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ABSTRACT ARTICLE HISTORY
For those acquainted with CVX (aka disciplined convex program- Received 23 February 2021
ming) of Grant and Boyd (Matlab software for disciplined convex pro- Accepted 5 May 2021
gramming, version 2.2, CVX Research, Inc., 2020. http://cvxr.com/cvx/

doc/), the motivation of this work is the desire to extend the scope of

CVX beyond convex minimization — to convex-concave saddle point

problems and variational inequalities with monotone operators. To

attain this goal, given a family K of cones (e.g. Lorentz, semidefinite,

geometric, etc.), we introduce the notions of K-conic representa-

tion of a convex-concave saddle point problem and of variational

inequality with monotone operator. We demonstrate that given such

a representation of the problem of interest, the latter can be reduced

straightforwardly to a conic problem on a cone from KC and thus can

be solved by (any) solver capable to handle conic problems on cones

from IC (e.g. Mosek or SDPT3 in the case of semidefinite cones). We

also show that KC-representations of convex-concave functions and

monotone vector fields admit a fully algorithmic calculus which helps

to recognize the cases when a saddle point problem or variational

inequality can be converted into a conic problem on a cone from K

and to carry out such conversion.

1. Introduction

Along with the emergence of powerful computational tools, one of important components
of what is sometimes referred to as Interior-Point Revolution in Convex Optimization
was the rise of (informal) notion of a ‘well-structured convex problem’ - convex opti-
mization problem which can be reformulated as a conic problem on a cone from a ‘nice’
family K, most notably, the families of finite direct products of nonnegative rays (Lin-
ear Programming - LP), Lorentz cones (Second-Order Conic Programming - SOCP) and
semidefinite cones (Semidefinite Programming — SDP). Problems of the latter ‘magic fam-
ilies’ cover basically all needs arising in applications of Convex Optimization to decision-
making, engineering, statistics, etc. At the same time, reformulating problem of interest as
LP/SOCP/SDP makes the problem amenable for numerical processing by a ‘universal’ SDP
solver, so that end-user should not care much about number-crunching. Today, there exist
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powerful universal SDP solvers such as SDPT3 [19] or industrial-grade Mosek [2], with
permanently improving performance and reliability.

The ‘maiden form’ of an optimization problem arising in applications usually is not
the ‘nice conic’ one, even when at the end of the day the problem can be cast into, say,
an SDP program. Such transformation is carried out with the help of a special ‘calculus’
(see, e.g. [3-5]) which allows to recognize that the problem at hand can be reformulated
as, say, an SDP. This calculus, as any other, has two components: (a) ‘raw materials’ - a
collection of sets and functions possessing explicit representations via SDP (what exactly
‘representation’ means, will be explained in Section 2), and (b) ‘calculus rules’ expressing
SDP representation of the result of a specific operation with functions/sets via SDP repre-
sentations of the operands. It turns out that calculus rules for SDP representations cover
all basic convexity-preserving operations with functions (like taking linear combinations
with nonnegative coefficients and convexity-preserving compositions) and sets (like taking
finite intersections and images/inverse images under affine mappings). Moreover, the cal-
culus rules happen to be fully algorithmic and thus can be implemented on a compiler. This
possibility is utilized, for instance, in the CVX software of Grant and Boyd [9] which is the
second-to-none in terms of its scope and user-friendliness tool for numerical processing
of convex optimization problems.

So far, we were speaking about (constrained) convex minimization, and this is the usual
scope of the calculus of well-structured convex problems. For example, given a number
of SDP-representable functions, the calculus allows to obtain SDP representation of their
maximum and thus convert to SDP program, in an automated fashion, the problem of
minimizing this maximum over a feasible set given by an SDP representation. However,
such calculus does not allow to get an SDP representation of the maximum of infinite fam-
ily of SDP-representable functions, even when this family is perfectly well organized. As
a result, convex—concave saddle point problems, well-structured from the ‘viewpoint of a
human’, cannot be ‘fed to CVX’ as they are, and reducing such a problem to the conic form
amenable for the existing powerful convex optimization software requires ad hoc work on
a case-to-case basis. Similar difficulties arise when instead of convex-concave saddle point
problems someone is looking to solve numerically other problems with convex structure,
most notably, variational inequalities (VI) with monotone operators. Monotone VI’s can
be thought of as the most general problems with convex structure: on the one hand, other
problems of this type (constrained convex minimization, convex-concave saddle points,
convex Nash equilibrium problems) under extremely mild boundedness and regularity
assumptions can be reduced to monotone VI’s (for details ; see, e.g. [4, Section 5.6]). On the
other hand, efficient black box oriented algorithms of convex minimization, like First Order
or Ellipsoid methods, can be extended to monotone VI’s (cf,, e.g. [13]) without harming
their efficiency estimates. There exists also rich literature on extending polynomial-time
Interior-Point algorithms onto linear and monotone complementarity problems, see, e.g.
[6,11,12,16-18] and references therein. In particular, it is well known that VI with affine
monotone operator and domain admitting conic representation can be straightforwardly
reduced to a conic optimization problem. In [15, Section 7.4], this fact was somehow
extended to nonlinear monotone VI’s from certain restricted class — those admitting an
explicit ‘convex representation’ allowing to reduce the VI of interest to an affine monotone
VI on a properly modified domain; that reference also develops a rudimentary calculus
of convex representations of monotone VI’s. Some results' on reformulations of VI’s as
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convex optimization problems can be found in [1]. That being said, to the best of our
knowledge, beyond the classes of VI's with affine monotone operators and related bilin-
ear saddle point problems there is no much understanding of what is a ‘well-structured’
convex—concave saddle point problem or ‘genuine’ - not potential - monotone VI, and
of how such a problem should be represented in order for the representation to admit a
meaningful algorithmic calculus, on the one hand, and to allow for the straightforward
conversion of the problem into a nice conic program, say, SDP one, on the other.

The goal of what follows is to introduce the notion of ‘conic representations’ of
problems with convex structure, specifically, convex-concave saddle point problems and
monotone VI’s, via a given family C of cones (e.g. direct products of nonnegative
rays/Lorentz/Semidefinite cones). As we will see, given such a representation, the prob-
lem of interest can be straightforwardly converted to a conic problem on a cone from /,
and representations in question admit a fully algorithmic calculus, similar to the calculus
of conic representations of convex functions/sets. In Section 3, we develop conic repre-
sentations of convex—concave functions, and then in Section 4 extend this framework to
representations of monotone vector fields. Derivations in Section 4 can be viewed as a
‘well-structured’ (i.e. conic representation-oriented) version of convex representation of a
monotone operator introduced in [15, Section 7.4].

2. Preliminaries

Consider a family /C of regular (i.e. closed, convex, pointed and with nonempty interior)
cones in Euclidean spaces such that the family

(1) contains nonnegative ray,
(2) is closed w.r.t. taking finite direct products of its members and
(3) is closed w.r.t. passing from a cone to its dual.

From now on, we adopt the following convention: we operate with once for ever fixed
family IC of cones satisfying Assumptions 1-3, and whenever in the sequel we consider a cone,
say K, this cone is assumed to belong to IC. Besides this, K* stands for the cone dual to K.

e Given a cone K € K, we call a constraint in variables x € R" of the form
Ax <g a. (1)
KC-conic; as usual, a <k b means that b — a € K. Note that a system
Akx SKk ag, 1= k <K,
of finitely many K-conic constraints are equivalent to a single KC-conic constraint?

[A1;.. s Ak]x < xlai;...;ak],

where K = K; x -+ x Kk belongs to I along with K, k < K, since K is closed w.r.t.
taking direct products. For similar reasons, augmenting a KC-conic constraint Ax <k a
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in variables x by a system S of finitely many linear equalities and nonstrict linear equal-
ities, we get a conic constraint on x. Indeed, S can be written equivalently as Bx < b, so
that the augmented constraint reads

[A; B]x <KxRT [a;b], m = dimb,

and the cone K x R belongs to K since the latter family contains K, Ry and is closed
w.r.t. taking finite direct products.

e We call conic constraint (1) essentially strictly feasible, if K can be decomposed as K =
R’} x L with regular cone L, so that (1) is of the form

[P; Qlx SR7TXLS (s 4gl,

and there exists x such that Px < pand Qx <i, g, the latter meaning that g — Qx € intL.
e We say that a set X C R" is KC -representable if for properly selected A, B, cand K € F
one has

X ={x:3u:Ax+ Bu <k c};

whenever this is the case, the KC-conic constraint Ax + Bu <k c in the right-hand side
is called IC-representation of X. We call a function f : R* — R U {+o00} K-representable
if the epigraph Epi{f} = {(x,t) : t > f(x)} is KC-representable and we refer to a K-
representation of Epi{f} as the IC-representation of f. In other words, asserting that
IC-conic constraint Ax + tb + Bu <k c represents f is the same as saying that the
following equivalence takes place:

t>f(x) < Ju:Ax+tb+ Bu <x c.

Observe that the level sets {x : f(x) < a}, a € R, of -representable function f are K-
representable:

{t>f(x) ©u:Ax+tb+Bu<gc} = {x:f(x) <a} ={x:3u:Ax+ By <k ¢ — ab}.

Thus, given K-representations of X C R” and f : R” — R U {400}, the problem

min f (x) (P)
xeX
is equivalent to the conic problem
min {t : [Ax + Bu; Cx + td + Ev] <g«1 [ g} (Q)

x,tu,v

on a cone from K, where equivalence of (P) and (Q) precisely means that x is a feasible
solution to (P) with a finite value of the objective if and only if there exist ¢, u, v such that
t > f(x) and x, t, u, v is feasible for (Q).

