
case, the constraint

E{L(z,()} <

models the requirement that the expected utility of an investment x is at least a
given quantity —r.

Our goal is to build a safe convex approximation of the ambiguous form of our bound:

1<5<J

sup Ecop{L(z,()} = sup E¢up { max [a; + b;[¢; 1T W z][¢; 1]]} <, (2.6.14)
pPeP pPcpP =

that is, to find a system S of convex constraints in variables z,7 and, perhaps, additional
variables u such that whenever (x,7,u) is feasible for S, (x, 7) satisfy (2.6.14).

When achieving this goal, we lose nothing when assuming that our variable is W itself, and
we can further extend our setting by allowing different W in different terms a; +b;[¢; 11T W[¢; 1].
With these modifications, our goal becomes to find a safe convex approximation to the constraint

sup E¢p { max [a; + b;[¢; 1T W;[¢; 1]]} <rT (2.6.15)
PeP 1<j<J

in matrix variables W7y, ..., W; and scalar variable 7.
As about the set P of possible distributions of {, we keep the assumptions B.1-3.
The Approximation

We follow the same approach as above. Specifically, if v(-) is a function of the form (2.6.4)
satisfying the conditions

7.3t y(u) > a; + bju; 1]TW;j[u; 1] for every u from the support of ¢
for all j < J, then the quantity

L

Ecp{7(Q)} = Tr(VcD) + > Egmp {7e(¢0)}

/=1
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(P are the marginals of the distribution P of () is an upper bound on

B { g foy + 516 17 1] .

so that the validity of the inequality

L
sup Tr(VT) + Z sup E¢,~p, {7e(¢)} < 7 (2.6.16)
Vey =1 PycPy

is a sufficient condition for the validity of the target inequality (2.6.15). In order to “optimize
this condition in 4”, we, same as above, observe that a simple sufficient condition for 7(-) to
satisfy the condition v;.3 for a given j is the existence of reals pjs, qje, 750, 1 < £ < L, and
nonnegative vector x4/ € R™ such that

Ye(s) > pje+ 2qjes +1rjes® Vs €R,1 < U< L,

and
L .
[ws UTT[ws 1]+ D [pje + 2g50ue + rjeug] + (1] A(w) > aj + bjlus 17 Wlu; 1] Vas
/=1

the latter restriction is equivalent to the matrix inequality

F—|—A(M3) + |: lag{rjla aer} ‘ [Q£17 aQJL] - bjo = 0. (Mg)
451, qiz] | i pje —

We have arrived at the following result:

Theorem 2.5 The system of convex constraints

(a.1) (M1)&(M2)&...& (M)
(a.2) w >0, 1<j<J

(b) sup Tr(VT) + E sup Esop, { max [pje + 2qjes + 1rjes ]} <T
Vey (=1 PPy <j=J

(2.6.17)

in variables T, {W;};<y, I € SE*1, {pje,aje,mieti<s, {p' € R™}Yi<y is a safe convex approwi-
< =7 <

mation of the constraint (2.6.15). This approximation is tractable, provided that all suprema in

(b) are efficiently computable.

A special case. Assume that we are in the “utility case:”

& 1]TW1[§; 1] = ...

(G WG] chwg

and that all P, are singletons — we know exactly the distributions of (y. Let also V be comprised
of all positive semidefinite matrices, which is the same as to say that we have no information on
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inter-dependencies different entries in ¢. Finally, assume that we have no domain information

on (, so that A(-) = 0. It turns out that in this special case our approximation is1 precise: given

a collection of decision variables wy, ..., wy, and setting Ww] = [ I | glws; i wi]
slwi, ., wr] |

1 < j < J (which ensures that [¢;1]TW[(;1] = 3, Gwy), the collection ({W; = Ww]}j<r,T)

can be extended to a feasible solution of (2.6.17) if and only if (2.6.15) holds true. In fact, this

conclusion remains true when we replace (2.6.17) with the simpler system of constraints

9

L .
(@) dYpapje>a;,1<j<J
L

(b) BZ:I ESNPg {1I£]a<xj[pje + bjsz]} <rT

in variables 7, w, {p;, qjé}t%:l- This system is obtained from (2.6.17) by setting I' = 0, 7, = 0
and eliminating the (immaterial now) terms with p7; the resulting system of constraints implies
that 2¢;; = wj for all ¢, which allows to eliminate g-variables. This result of [3, Chapter
4] is a reformulation of the surprising result, established in [42], which states that for every
piecewise linear convex function f(-) on the axis the maximum of the quantity | f (Z£:1 n¢)dP(n)
over all distributions P on R with given marginals P, ..., P;, is achieved when n1,...,n;, are
comonotone, that is, they are deterministic nonincreasing transformations of a single random
variable uniformly distributed on [0, 1].

2.7 DMore...

In the first reading this section can be skipped.

2.7.1 Bridging the Gap between the Bernstein and the CVaR Approximations

The Bernstein approximation of a chance constraint (2.3.8) is a particular case of the general generating-
function-based scheme for building a safe convex approximation of the constraint, and we know that this
particular approximation is not the best in terms of conservatism. What makes it attractive, is that under
certain structural assumptions (namely, those of independence of (3, ..., {r, plus availability of efficiently
computable convex upper bounds on the functions In(E{exp{s{,}})) this approximation is computation-
ally tractable. The question we now address is how to reduce, to some extent, the conservatism of the
Bernstein approximation without sacrificing computational tractability. The idea is as follows. Assume
that

A. We know exactly the distribution P of ¢ (that is, P is a singleton), (1, ..., (;, are indepen-
dent, and we can compute efficiently the associated moment-generating functions

Uy(s) = E{exp{s(}}:C — C.

d
Under this assumption, whenever v(s) = > ¢, exp{\,s} is an exponential polynomial, we can efficiently
v=0

compute the function

L d L
V(w) =E {7(“’0 + Z Cewz)} = Z cvexp{ A, wo} H Uo(Apwe).
v=0

/=1 {=1

In other words,
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Figure 2.3: Generating function 711 g(s) (middle curve) vs. exp{s} (top curve) and max[1 + s, 0]
(bottom curve). (a): —24 < s < 24, logarithmic scale along the y-axis; (b): —8 < s < 8, natural
scale along the y-axis.

(1) Whenever a generator () : R — R is an exponential polynomial, the associated upper
bound

L
inf ¥(aw), ¥V(w) =E {’y(wo + Z Cewe)}

a>0
(=1

on the quantity p(w) = Prob{wgy + EeL:1 Cowy > 0} is efficiently computable.
We now can utilize (!) in the following construction:

Given design parameters T > 0 (“window width”) and d (“degree of approximation”), we
build the trigonometric polynomial

d

Xe. (8) = Z [cxp exp{imvs/T} + Gy exp{—1mvs/T}]
v=0

by solving the following problem of the best uniform approximation:

¢, € Argmin { max_7<s<7 | exp{s}x.(s) — max[l + s, 0] :
ceCd+t

0 < xc(8) < xe(0) = 1Vs € R, exp{s}xc(s) is convex
and nondecreasing on [-T,T]}

and use in (!) the exponential polynomial
Ya,7(8) = exp{s}xec.(s). (2.7.1)

It can be immediately verified that

(i) The outlined construction is well defined and results in an exponential polynomial vq 7(s) which
is a generator and thus induces an efficiently computable convex upper bound on p(w).

(ii) The resulting upper bound on p(w) is < the Bernstein upper bound associated, according to (!),
with y(s) = exp{s}.

The generator v11,8(+) is depicted in figure 2.3.
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The case of ambiguous chance constraint

A disadvantage of the improved Bernstein approximation as compared to the plain one is that the
improved approximation requires precise knowledge of the moment-generating functions E{exp{s(,}},
s € C, of the independent random variables (;, while the original approximation requires knowledge of
upper bounds on these functions and thus is applicable in the case of ambiguous chance constraints, those
with only partially known distributions of {y. Such partial information is equivalent to the fact that the
distribution P of ¢ belongs to a given family P in the space of product probability distributions on R%.
All we need in this situation is a possibility to compute efficiently the convex function

L

Uk (w) = sup Ecp{y(wo + > _ ¢rwe)}
=1

associated with P and with a given generator v(-). When W} (-) is available, a computationally tractable
safe approximation of the ambiguous chance constraint

L
V(P € P) : Probe~p{wo + Z Cowg >0} <€ (2.7.2)
=1
is
H(w) := inf [a¥h(a"'2) — ae] <0.
(w) inf [a¥h(a™"2) — ae] <
Now, in all applications of the “plain” Bernstein approximation we have considered so far the family P
was comprised of all product distributions P = P; X ... X P, with P, running through given families Py
of probability distributions on the axis, and these families P, were “simple,” specifically, allowing us to
compute explicitly the functions

U;(t) = sup /exp{th}dPg(Q).

PyePy

With these functions at our disposal and with v(s) = exp{s}, the function

L
U%h(w) =sup E {QXP{'LUO + Z Cewe}}

pPeP —1

is readily available — it is merely exp{wq} HeL:1 U7 (we). Note, however, that when 7(-) is an exponential
polynomial rather than the exponent, the associated function ¥} (w) does not admit a simple repre-
sentation via the functions W} (-). Thus, it is indeed unclear how to implement the improved Bernstein
approximation in the case of an ambiguous chance constraint.

Our current goal is to implement the improved Bernstein approximation in the case of a particular
ambiguous chance constraint (2.7.2), namely, in the case when P is comprised of all product distributions
P =P, x ... x P, with the marginal distributions P, satisfying the restrictions

supp Py C [~1,1] & py < E¢onur {Ce} < 11 (2.7.3)

with known pi € [~1,1] (cf. item 6 on p. 54).
The result is as follows:

Proposition 2.4 [3, Proposition 4.5.4] For the just defined family P and for every generator v(-) one
has

L
Up(w) = Ecapw {7(100 + Z nge)} )
=1
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where P = P{"* x ... x P/"" and P} is the distribution supported at the endpoints of [—1,1] given by

Ltpf >
P;{]_}:]_—PZS{—]_}:{ 2 ’ 8_0 )

1+p,
%, s<0

In particular, when v(-) = va,7(+), the function ¥, (w) is efficiently computable.

Illustration I

To illustrate our findings, assume that all our a priori information on the random perturbations (; in
(2.7.2) is that they are independent, supported on [—1, 1] and with zero means (cf. Example 2.1. Let us
overview the safe approximations to the corresponding ambiguous chance constraint

L
V(P =P, X ...x Py, €P):Probeup {wo + ZC@’LU@ > 0} <, (2.7.4)
=1

where P is the family of all product distributions with zero mean marginals supported on [—1, 1]. Note
that on a closest inspection, the results yielded by all approximation schemes to be listed below remain
intact when instead of the ambiguous chance constraint we were speaking about the usual one, with ¢
distributed uniformly on the vertices of the unit box {{ : ||(]jec < 1}.

We are about to outline the approximations, ascending in their conservatism and descending in their
complexity. When possible, we present approximations in both the “inequality form” (via an explicit

system of convex constraints) and in the “Robust Counterpart form”
{w:wy +¢Twy;..;wp) <0VC € Z}.

e CVaR approximation [section 2.4.1]

L
éI;fO [Plx.r.r.lféep/max[a + wo + ;Qwe, 0]dP1(¢1)...dPL(Cr) — ae} <0 (2.7.5)

While being the least conservative among all generation-function-based approximations, the CVaR ap-
proximation is in general intractable. It remains intractable already when passing from the ambiguous
chance constraint case to the case where (; are, say, uniformly distributed on [—1,1] (which corresponds
to replacing P, nax P/...dPl(Cl)...dPL(Cg) in (2.7.5) with / ...dQ).

LE

W X ... X P
lI¢lloo<1
We have “presented” the inequality form of the CVaR approximation. By the results of section

2.3.3, this approximation admits a Robust Counterpart form; the latter “exists in the nature,” but is
computationally intractable, and thus of not much use.
e Bridged Bernstein-CVaR approximation [p. 68 and Proposition 2.4]

inf [a\lld_T(oflw) — ae] <0,
a>0 ’

g, r(w) = > 27L'Yd,T (wo + 25:1 Gewz) )
ep=+1,1<¢<L

(2.7.6)

where d, T are parameters of the construction and 74 7 is the exponential polynomial (2.7.1). Note that
we used Proposition 2.4 to cope with the ambiguity of the chance constraint of interest.

In spite of the disastrous complexity of the representation (2.7.6), the function ¥y r is efficiently
computable (via the recipe from Proposition 2.4, and not via the formula in (2.7.6)). Thus, our approx-
imation is computationally tractable. Recall that this tractable safe approximation is less conservative
than the plain Bernstein one.
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Due to the results of section 2.3.3, approximation (2.7.5) admits a Robust Counterpart representation
that now involves a computationally tractable uncertainty set ZBCV; this set, however, seems to have
no explicit representation.

e Bernstein approximation [section 2.5.1]

Sfifo wo + ZeL:1 aln (cosh(a™twy)) + aln(l/e)} <0
S wo+ Y0, Gwe <0V € ZEM = (eS8 6(¢) < 2In(1/e)} (2.7.7)
[p(u) = (1 +uw)In(l+u)+ (1 —u)In(l —u), Dom¢ = [-1,1]].

e Ball-Box approximation [section 2.5.1]

Fu s wo + Y4y Jwe — ugl + /21 /S u2 <0

&l <1,0=1,...,L,

i:l(l? < /2In(1/¢)

(2.7.8)
& wo+ Yk, Cwy < 0v¢ e ZBallBox . J e RL .

e Budgeted approximation [section 2.5.1]

Ju,v:z=u+wv, vy + 25:1 |ve] <0, ug + /2L 1In(1/e€) m?x|ue| <0
G| <1, 0=1,..,L, } (2.7.9)

SE Gl < V2L (T/e)

The computationally tractable uncertainty sets we have listed form a chain:

& wo + Yoy Crwe SO VC € zBdg .— {C e RL:

Figure 2.4, where we plot a random 2-D cross-section of our nested uncertainty sets, gives an impression
of the “gaps” in this chain.

Illustration II

In this illustration we use the above approximation schemes to build safe approximations of the ambigu-
ously chance constrained problem

L
= : < — .. =wp= 7.
Opt(e) = max {wo P Prob{wg + Zz_; Cowg > 0} < €,un wr, 1} (2.7.10)

where, as before, P is the set of L-element tuples of probability distributions supported on [—1,1] and
possessing zero means. Due to the simplicity of our chance constraint, here we can build efficiently the
CVaR-approximation of the problem. Moreover, we can solve exactly the chance constrained problem

L
Opt™(¢) = max {wo : rcnagProb{wo + ZC@’LU@ >0} <ew=..=wp= 1}
- =1
where U is the uniform distribution on the vertices of the unit box {¢ : ||¢||sc < 1}. Clearly, Opt™(e) is an
upper bound on the true optimal value Opt(e) of the ambiguously chance constrained problem (2.7.10),
while the optimal values of our approximations are lower bounds on Opt(e). In our experiment, we used
L = 128. The results are depicted in figure 2.5 and are displayed in table 2.3.
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Figure 2.4: Intersection of uncertainty sets, underlying various approximation schemes in Illus-
tration I, with a random 2-D plane. From inside to outside:

— Bridged Bernstein-CVaR approximation, d = 11, T' = 8;

— Bernstein approximation;

— Ball-Box approximation;

— Budgeted approximation;

— “worst-case” approximation with the support {||¢||cc < 1} of ¢ in the role of the uncertainty set.

|| € || Opt+(e) | Opty, (¢) | Opt;y (¢) | Opt; () | Opt, (¢) | Opt; (¢) ||
107" || —-76.00 | —78.52 (—3.3%) | —78.88 (—=0.5%) | —80.92 (—3.1%) | —84.10 (=7.1%) | —84.10 (—7.1%)
107 || —74.00 | —75.03 (=1.4%) | —75.60 (—=0.8%) | —77.74 (—3.6%) | —80.52 (—=7.3%) | —80.52 (—7.3%)
107'% || —70.00 | —71.50 (—=2.1%) | —72.13 (=0.9%) | —74.37 (—4.0%) | —76.78 (—7.4%) | —76.78 (—7.4%)
107° || —66.00 | —67.82 (—2.8%) | —68.45 (—0.9%) | —70.80 (—4.4%) | —72.84 (—7.4%) | —72.84 (—7.4%)
107% || —62.00 | —63.88 (—3.0%) | —64.49 (—1.0%) | —66.97 (—4.8%) | —68.67 (—7.5%) | —68.67 (—=7.5%)
1077 || —58.00 | —59.66 (—2.9%) | —60.23 (—=1.0%) | —62.85 (=5.4%) | —64.24 (=7.7%) | —64.24 (=7.7%)
1075 || —54.00 | —55.25 (—2.3%) | —55.60 (—0.6%) | —58.37 (=5.7%) | —59.47 (=7.6%) | —59.47 (—7.6%)
1075 || —48.00 | —49.98 (—4.1%) | —50.52 (—=1.1%) | —53.46 (—7.0%) | —54.29 (—8.6%) | —54.29 (—8.6%)
1074 || —42.00 | —44.31 (=5.5%) | —44.85 (—1.2%) | —47.97 (—8.3%) | —48.56 (—9.6%) | —48.56 (—9.6%)
1073 || —34.00 | —37.86(—11.4%) | —38.34 (—1.2%) | —41.67(—10.1%) | —42.05(—11.1%) | —42.05(—11.1%)
1072 || —26.00 | —29.99(—15.4%) | —30.55 (—1.9%) | —34.13(—13.8%) | —34.34(—14.5%) | —34.34(—14.5%)
107" || —14.00 | —19.81(—41.5%) | —20.43 (=3.1%) | —24.21(—22.2%) | —24.28(—22.5%) | —24.28(—22.5%)

Table 2.3: Comparing various safe approximations of the ambiguously chance constrained prob-
lem (2.7.10). Opt;(€) through Opty (€) are optimal values of the Ball, Ball-Box (or, which in the
case of (2.7.10) is the same, the Budgeted), Bernstein, Bridged Bernstein-CVaR and the CVaR
approximations, respectively. Numbers in parentheses in column “Opty,(€)” refer to the conser-
vativeness of the CVaR-approximation as compared to Opt™ (-), and in remaining columns to the
conservativeness of the corresponding approximation as compared to the CVaR approximation.
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Figure 2.5: Optimal values of various approximations of (2.7.10) with L = 128 vs. e.
From bottom to top:

— Budgeted and Ball-Box approximations

— Bernstein approximation

— Bridged Bernstein-CVaR approximation, d =11, T'=8

— CVaR~approximation

— Opt™(e)
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2.7.2 Majorization
One way to bound from above the probability

L
Prob {wo +) wege > 0}

1=1

for independent random variables (; is to replace {; with “more diffused” random variables & (mean-
ing that the probability in question increases when we replace (, with &) such that the quantity

L
Prob {wo + > we€e > O}, (which now is an upper bound on probability in question), is easy to handle.
=1

Our goal here is to investigate the outlined approach in the case of random variables with symmetric and
unimodal w.r.t. 0 probability distributions. In other words, the probability distributions P in question
are such that for any measurable set A on the axis

where p is an even nonnegative and nonincreasing on the nonnegative ray density of P, [ p(s)ds :=
1—a <1, and x(A) is either o (when 0 € A), or 0 (otherwise). We say that such a distribution P is
regular, if there is no mass at the origin: a = 0.

In what follows, we denote the family of densities of all symmetric and unimodal w.r.t. 0 random
variables by P, and the family of these random variables themselves by II.

If we want the outlined scheme to work, the notion of a “more diffused” random variable should
imply the following: If p,q € P and ¢ is “more diffused” than p, then, for every a > 0, we should have
oo o0

J p(s)ds < [ q(s)ds. We make this requirement the definition of “more diffused”:

Definition 2.2 Let p,q € P. We say that q is more diffused than p (notation: g =, p, or p = q) if

VYa > 0: P(a) := /p(s)ds < Q(a):= /q(s)ds.

When &,n € II, we say that n is more diffuse than £ (notation: n =, £), if the corresponding densities
are in the same relation.

It is immediately seen that the relation >, is a partial order on P; this order is called “monotone
dominance.” It is well known that an equivalent description of this order is given by the following

Proposition 2.5 Let 7,0 € 11, let v, q be the probability distribution of 0 and the density of 0, and let
u, p be the probability distribution and the density of m. Finally, let My be the family of all continuously
differentiable even and bounded functions on the axis that are nondecreasing on Ry.. Then 6 =y, m if and

only if

/f(s)du(s) > /f(s)du(s)ds VF € My, (2.7.11)
same as if and only if

/f(s)q(s)ds > /f(s)p(s)ds Ve M,. (2.7.12)

Moreover, when (2.7.11) takes place, the inequalities in (2.7.11), (2.7.12) hold true for every even function
on the azis that is nondecreasing on R .
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Example 2.2 Let £ € II be a random variable that is supported on [—1, 1], ¢ be uniformly distributed
n [—1,1] and n ~ N (0,2/7). Then € <1, ( X 7

Indeed, let p(-), q(-) be the densities of random variables 7, § € II. Then the functions P(t) = [ p(s
t

fq )ds of t > 0 are convex, and m <, 0 iff P(t) < Q(¢) for all t > 0. Now let m € II be

supported on [—1,1] and @ be uniform on [—1,1]. Then P(t) is convex on [0,00) with P(0) < 1/2 and
P(t) = ()—Ofort>1wh1leQ()=§maX[ —t,0] when ¢ > 0. Since Q(0) > P(0), Q(1) = P(1), P
is convex, and @ is linear on [0, 1], we have P(t) < Q(¢) for all t € [0 1], whence P(t) < Q(t) for all ¢ > 0,

and thus m <,, §. Now let  be uniform on [—1,1], so that P(t) = 3 max[1 —¢,0], and 6 be N'(0,2/7), so

that Q(t) is a convex function and therefore Q(¢) > Q(0)+ Q’(0)t = (1 —¢)/2 for all ¢ > 0. This combines
with Q(t) > 0, t > 0, to imply that P(¢) < Q(t) for all ¢ > 0 and thus m <, 6.

Our first majorization result is as follows:

Proposition 2.6 [3, Proposition 4.4.5] Let wg < 0, wy,...,wy, be deterministic reals, {C/}E_, be inde-
pendent random variables with unimodal and symmetric w.r.t. 0 distributions, and {774}%21 be a similar
collection of independent random variables such that ng =, (¢ for every £. Then

L L
Prob{wg + Z weCe > 0} < Prob{wg + Z wene > 0}. (2.7.13)
=1 =1

If, in addition, ng ~ N(0,0%), £ =1,..., L, then, for every ¢ € (0,1/2], one has

L
wp + Erflnv(e Zae 2 < 0= Prob{wp + ZC@’LU@ >0} <e, (2.7.14)
=1

where ExfInv(-) is the inverse error function (2.2.7).

Relation (2.7.14) seems to be the major “yield” we can extract from Proposition 2.6, since the case of
independent N (0, 07) random variables 7, is, essentially, the only interesting case for which we can easily

L L
compute Prob{wg + > wens > 0} and the chance constraint Prob{wg + > weny > 0} < e for e < 1/2 is
i=1 =1

equivalent to an explicit convex constraint, specifically,

wo + Erflnv(e) (2.7.15)

Comparison with (2.5.9). Assume that independent random variables (, € II, £ = 1,..., L, admit
“Gaussian upper bounds” 1y =, (¢ with 7, ~ N(0, ag). Then

E{exp{t¢.li}} = E{cosh(t{s)} [since {; is symmetrically distributed]
< E{cosh(tne)} [since s =m (o]
= exp{t?0?/2},

meaning that the logarithmic moment-generating functions In (E {exp{t{,}}) of {, admit upper bounds
(2.5.8) with x7 = 0 and the above o,. Invoking the results of section (2.5.2), the chance constraint

L

Prob{wg + Z Crwe >0} <€
(=1
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admits a safe tractable approximation

wo + 1/21In(1/e)

obtained from (2.5.9) by setting Xét = 0. This approximation is slightly more conservative than (2.7.14),
since ErfInv(e) < 1/21n(1/€); note, however, that the ratio of the latter two quantities goes to 1 as e — 0.

Majorization Theorem
Proposition 2.6 can be rephrased as follows:

Let {(;}E_, be independent random variables with unimodal and symmetric w.r.t. 0 dis-
tributions, and {ne}}_, be a similar collection of independent random variables such that
ne =m (¢ for every {. Given a deterministic vector z € RY and wy < 0, consider the “strip”

S={zeR:|2Tz| < —wp}.

Then
Prob{[(1;...;¢] € S} > Prob{[m;...;nL] € S}.

It turns out that the resulting inequality holds true for every closed convex set S that is symmetric w.r.t.
the origin.

Theorem 2.6 [3, Theorem 4.4.6] Let {(,}L_, be independent random variables with unimodal and sym-
metric w.r.t. 0 distributions, and {77@}%:1 be a similar collection of independent random variables such
that g = (¢ for every £. Then for every closed convex set S C RY that is symmetric w.r.t. the origin
one has

Prob{[(1;...;¢r] € S} > Prob{[m;...;nL] € S}. (2.7.16)

Example 2.3 Let £ ~ N(0,%) and  ~ N (0,0) be two Gaussian random vectors taking values in R™
and let ¥ < ©. We claim that for every closed convex set S C R™ symmetric w.r.t. 0 one has

Prob{¢ € S} > Prob{n € S}.

Indeed, by continuity reasons, it suffices to consider the case when © is nondegenerate. Passing from
random vectors &, to random vectors A&, An with properly defined nonsingular A, we can reduce the
situation to the one where © = I and ¥ is diagonal, meaning that the densities p(-) of £ and ¢ of 5 are
of the forms

p(x) = p1(z1)..on(@n), ¢() = q1(z1)...qn(Tn),

with p;(s) being the N'(0,;;) densities, and ¢;(s) being the N'(0, 1) densities. Since ¥ < © = I, we have
¥ < 1, meaning that p; <, ¢; for all 4. It remains to apply the Majorization Theorem.

2.8 Exercises

Exercise 2.1 Prove the claim in example 8, section 2.5.2.
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Exercise 2.2 Consider a toy chance constrained LLO problem:

where (q,

n
min {t: Prob{Z; Gy <t} >1—€0<mz <1, ij =n} (2.8.1)
J= J
"]

..., (n, are independent random variables uniformly distributed in [—1,1].

1. Find a way to solve the problem exactly, and find the true optimal value tt,, of the problem
for n = 16,256 and € = 0.05,0.0005, 0.000005.

Hint: The deterministic constraints say that z; = ... = z,, = 1. All we need is an efficient way

to compute the probability distribution Prob{¢™ < t} of the sum &™ of n independent random

variables uniformly distributed on [—1, 1]. The density of £ clearly is supported on [—n,n] and is

a polynomial of degree n — 1 in every one of the segments [—n + 2i,—n + 2i + 2], 0 < i < n. The

coefficients of these polynomials can be computed via a simple recursion in n.

2. For the same pairs (n,€) as in i), compute the optimal values of the tractable approxima-
tions of the problem as follows:

(a)

tnrm — the optimal value of the problem obtained from (2.8.1) when replacing the
“true” random variable £"[z] with its “normal approximation” — a Gaussian random
variable with the same mean and standard deviation as those of £"[z];

tgy — the optimal value of the Ball approximation of (2.8.1), p. 49, section 2.5.1;

) tBuBx — the optimal value of the Ball-Box approximation of (2.8.1), p. 50, section

2.5.1;

tBdg — the optimal value of the Budgeted approximation of (2.8.1), p. 50, section
2.5.1;

tg7 — the optimal value of the safe tractable approximation of (2.8.1) suggested by
example 7 in section 2.5.2, where you set u* = 0 and v = 1//3;

tg.s — the optimal value of the safe tractable approximation of (2.8.1) suggested by
example 8 in section 2.5.2, where you set v = 1/ V3;

tg.9 — the optimal value of the safe tractable approximation of (2.8.1) suggested by
example 9 in section 2.5.2, where you set v = 1/ V3;

tunim — the optimal value of the safe tractable approximation of (2.8.1) suggested
by example 3 in section 2.5.2.

Think of the results as compared to each other and to those of ).

Exercise 2.3 Consider the chance constrained LO problem (2.8.1) with independent (i, ..., (,
taking values +1 with probability 0.5.

1. Find a way to solve the problem exactly, and find the true optimal value ¢, of the problem
for n = 16,256 and ¢ = 0.05,0.0005, 0.000005.

2. For the same pairs (n,€) as in i), compute the optimal values of the tractable approxima-
tions of the problem as follows:
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(a) tNrm — the optimal value of the problem obtained from (2.8.1) when replacing the
“true” random variable £” with its “normal approximation” — a Gaussian random
variable with the same mean and standard deviation as those of £";

(b) tpn — the optimal value of the Ball approximation of (2.8.1), p. 49, section 2.5.1;

(¢) tux — the optimal value of the Ball-Box approximation of (2.8.1), p. 50, section
2.5.1;

(d) tBgg — the optimal value of the Budgeted approximation of (2.8.1), p. 50, section
92.5.1;

(e) tg7 — the optimal value of the safe tractable approximation of (2.8.1) suggested by
example 7, section 2.5.2, where you set = =0 and v = 1;

(f) tg.s — the optimal value of the safe tractable approximation of (2.8.1) suggested by
example 8, section 2.5.2, where you set v = 1.

Think of the results as compared to each other and to those of ).

Exercise 2.4 A) Verify that whenever n = 2¥ is an integral power of 2, one can build an n x n
matrix B, with all entries £1, all entries in the first column equal to 1, and with rows that are
orthogonal to each other.
Hint: Use recursion Bgo = [1]; Bor+1 = [ Byx Ba }
- ’ B2k —B2k

B) Let n = 2* and Z € R" be the random vector as follows. We fix a matrix B,, from A). To
get a realization of ¢, we generate random variable n ~ N(0,1) and pick at random (according
to uniform distribution on {1,...,n}) a column in the matrix nB,; the resulting vector is a
realization of E that we are generating. R

B.1) Prove that the marginal distributions of ¢; and the covariance matrix of ¢ are exactly
the same as for the random vector Z ~ N(0,1,). Tt follows that most primitive statistical tests
cannot distinguish between the distributions of Eand E

B.2) Consider problem (2.8.1) with € < 1/(2n) and compute the optimal values in the cases
when (a) ¢ is E, and (b) ( is E Compare the results for n = 10,e = 0.01; n = 100,¢ = 0.001;
n = 1000, e = 0.0001.

Exercise 2.5 Let (4, 1 < /¢ < L, be independent Poisson random variables with parameters Ay,

k
(i.e., ¢ takes nonnegative integer value k with probability %e_)“f). Build Bernstein approxima-
tion of the chance constraint

L

Prob{zy + ng@ <0} >1-e
/=1

What is the associated uncertainty set Z. as given by Theorem 2.27

Exercise 2.6 The stream of customers of an ATM can be split into L groups, according to
the amounts of cash ¢, they are withdrawing. The per-day number of customers of type £ is a
realization of Poisson random variable {; with parameter )y, and these variables are independent
of each other. What is the minimal amount of cash w(e) to be loaded in the ATM in the morning
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in order to ensure service level 1 — ¢, (i.e., the probability of the event that not all customers
arriving during the day are served should be < €)?
Consider the case when

L =17, ¢ = [20;40; 60; 100; 300; 500; 1000], Ay = 1000/ ¢y
and compute and compare the following quantities:
1. The expected value of the per-day customer demand for cash.

2. The true value of w(e) and its CVaR-upper bound (utilize the integrality of ¢, to compute
these quantities efficiently).

3. The bridged Bernstein - CVaR, and the pure Bernstein upper bounds on w(e).

4. The (1—¢)-reliable empirical upper bound on w(e) built upon a 100,000-element simulation
sample of the per day customer demands for cash.

The latter quantity is defined as follows. Assume that given an N-element sample {n;}X, of inde-
pendent realizations of a random variable n, and a tolerance ¢ € (0,1), we want to infer from the
sample a “(1 — ¢)-reliable” upper bound on the upper e quantile ¢ = min {q : Prob{n > ¢} <€}
of n. It is natural to take, as this bound, the M-th order statistics Sy of the sample, (i.e., M-th
element in the non-descending rearrangement of the sample), and the question is, how to choose
M in order for Sy to be > . with probability at least 1 — §. Since Prob{n > q.} > ¢, the
relation Sp; < ¢ for a given M implies that in our sample of N independent realizations 7; of 7
the relation {n; > ¢.} took place at most N — M times, and the probability of this event is at
most pyr = ZQ;OM (]]X) (1 — )Nk, It follows that if M is such that py; < &, then the event in
question takes place with probability at most J, i.e., Sys is an upper bound on ¢, with probability
at least 1 —§. Thus, it is natural to choose M as the smallest integer < N such that py; < 6. Note
that such an integer not necessarily exists — it may happen that already py > J, meaning that
the sample size N is insufficient to build a (1 — §)-reliable upper bound on ¢..

Carry out the computation for e =107%, 1 < k< 6. 7

Exercise 2.7 Consider the same situation as in Exercise 2.6, with the only difference that now
we do not assume the Poisson random variables (, to be independent, and make no assumptions
whatsoever on how they relate to each other. Now the minimal amount of “cash input” to the
ATM that guarantees service level 1 — € is the optimal value w(e) of the “ambiguously chance
constrained” problem

min {wo : PrOngp{Z coCe <wp} >1—€VP € 77} ,
l

where P is the set of all distributions P on R’ with Poisson distributions with parameters
Al, ...y AL as their marginals.

"Of course, in our ATM story the values of e like 0.001 and less make no sense. Well, you can think about an
emergency center and requests for blood transfusions instead of an ATM and dollars.
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By which margin can @w(e) be larger than w(e)? To check your intuition, use the same data
as in Exercise 2.6 to compute
— the upper bound on w(e) given by Theorem 2.4;
— the lower bound on w(e) corresponding to the case where (i, ...,(r, are comonotone, (i.e., are
deterministic nondecreasing functions of the same random variable n uniformly distributed on
[0,1], cf. p. 67).
Carry out computations for e = 107, 1 < k < 6.

Exercise 2.8 1) Consider the same situation as in Exercise 2.6, but assume that the nonnegative
vector A = [A1;...; Ar] is known to belong to a given convex compact set A C {A > 0}. Prove

that with
< 0}

Ba(e) = max inf {wo : ér;fo

—wo+ B3 Adlexplee/B} — 1) - BIn(1/e)
4

one has

YAeA: PrObCNPMX---XPAL {Z ceCp > BA(E)} <,
l
where P, stands for the Poisson distribution with parameter p. In other words, initial charge of
Ba(€) dollars is enough to ensure service level 1 — ¢, whatever be the vector A € A of parameters
of the (independent of each other) Poisson streams of customers of different types.

2) In 1), we have considered the case when A runs through a given “uncertainty set” A, and
we want the service level to be at least 1 — ¢, whatever be A € A. Now consider the case when we
impose a chance constraint on the service level, specifically, assume that X is picked at random
every morning, according to a certain distribution P on the nonnegative orthant, and we want
to find a once and forever fixed morning cash charge wgy of the ATM such that the probability
for a day to be “bad” (such that the service level in this day drops below the desired level 1 —¢)
is at most a given § € (0,1). Now consider the chance constraint

Probyp{zo + Z Aezg >0} <6
1

in variables z, ..., z1,, and assume that we have in our disposal a Robust Counterpart type safe
convex approximation of this constraint, i.e., we know a convex compact set A C {A > 0} such
that
Y(zo, ..., : 20 + ma Aezg < 0 = Proby + Mezg >0} < 6.
(20, -+, 2L) * 20 Iile/{(%: vz < rob~p{20 ; eze > 0} <
Prove that by loading the ATM with By (¢) dollars in the morning, we ensure that the probability
of a day to be bad is < 4.



Lecture 3

Robust Conic Quadratic and
Semidefinite Optimization

In this lecture, we extend the RO methodology onto non-linear convex optimization problems,
specifically, conic ones.

3.1 Uncertain Conic Optimization: Preliminaries

3.1.1 Conic Programs

A conic optimization (CO) problem (also called conic program) is of the form
min {cT:C—l—d: Az —be K}, (3.1.1)
T

where x € R" is the decision vector, K C R™ is a closed pointed convex cone with a nonempty
interior, and = — Az — b is a given affine mapping from R"™ to R™. Conic formulation is one
of the universal forms of a Convex Programming problem; among the many advantages of this
specific form is its “unifying power.” An extremely wide variety of convex programs is covered
by just three types of cones:

1. Direct products of nonnegative rays, i.e., K is a non-negative orthant R'". These cones
give rise to Linear Optimization problems

min{cTJ:—l—d:aZTJ:—biZO,1§i§m}.
xr

2. Direct products of Lorentz (or Second-order, or Ice-cream) cones LF = {z € R¥ : z;, >

Z;"’;i x?} These cones give rise to Conic Quadratic Optimization (called also Second

Order Conic Optimization). The Mathematical Programming form of a CO problem is

min{ch—l—d: |Asz —billa < cFx—di, 1 <i < m};
x

81
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here i-th scalar constraint (called Conic Quadratic Inequality) (CQI) expresses the fact
that the vector [A;z;cl x] — [b;; d;] that depends affinely on = belongs to the Lorentz cone
L; of appropriate dimension, and the system of all constraints says that the affine mapping

z = [[Avzs o] s [Ama; chya]] = [[br; di; oss [bns din)

maps z into the direct product of the Lorentz cones Ly X ... X Ly,.

. Direct products of semidefinite cones S]i.

Sﬁ is the cone of positive semidefinite k x k matrices; it “lives” in the space S*
of symmetric k x k matrices. We treat S¥ as Euclidean space equipped with the
k
Frobenius inner product (A, B) = Tr(AB) = ) A;;B;j.
ij=1
The family of semidefinite cones gives rise to Semidefinite Optimization (SDO) — opti-
mization programs of the form

min{ch—l-d:Aix—BitO,1§i§m},
X

where "
= Aix— B = ijAij - B;

j=1
is an affine mapping from R" to S* (so that A%¥ and B; are symmetric k; x k; matrices),
and A > 0 means that A is a symmetric positive semidefinite matrix. The constraint
of the form “a symmetric matrix affinely depending on the decision vector should be
positive semidefinite” is called an LMI — Linear Matrix Inequality. Thus, a Semidefinite
Optimization problem (called also semidefinite program) is the problem of minimizing a
linear objective under finitely many LMI constraints. One can rewrite an SDO program
in the Mathematical Programming form, e.g., as

min {CT:U +d: Amin(Asx — B;) >0,1<i < m} ,
xr

where Apin(A) stands for the minimal eigenvalue of a symmetric matrix A, but this refor-
mulation usually is of no use.

Keeping in mind our future needs related to Globalized Robust Counterparts, it makes sense to
modify slightly the format of a conic program, specifically, to pass to programs of the form

min{ch—Fd:Aix—bi €Q; 1 gigm}, (3.1.2)
T

where Q; C R are nonempty closed convex sets given by finite lists of conic inclusions:

Qi = {u S Rki : Qigu — Q¢ € Kig, ! = 1, ...,Li}, (313)

with closed convex pointed cones K;;,. We will restrict ourselves to the cases where K;, are
nonnegative orthants, or Lorentz, or Semidefinite cones. Clearly, a problem in the form (3.1.2)
is equivalent to the conic problem

min {c"z +d: QidAix — [Quebi + qir) € Kip V(5,0 < L;)}
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We treat the collection (c,d, {4;,b;};",) as natural data of problem (3.1.2). The collection of
sets Q;, ¢ = 1,...,m, is interpreted as the structure of problem (3.1.2), and thus the quantities
Qir, qiv specifying these sets are considered as certain data.

3.1.2 Uncertain Conic Problems and their Robust Counterparts

Uncertain conic problem (3.1.2) is a problem with fixed structure and uncertain natural data
affinely parameterized by a perturbation vector ¢ € R

L
(e, {Ai, biYiy) = (&, d° {AL WY ) + > Coleh,d {ALBE). (3.1.4)
/=1

running through a given perturbation set Z C R”.

Robust Counterpart of an uncertain conic problem

The notions of a robust feasible solution and the Robust Counterpart (RC) of uncertain problem
(3.1.2) are defined exactly as in the case of an uncertain LO problem (see Definition 1.4):

Definition 3.1 Let an uncertain problem (3.1.2), (3.1.4) be given and let Z C RY be a given
perturbation set.

(i) A candidate solution x € R™ is robust feasible, if it remains feasible for all realizations of
the perturbation vector from the perturbation set:

x s robust feasible

)

L L
[AY + 3 QA — [B) + > b € Qi V (i, 1 <i<m,( € Z).
=1 /=1

(ii) The Robust Counterpart of (3.1.2), (3.1.4) is the problem

[0+ i Coc' )T + [d° + i Cd ] —teQy=R_,

=1 et V¢e Z (3.1.5)
[A7 + 37 CAx — [b) + Z (bl € Qiy 1<i<m

/=1

min< t:
z,t

of minimizing the guaranteed value of the objective over the robust feasible solutions.

As in the LO case, it is immediately seen that the RC remains intact when the perturbation
set Z is replaced with its closed convex hull; so, from now on we assume the perturbation set
to be closed and convex. Note also that the case when the entries of the uncertain data [A;b]
are affected by perturbations in a non-affine fashion in principle could be reduced to the case
of affine perturbations (see section 1.5); however, we do not know meaningful cases beyond
uncertain LO where such a reduction leads to a tractable RC.
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3.1.3 Robust Counterpart of Uncertain Conic Problem: Tractability

In contrast to uncertain LO, where the RC turn out to be computationally tractable whenever
the perturbation set is so, uncertain conic problems with computationally tractable RCs are a
“rare commodity.” The ultimate reason for this phenomenon is rather simple: the RC (3.1.5)
of an uncertain conic problem (3.1.2), (3.1.4) is a convex problem with linear objective and
constraints of the generic form

P(y,¢) = 7(y) + 2(y)¢ = o(¢) + 2()y € Q, (3.1.6)

where 7(y), ®(y) are affine in the vector y of the decision variables, ¢(¢),®({) are affine in
the perturbation vector ¢, and Q is a “simple” closed convex set. For such a problem, its
computational tractability is, essentially, equivalent to the possibility to check efficiently whether
a given candidate solution y is or is not feasible. The latter question, in turn, is whether the
image of the perturbation set Z under an affine mapping ¢ — 7 (y)+ ®(y)( is or is not contained
in a given convex set Q. This question is easy when Q is a polyhedral set given by an explicit
list of scalar linear inequalities al-Tu <b;,i=1,...,I (in particular, when Q is a nonpositive ray,
that is what we deal with in LO), in which case the required verification consists in checking
whether the maxima of I affine functions al (7(y) + ®(y)¢) — b; of ¢ over ( € Z are or are
not nonnegative. Since the maximization of an affine (and thus concave!) function over a
computationally tractable convex set Z is easy, so is the required verification. When Q is given
by nonlinear convex inequalities a;(u) < 0, ¢ = 1,...,I, the verification in question requires
checking whether the maxima of convex functions a;(7(y) + ®(y)() over ¢ € Z are or are not
nonpositive. A problem of maximizing a convex function f({) over a convex set Z can be
computationally intractable already in the case of Z as simple as the unit box and f as simple
as a convex quadratic form ¢TQC. Indeed, it is known that the problem

mgx{cTBC: [¢lloe < 1}

with positive semidefinite matrix B is NP-hard; in fact, it is already NP-hard to approximate
the optimal value in this problem within a relative accuracy of 4%, even when probabilistic
algorithms are allowed [55]. This example immediately implies that the RC of a generic un-
certain conic quadratic problem with a perturbation set as simple as a box is computationally
intractable.

Indeed, consider a simple-looking uncertain conic quadratic inequality

0-y+Q¢2 <1

(Q is a given square matrix) along with its RC, the perturbation set being the unit box:

0-y4+QCllz <1V(C: |I<]loo £ 1). (RC)

The feasible set of the RC is either the entire space of y-variables, or is empty, which depends
on whether or not one has

T —
(ax (CBC< 1. [B=Q"Q)]

Varying ), we can get, as B, an arbitrary positive semidefinite matrix of a given size. Now,
assuming that we can process (RC) efficiently, we can check efficiently whether the feasible
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set of (RC) is or is not empty, that is, we can compare efficiently the maximum of a positive
semidefinite quadratic form over the unit box with the value 1. If we can do it, we can
compute the maximum of a general-type positive semidefinite quadratic form ¢7 B¢ over the
unit box within relative accuracy € in time polynomial in the dimension of ¢ and In(1/¢) (by
comparing maxjj¢|| . <1 XT B¢ with 1 and applying bisection in A > 0). Thus, the NP-hard
problem of computing max¢|__<1 (TB(¢, B = 0, within relative accuracy e = 0.04 reduces
to checking feasibility of the RC of a CQI with a box perturbation set, meaning that it is
NP-hard to process the RC in question.

The unpleasant phenomenon we have just outlined leaves us with only two options:

A. To identify meaningful particular cases where the RC of an uncertain conic problem is
computationally tractable; and

B. To develop tractable approximations of the RC in the remaining cases.

Note that the RC, same as in the LO case, is a “constraint-wise” construction, so that
investigating tractability of the RC of an uncertain conic problem reduces to the same question
for the RCs of the conic constraints constituting the problem. Due to this observation, from
now on we focus on tractability of the RC

V(e Z): A(Qx+b(() € Q

of a single uncertain conic inequality.

3.1.4 Safe Tractable Approximations of RCs of Uncertain Conic Inequalities

In sections 3.2, 3.4 we will present a number of special cases where the RC of an uncertain
CQI/LMI is computationally tractable; these cases have to do with rather specific perturbation
sets. The question is, what to do when the RC is not computationally tractable. A natural
course of action in this case is to look for a safe tractable approximation of the RC, defined as
follows:

Definition 3.2 Consider the RC

A(Q)z+b(() €Q V(e Z (3.1.7)
—_——
=a(z)(+B(z)
of an uncertain constraint
A(Q)z +0(¢) € Q. (3.1.8)

(A(C) € R¥X™ b(¢) € R¥ are affine in ¢, so that ax), B(x) are affine in the decision vector x).
We say that a system S of convex constraints in variables x and, perhaps, additional variables
u s a safe approximation of the RC (3.1.7), if the projection of the feasible set of S on the space
of x variables is contained in the feasible set of the RC:

Vo : (Ju: (x,u) satisfies S) = x satisfies (3.1.7).

This approzimation is called tractable, provided that S is so, (e.g., S is an explicit system of
CQIs/LMIs or, more generally, the constraints in S are efficiently computable).
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The rationale behind the definition is as follows: assume we are given an uncertain conic problem
(3.1.2) with vector of design variables = and a certain objective ¢! z (as we remember, the latter
assumption is w.l.o.g.) and we have at our disposal a safe tractable approximation S; of i-th
constraint of the problem, ¢ =1, ..., m. Then the problem
min {cTa: s (z,u') satisfies S;, 1 < i < m}
zul,...um

is a computationally tractable safe approximation of the RC, meaning that the z-component of
every feasible solution to the approximation is feasible for the RC, and thus an optimal solution
to the approximation is a feasible suboptimal solution to the RC.

In principle, there are many ways to build a safe tractable approximation of an uncertain
conic problem. For example, assuming Z bounded, which usually is the case, we could find a
simplex A = Conv{(",...,¢(F*1} in the space R” of perturbation vectors that is large enough to
contain the actual perturbation set Z. The RC of our uncertain problem, the perturbation set
being A, is computationally tractable (see section 3.2.1) and is a safe approximation of the RC
associated with the actual perturbation set Z due to A D Z. The essence of the matter is, of
course, how conservative an approximation is: how much it “adds” to the built-in conservatism
of the worst-case-oriented RC. In order to answer the latter question, we should quantify the
“conservatism” of an approximation. There is no evident way to do it. One possible way could
be to look by how much the optimal value of the approximation is larger than the optimal value
of the true RC, but here we run into a severe difficulty. It may well happen that the feasible
set of an approximation is empty, while the true feasible set of the RC is not so. Whenever this
is the case, the optimal value of the approximation is “infinitely worse” than the true optimal
value. It follows that comparison of optimal values makes sense only when the approximation
scheme in question guarantees that the approximation inherits the feasibility properties of the
true problem. On a closer inspection, such a requirement is, in general, not less restrictive than
the requirement for the approximation to be precise.

The way to quantify the conservatism of an approximation to be used in this book is as
follows. Assume that 0 € Z (this assumption is in full accordance with the interpretation of
vectors ( € Z as data perturbations, in which case ( = 0 corresponds to the nominal data). With
this assumption, we can embed our closed convex perturbation set Z into a single-parametric
family of perturbation sets

Z,=pZ,0<p< o0, (3.1.9)

thus giving rise to a single-parametric family

A(Qr +b(() € Q V(e Z, (RC,)
—_———
=a(z)(+A(z)

of RCs of the uncertain conic constraint (3.1.8). One can think about p as perturbation level,
the original perturbation set Z and the associated RC (3.1.7) correspond to the perturbation
level 1. Observe that the feasible set X, of (RC,) shrinks as p grows. This allows us to quantify
the conservatism of a safe approximation to (RC) by “positioning” the feasible set of S with
respect to the scale of “true” feasible sets X, specifically, as follows:

Definition 3.3 Assume that we are given an approximation scheme that puts into correspon-
dence to (3.1.9), (RC,) a finite system S, of efficiently computable convex constraints on variables



3.2. UNCERTAIN CONIC QUADRATIC PROBLEMS WITH TRACTABLE RCS 87

x and, perhaps, additional variables u, depending on p > 0 as on a parameter, in such a way
that for every p the system S, is a safe tractable approzimation of (RC,), and let )?p be the
projection of the feasible set of S, onto the space of x variables.

We say that the conservatism (or “tightness factor”) of the approzimation scheme in question
does not exceed ¥ > 1 if, for every p > 0, we have

Xy, C X, C X,

Note that the fact that S, is a safe approximation of (RC,) tight within factor ¥ is equivalent
to the following pair of statements:

1. [safety] Whenever a vector x and p > 0 are such that x can be extended to a feasible
solution of S,, x is feasible for (RC,);

2. [tightness| Whenever a vector x and p > 0 are such that x cannot be extended to a feasible
solution of S,, x is not feasible for (RCy,).

Clearly, a tightness factor equal to 1 means that the approximation is precise: X, = X, for
all p. In many applications, especially in those where the level of perturbations is known only
“up to an order of magnitude,” a safe approximation of the RC with a moderate tightness factor
is almost as useful, from a practical viewpoint, as the RC itself.

An important observation is that with a bounded perturbation set Z = Z; C R that is sym-
metric w.r.t. the origin, we can always point out a safe computationally tractable approximation
scheme for (3.1.9), (RC,) with tightness factor < L.

Indeed, w.l.o.g. we may assume that intZ # (), so that Z is a closed and bounded convex set symmetric
w.r.t. the origin. It is known that for such a set, there always exist two similar ellipsoids, centered
at the origin, with the similarity ratio at most v/L, such that the smaller ellipsoid is contained in Z,
and the larger one contains Z. In particular, one can choose, as the smaller ellipsoid, the largest volume
ellipsoid contained in Z; alternatively, one can choose, as the larger ellipsoid, the smallest volume ellipsoid
containing Z. Choosing coordinates in which the smaller ellipsoid is the unit Euclidean ball B, we
conclude that B ¢ Z C v/LB. Now observe that B, and therefore Z, contains the convex hull Z = {Ce
RE - ||¢|l1 < 1} of the 2L vectors +ey, £ = 1,..., L, where e; are the basic orths of the axes in question.
Since Z clearly contains L~/2B, the convex hull Z of the vectors +Ley, £ =1,..., L, contains Z and is
contained in LZ. Taking, as S,, the RC of our uncertain constraint, the perturbation set being pZ, we
clearly get an L-tight safe approximation of (3.1.9), (RC,), and this approximation is merely the system
of constraints

A(pLeg)r +b(pLes) € Q, A(—pLeg)x +b(—pLey) € Q, 0 =1,..., L,

that is, our approximation scheme is computationally tractable.

3.2 Uncertain Conic Quadratic Problems with Tractable RCs

In this section we focus on uncertain conic quadratic problems (that is, the sets Q; in (3.1.2)
are given by explicit lists of conic quadratic inequalities) for which the RCs are computationally
tractable.
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3.2.1 A Generic Solvable Case: Scenario Uncertainty

We start with a simple case where the RC of an uncertain conic problem (not necessarily a conic
quadratic one) is computationally tractable — the case of scenario uncertainty.

Definition 3.4 We say that a perturbation set Z is scenario generated, if Z is given as the
convex hull of a given finite set of scenarios ()

Z = Conv{¢W, ..., ¢, (3.2.1)

Theorem 3.1 The RC (3.1.5) of uncertain problem (3.1.2), (3.1.4) with scenario perturbation
set (3.2.1) is equivalent to the explicit conic problem

Lo w) Lo w)
[+ 3 A+ [d+ X ¢d) -t <0
/=1 /=1
i : L v L v 1 <v < L
BN A S AT -+ Y (P eq. (VSN (322)
=1 /=1

1<i1<m

with a structure similar to the one of the instances of the original uncertain problem.

Proof. This is evident due to the convexity of Q; and the affinity of the left hand sides of the
constraints in (3.1.5) in . O

The situation considered in Theorem 3.1 is “symmetric” to the one considered in lecture 1,
where we spoke about problems (3.1.2) with the simplest possible sets Q; — just nonnegative
rays, and the RC turns out to be computationally tractable whenever the perturbation set is
so. Theorem 3.1 deals with another extreme case of the tradeoff between the geometry of the
right hand side sets Q; and that of the perturbation set. Here the latter is as simple as it could
be — just the convex hull of an explicitly listed finite set, which makes the RC computationally
tractable for rather general (just computationally tractable) sets Q;. Unfortunately, the second
extreme is not too interesting: in the large scale case, a “scenario approximation” of a reasonable
quality for typical perturbation sets, like boxes, requires an astronomically large number of
scenarios, thus preventing listing them explicitly and making problem (3.2.2) computationally
intractable. This is in sharp contrast with the first extreme, where the simple sets were Q; —
Linear Optimization is definitely interesting and has a lot of applications.

In what follows, we consider a number of less trivial cases where the RC of an uncertain conic
quadratic problem is computationally tractable. As always with RC, which is a constraint-wise
construction, we may focus on computational tractability of the RC of a single uncertain CQI

| Ay +b(¢) |2 < H(Q)y + d(Q), (3.2.3)
—_— —_—
=a(y)¢+B(y) =0T (y)¢+d(y)

where A(¢) € RF*™, b(¢) € R*, ¢(¢) € R™,d(¢) € R are affine in ¢, so that a(y), B(y),o(y),d(y)
are affine in the decision vector y.
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3.2.2 Solvable Case I: Simple Interval Uncertainty

Consider uncertain conic quadratic constraint (3.2.3) and assume that:

1. The uncertainty is side-wise: the perturbation set Z = Z°ft x Zright i the direct product
of two sets (so that the perturbation vector ¢ € Z is split into blocks n € Z' and
x € Z"#ht) with the left hand side data A(C),b(¢) depending solely on n and the right
hand side data ¢(¢),d({) depending solely on ¥, so that (3.2.3) reads

| A(m)y +b(n) [|l2 < " (x)y + d(x), (3.2.4)

=a(y)n+B(y) =0T (y)x+d(y)

and the RC of this uncertain constraint reads

[AM)y +b(m)]l2 < "(X)y +d(x) V(ne 2 x e Zrehty; (3.2.5)

2. The right hand side perturbation set is as described in Theorem 1.1, that is,
ZHeht — £y Ju: Py + Qu+p e K},

where either K is a closed convex pointed cone, and the representation is strictly feasible,
or K is a polyhedral cone given by an explicit finite list of linear inequalities;

3. The left hand side uncertainty is a simple interval one:

Zlft = {n=[0A4,08] : [(6A)i;| <6, 1< i<k 1<j<m,
|(0b)i] <6, 1 < i <k},
AQ) Q)] = [AD, 7] + 54,00,

In other words, every entry in the left hand side data [A, ] of (3.2.3), independently of all
other entries, runs through a given segment centered at the nominal value of the entry.

Proposition 3.1 Under assumptions 1 — 8 on the perturbation set Z, the RC of the uncertain
CQI (3.2.3) is equivalent to the following explicit system of conic quadratic and linear constraints
in variables y, z, T, v:

T+ plv <é(y), PTv=o(y),
(@ oty —0 ek,

2 > (A% + )| + 6 + 3 |6yl i =1, .0k (3.2.6)
7j=1

(b)

[2ll2 <7
where K. is the cone dual to K.

Proof. Due to the side-wise structure of the uncertainty, a given y is robust feasible if and only
if there exists 7 such that
(@) 7< min {o"(y)x+d(y)}
Xezrlght
= min {UT(y)X :Px+Qu+pce K} +0(y),
X7u

(b) 7= max [[A(n)y +b(n)l2
77€Zleft

= max {[[A%y + b"] + [6Ay + 6bllla : [0Al;; < b5, |6bs] < 6i}-
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By Conic Duality, a given 7 satisfies (a) if and only if 7 can be extended, by properly chosen v,
to a solution of (3.2.6.a); by evident reasons, T satisfies (b) if and only if there exists z satisfying
(3.2.6.). O

3.2.3 Solvable Case II: Unstructured Norm-Bounded Uncertainty

Consider the case where the uncertainty in (3.2.3) is still side-wise (2 = Z'*ft x Z"ight) with the
right hand side uncertainty set Z"8" as in section 3.2.2, while the left hand side uncertainty is
unstructured norm-bounded, meaning that

21t = {1y e RP9: ||n|lop < 1} (3.2.7)
and either
A(n)y +b(n) = A%y + " + LT (y)nR (3.2.8)
with L(y) affine in y and R # 0, or
A(n)y +b(n) = A%y + " + LnR(y) (3.2.9)

with R(y) affine in y and L # 0. Here

[1ll2,2 = max {|[null2 : u € RY, [lulls < 1}

is the usual matrix norm of a p x ¢ matrix n (the maximal singular value),

Example 3.1

(i) Imagine that some p X ¢ submatrix P of the left hand side data [A, ] of (3.2.4) is uncertain and
differs from its nominal value P by an additive perturbation AP = MTAN with A having matrix norm
at most 1, and all entries in [A, b] outside of P are certain. Denoting by I the set of indices of the rows
in P and by J the set of indices of the columns in P, let U be the natural projector of R™*! on the
coordinate subspace in R™*! given by J, and V be the natural projector of R* on the subspace of R*
given by I (e.g., with I = {1,2} and J = {1,5}, Uu = [u1;us] € R? and Vu = [ug;uz] € R?). Then the
outlined perturbations of [A,b] can be represented as

_ n n T T
[A(n),b(n)] = [A7,b ]+\VLJ;4 ,n(i\;U), Il

22 <1,

whence, setting Y (y) = [y; 1],
Ay +b(n) = [Ay + 6" + LTy [RY ()],
N———
R(y)
and we are in the situation (3.2.7), (3.2.9).
(ii) [Simple ellipsoidal uncertainty] Assume that the left hand side perturbation set is a p-
dimensional ellipsoid; w.l.o.g. we may assume that this ellipsoid is just the unit Euclidean ball B = {n €

R? : ||n|l2 < 1}. Note that for vectors n € RP = RP*! their usual Euclidean norm |[|n||2 and their matrix
norm ||n/2,2 are the same. We now have

Zleft

P
A(n)y +b(n) = [A% + 0]+ > ne[Aly + 7 = [Ay + 0" + LT (y)nR,
=1
where A = A% o =%, R =1 and L(y) is the matrix with the rows [A’y + v*]T, £ =1,...,p. Thus, we
are in the situation (3.2.7), (3.2.8).
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Theorem 3.2 The RC of the uncertain CQI (3.2.4) with unstructured norm-bounded uncer-
tainty is equivalent to the following explicit system of LMIs in variables y, T, u, A:
(i) In the case of left hand side perturbations (3.2.7), (3.2.8):

(@) 7+pTv<d(y), Plo=0a(y), QTv=0, ve K,

71y LT(y) | Avy+0b" (3.2.10)
(b) L(y) AL = 0.
[Any + 7T T —ARTR

(ii) In the case of left hand side perturbations (3.2.7), (3.2.9):

((Z) T+pT/US5(y)7 PTU:U(y)7 QTU:07 v € K,

I, — ALTL A"y + b" (3.2.11)
(b) Al Rly) | =0
Ay +]" [RT(y) | T

Here K., is the cone dual to K.

Proof. Same as in the proof of Proposition 3.1, y is robust feasible for (3.2.4) if and only if
there exists 7 such that

(a) 7< Xergght {oT(y)x +6(y)}

— r)r(ligl{aT(y)x : Px+ Qu+pe K}, (3.2.12)

(b) 7= max [[A(n)y + b(n)l2;

and a given 7 satisfies (a) if and only if it can be extended, by a properly chosen v, to a solution
of (3.2.10.a)<(3.2.11.a). It remains to understand when 7 satisfies (b). This requires two basic
facts.

Lemma 3.1 [Semidefinite representation of the Lorentz cone] A wvector [y;t] € R¥ x R belongs
to the Lorentz cone LF1 = {[y:t] € RFL ¢ > ||ly|l2} if and only if the “arrow matriz”

_ [t
Arrow(y,t) = [ Tt }

is positive semidefinite.

Proof of Lemma 3.1: We use the following fundamental fact:

Lemma 3.2 [Schur Complement Lemma] A symmetric block matriz

T
A= Ple
Q| R
with R > 0 is positive (semi)definite if and only if the matriz
P-Q'RQ

is positive (semi)definite.
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Schur Complement Lemma = Lemma 3.1: When ¢ = 0, we have [y;t] € L¥1 iff y = 0, and
Arrow(y,t) > 0 iff y = 0, as claimed in Lemma 3.1. Now let ¢ > 0. Then the matrix tI} is
positive definite, so that by the Schur Complement Lemma we have Arrow(y,t) > 0 if and only
if t > t~'9yTy, or, which is the same, iff [y;¢] € L¥*1. When t < 0, we have [y;t] ¢ L' and
Arrow(y,t) # 0. O
Proof of the Schur Complement Lemma: Matrix A = AT is = 0 iff uT Pu+ 2uTQTv +vTRv >0
for all u, v, or, which is the same, iff

Yu : 0 < min {uTPu +2uTQTv + UTRU} =u'Pu—u"QTR'Qu
v

(indeed, since R > 0, the minimum in v in the last expression is achieved when v = R~'Qu).
The concluding relation Vu : u [P — QT R™1QJu > 0 is valid iff P — QT R™'Q = 0. Thus, A = 0
iff P—QTR'Q > 0. The same reasoning implies that A = 0 iff P — QTR™'Q > 0. O

We further need the following fundamental result:
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Lemma 3.3 [S-Lemma]
(i) [homogeneous version] Let A, B be symmetric matrices of the same size such that T1 Az >
0 for some x. Then the implication

2T Az > 0= 2TBx >0

holds true if and only if
JA>0: B = )\A.

(ii) [inhomogeneous version] Let A, B be symmetric matrices of the same size, and let the
quadratic form T Ax + 2a™x + o be strictly positive at some point. Then the implication

:L‘TAa:—|—2aTx—|—a20:>:L‘TB$—|—2bT:L‘+ﬁZO

holds true if and only if
B—-)\A ‘ b — Aa”

>0:
A =z0 b—)\a‘ 08— A

= 0.

For proof of this fundamental Lemma, see, e.g., [9, section 4.3.5].
Coming back to the proof of Theorem 3.2, we can now understand when a given pair 7,y
satisfies (3.2.12.0). Let us start with the case (3.2.8). We have

(y, 7) satisfies (3.2.12.)
0

———
& [[A%y + 0 +LT (y)nR; 7] € L*L Y(n:|nllae < 1)

[by (3.2.8)]
T | " + R"n"L(y)
= — =0 V(n: <1
y—l—LT(y)nR ‘ TIk - (77 ||77H2,2 =~ )
[by Lemma 3.1]
& 72+ 25T [+ LT (y)nR] +7rlr >0 Vs;r] V(5 : [nll22 < 1)
& 724+ 2syTr+2 min [s(nTL(y)r)TR] +mrTr >0 V[s;r]
n:(Imll2,2<1
& 752425yl r — 2||L(y)r|2||sR|l2 + 7rTr >0 V[s;r]
s mrlr + 2(L(y)r)Te+ 25Ty 4+ 752 >0 V(s,r, & €7¢ < s2RTR)
I, | LT (y) 0
& IAN>0:| Ly) | Al =0
g’ T —ARTR

[by the homogeneous S-Lemma; note that R # 0].

The requirement A > 0 in the latter relation is implied by the LMI in the relation and is therefore
redundant. Thus, in the case of (3.2.8) relation (3.2.12.b) is equivalent to the possibility to extend
(y,T) to a solution of (3.2.10.b).
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Now let (3.2.9) be the case. We have
(y,7) satisfies (3.2.12.b)
n : n T k+1
& (A% + 0" +L nR(y); 7] € LT Yy« [nll22 < 1) [by (3.2.9)]

T | 7"+ R (y)n" L
U+ L™R(y) | Tl

i

=0 Y(n:nll22 < 1)

[by Lemma 3.1]
782 + 2577 [§+ LTnR(y)] + 707 > 0 Vs;r] V(n : [nll22 < 1)
752 +2sy7r+2 min  [s(n"Lr)TR(y)] +7rTr >0 V[s;7]

n:(|mll2,2<1
752 + 25y r — 2||Lr2|lsR(y)||2 + rTr >0 V[s; 7]

t ¢ T 3

mrTr + 2sRT ()¢ + 2577 + 782 >0 V(s,r,&: €06 <rTLTLy)

I, — A\LTL m
Ix>0: My |R(y) | =0
g’ RT(y) |
[by the homogeneous S-Lemma; note that L # 0].

¢

As above, the restriction A > 0 is redundant. We see that in the case of (3.2.9) relation (3.2.12.b)
is equivalent to the possibility to extend (y,7) to a solution of (3.2.11.0). O

3.2.4 Solvable Case III: Convex Quadratic Inequality with Unstructured
Norm-Bounded Uncertainty

A special case of an uncertain conic quadratic constraint (3.2.3) is a convex quadratic constraint

(a) y" AT (O Ay < 2y"b(¢) +¢(¢)
(i (3.2.13)
(®) 24Oy 1 = 2y"b(C) — e(O]ll2 < 1+ 25" b(C) + ¢(Q).

Here A(C) is k x n.
Assume that the uncertainty affecting this constraint is an unstructured norm-bounded one, meaning

that
(@) Z={CeRP*": (|22 <1},

A(Qy Ay
(0) yTb(C) | = [ yTolt ] + LT (y)CR(y), (3.2.14)
c(¢) At

where L(y), R(y) are matrices of appropriate sizes affinely depending on y and such that at least one
of the matrices is constant. We are about to prove that the RC of (3.2.13), (3.2.14) is computationally
tractable. Note that the just defined unstructured norm-bounded uncertainty in the data of convex
quadratic constraint (3.2.13.a) implies similar uncertainty in the left hand side data of the equivalent
uncertain CQI (3.2.13.a). Recall that Theorem 3.2 ensures that the RC of a general-type uncertain CQI
with side-wise uncertainty and unstructured norm-bounded perturbations in the left hand side data is
tractable. The result to follow removes the requirement of “side-wiseness” of the uncertainty at the



3.2. UNCERTAIN CONIC QUADRATIC PROBLEMS WITH TRACTABLE RCS 95

cost of restricting the structure of the CQI in question — now it should come from an uncertain convex
quadratic constraint. Note also that the case we are about to consider covers in particular the one when
the data (A(C),b((), c({)) of (3.2.13.a) are affinely parameterized by ¢ varying in an ellipsoid (cf. Example

3.1.(i)).

Proposition 3.2 Let us set L(y) = [La(y), Lv(y), Lc(y)], where Ly(y), Lc(y) are the last two columns
in L(y), and let

L(y) = [L] () + %LZ%; L£<y>}| ,[Aﬁ@])T = [R(y). Ogal; (3215)
_ [ 2yT ] [AYy -
Aly) = [ Aty L ’

The RC of (3.2.13) 2.14) is equivalent to the explicit LMI S in variables y, A as follows:
(1) In the case when L(y) is independent of y and is nonzero, S is

so that A(y), Z(y) and ﬁ(y) are affine in y and at least one of the latter two matrices is constant.
, (3.

Aly) ~AL'L | R(y) |, (3.2.16)
Ry | aMy |7

(i) In the case when R(Y) is independent of y and is nonzero, S is

Al) —ARTR | L7(y) | . (3.2.17)
L(y) ‘ Al -

(i) In all remaining cases (that is, when either L(y) = 0, or R(y) =0, or both), S is
A(y) = 0. (3.2.18)
Proof. We have
yTAT(QOAy < 2y"b(Q) +¢(¢) Ve 2

2y"b(Q) +c(Q) | [AQy]"

[Schur Complement Lemma]

=0 Y(C:[[¢ll22<1)
by (3.2.14)]

L7 (y)CR(y) |

s Aly) + LT(y)CR(y) + RT(y)¢TL(y) = 0 Y(C: [[Cll22 <1) by (3.2.15)].

Now the reasoning can be completed exactly as in the proof of Theorem 3.2. Consider, e.g., the case of
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(i). We have
y" AT (O Ay < 2y"b(() +¢(¢) Ve 2

& A(y)+ LTCR(y) + RT()CTL = 0 Y(C : ||¢]|2.2 < 1) [already proved]

& TAWE+2LOTCR(Y)E >0 VE V(¢ [I¢llz2 < 1)

& TAWE -2/ LE]olIR(y)Ell2 = 0 Ve

& ETAWE+20TR(y)E >0 V(& n:nTy < TLTLE)

o Do | AWML R@) ] > 0 [S-Lemma

Ry) | M,
o 3. l Aly) = \LTL | BT (y) ] o
R(y) | M,

and we arrive at (3.2.16). O

3.2.5 Solvable Case IV: CQI with Simple Ellipsoidal Uncertainty

The last solvable case we intend to present is of uncertain CQI (3.2.3) with an ellipsoid as the
perturbation set. Now, unlike the results of Theorem 3.2 and Proposition 3.2, we neither assume
the uncertainty side-wise, nor impose specific structural restrictions on the CQI in question.
However, whereas in all tractability results stated so far we ended up with a “well-structured”
tractable reformulation of the RC (mainly in the form of an explicit system of LMIs), now the
reformulation will be less elegant: we shall prove that the feasible set of the RC admits an
efficiently computable separation oracle — an efficient computational routine that, given on
input a candidate decision vector y, reports whether this vector is robust feasible, and if it is
not the case, returns a separator — a linear form e’ z on the space of decision vectors such that

eTy > supe’ z,
z€Y
where Y is the set of all robust feasible solutions. Good news is that equipped with such a
routine, one can optimize efficiently a linear form over the intersection of Y with any convex
compact set Z that is itself given by an efficiently computable separation oracle. On the negative
side, the family of “theoretically efficient” optimization algorithms available in this situation is
much more restricted than the family of algorithms available in the situations we encountered so
far. Specifically, in these past situations, we could process the RC by high-performance Interior
Point polynomial time methods, while in our present case we are forced to use slower black-box-
oriented methods, like the Ellipsoid algorithm. As a result, the design dimensions that can be
handled in a realistic time can drop considerably.
We are about to describe an efficient separation oracle for the feasible set

Y ={y: a)C+ Bl <o (y)¢+(y) V(¢:¢T¢<1)} (3.2.19)

of the uncertain CQI (3.2.3) with the unit ball in the role of the perturbation set; recall that
a(y), B(y), a(y), 8(y) are affine in y.
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Observe that y € Y if and only if the following two conditions hold true:

0<ol(y)C+6y) Y(¢: ¢l <1)
& llo(y)ll2 <4é(y) (a)
(6T (W)¢+0()* — [a(y)¢ + B laly)¢ + B(y)] >0
V(¢:¢T¢ <)
& IA>0: (3.2.20)
A +To;(§)a(T)(y) 5@(0?(%))
_ —a (y)aly =5 (y)aly
AN =500 0) 7o) - e | -0 Y
-’ (y)B(y) -

where the second < is due to the inhomogeneous S-Lemma. Observe that given y, it is easy to
verify the validity of (3.2.20). Indeed,

1. Verification of (3.2.20.a) is trivial.

2. To verify (3.2.20.b), we can use bisection in A as follows.
First note that any A > 0 satisfying the matrix inequality (MI) in (3.2.20.b) clearly should
be < Ay = 6%(y) — BT (y)B(y). If Ay < 0, then (3.2.20.b) definitely does not take place,
and we can terminate our verification. When A > 0, we can build a shrinking sequence
of localizers Ay = [);, \¢] for the set A, of solutions to our MI, namely, as follows:

o We set \y =0, Ao = Ay, thus ensuring that A, C A,.

e Assume that after ¢ — 1 steps we have in our disposal a segment Ay 1, Ay 1 C Ap_o C
.. C Ay, such that A, C A;_1. Let A\ be the midpoint of A;_;. At step t, we check
whether the matrix A,()\;) is > 0; to this end we can use any one from the well-known
Linear Algebra routines capable to check in O(k®) operations positive semidefiniteness of
a k x k matrix A, and if it is not the case, to produce a “certificate” for the fact that
A # 0 — a vector z such that 274z < 0. If Ay(\) = 0, we are done, otherwise we
get a vector z; such that the affine function f;(\) = 2f A,(\)2 is negative when A = \;.
Setting Ay = {A € Ay_1 : fr(A) > 0}, we clearly get a new localizer for A, that is at least
twice shorter than A;_1; if this localizer is nonempty, we pass to step t + 1, otherwise we
terminate with the claim that (3.2.20.0) is not valid.

