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Lecture 1

Convex sets in R"

1.1 Definition and basic properties

1.1.1 A convex set

In the school geometry a figure is called convex if it contains, along with every pair of its points
x,y, also the entire segment [z, y| linking the points. This is exactly the definition of a convex
set in the multidimensional case; all we need is to say what does it mean “the segment [, ]
linking the points x,y € R"”. This is said by the following

Definition 1.1.1 [Convex set]
1) Let x,y be two points in R™. The set

[,y ={z= X+ (1-Ny:0<A<1}

1s called a segment with the endpoints x,y.
2) A subset M of R™ is called convez, if it contains, along with every pair of its points x,vy,
also the entire segment [z, y]:

r,ye M, 0<A<1l=Xx+(1-NyeM.

Note that by this definition an empty set is convex (by convention, or better to say, by the
exact sense of the definition: for the empty set, you cannot present a counterexample to show
that it is not convex).

1.1.2 Examples of convex sets
1.1.2.1 Affine subspaces and polyhedral sets

Example 1.1.1 A linear/affine subspace of R™ is convex.

Convexity of affine subspaces immediately follows from the possibility to represent these sets as
solution sets of systems of linear equations (Proposition [A.3.7)), due to the following simple and
important fact:

Proposition 1.1.1 The solution set of an arbitrary (possibly, infinite) system
alr <by, acA O

11
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of monstrict linear inequalities with n unknowns x — the set
S={zrecR":alz <b,, ac A}

18 convex.
In particular, the solution set of a finite system

Ax <b
of m nonstrict inequalities with n variables (A is m X n matriz) is convex; a set of this latter

type is called polyhedral.

Exercise 1.1 Prove Proposition|1.1.1]

Remark 1.1.1 Note that every set given by Proposition s not only convezx, but also closed
(why?). In fact, from Separation Theorem (Theorem[1.2.9 below) it follows that

Every closed convex set in R™ is the solution set of a (perhaps, infinite) system of
nonstrict linear inequalities.

Remark 1.1.2 Note that replacing some of the nonstrict linear inequalities alx < by in (1)
with their strict versions alx < b,, we get a system with the solution set which still is convex
(why?), but now not necessary is closed.

1.1.2.2  Unit balls of norms

Let || - || be a norm on R" i.e., a real-valued function on R™ satisfying the three characteristic
properties of a norm (Section [A.4.1)), specifically:

A. [positivity] ||z]| > 0 for all x € R™; ||z|| = 0 is and only if z = 0;

B. [homogeneity] For z € R" and A € R, one has
[Az]] = [A[ll];

C. [triangle inequality] For all 2,y € R™ one has

lz +yll < [zl + [lyll-

Example 1.1.2 The unit ball of the norm || - || — the set
{zeE:|x| <1},

same as every other || - ||-ball
{z:flz —al <7}

(a € R™ and r > 0 are fized) is conver.
In particular, Euclidean balls (|| - ||-balls associated with the standard Euclidean norm ||z|l2 =

vaTx) are convex.
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The standard examples of norms on R™ are the £,-norms

n 1/p
(£16)". 12pen
i=1 .

foax |4, p =00

2l =

These indeed are norms (which is not clear in advance). When p = 2, we get the usual Euclidean
norm; of course, you know how the FKuclidean ball looks. When p = 1, we get

n
ol = |ail,
-1

and the unit ball is the hyperoctahedron

V:{xeRn:Z|xi|§1}
i=1

When p = oo, we get

e = max [z,

and the unit ball is the hypercube

V={zeR":-1<z;,<1,1<i<n}.

Exercise 1.2 Prove that unit balls of norms on R" are exactly the same as convex sets V in
R satisfying the following three properties:

1. 'V is symmetric w.r.t. the origin: t € V = —x € V;
2. V is bounded and closed;
3. 'V contains a neighbourhood of the origin.
A set V' satisfying the outlined properties is the unit ball of the norm
||| = inf {t >0:t 'z e V} .

Hint: You could find useful to verify and to exploit the following facts:

1. A norm || - || on R™ is Lipschitz continuous with respect to the standard Euclidean distance: there
exists C). < oo such that [||z|| — [ly||| < C).llz —yll2 for all z,y
2. Vice versa, the Euclidean norm is Lipschitz continuous with respect to a given norm || - ||: there

exists ¢ < oo such that |[|z]|2 — ||lyll2] < ¢ llz — yl| for all z,y
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1.1.2.3  Ellipsoids

Example 1.1.3 [Ellipsoid] Let Q be a n x n matriz which is symmetric (Q = QT ) and positive
definite (x7Qxz > 0, with > being = if and only if x = 0). Then, for every nonnegative v, the
Q-ellipsoid of radius r centered at a — the set

{z:(z— a)TQ(:c —a) <7r?}

1S convex.

To see that an ellipsoid {z : (z — a)TQ(x — a) < r?} is convex, note that since Q is positive

definite, the matrix Q'/? is well-defined and positive definite. Now, if || - || is a norm on R™
and P is a nonsingular n X n matrix, the function ||Pz|| is a norm along with || - || (why?).
Thus, the function ||z||q = /27 Qx = ||Q'/?z||2 is a norm along with || - |2, and the ellipsoid
in question clearly is just || - ||o-ball of radius r centered at a.

1.1.2.4 Neighbourhood of a convex set

Example 1.1.4 Let M be a convex set in R™, and let e > 0. Then, for every norm || -| on R™,
the e-neighbourhood of M, i.e., the set

= " di =j — <
Me = {y € R" : dist) (y, M) = inf [ly —z| < ¢}

1S convex.

Exercise 1.3 Justify the statement of Example|l.1.4}

1.1.3 Inner description of convex sets: Convex combinations and convex hull
1.1.3.1 Convex combinations

Recall the notion of linear combination y of vectors v, ..., Yy, — this is a vector represented as

m
y=>_ Aivi,
i=1

where \; are real coefficients. Specifying this definition, we have come to the notion of an affine
combination - this is a linear combination with the sum of coefficients equal to one. The last
notion in this genre is the one of convex combination.

Definition 1.1.2 A convexr combination of vectors yi,...,ym s their affine combination with
nonnegative coefficients, or, which is the same, a linear combination

m
Y= A
i=1
with nonnegative coefficients with unit sum:

A >0, Y N=1
=1
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The following statement resembles those in Corollary [A.3.2}

Proposition 1.1.2 A set M in R" is convex if and only if it is closed with respect to taking
all convex combinations of its elements, i.e., if and only if every convex combination of vectors
from M again is a vector from M.

Exercise 1.4 Prove Proposition .
Hint: Assuming Ay, ..., A, > 0, one has

m m

Z Avi =My + A+ A3+ ..+ Ap) Z/W/w i
i=1

1=2

Ai
B AQ +)\3 + ... +/\/n .

1.1.3.2 Convex hull

Same as the property to be linear/affine subspace, the property to be convex is preserved by
taking intersections (why?):

Proposition 1.1.3 Let {M,}, be an arbitrary family of convex subsets of R™. Then the inter-

section
M =nNn,M,

1S convex.

As an immediate consequence, we come to the notion of convex hull Conv(M) of a nonempty
subset in R™ (cf. the notions of linear/affine hull):

Corollary 1.1.1 [Convex hull]

Let M be a nonempty subset in R™. Then among all convexr sets containing M (these sets do
exist, e.g., R™ itself) there exists the smallest one, namely, the intersection of all convex sets
containing M. This set is called the convex hull of M [ notation: Conv(M)].

The linear span of M is the set of all linear combinations of vectors from M, the affine hull
is the set of all affine combinations of vectors from M. As you guess,

Proposition 1.1.4 [Convex hull via convex combinations] For a nonempty M C R":

Conv(M) = {the set of all convex combinations of vectors from M}.