KC-representable functions/sets admit fully algorithmic calculus: all basic convexity-
preserving operations with sets and functions (e.g. taking finite intersections, images/
inverse images under affine mappings and direct products of sets, or taking linear combina-
tions with nonnegative coefficients and convexity-preserving compositions of functions)
as applied to C-representable operands, produce [C-representable results, with representa-
tions of the results readily given by those of the operands; for details, see, e.g. [3,4]. When
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a solver for conic problems on cones from K is available, this calculus allows one to recog-
nize that in the problem (P) of interest objective f and domain X are K-representable and
find the corresponding K -representations,® so the problem of interest can be converted
into a conic problem (Q) on a cone from K and solved by the solver at hand.

From now on, we operate with a once for ever fixed family X of cones satisfying above
Assumptions 1-3, which allows for the convention as follows: whenever in the sequel a
cone arises, this cone, if the otherwise is explicitly stated, belongs to /. Besides this, K*
stands for the cone dual to K.

3. Well-structured convex-concave saddle point problems

As far as its paradigm and set of rules are concerned, ‘calculus of K-representability’ for,
say, K specified as SDP (finite direct products of semidefinite cones) covers all ‘basic’
needs of ‘well-structured’ convex minimization. There is, however, an exception - the case
in which the objective in the convex problem of interest

min W (x) (P)
xeX
is given implicitly:
W (x) = sup ¥ (x, ), (2)
yey

where ) is convex set and ¥ : X x )JJ — R is convex-concave (i.e. convex in x €
X and concave in y € )) and continuous. Problem (P) with objective given by (2)
is called ‘primal problem associated with the convex-concave saddle point problem
minyey maxyey ¥ (x,y)’, and problems of this type do arise in some applications of
well-structured convex optimization. We are about to define a saddle point version of
IC-representability along with the corresponding calculus which allows to convert ‘K-

representable convex—concave saddle point problems’ into usual conic problems on cones
from K.

3.1. Conic representability of convex-concave function - definition

Let X, Y be nonempty convex sets given by [C-representations:

X ={x:3:Ax+BE <k, ¢}, YV =1{y:3n:Cy+ Dn =k, e}.
([Kx € K,Ky € K])
Let us say that a convex—concave continuous function ¥ (x,y): X x Y — R is K-
representable on X’ x ), if it admits representation of the form

VixeX,ye)):¥(xy) =firt1f{ny+t:Pf+tp+Qu+Rx <K s}, (3)

where K € KC. We call representation (3) essentially strictly feasible, if the conic constraint
Pf+1tp+Qu <k s — Rx

in variables f, t, u is essentially strictly feasible for every x € &',
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3.2. Main observation
Assume that ) is compact and is given by essentially strictly feasible KC-representation

Y ={y:3In:Cy+ Dn =k, e}. (4)
Then problem (P) can be processed as follows: for x € X, we have

W(x) = meg(mf[f y+t:Pf+1tp+ Qu+ Rx <x 5]

}nf{max[f y+t]: Pf+1tp+ Qu—+ Rx <x s}
tu yey

Sion-Kakutani Theorem; recall
that ) is convex and compact

}nf{max[f y:Cy+Dn <k, e ]+t:Pf+tp+Qu+Rx§Ks}
tu

:}nf |:mkin[)»Te :CTa=f£,DTA=0,1 >, 0]+ Pf + 1p + Qu + Rx < s}
hu

by strong conic duality, see, e.g. [4, Theorem 1.4.4];

recall that ((4)) is essentially strictly feasible,

so that the problem of interest
min W (x) (a)
xeX

reduces to the explicit X-conic problem

Pf+tp+ Qu+ Rx <k s,

min {e'A+t: CTA=f,DTA=0,1>¢: 0, }. (b)
XEfotu Y
Ax+BE <k, ¢

Here, ‘reduction’ means that the x-component of a feasible solution { = (x,§,f,t,u, A) to

(b) is a feasible solution to (a) with the value of the objective of the latter problem at x

being < the value of the objective of (b) at ¢, and the optimal values in (a) and (b) are

the same. Thus, as far as building feasible approximate solutions of a prescribed accuracy

€ > 0 in terms of the objective are concerned, problem (a) reduces to the explicit conic

problem (b). Note, however, that (a) and (b) are not ‘exactly the same’ - it may happen

that (a) is solvable while (b) is not so. ‘For all practical purposes’, this subtle difference is

of no importance since in actual computations exactly optimal solutions usually are not
reachable anyway.

Discussion. Note that for continuous convex—concave function ¢ : X x ) — R the set

Z={lf;tsx] :xe X,fly+t>y(xy) Vye Y}
clearly is convex, and by the standard Fenchel duality we have

V(xe/'\.’,yey):w(x,y):i;ltf[ny—l—t:[f;t;x] € Z]. (5)

IC-representability of ¢ on X x ) means that (5) is preserved when replacing the set Z
with its properly selected KC-representable subset. Given that Z is convex, this assumption
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seems to be not too restrictive; taken together with JC-representability of X and ), it can
be treated as the definition of K-representability of the convex-concave function . The
above derivation shows that convex-concave saddle point problem with /C-representable
domain and cost function (more precisely, the primal minimization problem (P) induced
by this saddle point problem) can be represented in explicit X-conic form, at least when
the KC-representations of the cost and of (compact) ) are essentially strictly feasible.

Note also that if X and ) are convex sets and a function ¥ (x, y) : X x J — R admits
representation (3), then i automatically is convex in x € X and concaveiny € ).

3.3. Symmetry

Assume that representation (3) is essentially strictly feasible. Then forallx € X,y € ) we
have by conic duality

V(%) =firt1f{ny+ t: Pf + tp + Qu + Rx <k s)

= sup{u'[Rx—s]: PTu+y=0p"u+1=0,Qu=0}

whence, setting

X=Y, V=& x=y j=x ¥&E)=—vGD=—vy),
we have
(Vx € ?,)‘/ € i) :
YEY) = —v(xy) = inf {(—=ul[Rx—s]: PTu+y=0,pTu+1=0,Q"u=0)
ueK*

I

T_ - [ f=-RTut=s"u,Qlu=0,
yHta T | = = K
pu+1=0Pu+x=0,uck

&Pf+ip+Qu+Rx<gs

with K € K. We see that a (essentially strictly feasible) C-representation of con-
vex—concave function ¥ on X x ) induces straightforwardly a K-representation of the
‘symmetric entity’ - the convex—concave function ¥ (y,x) = —(x,y) on Y x X, with
immediate consequences for converting the optimization problem

sup [g(y) := inf ¥ (x, y):| (D)
yey xeX

into the standard conic form.

3.4. Calculus of conic representations of convex-concave functions

Representations of the form (3) admit a calculus.
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3.4.1. Raw materials
Raw materials for the calculus are given by

(1) Functions ¥ (x, y) = a(x), where a(x), Doma D X, is K-representable:
t>a(x) < Ju:Rx+tp+ Qu <g 5. (KeK))

In this case,

Y(x,y) :}nf fly+t:f=0 Rx+tp+ Qu <g swithKe K
Jhu

& Pf+tp+Qu+Rx<ks
(2) Functions ¥ (x, y) = —b(y), where b(y), Dom b D ), is KC-representable:
t>b(y) & Ju:Ry+tp+ Qu <gs ([K e K])
with essentially strictly feasible XC-representation. In this case,
V(xy) = —b(y) = — itr’luf{t : Ry + 1p + Qu <g §}

T

= — sup {—[ETu]Ty —su: —qu) = l,aTu = 0}[by conic duality]

¥
ueK

_ —=T
=finf ny+t:f=RTu,t=sTu,pTu+ 1=0,Qu=0u>g0
WL
& Pf+tp+Qu<gs with KeXC

(3) Bilinear functions:

Yy =alx+bTy+xTAy+c= ¥(xy)

=nf1in fly+t:f=ATx+bt=a"x+c
t

& Pf+tp+Rx<s

(4) ‘Generaliied bilinear functions’. Let U be a regular cone in E = R".
(a) Let X' be a nonempty K-representable set, and let continuous mapping F(x) :
X — Epossess K-representable U-epigraph*

EpiyF := {(x,2) € X x E,z >y F(0)} = {(x,2) : Ju: Rx + Sz + Tu <g 3.
([K e K1)
Then the function

W(x,y) =)/TF(x) X xU* = R

is KC-representable on X' x U*:

Vixe X,yeU":
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V(xy) =y Fx) = n}f{ny :f =y F(x)}
= ifnf{ny : Rx + Sz + Tu <g 5.