Since the sizes of subsequent localizers shrink at each step by a factor of at least 2, the
outlined procedure rapidly converges: for all practical purposes! we may assume that the
procedure terminates after a small number of steps with either a A that makes the MI in
(3.2.20) valid, or with an empty localizer, meaning that (3.2.20.b) is invalid.

So far we built an efficient procedure that checks whether or not y is robust feasible (i.e., whether
or not y € Y). To complete the construction of a separation oracle for Y, it remains to build a
separator of y and Y when y ¢ Y. Our “separation strategy” is as follows. Recall that y € Y
if and only if all vectors v, (¢) = [a(y)¢ + B(y); ol (y)¢ + d(y)] with ||C[]2 < 1 belong to the
Lorentz cone L*+!1 where k = dim 3(y). Thus, y € Y if there exists ¢ such that ||C[|2 < 1 and
vy(¢) ¢ L**L. Given such a ¢, we can immediately build a separator of y and Y as follows:

"We could make our reasoning precise, but it would require going into tedious technical details that we prefer
to skip.
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1. Since v, (¢) ¢ L**1, we can easily separate v,(¢) and LF*!. Specifically, setting v,(¢) =
[a; ], we have b < ||al|2, so that setting e = [a/||a]l2; —1], we have el v, () = |lalj2 —b > 0,
while eTu < 0 for all u € LFL

2. After a separator e of v,(¢) and L**! is built, we look at the function ¢(z) = elv,(C).
This is an affine function of z such that

spo(z) < sup ¢Tu < Tuy(©) = 6(y)
z€Y ueLk+1

where the first < is given by the fact that v.({) € L**! when 2z € Y. Thus, the homoge-
neous part of ¢(-), (which is a linear form readily given by e), separates y and Y.

In summary, all we need is an efficient routine that, in the case when y € Y, i.e.,
Zy={C: |Ill2 < 1, 0y(Q) ¢ LF1} # 0,

finds a point ¢ € ZAy (“an infeasibility certificate”). Here is such a routine. First, recall that our
algorithm for verifying robust feasibility of y reports that y € Y in two situations:

e |[o(y)]l2 > 6(y). In this case we can without any difficulty find a ¢, ||C|l2 < 1, such that
ol (y)¢ +6(y) < 0. In other words, the vector v,(¢) has a negative last coordinate and therefore
it definitely does not belong to L**1. Such a ¢ is an infeasibility certificate.

e We have discovered that (a) Ay < 0, or (b) got A; = ) at a certain step ¢ of our bisection
process. In this case building an infeasibility certificate is more tricky.
Step 1: Separating the positive semidefinite cone and the “matrix ray” {A,(\): X >
0}. Observe that with zp defined as the last basic orth in R, we have fo(A) = 20 A, (A\)20 < 0
when A > Ay. Recalling what our bisection process is, we conclude that in both cases (a),
(b) we have at our disposal a collection 2, ..., z; of (L 4+ 1)-dimensional vectors such that with
fs(\) = 2 Ay(\)zs we have f(\) = min [fo(\), f1(A), ..., fz(A)] < 0for all A > 0. By construction,
f(X) is a piecewise linear concave function on the nonnegative ray; looking at what happens at
the maximizer of f over A > 0, we conclude that an appropriate convex combination of just two
of the “linear pieces” fo(A),..., ft(A) of f is negative everywhere on the nonnegative ray. That
is, with properly chosen and easy-to-find « € [0,1] and 7,72 <t we have

d(N) = afr,(A) + (1= a)fry(A) <0 YA > 0.

Recalling the origin of f,()\) and setting 2! = \/az,,, 22 = V1 — azy,, Z = 2 21T + 22[2?]T, we
have
0> o(\) = [217A,(N)2' + 25T A,(V)2? = Tr(A4,(\)Z) VYA > 0. (3.2.21)

This inequality has a simple interpretation: the function ®(X) = Tr(XZ) is a linear form on
ST+ that is nonnegative on the positive semidefinite cone (since Z > 0 by construction) and is
negative everywhere on the “matrix ray” {A,(X\) : A > 0}, thus certifying that this ray does not
intersect the positive semidefinite cone (the latter is exactly the same as the fact that (3.2.20.b)
is false).

Step 2: from Z to (. Relation (3.2.21) says that an affine function ¢()) is negative everywhere
on the nonnegative ray, meaning that the slope of the function is nonpositive, and the value at
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the origin is negative. Taking into account (3.2.20), we get

. o(y)o (v) ‘ S(y)o” (v)
Zrinpe > Y Zi, TH(Z |—% (y)o‘(y) —5 (y)aly) ) < 0. (3.2.22)

i=1

Besides this, we remember that Z is given as z![2!]7 + 22[22]T. We claim that
(1) We can efficiently find a representation Z = ee” + ff7 such that e, f € LLT1,

Taking for the time being (!) for granted, let us build an 1nfea51b1hty certificate. Indeed, from
the second relation in (3.2.22) it follows that either Tr(A,(0)ee’) < 0, or Tr(A4,(0)ffT) < 0, or
both. Let us check which one of these inequalities indeed holds true; w.l.o.g., let it be the first
one. From this inequality, in particular, e # 0, and since e € LY, we have ey > 0. Setting
e =e/er+1 = [(;1], we have Tr(A,(0)ee’) = eT A,(0)e < 0, that is,

5 (y) — BT ()By) +26(y)a” (y)¢ — 267 (y)ey)C + Taly)ot (y)¢

—(Tal(y)a(y)C <0

or, which is the same,

(6(y) + 0" (1)0)? < (aly)¢ + By) (ay)C + B(y)).

We see that the vector vy(g) = [a(y)¢ + B(y); 0T (y)¢ + d(y)] does not belong to LE*!, while
€= [(;1] € L+ that is, ||{]l2 < 1. We have built a required infeasibility certificate.
It remains to justify (!). Replacing, if necessary, z! with —z! and 22 with —22, we can assume that
Z = 22T + 22[247T with 2! = [p;s], 22 = [g;7], where s,7 > 0. It may happen that z!, 22 € LEF!
— then we are done. Assume now that not both z', 22 belong to L1, say, 2! ¢ LE*!, that is,
L
0 < s < |pll2. Observe that Zy1,1+1 = s>+ 7% and . Z; = pTp + ¢7q; therefore the first relation in
i=1
(3.2.22) implies that s2 4+ 72 > pTp + ¢Tq. Since 0 < s < ||p|l2 and 7 > 0, we conclude that 7 > ||q||2-
Thus, s < ||pll2, 7 > ||g|l2, whence there exists (and can be easily found) o € (0,1) such that for the

vector e = /az! + /1 —az? = [u;t] we have e 11 = /€2 + ... + €2. Setting f = —v/1 — az! + /az?,
we have eeT + ffT = 21217 + 22[2%]T = Z. We now have

L

L L
0< Zrpripr — Y Zin = €fyr + fiar — e + 71 = flan— Y 15
=1

i=1 i=1

thus, replacing, if necessary, f with —f, we see that e, f € L¥*! and Z = ee” 4 ff7, as required in (!).
Semidefinite Representation of the RC of an Uncertain CQI with Simple Ellipsoidal
Uncertainty

This book was nearly finished when the topic considered in this section was significantly advanced
by R. Hildebrand [56, 57] who discovered an explicit SDP representation of the cone of “Lorentz-
positive” n x m matrices (real m X n matrices that map the Lorentz cone L™ into the Lorentz
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cone L™). Existence of such a representation was a long-standing open question. As a byproduct
of answering this question, the construction of Hildebrand offers an explicit SDP reformulation
of the RC of an uncertain conic quadratic inequality with ellipsoidal uncertainty.

The RC of an uncertain conic quadratic inequality with ellipsoidal uncertainty and
Lorentz-positive matrices. Consider the RC of an uncertain conic quadratic inequality with
simple ellipsoidal uncertainty; w.l.o.g., we assume that the uncertainty set Z is the unit Euclidean
ball in some R™~!, so that the RC is the semi-infinite constraint of the form

Blz]¢ 4+ blz] e L V(¢ e R™ 1 : ¢T¢ < 1), (3.2.23)

with Blz], blz| affinely depending on z. This constraint is clearly exactly the same as the
constraint

Blz]¢ + 1bz] € L™ V([&; 7] € L™).

We see that z is feasible for the RC in question if and only if the n x m matrix M|[z] = [B|z], b[z]]
affinely depending on x is Lorentz-positive, that is, maps the cone L™ into the cone L. It follows
that in order to get an explicit SDP representation of the RC, is suffices to know an explicit
SDP representation of the set P, ,, of n x m matrices mapping L™ into L".
SDP representation of P, ,, as discovered by R. Hildebrand (who used tools going far beyond
those used in this book) is as follows.

A. Given m,n, we define a linear mapping A — W(A) from the space R™*™ of real n x m
matrices into the space SV of symmetric N x N matrices with N = (n — 1)(m — 1), namely, as
follows.

Up + U1 U2 to Un—1
u9 Up — UL
Let Wy[u] = ) ) , so that W, is a symmetric (n — 1) x
Un—1 Un — U

(n — 1) matrix depending on a vector u of n real variables. Now consider the Kronecker
product Wu,v] = Wy [u] @ Wy,[v]. 2 W is a symmetric N x N matrix with entries that are
bilinear functions of u and v variables, so that an entry is of the form “weighted sum of pair

Y

products of the w and the v-variables.” Now, given an n X m matrix A, let us replace pair
products w;vy in the representation of the entries in Wu,v] with the entries A;, of A. As
a result of this formal substitution, W will become a symmetric (n — 1) x (m — 1) matrix

W(A) that depends linearly on A.

B. We define a linear subspace L, , in the space SV as the linear span of the Kronecker
products S Q) T of all skew-symmetric real (n—1) x (n — 1) matrices S and skew-symmetric real
(m—1) x (m—1) matrices T. Note that the Kronecker product of two skew-symmetric matrices
is a symmetric matrix, so that the definition makes sense. Of course, we can easily build a basis
in £, ,, — it is comprised of pairwise Kronecker products of the basic (n — 1)-dimensional and
(m — 1)-dimensional skew-symmetric matrices.

The Hildebrand SDP representation of P, ,, is given by the following:

2Recall that the Kronecker product A@Q B of a px ¢ matrix A and an r X s matrix B is the pr x gs matrix
with rows indexed by pairs (i,k), 1 <i <p, 1 <k <r, and columns indexed by pairs (j,¢), 1 <j<¢q,1<{<s,
and the ((, k), (7, ¢))-entry equal to A;; Bxe. Equivalently, A B is a p x ¢ block matrix with r x s blocks, the
(Z,])—th block being A”B
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Theorem 3.3 [Hildebrand [57, Theorem 5.6]] Let min[m,n| > 3. Then an n x m matriz A
maps L™ into L™ if and only if A can be extended to a feasible solution to the explicit system of
LMIs

WA+ X >0, Xely,

in variables A, X.

As a corollary,

When m — 1 :=dim¢ > 2 and n := dimb[z] > 3, the explicit (n —1)(m — 1) x (n —1)(m — 1)
LMI
W([Blz],b[z]]) + X = 0 (3.2.24)

in variables x and X € L,,, is an equivalent SDP representation of the semi-infinite conic
quadratic inequality (3.2.23) with ellipsoidal uncertainty set.

The lower bounds on the dimensions of ¢ and b[z] in the corollary do not restrict generality —
we can always ensure their validity by adding zero columns to B[z] and/or adding zero rows to
[Blz], bl]].

3.2.6 Illustration: Robust Linear Estimation

Consider the situation as follows: we are given noisy observations
w= I, +A)z+¢§ (3.2.25)

of a signal z that, in turn, is the result of passing an unknown input signal v through a given
linear filter: z = Av with known p X ¢ matrix A. The measurements contain errors of two kinds:

e bias Az linearly depending on z, where the only information on the bias matrix A is given
by a bound ||Al|22 < p on its norm;

e random noise £ with zero mean and known covariance matrix ¥ = E{¢¢7}.
The goal is to estimate a given linear functional f7v of the input signal. We restrict ourselves
with estimators that are linear in w: R

f=z"w,

where x is a fixed weight vector. For a linear estimator, the mean squares error is

EstBrr = /E{T[(I+ A)Av + £ — fTv)?}

— AT+ AT)e — f]70)° + TS0

Now assume that our a priori knowledge of the true signal is that v7 Qv < R?, where Q = 0
and R > 0. In this situation it makes sense to look for the minimax optimal weight vector
x that minimizes the worst, over v and A compatible with our a priori information, mean
squares estimation error. In other words, we choose x as the optimal solution to the following
optimization problem

min  max _(([AT(I+AT)z - f]TU)2 +27%z) 12 (P)
T vl Qu<R2 e
AxllAllg 2<p S
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Now,
Sz — ATy = Sz — fIT(RQ~'/?
v:vj%%};RQ[ * f] Y ug}ixﬁl[ v f] ( Q U)
= R|Q™V2Sz — Q' |2,
P
f

so that (P) reduces to the problem

1All2,2<p

min \/:L‘TZJJ + R? max || Q_I/QAT(I + AT) T — f||%>
x
B

which is exactly the RC of the uncertain conic quadratic program

VIZ+s2 <t |22z, <
min 4¢. VO Fs st ﬂQ =n L (3.2.26)
xz,t,r,s ||Bl‘ — f||2 S R s

where the only uncertain element of the data is the matrix B = Q~Y/2AT(I + AT) running
through the uncertainty set

U={B=Q '2AT 1pQ 12AT¢,( € Z={C € RP*P :||C||an < 1}}. (3.2.27)
B
ek

The uncertainty here is the unstructured norm-bounded one; the RC of (3.2.26), (3.2.27) is
readily given by Theorem 3.2 and Example 3.1.(1). Specifically, the RC is the optimization

program
Vr? 452 < t, ||Zl/2m\|2 <r,
. R 'sI, — A\p*ByBY Bnz — f
: 2.2
NEEST v E N A —
[Bnx — f]T T | R7ls

which can further be recast as an SDP.
Next we present a numerical illustration.

Example 3.2 Consider the problem as follows:

A thin homogeneous iron plate occupies the 2-D square D = {(x,y) : 0 < z,y < 1}. At time
t = 0 it was heated to temperature T'(0, z, y) such that fD T%(0, z,y)dzdy < T2 with a given
Ty, and then was left to cool; the temperature along the perimeter of the plate is kept at the
level 0° all the time. At a given time 27 we measure the temperature 7'(27, z,y) along the
2-D grid

I'={(up,u): 1< p,v<N} u,= frack —1/2N

The vector w of measurements is obtained from the vector
z={T271,uy,u,) 1 < p,v <N}

according to (3.2.25), where ||Al|2,2 < p and &, are independent Gaussian random variables
with zero mean and standard deviation o. Given the measurements, we need to estimate the
temperature T'(7,1/2,1/2) at the center of the plate at time 7.
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It is known from physics that the evolution in time of the temperature T'(¢, x, y) of a homogeneous
plate occupying a 2-D domain €2, with no sources of heat in the domain and heat exchange solely
via the boundary, is governed by the heat equation

0 2 0?2
ET—‘(Ww—yz)T

(In fact, in the right hand side there should be a factor 7 representing material’s properties, but
by an appropriate choice of the time unit, this factor can be made equal to 1.) For the case of
) = D and zero boundary conditions, the solution to this equation is as follows:

o0
T(t,z,y) = Z apeexp{—(k? + 3%t} sin(rkz) sin(nly), (3.2.29)
k=1

where the coefficients agy can be obtained by expanding the initial temperature into a series in
the orthogonal basis ¢pe(z,y) = sin(mkz) sin(rly) in Lo(D):

e =14 [ T(0.2.9)0us(zy)ddy.
D
In other words, the Fourier coefficients of T'(¢,-,-) in an appropriate orthogonal spatial basis

decrease exponentially as t grows, with the “decay time” (the smallest time in which every one
of the coefficients is multiplied by factor < 0.1) equal to

A= ln(l())'
272

Setting vge = ape exp{—(k? + £?)7%7}, the problem in question becomes to estimate

T(7,1/2,1/2) = kawke(l/?a 1/2)

k,l
given observations

w={I+A)z+¢ z2={TQ21,uy,u) 1< pu,v< N},
£ ={&uw ~N(0,0%): 1 < p,v <N}

(€ are independent).
Finite-dimensional approximation. Observe that

Gy = exp{7r2(k2 + KZ)T}UM

and that

Z'U]%g exp{2n?(k* + (*)1} = Zaie = 4/ T2(0, z,y)dxdy < 4TZ. (3.2.30)
k.l kit b

It follows that
lvge] < 2To exp{—7r2(k2 + 62)7}.
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Now, given a tolerance € > 0, we can easily find L such that

Z exp{—m?(k* + £*)7} <
ke f:k2 02> 12

€

2Ty’

meaning that when replacing by zeros the actual (unknown!) vy, with k2 + ¢? > L2, we change
temperature at time 7 (and at time 27 as well) at every point by at most e. Choosing € really
small (say, € = 1.e-16), we may assume for all practical purposes that vy = 0 when k% +/¢2 > L2,
which makes our problem a finite-dimensional one, specifically, as follows:

Given the parameters L, N, p, o, Ty and observations
w= I+ A)z+¢, (3.2.31)

where ||All2.2 < p, & ~ N(0,0?) are independent, z = Av is defined by the relations

2w = Z exp{—7%(k* + 0*) 7 }vkedre(up, un), 1 < v < N,
K2 2< 2

and v = {vpe}g242<p2 is known to satisfy the inequality

v Qu = Z v, exp{2m?(k* + (21} < AT,
k24+02<12

estimate the quantity

> vore(1/2,1/2),

k2402<12

where ¢p¢(z,y) = sin(mkx) sin(rly) and u, = “7]\1,/2.

The latter problem fits the framework of robust estimation we have built, and we can recover
T =1T(r,1/2,1/2) by a linear estimator

T = g Ty Wy
[TRY

with weights x,,, given by an optimal solution to the associated problem (3.2.28).
Assume, for example, that 7 is half of the decay time of our system:
11n(10)
T==
2 272

~ 0.0583,

and let
Ty = 1000, N = 4.

With € = 1.e-15, we get L = 8 (this corresponds to just 41-dimensional space for v’s). Now
consider four options for p and o:

(a) p=1e9, o=1e9

(b) p=0, o=1.e3

(¢c) p=1le3, o=1e3

(d) p=1lel, o=1le-1l
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In the case of (a), the optimal value in (3.2.28) is 0.0064, meaning that the expected squared

error of the minimax optimal estimator never exceeds (0.0064)?. The minimax optimal weights

are
6625.3 —2823.0 —2.8230 6625.3

—2823.0 1202.9 1202.9 —2823.0
—2823.0 1202.9 1202.9 —-2823.0
6625.3 —2823.0 —2823.0 6625.3

(A)

(we represent the weights as a 2-D array, according to the natural structure of the observations).
In the case of (b), the optimal value in (3.2.28) is 0.232, and the minimax optimal weights are

—55.6430 —55.6320 —55.6320 —55.6430

—55.6320  56.5601  56.5601 —55.6320 (B)
—55.6320  56.5601  56.5601 —55.6320 |-

—55.6430 —55.6320 —55.6320 —55.6430

In the case of (c), the optimal value in (3.2.28) is 8.92, and the minimax optimal weights are

—0.4377 —0.2740 —0.2740 —0.4377
—-0.2740  1.2283  1.2283 —0.2740 C
—0.2740  1.2283  1.2283 —0.2740 |~ (€)
—0.4377 —0.2740 —-0.2740 —-0.4377

In the case of (d), the optimal value in (3.2.28) is 63.9, and the minimax optimal weights are

0.1157 0.2795 0.2795 0.1157
0.2795 0.6748 0.6748 0.2795
0.2795 0.6748 0.6748 0.2795
0.1157 0.2795 0.2795 0.1157

(D)

Now, in reality we can hardly know exactly the bounds p, ¢ on the measurement errors.
What happens when we under- or over-estimate these quantities? To get an orientation, let
us use every one of the weights given by (A), (B), (C), (D) in every one of the situations (a),
(b), (c), (d). This is what happens with the errors (obtained as the average of observed errors
over 100 random simulations using the “nearly worst-case” signal v and “nearly worst-case”
perturbation matrix A):

(@ | ® | (9 (d)
(A) [ 0.001 | 18.0 | 6262.9 | 6.26¢5
(B) [ 0.063 | 0.232 | 89.3 | 8942.7
(C) | 885 | 885 | 8.85 | 108.8
(D) | 804 | 804 | 804 | 63.3

We clearly see that, first, in our situation taking into account measurement errors, even pretty
small ones, is a must (this is so in all ill-posed estimation problems — those where the condition
number of By is large). Second, we see that underestimating the magnitude of measurement
errors seems to be much more dangerous than overestimating them.
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3.3 Approximating RCs of Uncertain Conic Quadratic Prob-
lems

In this section we focus on tight tractable approximations of uncertain CQIs — those with
tightness factor independent (or nearly so) of the “size” of the description of the perturbation
set. Known approximations of this type deal with side-wise uncertainty and two types of the
left hand side perturbations: the first is the case of structured norm-bounded perturbations
to be considered in section 3.3.1, while the second is the case of N-ellipsoidal left hand side
perturbation sets to be considered in section 3.3.2.

3.3.1 Structured Norm-Bounded Uncertainty

Consider the case where the uncertainty in CQI (3.2.3) is side-wise with the right hand side
uncertainty as in section 3.2.2, and with structured norm-bounded left hand side uncertainty,
meaning that

1. The left hand side perturbation set is

i € RPXav Yy < N
ZE = pZi " = =" ™) s 2 < pVr <N (3.3.1)
771/ — Hlllp,,vel/ € R, 14 GIS

Here Zg is a given subset of the index set {1, ..., N} such that p, = ¢, for v € Zs.

Thus, the left hand side perturbations n € Zieft are block-diagonal matrices with p, x q,
diagonal blocks n¥,v = 1,..., N. All of these blocks are of matrix norm not exceeding 1,
and, in addition, prescribed blocks should be proportional to the unit matrices of appro-
priate sizes. The latter blocks are called scalar, and the remaining — full perturbation
blocks.

2. We have

N
Ay +b(n) = A"y + "+ > LY (y)n" Ru(y), (3.3.2)
v=1
where all matrices L, (y) # 0, R,(y) #Z 0 are affine in y and for every v, either L, (y), or
R, (y), or both are independent of y.

Remark 3.1 W.l.o.g., we assume from now on that all scalar perturbation blocks are of the size
1x1:p,=q,=1 forallvels.

To see that this assumption indeed does not restrict generality, note that if v € Zg, then in
order for (3.3.2) to make sense, R, (y) should be a p, x 1 vector, and L,(y) should be a p, x k
matrix, where k is the dimension of b(n). Setting R, (y) = 1, L, (y) = R (y)L,(y), observe that
L,(y) is affine in y, and the contribution 6, LI (y)R,(y) of the v-th scalar perturbation block
to A(n)y + b(n) is exactly the same as if this block were of size 1 x 1, and the matrices L, (y),
R, (y) were replaced with L, (y), R,(y), respectively.
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Note that Remark 3.1 is equivalent to the assumption that there are no scalar perturbation
blocks at all — indeed, 1 x 1 scalar perturbation blocks can be thought of as full ones as well. 3.

Recall that we have already considered the particular case N = 1 of the uncertainty structure.
Indeed, with a single perturbation block, that, as we just have seen, we can treat as a full one,
we find ourselves in the situation of side-wise uncertainty with unstructured norm-bounded left
hand side perturbation (section 3.2.3). In this situation the RC of the uncertain CQI in question
is computationally tractable. The latter is not necessarily the case for general (N > 1) structured
norm-bounded left hand side perturbations. To see that the general structured norm-bounded
perturbations are difficult to handle, note that they cover, in particular, the case of interval
uncertainty, where Zi°% is the box {n € R : ||n]lec < 1} and A(n), b(n) are arbitrary affine
functions of 7.

Indeed, the interval uncertainty

M=

Ay +b(n) = [A%y+0" 4+ > 0 [A%y + V7]

v=1

N
_ n 11 v Y. .
= [Ay + 01 +VZ:3[A y+b]m - 1,
LT () R (w)

(3.3.3)

—

is nothing but the structured norm-bounded perturbation with 1 x 1 perturbation
blocks.

From the beginning of section 3.1.3 we know that the RC of uncertain CQI with side-wise un-
certainty and interval uncertainty in the left hand side in general is computationally intractable,
meaning that structural norm-bounded uncertainty can be indeed difficult.

Approximating the RC of Uncertain Least Squares Inequality

We start with deriving a safe tractable approximation of the RC of an uncertain Least Squares
constraint

[A(m)y +bn)ll2 < 7, (3.3.4)

with structured norm-bounded perturbation (3.3.1), (3.3.2).
Step 1: reformulating the RC of (3.3.4), (3.3.1), (3.3.2) as a semi-infinite LMI. Given
a k-dimensional vector u (k is the dimension of b(n)) and a real 7, let us set

T
Arrow(u,t) = [%’%] .
k

Recall that by Lemma 3.1 |lul]|2 < 7 if and only if Arrow(u,7) = 0. It follows that the RC of
(3.3.4), (3.3.1), (3.3.2), which is the semi-infinite Least Squares inequality

Ay +b(n)]l2 < 7 ¥y € 25T,

3 A reader could ask, why do we need the scalar perturbation blocks, given that finally we can get rid of them
without loosing generality. The answer is, that we intend to use the same notion of structured norm-bounded
uncertainty in the case of uncertain LMIs, where Remark 3.1 does not work.
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can be rewritten as
Arrow(A(n)y +b(n),7) = 0 Vn € Zﬁl,eft. (3.3.5)

Introducing k x (k + 1) matrix £ = [Oxx1, Ix] and 1 x (k4 1) matrix R = [1,0,...,0], we clearly

have
Arrow(A(n)y + b(n),7) = Arrow(Ay + b, 1)

© S [CTLE R ()R + RTRL ()17 L)L)

v=1

(3.3.6)

Now, since for every v, either L,(y), or R,(y), or both, are independent of y, renaming, if
necessary [n*]7 as ¥, and swapping L,(y)L and R,(y)R, we may assume w.l.o.g. that in the
relation (3.3.6) all factors L,(y) are independent of y, so that the relation reads

Arrow(A(n)y + b(n), ) = Arrow(AMy + b, 1)
N ~ ~
+ 3 [L£7L) 0 Ru(y)R+RL (y) "] L]
v=1 S~ N
LY Ru(y)
where ]/%,,(y) are affine in y and L, = (0. Observe also that all the symmetric matrices
B,(y,n") = LLn"Ru(y) + R (v)[n")" L,

are differences of two matrices of the form Arrow(u,7) and Arrow(u’,7), so that these are
matrices of rank at most 2. The intermediate summary of our observations is as follows:
(#): The RC of (3.3.4), (3.3.1), (3.3.2) is equivalent to the semi-infinite LMI

Arrow(A"y 4 b", 7) > B ( ”)>0v< 7Y € RPvXa >
ITO + R + , - . ’
WA y bt 2 By T las < pWw < N
Bo(y,7)

(3.3.7)

B,(y,n") = LIn"R,(y) + RE()n" 1 Ly, v =1,..,N
Py =qy = 1Vv € Ig

Here ]/%(y) are affine in y, and for all y, all v > 1 and all * the ranks of the matrices B, (y,n")
do not exceed 2.

Step 2. Approximating (3.3.7). Observe that an evident sufficient condition for the validity
of (3.3.7) for a given y is the existence of symmetric matrices Y,, v = 1,..., N, such that

Y, = Bu(y,n" )Y (0" € Z, ={n": |22 < Lv €Is = 0" € RIp,}) (3.3.8)

and

N
Bo(y,7) —p> Y, = 0. (3.3.9)
v=1

We are about to demonstrate that the semi-infinite LMIs (3.3.8) in variables Y,,y,7 can be
represented by explicit finite systems of LMIs, so that the system S° of semi-infinite constraints
(3.3.8), (3.3.9) on variables Y7, ...,Yn,y, T is equivalent to an explicit finite system S of LMIs.
Since 8%, due to its origin, is a safe approximation of (3.3.7), so will be S, (which, in addition,
is tractable). Now let us implement our strategy.
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19, Let us start with v € Zg. Here (3.3.8) clearly is equivalent to just two LMIs
Y, = Bu(y) = Efﬁu(y) + ﬁg(y)i,, &Y, = -By,(y). (3.3.10)
20, Now consider relation (3.3.8) for the case v ¢ Zs. Here we have

(Y,,y) satisfies (3.3.8)

o uYyu > u By (y,n”)u Vu¥(n” : 0”22 < 1)

& uTYu > uTLIn R, (y)u + uT RE(y)[n")T Lou Yud(n” « 0”22 < 1)
& uTYyu > 2uTLTnY Ry (y)u Yu¥ (i = 0”22 < 1)

o ul'Y,u > 2| Lyull2 || R(y)ull2 Yu

o uwl'Y,u — 2§T]§V(y)u V(u,&: €T¢ < uTEZZuU)

Invoking the S-Lemma, the concluding condition in the latter chain is equivalent to

Y, — )\,,EZE,, ‘ —Eg(y)
—R,(y) ‘ Avl,

A\, >0 =0, (3.3.11)

where k,, is the number of rows in R, ().
We have proved the first part of the following statement:

Theorem 3.4 The explicit system of LMIs

Y, = :I:(Eljjﬁl,(y) + Eg@)i/)» vels

Yll _ )\I/ZTEV ‘ ET(y)
- = =0, 7
R | Mo | v ¢ 1s (3.3.12)
N
Arrow(A%y + 0™, 7) —p > Y, = 0
v=1

(for notation, see (3.3.7)) in variables Y1,...,Yn, Ay, y, T is a safe tractable approrimation of the
RC of the uncertain Least Squares inequality (3.3.4), (3.3.1), (3.3.2). The tightness factor of this
approximation never exceeds w/2, and equals to 1 when N = 1.

Proof. By construction, (3.3.12) indeed is a safe tractable approximation of the RC of (3.3.4),
(3.3.1), (3.3.2) (note that a matrix of the form {%} is = 0 if and only if the matrix

[ _g _AB is so). By Remark and Theorem 3.2, our approximation is exact when N = 1.

The fact that the tightness factor never exceeds m/2 is an immediate corollary of the real case
Matrix Cube Theorem (Theorem A.7), and we use the corresponding notation in the rest of the
proof. Observe that a given pair (y,7) is robust feasible for (3.3.4), (3.3.1), (3.3.2) if and only
if the matrices By = By(y,7), B; = By, (y,1), i =1,...,p, L; = E“].,Rj = ]/%“].(y), ji=1,..4q,
satisfy A(p); here Ig = {v1 < ... <vp} and {1,...,L}\Zs = {p1 < ... < pq}. At the same time,
the validity of the corresponding predicate B(p) is equivalent to the possibility to extend y to a
solution of (3.3.12) due to the origin of the latter system. Since all matrices B;, i = 1, ..., p, are
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of rank at most 2 by (#), the Matrix Cube Theorem implies that if (y,7) cannot be extended to
a feasible solution to (3.3.12), then (y, ) is not robust feasible for (3.3.4), (3.3.1), (3.3.2) when

the uncertainty level is increased by the factor ¥(2) = 7. O

Illustration: Antenna Design revisited. Consider the Antenna Design example (Example
1.1) and assume that instead of measuring the closeness of a synthesized diagram to the target
one in the uniform norm, as was the case in section 1.1.3, we want to use the Euclidean norm,
specifically, the weighted 2-norm

m 1/2
1)l = (Z f2<ei>m> 0= 451 < i <m =200, iy = il ]

To motivate the choice of weights, recall that the functions f(-) we are interested in are
restrictions of diagrams (and their differences) on the equidistant L-point grid of altitude
angles. The diagrams in question are, physically speaking, functions of a 3D direction from
the upper half-space (a point on the unit 2D hemisphere) which depend solely on the altitude
angle and are independent of the longitude angle. A “physically meaningful” Ls-norm here
corresponds to uniform distribution on the hemisphere; after discretization of the altitude
angle, this Ly norm becomes our || - ||2.

with this measure of discrepancy between a synthesized and the target diagram, the problem of
interest becomes the uncertain problem

{Igigl {r: |WDI[I + Diag{n}ly —blla <} : n € pZ} , Z={neR1: Iyl <1}, (3.3.13)

where

e D =[D;; = D;(6;)] 11%?2”5:2148’] is the matrix comprised of the diagrams of L = 10 antenna

elements (central circle and surrounding rings), see section 1.1.3,

o W = Diag{\/It1; ..., \/Tem }, s0 that [|[Wz||2 = ||2]|2,w, and b = W[D(01);...; D« (6y)] comes
from the target diagram D, (-), and

e 77 is comprised of actuation errors, and p is the uncertainty level.

Nominal design. Solving the nominal problem (corresponding to p = 0), we end up with the
nominal optimal design which “in the dream” — with no actuation errors — is really nice (figure
3.1, case of p = 0): the || - ||2,,-distance of the nominal diagram to the target is as small as
0.0112, and the energy concentration for this diagram is as large as 99.4%. Unfortunately, the
data in figure 3.1 and table 3.1 show that “in reality,” with the uncertainty level as small as
p = 0.01%, the nominal design is a complete disaster.

Robust design. Let us build a robust design. The set Z is a unit box, that is, we are in
the case of interval uncertainty, or, which the same, structured norm-bounded uncertainty with
L = 10 scalar perturbation blocks 7. Denoting ¢-th column of WD by [W D],, we have

L

WDII + Diag{n}ly — b= [WDy — b + > ¢ [ye[W D]l ,
/=1
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" © @ w® % W D " w @ ® % W n w ®

p=0 p = 0.0001 p = 0.001 p=0.01

Figure 3.1: “Dream and reality,” nominal optimal design: samples of 100 actual diagrams (red)

for different uncertainty levels. Blue: the target diagram

Dream Reality
p=0 p = 0.0001 = 0.001 p=0.01
value min mean max min mean max min mean max
[| - |l2,w-distance
’ 0.011 0.077 0.424 0.957 1.177 4.687 9.711 8.709 45.15 109.5
to target
energy
. 99.4% 0.23% | 20.1% | 77.7% 0.70% | 19.5% | 61.5% 0.53% | 18.9% | 61.5%
concentration

Table 3.1: Quality of nominal antenna design: dream and reality. Data over 100 samples
actuation errors per each uncertainty level p.

of
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that is, taking into account (3.3.3), we have in the notation of (3.3.2):

A4+ " =WDy—b, L,(y) =y, /WD, 0" =n,, Ru(y) =1,1<v <N =L=10,

v

so that in the notation of Theorem 3.4 we have
Eu(y) = [OuyV[WD];Z;]u zl/ = [1701><n]7k1/ = 17'7 1 S v S N = L

Since we are in our right to treat all perturbation blocks as scalar, a tight within the factor /2
safe tractable approximation, given by Theorem 3.4, of the RC of our uncertain Least Squares
problem reads

L
min 7 : Arrow(WDy — b, 7) — pZY,, ~=0,Y, ==+ [Efﬁy(y) + ﬁf(y)i,,} 1<v< L.
T4, Y1,..,YL y—t

(3.3.14)
This problem simplifies dramatically due to the following simple fact (see Exercise 3.6):

(!) Let a,b be two vectors of the same dimension with a # 0. Then Y = ab’ + ba™
if and only if there exists A > 0 such that Y > Aaa® + %bbT.
Here, by definition, %bbT is undefined when b # 0 and is the zero matrix when b = 0.

By (1), a pair (7,y) can be extended, by properly chosen Y, v = 1,..., L, to a feasible solution
of (3.3.14) if and only if there exist A\, > 0, 1 < v < L, such that Arrow(WDy — b,7) —

Py, [)\,,EZE,, + M\ 'R (y)R,(y)| = 0, which, by the Schur Complement Lemma is equivalent
to

Arrow(W Dy — b,7) = X pA LT Ly, | pIRT (y). ... R (v)] ]
plR1(y); - Rp(y)] | pDiag{\1, ..., AL}

Thus, problem (3.3.14) is equivalent to

min< 7 :
T’y7’y

(we have set 7, = pA,). Note that we managed to replace every matrix variable Y, in (3.3.14)
with a single scalar variable A\, in (3.3.15). Note that this dramatic simplification is possible
whenever all perturbation blocks are scalar.

With our particular L, and R, (y) the resulting problem (3.3.15) reads

> 0.

Arrow(WDy — b,7) — S v, LTL,

(3.3.15)

IR (y), ..., RL ()] ] _ 0}
plR1(y); - R (y)] | Diag{v,...,7} |

T W WDy — b]”
Elylg T WDy —b L plyiWD, ..,y [WD]r] | =0
v ply1[W D)1, ..., yr,[WD] )T Diag{71, ..., 72}

(3.3.16)

We have solved (3.3.16) at the uncertainty level p = 0.01, thus getting a robust design.
The optimal value in (3.3.16) is 0.02132 — while being approximately 2 times worse than the
nominal optimal value, it still is pretty small. We then tested the robust design against actuation
errors of magnitude p = 0.01 and larger. The results, summarized in figure 3.2 and table 3.2,
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] 0 % w0 & % D 0 % &

p=0.01 p=0.05

Figure 3.2: “Dream and reality,” robust optimal design: samples of 100 of actual diagrams (red)
for different uncertainty levels. Blue: the target diagram.

Reality
5 =001 5 =0.05 p =01

min mean max min mean max min mean max

I 112,w-distance 0.021 | 0.021 | 0.021 || 0.021 | 0.023 | 0.030 || 0.021 | 0.030 | 0.048
to target
energy

. 96.5% | 96.7% | 96.9% 93.0% | 95.8% | 96.8% 80.6% | 92.9% | 96.7%

concentration

Table 3.2: Quality of robust antenna design. Data over 100 samples of actuation errors per each
uncertainty level p.
For comparison: for nominal design, with the uncertainty level as small as p = 0.001, the

average || - ||2,»-distance of the actual diagram to target is as large as 4.69, and the expected
energy concentration is as low as 19.5%.
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allow for the same conclusions as in the case of LP-based design, see p. 23.  Recall that
(3.3.16) is not the “true” RC of our uncertain problem, is just a safe approximation, tight
within the factor 7/2, of this RC. All we can conclude from this is that the value 7, = 0.02132
of 7 yielded by the approximation (that is, the guaranteed value of the objective at our robust
design, the uncertainty level being 0.01) is in-between the true robust optimal values Opt, (0.01)
and Opt, (0.017/2) at the uncertainty levels 0.01 and 0.017/2, respectively. This information
does not allow for meaningful conclusions on how far away is 7, from the true robust optimal
value Opt,(0.01); at this point, all we can say in this respect is that Opt,(0,01) is at least
the nominal optimal value Opt,(0) = 0.0112, and thus the loss in optimality caused by our
approximation is at most by factor 7,./Opt,(0) = 1.90. In particular, we cannot exclude that
with our approximation, we lose as much as 90% in the value of the objective. The reality,
however, is by far not so bad. Note that our perturbation set — the 10-dimensional box — is a
convex hull of 1024 vertices, so we can think about our uncertainty as of the scenario one (section
3.2.1) generated by 1024 scenarios. This number is still within the grasp of the straightforward
scheme proposed in section 3.2.1, and thus we can find in a reasonable time the true robust
optimal value Opt,(0.01), which turns out to be 0.02128. We see that the actual loss in the
value of the objective caused by approximation its really small — it is less than 0.2%.

Least Squares Inequality with Structured Norm-Bounded Uncertainty, Complex
Case

The uncertain Least Squares inequality (3.3.4) with structured norm-bounded perturbations
makes sense in the case of complex left hand side data as well as in the case of real data.
Surprisingly, in the complex case the RC admits a better in tightness factor safe tractable
approximation than in the real case (specifically, the tightness factor § = 1.57... stated in
Theorem 3.4 in the complex case improves to % = 1.27...). Consider an uncertain Least Squares
inequality (3.3.4) where A(n) € C™*™, b(n) € C™ and the perturbations are structured norm-

bounded and complex, meaning that (cf. (3.3.1), (3.3.2))

neCPv* y=1,...,N

(a) Z/l)eft — pZ}eft ={n= (771>---,77N) . ||77VH2,2 <pv= 1,...,N :
n’ =0,1p,,,0, € C,v el (3.3.17)

() A +b(C) = [A% + W] + 3 LE (4" Ry (y).

v=1

where L, (y), R, (y) are affine in [R(y); 3(y)] matrices with complex entries such that for every v
at least one of these matrices is independent on y and is nonzero, and B¥ denotes the Hermitian
conjugate of a complex-valued matrix B: (B )ij = B—ji, where Z is the complex conjugate of a
complex number z.

Observe that by exactly the same reasons as in the real case, we can assume w.l.o.g. that
all scalar perturbation blocks are 1 x 1, or, equivalently, that there are no scalar perturbation
blocks at all, so that from now on we assume that Zg = 0.

The derivation of the approximation is similar to the one in the real case. Specifically, we
start with the evident observation that for a complex k-dimensional vector u and a real t the
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relation
Julls <t

is equivalent to the fact that the Hermitian matrix

Arrow(u, t) = [ t|u” }

(% tIk
is > 0; this fact is readily given by the complex version of the Schur Complement Lemma:

H
a Hermitian block matrix [ g QR ] with R > 0 is positive semidefinite if and only if the

Hermitian matrix P — Q" R=1Q) is positive semidefinite (cf. the proof of Lemma 3.1). It follows
that (y, ) is robust feasible for the uncertain Least Squares inequality in question if and only if

N
Arrow(A%y + 0", 7) + 3 Bu(y,n”) = OV (1 : [n”]|2,2 < pVv < N)
v=1
R (3.3.18)
[Bu(ym”) = LIn"R,(y) + RE(y)In") " Ly, v =1, ..., N]

where L, are constant matrices, and ﬁ(y) are affine in [R(y); S(y)] matrices readily given by

L,(y), R,(y) (cf. (3.3.7) and take into account that we are in the situation Zg = 0)). It follows
that whenever, for a given (y,7), one can find Hermitian matrices Y, such that

Y, = Bu(y,n") V(n" € CP** :||n"|l22 < 1), v =1,...,N, (3.3.19)

N
and By(y,7) = p >_ Y,, the pair (y,7) is robust feasible.

v=1
Same as in the real case, applying the S-Lemma, (which works in the complex case as well as

in the real one), a matrix Y, satisfies (3.3.19) if and only if

dx, >0:

—R,(y) ‘ Avl,

sz - )\uiz{iiu ‘ _ﬁz{{(y) ]

where k, is the number of rows in ﬁy(y). We have arrived at the first part of the following
statement:

Theorem 3.5 The explicit system of LMIs

N,

Y, - MIEL, | R (y)
Ru(y) ‘ )\I/Ikl/

=0, v=1,..,
N (3.3.20)
Arrow(Ay + 0%, 7) —p > YV, =0
v=1
(for notation, see (3.3.18)) in the variables {Y; = Y1}, \,,y, T is a safe tractable approzimation
of the RC of the uncertain Least Squares inequality (3.3.4), (3.3.17). The tightness factor of this
approzimation never exceeds 4/, and is equal to 1 when N = 1.

Proof is completely similar to the one of Theorem 3.4, modulo replacing the real case of the
Matrix Cube Theorem (Theorem A.7) with its complex case (Theorem A.6).
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From Uncertain Least Squares to Uncertain CQI

Let us come back to the real case. We have already built a tight approximation for the RC
of a Least Squares inequality with structured norm-bounded uncertainty in the left hand side
data. Our next goal is to extend this approximation to the case of uncertain CQI with side-wise
uncertainty.

Theorem 3.6 Consider the uncertain CQI (3.2.3) with side-wise uncertainty, where the left
hand side uncertainty is the structured norm-bounded one given by (3.3.1), (3.3.2), and the right
hand side perturbation set is given by a conic representation (cf. Theorem 1.1)

Zright — pzyEht ZHeM — (y: Ju: Py + Qu+p € K}, (3.3.21)

where 0 € Z{ight, K s a closed convex pointed cone and the representation is strictly feasible
unless K is a polyhedral cone given by an explicit finite list of linear inequalities, and 0 € Z{lght.

For p > 0, the explicit system of LMIs

(@) 7T+ppTv<d(y), PTo=0(y), QTv=0, ve K.

(1) Yy = =LY R, (y) + RY(y)Lo), v € T

_\NTTT | pT (3.3.22)
(b2) | tvlele AN NP
Ro(y) [ Mo,
N
(0.3) Arrow(AMy+ b 1) —p > Y, =0
v=1

(for notation, see (3.8.7)) in variables Yi,....,YN, Ay, y, T,v is a safe tractable approximation of
the RC of (3.2.4). This approzimation is exact when N = 1, and is tight within the factor 3
otherwise.

Proof. Since the uncertainty is side-wise, y is robust feasible for (3.2.4), (3.3.1), (3.3.2), (3.3.21),
the uncertainty level being p > 0, if and only if there exists 7 such that

() oT(x)y+d(x) > T Vx € pZi=,
d) Ay +bm)|2 < T ¥y € pZlett.

When p > 0, we have

pZ{ight ={x:Fu:P(x/p)+Qu+peK}={x::Px+Qu +ppecK};

from the resulting conic representation of pZ{ight, same as in the proof of Theorem 1.1, we
conclude that the relations (3.3.22.a) represent equivalently the requirement (c¢), that is, (y,7)
satisfies (c) if and only if (y, 7) can be extended, by properly chosen v, to a solution of (3.3.22.a).
By Theorem 3.4, the possibility to extend (y,7) to a feasible solution of (3.3.22.0) is a sufficient
condition for the validity of (d). Thus, the (y,7) component of a feasible solution to (3.3.22)
satisfies (¢), (d), meaning that y is robust feasible at the level of uncertainty p. Thus, (3.3.22)
is a safe approximation of the RC in question.
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The fact that the approximation is precise when there is only one left hand side perturbation
block is readily given by Theorem 3.2 and Remark 3.1 allowing us to treat this block as full.
It remains to verify that the tightness factor of the approximation is at most 7, that is, to
check that if a given y cannot be extended to a feasible solution of the approximation for the
uncertainty level p, then y is not robust feasible for the uncertainty level 5 p (see comments after

Definition 3.3). To this end, let us set
7y(r) = inf {UT(x)y +000) : x € TZiight} :

Since 0 € Z{ight by assumption, 7,(r) is nonincreasing in 7. Clearly, y is robust feasible at the
uncertainty level r if and only if

IA(m)y + b(n)ll2 < 7y(r) ¥y € rZ1. (3.3.23)

Now assume that a given y cannot be extended to a feasible solution of (3.3.22) for the uncer-
tainty level p. Let us set 7 = 7,(p); then (y,7) can be extended, by a properly chosen v, to
a feasible solution of (3.3.22.a). Indeed, the latter system expresses equivalently the fact that
(y,7) satisfies (¢), which indeed is the case for our (y, 7). Now, since y cannot be extended to a
feasible solution to (3.3.22) at the uncertainty level p, and the pair (y,7) can be extended to a
feasible solution of (3.3.22.a), we conclude that (y,7) cannot be extended to a feasible solution
of (3.3.22.b). By Theorem 3.4, the latter implies that y is not robust feasible for the semi-infinite
Least Squares constraint

T
1Ay +b(m)ll2 < 7 =1(p) V0 € 521"

Since 7,(r) is nonincreasing in r, we conclude that y does not satisfy (3.3.23) when r = p,

meaning that y is not robust feasible at the level of uncertainty 7p. O

Convex Quadratic Constraint with Structured Norm-Bounded Uncertainty

Consider an uncertain convex quadratic constraint

(a) y"AT(O)A(Q)y < 24" (C) + ¢(C)
i (3.2.13)

) N12AQy; 1 —2y"b(¢) — e(O)]ll2 < 1+ 2y7b(¢) + ¢(©),

where A(¢) is k x n and the uncertainty is structured norm-bounded (cf. (3.2.14)), meaning
that
¢V € Rpvxav
(a> Zp:pzl = C:(Cl)-"ch) : ||CVH2,2 <p1 <v<N 5
¢"=6,1,,,0, cR,velg

AQ) Ay T (3:3.24)
(b) yT(b()C) = | yTo" |+ Zl LT (y)C" Ry (y)
c(¢ c V=

where, for every v, L,(y), R,(y) are matrices of appropriate sizes depending affinely on y and
such that at least one of the matrices is constant. Same as above, we can assume w.l.o.g. that
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all scalar perturbation blocks are 1 x 1: p, =k, =1 for all v € Zg.

Note that the equivalence in (3.2.13) means that we still are interested in an uncertain CQI with structured
norm-bounded left hand side uncertainty. The uncertainty, however, is not side-wise, that is, we are in
the situation we could not handle before. We can handle it now due to the fact that the uncertain CQI
possesses a favorable structure inherited from the original convex quadratic form of the constraint.

We are about to derive a tight tractable approximation of the RC of (3.2.13), (3.3.24). The
construction is similar to the one we used in the unstructured case N = 1, see section 3.2.4.
Specifically, let us set L, (y) = [Ly,A(Y), Lup(y), Lv.c(y)], where L, ,(y), Ly c(y) are the last two
columns in L,(y), and let

LI(y) = |LTy() + SLL ()i LL 4 (v) |, Ruly) = [Ru(y), 0g, k), 55
B 2yTbn+Cn [Any]T 3.3.25
Aw) = |2 ]

so that A(y), L,(y) and R,(y) are affine in y and at least one of the latter two matrices is

constant.
We have

yT AT (O AQ)y < 2y7b(C) + ¢(C) V¢ € Z,

& { 2y"b(¢) + Q) | [AQu" } = 0 V¢ € Z, [Schur Complement Lemmal]

AQy | I
A(y)
|: 2yTb1’l+cl’l | [Al’ly]T :|
Ay | I
N [2Lus(y) + Luc)] ¢ Ru(y) | [LL A (0)¢" Ru(y)]” ]
* V; [ LT ()" Ru(y) | m0vCEZ,
=LT(y)¢" Ry () +RE (v)[¢*]T Lo (y)
by (3.3.24)]
N ~ ~ ~
& AW+ 3 (LW R + REG)CT L) =0 v e 2,

Taking into account that for every v at least one of the matrices E,,(y), R,(y) is independent
of 3y and swapping, if necessary, ¢V and [¢¥]7, we can rewrite the last condition in the chain as

N
Aly) + 3 [T Ruy) + RIWICTTLL| = 0 (¢ 5 ¢ 122 < p) (3.3.26)
v=1

where L,, ]/%,,(y) are readily given matrices and ﬁ,,(y) is affine in y. (Recall that we are in
the situation where all scalar perturbation blocks are 1 x 1 ones, and we can therefore skip the
explicit indication that ¢ = 6,1, for v € Ig). Observe also that similarly to the case of a Least

Squares inequality, all matrices [EZ(” R,(y) + RT(y)[¢ ”]TE,,] are of rank at most 2. Finally, we
lose nothing by assuming that E,, are nonzero for all v.

Proceeding exactly in the same fashion as in the case of the uncertain Least Squares inequality
with structured norm-bounded perturbations, we arrive at the following result (cf. Theorem 3.4):
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Theorem 3.7 The explicit system of LMIs

Y, = +(LTR,(y) + RL(y)L,), v € Ts
Y, = MLTL, | RI(y)
. £ =0, v ¢1I 3.2
R M, s (3.3.27)
L
A(Z/)‘Pz_:lyy>'0

(k, is the number of rows in ]/%Z,) in variables Y1,...,YN, A,y 1S a safe tractable approrimation
of the RC of the uncertain convex quadratic constraint (3.2.13), (3.3.24). The tightness factor
of this approzimation never exceeds /2, and equals 1 when N = 1.

Complex case. The situation considered in section 3.3.1 admits a complex data version as
well. Consider a convex quadratic constraint with complex-valued variables and a complex-
valued structured norm-bounded uncertainty:

y" AT (OAQy < R{2y7b(¢) + ()}
CV c Cpquu’ 1 < Z/SN

(€Z,=pZ1=C=(" s ¢M): 22 <p 1<V <N

vels=(¢"=0,1,,0,cC (3.3.28)
AQ)y Any N
yTo(C) | = | v | + X LI (y)CYRu(y),
(€) N

where A™ € C**™ and the matrices L, (y), R,(y) are affine in [R(y); 3(y)] and such that for
every v, either L,(y), or R,(y) are independent of y. Same as in the real case we have just
considered, we lose nothing when assuming that all scalar perturbation blocks are 1 x 1, which
allows us to treat these blocks as full. Thus, the general case can be reduced to the case where

Zs = 0, which we assume from now on (cf. section 3.3.1).
In order to derive a safe approximation of the RC of (3.3.28), we can act exactly in the same
fashion as in the real case to arrive at the equivalence

y"TAT(OAQy < R{29"7b(¢) + ¢(Q)} V(¢ € 2,

A(y)
[ §R{QyanvLcn} | [AMy)"
T
N ?R{?yHLub( )¢ Ry (y) 4+ Luc(y)¢"Ro ()} | REC ) Lua(y)
) { LT ()" Ruly) | =0

V(¢ : 1€ lz2 < p, 1 <v < N)

where L, (y) = (L, a(y), Lup(y), Luc(y)] and L, p(y), Ly (y) are the last two columns in L, (y).
Setting

B ) = L) + 5L L) Rl) = [Rul0), 0y
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(cf. (3.3.25)), we conclude that the RC of (3.3.28) is equivalent to the semi-infinite LMI

N o ~ ~ ~
Al) + 3 L) Ruly) + REWICIT L)) = 0 (33.29)
V(12 < p 1 S v S N),

As always, swapping, if necessary, ¢¥ and [¢¥ ]H we may rewrite the latter semi-infinite LMI
equivalently as

N = fas o~ ~
Al) + 3 LI Ruly) + REICITL] = 0
V(¢ ¢ 22 < p,1 <w < N),

where R, (y) are affine in [R(y); S(y)] and L, are nonzero. Applying the Complex case Matrix
Cube Theorem (see the proof of Theorem 3.5), we finally arrive at the following result:

Theorem 3.8 The explicit system of LMIs
Y, - MLEL, | RE (y)
Ry (y) ‘ iy

] =0, v=1,...,N,

(3.3.30)

[ R{2y"Tb" + M} | [ANy) -
— -
Any ‘ I pygl YV o 0

(k, is the number of rows in ]/%l,(y)) in variables Y1 = YH, .Yy = YH A, € Ry € C™ is
a safe tractable approzimation of the RC of the uncertain conver quadratic inequality (3.3.28).
The tightness of this approximation is < %, and is equal to 1 when N = 1.

3.3.2 The Case of N-Ellipsoidal Uncertainty

Consider the case where the uncertainty in CQI (3.2.3) is side-wise with the right hand side
uncertainty exactly as in section 3.2.2, and with N-ellipsoidal left hand side perturbation set,
that is,

Ze = {nnTQm<p® j=1,..7}, (3.3.31)

J
where @; = 0 and ) Q; = 0. When Q; > 0 for all j, Z})eft is the intersection of J ellipsoids
j=1

centered at the origin. When @Q); = ajajT are rank 1 matrices, Z'° is a polyhedral set symmetric

w.r.t. origin and given by J inequalities of the form |a]T77\ <p,j=1,...,J. The requirement

J
> Q; > 0 implies that Z})eft is bounded (indeed, every n € Z},eft belongs to the ellipsoid
j=1

n" (30, Qin < Jp?).

We have seen in section 3.2.3 that the case J = 1, (i.e., of an ellipsoid Z})eft centered at the
origin), is a particular case of unstructured norm-bounded perturbation, so that in this case
the RC is computationally tractable. The case of general N-ellipsoidal uncertainty includes the
situation when Z}fft is a box, where the RC is computationally intractable. However, we intend
to demonstrate that with N-ellipsoidal left hand side perturbation set, the RC of (3.2.4) admits
a safe tractable approximation tight within the “nearly constant” factor 1/(O(In J)).
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Approximating the RC of Uncertain Least Squares Inequality

Same as in section 3.3.1, the side-wise nature of uncertainty reduces the task of approximating
the RC of uncertain CQI (3.2.4) to a similar task for the RC of the uncertain Least Squares
inequality (3.3.4). Representing

L
AQy +b(¢) = [Ay+ 0"+ > mel Ay + 1] (3.3.32)
B(y) ZL
a(y)n

where L = dimn, observe that the RC of (3.3.4), (3.3.31) is equivalent to the system of con-
straints
T20& [B(y) +alnll < V0t Qm < p% G =1,.J)

or, which is clearly the same, to the system

(a) A, =max {n" " (y)aly)n + 28" (y)aly)n : n" Qm < p*Vj, * <1}

" <72 - 8T (y)B(y) (3.3.33)
b) ™>0.

Next we use Lagrangian relaxation to derive the following result:
(!) Assume that for certain nonnegative reals v, v;, j = 1,...,J, the homogeneous quadratic
form in variables 7, t

J
Y+ Y vn Qi — [n" e’ (y)aly)n + 2t87 (y)a(y)n] (3.3.34)
j=1
is nonnegative everywhere. Then

A, = max {n" ot (y)a(y)n + 2t87 (y)aly)n : n7 Qjn < p*, 12 < 1}

2 < (3.3.35)
<7+p Zl Vi
J:

Indeed, let F = {(n,t) : nTQ;n < p?,j =1,...,J,t> < 1}. We have

A, = max, {nTa (y)a(y)n + 287 (y)e(y)n}

IA

J
max 2 + nTQ;
(7771‘1)61”{’y nglyjn Qi

[since the quadratic form (3.3.34) is nonnegative everywhere]
J
S AN

J
[due to the origin of F and to v > 0, v; > 0].
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From (!) it follows that if v > 0, v; > 0, j = 1,...,J are such that the quadratic form (3.3.34)
is nonnegative everywhere, or, which is the same, such that

v \ B (y)a(y)
T J T =0
—a’ (y)B(y) ;%Qj —a’ (y)a(y)

and

J
v Y v < =BT (Y)BWY),

J=1

then (y,7) satisfies (3.3.33.a). Setting v = v + 87 (y)B(y), we can rewrite this conclusion as
follows: if there exist v and 7; > 0 such that

v—5T(y)B) | ; — BT (y)a(y)
T W) | X %@ -’ Wal) =0

and
J

v+t Y <7
j=1
then (y,7) satisfies (3.3.33.a).

Assume for a moment that 7 > 0. Setting \; = v;/7, p = v/7, the above conclusion can be
rewritten as follows: if there exist p and A\; > 0 such that

p—1'8"(y)B ) | ; -7 '8 (y)a(y)
—r T @8 | LA - w)a) =0

and
J

pt > N <,
j=1
then (y,7) satisfies (3.3.33.a).
By the Schur Complement Lemma, the latter conclusion can further be reformulated as
follows: if 7 > 0 and there exist u, \; satisfying the relations

2 - 8T (y)
(a) ;/\ng‘ al(y) | =0
B(y) : a(y) 1 (3.3.36)

J
(b) p+p? Zl/\jgr () Xj>0,j=1,...,J
J:

then (y, 7) satisfies (3.3.33.a). Note that in fact our conclusion is valid for 7 < 0 as well. Indeed,
assume that 7 < 0 and p, Aj solve (3.3.36). Then clearly 7 = 0 and therefore a(y) = 0, 8(y) = 0,
and thus (3.3.33.a) is valid. We have proved the first part of the following statement:
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Theorem 3.9 The explicit system of constraints (3.3.36) in variables y, T, 1, A\1,...,\j IS a
safe tractable approximation of the RC of the uncertain Least Squares constraint (3.3.4) with
N-ellipsoidal perturbation set (3.3.31). The approzimation is exact when J =1, and in the case
of J > 1 the tightness factor of this approximation does not exceed

Q(J) < 9.19v/In(J). (3.3.37)

Proof. The fact that (3.3.36) is a safe approximation of the RC of (3.3.4), (3.3.31) is readily
given by the reasoning preceding Theorem 3.9. To prove that the approximation is tight within
the announced factor, note that the Approximate S-Lemma (Theorem A.8) as applied to the
quadratic forms in variables x = [n; ]

zT Az = {nTa (y)aly)n + 2tBT (y)a(y)n}, 27 Bx =2,
eTBjz =nTQn, 1 <j < J,

states that if J = 1, then (y,7) can be extended to a solution of (3.3.36) if and only if (y,7)
satisfies (3.3.33), that is, if and only if (y,7) is robust feasible; thus, our approximation of the
RC of (3.3.4), (3.3.31) is exact when J = 1. Now let J > 1, and suppose that (y,7) cannot be
extended to a feasible solution of (3.3.36). Due to the origin of this system, it follows that

J
SDP(p) = /\min} {)\ +p2 Zl )‘j :AB + Z)‘]BJ > A,)\ > 0, )\j > O}
’ J= J

Aj
2 — BT (y)B(y).

By the Approximate S-Lemma, with appropriately chosen Q(J) < 9.19+/In(J) we have Aq s, >
SDP(p), which combines with (3.3.38) to imply that Ag), > 7 — BT (y)B(y), meaning that
(y,T) is not robust feasible at the uncertainty level Q(J)p (cf. (3.3.33)). Thus, the tightness
factor of our approximation does not exceed (J). 0

(3.3.38)

From Uncertain Least Squares to Uncertain CQI

The next statement can obtained from Theorem 3.9 in the same fashion as Theorem 3.6 has
been derived from Theorem 3.4.

Theorem 3.10 Consider uncertain CQI (3.2.3) with side-wise uncertainty, where the left hand
side perturbation set is the N-ellipsoidal set (3.3.31), and the right hand side perturbation set is
as in Theorem 3.6. For p > 0, the explicit system of LMIs

(@) T4+ppTv<d(y), PTlo=0(y), QTv=0, veK,

bl 8" (y)
(b.1) 2 i@ a’(y) | =0 (3.3.39)
Bly)| oy) I

J
(b.2) p+p? ZlAj <7, \j = 0Vj
]:
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in variables y,v, i, \j, T is a safe tractable approximation of the RC of the uncertain CQI. This

approximation is exact when J = 1 and is tight within the factor Q(J) < 9.19
J>1.

Convex Quadratic Constraint with N-Ellipsoidal Uncertainty

Now consider approximating the RC of an uncertain convex quadratic inequality

yTAT(O)A(Qy < 2y7b(¢) Jg (¢)
cA«xb«xc«»:=<A2bn¢ﬂ>+;%<AA€b4¥ﬂ

with N-ellipsoidal uncertainty:

Z,=pZ1 = {CeR":("QiC <P’} [Q=0,> Q-0
J

Observe that

AQy = ay)+B(y),
a(y)¢ = [Aly, ..., Aly), B(y) = Ay

2y7b(C) +c(Q) = 207 (y)¢ + (),
o(y) = [yTo" +cliyTol + et o(y) = yTot +

so that the RC of (3.3.40), (3.3.41) is the semi-infinite inequality

¢Ta(y)ay)¢ +2¢7 [T (y)Bly) —o(y)] < dy) — BT (v)BY) V¢ € Z,,
or, which is the same, the semi-infinite inequality

Aply) = _max_ (TaT(y)a(y)¢ + 267 [T (1)B(y) — o(y)]

<d(y) — B (y)B(y).

Same as in section 3.3.2, we have

A>0,0>05=1,..J
L)
< inf AX+02 5\ J
Aply) < IE AT 2 A M2+ (TS Q)¢ = Tl ()afy)e
J:

+2t¢" [o” (y)B(y) — o (y)]

In(J) when

(3.3.40)

(3.3.41)

(3.3.42)

(3.3.43)

(3.3.44)
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We conclude that the condition
J(A>0,{\; >0}):
J
A+ p? Zl Aj <6(y) — BT (y)B(y)

i | 18" aly) — o7 (3)]
—[aT(y)B(y) — o (y)] ‘ > AQ; —aT(y)a(y) | =0

is sufficient for y to be robust feasible. Setting p = A 4+ 87 (y)B(y), this sufficient condition can
be rewritten equivalently as

J
e+ p° Zl Aj < d(y)
J:

3({A; = 0 p) ¢ p=BTWB) | 18" Waly) — 0" ()] (3.3.45)
[ —[a" (1)B(y) — a(y)] ‘ > AQ) — ol (y)aly) ] =0

We have

[ w=B8TWEW) | BT waly) — o (y)]
—[a"()B(y) — a(y)] ‘ > AQj — o (y)aly)
|

R e

so that the Schur Complement Lemma says that

n=B8"wBw) | -8 waly) — o’ (y)]
—[2T(y)B(y) — o(y)] ‘ > 2@ —al(yaly) | =0

po | ot (y)] | B ()
o a(y) | 2NQ [ (y) | = o
By) | aly) I

The latter observation combines with the fact that (3.3.45) is a sufficient condition for the robust
feasibility of y to yield the first part of the following statement:

Theorem 3.11 The explicit system of LMIs in variables y, pu, \;:

po | "W | ()
@ | W[ 2N, a"(y) | =0

Bly) | oy I (3.3.46)

J
(b) u+p? Zl/\j <8y) () AN=>0,7=1,...J
J:

(for notation, see (3.3.42)) is a safe tractable approzimation of the RC of (3.3.40), (3.3.41).
The tightness factor of this approzimation equals 1 when J = 1 and does not exceed Q(J) <

9.19y/In(J) when J > 1.

The proof of this theorem is completely similar to the proof of Theorem 3.9.
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3.4 Uncertain Semidefinite Problems with Tractable RCs

In this section, we focus on uncertain Semidefinite Optimization (SDO) problems for which
tractable Robust Counterparts can be derived.

3.4.1 Uncertain Semidefinite Problems

Recall that a semidefinite program (SDP) is a conic optimization program

min {CTJ: +d:Ai(z)= Y x;AY — B; € S]_Tf, 1=1, ,m}
x j=1
i (3.4.1)
n ..
min {CT:L‘ +d:Ai(x)= > 2;AY —B; = 0,i=1, ,m}
x =1

where A B; are symmetric matrices of sizes k; x k;, Sﬁ is the cone of real symmetric positive
semidefinite k x k£ matrices, and A > B means that A, B are symmetric matrices of the same
sizes such that the matrix A — B is positive semidefinite. A constraint of the form Ax — B =
> :L‘jAj — B = 0 with symmetric A7, B is called a Linear Matrix Inequality (LMI); thus, an SDP
J

is the problem of minimizing a linear objective under finitely many LMI constraints. Another,
sometimes more convenient, setting of a semidefinite program is in the form of (3.1.2), that is,

min{ch +d:Ax—b€Q;i=1, ,m} , (3.4.2)

where nonempty sets Q; are given by explicit finite lists of LMIs:

Pi
Qi={ueRP: Quu)=> uQ* -Q“=0,0=1,..,L}
s=1
Note that (3.4.1) is a particular case of (3.4.2) where Q; = S]f;', 1=1,...,m.

The notions of the data of a semidefinite program, of an uncertain semidefinite problem and
of its (exact or approximate) Robust Counterparts are readily given by specializing the general
descriptions from sections 3.1, 3.1.4, to the case when the underlying cones are the cones of
positive semidefinite matrices. In particular,

e The natural data of a semidefinite program (3.4.2) is the collection

(c,d, {As, b 12 1),

while the right hand side sets Q; are treated as the problem’s structure;

e An uncertain semidefinite problem is a collection of problems (3.4.2) with common structure
and natural data running through an uncertainty set; we always assume that the data are
affinely parameterized by perturbation vector ¢ € RY running through a given closed and convex
perturbation set Z such that 0 € Z:

L

[e;d] = [ d™] + X Gl d);
=1 (3.4.3)
/=1

1771 1771
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e The Robust Counterpart of uncertain SDP (3.4.2), (3.4.3) at a perturbation level p > 0 is
the semi-infinite optimization program

L

[Tz +d% + 3 ¢ol[e) Tz +d'] < t
min = V¢ € pZ (3.4.4)
y=(z,t) [Aznx + bzﬂ] +3 @[Afg; + bf] €Q;i=1,...m
/=1

e A safe tractable approximation of the RC of uncertain SDP (3.4.2), (3.4.3) is a finite system
S, of explicitly computable convex constraints in variables y = (x,t) (and possibly additional
variables u) depending on p > 0 as a parameter, such that the projection }Afp of the solution set
of the system onto the space of y variables is contained in the feasible set Y, of (3.4.4). Such
an approximation is called tight within factor ¥ > 1, if Y, D ?p D Yy,. In other words, S, is a
J-tight safe approximation of (3.4.4), if:

1. Whenever p > 0 and y are such that y can be extended, by a properly chosen u, to a
solution of S,, y is robust feasible at the uncertainty level p, (i.e., y is feasible for (3.4.4)).

2. Whenever p > 0 and y are such that y cannot be extended to a feasible solution to S,, y
is not robust feasible at the uncertainty level Jp, (i.e., y violates some of the constraints
in (3.4.4) when p is replaced with Jp).

3.4.2 Tractability of RCs of Uncertain Semidefinite Problems

Building the RC of an uncertain semidefinite problem reduces to building the RCs of the uncer-
tain constraints constituting the problem, so that the tractability issues in Robust Semidefinite
Optimization reduce to those for the Robust Counterpart

L
Acly) = A%y) + D CeAuly) = 0 V¢ € pZ (3.4.5)
/=1

of a single uncertain LMI
L
Acly) = A%w) + Y GAuly) = 0; (3.4.6)
(=1

here A™(x), Ay(x) are symmetric matrices affinely depending on the design vector y.

More often than not the RC of an uncertain LMI is computationally intractable. Indeed, we
saw in section 3 that intractability is typical already for the RCs of uncertain conic quadratic
inequalities, and the latter are very special cases of uncertain LMIs (due to the fact that Lorentz
cones are cross-sections of semidefinite cones, see Lemma 3.1). In the relatively simple case of
uncertain CQIs, we met just 3 generic cases where the RCs were computationally tractable,
specifically, the cases of

1. Scenario perturbation set (section 3.2.1);
2. Unstructured norm-bounded uncertainty (section 3.2.3);

3. Simple ellipsoidal uncertainty (section 3.2.5).
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The RC associated with a scenario perturbation set is tractable for an arbitrary uncertain conic
problem on a tractable cone; in particular, the RC of an uncertain LMI with scenario pertur-
bation set is computationally tractable. Specifically, if Z in (3.4.5) is given as Conv{¢!,...,¢"V},
then the RC (3.4.5) is nothing but the explicit system of LMIs

AMy) + ) GAy) = 0,i=1,..,N. (3.4.7)

The fact that the simple ellipsoidal uncertainty (Z is an ellipsoid) results in a tractable RC
is specific for Conic Quadratic Optimization. In the LMI case, (3.4.5) can be NP-hard even
with an ellipsoid in the role of Z. In contrast to this, the case of unstructured norm-bounded
perturbations remains tractable in the LMI situation. This is the only nontrivial tractable case
we know. We are about to consider this case in full details.

Unstructured Norm-Bounded Perturbations

Definition 3.5 We say that uncertain LMI (3.4.6) is with unstructured norm-bounded pertur-
bations, if

1. The perturbation set Z (see (3.4.3)) is the set of all p x q¢ matrices ¢ with the usual matriz
norm || - ||l2,2 not exceeding 1;

2. “The body” A¢(y) of (3.4.6) can be represented as

Acly) = A%y) + [L" (y)¢R(y) + RT (y)¢"L(y)] | (3.4.8)

where both L(-), R(-) are affine and at least one of these matriz-valued functions is in fact
independent of y.