Exercise 1.5 Prove Proposition|1.1.4}

1.1.3.3 Simplex

The convex hull of m + 1 affinely independent points yg, ..., ym (Section is called m-
dimensional simplex with the vertices o, .., Yym- By results of Section every point x of
an m-dimensional simplex with vertices vy, ..., ¥, admits exactly one representation as a convex
combination of the vertices; the corresponding coefficients form the unique solution to the system
of linear equations

m m
Z)\i:ﬁi =, Z)\’ =1.
=0 =0

This system is solvable if and only if x € M = Aff({yo,..,ym}), and the components of the
solution (the barycentric coordinates of z) are affine functions of = € Aff(M); the simplex itself
is composed of points from M with nonnegative barycentric coordinates.
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1.1.4 Cones

A nonempty subset M of R™ is called conic, if it contains, along with every point x € M, the
entire ray Rz = {tx : t > 0} spanned by the point:

reM=texe MVt>0.
A convex conic set is called a cone.

Proposition 1.1.5 A nonempty subset M of R™ is a cone if and only if it possesses the fol-
lowing pair of properties:

e isconic:x €« Mt >0 =trxe M;

e contains sums of its elements: x,y e M = x+y e M.

Exercise 1.6 Prove Proposition|1.1.5

As an immediate consequence, we get that a cone is closed with respect to taking linear com-
binations with nonnegative coefficients of the elements, and vice versa — a nonempty set closed
with respect to taking these combinations is a cone.

Example 1.1.5 The solution set of an arbitrary (possibly, infinite) system
alz <0, ac A
of homogeneous linear inequalities with n unknowns x — the set
K ={z:alz <0Vac A}

— 1S a cone.
In particular, the solution set to a homogeneous finite system of m homogeneous linear
inequalities
Az <0
(A is m X n matriz) is a cone; a cone of this latter type is called polyhedral.

Note that the cones given by systems of linear homogeneous nonstrict inequalities necessarily
are closed. From Separation Theorem [1.2.9]it follows that, vice versa, every closed convex cone
is the solution set to such a system, so that Example is the generic example of a closed
convex cone.

Cones form a very important family of convex sets, and one can develop theory of cones
absolutely similar (and in a sense, equivalent) to that one of all convex sets. For example,
introducing the notion of conic combination of vectors x1,...,z; as a linear combination
of the vectors with nonnegative coeflicients, you can easily prove the following statements
completely similar to those for general convex sets, with conic combination playing the role
of convex one:

e A set is a cone if and only if it is nonempty and is closed with respect to taking all
conic combinations of its elements;

e Intersection of a family of cones is again a cone; in particular, for every nonempty set
M C R™ there exists the smallest cone containing M — its conicthull Cone (M), and
this conic hull is composed of all conic combinations of vectors from M.

In particular, the conic hull of a nonempty finite set M = {uy,...,un} of vectors in R" is
the cone

N
Cone (M) = {Z Ait; 2 A >0,i=1,...,N}.
i=1
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1.1.5 Calculus of convex sets

Proposition 1.1.6 The following operations preserve convexity of sets:

1. Taking intersection: if M., o € A, are convex sets, so is the set (| M,,.
«

2. Taking direct product: if M1 C R™ and Ms C R™ are convex sets, so is the set

My x My = {y = (yl,yg) ceR"M xR™ = RMm2 Y1 € Ml,yg c MQ}.

3. Arithmetic summation and multiplication by reals: if My, ..., M} are convez sets in R™ and
Al .oy A are arbitrary reals, then the set

k
MMy + o+ MMy =D Niwg i w € M, i =1, k}
i=1

1S CONvVeL.

4. Taking the image under an affine mapping: if M C R™ is convex and x — A(x) = Az +b
is an affine mapping from R™ into R™ (A is m x n matriz, b is m-dimensional vector),
then the set

AM)={y=Alx)=Ax+a:x € M}
is a convex set in R™;

5. Taking the inverse image under affine mapping: if M C R™ is convex and y — Ay + b is
an affine mapping from R™ to R™ (A is n x m matriz, b is n-dimensional vector), then
the set

AN M) ={y e R™: A(y) € M}
is a conver set in R™.

6. Taking perspective transform: Let X be a nonempty conver set in R™. Then the set

Xt :={ra] cR"xR:a>0,z/ac X}

— the perspective transform of X — is convex, and X = {[z : [x;1] € XT.

Exercise 1.7 Prove Proposition[I.1.9 1-5.

Proof of Proposition 6. Let [2/;0/],[2";a"] € X, so that /,a” > 0 and the points
y =2'/d, y" = 2" /a” belong to X. We should prove that when p,q > 0 and p + g = 1, the
point [x = pz’ + qz;a = pa’ + qa’’] belongs to X T, that is, that o > 0 (this is evident) and

that z/a € X. We have 2’/ = o'y, 2’ = o'y, so that

o Y
pa / qo 1"

/ 1A
T/ = |px x Y = Yy + 1
/ lpa + g7/« pa’ + ga! v pa’ + ga! v

is a convex combination of two points from the convex set X and as such belongs to X. The
relation X = {z : [z;1] € X} is evident. m
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1.1.6 Topological properties of convex sets

Convex sets and closely related objects - convex functions - play the central role in Optimization.
To play this role properly, the convexity alone is insufficient; we need convexity plus closedness.

1.1.6.1 The closure

It is clear from definition of a closed set (Section that the intersection of a family of
closed sets in R" is also closed. From this fact it, as always, follows that for every subset M of
R” there exists the smallest closed set containing M this set is called the closure of M and is
denoted cl M. In Analysis they prove the following inner description of the closure of a set in a
metric space (and, in particular, in R"):

The closure of a set M C R™ is exactly the set composed of the limits of all converging
sequences of elements of M.

With this fact in mind, it is easy to prove that, e.g., the closure of the open Euclidean ball
{z:|lx—al<r} [r>0]
is the closed ball {z : ||z — a||2 < r}. Another useful application example is the closure of a set
M ={z:alz < by, a € A}

given by strict linear inequalities: if such a set is nonempty, then its closure is given by the
nonstrict versions of the same inequalities:

AM = {z:alz <b, ac A}

Nonemptiness of M in the latter example is essential: the set M given by two strict inequal-
ities
<0, —x<0

in R clearly is empty, so that its closure also is empty; in contrast to this, applying formally
the above rule, we would get wrong answer

M ={x:2<0,2>0}={0}.

1.1.6.2 The interior

Let M C R™. We say that a point x € M is an interior point of M, if some neighbourhood of
the point is contained in M, i.e., there exists centered at x ball of positive radius which belongs
to M:

Ir>0 Br(z)={y:l|ly—=x|<r}c M.

The set of all interior points of M is called the interior of M [notation: int M].
For example,

e The interior of an open set is the set itself;
e The interior of the closed ball {z : ||z —al|2 < r} is the open ball {z : ||z —al|2 < r} (why?)

e The interior of a polyhedral set {z : Az < b} with matrix A not containing zero rows is
the set {x : Az < b} (why?)
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The latter statement is not, generally speaking, valid for sets of solutions of infinite
systems of linear inequalities. For example, the system of inequalities

r < n=12,..

1

)
n

in R has, as a solution set, the nonpositive ray R_ = {z < 0}; the interior of this ray
is the negative ray {x < 0}. At the same time, strict versions of our inequalities

1
r<—,n=12..
n

define the same nonpositive ray, not the negative one.
It is also easily seen (this fact is valid for arbitrary metric spaces, not for R™ only), that
e the interior of an arbitrary set is open
The interior of a set is, of course, contained in the set, which, in turn, is contained in its closure:
int M C M CclM. (1.1.1)
The complement of the interior in the closure — the set
OM = cl M\ int M

— is called the boundary of M, and the points of the boundary are called boundary points of
M (Warning: these points not necessarily belong to M, since M can be less than cl M; in fact,
all boundary points belong to M if and only if M = cl M, i.e., if and only if M is closed).