Let Y be a nonempty K-representable set, and let continuous mapping G(y) :
Y — E possess K-representable U*-hypograph,

Hypoy:G :={(,w) € Y X E: w <y+ G(y)}
—{(ow):Ju: Ry +Sw+Qu=ks) [KeK],
the representation being essentially strictly feasible. Then the function
Yxy) =x'Gy:UxY—R
is IC-representable on U x )
VixeUyel):
Y(xy) = x"G(y) = sup{x’ w: w <y+ G()} [duetox € U]
w

= sup{gTW : Ry + Sw+ Qu >k s}

w,u

= ir}}f{[§ —Ry]Ta: 8Th = x,QTA = 0,1 € K*} [by conic duality]

_ ; T . f+BT)”=0>§T)":t:
T Rt o L

& Pf+tp+Qu+-Rx<ks

(6)

Let )V and G(:) be as in item (b) with G(}) C U*, let X be a nonempty
KC-representable set, and let

F(x): X > U
be continuous U-convex mapping with XC-representable U-epigraph:
EpiyF := {(x,2) : x € X,z >y F(x)}

={x,z:3v:’§x+’§z+av§g?} K € K] )
Then the function

Yy =F (0Gy) : X xY — R
is continuous convex-concave and admits C-representation as follows:
VixeX,ye)):
Y6y = F (0)G()
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= iI;f{zTG(y) : z >y F(x)} [since G(y) € U*]

= inf(z" G(y) : Rx + Sz + Qv < 3} [by ((7))]

= inf {i}lf{ny—i- t:Pf+tp+ Qu+ Rz <g s} : Rx+ Sz + Qv Eﬁ?}
FAY ot

due to (6) — note that on the domain on which inf, , is taken we have z >y F(x) €
U, making (6) applicable. We conclude that

Pf+1tp+ Qu-+ Rz <k s, -

. T

X y) = in +t:] S o~ K € K.
vy f,t,1 fy |:Rx+Sz+Qv§ﬁ? :| [ ]

u=|[zyv]

&Pf4+p+QutRe<gC

3.4.2. Basic calculus rules
Basic calculus rules are as follows:

(1)

)

[Direct summation] Let ; > 0, i < I, and let
Ve Xy e V,i<I):
o ) . ; Kie K
'(ﬂ,‘(xl,yl) :flnf {fiT)/l +t: Pifi + tipi + Qiu; + Rix! <K; si}. ([K; )

istisUi
Then
Ve=lxh . sxdle X=X x - xXy=Dh...50 ey =D x---xV:
V) =) Oii(x,y)

fitu={fitiupi<l) " Pifi+tipi + Qiui + Rix' <k, si, 1 <i<I

& Pf+tp+QutRx<gswith Kek
[Affine substitution of variables] Let
VE e Xt neYh:

Valeom) = inf (04t Pefy b bepe + Quite + Rek Sk, o)

bttt
([K+ € K)
and

x> Ax+b: X - Xty By+c: Y — Y
Then

Vixe X,ye)):



)

(4)

(5)
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¥ (5.y) = ¥4 (Ax+ b, By +©)

= inf {fI(B}/ +c)+ty: P+f+ +tipy + Qruy + Ri[Ax + b] =<K, S+}

Sty

= inf
frtu=[fystysuy]

x A fly+t: f=Bfrt=t+fic
Pify 4+ tipr + Quuy + RypAx <k, s+ —Ryb

& Pf+tp+Qu+Rx<gs with KeX

[Taking conic combinations] This rule, evident by itself, is a combination of the two

preceding rules:
Let6; > 0and ¥;(x,y) : X x YV — R, i < I, be such that

Vixe X,ye)):
Vil y) = infp e {7y + ti o Pifi + tipi + Quui + Rix' <, si}.

Then

(K; € KJ)

VixeX,ye)):
Yxy) =Y Oii(xy)

Phu=tfotouni<I) Pifi + tipi + Qi + Rix' <x; i, 1 <i <1

& Pf+tp+Qu+Rx<ks with KeC

[Projective transformation in x-variable] Let

Vixe X,yed):v(xy) =}rt1f{ny+t:Pf—|—tp+Qu+Rx§Ks} (K € K1.)

Then

Q’(cx,x) ca >0, x e X, Vye))
(o, %), y) := ar (e 'x,y) = inff,t,u{ny +t:Pf+tp+ Qu+ Rx — as <k 0}.

[Superposition in x-variable] Let X, ) be KC-representable, X’ be a K-representable
subset of some R", and let U be a closed convex cone in R”. Furthermore, assume that

W(Tc,y) X x)Y—>R
is a continuous convex-concave function which is U-nondecreasing in X € X, i.e.
Vy e X, ¥ e X:X <uX): ¥y 2 ¥(E.y),
and admits C-representation on X' x V:

VxeX,ye)): v(xy) :}rtlf{ny+t:f’f+tﬁ+6E+§7c <zsh (KeK])
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Let also
x> X(x): X > X

be a U-convex mapping such that the intersection of the U-epigraph of the mapping
with X x X admits [C-representation:

(%) :xe X, xe€ X,x >y X(x)} = {(x,%) : Iv: Ax + Bx+ Cv Sﬁﬁl}
B (Ke K1)
Then the function ¥ (x, y) = ¥ (X(x), y) admits K-representation on X' x ):

Vixe X,ye)):
Y(xy) = ¥(X(x),y) = iI}lf{E(ﬁ_@)’) X € X &X >y X(%)}

. r Xxe X, x>y X(x)
= inf {f'y+t: _ o
ftix Pf +1tp+ Qu+ Rx <5
T Ax+Bx+Cv <g d
= inf {f'y+t: _ = _
foruxy Pf+1tp+Qu+Rx <gs
T Ax+Bx+Cv <gd
= inf fly+t:| _ - B
frtu=[uxy] Pf+tp+ Qu+ Rx <g s

& Pf+ip+Qu-+Rx<ks with KeX
(6) [Partial maximization] Let
Vixe X,y=[wz] € V):
Y(x, [wz]) = [g;ihl]l,fr,u{gTW +hlz+7: Gg+Hh+1tp+Qu+Rx <xs} [KeK],

and let Y be compact and given by K-representation:
Y ={lwz]:Iv: Aw+ Bz + Cv <y 1}

such that the conic constraint Bz + Cv <, r — Awin variables z, v is essentially strictly
feasible for every w € W = {w: 3z : [w;z] € V}. Then the function

Vs w) = max{y(x, [w;z]) : [wz] € V}: X x W — R
is IC-representable:
Vixe X,weW):
¥ (xw)

=max{[ 1hr]1f [gTw—I—hTz—I-r:Gg+Hh+rp+Qu+Rx§Ks] : [w; 2] ey}
z ghl,t,u

= inf {max[gTw+hTz+ T:[w;z] € Y] :Gg+ Hh+tp+ Qu+ Rx <k s}
[gshl,Tu z
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[by the Sion — —Kakutani Theorem; note that for w € W
the set {z : [w; z] € V}is nonempty, convex and compact]
= inf Ymax[g"w+hTz4+1:Bz4+Cv<pr—Aw]: Gg+Hh+p
lghlou | 2V
+Qu + Rx <x s}

= inf min[gTw +r—Aw) e+t :BTeE=hCTeE =06 > 0] :
[ghlu | &

Gg+ Hh+ tp+ Qu+ Rx <x s} [by conic duality]

inf
f,t,u—[g,h,r,u,
—g—ATe t =rTe + 7, BTe = h, T& =0,
N I f=g § 3 3 3
&§>1x0,Gg+Hh+tp+Qu+Rx <ks

& Pf+1tp+Qu+Rx=<gswith Kek

Note that the last three rules combine with symmetry to induce ‘symmetric’ rules on
perspective transformation and superposition in y-variable and partial minimization in
x-variable.

3.5. lllustrations

A. Our first illustration is motivated by a statistical application of saddle point optimiza-
tion - near-optimal recovery of linear forms in Discrete observation scheme, see [10,
Section 3.1]. Let

Y(x,y) =In (Ze yl) : X x)Y —>R,

X and )Y be K-representable, and let ), 0 € ), be is a compact subset of the nonnegative
orthant. Because for z> 0

lnz =infze" —u—1,
u

for y > 0 we clearly have

In (Xl: exiyi) = iI;f [(Xl: exi)/i> ey — 1:| — 3(I:luf [Xl:y’f’ —u—1 fz > ex,~+u:|

=finf{fTu+t:ﬁzexf+“VitZ —u—l}.
hu

The resulting representation is a C-representation, provided that the closed w.r.t. taking
finite direct products and passing to the dual cone family K of regular cones contains R,
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the exponential cone
E=d{[t;s;r] 1 t > se’S,s > 0},

and, therefore, its dual cone
E* = cl{[r;0;—p]: T > 0,p > 0,0 > pln(p/7) — p}.

B. Let now

n 1/p
V(xy) = (Z ef’(x)yi) ,
i=1

where p>1, 6;(x) are nonnegative K-representable real-valued functions on K-
representable set X', and ) is a KC-representable subset of the nonnegative orthant. In this
case, as is easily seen, for all (x € X,y € ))) it holds

p—1

Y(x,y) = b;}tf]{nywL t:t>0,f>0, tp%ff > kbi(x),i<n}, (k=p'p— )

which can immediately be converted into XC-representation, provided X contains 3D

Lorentz cone L*> = {x e R3: x3 > | /x% + x%} and p is rational, see [3, Section 3.3] or [4,
Section 2.3.5].
C. In our next example, X C R™*" and ) C S§'!" are nonempty convex sets, and

V(x,y) =2 Tr(xTyx) : X x Y — R

Taking into account that for @ > 0 one has 2,/a = inf~o[a/s + s], we have
VixeX,ye)):

_ T — . T
Y (x,y) =24/ Tr(y[xx!]) = 12f{2,/Tr(yg) 1g > xx"}

= i}lf{Tr(yf) +5:5>0,fs > xxT}

et

xT ‘ s,

= i}lf {Tr(yf) +s: |:

The resulting representation is K-representation, provided that C contains semidefinite
cones.

This is how C works in Robust Markowitz Portfolio Selection (cf., e.g. [7,8])

min max[—rTx + 2p,/xTyx] ([p > 0])
x€X yey

(here, x € R" is the composition of portfolio, r is the vector of expected returns, and y is the
uncertain covariance matrix of the returns). Assuming for the sake of definiteness that Y is
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cut off 8} by the constraints
alyai+biy+ybl <pi i<l y-<ys<y

(where < for matrices acts entrywise) and applying our machinery on the top of the above
semidefinite representation of 2,/xT yx, the saddle point problem reduces to

in 1,7 e _ .
omin { rx+p [s + ZTr(a,p,) + Tr(uqy+ uy)} :

Silaiial +oibi + bloil + py —p— | x -
xT ‘ s |
@ >0,i<Iutr >0, xedX
D. In our concluding example, K contains the products of semidefinite cones, X =
R™", Y = 8", and
Yxy) = Tr(xTxyl/z) : X x)Y — R

This is a ‘generalized bilinear function’; in terms of item 4.c of Section 3.4.1, we have F(x) =
xTx, G(y) = y!/2,U = U* = §" , and
0 } ,

v
Hypoy:G:={(y,w) : y € S”,ijl/z} = {(y,w):EIv: |:LL:| >0,v>0,w= v}.