Example 3.3 Consider the situation where Z is the unit Euclidean ball in R* (or, which is the same,

the set of L x 1 matrices of || - ||2,2-norm not exceeding 1), and
"B (y) + b7 (y)
Acly) = aw) __|¢ : 3.4.9
<) { B(y)C +5(y) | Aly) (349)

where a(+) is an affine scalar function, and b(+), B(+), A(-) are affine vector- and matrix-valued functions
with A(-) € SM. Setting R(y) = R = [1,01x ], L(y) = [0rx1, BT (y)], we have

Acty) = [ | 17 )R + B 6L,

Al (y)

thus, we are in the case of an unstructured norm-bounded uncertainty.

A closely related example is given by the LMI reformulation of an uncertain Least Squares
inequality with unstructured norm-bounded uncertainty, see section 3.2.3.
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Let us derive a tractable reformulation of an uncertain LMI with unstructured norm-bounded
uncertainty. W.l.o.g. we may assume that R(y) = R is independent of y (otherwise we can swap
¢ and ¢T, swapping simultaneously L and R) and that R # 0. We have

y is robust feasible for (3.4.6), (3.4.8) at uncertainty level p
& ANyY) + LT(y)CR+ RTCTL(y))E > 0 V€ Y(C: [[¢]l22 < p)

& EEAM ()€ + 26T LT (y)CRE> 0 VE V(¢ [[Cll22 < p)
& ET AR (y)€ + 2mingy, <& LT (y)CRE > 0 V¢
=—plILW)E2 [ B2
& ETAM (y)€ — 2l L(y)Ell2 ]| RE[|2 > 0 V€
& LA )E+ 20T L(y)€ >0 V(& :nTn < ETRTRE)
, | PL(y) —1
& IA>0: [ PTG [ AR (y) = A L TR [S-Lemma)
AL pL(y)
< e [ oI (1) | A%(y) = ARTR } =0

We have proved the following statement:
Theorem 3.12 The RC
AMy) + LT (y)CR+ RTCTL(y) =0 V(¢ € R - ||([l22 < p) (3.4.10)

of uncertain LMI (3.4.6) with unstructured norm-bounded uncertainty (3.4.8) (where, w.lo.g.,
we assume that R # 0) can be represented equivalently by the LMI

My | o) ]
pLT(y) | AMy) —ARTR | ~

(3.4.11)

i variables y, A.

Application: Robust Structural Design

Structural Design problem. Consider a “linearly elastic” mechanical system S that, math-
ematically, can be characterized by:

1. A linear space RM of virtual displacements of the system.

2. A symmetric positive semidefinite M x M matrix A, called the stiffness matrix of the
system.

The potential energy capacitated by the system when its displacement from the equilibrium
is v is .
E = =vT Av.
2
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An external load applied to the system is given by a vector f € RM. The associated
equilibrium displacement v of the system solves the linear equation

Av=f.

If this equation has no solutions, the load destroys the system — no equilibrium exists; if the
solution is not unique, so is the equilibrium displacement. Both these “bad phenomena” can
occur only when A is not positive definite.

The compliance of the system under a load f is the potential energy capacitated by the
system in the equilibrium displacement v associated with f, that is,

Compl(A) = %UTAU = %va.

An equivalent way to define compliance is as follows. Given external load f, consider the concave

quadratic form
1

Ty — 20T Av
2
on the space RM of virtual displacements. It is easily seen that this form either is unbounded
above, (which is the case when no equilibrium displacements exist), or attains its maximum. In

the latter case, the compliance is nothing but the maximal value of the form:

Compl;(A) = sup [fTv — %UTAU] ,
veRM
and the equilibrium displacements are exactly the maximizers of the form.
There are good reasons to treat the compliance as the measure of rigidity of the construction
with respect to the corresponding load — the less the compliance, the higher the rigidity. A
typical Structural Design problem is as follows:

Structural Design: Given

e the space RM of virtual displacements of the construction,

e the stiffness matrix A = A(t) affinely depending on a vector t of design param-
eters restricted to reside in a given convex compact set T C RY,

e aset F C RM of external loads,

find a construction t, that is as rigid as possible w.r.t. the “most dangerous” load
from F, that is,

t« € Argmin {Complf(t) = sup Complf(A(t))} .
TeT feF

Next we present three examples of Structural Design.

Example 3.4 Truss Topology Design. A truss is a mechanical construction, like railroad bridge,
electric mast, or the Eiffel Tower, comprised of thin elastic bars linked to each other at nodes. Some of
the nodes are partially or completely fixed, so that their virtual displacements form proper subspaces
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in R? (for planar constructions) or R?® (for spatial ones). An external load is a collection of external
forces acting at the nodes. Under such a load, the nodes move slightly, thus causing elongations and
compressions in the bars, until the construction achieves an equilibrium, where the tensions caused in the
bars as a result of their deformations compensate the external forces. The compliance is the potential
energy capacitated in the truss at the equilibrium as a result of deformations of the bars.

A mathematical model of the outlined situation is as follows.
e Nodes and the space of virtual displacements. Let M be the nodal set, that is, a finite set

in R? (d = 2 for planar and d = 3 for spatial trusses), and let V; C R? be the linear space
of virtual displacements of node i. (This set is the entire R? for non-supported nodes, is {0}
for fixed nodes and is something in-between these two extremes for partially fixed nodes.) The
space V = RM of virtual displacements of the truss is the direct product V = Vi x ... x Vj, of
the spaces of virtual displacements of the nodes, so that a virtual displacement of the truss is a
collection of “physical” virtual displacements of the nodes.

Now, an external load applied to the truss can be thought of as a collection of external

physical forces f; € R? acting at nodes i from the nodal set. We lose nothing when assuming
that f; € V; for all ¢, since the component of f; orthogonal to V; is fully compensated by the
supports that make the directions from V; the only possible displacements of node i. Thus, we
can always assume that f; € V; for all ¢, which makes it possible to identify a load with a vector
f € V. Similarly, the collection of nodal reaction forces caused by elongations and compressions
of the bars can be thought of as a vector from V.
e Bars and the stiffness matrix. Every bar j, j = 1,..., N, in the truss links two nodes from
the nodal set M. Denoting by ¢; the volume of the j-th bar, a simple analysis, (where one
assumes that the nodal displacements are small and neglects all terms of order of squares of
these displacements), demonstrates that the collection of the reaction forces caused by a nodal
displacement v € V' can be represented as A(t)v, where

N
A(t) = tbibl (3.4.12)
j=1

is the stiffness matrix of the truss. Here b; € V is readily given by the characteristics of the
material of the j-th bar and the “nominal,” (i.e., in the unloaded truss), positions of the nodes
linked by this bar.

In a typical Truss Topology Design (TTD) problem, one is given a ground structure — a
set M of tentative nodes along with the corresponding spaces V; of virtual displacements and
the list J of N tentative bars, (i.e., a list of pairs of nodes that could be linked by bars), and
the characteristics of the bar’s material; these data determine, in particular, the vectors b;.
The design variables are the volumes t; of the tentative bars. The design specifications always
include the natural restrictions ¢; > 0 and an upper bound w on ) t;, (which, essentially, is

j
an upper bound on the total weight of the truss). Thus, 7 is always a subset of the standard
simplex {t € RY : ¢ > 0,3°t; < w}. There could be other design specifications, like upper

and lower bounds on the Voiumes of some bars. The scenario set F usually is either a singleton
(single-load T'TD) or a small collection of external loads (multi-load TTD). With this setup, one
seeks for a design t € T, that results in the smallest possible worst case, i.e., maximal over the
loads from F compliance.
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When formulating a TTD problem, one usually starts with a dense nodal set and allows for
all pair connections of the tentative nodes by bars. At an optimal solution to the associated
TTD problem, usually a pretty small number of bars get positive volumes, so that the solution
recovers not only the optimal bar sizing, but also the optimal topology of the construction.

Example 3.5 Free Material Optimization. In Free Material Optimization (FMO) one seeks to
design a mechanical construction comprised of material continuously distributed over a given 2-D or 3-D
domain €2, and the mechanical properties of the material are allowed to vary from point to point. The
ultimate goal of the design is to build a construction satisfying a number of constraints (most notably,
an upper bound on the total weight) and most rigid w.r.t. loading scenarios from a given sample.

After finite element discretization, this (originally infinite-dimensional) optimization problem
becomes a particular case of the aforementioned Structural Design problem where:

e the space V = RM of virtual displacements is the space of “physical displacements” of
the vertices of the finite element cells, so that a displacement v € V is a collection of
displacements v; € R? of the vertices (d = 2 for planar and d = 3 for spatial constructions).
Same as in the TTD problem, displacements of some of the vertices can be restricted to
reside in proper linear subspaces of R%;

e external loads are collections of physical forces applied at the vertices of the finite element
cells; same as in the TTD case, these collections can be identified with vectors f € V;

e the stiffness matrix is of the form

N S
At) =) bjstibl, (3.4.13)

j=1 s=1

where N is the number of finite element cells and ¢; is the stiffness tensor of the material
in the j-th cell. This tensor can be identified with a p X p symmetric positive semidefinite
matrix, where p = 3 for planar constructions and p = 6 for spatial ones. The number S
and the M x p matrices b;s are readily given by the geometry of the finite element cells
and the type of finite element discretization.

In a typical FMO problem, one is given the number of the finite element cells along with the
matrices b;; in (3.4.13), and a collection F of external loads of interest. The design vectors are
collections ¢ = (t1,...,tn) of positive semidefinite p x p matrices, and the design specifications
always include the natural restrictions t; > 0 and an upper bound ) ¢;Tr(t;) < w, ¢; > 0,

on the total weighted trace of t;; this bound reflects, essentially, an ui)per bound on the total
weight of the construction. Along with these restrictions, the description of the feasible design
set 7 can include other constraints, such as bounds on the spectra of ¢;, (i.e., lower bounds on
the minimal and upper bounds on the maximal eigenvalues of ¢;). With this setup, one seeks
for a design t € T that results in the smallest worst case, (i.e., the maximal over the loads from
F) compliance.

The design yielded by FMO usually cannot be implemented “as it is” — in most cases, it
would be either impossible, or too expensive to use a material with mechanical properties varying
from point to point. The role of FMO is in providing an engineer with an “educated guess” of
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what the optimal construction could possibly be; given this guess, engineers produce something
similar from composite materials, applying existing design tools that take into account finer
design specifications, (which may include nonconvex ones), than those taken into consideration
by the FMO design model.

Our third example, due to C. Roos, has nothing in common with mechanics — it is about
design of electrical circuits. Mathematically, however, it is modeled as a Structural Design
problem.

Example 3.6 Consider an electrical circuit comprised of resistances and sources of current. Mathe-
matically, such a circuit can be thought of as a graph with nodes 1,...,n and a set E of oriented arcs.
Every arc + is assigned with its conductance o, > 0 (so that 1/c., is the resistance of the arc). The nodes
are equipped with external sources of current, so every node 7 is assigned with a real number f; — the
current supplied by the source. The steady state functioning of the circuit is characterized by currents
Jv in the arcs and potentials v; at the nodes, (these potentials are defined up to a common additive
constant). The potentials and the currents can be found from the Kirchhoff laws, specifically, as follows.
Let G be the node-arc incidence matrix, so that the columns in G are indexed by the nodes, the rows are
indexed by the arcs, and G; is 1, —1 or 0, depending on whether the arc v starts at node 7, ends at this
node, or is not incident to the node, respectively. The first Kirchhoff law states that sum of all currents
in the arcs leaving a given node minus the sum of all currents in the arcs entering the node is equal to
the external current at the node. Mathematically, this law reads

G'y=f,

where f = (fi,..., fn) and 7 = {J4},cr are the vector of external currents and the vector of currents in
the arcs, respectively. The second law states that the current in an arc v is 0., times the arc voltage —
the difference of potentials at the nodes linked by the arc. Mathematically, this law reads

7 =XGv, %X = Diag{o,,v € E}.
Thus, the potentials are given by the relation
GTYGv = f.

Now, the heat H dissipated in the circuit is the sum, over the arcs, of the products of arc currents and
arc voltages, that is,

H= z:afy((Gv)ﬁy)2 =0vTGTEGw.
B!

In other words, the heat dissipated in the circuit, the external currents forming a vector f, is the maximum
of the convex quadratic form
2w f — 0T GTEGw

over all v € R”, and the steady state potentials are exactly the maximizers of this quadratic form. In
other words, the situation is as if we were speaking about a mechanical system with stiffness matrix
A(0) = GTYG affinely depending on the vector o > 0 of arc conductances subject to external load f,
with the steady-state potentials in the role of equilibrium displacements, and the dissipated heat in this
state in the role of (twice) the compliance.

It should be noted that the “stiffness matrix” in our present situation is degenerate — indeed,
we clearly have G1 = 0, where 1 is the vector of ones, (“when the potentials of all nodes
are equal, the currents in the arcs should be zero”), whence A(c)1 = 0 as well. As a result,
the necessary condition for the steady state to exist is f71 = 0, that is, the total sum of all
external currents should be zero — a fact we could easily foresee. Whether this necessary
condition is also sufficient depends on the topology of the circuit.
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A straightforward “electrical” analogy of the Structural Design problem would be to build a circuit of
a given topology, (i.e., to equip the arcs of a given graph with nonnegative conductances forming a design
vector o), satisfying specifications o € S in a way that minimizes the maximal steady-state dissipated
heat, the maximum being taken over a given family F of vectors of external currents.

Structural Design as an uncertain Semidefinite problem. The aforementioned Struc-

tural Design problem can be easily posed as an SDP. The key element in the transformation of
the problem is the following semidefinite representation of the compliance:

Compls(A) <7 & [2—;’%} = 0. (3.4.14)

Compls(A) <7

Indeed,

& fTv—%vTAv >7 YweRM

& 2782 - 2sfTv+0vTAv >0 V([v,s] € RMFY)

27 —fT
< [—f 4 ]”
2T fT_
& [—’—f A_EO
where the last < follows from the fact that
A= - =] B =]
-1 A || |-I fl14 | -1 ]

Thus, the Structural Design problem can be posed as

. o fT
HTutn{T [ T TAD ] =0 er}_,tET}. (3.4.15)

Assuming that the set 7 of feasible designs is LMI representable, problem (3.4.15) is nothing
but the RC of the uncertain semidefinite problem

IrTlitIl {T : [ QfT /{(j;) } =0,te T} , (3.4.16)

where the only uncertain data is the load f, and this data varies in a given set F (or, which is
the same, in its closed convex hull cl Conv(F)). Thus, in fact we are speaking about the RC of
a single-load Structural Design problem, with the load in the role of uncertain data varying in
the uncertainty set U = cl Conv(F).

In actual design the set F of loads of interest is finite and usually quite small. For example,
when designing a bridge for cars, an engineer is interested in a quite restricted family of scenarios,
primarily in the load coming from many cars uniformly distributed along the bridge (this is,
essentially, what happens in rush hours), and, perhaps, in a few other scenarios (like loads
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coming from a single heavy car in various positions). With finite 7 = {f!, ..., f¥}, we are in the
situation of a scenario uncertainty, and the RC of (3.4.16) is the explicit semidefinite program

[ T _
HTHP{T[fZ AW } >-0,z—1,...,k:,t€7’}.

Note, however, that in reality the would-be construction will be affected by small “occasional”
loads (like side wind in the case of a bridge), and the construction should be stable with respect
to these loads. It turns out, however, that the latter requirement is not necessarily satisfied by
the “nominal” construction that takes into consideration only the loads of primary interest. As
an instructive example, consider the design of a console.

Example 3.7 Figure 3.3.(c) represents optimal single-load design of a console with a 9 x 9 nodal grid
on 2-D plane; nodes from the very left column are fixed, the remaining nodes are free, and the single
scenario load is the unit force f acting down and applied at the mid-node of the very right column (see
figure 3.3.(a)). We allow nearly all tentative bars (numbering 2,039), except for (clearly redundant) bars
linking fixed nodes or long bars that pass through more than two nodes and thus can be split into shorter
ones (figure 3.3.(b)). The set T of admissible designs is given solely by the weight restriction:

2039
T={teR™:1>0) t; <1}
i=1
(compliance is homogeneous of order 1 w.r.t. t: Compl;(At) = ACompl,(t), A > 0, so we can normalize
the weight bound to be 1).

The compliance, in an appropriate scale, of the resulting nominally optimal truss (12 nodes, 24 bars)
w.r.t. the scenario load f is 1.00. At the same time, the construction turns out to be highly unstable w.r.t.
small “occasional” loads distributed along the 10 free nodes used by the nominal design. For example,
the mean compliance of the nominal design w.r.t. a random load h ~ N(0,107%I5) is 5.406 (5.4 times
larger than the nominal compliance), while the “typical” norm | A2 of this random load is 10~%5y/20 —
more than three orders of magnitude less than the norm || f||2 = 1 of the scenario load. The compliance
of the nominally optimal truss w.r.t. a “bad” load g that is 10* times smaller than f (||g|l2 = 107%||f]|2)
is 27.6 — by factor 27 larger than the compliance w.r.t. f! Figure 3.3.(e) shows the deformation of the
nominal design under the load 10~%g (that is, the load that is 10® (!) times smaller than the scenario
load). One can compare this deformation with the one under the load f (figure 3.3.(d)). Figure 3.3.(f)
depicts shifts of the nodes under a sample of 100 random loads h ~ A(0,10716155) — loads of norm by
7 plus orders of magnitude less than || f||2 = 1.

To prevent the optimal design from being crushed by a small load that is outside of the set
F of loading scenarios, it makes sense to extend F to a more “massive” set, primarily by adding
to F all loads of magnitude not exceeding a given “small” uncertainty level p. A challenge here
is to decide where the small loads can be applied. In problems like TTD, it does not make sense
to require the would-be construction to be capable of carrying small loads distributed along
all nodes of the ground structure; indeed, not all of these nodes should be present in the final
design, and of course there is no reason to bother about forces acting at non-existing nodes. The
difficulty is that we do not know in advance which nodes will be present in the final design. One
possibility to resolve this difficulty to some extent is to use a two-stage procedure as follows:

e at the first stage, we seek for the “nominal” design — the one that is optimal w.r.t. the
“small” set F comprised of the scenario loads and, perhaps, all loads of magnitude < p acting
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(a): 9x9 nodal grid with
most left nodes fixed and
the load of interest. M =
144 degrees of freedom.

(c): Single-load optimal design,
12 nodes, 24 bars. Compliance
w.r.t. load of interest 1.00.

(d): Deformation of nominal design
under the load of interest.

(e): Deformation of nominal design
under “occasional” load 10® times
less than the load of interest.

(f): “Dotted lines”: positions of nodes in
deformed nominal design, sample
of 100 loads ~ AN(0,107'%I5)

Figure 3.3: Nominal design.
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along the same nodes as the scenario loads — these nodes definitely will be present in the
resulting design;

e at the second stage, we solve the problem again, with the nodes actually used by the
nominal design in the role of our new nodal set M™, and extend F to the set FT by taking the
union of F and the Euclidean ball B, of all loads g, ||g|l2 < p, acting along M™.

We have arrived at the necessity to solve (3.4.15) in the situation where F is the union of a
finite set {f!,..., f*} and a Euclidean ball. This is a particular case of the situation when F is
the union of S < oo ellipsoids

Es={f=f"+B : ¢ eR” |||, <1}

or, which is the same, Z is the convex hull of the union of S ellipsoids Fn, ..., EFs. The associated
“uncertainty-immunized” Structural Design problem (3.4.15) — the RC of (3.4.16) with Z in
the role of F — is clearly equivalent to the problem

Htli_n{T: [ QfT /{(7;) ] =0 VfeFE;,, s=1,..,85;t¢€ T}. (3.4.17)

In order to build a tractable equivalent of this semi-infinite semidefinite problem, we need to
build a tractable equivalent to a semi-infinite LMI of the form

[ 2r | ¢"BT 4+ /T

BCH | A) }zo V(¢ €R" ¢z < p). (3.4.18)

But such an equivalent is readily given by Theorem 3.12 (cf. Example 3.3). Applying the recipe
described in this Theorem, we end up with a representation of (3.4.18) as the following LMI in
variables 7, t, A:

A\, pBT
2r—A| fT | =o0. (3.4.19)
pB | f  |AQ)

Observe that when f =0, (3.4.19) simplifies to

T T
[ Qpék 21(375_) ] =0, (3.4.20)

Example 3.7 continued. Let us apply the outlined methodology to the Console example
(Example 3.7). In order to immunize the design depicted on figure 3.3.(c) against small occa-
sional loads, we start with reducing the initial 9 x 9 nodal set to the set of 12 nodes M™ (figure
3.4.(a)) used by the nominal design, and allow for N = 54 tentative bars on this reduced nodal
set (figure 5.1.(b)) (we again allow for all pair connections of nodes, except for connections of
two fixed nodes and for long bars passing through more than two nodes). According to the
outlined methodology, we should then extend the original singleton F = {f} of scenario loads
to the larger set 7+ = {f} U B, where B, is the Euclidean ball of radius p, centered at the
origin in the (M = 20)-dimensional space of virtual displacements of the reduced planar nodal
set. With this approach, an immediate question would be how to specify p. In order to avoid
an ad hoc choice of p, we modify our approach as follows. Recalling that the compliance of
the nominally optimal design w.r.t. the scenario load is 1.00, let us impose on our would-be
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“immunized” design the restriction that its worst case compliance w.r.t. the extended scenario
set F, = {f} U B, should be at most 7, = 1.025, (i.e., 2.5% more than the optimal nominal
compliance), and maximize under this restriction the radius p. In other words, we seek for a
truss of the same unit weight as the nominally optimal one with “nearly optimal” rigidity w.r.t.
the scenario load f and as large as possible worst-case rigidity w.r.t. occasional loads of a given
magnitude. The resulting problem is the semi-infinite semidefinite program

27, fT
[ 7 A(t)]”
: « nr
max ¢ p [QPTh fl(t)]io V(h: k]2 < 1)

t=0,3N ;<1
This semi-infinite program is equivalent to the usual semidefinite program

] -

max< p: 21y | pIpg
—
" [ pln | A(t) } =Y
t= 0,50, ti < 1

(3.4.21)

(cf. (3.4.20)).

Computation shows that for Example 3.7, the optimal value in (3.4.21) is p, = 0.362; the
robust design yielded by the optimal solution to the problem is depicted in figure 3.4.(c). Along
with the differences in sizing of bars, note the difference in the structures of the robust and the
nominal design (figure 3.5). Observe that passing from the nominal to the robust design, we
lose just 2.5% in the rigidity w.r.t. the scenario load and gain a dramatic improvement in the
capability to carry occasional loads. Indeed, the compliance of the robust truss w.r.t. every load
g of the magnitude ||g||2 = 0.36 (36% of the magnitude of the load of interest) is at most 1.025;
the similar quantity for the nominal design is as large as 1.65x10? ! An additional evidence of
the dramatic advantages of the robust design as compared to the nominal one can be obtained
by comparing the pictures (d) through (f) in figure 3.3 with their counterparts in figure 3.4.

Applications in Robust Control
A major source of uncertain Semidefinite problems is Robust Control. An instructive example

is given by Lyapunov Stability Analysis/Synthesis.

Lyapunov Stability Analysis. Consider a time-varying linear dynamical system “closed”
by a linear output-based feedback:

(a) | (t) = Awx(t)+ Byu(t) + Rid, [open loop system, or plant

(0) | y(t) = Cia(t) + Dids [output]

(¢) |u(t) = Ky(t) [output-based feedback] (3.4.22)
I

(d) [&(t) = [A¢+ BKC]x(t) + [Ry + B K;D]d; [closed loop system] |
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Figure 3.4: Robust design.
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Figure 3.5: Nominal (left) and robust (right) designs.

where z(t) € R™, u(t) € R™, d; € RP, y(t) € R? are respectively, the state, the control, the
external disturbance, and the output at time t, A;, B, Ry, Cy, D; are matrices of appropriate
sizes specifying the dynamics of the system; and K; is the feedback matrix. We assume that
the dynamical system in question is uncertain, meaning that we do not know the dependencies
of the matrices Ay,...,K; on t; all we know is that the collection M; = (A, By, Ct, Dy, Ry, Kt) of
all these matrices stays all the time within a given compact uncertainty set M. For our further
purposes, it makes sense to think that there exists an underlying time-invariant “nominal”
system corresponding to known nominal values AM,.... K™ of the matrices A, ..., K;, while the
actual dynamics corresponds to the case when the matrices drift (perhaps, in a time-dependent
fashion) around their nominal values.

An important desired property of a linear dynamical system is its stability — the fact that
every state trajectory x(t) of (every realization of) the closed loop system converges to 0 as
t — oo, provided that the external disturbances d; are identically zero. For a time-invariant
linear system

& =Q"x,
the necessary and sufficient stability condition is that all eigenvalues of A have negative real
parts or, equivalently, that there exists a Lyapunov Stability Certificate (LSC) — a positive
definite symmetric matrix X such that

Q"TX +XQ" <0.
For uncertain system (3.4.22), a sufficient stability condition is that all matrices
QeQ={Q=A" 4+ BMKMcM . M € M}
have a common LSC X, that is, there exists X > 0 such that
(a) QTX+XQT <0 vQeQ
(3.4.23)
(b) [AM + BMERMCOMITX + X[AM + BMKMCM] <0 VM e M;

here AM ... KM are the components of a collection M € M.
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The fact that the existence of a common LSC for all matrices Q € @ is sufficient for the
stability of the closed loop system is nearly evident. Indeed, since M is compact, for every
feasible solution X > 0 of the semi-infinite LMI (3.4.23) one has

VM € M : [AM + BMERMCcMTX + X[AM + BMKMCOM] < —aX (%)

with appropriate a > 0. Now let us look what happens with the quadratic form 27 X2 along
a state trajectory z(t) of (3.4.22). Setting f(t) = 27 (¢)Xz(t) and invoking (3.4.22.d), we

have
f(@)

T () Xz(t) + z(t) Xi(t)
iET(t) [[At + BthCt]TX + X[At + BthCtH {E(t)
—Oéf(t),

where the concluding inequality is due to (x). From the resulting differential inequality

f'(t) < —af(t)

IA I

it follows that
f(t) <exp{—at}f(0) = 0, t = cc.

Recalling that f(t) = 27 (¢t)Xx(t) and X is positive definite, we conclude that z(t) — 0 as
t — oo.

Observe that the set Q is compact along with M. It follows that X is an LSC if and only if
X = 0 and
3>0:QTX+XQ =< —-BI YQeQ

& 3B>0:QTX +XQ = —BI VQ € Conv(Q).

Multiplying such an X by an appropriate positive real, we can ensure that
X-T&QTX +XQ=<—-1 VYQ € Conv(Q). (3.4.24)

Thus, we lose nothing when requiring from an LSC to satisfy the latter system of (semi-infinite)
LMIs, and from now on LSCs in question will be exactly the solutions of this system.
Observe that (3.4.24) is nothing but the RC of the uncertain system of LMIs

X-T&QTX+XQ = -1, (3.4.25)

the uncertain data being @) and the uncertainty set being Conv(Q). Thus, RCs arise naturally
in the context of Robust Control.

Now let us apply the results on tractability of the RCs of uncertain LMI in order to under-
stand when the question of existence of an LSC for a given uncertain system (3.4.22) can be
posed in a computationally tractable form. There are, essentially, two such cases — polytopic
and unstructured norm-bounded uncertainty.

Polytopic uncertainty. By definition, polytopic uncertainty means that the set Conv(Q) is
given as a convex hull of an explicit list of “scenarios” Q°, i =1, ..., N:

Conv(Q) = Conv{Q"!,...,QN}.

In our context this situation occurs when the components AM BM CM KM of M € M run,
independently of each other, through convex hulls of respective scenarios

S4 = Conv{Al ..., ANa} Sp = Conv{B!, ..., BN5},
Sc = Conv{C",...,CNc} Sg = Conv{K!, ..., KNk}
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in this case, the set Conv(Q) is nothing but the convex hull of N = NyNpNcNgk “scenarios”
QU = A" 4 BIK'CF, 1 <i < Ny,...,1 << Ng.

Indeed, Q clearly contains all matrices Q“** and therefore Conv(Q) D Conv({Q¥**}). On
the other hand, the mapping (A, B, C, K) — A+ BKC is polylinear, so that the image Q of
the set Sa x Sp x Sc x S under this mapping is contained in the convex set Conv({Q%**}),
whence Conv({Q¥**}) > Conv(Q).

In the case in question we are in the situation of scenario perturbations, so that (3.4.25) is
equivalent to the explicit system of LMIs

X-LQT"X+XQ' <-I,i=1,..,N.
Unstructured norm-bounded uncertainty. Here
Conv(Q) = {Q = Q" +UCV : ( € R, [¢l22 < p}.

In our context this situation occurs, e.g., when 3 of the 4 matrices AM, BM CM KM M ¢
M, are in fact certain, and the remaining matrix, say, A, runs through a set of the form
{AD 1 GCH : ¢ € RP,|[([la2 < p}.

In the case of unstructured norm-bounded uncertainty, the semi-infinite LMI in (3.4.25) is

of the form
QTX +XQ < —I VYQ € Conv(Q)

0
1 - [Q""X - XQ"+[XU ¢ V_+RTCTL(X)] = 0
AD(X) LT(x) R
V(¢ € RP [Cll22 < p).

Invoking Theorem 3.12, (3.4.25) is equivalent to the explicit system of LMIs

X>1

M, | pUTX
= 0. A.
’ [ pXU | —I—[Q""X - XQ" - AVTV | = ! (8.4.26)

in variables X, \.

Lyapunov Stability Synthesis. We have considered the Stability Analysis problem, where
one, given an uncertain closed-loop dynamical system along with the associated uncertainty
set M, seeks to verify a sufficient stability condition. A more challenging problem is Stability
Synthesis: given an uncertain open loop system (3.4.22.a-b) along with the associated compact
uncertainty set M in the space of collections M = (A,B,C,D, R), find a linear output-based
feedback

ult) = Ky(t)

and an LSC for the resulting closed loop system.

The Synthesis problem has a nice solution, due to [22], in the case of state-based feedback
(that is, Cy = I) and under the assumption that the feedback is implemented exactly, so that
the state dynamics of the closed loop system is given by

.1‘(t) = [At + BtK]J}(t) + [Rt + BtKDt]dt. (3427)
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The pairs (K, X) of “feedback — LSC” that we are looking for are exactly the feasible solutions
to the system of semi-infinite matrix inequalities in variables X, K:

X =0& [A+BK])"X + X[A+ BK] <0 V[A,B] € AB; (3.4.28)

here AB is the projection of M on the space of [A, B] data. The difficulty is that the system is
nonlinear in the variables. As a remedy, let us carry out the nonlinear substitution of variables
X =Y1K =ZY~!. With this substitution, (3.4.28) becomes a system in the new variables
Y, Z:

Y =0& [A+BzY Ty '+ YA+ BZY '] <0 V|[A, B] € AB;

multiplying both sides of the second matrix inequality from the left and from the right by Y,
we convert the system to the equivalent form

Y =0, & AY +YAT + BZ + ZT"BT <0 V|[A,B] € AB.

Since AB is compact along with M\, the solutions to the latter system are exactly the pairs
(Y, Z) that can be obtained by scaling (Y,Z) — (AY,AZ), A > 0, from the solutions to the
system of semi-infinite LMIs

Y =T& AY+YAT + BZ+7"BT < —I V[A,B] € AB (3.4.29)

in variables Y, Z. When the uncertainty AB can be represented either as a polytopic, or as
unstructured norm-bounded, the system (3.4.29) of semi-infinite LMIs admits an equivalent
tractable reformulation.

3.5 Approximating RCs of Uncertain Semidefinite
Problems

3.5.1 Tight Tractable Approximations of RCs of Uncertain SDPs with Struc-
tured Norm-Bounded Uncertainty

We have seen that the possibility to reformulate the RC of an uncertain semidefinite program
in a computationally tractable form is a “rare commodity,” so that there are all reasons to
be interested in the second best thing — in situations where the RC admits a tight tractable
approximation. To the best of our knowledge, just one such case is known — the case of
structured norm-bounded uncertainty we are about to consider in this section.

Uncertain LMI with Structured Norm-Bounded Perturbations

Consider an uncertain LMI
Ac(y) =0 (3.4.6)

where the “body” A¢(y) is bi-linear in the design vector y and the perturbation vector ¢. The
definition of a structured norm-bounded perturbation follows the path we got acquainted with
in section 3:
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Definition 3.6 We say that the uncertain constraint (3.4.6) is affected by structured norm-bo-
unded uncertainty with uncertainty level p, if
1. The perturbation set Z, is of the form

4 l
_ Ly, CCeERCI<p LeT
Z —{C—(C NG E e R (g < py 0 ¢ T (3.5.1)
2. The body A¢(y) of the constraint can be represented as
Acy) = AMy) + 2 CCAdly)
Pt (3.5.2)

+ 3 [LF ()¢ Re + RE(CYT Lo(y)]
04T

where Ag(y), L € Ls, and Ly(y), { & s, are affine iny, and Ry, { & Ls, are nonzero.

Theorem 3.13 Given uncertain LMI (3.4.6) with structured norm-bounded uncertainty (3.5.1),
(3.5.2), let us associate with it the following system of LMIs in variables Yy, £ = 1,...;L, A,

C g1, y:
(CL) }/@ = iA@(y)a le Is

Aelp, | Le(y)
b Pe =0,0¢T,
R 7 1 B R

() A(y) - pé Yi > 0

(3.5.3)

Then system (3.5.3) is a safe tractable approximation of the RC
Ac(ly) =0V( € 2, (3.5.4)
of (3.4.6), (3.5.1), (3.5.2), and the tightness factor of this approzimation does not exceed ¥(u),
where  is the smallest integer > 2 such that p > max Rank(Ay(y)) for all ¢ € Zs, and 9(-) is a
y

universal function of p such that

0(2) = 97 9(4) =2, 9(p) < N, /2, > 2.
The approzimation is exact, if either L = 1, or all perturbations are scalar, (i.e., Iy = {1,...,L})
and all Ay(y) are of ranks not exceeding 1.

Proof. Let us fix y and observe that a collection y, Yi,...,Yr can be extended to a feasible
solution of (3.5.3) if and only if

—pY; = Cz.Ag(y), l e I,
—pYy = LT (y)¢*Re + RT[CY)T Lo(y), ¢ € I

(see Theorem 3.12). It follows that if, in addition, Yy satisfy (3.5.3.c), then y is feasible for (3.5.4),
so that (3.5.3) is a safe tractable approximation of (3.5.4). The fact that this approximation is
tight within the factor ¥(u) is readily given by the real case Matrix Cube Theorem (Theorem
A.7). The fact that the approximation is exact when L = 1 is evident when Z; = {1} and is
readily given by Theorem 3.12 when Z; = (). The fact that the approximation is exact when all
perturbations are scalar and all matrices Ay(y) are of ranks not exceeding 1 is evident. U

VCEZp:{
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Application: Lyapunov Stability Analysis/Synthesis Revisited

We start with the Analysis problem. Consider the uncertain time-varying dynamical system
(3.4.22) and assume that the uncertainty set Conv(Q) = Conv({AM + BMKMCMY . M € M})
in (3.4.24) is an interval uncertainty, meaning that

L
_on - :
Conv(Q) =Q"+pZ, Z = {e; GU : [[Clloe < 13, (3.5.5)

Rank(Up) < pu, 1 <4< L.

Such a situation (with u = 1) arises, e.g., when two of the 3 matrices By, Cy, K; are certain,
and the remaining one of these 3 matrices, say, K, and the matrix A; are affected by
entry-wise uncertainty:

Ay — A| < po ¥, )
AMyKM MeM :{A,K . | ij ijl = ij , 7
! ) } ( : [ Kpq — Kpy| < pripg ¥(p, q)

In this case, denoting by BY, C™ the (certain!) matrices By, C, we clearly have

Conv(Q) = A"+ B"K"C" +p{ (3 &jlaiseie]]
- -
on i,
+Z77pq[’{qunfp9¢?CHH : |5ij| <1 [yl < 1}7

p.q

]Rdlmac7 Rdlm “ and }Rdlmy7 respec-

where e;, f,, gq are the standard basic orths in the spaces
tively. Note that the matrix coefficients at the “elementary perturbations” &;;, 1, are of
rank 1, and these perturbations, independently of each other, run through [—1, 1] — exactly

as required in (3.5.5) for p = 1.
In the situation of (3.5.5), the semi-infinite Lyapunov LMI
QTX +XQ < -1 VQ € Conv(Q)

in (3.4.24) reads
L

—I— Q"X - XQ" +pzz G [-U/ X — XUy
-1 S—
mes A 0X) (3.5.6)

=09(C: |G <1, 6=1,...,L).

We are in the case of structured norm-bounded perturbations with Zgs = {1, ..., L}. Noting that
the ranks of all matrices A;(X) never exceed 2y (since all Uy are of ranks < ), the safe tractable
approximation of (3.5.6) given by Theorem 3.13 is tight within the factor ¥(2u). It follows, in
particular, that in the case of (3.5.5) with u = 1, we can find efficiently a lower bound, tight
within the factor m/2, on the Lyapunov Stability Radius of the uncertain system (3.4.22) (that
is, on the supremum of those p for which the stability of our uncertain dynamical system can
be certified by an LSC). The lower bound in question is the supremum of those p for which the
approximation is feasible, and this supremum can be easily approximated to whatever accuracy
by bisection.
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We can process in the same fashion the Lyapunov Stability Synthesis problem in the
presence of interval uncertainty. Specifically, assume that C; = I and the uncertainty set
AB = {[AM BM] . M € M} underlying the Synthesis problem is an interval uncertainty:

L
AB = [A™, B + p{> Ui+ ¢l < 1}, Rank(Uy) < p VL. (3.5.7)
/=1

We arrive at the situation of (3.5.7) with p = 1, e.g., when AB corresponds to entry-wise
uncertainty:
AB = [A™, B" + p{H = [§A,B] : |H;;| < hy; Vi, j}.
In the case of (3.5.7) the semi-infinite LMI in (3.4.29) reads

—1 - [AD>BH][Y§ Z] - [Y§ Z]T[Aann]T

AN(Y,7)
L S (3.5.8)
+pKZ C-UY; Z] =Y Z U ] = OV(C s |Gl <1, £=1,..., ).
=1
A(Y,Z)

We again reach a situation of structured norm-bounded uncertainty with Zg = {1, ..., L} and all
matrices Ay(-), £ = 1,..., L, being of ranks at most 2u. Thus, Theorem 3.13 provides us with
a tight, within factor ¥(2u), safe tractable approximation of the Lyapunov Stability Synthesis
problem.

Illustration: Controlling a multiple pendulum. Consider a multiple pendulum (“a train”)
depicted in figure 3.6. Denoting by m;, i = 1,...,4, the masses of the “engine” (i = 1) and the
“cars” (i = 2,3,4, counting from right to left), Newton’s laws for the dynamical system in
question read

my j?ml(t) —k1x1(t) +r129(t) +u(t)

mg%mg(t) = mwi(t) —(k1 + K2)za(t) +rox3(t) (3.5.9)
mgj?l‘g(t) = koxo(t) —(ke + Kk3)xs(t) +r3za(t) o
magzaa(t) = Ras(t) —rswa(t),

where z;(t) are shifts of the engine and the cars from their respective positions in the state of
rest (where nothing moves and the springs are neither shrunk nor expanded), and k; are the
elasticity constants of the springs (counted from right to left). Passing from masses m; to their
reciprocals p; = 1/m; and adding to the coordinates of the cars their velocities v;(t) = @;(t), we
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Figure 3.6: “Train”: 4 masses (3 “cars” and “engine”) linked by elastic springs and sliding
without friction (aside of controlled force u) along “rail” AA.

can rewrite (3.5.9) as the system of 8 linear differential equations:

1
1
1
) = L)
o N —K1p1 K11 v
Kiple  —[K1 + Ka)po Kaflo
Kaofls —[K2 + K3lus K313
L R3lta  —HK3M4 ]
- An (3.5.10)
+ u(t
M1 ( )
L
B,

where x(t) = [z1(t);2(t); x3(t); xa(t); v1(t); v2(t); v3(t); va(t)]. System (3.5.10) “as it is” (i.e.,
with trivial control u(-) = 0) is unstable; not only it has a solution that does not converge to 0
as t — 00, it has even an unbounded solution (specifically, one where z;(t) = vt, v;(t) = v, which
corresponds to uniform motion of the cars and the engine with no tensions in the springs). Let
us look for a stabilizing state-based linear feedback controller

u(t) = Kx(t), (3.5.11)

that is robust w.r.t. the masses of the cars and the engine when they vary in given segments
A;, 1 =1,...,4. To this end we can apply the Lyapunov Stability Synthesis machinery. Observe
that to say that the masses m; run, independently of each other, through given segments is
exactly the same as to say that their reciprocals u; run, independently of each other, through
other given segments A/; thus, our goal is as follows:

Stabilization: Given elasticity constants rk; and segments A, C {u > 0}, i =
1,...,4, find a linear feedback (3.5.11) and a Lyapunov Stability Certificate X for the
corresponding closed loop system (3.5.10), (3.5.11), with the uncertainty set for the
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system being
AB={[A,,B,): i € A}, i=1,..,4}.

Note that in our context the Lyapunov Stability Synthesis approach is, so to speak, “doubly
conservative.” First, the existence of a common LSC for all matrices @ from a given compact
set Q is only a sufficient condition for the stability of the uncertain dynamical system

#(t) = Qur(t), Qr € QVL,

and as such this condition is conservative. Second, in our train example there are reasons
to think of m; as of uncertain data (in reality the loads of the cars and the mass of the
engine could vary from trip to trip, and we would not like to re-adjust the controller as long
as these changes are within a reasonable range), but there is absolutely no reason to think
of these masses as varying in time. Indeed, we could perhaps imagine a mechanism that
makes the masses m; time-dependent, but with this mechanism our original model (3.5.9)
becomes invalid — Newton’s laws in the form of (3.5.9) are not applicable to systems with
varying masses and at the very best they offer a reasonable approximation of the true model,
provided that the changes in masses are slow. Thus, in our train example a common LSC for
all matrices Q = A+ BK, [A, B] € AB, would guarantee much more than required, namely,
that all trajectories of the closed loop system “train plus feedback controller” converge to 0
as t — oo even in the case when the parameters u; € Al vary in time at a high speed. This
is much more than what we actually need — convergence to 0 of all trajectories in the case
when p; € Al do not vary in time.

The system of semi-infinite LMIs we are about to process in the connection of the Lyapunov
Stability Synthesis is

(a) [A,B]Y;Z]+|Y;Z]T[A, BT < —aY, V[A,B] € AB
(b)) Y =1 (3.5.12)
() Y <«xl,

where @ > 0 and x > 1 are given. This system differs slightly from the “canonical” system
(3.4.29), and the difference is twofold:

e [major] in (3.4.29), the semi-infinite Lyapunov LMI is written as
[A, BIlY; Z) + [v; Z)"[A, BT < —1,
which is just a convenient way to express the relation
[A, B][Y; Z] + [Y; Z)'[A, B]T <0,V[A, B] € AB.

Every feasible solution [Y;Z] to this LMI with ¥ > 0 produces a stabilizing feedback
K = ZY ! and the common LSC X = Y ~! for all instances of the matrix Q = A + BK,
[A, B] € AB, of the closed loop system, i.e.,

[A+ BK|"X + X[A+ BK] <0 V[A, B] € AB.



3.5. APPROXIMATING RCS OF UNCERTAIN SEMIDEFINITE PROBLEMS 149

The latter condition, however, says nothing about the corresponding decay rate. In con-
trast, when [Y; Z] is feasible for (3.5.12.a, b), the associated stabilizing feedback K = ZY ~!
and LSC X = Y ! satisfy the relation

[A+ BK]"X + X[A+ BK] < —aX V[A, B] € AB,

and this relation, as we have seen when introducing the Lyapunov Stability Certificate,
implies that
e () Xx(t) < exp{—at}z (0)X2(0), t >0,

which guarantees that the decay rate in the closed loop system is at least a. In our illus-
tration (same as in real life), we prefer to deal with this “stronger” form of the Lyapunov
Stability Synthesis requirement, in order to have a control over the decay rate associated
with the would-be controller.

e [minor] In (3.5.12) we impose an upper bound on the condition number (ratio of the
maximal and minimal eigenvalues) of the would-be LSC; with normalization of Y given by
(3.5.12.b), this bound is ensured by (3.5.12.¢) and is precisely x. The only purpose of this
bound is to avoid working with extremely ill-conditioned positive definite matrices, which
can cause numerical problems.

Now let us use Theorem 3.13 to get a tight safe tractable approximation of the semi-infinite
system of LMIs (3.5.12). Denoting by u}* the midpoints of the segments A and by 4; the
half-width of these segments, we have

AB = {[A,, By :pieAli=1,..,4}
= {[A“n,B#n] +£i1 CUp |G| <1, 0=1,...,4},
U = 6&mpeq},
where p, € R® has the only nonzero entry, equal to 1, in the position 4 4 ¢, and

qq —Kk1 K1 1
43 K1 | —[k1 + k2] K9
q3 K2 —[ro +K3] | K3

qq K3 —R3

Consequently, the analogy of (3.5.12) with uncertainty level p ((3.5.12) itself corresponds to
p = 1) is the semi-infinite system of LMIs

—aY —[An,Bn|[Y;Z] - [Y; Z]"[An, Bn]"

AN(Y,7)
4 T T T (3.5.13)
+PZZ Co(—0elpeqe [Y; Z] + Y3 Z] qepy ) = OV(C Gl <1, £=1,...,4)
=1
A(Y,Z)

Y =13, Y X xIg
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in variables Y, Z (cf. (3.5.8)). The safe tractable approximation of this semi-infinite system of
LMIs as given by Theorem 3.13 is the system of LMIs

Yi - £ A(Y, Z), £=1,...,4
4
ANY,Z) = p S Y= 0 (3.5.14)
=1
Y = 1Is, Y = xls

in variables Y, Z, Y7, ..., Yy. Since all Uy are of rank 1 and therefore all A,(Y, Z) are of rank < 2,
Theorem 3.13 states that this safe approximation is tight within the factor /2.

Of course, in our toy example no approximation is needed — the set AB is a polytopic
uncertainty with just 2% = 16 vertices, and we can straightforwardly convert (3.5.13) into an
exactly equivalent system of 18 LMIs

4
An(Y, )= p>. €AY, Z), e, ==£1,0=1,...,4
=1
Y =1, Y S xls

in variables Y, Z. The situation would change dramatically if there were, say, 30 cars in our
train rather than just 3. Indeed, in the latter case the precise “polytopic” approach would
require solving a system of 23! 4 2 = 2,147,483, 650 LMIs of the size 62 x 62 in variables
Y € S92, Z € R'*53 which is a bit too much... In contrast, the approximation (3.5.14) is
a system of just 31 + 2 = 33 LMIs of the size 62 x 62 in variables {Y, € S®2}31 |V € S62
Z € RY¥63 (totally (31 + 1)% + 63 = 60606 scalar decision variables). One can argue
that the latter problem still is too large from a practical perspective. But in fact it can be
shown that in this problem, one can easily eliminate the matrices Yy (every one of them can
be replaced with a single scalar decision variable, cf. Antenna example on p. 112), which
reduces the design dimension of the approximation to 31 + 622& + 63 = 2047. A convex
problem of this size can be solved pretty routinely.

We are about to present numerical results related to stabilization of our toy 3-car train. The
setup in our computations is as follows:

K1 = Kg = K3 = 100.0; o« = 0.01; y = 10%;
A} =10.5,1.5], Ay, = AL = A, = [1.5,4.5],

which corresponds to the mass of the engine varying in [2/3, 2] and the masses of the cars varying
in [2/9,2/3].

We computed, by a kind of bisection, the largest p for which the approximation (3.5.14) is
feasible; the optimal feedback we have found is

u= 107[ — 0.2892z1 — 2.5115z5 + 6.3622z3 — 3.5621x4
—0.0019v1 — 0.0912v5 — 0.0428v3 + 0.130504],

and the (lower bound on the) Lyapunov Stability radius of the closed loop system as yielded
by our approximation is p = 1.05473. This bound is > 1, meaning that our feedback stabilizes
the train in the above ranges of the masses of the engine and the cars (and in fact, even in
slightly larger ranges 0.65 < my < 2.11, 0.22 < mg,m3,mg < 0.71). An interesting question
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is by how much the lower bound p is less than the Lyapunov Stability radius p. of the closed
loop system. Theory guarantees that the ratio p./p should be < 7/2 = 1.570.... In our small
problem we can compute p, by applying the polytopic uncertainty approach, that results in
p« = 1.05624. Thus, in reality p./p ~ 1.0014, much better than the theoretical bound 1.570....
In figure 3.7, we present sample trajectories of the closed loop system yielded by our design, the
level of perturbations being 1.054 — pretty close to p = 1.05473.

coordinates x1,x2, T3, x4 velocities vy, vo, v3, Uy
time horizon: 0 < ¢ <100

7

o AD 0‘05 D‘l 0‘15 D‘Z 0‘25 0‘3 0‘35 0‘4 011.5 05 - 0 0235 0‘1 0‘15 D‘Z D‘ZS 0‘3 D;S 0‘4 D;S 05
coordinates x1, x2, T3, x4 velocities vy, vo, v3, Uy
time horizon: 0 <t < 0.5

Figure 3.7: Sample trajectories of the 3-car train.

3.6 Approximating Chance Constrained CQIs and LMIs

In the first reading this section can be skipped.
Below we develop safe tractable approximations of chance constrained randomly perturbed Conic
Quadratic and Linear Matrix Inequalities. For omitted proofs, see [3].
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3.6.1 Chance Constrained LMIs

We have considered the Robust of uncertain conic quadratic and semidefinite programs. Now we intend
to consider randomly perturbed CQPs and SDPs and to derive safe approximations of their chance
constrained versions (cf. section 2.1).  From this perspective, it is convenient to treat chance constrained
CQPs as particular cases of chance constrained SDPs (such an option is given by Lemma 3.1), so that
in the sequel we focus on chance constrained SDPs. Thus, we are interested in a randomly perturbed
semidefinite program

L
m?}n{cTy:An(prZCeAe(y) - O,yey}7 (3.6.1)
=1
where A% (y) and all A*(y) are affine in y, p > 0 is the “perturbation level,” ¢ = [(1;...;(z] is a random
perturbation, and ) is a semidefinite representable set. We associate with this problem its chance

constrained version

Y

L
min {cTy : Prob {An(y) + pZQ.AZ(y) = O} >1—¢y€ y} (3.6.2)
=1

where € < 1 is a given positive tolerance. Our goal is to build a computationally tractable safe ap-
proximation of (3.6.2). We start with assumptions on the random variables {;, which will be in force
everywhere in the following:

Random variables (;, ¢ =1, ..., L, are independent with zero mean satisfying either
A.T [“bounded case”] |¢| < 1,¢=1,...,L,
or

A.II [“Gaussian case”] ¢ ~ N (0,1),£=1,...,L.

Note that most of the results to follow can be extended to the case when (, are independent with zero
means and “light tail” distributions. We prefer to require more in order to avoid too many technicalities.

Approximating Chance Constrained LMIs: Preliminaries
The problem we are facing is basically as follows:

(?) Given symmetric matrices A, A1,..., Ay, find a verifiable sufficient condition for the rela-
tion

L
Prob{» (A, X A} >1—e. (3.6.3)
(=1

Since ¢ is with zero mean, it is natural to require A > 0 (this condition clearly is necessary when ( is
symmetrically distributed w.r.t. 0 and € < 0.5). Requiring a bit more, namely, A > 0, we can reduce the
situation to the case when A = I, due to

L L
Prob{» (iA; X A} = Prob{» G A4 A2 <1} (3.6.4)
N————
=1 =1 By

Now let us try to guess a verifiable sufficient condition for the relation

L
Prob{> (Br =1} >1—e. (3.6.5)
(=1
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First of all, we do not lose much when strengthening the latter relation to

L
Prob{||> B <1} >1—¢ (3.6.6)

=1
(here and in what follows, || - || stands for the standard matrix norm || - ||2,2). Indeed, the latter condition

is nothing but
L
Prob{—I > (B T} >1—¢
(=1

so that it implies (3.6.5). In the case of ¢ symmetrically distributed w.r.t. the origin, we have a “nearly
inverse” statement: the validity of (3.6.5) implies the validity of (3.6.6) with € increased to 2e.
The central observation is that whenever (3.6.6) holds true and the distribution of the random matrix

L
S=Y (B
=1

is not pathological, we should have

E{||S*} < 0(1),

whence, by Jensen’s Inequality,

IE{S*}H < 0(1)
L
as well. Taking into account that E{S?} = >~ E{¢?}B?, we conclude that when all quantities E{¢?} are
=1

of order of 1, we should have || Zle B?|| < O(1), or, which is the same,

L
> B 011 (3.6.7)
(=1

By the above reasoning, (3.6.7) is a kind of a necessary condition for the validity of the chance constraint
(3.6.6), at least for random variables (; that are symmetrically distributed w.r.t. the origin and are “of
order of 1.” To some extent, this condition can be treated as nearly sufficient, as is shown by the following
two theorems.

Theorem 3.14 Let By, ..., By, € S™ be deterministic matrices such that

L
> Bl I (3.6.8)
=1

and T > 0 be a deterministic real. Let, further, (s, £ = 1,..., L, be independent random variables taking
values in [—1,1] such that

L
X = Prob{| > GB < T} > 0. (3.6.9)

{=1

Then
L

VO > T Prob{” > 6B > Q} < %exp{—(Q —T)%/16}. (3.6.10)

{=1
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Proof. Let Q = {z € RY : || " 2B < 1}. Observe that
¢

1/2 1/2
5 eeBaulla < 3 el Beala < (z ) (z B) < Il
l l Y/ ?

where the concluding relation is given by (3.6.8). It follows that || >, z¢B¢|| < ||z||2, whence @ contains
the unit || - ||2-ball B centered at the origin in RZ. Besides this, Q is clearly closed, convex and symmetric
w.r.t. the origin. Invoking the Talagrand Inequality (Theorem A.9), we have

E{prEﬁMJQTQVHﬂ}gﬂ%dﬁgeTQD_lzi. (3.6.11)

Now, when ( is such that || E CeBe|| > Q, we have ¢ ¢ Q@Q), whence, due to symmetry and convexity of

Q, the set (Q—T)Q+¢ doeb not intersect the set TQ. Since @ contains B, the set (2 —T1)Q + ¢ contains
|| - ||2-ball, centered at , of the radius 2 — T, and therefore this ball does not intersect T either, whence
disty.|, (¢, YQ) > Q — Y. The resulting relation

L

1Y Bl > Q& ¢ ¢ 0Q = disty.,((,TQ) > Q-7
=1

combines with (3.6.11) and the Tschebyshev Inequality to imply that

L
Prob{|| > (B > Q} < i exp{—(Q — T)?/16}. O
(=1

Theorem 3.15 Let By, ..., B, € S™ be deterministic matrices satisfying (3.6.8) and Y > 0 be a deter-
ministic real. Let, further, (o, £ = 1,...,L, be independent N'(0,1) random wvariables such that (3.6.9)
holds true with x > 1/2.

Then

VO > T : Prob{| Z CoBi|| > Q)
< Erf (Erﬂnv(l —x) + (2 = T)max[1, T~ Erflnv(1 — x)]) (3.6.12)

2~ —2 201 _
SeXp{—QT Erf[2nv (1 X)}

)

where Erf(-) and Erflnv(-) are the error and the inverse error functions, see (2.2.6), (2.2.7).

Proof. Let Q = {z € RF : ||}, 2¢B¢|| < T}. By the same argument as in the beginning of the proof of
Theorem 3.14, @) contains the centered at the origin || - ||2-ball of the radius Y. Besides this, by definition
of @) we have Prob{C € Q} > x. Invoking item (i) of Theorem A.10, @ contains the centered at the origin
| - ]l2-ball of the radius r = max[ErfInv(1l — x), Y], whence, by item (ii) of this Theorem, (3.6.12) holds
true. 0

The last two results are stated next in a form that is better suited for our purposes.

Corollary 3.1 Let A, Ay, ..., Ar, be deterministic matrices from S™ such that

{}f ‘jf } =0,1<(<L
Hypk, ¢ L , (3.6.13)
MY <A
(=1
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let T >0, x > 0 be deterministic reals and (y,...,(r be independent random wvariables satisfying either
A1, or AII, and such that

L
Prob{—TA =) GA; 2 TA} > x. (3.6.14)
=1
Then
(i) When (; satisfy A.I, we have
L 1
YQ > T Prob{—QA <> (A, 2 QA} > 1— = exp{—(Q — T)?/16}; (3.6.15)
X
/=1

(ii) When ;o satisfy AL, and, in addition, x > 0.5, we have

L
VO > T : Prob{—QA < 3" (A, < QA
A= 2, A =04} (3.6.16)

>1— Erf (Erﬂnv(l —x)+ (2 — T)max [1, WD )

with Erf(-), Erflnv() given by (2.2.6), (2.2.7).

Proof. Let us prove (i). Given positive 8, let us set A° = A 4 §I. Observe that the premise in (3.6.14)
clearly implies that A > 0, whence A° = 0. Now let Y7 be such that the conclusion in (3.6.13) holds true.

Then { }f j;le ] > 0, whence, by the Schur Complement Lemma, Y, = A,[A%] 71 Ay, so that
¢
STAATTA =Y VA=A
¢ ¢
We see that

Z [[Aé]_l/QAg[Aé]_l/Q]Q < I
0

)
Bé

Further, relation (3.6.14) clearly implies that

Prob{—-TA’ 2> ¢4, 2 TA’} > y,
4

or, which is the same,
Prob{-YI <> (B} < YI} > x.
¢
Applying Theorem 3.14, we conclude that

Q> T = Prob{—0I < S (B! <QI} > 1 %eXp{—(Q —1)2/16},
4

which in view of the structure of B! is the same as
Q> T = Prob{—QA° 2 ) (A, 2 QA > 1 iexp{—(ﬂ —7)%/16}. (3.6.17)
¢
For every Q > T, the sets {¢ : —QAY* < 3¢ A, < QAY!Y t = 1,2, ..., shrink as ¢ grows, and their
intersection over ¢ = 1,2, ... is the set {( : —&%A <> A < A}, so that (3.6.17) implies (3.6.15), and
(i) is proved. The proof of (ii) is completely sirnilar,Z with Theorem 3.15 in the role of Theorem 3.14. O
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Comments. When A > 0, invoking the Schur Complement Lemma, the condition (3.6.13) is satisfied
iff it is satisfied with Y, = A;A=1 Ay, which in turn is the case iff Y. ApA=1 A, < A, or which is the same,
¢

iff ST[A"1/24,A71/2]2 < I. Thus, condition (3.6.4), (3.6.7) introduced in connection with Problem (?),
¢

treated as a condition on the variable symmetric matrices A, A1, ..., Ay, is LMI-representable, (3.6.13)
being the representation. Further, (3.6.13) can be written as the following explicit LMI on the matrices
A, Al, ceey ALZ

AlA . A
A | A

Arrow(A, Ay, ..., AL) = . = 0. (3.6.18)
Ar A

Indeed, when A > 0, the Schur Complement Lemma says that the matrix Arrow(A, Ay,...,Ar) is = 0 if
and only if
> AATIA <A,
¢

and this is the case if and only if (3.6.13) holds. Thus, (3.6.13) and (3.6.18) are equivalent to each other
when A > 0, which, by standard approximation argument, implies the equivalence of these two properties
in the general case (that is, when A > 0). It is worthy of noting that the set of matrices (A, Ay, ..., Ar)
satisfying (3.6.18) form a cone that can be considered as the matrix analogy of the Lorentz cone (look
what happens when all the matrices are 1 x 1 ones).

3.6.2 The Approximation Scheme

To utilize the outlined observations and results in order to build a safe/“almost safe” tractable approxi-
mation of a chance constrained LMI in (3.6.2), we proceed as follows.

1) We introduce the following:

Conjecture 3.1 Under assumptions A.I or A.IL, condition (3.6.13) implies the validity of (3.6.14) with
known in advance x > 1/2 and “a moderate” (also known in advance) YT > 0.

With properly chosen xy and Y, this Conjecture indeed is true, see below. We, however, prefer not to stick to the
corresponding worst-case-oriented values of x and T and consider x > 1/2, T > 0 as somehow chosen parameters
of the construction to follow, and we proceed as if we know in advance that our conjecture, with the chosen T,
X, is true. Eventually we shall explain how to justify this tactics.

2) Trusting in Conjecture 3.1, we have at our disposal constants Y > 0, x € (0.5,1] such that
(3.6.13) implies (3.6.14). We claim that modulo Conjecture 3.1, the following systems of LMIs in variables
y, Uy, ..., Uy, are safe tractable approximations of the chance constrained LMI in (3.6.2):

In the case of A.I:

(a) [ U Aé(y)}>0,1<8<L

ﬁ@)“@@) (3.6.19)
(b) P XU 2Q2AMNy), Q=T +4/In(x"Te 1);
=1

In the case of A.Il:

(a) kﬁ%ﬂig%%]>al<é<L

L
9 _21n _ max[Erflnv(e) — Erflnv(1 — x),0] (3.6.20)
(b) P Z; UZ j Q A (y)’ Q=" + max[l,T_lErﬂl’lV(l - X)]
< T + max [Erflnv(e) — Erflnv(1l — x),0] .
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Indeed, assume that y can be extended to a feasible solution (y, Ui, ..., Ur) of (3.6.19). Let us set A = Q™ A" (),

A = pAY(y), Ye = Qp?U,. Then { XZ 12[ ] > 0and > Y, < A by (3.6.19). Applying Conjecture 3.1 to the
‘ ‘

matrices A, A1, ..., Az, we conclude that (3.6.14) holds true as well. Applying Corollary 3.1.(i), we get

Prob { ,02[:(15./4[ (y) 2 An(y)} = Prob {;@A@ 2 QA}
< x texp{—(22 —T)?/16} = ¢,

as claimed.
Relation (3.6.20) can be justified, modulo the validity of Conjecture 3.1, in the same fashion, with item (ii)
of Corollary 3.1 in the role of item (i).

3) We replace the chance constrained LMI problem (3.6.2) with the outlined safe (modulo the
validity of Conjecture 3.1) approximation, thus arriving at the approximating problem

Ue | AW ), o 1<r<t
min { ¢’y : [A(y) A (y)] : (3.6.21)

y,{Ue}
' PP U =Q2A(y), yey
V4

where € is given by the required tolerance and our guesses for T and x according to (3.6.19) or (3.6.20),
depending on whether we are in the case of a bounded random perturbation model (Assumption A.I) or
a Gaussian one (Assumption A.IT).

We solve the approximating SDO problem and obtain its optimal solution y.. If (3.6.21) were indeed
a safe approximation of (3.6.2), we would be done: y, would be a feasible suboptimal solution to the
chance constrained problem of interest. However, since we are not sure of the validity of Conjecture 3.1,
we need an additional phase — post-optimality analysis — aimed at justifying the feasibility of y, for
the chance constrained problem. Note that at this phase, we should not bother about the validity of
Conjecture 3.1 in full generality — all we need is to justify the validity of the relation

Prob{—TA =Y ¢A; 2 TA} > x (3.6.22)
0

for specific matrices
A=Q AN y.), A= pAi(y.), L=1,.., L, (3.6.23)

which we have in our disposal after y, is found, and which indeed satisfy (3.6.13) (cf. “justification” of
approximations (3.6.19), (3.6.20) in item 2)).
In principle, there are several ways to justify (3.6.22):

1. Under certain structural assumptions on the matrices A, A, and with properly chosen x, T, our
Conjecture 3.1 is provably true. Specifically, we shall see in section 3.6.4 that:

(a) when A, A, are diagonal, (which corresponds to the semidefinite reformulation of a Linear
Optimization problem), Conjecture 3.1 holds true with y = 0.75 and T = 1/31n(8m) (recall
that m is the size of the matrices A, Ay, ..., AL);

(b) when A, A, are arrow matrices, (which corresponds to the semidefinite reformulation of a
conic quadratic problem), Conjecture 3.1 holds true with x = 0.75 and T = 44/2.

2. Utilizing deep results from Functional Analysis, it can be proved (see [3, Proposition B.5.2]) that
Conjecture 3.1 is true for all matrices A, Ay, ..., A, when x = 0.75 and Y = 4,/Inmax|m, 3]. Tt
should be added that in order for our Conjecture 3.1 to be true for all L and all m x m matrices
A, Ay, ..., AL with x not too small, T should be at least O(1)vInm with appropriate positive
absolute constant O(1).
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In view of the above facts, we could in principle avoid the necessity to rely on any conjecture. However,
the “theoretically valid” values of Y, x are by definition worst-case oriented and can be too conservative
for the particular matrices we are interested in. The situation is even worse: these theoretically valid
values reflect not the worst case “as it is,” but rather our abilities to analyze this worst case and therefore
are conservative estimates of the “true” (and already conservative) T, x. This is why we prefer to use a
technique that is based on guessing Y, x and a subsequent “verification of the guess” by a simulation-based
justification of (3.6.22).

Comments. Note that our proposed course of action is completely similar to what we did in section
2.2. The essence of the matter there was as follows: we were interested in building a safe approximation
of the chance constraint

L
> Gar<a (3.6.24)
{=1

with deterministic a,a,...,ar € R and random (; satisfying Assumption A.I. To this end, we used the
provable fact expressed by Proposition 2.1:

Whenever random variables (1, ..., (1, satisfy A.I and deterministic reals b, a1, ..., ar, are such
that

or, which is the same,

b | ai ... ag
al b

Arrow(b,aq, ...,ar) = . ] =0,
ar, b

one has

L
V> 0:Prob< > Car < Qbp >1— (),
¢

H(Q) = exp{—02/2}.

As a result, the condition

Q'a| o e ar
. ay O la
Arrow(Q 7 a, a1, ..., ar) = . . =0
ar, O la

is sufficient for the validity of the chance constraint

Prob{zgag < a} >1—9(9).

14

What we are doing under Assumption A.I now can be sketched as follows: we are interested in building
a safe approximation of the chance constraint

L
D> QA=A (3.6.25)

=1

with deterministic A, Ay, ..., A, € S™ and random (y satisfying Assumption A.I. To this end, we use the
following provable fact expressed by Theorem 3.14:
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Whenever random variables (y,...,(;, satisfy A.I and deterministic symmetric matrices
B, Ay, ..., Ar are such that

B | A ... Ap
A | B
Arrow(B, Ay, ..., AL) = ) ) =0, O]
A B
and
Prob{—YB <) (/A X TB} > x (*)

L

with certain x, Y > 0, one has

L
VO > T: Prob{z CoAy < QB} >1—vYr,(Q),

=1
P (Q) = X" exp{—(Q - T)?/16}.

As a result, the condition

QA A . A
A QT4
Arrow(Q 1A Ay, AL = . ) =0
Ap 0 tA

is a sufficient condition for the validity of the chance constraint

Prob {Z CeAr =< A} > 1=y x (),

L

provided that Q > Y and x > 0, T > 0 are such that the matrices B, Ay, ..., Ap, satisfy (x).

The constructions are pretty similar; the only difference is that in the matrix case we need an
additional “provided that,” which is absent in the scalar case. In fact, it is automatically present in the
scalar case: from the Tschebyshev Inequality it follows that when B, A4, ..., Aj, are scalars, condition (!)
implies the validity of (x) with, say, x = 0.75 and T = 2. We now could apply the matrix-case result to
recover the scalar-case, at the cost of replacing () with 12 .75(£2), which is not that big a loss.

Conjecture 3.1 suggests that in the matrix case we also should not bother much about “provided
that” — it is automatically implied by (!), perhaps with a somehow worse value of T, but still not too
large. As it was already mentioned, we can prove certain versions of the Conjecture, and we can also
verify its validity, for guessed x, T and matrices B, A1, ..., Ay, that we are interested in, by simulation.
The latter is the issue we consider next.

Simulation-Based Justification of (3.6.22)

Let us start with the following simple situation: there exists a random variable £ taking value 1 with
probability p and value 0 with probability 1 — p; we can simulate &£, that is, for every sample size NV,
observe realizations ¢V = (¢4, ..., £n) of N independent copies of £&. We do not know p, and our goal is to
infer a reliable lower bound on this quantity from simulations. The simplest way to do this is as follows:
given “reliability tolerance” d € (0,1), a sample size N and an integer L, 0 < L < N, let

N
Pn5(L) = min {q €0,1): ) <JZ) (1N > 5} .

k=L
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The interpretation of pn s(L) is as follows: imagine we are flipping a coin, and let ¢ be the probability
to get heads. We restrict ¢ to induce chances at least § to get L or more heads when flipping the coin N
times, and Py s(L) is exactly the smallest of these probabilities g. Observe that

N
(L>0.5=pnsl) =Y (ZZ ) P -V = 5 (3.6.26)
k=L

and that py 5(0) = 0.
An immediate observation is as follows:

Lemma 3.4 For a fivred N, let L(¢N) be the number of ones in a sample £V, and let

PEY) = Pns(L(EY)).

Then
Prob{p(¢") > p} < 4. (3.6.27)
Proof. Let
N/N
M(p) =minq € {0,1,...,N}: Z (k)pk(l )Nk <
k=p+1

(as always, a sum over empty set of indices is 0) and let © be the event {¢V : L(¢Y) > M(p)}, so that
by construction
Prob{©} <.

Now, the function
N

_ N k N—k
flo)= > <k>q (1-q)
k=M (p)
is a nondecreasing function of ¢ € [0, 1], and by construction f(p) > §; it follows that if £V is such that
p=p(EN) > p, then f(p) > J as well:

N

> <JZ> PFPA-pNF>s (3.6.28)

k=M (p)

and, besides this, L(¢™) > 0 (since otherwise p = pn,5(0) = 0 < p). Since L(¢V) > 0, we conclude from

(3.6.26) that
N
N
> ())ra-r-s
k=L(EN)

which combines with (3.6.28) to imply that L(¢V) > M(p), that is, ¢V in question is such that the event
© takes place. The bottom line is: the probability of the event p(¢V) > p is at most the probability of
©, and the latter, as we remember, is < 4. O

Lemma 3.4 says that the simulation-based (and thus random) quantity p(¢V) is, with probability at
least 1 — 4§, a lower bound for unknown probability p = Prob{¢ = 1}. When p is not small, this bound is
reasonably good already for moderate N, even when § is extremely small, say, § = 1070, For example,
here are simulation results for p = 0.8 and § = 10~19:

N| 10 | 100 | 1,000 | 10,000 | 100,000 |
P |/ 0.06032 | 0.5211 | 0.6992 | 0.7814 | 0.7908 |

Coming back to our chance constrained problem (3.6.2), we can now use the outlined bounding scheme
in order to carry out post-optimality analysis, namely, as follows:
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Acceptance Test: Given a reliability tolerance 6 € (0,1), guessed Y, x and a solution
Y« to the associated problem (3.6.21), build the matrices (3.6.23). Choose an integer N,
generate a sample of N independent realizations ¢!, ..., (Y of the random vector (, compute

the quantity
L

L=Card{i: —TA= ZC@AZ < TA}
(=1
and set
X = bn,s(L).

If ¥ > x, accept y., that is, claim that y,. is a feasible solution to the chance constrained
problem of interest (3.6.2).

By the above analysis, the random quantity X is, with probability > 1 — 4, a lower bound on p =
Prob{—TA < Y (4A; < TA}, so that the probability to accept y. in the case when p < x is at most
‘

d. When this “rare event” does not occur, the relation (3.6.22) is satisfied, and therefore y, is indeed
feasible for the chance constrained problem. In other words, the probability to accept y. when it is not
a feasible solution to the problem of interest is at most §.

The outlined scheme does not say what to do if y. does not pass the Acceptance Test. A naive
approach would be to check whether y, satisfies the chance constraint by direct simulation. This approach
indeed is workable when ¢ is not too small (say, ¢ > 0.001); for small ¢, however, it would require an
unrealistically large simulation sample. A practical alternative is to resolve the approximating problem
with Y increased by a reasonable factor (say, 1.1 or 2), and to repeat this “trial and error” process until
the Acceptance Test is passed.