The boundary of a set clearly is closed (as the intersection of two closed sets cl M and
R"™\ int M; the latter set is closed as a complement to an open set). From the definition of the
boundary,

M Cint MUOM [=clM],

so that a point from M is either an interior, or a boundary point of M.

1.1.6.3 The relative interior

Many of the constructions in Optimization possess nice properties in the interior of the set the
construction is related to and may lose these nice properties at the boundary points of the set;
this is why in many cases we are especially interested in interior points of sets and want the set
of these points to be “enough massive”. What to do if it is not the case — e.g., there are no
interior points at all (look at a segment in the plane)? It turns out that in these cases we can
use a good surrogate of the “normal” interior — the relative interior defined as follows.

Definition 1.1.3 [Relative interior] Let M C R"™.  We say that a point © € M is
relative interior for M, if M contains the intersection of a small enough ball centered at x

with AfE(M):
Ir>0 B(zx)NAF(M)={y:ye Aff(M), |ly —z|2 <r} C M.

The set of all relative interior points of M is called its relative interior [notation: rint M].
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For example the relative interior of a singleton is the singleton itself (since a point in the 0-
dimensional space is the same as a ball of a positive radius); more generally, the relative interior
of an affine subspace is the set itself. The interior of a segment [z,y] (x # y) in R" is empty
whenever n > 1; in contrast to this, the relative interior is nonempty independently of n and is
the interval (x,y) — the segment with deleted endpoints. Geometrically speaking, the relative
interior is the interior we get when regard M as a subset of its affine hull (the latter, geometrically,
is nothing but R¥, k being the affine dimension of Aff(M)).

Exercise 1.8 Prove that the relative interior of a simplex with vertices yo, ..., ym 1S exactly the
m m

set {z =3 Ny : Ai >0, A\ =1},
i=0 i=0

We can play with the notion of the relative interior in basically the same way as with the
one of interior, namely:

e since Aff(M), as every affine subspace, is closed and contains M, it contains also the
smallest closed sets containing M, i.e., cl M. Therefore we have the following analogies of

inclusions (1.1.1)):
rint M C M CclM [C Aff(M)]; (1.1.2)

e we can define the relative boundary 0y M = cl M\rint M which is a closed set contained
in Aff(M), and, as for the “actual” interior and boundary, we have

rint M C M CclM =rint M + 0,4 M.

Of course, if Aff(M) = R", then the relative interior becomes the usual interior, and similarly
for boundary; this for sure is the case when int M # () (since then M contains a ball B, and
therefore the affine hull of M is the entire R™, which is the affine hull of B).

1.1.6.4 Nice topological properties of convex sets
An arbitrary set M in R™ may possess very pathological topology: both inclusions in the chain
rint M C M CclM

can be very ‘“non-tight”. For example, let M be the set of rational numbers in the segment
[0,1] € R. Then rint M = int M = () — since every neighbourhood of every rational real
contains irrational reals — while cl M = [0, 1]. Thus, rint M is “incomparably smaller” than M,
cl M is “incomparably larger”, and M is contained in its relative boundary (by the way, what
is this relative boundary?).

The following proposition demonstrates that the topology of a convex set M is much better
than it might be for an arbitrary set.

Theorem 1.1.1 Let M be a convex set in R™. Then
(i) The interior int M, the closure cl M and the relative interior rint M are convez;
(ii) If M is nonempty, then the relative interior rint M of M is nonempty
(iii) The closure of M is the same as the closure of its relative interior:

clM = clrint M

(in particular, every point of cl M is the limit of a sequence of points from rint M )
(iv) The relative interior remains unchanged when we replace M with its closure:

rint M = rint cl M.
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Proof. (i): prove yourself!

(ii): Let M be a nonempty convex set, and let us prove that rint M # (). By translation, we may
assume that 0 € M. Further, we may assume that the linear span of M is the entire R". Indeed, as
far as linear operations and the Euclidean structure are concerned, the linear span L of M, as every
other linear subspace in R™, is equivalent to certain R”; since the notion of relative interior deals only
with linear and Euclidean structures, we lose nothing thinking of Lin(M) as of R¥ and taking it as our
universe instead of the original universe R™. Thus, in the rest of the proof of (ii) we assume that 0 € M
and Lin(M) = R"™; what we should prove is that the interior of M (which in the case in question is the
same as relative interior) is nonempty. Note that since 0 € M, we have Aff(M) = Lin(M) = R".

Since Lin(M) = R™, we can find in M n linearly independent vectors aq, .., a,. Let also ag = 0. The
n + 1 vectors ag, ..., a, belong to M, and since M is convex, the convex hull of these vectors also belongs
to M. This convex hull is the set

Az{x:i)/\iai:AzO,ZAizl}:{x:iuiai:pzo,iuigl}.

We see that A is the image of the standard full-dimensional simplex

{neR™:p>0> p; <1}

i=1

under linear transformation p — Ay, where A is the matrix with the columns ay, ..., a,. The standard
simplex clearly has a nonempty interior (composed of all vectors g > 0 with > pu; < 1); since A is

(]
nonsingular (due to linear independence of ay, ..., a,), multiplication by A maps open sets onto open
ones, so that A has a nonempty interior. Since A C M, the interior of M is nonempty. m
(iii): We should prove that the closure of rint M is exactly the same that the closure of M. In fact
we shall prove even more:

Lemma 1.1.1 Let x € rint M and y € cl M. Then all points from the half-segment [x,y),
[Zy)={z=101-Nz+Ay:0< A< 1}
belong to the relative interior of M.
Proof of the Lemma. Let Aff(M) = a + L, L being linear subspace; then
M cC Af(M)=xz+ L.

Let B be the unit ball in L:
B={heL:|h|2<1}.

Since z € rint M, there exists positive radius r such that
x+rB C M. (1.1.3)

Now let A € [0,1), and let z = (1 — Az + A\y. Since y € cl M, we have y = lim y; for certain sequence
1— 00

of points from M. Setting z; = (1 — Nz + \y;, we get z;, — 2z as i — oco. Now, from and the
convexity of M is follows that the sets Z; = {u = (1 — XN)a’ + Ay; : @/ € x + rB} are contained in M;
clearly, Z; is exactly the set z; + r'B, where ' = (1 — A)r > 0. Thus, z is the limit of sequence z;, and
r’-neighbourhood (in Aff(M)) of every one of the points z; belongs to M. For every r” < r’ and for all i
such that z; is close enough to z, the r’-neighbourhood of z; contains the r”-neighbourhood of z; thus, a
neighbourhood (in Aff(M)) of z belongs to M, whence z € rint M. u

A useful byproduct of Lemma [1.1.1]is as follows:
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Corollary 1.1.2 Let M be a convex set. Then every convexr combination
> e
i

of points x; € cl M where at least one term with positive coefficient corresponds to x; € rint M
is in fact a point from rint M.

(iv): The statement is evidently true when M is empty, so assume that M is nonempty. The inclusion
rint M C rint ¢l M is evident, and all we need is to prove the inverse inclusion. Thus, let z € rint cl M,
and let us prove that z € rint M. Let = € rint M (we already know that the latter set is nonempty).
Consider the segment [z, z]; since z is in the relative interior of cl M, we can extend a little bit this
segment through the point z, not leaving cl M, i.e., there exists y € cl M such that z € [z,y). We are
done, since by Lemma from z € [z,y), with 2 € rint M, y € ¢l M, it follows that z € rint M. m

We see from the proof of Theorem that to get a closure of a (nonempty) convex set, it
suffices to subject it to the “radial” closure, i.e., to take a point x € rint M, take all rays in
Aff (M) starting at 2 and look at the intersection of such a ray [ with M; such an intersection
will be a convex set on the line which contains a one-sided neighbourhood of z, i.e., is either
a segment [z, y;], or the entire ray [, or a half-interval [z, y;). In the first two cases we should
not do anything; in the third we should add y to M. After all rays are looked through and
all "missed” endpoints y; are added to M, we get the closure of M. To understand what
is the role of convexity here, look at the nonconvex set of rational numbers from [0, 1]; the
interior (= relative interior) of this ”highly percolated” set is empty, the closure is [0, 1], and
there is no way to restore the closure in terms of the interior.