Y

EpipF := {(x,2) : z = xTx} = {(x, 2): [

ol

x‘Im

V‘In

With these data, the construction from item 4.c of Section 3.4.1 leads straightforwardly to
the following semidefinite representation of y:

Vix e Ry e S1) 1 ¥ (x,y) == Tr(xTxyl/z)

feS,BeR™, yelzel§"
t="Te(y),z< B+ p"

= praltip | T [M} >0, [ﬁi} >0

ﬂT‘V x‘Im

4. Well-structured VI with monotone operators
4.1. Preliminaries

Let X be a nonempty convex subset of Euclidean space E. A vector field F(x) : x — E is
called monotone, if

(F(x) —F(y),x—y) >0 Vx,ye X.

Variational Inequality VI(F, X) reads

Findx, € X : (F(y),x« —y) <0 Vye X. (VI(F, X))



1582 A. JUDITSKY AND A. NEMIROVSKI

Solutions which are sought in VI(F, X') are called weak solutions; they do exist whenever
X is a compact set and F is monotone on X. Strong solutions are points x, € X such that

(F(x4),x — %) >0 Vxe X;

from the monotonicity of F, it follows that every strong solution is a weak one. The opposite
is true provided that F is continuous on X’.

A natural (in)accuracy measure for a candidate approximate solution to VI(F, X) is the
dual gap function

evi[x|X] = sup(F(y),x — y);
yeX

this function is nonnegative and is zero exactly at weak solutions to VI(F, X).

Our current goal is to develop a framework for converting ‘well-structured” VI's with
monotone vector fields into the usual conic problems, thus bringing them within the grasp
of Interior-Point polynomial-time methods and software like CVX. What follows can be
seen as a streamlined ‘well-structured’ (i.e. conic representation-oriented) extension of
what in [15, Section 7.4] was called a convex representation of a monotone operator.

4.2. Conic representability of monotone vector fields and monotone VI’s in conic
form

4.2.1. Conic representation of a monotone vector field
Let F(x) : X — E be a monotone and continuous vector field on nonempty convex subset
X of Euclidean space E. Consider the set

FIFEX]={tg;x] e RXEXE:xe X,t—{(g,y) = (F),x—nVye X} (8)

and let us make several straightforward observations.
4.2.1.A. F[F, X] is a convex set which contains all triples [(F(x), x); F(x); x], x € X;
this set is closed provided X is so. Besides this, F[F, X'] is t-monotone:

(tg:x] € FIF,X] and ¢ >t=[t;gx] € F[F,X].

Indeed, F[F, X] is the intersection of solution set of the system of nonstrict linear constraints

t—{(gy) — (F(y),x) = —(F(O),y), yeX

in variables g, t, x (this set is closed and convex) with the convex set {[f; g; x] : x € X} (which
is closed if so is X'). By monotonicity, for every x € X, we have

(F(x),x —y) > (F(»),x—y) VyelX,

so that [(F(x), x); F(x); x] € F[F, X]; and t-monotonicity is evident.
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4.2.1.B.Fore > 0, let

X*(e):{[g;t]eExR:sup[t—(g,y)]fe}, (9)
yeX

so that X, (e) is a nonempty closed convex set. Then for every € > 0, e-solutions to
VI(F, X) - points x € X" such that

evi[x|F] := sup(F(y),x —y) < €
yeX

are exactly the points
x:3(t, 9 : [gx] € FIF,X] and [tg] € Xi(e); (10)

Indeed, let x, t, g be such that [¢;g;x] € F[F, X] and [t;g] € X (€). From the first inclusion
it follows that x € X’ and

t—(gy) = (F(y),x—y) Vyedk,

while from the second inclusion it follows that t — (g, y) < € for all y € X. Taken together,
these two relations imply that x € X and (F(y),x —y) <€ forall y € X, ie. ey1(x|F) < €.
Vice versa, if x € X', € > 0, and eyi[x|F] < €, then the triple t = €, g = 0, x clearly belongs to
FI[F, X]and [t;g] € Xy (e).

IC-representation of (F, X'). Given a continuous monotone vector field F: X — Eona
nonempty convex subset X’ of Euclidean space E, let us call a conic constraint®

Xx+Gg+tT'+Uu<xa (11)
in variablest €e R,g € E,x € E,and u € RF g IC-representation of (F, X), if the set
T ={[t;gx]: Ju: Xx + Gg + tT + Uu <k a} (12)
possesses the following two properties:
(i) 7 is contained in F[F, X'] and, along with the latter set, is ‘¢-monotone’:
tgxl €T and ¢ >t=[thgx]eT
(note that when 7 # fJ, t-monotonicity is equivalent to 7 <k 0);

and

(ii) 7 contains the set

{[{F(x), x); F(x); x], x € X'} ([c FIF, X]])
If the set (12) satisfies (i) and the relaxed version of (ii), specifically,

(ii’) 7 contains the set

{[t; F(x);x] : t > {F(x),x),x € X} ([c FIF, X))
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we say that (11) is an almost KC-representation of (F, X).
Let us make an immediate observation:

Remark 4.1: In the situation described at the beginning of this section, let X be closed,
and let ) be a convex set such that

Conv{[xTF(x); F(x);x],x € X} C Y C cl Conv{[x! F(x); F(x); x], x € X}.

Then every K-representation of ) represents (F, X).

4.2.2. Conic form of conic-representable monotone VI
Our main observation is as follows:

Proposition 4.1: Let X C E be nonempty convex compact given by essentially strictly
feasible KC-representation:

X ={x:Iv:Ax+Bv <y b}, [Lek] (13)
so that X (¢), see (9), by conic quality, admits KC-representation as follows:
Xo(e) ={[t:g) : I : ATA+g=0,BTA =0,t + bTA < €, 1 >1+ 0}. (14)

Let, moreover, F : X — E be a continuous monotone vector field, and let (11) be an almost
KC-representation of (F, X'). Then for every € > 0 the system of conic constraints

Xx+Gg+tl'+Uu<ga (a)
ATa+g=0 (b1)

BTa=0 (b2 (15)
t+bia<e (b.3)
A>x 0 (b.4)

in variables x, g, t, u and X is feasible, and x-component of any feasible solution belongs to X
and is an e-solution to VI(F, X):

evi[x|F] < e.

Therefore, finding an €-solution to VI(F, X') reduces to finding a feasible solution to an explicit
KC-conic constraint.
When (11) is a KC-representation of (F, X), the above conclusion holds true for all ¢ > 0.

Proof: Let us fix € > 0, and let x solve VI(F, X) (a solution exists since X’ is compact).
Then (F(x),x — y) <0 for all y € X due to continuity of F on X'. Consequently, given
€ > 0, setting t = (F(X), x), g = F(x), we have [t + €;g; X] € X (¢), implying by (14) that
there exists A such that t =  + €, g=g A= X solve (15.b.1-4). Besides this, by (ii’) there
exists # such that x = x, g = g, t = t + €, u = u solve (15.a). Thus, (15) is feasible.

Next, if x,g,t,u, A is a feasible solution to (15), then by (15.4) one has [t;g;x] € 7,
with 7 given by (12), whence [t;g;x] € F[F, X], implying that x € &, see (8). Besides
this, (15.b.1-4) say that [t; g] € X, (€). Thus, [t;g;x] € F[F, X] and [t;¢] € Xi(€), imply-
ing by 4.2.1.B that ey [x|F] < €.

Finally, when (11) is a KC-representation of (F, X'), the above reasoning works for € =
0. [ |



OPTIMIZATION METHODS & SOFTWARE . 1585

4.3. Calculus of conic representations of monotone vector fields

KC-representations of pairs (F, X') (X is a nonempty convex subset of Euclidean space E, F :
X — E is a continuous monotone vector field) admit a calculus; for verification of claims
to follow, see Appendix 1.

4.3.1. Raw materials
Raw materials for the calculus of IC-representable monotone vector fields include:

(1)

2)

€)

[Affine monotone vector field] Let K contain all Lorentz cones. Then affine monotone
vector field F(x) = Ax + aon X = E = R" is K-represented by conic constraint (cf.
[15, Proposition 7.4.3])

t>xTAx+a'x, g=Ax+a (16)

in variables ¢, g, x, where A= %[A + AT

[Gradient field of continuously differentiable KC-representable convex function] Let X
be nonempty convex compact set, and f(x) : X — R be continuously differentiable
convex function with KC-representable epigraph,

{(x,8) :s > f(x),x € X} ={(x,5) : Ju: Ax+ sp + Qu <k a}, (17)
the representation being essentially strictly feasible. Then the conic constraint
t>s+r, Ax+sp+ Qu <k a, rZaTA, ATA:g, pT)\ = -1,
Q'A=0, 1=k 0 (18)

in variables t,g,x,s,7, A, and u represents (F(-) := f'(-), X) (cf. [15, Proposition
7.4.4]).