A Modification

The outlined approach can be somehow streamlined when applied to a slightly modified problem (3.6.2),
specifically, to the problem

L
max {p : Prob {An(y) +0Y GAy) = 0} >1-ec’y<m,ye y} (3.6.29)

pY =1

where 7, is a given upper bound on the original objective. Thus, now we want to maximize the level of
random perturbations under the restrictions that y € ) satisfies the chance constraint and is not too bad
in terms of the original objective.
Approximating this problem by the method we have developed in the previous section, we end up
with the problem
{ Ue | Ay)

Al(y) | AM(y)

SN U =2 BAMy), Ty <7, yeY
l

]iO,lgﬁgL
min

(3.6.30)
B,y,{Ue}

(cf. (3.6.21); in terms of the latter problem, 3 = (2p)~2, so that maximizing p is equivalent to minimizing
B). Note that this problem remains the same whatever our guesses for T,y. Further, (3.6.30) is a so
called GEVP — Generalized Eigenvalue problem; while not being exactly a semidefinite program, it
can be reduced to a “short sequence” of semidefinite programs via bisection in 8 and thus is efficiently
solvable. Solving this problem, we arrive at a solution S, y., {U; }; all we need is to understand what
is the “feasibility radius” p.(y«) of y. — the largest p for which (y.,p) satisfies the chance constraint
in (3.6.29). As a matter of fact, we cannot compute this radius efficiently; what we will actually build
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is a reliable Iower bound on the feasibility radius. This can be done by a suitable modification of the
Acceptance Test. Let us set

A= A%y,), Ag = B2 A ), £ =1, ..., L; (3.6.31)

note that these matrices satisfy (3.6.13). We apply to the matrices A, Ay, ..., A, the following procedure:

Randomized r-procedure:

Input: A collection of symmetric matrices A, Ay, ..., Ay, satisfying (3.6.13) and €,d € (0, 1).
Output: A random r > 0 such that with probability at least 1 — § one has

L
Prob{¢:—A=rY A2 A} >1-e (3.6.32)
(=1

Description:

1. We choose a K-point grid I' = {w; < ws < ... < wg} with w; > 1 and a reasonably
large wg, e.g., the grid
WE = 1.1%

and choose K large enough to ensure that Conjecture 3.1 holds true with T = wg and
X = 0.75; note that K = O(1) In(lnm) will do;
2. We simulate N independent realizations ¢!, ..., ¢V of ¢ and compute the integers

L
Ly = Card{i D —wpA =< Z CzAg < wrA}.
=1

We then compute the quantities
Xkt = Dns/k(Le), k=1,..., K,

where ¢ € (0,1) is the chosen in advance “reliability tolerance.”

Setting
L
Xk = Prob{—wiA 2 ) " ¢eAr < wi A},
=1
we infer from Lemma 3.4 that
Xe <Xk, k=1,...,. K (3.6.33)

with probability at least 1 — 4.

3. We define a function ¢ (s), s > 0, as follows.
In the bounded case (Assumption A.I), we set

_J Ls<wy
)= i [1, 5 exp{ (5 — )?/16)] s > wns

In the Gaussian case (Assumption A.II), we set

1, if xp <1/2 0r s < wy,

bi(s) = Erf(Erﬂnv(l — )A(k)—1 R
+(s — wi) max(1,w, " Erflnv(l — Xk)])v
otherwise.
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In both cases, we set

Y(s) = min i (s).

1<k<K

We claim that

(1) When (3.6.33) takes place (recall that this happens with probability at least 1 — ),
L
¥(s) is, for all s > 0, an upper bound on 1 — Prob{—sA =< " (44, < sA}.
(=1
Indeed, in the case of (3.6.33), the matrices A, A1, ..., A (they from the very beginning are
assumed to satisfy (3.6.13)) satisfy (3.6.14) with T = wy and x = Xx; it remains to apply
Corollary 3.1.
4. We set 1
sy =inf{s >0:4¢(s) <e}, r=—

Sx

and claim that with this =, (3.6.32) holds true.

Let us justify the outlined construction. Assume that (3.6.33) takes place. Then, by (!), we have

Prob{—sA x> ¢ X sA} > 1 —(s).
L

Now, the function 1 (s) is clearly continuous; it follows that when s, is finite, we have ¥(s.) < ¢, and therefore
(3.6.32) holds true with r = 1/s.. If s, = 400, then r = 0, and the validity of (3.6.32) follows from A > 0 (the
latter is due to the fact that A, A4, ..., Ar satisfy (3.6.13)).

When applying the Randomized r-procedure to matrices (3.6.31), we end up with r = r, satisfying,
with probability at least 1 — §, the relation (3.6.32), and with our matrices A, Ay, ..., A, this relation
reads

L
Prob{—A%(y.) < B2 Y CeA () < AP )} 21— e
{=1

Thus, setting
Tx

p:\//g—*)

we get, with probability at least 1 — §, a valid lower bound on the feasibility radius p.(y«) of yu.

Illustration: Example 3.7 Revisited

Let us come back to the robust version of the Console Design problem (section 3.4.2, Example 3.7), where
we were looking for a console capable (i) to withstand in a nearly optimal fashion a given load of interest,
and (ii) to withstand equally well (that is, with the same or smaller compliance) every “occasional load”
g from the Euclidean ball B, = {g : [|g||]2 < p} of loads distributed along the 10 free nodes of the
construction. Formally, our problem was

27, | f7 }

{f aw ) =°
x<r: [ 2n | rA” , : (3.6.34)
W | Z o na <y

t>0, YN ;<1

N
where 7. > 0 and the load of interest f are given and A(t) = 3 t;b;b7 with N = 54 and known
i=1

(1 = 20)-dimensional vectors b;. Note that what is now called r was called p in section 3.4.2.
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Speaking about a console, it is reasonable to assume that in reality the “occasional load” vector is
random ~ N(0, p*I,) and to require that the construction should be capable of carrying such a load
with the compliance < 7, with probability at least 1 — €, with a very small value of ¢, say, e = 10710
Let us now look for a console that satisfies these requirements with the largest possible value of p. The
corresponding chance constrained problem is

{ 27, fT } <0
T
Ere L PfOthN(o Iso) {[ 2;;: ZIZt) } >0} >1—¢ (° (3.6.35)
t; <1

t>021 1

and its approximation (3.6.30) is
[ :|
f A
1</<pu=20 (3636)
E Q ’ e

E 75>0sz1 <1

min
t:ﬂv{Uﬂ,}%g1

where Ey = eoeg + ecel, g, ey e, are the standard basic orths in R = R?! and Q(¢) is the matrix
Diag{27., A(t)} € S#T1 = 2L

Note that the matrices participating in this problem are simple enough to allow us to get without
much difficulty a “nearly optimal” description of theoretically valid values of T,y (see section 3.6.4).
Indeed, here Conjecture 3.1 is valid with every y € (1/2,1) provided that T > O(1)(1 — x)~*/2. Thus,
after the optimal solution ¢}, to the approximating problem is found, we can avoid the simulation-based
identification of a lower bound p on p.(t.,) (that is, on the largest p such that (¢, p) satisfies the chance
constraint in (3.6.35)) and can get a 100%-reliable lower bound on this quantity, while the simulation-
based technique is capable of providing no more than a (1 — §)-reliable lower bound on p.(t.},) with
perhaps small, but positive §. It turns out, however, that in our particular problem this 100%-reliable
lower bound on p.(y.) is significantly (by factor about 2) smaller than the (1 — d)-reliable bound given
by the outlined approach, even when § is as small as 10~1°. This is why in the experiment we are about
to discuss, we used the simulation-based lower bound on p. (%, )-

The results of our experiment are as follows. The console given by the optimal solution to (3.6.36), let
it be called the chance constrained design, is presented in figure 3.8 (cf. figures 3.3, 3.4 representing the
nominal and the robust designs, respectively). The lower bounds on the feasibility radius for the chance
constrained design associated with ¢ = § = 10710 are presented in table 3.3; the plural (“bounds”) comes
from the fact that we worked with three different sample sizes N shown in table 3.3. Note that we can
apply the outlined techniques to bound from below the feasibility radius of the robust design t,;, — the
one given by the optimal solution to (3.6.34), see figure 3.4; the resulting bounds are presented in table
3.3.

Finally, we note that we can exploit the specific structure of the particular problem in question to
get alternative lower bounds on the feasibility radii of the chance constrained and the robust designs.
Recall that the robust design ensures that the compliance of the corresponding console w.r.t. any load
g of Euclidean norm < r, is at most 7; here r, ~ 0.362 is the optimal value in (3.6.34). Now, if p
is such that Probp a0, 1,0){pllhll2 > 7} < € = 1071, then clearly p is a 100%-reliable lower bound
on the feasibility radius of the robust design. We can easily compute the largest p satisfying the latter
condition; it turns out to be 0.0381, 9% less than the best simulation-based lower bound. Similar
reasoning can be applied to the chance constrained design t,: we first find the largest » = r; for which
(teh,r) is feasible for (3.6.34) (it turns out that r, = 0.321), and then find the largest p such that
Proby, a0, ) {PllRll2 > 74} < € = 10719, ending up with the lower bound 0.0337 on the feasibility
radius of the chance constrained design (25.5% worse than the best related bound in table 3.3).
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(a): reduced 12-node set with
most left nodes fixed and the
load of interest. p = 20
degrees of freedom.

(b): 54 tentative bars

(c): Chance constrained design,
12 nodes, 33 bars. Compliance
w.r.t. load of interest 1.025.

(d): Deformation of the design
under the load of interest.

(e): Deformation of the design
under “occasional” load 10
times less than the load of
interest.

(f): “Bold dots”: positions of nodes
in deformed design, sample of
100 loads ~ N(0,1072I20)

Figure 3.8: Chance constrained design.
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Lower bound on feasibility radius
Design N = 10,000 | N = 100,000 | N = 1,000, 000
chance constrained ¢y 0.0354 0.0414 0.0431
robust ¢}, 0.0343 0.0380 0.0419

Table 3.3: (1 —10719)-confident lower bounds on feasibility radii for the chance constrained and
the robust designs.

3.6.3 Gaussian Majorization

Under favorable circumstances, we can apply the outlined approximation scheme to random perturbations
that do not fit exactly neither Assumption A.I, nor Assumption A.II. As an instructive example, consider
the case where the random perturbations ¢, £ = 1,..., L, in (3.6.1) are independent and symmetrically
and unimodally distributed w.r.t. 0. Assume also that we can point out scaling factors o, > 0 such that
the distribution of each ¢, is less diffuse than the Gaussian N(0,07) distribution (see Definition 2.2).
Note that in order to build a safe tractable approximation of the chance constrained LMI

Prob{ )+ Z CoAu(y } >1—e¢ (3.6.2)

or, which is the same, the constraint

L o -1
Prob{ AM(y) + S AL y) = 0% > 1— ¢ _Ge=0p G
{ Z:l Aly) = a0 A(y)
it suffices to build such an approximation for the symmetrized version

Prob{—A"(y) < Z CA () < Ayt >1—¢ (3.6.37)

of the constraint. Observe that the random variables & are independent and possess symmetric and
unimodal w.r.t. 0 distributions that are less diffuse than the N(0,1) distribution. Denoting by 7y,
¢ =1,..., L, independent N(0,1) random variables and invoking the Majorization Theorem (Theorem
2.6), we see that the validity of the chance constraint

L
Prob{—A"(y) = Y neA(y) 2 AM(y)} > 1—e
=1

— and this is the constraint we do know how to handle — is a sufficient condition for the validity
of (3.6.37). Thus, in the case of unimodally and symmetrically distributed ¢, admitting “Gaussian
majorants,” we can act, essentially, as if we were in the Gaussian case A.IL.

It is worth noticing that we can apply the outlined “Gaussian majorization” scheme even in the case
when ¢, are symmetrically and unimodally distributed in [—1,1] (a case that we know how to handle
even without the unimodality assumption), and this could be profitable. Indeed, by Example 2.2 (section
2.7.2), in the case in question (; are less diffuse than the random variables n, ~ N(0,2/7), and we can
again reduce the situation to Gaussian. The advantage of this approach is that the absolute constant
factor = in the exponent in (3.6.15) is rather small. Therefore replacing (3.6.15) with (3.6.16), even
after replacing our original variables (; with their less concentrated “Gaussian majorants” 7y, can lead
to better results. To illustrate this point, here is a report on a numerical experiment:
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1) We generated L = 100 matrices Ay € S0, ¢ =1,..., L, such that Yo A? =< I, (which clearly implies
that A =1, Ay, ..., A satisfy (3.6.13));

2) We applied the bounded case version of the Randomized r procedure to the matrices A, Ay, ..., AL
and the independent random variables ¢, uniformly distributed on [—1, 1], setting § and € to 1071;

3) We applied the Gaussian version of the same procedure, with the same €, d, to the matrices
A, Ay, ..., AL and independent N (0,2/7) random variables 7, in the role of (.

In both 2) and 3), we used the same grid wy, = 0.01 - 10°-1¥, 0 < k < 40.
By the above arguments, both in 2) and in 3) we get, with probability at least 1 —1071% lower bounds
on the largest p such that

L
Prob{—1I < pZH@Ae <I}>1-1071°,

Here are the bounds obtained:

Bounding Lower Bound
scheme || N =1000 | N = 10000
2) 0.0489 0.0489
3) 0.185 0.232

We see that while we can process the case of uniformly distributed (, “as it is,” it is better to process it
via Gaussian majorization.

To conclude this section, we present another “Gaussian Majorization” result. Its advantage is that it
does not require the random variables (; to be symmetrically or unimodally distributed; what we need,
essentially, is just independence plus zero means. We start with some definitions. Let R,, be the space
of Borel probability distributions on R™ with zero mean. For a random variable n taking values in R",
we denote by P, the corresponding distribution, and we write n € R,, to express that P, € R,. Let also
CF, be the set of all convex functions f on R"™ with linear growth, meaning that there exists cy < oo
such that |f(u)| < cp(1+ ||ul|2) for all u.

Definition 3.7 Let £,n € R,,. We say that n dominates £ (notation: £ <. n, or P <. Py, orn =¢ &,
or P, =c Pe) if

[ rwarea) < [ s,
for every f € CF,.

Note that in the literature the relation = is called “convex dominance.” The properties of the relation
. we need are summarized as follows:

Proposition 3.3
1. <. is a partial order on R,.

2. If P1,...; Py, Q1, ..., Qr € Ry, and P; <. Q; for every i, then >, \iP; = >, \iQ; for all nonnega-
tive \; with unit sum.

3. IfE €Ry and t > 1 is deterministic, then t€ =. &.

4. Let P1,Q1 € Ry, P5,Q2 € Rs be such that P; <. Q;, i = 1,2. Then P| X Py, <. Q1 X Q2. In
particular, if €1, ...,&n, My oy M € R1 are independent and & <. n; for every i, then [&1;...;€n] =c
(115 -3 1] -

5 If &, €k, -,k € Ry are independent random variables, & <. n; for every i, and S; € R™*"™
are deterministic matrices, then Y, Si& =c¢ >, Siti-
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6. Let £ € Ry be supported on [—1,1] and n ~ N(0,7/2). Then n = &.

7. If £, m are symmetrically and unimodally distributed w.r.t. the origin scalar random variables with
finite expectations and 1 > £ (see section 2.7.2), then n =. & as well. In particular, if £ has
unimodal w.r.t. 0 distribution and is supported on [—1,1] and n ~ N(0,2/w), then n =. £ (cf.
Ezample 2.2).

8. Assume that & € Ry, is supported in the unit cube {u : ||ulloo < 1} and is “absolutely symmetrically

distributed,” meaning that if J is a diagonal matriz with diagonal entries £1, then JE has the same
distribution as €. Let also n ~ N (0, (7/2)1,,). Then & <.

9. Let{E,neRy, E~N(,), n~N(0,0) with X <. Then £ =< 7.
The main result here is as follows.

Theorem 3.16 [Gaussian Majorization [3, Theorem 10.3.3]] Let n ~ N(0,11), and let ( € Ry, be such
that ¢ <. 1. Let, further, Q@ C R be a closed conver set such that

X = Prob{n € Q} > 1/2.

Then for every v > 1, one has

< onf L T _
Prob{¢ € vQ} < 1S1rﬂ1f<7 513 [{Erf(rErﬂnV(l X))dr

(3.6.38)

: I 2 2
< 1§Hﬁlf<v B [{exp{—r Erflnv*(1 — x)/2}dr,

where Erf(-), Erflnv(-) are given by (2.2.6), (2.2.7).
The assumption ¢ <. 1 is valid, in particular, if ¢ = [C1; ...; (o] with independent ¢, such that Pr, € R
and Pe, <. N(0,1).

3.6.4 Chance Constrained LMIs: Special Cases

We intend to consider two cases where it is easy to justify Conjecture 3.1. While the structural as-
sumptions on the matrices A, Aq,..., A;, in these two cases seem to be highly restrictive, the results
are nevertheless important: they cover the situations arising in randomly perturbed Linear and Conic
Quadratic Optimization. We begin with a slight relaxation of Assumptions A.I-II:

Assumption A.III: The random perturbations (i, ...,(r are independent, zero mean and
“of order of 1,” meaning that

E{exp{C2}} < exp{1}, £=1, ..., L.

Note that Assumption A.III is implied by A.I and is “almost implied” by A.IL indeed, ¢, ~ N(0,1)
implies that the random variable ¢, = /(1 — e~2)/2(; satisfies E{exp{(?}} < exp{1}.

The Diagonal Case: Chance Constrained Linear Optimization

Theorem 3.17 Let A, Ay, ..., Ar, € S™ be diagonal matrices satisfying (3.6.13) and let the random vari-

ables (¢ satisfy Assumption AJIIL. Then, for every x € (0,1), with T = Y(x) = 4/31In (f_—mx) one

has
L

Prob{-TA =) GAs 2 TA} > x (3.6.39)
=1

(cf- (3.6.14)). In the case of (¢ ~ N(0,1), relation (3.6.39) holds true with T = T(x) = {/2In ({j—x)
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Proof. It is immediately seen that we lose nothing when assuming that A > 0 (cf. the proof of
Corollary 3.1). With this assumption, passing from diagonal matrices A, Ay to the diagonal matrices
By = A=1/24,A71/2_ the statement to be proved reads as follows:

If By € S™ are deterministic diagonal matrices such that Bg =< I and (; satisfy A.III,
‘

then, for every x € (0,1), one has

L
Prob{|| ZC@BeH <4/3In (12_—mx>} > . (3.6.40)
=1

~—_— —
T (x)

When ¢ ~ N(0,1), £ = 1,..,L, the relation remains true with Y(x) reduced to
v2In(m/(1 - x)).

The proof of the latter statement is based on the standard argument used in deriving results on large
deviations of sums of “light-tail” independent random variables. First we need the following result.

Lemma 3.5 Let B¢, £ =1,..., L, v > 0 be deterministic reals such that Zﬁf < 1. Then
¢

L

VY > 0: Prob {| > BeGel > T} < 2exp{—_?/3}. (3.6.41)

{=1

Proof of Lemma 3.5. Observe, first, that whenever £ is a random variable with zero mean such that
E{exp{¢?}} < exp{1}, one has

E{exp{7€}} < exp{3+°/4}. (3.6.42)

Indeed, observe that by Holder Inequality the relation E {exp{¢”}} < exp{l1} implies that
E {exp{s¢’}} < exp{s} for all s € [0,1]. It is immediately seen that exp{z} — < exp{92°/16} for
all z. Assuming that 99%/16 < 1, we therefore have

E{exp{7¢}} = E{exp{y¢} —~¢} [§ is with zero mean]
< E {exp{977¢?/16}}
< exp{97°/16} [since 97%/16 < 1]
< exp{3+?/4},
as required in (3.6.42). Now let 9y%/16 > 1. For all v we have v¢ < 372 /8 + 2¢2/3, whence
E {exp{7€}} < exp{37°/8} exp{26?/3} < exp{3+*/8 +2/3}
< exp{3+?/4} [since 7 > 16/9]
We see that (3.6.42) is valid for all ~.

We now have

L
E {exp{*y Zngl ﬁg(g}} = el:ll E {exp{~vBeCe}} [(1, ..., (L are independent]

L
< el:ll exp{Snyﬁf/ll} [by Lemma)]
< exp{372/4} [since 3, 87 < 1].
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We now have
Prob {22, B¢ > T}
< min,>gexp{—=T7}E {exp{v)_, BeC¢}} [Tschebyshev Inequality]
< min, > exp{—T7v + 3v%/4} [by (3.6.42)]
= exp{—"2/3}.

Replacing ¢, with —(;, we get that Prob{}", 8¢ < =T} < exp{—T?/3} as well, and (3.6.41) follows.
U

L
Proof of (3.6.39). Let s; be the i-th diagonal entry in the random diagonal matrix S = Y (;By.
=1
Taking into account that By are diagonal with > Bg =< I, we can apply Lemma 3.5 to get the bound
‘

Prob{|s;| > T} < 2exp{—"1?/3};

since ||S|| = max |s;|, (3.6.40) follows.
1<i<m

Refinements in the case of (; ~ N (0, 1) are evident: here the i-th diagonal entry s; in the random diag-
onal matrix S = > (,By is ~ N(0,0?) with o; < 1, whence Prob{|s;| > T} < exp{—_?2/2} and therefore
¢

Prob{||S|| > T} < mexp{—"2/2}, so that T(x) in (3.6.40) can indeed be reduced to \/2In(m/(1 — x)).
U

The case of chance constrained LMI with diagonal matrices A" (y), .A*(y) has an important application

— Chance Constrained Linear Optimization. Indeed, consider a randomly perturbed Linear Optimization
problem

myin {c"y: Acy > bc} (3.6.43)

where A¢, be are affine in random perturbations ¢:

[AvaC] = [Anvbn] + ZC@[Aeabe];

{=1

as usual, we have assumed w.l.o.g. that the objective is certain. The chance constrained version of this
problem is
min {cTy : Prob{Acy > b} > 1 —€}. (3.6.44)
Yy

Setting A" (y) = Diag{ A%y — b}, A’(y) = Diag{A’y — b*}, £ =1, ..., L, we can rewrite (3.6.44) equiva-
lently as the chance constrained semidefinite problem

min {c"y : Prob{Ac(y) = 0} > 1= e}, Ac(y) = A%y) + D GA(y), (3.6.45)
l

and process this problem via the outlined approximation scheme. Note the essential difference between
what we are doing now and what was done in lecture 2. There we focused on safe approximation of chance
constrained scalar linear inequality, here we are speaking about approximating a chance constrained
coordinate-wise vector inequality. Besides this, our approximation scheme is, in general, “semi-analytic”
— it involves simulation and as a result produces a solution that is feasible for the chance constrained
problem with probability close to 1, but not with probability 1.

Of course, the safe approximations of chance constraints developed in lecture 2 can be used to process
coordinate-wise vector inequalities as well. The natural way to do it is to replace the chance constrained
vector inequality in (3.6.44) with a bunch of chance constrained scalar inequalities

Prob{(Acy —b¢); >0} >1—¢;,i=1,..,m = dimbe, (3.6.46)



3.6. APPROXIMATING CHANCE CONSTRAINED CQIS AND LMIS 171

where the tolerances ¢; > 0 satisfy the relation > e; = e. The validity of (3.6.46) clearly is a sufficient

3

condition for the validity of the chance constraint in (3.6.44), so that replacing these constraints with
their safe tractable approximations from lecture 2, we end up with a safe tractable approximation of
the chance constrained LO problem (3.6.44). A drawback of this approach is in the necessity to “guess”
the quantities ¢;. The ideal solution would be to treat them as additional decision variables and to
optimize the safe approximation in both y and ¢;. Unfortunately, all approximation schemes for scalar
chance constraints presented in lecture 2 result in approximations that are not jointly convex in y, {e;}.
As a result, joint optimization in y,e€; is more wishful thinking than a computationally solid strategy.
Seemingly the only simple way to resolve this difficulty is to set all ¢; equal to €/m.

It is instructive to compare the “constraint-by-constraint” safe approximation of a chance constrained
LO (3.6.44) given by the results of lecture 2 with our present approximation scheme. To this end, let us
focus on the following version of the chance constrained problem:

max {p ¢’y < 7.,Prob {Apcy > by} >1— 6} (3.6.47)
XY

(cf. (3.6.29)). To make things as simple as possible, we assume also that ¢, ~ N (0,1), £=1,..., L.
The “constraint-by-constraint” safe approximation of (3.6.47) is the chance constrained problem

max {p: ¢’y < 7, Prob{(Apcy — byc); >0} > 1 —¢/m},
Py

where m is the number of rows in A¢. A chance constraint
Prob{(Acy —bpc)i 2 0} 21 —¢€/m

can be rewritten equivalently as

Prob{[p" — +pz — A'yli¢, > 0} < ¢/m.
Since ¢y ~ N(0,1) are independent, this scalar chance constraint is exactly equivalent to

(b — AMy]; + pErfInv(e/m) Z[be — Aty2 <0.
£

The associated safe tractable approximation of the problem of interest (3.6.47) is the conic quadratic

program
< Ay b7 ,
max { p: c'y < 7, Erflnv(e/m) E [bf — Aly] By i y<i<my. (3.6.48)
Py p

Now let us apply our new approximation scheme, which treats the chance constrained vector inequality
n (3.6.44) “as a whole.” To this end, we should solve the problem

1 < T, . 7 _ 4 (;.49
a 11 < < (3. )

v,y,{Ue¢
1o S Uy = vDiag{ A%y — b1}, Ty < 7.
¢

treat its optimal solution y, as the y component of the optimal solution to the approximation and then
bound from below the feasibility radius p.(y.) of this solution, (e.g., by applying to y. the Randomized

r procedure). Observe that problem (3.6.49) is nothing but the problem
L
Lo — B12 /AR — p1]. n, nj. .
min 4y oA —UH/Ay =0 <Aty - b1 <i<m, L
" Ay —p0 >0, Ty <7,

where a2/0 is 0 for @ = 0 and is +oco otherwise. Comparing the latter problem with (3.6.48), we see that
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Problems (3.6.49) and (3.6.48) are equivalent to each other, the optimal values being related

as
1

Erflnv(e/m)+/Opt(3.6.49)

Thus, the approaches we are comparing result in the same vector of decision variables vy,
the only difference being the resulting value of a lower bound on the feasibility radius of y..
With the “constraint-by-constraint” approach originating from lecture 2, this value is the
optimal value in (3.6.48), while with our new approach, which treats the vector inequality
Ax > b “as a whole,” the feasibility radius is bounded from below via the provable version
of Conjecture 3.1 given by Theorem 3.17, or by the Randomized r procedure.

Opt(3.6.48) =

A natural question is, which one of these approaches results in a less conservative lower bound on the
feasibility radius of y.. On the theoretical side of this question, it is easily seen that when the second
approach utilizes Theorem 3.17, it results in the same (within an absolute constant factor) value of p as
the first approach. From the practical perspective, however, it is much more interesting to consider the
case where the second approach exploits the Randomized r procedure, since experiments demonstrate
that this version is less conservative than the “100%-reliable” one based on Theorem 3.17. Thus, let
us focus on comparing the “constraint-by-constraint” safe approximation of (3.6.44), let it be called
Approximation I, with Approximation II based on the Randomized r procedure. Numerical experiments
show that no one of these two approximations “generically dominates” the other one, so that the best
thing is to choose the best — the largest — of the two respective lower bounds.

The Arrow Case: Chance Constrained Conic Quadratic Optimization

We are about to justify Conjecture 3.1 in the arrow-type case, that is, when the matrices A, € S™,
{=1,..., L, are of the form
Ap = [ef! + fee] + NG, (3.6.50)

where e, fy € R™, Ay € R and G € S™. We encounter this case in the Chance Constrained Conic
Quadratic Optimization. Indeed, a Chance Constrained CQI

Prob{[|A(y)¢ + b(y)|2 < " (y)¢ +d(y)} > 1—¢, [A() : p x q]

can be reformulated equivalently as the chance constrained LMI

ro )¢ +dy) | "AT(y) + 0" (y) —€
v b{[ A)C+b(y) | (TS +diy)T } z 0} 21 (3.6.51)

(see Lemma 3.1). In the notation of (3.6.1), for this LMI we have

n dy) [ V() coly) |
AT = { ) d(yH’““e(y):[ai(% J(fff}’

where as(y) in (3.6.50) is /-th column of A(y). We see that the matrices A(y) are arrow-type (p + 1) x
(p + 1) matrices where e in (3.6.50) is the first basic orth in RP™!, f, = [0; as(y)] and G = I,41.
Another example is the one arising in the chance constrained Truss Topology Design problem, see
section 3.6.2.
The justification of Conjecture 3.1 in the arrow-type case is given by the following

Theorem 3.18 Let m x m matrices Ay, ..., Ar, of the form (3.6.50) along with a matriz A € S™ satisfy
the relation (3.6.13), and (; be independent with zero means and such that E{(?} < 02, £ =1,..., L (under
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Assumption AJIII, one can take o = \/exp{1} — 1). Then, for every x € (0,1), with T = Y(x) = \2/‘1/%
one has

L
Prob{-TA =) " GAs 2 TA} > x (3.6.52)

=1
(c¢f. (3.6.14)). When ( satisfies Assumption AL, or { satisfies Assumption AJII and x > %, relation

(3.6.52) is satisfied with T = Ti(x) = 2 + 4,/3lnﬁ and with T = Tr(x) = /3 (1 +31In ﬁ),

respectively.

Proof. First of all, when (s, ¢ = 1,..., L, satisfy Assumption A.III, we indeed have E{(?} < exp{1} —1
due to t? < exp{t?} — 1 for all t. Further, same as in the proof of Theorem 3.17, it suffices to consider
the case when A > 0 and to prove the following statement:

Let Ay be of the form of (3.6.50) and such that the matrices By = A~'/?A,A=1/? satisfy
S>> B? < I. Let, further, ; satisfy the premise in Theorem 3.18. Then, for every x € (0,1),
l

one has .
Prob{| 3 ¢eBil < jf;‘x} > . (3.6.53)
Observe that By are also of the arrow-type form (3.6.50):
By = [gh? + heg”] + N H [g=A"12e hy=A"12f H=A"12GA"1/?]

Note that w.l.o.g. we can assume that ||g|]]2 = 1 and then rotate the coordinates to make g the first basic
orth. In this situation, the matrices By become

a7 ],
PETIEA .

by appropriate scaling of Ay, we can ensure that ||Q] = 1. We have

o [ ai+rire | ar] +XrfQ
¢ qere + XeQre | rer] +N;Q% |

L
We conclude that Y B? < I,,, implies that > (¢Z +rZr,) <1 and [> A2]Q? < I,,,_1; since ||Q?|| = 1, we
=1 ¢ ¢
arrive at the relations

(@) 32 A7 <1,

3.6.55
(0) Ypla7 +rire) <1 ( :

Now let p; = [0;1¢] € R™. We have
SIC =320 GeBe =97 (Y Gepe) + €T g] + Diag{D | Ceae. (Y CeAe)Q}
——— —_—— ——

13 0 n
= I1SICII < [lgg™ + &g (| + max[|6], [n]|Q[] = [|€]l2 + max[|], |n]].

Setting

T 2
azzrérevﬁ:ZQZv
L £
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we have o + 5 < 1 by (3.6.55.b). Besides this,

E{§T§} = ZM’ E{¢cCr }pfpz' =>, E{C@Q}rfw [¢¢ are independent zero mean]

<o?Y,rire=0c’a

= Prob{|l¢]l2 >t} < ":—20‘ vVt >0 [Tschebyshev Inequality]
E{n’} = X, B{GIN < 0”2, <o [ (36.55.0)]
= Prob{|n| >t} < ‘;—22 vt >0 [Tschebyshev Inequality]

E{0*} = 32, B{C{}ai < o°B
= Prob{|0] >t} < 05_23 vVt >0 [Tschebyshev Inequality].
Thus, for every T > 0 and all A € (0,1) we have
Prob{||S[C][| > T} < Prob{[|¢[ls + max{|6], [n]] > T} < Prob{[|¢[2 > AT}
+Prob{|f] > (1 — A\)Y} + Prob{|n| > (1 — \)Y}

o2 a B+1
¥z [F + (14)2} )

IN

whence, due to a + 8 < 1,

o? « n 2—« 82
A2 (1—=))2

Prob{||S T < o i =2
rob{[|S[C]ll > T} < 5 Jne min ok

with T = T(x), this relation implies (3.6.52).
Assume now that (, satisfy Assumption A.I. We should prove that here the relation (3.6.52) holds
true with T = Y(x), or, which is the same,

DoeCere | (D0, CeAe)@Q

Observe that for a symmetric block-matrix P = we have ||P|| < , and that
Y [ B| C 1P =i 1B | lICI I

Prob {|S[C)ll > T} <1 x, 8[| = 3 GeBy = [ 2os et | 2oy ] C (3.656)
L

the norm of a symmetric matrix does not exceed its Frobenius norm, whence

ST < 1) Geqel* + 20" Cerel3+ 1D Cedel* = (] (3.6.57)
4 4 4

(recall that ||Q|| = 1). Let E, be the ellipsoid E, = {z : a[z] < p?}. Observe that E, contains the
centered at the origin Euclidean ball of radius p/ V3. Indeed, applying the Cauchy Inequality, we have

afz] < <ZZ¢?> [Zﬁ—FQZ”Tﬂ%‘FZA?] §3ZZ%
¢ ¢ ¢ ¢ ¢

(we have used (3.6.55)). Further, ¢, are independent with zero mean and E{¢?} < 1 for every ¢; applying
the same (3.6.55), we therefore get E{c[(]} < 3. By the Tschebyshev Inequality, we have

Prob{¢ € E,} = Prob{a[(] < p*} > 1 — p_32
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Invoking the Talagrand Inequality (Theorem A.9), we have

distﬁnz(C,Ep)} - 1 7
16 ~ Prob{¢ € E,} — p? -3

P2 >3= E{exp{

On the other hand, if r > p and «[¢] > r?, then ¢ & (r/p)E, and therefore dist)., (¢, E,) > (r/p —

)p/V3 = (r — p)//3 (recall that E, contains the centered at the origin || - |[2-ball of radius p/v/3).
Applying the Tschebyshev Inequality, we get

dist] _
r?2 > p? > 3 = Prob{a[¢] > r*} <E {exp{%w}} exp{—%}

r—p)2
< Powl- 5

p2—

With p = 2, r = T1(x) = 2 + 4, /3lnﬁ this bound implies Prob{a[¢] > r?} < 1 — x; recalling that

a[¢] is an upper bound on [|S[(]||, we see that (3.6.52) indeed holds true with T = Y1(x).

Now consider the case when ¢ ~ N(0,11). Observe that «[(] is a homogeneous quadratic form of
¢ ald] = CTAC, Aij = qigj + 2rTr; + XiXj. We see that the matrix A is positive semidefinite, and
Tr(A) = >°,(¢2 + 22 + 2||r;]|3) < 3. Denoting by s, the eigenvalues of A, we have (T A¢ = Zle wek?,
where &€ ~ N(0, I) is an appropriate rotation of . Now we can use the Bernstein scheme to bound from
above Prob{a[¢] > p*}:

V(v > 0, max ypug < 1/2):

In (Prob{a[¢] > p*}) < In (E {exp{y¢"AC}} exp{—7p°})

=In (B {exp{y X2, 17} }) —vp° = 2o n (E {exp{vue€}}) —7p°
= =52, n(1 = 2p7) = 7p°.

The concluding expression is a convex and monotone function of y’s running through the box {0 < uy <
%} It follows that when v < 1/6, the maximum of the expression over the set {y1, ..., ur, > 0,3, e < 3}

is —11In(1 — 6v) — vp?. We get
1 2 1 2
0<~v< 6= In (Prob{a[(] > p*}) < —Eln(l —67) —vp~.

Optimizing this bound in y and setting p* = 3(1+A), A > 0, we get Prob{a[¢] > 3(1+A)} < exp{—3[A—
In(1 + A)]}. It follows that if x € (0,1) and A = A(x) > 0 is such that A —In(1+ A) =21In ﬁ, then

Prob{||S[c]|| > v/3(1 + A)} < Prob{a[¢] > 3(1+ A)} <1—y.

It is easily seen that when 1 — x < 1, one has A(x) < 3In ﬁ, that is, Prob{||S[¢]|| >

1/3 (1 +31n ﬁ)} <1 — x, which is exactly what was claimed in the case of Gaussian (. O

Application: Recovering Signal from Indirect Noisy Observations

Consider the situation as follows (cf. section 3.2.6): we observe in noise a linear transformation

u= As+ p¢ (3.6.58)
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of a random signal s € R"; here A is a given m xn matrix, & ~ N (0, I;,) is the noise, (which is independent
of s), and p > 0 is a (deterministic) noise level. Our goal is to find a linear estimator

S(u) = Gu = GAs + pG¢ (3.6.59)

such that
Prob{||s(u) — slla < 7} > 1 —¢, (3.6.60)

where 7, > 0 and ¢ <« 1 are given. Note that the probability in (3.6.60) is taken w.r.t. the joint
distribution of s and £&. We assume below that s ~ N(0,C) with known covariance matrix C' = 0.
Besides this, we assume that m > n and A is of rank n. When there is no observation noise, we can
recover s from wu in a linear fashion without any error; it follows that when p > 0 is small enough, there
exists G that makes (3.6.60) valid. Let us find the largest such p, that is, let us solve the optimization
problem

max {p :Prob{||[(GA —I,,)s + pG&l|la < 7.} > 1 —€}. (3.6.61)

Setting S = C'/? and introducing a random vector 6 ~ N(0,1,,) independent of £ (so that the random
vector [S~1s; €] has exactly the same N(0, I,,1,,) distribution as the vector ¢ = [0;¢]), we can rewrite
our problem equivalently as

max {p : Prob{||H,(G)(|l2 < 7.} > 1—€}, H,(G)=[(GA—-1,)S, pG]. (3.6.62)

Let hf;(G) be the ¢-th column in the matrix H,(G), ¢ = 1,...,L = m + n. Invoking Lemma 3.1, our
problem is nothing but the chance constrained program
L
max {p : Prob { > Q.Af,(G) T AL = T*In+1} >1- e}
=1

3P ‘ T
A6 = |5 I [(G)] } |

We intend to process the latter problem as follows:

(3.6.63)

A) We use our “Conjecture-related” approximation scheme to build a nondecreasing continuous func-
tion I'(p) — 0, p — 40, and matrix-valued function G, (both functions are efficiently computable)

such that
L
Prob{[[(GA — I,)s + pG¢l2 > 7.} = Prob{ )~ GuAL(G,) £ 7ulnyr} < T(p). (3.6.64)
=1
B) We then solve the approximating problem
max {p: I'(p) <e}. (3.6.65)
P

Clearly, a feasible solution p to the latter problem, along with the associated matrix G, form a
feasible solution to the problem of interest (3.6.63). On the other hand, the approximating problem
is efficiently solvable: T'(p) is nondecreasing, efficiently computable and T'(p) — 0 as p — 40, so
that the approximating problem can be solved efficiently by bisection. We find a feasible nearly
optimal solution p to the approximating problem and treat (p, G5) as a suboptimal solution to the
problem of interest. By our analysis, this solution is feasible for the latter problem.

Remark 3.2 In fact, the constraint in (3.6.62) is simpler than a general-type chance constrained conic
quadratic inequality — it is a chance constrained Least Squares inequality (the right hand side is affected
neither by the decision variables, nor by the noise), and as such it admits a Bernstein-type approximation
described in section 2.5.3, see Corollary 2.1. Of course, in the outlined scheme one can use the Bernstein
approximation as an alternative to the Conjecture-related approximation.
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Now let us look at steps A, B in more details.
Step A). We solve the semidefinite program

L
Vi(p) = min {V : Z(Af,(G))Q = VIn+1} ; (3.6.66)

v,G
(=1

whenever p > 0, this problem clearly is solvable. Due to the fact that part of the matrices .Af;(G) are
independent of p, and the remaining ones are proportional to p, the optimal value is a positive continuous
and nondecreasing function of p > 0. Finally, v.(p) — 40 as p — +0 (look what happens at the point G
satisfying the relation GA = I,,).

Let G, be an optimal solution to (3.6.66). Setting A, = .Af,(G,,)V;%(p), A = I,41, the arrow-type

matrices A, Ay, ..., A, satisfy (3.6.13); invoking Theorem 3.18, we conclude that

> T = /3 (1+3m L),

Now let x and p be such that x € [6/7,1) and YT (x)v/v«(p) < Tw. Setting

L
Q={z:11Y_ 2ALG,)| < TV (o)},
{=1

we get a closed convex set such that the random vector ¢ ~ N(0, I,,1,) takes its values in @ with
probability > x > 1/2. Invoking Theorem A.10 (where we set o = 7. /(T (x)\/v«(p))), we get

L
. Erflnv(1—y)
Prob AL (G 1, < Erf | 2V =X)
o {42—31@ p( p)ET +1}_ 1"( Vs (P)Y(x) )

— Frf . Erflnv(i—y)
\/311* (p)[1+3 In ﬁ]

Setting

T Erflnv(1 — x) o XE [6/7,1),

\/3V*(p) [1+3m L] 3ua(p) 1+ 3 L] < 2

(if the feasible set of the right hand side optimization problem is empty, then, by definition, T'(p) = 1),
we ensure (3.6.64). Taking into account that v,(p) is a nondecreasing continuous function of p > 0 that
tends to 0 as p — +0, it is immediately seen that I'(p) possesses these properties as well.
Solving (3.6.66). Good news is that problem (3.6.66) has a closed form solution. To see this, note that
the matrices Af;(G) are pretty special arrow type matrices: their diagonal entries are zero, so that these
hZ T
— I [ (G)]
P

depending on G. Now let us make the following observation:

Lemma 3.6 Let fr e R", {=1,....,L, and v > 0. Then

I(p) = inf ¢ Erf
X

(3.6.67)

(n+1) x (n+1) matrices are of the form { ] with n-dimensional vectors hf,(G) affinely

if and only if > fL foe <w.
¢
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I fe }
%: [4’7&;* S vy,

so it definitely implies that Y f7 f < v. To prove the inverse implication, it suffices to verify that the
¢
relation Y f7 f¢ < v implies that Y foff =< vI,. This is immediate due to Tr(Y fofF) = > fF fe <v,
¢ [ ¢ ¢

Proof. Relation (*) is nothing but

(note that the matrix Y fof7 is positive semidefinite, and therefore its maximal eigenvalue does not
¢

exceed its trace). O

In view of Lemma 3.6, the optimal solution and the optimal value in (3.6.66) are exactly the same as
their counterparts in the minimization problem

V—mmz hg Thg (G).

Thus, (3.6.66) is nothing but the problem

ve(p) = min {Tr((GA - I,)C(GA — I)T) + p*Tr(GGT) } . (3.6.68)

The objective in this unconstrained problem has a very transparent interpretation: it is the mean squared
error of the linear estimator § = Gu, the noise intensity being p. The matrix G minimizing this objective
is called the Wiener filter; a straightforward computation yields

G, = CAT(ACAT + p?I,,)!

vilp) = Tr((G,A—IL,)C(G,A—1,)" + p*G,GT). (3.6.69)

Remark 3.3 The Wiener filter is one of the oldest and the most basic tools in Signal Processing; it
is good news that our approximation scheme recovers this tool, albeit from a different perspective: we
were seeking a linear filter that ensures that with probability 1 — € the recovering error does not exceed
a given threshold (a problem that seemingly does not admit a closed form solution); it turned out that
the suboptimal solution yielded by our approximation scheme is the precise solution to a simple classical
problem.

Refinements. The pair (p, Gw = G5) (“W” stands for “Wiener”) obtained via the outlined approxima-
tion scheme is feasible for the problem of interest (3.6.63). However, we have all reason to expect that our
provably 100%-reliable approach is conservative — exactly because of its 100% reliability. In particular,
it is very likely that p is a too conservative lower bound on the actual feasibility radius p.(Gw) — the
largest p such that (p, Gw) is feasible for the chance constrained problem of interest. We can try to
improve this lower bound by the Randomized r procedure, e.g., as follows:

Given a confidence parameter § € (0,1), we run v = 10 steps of bisection on the segment A = [p, 100p].
At a step t of this process, given the previous localizer A;—; (a segment contained in A, with Ay = A),
we take as the current trial value p; of p the midpoint of A;_; and apply the Randomized r procedure
in order to check whether (p;, Gw) is feasible for (3.6.63). Specifically, we

e compute the L = m + n vectors h', (Gw) and the quantity s, = \/ E [h%,(Gw)]3- By Lemma

3.6, we have
L
3 A (G = i,
=1
so that the matrices A = I,41, Ay = ,u;l.Af;t(Gw) satisfy (3.6.13);
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(K % 8); = 0.2494s;_1 + 0.5012s; + 0.24945;41

Figure 3.9: A scanner.

e apply to the matrices A4, Ay, ..., Ay, the Randomized r procedure with parameters €, § /v, thus ending
up with a random quantity r; such that “up to probability of bad sampling < é/v,” one has

L
Prob{¢: —Int1 2710 Y GAr 2 Ln} > 1—¢,
/=1

or, which is the same,

L
Prob{( : J:_: w1 =Y GALGw) = ‘:—Zln,H} >1—e (3.6.70)
=1

Note that when the latter relation is satisfied and £+ < 7., the pair (p;, Gw) is feasible for (3.6.63);

e finally, complete the bisection step, namely, check whether u;/r, < 7. If it is the case, we take as
our new localizer A; the part of A;_; to the right of p;, otherwise A; is the part of A;_; to the
left of p;.

After v bisection steps are completed, we claim that the left endpoint p of the last localizer A, is a lower
bound on p.(Gw). Observe that this claim is valid, provided that all v inequalities (3.6.70) take place,
which happens with probability at least 1 — 4.

Illustration: Deconvolution. A rotating scanning head reads random signal s as shown in figure 3.9.
The signal registered when the head observes bin i, 0 < i < n, is

d

wi = (As)i +p& = Y Kjsi_jymodn + pli, 0< i <m,
j=—d

where 7 = pmodn, 0 < r < n, is the remainder when dividing p by n. The signal s is assumed to
be Gaussian with zero mean and known covariance Cj; = E{s;s;} depending on (i — j) modn only
(“stationary periodic discrete-time Gaussian process”). The goal is to find a linear recovery s = Gu and
the largest p such that

Probse {|G(As +p&) —slla <7} > 1 —e.
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Admissible noise Bernstein Conjecture-related
level approximation approximation
Before refinement 1.92e-4 1.50e-4
After refinement (6 = 1.e-6) 3.56e-4 3.62e-4

Table 3.4: Results of deconvolution experiment.

Noise || Prob{[[s — s[l2 > 7.}
level G = GB | G = GW
3.6e-4 0 0
7.2e-4 6.7e-3 6.7e-3
1.0e-3 7.4e-2 7.5e-2

Table 3.5: Empirical value of Prob{||s — s||2 > 0.8} based on 10,000 simulations.

We intend to process this problem via the outlined approach using two safe approximations of the chance
constraint of interest — the Conjecture-related and the Bernstein (see Remark 3.2). The recovery matrices
and critical levels of noise as given by these two approximations will be denoted Gw,pw ("W?” for
"Wiener”) and G, pp ("B” for ”Bernstein”), respectively.

Note that in the case in question one can immediately verify that the matrices A” A and C' commute.
Whenever this is the case, the computational burden to compute Gy and Gp reduces dramatically.
Indeed, after appropriate rotations of  and y we arrive at the situation where both A and C' are diagonal,
in which case in both our approximation schemes one loses nothing by restricting G to be diagonal. This
significantly reduces the dimensions of the convex problems we need to solve.

In the experiment we use

n=64,d=1,7,=01y/n=0.38, € = Le-4;

C was set to the unit matrix, (meaning that s ~ N(0, Ig4)), and the convolution kernel K is the one
shown in figure 3.9. After (Gw, pw) and (Gp, pp) were computed, we used the Randomized r procedure
with § = 1.e-6 to refine the critical values of noise for Gy and Gp; the refined values of p are denoted
pw and pg, respectively.

The results of the experiments are presented in table 3.4. While G and Gy turned out to be close,
although not identical, the critical noise levels as yielded by the Conjecture-related and the Bernstein
approximations differ by &~ 30%. The refinement increases these critical levels by a factor &~ 2 and makes
them nearly equal. The resulting critical noise level 3.6e-4 is not too conservative: the simulation results
shown in table 3.5 demonstrate that at a twice larger noise level, the probability for the chance constraint
to be violated is by far larger than the required 1.e-4.

Modifications. We have addressed the Signal Recovery problem (3.6.58), (3.6.59), (3.6.60) in the
case when s ~ N(0,C) is random, the noise is independent of s and the probability in (3.6.60) is taken
w.r.t. the joint distribution of £ and s. Next we want to investigate two other versions of the problem.
Recovering a uniformly distributed signal. Assume that the signal s is

(a) uniformly distributed in the unit box {s € R" : ||s||cc < 1},
or

(b) uniformly distributed on the vertices of the unit box
and is independent of £. Same as above, our goal is to ensure the validity of (3.6.60) with as large
p as possible. To this end, let us use Gaussian Majorization. Specifically, in the case of (a), let § ~



3.6. APPROXIMATING CHANCE CONSTRAINED CQIS AND LMIS 181

N(0,(2/m)I). As it was explained in section 3.6.3, the condition
Prob{||(GA—I)s+ pGE|la <7} >1—¢

is sufficient for the validity of (3.6.60). Thus, we can use the Gaussian case procedure presented in section
3.6.4 with the matrix (2/7)I in the role of C; an estimator that is good in this case will be at least as
good in the case of the signal s.

In case of (b), we can act similarly, utilizing Theorem 3.16. Specifically, let § ~ N(0, (7/2)I) be
independent of £. Consider the parametric problem

v(p) = mci;n{gTr (GA-D)(GA-1)T) + pQTr(GGT)} , (3.6.71)

p > 0 being the parameter (cf. (3.6.68) and take into account that the latter problem is equivalent to
(3.6.66)), and let G, be an optimal solution to this problem. The same reasoning as on p. 177 shows
that

6/7 < x < 1= Prob{(3,€) : [(GoA — )5 + pG€l> < T (0)} > x,

T(x) = 3(1+31nﬁ).

Applying Theorem 3.16 to the convex set Q@ = {(z,z) : [|[(G,A — I)z + pG,z|2 < T(X)Vi/Q(p) and the
random vectors [s; ], [5; €], we conclude that

v (UTY) s Prob{(s.€) : (GpA— Ds + pGyélla > 7L (0w (0)}

< min ﬁ BfErf(rErfInV(l —X))dr.

We conclude that setting
6/7<x<1l,v>1
Erf(rErflnv(l — x))dr: 1 <8<y
AT (p) < 7.
_ 1
{T(X) — /3 (1 + 31nﬁ)]

r = inf { L.
(p) Inf 4 5=

g

(I'(p) = 1 when the right hand side problem is infeasible), one has
Prob{(s,€) : [ (GpA — )s + pG€ll2 > .} < T(p)

(cf. p. 177). Tt is easily seen that I'(-) is a continuous nondecreasing function of p > 0 such that I'(p) — 0
as p — +0, and we end up with the following safe approximation of the Signal Recovery problem:

max {p :T(p) < e}
(cf. (3.6.65)).

Note that in the above “Gaussian majorization” scheme we could use the Bernstein approximation,
based on Corollary 2.1, of the chance constraint Prob{||(GA — I)s + pG¢&|l2 < 7.} > 1 — € instead of the
Conjecture-related approximation.

The case of deterministic uncertain signal. Up to now, signal s was considered as random and
independent of £, and the probability in (3.6.60) was taken w.r.t. the joint distribution of s and &; as
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a result, certain “rare” realizations of the signal can be recovered very poorly. Our current goal is to
understand what happens when we replace the specification (3.6.60) with

V(seS8): (3.6.72)
Prob{¢ : [|Gu — s||2 < 7} = Prob{¢: |(GA—I)s+ pGE|l2 < T} > 1 — ¢, -
where § C R" is a given compact set.
Our starting point is the following observation:
Lemma 3.7 Let G, p > 0 be such that
72
0= * > 1. 3.6.73
max sT(GA—-DT(GA—1)s + p*Tr(GTG) — ( )
se
Then for every s € S one has
Prob GA—1I)s+ pG < CRY 3.6.74
vobe-non) {I(GA = D)s + pGe 2 > 7} < exp{ ~ 5L (3.6.74)

Proof. There is nothing to prove when © = 1, so that let © > 1. Let us fix s € S and let g = (GA—I)s,
W = p?GTG, w = pGTg. We have

Prob{|[(GA — I)s + pG(||2 > 7.} = Prob{||g + pG(||3 > 72}
= Prob {¢(T[p*GTGI¢ + 2¢TpGTg > 72 — g7 g} (3.6.75)
= Prob {¢(TW¢ +2¢Tw > 72 — g7g} .

Denoting by A the vector of eigenvalues of W, we can assume w.l.o.g. that A # 0, since otherwise W = 0,
w = 0 and thus the left hand side in (3.6.75) is 0 (note that 72— g%'g > 0 due to (3.6.73) and since s € S),

and thus (3.6.74) is trivially true. Setting
-9’9
VATX + wTw

and invoking Proposition 2.3, we arrive at
Q2 VAT wTw
_ < _
Prob{[|(GA = I)s + pGCll > 7} < eXp{ 42V AT A+ wTw A 2 }
[r2—g"g]? }

=P {_ RRTATwTwl N [ [72—g7g]]

—expd — [r2—g"g)?
= &Xp AR2ATA+gT [p2GGT g+ Moo [T2—97T g]]

(3.6.76)

72T ]2
S exp {_4||>\Hoo[2[H/\II1+ng]+[Tfngg]] } ,

where the concluding inequality is due to p?GGT < [[A|ool and ATA < || A|oo||All1. Further, setting
a=gTg, B=Tr(p>?GTG) and v = a + 3, observe that 3 = ||A||l1 > ||\||oc and 72 > ©7 > 7 by (3.6.73).
It follows that

[ —g7g]? N e/ o) S ks
A Moo 201 + 9T g] + [72 — gTgl] — 4B(12 +~v+B) ~ 4y(72 +7)’

where the concluding inequality is readily given by the relations 72 > v > 3 > 0. Thus, (3.6.76) implies
that

Prob{[|(GA — I)s + pG(||2 > 7.} < exp {—%} S exp {_4(1(9@_4'1)1)} ' =
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Lemma 3.7 suggests a safe approximation of the problem of interest as follows. Let ©(¢) > 1 be given
by

wm—%%f%}ze [= () = (44 o(1)) In(1/e) as € — +0]
and let
#(G) = maxs? (GA — T (GA - I)s, (3.6.77)

seS

(this function clearly is convex). By Lemma 3.7, the optimization problem
max {p:0(G) + p*Tr(GTG) < v =07 He)72} (3.6.78)
s
is a safe approximation of the problem of interest. Applying bisection in p, we can reduce this problem
to a “short series” of convex feasibility problems of the form
find G: ¢(G) + p*Tr(GTG) < .. (3.6.79)

Whether the latter problems are or are not computationally tractable depends on whether the function
®(G) is so, which happens if and only if we can efficiently optimize positive semidefinite quadratic forms
sTQs over S.

Example 3.8 Let S be an ellipsoid centered at the origin:
S={s=Hv:vTv<1}
In this case, it is easy to compute ¢(G) — this function is semidefinite representable:
(G <te r;leagsT(GA ~-DT(GA-Ds<t
= v:ﬁ?”azxglvT(HT(GA - DT (GA-T)Hv <t

S Aax(HT(GA-DT(GA-DH) <t

t1 | HY(GA-1D)T
(GA—DH | T

@u_HT(GA_I)T(GA_I)Hto@[ }zo,

where the concluding < is given by the Schur Complement Lemma. Consequently, (3.6.79) is the effi-
ciently solvable convex feasibility problem

= 0.

T _ T
Find G,t: t+ p*Tr(GTG) < ., [ t | HT(GA-T) }

(GA—DH | T

Example 3.8 allows us to see the dramatic difference between the case where we are interested in “highly
reliable with high probability” recovery of a random signal and “highly reliable” recovery of every
realization of uncertain signal. Specifically, assume that G,p are such that (3.6.60) is satisfied with
s ~ N(0,1I,). Note that when n is large, s is nearly uniformly distributed over the sphere S of radius
Vv/n (indeed, sTs = " s?, and by the Law of Large Numbers, for § > 0 the probability of the event

(2
{lIsll2 € [(1 —8)+/n, (14 0)/n]} goes to 0 as n — oo, in fact exponentially fast. Also, the direction s/||s||2
of s is uniformly distributed on the unit sphere). Thus, the recovery in question is, essentially, a highly
reliable recovery of random signal uniformly distributed over the above sphere S. Could we expect the
recovery to “nearly satisfy” (3.6.72), that is, to be reasonably good in the worst case over the signals
from S? The answer is negative when n is large. Indeed, a sufficient condition for (3.6.60) to be satisfied
is

7.2

Tr((GA— DT (GA - 1)) + p*Te(GTG) < RO )
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with appropriately chosen absolute constant O(1). A necessary condition for (3.6.72) to be satisfied is
NAmax((GA — DT(GA — 1)) + p*Tr(GTG) < O(1)72. (s5)

Since the trace of the n x n matrix Q = (GA — I)T(GA — I) can be nearly n times less than nApax(Q),
the validity of (x) by far does not imply the validity of (xx). To be more rigorous, consider the case when
p=0and GA — I = Diag{1,0,...,0}. In this case, the || - ||-norm of the recovering error, in the case of
s ~ N(0,1,), is just |s1], and Prob{|s1| > 7.} < € provided that 7. > 1/21n(2/¢), in particular, when
T« = 4/21n(2/€). At the same time, when s = 1/n[1;0;...;0] € S, the norm of the recovering error is v/n,
which, for large n, is incomparably larger than the above 7.

Example 3.9 Here we consider the case where ¢(G) cannot be computed efficiently, specifically, the case
where S is the unit box B, = {s € R" : ||s]cc < 1} (or the set V;, of vertices of this box). Indeed, it is
known that for a general-type positive definite quadratic form s” Qs, computing its maximum over the unit
box is NP-hard, even when instead of the precise value of the maximum its 4%-accurate approximation
is sought. In situations like this we could replace ¢(G) in the above scheme by its efficiently computable
upper bound a(G) To get such a bound in the case when S is the unit box, we can use the following
wonderful result:

Nesterov’s 7 Theorem [76] Let A € S™,. Then the efficiently computable quantity

SDP(A) = mm {Z)\ Diag{\} = A}

is an upper bound, tight within the factor 5, on the quantity

_ T
Opt(4) = max s As.

Assuming that S is B, (or V,,), Nesterov’s § Theorem provides us with an efficiently computable and
tight, within the factor 5, upper bound

Diag(\) | (GA—D)T
mm{Z)\ [GAg II 7 }*O}

on ¢(G). Replacing ¢(-) by its upper bound, we pass from the intractable problems (3.6.79) to their
tractable approximations

i _N\T
find G, A > A + pPTH(GTG) < e, { Diag(}) | (GA—1T)

GA—TT 7 ] = 0; (3.6.80)

we then apply bisection in p to rapidly approximate the largest p = p., along with the associated G = G,
for which problems (3.6.80) are solvable, thus getting a feasible solution to the problem of interest.

3.7 Exercises

Exercise 3.1 Consider a semi-infinite conic constraint

V(¢ € pZ) : agle] + Z Cale (Czlp])
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Assume that for certain ¥ and some closed convex set Z,, 0 € Z,, the constraint (Cz,[]) admits
a safe tractable approximation tight within the factor ¥. Now let Z be a closed convex set that
can be approximated, up to a factor A, by Z,, meaning that for certain v > 0 we have

V2. C 2 C (A\y)Z2..
Prove that (Cz[-]) admits a safe tractable approximation, tight within the factor A\d.

Exercise 3.2 Let ¢ > 1 be given, and consider the semi-infinite conic constraint (Cz[-]) “as
a function of Z,” meaning that ay[-], 0 < ¢ < L, and Q are once and forever fixed. In what
follows, Z always is a solid (convex compact set with a nonempty interior) symmetric w.r.t. 0.

Assume that whenever Z is an ellipsoid centered at the origin, (Cz[-]) admits a safe tractable
approximation tight within factor ¢ (as it is the case for ¢ = 1 when Q is the Lorentz cone, see
section 3.2.5).

1. Prove that when Z is the intersection of M centered at the origin ellipsoids:
Z2={¢:¢TQi¢ <1 i=1,... M} [@Qi = 0,55, Qi = 0]
(Cz[']) admits a safe tractable approximation tight within the factor v M.

2. Prove that if Z = {¢ : [|(]lcc < 1}, then (Cz[-]) admits a safe tractable approximation
tight within the factor 9¥+/dim (.

3. Assume that Z is the intersection of M ellipsoids not necessarily centered at the origin.
Prove that then (Cz[]) admits a safe tractable approximation tight within a factor v2M4v.

Exercise 3.3 Consider the situation as follows (cf. section 3.2.6). We are given an observation
y=Arx+beR™

of unknown signal z € R™. The matrix B = [A;b] is not known exactly; all we know is that
BeB={B=DB,+LTAR: A € RP*9 ||Alj22 < p}. Build an estimate v of the vector Qz,
where @ is a given k X n matrix, that minimizes the worst-case, over all possible true values of
x, || - ||2 estimation error.

Exercise 3.4 Consider an uncertain Least Squares inequality
[A(m)z +b(n)lla <7, n € pZ

where Z, 0 € intZ, is a symmetric w.r.t. the origin convex compact set that is the intersection
of J > 1 ellipsoids not necessarily centered at the origin:

Z={n:(m—0a;)"Q;(n—0a;) <1,1<j<J} (@ =0,>,Q; = 0]

Prove that the RC of the uncertain inequality in question admits a safe tractable approximation
tight within the factor O(1)vInJ (cf. Theorem 3.9).
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Exercise 3.5 [Robust Linear Estimation, see [44]] Let a signal v € R™ be observed according

to
y=Av +¢,

where A is an m X n matrix, known up to “unstructured norm-bounded perturbation”:
AcA={A=A, +LTAR: A € RP*? ||Al|22 < p},

and £ is a zero mean random noise with a known covariance matrix >. Our a priori information

on v is that
veV ={v:vTQu<1},

where @ > 0. We are looking for a linear estimate
v=Gy
with the smallest possible worst-case mean squared error

EstBrr = sup (E{||G[Av + ¢ —v[3})"?
veV,AcA
(cf. section 3.2.6).

1) Reformulate the problem of building the optimal estimate equivalently as the RC of
uncertain semidefinite program with unstructured norm-bounded uncertainty and reduce this
RC to an explicit semidefinite program.

2) Assume that m = n, ¥ = ¢2I,, and the matrices AT A, and Q commute, so that A, =
VDiag{a}UT and Q = UDiag{q}U" for certain orthogonal matrices U,V and certain vectors
a>0,q>0. Let, further, A = {A, + A : |A|22 < p}. Prove that in the situation in question
we lose nothing when looking for G in the form of

G = UDiag{g}V7,

and build an explicit convex optimization program with just two variables specifying the optimal
choice of G.

Exercise 3.6

1) Let p,q¢ € R® and A > 0. Prove that App” + %qu = +[pg" + qpT].

2) Let p,q be as in 1) with p,q # 0, and let Y € S be such that Y = +[pg” + gp’]. Prove
that there exists A > 0 such that Y = App” + %qu.

3) Consider the semi-infinite LMI of the following specific form:

L
V(¢ ERY 1 [[¢lloo < 1) : Au(x) +p Y G [L7 (2)Re + RY Ly(x)] = 0, (3.7.1)
/=1

where Lg(l‘), RZT € R", Ry # 0 and Ly(z) are affine in x, as is the case in Lyapunov Stability
Analysis/Synthesis under interval uncertainty (3.5.7) with p = 1.
Prove that the safe tractable approximation, tight within the factor 7/2, of (3.7.1), that is,
the system of LMIs
Yy =+ [LE ()R + R} Le(z)] , 1< (<L

An(z) = p b Y= 0 (3.7.2)
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in x and in matrix variables Y7, ..., Y7 is equivalent to the LMI

[ An(x) = p>Sf MNRIR [ L (@) L(2) -+ Ll(2) ]

Ly () A1/p

Lo(z) A2/p =0 (3.7.3)
| Li(2) Y

in z and real variables A1..., \;,. Here the equivalence means that = can be extended to a feasible
solution of (3.7.2) if and only if it can be extended to a feasible solution of (3.7.3).

Exercise 3.7 Consider the Signal Processing problem as follows. We are given uncertainty-
affected observations
y=Av+¢

of a signal v known to belong to a set V. Uncertainty “sits” in the “measurement error” &,
known to belong to a given set =, and in A — all we know is that A € A. We assume that V'
and = are intersections of ellipsoids centered at the origin:

V={wveR":vTPv<1,1<i<I}, [P=0>,P >0
E={eRm:TQ;6<pf 1< <J}[Q=0,5,Q; = 0]

and A is given by structured norm-bounded perturbations:

L
A={A=Au+ ) L{ ARy, Mg € RV || Al < pa}.
(=1
We are interested to build a linear estimate v = Gy of v via y. The || - ||2 error of such an

estimate at a particular v is
Gy —vll2 = [[G[Av +&] — vz = [[(GA — T)v + GE|2,

and we want to build G that minimizes the worst, over all v, A, £ compatible with our a priori
information, estimation error

A-1T .
ccmniacall(GA = Dyt GEll

Build a safe tractable approximation of this problem that seems reasonably tight when p¢ and
pa are small.
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Lecture 4

Globalized Robust Counterparts of
Uncertain Linear and Conic
Problems

In this lecture we extend the concept of Robust Counterpart in order to gain certain control on
what happens when the actual data perturbations run out of the postulated perturbation set.

4.1 Globalized Robust Counterparts — Motivation and Defini-
tion

Let us come back to Assumptions A.1 — A.3 underlying the concept of Robust Counterpart
and concentrate on A.3. This assumption is not a “universal truth” — in reality, there are
indeed constraints that cannot be violated (e.g., you cannot order a negative supply), but also
constraints whose violations, while undesirable, can be tolerated to some degree, (e.g., sometimes
you can tolerate a shortage of a certain resource by implementing an “emergency measure” like
purchasing it on the market, employing sub-contractors, taking out loans, etc.). Immunizing
such “soft” constraints against data uncertainty should perhaps be done in a more flexible
fashion than in the usual Robust Counterpart. In the latter, we ensure a constraint’s validity
for all realizations of the data from a given uncertainty set and do not care what happens when
the data are outside of this set. For a soft constraint, we can take care of what happens in this
latter case as well, namely, by ensuring controlled deterioration of the constraint when the data
runs away from the uncertainty set. We are about to build a mathematically convenient model
capturing the above requirements.

4.1.1 The Case of Uncertain Linear Optimization

Consider an uncertain linear constraint in variable z

L L
@+ G e <7+ > (b (4.1.1)
/=1 /=1

189
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where ( is the perturbation vector (cf. (1.3.4), (1.3.5)). Let Z4 be the set of all “physically
possible” perturbations, and Z C Z, be the “normal range” of the perturbations — the one for
which we insist on the constraint to be satisfied. With the usual RC approach, we treat Z as
the only set of perturbations and require a candidate solution x to satisfy the constraint for all
¢ € Z. With our new approach, we add the requirement that the violation of constraint in the
case when ¢ € Z,\ Z (that is a “physically possible” perturbation that is outside of the normal
range) should be bounded by a constant times the distance from { to Z. Both requirements
— the validity of the constraint for ( € Z and the bound on the constraint’s violation when
¢ € Z4\Z can be expressed by a single requirement

L L
0%+ Ga T — 7+ b < edist(¢, 2) V¢ € 2y,
/=1 /=1

where av > 0 is a given “global sensitivity.”
In order to make the latter requirement tractable, we add some structure to our setup.
Specifically, let us assume that:

(G.a) The normal range Z of the perturbation vector ( is a nonempty closed convex
set;

(G.b) The set Z, of all “physically possible” perturbations is the sum of Z and a
closed convex cone L:

Zy=Z+L={C=(+{":{eZ " eL}; (4.1.2)

(G.c) We measure the distance from a point ¢ € Z to the normal range Z of the
perturbations in a way that is consistent with the structure (4.1.2) of Z, specifically,

by
dist(6, 2 | £) = nf {Jc = ¢'| : ¢’ € Z,¢ ¢ e £}, (4.1.3)
where | - || is a fixed norm on R”.
In what follows, we refer to a triple (Z,L, || - ||) arising in (G.a—) as a perturbation structure

for the uncertain constraint (4.1.1).

Definition 4.1 Given o > 0 and a perturbation structure (Z,L,]|-||), we say that a vector x is
a globally robust feasible solution to uncertain linear constraint (4.1.1) with global sensitivity c,
if © satisfies the semi-infinite constraint

L L

[0+ " Ga " — 7+ ¢b') < adist((, Z|L) V€ 2y = Z+ L. (4.1.4)
=1 =1

We refer to the semi-infinite constraint (4.1.4) as the Globalized Robust Counterpart (GRC) of

the uncertain constraint (4.1.1).

Note that global sensitivity @ = 0 corresponds to the most conservative attitude where the
constraint must be satisfied for all physically possible perturbations; with a = 0, the GRC
becomes the usual RC of the uncertain constraint with Z, in the role of the perturbation set.
The larger «, the less conservative the GRC.
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Now, given an uncertain Linear Optimization program with affinely perturbed data

L
{min {c"a: Az < b} : [A,0] = [A°,0°] + ZC@[Ae,be]} (4.1.5)
(=1
(w.l.o.g., we assume that the objective is certain) and a perturbation structure (Z,L, || - ||), we

can replace every one of the constraints with its Globalized Robust Counterpart, thus ending up
with the GRC of (4.1.5). In this construction, we can associate different sensitivity parameters
a to different constraints. Moreover, we can treat these sensitivities as design variables rather
than fixed parameters, add linear constraints on these variables, and optimize both in z and
« an objective function that is a mixture of the original objective and a weighted sum of the
sensitivities.

4.1.2 The Case of Uncertain Conic Optimization

Consider an uncertain conic problem (3.1.2), (3.1.3):

min {c’z +d: 4z —b €Q;, 1 <i<m}, (4.1.6)

where Q; C R¥ are nonempty closed convex sets given by finite lists of conic inclusions:
QZ‘ = {u S Rkl : Qigu — Qi € Kig, ! = 1, ...,Li}, (417)

with closed convex pointed cones K,y, and let the data be affinely parameterized by the pertur-
bation vector (:

L
(c,d, {Ai, bi}i2) = (CO’dO’ {A?, b? ie1) + Z @(cé’dé’ {Af? bf i1)- (4.1.8)
(=1

When extending the notion of Globalized Robust Counterpart from the case of Linear Optimiza-
tion to the case of Conic one, we need a small modification. Assuming, same as in the former
case, that the set Z4 of all “physically possible” realizations of the perturbation vector ( is of the
form Z; = Z+ L, where Z is the closed convex normal range of { and L is a closed convex cone,
observe that in the conic case, as compared to the LO one, the left hand side of our uncertain
constraint (4.1.6) is vector rather than scalar, so that a straightforward analogy of (4.1.4) does
not make sense. Note, however, that when rewriting (4.1.1) in our present “inclusion form”

L L
@+ G e -0+ > G e Q=R (+)
/=1 /=1

relation (4.1.4) says exactly that the distance from the left hand side of (x) to Q does not exceed
adist(¢, Z|L) for all ( € Z+ L. In this form, the notion of global sensitivity admits the following
multi-dimensional extension:

Definition 4.2 Consider an uncertain convex constraint

L L
[Po+Y GPly—[°+) 'l eq, (4.1.9)
/=1 /=1
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where Q is a nonempty closed convex subset in RE. Let ||-||q be a norm on R*, |- ||z be a norm
on RY, Z c RL be a nonempty closed convex normal range of perturbation ¢, and £ C€ RY be a
closed convexr cone. We say that a candidate solution y is robust feasible, with global sensitivity
a, for (4.1.9), under the perturbation structure (|| -|o,| -z, 2, L), if

L L
dist([Fo + z; GePely — [p° + z; '], Q) < adist (¢, Z|£)
VGeZ=Z+L (4.1.10)
dist(, Q) = min{ju—vlg:ve Q)
dist(¢, Z|L) = mvin{H( —vljz:veZ (—vel} |’

Sometimes it is necessary to add some structure to the latter definition. Specifically, assume
that the space RY where ( lives is given as a direct product:

RY = RE x . x REs

and let 2% C REs, £5 C REs, || - ||s be, respectively, closed nonempty convex set, closed convex
cone and a norm on R, s =1,....S. For ¢ € RE, let ¢*, s = 1,..., S, be the projections of ¢
onto the direct factors R of RE. The “structured version” of Definition 4.2 is as follows:

Definition 4.3 A candidate solution y to the uncertain constraint (4.1.9) is robust feasible with
global sensitivities as, 1 < s < S, under the perturbation structure (|| - ||, {25, L%, || - |s}5_1), if

L L s
dist([Fo + z; CePely — [p° + z; ('], Q) < ; adist(¢*, Z°|L7)

sS=
VeeZ, =2 ' x .. x 2N+ L x .. x L7

— T ¥ (4.1.11)
dist(u, Q) = min{[u —vq:veQ}

dist(¢®, Z%|L7) min {[|¢* —v¥[|s 1 v® € 2°,¢° —v® € L7},

Note that Definition 4.2 can be obtained from Definition 4.3 by setting S = 1. We refer
to the semi-infinite constraints (4.1.10), (4.1.11) as to Globalized Robust Counterparts of the
uncertain constraint (4.1.9) w.r.t. the perturbations structure in question. When building the
GRC of uncertain problem (4.1.6), (4.1.8), we first rewrite it as an uncertain problem

L L
[Poo+ Y CePoely—[po+ X Cepfl
=1 =1

L L
CTx—l—d—tE[60+ZCZCZ]Tx+[dO+ZngZ]—tEQOER,

Ir%in) t: Lzzl I =1

=(x,t

! Aiw —b; = [AV+ > GAr — )+ bl €Qi1<i<m
=1 =1

L L
[Pio +1/Z:1 CePigly— [p?ﬂ; Cept]

with certain objective, and then replace the constraints with their Globalized RCs. The under-
lying perturbation structures and global sensitivities may vary from constraint to constraint.
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4.1.3 Safe Tractable Approximations of GRCs

A Globalized RC, the same as the plain one, can be computationally intractable, in which case
we can look for the second best thing — a safe tractable approximation of the GRC. This notion
is defined as follows (cf. Definition 3.2):

Definition 4.4 Consider the uncertain convex constraint (4.1.9) along with its GRC (4.1.11).
We say that a system S of convex constraints in variables y, o = (a1, ...,ag) > 0, and, perhaps,
additional variables u, is a safe approximation of the GRC, if the projection of the feasible set
of § on the space of (y,«) variables is contained in the feasible set of the GRC:

V(= (ai,....,as) >0,y) :
(Fu: (y,,u) satisfies S) = (y,«) satisfies (4.1.11).