1.2 Main theorems on convex sets

1.2.1 Caratheodory Theorem

Let us call the affine dimension (or simple dimension of a nonempty set M C R™ (notation: dim M) the
affine dimension of Aff(M).

Theorem 1.2.1 [Caratheodory] Let M C R"™, and let dim ConvM = m. Then every point x € ConvM
is a convex combination of at most m + 1 points from M.

Proof. Let z € ConvM. By Proposition on the structure of convex hull, z is convex combination
of certain points x1,...,zy from M:

N N
i=1 1=1

Let us choose among all these representations of x as a convex combination of points from M the one
with the smallest possible N, and let it be the above combination. We claim that N < m + 1 (this claim
leads to the desired statement). Indeed, if N > m + 1, then the system of m + 1 homogeneous equations

N
> piri = 0
i=1
N
> =0
i=1
with N unknowns g1, ..., un has a nontrivial solution 41, ...,y

N N
Z(;ITL = 0, 25, = 0, (51,...,6]\[) ;é 0.
i=1 i=1
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It follows that, for every real t,
N

i=1
What is to the left, is an affine combination of x;’s. When ¢ = 0, this is a convex combination - all
coefficients are nonnegative. When ¢ is large, this is not a convex combination, since some of §;’s are
negative (indeed, not all of them are zero, and the sum of ¢;’s is 0). There exists, of course, the largest ¢
for which the combination (*) has nonnegative coefficients, namely

Ai

t* = min ==
6,20 0]

For this value of ¢, the combination (*) is with nonnegative coefficients, and at least one of the coefficients
is zero; thus, we have represented x as a convex combination of less than N points from M, which
contradicts the definition of N. m

1.2.2 Radon Theorem

Theorem 1.2.2 [Radon] Let S be a set of at least n + 2 points x1,...,xn in R™. Then one can split
the set into two nonempty subsets S1 and Sy with intersecting convex hulls: there exists partitioning
TUJ ={1,..,N}, INnJ =0, of the index set {1,..., N} into two nonempty sets I and J and convex
combinations of the points {x;,i € I}, {x;,j7 € J} which coincide with each other, i.e., there exist
aj, 1 €1, and B;, j € J, such that

doaiwi =) Biry Djei=) Bi=1 a;if;>0.
J

iel jeJ i

Proof. Since N > n+ 1, the homogeneous system of n + 1 scalar equations with N unknowns 1, ..., tn

N
Yo mirg = 0
z:lN

i o= 0
i=1

has a nontrivial solution Aq,..., Ay:

N N
i=1 i=1
Let I ={i:\; >0}, J={i: )\ <0}; then I and .J are nonempty and form a partitioning of {1, ..., N}.
We have
a = Z)\L :Z(—)\J) >0

il jeJ

(since the sum of all N’s is zero and not all X’s are zero). Setting

Ai =Aj .
ai:f,’LEI, szijajejv
a a

we get
iel jeJ
and

N
D s = Bl =at [ D N = D (N | = Z)\m =0. =

iel jeJ i€l jeJ
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1.2.3 Helly Theorem

Theorem 1.2.3 [Helly, I] Let F be a finite family of convex sets in R™. Assume that every n + 1 sets
from the family have a point in common. Then all the sets have a point in common.

Proof. Let us prove the statement by induction on the number N of sets in the family. The case of
N < n+1 is evident. Now assume that the statement holds true for all families with certain number
N > n+1 of sets, and let S1,..., Sy, Sn41 be a family of V 4+ 1 convex sets which satisfies the premise
of the Helly Theorem; we should prove that the intersection of the sets Si, ..., Sy, Sy41 is nonempty.
Deleting from our N + 1-set family the set .5;, we get N-set family which satisfies the premise of the
Helly Theorem and thus, by the inductive hypothesis, the intersection of its members is nonempty:

(Vi<N+1): T'=8N8N.NS; 1NSiN..NSyi1 #0.

Let us choose a point z; in the (nonempty) set T%. We get N + 1 > n + 2 points from R". By Radon’s
Theorem, we can partition the index set {1,..., N + 1} into two nonempty subsets I and J in such a way
that certain convex combination x of the points x;, ¢ € I, is a convex combination of the points x;, j € J,
as well. Let us verify that x belongs to all the sets Sy, ..., Sy+1, which will complete the proof. Indeed,
let i* be an index from our index set; let us prove that x € S;«. We have either i* € I, or i* € J. In
the first case all the sets T7, j € J, are contained in S;« (since S;- participates in all intersections which
give T" with ¢ # i*). Consequently, all the points z;, j € J, belong to S;, and therefore x, which is
a convex combination of these points, also belongs to S;+ (all our sets are convex!), as required. In the
second case similar reasoning says that all the points x;, i € I, belong to S;~, and therefore x, which is a
convex combination of these points, belongs to S;«. m

Exercise 1.9 Let Sy,...,Sn be a family of N convex sets in R"™, and let m be the affine dimension of
Aff(S1U...USy). Assume that every m—+ 1 sets from the family have a point in common. Prove that all
sets from the family have a point in common.

In the aforementioned version of the Helly Theorem we dealt with finite families of convex sets. To
extend the statement to the case of infinite families, we need to strengthen slightly the assumption. The
resulting statement is as follows:

Theorem 1.2.4 [Helly, IT] Let F be an arbitrary family of convex sets in R™. Assume that
(a) every n+ 1 sets from the family have a point in common,
and
(b) every set in the family is closed, and the intersection of the sets from certain finite subfamily of
the family is bounded (e.g., one of the sets in the family is bounded).
Then all the sets from the family have a point in common.

Proof. By the previous theorem, all finite subfamilies of F have nonempty intersections, and these
intersections are convex (since intersection of a family of convex sets is convex, Theorem ; in view
of (a) these intersections are also closed. Adding to F all intersections of finite subfamilies of F, we get
a larger family F’ composed of closed convex sets, and a finite subfamily of this larger family again has
a nonempty intersection. Besides this, from (b) it follows that this new family contains a bounded set Q.
Since all the sets are closed, the family of sets

{QNQ :Q e F}
is a nested family of compact sets (i.e., a family of compact sets with nonempty intersection of sets from

every finite subfamily); by the well-known Analysis theorem such a family has a nonempty intersectior.
|

Dhere is the proof of this Analysis theorem: assume, on contrary, that the compact sets Qa, a € A, have
empty intersection. Choose a set Qo+ from the family; for every x € Qo+ there is a set Q% in the family which
does not contain z - otherwise £ would be a common point of all our sets. Since Q7 is closed, there is an open
ball V, centered at = which does not intersect Q®. The balls V,, x € Q4+, form an open covering of the compact
set Qa+, and therefore there exists a finite subcovering Vi, ..., Vay of Qa+ by the balls from the covering. Since
Q" does not intersect V,,, we conclude that the intersection of the finite subfamily Qo+, @, ..., @Y is empty,
which is a contradiction
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1.2.4 Polyhedral representations and Fourier-Motzkin Elimination

1.2.4.1 Polyhedral representations

Recall that by definition a polyhedral set X in R" is the set of solutions of a finite system of nonstrict
linear inequalities in variables x € R":

X={zcR":Az<bl={zcR":alz<b;,1<i<m}

We shall call such a representation of X its polyhedral description. A polyhedral set always is convex
and closed (Proposition [L.1.1). Now let us introduce the notion of polyhedral representation of a set
X CR™

Definition 1.2.1 We say that a set X C R" is polyhedrally representable, if it admits a representation
as follows:
X={zecR":JuecRF: Ax + Bu< ¢} (1.2.1)

where A, B are m x n and m X k matrices and ¢ € R™. A representation of X of the form of is
called a polyhedral representation of X, and variables u in such a representation are called slack variables.