[Monotone vector field associated with continuously differentiable C-representable
convex—concave function ] Let K contain the 3D Lorentz cone, and let I/ C R
and V C R™ be K-representable nonempty compact sets:

U=A{u:3a: Au+ Ba <x a}, (a)

YV={v:38: Cv+DB <L b}, (b) (19)

both representations being essentially strictly feasible. Assume that v (u,v) :
U xV 1+ R is a continuously differentiable convex-concave function which is
IC-representable on U x V' with essentially strictly feasible representation (see
Section 3.1); that is, ¥ admits representation

Yueld,veV):¥(u,v) :finfg{fTv—i—r :Pf+1p+ Q& + Ru <y c} (20)

such that the conic constraint Pf + tp + Q€ <m ¢ — Ru in variables f, 7, £ is essen-
tially strictly feasible for every u € U. Let
F(u,v) = [Vu¥ (u,v); =V (u,v)] : X :=U x V — E = R™ x R™

be the vector field associated with {4, V, ; it is well known that this field is monotone.
Then
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(i) The set
r> r{na,;([gTe +vw¢)]  (a)
t R, = h; Ea <
z= x( :e[u;vg] € [X)e:] Eler,s: s> max{w'h =y (@] () 1)
t>r+s (0

satisfies the relations

Z C FIF,X] (a)

xeX,g=Fx)t>x"Fix)= [gxl € Z. (b) (22)

(ii) Besides this, Z is nothing but the projection on the plane of (t,g = [;e], x =
[u; v])-variables of the solution set of the conic constraint

t>r+sr>04+yTb+t,s>0 + T8 +ale,

Au+Ba <k a, Cv+DB <y b, Pf+1p+QE+Ru<mc

CTy =f+e¢DTy =0, PTs +v=0, pTs = —1, (23)
QTs =0, RT6 + ATe =h, BTe =0, y >1+ 0,
S>m+0,€>kx0,n>0,>0,n90>1,17>06>0,1n0 >1

in variables t,g = [h;el,x = [wsv],7,5.f, 7., a,8,¥,1,0,8,€,1', and 6"
Taken together, (i) and (ii) say that the conic constraint (23) almost represents
(F, X).
(4) [Univariate monotone rational vector field] Let X = [a,b] C R(—00 < a < b < 00),
and let o(x) and B(x) be real algebraic polynomials such that (x) > 0 on X ( )Sup—
o(xX

pose that the univariate vector field given on A" by the function F(x) = 5755 is

nondecreasing on /X, and that K contain all semidefinite cones. Then the set

Y := Conv{[xF(x); F(x); x],x € X}

admits explicit C-representation which, by Remark 4.1, represents (F, X).

4.3.2. Calculus rules
Calculus rules are as follows:

(1) [Restriction on a K-representable set] Let conic constraint
Xx+Gg+tT+Uu<xa (24)

in variables t, g, x, u represent (almost represent) (F, X'), and let set ) C E be K-
representable:

Y={yeE:Iv:Ay+ Bv <1, b} (25)

and have a nonempty intersection Z = J) N X’ with X. Denoting by F the restriction
of F on Z, the conic constraint

{Xx + Gg +tT + Uu <x a, Ax + Bv < b} (26)

in variables ¢, g, x, u, v represents (resp., almost represent) (F, 2) (cf. [15, Proposition
7.4.5]).
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[Direct summation] For k < K, let X be nonempty convex subsets of Euclidean spaces
Ej and Fy : X — Ej be continuous monotone vector fields, and let

Xix + Grge + tx T + Ugug <x, ar, 1<k=<K (27)
be C-representations of (Fk, X)). Denote
F([x15...5xk]) = [F1(x1);.. . Fx(xk)] and X =7 x--- x Xk.
Then the conic constraint

Xixr 4 Grgr + t T + Ugug <x, ar,k <K (a)
t= it (b)

invariables t, g := [g1;.. .58k ], x := [x15...5xKk], t1,. .., tK> U1, . . . , Uk KC-represents
(F, X).

When conic constraints (27) almost represent (Fy, Xj), (28) almost represents
(F, X) (cf. [15, Proposition 7.4.6]).
[Taking conic combinations] Let X be a nonempty convex subset of Euclidean space E,
and let F, . . ., Fx be continuous monotone vector fields on X with (Fx, X') admitting
IC-representations

(28)

Xix + Grg + tTx + Ugug <, ar, 1<k =K. (29)
Let, further, oy > 0 be given, and let
F(x) = Z(xka(x) . X > E.
k
The conic constraint

Xix + Ggr + tx Tk + Ukug <k, ak, 1 <k <K (a)
&= D Mgk (b) (30)
t =) otk (c)

in variables t, g, x, {t, gk, Uk, k < K} is a KC-representation of (F, X).

When (29) are almost representations of (Fy, X), (30) is almost representation of
(F, X).
[Affine substitution of variables] Let X be a nonempty convex subset of E, F be a
continuous monotone vector field on X, with (F, X) given by K-representation

Xx+ Gg+tT 4+ Uu <x a. (31)
Assume that £ > A€ + ais an affine mapping from Euclidean space A to E, and
E=1{:Af+ac X}

Then vector field ® (&) = ATF(A& + a): E — A is continuous and monotone, and
the conic constraint

t=t—(ga), y=A'g, X(AE+a)+Gg+tT+Uu<xa (32)

in variables 7, y,&, g, t, and u represents (P, E).
When (31) nearly represents (F, X'), conic constraint (32) nearly represents (P, E).
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4.4. Illlustrations

4.4.1. ‘Academic’illustration
Let K contain Lorentz cones, M € R"™" be such that M = %[M +MT]>0,andlet X C
R’} be nonempty and K-representable:

= {x : Jug : Aox + Boug <K, ao}. (33)
Suppose that the operator
F(x) = Mx — [fi(x);...; fu(x)] (34)
is monotone on /X, and that functions f;(x) and — ), x;fj(x) are C-representable on X’:
{(x,9) :x e X,s > fi(x)} = {(x,5) : Juy; : Ayix + sBy; + Criuy; <k,; a1} (ai)
{(9):x e X,s> =3 xifi(0)} = {(x,9) : Fuz : Aox + 5By + Cuup <k, a2} (b)(35)

Observe that when M > «l,, with & > 0, F definitely is monotone provided that f(x) :=
[f1(x);...;fu(x)]is Lipschitz continuous on X with Lipschitz constant w.r.t. || - ||2 bounded
with «.

Given x € X and g € R", let us consider the function

frg® =gy +F(n)(x — y) = —y'My
+Z[g,y,+x,[[My —fiWI+yifin] : X > R

We are in the situation where x; > 0 for x € X, so that

{r) iy e X, frg(y) =1}

Aoy + Boug <k, a0, yTMy —s9 < 0

=1 O»1) : Jug, 0,518 0 s +Hfi(y) <0, 1<i<mns— ;yfi(y) <0
Yol + IMIx)ilyi —so+ Y xisti+s2 > 7

= 1 (y, 1) : Jug, S0, 515> S2> U1 U2

Aoy + Boug <k, a0, Yy My —s9 <0, Ay — By + Couy <x, a2
Ay — s1iB1i + Criug; <k, a1i» 1=<i=<n

Soulgi + IMTxlilyi—so + Y. xis1i+s2 > 1

Taking into account that M > 0, the constraint y"My — sp < 0 can be represented by
strictly feasible conic constraint

Aszy + soB3 <k, a3

on Lorentz cone L3, we obtain

maxfig() = sup Z[gz + [Mx] 1yz—So+szSn+52

Y>U0550551i>52,U1i>U2
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Aoy + Boup <k, a0, A3y + soB3 <k; a3
Aty — s1iB1i + Crjmni <k,; a1i-1 < i < n, Ayy — 2By + Coup <k,; a2}

(36)

Assume that the system of conic constraints (36) in variables y, so,uo, S1i, 52, 41; and u is

essentially strictly feasible. Then, by conic quality,

. T T T T
max = min {4 +a v+§ ap:€i+a :
yeXfx’g(y) u,v,éi,n{ ok 3 - 1i8i 2

i
MIix+g=Alu+Alv + 3, ATE + ATy
xi+Blg&=0,1<i<nBlp=-1,Bv=-1
Blu=0,Clg=0,1<i<n Clp=o,

oz 0, v =g 0, 8 >k, 0, 1 <i<nn=>k; 0

Now, recalling what f, ¢ (y) is, we end up with K-representation of F[F, X]:

FIF,X] = {[t;g;x] xe X, t—gly>Fl(ylx—ylVye X}

= {[t;g;x] : Jug, 4, v, €1

t >alp+alv+3alE + aln, Agx + Bouy <k, ao
Mix+g=Alu+Alv + 3, ATE + ATy

xi+BlE=01<i<nBln=—1,Blv=—1 ’
Blu=0,Clgi=01<i<nCln=0

2 EKS O,V 2](; O,Si ZK;I 0:1 SIS n, n ZK; 0

so that the conic constraint
t>ajpu+ajv+ Y al&+ayn, Aox + Bouo <k, do
xi+BLE=0,1<i<n Bln=-1,, Blv=-1
Blpn=0,Clgi=01<i<nCln=0
m =k 0,v =ks 0,5 2k, 0,1 <i<n,n =g 0

in variables t, g, x, ug, it, v, §; and 1 is a KC-representation of (F, X).

4.4.2. Nash Equilibrium
The ‘covering story’ for this example is as follows:

n > 2 retailers intend to enter certain market, say, one of red herrings. To this end they should

select their ‘selling capacities’ (say, rent areas at malls) x;, 1 < i < n, in given ranges X; =

[0,Xi] (0 < X; < 00). With the selections x = [x1;...;x,] € X = &1 x---, x&, CR},
the monthly loss of the ith retailer is

Xi

$i(x) = cixi — —g———b,

Y% ta

where ¢;x;, ¢; > 0, is the price of the capacity x;, b > 0 is the dollar value of the demand on

red herrings, and a > 0 is the total selling capacity of the already existing retailers; the term
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X

sum}‘:lXj+u
demand is split between retailers proportionally to their selling capacities.