This approzimation is called tractable, provided that S is so, (e.g., S is an explicit system of
CQIs/LMIs of, more general, the constraints in S are efficiently computable).

When quantifying the tightness of an approximation, we, as in the case of RC, assume that
the normal range Z = Z! x ... x 2% of the perturbations contains the origin and is included in
the single-parametric family of normal ranges:

Z,=pZ, p>0.
As a result, the GRC (4.1.11) of (4.1.9) becomes a member, corresponding to p = 1, of the
single-parametric family of constraints
' L Lo, 5 _
dist([Po + - CePely — [p° + 30 Gp'], Q) < 30 awdist(¢%, 2°|L°)
=1 =1 s=1
V(e Zh =p(B' x . x 29)+ LM x .o x L
—_——
Z, L

(GRC,)

in variables y,«. We define the tightness factor of a safe tractable approximation of the GRC
as follows (cf. Definition 3.3):

Definition 4.5 Assume that we are given an approximation scheme that associates with (GRC))
a finite system S, of efficiently computable convex constraints on wvariables y,a and, perhaps,
additional variables u, depending on p > 0 as a parameter. We say that this approximation
scheme is a safe tractable approzimation of the GRC tight, within tightness factor 9 > 1, if

(i) For every p > 0, S, is a safe tractable approxzimation of (GRC,): whenever (y,o > 0)
can be extended to a feasible solution of S,, (y, ) satisfies (GRC));

(ii) Whenever p > 0 and (y,o > 0) are such that (y,«) cannot be extended to a feasible
solution of S,, the pair (y,9~ a) is not feasible for (GRCy,,).

4.2 Tractability of GRC in the Case of Linear Optimization

As in the case of the usual Robust Counterpart, the central question of computational tractability
of the Globalized RC of an uncertain LO reduces to a similar question for the GRC (4.1.4) of
a single uncertain linear constraint (4.1.1). The latter question is resolved to a large extent by
the following observation:
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Proposition 4.1 A vector x satisfies the semi-infinite constraint (4.1.4) if and only if x satisfies
the following pair of semi-infinite constraints:

T
(a) [ao + i Ceag] z < |:b0 + i Cgbz] V(e Z
=1 =1 (4.2.1)

L L ~
(b) [Z Agae] x < [Z Agbe] +aVAeZ={AeL:|A]| <1}
/=1 l=1

Remark 4.1 Proposition 4.1 implies that the GRC of an uncertain linear inequality is equiva-
lent to a pair of semi-infinite linear inequalities of the type arising in the usual RC. Consequently,
we can invoke the representation results of section 1.3 to show that under mild assumptions on
the perturbation structure, the GRC (4.1.4) can be represented by a “short” system of explicit
convex constraints.

Proof of Proposition 4.1. Let x satisfy (4.1.4). Then x satisfies (4.2.1.a) due to dist(¢, Z|£) =
0 for ¢ € Z. In order to demonstrate that z satisfies (4.2.1.b) as well, let { € Z and A € £ with
|A|l < 1. By (4.1.4) and since £ is a cone, for every ¢ > 0 we have (; ;== ( +tA € Z + L and
dist((, Z|L) < ||tA]] < t; applying (4.1.4) to ¢ = (¢, we therefore get

L 1T L T L _ L
[ao + > Cgag] x+t [Z Agae} x < [bo + > Cgbe} +t [Z Agbﬂ + at.
=1 =1 =1 =1
Dividing both sides in this inequality by ¢ and passing to limit as ¢ — oo, we see that the
inequality in (4.2.1.b) is valid at our A. Since A € Z is arbitrary, = satisfies (4.2.1.0), as
claimed.

It remains to prove that if x satisfies (4.2.1), then x satisfies (4.1.4). Indeed, let z satisfy
(4.2.1). Given ¢ € Z + £ and taking into account that Z and £ are closed, we can find ¢ € Z
and A € £ such that ( + A = ¢ and t := dist((, Z|£) = ||A||. Representing A = te with e € L,
lle]| < 1, we have

L T L
|:a0 + > Cga€:| T — |:b0 + > Cgb£:|
=1 =1
L
a® + Z (gc/] T —
(=1
<0 by (4.2.1.a) L T L
:t[ S epal I|:Z€gb2:|:|

<ta = adist(¢, Z|L).

Since ¢ € Z + L is arbitrary, = satisfies (4.1.4). O

Example 4.1 Consider the following 3 perturbation structures (Z, L, | - |):
(a) Zisabox {C: |G| <o, 1< <L}, L=RFand ||| = ;

L
(b) Z is an ellipsoid {¢ : > (7/o? <Q*}, L=REY and ||| = | - [|2;
=1
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L
(c) Z is the intersection of a box and an ellipsoid: Z = {¢ : || < o, 1 < € < L, Y (7/o? < O},
=1

L=RE [l =]" .
In these cases the GRC of (4.1.1) is equivalent to the finite systems of explicit convex inequalities as
follows:

Case (a):
(a) [Tz + Z oella] 'z — b < B°
(b) |[a£]x—bz|<a =1,..,L
Here (a) represents the constraint (4.2.1.a) (cf. Example 1.4), and (b) represents the constraint (4.2.1.0)
(why?)
Case (b):
I 1/2
@ WTeen (Lot e vy ) <1
=1

1/2
(b) (é:l max?[[a’]Tx — b, O]) < a.

Here (a) represents the constraint (4.2.1.a) (cf. Example 1.5), and (b) represents the constraint (4.2.1.0).
Case (c):

1/2

(@l) [a ]$+ZUZ|ZZI+Q(ZU§UJ§) <1
(=1 (=

(a2) z+we=[a)Te -0 0=1,..,L

) 3 ]z b < a
/=1

Here (a.1-2) represent the constraint (4.2.1.a) (cf. Example 1.6), and (b) represents the constraint
(4.2.1.b).

4.2.1 TIllustration: Antenna Design

We are about to illustrate the GRC approach by applying it to the Antenna Design problem
(Example 1.1), where we are interested in the uncertain LP problem of the form

{min {7 - D+ DingfCYyoll < 75 ¢l < 0} (122

here D is a given m X L matrix and d € R™ is a given vector. The RC of the problem is
equivalent to

opt<p>=m;n{F$<p> -~ max_[[d— D(I + Diag{})z uoo} (RC,)

For a candidate design x, the function F,(p) of the uncertainty level p has a very transparent
interpretation: it is the worst-case, over perturbations ¢ with ||(||cc < p, loss (deviation of
the synthesized diagram from the target one) of this design. This clearly is a convex and
nondecreasing function of p.

Let us fix a “reference uncertainty level” p > 0 and equip our uncertain problem with the
perturbation structure

Z={C: Ko <Y, L=RY - = lloo- (4.2.3)
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Figure 4.1: Bound (4.2.5) with py = 0.01 (blue) on the loss F,(p) (red) associated with the
optimal solution z to (RCg1). The common values of the bound and the loss at py = 0.01 is
the optimal value of (RCo 7).

With this perturbation structure, it can be immediately derived from Proposition 4.1 (do it!)
that a pair (7,x) is a robust feasible solution to the GRC with global sensitivity « if and only if

L
7> F(p) & a > a(x) = lim —F,(x) = max Y |Dy||z].
i<m =

Note that the best (the smallest) value a(x) of global sensitivity which, for appropriately chosen
7, makes (7,z) feasible for the GRC depends solely on z; we shall refer to this quantity as to
the global sensitivity of x. Due to its origin, and since Fj(p) is convex and nondecreasing, a(x)
and a value of F,(-) at a particular p = py > 0 imply a piecewise linear upper bound on F,(-):

. Fx(Po), P < po
20 B0 < { T o b (12.4)

Taking into account also the value of F}, at 0, we can improve this bound to

EOLF2(0) + L Fu(po)s < po

Folpo) + a(@)lo — pol, p> po (4.2.5)

szo:Fxm)s{

In figure 4.1, we plot the latter bound and the true Fj(-) for the robust design built in section
1.4.1 (that is, the optimal solution to (RCp.1)), choosing pg = 0.01. When designing a robust
antenna, our “ideal goal” would be to choose the design = which makes the loss F,(p) as small
as possible for all values of p; of course, this goal usually cannot be achieved. With the usual
RC approach, we fix the uncertainty level at p and minimize over x the loss at this particular
value of p, with no care of how rapidly this loss grows when the true uncertainty level p exceeds
our guess p. This makes sense when we understand well what is the uncertainty level at which
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s | o | 02 ] 03 | 04 | 05 |
B.(6) | 2.6 x 10° | 3.8134 | 1.9916 | 0.9681 | 0.9379 |

Table 4.1: Tolerances ¢ and quantities B,(0) (the global sensitivities of the optimal solutions to
(4.2.6)). Pay attention to how huge is the global sensitivity [3,(0) of the nominal optimal design.
For comparison: the global sensitivity of the robust design built in section 1.4.1 is just 3.0379.

our system should work, which sometimes is not the case. With the GRC approach, we can, to
some extent, take care of both the value of F, at p = p and of the rate at which the loss grows
with p, thus making our design better suited to the situations when it should be used in a wide
range of uncertainty levels. For example, we can act as follows:

o We first solve (RCp), thus getting the “reference” design z with the loss at the uncertainty
level p as small as possible, so that Fz(p) = Opt(RCp);

e We then increase the resulting loss by certain percentage 0 (say, 6 = 0.1) and choose, as
the actual design, the solution to the minimization problem

m:gn {a(x) : Fp(p) < (14 0)Opt(RCp)} .

In other words, we allow for a controlled sacrifice in the loss at the “nominal” uncertainty
level p in order to get as good as possible upper bound (4.2.4) on the loss in the range

p=p.

In figure 4.2 and in table 4.1, we illustrate the latter approach in the special case when p = 0.
In this case, we want from our design to perform nearly as well as (namely, within percentage
9 of) the nominally optimal design in the ideal case of no actuation errors, and optimize under
this restriction the global sensitivity of the design w.r.t. the magnitude of actuation errors.
Mathematically, this reduces to solving a simple LP problem

L
B.(9) = min rgaxz [Dijllj] + [ld = Deflso < (14 6) min ||d — Dul|oc ¢ - (4.2.6)
<m £

4.3 Tractability of GRC in the Case of Conic Optimization

4.3.1 Decomposition
Preliminaries

Recall the notion of the recessive cone of a closed and nonempty convex set Q:



198 LECTURE 4: GLOBALIZED RCS OF UNCERTAIN PROBLEMS

Figure 4.2: Red and magenta: bounds (4.2.4) on the losses for optimal solutions to (4.2.6) for
the values of ¢ listed in table 4.1; the bounds correspond to py = 0. Blue: bound (4.2.5) with
po = 0.01 on the loss F,(p) associated with the optimal solution x to (RCy 7).

Definition 4.6 Let Q C R be a nonempty closed convex set and T € Q. The recessive cone
Rec(Q) of Q is comprised of all rays emanating from T and contained in Q:

Rec(Q) = {h € R* : z + th € Qvt > 0}.

(Due to closedness and convexity of Q, the right hand side set in this formula is independent of
the choice of T € Q and is a nonempty closed convex cone in R¥.)

Example 4.2

(i) The recessive cone of a nonempty bounded and closed convex set Q is trivial: Rec(Q) = {0};

(ii) The recessive cone of a closed convex cone Q is Q itself;

(ili) The recessive cone of the set Q = {x : Ax — b € K}, where K is a closed convex cone, is the set
{h: Ah € K};

(iv.a) Let Q be a closed convex set and e; — e, i — oo, t; > 0, t; — 00, i — 00, be sequences of
vectors and reals such that t;e; € Q for all 7. Then e € Rec(Q).

(iv.b) Vice versa: every e € Rec(Q) can be represented in the form of e = lim;_, o, €; with vectors e;
such that ie; € Q.
Proof. (iv.a): Let z € Q. With our e; and ¢;, for every ¢t > 0 we have T +te; —t/t;T = (t/t;)(tie;) + (1 —
t/t;)z. For all but finitely many values of ¢, the right hand side in this equality is a convex combination
of two vectors from Q and therefore belongs to Q; for ¢ — oo, the left hand side converges to & + te.
Since Q is closed, we conclude that Z + te € Q; since t > 0 is arbitrary, we get e € Rec(Q).
(iv.b): Let e € Rec(Q) and Z € Q. Setting e; =i~ (Z + ie), we have ie; € Q and ¢; e as i — co. [0

The Main Result

The following statement is the “multi-dimensional” extension of Proposition 4.1:
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Proposition 4.2 A candidate solution y is feasible for the GRC (4.1.11) of the uncertain con-
straint (4.1.9) if and only if x satisfies the following system of semi-infinite constraints:

P(y’C)
L L
(a) [Po+) , GPRITy—D0"+) , cleQ
VWeZ=2Zx..x 25
D(y)EsC°
(b) dist(Y") [Py~ p)(EC)e. Ree(Q)) < o
Ve Ly, ={C e L ¢l <1 s=1,..,5,

(4.3.1)

where E is the natural embedding of RPs into RF = R x ... x RS and dist(u, Rec(Q)) =

min u—vl||o.
yehim | Ife

Proof. Assume that y satisfies (4.1.11), and let us verify that y satisfies (4.3.1). Relation
(4.3.1.a) is evident. Let us fix s < S and verify that y satisfies (4.3.1.b5). Indeed, let ( € Z
and (° € Eﬁ,”S. For i = 1,2,..., let ¢; be given by ¢/ = (", r # s, and ¢§ = (* +i(®, so that
dist(¢!, Z7|L") is 0 for r # s and is < ¢ for r = s. Since y is feasible for (4.1.11), we have

L L
dist([Po+ D> (G)ePy — [0° + D (G)er'), Q) < e,

/=1 /=1

P(y,¢i)=P(y,0)+i®(y) Es ¢
that is, there exists ¢; € Q such that

1P(y,C) +i®(y) EsC® — qill @ < asi.

From this inequality it follows that ||g;||q/¢ remains bounded when i — oo; setting ¢; = ie; and
passing to a subsequence {i,} of indices i, we may assume that e;, — e as v — oo; by item
(iv.a) of Example 4.2, we have e € Rec(Q). We further have

H(I)(y)EsCs - eiuHQ i;luiuq)(y)EsC - qi,,HQ
i 1Py, Q) + @) EsC® — aillo + 5 1 Py, Ol o]
as + i, [Py, ¢l

whence, passing to limit as v — oo, ||®(y)Es(® —el|g < as, whence, due to e € Rec(Q), we have
dist(®(y)EsC®, Rec(Q)) < as. Since ¢* € Lj.), 1s arbitrary, (4.3.1.b5) holds true.

Now assume that y satisfies (4.3.1), and let us prove that y satisfies (4.1.11). Indeed, given
¢ € Z+ L, we can find (* € Z° and 6° € £° in such a way that ¢* = (*+ 6° and ||6%||s =
dist(¢*, Z°|£%). Setting ¢ = (¢!, ...,¢”) and invoking (4.3.1.a), the vector @ = P(y, ) belongs to
Q. Further, for every s, by (4.3.1.b,), there exists 0u® € Rec(Q) such that ||®(y)Es0° —du®|lg <

as||0%||s = asdist(¢, Z5|L2). Since P(y,() = P(y,() + Y. ®(y)Esd°, we have

IA N

1Py, Q) = [a+ > oulllg < | Py,C) —ulg+ Y |®W)ES* — 6u’g;
S _ S .
—_— =0 <a.dist(¢s,z5|L9)

v
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since u € Q and 0u® € Rec(Q) for all s, we have v € Q, so that the inequality implies that

dist(P(y, (), Q) < ) asdist(¢*, 2°|L°).
Since ( € Z + L is arbitrary, y satisfies (4.1.11). O

Consequences of Main Result

Proposition 4.2 demonstrates that the GRC of an uncertain constraint (4.1.9) is equivalent to the
explicit system of semi-infinite constraints (4.3.1). We are well acquainted with the constraint
(4.3.1.a) — it is nothing but the RC of the uncertain constraint (4.1.9) with the normal range
Z of the perturbations in the role of the uncertainty set. As a result, we have certain knowledge
of how to convert this semi-infinite constraint into a tractable form or how to build its tractable
safe approximation. What is new is the constraint (4.3.1.b), which is of the following generic
form:

We are given

e an Euclidean space E with inner product (-,-)g, a norm (not necessarily the Euclidean

one) || - ||z, and a closed convex cone K% in F;
e an Euclidean space F' with inner product (-,-), norm || - ||z and a closed convex cone K%'
in F.

These data define a function on the space L(E, F') of linear mappings M from F to F, specifically,
the function
U(M) = max {dist.|,(Me, K¥) : e € K |le||p <1},
e

Sisti (£, KF) = min | — gllr. (4.3.2)
ity (F, K°) = min ||f — gl

Note that W(M) is a kind of a norm: it is nonnegative, satisfies the requirement W(AM) =
AU (M) when A > 0, and satisfies the triangle inequality ¥(M + N) < U(M) + ¥(N). The
properties of a norm that are missing are symmetry (in general, ¥(—M) # ¥U(M)) and strict
positivity (it may happen that ¥(M) = 0 for M # 0). Note also that in the case when

KF = {0}, K¥ = E, Y(M) = |1|rn”aX< | Mel||r becomes the usual norm of a linear mapping
e:llel| <1

induced by given norms in the origin and the destination spaces.
The above setting gives rise to a convex inequality

U(M) <a (4.3.3)

in variables M, a. Note that every one of the constraints (4.3.1.b) is obtained from a convex
inequality of the form (4.3.3) by affine substitution

M — Hy(y), a <+ as
where Hy(y) € L(Es, Fy) is affine in y. Indeed, (4.3.1.bs) is obtained in this fashion when
specifying

e (E,(-,-)r) as the Euclidean space where Z°, £* live, and || - |z as || - ||s;
e (F,(-,-)r) as the Euclidean space where Q lives, and || - ||F as || - [|g;

e K% as the cone £, and KT as the cone Rec(Q);

e H(y) as the linear map (* — ®(y)FEC*.
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It follows that efficient processing of constraints (4.3.1.b) reduces to a similar task for the
associated constraints

\IJS(MS) < ag (Cs)

of the form (4.3.3). Assume, e.g., that we are smart enough to build, for certain 9 > 1,

(i) a v-tight safe tractable approximation of the semi-infinite constraint (4.3.1.a) with Z, =
pZ1 in the role of the perturbation set. Let this approximation be a system S of explicit
convex constraints in variables y and additional variables u;

(ii) forevery s =1,...,.S a ¥-tight efficiently computable upper bound on the function ¥¢(M;),
that is, a system S° of efficiently computable convex constraints on matrix variable Mg,
real variable 75 and, perhaps, additional variables u® such that

(a) whenever (Mg, 7s) can be extended to a feasible solution of §%, we have ¥ (M) < 75,

(b) whenever (Mg, 75) cannot be extended to a feasible solution of S° we have
IV (M) > 5.

In this situation, we can point out a safe tractable approximation, tight within the factor ¢
(see Definition 4.5), of the GRC in question. To this end, consider the system of constraints in
variables y, a1, ..., ag, u, ul, ..., uS as follows:

(y,u) satisfies Sy and {(Hs(y), as, u”) satisfies S%, s = 1,..., S}, (Sp)

and let us verify that this is a ¥-tight safe computationally tractable approximation of the GRC.
Indeed, S, is an explicit system of efficiently computable convex constraints and as such is
computationally tractable. Further, S, is a safe approximation of the (GRC,). Indeed, if (y, «)
can be extended to a feasible solution of S,, then y satisfies (4.3.1.a) with Z, in the role of
Z (since (y,u) satisfies S7) and (y, as) satisfies (4.3.1.b5) due to (ii.a) (recall that (4.3.1.bs) is
equivalent to U4(Hs(y)) < ag). Finally, assume that (y,a) cannot be extended to a feasible
solution of (S,), and let us prove that then (y,9 'a) is not feasible for (GRCy,). Indeed, if
(y, ) cannot be extended to a feasible solution to S,, then either y cannot be extended to a
feasible solution of S7, or for certain s (y, as) cannot be extended to a feasible solution of &°.
In the first case, y does not satisfy (4.3.1.a) with Zy, in the role of Z by (i); in the second
case, ¥ tay, < Wy (H,(y)) by (ii.b), so that in both cases the pair (y,9 'a) is not feasible for
(GRCy,).

We have reduced the tractability issues related to Globalized RCs to similar issues for RCs
(which we have already investigated in the CO case) and to the issue of efficient bounding of
U(-). The rest of this section is devoted to investigating this latter issue.

4.3.2 Efficient Bounding of ¥(-)
Symmetry

We start with observing that the problem of efficient computation of (a tight upper bound on)
U(-) possesses a kind of symmetry. Indeed, consider a setup

== (E7 <'7'>E7 H . HE)KE7F7 <'7'>F7 || . HF7KF)
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specifying ¥, and let us associate with = its dual setup
By = (F7 ('7'>F7 H ’ H}va;Ev <'7 '>E7 H ’ ||*E7Kf)7

where

*

e for a norm || - || on a Euclidean space (G, (-, -)a), its conjugate norm || - ||* is defined as

lull* = max {(u, v)g : o] <1};

e For a closed convex cone K in a Euclidean space (G, (-, )a), its dual cone is defined as

K, ={y:(y,h)g >0 Vhe K.

Recall that the conjugate to a linear map M € L(E, F) from Euclidean space FE to Euclidean
space F'is the linear map M* € L(F, F) uniquely defined by the identity

Me, fir = (e, M*flg V(e€ E, f € F);

representing linear maps by their matrices in a fixed pair of orthonormal bases in F, F, the
matrix representing M* is the transpose of the matrix representing M. Note that twice taken
dual/conjugate of an entity recovers the original entity: (K,). = K, (||-|[*)* = |||, (M*)* = M,
(Ex)s =E.

Recall that the functions W(-) are given by setups Z of the outlined type according to

(M) = T=(M) = max {disty.,(Me, K') e € KP ||e||p < 1}.

The aforementioned symmetry is nothing but the following simple statement:

Proposition 4.3 For every setup E = (E,..., K¥') and every M € L(E, F) one has
Us(M) =g, (MY).

Proof. Let H, (-,-)y be a Euclidean space. Recall that the polar of a closed convex set X C H,
0€ X,istheset X ={ye€ H:(y,z)g <1 Ve X}. We need the following facts:
(a) If X C H is closed, convex and 0 € X, then so is X°, and (X°)° = X [87];
(b) If X C H is convex compact, 0 € X, and K C H is closed convex cone, then X + K
is closed and
(X + KTy = X°n (-K).

Indeed, the arithmetic sum of a compact and a closed set is closed, so that X 4+ K is closed,
convex, and contains 0. We have

feX+KM°s1> sup (fiz+h)g =sup(f,x)g + sup (f,h)m;
zeX,heKH zeX heKH

since K is a cone, the concluding inequality is possible iff f € X° and f € —KX.
(c) Let || - || be a norm in H. Then for every a > 0 one has ({z : ||z|]| < a})? = {z : ||z||* <
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1/a} (evident).
When a > 0, we have

Veec K¥Pn{e: |le||lg <1} : "
{ Me e {Ef Iflle < a} + KF [by definition]
Vee KEn{e:|e|lg <1}:
Mee [[{/: 1fllr < a} + KF1]° by (a)]
Vee KPn{e: |le|g <1}:

(Me, fip <IVFe[{f: Iflr <o} +KF1° by (1), (0)]

={f:lfllp<a=In(=K¥)

3

=

{ Vee KPnie: s <1}

e M* )i < 1YF € {f < |f[5 < a1} 1 (—KF)

{ Vee KPn{e: el < a1} :

(oM D <1V LTl < 1 (oK r)
66E<a

® {eﬂ4fE<1wr{fumF<um< xry v

{ K%+@ lells < a}]°:
<1Vf€{fHﬂb<1}ﬂ( r)

{ fEUIWb<Hﬂ( ry.
MfzﬁffW€¥<K%t&JM@éaW
VielfIfllp 13N a

{Aﬁ (CKE) 1 {e: |lells < a) by ()]

{erK”HfHﬂb<1}

M fEKE} et effy < a}

U= ( U

*

=

-

Good GRC setups

Proposition 4.3 says that “good” setups Z — those for which Wz(+) is efficiently computable or
admits a tight, within certain factor 9, efficiently computable upper bound — always come in
symmetric pairs: if = is good, so is =, and vice versa. In what follows, we refer to members of
such a symmetric pair as to counterparts of each other. We are about to list a number of good
pairs. From now on, we assume that all components of a setup in question are “computationally
tractable,” specifically, that the cones K, K* and the epigraphs of the norms | - ||z, || - ||F
are given by LMI representations (or, more general, by systems of efficiently computable convex
constraints). Below, we denote by Br and Br the unit balls of the norms ||-|| g, ||-|| 7, respectively.
Here are several good GRC setups:

A: K¥ = {0}. The counterpart is

A*: KF' =F.

These cases are trivial: U=(M) = 0.
B: K¥ = E, Bp = Conv{el,...,eMN}, the list {e'}}¥ | is available. The counterpart is the case
B*: K¥'={0}, Br={f: {f},f)r <1,i=1,..,N}, the list {f'}Y, is available.
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Standard example for B is E = R" with the standard inner product, K¥ = E, |le|] = |e|1 =
> lej|. Standard example for B* is F' = R"™ with the standard inner product, ||f||r = || f|lcc =
J

m]ax | f5l-
The cases in question are easy. Indeed, in the case of B we clearly have
G = i i K"
(M) lIgnjag)%dlSt”'HF(Me , ),

and thus U(M) is efficiently computable (as the maximum of a finite family of efficiently com-
putable quantities dist.,(Me;, K )). Assuming, e.g., that E, F are, respectively, R™ and
R™ with the standard inner products, and that K¥, || - ||z are given by strictly feasible conic
representations:

KPP ={f:3u:Pf+QuecK!',

{t>|fllr} < {Fv:Rf +tr+ SveK?}

the relation

UY(M) <a

can be represented equivalently by the following explicit system of conic constraints

(a) Pfi+QuicK',i=1,..,.N
(b) R(Me' — fY+ar+Sv' e K% i=1,...N

in variables M, o, u?, f%,v’. Indeed, relations (a) equivalently express the requirement f* € K%'
while relations (b) say that |[Me® — fi||r < a.

C: K¥ = E, KT = {0}. The counterpart case is exactly the same.
In the case of C, ¥(-) is the norm of a linear map from E to F' induced by given norms on the
origin and the destination spaces:

V(M) = max {[| Mel|r : [le[p <1} .

Aside of situations covered by B, B*, there is only one generic situation where computing the
norm of a linear map is easy — this is the situation where both || - || and || - || are Euclidean
norms. In this case, we lose nothing by assuming that £ = ¢4 (that is, E is R™ with the standard

inner product and the standard norm |le[s = /> e?), F = ¢35, and let M be the m X n matrix
i

representing the map M in the standard bases of E and F. In this case, ¥(M) = || M]||2,2 is the
maximal singular value of M and as such is efficiently computable. A semidefinite representation
of the constraint ||[M||22 < o is

[ al, | MT

> 0.
M aIm]O

Now consider the case when E = £} (that is, E' is R™ with the standard inner product and the
norm
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and FF =0, 1 < r,p < oco. Here again we can naturally identify £(F, F') with the space R™*"
of real m x n matrices, and the problem of interest is to compute

[M[p,r = max {[[Me]| : [le][, <1}

The case of p = r = 2 is the just considered “purely Euclidean” situation; the cases of p = 1
and of r = oo are covered by B, B*. These are the only 3 cases when computing || - ||, is
known to be easy. It is also known that it is NP-hard to compute the matrix norm in question
when p > r. However, in the case of p > 2 > r there exists a tight efficiently computable upper
bound on ||M]||,, due to Nesterov [97, Theorem 13.2.4]. Specifically, Nesterov shows that when
oo > p>2>r >1, the explicitly computable quantity

L Diag{n} | M7T
W, (M) = 5 min {Hu\lp% vl = [ M{ : } Ding(v) | ="

veER™M

~
~

M—%}_l

s

is an upper bound on || M||,,, and this bound is tight within the factor ¢ = [
2.2936: _
2v3 2

1
1Ml < Wy (M) < [T - 5] Ml

(depending on values of p,r, the tightness factor can be improved; e.g., when p = co,r = 2, it

is just y/7/2 ~ 1.2533...).

It follows that the explicit system of efficiently computable convex constraints

Diag{p} | M7
M | Diag{v}

1
|20, 3 e, + 2] < (434
p

2—r -
in variables M, «, u, v is a safe tractable approximation of the constraint
M ]lp,r < v,

which is tight within the factor . In some cases the value of the tightness factor can be improved;
e.g., when p = oo, r = 2 and when p = 2, r = 1, the tightness factor does not exceed /7/2.
Most of the tractable (or nearly so) cases considered so far deal with the case when K = {0}
(the only exception is the case B* that, however, imposes severe restrictions on || - ||g). In the
GRC context, that means that we know nearly nothing about what to do when the recessive
cone of the right hand side set Q in (4.1.6) is nontrivial, or, which is the same, Q is unbounded.
This is not that disastrous — in many cases, boundedness of the right hand side set is not
a severe restriction. However, it is highly desirable, at least from the academic viewpoint, to
know something about the case when K" is nontrivial, in particular, when K* is a nonnegative
orthant, or a Lorentz, or a Semidefinite cone (the two latter cases mean that (4.1.6) is an
uncertain CQI, respectively, uncertain LMI). We are about to consider several such cases.

D: F = (7, K is a “sign” cone, meaning that K" = {u € ¢ : u; > 0,i € I,,u; <
0,i € I_,u; = 0,i € Iy}, where I, I_, Iy are given non-intersecting subsets of the index set
i={1,..,m}.

The counterpart is
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Figure 4.3: 2-D cross-sections of the solids B, 1/3/2B (ellipses) and Ds by a 2-D plane passing
through the common symmetry axis e; = ... = e;,—1 = 0 of the solids.

D*: E =17, KPP ={ve vy >0,j€Ji,v;<0,5€J,v;=0,5 € Jo}, where Jo, J_,
Jo are given non-overlapping subsets of the index set {1,...,m}.

In the case of D*, assuming, for the sake of notational convenience, that J, = {1,...,p}, J_ =
{p+1,...,q}, Jo={r+1,..,m} and denoting by ¢’ the standard basic orths in ¢;, we have

B {ve K¥:|jv||g <1} = Conv{el,...,eP, —ePTL ... —e? +edTl .. +e'}

Conv{g',...,g°},s = 2r — q.

Consequently, '
V(M) = max dist||,||F(/\/lgj, KF)

1<j<s
is efficiently computable (cf. case B).
m—1
E:F=( K'=sL"={fel: fn>> AL, E=0, KE=E.
i=1
The counterpart is
E*: F=0, KI'={0}, E=0, KE =L™.
In the case of E*, let D = {e € KE : ||e[s < 1}, and let
B={ecE:el+..+e_;+23 <1}

Let us represent a linear map M : /5" — ¢4 by its matrix M in the standard bases of the origin
and the destination spaces. Observe that

B C D, = Conv{DU(-D)} C \/3/2B (4.3.5)

(see figure 4.3). Now, let Br be the unit Euclidean ball, centered at the origin, in F' = ¢5'. By
definition of ¥(-) and due to K = {0}, we have

UYM)<ae MD CaBp < (MDU(-MD)) C aBp & MD;s C aBp.

Since Dy C 4/3/2B, the inclusion M(1/3/2B) C aBF is a sufficient condition for the validity
of the inequality U(M) < a, and since B C Dy, this condition is tight within the factor /3/2.
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(Indeed, if M(1/3/2B) ¢ aBp, then MB ¢ \/2/3aBp, meaning that (M) > 1/2/3a.) Not-
ing that M(y/3/2B) < a if and only if |[MA|22 < a, where A = Diag{+/3/2, ..., \/3/2,1/3/4},
we conclude that the efficiently verifiable convex inequality

[MA[l22 < a

is a safe tractable approximation, tight within the factor 1/3/2, of the constraint ¥(M) < a.

F: F=8"||lp=|"22 KI'=S7, E=(%, KF =E.
The counterpart is

F*: F =0 KI'={0}, E=S8", |le|lg = ; |Ai(e)|, where Ai(e) > Aa(e) > ... > Ay, (e) are

the eigenvalues of e, K¥ = ST
In the case of F, given M € L(£7,S™), let e!,...,e" be the standard basic orths of £2, and let
B ={v ety :||ullcc <1}. We have

{IM) <a} & {Vv € B3IV = 0:max |\;(Mv - V)| < oz}
& {Yv € Bg : Mv + al,, = 0}.

Thus, the constraint

UY(M) <a (*)

is equivalent to
n
al +> vi(Me') = 0V (v: o]l < 1).
i=1
It follows that the explicit system of LMIs
Y= +Me,i=1,...n

n
=1

(4.3.6)

in variables M, «, Y1, ...,Y,, is a safe tractable approximation of the constraint (x). Now let

O(M) = 9(u(M)), p(M) = max Rank(Me"),
where J(p) is the function defined in the Real Case Matrix Cube Theorem, so that ¢¥(1) = 1,
9(2) = w/2, ¥(4) = 2, and ¥ (u) < wy/p/2 for p > 1. Invoking this Theorem (see the proof of
Theorem 3.4), we conclude that the local tightness factor of our approximation does not exceed
© (M), meaning that if (M, a) cannot be extended to a feasible solution of (4.3.6), then

O(M)T(M) > a.
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4.3.3 Illustration: Robust Least Squares Antenna Design

We are about to illustrate our findings by applying a GRC-based approach to the Least Squares
Antenna Design problem (see p. 110 and Example 1.1). Our motivation and course of actions
here are completely similar to those we used in the case of || - || design considered in section
4.2.1. At present, we are interested in the uncertain conic problem

{min (7 1= (1 + Diag{¢hr) € L7915 ¢ < o

where H = WD € R™ L and h = Wd € R™ are given matrix and vector, see p. 110. We equip
the problem with the same perturbation structure (4.2.3) as in the case of || - ||co-design:

Z={CeR":[[Clls < 7}, £L=R [IC] = ¢lloo

and augment this structure with the || - ||2-norm on the embedding space R™*! of the right hand
side Q := L™*! of the conic constraint in question. Now the robust properties of a candidate
design z are fully characterized by the worst-case loss

Fi(p) = mas [H(I +Disg(CH — hla
coXp
which is a convex and nondecreasing function of p > 0. Invoking Proposition 4.2, it is easily
seen that a par (7,z) is feasible for the GRC of our uncertain problem with global sensitivity «
if and only if

Fplz) <7 & a>ofr):=max, {dist”,”Q([D[m]C;0],Lm+1) ¢lloe < 1}
D[r] = HDiag{x} € R™*L.

Similarly to the case of || - ||o-synthesis, the minimal possible value a(zx) of a depends solely on

x; we call it global sensitivity of a candidate design x. Note that F,(-) and «(z) are linked by

the relation similar, although not identical to, the relation a(x) = li_}m dipr (p) we had in the
p—00

case of || - ||oo-design; now this relation modifies to

_ . d
afw) =272 Tim )

Indeed, denoting S(z) = lim d—dpFw(p) and taking into account the fact that F,(-) is a

pl}—i-oo
nondecreasing convex function, we have 8(z) = lim F,(p)/p. Now, from the structure of F’
p—r00

it immediately follows that li_>m EFy(p)/p= max {IID[z]¢]l2 : I¢lloo < 1}. Observing that the
p—>00

|| - ||o-distance from a vector [u;0] € R™*! to the Lorentz cone L™ clearly is 271/2||ul|z
and looking at the definition of a(z), we conclude that a(z) = 2-1/28(x), as claimed.

Now, in the case of || - ||«o-synthesis, the quantities F,(p) and «(z) were easy to compute,
which is not the case now. However, we can built tight within the factor y/7/2 tractable upper
bounds on these quantities, namely, as follows.

We have

F.(p) = max |[h— H(1+ Diag{¢})z|]2 = max ||h — Hx + D|z|(||2
o) = | ( el = e =il

= inax tlh — Hx| + pD|z]n||2,
||[tm]||oog1”[ ] + pDlz]n]|2
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and the concluding quantity is nothing but the norm of the linear map [t : (] — [h —

Hz; pD[z]][t; ¢] induced by the norm || - || in the origin and the norm || - ||z in the destina-
tion spaces. By Nesterov’s theorem, see p. 205, the efficiently computable quantity
= el +v vy, | [ — Hz, pD[z]]
= : > 3.
Fa(p) 12}51{ 2 h—He,pD" | Digla] | " (4.3.7)

is a tight within the factor /7/2 upper bound on F,(p); note that this bound, same as Fy(-)
itself, is a convex and nondecreasing function of p.
Further, we have

a(z) = max dist),([D]¢; 0], L™) =272 max || D[z]¢]2,
(@) = max, disty.), ([Dlelc; 0] ) e [ Dlzlcllz

that is, a(x) is proportional to the norm of the linear mapping ¢ — DIz]|¢ induced by the

|| - [loo-norm in the origin and by the || - [|2-norm in the destination spaces. Same as above, we
conclude that the efficiently computable quantity
. el +v [ vl | D] } }
o(x) = min : - =0 4.3.8
(w) = mir { 22 DTz] | Diag{u} (4.38)

is a tight within the factor /7 /2 upper bound on a(z). Note that F,(+) and @(z) are linked by
exactly the same relation as F,(p) and a(z), namely,

a(z) = 272 tim LB, (p)

p—oo dp

(why?).
Similarly to the situation of section 4.2.1, the function F,(-) (and thus the true loss F,(p))
admits the piecewise linear upper bound

{ 2L, (0) + £ Fy(po), 0 < p < po,

! po - (4.3.9)
Fy(po) + 2Y2a(x)[p — pol, p = po,

po > 0 being the parameter of the bound.
We have carried out numerical experiments completely similar to those reported in section
4.2.1, that is, built solutions to the optimization problems

B (9) = min {a(x)  Fo(0) < (1+ 6) min | Hu — h||2} ; (4.3.10)

the results are presented in figure 4.4 and table 4.2.

4.4 Illustration: Robust Analysis of Nonexpansive Dynamical
Systems

We are about to illustrate the techniques we have developed by applying them to the problem of
robust nonexpansiveness analysis coming from Robust Control; in many aspects, this problem
resembles the Robust Lyapunov Stability Analysis problem we have considered in sections 3.4.2
and 3.5.1.
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Figure 4.4: Red and magenta: bounds (4.3.9) on the losses for optimal solutions to (4.3.10) for
the values of ¢ listed in table 4.2; the bounds correspond to py = 0. Blue: bound (4.2.5) with
po = 0.01 on the loss F;(p) associated with the robust design built in section 3.3.1.

6 | 0 [ 025 | 050 | 075 | 1.00 | 1.25 |
B.(0) | 9441.4 | 14.883 | 1.7165 | 0.6626 | 0.1684 | 0.1025 |

Table 4.2: Tolerances 6 and quantities B*(é) (tight within the factor m/2 upper bounds on
global sensitivities of the optimal solutions to (4.3.10)). Pay attention to how huge is the global
sensitivity (> 25*(0) /) of the nominal Least Squares-optimal design. For comparison: the
global sensitivity of the robust design z; built in section 3.3.1 is < a(z,) = 0.3962.
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4.4.1 Preliminaries: Nonexpansive Linear Dynamical Systems

Consider an uncertain time-varying linear dynamical system (cf. (3.4.22)):

J}(t) = Atx(t)—i-Btu(t)

y(t) = Cua(t) + Dyul(t) (4.4.1)

where x € R" is the state, y € RP is the output and u € R? is the control. The system is

A | By | .
h
C, | Dy ] 1s that

assumed to be uncertain, meaning that all we know about the matrix >; = [
at every time instant ¢ it belongs to a given uncertainty set U.
System (4.4.1) is called nonexpansive (more precisely, robustly nonexpansive w.r.t. uncer-
tainty set U), if
t t
[ uts)ds < [T syuts)ds

0 0

for all ¢ > 0 and for all trajectories of (all realizations of) the system such that z(0) = 0. In
what follows, we focus on the simplest case of a system with y(¢) = z(t), that is, on the case of
Cy =1, Dy =0. Thus, from now on the system of interest is

z(t) = Awx(t) + Bpu(t)
[A¢, B] € AB C R™™ Vit, (4.4.2)

m=n+q=dimz + dimu.

Robust nonexpansiveness now reads

¢ t
/xT(s)x(s)ds < /uT(s)u(s)ds (4.4.3)
0 0

for all t > 0 and all trajectories x(-), (0) = 0, of all realizations of (4.4.2).
Similarly to robust stability, robust nonexpansiveness admits a certificate that is a matrix

X € S}. Specifically, such a certificate is a solution of the following system of LMIs in matrix
variable X € S™:

(@) X>0
(b) V[A,B] e AB:
Ty B (4.4.4)
A(A, B X) = I, - ATX - XA|-XB . 0,

-BTX | I,

The fact that solvability of (4.4.4) is a sufficient condition for robust nonexpansive-
ness of (4.4.2) is immediate: if X solves (4.4.4), z(-), u(-) satisfy (4.4.2) and z(0) = 0,
then
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whence

t>0= Of[uT(s)u(s) — 2T (s)x(s)]ds > 2T (t) Xz(t) — 27(0) X =(0)
= 2T (t)Xxz(t) > 0.

It should be added that when (4.4.2) is time-invariant, (i.e., AB is a singleton) and
satisfies mild regularity conditions, the existence of the outlined certificate, (i.e., the
solvability of (4.4.4)), is sufficient and necessary for nonexpansiveness.

Now, (4.4.4) is nothing but the RC of the system of LMIs in matrix variable X € S™:

(a) X =0

(b) A(A B;X) e ST, (4.4.5)

the uncertain data being [A, B] and the uncertainty set being AB. From now on we focus on the
interval uncertainty, where the uncertain data [A, B] in (4.4.5) is parameterized by perturbation
¢ € R according to

L
(A, B] = [AO BC] = [Anv Bn] + Z CfeéflTQ (4.4.6)
(=1
here [A™, B"] is the nominal data and e, € R", f, € R™ are given vectors.

Imagine, e.g., that the entries in the uncertain matrix [A, B] drift, independently of each other, around
their nominal values. This is a particular case of (4.4.6) where L =nm, { = (i,j), 1 <i<n,1<j <m,
and the vectors e; and fy associated with ¢ = (i, j) are, respectively, the i-th standard basic orth in R™
multiplied by a given deterministic real §; (“typical variability” of the data entry in question) and the
j-th standard basic orth in R™.

4.4.2 Robust Nonexpansiveness: Analysis via GRC

The GRC setup and its interpretation

We are about to consider the GRC of the uncertain system of LMIs (4.4.5) affected by interval
uncertainty (4.4.6). Our “GRC setup” will be as follows:

1. We equip the space R where the perturbation ¢ lives with the uniform norm ||¢|le =
maxy |(y|, and specify the normal range of ¢ as the box

Z={CeR" || <r} (4.4.7)
with a given r > 0.

2. We specify the cone £ as the entire F = R, so that all perturbations are “physically
possible.”

3. The only uncertainty-affected LMI in our situation is (4.4.5.b); the right hand side in this
LMI is the positive semidefinite cone S’;™™ that lives in the space S™ of symmetric m x m
matrices equipped with the Frobenius Euclidean structure. We equip this space with the
standard spectral norm || - || = || - ||2,2.
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Note that our setup belongs to what was called “case F” on p. 207.

Before processing the GRC of (4.4.5), it makes sense to understand what does it actually
mean that X is a feasible solution to the GRC with global sensitivity «. By definition, this
means three things:

A. X >0

B. X is a robust feasible solution to (4.4.5.b), the uncertainty set being

AB; = {[A¢; be] + [[Clloo <7}

see (4.4.6); this combines with A to imply that if the perturbation ¢ = ¢! underlying [A;, By]
all the time remains in its normal range Z = {( : ||(||co < r}, the uncertain dynamical system
(4.4.2) is robustly nonexpansive.

C. When p > r, we have

V(G [IClloe < p) = dist(A(A¢, Bg; X), 8T) < adist((, Z|£) = a(p —r),
or, recalling what is the norm on S™,
V(G lClloe < p) : A(Ag; B; X) = —alp = 7). (4.4.8)

Now, repeating word for word the reasoning we used to demonstrate that (4.4.4) is sufficient for
robust nonexpansiveness of (4.4.2), one can extract from (4.4.8) the following conclusion:

(!) Whenever in uncertain dynamical system (4.4.2) one has [As, B] = [A¢t, Byt and
the perturbation ¢t remains all the time in the range ||(t||s < p, one has

(1—alp—r)) /JJT(S)JJ(S)dS <(Q4+alp—r) /uT(s)u(s)dS (4.4.9)
0 0

for all t > 0 and all trajectories of the dynamical system such that x(0) = 0.

We see that global sensitivity a indeed controls “deterioration of nonexpansiveness” as the
perturbations run out of their normal range Z: when the || - ||o distance from ¢ to Z all the
time remains bounded by p —r € [0, é), relation (4.4.9) guarantees that the Lo norm of the
state trajectory on every time horizon can be bounded by constant times the Lo norm of the
control on the this time horizon. The corresponding constant (%)UQ is equal to 1 when
p = r and grows with p, blowing up to +o0o as p — r approaches the critical value o', and the
larger «, the smaller is this critical value.

Processing the GRC
Observe that (4.4.4) and (4.4.6) imply that
A(A¢, B; X) = A(A™, B X) = 002, G [LE (X)) Re + R Lo(X)]

(4.4.10)
L{(X) = [Xeg; Om—nal, B = fe.
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Invoking Proposition 4.2, the GRC in question is equivalent to the following system of LMIs in
variables X and o

(a) X*>0
(®) V(G Koo < 7) ¢

A(A™, BY X) 4+ S0, ¢ [LT(X) Ry + RFLy(X)] = 0
() V(G lCloo < 1) 2 271 G [LE(X)Re + R{ Le(X)] = —al.

(4.4.11)

Note that the semi-infinite LMIs (4.4.11.b,¢) are affected by structured norm-bounded uncer-
tainty with 1 x 1 scalar perturbation blocks (see section 3.5.1). Invoking Theorem 3.13, the
system of LMIs

(a) X*»0

b1) Y, =+ [LI(X)Ry+ RI'Ly(X)],1<¢<L
V4 4

) ,B5X)—r) /1Y =

(b.2) AAM, BYX) —r S b Y= 0

cl) Zy=+[LT(X)Ry+RFLy(X)],1<¢<L
l ¢

(¢.2) aly -1 1Zi =0

in matrix variables X, {Y7, Zg}é;:l and in scalar variable « is a safe tractable approximation of
the GRC, tight within the factor 5. Invoking the result stated in (!) on p. 112, we can reduce
the design dimension of this approximation; the equivalent reformulation of the approximation
is the SDO program

min a

s.t.

X=z0

[ AAY, B X) —r SE NRTR | LT (X) - LE(X)

Li(X) N/
=0
: - (4.4.12)
i L LL(X) /\L/?”
ol — Zzzl ,UéRgRg ‘ L?(X) - L%(X)
L1(X) 23 -

i Lr(X) KL

in variable X € S™ and scalar variables a, {\s, ,ug}é::l. Note that we have equipped our (ap-
proximate) GRC with the objective to minimize the global sensitivity of X; of course, other
choices of the objective are possible as well.

Numerical illustration

The data. In the illustration we are about to present, the state dimension is n = 5, and the
control dimension is ¢ = 2, so that m = dimz + dimw = 7. The nominal data (chosen at
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random) are as follows:

[A%, BT
-1.089 -0.079 -0.031 -0.575 —-0.387| 0.145 0.241
—0.124 —-2.362 -2.637  0.428 1.454 | —0.311 0.150
=M :=| —0.627 1.157 —-1.910 —-0.425 -0.967| 0.022  0.183
-0.325 0.206 0.500 -1.475 0.192] 0.209 -0.282
0.238 —0.680 —0.955 —0.558 —1.809| 0.079  0.132

The interval uncertainty (4.4.6) is specified as

5 7
[Ac, bl = M+ > G | Miglgs f]
i=1 j=1 He:—/

where g;, f; are the standard basic orths in R® and R7, respectively; in other words, every entry
in [A, B] is affected by its own perturbation, and the variability of an entry is the magnitude of
its nominal value.

Normal range of perturbations. Next we should decide how to specify the normal range
Z of the perturbations, i.e., the quantity r in (4.4.7). “In reality” this choice could come from
the nature of the dynamical system in question and the nature of its environment. In our
illustration there is no “nature and environment,” and we specify r as follows. Let r, be the
largest r for which the robust nonexpansiveness of the system at the perturbation level r, (i.e.,
the perturbation set being the box B, = {( : [|(]lcc < r}) admits a certificate. It would be
quite reasonable to choose, as the normal range of perturbations Z, the box B, , so that the
normal range of perturbations is the largest one where the robust nonexpansiveness still can be
certified. Unfortunately, precise checking the existence of a certificate for a given box in the role
of the perturbation set means to check the feasibility status of the system of LMIs

(a) X*»0
(0) V(G lI¢lloe <7) : A(A¢, Be; X) = 0

in matrix variable X, with A(-, ;) given in (4.4.4). This task seems to be intractable, so that we
are forced to replace this system with its safe tractable approximation, tight within the factor
/2, specifically, with the system

X >0
A(AY, B X) —r S MRIR, | LT (X) - LE(X)
Ll(‘X ) At/r - (4.4.13)
L (X) AL/

in matrix variable X and scalar variables Ay (cf. (4.4.12)), with Ry(X) and L, given by (4.4.10).

The largest value 71 of r for which the latter system is solvable (this quantity can be easily found

by bisection) is a lower bound, tight within the factor pi/2, on r,, and this is the quantity we

use in the role of r when specifying the normal range of perturbations according to (4.4.7).
Applying this approach to the outlined data, we end up with

r =171 = 0.0346.
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The results. With the outlined nominal and perturbation data and r, the optimal value in
(4.4.12) turns out to be
agre = 27.231.

It is instructive to compare this quantity with the global sensitivity of the RC-certificate Xrc
of robust nonexpansiveness; by definition, Xyc is the X component of a feasible solution to
(4.4.13) where r is set to 7. This X clearly can be extended to a feasible solution to our safe
tractable approximation (4.4.12) of the GRC; the smallest, over all these extensions, value of
the global sensitivity « is

arc = 49.636,

which is by a factor 1.82 larger than agrc. It follows that the GRC-based analysis of the
robust nonexpansiveness properties of the uncertain dynamical system in question provides us
with essentially more optimistic results than the RC-based analysis. Indeed, a feasible solution
(a,...) to (4.4.12) provides us with the upper bound

1, 0<p<r

Ci(p) <C, = - _
(p) a(p) { ﬁggﬁ—:g’ r<p<r+a 1

(4.4.14)

(cf. (4.4.9)) on the “existing in the nature, but difficult to compute” quantity

Ci(p) = inf {C : fg xT(s)x(s)ds < Cfot uT(s)u(s)dSV(t >0,2(-),u()) :

z(0) =0, &(s) = Acsz(s) + Besu(s), ¢ ]loc < pVS}

responsible for the robust nonexpansiveness properties of the dynamical system. The upper
bounds (4.4.14) corresponding to arc and agrc are depicted on the left plot in figure 4.5 where
we see that the GRC-based bound is much better than the RC-based bound.

Of course, both the bounds in question are conservative, and their “level of conservatism” is diffi-
cult to access theoretically: while we do understand how conservative our tractable approximations to
intractable RC/GRC are, we have no idea how conservative the sufficient condition (4.4.4) for robust
nonexpansiveness is (in this respect, the situation is completely similar to the one in Lyapunov Stability
Analysis, see section 3.5.1). We can, however, run a brute force simulation to bound C,(p) from below.
Specifically, generating a sample of perturbations of a given magnitude and checking the associated ma-
trices [A¢, B¢| for nonexpansiveness, we can build an upper bound p; on the largest p for which every
matrix [A¢, Be] with [[{]lc < p generates a nonexpansive time-invariant dynamical system; p; is, of
course, greater than or equal to the largest p = p; for which C.(p) < 1. Similarly, testing matrices A for
stability, we can build an upper bound g, on the largest p = poo for which all matrices A¢, ||(|lc < p,
have all their eigenvalues in the closed left hand side plane; it is immediately seen that C.(p) = co when
p > pPoo. For our nominal and perturbation data, simulation yields

P, = 0.310, P, = 0.7854.

These quantities should be compared, respectively, to 1 = 0.0346, (which clearly is a lower bound on
the range p; of p’s where Ci(p) < 1) and roo = 71 + O‘C_}EC (this is the range of values of p where the
GRC-originating upper bound (4.4.14) on C,(p) is finite; as such, r is a lower bound on p.;). We see
that in our numerical example the conservatism of our approach is “within one order of magnitude”:
p1/m1 ~ 8.95 and B, /rec &~ 11.01.
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Figure 4.5: RC/GRC-based analysis: bounds (4.4.14) vs. p for a = agrc (solid) and a = arc
(dashed).

4.5 Exercises

Exercise 4.1 Consider a situation as follows. A factory consumes n types of raw materials,
coming from n different suppliers, to be decomposed into m pure components. The per unit
content of component 7 in raw material j is p;; > 0, and the necessary per month amount of
component ¢ is a given quantity b; > 0. You need to make a long-term arrangement on the
amounts of raw materials x; coming every month from each of the suppliers, and these amounts
should satisfy the system of linear constraints

The current per unit price of product j is ¢;; this price, however, can vary in time, and from the
history you know the volatilities v; > 0 of the prices. How to choose x;’s in order to minimize
the total cost of supply at the current prices, given an upper bound « on the sensitivity of the
cost to possible future drifts in prices?

Test your model on the following data:

n=32,m=38,pj;; =1/m,b; = 1.e3,
cj =0.8+40.2y/((j —1)/(n—1)),v; = 0.1(1.2 — ¢;),

and build the tradeoff curve “supply cost with current prices vs. sensitivity.”

Exercise 4.2 Consider the Structural Design problem (p. 129 in section 3.4.2).

Recall that the nominal problem is

min{T:tET[2T . ]>0Vf6]—'} (SD)
tr I AR) | T

where T is a given compact convex set of admissible designs, F C R™ is a finite set of
loads of interest and A(t) is an m X m symmetric stiffness matrix affinely depending on t.
Assuming that the load f “in reality” can run out of the set of scenarios F and thus can be
treated as uncertain data element, we can look for a robust design. For the time being, we
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have already considered two robust versions of the problem. In the first, we extended the set
F of actual loads of interest was extended to its union with an ellipsoid E centered at the
origin (and thus we were interested to minimize the worst, with respect to loads of interest
and all “occasional” loads from E, compliance of the construction. In the second (p. 163,
section 3.6.2), we imposed an upper bound 7, on the compliance w.r.t. the loads of interest
and chance constrained the compliance w.r.t. Gaussian occasional loads. Along with these
settings, it might make sense to control both the compliance w.r.t. loads of interest and its
deterioration when these loads are perturbed. This is what we intend to consider now.

Consider the following “GRC-type” robust reformulation of the problem: we want to find a
construction such that its compliance w.r.t. a load f + pg, where f € F, g is an occasional load
from a given ellipsoid E centered at the origin, and p > 0 is a perturbation level, never exceeds
a prescribed function ¢(p). The corresponding robust problem is the semi-infinite program

(1) Given ¢(-), find t € T such that

20(p) | [f + pgl”
f+rg| At

~0VY(feF,gekE).

1. Let us choose ¢(p) = 74 ap — the choice straightforwardly inspired by the GRC methodol-
ogy. Does the corresponding problem (!) make sense? If not, why the GRC methodology
does not work in our case?

2. Let us set ¢(p) = (v/7 + py/a)?. Does the corresponding problem (!) make sense? If yes,
does (!) admit a computationally tractable reformulation?

Exercise 4.3 Consider the situation as follows:

Unknown signal z known to belong to a given ball B = {z ¢ R" : 272 < 1}, Q » 0,
is observed according to the relation

y=Az+¢,

where y is the observation, A is a given m X n sensing matrix, and £ is an observation
error. Given y, we want to recover a linear form f7z of z; here f is a given vector.
The normal range of the observation error is = = {£ € R™ : [|{]]2 < 1}. We are
seeking for a linear estimate f(y) = g7y.

1. Formulate the problem of building the best, in the minimax sense (i.e., with the minimal
worst case, w.r.t. © € B and £ € E, recovering error), linear estimate as the RC of an
uncertain LO problem and build tractable reformulation of this RC.

2. Formulate the problem of building a linear estimate with the worst case, over signals z
with ||z]|2 <1+ p, and observation errors £ with ||{[|2 < 1+ pg, risk for all p,, pe > 0, risk
admitting the bound 7 + . p, + agpe with given 7, o, a,.7; thus, we want “desired perfor-
mance” 7 of the estimate in the normal range B x = of [z;£] and “controlled deterioration
of this performance” when z and/or £ run out of their normal ranges. Build a tractable
reformulation of this problem.
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Exercise 4.4 Consider situation completely similar to the one in Exercise 4.3, with the only
difference that now we want to build a linear estimate Gy of the vector C'z, C' being a given
matrix, rather than to estimate a linear form of g.

1. Formulate the problem of building the best, in the minimax sense (i.e., with the minimal

worst case, w.r.t. z € B and £ € E, ||-||2-recovering error), linear estimate of C'z as the RC
of an uncertain Least Squares inequality and build a tight safe tractable approximation of
this RC.

2. Formulate the problem of building a linear estimate of C'z with the worst case, over signals
z with ||z[|2 < 14 p. and observation errors { with [|£||2 < 1 + pg, risk admitting for all
Pz, pe = 0 the bound 7 + a.p, + agpe with given 7,a., ;4. Find a tight safe tractable
approximation of this problem.
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Lecture 5

Adjustable Robust Multistage
Optimization

In this lecture we intend to investigate robust multi-stage linear and conic optimization.

5.1 Adjustable Robust Optimization: Motivation

Consider a general-type uncertain optimization problem — a collection
P = {mxin{f(a:,q) L F(z,¢) €K} : (€ Z} (5.1.1)
of instances — optimization problems of the form
min {f(r,¢) - F(x,¢) € K},

where x € R™ is the decision vector, ¢ € R” represents the uncertain data or data perturbation,
the real-valued function f(x,() is the objective, and the vector-valued function F(x,() taking
values in R™ along with a set K C R™ specify the constraints; finally, Z C R’ is the uncertainty
set where the uncertain data is restricted to reside.

Format (5.1.1) covers all uncertain optimization problems considered so far; more-
over, in these latter problems the objective f and the right hand side F' of the
constraints always were bi-affine in xz, (, (that is, affine in = when ( is fixed, and
affine in ¢, = being fixed), and K was a “simple” convex cone (a direct product of
nonnegative rays/Lorentz cones/Semidefinite cones, depending on whether we were
speaking about uncertain Linear, Conic Quadratic or Semidefinite Optimization).
We shall come back to this “well-structured” case later; for our immediate purposes
the specific conic structure of instances plays no role, and we can focus on “general”
uncertain problems in the form of (5.1.1).

The Robust Counterpart of uncertain problem (5.1.1) is defined as the semi-infinite optimization

problem
Ig:litn{t:VCEZ:f(a:,C)ﬁt,F(a:,C)EK}; (5.1.2)

221
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this is exactly what was so far called the RC of an uncertain problem.

Recall that our interpretation of the RC (5.1.2) as the natural source of robust/robust optimal
solutions to the uncertain problem (5.1.1) is not self-evident, and its “informal justification”
relies upon the specific assumptions A.1-3 on our “decision environment,” see page 9. We have
already relaxed somehow the last of these assumptions, thus arriving at the notion of Globalized
Robust Counterpart, lecture 4. What is on our agenda now is to revise the first assumption,
which reads

A.1. All decision variables in (5.1.1) represent “here and now” decisions; they should
get specific numerical values as a result of solving the problem before the actual data
“reveals itself” and as such should be independent of the actual values of the data.

We have considered numerous examples of situations where this assumption is valid. At the
same time, there are situations when it is too restrictive, since “in reality” some of the decision
variables can adjust themselves, to some extent, to the actual values of the data. One can point
out at least two sources of such adjustability: presence of analysis variables and wait-and-see
decisions.

Analysis variables. Not always all decision variables x; in (5.1.1) represent actual decisions;
in many cases, some of x; are slack, or analysis, variables introduced in order to convert the
instances into a desired form, e.g., the one of Linear Optimization programs. It is very natural
to allow for the analysis variables to depend on the true values of the data — why not?

Example 5.1 [cf. Example 1.3] Consider an “/; constraint”

K
Z|a£x—bk| < (5.1.3)
k=1

you may think, e.g., about the Antenna Design problem (Example 1.1) where the “fit” between the
actual diagram of the would-be antenna array and the target diagram is quantified by the || - |1 distance.
Assuming that the data and z are real, (5.1.3) can be represented equivalently by the system of linear
inequalities
—yp < afz—bp <yr, Y Uk <7
k

in variables z,y, 7. Now, when the data ag, by are uncertain and the components of x do represent “here
and now” decisions and should be independent of the actual values of the data, there is absolutely no
reason to impose the latter requirement on the slack variables y; as well: they do not represent decisions
at all and just certify the fact that the actual decisions z, 7 meet the requirement (5.1.3). While we can,
of course, impose this requirement “by force,” this perhaps will lead to a too conservative model. It
seems to be completely natural to allow for the certificates yi to depend on actual values of the data —
it may well happen that then we shall be able to certify robust feasibility for (5.1.3) for a larger set of
pairs (z, 7).

Wait-and-see decisions. This source of adjustability comes from the fact that some of the
variables x; represent decisions that are not “here and now” decisions, i.e., those that should be
made before the true data “reveals itself.” In multi-stage decision making processes, some x;
can represent “wait and see” decisions, which could be made after the controlled system “starts
to live,” at time instants when part (or all) of the true data is revealed. It is fully legitimate to
allow for these decisions to depend on the part of the data that indeed “reveals itself” before
the decision should be made.
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Example 5.2 Consider a multi-stage inventory system affected by uncertain demand. The most in-
teresting of the associated decisions — the replenishment orders — are made one at a time, and the
replenishment order of “day” ¢ is made when we already know the actual demands in the preceding days.
It is completely natural to allow for the orders of day ¢ to depend on the preceding demands.

5.2 Adjustable Robust Counterpart

A natural way to model adjustability of variables is as follows: for every j < n, we allow for x;
to depend on a prescribed “portion” P;( of the true data (:

zj = X;(P;Q), (5.2.1)

where Py, ..., P, are given in advance matrices specifying the “information base” of the decisions
xj, and X;(-) are decision rules to be chosen; these rules can in principle be arbitrary functions
on the corresponding vector spaces. For a given j, specifying P; as the zero matrix, we force z;
to be completely independent of ¢, that is, to be a “here and now” decision; specifying P; as the
unit matrix, we allow for z; to depend on the entire data (this is how we would like to describe
the analysis variables). And the “in-between” situations, choosing P; with 1 < Rank(P;) < L
enables one to model the situation where x; is allowed to depend on a “proper portion” of the
true data.

We can now replace in the usual RC (5.1.2) of the uncertain problem (5.1.1) the independent
of ¢ decision variables z; with functions X;(P;(), thus arriving at the problem

min -~ {t:V( € Z: f(X((),¢) <t F(X((),() € K},
t7{Xj(')}j:1 (522)
X(C) = [XI(PIC)§ e Xn(PnO]

The resulting optimization problem is called the Adjustable Robust Counterpart (ARC) of the
uncertain problem (5.1.1), and the (collections of) decision rules X (¢), which along with certain
t are feasible for the ARC, are called robust feasible decision rules. The ARC is then the problem
of specifying a collection of decision rules with prescribed information base that is feasible for as
small ¢ as possible. The robust optimal decision rules now replace the constant (non-adjustable,
data-independent) robust optimal decisions that are yielded by the usual Robust Counterpart
(5.1.2) of our uncertain problem. Note that the ARC is an extension of the RC; the latter is a
“trivial” particular case of the former corresponding to the case of trivial information base in
which all matrices P; are zero.

5.2.1 Examples

We are about to present two instructive examples of uncertain optimization problems with
adjustable variables.

Information base induced by time precedences. In many cases, decisions are made sub-
sequently in time; whenever this is the case, a natural information base of the decision to be
made at instant ¢ (t = 1,..., V) is the part of the true data that becomes known at time ¢t. As
an instructive example, consider a simple Multi-Period Inventory model mentioned in Example
9.2:
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Example 5.2 continued. Consider an inventory system where d products share common ware-
house capacity, the time horizon is comprised of IV periods, and the goal is to minimize the total inventory
management cost. Allowing for backlogged demand, the simplest model of such an inventory looks as
follows:

minimize C [inventory management cost]
s.t.

(a
b

~—

c>r, by + b2+ catwt} [cost description]

Tr=Tp1+w — (G, 1 <t <N [state equations] (5.2.3)
ye >0y >y, 1<t <N

2t >20,2s > —x4, 1<t <N

wy Kwp <KWy, 1 <ESN

"y <r

)

~

e

(
(
(d
(
(

_

The variables in this problem are:

C € R — (upper bound on) the total inventory management cost;

r; € RY t =1,..,N — states. i-th coordinate z! of vector z; is the amount of product of type i
that is present in the inventory at the time instant ¢ (end of time interval # t). This amount can
be nonnegative, meaning that the inventory at this time has x{ units of free product # 4; it may
be also negative, meaning that the inventory at the moment in question owes the customers ||
units of the product ¢ (“backlogged demand”). The initial state 2o of the inventory is part of the
data, and not part of the decision vector;

y; € R? are upper bounds on the positive parts of the states z;, that is, (upper bounds on) the
“physical” amounts of products stored in the inventory at time ¢, and the quantity catyt is the
(upper bound on the) holding cost in the period ¢; here ¢y ¢ € ]Ri is a given vector of the holding
costs per unit of the product. Similarly, the quantity ¢”y; is (an upper bound on) the warehouse
capacity used by the products that are “physically present” in the inventory at time t, ¢ € ]Ri
being a given vector of the warehouse capacities per units of the products;

2 € R? are (upper bounds on) the backlogged demands at time ¢, and the quantities catzt are
(upper bounds on) the penalties for these backlogged demands. Here ¢y, 4 € Ri are given vectors
of the penalties per units of the backlogged demands;

w; € R? is the vector of replenishment orders executed in period ¢, and the quantities cgtwt are
the costs of executing these orders. Here ¢, ; € Ri are given vectors of per unit ordering costs.

With these explanations, the constraints become self-evident:

(a) is the “cost description”: it says that the total inventory management cost is comprised of total
holding and ordering costs and of the total penalty for the backlogged demand;

(b) are state equations: “what will be in the inventory at the end of period ¢ (z:) is what was there
at the end of preceding period (z;—1) plus the replenishment orders of the period (w;) minus the
demand of the period (¢;);

(¢), (d) are self-evident;

(e) represents the upper and lower bounds on replenishment orders, and (f) expresses the require-
ment that (an upper bound on) the total warehouse capacity ¢”y; utilized by products that are
“physically present” in the inventory at time t should not be greater than the warehouse capacity
T,
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In our simple example, we assume that out of model’s parameters
— N N
Zo, {Ch,t, Chb,ty Co,ty Wy, wt}t:p q,T, {Ct}f,:l

the only uncertain element is the demand trajectory ¢ = [C1;...;¢n] € RV, and that this trajectory is
known to belong to a given uncertainty set Z. The resulting uncertain Linear Optimization problem is
comprised of instances (5.2.3) parameterized by the uncertain data — demand trajectory ¢ — running
through a given set Z.

As far as the adjustability is concerned, all variables in our problem, except for the replen-
ishment orders wy, are analysis variables. As for the orders, the simplest assumption is that w;
should get numerical value at time ¢, and that at this time we already know the past demands
¢t = [¢y;...;¢—1]. Thus, the information base for w; is ¢!~ = P, (with the convention that
(% = 0 when s < 0). For the remaining analysis variables the information base is the entire
demand trajectory (. Note that we can easily adjust this model to the case when there are
lags in demand acquisition, so that w; should depend on a prescribed initial segment ¢7®~1
7(t) < t, of ¢*~! rather than on the entire (!~!. We can equally easily account for the possibility,
if any, to observe the demand “on line,” by allowing w; to depend on (¢! rather than on (‘'
Note that in all these cases the information base of the decisions is readily given by the natural
time precedences between the “actual decisions” augmented by a specific demand acquisition
protocol.

Example 5.3 Project management. Figure 5.1 is a simple PERT diagram — a graph representing a
Project Management problem. This is an acyclic directed graph with nodes corresponding to events, and
arcs corresponding to activities. Among the nodes there is a start node S with no incoming arcs and an
end node F with no outgoing arcs, interpreted as “start of the project” and “completion of the project,”
respectively. The remaining nodes correspond to the events “a specific stage of the project is completed,
and one can pass to another stage”. For example, the diagram could represent creating a factory, with
A, B, C being, respectively, the events “equipment to be installed is acquired and delivered,” “facility
#1 is built and equipped,” “facility # 2 is built and equipped.” The activities are jobs comprising the
project. In our example, these jobs could be as follows:

acquiring and delivering the equipment for facilities ## 1,2
building facility # 1

building facility # 2

installing equipment in facility # 1

installing equipment in facility # 2

training personnel and preparing production at facility # 1
g: training personnel and preparing production at facility # 2

PO A0 T

The topology of a PERT diagram represents logical precedences between the activities and events:
a particular activity, say g, can start only after the event C occurs, and the latter event happens when
both activities ¢ and e are completed.

In PERT models it is assumed that activities v have nonnegative durations 7, (perhaps
depending on control parameters), and are executed without interruptions, with possible idle
periods between the moment when the start of an activity is allowed by the logical precedences
and the moment when it is actually started. With these assumptions, one can write down
a system of constraints on the time instants ¢, when events v can take place. Denoting by
I' = {v = (1, v4)} the set of arcs in a PERT diagram (p is the start- and v, is the end-node
of an arc 7), this system reads

ty, —tu, > 7y Vy €T (5.2.4)
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Figure 5.1: A PERT diagram.