Geometrically, a polyhedral representation of a set X C R"™ is its representation as the projection
{z : Ju: (z,u) € Y} of a polyhedral set Y = {(z,u) : Az + Bu < ¢} in the space of n + k variables
(z € R",u € R¥) under the linear mapping (the projection) (z,u) — x : RZTF — RZ of the n + k-
dimensional space of (z,u)-variables (the space where Y lives) to the n-dimensional space of z-variables
where X lives.

Note that every polyhedrally representable set is the image under linear mapping (even a projection) of
a polyhedral, and thus convex, set. It follows that a polyhedrally representable set definitely is convex
(Proposition [L.1.6)).

Examples: 1) Every polyhedral set X = {x € R™ : Az < b} is polyhedrally representable — a polyhedral
description of X is nothing but a polyhedral representation with no slack variables (k = 0). Vice versa,
a polyhedral representation of a set X with no slack variables (k = 0) clearly is a polyhedral description
of the set (which therefore is polyhedral).

2) Looking at the set X = {&z € R": >_"" | |2;| < 1}, we cannot say immediately whether it is or is not
polyhedral; at least the initial description of X is not of the form {z : Az < b}. However, X admits a
polyhedral representation, e.g., the representation

X={zeR":FueR": —u; <z; <uy, lgign,Zui <1}. (1.2.2)
—_—— ;
Slzi|<u; =1

Note that the set X in question can be described by a system of linear inequalities in x-variables only,

namely, as
n

X={zeR":) ez <1,¥(e ==+1,1<i<n)},
i=1

that is, X is polyhedral. However, the above polyhedral description of X (which in fact is minimal in
terms of the number of inequalities involved) requires 2" inequalities — an astronomically large number
when n is just few tens. In contrast to this, the polyhedral representation of the same set requires
just n slack variables v and 2n + 1 linear inequalities on x,u — the “complexity” of this representation is
just linear in n.

3) Let aq, ..., a;m be given vectors in R™. Consider the conic hull of the finite set {ay,...,a;,} — the set

Cone{ar,....,am} ={x = > Ma; : A > 0} (see section [1.1.4)). It is absolutely unclear whether this set is

i=1
polyhedral. In contrast to this, its polyhedral representation is immediate:
Cone{a,...apn}= {z€R":IN>0:2=>3" Na;}
-A<0
={zeR":INeR™:{ z->" XNa; <0 }
—x + Z:il Aia; <0
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In other words, the original description of X is nothing but its polyhedral representation (in slight
disguise), with A;’s in the role of slack variables.

1.2.4.2 Every polyhedrally representable set is polyhedral! (Fourier-Motzkin elim-
ination)

A surprising and deep fact is that the situation in the Example 2) above is quite general:
Theorem 1.2.5 FEvery polyhedrally representable set is polyhedral.

Proof: Fourier-Motzkin Elimination. Recalling the definition of a polyhedrally representable set,
our claim can be rephrased equivalently as follows: the projection of a polyhedral set Y in a space Rﬁt"”

of (z,u)-variables on the subspace R} of z-variables is a polyhedral set in R™. All we need is to prove
this claim in the case of exactly one slack variable (since the projection which reduces the dimension by k

— “kills k slack variables” — is the result of k subsequent projections, every one reducing the dimension
by 1 (“killing one slack variable each”)).
Thus, let

Y ={(z,u) e R""" s o]z + bju < ¢;,1 <i <m}

be a polyhedral set with n variables x and single variable u; we want to prove that the projection
X ={z:Ju:Azx+bu<c}

of Y on the space of z-variables is polyhedral. To see it, let us split the inequalities defining Y into three

groups (some of them can be empty):

— “black” inequalities — those with b; = 0; these inequalities do not involve u at all;

— “red” inequalities — those with b; > 0. Such an inequality can be rewritten equivalently as u
;1[01- — al'z], and it imposes a (depending on x) upper bound on u;

— 7green” inequalities — those with b; < 0. Such an inequality can be rewritten equivalently as u >
b; *[c; — al'z], and it imposes a (depending on z) lower bound on u.

Now it is clear when & € X, that is, when x can be extended, by some u, to a point (x,u) from Y this

is the case if and only if, first, x satisfies all black inequalities, and, second, the red upper bounds on u

specified by x are compatible with the green lower bounds on w specified by z, meaning that every lower

bound is < every upper bound (the latter is necessary and sufficient to be able to find a value of u which

is > all lower bounds and < all upper bounds). Thus,

IN

aZZL’ < ¢; for all “black” indexes ¢ — those with b; =0
X=<z: bj_l[cj — afT} < b;l[ck — alz] for all “green” (i.e., with b; < 0) indexes j
and all “red” (i.e., with by > 0) indexes k

We see that X is given by finitely many nonstrict linear inequalities in z-variables only, as claimed. m
The outlined procedure for building polyhedral descriptions (i.e., polyhedral representations not in-
volving slack variables) for projections of polyhedral sets is called Fourier-Motzkin elimination.

1.2.4.3 Some applications

As an immediate application of Fourier-Motzkin elimination, let us take a linear program min{c’z : Az <
x

b} and look at the set T' of values of the objective at all feasible solutions, if any:
T={tcR:3zx:c'z=t Az <b}.

Rewriting the linear equality ¢’z = t as a pair of opposite inequalities, we see that T is polyhedrally
representable, and the above definition of T' is nothing but a polyhedral representation of this set, with
z in the role of the vector of slack variables. By Fourier-Motzkin elimination, T is polyhedral — this set
is given by a finite system of nonstrict linear inequalities in variable ¢ only. As such, as it is immediately
seen, T is
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— either empty (meaning that the LP in question is infeasible),

— or is a below unbounded nonempty set of the form {t € R : —oco < ¢t < b} with b € R U {+o0}
(meaning that the LP is feasible and unbounded),

— or is a below bounded nonempty set of the form {t € R: —a <t < b} with a € R and 400 > b > a.
In this case, the LP is feasible and bounded, and a is its optimal value.

Note that given the list of linear inequalities defining 7" (this list can be built algorithmically by Fourier-
Motzkin elimination as applied to the original polyhedral representation of T"), we can easily detect which
one of the above cases indeed takes place, i.e., to identify the feasibility and boundedness status of the
LP and to find its optimal value. When it is finite (case 3 above), we can use the Fourier-Motzkin
elimination backward, starting with ¢ = a € T and extending this value to a pair (¢,z) with t =a = ¢’z
and Az < b, that is, we can augment the optimal value by an optimal solution. Thus, we can say that
Fourier-Motzkin elimination is a finite Real Arithmetics algorithm which allows to check whether an LP
is feasible and bounded, and when it is the case, allows to find the optimal value and an optimal solution.
An unpleasant fact of life is that this algorithm is completely impractical, since the elimination process
can blow up exponentially the number of inequalities. Indeed, from the description of the process it is
clear that if a polyhedral set is given by m linear inequalities, then eliminating one variable, we can end
up with as much as m?/4 inequalities (this is what happens if there are m/2 red, m/2 green and no black
inequalities). Eliminating the next variable, we again can “nearly square” the number of inequalities,
and so on. Thus, the number of inequalities in the description of T' can become astronomically large
when even when the dimension of x is something like 10. The actual importance of Fourier-Motzkin
elimination is of theoretical nature. For example, the LP-related reasoning we have just carried out
shows that every feasible and bounded LP program is solvable — has an optimal solution (we shall revisit
this result in more details in section This is a fundamental fact for LP, and the above reasoning
(even with the justification of the elimination “charged” to it) is the shortest and most transparent way
to prove this fundamental fact. Another application of the fact that polyhedrally representable sets are
polyhedral is the Homogeneous Farkas Lemma to be stated and proved in section [[.2.5]A; this lemma
will be instrumental in numerous subsequent theoretical developments.