We want to find is a Nash equilibrium - a point x* = [x];...;x};] € A such that every one

of the functions ¢;(x}, ..., x|, i, x;:_l, ..., X}) attains its minimum over x; € &; at x; = xJ,

so that for the ith retailer there is no incentive to deviate from capacity x} provided that all

other retailers j stick to capacities x7, and this is so for all i.

b is the minus the revenue of the ith retailer under the assumption that the total

As is immediately seen, the Nash Equilibrium problem in question is convex, meaning
that ¢;(x) are convex in x; and concave in X = (xi, ..., Xi—1,Xi41,. . . »X,) and, on the top
of it, ), ¢i(x) is convex on X' It is well known (for justification, see, e.g. [13]) that for such
a problem, the vector field

d¢1(x)
8x1

F(x) = |: ;002(x)0x2; . . .;8¢n(x)8x,,] : X - R”

is monotone, and that Nash Equilibria are exactly the weak = strong solutions to VI(F, X).
Specifying /C as the family of direct products of Lorentz cones, we are about to demonstrate
that F admits an explicit KC-representation on X', allowing to reduce the problem of finding
Nash Equilibrium to an explicit Second-Order conic problem. This is how the construction
goes (to save notation, in what follows, we set b = a = 1, which always can be achieved by
appropriate scaling of the capacities and loss functions):

(1) Observe that all we need is a K-representation R (¢, g, x, u) of (F, X') — a KC-conic con-
straint in variables ¢t € R, g € R”, x € R” and additional variables u - satisfying the
requirements specified in Section 4.2.1. By Proposition 4.1, given R, for € > 0 we can
write down an explicit KC-conic constraint Ce (¢, g, x, 4, v) in variables t, g, x and addi-
tional variables u, v, with the size of the constraint (dimension of the associated cone
and the total number of variables) independent of € such that the constraint is feasi-
ble, and the x-component of any feasible solution to the constraint is an e-solution to
VI(F, X):

x € X &eyi[x|F] = maxFT(y)[x —y] <e.
yeX

As a result, finding e-solution to VI(F, X’) reduces to solving an explicit solvable
Second-Order feasibility conic problem of the size-independent of €.

(2) Thus, all we need is to find an explicit X-representation of (F, X'). This can be done
as follows:
(a) Consider the convex-concave function

u
wy)=———:R2 >R
V) ut+v4+1" 7T

along with the associated monotone vector field

Dy (1, v) ]_[ V1 u }

©@wv) = [T;_a‘”(“’mv Tt D2 vt )2
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Let also A; be 2 x n matrix with ith column [1;0] and all remaining columns
equal to [0;1], and let G(x) = V(ﬁ). As is immediately seen, we have
j %

Vx e R} 1 W(x) i=2c+ Y Al ®(Ax) + G(x) = 2F(x),

i=1

so that a K-representation of F is readily given by K-representations of the con-
stant monotone vector field = ¢, of ®, and of G via our calculus (rules on affine
substitution of argument and on summation).

A K-representation of the constant vector field = c is trivial; it is given by the
system of linear equalities t = cTx, g = convariables (t,g,x) e Rx R" x R". A
IC-representation of the gradient vector field G(x) is given by calculus rule 2 in
Section 4.3.1; we are in the case where (17) reads

{(x,8) :s > f(x),x e X} = {(x,s) T —x < 0,x < X:=[Xy;...;X],

—[O;Zixi —Sizixi+5] <13 [2151] }

& x+14s>0,
Cixi+1+92 > xi+1—s5)2+4
& sQoix+D =1

so that (18), as seen from immediate computation, reduces to the system of
constraints

t>r+50<x<X,r>) max[X;(g +6),0]+6—2v
[Z;Zixi+1—s;2ixi+l+s] >3 0, 2050 — 1,0 + 1] >3 0

sv2<h

&s(; D=1

in variables t, g, x, 0, v.
It remains to find a K-representation of the vector field ® on a rectangle & =
UxV,U=10,U], V=10,V] with given U>0, V > 0 (they should be large
enough in order for A;x, x € X, to take values in the rectangle).

Let us use the construction described in item 3 of Section 4.3.1. By (i) of item
3, the set

r > max[le+ ¥ (u,¢)]
ey

teRo=[h RZ,
(FeRg=[hel € s 2 max("h — /()
wWEeE

Z= x=[wv] € E):3dr,s:

t>r—+s
satisfies the relations
Z C Fl,E],
xeX,g=dx),t> xTCD(x) = [gx] € Z,

so that all we need to get a K -representation of ® is to represent Z as a projec-
tion onto the plane of t, g, x-variables of the solution set of KC-conic constraint in
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variables t, g, x and additional variables. To this end note that for all (4,v) € E =
U x V one has

7>0,1>f>0,s>0,t<1,s+7<1
2ssu—fiu+f]el?
21 —syt—fit—f+2]el?
Riu—1t+Lu+t+1 el

Y(u,v) =min { fv+1¢:
fot:s,T

=4 (f,t,S,T)GH+
(37)
and

1>f>0,0<s<1,t<1
— Y (u,v) = mln fu+t: 2ssv+1—fiv+1+f] el? ,  (38)
[2(1 —s);t—1;t+1] e L?

& (fits)ell

see Section A.2 for justification. Since I+ are nonempty convex compact sets, by
the Sion-Kakutani Theorem one has from (58):

max[§e+ v(u, )] =  max min{[f +e]¢ +t: (f,t,s5,7) € 14}
cev 0=¢<Vfitst

fotst |0<¢<V

:}nin {max[O, Vif+el+t:(f,t,s,7) € 1'I+}
,18,T

=min{ max [f+e +t:(f,t,s,t)€l'[+}

and from (38):

maby{([a)h Y(w,v)] = Og‘luaiiUr}ltlgl {If +hlo+t:(f,t,s) e}

= mi h] t:(f,t,s) e I
min | mas U +Ho+1: g e

= I}ﬁn {max[O, Uf+h]+t:(f,t,s) € 1'[_} .
L5,
As a result,
= {(t eRg=[hel € R*0 <x:=[wv] < [U;V]): 3r,s,fo,te,s4,7

t>r+s,r>max[0, V(fy +e)] + ty,s > max[0, U(f— + h)] + t_
(f+,t+,$+,l’) (S H+, (f_,t_,S_) eIll_ ’

Recalling what are IT., we can straightforwardly represent Z as projection onto
the space of t, g, x-variables of a set given by a KC-conic inequality, ending up with
an explicit C-representation of ®.
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Remark 4.2: The just outlined construction can be used in the case of a general convex
Nash Equilibrium problem where, given n convex compact sets X; € R and » continu-
ously differentiable functions ¢;(x1,...,x,) : X := X x --- x X;; — R with ¢; convex

in x;, concave in (x1,...,Xi—1,Xi+1,. - ., X) and such that ), ¢; is convex, one is look-
ing for Nash Equilibria - points x* = [x7;...;x};] € X such that for every i, the function
Gi(x]s . s X[, Xy X5+ . .5 Xpy) attains its minimum over x; € A; at x; = x]. As it was

already mentioned, these equilibria are exactly the weak = strong solutions to VI(F, X)
where the monotone vector field F is given by F(x1,...,x,) = [%x(lx); e 300,(x)0x,] .
Observing that the monotone vector fields

9¢i(x)

Fl(x) = |:- ox1 ;...;—3¢i(x)3xi—1;3¢i(x)3xi;—3¢i(x)3xi+1;-..;—3¢i(x)3xn]

associated with convex-concave functions ¢; and the monotone vector field FO(x) =
V(D _, ¢i(x)) are linked to F by the relation 2F = Z?:o F!, we see that in order to geta K-
representation of F, it suffices to have at our disposal K-representations of F', 0 < i < n.
These latter representations, in good cases, can be built according to recipes presented in
items 2 and 3 of Section 4.3.1.

The latter remark puts in proper perspective the ‘red herring’ illustration which by itself
is of no actual interest: settings = ), x; + 1, x € X is a Nash Equilibrium if and only if

>0, x;i=0
1 x5 0¢i(x = >
G Ly _ ) Z ok

2
s s 0X;
! <0, x;j=2X.

As a result, finding the equilibrium reduces to solving on the segment s € [1,) ", X; + 1]
the univariate equation

0, s(1 —s¢;) < 0.
Zx,-(s) +1=sxi(s) =3 s(l1—sc), 0=<s(l—sc) <X,.
i X, s(1 —sc) > X;.

Notes

1. Dealing with the search for strong solutions to VI's with not necessarily monotone operator
F under rather restrictive assumptions that xTF(x) and —F(x) are convex on polyhedral set
X CRL.

2. We follow the ‘Matlab convention’ for matrices: [A, B] and [A; B] denote, respectively, the
horizontal and vertical concatenations of two matrices of compatible dimensions.

3. Note that calculus rules are fully algorithmic and thus can be implemented by a compiler, the
most famous example being the CVX software [9] which can handle ‘semidefinite representabil-
ity’ (family C comprised of direct products of semidefinite cones), and as a byproduct — conic
quadratic representability.

4. This implies, in particular, that the U-epigraph of F is convex, or, which is the same, that F is
U-convex:

Endnoteequation¥y(x';x' € X, 1 € [0,1]) : FOx' + (1 — M)x) <y AF(X) + (1 — )F(X).

5. Recall that we have fixed a family K of regular cones in Euclidean spaces, and by our standing
convention, all cones to be considered below belong to K.
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6. When one of the authors was a freshman at Math. Department of Moscow State University, his
mate left lecture on Linear Algebra writing in his notebook: ‘“The lecture was terminated due to
shortage of indices’. The list of variables in (23) comes close to this natural limit...
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Appendices

Appendix 1. Derivations for Section 4.3

A.1
(1)

2

Verification of ‘raw materials’

[Affine monotone vector field] Note first that the symmetric part A of A is > 0 due to the mono-
tonicity of F on E, so that (37) can be rewritten as a conic constraint on a direct product of
properly selected Lorentz cone and nonnegative orthant, and this direct product belongs to /C.
Second, when t, g, x solve (37), for every y € E one has x” Ax = xT Ax, whence

t—yTg=t—yT[Ax +a]
=t—xT[Ax+a] —[y — x]T[Ax + a] > [x — y]T[Ax +a] > [x — y]T[Ay + a],

e e’

=t—xTAx—xTa>0

that is, [t;g;x] € F[F, E], as required in item (i) of a representation of (F, E). Furthermore,
when x € E, setting g = F(x) = Ax+aand t = xTF(x) = xT[Ax + a] = xT[Ax + a], we see
that [#; g; x] satisfy (37), as required in item (ii) of a representation of (F, E).