“Normalizing” this system by the requirement
ts =0,

the values of tr, which can be obtained from feasible solutions to the system, are achievable
durations of the entire project. In a typical Project Management problem, one imposes an
upper bound on ¢t and minimizes, under this restriction, coupled with the system of constraints
(5.2.4), some objective function.

As an example, consider the situation where the “normal” durations 7, of activities can be
reduced at certain price (“in reality” this can correspond to investing into an activity extra
manpower, machines, etc.). The corresponding model becomes

Ty = Cy — Ty, ¢y = fy(24),

where (, is the “normal duration” of the activity, -, (“crush”) is a nonnegative decision vari-
able, and ¢, = fy(z) is the cost of the crush; here f,(-) is a given function. The associated
optimization model might be, e.g., the problem of minimizing the total cost of the crushes under
a given upper bound T on project’s duration:

z={z~:v€T}

_ > _
min {Z JHCME g“l xjyl %f'y Ty }V’y el tg=0,tp < T} , (5.2.5)
{tv} v o o

where Z,, are given upper bounds on crushes. Note that when f,(-) are convex functions, (5.2.5) is
an explicit convex problem, and when, in addition to convexity, f,(-) are piecewise linear, (which
is usually the case in reality and which we assume from now on), (5.2.5) can be straightforwardly
converted to a Linear Optimization program.

Usually part of the data of a PERT problem are uncertain. Consider the simplest case when
the only uncertain elements of the data in (5.2.5) are the normal durations (, of the activi-
ties (their uncertainty may come from varying weather conditions, inaccuracies in estimating
the forthcoming effort, etc.). Let us assume that these durations are random variables, say,
independent of each other, distributed in given segments A, = [QV,Z,Y]. To avoid pathologies,
assume also that gv > T, for every v (“you cannot make the duration negative”). Now (5.2.5)
becomes an uncertain LO program with uncertainties affecting only the right hand sides of the
constraints. A natural way to “immunize” the solutions to the problem against data uncertainty
is to pass to the usual RC of the problem — to think of both ¢, and x,, as of variables with values
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to be chosen in advance in such a way that the constraints in (5.2.4) are satisfied for all values
of the data ¢, from the uncertainty set. With our model of the latter set the RC is nothing but
the “worst instance” of our uncertain problem, the one where ¢, are set to their maximum pos-
sible values Zy. For large PERT graphs, such an approach is very conservative: why should we
care about the highly improbable case where all the normal durations — independent random
variables! — are simultaneously at their worst-case values? Note that even taking into account
that the normal durations are random and replacing the uncertain constraints in (5.2.5) by their
chance constrained versions, we essentially do not reduce the conservatism. Indeed, every one
of randomly perturbed constraints in (5.2.5) contains a single random perturbation, so that we
cannot hope that random perturbations of a constraint will to some extent cancel each other.
As a result, to require the validity of every uncertain constraint with probability 0.9 or 0.99 is
the same as to require its validity “in the worst case” with just slightly reduced maximal normal
durations of the activities.

A much more promising approach is to try to adjust our decisions “on line.” Indeed, we are
speaking about a process that evolves in time, with “actual decisions” represented by variables
z, and t,’s being the analysis variables. Assuming that the decision on z can be postponed
till the event f, (the earliest time when the activity v can be started) takes place, at that time
we already know the actual durations of the activities terminated before the event p., we could
then adjust our decision on z, in accordance with this information. The difficulty is that we
do not know in advance what will be the actual time precedences between the events — these
precedences depend on our decisions and on the actual values of the uncertain data. For example,
in the situation described by figure 5.1, we, in general, cannot know in advance which one of the
events B, C will precede the other one in time. As a result, in our present situation, in sharp
contrast to the situation of Example 5.2, an attempt to fully utilize the possibilities to adjust the
decisions to the actual values of the data results in an extremely complicated problem, where not
only the decisions themselves, but the very information base of the decisions become dependent
on the uncertain data and our policy. However, we could stick to something in-between “no
adjustability at all” and “as much adjustability as possible.” Specifically, we definitely know
that if a pair of activities 7/, v are linked by a logical precedence, so that there exists an oriented
route in the graph that starts with 4/ and ends with ~, then the actual duration of 7/ will be
known before v can start. Consequently, we can take, as the information base of an activity -y, the
collection (7 = {¢y : 7/ € I'_(7)}, where I'_() is the set of all activities that logically precede
the activity 7. In favorable circumstances, such an approach could reduce significantly the price
of robustness as compared to the non-adjustable RC. Indeed, when plugging into the randomly
perturbed constraints of (5.2.5) instead of constants z- functions X,(¢7), and requiring from
the resulting inequalities to be valid with probability 1 — €, we end up with a system of chance
constraints such that some of them (in good cases, even most of them) involve many independent
random perturbations each. When the functions X, (¢”) are regular enough, (e.g., are affine),
we can hope that the numerous independent perturbations affecting a chance constraint will to
some extent cancel each other, and consequently, the resulting system of chance constraints will
be significantly less conservative than the one corresponding to non-adjustable decisions.
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5.2.2 Good News on the ARC

Passing from a trivial information base to a nontrivial one — passing from robust optimal
data-independent decisions to robust optimal data-based decision rules can indeed dramatically
reduce the associated robust optimal value.

Example 5.4 Consider the toy uncertain LO problem

xr9 > %Cﬂﬁl +1 (ag)
min¢z: 1> (2-Qze (be) 0<(<py,
* T1,T2 >0 (ec)

where p € (0,1) is a parameter (uncertainty level). Let us compare the optimal value of its non-adjustable
RC (where both z1 and 2 must be independent of ¢) with the optimal value of the ARC where z; still
is assumed to be independent of ¢ (P;{ = 0) but x4 is allowed to depend on ¢ (P2¢ = ().

A feasible solution (x1,z2) of the RC should remain feasible for the constraint (ac) when
¢ = p, meaning that x5 > £x; + 1, and should remain feasible for the constraint (b¢) when
¢ = 0, meaning that x1 > 2z9. The two resulting inequalities imply that 1 > px1 + 2, whence
x> 13,)' Thus, Opt(RC)> %p, whence Opt(RC)— oo as p — 1 —0.

Now let us solve the ARC. Given z; > 0 and ¢ € [0, p], it is immediately seen that z; can be
extended, by properly chosen 2, to a feasible solution of (a¢) through (c¢) if and only if the pair
(z1,2 = 221 +1) is feasible for (a¢) through (c¢), that is, if and only if 21 > (2—¢) [4¢z1 + 1]
whenever 1 < ¢ < p. The latter relation holds true when x; = 4 and p < 1 (since (2 — ()¢ <1
for 0 < ¢ < 2). Thus, Opt(ARC)< 4, and the difference between Opt(RC) and Opt(ARC) and

the ratio Opt(RC)/Opt(ARC) go to oo as p — 1 — 0.

5.2.3 Bad News on the ARC

Unfortunately, from the computational viewpoint the ARC of an uncertain problem more often
than not is wishful thinking rather than an actual tool. The reason comes from the fact that the
ARC is typically severely computationally intractable. Indeed, (5.2.2) is an infinite-dimensional
problem, where one wants to optimize over functions — decision rules — rather than vectors,
and these functions, in general, depend on many real variables. It is unclear even how to
represent a general-type candidate decision rule — a general-type multivariate function — in a
computer. Seemingly the only option here is sticking to a chosen in advance parametric family of
decision rules, like piece-wise constant/linear/quadratic functions of P;¢ with simple domains of
the pieces (say, boxes). With this approach, a candidate decision rule is identified by the vector
of values of the associated parameters, and the ARC becomes a finite-dimensional problem,
the parameters being our new decision variables. This approach is indeed possible and in fact
will be the focus of what follows. However, it should be clear from the very beginning that if
the parametric family in question is “rich enough” to allow for good approximation of “truly
optimal” decision rules (think of polynomial splines of high degree as approximations to “not too
rapidly varying” general-type multivariate functions), the number of parameters involved should
be astronomically large, unless the dimension of ¢ is really small, like 1 — 3 (think of how many
coefficients there are in a single algebraic polynomial of degree 10 with 20 variables). Thus,
aside of “really low dimensional” cases, “rich” general-purpose parametric families of decision
rules are for all practical purposes as intractable as non-parametric families. In other words,
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when the dimension L of ¢ is not too small, tractability of parametric families of decision rules
is something opposite to their “approximation abilities,” and sticking to tractable parametric
families, we lose control of how far the optimal value of the “parametric” ARC is away from
the optimal value of the “true” infinite-dimensional ARC. The only exception here seems to
be the case when we are smart enough to utilize our knowledge of the structure of instances
of the uncertain problem in question in order to identify the optimal decision rules up to a
moderate number of parameters. If we indeed are that smart and if the parameters in question
can be further identified numerically in a computationally efficient fashion, we indeed can end
up with an optimal solution to the “true” ARC. Unfortunately, the two “if’s” in the previous
sentence are big if’s indeed — to the best of our knowledge, the only generic situation when these
conditions are satisfied is one treated the Dynamic Programming techniques. It seems that these
techniques form the only component in the existing “optimization toolbox” that could be used
to process the ARC numerically, at least when approximations of a provably high quality are
sought. Unfortunately, the Dynamic Programming techniques are very “fragile” — they require
instances of a very specific structure, suffer from “curse of dimensionality,” etc. The bottom
line, in our opinion, is that aside of situations where Dynamic Programming is computationally
efficient, (which is an exception rather than a rule), the only hopefully computationally tractable
approach to optimizing over decision rules is to stick to their simple parametric families, even
at the price of giving up full control over the losses in optimality that can be incurred by such
a simplification.

Before moving to an in-depth investigation of (a version of) the just outlined “simple approx-
imation” approach to adjustable robust decision-making, it is worth pointing out two situations
when no simple approximations are necessary, since the situations in question are very simple
from the very beginning.

Simple case I: fixed recourse and scenario-generated uncertainty set

Consider an uncertain conic problem
P = {min{cga:—i-dg t Acx 4+ be € K} :(EZ} (5.2.6)
€T
(A¢,be, ce,de are affine in ¢, K is a computationally tractable convex cone) and assume that

1. Z is a scenario-generated uncertainty set, that is, a set given as a convex hull of finitely
many “scenarios” (%, 1 <s < S}

2. The information base ensures that every variable x; either is non-adjustable (P; = 0), or
is fully adjustable (P; = I);

3. We are in the situation of fixed recourse, that is, for every adjustable variable z; (one with
P; # 0), all its coefficients in the objective and the left hand side of the constraint are
certain, (i.e., are independent of ().

W.lo.g. we can assume that = = [u;v], where the u variables are non-adjustable, and the v
variables are fully adjustable; under fixed recourse, our uncertain problem can be written down
as

P = {migl {pgu—FqTU +de: Pou+Qu+re € K} 1 C € Conv{Cl,...,CS}}
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(p¢,de, Pe,re are affine in ¢). An immediate observation is that:

Theorem 5.1 Under assumptions 1 — 3, the ARC of the uncertain problem P is equivalent to
the computationally tractable conic problem
Opt = mins {t :pesu 4+ g v+ des <t Pesu+ Qu +res € K} . (5.2.7)
tvuv{vs}szl
Specifically, the optimal values in the latter problem and in the ARC of P are equal. Moreover,

if T, 1, {0°}5_, is a feasible solution to (5.2.7), then the pair T, % augmented by the decision rule

for the adjustable variables:
S

v=V() =D A
s=1
form a feasible solution to the ARC. Here \(() is an arbitrary nonnegative vector with the unit
sum of entries such that

¢=) A" (5.2.8)

Proof. Observe first that A(¢) is well-defined for every ¢ € Z due to Z = Conv{(',...,¢°}.
Further, if #,u, {v°} is a feasible solution of (5.2.7) and V() is as defined above, then for every
¢ € Z the following implications hold true:

t > pesti+q" 0% +des Vs = > 35 Xs(C) [p@ﬂ +qTv° + dcs]
=plu+q"V(¢) +de,

K3 Pest+ Qu° +71¢: Vs = K 3 3 As(Q) [Pestt + QU° + 7¢s]
= Peu+QV(¢) +r¢

(recall that p,...,r¢ are affine in ¢). We see that (£,@, V(+)) is indeed a feasible solution to the
ARC

tm‘i/r%) {t:plu+q" V() +de <t,Pu+QV(()+rc e KV € Z}

of P. As a result, the optimal value of the latter problem is < Opt. It remains to verify that
the optimal value of the ARC and Opt are equal. We already know that the first quantity is <
the second one. To prove the opposite inequality, note that if (¢,u, V' (-)) is feasible for the ARC,
then clearly (¢, u,{v® = V(¢®)}) is feasible for (5.2.7). O

The outlined result shares the same shortcoming as Theorem 3.1 from section 3.2.1: scenario-
generated uncertainty sets are usually too “small” to be of much interest, unless the number L
of scenarios is impractically large. It is also worth noticing that the assumption of fixed recourse
is essential: it is easy to show (see [14]) that without it, the ARC may become intractable.

Simple case II: uncertain LO with constraint-wise uncertainty

Consider an uncertain LO problem
P = {min {C?l‘ +d¢ - ag;ﬂ: < bic, i =1, ,m} :C € Z} , (5.2.9)
xT

where, as always, c¢,d¢, a;c,b;c are affine in (. Assume that
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1. The uncertainty is constraint-wise: ¢ can be split into blocks ¢ = [¢%;...;¢™] in such a
way that the data of the objective depend solely on (Y, the data of the i-th constraint
depend solely on (%, and the uncertainty set Z is the direct product of convex compact
sets 29, 21, ..., Zm in the spaces of ¢, ..., ™;

2. Ome can point out a convex compact set X in the space of = variables such that whenever
¢ € Z and z is feasible for the instance of P with the data (, one has z € X.
The validity of the latter, purely technical, assumption can be guaranteed, e.g., when the constraints
of the uncertain problem contain (certain) finite upper and lower bounds on every one of the decision
variables. The latter assumption, for all practical purposes, is non-restrictive.

Our goal is to prove the following

Theorem 5.2 Under the just outlined assumptions i) and ii), the ARC of (5.2.9) is equivalent
to its usual RC (no adjustable variables): both ARC and RC have equal optimal values.

Proof. All we need is to prove that the optimal value in the ARC is > the one of the RC. When
achieving this goal, we can assume w.l.o.g. that all decision variables are fully adjustable — are
allowed to depend on the entire vector . The “fully adjustable” ARC of (5.2.9) reads

o X(¢)+deo—t<0
a -X(C)—bigi <0,1<i<m

Opt(ARC) = min {t
it
V(¢ € Zpx...x Zm)}

X(-),t

(5.2.10)
= inf{t:V(CGZOX...XZm)EIxEX:

ozl.Tcia: — Bit + Yiei <0,0<4 < m},
(the restriction z € X’ can be added due to assumption 7)), while the RC is the problem
Opt(RC) = inf {t :3z € X alie — Bit + 7, < OV(C € Zo X . % zm)} : (5.2.11)

here a¢i, ;¢ are affine in ¢t and B; > 0.

In order to prove that Opt(ARC) > Opt(RC), it suffices to consider the case when
Opt(ARC) < oo and to show that whenever a real t is > Opt(ARC), we have ¢ > Opt(RC).
Looking at (5.2.11), we see that to this end it suffices to lead to a contradiction the statement
that for some ¢ > Opt(ARC) one has

Vo€ X3(i =i, € {0,1,...m}, " = e Z,): oziTCiz:L‘ = Bit+ 7,02 > 0. (5.2.12)

Assume that ¢ > Opt(ARC) and that (5.2.12) holds. For every z € X, the inequality
T F .

is valid when y = x; therefore, for every z € X there exist €, > 0 and a neighborhood U, of z
such that
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N
Since X is a compact set, we can find finitely many points z!, ...,z such that X c |J U,,.
i=1

J
1
x

Setting € = min; €5, i[j] = 4,5, C[J] = (5 € 24y, and

T _
Fi() = aipg ey — Biiit + Yitjl.clis
we end up with IV affine functions of y such that

(y) > X.
lrgnja&fj(y) >e>0Vye€

Since X is a convex compact set and f;(-) are affine (and thus convex and continuous) func-
tions, the latter relation, by well-known facts from Convex Analysis (namely, the von Neumann
Lemma), implies that there exists a collection of nonnegative weights A; with Zj Aj = 1 such
that

N
F) =) Nfily) > evye X. (5.2.13)
j=1
Now let |

wi = Zj:i[j]:i )‘jvj =0,1,..,m;

¢ = > jiilj=i w6l wi >0 7
a point from Z;, w; =0

¢ = (%M

Due to its origin, every one of the vectors ¢’ is a convex combination of points from Z; and as
such belongs to Z;, since the latter set is convex. Since the uncertainty is constraint-wise, we
conclude that ¢ € Z. Since ¢ > Opt(ARC), we conclude from (5.2.10) that there exists € X
such that the inequalities
@z = Bit + v,z <0
hold true for every ¢, 0 < i < m. Taking a weighted sum of these inequalities, the weights being
w;, we get
> wilafa® — Bit +7,6) <0, (5.2.14)
2:w;>0
At the same time, by construction of ¢ and due to the fact that Qciy Yi¢i are affine in ¢t, for
every ¢ with w; > 0 we have
T = 7 Ajp oo
oz = Bit +vias) = Y o 1),
gilil=i '
so that (5.2.14) reads
N
> Nfi@) <o,
j=1

which is impossible due to (5.2.13) and to Z € X. We have arrived at the desired contradiction.
(]
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5.3 Affinely Adjustable Robust Counterparts

We are about to investigate in-depth a specific version of the “parametric decision rules” ap-
proach we have outlined previously. At this point, we prefer to come back from general-type
uncertain problem (5.1.1) to affinely perturbed uncertain conic problem

C:{;Ié[ikryll{cgl‘—i-dgiACl‘—i-bCEK}:CEZ}, (5.3.1)

where ¢, d¢, A¢, be are affine in ¢, K is a “nice” cone (direct product of nonnegative rays/Lorentz
cones/semidefinite cones, corresponding to uncertain LP/CQP/SDP, respectively), and Z is a
convex compact uncertainty set given by a strictly feasible SDP representation

Z={¢eR": Ju:P(¢,u) =0},

where P is affine in [(;u]. Assume that along with the problem, we are given an information
base {P;}7_; for it; here P; are m; X n matrices. To save words (and without risk of ambiguity),
we shall call such a pair “uncertain problem C, information base” merely an uncertain conic
problem. Our course of action is to restrict the ARC of the problem to a specific parametric
family of decision rules, namely, the affine ones:

z;=X;(PiQ)=p;j+q Pi¢,j=1,..,n (5.3.2)

The resulting restricted version of the ARC of (5.3.1), which we call the Affinely Adjustable
Robust Counterpart (AARC), is the semi-infinite optimization program

ndin. 4 TP de —t<0
min  dt: 23;1 j[pﬂ TG il Hde=t<0 1y 21 (5.3.3)
tApj a7y > =1 A¢lps + a5 B¢l +bc €K

where cé is j-th entry in c¢, and Aé is j-th column of A;. Note that the variables in this problem
are t and the coefficients p;, ¢; of the affine decision rules (5.3.2). As such, these variables do not
specify uniquely the actual decisions x;; these decisions are uniquely defined by these coefficients
and the corresponding portions P;¢ of the true data once the latter become known.

5.3.1 Tractability of the AARC

The rationale for focusing on affine decision rules rather than on other parametric families is
that there exists at least one important case when the AARC of an uncertain conic problem is,
essentially, as tractable as the RC of the problem. The “important case” in question is the one
of fixed recourse and is defined as follows:

Definition 5.1 Consider an uncertain conic problem (5.3.1) augmented by an information base
{PJ};‘:1 We say that this pair is with fized recourse, if the coefficients of every adjustable, (i.e.,
with Pj # 0), variable x; are certain:

V(j:Pj #0): both cé and Aé are independent of C.
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For example, both Examples 5.1 (Inventory) and 5.2 (Project Management) are uncertain prob-
lems with fixed recourse.
An immediate observation is as follows:

(") In the case of fixed recourse, the AARC, similarly to the RC, is a semi-infinite
conic problem — it is the problem

ly+d- <t
min {t . Y s }VC € Z} ; (5.3.4)
t,y={pj,q;} Acy+b € K

with ¢, de, A¢, b affine in (:

v = Lyaln e nd = sl
A = X Allp; +4f PiC). R
Note that it is exactly fixed recourse that makes ECHEC affine in (; without this assumption,
these entities are quadratic in (.

As far as the tractability issues are concerned, observation (!) is the main argument in favor
of affine decision rules, provided we are in the situation of fixed recourse. Indeed, in the latter
situation the AARC is a semi-infinite conic problem, and we can apply to it all the results of
previous lectures related to tractable reformulations/tight safe tractable approximations of semi-
infinite conic problems. Note that many of these results, while imposing certain restrictions on
the geometries of the uncertainty set and the cone K, require from the objective (if it is uncertain)
and the left hand sides of the uncertain constraints nothing more than bi-affinity in the decision
variables and in the uncertain data. Whenever this is the case, the “tractability status” of the
AARC is not worse than the one of the usual RC. In particular, in the case of fixed recourse we
can:

4

1. Convert the AARC of an uncertain LO problem into an explicit efficiently solvable “well-

structured” convex program (see Theorem 1.1).

2. Process efficiently the AARC of an uncertain conic quadratic problem with (common to
all uncertain constraints) simple ellipsoidal uncertainty (see section 3.2.5).

3. Use a tight safe tractable approximation of an uncertain problem with linear objective and
convex quadratic constraints with (common for all uncertain constraints) N-ellipsoidal
uncertainty (see section 3.3.2): whenever Z is the intersection of M ellipsoids centered
at the origin, the problem admits a safe tractable approximation tight within the factor
O(1)y/In(M) (see Theorem 3.11).

The reader should be aware, however, that the AARC, in contrast to the usual RC, is not a
constraint-wise construction, since when passing to the coefficients of affine decision rules as our
new decision variables, the portion of the uncertain data affecting a particular constraint can
change when allowing the original decision variables entering the constraint to depend on the
uncertain data not affecting the constraint directly. This is where the words “common” in the
second and the third of the above statements comes from. For example, the RC of an uncertain
conic quadratic problem with the constraints of the form

HAZ:C + béHg < l‘TCé +dli=1,....m,
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is computationally tractable, provided that the projection Z; of the overall uncertainty set Z
onto the subspace of data perturbations of i-th constraint is an ellipsoid (section 3.2.5). To get a
similar result for the AARC, we need the overall uncertainty set Z itself to be an ellipsoid, since
otherwise the projection of Z on the data of the “AARC counterparts” of original uncertain
constraints can be different from ellipsoids. The bottom line is that the claim that with fixed
recourse, the AARC of an uncertain problem is “as tractable” as its RC should be understood
with some caution. This, however, is not a big deal, since the “recipe” is already here: Under
the assumption of fixed recourse, the AARC is a semi-infinite conic problem, and in order to
process it computationally, we can use all the machinery developed in the previous lectures.
If this machinery allows for tractable reformulation/tight safe tractable approximation of the
problem, fine, otherwise too bad for us.” Recall that there exists at least one really important
case when everything is fine — this is the case of uncertain LO problem with fixed recourse.

It should be added that when processing the AARC in the case of fixed recourse, we can
enjoy all the results on safe tractable approximations of chance constrained affinely perturbed
scalar, conic quadratic and linear matrix inequalities developed in previous lectures. Recall that
these results imposed certain restrictions on the distribution of ¢ (like independence of (1, ..., (1),
but never required more than affinity of the bodies of the constraints w.r.t. (, so that these
results work equally well in the cases of RC and AARC.

Last, but not least, the concept of an Affinely Adjustable Robust Counterpart can be straight-
forwardly “upgraded” to the one of Affinely Adjustable Globalized Robust Counterpart. We have
no doubts that a reader can carry out such an “upgrade” on his/her own and understands that
in the case of fixed recourse, the above “recipe” is equally applicable to the AARC and the
AAGRC.

5.3.2 Is Affinity an Actual Restriction?

Passing from arbitrary decision rules to affine ones seems to be a dramatic simplification. On a
closer inspection, the simplification is not as severe as it looks, or, better said, the “dramatics”
is not exactly where it is seen at first glance. Indeed, assume that we would like to use decision
rules that are quadratic in P;¢ rather than linear. Are we supposed to introduce a special notion
of a “Quadratically Adjustable Robust Counterpart“? The answer is negative. All we need is
to augment the data vector ¢ = [(1;...; (1] by extra entries — the pairwise products (;(; of the
original entries — and to treat the resulting “extended” vector E = E[C] as our new uncertain
data. With this, the decision rules that are quadratic in P;¢ become affine in ]3]([{], where ]3]
is a matrix readily given by P;. More generally, assume that we want to use decision rules of
the form

N

Xi(Q) = pj + q; PiC[C], (5.3.5)
where p; € R,q; € R™ are “free parameters,” (which can be restricted to reside in a given
convex set), P; are given m; x D matrices and

¢ C[¢]: R 5 RP

is a given, possibly nonlinear, mapping. Here again we can pass from the original data vector
¢ to the data vector ([(], thus making the desired decision rules (5.3.5) merely affine in the
“portions” P;( of the new data vector. We see that when allowing for a seemingly harmless
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redefinition of the data vector, affine decision rules become as powerful as arbitrary affinely
parameterized parametric families of decision rules. This latter class is really huge and, for all
practical purposes, is as rich as the class of all decision rules. Does it mean that the concept
of AARC is basically as flexible as the one of ARC? Unfortunately, the answer is negative,
and the reason for the negative answer comes not from potential difficulties with extremely
complicated nonlinear transformations ¢ — E [(] and/or “astronomically large” dimension D of
the transformed data vector. The difficulty arises already when the transformation is pretty
simple, as is the case, e.g., when the coordinates in E[C] are just the entries of ¢ and the
pairwise products of these entries. Here is where the difficulty arises. Assume that we are
speaking about a single uncertain affinely perturbed scalar linear constraint, allow for quadratic
dependence of the original decision variables on the data and pass to the associated adjustable
robust counterpart of the constraint. As it was just explained, this counterpart is nothing but
a semi-infinite scalar inequality

J
V(CeU) agz+ Y a, <0
j=1

where a, ¢ are affine in Z , the entries in Z = Z [C] are the entries in ¢ and their pairwise products,

U is the image of the “true” uncertainty set Z under the nonlinear mapping { — E[(], and y;
are our new decision variables (the coefficients of the quadratic decision rules). While the body
of the constraint in question is bi-affine in y and in E , this semi-infinite constraint can well be
intractable, since the uncertainty set U may happen to be intractable, even when Z is tractable.
Indeed, the tractability of a semi-infinite bi-affine scalar constraint

Viwel): f(y,u) <0

heavily depends on whether the underlying uncertainty set ¢ is convex and computationally
tractable. When it is the case, we can, modulo minor technical assumptions, solve efficiently the
Analysis problem of checking whether a given candidate solution y is feasible for the constraint —
to this end, it suffices to maximize the affine function f(y,-) over the computationally tractable
convex set Y. This, under minor technical assumptions, can be done efficiently. The latter fact,
in turn, implies (again modulo minor technical assumptions) that we can optimize efficiently
linear /convex objectives under the constraints with the above features, and this is basically
all we need. The situation changes dramatically when the uncertainty set U is not a convex
computationally tractable set. By itself, the convexity of U costs nothing: since f is bi-affine, the
feasible set o/f the semi-infinite constraint in question remains intact when we replace U with its
convex hull Z. The actual difficulty is that the convex hull Z of the set ¢ can be computationally
intractable. In the situation we are interested in — the one where Z = Convi/ and U is the image
of a computationally tractable convex set Z under a nonlinear transformation ¢ ([C],AZ can
be computationally intractable already for pretty simple Z and nonlinear mappings ¢ — ¢ [C]. Tt
happens, e.g., when Z is the unit box ||(||cc < 1 and ([(] is comprised of the entries in ¢ and their
pairwise products. In other words, the “Quadratically Adjustable Robust Counterpart” of an
uncertain linear inequality with interval uncertainty is, in general, computationally intractable.

In spite of the just explained fact that “global linearization” of nonlinear decision rules via
nonlinear transformation of the data vector not necessarily leads to tractable adjustable RCs,



5.3. AFFINELY ADJUSTABLE ROBUST COUNTERPARTS 237

one should keep in mind this option, since it is important methodologically. Indeed, “global
linearization” allows one to “split” the problem of processing the ARC, restricted to decision
rules (5.3.5), into two subproblems:

(a) Building a tractable representation (or a tight tractable approximation) of the convex
hull Z of the image U of the original uncertainty set Z under the nonlinear mapping ¢ — ([(]
associated with (5.3.5). Note that this problem by itself has nothing to do with adjustable
robust counterparts and the like;

(b) Developing a tractable reformulation (or a tight safe tractable approximation) of the
Affinely Adjustable Robust Counterpart of the uncertain problem in question, with ¢ in the role
of the data vector, the tractable convex set, yielded by (a), in the role of the uncertainty set,
and the information base given by the matrices ]33
Of course, the resulting two problems are not completely independent: the tractable convex set
Z with which we, upon success, end up when solving (a) should be simple enough to allow for
successful processing of (b). Note, however, that this “coupling of problems (a) and (b)” is of
no importance when the uncertain problem in question is an LO problem with fixed recourse.
Indeed, in this case the AARC of the problem is computationally tractable whatever the un-
certainty set as long as it is tractable, therefore every tractable set Z yielded by processing of
problem (a) will do.

Example 5.5 Assume that we want to process an uncertain LO problem

C= {minm {cga:—l—d(:ACa:zbg}:CEZ}

5.3.6
[ee,de, A, be @ affine in (] ( )

with fixed recourse and a tractable convex compact uncertainty set Z, and consider a number of affinely
parameterized families of decision rules.

A. “Genuine” affine decision rules: x; is affine in P;(. As we have already seen, the associated
ARC — the usual AARC of C — is computationally tractable. R
B. Piece-wise linear decision rules with fixed breakpoints. Assume that the mapping ¢ — ([(]

augments the entries of ¢ with finitely many entries of the form qbl(g ) = max [n, s; C] and the

decision rules we intend to use should be affine in PJC , Where P are given matrices. In order
to process the associated ARC in a computationally efficient fashlon, all we need is to build a
tractable representation of the set Z = Conv{([¢] : ¢ € Z}. While this could be difficult in
general, there are useful cases when the problem is easy, e.g., the case where

R Z={CeR\: fi()<L1<k <K},
C¢) = 65 ()43 ()], with (€)= = max(C, 0zx1], (¢)+ = max[~¢, 0px1)-

Here, for vectors u,v, max[u,v] is taken coordinate-wise, and fy(-) are lower semicontinuous
and absolutely symmetric convex functions on R, absolute symmetry meaning that fi(¢) =
fr(abs(¢)) (abs acts coordinate-wise). (Think about the case when f(¢) = ||[ak1C1; -5 e .CL) | ps
with pg € [1,00].) It is easily seen that if Z is bounded, then

A - (@) fr(T+()<1,1<k<K
Z=90=1G¢H¢T] () ¢=¢t=¢
(¢) ¢F>0
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Indeed, (a) through (c) is a system of convex constraints on vector E: [¢;¢T;¢7], and since fj are lower
semicontinuous, the feasible set C of this system is convex and closed; besides, for [¢;(T;¢~] € C we have
g"’ + ¢~ € Z; since the latter set is bounded by assumption, the sum ¢+ + ¢~ is bounded uniformly in
¢ € C, whence, by (a) through (¢), C is bounded. Thus, C is a closed and bounded convex set. The image
U of the set Z under the mapping ¢ — [(; ({)+; (¢)—] clearly is contained in C, so that the convex hull zZ
of U is contained in C' as well. To prove the inverse inclusion, note that since C' is a (nonempty) convex
compact set, it is the convex hull of the set of its extreme points, and therefore in order to prove that
Z D C it suffices to verify that every extreme point [(; (T, (] of C belongs to U. But this is immediate:
in an extreme point of C' we should have min[CZr ,¢, | = 0 for every ¢, since if the opposite were true for
some ¢ = {, then C would contain a nontrivial segment centered at the point, namely, points obtained
from the given one by the “3-entry perturbation” (l;" — Cg’ +94, ¢ — (l;" — 0, (7 — (7 + 20 with small
enough |§]. Thus, every extreme point of C' has min[¢*,(7] =0, ( = (T — (~, and a point of this type
satisfying (a) clearly belongs to U. |

C. Separable decision rules. Assume that Z is a box: Z = {( : a < { <@}, and we are seeking
for separable decision rules with a prescribed “information base,” that is, for the decision rules
of the form

tel;

where the only restriction on functions fg is to belong to given finite-dimensional linear spaces
Fi of univariate functions. The sets I; specify the information base of our decision rules. Some
of these sets may be empty, meaning that the associated z; are non-adjustable decision variables,
in full accordance with the standard convention that a sum over an empty set of indices is 0.
We consider two specific choices of the spaces Fy:

C.1: F; is comprised of all piecewise linear functions on the real axis with fixed breakpoints
ap < ... < agy (w.lo.g., assume that ay < ag, ap, < ap);

C.2: F; is comprised of all algebraic polynomials on the axis of degree < k.

Note that what follows works when m in C.1 and & in C.2 depend on ¢; in order to simplify
notation, we do not consider this case explicitly.

C.1: Let us augment every entry ( of ¢ with the reals (y;[(;] = max[(, ag], i = 1,...,m, and
let us set ([Ce] = ¢. In the case of C.1, decision rules (5.3.7) are exactly the rules where z;
is affine in {(4;[(] : ¢ € I;}; thus, all we need in order to process efficiently the ARC of (5.3.6)
restricted to the decision rules in question is a tractable representation of the convex hull of the
image U of Z under the mapping ¢ — {(z[(]}¢;- Due to the direct product structure of Z, the
set U is the direct product, over £ =1, ...,d, of the sets

Up = {[Ceo[Ce)s Cer[Ce)s -5 Com[Ce]] = ap < G < ap},

so that all we need are tractable representations of the convex hulls of the sets Uy. The bottom
line is, that all we need is a tractable description of a set C' of the form

Cyn = ConvSy,, Sy = {[s0; max[sg, a1]; ...;max[sg, am]] : ap < so < am1},

where ag < a1 < ag < ... < @y, < Ay are given. An explicit polyhedral description of the set
C, is given by the following

Lemma 5.1 [3, Lemma 14.3.3] The convex hull Cy, of the set Sy, is

ag < S0 < Ut
Cm:{[80;81;...;8m]:{ 0 < 81280 < $2281 <L SmilTOm ] (0 (5.3.8)

— ai1—ap — a2—a1 — 7" — am41—am —
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where Spmi+1 = Gmt1-

C.2: Similar to the case of C.1, in the case of C.2 all we need in order to process efficiently
the ARC of (5.3.6), restricted to decision rules (5.3.7), is a tractable representation of the set

C =ConvS, S ={5=[s;5%...;5"] : |s] < 1}.

(We have assumed w.l.o.g. that ay = —1, @y = 1.) Here is the description (originating from
[75]):

Lemma 5.2 The set C' = ConvS admits the explicit semidefinite representation
C={3€R": 3\ =[Ao;...;h] € R*M 1 [1;8] = QTN [Niy]f =g = 0}, (5.3.9)

where the (2k + 1) x (k + 1) matriz Q is defined as follows: take a polynomial p(t) = po +
pit + ... + pet™ and convert it into the polynomial p(t) = (1 +t2)"p(2t/(1 +t?)). The vector of
coefficients of p clearly depends linearly on the vector of coefficients of p, and Q is exactly the
matriz of this linear transformation.

Proof. 1°. Let P C R**! be the cone of vectors p of coefficients of polynomials p(t) = pg + p1t + pat? +
... + pit™ that are nonnegative on [—1, 1], and P, be the cone dual to P. We claim that

C={seR":[1;5 € P.}. (5.3.10)

Indeed, let C’ be the right hand side set in (5.3.10). If § = [s; s%;...;5"] € S, then |s| < 1, so that for every
p € P we have pT'[1;5] = p(s) > 0. Thus, [1;3] € P, and therefore 5 € C’. Since C" is convex, we arrive at
C = ConvS C C’. To prove the inverse inclusion, assume that there exists § ¢ C such that z = [1;§] € P.,
and let us lead this assumption to a contradiction. Since 5 is not in C' and C' is a closed convex set and
clearly contains the origin, we can find a vector ¢ € R” such that ¢35 = 1 and max,cc¢’r =a < 1, or,
which is the same due to C' = ConvS, ¢7[s;s?%;...;8%] < a < 1 whenever |s| < 1. Setting p = [a; —q],
we see that p(s) > 0 whenever |s| < 1, so that p € P and therefore a — ¢7'5 = pT[1;5] > 0, whence
1 =¢75 < a < 1, which is a desired contradiction.

20, Tt remains to verify that the right hand side in (5.3.10) indeed admits representation (5.3.9). We
start by deriving a semidefinite representation of the cone Py of (vectors of coefficients of) all polynomials
p(s) of degree not exceeding 2« that are nonnegative on the entire axis. The representation is as follows.
A (k+1) x (k+ 1) symmetric matrix W can be associated with the polynomial of degree < 2x given by
pw(t) = [1;t;¢%; ;5] T W15 ¢; #2; ..., %], and the mapping A : W — pyy clearly is linear: (A[wz'j]f;j:(])y =
Y o<i<y Wiw—ir, 0 < v < 2k A dyadic matrix W = eel” “produces” in this way a polynomial that is the
square of another polynomial: Aee = e%(t) and as such is > 0 on the entire axis. Since every matrix
W = 0 is a sum of dyadic matrices, we conclude that AW € P, whenever W > 0. Vice versa, it is well
known that every polynomial p € P, is the sum of squares of polynomials of degrees < x, meaning that
every p € P, is AW for certain W that is the sum of dyadic matrices and as such is > 0. Thus,

P ={p=AW W € S7}.

Now, the mapping ¢ + 2¢/(1+t2) : R — R maps R onto the segment [—1,1]. It follows that a polynomial
p of degree < r is > 0 on [—1,1] if and only if the polynomial p(t) = (1 + t2)*p(2t/(1 + t?)) of degree
< 2k is > 0 on the entire axis, or, which is the same, p € P if and only if Qp € Py. Thus,

P={peR" . 3W e St W =0,AW = Qp}.
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Given this semidefinite representation of P, we can immediately obtain a semidefinite representation of
P.. Indeed,

q € P. & 0 <minyep{q¢Tp} & 0 < minyer-{¢'p: IW = 0: Qp = AW}
< 0 <min, w{¢"p: Qp — AW =0,W = 0}
S {g=0QT\: X e R¥+L A*)\ = 0},

where the concluding < is due to semidefinite duality. Computing A*\, we arrive at (5.3.9). ]

Remark 5.1 Note that C.2 admits a straightforward modification where the spaces Fy are com-
K

prised of trigonometric polynomials Y [p; cos(iwes) + q; sin(iwgs)] rather than of algebraic poly-
i=0

nomials 7" p;s*. Here all we need is a tractable description of the convex hull of the curve

{[s; cos(wygs); sin(wyes); ...; cos(kwys); sin(kwes)] : —1 < s < 1}
which can be easily extracted from the semidefinite representation of the cone P .

Discussion. There are items to note on the results stated in C. The bad news is that understood
literally, these results have no direct consequences in our context — when Z is a box, decision
rules (5.3.7) never outperform “genuine” affine decision rules with the same information base
(that is, the decision rules (5.3.7) with the spaces of affine functions on the axis in the role of
Fr).

The explanation is as follows. Consider, instead of (5.3.6), a more general problem, specifi-
cally, the uncertain problem

Cz{minm{c?x—l—dC:Acx—bgeK}:(62’}

5.3.11
[ce,de, A, be + affine in (] ( )

where K is a convex set. Assume that Z is a direct product of simplexes: Z = A X ... x Ap,
where Ay is a ky-dimensional simplex (the convex hull of k; + 1 affinely independent points
in R¥¢). Assume we want to process the ARC of this problem restricted to the decision rules
of the form ‘

zi =&+ > (G, (5.3.12)

Lel;

where (; is the projection of ( € Z on Ay, and the only restriction on the functions fg is
that they belong to given families F; of functions on R¥¢. We still assume fixed recourse: the
columns of A¢ and the entries in ¢, associated with adjustable, (i.e., with I; # @) decision
variables z; are independent of (.

The above claim that “genuinely affine” decision rules are not inferior as compared to the
rules (5.3.7) is nothing but the following simple observation:

Lemma 5.3 Whenever certain t € R is an achievable value of the objective in the ARC of
(5.3.11) restricted to the decision rules (5.3.12), that is, there exist decision rules of the latter
form such that

, J Crde <
&; +e§,f€(g) (ce)j+de <t V(€ [l €Z

) ) Ay X ... X Ap,
1 fﬁng fl(C)| A7 —bc €K
€lj

(5.3.13)

<.
I
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t is also an achievable value of the objective in the ARC of the uncertain problem restricted
to affine decision rules with the same information base: there exist affine in (; functions
@) (Ce) such that (5.3.13) remains valid with ¢ in the role of f.

Proof is immediate: since every collection of ks + 1 reals can be obtained as the collection
of values of an affine function at the vertices of k,-dimensional simplex, we can find affine
functions ¢;(¢) such that ¢}(¢¢) = f((¢) whenever ¢ is a vertex of the simplex A,. When
plugging into the left hand sides of the constraints in (5.3.13) the functions ¢(¢¢) instead
of fg (Ce), these left hand sides become affine functions of ¢ (recall that we are in the case of
fixed recourse). Due to this affinity and to the fact that Z is a convex compact set, in order
for the resulting constraints to be valid for all { € Z, it suffices for them to be valid at every
one of the extreme points of Z. The components (1, ...,(r, of such an extreme point ¢ are
vertices of Aq,...,Ar, and therefore the validity of “¢ constraints” at ( is readily given by
the validity of the “f constraints” at this point — by construction, at such a point the left
hand sides of the “¢” and the “f” constraints coincide with each other. O

Does the bad news mean that our effort in C.1-2 was just wasted? The good news is that
this effort still can be utilized. Consider again the case where (; are scalars, assume that Z
is not a box, in which case Lemma 5.3 is not applicable. Thus, we have hope that the ARC
of (5.3.6) restricted to the decision rules (5.3.7) is indeed less conservative (has a strictly less
optimal value) than the ARC restricted to the affine decision rules. What we need in order to
process the former, “more promising,” ARC, is a tractable description of the convex hull Z of
the image U of Z under the mapping

¢ (¢ = {Cﬁ[@]}olgini,

where (oo = (o, Coi[Ce] = fie(Ce), 1 < i < m, and the functions f;; € Fy, i = 1,...,m, span Fy.
The difficulty is that with Fy as those considered in C.1-2 (these families are “rich enough” for
most of applications), we, as a matter of fact, do not know how to get a tractable representation
of Z, unless Z is a box. Thus, Z more complicated than a box seems to be too complex,
and when Z is a box, we gain nothing from allowing for “complex” F,. Nevertheless, we can
proceed as follows. Let us include Z, (which is not a box), into a box Z*, and let us apply
the outlined approach to Z7T in the role of Z, that is, let us try to build a tractable description
of the convex hull Z* of the image U of ZT under the mapping ¢ — ([¢]. With luck, (e.g.,
in situations C.1-2), we will succeed, thus getting a tractable representation of 2*' the latter
set is, of course, larger than the “true” set Z we want to describe. There is another * ‘easy to
describe” set that contains Z namely, the inverse image 20 of Z under the natural projection
II . {(gz}ol%éni, — {Cw}1<r<r that recovers ¢ from ¢ [C] And perhaps we are smart enough to

find other easy to describe convex sets zZ 1,...,2’“ that contain Z.

Assume, e.g., that Z is the Euclidean ball {||¢||2 < 7}, and let us take as ZT the embedding

box {{[¢flee <7}

In the case of C.1 we have for i > 1: {;[¢;] = max[(, ar;], whence |(oi[Ce]| < max[|(el, |ae

It follows that when ¢ € Z, we have >_,(%[¢] < Y, max[(?,a2;] < >°,[¢2 + aZ,] < r* +

Ez az;, and we can take as ZAI’, p = 1,...,m, the elliptic cylinders {{Cui}e: : >, Cezp <
<
12

-

r?+3, agp} In the case of C.2, we have (y;[¢] = ({7, 1 <i <k —1, s0 that >, |Ces[¢e]|
max,cpr{d , |2/ 1 ||z]l2 < r} =71 Thus, we can take Zr = {{Cuitei : D0 [Cop| < rP T2
1<p<k-—1
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Since all the easy to describe convex sets 2*, 20,...,§k contain Z , the same is true for the easy
to describe convex set B
Z=ZtnZ°Nnz'n..n2z*,

so that the (tractable along with Z) semi-infinite LO problem

dugy + X X Oleng) <t | N
mln t: i: . V¢ ={Cu} € Z
{x()ex} ZX(C) ;[ - H(A) =0 (S)

II <{C€i}01§<i£§<7zy> = {Cotr<i<r, X = {X;(0) =& + ZGZI_ NeiCei }

is a safe tractable approximation of the ARC of (5.3.6) restricted to decision rules (5.3.7). Note
that this approximation is at least as flexible as the ARC of (5.3.6) restricted to genuine affine
decision rules. Indeed, a rule X(-) = {X;(-)}]_; of the latter type is “cut off” the family of
all decision rules participating in (S) by the requirement “X; depend solely on (s, ¢ € I;,”
or, which is the same, by the requirement 7y; = 0 whenever ¢ > 0. Since by construction the
projection of Z on the space of variables (g, 1 < ¢ < L, is exactly Z, a pair (¢, X()) is feasible
for (5) if and only if it is feasible for the AARC of (5.3.6), the information base being given by
I, ...,I,,. The bottom line is, that when Z is not a box, the tractable problem (S), while still
producing robust feasible decisions, is at least as flexible as the AARC. Whether this “at least
as flexible” is or is not “more flexible,” depends on the application in question, and since both
(S) and AARC are tractable, it is easy to figure out what the true answer is.

Here is a toy example. Let L = 2, n = 2, and let (5.3.6) be the uncertain problem

1 > (1

z1 > —(C

x2 > 21 +3C1/5+4¢/5
xZo 21‘1 —3(1/5—4{2/5

min q @5 : Sl <1 g,

with fully adjustable variable z; and non-adjustable variable x5. Due to the extreme sim-
plicity of our problem, we can immediately point out an optimal solution to the unrestricted
ARC, namely,

X1(¢) = |¢1], x2 = Opt(ARC) = ||?ﬁa§1[|gl| + 3¢ + 4¢o|/5]) = 4T\/5 ~ 1.7889.

Now let us compare Opt(ARC) with the optimal value Opt(AARC) of the AARC and with
the optimal value Opt(RARC) of the restricted ARC where the decision rules are allowed to
be affine in [(¢]4, £ = 1,2 (as always, [a]; = max]a,0] and [a]— = max[—a, 0]). The situation
fits B, so that we can process the RARC as it is. Noting that a = [a]+ — [a]—, the decision
rules that are affine in [(/]+, £ = 1,2, are exactly the same as the decision rules (5.3.7), where
Fu, £ = 1,2, are the spaces of piecewise linear functions on the axis with the only breakpoint
0. We see that up to the fact that Z is a circle rather than a square, the situation fits C.1 as
well, and we can process RARC via its safe tractable approximation (S). Let us look what
are the optimal values yielded by these 3 schemes.
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e The AARC of our toy problem is

Xl(C;
Opt(AARC) = min {xg &+ (=G (a)
2,6, r2 > X1(¢) + 3¢ +4¢|/5  (b)

V(G Il < 1)}

This problem can be immediately solved. Indeed, (a) should be valid for ¢ = ¢! = [1;0]
and for ¢ = (2 = —(!, meaning that X;(£¢') > 1, whence ¢ > 1. Further, (b) should be
valid for ¢ = ¢3 = [3;4]/5 and for ¢ = ¢* = —¢3, meaning that zo > X;(£¢?) + 1, whence
x9 > &+ 1> 2. We see that the optimal value is > 2, and this bound is achievable (we can
take X1 (-) = 1 and z2 = 2). As a byproduct, in our toy problem the AARC is as conservative
as the RC.

e The RARC of our problem as given by B is

X1(¢)
Opt(RARC) =  min {xg . E+n'C +A77£C+ +nl¢ > |G
2.8 zz > X1(C) + 3¢t + 4¢2|/5

V(¢ = GGG e 2)},
¢ ¢t ¢~

E={Cic=¢t=¢ ¢t 20, )¢t + ¢l < 1]

We can say in advance what are the optimal value and the optimal solution to the RARC
— they should be the same as those of the ARC, since the latter, as a matter of fact, admits
optimal decision rules that are affine in |(|, and thus in [(¢]+. Nevertheless, we have carried
out numerical optimization which yielded another optimal solution to the RARC (and thus
- to ARC):

Opt(RARC) = x5 = 1.78809,

& =1.0625,n7 = [0;0],n+ = n— = [0.0498; —0.4754],

which corresponds to X;(¢) = 1.0625 4 0.0498|¢1| — 0.4754|(2|.

e The safe tractable approximation of the RARC looks as follows. The mapping ¢ — E [¢] in
our case is

[C1;C2] = [C1,0 = 13 ¢1,1 = max[(1, 0]; G20 = (25 2,1 = max[Ca, 0]],

the tractable description of Z+ as given by C.1 is
= —1<qw<1
+_ v ) _
Z2" = {{Cﬁ}f?é o< izt < 1ot o =12
and the sets Z°, Z! are given by

ZAi = {{C&:}Z&

1
1,2
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Consequently, (S) becomes the semi-infinite LO problem

~

Xi(Q) =&+ 2 e=r2 meiCei 2 Cro

X1(¢) =&+ Zfiéf MeiCei > —C1,0

x9 > €+ Zfié‘f neiCei + [3C1,0 + 42,01 /5

T2 > &+ Efié‘f neiCei — [3C1,0 + 4€2,0]/5
_ —1<Go<1{6=1,2

VC={Ci}: 0<Cn—Co<1—Cn<1,0=1,2 }

i+ <1,i=0,1

Opt(S) = mz?%gyl/»}{IQZ

Computation results in

— _ 2548209
Opt(S) = @y = 220¥E20 ~ 1.9267,

X1(¢) = & — 2¢o[G] + GG & CaolCe] = S + 2G| + &
As it could be expected, we get 2 = Opt(AARC) > 1.9267 = Opt(S) > 1.7889 =
Opt(RARC) = Opt(ARC). Note that in order to get Opt(S) < Opt(AARC), taking into ac-
count Z'! is a must: in the case of C.1, whatever be Z and a box Z+ D Z, with Z = ZtN2Z°
we gain nothing as compared to the genuine affine decision rules.

D. Quadratic decision rules, ellipsoidal uncertainty set. In this case,

el = [t
is comprised of the entries of ¢ and their pairwise products (so that the associated decision rules
(5.3.5) are quadratic in (), and Z is the ellipsoid {¢ € R : ||Q¢||2 < 1}, where @ has a trivial

kernel. The convex hull of the image of Z under the quadratic mapping ¢ — ([¢] is easy to
describe:

Lemma 5.4 In the above notation, the set Z = COHV{Z[C] 1QCll2 < 1} is a conver compact
set given by the semidefinite representation as follows:

£ e[ ewncs [ mamnen )

Proof. It is immediately seen that it suffices to prove the statement when ) = I, which we assume
. . N . 1

from now on. Besides this, when we add to the mapping ([¢] the constant matrix , the convex

hull of the image of Z is translated by the same matrix. It follows that all we need is to prove that the

_ T
convex hull Q of the image of the unit Euclidean ball under the mapping ¢ — ([¢] = { 2_ CCC } can be

represented as
~ T -~
Q:{g: [11} ;V } eSL“:(tO,Tr(W)gl}. (5.3.14)

Denoting the right hand side in (5.3.14) by @, both Q and Q are nonempty convex compact sets. Therefore
they coincide if and only if their support functions are identical.! We are in the situation where Q is the

' The support function of a nonempty convex set X C R™ is the function f(£) = sup,cy & @ : R" — RU{+0o0}.
The fact that two closed nonempty convex sets in R" are identical, if and only if their support functions are so,
is readily given by the Separation Theorem.



5.3. AFFINELY ADJUSTABLE ROBUST COUNTERPARTS 245

convex hull of the set { { é CCCT } (Te < 1}, so that the support function of Q is
¢(P) = max{Tr(PZ) Z = {—’—CTT—] (T < 1} {P _ [ p|q" } c SL+1:|
7 Cleer)e e %q 7 ~

We have
¢(P) = max {Tr(PZ) L7 = {i’—CTT} with ¢T¢ < 1}
Z ¢|¢C B
= mgX{CTRC +2¢"C+p: TS}
= min {T 7> (TRC+2¢7¢C+pV(¢: ¢T¢ < 1)}
= min {7‘ (1 —p)t2 = (TRC —2tqT¢ > 0V((¢,t) : ¢T¢ < t2)}
=min{7:3XA>0: (1 —p)t? — (TRC — 2tq7¢ — AN(t* — (T¢) > 0V((,t)} [S-Lemmal]
Cmin s [Top= A —df
—rﬂl}\n{T.[ - |/\I R}>OA>O}
= +20Tq + Te(RW) : wlol 1\
= mas Qo+ 207+ Ty | b )+
T
= 7V(7, A), { :j ;)/V } =0,r > O} [semidefinite duality]
1 T
_ T
—rg%c{p—k% q+ Te(RW) : » W}}O Tr(W) <1
_ Llof 1N [ 1]
o ] Fire )
Thus, the support function of @ indeed is identical to the one of 0. O

Corollary 5.1 Consider a fized recourse uncertain LO problem (5.3.6) with an ellipsoid as an
uncertainty set, where the adjustable decision variables are allowed to be quadratic functions
of prescribed portions P;( of the data. The associated ARC' of the problem is computationally
tractable and is given by an explicit semidefinite program of the sizes polynomial in those of
instances and in the dimension L of the data vector.

E. Quadratic decision rules and the intersection of concentric ellipsoids as the uncertainty set.
Here the uncertainty set Z is N-ellipsoidal:

Z2=2,={CeRE:(TQ;¢<p?1<j<J} -
jS07Zij>0} (5.3.15)

T
(cf. section 3.3.2), where p > 0 is an uncertainty level, and, as above, ¢ [C] [ c CCCT } o)

that our intention is to process the ARC of an uncertain problem corresponding to quadratic
decision rules. As above, all we need is to get a tractable representation of the convex hull of
the image of Z, under the nonlinear mapping ¢ (] [¢]. This is essentially the same as to find
a similar representation of the convex hull é\p of the image of Z, under the nonlinear mapping

~ ¢T
CHC,O[C]:[C _CCT:|;
)
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indeed, both convex hulls in question can be obtained from each other by simple linear transfor-
mations. The advantage of our normalization is that now Z, = pZ; and Zp = le, as it should
be for respectable perturbation sets.

While the set ZAP is, in general, computationally intractable, we are about to demonstrate that
this set admits a tight tractable approximation, and that the latter induces a tight tractable
approximation of the “quadratically adjustable” RC of the Linear Optimization problem in
question. The main ingredient we need is as follows:

Lemma 5.5 Consider the semidefinite representable set

~ ‘ vl 1 ‘ vl .
Then
Vp>0:2,CW,C Zg,, (5.3.17)

where ¥ = O(1)In(J + 1) and J is the number of ellipsoids in the description of Z,.

Proof. Since both ZA and 17\/\ are nonempty convex compact sets containing the origin and belonging
to the subspace SL+1 of SLJr1 comprised of matrices with the first diagonal entry being zero, to prove
(5.3.17) is the same as to verify that the corresponding support functions

~

w, (P) = max Tr(P(), ¢z (P) = max Tr(PJ),
Cew, €z,

f‘f)

considered as functions of P € SL'|r1 satisfy the relation
05,() < 6w, () < b3, ().
Taking into account that 25 = 521, s > 0, this task reduces to verifying that

0z,() < ow, () <Yz (),
T
Thus, all we should prove is that whenever P = [7’%} S Sé“, one has

max Tr(P() < max r(Pf) < 9 max Tr(PC).
CeZ, cew ez,

Recalling the origin of é’\p, the latter relation reads

VP = [ pT ] : Optp(p) = maX{ZpT<+ %CTRC : CTQJC < pz’ 1<j< J}
gh - (5.3.18)
< SDPp(p) = max Tr(P¢) < 9O0ptp(p) = Optp(Ip).

Cew,

Observe that the three quantities in the latter relation are of the same homogeneity degree w.r.t. p > 0,
so that it suffices to verify this relation when p = 1, which we assume from now on.

We are about to derive (5.3.18) from the Approximate S-Lemma (Theorem A.8). To this end, let us
specify the entities participating in the latter statement as follows:

o z=[t;¢] € R} x RE;
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o A= P, thatis, 2T Az = 2tp” ¢ + (T R(;

e B = {L’—], that is, 7 Bx = t%;
'l%:[_%Z4aléjéJJmWEJ¢%$=CH%C

o p=1.

With this setup, the quantity Opt(p) from (A.4.12) becomes nothing but Optp(1), while the quantity
SDP(p) from (A.4.13) is

SDP(1) = m)?X{Tr(AX) :Tr(BX) <1,Tr(B;X)<1,1<j<J X >0}

= max 2pTv + Tr(RW) :

< gE

|| ’iV\

—_
O O
el s
IN
% Q’ﬂi—l
pm e =
Y IA
o w.
IN
N

A

<
— T . T
—%%({Zp v+ Tr(RW) : {1 v ]EO
v | W

:m%{ﬂﬂf%3=[v %}: %ﬁ%;]>o '<J}

¢
= SDPp(1).

With these observations, the conclusion (A.4.15) of the Approximate S-Lemma reads

Optp(1) < SDPp(1) < Opt(Q(J)), Q(J) = 9.19/In(J + 1) (5.3.19)

where for Q >1
Opt(Q2) = max {a” Az : 27 Bz < 1,27 Bjz < 0%}

=qy{%ﬁr+(WK:931@W%cs9213j§J}
= max {2p7C+(TRC: (TQ;( < @ 1< j < T}
= max {Q@p™n) + "Ry n"Qm<1,1<j < J}
< Qmax {2p"n+ "Ry :nTQmn <1,1<j < J}
= onﬁtpm.
Setting ¥ = Q?(J), we see that (5.3.19) implies (5.3.18). O

Corollary 5.2 Consider a fized recourse uncertain LO problem (5.3.6) with N-ellipsoidal un-
certainty set Z, (see (5.3.15)) where one seeks robust optimal quadratic decision rules:

wj =pj+q P (Ep[d)
~ <
[ ] =
CAP[C] [ ¢ ECCT } (5.3.20)
o Pj: linear mappings from SLFL o R™ '
e p; €R,q; € R™ : parameters to be specified

The associated Adjustable Robust Counterpart of the problem admits a safe tractable approxi-
mation that is tight within the factor ¥ given by Lemma 5.5.
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Here is how the safe approximation of the Robust Counterpart mentioned in Corollary 5.2 can
be built:

1. We write down the optimization problem

T — T
. . aoc[t;$]+bogzt—CCl‘—dgzo
e {t . a}'&[t; z] + b = A;Ql‘ —bic>0,i=1,...,m (P)

t,x

where Az’T( is i-th row in A, and b;¢ is i-th entry in b;

2. We plug into the m + 1 constraints of (P), instead of the original decision variables z;,

the expressions p; + q;fﬁj (EP[C]), thus arriving at the optimization problem of the form

min {¢: aZlty] + Bz 20,0 <i <m}, (P")
[t;v] i i

where y is the collection of coefficients p;, g; of the quadratic decision rules, Z is our new
uncertain data — a matrix from SOL+1 (see p. 246), and gz, ’BiE are affine in Z , the affinity
being ensured by the assumption of fixed recourse. The “true” quadratically adjustable
RC of the problem of interest is the semi-infinite problem

: s Z . Ty . .
Iﬁlyﬁl{t.vqezp.aig[t,y]—i-ﬁig20,nggm} (R)

obtained from (P’) by requiring the constraints to remain valid for all Z € é\p, the latter
set being the convex hull of the image of Z, under the mapping ¢ — EP[C]. The semi-
infinite problem (R) in general is intractable, and we replace it with its safe tractable
approximation

I[rtl'iyr]l{t:VEEWp:aiTE[t;y]—i-ﬁiEZO,Ogiﬁm}, (R))
where W, is the semidefinite representable convex compact set defined in Lemma 5.5. By
Theorem 1.1, (R’) is tractable and can be straightforwardly converted into a semidefinite
program of sizes polynomial in n = dimx, m and L = dim(. Here is the conversion:
recalling the structure of ¢ and setting z = [t; ], we can rewrite the body of i-th constraint
in (R') as

oot =atd+m ] [

¢

where a;[2], pi[2] and P;[z] = PI[z] are affine in z. Therefore, invoking the definition of
W, = pWi (see Lemma 5.5), the RC of the i-th semi-infinite constraint in (R') is the first
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predicate in the following chain of equivalences:

m‘14151 {ai [2] + 2pvT pi[2] + pTr (W Bi[2]) :

U’ Lo =0, Tr(WQ,;) <1, 1<j<Js>0
v W _,I‘( Q])— y LX) > fel (al)
()

A >0
W= DX [l =Ty el )
o [ onile] PRI+ ;X0 } =Y

where {J is given by Semidefinite Duality. Consequently, we can reformulate (R’) equiva-
lently as the semidefinite program

[ ailz] = Y, X | LAD } -
min ot | ppile] | pPil2] + 25, NiQ5 |
) A>0,0<i<m,1<j<J

The latter SDP is a 9J-tight safe tractable approximation of the quadratically adjustable
RC with ¥ given by Lemma 5.5.

5.3.3 The AARC of Uncertain Linear Optimization Problem Without Fixed
Recourse

We have seen that the AARC of an uncertain LO problem

¢ = {min, {fa+dc: Acx > b} : C € 2}

' (5.3.21)
[ce,de, Ac,be « affine in (]

with computationally tractable convex compact uncertainty set Z and with fixed recourse is
computationally tractable. What happens when the assumption of fixed recourse is removed?
The answer is that in general the AARC can become intractable (see [14]). However, we are
about to demonstrate that for an ellipsoidal uncertainty set 2 = 2, = {¢ : [|Q(|l2 < p},
Ker@ = {0}, the AARC is computationally tractable, and for the N-ellipsoidal uncertainty set
Z = Z, given by (5.3.15), the AARC admits a tight safe tractable approximation. Indeed, for
affine decision rules
2y = X;(PiQ) = pj +qj PC

the AARC of (5.3.21) is the semi-infinite problem of the form

m[in] {t:V¢ € Z,:a;[2] + 267 [2]¢ + (T Cy[2]¢ 0,0 < i <m}, (5.3.22)
z=t;y
where y = {pj, ¢;}}_; and a;[z], b;[2], C;[z] are real/vector/symmetric matrix affinely depending

on z = [t;y]. Consider the case of N-ellipsoidal uncertainty:

Z,={¢:(TQi¢ < p* 1< < J} [Qj = 0,5,Q; > 0].
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For a fixed 7, 0 < 7 < m, let us set A;, = [ bZT[Z]] B = [i’—] B, = [%]
) = = ) 1,2 bz [Z] Cz [Z] ) ) i Q] )

1 < j < J, and observe that clearly
Optiz(p) = max {n"Ain=2r0[2¢C " Byn=72 < 1,9"Bin=¢"Q;¢ < p?,1 < j < J}
n=[r;
< SDPZ’Z = miny>g {)\0 + p2 Zj:l )‘j A oB + Zj )\ij b Az,z} R

so that the explicit system of LMIs

J
MB+ Y NBj = Az do+ 00 Y A < —ailz], A =0 (5.3.23)
Jj=1 J

in variables z, A is a safe tractable approximation of the i-th semi-infinite constraint
a;[2] + 2b;[2]¢ + POl < 0 V¢ € 2, (5.3.24)

appearing in (5.3.22). Let us prove that this approximation is tight within the factor ¢ which is
1 when J =1 and is 9.194/In(J) otherwise. All we need to prove is that if z cannot be extended
to a feasible solution of (5.3.23), z is infeasible for the semi-infinite constraint in question at the
uncertainty level ¥p, or, which is clearly the same, that Opt, ,(Jp) > —a;[z]. When z cannot
be extended to a feasible solution to (5.3.23), we have SDP; , > —a;[2]. Invoking Approximate
S-Lemma (Theorem A.8) for the data A = A;., B, {B;}, there exists 7 = [7;(] such that
2 =qTBi <1, {TQ;¢ = 7T Bji < 9?p%, 1 < j < J, and T A; .7 > SDP; .. Since |7| <1 and
ZTQ]E < 92p?, we have

Opt; .(Vp) > ﬁTAivzﬁ > SDP; ., > —a;[z],

as claimed.
We have arrived at the following result:

The AARC of an arbitrary uncertain LO problem, the uncertainty set being the inter-
section of J ellipsoids centered at the origin, is computationally tractable, provided
J =1, and admits safe tractable approximation, tight within the factor 9.194/In(J)
when J > 1.

In fact the above approach can be extended even slightly beyond just affine decision rules.
Specifically, in the case of an uncertain LO we could allow for the adjustable “fixed recourse”
variables x; — those for which all the coefficients in the objective and the constraints of instances
are certain — to be quadratic in P;(, and for the remaining “non-fixed recourse” adjustable
variables to be affine in P;(. Indeed, this modification does not alter the structure of (5.3.22).

5.3.4 Illustration: the AARC of Multi-Period Inventory Affected by Uncer-
tain Demand

We are about to illustrate the AARC methodology by its application to the simple multi-product
multi-period inventory model presented in Example 5.1 (see also p. 224).
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Building the AARC of (5.2.3). We first decide on the information base of the “actual

decisions” — vectors w; of replenishment orders of instants t = 1, ..., N. Assuming that the part
of the uncertain data, (i.e., of the demand trajectory ¢ = ¢V = [Cl, ...;(n]) that becomes known
when the decision on w; should be made is the vector ¢!~! = [(1;...;¢_1] of the demands in
periods preceding time t, we introduce affine decision rules

Wy = Wt + QtCt_l (5325)

for the orders; here wy, Q); form the coefficients of the decision rules we are seeking.
The remaining variables in (5.2.3), with a single exception, are analysis variables, and we
allow them to be arbitrary affine functions of the entire demand trajectory ¢':

=&+ (N, t=2,..,N+1 [states]
ye=m+H(N, t=1,..,N [upper bounds on [z]4] (5.3.26)
z=m+ ¢V, t=1,...,N [upper bounds on [z]_].

The only remaining variable C' — the upper bound on the inventory management cost we intend
to minimize — is considered as non-adjustable.

We now plug the affine decision rules in the objective and the constraints of (5.2.3), and
require the resulting relations to be satisfied for all realizations of the uncertain data ¢V from a
given uncertainty set Z, thus arriving at the AARC of our inventory model:

minimize C
st. VN € 2

C>yy, [Cf,t[m + Hi N+ e e + TN + of lwr + thtil]

— N Go14+ B+ wr + ¢ = ¢, 2<t<N

&+ EN = { Totw — (o t=1 (5.3.27)
e+ Hi (N >0, + HiCYV > &+ 2N, 1<t <N

T+ ICY >0, m+ LY > & —E¢N, 1<t< N

wy <wp + Q¢ <wW, 1<E<S N

T+ Hi V) <

the variables being C' and the coefficients wy, {2, ..., ¢, II; of the affine decision rules.

We see that the problem in question has fixed recourse (it always is so when the uncertainty
affects just the constant terms in conic constraints) and is nothing but an explicit semi-infinite
LO program. Assuming the uncertainty set Z to be computationally tractable, we can invoke
Theorem 1.1 and reformulate this semi-infinite problem as a computationally tractable one. For
example, with box uncertainty:

Z={NeRY*:¢ <<, 1<t< N},

the semi-infinite LO program (5.3.27) can be immediately rewritten as an explicit “certain” LO
program. Indeed, after replacing the semi-infinite coordinate-wise vector inequalities/equations
appearing in (5.3.27) by equivalent systems of scalar semi-infinite inequalities/equations and
representing the semi-infinite linear equations by pairs of opposite semi-infinite linear inequal-
ities, we end up with a semi-infinite optimization program with a certain linear objective and
finitely many constraints of the form

V(CZE[_;Z;]JSNJSOO +Z<tptz
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(¢ is the serial number of the constraint, y is the vector comprised of the decision variables in
(5.3.27), and p‘[y], p:[y] are given affine functions of y). The above semi-infinite constraint can
be represented by a system of linear inequalities

Qipfz [y] <

=
Czpfi [y] < ug; ,
plyl + Zt,i uy <0,

in variables y and additional variables ufl-. Putting all these systems of inequalities together

and augmenting the resulting system of linear constraints with our original objective to be
minimized, we end up with an explicit LO program that is equivalent to (5.3.27).
Some remarks are in order:

1. We could act similarly when building the AARC of any uncertain LO problem with fixed re-
course and “well-structured” uncertainty set, e.g., one given by an explicit polyhedral /conic
quadratic/semidefinite representation. In the latter case, the resulting tractable reformu-
lation of the AARC would be an explicit linear/conic quadratic/semidefinite program of
sizes that are polynomial in the sizes of the instances and in the size of conic description
of the uncertainty set. Moreover, the “tractable reformulation” of the AARC can be built
automatically, by a kind of compilation.

2. Note how flexible the AARC approach is: we could easily incorporate additional con-
straints, (e.g., those forbidding backlogged demand, expressing lags in acquiring informa-
tion on past demands and/or lags in executing the replenishment orders, etc.). Essentially,
the only thing that matters is that we are dealing with an uncertain LO problem with fixed
recourse. This is in sharp contrast with the ARC. As we have already mentioned, there is,
essentially, only one optimization technique — Dynamic Programming — that with luck
can be used to process the (general-type) ARC numerically. To do so, one needs indeed
a lot of luck — to be “computationally tractable,” Dynamic Programming imposes many
highly “fragile” limitations on the structure and the sizes of instances. For example, the
effort to solve the “true” ARC of our toy Inventory problem by Dynamic Programming
blows up exponentially with the number of products d (we can say that d = 4 is already
“too big”); in contrast to this, the AARC does not suffer of “curse of dimensionality” and
scales reasonably well with problem’s sizes.

3. Note that we have no difficulties processing uncertainty-affected equality constraints (such
as state equations above) — this is something that we cannot afford with the usual —
non-adjustable — RC (how could an equation remain valid when the variables are kept
constant, and the coefficients are perturbed?).

4. Above, we “immunized” affine decision rules against uncertainty in the worst-case-oriented
fashion — by requiring the constraints to be satisfied for all realizations of uncertain data
from Z. Assuming ¢ to be random, we could replace the worst-case interpretation of
the uncertain constraints with their chance constrained interpretation. To process the
“chance constrained” AARC, we could use all the “chance constraint machinery” we have
developed so far for the RC, exploiting the fact that for fixed recourse there is no essential
difference between the structure of the RC and that of the AARC.
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Of course, all the nice properties of the AARC we have just mentioned have their price — in
general, as in our toy inventory example, we have no idea of how much we lose in terms of
optimality when passing from general decision rules to affine rules. At present, we are not aware
of any theoretical tools for evaluating such a loss. Moreover, it is easy to build examples showing
that sticking to affine decision rules can indeed be costly; it even may happen that the AARC
is infeasible, while the ARC is not. Much more surprising is the fact that there are meaningful
situations where the AARC is unexpectedly good. Here we present a single simple example.

Consider our inventory problem in the single-product case with added constraints that no
backlogged demand is allowed and that the amount of product in the inventory should remain
between two given positive bounds. Assuming box uncertainty in the demand, the “true” ARC
of the uncertain problem is well within the grasp of Dynamic Programming, and thus we can
measure the “non-optimality” of affine decision rules experimentally — by comparing the optimal
values of the true ARC with those of the AARC as well as of the non-adjustable RC. To this
end, we generated at random several hundreds of data sets for the problem with time horizon
N =10 and filtered out all data sets that led to infeasible ARC (it indeed can be infeasible due
to the presence of upper and lower bounds on the inventory level and the fact that we forbid
backlogged demand). We did our best to get as rich a family of examples as possible — those
with time-independent and with time-dependent costs, various levels of demand uncertainty
(from 10% to 50%), etc. We then solved ARCs, AARCs and RCs of the remaining “well-posed”
problems — the ARCs by Dynamic Programming, the AARCs and RCs — by reduction to
explicit LO programs. The number of “well-posed” problems we processed was 768, and the
results were as follows:

1. To our great surprise, in every one of the 768 cases we have analyzed, the computed optimal
values of the “true” ARC and the AARC were identical. Thus, there is an “experimental
evidence” that in the case of our single-product inventory problem, the affine decision rules
allow one to reach “true optimality.”