1.2.4.4  Calculus of polyhedral representations

The fact that polyhedral sets are exactly the same as polyhedrally representable ones does not nullify
the notion of a polyhedral representation. The point is that a set can admit “quite compact” polyhedral
representation involving slack variables and require astronomically large, completely meaningless for any
practical purpose number of inequalities in its polyhedral description (think about the set when
n = 100). Moreover, polyhedral representations admit a kind of “fully algorithmic calculus.” Specifically,
it turns out that all basic convexity-preserving operations (cf. Proposition as applied to polyhedral
operands preserve polyhedrality; moreover, polyhedral representations of the results are readily given
by polyhedral representations of the operands. Here is “algorithmic polyhedral analogy” of Proposition
L 1.0

1. Taking finite intersection: Let M;, 1 <1i < m, be polyhedral sets in R given by their polyhedral
representations

M;={zcR":3u' e R" : Ajz 4+ Bju' < '}, 1<i<m.

Then the intersection of the sets M; is polyhedral with an explicit polyhedral representation,
specifically,

m
ﬂ M;={zeR":Ju= (ul, yu™) € RFvtthm o A+ Bl < ¢, 1<i< m}
i=1

system of nonstrict linear
inequalities in x,u

2. Taking direct product: Let M; C R™, 1 < ¢ < m, be polyhedral sets given by polyhedral repre-
sentations

M; ={z' € R™ :Ju' ¢ R¥ : Air’ + Bou' < '}, 1 <i<m.
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Then the direct product My x ... x M,, = {x = (2,...,2™) : x' € M;, 1 <i < m} of the sets is a
polyhedral set with explicit polyhedral representation, specifically,

My X ... x My, = {x = (2,...,2™) € RmtFnm .
Ju = (ul,...,u™) € RFFTFhm + At 4 Bl < ¢, 1<i<m}.
3. Arithmetic summation and multiplication by reals: Let M; C R™, 1 < i < m, be polyhedral sets
given by polyhedral representations

M;={zeR": ' e R* : Ajx + Biu' <c'},1<i<m,

and let Aj,..., A\x be reals. Then the set My M; + ... + Ay My, := {2 = M1 + oo + AnZm = @; €
M;, 1 <i<m} is polyhedral with explicit polyhedral representation, specifically,

MM+ ..+ Xy My, = {z€eR": 32 e R™u' ¢ RF 1 <i<m):
z <Y et e >3, et At + Biu' < cf 1 <i <mb

4. Taking the image under an affine mapping: Let M C R'™ be a polyhedral set given by polyhedral
representation

M={zcR":3ucR": Az +Bu<c}

and let P(z) = Pz +p : R® — R™ be an affine mapping. Then the image P(M) = {y =
Pz+p:x € M} of M under the mapping is polyhedral set with explicit polyhedral representation,
specifically,

PM)={ycR":3(zcR", ucR") :y < Px+p,y>Px+p Az + Bu < c}.

5. Taking the inverse image under affine mapping: Let M C R"™ be polyhedral set given by polyhe-
dral representation

M={zcR":JuecR": Az + Bu < ¢}

and let P(y) = Py +p: R™ — R"™ be an affine mapping. Then the inverse image P~1(M) := {y :
Py +p € M} of M under the mapping is polyhedral set with explicit polyhedral representation,
specifically,

P M)={yeR"™:3u: A(Py+p)+ Bu <c}.

Note that rules for intersection, taking direct products and taking inverse images, as applied to polyhedral
descriptions of operands, lead to polyhedral descriptions of the results. In contrast to this, the rules for
taking sums with coefficients and images under affine mappings heavily exploit the notion of polyhedral
representation: even when the operands in these rules are given by polyhedral descriptions, there are no
simple ways to point out polyhedral descriptions of the results.

Exercise 1.10 Justify the above calculus rules.

Finally, we note that the problem of minimizing a linear form c¢”

representation:

x over a set M given by polyhedral
M={zcR":3ucR": Az + Bu<c}
can be immediately reduced to an explicit LP program, namely,

min {cT:v Az + Bu < c}.

A reader with some experience in Linear Programming definitely used a lot the above “calculus of
polyhedral representations” when building LPs (perhaps without clear understanding of what in fact is
going on, same as Moliere’s Monsieur Jourdain all his life has been speaking prose without knowing it).
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1.2.5 General Theorem on Alternative and Linear Programming Duality

1.2.5.1 Homogeneous Farkas Lemma

Let ay,...,an be vectors from R™, and let a be another vector. Here we address the question: when
a belongs to the cone spanned by the vectors aq,...,an, i.e., when a can be represented as a linear
combination of a; with nonnegative coefficients? A necessary condition is evident: if

n
a:Z)\iai [)\iZO,iZL...,N]
i=1

then every vector h which has nonnegative inner products with all a; should also have nonnegative inner
product with a:

a=> Xa; & X >0Vi & h'a; > 0Vi = h"a > 0.

The Homogeneous Farkas Lemma says that this evident necessary condition is also sufficient:

Lemma 1.2.1 [Homogeneous Farkas Lemma)] Let a,aq,...,ay be vectors from R™. The vector a is a
conic combination of the vectors a; (linear combination with nonnegative coefficients) if and only if every
vector h satisfying hTa; > 0, i = 1,..., N, satisfies also hTa > 0. In other words, a homogeneous linear
inequality
ath >0
in variable h is consequence of the system
alh>01<i<N

of homogeneous linear inequalities if and only if it can be obtained from the inequalities of the system by
“admissible linear aggregation” — taking their weighted sum with nonnegative weights.

Proof. The necessity — the “only if” part of the statement — was proved before the Farkas Lemma
was formulated. Let us prove the “if” part of the Lemma. Thus, assume that every vector h satisfying
hTa; > 0 Vi satisfies also h”a > 0, and let us prove that a is a conic combination of the vectors a;.

An “intelligent” proof goes as follows. The set Cone {a1, ...,an} of all conic combinations of ay, ..., an
is polyhedrally representable (Example 3 in section A.l) and as such is polyhedral (T heorem:

Cone{al,...,aN}:{:L‘GRn:p;‘-rLL'ij, 1<j<J} Q)

Observing that 0 € Cone {a1, ..., an}, we conclude that b; < 0 for all j; and since Aa; € Cone {a1, ...,an}
for every i and every A > 0, we should have )\pjTai > b; for all 4,5 and all A > 0, whence pjTaZ- > 0 for
all 7 and j. For every j, relation pJTa,,; > 0 for all ¢ implies, by the premise of the statement we want to
prove, that p}Ta > 0, and since b; < 0, we see that p]Ta > b; for all j, meaning that a indeed belongs to
Cone{ay,...,an} due to (!). =

An interested reader can get a better understanding of the power of Fourier-Motzkin elimination,
which ultimately is the basis for the above intelligent proof, by comparing this proof with the one based
on Helly’s Theorem.

Proof based on Helly’s Theorem. As above, we assume that every vector h satisfying h”a; > 0
Vi satisfies also hTa > 0, and we want to prove that @ is a conic combination of the vectors a;.

There is nothing to prove when a = 0 — the zero vector of course is a conic combination of the vectors
a;. Thus, from now on we assume that a # 0.

19, Let
O={h:a"h=-1},

and let
Ay ={hell:alh >0}

II is a hyperplane in R", and every A; is a polyhedral set contained in this hyperplane and is therefore
convex.
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29, What we know is that the intersection of all the sets 4;, i = 1,..., N, is empty (since a vector h
from the intersection would have nonnegative inner products with all a; and the inner product —1 with
a, and we are given that no such h exists). Let us choose the smallest, in the number of elements, of
those sub-families of the family of sets Ay, ..., Ay which still have empty intersection of their members;
without loss of generality we may assume that this is the family Ay, ..., Ax. Thus, the intersection of all
k sets Aq, ..., Ag is empty, but the intersection of every k — 1 sets from the family A1, ..., Ax is nonempty.

30, We claim that
(A) a € Lin({ay,...,ar});

(B) The vectors aq, ..., aj, are linearly independent.