[Gradient field of continuously differentiable KC-representable convex function] Let

fely) = suplxly — ()]
xeX
be the Fenchel transform of f:

fiy) = sup [x"y — f(0)] = sup rex, s>fo [xTy — 5]
xe
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= sup[xTy— s:Ax 4 sp 4+ Qu <k 4]

XU

= mkin{aT)L AT, = y,pTA =—-1,Q"A = 0,1 >g- 0} [by conic duality],

that is,
r>fig) & I:r>=ala, ATa=gpla=—1, Q'aA=0, A>k: 0. (A1)
Next, let
Z={(t,gx):3s;r: s> f(x),r > fu(g),s+r =t} (a)

t>s+rAx+sp+Qu<=<ka

= {(t)g)x) ZEIS,T,M,)\.Z TEQT)\.,AT)\,:g,pT)&:_1,QT)\4:0,)x > g+ 0} (b) (A2)

where (A2.0) is due to (17) and (A1). Thus, Z is the projection of the solution set of (18) on the
space of t, g, x-variables, and we should check that

(i) Z C FIf'(),X],and

(i) whenx e X, g =f'(x),and t = x_f'(x), we have [; g;x] € Z.

(i): Let (t,g,x) € Z. Wehave t > s + r for properly selected s > f(x) and r > f..(g), whence for
y € X itholds

t—g Ty > fO)+£@) — 8y =) —fO) = x—»TF ),

that is, [t; g5 x] € FIf'(-), X]. (i) is proved.
(ii): Given x € X, letusset g = f'(x), t = x'g, s = f(x), r = fi(g). We have

r=fi(g) =suplg’x’ —f(x): ¥ € X} =gTx — f(x)

(the concluding equality is due to g = f’(x)); thus, t = r+s. Invoking (A2.a) , we conclude that
(t,g,x) € Z. (ii) is proved.
(3) [Monotone vector field associated with JC-representable convex—concave function ]

Verifying (i):

1°. Let us show (22.a). Let (t,g = [h;e],x = [u;v]) € Z, and let r, s be reals which, taken together
with £, g, x, form a feasible solution to the system of constraints in (21). For y = [w; z] € X we
have

t—yTg=r+s—wlh—zle by ((21).0)]
= [eTe+ ¥ 2]+ [wh—yw»] = whh—zTe by (21).ab)]
=Y (u,2) — Y (w,v) = [Y(,2) — Y (W, 2)] + [¥(w,2) — ¥ (w,v)]
> [u—wl'Vy¥(w,2) — [v — 2] TV, ¥ (w, 2) [because is convex—concave]
= [x—yI"F(y),

implying that Z C F[F, X].
2°. Let us now verify (22.b). Given x = [u;v] € X, let us set

g=Fx) =[lel, h=V,¥wv), e=-Vy¥(uv)t= xTF(x) = hTu+ €'y,

and let t > 7. The function ¢ Te + ¥ (u, ¢) of ¢ € V is concave, and its gradient w.r.t. ¢ taken at
the point ¢ = v vanishes, implying that

r=vlet ) >cTe+ywr) VeV
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Similarly, the function wTh — ¥ (w, v) of @ € U is concave. and its gradient w.r.t.  taken at the
point w = u vanishes, implying that

5:=ulh— v(u,v) > wTh— Y(w,v) Yo el.
Observing that 7 +5 = f < ¢, we can find r > 7 and s > 5 in such a way that r + s < . Look-
ing at the constraints (21.a-c), we conclude that whenever x = [u;v] € X and ¢ > xTF(x),
the triple (f,g = F(x),x) can be augmented by 7, s to satisfy all constraints (21.a—c), that is,
(t,g,x) € Z, as claimed in (22.b).
Verifying (ii): Clearly, all we need to justify the claim in (ii) is to show that the set
Zt={(g=[mel,x=[wv],r,):ucld,veV,r

> megc[zTe + ¥ (u,2)], s > mab){([wTh —Y(w, v)]}

is the projection of the solution set of the conic constraint

r>0+yTb+r,n>0,0>0 10 >1

s>0 +cTs+ale,n >0,6 >0,76 >1

Au+Ba <ga, Cv+DB <y b, Pf+1p+ QE+Ru<m ¢ (A3)
Cly =f+e,DTy =0,y >1 0,;6 >p+ 0, € >k+ 0

PTs +v=0,p"6 = -1,QT86 = 0,RT6 + ATe = h,BTe =0

in variables x = [;v],g = [Iel, 15,0, 8,7,/ 7,6,8,6,1,0,0/, and 0’ on the plane of g =
[h; €], x = [u; v], 1, s-variables. Here is the proof.

1°. Recall that V is convex and compact. Thus, we have

Vix=[wv] e X,g=[he]):
megi[zTe + Y (u,2)] = mabx [zTe —I—finfé[sz +t:Pf+1p+ Q5+ Ru<ym c]] [by (20)]

=maxinf[(f+e)Tz+T :Pf+1p+ QE+ Ru<ym ]
zeV f,r.§

:finfé {ma\.}x(f +e)Tz+1 : Pf+1p+QE+Ru <y c} [by the Sion — Kakutani Theorem]
5Ty ze

=finfE [m;asx[(f—l— e)Tz+ 7:Cz+DB <y b] : Pf+1p+ QE +Ru <ym c] [by ((19).b)]
TE | %
:fingf {yTo+7:CTy =f+ e DTy =0,y > 0,Pf + tp+ Q& + Ru <ym ¢}

T.Ey

[by conic duality; recall that ((19).b) is essentially strictly feasible].

Together with (19) the latter relation results in

{(x = [wv],g = [el,r): xe X,r> meg([zTe-i- lﬁ(u,z)]}
ze

= {(x: (u;v],g = [hel,r) . I, 0,60,B,y:

r>yTb+t, Au+Ba <ga, Cv+DB <L b, y >1+ 0
Cly=f+e DIy =0,Pf+1p+ Q¢ +Ru<mc

= {(x: (u;v],g = [hel,r) . I, 0,6 a,B,7,10,6:
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r>ylb+t+6,7>0,60>0,n0>1
Au+Ba <ga, Cv+DB <L b, ,y >15 . (A4)
Cly=f+e DTy =0,Pf+1p+ Q6 +Ru<pmc

2°. Whenv € V and h € R™ we have
max[w!h — ¥ (w,v)] = max |:wTh + sup[—fTv—1 : Pf+tp+QE+Rw <y C]} [by ((20))]
wel wel fot€

= sup [wTh —fTv —7:Pf+1p+ QE+ Rw <m ¢, Aw+ Ba <k a] [by ((19).a)]
wf, 7.6,

T — Ts — 1 0TS — T T, _
:I?in{CT8+aT6:P8+v—0,p6— 1,QTs =0, RTs + ATe h}
»€

BTE =0, >m+ 0, € >+ 0

by conic duality; recall that theXC—representations ((19).a)
of Uand ((20)) of yrare essentially strictly feasible.

Taken together with (19), the latter relation results in

{(x=[wv],g =[hel,s) :xe X,s > mag{([hTw — Y w,u)]}

= {(x: [usv],g = [hsel,s) : A, B, 8, € :

s>c's +a'e, Au+ Ba <k a, Cv+DB <L b, § >m 0, € >gx 0
Pls+v=0,p"6 =1, Q16 =0, RTs + ATe =h, BTe =0

= {(x: [w;v],g = [mel,s) : 3o, B,8,€6,1,6" :

s>0 +cTs+aTe, y >0,0 >0, y9' >1
Au+Ba <ga, Cv+DB <y b, § >+ 0, € >k 0 . (A5)
Pls+v=0,p"6 =1, Q16 =0, RTs + ATe =h, BTe =0

Finally, (A4) and (A5) together imply that
zZt.— {(g: [hsel,x = [wsv],r,s) cucld,veV,r

> max[ze + v(u,2)],s > max[wlh — W (v, u)]}
zeV weld

= = [Iel,x = [wv],rs): I, 1, a,B,v,0,0,8,6,17,6"
04 ysn n

r>0+yTbtr,n>0,0>0,n0 > 1

s>0 +cs+ale,n >0,60 >0,70 > 1

Au+Ba <k a, Cv+ DB <p b,
Pf+1p+QE+Ru<mcy =1 0,6 >m+ 0,6 >+ O’
Cly =f+eDly =0,PTs +v=10,pT8 = —1,

Qs =0,RTs + ATe = h,BTe =0

as claimed in (A3).

(4) [Univariate monotone rational vector field] For evident reasons, it suffices to consider the case
of X = [0, 1]; recall that (¢) > 0 on X. Let degrees of « and 8 be  and v, respectively, and
let

Kk = max[u, v] + 1.
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Consider the curves

5(t) = [tF(0); F(t)s 1] = ﬂi (B (0: tA(D] : [0.1] — R,

)/()—m[ltt ;2] [0,1] — R

For properly selected matrix A, we have
s =Ay(®, 0=<t=<],
whence
Y:=Conv{§(#),0<t<1}=AZ, Z=Conv{y(),0=<t<=<1}.