Quite recently, D. Bertsimas, D. Iancu and P. Parrilo have demonstrated [30] that the above
“experimental evidence” has solid theoretical reasons, specifically, they have established
the following remarkable and unexpected result:

Consider the multi-stage uncertainty-affected decision making problem

C > Zi\lzl[tht + he(xe)]
in $C:wy = ouio1 + frwe + 3G, LSESN b N =1[¢;.5¢n] e ZCRY
o w, <wy <W, 1<t< N

with uncertain data ¢ = [(1;...;(y], the variables in the problem being C' (non-
adjustable), w; (allowed to depend on the “past demands” ¢'='), 1 <t < N,
and x; (fully adjustable — allowed to depend on ¢V); here the functions hy(-) are

convex functions on the axis. Assume, further, that Z is a box, and consider the
ARC and the AARC of the problem, that is, the infinite-dimensional problems

C=>> |N[tht(ct_1) + Zt(CN)]
min o o) =z (V) + BT + G, 1<SESN
ca(yw)z() | 2(CY) 2 hu(@(CY), 1<t <N
w, <w (¢ <w, 1<t <N

veN ez

where the optimization is taken over arbitrary functions x;(¢™V), wy(¢t1), z:(¢Y)
(ARC) and over affine functions (¢, z;(¢!), ws(¢*~1) (AARC); here slacks z(-)
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Opt(RC)
Range of WAI{(}) 1 (1, 2] (2, 10] (10, 1000] (0. 9]
Frequency in the sample || 38% | 23% | 14% 11% 15%

Table 5.1: Experiments with ARCs, AARCs and RCs of randomly generated single-product
inventory problems affected by uncertain demand.

are upper bounds on costs hy(xz¢(-)). The the optimal solution to the AARC is
an optimal solution to the ARC as well.

Note that the single product version of our Inventory Management problem satisfies the
premise of the latter result, provided that the uncertainty set is a box (as is the case in the
experiments we have reported), and the corresponding functions h;(-) are not only convex,
but also piecewise linear, the domain of h; being x < r/g; in this case what was called
AARC of the problem, is nothing but our AARC (5.3.26) — (5.3.27) where we further
restrict z:(-) to be identical to y;(-). Thus, in the single product case the AARC of the
Inventory Management problem in question is equivalent to its ARC.

Toe the best of our knowledge, the outlined result of Bertsimas, lancu and Parrilo yields
the only known for the time being generic example of a meaningful multi-stage uncertainty
affected decision making problem where the affine decision rules are provably optimal. This
remarkable result is very “fragile,” e.g., it cannot be extended on multi-product inventory,
or on the case when aside of bounds on replenishment orders in every period there are
bounds on cumulative replenishment orders, etc. It should be added that the phenomenon
in question seems to be closely related to our intention to optimize the guaranteed, (i.e., the
worst-case, w.r.t. demand trajectories from the uncertainty set), inventory management
cost. When optimizing the “average” cost, the ARC frequently becomes significantly less
expensive than the AARC.?

2. The (equal to each other) optimal values of the ARC and the AARC in many cases were
much better than the optimal value of the RC, as it is seen from table 5.1. In particular,
in 40% of the cases the RC was at least twice as bad in terms of the (worst-case) inventory
management cost as the ARC/AARC, and in 15% of the cases the RC was in fact infeasible.

The bottom line is twofold. First, we see that in multi-stage decision making there exist meaning-
ful situations where the AARC, while “not less computationally tractable” than the RC, is much
more flexible and much less conservative. Second, the AARC is not necessarily “significantly
inferior” as compared to the ARC.

20n this occasion, it is worthy of mention that affine decision rules were proposed many years ago, in the
context of Multi-Stage Stochastic Programming, by A. Charnes. In Stochastic Programming, people are indeed
interested in optimizing the expected value of the objective, and soon it became clear that in this respect, the
affine decision rules can be pretty far from being optimal. As a result, the simple — and extremely useful from
the computational perspective — concept of affine decision rules remained completely forgotten for many years.
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5.4 Adjustable Robust Optimization and Synthesis of Linear
Controllers

While the usefulness of affine decision rules seems to be heavily underestimated in the “OR-style
multi-stage decision making,” they play one of the central roles in Control. Our next goal is to
demonstrate that the use of AARC can render important Control implications.

5.4.1 Robust Affine Control over Finite Time Horizon

Consider a discrete time linear dynamical system

ro = <2
Tip1 = Arxy + Byug + Redy , t=0,1, ... (541)
y = Cury+ Didy

where z; € R uy € R™, y, € R™ and d; € R™ are the state, the control, the output and the
exogenous input (disturbance) at time ¢, and A, By, Cy, Dy, R, are known matrices of appropriate
dimension.

Notational convention. Below, given a sequence of vectors ey, €1, ... and an integer ¢ > 0, we
denote by €' the initial fragment of the sequence: e' = [eg;...;e;]. When t is negative, e!, by
definition, is the zero vector.

Affine control laws. A typical problem of (finite-horizon) Linear Control associated with the
“open loop” system (5.4.1) is to “close” the system by a non-anticipative affine output-based

control law

t
U = gt + ZT:OGtﬂ'yT (542)

(here the vectors g; and matrices Gy, are the parameters of the control law). The closed loop
system (5.4.1), (5.4.2) is required to meet prescribed design specifications. We assume that these
specifications are represented by a system of linear inequalities

Aw™ <b (5.4.3)

on the state-control trajectory w’ = [zg;...;oN41;Uo;...; un] over a given finite time horizon

t=0,1,...,N.

An immediate observation is that for a given control law (5.4.2) the dynamics (5.4.1) specifies
the trajectory as an affine function of the initial state z and the sequence of disturbances d =
(do, ceuy dN)I

wh = wi' ]+ WVRIC, €= (z,dY),

where v = {g:,G,0 < 7 < t < N}, is the “parameter” of the underlying control law (5.4.2).
Substituting this expression for w” into (5.4.3), we get the following system of constraints on
the decision vector ~:

Afwg V] + WP < b (5.4.4)

If the disturbances d and the initial state z are certain, (5.4.4) is “easy” — it is a system
of constraints on v with certain data. Moreover, in the case in question we lose nothing by
restricting ourselves with “off-line” control laws (5.4.2) — those with G = 0; when restricted
onto this subspace, let it be called T', in the 7 space, the function w'[y] + W [y]¢ turns out to
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be bi-affine in v and in ¢, so that (5.4.4) reduces to a system of explicit linear inequalities on
~v € T'. Now, when the disturbances and/or the initial state are not known in advance, (which
is the only case of interest in Robust Control), (5.4.4) becomes an uncertainty-affected system
of constraints, and we could try to solve the system in a robust fashion, e.g., to seek a solution
~ that makes the constraints feasible for all realizations of ¢ = (z,d") from a given uncertainty
set ZDV, thus arriving at the system of semi-infinite scalar constraints

Alwy ]+ WNH¢] <b V¢ e ZDN. (5.4.5)

Unfortunately, the semi-infinite constraints in this system are not bi-affine, since the dependence
of wév , W on ~ is highly nonlinear, unless v is restricted to vary in I. Thus, when seeking
“on-line” control laws (those where Gy can be nonzero), (5.4.5) becomes a system of highly
nonlinear semi-infinite constraints and as such seems to be severely computationally intractable
(the feasible set corresponding to (5.4.4) can be in fact nonconvex). One possibility to circumvent
this difficulty would be to switch from control laws that are affine in the outputs y; to those affine
in disturbances and the initial state (cf. approach of [51]). This, however, could be problematic
in the situations when we do not observe z and d; directly. The good news is that we can
overcome this difficulty without requiring d; and z to be observable, the remedy being a suitable
re-parameterization of affine control laws.

5.4.2 Purified-Output-Based Representation of Affine Control Laws and Ef-
ficient Design of Finite-Horizon Linear Controllers

Imagine that in parallel with controlling (5.4.1) with the aid of a non-anticipating output-based
control law u; = U (yo, ..., yt), we run the model of (5.4.1) as follows:

Zo = 0

Tip1 = Ay + By
iy ~ 5.4.6
vy = Cixy ( )
Ut = Yt — ?/J\t~

Since we know past controls, we can run this system in an “on-line” fashion, so that the purified
output vy becomes known when the decision on u; should be made. An immediate observation
is that the purified outputs are completely independent of the control law in question — they
are affine functions of the initial state and the disturbances dy, ..., d;, and these functions are
readily given by the dynamics of (5.4.1).

Indeed, from the descriptions of the open-loop system and the model, it follows that
the differences 6; = x; — T; evolve with time according to the equations

50 = Z
Opp1 = A+ Rd, t=0,1,...

while
Ve = Ct(St + Dtdt.

From these relations it follows that

vy = Va3 +Viz (5.4.7)
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with matrices V;i, V7 depending solely on the matrices A;, B;,..., 0 < 7 < ¢, and
readily given by these matrices.

Now, it was mentioned that vy, ..., v+ are known when the decision on u; should be made, so that
we can consider purified-output-based (POB) affine control laws

t
Uy = ht + ZT:OHtT’UT.

The complete description of the dynamical system “closed” by this control is

plant:
ro = <2
(a) : Tir1 = Ay + Buug + Ridy
ye = Cixy+ Dydy
model:
Zo = 0
(b) : ./I\tJrl = AtﬁEt + Btut (548)
= Cy
purified outputs:
(©): v = y—U
control law:
t
(d) ouy = hy+ Z Hi v,
7=0

The main result. We are about to prove the following simple and fundamental fact:

Theorem 5.3

(i) For every affine control law in the form of (5.4.2), there exists a control law in the form
of (5.4.8.d) that, whatever be the initial state and a sequence of inputs, results in exactly the
same state-control trajectories of the closed loop system;

(ii) Vice versa, for every affine control law in the form of (5.4.8.d), there exists a control
law in the form of (5.4.2) that, whatever be the initial state and a sequence of inputs, results in
exactly the same state-control trajectories of the closed loop system;

(iii) [bi-affinity] The state-control trajectory w™ of closed loop system (5.4.8) is affine in z,
dN when the parameters n = {ht, Hir }o<r<t<n of the underlying control law are fized, and is
affine in n when z, dV are fized:

wh = wln] + Q[n]z + Qa[nld™ (5.4.9)
for some wvectors w[n] and matrices Q,[n|, Qq[n] depending affinely on n.

Proof. (i): Let us fix an affine control law in the form of (5.4.2), and let z; = X;(z,d"™ 1),
w = Up(z,db), yr = Yi(2,d"), vy = Vi(z,d") be the corresponding states, controls, outputs, and
purified outputs. To prove (i) it suffices to show that for every ¢ > 0 with properly chosen
vectors ¢; and matrices (¢ one has

t
V(z,d") : Yy(z,d") = g + ZQtTVT(Zu d). (It)
7=0
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Indeed, given the validity of these relations and taking into account (5.4.2), we would have

t t
Uz d) =g+ G Ye(z,d) = hi+ Y HyV(z,d") (IL,)

7=0 7=0

with properly chosen hy, Hy:, so that the control law in question can indeed be represented as
a linear control law via purified outputs.

We shall prove (I;) by induction in ¢. The base t = 0 is evident, since by (5.4.8.a—c) we merely
have Yy(z,d°) = Vo(z,d?). Now let s > 1 and assume that relations (I;) are valid for 0 < t < s.
Let us prove the validity of (Is). From the validity of (I;), t < s, it follows that the relations (II;),
t < s, take place, whence, by the description of the model system, s = X s(z,d* 1) is affine in
the purified outputs, and consequently the same is true for the model outputs 75 = Y,(z,d*1):

s—1
Vi(eo ™) = ps+ Y P Vi(z,d7).
7=0

We conclude that with properly chosen ps, Ps; we have

s—1
Yi(2,d%) = Ya(z,d* ) + V(2,d) = ps + Y PurVo(2,d7) + Vi(z,d%),
7=0

as required in (I). Induction is completed, and (i) is proved.

(ii): Let us fix a linear control law in the form of (5.4.8.d), and let z; = X;(z,d'™ 1),
T = )A(t(z,dt_l), u = Uy(z,dY), yr = Yi(2,d"), vy = Vi(z,d") be the corresponding actual
and model states, controls, and actual and purified outputs. We should verify that the state-
control dynamics in question can be obtained from an appropriate control law in the form of
(5.4.2). To this end, similarly to the proof of (i), it suffices to show that for every ¢ > 0 one has

t
Vi(z,d') = g+ ) QurYr(z,d7) (I11,)
7=0

with properly chosen ¢, Q. We again apply induction in t. The base t = 0 is again trivially
true due to Vp(z,d") = Yo(z,d°). Now let s > 1, and assume that relations (III;) are valid for
0 <t < s, and let us prove that (IIl;) is valid as well. From the validity of (I1I;), ¢t < s, and
from (5.4.8.d) it follows that

t
t<s=Ulz,d)=c + Z CirYr(z,d7)
7=0

with properly chosen ¢; and Cyr. From these relations and the description of the model system
it follows that its state Xs(z,d*"!) at time s, and therefore the model output Y(z,d*~!), are
affine functions of Yy(z,d"),..., Ys_1(z,d*71):

s—1
}/S(Z, dSil) =ps+ Z PSTYT(Z7 dT)
7=0
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with properly chosen pg, Ps-. It follows that

Vs(z,d°) = Ys(2,d%) — }/}S(z,dsfl) (z,d°) ZPSTY (z,d7),

as required in (IIl). Induction is completed, and (ii) is proved

(iii): For 0 < s <t let
t—1
A, s<t

A= LA
1, s=1t

Setting 6; = x; — Ty, we have by (5.4.8.a-b)

Sp41 = Agdy + Redy, 9 =z = 6 = Afz+ ALy Rydy

(from now on, sums over empty index sets are zero), whence

vy = Cr6r + Dydy = Cr ATz + Z Cr AT, | Ryds + D.d,.

Therefore control law (5.4.8.d) implies that

‘ t
U = ht-i-T;OHtT?}T: ht + ;HM'CTAE)— V4
vi[n]
Ni[n

t—1

+ 3 |HiDs + Z HirCr AT Ry | ds + HuDydi

s=0 T=s+1 N

tt[??]

Nes[n)

—WM+MMH5¥%M%

whence, invoking (5.4.8.a),

t—1
= Abz+ z_jo AL [Brur + R.d;]

Ty =

ZA 1Brhy

e[

t—1
%+Z£ﬂamﬂz

7=0

M[n)

ZA 1B Nosln) + AL BsRy | ds

+i

Mis[n)
t—1

= g[n] + My[n]z + Z::()Mts[n]ds-
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(5.4.10)

(5.4.11)

(5.4.12)
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We see that the states z;, 0 < ¢t < N + 1, and the controls u;, 0 < t < N, of the closed loop

system (5.4.8) are affine functions of z, d"V, and the corresponding “coefficients” s;[n)],...,N¢s 1]
are affine vector- and matrix-valued functions of the parameters n = {h¢, H¢; bo<r<t<n of the
underlying control law (5.4.8.d). O

The consequences. The representation (5.4.8.d) of affine control laws is incomparably better
suited for design purposes than the representation (5.4.2), since, as we know from Theorem
5.3.(iii), with controller (5.4.8.d), the state-control trajectory w” becomes bi-affine in { =
(2,dY) and in the parameters n = {h;, H;;,0 < 7 <t < N} of the controller:

wh = wN )+ QN )¢ (5.4.13)

with vector- and matrix-valued functions w'¥[n], Q[n] affinely depending on n and readily
given by the dynamics (5.4.1). Substituting (5.4.13) into (5.4.3), we arrive at the system of
semi-infinite bi-affine scalar inequalities

AN +QNn¢] <b (5.4.14)

in variables 7, and can use the tractability results from lectures 1, 4 in order to solve efficiently
the RC/GRC of this uncertain system of scalar linear constraints. For example, we can process
efficiently the GRC setting of the semi-infinite constraints (5.4.13)

al [wNn] + QN [n)[z; dV]] — b < aZdist(z, Z) + o dist(dV, DY) (5.4.15)

V[z;dV]Vi=1,..,1 o
where Z, DV are “good,” (e.g., given by strictly feasible semidefinite representations), closed
convex normal ranges of z, dV, respectively, and the distances are defined via the || - ||oo nOrms
(this setting corresponds to the “structured” GRC, see Definition 4.3). By the results of section
4.3, system (5.4.15) is equivalent to the system of constraints

V(i,1<i<I):
(a) af [wN[n] + QN n)[z;dN]] — b <0 V[z;dN] € Z x DV (5.4.16)
(0) HaTQN[ lh<al (o) laf Q)M < af,

where QN [] = [QY[n], @) [n]] is the partition of the matrix Q™[] corresponding to the partition
¢ = [#;d"]. Note that in (5.4.16), the semi-infinite constraints (a) admit explicit semidefinite
representations (Theorem 1.1), while constraints (b—c) are, essentially, just linear constraints on
n and on o, afi. As a result, (5.4.16) can be thought of as a computationally tractable system
of convex constraints on 7 and on the sensitivities ai, ail, and we can minimize under these
constraints a “nice,” (e.g., convex), function of 7 and the sensitivities. Thus, after passing to
the POB representation of affine control laws, we can process efficiently specifications expressed
by systems of linear inequalities, to be satisfied in a robust fashion, on the (finite-horizon)
state-control trajectory.

The just summarized nice consequences of passing to the POB control laws are closely
related to the tractability of AARCs of uncertain LO problems with fixed recourse,
specifically, as follows. Let us treat the state equations (5.4.1) coupled with the design
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specifications (5.4.3) as a system of uncertainty-affected linear constraints on the
state-control trajectory w, the uncertain data being ¢ = [z;d"]. Relations (5.4.10)
say that the purified outputs v; are known in advance, completely independent of
what the control law in use is, linear functions of (. With this interpretation, a POB
control law becomes a collection of affine decision rules that specify the decision
variables u; as affine functions of P.( = [vp;v1;...;v¢] and simultaneously, via the
state equations, specify the states x; as affine functions of P;_1{. Thus, when looking
for a POB control law that meets our design specifications in a robust fashion, we are
doing nothing but solving the RC (or the GRC) of an uncertain LO problem in affine
decision rules possessing a prescribed “information base.” On closest inspection, this
uncertain LO problem is with fixed recourse, and therefore its robust counterparts
are computationally tractable.

Remark 5.2 It should be stressed that the re-parameterization of affine control laws underlying
Theorem 5.3 (and via this Theorem — the nice tractability results we have just mentioned) is
nonlinear. As a result, it can be of not much use when we are optimizing over affine control
laws satisfying additional restrictions rather than over all affine control laws.

Assume, e.g., that we are seeking control in the form of a simple output-based linear feedback:
ur = Giyy.

This requirement is just a system of simple linear constraints on the parameters of the control
law in the form of (5.4.2), which, however, does not help much, since, as we have already
explained, optimization over control laws in this form is by itself difficult. And when passing
to affine control laws in the form of (5.4.8.d), the requirement that our would-be control
should be a linear output-based feedback becomes a system of highly nonlinear constraints
on our new design parameters 77, and the synthesis again turns out to be difficult.

Example: Controlling finite-horizon gains. Natural design specification pertaining to
finite-horizon Robust Linear Control are in the form of bounds on finite-horizon gains z2x™,

z2uV, d2x, d2u® defined as follows: with a linear, (i.e., with h; = 0) control law (5.4.8.d), the
states z; and the controls u; are linear functions of z and dV:

xe = X7z + Xl , up = UZ[n)z + U n)d™

with matrices X7[n],...,Uf[n] affinely depending on the parameters 7 of the control law. Given ¢,
we can define the z to x; gains and the finite-horizon z to x gain as z2x,(n) = max{|| X7 [n]z|| :
z

|2]loe < 1} and z2xN () = Jmax 22x¢(n). The definitions of the z to u gains z2u;(n), z2u” (1) and

the “disturbance to z/u” gains d2x,(n), d2x" (), d2u(n), d2u™ () are completely similar, e.g.,
d2u(n) = m%X{HUtd[n]dNHoo S ldY|o < 1} and d2u(n) = Jmax d2uy(n). The finite-horizon
d

gains clearly are nonincreasing functions of the time horizon N and have a transparent Control
interpretation; e.g., d2x™ (n) (“peak to peak d to z gain”) is the largest possible perturbation
in the states x;, t = 0,1,..., N caused by a unit perturbation of the sequence of disturbances
d"V, both perturbations being measured in the || - [, norms on the respective spaces. Upper
bounds on V-gains (and on global gains like d2x*(n) = supysg d2x™(n)) are natural Control
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specifications. With our purified-output-based representation of linear control laws, the finite-
horizon specifications of this type result in explicit systems of linear constraints on 7 and thus
can be processed routinely via LO. For example, an upper bound d2x" (n) < Xon daxN gain
is equivalent to the requirement ) j\(Xf [M])ij| < A for all i and all t < N; since X{ is affine in
7, this is just a system of linear constraints on 1 and on appropriate slack variables. Note that
imposing bounds on the gains can be interpreted as passing to the GRC (5.4.15) in the case
where the “desired behavior” merely requires w¥ = 0, and the normal ranges of the initial state
and the disturbances are the origins in the corresponding spaces: Z = {0}, DV = {0}.

Non-affine control laws

So far, we focused on synthesis of finite-horizon affine POB controllers. Acting in the spirit of
section 5.3.2, we can handle also synthesis of quadratic POB control laws — those where every
entry of ug, instead of being affine in the purified outputs v* = [vg;...;v¢], is allowed to be a
quadratic function of v!. Specifically, assume that we want to “close” the open loop system
(5.4.1) by a non-anticipating control law in order to ensure that the state-control trajectory w™
of the closed loop system satisfies a given system .S of linear constraints in a robust fashion, that
is, for all realizations of the “uncertain data” ¢ = [z;d"] from a given uncertainty set Zév = pzZN
(p > 0 is, as always, the uncertainty level, and Z 3 0 is a closed convex set of “uncertain data
of magnitude < 17). Let us use a quadratic POB control law in the form of

; 1
ul = hd, + hgtvt + ;[vt]THmvt, (5.4.17)

where ui is i-th coordinate of the vector of controls at instant ¢, and h?t, h;y and H;; are,
respectively, real, vector, and matrix parameters of the control law.® On a finite time horizon
0 <t < N, such a quadratic control law is specified by p and the finite-dimensional vector
n = {h,?t,hit,HZ‘t}lgoigdimu. Now note that the purified outputs are well defined for any non-

<t<N
anticipating control law, not necessary affine, and they are independent of the control law linear

functions of (' = [2;d']. The coefficients of these linear functions are readily given by the data
AryeyDry 0 < 7 < t (see (5.4.7)). With this in mind, we see that the controls, as given by
(5.4.17), are quadratic functions of the initial state and the disturbances, the coefficients of these
quadratic functions being affine in the vector n of parameters of our quadratic control law:

) 1
up =)+ s dTTU o) Lo d' U 5 (5.4.18)

with affine in 7 reals/vectors/matrices Z/li(:) ], & = 0,1,2. Plugging these representations of the
controls into the state equations of the open loop system (5.4.1), we conclude that the states
z] of the closed loop system obtained by “closing” (5.4.1) by the quadratic control law (5.4.17),
have the same “affine in 7, quadratic in [z;d!]” structure as the controls:

. 1
oh = 23] s d T ] s d T s d (5.4.19)

3The specific way in which the uncertainty level p affects the controls is convenient technically and is of no
practical importance, since “in reality” the uncertainty level is a known constant.
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with affine in 7 reals/vectors/matrices Xj('{), k=0,1,2.

Plugging representations (5.4.18), (5.4.19) into the system S of our target constraints, we end
up with a system of semi-infinite constraints on the parameters 7 of the control law, specifically,
the system

ar[n] + 2¢" pi[n] + %CTRk[n]C <OV = [5d"] € 2Y =p2N k=1, K, (5.4.20)
where ag[n], px[n] and Ry[(] are affine in 7. Setting Py[n] = [ by [1] ] E[C] = [4’&]
R * | AT AT RN N

and denoting by éf)v the convex hull of the image of the set Zév under the mapping ¢ — (,[(],
system (5.4.20) can be rewritten equivalently as

ap[n] + Te(Pen)C) <0V(C € Z2Y = p2N k =1,..,K) (5.4.21)

and we end up with a system of semi-infinite bi-affine scalar inequalities. From the results of
section 5.3.2 it follows that this semi-infinite system:

e is computationally tractable, provided that ZN is an ellipsoid {¢ : ¢TQ¢ < 1}, Q = 0.
Indeed, here Z{V is the semidefinite representable set

{[whﬂ:[H%T]EO’TY(QQ)SH;

e admits a safe tractable approximation tight within the factor ¥ = O(1)In(J + 1), provided
that Z% is the N-ellipsoidal uncertainty set {¢ : ¢(7Q;¢ < 1,1 < j < J}, where Q; = 0
and Ej Q; = 0. This approximation is obtained when replacing the “true” uncertainty

set ZAéV with the semidefinite representable set

T 1 T
Wp:p{[w}“;2 Hw}‘g | om0y <t1<i<)

(recall that 2},\7 cW,C 21]9\;).

5.4.3 Handling Infinite-Horizon Design Specifications

One might think that the outlined reduction of (discrete time) Robust Linear Control problems
to Convex Programming, based on passing to the POB representation of affine control laws
and deriving tractable reformulations of the resulting semi-infinite bi-affine scalar inequalities is
intrinsically restricted to the case of finite-horizon control specifications. In fact our approach
is well suited for handling infinite-horizon specifications — those imposing restrictions on the
asymptotic behavior of the closed loop system. Specifications of the latter type usually have to
do with the time-invariant open loop system (5.4.1):

rg = Z
T4+l = Al‘t + But + Rdt 5 t= 0, 1, (5422)
yy = Cuxy+ Dd;
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From now on we assume that the open loop system (5.4.22) is stable, that is, the spectral radius
of Ais <1 (in fact this restriction can be somehow circumvented, see below). Imagine that we
“close” (5.4.22) by a nearly time-invariant POB control law of order k, that is, a law of the form

k—1
up = hy + ZSZOH;W_S, (5.4.23)

where h; = 0 for ¢t > N, and Hﬁ = H, for t > N, for a certain stabilization time N,. From now
on, all entities with negative indices are set to 0. While the “time-varying” part {h;, H.,0 <
t < N.} of the control law can be used to adjust the finite-horizon behavior of the closed loop
system, its asymptotic behavior is as if the law were time-invariant: h; = 0 and H! = H, for
all t > 0. Setting 6; = z, — Ty, H' = [H{, ..., H}, ], H = [Hy, ..., Hy_1], the dynamics (5.4.22),
(5.4.6), (5.4.23) is given by

w1 Ay [HY
Tit1 A | BH{C BH{C ... BHi_,C
Ot41 A
Ot _ A W
Ot—k42 A
Ry [H!)
[ R | BH!{D BH!D ... BH)_,D ds
R d, (5.4.24)
+ R dt—l
L R di—k41
[ Bhy
0
+ . ,t=0,1,2,...,
L O
UTEES hi+z,lj;éH£[C5t—u+Ddi—u]~

We see that starting with time N,, dynamics (5.4.24) is exactly as if the underlying control law

were the time invariant POB law with the parameters h; = 0, H® = H. Moreover, since A is
stable, we see that system (5.4.24) is stable independently of the parameter H of the control

law, and the resolvent Ry (s) := (sI — Ay[H])~! of A_[H] is the affine in H matrix

Ra(s) | Ra(s)BHoCRA(s) | Ra(s)BHiCRa(sS) | ... | Ra(s)BHr_1CRa(s)
Ra(s)

Ra(s) (5.4.25)

Ra(s)

where Ra(s) = (sI — A)~! is the resolvent of A.

Now imagine that the sequence of disturbances d; is of the form d; = s*d, where s € C differs
from 0 and from the eigenvalues of A. From the stability of (5.4.24) it follows that as t — oo,
the solution w; of the system, independently of the initial state, approaches the “steady-state”
solution @; = s'H(s)d, where H(s) is certain matrix. In particular, the state-control vector

Xt

| approaches, as t — oo, the trajectory w; = 5'"Hzy(s)d. The associated disturbance-

(A



SYNTHESIS OF LINEAR CONTROLLERS 265

to-state/control transfer matrix Hg,(s) is easily computable:

- Ho(5) -

k—1
Ra(s) |R+ ZV:OWBHV [D + CRA(s)R]

(5.4.26)

[Zi;f”HuJ [D + CRA(s)R]

Hau(s)

The crucial fact is that the transfer matrix H,,,(s) is affine in the parameters H = [Hy, ..., Hj_1]
of the nearly time invariant control law (5.4.23). As a result, design specifications representable
as explicit convex constraints on the transfer matrix Hy,(s) (these are typical specifications in
infinite-horizon design of linear controllers) are equivalent to explicit convex constraints on the
parameters H of the underlying POB control law and therefore can be processed efficiently via
Convex Optimization.

Example: Discrete time H,, control. Discrete time H,, design specifications impose
constraints on the behavior of the transfer matrix along the unit circumference s = exp{w},
0 < w < 27, that is, on the steady state response of the closed loop system to a disturbance in
the form of a harmonic oscillation.*. A rather general form of these specifications is a system of
constraints

Qi(s) — M;(s)Hazu(s)Ni(s)|| <7 V(s =exp{w} :w € Ay), (5.4.27)

where Q;(s), M;(s), N;(s) are given rational matrix-valued functions with no singularities on
the unit circumference {s : |s| = 1}, A; C [0,27] are given segments, and || - || is the standard
matrix norm (the largest singular value).

We are about to demonstrate that constraints (5.4.27) can be represented by an explicit
finite system of LMIs; as a result, specifications (5.4.27) can be efficiently processed numerically.
Here is the derivation. Both “transfer functions” H,(s), Hy(s) are of the form ¢~ 1(s)Q(s, H),
where ¢(s) is a scalar polynomial independent of H, and Q(s, H) is a matrix-valued polynomial
of s with coefficients affinely depending on H. With this in mind, we see that the constraints
are of the generic form

lp~(s)P(s, H)|| < 7VY(s = exp{uw} : w € A), (5.4.28)

where p(-) is a scalar polynomial independent of H and P(s, H) is a polynomial in s with m xn
matrix coefficients affinely depending on H. Constraint (5.4.28) can be expressed equivalently
by the semi-infinite matrix inequality

TIm P(z, H)/p(2)
(P(z, H))*/(p(2))* Iy

“The entries of H(s) and H.,(s), restricted onto the unit circumference s = exp{wuw}, have very transparent
interpretation. Assume that the only nonzero entry in the disturbances is the j-th one, and it varies in time
as a harmonic oscillation of unit amplitude and frequency w. The steady-state behavior of i-th state then will
be a harmonic oscillation of the same frequency, but with another amplitude, namely, |(H.(exp{ww})):;| and
phase shifted by arg(H. (exp{ww}):;). Thus, the state-to-input frequency responses (H(exp{ww})):; explain the
steady-state behavior of states when the input is comprised of harmonic oscillations. The interpretation of the
control-to-input frequency responses (H.(exp{ww})):; is completely similar.

= 0V(z = exp{w} : w € A)
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XX,

Figure 5.2: Double pendulum: two masses linked by a spring sliding without friction along a
rod. Position and velocity of the first mass are observed.

(* stands for the Hermitian conjugate, A C [0, 27| is a segment) or, which is the same,

Sy (w) = Tp(exp{w})(p(exp{uw})) I (p(exp{uw}))” Pexp{uw}, H)
o’ | plexp{w})(P(exp{w}, H))* 7p(exp{uw})(p(exp{w}))*In
= 0Vw e A.

Observe that Sy (w) is a trigonometric polynomial taking values in the space of Hermitian
matrices of appropriate size, the coefficients of the polynomial being affine in H, 7. It is known
[49] that the cone Py, of (coefficients of) all Hermitian matrix-valued trigonometric polynomials
S(w) of degree < m, which are > 0 for all w € A, is semidefinite representable, i.e., there exists
an explicit LMI

A(S,u) = 0

in variables S (the coefficients of a polynomial S(-)) and additional variables u such that S(-) €
P, if and only if S can be extended by appropriate u to a solution of the LMI. Consequently,
the relation

A(SH -, u) = 0, (%)

which is an LMI in H, 7, u, is a semidefinite representation of (5.4.28): H, 7 solve (5.4.28) if and
only if there exists u such that H, T, u solve (x).

5.4.4 Putting Things Together: Infinite- and Finite-Horizon Design Specifi-
cations

For the time being, we have considered optimization over purified-output-based affine control
laws in two different settings, finite- and infinite-horizon design specifications. In fact we can to
some extent combine both settings, thus seeking affine purified-output-based controls ensuring
both a good steady-state behavior of the closed loop system and a “good transition” to this
steady-state behavior. The proposed methodology will become clear from the example that
follows.

Consider the open-loop time-invariant system representing the discretized double-pendulum
depicted on figure 5.2. The dynamics of the continuous time prototype plant is given by

t = A.r+ Bou+ Red

where

e
[ el
o = O
o= OO
o o= O
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(z1,x2 are the position and the velocity of the first mass, and z3, 24 those of the second mass).
The discrete time plant we will actually work with is

Tip1 = Aoz + Buy + Rd;

= O (5.4.29)

A A
where Ay = exp{A - A}, B = [exp{sA.}B.ds, R = [exp{sA.}R.ds. System (5.4.29) is not
0 0

stable (absolute values of all eigenvalues of Aj are equal to 1), which seemingly prevents us from
addressing infinite-horizon design specifications via the techniques developed in section 5.4.3.
The simplest way to circumvent the difficulty is to augment the original plant by a stabilizing
time-invariant linear feedback; upon success, we then apply the purified-output-based synthesis
to the augmented, already stable, plant. Specifically, let us look for a controller of the form

With such a controller, (5.4.29) becomes

T4+l = A$t+Bwt+Rdt, A:A0+BKC

= Co (5.4.31)

If K is chosen in such a way that the matrix A = Ay + BKC is stable, we can apply all our
purified-output-based machinery to the plant (5.4.31), with w; in the role of u;, however keeping
in mind that the “true” controls u; will be Ky; + w;.

For our toy plant, a stabilizing feedback K can be found by “brute force” — by generating a
random sample of matrices of the required size and selecting from this sample a matrix, if any,
which indeed makes (5.4.31) stable. Our search yielded feedback matrix K = [—0.6950, —1.7831],
with the spectral radius of the matrix A = Ay + BKC equal to 0.87. From now on, we focus on
the resulting plant (5.4.31), which we intend to “close” by a control law from Cg, where Cy o is
the family of all time invariant control laws of the form

t A~

= E vy = yp— Chy,

wr = OHt*T/UT |: §t+1 = A%+ Bwy, To =0 (5'4'32)
—

where Hg = 0 when s > k. Our goal is to pick in Cg a control law with desired properties (to
be precisely specified below) expressed in terms of the following 6 criteria:

e the four peak to peak gains z2x, z2u, d2x, d2u defined on p. 261;

e the two H, gains

Hoo,a: = max |(H$(S))|’bj) Hoo,u = Inax |(Hu(3))|wv
|s|=1,,j |s|=1,,j

where H, and H, are the transfer functions from the disturbances to the states and the
controls, respectively.
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Optimized Resulting values of the criteria
criterion 72x%0 | z2u?0 | d2x™ | d2u® | Hy o | Hyo u
22x"0 25.8 | 205.8 | 1.90 | 3.75 | 10.52 | 5.87

z2u®0 58.90 | 161.3 | 1.90 | 3.74 | 39.87 | 20.50
d2x® 5773.1 | 13718.2 | 1.77 | 6.83 | 1.72 | 4.60
d2u®” 1211.1 | 4903.7 | 1.90 | 2.46 | 66.86 | 33.67
Hoo 121.1 | 5016 | 1.90 | 521 | 1.64 | 5.14
Hoou 112.8 | 4604 | 1.90 | 4.14 | 813 | 1.48

H 72X ‘ z2u ‘ d2x ‘ d2u ‘ Hy o ‘ Hyo u H
(5.4.34) 31.59 197.75 1.91 4.09 1.82 2.04
(5.4.35) 2.58 0.90 1.91 4.17 1.77 1.63

Table 5.2: Gains for time invariant control laws of order 8 yielded by optimizing, one at a time,
the criteria z2x%°,..., H,,, over control laws from F = {n € Cgo : d2x[n] < 1.90} (first six
lines), and by solving programs (5.4.34), (5.4.35) (last two lines).

Note that while the purified-output-based control w; we are seeking is defined in terms of the
stabilized plant (5.4.31), the criteria z2u,d2u, H , are defined in terms of the original controls
uy = Ky + wy = KCxp 4+ wy affecting the actual plant (5.4.29).

In the synthesis we are about to describe our primary goal is to minimize the global distur-
bance to state gain d2x, while the secondary goal is to avoid too large values of the remaining
criteria. We achieve this goal as follows.

Step 1: Optimizing d2x. As it was explained on p. 261, the optimization problem
Optqox(k,0; Ny ) = annCiSO Ogg})\(u d2x¢[n] (5.4.33)
is an explicit convex program (in fact, just an LO), and its optimal value is a lower bound on
the best possible global gain d2x achievable with control laws from Cj, . In our experiment, we
solve (5.4.33) for k =8 and N = 40, arriving at Optjo,(8,0;40) = 1.773. The global d2x gain
of the resulting time-invariant control law is 1.836 — just 3.5% larger than the outlined lower
bound. We conclude that the control yielded by the solution to (5.4.33) is nearly the best one,
in terms of the global d2x gain, among time-invariant controls of order 8. At the same time,
part of the other gains associated with this control are far from being good, see line “d2x?%” in
table 5.2.
Step 2: Improving the remaining gains. To improve the “bad” gains yielded by the nearly
d2x-optimal control law we have built, we act as follows: we look at the family F of all time

invariant control laws of order 8 with the finite-horizon d2x gain d2x°[n] = [Jmax d2x¢[n] not

exceeding 1.90 (that is, look at the controls from Cg that are within 7.1% of the optimum in
terms of their d2x%° gain) and act as follows:
A. We optimize over F, one at a time, every one of the remaining criteria z2x*[n] =

2 2uilfpy] = 2 d2u?'[p] = d2 H H thus ob-
omax 7 x¢[n], z2u™[n] [Jax z u[n], d2u™[n] [max w (1], Hooz[n], Hoou[n], thus o

taining “reference values” of these criteria; these are lower bounds on the optimal values of the
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corresponding global gains, optimization being carried out over the set F. These lower bounds
are the underlined data in table 5.2.
B. We then minimize over F the “aggregated gain”

22x0] | 220"[n] | d2u™[n]  Hoou[n] , Hoculn]
258 161.3 2.46 1.64 1.48

(5.4.34)

(the denominators are exactly the aforementioned reference values of the corresponding gains).
The global gains of the resulting time-invariant control law of order 8 are presented in the
“(5.4.34)” line of table 5.2.

Step 3: Finite-horizon adjustments. Our last step is to improve the z2x and z2u gains by
passing from a time invariant affine control law of order 8 to a nearly time invariant law of order
8 with stabilization time N, = 20. To this end, we solve the convex optimization problem

d2x®n] < 1.90
d2u®[n] < 4.20
: 50 507,71 . =
ngcl’;go 22x”"[n] + z2u™[n] : Hooln] < 187 (5.4.35)
Houln] < 2.09

(the right hand sides in the constraints for d2u®’[], He 2[], Hoou[-] are the slightly increased
(by 2.5%) gains of the time invariant control law obtained in Step 2). The global gains of the
resulting control law are presented in the last line of table 5.2, see also figure 5.3. We see that
finite-horizon adjustments allow us to reduce by orders of magnitude the global z2x and z2u
gains and, as an additional bonus, result in a substantial reduction of H.,-gains.

Simple as this control problem may be, it serves well to demonstrate the importance of
purified-output-based representation of affine control laws and the associated possibility to ex-
press various control specifications as explicit convex constraints on the parameters of such laws.

5.5 Exercises
Exercise 5.1 Consider a discrete time linear dynamical system

rg = <2
5.5.1

T+l = Atl‘t + Btut + tht, t= 0, ]., ( )
where x; € R™ are the states, u; € R™ are the controls, and d; € R* are the exogenous
disturbances. We are interested in the behavior of the system on the finite time horizon ¢t =
0,1,...,N. A “desired behavior” is given by the requirement

[Puw™ —qlloc <R (5.5.2)

on the state-control trajectory w = [05 . TN4+1; Uo; -5 UN]-

Let us treat ( = [z;dp;...;dn] as an uncertain perturbation with perturbation structure
(Z,L,] - |I+), where B B

Z=1{C:|¢—Cl, <R}, L=R L = dim(]
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Figure 5.3: Frequency responses and gains of control law given by solution to (5.4.35).
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and r,s € [1,00], so that (5.5.1), (5.5.2) become a system of uncertainty-affected linear con-
straints on w!V. We want to process the Affinely Adjustable GRC of the system, where u; are
allowed to be affine functions of the initial state z and the vector of disturbances d* = [dp; ...; d¢]
up to time ¢, and the states z; are allowed to be affine functions of z and d*~!'. We wish to
minimize the corresponding global sensitivity.

In control terms: we want to “close” the open-loop system (5.5.1) with a non-anticipative
affine control law
uy = Uz + Udd' + uf (5.5.3)

based on observations of initial states and disturbances up to time ¢ in such a way that
the “closed loop system” (5.5.1), (5.5.3) exhibits the desired behavior in a robust w.r.t. the
initial state and the disturbances fashion.

Write down the AAGRC of our uncertain problem as an explicit convex program with efficiently
computable constraints.

Exercise 5.2 Consider the modification of Exercise 5.1 where the cone £ = R’ is replaced with
L ={[0;do;...;dn] : dy 20,0 <t < N},

and solve the corresponding version of the Exercise.

Exercise 5.3 Consider the simplest version of Exercise 5.1, where (5.5.1) reads

xg = z€R
Tep1 = Tr+ur—di, t=0,1,...,15,

(5.5.2) reads
0] =0, ¢t =1,2,..,16, |us| =0, t=0,1,...,15

and the perturbation structure is
Z ={[z;do; ...;d15) = 0} C RYT, £ = {[0;do; drs...;dis ]}, [<]] = (1<
Assuming the same “adjustability status” of u; and x; as in Exercise 5.1,

1. Represent the AAGRC of (the outlined specializations of) (5.5.1), (5.5.2), where the goal
is to minimize the global sensitivity, as an explicit convex program;

2. Interpret the AAGRC in Control terms;

3. Solve the AAGRC for the values of 6§ equal to 1.e6, 10, 2, 1.

Exercise 5.4 Consider a communication network — an oriented graph G with the set of nodes
V ={1,...,n} and the set of arcs I. Several ordered pairs of nodes (7, j) are marked as “source-
sink” nodes and are assigned traffic d;; — the amount of information to be transmitted from
node i to node j per unit time; the set of all source-sink pairs is denoted by J. Arcs v € I" of
a communication network are assigned with capacities — upper bounds on the total amount of
information that can be sent through the arc per unit time. We assume that the arcs already
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possess certain capacities py, which can be further increased; the cost of a unit increase of the
capacity of arc vy is a given constant c,.

1) Assuming the demands d;; certain, formulate the problem of finding the cheapest extension
of the existing network capable to ensure the required source-sink traffic as an LO program.

2) Now assume that the vector of traffic d = {d;; : (i,j) € J} is uncertain and is known
to run through a given semidefinite representable compact uncertainty set Z. Allowing the
amounts x5 of information with origin ¢ and destination j traveling through the arc vy to depend
affinely on traffic, build the AARC of the (uncertain version of the) problem from 1). Consider
two cases: (a) for every (i,7) € J, ¥ can depend affinely solely on d;j, and (b) ¥ can depend
affinely on the entire vector d. Are the resulting problems computationally tractable?

3) Assume that the vector d is random, and its components are independent random variables
uniformly distributed in given segments A;; of positive lengths. Build the chance constrained
versions of the problems from 2).
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Appendix A

Notation and Prerequisites

A.1 Notation

e 7, R, C stand for the sets of all integers, reals, and complex numbers, respectively.

o Cmxn R™X™ gtand for the spaces of complex, respectively, real m x n matrices. We write C™
and R" as shorthands for C"*!, R"*!  respectively.

For A € C™*" AT stands for the transpose, and A for the conjugate transpose of A:

(AH)TS = AST)

where Z is the conjugate of z € C.
e Both C™*" R™*"™ are equipped with the inner product

<A>B> = TI'(ABH) = ZATSB—TS'
s

The norm associated with this inner product is denoted by || - ||2.
e For p € [1,00], we define the p-norms || - [, on C” and R" by the relation
|pyL/P
ol = { (il 1<p<20 j<p<on
limy o0 [|2]|p = max; |25, p =00

Note that when p,q € [1,00] and % + % = 1, then the norms | - ||, and || - ||; are conjugates of
each other:

x|, = max [(z,y)|.

lelly = max I(o,0)

In particular, |(z,y)| < ||z||,|ly|l; (Holder inequality).

e We use the notation I,,, 0,,x, for the unit m x m, respectively, the zero m X n matrices.

e H™ S™ are real vector spaces of m x m Hermitian, respectively, real symmetric matrices.
Both are Euclidean spaces w.r.t. the inner product (-, -).

e We use “MATLAB notation”: when Aq, ..., A; are matrices with the same number of rows,
[A1, ..., A] denotes the matrix with the same number of rows obtained by writing, from left to
right, first the columns of Ay, then the columns of As, and so on. When Ay, ..., Ay are matrices
with the same number of columns, [A;; Ag;...; Ax] stands for the matrix with the same number

281



282 APPENDIX A. NOTATION AND PREREQUISITES

of columns obtained by writing, from top to bottom, first the rows of A;, then the rows of A,
and so on.

e For a Hermitian/real symmetric m x m matrix A, A(A) is the vector of eigenvalues \,(A) of
A taken with their multiplicities in the non-ascending order:

AM(A) > X2(A) > ... > An(A).
e For an m x n matrix A, o(A) = (61(A), ...,0,(A))T is the vector of singular values of A:
0r(4) = /241 4),

and
[All22 = [[All = 01(A) = max {||Az[|2 : z € C", [[z|]2 < 1}

(by evident reasons, when A is real, one can replace C™ in the right hand side with R™).
e For Hermitian/real symmetric matrices A, B, we write A = B (A > B) to express that A — B
is positive semidefinite (resp., positive definite).

A.2 Conic Programming

A.2.1 Euclidean Spaces, Cones, Duality
Euclidean spaces

A Euclidean space is a finite dimensional linear space over reals equipped with an inner product
(x,y)p — a bilinear and symmetric real-valued function of z,y € FE such that (z,x)p > 0
whenever x # 0.

Example: The standard Euclidean space R". This space is comprised of n-dimensional
real column vectors with the standard coordinate-wise linear operations and the inner product
(z,y)rn = xTy. R" is a universal example of an Euclidean space: for every Euclidean n-
dimensional space (F, (-,-)g) there exists a one-to-one linear mapping = — Az : R"™ — E such
that 7y = (Ax, Ay)p. All we need in order to build such a mapping, is to find an orthonormal
1, i=
0, i+#
a basis always exists. Given an orthonormal basis {e;}!" ;, a one-to-one mapping A : R — E
preserving the inner product is given by Az = )" | z;e;.

Example: The space R™*" of m x n real matrices with the Frobenius inner prod-
uct. The elements of this space are m x n real matrices with the standard linear operations and
the inner product (A, B)p = Tr(ABT) = > AigBij.-

Example: The space S" of n x n real symmetric matrices with the Frobenius
inner product. This is the subspace of R™*™ comprised of all symmetric n X n matrices; the
inner product is inherited from the embedding space. Of course, for symmetric matrices, this
product can be written down without transposition:

basis e, ...,en, n = dim E, in E, that is, a basis such that (e;,e;)p = 0;; = { j ; such

A B € S" = (A,B>F = TI'(AB) = ZAZ]BZJ
.3
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Example: The space H" of n x n Hermitian matrices with the Frobenius inner
product. This is the real linear space comprised of n x n Hermitian matrices; the inner product
is

(A, B) = Tr(AB") = Tr(AB) = zn: A;;Bjj.

i,j=1

Linear forms on Euclidean spaces

Every homogeneous linear form f(x) on a Euclidean space (F, (-,-)g) can be represented in the
form f(x) = (ef,x)E for certain vector ey € E uniquely defined by f(-). The mapping f — ey
is a one-to-one linear mapping of the space of linear forms on £ onto E.

Conjugate mapping

Let (E,(-,-)r) and (F,(--)r) be Euclidean spaces. For a linear mapping A : E — F and every
f € F, the function (Ae, f)r is a linear function of e € E and as such it is representable as
(e, A* f) g for certain uniquely defined vector A* f € E. It is immediately seen that the mapping
f— A*f is a linear mapping of F' into F; the characteristic identity specifying this mapping is

(Ae, f)r = (e, A*f) (e € E, f € F).

The mapping A* is called conjugate to A. It is immediately seen that the conjugation is a
linear operation with the properties (A*)* = A, (AB)* = B*A*. If {e;}]", and {f;}]., are
orthonormal bases in F, F', then every linear mapping A : E — F can be associated with the
matrix [a;;] (“matrix of the mapping in the pair of bases in question”) according to the identity

AZ:L‘jejZZ Zaijwj i
J=1 J

i

(in other words, a;; is the i-th coordinate of the vector Ae; in the basis fi,..., f,). With
this representation of linear mappings by matrices, the matrix representing A* in the pair of
bases {f;} in the argument and {e;} in the image spaces of A* is the transpose of the matrix
representing A in the pair of bases {e;}, {fi}.

Cones in Euclidean space

A nonempty subset K of a Euclidean space (F,(-,)g) is called a cone, if it is a convex set
comprised of rays emanating from the origin, or, equivalently, whenever t1,t5 > 0 and z1, 29 € K,
we have tix1 + toxs € K.
A cone K is called regular, if it is closed, possesses a nonempty interior and is pointed —
does not contain lines, or, which is the same, is such that a € K, —a € K implies that a = 0.
Dual cone. If K is a cone in a Euclidean space (E, (-,)g), then the set

K'={e€ E:(e,hygp > 0Vh € K}

also is a cone called the cone dual to K. The dual cone always is closed. The cone dual to dual
is the closure of the original cone: (K*)* = clK; in particular, (K*)* = K for every closed cone
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K. The cone K* possesses a nonempty interior if and only if K is pointed, and K* is pointed if
and only if K possesses a nonempty interior; in particular, K is regular if and only if K* is so.

Example: Nonnegative ray and nonnegative orthants. The simplest one-dimensional
cone is the nonnegative ray Ry = {¢t > 0} on the real line R!. The simplest cone in R™ is the
nonnegative orthant R} = {r € R" : z; > 0,1 < i < n}. This cone is regular and self-dual:
(R%)* = R

Example: Lorentz cone L”. The cone L™ “lives” in R™ and is comprised of all vectors
x = [z1;...;2,) € R™ such that z,, > \/Z?:_% x?; same as R, the Lorentz cone is regular and
self-dual.

By definition, L' = R, is the nonnegative orthant; this is in full accordance with the
“general” definition of a Lorentz cone combined with the standard convention “a sum over an
empty set of indices is 0.”

Example: Semidefinite cone S’}. The cone S} “lives” in the Euclidean space S™ of n xn
symmetric matrices equipped with the Frobenius inner product. The cone is comprised of all
n X n symmetric positive semidefinite matrices A, i.e., matrices A € S™ such that 27 Az > 0 for
all x € R", or, equivalently, such that all eigenvalues of A are nonnegative. Same as R’} and L",
the cone S'! is regular and self-dual.

Example: Hermitian semidefinite cone H'}. This cone “lives” in the space H" of n x n
Hermitian matrices and is comprised of all positive semidefinite Hermitian n x n matrices; it is
regular and self-dual.

A.2.2 Conic Problems and Conic Duality
Conic problem

A conic problem is an optimization problem of the form

Opt(P) = H}Q“{(QCU)E : ﬁf:—bbz cK; i=1,..,m, }

where
o (E,(-,)r) is a Euclidean space of decision vectors x and ¢ € E is the objective;

o A;, 1 < i < m, are linear maps from FE into Euclidean spaces (Fj, (-,")r,), b; € F; and
K, C F; are regular cones;

e A is a linear mapping from E into a Euclidean space (F,(-,-)r) and b € F.

Examples: Linear, Conic Quadratic and Semidefinite Optimization. We will be
especially interested in the three generic conic problems as follows:

e Linear Optimization, or Linear Programming: this is the family of all conic problems
associated with nonnegative orthants R'", that is, the family of all usual LPs min${cT:c :
Az —b>0};
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e Conic Quadratic Optimization, or Conic Quadratic Programming, or Second Order Cone
Programming: this is the family of all conic problems associated with the cones that are
finite direct products of Lorentz cones, that is, the conic programs of the form

min{ch C[Ar; g Al — (b s by € LR XL X Lkm}

x

where A; are k; x dim z matrices and b; € R¥. The “Mathematical Programming” form
of such a program is

min {CTQJ Az —bills <alz—p6;,1<i< m},
xX
where A; = [A;;a]] and b; = [b;; Bi], so that «; is the last row of A;, and f; is the last
entry of b;;

e Semidefinite Optimization, or Semidefinite Programming: this is the family of all conic
problems associated with the cones that are finite direct products of Semidefinite cones,
that is, the conic programs of the form

dim x

. T .. 40 Ad ;

rr;ln cm.Ai—l—Zx]AitO,lgzgm ,
=1

where A7 are symmetric matrices of appropriate sizes.

A.2.3 Conic Duality
Conic duality — derivation

The origin of conic duality is the desire to find a systematic way to bound from below the
optimal value in a conic problem (P). This way is based on linear aggregation of the constraints
of (P), namely, as follows. Let y; € K¥ and z € F'. By the definition of the dual cone, for every
x feasible for (P) we have

(Afyi, )E — (Wi, by, = (v, Az — bi)p, > 0,1 < i <m,

and of course

(A*z,2)p — (2,b)p = (2, Ax — b)p = 0.

Summing up the resulting inequalities, we get

(A*Z‘FZAfyiy@E > <Z=b>F+Z<yubi>Fi- ()

By its origin, this scalar linear inequality on z is a consequence of the constraints of (P), that
is, it is valid for all feasible solutions x to (P). It may happen that the left hand side in this
inequality is, identically in = € E, equal to the objective (¢, x)g; this happens if and only if

A*z—i—ZAjyi =c.
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Whenever it is the case, the right hand side of (C) is a valid lower bound on the optimal value
in (P). The dual problem is nothing but the problem

_ oy Ly eK 1T <i<m,
Opt(D) = max {<z, b)r + Zi:<yz,bz>m- A S Aty — } (D)

of maximizing this lower bound.
By the origin of the dual problem, we have

Weak Duality: One has Opt(D) < Opt(P).
We see that (D) is a conic problem. A nice and important fact is that conic duality is symmetric.
Symmetry of Duality: The conic dual to (D) is (equivalent to) (P).

Proof. In order to apply to (D) the outlined recipe for building the conic dual, we should rewrite
(D) as a minimization problem

. i € Kf, 1< <
—Opt(D) = min {(z, ~Byp+ > (i, —bi)F, ?4*,2+2A*;- " }; (D)

Z’{yi}

the corresponding space of decision vectors is the direct product F' x F} X ... X Fy;, of Euclidean
spaces equipped with the inner product

<[Z; Y1, "'aym]? [z/;yllv >y;n]> = <Z> Z/>F + Z<y’b7y7l,>Fz

2

The above “duality recipe” as applied to (D’) reads as follows: pick weights n; € (K)* = K;
and ¢ € F, so that the scalar inequality

(C,A*ZJFZAfyi>E+Z<77i,yi>Fi > (¢, 0)E ()

=(A¢,2) p+2_;(AiC+ni,y4) F,

in variables z, {y;} is a consequence of the constraints of (D’), and impose on the “aggregation
weights” (,{n; € K;} an additional restriction that the left hand side in this inequality is,
identically in z, {y;}, equal to the objective of (D’), that is, the restriction that

AC=—b, Ai¢+mi=—b;, 1 <i<m,
and maximize under this restriction the right hand side in (C’), thus arriving at the problem

CKismi= A= -b,1<i<m
ms e B }

Substituting = —(, the resulting problem, after eliminating 7; variables, is nothing but

Aix—beK;, 1 <i<m

mfx{—(c,x)E: A — b },

which is equivalent to (P). O
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Conic Duality Theorem

A conic program (P) is called strictly feasible, if it admits a feasible solution Z such that
AT =—-b; €intK;,i=1,...,m.

Conic Duality Theorem is the following statement resembling very much the standard Linear
Programming Duality Theorem:

Theorem A.1 [Conic Duality Theorem| Consider a primal-dual pair of conic problems (P),
(D). Then

(i) [Weak Duality] One has Opt(D) < Opt(P).

(i) [Symmetry] The duality is symmetric: (D) is a conic problem, and the problem dual to
(D) is (equivalent to) (P).

(iii) [Strong Duality| If one of the problems (P), (D) is strictly feasible and bounded, then
the other problem is solvable, and Opt(P) = Opt(D).

If both the problems are strictly feasible, then both are solvable with equal optimal values.

Proof. We have already verified Weak Duality and Symmetry. Let us prove the first claim in
Strong Duality. By Symmetry, we can restrict ourselves to the case when the strictly feasible
and bounded problem is (P).

Consider the following two sets in the Euclidean space G =R x F' X F} X ... X Fy;:

T = {[tzy155Ym] 3t =(c,2)p;ys = Aixz — b, 1 <i <my
z = Ax — b},
S = A=y yml 1t <Opt(P),y1 € Kiy ooy Y € Koy 2 = 0}

The sets T" and S clearly are convex and nonempty; observe that they do not intersect. Indeed,
assuming that [t;z;y1;...;ym] € SN T, we should have t < Opt(P), and y; € K;, 2z = 0
(since the point is in 5), and at the same time for certain x € F we should have ¢t = (¢,z)g
and Ajx — b; = y; € K;, Ar — b = z = 0, meaning that there exists a feasible solution to
(P) with the value of the objective < Opt(P), which is impossible. Since the convex and
nonempty sets S and T' do not intersect, they can be separated by a linear form: there exists
[T5¢;m; . 5mm]) € G =R x F x Fy X ... X Fy, such that

(a) sup (756G m 5wl (B 25915 - ym)) e

= inf ([T Gmus sl [ 25015 Ym]) s
(25915 ;ym] €T

(b) inf (T3¢ msmmls [B 25915 5 ym])a
(25915 5ym] €S

< osup (TG0 mmls [ 29155 yml) Gy
[t;2;915-5ym] €T

or, which is the same,

(a) sup [Tt + > (i vi)
t<Opt(P)y:€K;

< Helg [7'<C, .1‘>E + <C?Aaj - b>F + ZNMAM - bZ>Fz] ’
(b) inf [Tt + > (i, vi) ]
t<Opt(P),yicK;

< sup [7‘<C, .1‘> + (C,Al‘ - b>F + Zi(”ivAx - bZ>Fz] :
zel

(A.2.1)
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Since the left hand side in (A.2.1.a) is finite, we have
720, - €K/, 1<i<m, (A.2.2)

whence the left hand side in (A.2.1.a) is equal to TOpt(P). Since the right hand side in (A.2.1.a)
is finite and 7 > 0, we have
A*C+ Z A +1¢=0 (A.2.3)

and the right hand side in (a) is (=(,b)F — >, (7, bi) F,, so that (A.2.1.a) reads

TOPt(P) < (=¢,b)r — Y (mi, bi) - (A.2.4)

7

We claim that 7 > 0. Believing in our claim, let us extract from it Strong Duality. Indeed,
setting y; = —n; /7, z = —(/7, (A.2.2), (A.2.3) say that z, {y;} is a feasible solution for (D), and
by (A.2.4) the value of the dual objective at this dual feasible solution is > Opt(P). By Weak
Duality, this value cannot be larger than Opt(P), and we conclude that our solution to the dual
is in fact an optimal one, and that Opt(P) = Opt(D), as claimed.

It remains to prove that 7 > 0. Assume this is not the case; then 7 = 0 by (A.2.2). Now let
Z be a strictly feasible solution to (P). Taking inner product of both sides in (A.2.3) with Z, we
have

while (A.2.4) reads

7

Summing up the resulting inequalities and taking into account that z is feasible for (P), we get

Z<7]Z‘,Aii‘ — bz> > 0.

2

Since A;z — b; € intK; and 7; € —K, the inner products in the left hand side of the latter
inequality are nonpositive, and i-th of them is zero if and only if 7; = 0; thus, the inequality
says that n; = 0 for all 7. Adding this observation to 7 = 0 and looking at (A.2.3), we see that
A*¢ = 0, whence ((,Az)r = 0 for all z and, in particular, ((,b)r = 0 due to b = Az. The
bottom line is that (¢, Ax — b)r = 0 for all z. Now let us look at (A.2.1.b). Since 7 =0, 7, =0
for all ¢ and (¢, Ax — b)p = 0 for all x, both sides in this inequality are equal to 0, which is
impossible. We arrive at a desired contradiction.

We have proved the first claim in Strong Duality. The second claim there is immediate: if
both (P), (D) are strictly feasible, then both problems are bounded as well by Weak Duality,
and thus are solvable with equal optimal values by the already proved part of Strong Duality.
O
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Optimality conditions in Conic Programming
Optimality conditions in Conic Programming are given by the following statement:

Theorem A.2 Consider a primal-dual pair (P), (D) of conic problems, and let both problems
be strictly feasible. A pair (z,€ = [2;y1;...;Ym]) of feasible solutions to (P) and (D) is comprised
of optimal solutions to the respective problems if and only if

(i) [Zero duality gap] One has

DualityGap(z;§) :=

(c,x)p — [(z,0)p + 322;(bi, ¥i) 1]
= 0,

same as if and only if
(ii) [Complementary slackness]

Proof. By Conic Duality Theorem, we are in the situation when Opt(P) = Opt(D). Therefore
DualityGap(z;§) = [{¢, ) — Opt(P)]

a

Opt(D) —

+

(z,b)F + Z(bi, yz>F]]

b

Since z and £ are feasible for the respective problems, the duality gap is nonnegative and it
can vanish if and only if @ = b = 0, that is, if and only if z and & are optimal solutions to the
respective problems, as claimed in (i). To prove (ii), note that since x is feasible, we have

Az =b, Az — b €Ki, c= A"2+ Y Afyi,yi € K,

whence
DualityGap(z;§) = (¢, ) — [(2,0)F + >_;(bi, i) 1]
= A2+ >, Ay, x)e — [(2.0)F + 2 ,(bis i) ]
= <Z,Al‘ — b>F + Zz <yi, All‘ — bZ>Flu
N———— —_——

=0 >0

where the nonnegativity of the terms in the last ), follows from y; € K, A;z; — b; € K;. We
see that the duality gap, as evaluated at a pair of primal-dual feasible solutions, vanishes if and
only if the complementary slackness holds true, and thus (ii) is readily given by (i). O

A.2.4 Conic Representations of Sets and Functions
Conic representations of sets

When asked whether the optimization programs

m
. T
Cy—b; A25
min 3 lofy b (A.2.5)
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and

. T
Iy — b A.2.6
min 1rgng>;llaz y — by ( )

are Linear Optimization programs, the answer definitely will be ”yes”, in spite of the fact that
an LO program is defined as
min {ch : Az > b, Pz = p} (A.2.7)
€T

and neither (A.2.5), nor (A.2.6) are in this form. What the “yes” answer actually means, is that
both (A.2.5) and (A.2.6) can be straightforwardly reduced to, or, which is the same, represented
by LO programs, e.g., the LO program

m
min{ E w; s —uy < al-Ty —b;<w, 1< < m} (A.2.8)
v =1

in the case of (A.2.5), and the LO program

min{t: —t <aly—b; <t 1<i<m} (A.2.9)
Yyt

in the case of (A.2.6).
An “in-depth” explanation of what actually takes place in these and similar examples is as
follows.

1. The “initial form” of a typical Mathematical Programming problem is min,cy f(v), where
f(w) : V. — R is the objective, and V' C R" is the feasible set of the problem. It is
technically convenient to assume that the objective is “as simple as possible” — just
linear: f(v) = e’'v; this assumption does not restrict generality, since we can always pass
from the original problem, given in the form min,ecy ¢(v), to the equivalent problem

m[in]{cTyEs:yE Y ={[v;s] :v € V,s>¢(v)}}.
y=[v;s

Thus, from now on we assume w.l.o.g. that the original problem is
min {d"y:yeY}. (A.2.10)
2. All we need in order to reduce (A.2.10) to an LO program is what is called a polyhedral
representation of Y, that is, a representation of the form
U={yeR":3u: Ay+ Bu—-becR)}.
Indeed, given such a representation, we can reformulate (A.2.10) as the LO program

min} {"z:=d"y: A(x) = Ay + Bu—b>0}.

z=[y;u

For example, passing from (A.2.5) to (A.2.8), we first rewrite the original problem as

rgnyn {t : Z laTy — by| < t}

3
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and then point out a polyhedral representation
{ly;t] : X laly —bi| <t}
u; —aly+b; >0,
={ly:t]: u: § witaly—bi >0, }
t=>ui =0

Aly;t]+Bu—b>0

of the feasible set of the latter problem, thus ending up with reformulating the problem of
interest as an LO program in variables y, ¢, u. The course of actions for (A.2.6) is completely
similar, up to the fact that after “linearizing the objective” we get the optimization problem

rgip{t:—tgafy—bigt,lgigm}
where the feasible set is polyhedral “as it is” (i.e., with polyhedral representation not requir-

ing u-variables).

The notion of polyhedral representation naturally extends to conic problems, specifically, as
follows. Let I be a family of regular cones, every one “living” in its own Euclidean space. A
set Y C R” is called K-representable, if it can be represented in the form

Y={yeR":JueR": Ay + Bu—0b € K}, (A.2.11)

where K € K and A, B, b are matrices and vectors of appropriate dimensions. A representation of
Y of the form (A.2.11), (i.e., the corresponding collection A, B, b, K), is called a K-representation
(K-r. for short) of Y.

Geometrically, a IC-r. of Y is the representation of Y as the projection on the space
of y variables of the set Y} = {[y;u] : Az + Bu — b € K}, which, in turn, is given as
the inverse image of a cone K € K under the affine mapping [y; u] — Ay + Bu — b.

The role of the notion of a conic representation stems from the fact that given a IC-r. of the
feasible domain Y of (A.2.10), we can immediately rewrite this optimization program as a conic
program involving a cone from the family X, specifically, as the program

min {c'z:=d"y: A(z) = Ay+ Bu—-beK}. (A.2.12)

z=[y;u]
In particular,

e When K = LO is the family of all nonnegative orthants (or, which is the same, the family
of all finite direct products of nonnegative rays), a K-representation of Y allows one to
rewrite (A.2.10) as a Linear program;

e When £ = CQO is the family of all finite direct products of Lorentz cones, a K-
representation of Y allows one to rewrite (A.2.10) as a Conic Quadratic program;

e When K = SDO is the family of all finite direct products of positive semidefinite cones, a
K-representation of Y allows one to rewrite (A.2.10) as a Semidefinite program.

Note that a K-representable set is always convex.
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Elementary calculus of K-representations

It turns out that when the family of cones K is “rich enough,” K-representations admit a
kind of simple “calculus” that allows to convert KC-r.’s of operands participating in a standard
convexity-preserving operation, like taking intersection, into a IC-r. of the result of this operation.
“Richness” here means that K

e contains a nonnegative ray R, ;

e is closed w.r.t. taking finite direct products: whenever K; € I, 1 < i < m < oo, one has
K| x..xK, €K;

e is closed w.r.t. passing from a cone to its dual: whenever K € K, one has K* € K.

In particular, every one of the three aforementioned families of cones LO, CQO, SDQO is rich.

We present here the most basic and most frequently used “calculus rules” (for more rules
and for instructive examples of LO-, CQO-, and SDO-representable sets, see [9]). Let K be a
rich family of cones. Then

1. [taking finite intersections| If the sets Y; C R™ are K-representable, 1 < i < m, then so is
m
their intersection Y = () Y;.
i=1
Indeed, if Y; = {y € R™: Ju; : A;z + Byu — b; € K,; with K; € K, then

Y= {yeR":Ju=ug;..;upn]:
[A1;...; Ay + Diag{ Bu, ..., By }Hu1; s m] — [b1; -5 0]
eK:=K; x..x Ky},

and K € K, since K is closed w.r.t. taking finite direct products.

2. [taking finite direct products] If the sets Y; C R™ are KC-representable, 1 < i < m, then so
is their direct product Y =Y; x ... x Y,,,.
Indeed, if YV; = {y € R": Ju; : A;z + Byu — b; € K,; with K; € K, then

Y= {y=[y1;.;ym] € RMFTFm Ju = [ug; .5 up,) :
Diag{ Ay, ..., An]y + Diag{ By, ..., By }u1; ...; um] — [b1; -3 0]
eK:=K; x..x Ky},

and, as above, K € K.

3. [taking inverse affine images] Let Y C R™ be K-representable, let z — Pz +p: RY — R”
be an affine mapping. Then the inverse affine image Z = {z: Pz+p € Y} of Y under this
mapping is K-representable.

Indeed, if Y = {y € R" : u: Ay + Bu— b € K} with K € K, then

Z={2zeRY :3u: A[Pz+p|+ Bu—bcK}

EngrBufg

4. [taking affine images] If a set Y C R™ is K-representable and y +— z = Py +p: R" - R™
is an affine mapping, then the image Z = {z = Py +p:y € Y} of Y under the mapping
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is KC-representable.
Indeed, if Y = {y € R" : Ju : Au+ Bu—b € K}, then

Py+p—=
—Py—p+z | €Ki =R} xR} x K},
Ay+ Bu—1b

Z ={zeR™: 3y;u] :

E,Zz—i-g[y;u]—g
and the cone K belongs to K as the direct product of several nonnegative rays (every one of them
belongs to K) and the cone K € K.

Note that the above “calculus rules” are “completely algorithmic” — a IC-r. of the result of an
operation is readily given by KC-r.’s of the operands.

Conic representation of functions
By definition, the epigraph of a function f(y) : R” — RU {400} is the set

Epi{f} ={[ly;t] e R" xR: ¢ > f(y)}.
Note that a function is convex if and only if its epigraph is so.
Let IC be a family of regular cones. A function f is called K-representable, if its epigraph is

so:
Epi{f} :={ly,t] : Ju: Ay + ta+ Bu—b e K} (A.2.13)

with K € K. A K-representation (K-r. for short) of a function is, by definition, a K-r. of its
epigraph. Since KC-representable sets always are convex, so are K-representable functions.

Examples of K-r.’s of functions:
e the function f(y) = |y| : R — R is LO-representable:
{lyst] =t >y} = {lyst] - Alyst] = [t —yst +y] € RL Y
e the function f(y) = ||y|l2 : R" — R is CQO-representable:
{ly:t] € R™™ ot > |lyllo} = {[y; 8] e L")
e the function f(y) = Amax(y) : S — R (the maximal eigenvalue of a symmetric
matrix y) is SDO-representable:
{ly;t] € 8" X Rt > Amax(y)} = {[y; 1] - Aly; 1] := tln —y € SL}.
Observe that a IC-r. (A.2.13) of a function f induces KC-r.’s of its level sets {y : f(y) < c}:
{y: fly) <c}={y:3Fu:Ay+ Bu—[b—ca] € K}.
This explains the importance of K-representations of functions: usually, the feasible set Y of a
convex problem (A.2.10) is given by a system of convex constraints:
Y = {y: fily) <0,1<i<m).

If now all functions f; are K-representable, then, by the above observation and by the “calculus
rule” related to intersections, Y is K-representable as well, and a IC-r. of Y is readily given by
KC-r.’s of f;.

K-representable functions admit simple calculus, which is similar to the one of K-
representable sets, and is equally algorithmic; for details and instructive examples, see [9].
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A.3 Efficient Solvability of Convex Programming

The goal of this section is to explain the precise meaning of the informal (and in fact slightly
exaggerated) claim,

An optimization problem with convex efficiently computable objective and con-
straints is efficiently solvable.

that on many different occasions was reiterated in the main body of the book. Our exposition
follows the one from [9, chapter 5].