(A) is easy: assuming that a ¢ E = Lin({ay,...,ar}), we conclude that the orthogonal
projection f of the vector a onto the orthogonal complement E- of E is nonzero. The inner
product of f and a is the same as f7 f, is.e., is positive, while f7a; =0, i = 1, ..., k. Taking
h=—(fTf)~'f, wesee that hTa = —1 and hTa; =0, i = 1, ..., k. In other words, h belongs
to every set A;, 1 = 1,..., k, by definition of these sets, and therefore the intersection of the
sets A1, ..., Ay is nonempty, which is a contradiction.

(B) is given by the Helly Theorem I. (B) is evident when k = 1, since in this case linear
dependence of ay, ...,ar, would mean that a; = 0; by (A), this implies that ¢ = 0, which
is not the case. Now let us prove (B) in the case of £k > 1. Assume, on the contrary
to what should be proven, that aq,...,a; are linearly dependent, so that the dimension of
E = Lin({a1,...,ax}) is certain m < k. We already know from A. that a« € E. Now let
Al = A; N E. We claim that every k — 1 of the sets A, have a nonempty intersection, while
all k these sets have empty intersection. The second claim is evident — since the sets Ay, ..., Ay
have empty intersection, the same is the case with their parts A,. The first claim also is
easily supported: let us take k — 1 of the dashed sets, say, A],...,A}_,. By construction,
the intersection of Ay, ..., Ax_1 is nonempty; let h be a vector from this intersection, i.e., a
vector with nonnegative inner products with aq, ..., ax_1 and the product —1 with a. When
replacing h with its orthogonal projection A’ on E, we do not vary all these inner products,
since these are products with vectors from FE; thus, h’ also is a common point of Ay, ..., Ap_1,
and since this is a point from F, it is a common point of the dashed sets A’, ..., A}, as well.

Now we can complete the proof of (B): the sets A, ..., A} are convex sets belonging to the
hyperplane I = INE = {h € E : a”h = —1} (II' indeed is a hyperplane in E, since
0 # a € E) in the m-dimensional linear subspace E. I’ is an affine subspace of the affine
dimension { = dim £ —1 = m — 1 < k — 1 (recall that we are in the situation when
m =dim E < k), and every {+1 < k —1 subsets from the family A/,...,A} have a nonempty
intersection. From the Helly Theorem I (see Exercise[L.9) it follows that all the sets A/, ..., A}
have a point in common, which, as we know, is not the case. The contradiction we have got
proves that aq, ..., aj are linearly independent.

4%, With (A) and (B) in our disposal, we can easily complete the proof of the “if” part of the Farkas
Lemma. Specifically, by (A), we have

k
a = E )\,‘ai
i=1

with some real coefficients \;, and all we need is to prove that these coefficients are nonnegative. Assume,
on the contrary, that, say, Ay < 0. Let us extend the (linearly independent in view of (B)) system of
vectors ay, ..., ay by vectors fi, ..., fn— to a basis in R", and let &;(«) be the coordinates of a vector z in
this basis. The function &; () is a linear form of x and therefore is the inner product with certain vector:

&(z)=fTe Va
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Now we have

fT(l =& (a) =\ <0

and
1, =1
T )
frai {0, i=2 ..k
so that fTa; > 0,7 =1,...,k. We conclude that a proper normalization of f — namely, the vector |A|~!f
— belongs to Ay, ..., Ag, which is the desired contradiction — by construction, this intersection is empty. m

1.2.5.2 General Theorem on Alternative

[1.2.5.2]1 Certificates for solvability and insolvability. Consider a (finite) system of scalar
inequalities with n unknowns. To be as general as possible, we do not assume for the time being the
inequalities to be linear, and we allow for both non-strict and strict inequalities in the system, as well as
for equalities. Since an equality can be represented by a pair of non-strict inequalities, our system can
always be written as

fz(.’l?) Ql 0, 1= 1, .y, (S)

b2

where every €Q; is either the relation ” > " or the relation ” > 7.

The basic question about (S) is
(?) Whether (S) has a solution or not.

Knowing how to answer the question (?), we are able to answer many other questions. For example, to
verify whether a given real a is a lower bound on the optimal value ¢* of (LP) is the same as to verify
whether the system
Tz +a >0
{ Az —-b > 0

has no solutions.
The general question above is too difficult, and it makes sense to pass from it to a seemingly simpler
one:

(??) How to certify that (S) has, or does not have, a solution.

Imagine that you are very smart and know the correct answer to (?); how could you convince me that
your answer is correct?” What could be an “evident for everybody” validity certificate for your answer?

If your claim is that (S) is solvable, a certificate could be just to point out a solution z* to (S). Given
this certificate, one can substitute z* into the system and check whether z* indeed is a solution.

Assume now that your claim is that (S) has no solutions. What could be a “simple certificate”
of this claim? How one could certify a negative statement? This is a highly nontrivial problem not
just for mathematics; for example, in criminal law: how should someone accused in a murder prove his
innocence? The “real life” answer to the question “how to certify a negative statement” is discouraging:
such a statement normally cannot be certified (this is where the rule “a person is presumed innocent until
proven guilty” comes from). In mathematics, however, the situation is different: in some cases there exist
“simple certificates” of negative statements. For example, in order to certify that (S) has no solutions,
it suffices to demonstrate that a consequence of (S) is a contradictory inequality such as

—-1>0.

For example, assume that \;, i = 1,...,m, are nonnegative weights. Combining inequalities from (S) with
these weights, we come to the inequality

Z Nifi(z) Q0 (Comb(\))

where ) is either ” > 7 (this is the case when the weight of at least one strict inequality from (S) is
positive), or 7 > 7 (otherwise). Since the resulting inequality, due to its origin, is a consequence of the
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system (S), i.e., it is satisfied by every solution to (S), it follows that if (Comb(\)) has no solutions at
all, we can be sure that (S) has no solution. Whenever this is the case, we may treat the corresponding
vector A as a “simple certificate” of the fact that (S) is infeasible.

Let us look what does the outlined approach mean when (S) is composed of linear inequalities:

(S): {alz Qb i=1,..,m} [Ql = {,, i,, ]

Here the “combined inequality” is linear as well:
(Comb(A)) : (Z M) x Q Z)‘bi
i=1 i=1

(Qis 7 > 7 whenever A\; > 0 for at least one ¢ with ;, =7 > 7, and Q is 7 > ” otherwise). Now, when
can a linear inequality
dfz Qe

be contradictory? Of course, it can happen only when d = 0. Whether in this case the inequality is
contradictory, it depends on what is the relation Q: if Q@ =7 > 7  then the inequality is contradictory
if and only if e > 0, and if Q =” > 7 it is contradictory if and only if e > 0. We have established the
following simple result:

Proposition 1.2.1 Consider a system of linear inequalities

(S) : alz > b, i=1,..,m;,
' alz > by, i=mg+1,....,m.

with n-dimensional vector of unknowns x. Let us associate with (S) two systems of linear inequalities
and equations with m-dimensional vector of unknowns \:

a) A >0
b)) > Na; = 0
=1
7} (CI) Z )\lbt Z 07
i=1
(dI) ) )\7 > 0
1=1
(a) A >0
b Na; = 0
T ©) z; ¢
(CH) Z )\1bz > 0.
=1

Assume that at least one of the systems T, Ti1 is solvable. Then the system (S) is infeasible.