We intend to build a semidefinite representation (SDR) of ) (i.e. C-representation with
IC comprised of finite direct products of semidefinite cones). Semidefinite representability
(and K-representability in general) of a set is preserved when taking linear images: an SDR

Z={z:3u: A(z,u) > 0} ([A(z, u) is affine in [z; u] symmetric matrix])
of Z implies the representation
YV:=AZ={y:3zu]l:y=Az, A(z,u) = 0},

and the system of the right-hand side constraints can be written down as a Linear Matrix
Inequality in variable y and additional variables z, u. Thus, all we need is to build an SDR
of Z.

We shall get SDR of Z from SDR of the ‘support cone’

= {[p;q] eRTI xR: miinz— q >0} ={[p;gq] : min pTy(t) > q}
zeZ 0=<t<1

of Z.
Given p = [po;p1;..-3pe+1] € R“*t! | let, with a slight abuse of notation, p(t) =
> o pit' be the polynomial with coefficients p;, 0 < i < x. We have

[aleP & E2 >q vie(o1]

B —
N4

(1+12)"p(12/(1+12))
I+ /(147) = =9 VTER , , ,
& 1+ /(1 + 1Y) —q(l + HBE* /1 +15) >0 VreR

=i7Tp4(7)

Note that 7, 4(7) is a polynomial of 7 of degree < 2, and the vector 7, 4 of coefficients of
polynomial is linear in [p; q]: 7y, = P[p; q]. We see that P is the inverse image of the cone
P2 of coefficients of polynomials of degree < 2« which are nonnegative on the entire axis:

P ={lp;q] : Plp;q] € Pac}.

As was observed by Nesterov [14], the cone Py, is the linear image of the semidefinite
cone S'j_“:

Poe = {m e R*H . 3x = [xilo<ij<« € S'(Jrl [Ox]e Z xij =m0 <€ <2¢,

0<i,j<k,
i+j=(

and we arrive at a semidefinite representation of P:

P ={[pql: Ix € S : x> 0 Ox = P[p; ql}. (A6)
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We claim that this representation is essentially strictly feasible. Indeed, let p =
[151;...;1] € R“*1 and g = 0. Then

(D) = U+ [1+ /A + )+ [F2/A+ )+ + [P0+ )]
= ZciIZi, ¢ > 0Vi,
i=0

implying that with x = Diag{co, c1,...,cc} € S“*! one has
Plp;g]l = Qxx > 0.

That is, p, g, and Xx satisfy all constraints in (A7) and strictly satisfy the non-polyhedral
constraint x > 0, as required by essentially strict feasibility.

30, Now, we are done: by its origin, Z is a convex compact set and as such is convex and closed,
implying by duality that

Z={zeR :pTz—q>0V[pq] € P}
= {z e R :gréa{[pTz— ql : Plp;ql — Ox = 0,x > 0} > 0} [by((A6))]

={ze R I e R*TL . PTA = [z;—1], Q*A > 0}
[by semidefinite duality; A > Q*A : R¥ 1 — g<+l
y Yy
is the conjugate of x > Qx : §“T!1 — R¥* 1],

and we arrive at the desired SDR of Z.

A.1.1 Verification of calculus rules

(1) [Restriction on a IC-representable set] Let (24) represent (F, X'). Suppose that [t;g;x] can be
augmented by u, v to solve (26). Then (¢, g, x, u) solve (24), implying that [t;g;x] € F[F, X]
by definition of K-representability of (F, X), and (x, v) solve (26), implying that x € ). Tak-
ing together, these inclusions clearly imply that [£;g; x] € F[F, Z], as required in item (i) of
the definition of KC-representation of (F, Z). Next, when x € Z, the triple [t := (F(x),x); g :=
F(x); x] can be augmented by u to solve (24) (by item (ii) of the definition of IC-representation
of (F, X)), and because x € ), x can be augmented by v to solve (25). Thus, t := (F(x), x), g :=
F(x), x can be augmented by (1, v) to solve (26), as required in item (ii) of KC-representability of
(F, Z). Thus, (26) indeed represents (F, Z). A completely similar reasoning shows that if (24)
almost represents (F, X), then (26) almost represents (F, Z).

(2) [Direct summation] When x = [x1;...;xx] € X and g = F(x) = [g15...58k] > g€ = Fx(xx),
tr = (xr,gk) and t = ), tx = (g, x), there exist ug such that (28.a) take place (by item (ii) of
the definition of representation as applied to the representations in (27)), and (28.b) takes place
as well, as required in (ii) of the definition of a representation of (F, X). On the other hand,
when x = [x1;...;xk], ¢ = [g15--.58] > and f can be augmented by u; and f; to solve (28.a)
and (28.0) , we have [t; gi; xk] € F[Fx, Xk], k < K, whence for every y = [y1;...;yx] € X it
holds

te — (ko k) = (Fk(k)sxk — yi), k< K.
When summing up the above inequalities over k, we obtain
t—(g&y) = (F(),x—y) Vyedk,

that is, [t; g; x] € F[F, X], as required in item (i) of the definition of a representation of (F, ).
The above reasoning, with evident modifications, shows the claim in the case of almost
representations.
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[Taking conic combinations] Let ¢, g, x can be augmented by u, tx, gk, k < K to solve (30). Then
[t%; gks x] € F[Fy, X], implying that

tk — (goy) = (Fk(),x—y) VyeX;

multiplying both sides by ok and summing up over k, we get

t—{(gy) = (F(y)x—y) VyelX,

that is, [t;g;x] € F[F, X']. On the other hand, given x € X, let us set gx = Fx(x) and f; =
(Fx(x),x). Since the kth conic constraint in (30) represents (Fy, X), there exist ug, k < K,
such that all relations (30.a) take place. Setting t = ) ", aktx, § = > k&> We, on one hand,
satisfy (30.b-c), and, on the other hand, obtain

b= op(Fe(x),x) = (F(x),x), g= Y gk =F(x),
k k

the bottom line being that [(F(x), x); F(x); x] can be augmented by uy, f, gk to solve (30).
Thus, (30) indeed is a K-representation of (F, X).

The above reasoning, with evident modifications, works in the case of almost representa-
tions.
[Affine substitution of variables] Assume that 7, y,£,g,t, u solve (32). Then t, g, x :== A£ +a,
u satisfy

Xx+ Gg+tT+ Uu <k a,
implying that x € X and
t—(gy) = (F(),x—y) Vyed.
Recall that x = A§ + a, x € X, implies that § € E. Now, when 1 € E, setting y = An + a, we
have y € & and
T—(y,m=t—(ga) —(ATgn) =t—(gy) = (FG),x—)
= (F(An + a),A(§ — ) =(P(®),§ —n),
and since ) € E is arbitrary, we get [7; ¥; §] € F[P, E], as required in item (i) of the definition
of a representation of (®, E). On the other hand, when & € B, y = ®(§),and v = (D (£),§),
setting x = A% + a, we get x € X. Next, when setting ¢ = F(x), t = (F(x), x), we obtain y =
ATgand
T =(F(x),x —a) =t —(g,a).
Besides this, by the origin of , g, x and item (ii) of the definition of KC-representation, as applied
to (31), there exists u such that ¢, g, x, u satisfy (31). The bottom line is that &, y, 7 can be
augmented by t, g, u to solve (32), that is, (32) meets item (ii) of definition of KC-representation
of (®, B).

The above reasoning, with evident modifications, works in the case of almost representa-
tions.

Appendix 2. Verifying (37) and (38)
A. Letus prove thatforallu e Y/ = [0,U],v € V = [0, V] one has

u

e =TT

1
=1}1in{fv+t: lsz0,0fsg,/uf,s—i—? <Lt—f>1-s?-1, tsl]
b u
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1>f>0,s>0,t<1,t>0,s+7t<1
Rsu—fiu+fleld

&s2<uf whenu+{>0

= min 1yt 20— s)st—fit—f+2] el
S1585,T

& (1—s)2<t—f+1when t—f+2>0
25u—t+Lu+t+1]el?

< (u+1)t>1 whenu+t+1>0

Indeed, for u € U and v € V, we have

1
min[fv+t: 1Zfa0,0SSS\/uf,s—l—iSl,t—fz(l—s)z—l,ts 1}
fotss u-+1
’ uf]}

min|: min Afr+f-2/uf +uf|,  min {fv+f_ w oW ”

:Ir}in{fv+f—2§(f)+§(f)2: 1>f=>0, E(f):min[uj_l

0<f<u/(u+1)? 1>f>u/(ut+1)>2 u+1  (u+1)>?
. u u(v+1) — 2u — u?

= min | — ,

ut+v+1 (u+1)2

. 1 v—(u+1) u . v — (u+1)>
= umin | — > = min | —1,
v+ w+1) (u+1)? v4+u+1 (u+1)2
=Y (u,v),
as claimed.
B. Now, let us show that forallu e Y = [0, U],v € V = [0, V]
u
BT
=r}1in[fu+t:12f20,0§s§~/(v+1)f,s§ l,lztz(l—s)z}
s

1>f>0,0<s<1,t<1
2sv+1—fiv+1+f]el’

=min{fu+1t:  ©2<@+1)f whenv+1+f>0
fts [2(1—s);t— Lt +1] e L3

&(1—s)2<t

Indeed, for u € U and v € Q, we have

minf,t,s{fu—l—t: 1>f>0,0<s<,/(v+Df,s<L1>t>(1 _5)2}

= miny, {fu+(1 —5%:1 >f>0,0<s<,/(v+1f,s< 1}

= miny {fu + (1 —=5(/))* : 1 > f > 0,5(f) = min[\/(v + 1)f, 1]}

= min [ming<f<1/@+n{fu + 1 =24/ (v + Df + (v + Df}, minlzle/(vﬂ){fu}]

u u u

= i u+v+1v+1 - u+v+1 =V,

as claimed.
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