A.3.1 Generic Convex Programs and Efficient Solution Algorithms

In what follows, it is convenient to represent optimization programs as
(v): Opt(p) = min {po(a) : w € X(p) C R"P},

where po(-) and X (p) are the objective, which we assume to be a real-valued function on R™®),
and the feasible set of program (p), respectively, and n(p) is the dimension of the decision vector.

A generic optimization problem

A generic optimization program P is a collection of optimization programs (p) (“instances of
P”) such that every instance of P is identified by a finite-dimensional data vector data(p); the
dimension of this vector is called the size Size(p) of the instance:

Size(p) = dim data(p).

For example, Linear Optimization is a generic optimization problem L£O with in-
stances of the form

(p) : mxin {cg$ cx € X(p):={z: Apx — b, > 0}} [A, - m(p) x n(p)],

where m(p), n(p), ¢p, Ap, by can be arbitrary. The data of an instance can be identified
with the vector
data(p) = [m(p); n(p); cp; bp; Ap; s Ap®],

where A;, is i-th column in A,.

Similarly, Conic Quadratic Optimization is a generic optimization problem CQO
with instances

(p) : minx{ch:xEX(p)}, s
X(p) i= {0+ | Apiw — bpils < et — iy 1< i < mip)y Aot Ri®) <)

The data of an instance can be defined as the vector obtained by listing, in a fixed

order, the dimensions m(p), n(p), {ki (p)}?;(f ) and the entries of the reals dp;, vectors

. ) 3 l
Cp, bpi, €pi and the matrices Api.
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Finally, Semidefinite Optimization is a generic optimization problem SDQO with in-
stances of the form

(p) : ming {c]z:2 € X(p) :={z: A(x) = 0,1 <i<m(p}}
where Af;i are symmetric matrices of size k;(p). The data of an instance can be
defined in the same fashion as in the case of CQOO.

Approximate solutions

In order to quantify the quality of a candidate solution of an instance (p) of a generic problem
P, we assume that P is equipped with an infeasibility measure Infeasp(p,x) — a real-valued
nonnegative function of an instance (p) € P and a candidate solution = € R™P) to the instance
such that = € X (p) if and only if Infeasp(p,z) = 0.

Given an infeasibility measure and a tolerance € > 0, we define an € solution to an instance
(p) € P as a point . € R™P) such that

po(ze) — Opt(p) < € & Infeasp(p, z) < e.

For example, a natural infeasibility measure for a generic optimization problem P with instances
of the form
(p): min{po(z):z € X(p) :={z:pi(z) <0, 1 <i<m(p)}t} (A.3.1)
is
Infeasp (p, #) = max [0, p1 (), p2(2), ..., Pm(p) (2)] ; (A.3.2)

this recipe, in particular, can be applied to the generic problems £O and CQO. A natural
infeasibility measure for SDO is

Infeasspo(p, ) = min {t >0 : A;(m) + tly,p) = 0, 1 <i<m(p)}.

Convex generic optimization problems

A generic problem P is called convex, if for every instance (p) of the problem, po(z) and
Infeasp(p,z) are convex functions of z € R™?). Note that then X(p) = {z € R*®
Infeasp(p, x) < 0} is a convex set for every (p) € P.

For example, LO, CQO and SDO with the just defined infeasibility measures are generic
convex programs. The same is true for generic problems with instances (A.3.1) and infeasibility
measure (A.3.2), provided that all instances are convex programs, i.e., po(),p1(), .., Pm(p) (%)
are restricted to be real-valued convex functions on R™P),

A solution algorithm

A solution algorithm B for a generic problem P is a code for the Real Arithmetic Computer —
an idealized computer capable to store real numbers and to carry out the operations of Real
Arithmetics (the four arithmetic operations, comparisons and computing elementary functions
like /-, exp{-}, sin(-)) with real arguments. Given on input the data vectors data(p) of an
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instance (p) € P and a tolerance € > 0 and executing on this input the code B, the computer
should eventually stop and output

— either a vector z. € R™P) that must be an e solution to (p),

— or a correct statement “(p) is infeasible” /“(p) is not below bounded.”

The complexity of the generic problem P with respect to a solution algorithm B is quantified
by the function Comply(p, €); the value of this function at a pair (p) € P, € > 0 is exactly the
number of elementary operations of the Real Arithmetic Computer in the course of executing
the code B on the input (data(p), €).

Polynomial time solution algorithms

A solution algorithm for a generic problem P is called polynomial time (“efficient”), if the
complexity of solving instances of P within (an arbitrary) accuracy ¢ > 0 is bounded by a
polynomial in the size of the instance and the number of accuracy digits Digits(p,€) in an €
solution:
Complp(p, €) < x (Size(p)Digits(p, €))* ,
Size(p) = dim data(p), Digits(p,€) = In (Slze(p)+||data(p)||1+62) ;

€

from now on, y stands for various “characteristic constants” (not necessarily identical to each
other) of the generic problem in question, i.e., for positive quantities depending on P and
independent of (p) € P and € > 0. Note also that while the “strange” numerator in the fraction
participating in the definition of Digits arises by technical reasons, the number of accuracy digits
for small € > 0 becomes independent of this numerator and close to In(1/e).

A generic problem P is called polynomially solvable (“computationally tractable”), if it
admits a polynomial time solution algorithm.

A.3.2 Polynomial Solvability of Generic Convex Programming Problems

The main fact about generic convex problems that underlies the remarkable role played by
these problems in Optimization is that under minor non-restrictive technical assumptions, a
generic convex problem, in contrast to typical generic non-convex problems, is computationally
tractable.

The just mentioned “minor non-restrictive technical assumptions” are those of polynomial
computability, polynomial growth, and polynomial boundedness of feasible sets.

Polynomial computability

A generic convex optimization problem P is called polynomially computable, if it can be
equipped with two codes, O and C, for the Real Arithmetic Computer, such that:

e for every instance (p) € P and any candidate solution z € R™P) to the instance, executing
O on the input (data(p),x) takes a polynomial in Size(p) number of elementary operations and
produces a value and a subgradient of the objective py(-) at the point x;

e for every instance (p) € P, any candidate solution z € R™?) to the instance and any € > 0,
executing C on the input (data(p), z, €) takes a polynomial in Size(p) and Digits(p, €) number of
elementary operations and results
— either in a correct claim that Infeasp(p,x) <,
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— or in a correct claim that Infeasp(p,z) > € and in computing a linear form e € R™®) that
separates x and the set {y : Infeasp(p,y) < €}, so that

Y(y, Infeasp(p,y) <€) :ely < elx.

Consider, for example, a generic convex program P with instances of the form (A.3.1) and the infeasibility
measure (A.3.2) and assume that the functions po(-), p1(-), ..., Pm(p)(+) are real-valued and convex for all
instances of P. Assume, moreover, that the objective and the constraints of instances are efficiently
computable, meaning that there exists a code CO for the Real Arithmetic Computer, which being executed
on an input of the form (data(p),z € R™®)) computes in a polynomial in Size(p) number of elementary
operations the values and subgradients of po(-), p1(-),...; Pm(p)(-) at . In this case, P is polynomially
computable. Indeed, the code O allowing to compute in polynomial time the value and a subgradient of
the objective at a given candidate solution is readily given by CO. In order to build C, let us execute
CO on an input (data(p),z) and compare the quantities p;(z), 1 < ¢ < m(p), with e. If p;(z) < €,
1 < i < m(p), we output the correct claim that Infeasp(p,z) < €, otherwise we output a correct
claim that Infeasp(p,z) > € and return, as e, a subgradient, taken at x, of a constraint p;(,(-), where
i(x) € {1,2,...,m(p)} is such that p;,)(z) > e

By the reasons outlined above, the generic problems £O and CQQO of Linear and Conic Quadratic
Optimization are polynomially computable. The same is true for Semidefinite Optimization, see [9,

chapter 5].
Polynomial growth
We say that P is of polynomial growth, if for properly chosen y > 0 one has
Y((p) € P,z € R*P) .
max [|po(z)|, Infeasp (p, )] < x (Size(p) + [|data(p)]|1)

xSize* (p)

For example, the generic problems of Linear, Conic Quadratic and Semidefinite Op-
timization clearly are with polynomial growth.

Polynomial boundedness of feasible sets

We say that P is with polynomially bounded feasible sets, if for properly chosen y > 0 one has

V((p) €P) i w € X(p) = Ilelloo < x (Size(p) + [[data(p)]|, 517 @)

While the generic convex problems LO, COQO, and SDQO are polynomially computable and
with polynomial growth, neither one of these problems (same as neither one of other natural
generic convex problems) “as it is” possesses polynomially bounded feasible sets. We, however,
can enforce the latter property by passing from a generic problem P to its “bounded version” Py,
as follows: the instances of P}, are the instances (p) of P augmented by bounds on the variables;
thus, an instance (p4) = (p, R) of Py is of the form

(. R): min{po(a) : 2 € X(p, R) = X(p) N {o € R"®): |z oc < R} }

where (p) is an instance of P and R > 0. The data of (p, R) is the data of (p) augmented by R,
and
Infeasp, ((p, R), z) = Infeasp(p, ) + max[||z|l« — R, 0].
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Note that Py inherits from P the properties of polynomial computability and/or polynomial
growth, if any, and always is with polynomially bounded feasible sets. Note also that R can
be really large, like R = 10'%°, which makes the “expressive abilities” of P, for all practical
purposes, as strong as those of P. Finally, we remark that the “bounded versions” of LO, CQO,
and SDO are sub-problems of the original generic problems.

Main result

The main result on computational tractability of Convex Programming is the following:

Theorem A.3 Let P be a polynomially computable generic convex program with a polynomial
growth that possesses polynomially bounded feasible sets. Then P is polynomially solvable.

As a matter of fact, “in real life” the only restrictive assumption in Theorem A.3 is the one of
polynomial computability. This is the assumption that is usually violated when speaking about
semi-infinite convex programs like the RCs of uncertain conic problems

Irgn{cgm cxeX(p)={zecR'P . Apcx +apc € KVY(C € Z)}} .

associated with simple non-polyhedral cones K. Indeed, when K is, say, a Lorentz cone, so that
X(p) ={z: || Bpcz + byl < ngfff +dpc V(¢ € 2)},
to compute the natural infeasibility measure
min {t > 0 || Bpew + bpcll2 < chew + dpe + V(¢ € 2)}

at a given candidate solution z means to maximize the function f,(¢) = || Bpcz+bp¢||2 —cgcx—dpg
over the uncertainty set Z. When the uncertain data are affinely parameterized by (, this
requires a maximization of a nonlinear convex function f,(() over ¢ € Z, and this problem
can be (and generically is) computationally intractable, even when Z is a simple convex set.
It becomes also clear why the outlined difficulty does not occur in uncertain LO with the data
affinely parameterized by (: here f,({) is an affine function of ¢, and as such can be efficiently
maximized over Z, provided the latter set is convex and “not too complicated.”

A.3.3 “What is Inside”: Efficient Black-Box-Oriented Algorithms in Convex
Optimization

Theorem A.3 is a direct consequence of a fact that is instructive in its own right and has to
do with “black-box-oriented” Convex Optimization, specifically, with solving an optimization
problem

;réi)rfl f(z), (A.3.3)

where

e X C R"is a solid (a convex compact set with a nonempty interior) known to belong to
a given Euclidean ball Ey = {z : ||z||2 < R} and represented by a Separation oracle — a
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routine that, given on input a point z € R", reports whether x € X, and if it is not the
case, returns a vector e % 0 such that

el'z > max eTy;
yeX

e f is a convex real-valued function on R™ represented by a First Order oracle that, given
on input a point x € R", returns the value and a subgradient of f at x.

In addition, we assume that we know in advance an r > 0 such that X contains a Euclidean
ball of the radius r (the center of this ball can be unknown).
Theorem A.3 is a straightforward consequence of the following important fact:

Theorem A.4 [9, Theorem 5.2.1] There exists a Real Arithmetic algorithm (the Ellipsoid
method) that, as applied to (A.3.3), the required accuracy being € > 0, finds a feasible € so-
lution x. to the problem (i.e., x. € X and f(x.) —minx f <€) after at most

0 = o 2+ (=20) ) 1
Val“R(f) = MaX||z||,<R f(l‘) - mion”QSR f(l‘)

steps, with a step reducing to a single call to the Separation and to the First Order oracles
accompanied by O(1)n? additional arithmetic operations to process the answers of the oracles.
Here O(1) is an absolute constant.

Recently, the Ellipsoid method was equipped with “on line” accuracy certificates, which yield
a slightly strengthened version of the above theorem, namely, as follows:

Theorem A.5 [74] Consider problem (A.3.3) and assume that

e X € R" is a solid contained in the centered at the origin Fuclidean ball Ey of a known in
advance radius R and given by a Separation oracle that, given on input a point x € R™, reports
whether x € intX, and if it is not the case, returns a nonzero e such that e’ x > maXye x ely;

o f:intX — R is a convex function represented by a First Order oracle that, given on input
a point x € int X, reports the value f(x) and a subgradient f'(x) of f at x. In addition, assume
that f is semibounded on X, meaning that Vx (f) = sup, ,cintx (¥ — )T f!(x) < oo.

There exists an explicit Real Arithmetic algorithm that, given on input a desired accuracy
e > 0, terminates with a strictly feasible e-solution x. to the problem (r. € intX, f(xz.) —
inf_intx f(x) <€) after at most

N(e)=0(1) <n2 [ln (#) t+lo (Lj(ﬁﬂ)

steps, with a step reducing to a single call to the Separation and to the First Order oracles
accompanied by O(1)n? additional arithmetic operations to process the answers of the oracles.
Here r is the supremum of the radii of Fuclidean balls contained in X, and O(1)’s are absolute
constants.

The progress, as compared to Theorem A.3, is that now we do not need a priori knowledge
of r > 0 such that X contains a Euclidean ball of radius r, f is allowed to be undefined
outside of intX and the role of Varr(f) (the quantity that now can be +o00) is played by

Vx(f) < supjpex f—infjpx f-
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A.4 Miscellaneous

A.4.1 Matrix Cube Theorems
Matrix Cube Theorem, Complex Case
The “Complex Matrix Cube” problem is as follows:

CMC: Let m, p1,qi,....p1,qr be positive integers, and A € H?, L; € CPi*™ R; €
C%*™ be given matrices, Lj # 0. Let also a partition {1,2,...,L} = If U I§ U IfC of
the index set {1, ..., L} into three non-overlapping sets be given, and let p; = g; for
j € IL U IS. With these data, we associate a parametric family of “matrix boxes”

) L e Hiod H O e 2i, m
Ulp] = +pJ§1[Lj@Rj+Rj [©7)7L;] - 1<j<L cH™, (A4.1)

where p > 0 is the parameter and

({07 =01, :0eR,|0| <1}, jell
[“real scalar perturbation blocks”]
{7 =01, :0C,|0] <1}, jelf

J —
2= [“complex scalar perturbation blocks”] (A4.2)
{67 € CPi%ai - ||©[|o2 <1}, jeIf
[ [“full complex perturbation blocks”] .
Given p > 0, check whether
Ulp] c HY. Alp)

Remark A.1 We always assume that pj = q; > 1 for j € I§. Indeed, one-dimensional complex
scalar perturbations can always be regarded as full complex perturbations.

Our main result is as follows:

Theorem A.6 [The Complex Matrix Cube Theorem [3, section B.4]] Consider, along with
predicate A(p), the predicate

Y; e H™, j =1,...,L such that :
(a) Y; = LPOIR; + RI[OIML; V(O € 2I,1<j<L)
L

(b) A—p> ¥, =0,
=1
Then:

(i) Predicate B(p) is stronger than A(p) — the validity of the former predicate implies the
validity of the latter one.
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(ii) B(p) is computationally tractable — the validity of the predicate is equivalent to the
solvability of the system of LMIs

(sR)  Yj& [LHR;+RIL;| = 0, €l

Y;—V; LIR; T -
. =
(SC) |:R51LJ V‘] - 0?J6187
(A.4.3)
Y;—NLEL;  RY R
. >~
(f.C) [ R; NI, = 0,]6]f
L
(+) A=p¥Y; = 0.
j=1

in the matriz variables Y; e H™, 5 =1,...,k, V; e H™, j € I, and the real variables N, J € If.
(iii) “The gap” between A(p) and B(p) can be bounded solely in terms of the mazimal size

p® =max{p;:j€IfUIS} (A.4.4)

of the scalar perturbations (here the maximum over an empty set by definition is 0). Specifically,
there exists a universal function ¥c(-) such that

Ie(v) <dnv, v > 1, (A.4.5)

and

if B(p) is not valid, then A(Jc(p®)p) is not valid. (A.4.6)
(iv) Finally, in the case L =1 of single perturbation block A(p) is equivalent to B(p).

Remark A.2 From the proof of Theorem A.6 it follows that 9¢c(0) = 2, 9¢c(1) = 2. Thus,

R

o when there are no scalar perturbations: It = IS = (), the factor ¥ in the implication
-B(p) = -A(Ip) (A.A4.7)
can be set to % = 1.27...

e when there are no complex scalar perturbations (cf. Remark A.1) and all real scalar per-
turbations are non-repeated (IS =0, p; =1 for all j € 1Y), the factor ¥ in (A.4.7) can be
set to 2.

The following simple observation is crucial when applying Theorem A.6.

Remark A.3 Assume that the data A, Ry, ..., R of the Matriz Cube problem are affine in a
vector of parameters y, while the data Ly, ..., L1 are independent of y. Then (A.4.3) is a system
of LMIs in the variables Y;, V;, A\j and y.
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Matrix Cube Theorem, Real Case

The Real Matrix Cube problem is as follows:
RMC: Let m, p1,q1,....p1,qr be positive integers, and A € 8™, L; € RPi*™ R; €
R%*™ be given matrices, Lj # 0. Let also a partition {1,2,...,L} = I U I% of the

index set {1,...,L} into two non-overlapping sets be given. With these data, we
associate a parametric family of “matrix boxes”

j=1

L
Ulp) {A—i—pZ[LJ@RJ—kRJ[@]LJ].@ GZ,1<3<L} (A48)
cSsm™,
where p > 0 is the parameter and

{01, :0 R, |0| <1},j € It
zi [“scalar perturbation blocks”] i
") {07 €RPiIXU : ||©F|y < 1},5 € If ) (A.4.9)

[“full perturbation blocks”]

Given p > 0, check whether
Ulp] C ST Alp)

Remark A.4 We always assume that p; > 1 for j € IS. Indeed, non-repeated (pj = 1) scalar
perturbations always can be regarded as full perturbations.

Consider, along with predicate A(p), the predicate

;eS8 j=1,..,L:
(a) Y; = LT®IR;+ RT[&I)TL; V(67 € 21,1 <j <L)

L
(b) A—pzleEO.
]:

The Real case version of Theorem A.6 is as follows:

Theorem A.7 [The Real Matrix Cube Theorem [3, section B.4]] One has:

(i) Predicate B(p) is stronger than A(p) — the validity of the former predicate implies the
validity of the latter one.

(ii) B(p) is computationally tractable — the validity of the predicate is equivalent to the
solvability of the system of LMIs

() Y |LTR;+RILy| = 0,j€lf,

AALTL RT ,
U)[ R, A; ] = 0, jelf (A.4.10)
(*) i = 0.

in matriz variables Y; € S™, j =1,..., L, and real variables \;, j € If.
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(iii) “The gap” between A(p) and B(p) can be bounded solely in terms of the mazimal rank

p° = max Rank(L]TRj + RJ-TLJ-)
jefg

of the scalar perturbations. Specifically, there ezists a universal function Or(-) satisfying the

relations
T

Ur(2) = 53 9r(4) = 2 Or(k) < my/p/2Vp 21

such that with p = max|[2,p®] one has

if B(p) is not valid, then A(Ir(u)p) is not valid. (A.4.11)

(iv) Finally, in the case L =1 of single perturbation block A(p) is equivalent to B(p).

A.4.2 Approximate S-Lemma

Theorem A.8 [Approximate S-Lemma [3, section B.3]] Let p > 0, A, B, By, ..., By be symmet-
J

ric m X m matrices such that B = bb' , Bj>0,j=1,..,J >1, and B+ ) Bj >~ 0.
j=1
Consider the optimization problem
Opt(p) = max {xTA$ cx'Bx < 1,2"Bjx < p?, j =1, ..., J} (A.4.12)
xX

along with its semidefinite relaxation

SDP(p) = max {Tr(AX) : Tr(BX) < 1,Tr(B;X) < p?,
i=1,..,J,X =0}
J
= min {A+p7 Y N A>0,02>0,7=1,..J, (A.4.13)
AN} j=1

J
A\B + Z )\ij >~ A}
j=1

Then there exists T such that

() z'Bz < 1
(b) z'Bjz < Q*J)p*ji=1,..,J (A.4.14)
(¢ zTAz = SDP(p),

where QU(J) is a universal function of J such that Q(1) =1 and

Q(J) < 9.19\/In(J), J > 2. (A.4.15)

In particular,

Opt(p) < SDP(p) < Opt(2(J)p). (A.4.16)
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A.4.3 Talagrand Inequality

Theorem A.9 [Talagrand Inequality] Let n1, ..., be independent random wvectors taking val-
ues in unit balls of the respective finite-dimensional vector spaces (E1, || - [|(1))s-+»(Em, || - lm)),
and let n = (N1, ...,m) € B = By X ... X Ey,. Let us equip E with the norm ||(z,...,2™)|| =

‘21 ||zz||%2), and let @ be a closed convex subset of E. Then

diStﬁ.H (n, Q) 1
E {exp{ 16 }} = Prob{n € Q}

For proof, see, e.g., [60].

A.4.4 A Concentration Result for Gaussian Random Vector

Theorem A.10 [3, Theorem B.5.1] Let ¢ ~ N (0, I,,), and let Q be a closed convex set in R™
such that

1
Prob{¢ € Q} > x > 7 (A.4.17)
Then
(i) Q contains the centered at the origin || - ||2-ball of the radius
r(x) = Erflnv(1 — x) > 0. (A.4.18)

(i) If Q contains the centered at the origin || - ||2-ball of a radius r > r(x), then

Va € [1,00) : Prob{¢ ¢ aQ} < Erf (Erflnv(1 — x) + (o — 1)r)

< Erf (aBrflnv(l — x)) < 2 exp {_%} _ (A.4.19)

In particular, for a closed and convez set Q, ( ~ N(0,%) and « > 1 one has

Prob{( ¢ Q}<é< 3= AL490
Prob {¢ ¢ aQ} < Erf(aErflnv(d)) < %exp{—M}. (4.4.20)



Appendix B

Solutions to Exercises

B.1 Exercises from Lecture 1

Exercise 1.1. We should prove that x is robust feasible if and only if it can be extended, by
properly chosen u,v > 0 such that u — v = z, to a feasible solution to (1.6.1). First, let x be
robust feasible, and let u; = max[z;, 0], v; = max[—z;,0]. Then u,v > 0 and u — v = z. Besides
this, since x is robust feasible and uncertainty is element-wise, we have for every i

Z max _ aj;x; < b;. (%)
j AijgaijSAij
With our u,v we clearly have maxy o, <A, Gjtj = [Aiju; — A;;vs], so that by (%) we have

Au — Av < b, so that (z,u,v) is a feasible solution of (1.6.1).

Vice versa, let (x,u,v) be feasible for (1.6.1), and let us prove that x is robust feasible for the
original uncertain problem, that is, that the relations (x) take place. This is immediate, since
from u,v > 0 and x = u — v it clearly follows that MaxXy <, <A, T < Ajjuj — A;;v5, so that
the validity of (x) is ensured by the constraints of (1.6.1). The respective RCs are (equivalent
to)

[a™; 6% s =1] + pl| PT[; 1], <0, ¢ = 52 (a)
[a®; 67 [ = 1] + pl| (P [ = 1)) [l < 0, ¢ = 527 (b)
[a™; 0] s =1] + p)| PT[a; =1] [l < 0 (c)

where for a vector u = [u1;...; u] the vector (u); has the coordinates max[u;,0], ¢ =1, ..., k.
Comment to (c¢): The uncertainty set in question is nonconvex; since the RC remains intact when
a given uncertainty set is replaced with its convex hull, we can replace the restriction ||(]|, < p
in (c) with the restriction ¢ € Conv{( : ||C]|, < p} = {||{][1 < p}, where the concluding equality
is due to the following reasons: on one hand, with p € (0,1) we have

ICllp < p = 221G/ p)P < 1= [Gl/p < 1Vi = [Gl/p < (16l /p)?
= 22 1Gil/p < 25516l /p)P < 1,

whence Conv{||C||, < p} C {|[¢|li < p}. To prove the inverse inclusion, note that all extreme
points of the latter set (that is, vectors with all but one coordinates equal to 0 and the remaining
coordinate equal +p) satisfy ||C||, < 1.

305
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Exercise 1.3: The RC can be represented by the system of conic quadratic constraints
[a™; b“]/T[w; 1+ p>; lujll2 <0
1/2
Zj Qj Uj = PT[xS —1]

in variables z, {Uj}}]:r
Exercise 1.4: e The RC of i-th problem is
min{—xl —29:0< 21 <minby,0 < xo < minbo,x1 + 2 >p}
x beld; beU;

We see that both RC’s are identical to each other and form the program
min{—xz1 —x2:0 <z, <1/3,21 + x2 > p}
x

e When p = 3/4, all instances of P; are feasible (one can set x1 = by, x9 = b9), while the RC of
P5 is not so, so that there is a gap. In contrast to this, Ps has infeasible instances, and its RC
is infeasible; in this case, there is no gap.

e When p = 2/3, the (common) RC of the two problems P;, Ps is feasible with the unique
feasible solution ;1 = x3 = 1/3 and the optimal value —2/3. Since every instance of P; has a
feasible solution x1 = by, x9 = bo, the optimal value of the instance is < —b; — by < —1, so that
there is a gap. In contrast to this, the RC is an instance of P, so that in this case there is no

gap.

Exercise 1.5: e Problem P> has a constraint-wise uncertainty and is the constraint-wise en-
velope of P;.

e Proof for item 2: Let us prove first that if all the instances are feasible, then so is the RC.
Assume that the RC is infeasible. Then for every x € X there exists i = i, and a realization
[ag;w, bi, «] € U;, of the uncertain data of i-th constraint such that

Z;w.l‘/ — biz,zr >0
when 2/ = z and consequently when 2’ belongs to a small enough neighborhood U, of x. Since
X is a convex compact set, we can find a finite collection of x; € X such that the corresponding
neighborhoods U,; cover the entire X. In other words, we can points out finitely many linear
forms
folz) = aZ;x — by, 0=1,..,L,

such that [a;fg, bi,] € U;, and the maximum of the forms over £ =1, ..., L is positive at every point
x € X. By standard facts on convexity it follows that there exists a convex combination of our
forms

L
F@) =" Nlajz — b
/=1

which is positive everywhere on X. Now let I; = {£ : iy = i} and p; = Y ;. A For i with

i > 0, let us set
Ag
[az‘Tv bi] = Z f[aiw biz]v
ver, M
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so that [al', b;] € U; (since the latter set is convex). For i with u; = 0, let [al, b;] be a whatever
point of U;. Observe that by construction

Now, since the uncertainty is constraint-wise, the matrix [4, b] with the rows [al, b;] belongs to
U and thus corresponds to an instance of P. For this instance, we have

pl[Az —b) = f(z) > 0 Vz € X,

so that no z € X can be feasible for the instance; due to the origin of X, this means that the
instance we have built is infeasible, same as the RC.

Now let us prove that if all instances are feasible, then the optimal value of the RC is the
supremum, let it be called 7, of the optimal values of instances (this supremum clearly is achieved
and thus is the maximum of optimal values of instances). Consider the uncertain problem P’
which is obtained from P by adding to every instance the (certain!) constraint ¢!z < 7. The
resulting problem still is with constraint-wise uncertainty, has feasible instances, and feasible
solutions of an instance belong to X. By what we have already proved, the RC of P’ is feasible;
but a feasible solution to the latter RC is a robust feasible solution of P with the value of the
objective < 7, meaning that the optimal value in the RC of P is < 7. Since the strict inequality
here is impossible due to the origin of 7, we conclude that the optimal value of the RC of P is
equal to the maximum of optimal values of instances of P, as claimed.

B.2 Exercises from Lecture 2

Exercise 2.1: W.lo.g., we may assume ¢t > 0. Setting ¢(s) = cosh(ts) — [cosh(t) — 1]s2, we get
an even function such that ¢(—1) = ¢(0) = ¢(1) = 1. We claim that ¢(s) < 1 when —1 < s < 1.

Indeed, otherwise ¢ attains its maximum on [—1,1] at a point 5§ € (0,1), and ¢”(5) < 0. The
function g(s) = ¢'(s) is convex on [0,1] and g(0) = g(5) = 0. The latter, due to g'(5) < 0, implies

that g(s) =0, 0 < s < 5. Thus, ¢ is constant on a nontrivial segment, which is not the case.

For a symmetric P supported on [—1,1] with [ s?dP(s) = v*> < v* we have, due to ¢(s) < 1,
—1<s<1:

fexp{ts}dP f L cosh(ts)dP(s)
= f cosh ts) — (cosh(t) — 1)s?]dP(s) + (cosh(t) f | 52dP(s)
< fil dP(s) + (cosh(t) — 1)#? < 1+ (cosh(t) — 1)

as claimed in example 8. Setting h(t) = In(v?cosh(t) + 1 — v?), we have h(0) = h/(0) = 0,
2 251
_ (r2+(11?) cosh(t)) _ ] V=3
Wi(t) = (2 cosh(t)JrlC()iQ)Q , max; h'(t) = { % [1 + 1712*}/4 < %, V2 < % » whence Y3 (v) < 1.
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Exercise 2.2: Here are the results:

I n ] ¢ [ tu || tnem | tBu | tBUBx | !Bde |
16 | 5.e-2 3.802 3.799 9.791 9.791 9.791
16 | 504 || 7.406 || 7.599 | 15596 | 15.596 | 15.596
16 | 5.e-6 9.642 10.201 | 19.764 | 16.000 | 16.000

256 | 5.2 || 15.105 || 15.195 | 39.164 | 39.164 | 39.164

256 | 5.e-4 30.350 30.396 | 62.383 | 62.383 | 62.383

256 | 5.e-6 || 40.672 40.804 | 79.054 | 79.054 | 79.054

Lrnl e [t [ ter | tes | teo | tUnim |
16 | 5.e2 || 3.802 || 6.228 | 5.653 | 5.653 | 10.826
16 | 5.e-4 || 7.406 || 9.920 | 9.004 | 9.004 | 12.502
16 | 5.e6 || 9.642 || 12,570 | 11.410 | 11.410 | 13.705
256 | 5.e-2 || 15.195 || 24.910 | 22.611 | 22.611 | 139.306
256 | 5.e-4 || 30.350 || 39.678 | 36.017 | 36.017 | 146.009
256 | 5.e-6 || 40.672 || 50.282 | 45.682 | 45.682 | 150.821

Exercise 2.3: Here are the results:

I n ] € I tea || tem | ten | tBuBx | tBde | te7 | tms |
16 | 5.e-2 4.000 6.579 9.791 9.791 9.791 9.791 9.791
16 | 5.e-4 || 10.000 || 13.162 | 15.596 | 15.596 | 15.596 | 15.596 | 15.596
16 | 5.e-6 || 14.000 || 17.669 | 19.764 | 16.000 | 16.000 | 19.764 | 19.764

256 | 5.0-2 || 24.000 || 26.318 | 39.164 | 39.164 | 39.164 | 39.164 | 39.164

256 | 5.e-4 || 50.000 || 52.649 | 63.383 | 62.383 | 62.383 | 62.383 | 62.383

256 | 5.e-6 || 68.000 || 70.674 | 79.054 | 79.054 | 79.054 | 79.053 | 79.053

Exercise 2.4: In the case of (a), the optimal value is t, = y/nErflnv(e), since for a feasible
x we have £"[z] ~ N(0,n). In the case of (b), the optimal value is t;, = nErflnv(ne). Indeed,
the rows in B,, are of the same Euclidean length and are orthogonal to each other, whence the
columns are orthogonal to each other as well. Since the first column of B,, is the all-one vector,
the conditional on 71 distribution of £ = > y QA“J has the mass 1/n at the point nn and the mass
(n —1)/n at the origin. It follows that the distribution of ¢ is the convex combination of the
Gaussian distribution A'(0,n?) and the unit mass, sitting at the origin, with the weights 1/n
and (n — 1)/n, respectively, and the claim follows.
The numerical results are as follows:

Ln | e[ t | & [#]
10 [1e2 | 7357 12816 1.74
100 | Le-3 || 30.902 | 128155 | 4.15
1000 | 1.e-4 || 117.606 | 1281.548 | 10.90

Exercise 2.5: In the notation of section 2.4.2, we have

Sw) = In(Blexp{S,wiC}}) = Sy Aelexp{u} — 1)
= max [0y — ()],

p(u) = maxy[u’w - ®(w)] = { 2pluebnlue/A) = ue+ A, u 2 0

00, otherwise.
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Consequently, the Bernstein approximation is

inf
£>0

20+ B8 Melexp{we/B} — 1) + 5111(1/6)] <0,
1
or, in the RC form,

20 + max {wTu u€ Ze={u> O,Z[Ugln(w//\g) —up+ M| < ln(l/e)}} <0.
L

Exercise 2.6: w(e) is the optimal value in the chance constrained optimization problem

L
min {wo : Prob{—wg + ZCgCg <0}>1- e} ,
wo

(=1

where (; are independent Poisson random variables with parameters A,.
When all ¢, are integral in certain scale, the random variable ¢¥ = 25:1 c¢Cy is also integral
in the same scale, and we can compute its distribution recursively in L:
. L, i=0 . & N
ml)={ o 170 70 = Speali —e) el A
]:

(in computations, E;io should be replaced with Z;V:o with appropriately large N).
With the numerical data in question, the expected value of per day requested cash is ¢/ \ =
7,000, and the remaining requested quantities are listed below:

€
le-l | 1e2 | 1e3 [ led [ leb | leb

w(e) | 8,900 | 10,800 | 12,320 | 13,680 | 14,900 | 16,060
CVaR 9,732 | 11,451 | 12,897 | 14,193 | 15,390 | 16,516
+9.3% | +6.0% | +4.7% | +3.7% | +3.3% | +2.8%
BCV 9,836 | 11,578 | 13,047 | 14,361 | 15,572 | 16,709
+10.5%| +7.2% | +5.9% | +5.0% | +4.5% | +4.0%
B 10,555 | 12,313 | 13,770 | 15,071 | 16,270 | 17,397
+18.6%| +14.0% | +11.8% | +10.2% | +9.2% | +8.3%
E 8,900 | 10,800 | 12,520 | 17,100 - -
+0.0% | +0.0% | +1.6% | +25.0%

“BCV” stands for the bridged Bernstein-CVaR,, “B” — for the Bernstein,
and “E” — for the (1 — €)-reliable empirical bound on w(e). The BCV
bound corresponds to the generating function vi6,10(-), see p. 67. The
percents represent the relative differences between the bounds and w(e).
All bounds are right-rounded to the closest integers.

Exercise 2.7: The results of computations are as follows (as a benchmark, we display also the
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results of Exercise 2.6 related to the case of independent (q, ..., (r):

€
le-l | 1e2 [ 1le3 [ led | leb | leb
| Exer. 2.6 | 8,900 | 10,800 | 12,320 [ 13,680 [ 14,900 | 16,060 |
Exer. 2.7, [11,000 [ 15,680 [ 19,120 | 21,960 | 26,140 | 28,520
lower bound |+23.6%| +45.2% | +55.2% | +60.5% | +75.4% | +77.6%
Exer. 2.7, [13,124 | 17,063 | 20,507 | 23,582 | 26,588 | 29,173
upper bound|+47.5%| +58.8% | +66.5% | +72.4% | +78.5% | +-81.7%

Percents display relative differences between the bounds and w(e)

Exercise 2.8. Part 1: By Exercise 2.5, the Bernstein upper bound on w(e) is

Ba(e) = inf{uwy : infamg [—wo + 85, Melexp{er/B} — 1) + Bln(1/e)] < 0}
— infu0 [8 30 Me(expiee/B} — 1) + BIn(1/e)

The “ambiguous” Bernstein upper bound on w(e) is therefore

Ba(e) = maxyepinfgso[Bd 5, Ae(exp{c//B} — 1) + BIn(1/€)] (%)
= infgso B [maxyen >y Ae(exp{ce/B} — 1) + In(1/e)]

where the swap of infg~.o and max ¢, is justified by the fact that the function 5, A¢(exp{c,/8}—
1) + B1In(1/e) is concave in A, convex in 5 and by the compactness and convexity of A.

Part 2: We should prove that if A is a convex compact set in the domain A > 0 such that
for every affine form f(\) = fo + e’ \ one has

max f(A) £0= Proby.p{f(A) <0} >1-9, (*)

then, setting wy = B (€), one has

Proby.p {/\ : PrObCpr\lx---XPAL {Z@C@ > wo} > 6} <. (?)

4

It suffices to prove that under our assumptions on A inequality (?) is valid for all wg > B (e).
Given wy > By (€) and invoking the second relation in (x), we can find 5 > 0 such that

B [Iilé)ﬁ(Z/\g(eXp{Cg/ﬁ} -1)+ ln(l/e)] < wy,
l

or, which is the same,

(w0 + F1n(1/)] + max 3 Al(exp{er/B} ~ D] <0,
L

which, by (!) as applied to the affine form

FQ) = [~wo + BIn(1/€)] + > M[Blexp{er/B} — 1)),

14
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implies that
Proby.p {f(A) > 0} <. (*x)

It remains to note that when A > 0 is such that f(\) < 0, the result of Exercise 2.5 states that

PrObCNP,\l X..X Py, {—wo + Z Cocp > O} <.

L

Thus, when wy > Ba(e€), the set of A’s in the left hand side of (?) is contained in the set
{A>0: f(\) > 0}, and therefore (?) is readily given by (xx).

B.3 Exercises from Lecture 3

Exercise 3.1: Let S[-| be a safe tractable approximation of (Cz,[-]) tight within the factor
Y. Let us verify that S[\vyp| is a safe tractable approximation of (Cz[p]) tight within the factor
AY. All we should prove is that (a) if  can be extended to a feasible solution to S[Ayp], then
x is feasible for (Cz[p]), and that (b) if  cannot be extended to a feasible solution to S[Avyp],
then x is not feasible for (Cz[AUp]). When x can be extended to a feasible solution of S[Avyp],
x is feasible for (Cz, [\yp]), and since pZ C MypZ,, x is feasible for (Cz[p]) as well, as required
in (a). Now assume that x cannot be extended to a feasible solution of S[Ayp|. Then z is not
feasible for (Cz, [9Ayp]), and since the set IA\ypZ, is contained in JA\pZ, z is not feasible for
(Cz[(YA)p]), as required in (b). O

Exercise 3.2: 1) Consider the ellipsoid

Z, ={¢: cT[Z Qil¢ < M}.

We clearly have M~1/22, ¢ Z C Z,; by assumption, (Cz,[]) admits a safe tractable approxi-
mation tight within the factor ¥, and it remains to apply the result of Exercise 3.1.
2) This is a particular case of 1) corresponding to ¢(1'Q;¢ = ¢?, 1 <i < M =dim(.
M
3) Let Z = () E;, where E; are ellipsoids. Since Z is symmetric w.r.t. the origin, we also
=1

y e

have Z = () [E; N (—E;)]. We claim that for every ¢, the set E; N (—E;) contains an ellipsoid F;
i=1

centered at the origin and such that E; N (—E;) C v/2F;, and that this ellipsoid F; can be easily

found. Believing in the claim, we have

=&

M
Z, = FiCZCx/ﬁﬂFi.
=1

=1

By 1), (Cz,[]) admits a safe tractable approximation with the tightness factor ¥/M; by Exercise
3.1, (Cz[]) admits a safe tractable approximation with the tightness factor ¥+/2M.

It remains to support our claim. For a given ¢, applying nonsingular linear transformation
of variables, we can reduce the situation to the one where E; = B 4+ e, where B is the unit



312 APPENDIX B. SOLUTIONS TO EXERCISES

Euclidean ball, centered at the origin, and [[ells < 1 (the latter inequality follows from 0 €
intZ C int(E; N (—E;))). The intersection G = E; N (—E;) is a set that is invariant w.r.t.
rotations around the axis Re; a 2-D cross-section H of G by a 2D plane II containing the axis is
a 2-D solid symmetric w.r.t. the origin. It is well known that for every symmetric w.r.t. 0 solid
Q in R? there exists a centered at 0 ellipsoid E such that E C Q C V/dE. Therefore there exists
(and in fact can easily be found) an ellipsis I, centered at the origin, that is contained in H and
is such that v/2I contains H. Now, the ellipsis I is the intersection of II and an ellipsoid Fj that
is invariant w.r.t. rotations around the axis Re, and F; clearly satisfies the required relations
F,C E;N(—E;) Cc V2F;. !

Exercise 3.3: With y given, all we know about z is that there exists A € RP*? with ||All22 < p
such that y = By[z;1] + LT AR|[x; 1], or, denoting w = AR[z; 1], that there exists w € RP with
wlw < p?lz; )T RTR[z; 1] such that y = By[z;1] + LTw. Denoting z = [z;w], all we know
about the vector z is that it belongs to a given affine plane Az = a and satisfies the quadratic
inequality 27Cz + 2¢’z 4+ d < 0, where A = [A,, L], a = y — by, and

6wl Clg; Wl + 2¢7 (€ 0] + d = w!'w — p°[6 1T RTR[E; 1], [€50] € RMP.
Using the equations Az = a, we can express the n + p z-variables via k < n + p u-variables:
Az=a< JueRr:z2=FEu+e.

Plugging z = Eu + e into the quadratic constraint 27Cz + 2¢”z + d < 0, we get a quadratic
constraint u” Fu + 2fTu + g < 0 on u. Finally, the vector Qx we want to estimate can be
represented as Pu with easily computable matrix P. The summary of our developments is as
follows:

(1) Given y and the data describing BB, we can build k, a matrix P and a quadratic
form uTFu + 2fTu + g < 0 on R* such that the problem of interest becomes the
problem of the best, in the worst case, || - ||2-approximation of Pu, where unknown
vector u € R¥ is known to satisfy the inequality uT Fu + 2fTu+ g < 0.

By (!), our goal is to solve the semi-infinite optimization program

nglin{t: ||Pu—vH2StV(u:uTFu—i—QfTu—i—gSO)}. (%)

X))

Assuming that inf,, [uTF w4 2fTu + g] < 0 and applying the inhomogeneous version of S-
Lemma, the problem becomes

: AF—PTP | M —Ply

>0: - > .
ﬁf?{to [ AT —oTP ‘ g+ 12 —vTw Z0,A20

Passing from minimization of ¢ to minimization of 7 = t2, the latter problem becomes the
semidefinite program

o <s,A>0
min ¢ 7: )\F—PTP‘)\f—PT’U “ 0
T,U,)\,S )\fT _ ,UTP ‘ )\g_i_/]— — 8 -

n fact, the factor /2 in the latter relation can be reduced to 2/v/3 < v/2, see Solution to Exercise 3.4.
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In fact, the problem of interest can be solved by pure Linear Algebra tools, without Semidefinite
optimization. Indeed, assume for a moment that P has trivial kernel. Then (x) is feasible if
and only if the solution set S of the quadratic inequality ¢(u) = v’ Fu + 2fTu + ¢ < 0 in
variables u is nonempty and bounded, which is the case if and only if this set is an ellipsoid
(u—e)'Q(u —¢) < r? with Q = 0 and 7 > 0; whether this indeed is the case and what are c,
@, r, if any, can be easily found out by Linear Algebra tools. The image PS of S under the
mapping P also is an ellipsoid (perhaps “flat”) centered at v, = Pec, and the optimal solution
to (%) is (t«,vs), where t, is the largest half-axis of the ellipsoid PS. In the case when P has
a kernel, let E be the orthogonal complement to KerP, and P be the restriction of P onto F ;
this mapping has a trivial kernel. Problem (x) clearly is equivalent to

ngin{t: 1PG —w|ls < V(i€ E: 3w € KerP : ¢(1i + w) < 0}.
K}

The set R
U={ueFE:3weKerP:¢(u+w) <0}

clearly is given by a single quadratic inequality in variables 12 € E, and (x) reduces to a similar
problem with E in the role of the space where u lives and P in the role of P, and we already
know how to solve the resulting problem.

Exercise 3.4: In view of Theorem 3.9, all we need to verify is that Z can be “safely approx-
imated” within an O(1) factor by an intersection g of O(1)J ellipsoids centered at the origin:
there exists Z = {n: "7TQ377 <1,1<;5< J} with Q; = 0, E Q] > 0 such that

0'Zczc2Z,

with an absolute constant 6 and J < O(1)J. Let us prove that the just formulated statement
holds true with J = .J and 6 = v/3/2. Indeed, since Z is symmetric w.r.t. the origin, setting
E;j={n:(n-a;))TQ;j(n — a;) <1}, we have

S (o ymnes

all we need is to demonstrate that every one of the sets F;N[—FE;] is in between two proportional
ellipsoids centered at the origin with the larger one being at most 2/v/3 multiple of the smaller
one. After an appropriate linear one-to-one transformation of the space, all we need to prove is
that if £ ={n € R: (m —7r)? + E] an < 1} with 0 <7 < 1, then we can point out the set

F={n:m/a®+ Y5 _,n?/b? <1} such that

3
%FCEH[—E]CF.

When proving the latter statement, we lose nothing when assuming k = 2. Renaming m
as y, n2 as x and setting h = 1 —r € (0,1] we should prove that the “loop” £ = {[z;y] :
[ly| + (1 — h)]?> + 22 < 1} is in between two proportional ellipses centered at the origin with the
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ratio of linear sizes 6 < 2/+/3. Let us verify that we can take as the smaller of these ellipses the
ellipsis

3—h

4 —2h’

and to choose # = pu~! (so that # < 2/4/3 due to 0 < h < 1). First, let us prove that £& C L.
This inclusion is evident when h = 1, so that we can assume that 0 < h < 1. Let [z;y] € £, and
let A = @ We have

€= {lmy] : y?/h° + 2%/ (2h — h?) < P} =

2 21,2 .2 2
212 2 72 2 y* < h7lp® —2°/(2h — h%)] (a)

y/h +x/(2h h)Sﬂi{x2<M2h(2_h) (b) )

(yl + (1= h)2 +22 =2 + 2|1 — h) + (1 — k)2 < y® + [M® + L(1 - 1)?]
+(1 _ h)2 — yQ% + (2—h)2(1—h) + 2

2

< (12 = sy | (2h = 12+ CER 4 02 = g(a2),
where the concluding < is due to (a). Since 0 < 22 < p?(2h — h?) by (b), q(2?) is in-between its
values for 22 = 0 and 22 = ;%(2h — h?), and both these values with our p are equal to 1. Thus,
[z3y] € L.

It remains to prove that x4 ~'€ D L, or, which is the same, that when [z;y] € £, we have
[ux; py] € €. Indeed, we have

lyl+ (A =R +2* <1=ly| <h & a® <1-y*=2Jy|(1 —h) — (1 - h)?
= 22 <2h —h? —y? —2ly|(1 - h)

<0

—

2
2 [42 2 | _ eg?@-h)tha® _  oh2@-h)+20-h)y”~ — |ylh] _
= M [% + th—m} Sl > Tomn my U hZ(a=h) Sp

= [z;y] €€,

as claimed.

Exercise 3.5: 1) We have

EstErr = sup T (GA—-DT(GA - I)v+ Tr(GTEG)
veV,Ac A
=sup sup ulQ YV2(GA—-IT(GA—1)Q 1/2u+ Tr(GTEG)

AcAuuTu<l

[substitution v = Q~1/2u]
= \/sup I(GA = DQ12|3, + Tr(GTSE).
AeA ’

By the Schur Complement Lemma, the relation ||(GA—I)Q /2|22 < 7 is equivalent to the LMI
Tl | [(GA—DQ 2T

[ (GA-DQ 17| 71

the semi-infinite semidefinite program

VT2 402 <t, /T (GTEG) <6

71 | [(GA—DQ /T
GA—-1Q 17| 1

], and therefore the problem of interest can be posed as

min

t,7,0,G b [( =0vAe A [’
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which is nothing but the RC of the uncertain semidefinite program
VT2 402 <t, /T (GTEG) <6

min_ < ¢ I | [(GA-DQ V2T
t,7,0,G —
(GA-DQ 17| Tl

:AcA

E

In order to reformulate the only semi-infinite constraint in the problem in a tractable form, note
that with A = A, + LT AR we have

_ 1 [(GA-DQ™'I”
NA= |@a—no 7 I 71 ]
. _ —1/21T
B [ o _1;)@71 2 I [(GA, TI}Q ] }+£T(G)AR+RTATL(G),
Bn(G)

L(G) = [0pn, LGT] R = [RQ™/2, 0n]
Invoking Theorem 3.12, the semi-infinite LMI AV (A) = 0 VA € A is equivalent to

A, | pL(G)
pLT(G) | Bu(G) — ARTR

o B

and thus the RC is equivalent to the semidefinite program

VT2 402 <t, /T (GTEG) <6

AL pLGT
I, —AQ™'2RTRQ™'? | Q7' ?(ATGT —1,) | =0
pGLT (GA, — I,)Q~1/? 1,

2): Setting v = UT0, 5= Wy, E WTE, our estimation problem reduces to the exactly the
same problem, but with Diag{a} in the role of A, and the diagonal matrix Diag{q} in the role
of @); a linear estimate Gy of ¥ in the new problem corresponds to the linear estimate U TGWTy,
of exactly the same quality, in the original problem. In other words, the situation reduces to the
one where A, and @ are diagonal positive semidefinite, respectively, positive definite matrices;
all we need is to prove that in this special case we lose nothing when restricting G to be diagonal.
Indeed, in the case in question the RC reads

VT2 402 <t,0y/Tr(GTG) < 4§
Al

min ¢ ¢ : n pGT (%)
o 71, — ADiag{p} Diag{v}GT — Diag{n}
o pG | GDiag{v} — Diag{n} Tl

where 1; = q; Vvi=a/ V@ and 1; = 1/,/g;. Replacing the G-component in a feasible solution
with EGE, where F is a diagonal matrix with diagonal entries +1, we preserve feasibility (look
what happens when you multiply the matrix in the LMI from the left and from the right by
Diag{I, I, E}). Since the problem is convex, it follows that whenever a collection (t, 7,9, A, G) is
feasible for the RC, so is the collection obtained by replacing the original G with the average of
the matrices ETGE taken over all 2" diagonal n x n matrices with diagonal entries +1, and this
average is the diagonal matrix with the same diagonal as the one of G. Thus, when A, and @
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are diagonal and L = R = I, (or, which is the same in our situation, L and R are orthogonal),
we lose nothing when restricting G to be diagonal.

Restricted to diagonal matrices G = Diag{g}, the LMI constraint in (%) becomes a bunch of
3 x 3 LMIs

A 0 PYi
0 T_)\MZ Vigi — i t07i:17"'7n7
PYi | Vigi — 1 T

in variables A, 7, g;. Assuming w.l.o.g. that A > 0 and applying the Schur Complement Lemma,

these 3 x 3 LMIs reduce to 2 x 2 matrix inequalities
T— M | vigi —mi
vigi — i | T — pPgr/A

=0,t=1,..,n.

For given 7, A, every one of these inequalities specifies a segment A;(7, \) of possible value of g;,
and the best choice of g; in this segment is the point g;(7, A) of the segment closest to 0 (when
the segment is empty, we set g;(7,\) = 00). Note that g;(7,A) > 0 (why?). It follows that (x)
reduces to the convex (due to its origin) problem

; 2 4 42 2
in \/7' +o ZQZ(T,)\)
(2

with easily computable convex nonnegative functions g;(7, \).

Exercise 3.6: 1) Let A > 0. For every & € R™ we have &7 [pg” + qp’]¢ = 2(¢Tp)(¢Tq) <
AMETp)? +5(7q)* = " wp” +5q¢" €, whence pg” +qp” = App” +1q¢”. By similar argument,
—[pg" + qp™] = App" + Fqq”. 1) is proved.

2) Observe, first, that if \(A) is the vector of eigenvalues of a symmetric matrix A, then
Mg + ap)ll1 = 2|lpll2llgll2- Indeed, there is nothing to verify when p = 0 or ¢ = 0; when
p,q # 0, we can normalize the situation to make p a unit vector and then to choose the orthogonal
coordinates in R™ in such a way that p is the first basic orth, and ¢ is in the linear span of the
first two basic orths. With this normalization, the nonzero eigenvalues of A are exactly the same
2a0 (B
8 0
in our new orthonormal basis. The eigenvalues of the 2 x 2 matrix in question are a4 +/a?2 + 32,
and the sum of their absolute values is 2y/a? + 52 = 2||q||2 = 2||p||2]|¢|2, as claimed.

To prove 2), let us lead to a contradiction the assumption that Y,p,q # 0 are such that
Y = +[pg" + gp’] and there is no A > 0 such that Y — A\pp” — %qu > 0, or, which is the same
by the Schur Complement Lemma, the LMI

Y —pp” ¢
q’ A

as the eigenvalues of the 2 x 2 matrix [ } , where v and 3 are the first two coordinates of ¢

-
in variable A has no solution, or, equivalently, the optimal value in the (clearly strictly feasible)

SDO program
. tI+Y —pp’ ¢
1?71)\11 {t : [ o \ =0
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is positive. By semidefinite duality, the latter is equivalent to the dual problem possessing a
feasible solution with a positive value of the dual objective. Looking at the dual, this is equivalent
to the existence of a matrix Z € S™ and a vector z € R" such that

[ ZZT pTZzp] =0, Te(ZY) < 2¢" 2.
Adding, if necessary, to Z a small positive multiple of the unit matrix, we can assume w.l.o.g.
that Z = 0. Setting Y = ZV2Y z1/2 p = ZV2p q = 7Z'/2q, z = Z~1/2z, the above relations
become

[ Lz ]»o To(Y) < 247z (%)
5T ﬁTﬁ — Y q z.

Observe that from Y = +[pg’ + gp’] it follows that Y = +[pg" + gp’]. Looking at what
happens in the eigenbasis of the matrix [pg’ +@p’ |, we conclude from this relation that Tr(Y) >
IAPG" + @p")|l1 = 2||pl|2/|@ll2. On the other hand, the matrix inequality in (x) implies that
IZzllz < [Ipll2, and thus Tr(Y) < 2||p[l2]|g]l2 by the second inequality in (x). We have arrived at
a desired contradiction.

3) Assume that x is such that all Ly(x) are nonzero. Assume that z can be extended to a
feasible solution Y7, ..., Y7,z of (3.7.2). Invoking 2), we can find Ay > 0 such that Y, > /\ngRg—i—
%[Lg(m)[;z(.%‘). Since Ay (z)—p >, Ye = 0, we have [A,(z)—p Y, MR R -3, )\%LKT(J:)Lg(x) -
0, whence, by the Schur Complement Lemma, Aj, ..., A,z are feasible for (3.7.3). Vice versa,
if A1,..., A,z are feasible for (3.7.3), then Ay > 0 for all ¢ due to Ly(x) # 0, and, by the same
Schur Complement Lemma, setting Y, = )\gRgRg + )%ZLeT(a:)Lg(:z:), we have

An(z) = p> Yy =0,
l

while Y, = + [LT(2)R, + RT Ly(z)], that is, Y1, ..., Y7, z are feasible for (3.7.2).
We have proved the equivalence of (3.7.2) and (3.7.3) in the case when Ly(z) # 0 for all /.
The case when some of Ly(x) vanish is left to the reader.

Exercise 3.7: A solution might be as follows. The problem of interest is
rgi?{t > (GA—=Tv+ G2 V(ve V,EeE,Ac A)}
| 0

wlu<1
P <1, (*)
rgi?{t:uT(GA—I)v—l—uTG§<tV u,v,§ : 1<i<1T VAG.A}.
’ £7Qji€ < v,
1<j<J
Observing that
3[GA-1]| 3G
uGA = I+ GE = [u;0;¢]" | [GA 1" [u; v €],
1aT
2
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for A fixed, a sufficient condition for the validity of the semi-infinite constraint in (x) is the
existence of nonnegative p,v;,w; such that

ur 1GA- 1] | 46
> vibi = | f[GA-T]T
> Wik 267

and p+) ", Vi—i-pg >_jwj < t. It follows that the validity of the semi-infinite system of constraints

P Y vt pE Y wp <t p> 0,1 > 0,0 >0

ul lea-1| e
> i vib; = | 3[GA—1IT ()
ijij %GT

VAe A

in variables t,G, u,v;,w; is a sufficient condition for (G,t) to be feasible for (x). The only
semi-infinite constraint in (!) is in fact an LMI with structured norm-bounded uncertainty:

wl
2ivib
2. wi®j )
leA-1|1c
— %[GA—I]T = 0VAec A
1GT
2 a
pl —3GA 1| 3G ]
—%[GAD — I]T Zz I/iPl
_%GT ijjQi_

B(u,v,w,G)
+ L@ ARy + RTATLIG)]) = 0
V(|| Aell2,2 < pa, 1 <€< L),
LK(G) = % I:LZGT)OPZXTHO;DZXWL} I Ré = [Oqu’n)Reaoqum] ]
Invoking Theorem 3.13, we end up with the following safe tractable approximation of (x):
min t
t,G,/L,l/i,Wj,Ag,Yve
s.t.
p v+ e wp <t > 0,0 > 0,05 >0
Ml | L(G)
LT(G) ‘ Ye — MRIR,
B(u,v,w,G) — pa 25:1 Y, = 0.

=0,1<¢<L

B.4 Exercises from Lecture 4

Exercise 4.1: A solution might be as follows. We define the normal range of the uncertain
cost vector as the box Z = {c/ 0<d < ¢}, where c is the current cost, the cone £ as

L={CeR": (>0, =0 whenever v; = 0}
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Figure B.1: Results for Exercise 4.1.

and equip R"™ with the norm

_ Vs v >0
HCHU:maX|C|]/UJ,'U]: VRS ]_
J 1, v =

With this setup, the model becomes

Opt(a) = min{ch cPr>b,x>00z< a} .
x

With the data of the Exercise, computation says that the minimal value of a for which the
problem is feasible is & = 160 and that the bound on the sensitivity becomes redundant when
a > @ = 320. The tradeoff between « € [a, @] is shown on the left plot in figure B.1; the right
plot depicts the solutions for « = a = 160 (magenta), o« = @ = 320 (blue) and o = 180 (green).

Exercise 4.2: 1) With ¢(p) = tau + ap problem (!) does not make sense, meaning that it is
always infeasible, unless F = {0}. Indeed, otherwise g contains a nonzero vector g, and assuming
(1) feasible, we should have for certain 7 and «

2(r+ap) | ST+ pg” ]
[ f+pg | A1) =0vp>0

or, which is the same,

[ 20 T2 ta|p byl ] = 0Yp>0.
p g | A®) -

T
passing to limit as p — 400, the matrix [ 2 j( 5 ] should be > 0, which is not the case when
g #0.



320 APPENDIX B. SOLUTIONS TO EXERCISES

The reason why the GRC methodology does not work in our case is pretty simple: we are
not applying this methodology, we are doing something else. Indeed, with the GRC approach,
we would require the validity of the semidefinite constraints

[ 2
fH+rg] Al)

for all f € F in the case of p = 0 and were allowing “controlled deterioration” of these constraints
when p > 0:

}>mfefyeE

: T T Hed" ] g
dlSt([f—l—pg} A ],SJr )<osz(f€.7:,g€E).
When 7 and « are large enough, this goal clearly is feasible. In the situation described in item
1) of Exercise, our desire is completely different: we want to keep the semidefinite constraints
feasible, compensating for perturbations pg by replacing the compliance 7 with 7+ ap. As it is
shown by our analysis, this goal is infeasible — the “compensation in the value of compliance”
should be at least quadratic in p.

2) With ¢(p) = (v/7 + v/ap)?, problem (!) makes perfect sense; moreover, given 7 > 0,
a>0,teT is feasible for (!) if and only if the system of relations

T fT
(a) [f 10)

o [oli)ones

]iOVfE}"

Since F is finite, (a) is just a finite collection of LMIs in ¢, 7; and since E is a centered at the
origin ellipsoid, the results of section 3.4.2 allow to convert the semi-infinite LMI (b) into an
equivalent tractable system of LMIs, so that (a), (b) is computationally tractable.

The claim that ¢ is feasible for the semi-infinite constraint

2(v7 +vap)® | ST+ pg”
f+reg | A® }ZOWEEQEEBO) (+)

if and only if ¢ satisfies (a) and () is evident. Indeed, if ¢ is feasible for the latter semi-infinite
LMI, t indeed satisfies (a) and (b) — look what happens when p = 0 and when p — oco. Vice
versa, assume that ¢ satisfies (a) and ()b), and let us prove that ¢ satisfies (x) as well. Indeed,

givenp>0,letussetu:%, —1—u:\/;l/f\/aands:%p. For f e Fandge E

from (a), (b) it follows that

[27’ fT}tO[QSQQ SQT}EO‘

[ AQ®) "L osg [ A1) ’

or, which is the same by the Schur Complement Lemma, for every e > 0 one has
IAG) + eI 72 fll2 < V2r, [[[A®) +€I] 7 2gls < V20,

whence, by the triangle inequality,

I[A() + eI]V2[f + pg]ll2 < V2T + V2ap,
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meaning that

V21 +v2ap)? | fT + pg” N
I+ pg | A(t)+el | =7

The latter relation holds true for all (e > 0, f € F,g € E), and thus ¢ is feasible for (x).

Exercise 4.3: 1) The worst-case error of a candidate linear estimate g7y is

max Az 4+ 6Tg — f12])a,
281 |2]l2<1,[|&2]1<1 It ) |

so that the problem of building the best, in the minimax sense, estimate reads

min {71 (A2 +6)Tg — 72| <7 (58] zllo < 1]l < D)},

which is nothing but the RC of the uncertain Least Squares problem

T7g

{min{T:(AZ‘FOTg_fTZST,fTZ—(AZ—i—f)TgST};C;: [Z;f] EZ:BXE} (*)

in variables g,7 with certain objective and two constraints affinely perturbed by ¢ = [z;¢] €
B x =. The equivalent tractable reformulation of this RC clearly is

min {r: |[A%g — fll2 + lg| <7}
2) Now we want of our estimate to satisfy the relations
V(pz > 0,pe > 0) : [(Az+&)Tg— fT2] <7+ czpe +agpe, V(2 : ||zl 14 p2, €2 [I€ll2 < 14 pe),
or, which is the same,
Vizi€] : [(Az +§)Tg — fT2] < 7+ a.dist., (2, B) + agdist) ., (&, E).

This is exactly the same as to say that g should be feasible for the GRC of the uncertainty-
affected inclusion
(Az+&)Tg— 2 e Q=[-,7]

in the case where the uncertain perturbations are [z;¢], the perturbation structure for z is given
by 2. = B, L, =R" and the norm on R" is || - [|2, and the perturbation structure for £ is given
by Z¢ = E, L = R™ and the norm on R™ is || - ||2. Invoking Proposition 4.2, g is feasible for
our GRC if and only if

(@) (Az+8Tg—fT2€QV(z€ B,£€E)
(0.1) |[(ATg— Tzl < V(z: |lz]l2 < 1)
(b:2) |79l <agV(E: ]2 <1)

or, which is the same, g meets the requirements if and only if

1A g = fllz + llgllz < 7. [ATg — fll2 < e, llgll2 < .
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Exercise 4.4: 1) The worst-case error of a candidate linear estimate Gy is

max G(Az +§) — Cz|,
z&:[l2l2<1, ll€2]1<1 e ) |

so that the problem of building the best, in the minimax sense, estimate reads

min {7 [|G(Az + &) = Czlla < 7 V([z:¢] + [[2ll2 = 1, [[€ll2 = 1)},

T,
which is nothing but the RC of the uncertain Least Squares problem

{IrTlign {7 ||G(Az+ &) —Cz|2 <7} :(:=[2{ € Z=Bx E} (%)
in variables G, 7. The body of the left hand side of the uncertain constraint is
G(Az+¢&) = Cz= LT (G)2R, + LY (G)ERy, L1(G) = ATGT —CT R =1,1,(G) =GT Ry =1
that is, we deal with structured norm-bounded uncertainty with two full uncertain blocks: n x 1

block z and m x 1 block &, the uncertainty level p being 1 (see section 3.3.1). Invoking Theorem
3.4, the system of LMIs

[ ug — A ul
u U GA-C | =0,
i GA - COF pY)
[ vo—p | 0T
v V |IG | >0 (5)
i Gt | pt
T_UO_’UO‘ —UT—UT

=0

—u—v ‘TI—U—V

in variables G, T, A, i, ug, u, U, vg, v,V is a tight within the factor 7 /2 safe tractable approxima-
tion of the RC.
2) Now we want of our estimate to satisfy the relations

V(p 2 0,p¢ 2 0): [GAz +€) — Czlla < 7+ asps + agpe, Yz & l2ll2 19+ 1€l < 1+ pe),
or, which is the same,
V[z;: €] : |G(Az + &) — COz|l2 < 7+ a.dist., (2, B) + agdist)., (£, Z).

This is exactly the same as to say that GG should be feasible for the GRC of the uncertainty-
affected inclusion
GAz+¢&) —CzeQ={w: ||w|2 <71}

in the case where the uncertain perturbations are [z;¢], the perturbation structure for z is given
by Z, = B, L, = R", the perturbation structure for ¢ is given by Z; = &, L, = R™, the global
sensitivities w.r.t. z, § are, respectively, o, a¢, and all norms in the GRC setup are the standard
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Fuclidean norms on the corresponding spaces. Invoking Proposition 4.2, G is feasible for our
GRC if and only if

(a) IG(Az+¢&)—Czl2 € QV(z € B,§ € B)

(0) (GA—=C)zlla < a. Y(z:[]z]2 < 1)
() NGEll2 < g V(€ [[€]l2 < 1).

9}

(b), (¢) merely say that
|GA =122 < o, ||Gll2,2 < g,

while (a) admits the safe tractable approximation (.5).

B.5 Exercises from Lecture 5

Exercise 5.1: From state equations (5.5.1) coupled with control law (5.5.3) it follows that
wh = Wy [E|C + wy[E],

where = = {U?, U2, ud} Y, is the “parameter” of the control law (5.5.3), and Wx[Z], wy[Z] are

matrix and vector affinely depending on =. Rewriting (5.5.2) as the system of linear constraints

efwh — f;<0,j=1,...,J,

and invoking Proposition 4.1, the GRC in question is the semi-infinite optimization problem

ming a
subject to B
el [WN[EIC +wn([E]] = f; <OV ¢ =Clls <R) (ay)
eTWNEIC < a ¥(C Il < 1) (b))
1<j<J

This problem clearly can be rewritten as
ming o
subject to -
R|W[Elejls. + ] WN[EIC +wn[E]] - f; <0, 1< < J
IWEElejll <a,1<j<J

where

Exercise 5.2: The AAGRC is equivalent to the convex program

ming o

subject to
RI|W{[Elejlls. + el WN[EIC+wn[E]] - f; < 0,1 <5< T
IWRElela+llr, <@, 1<j<J

where
s T

_— T, =

s—1" " r—1

and for a vector ¢ = [2;dp;...;dn] € RE, [(]qs is the vector obtained from ¢ by replacing the
z-component with 0, and replacing every one of the d-components with the vector of positive

parts of its coordinates, the positive part of a real a being defined as max[a, 0].

Sy =
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Exercise 5.3: 1) For ( = [z;dp;...;d15] € Z + L, a control law of the form (5.5.3) can be
written down as

t
Ut = U? + E Ugrdr,
7=0

and we have
t

T t t
Tegr =Y [u(ﬁ —d; + Zumds] => ul+>
s=0 7=0 s=0

7=0

t
> g — 1] ds.
T=s
Invoking Proposition 4.1, the AAGRC in question is the semi-infinite problem

mln{ugvui‘r}va o

subject to
() 16 >0 ul] [<0,0<t<15
(ay) luf| <0,0<t <15
(bx) ‘0 ZZ:O [Zf—:s Urs — 1] ds| <a
V(O <t< 15, [do; ...;d15] : ||[d0, ...;d15”|2 < 1)
(bu) ‘ 23—:0 utTdT‘ <«

V(O <t< 15, [do; ...;d15] : ||[d0, ...;d15”|2 < 1)

We see that the desired control law is linear (uY = 0 for all t), and the AAGRC is equivalent to
the conic quadratic problem

min o \/ZZ:O [Zf’:s Urs — 1]2 < 0_1(1, 0<t<15
fuerhe m <o, 0<t<15

2) In control terms, we want to “close” our toy linear dynamical system, where the initial state
is once and for ever set to 0, by a linear state-based non-anticipative control law in such a way
that the states =1, ..., x16 and the controls u1, ..., u15 in the closed loop system are “as insensitive
to the perturbations dy, ..., d5 as possible,” while measuring the changes in the state-control
trajectory

15 e .
w = [O,.’El,...,.’E16,U1,...7U15]

in the weighted uniform norm ||w'®||s ¢ = max[f||z||s, ||t]|co], and measuring the changes in the
sequence of disturbances [do;...;d15] in the “energy” norm ||[dp;...;di5]||2. Specifically, we are
interested to find a linear non-anticipating state-based control law that results in the smallest
possible constant « satisfying the relation

VAdY : |Aw" oo p < af|Ad™ |5,

where Ad' is a shift of the sequence of disturbances, and Aw'® is the induced shift in the
state-control trajectory.
3) The numerical results are as follows:

[ 6] o« |
1l.e6 | 4.0000
10 | 3.6515

2.8284
1 | 2.3094
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Exercise 5.4: 1) Denoting by J}ZWJ the amount of information in the traffic from ¢ to j travelling
through +, by ¢, the increase in the capacity of arc v, and by O(k), I(k) — the sets of outgoing,
resp., incoming, arcs for node k, the problem in question becomes

Siges T <Pyt ¥y
-~ ) dij, k=1
: Z kaif]_z xy = —dij, k=]
(=1, W;WW 0, k¢ {ij} )
{0y} B V((i,5) e T, keV)
¢y > 0,25 >0V((i,5) € T,k €V)

Vg

2) To build the AARC of (+) in the case of uncertain traffics d;;, it suffices to plug into
(%), instead of decision variables 2%, affine functions X% (d) = 7" + > (u)ed g9, of d =
{dij : (i,j) € J} (in the case of (a), the functions should be restricted to be of the form
Xéj (d) = 5” 04 &J di;) and to require the resulting constraints in variables ¢, fyj " to be valid
for all realizations of d € Z. The resulting semi-infinite LO program is computationally tractable
(as the AARC of an uncertain LO problem with fixed recourse, see section 5.3.1).

3) Plugging into (x), instead of variables z7, affine decision rules X5 "9 (d) of the just indicated
type, the constraints of the resulting problem can be split into 3 groups:

(@) Dgjes X (d) <Spy+gVyel
(b) Z(Zﬁeerj R%?X'Zy](d) =r(d)
(€) ¢y >0,X7(d)>0Y((i,j) € T,y €T).

In order to ensure the feasibility of a given candidate solution for this system with probability
at least 1 — ¢, € < 1, when d is uniformly distributed in a box, the linear equalities (b) must
be satisfied for all d’s, that is, (b) induces a system A = b of linear equality constraints on
the vector £ of coefficients of the affine decision rules X5 i (-). We can use this system of linear
equations, if it is feasible, in order to express £ as an afﬁne function of a shorter vector n of “free”
decision variables, that is, we can easily find H and h in such a way that A¢ = b is equivalent to
the existence of n such that £ = Hn+ h. We can now plug £ = Hn + h into (a), (¢) and forget
about (b), thus ending up with a system of constraints of the form

(@) ai(n,q) +al(n,q)d <0,1<¢< L= Card(I')(Card(J) + 1),
q=>0

with ag, oy affine in [n; q] (the constraints in (a’) come from the Card(T") constraints in (a) and
the Card(T')Card(7) constraints X% (d) > 0 in (c)).

In order to ensure the validity of the uncertainty-affected constraints (a’), as evaluated at a
candidate solution [n;q], with probability at least 1 — ¢, we can use either the techniques from
Lecture 2, or the techniques from section 3.6.4.
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