[1.2.5.2]2 General Theorem on Alternative. Proposition[L.2.1]says that in some cases it is easy
to certify infeasibility of a linear system of inequalities: a “simple certificate” is a solution to another
system of linear inequalities. Note, however, that the existence of a certificate of this latter type is to the
moment only a sufficient, but not a necessary, condition for the infeasibility of (S). A fundamental result
in the theory of linear inequalities is that the sufficient condition in question is in fact also necessary:

Theorem 1.2.6 [General Theorem on Alternative] In the notation from Proposition system (S)
has no solutions if and only if either Ti, or Ti1, or both these systems, are solvable.
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Proof. GTA is a more or less straightforward corollary of the Homogeneous Farkas Lemma. Indeed, in
view of Proposition all we need to prove is that if (S) has no solution, then at least one of the
systems T, or 7Tyy is solvable. Thus, assume that (S) has no solutions, and let us look at the consequences.
Let us associate with (S) the following system of homogeneous linear inequalities in variables x, 7, e:

(a) T —e > 0
(b) alz —br —€ > 0,i=1,...,m;g (1.2.3)
() afx —bir > 0,i=ms+1,....m

We claim that

(1) For every solution to (1.2.3]), one has ¢ < 0.

Indeed, assuming that (1.2.3) has a solution x, 7,¢ with ¢ > 0, we conclude from ([1.2.3|a)
that 7 > 0; from (1.2.3]b — ¢) it now follows that 7'z is a solution to (S), while the latter
system is unsolvable.

Now, (!) says that the homogeneous linear inequality
—€>0 (1.2.4)

is a consequence of the system of homogeneous linear inequalities . By Homogeneous Farkas
Lemma, it follows that there exist nonnegative weights v, \;, ¢ = 1,...,m, such that the vector of
coefficients of the variables x, 7, € in the left hand side of is linear combination, with the coefficients
UV, A1, ..., Am, Of the vectors of coefficients of the variables in the inequalities from :

m

(a) ; /\Z-ai = 0

b =>Nbi+v = 0 (1.2.5)
i=1
(¢) - Z Ni—v = -1
i=1
Recall that by their origin, v and all A\; are nonnegative. Now, it may happen that Aq, ..., A,,_ are zero.

In this case v > 0 by ([1.2.5}¢), and relations (1.2.5 — b) say that Aq, ..., A, solve 7i1. In the remaining

mg
case (that is, when not all A1, ..., A,,,. are zero, or, which is the same, when Y  A; > 0), the same relations
i=1
say that A1, ..., \,, solve T1. m

1.2.5.2|3 Corollaries of the Theorem on Alternative. We formulate here explicitly two very
useful principles following from the Theorem on Alternative:

A. A system of linear inequalities
a;rit Qz bi, 1= 1, M

has no solutions if and only if one can combine the inequalities of the system in a linear fashion
(i.e., multiplying the inequalities by nonnegative weights, adding the results and passing, if
necessary, from an inequality a’z > b to the inequality aTz > b) to get a contradictory
inequality, namely, either the inequality 072 > 1, or the inequality 0Tz > 0.

B. [Inhomogeneous Farkas Lemma| A linear inequality
atz>b
is a consequence of a solvable system of linear inequalities

a?w geqb;, i=1,....m
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if and only if it can be obtained by taking weighted sum of inequalities of the system and
the trivial inequality 072 > —1, the weights being nonnegative, that is, if and only if there

exist nonnegative \; satisfying
Z )\iai = a, Z)\lbl Z b.
i i

It should be stressed that the above principles are highly nontrivial and very deep. Consider,
e.g., the following system of 4 linear inequalities with two variables u, v:

—-1<u<1
-1 <v<1.

From these inequalities it follows that
u? +v? < 2, M

which in turn implies, by the Cauchy inequality, the linear inequality v + v < 2:

utv=1xu+1xv<V12+12y/u2 +02 < (V2)2=2. )

The concluding inequality is linear and is a consequence of the original system, but in the
demonstration of this fact both steps (!) and (!!) are “highly nonlinear”. It is absolutely
unclear a priori why the same consequence can, as it is stated by Principle A, be derived
from the system in a linear manner as well [of course it can — it suffices just to add two
inequalities u < 1 and v < 1].

Note that the Theorem on Alternative and its corollaries A and B heavily exploit the fact that
we are speaking about linear inequalities. For example, consider the following 2 quadratic
and 2 linear inequalities with two variables:

(@) u? > 1;

(b) v > 1;

(¢ uw > 0

d v > 0
along with the quadratic inequality

(e) wo > 1.

The inequality (e) is clearly a consequence of (a) — (d). However, if we extend the system of
inequalities (a) — (b) by all “trivial” (i.e., identically true) linear and quadratic inequalities
with 2 variables, like 0 > —1, 2 + 02 > 0, v? 4+ 2uv + v2 > 0, v — wv + 0% > 0, etc.,
and ask whether (e) can be derived in a linear fashion from the inequalities of the extended
system, the answer will be negative. Thus, Principle A fails to be true already for quadratic
inequalities (which is a great sorrow — otherwise there were no difficult problems at alll)

1.2.5.3 Application: Linear Programming Duality

We are about to use the Theorem on Alternative to obtain the basic results of the LP duality theory.

1.2.5.3/1 Dual to an LP program: the origin The motivation for constructing the problem
dual to an LP program

T
ai

a

g

¢ =min{c’z: Az -b>0} |A= e R™*" (LP)
,
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is the desire to generate, in a systematic way, lower bounds on the optimal value ¢* of (LP). An evident
way to bound from below a given function f(z) in the domain given by system of inequalities

gl(l‘) > bi, 1= 1, ey M, (1.2.6)
is offered by what is called the Lagrange duality (to be investigated in-depth in Section and is as
follows:

Lagrange Duality:
e Let us look at all inequalities which can be obtained from (1.2.6)) by linear aggregation,
i.e., at the inequalities of the form

Z vigi(z) > Z Yibi (1.2.7)

with the “aggregation weights” y; > 0. Note that the inequality (1.2.7)), due to its origin, is
valid on the entire set X of solutions of | m

e Depending on the choice of aggregation weights, it may happen that the left hand side
in (1.2.7) is < f(z) for all € R™. Whenever it is the case, the right hand side Zylb of

1.2.7)) is a lower bound on f in X.

Indeed, on X the quantity > y;b; is a lower bound on y;g;(x), and for y in question

1
the latter function of = is everywhere < f(x).

It follows that

e The optimal value in the problem

y=>0 (a)
m?"{zy“ zylgmsﬂ)wem <b>} (128)

is a lower bound on the values of f on the set of solutions to the system (1.2.6)).

Let us look what happens with the Lagrange duality when f and g; are homogeneous linear functions:
Tx. In this case, the requirement (1.2.8lb) merely says that ¢ = > y;a; (or, which

f = ch7 gz(x) = a;

is the same, ATy = ¢ due to the origin of A). Thus, problem ((1.2.8) becomes the Linear Programming
problem

max{bTy ATy =¢,y> 0} , (LP*)
y

which is nothing but the LP dual of (LP).
By the construction of the dual problem,

[Weak Duality] The optimal value in (LP*) is less than or equal to the optimal value in (LP).

In fact, the “less than or equal to” in the latter statement is “equal”, provided that the optimal value c*
n (LP) is a number (i.e., (LP) is feasible and below bounded). To see that this indeed is the case, note
that a real a is a lower bound on c¢* if and only if ¢’2 > a whenever Az > b, or, which is the same, if
and only if the system of linear inequalities

(Sa) : —cle > —a, Az >b
has no solution. We know by the Theorem on Alternative that the latter fact means that some other

system of linear equalities (more exactly, at least one of a certain pair of systems) does have a solution.
More precisely,
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(*) (Sa) has no solutions if and only if at least one of the following two systems with m + 1

unknowns:
(CL) A= ()‘Oa)‘la'”v)\m) > 05
(b) —)\()C + Z )\Z'G,i = 0;
7} . ifnl
(c1) —Xoa+ > Aibi > 0;
=1
(dl) X > 0,
or
(a) )\: ()\(),)\1,...,>\m) = 07
m
b —Xoc— ) Na; = 0;
7EI : ( ) 0 1;
(CH) —/\Oa — Z )\ibi > 0
=1

— has a solution.

Now assume that (LP) is feasible. We claim that under this assumption (S,) has no solutions if and
only if 1 has a solution.

The implication 77y has a solution = (S,) has no solution” is readily given by the above
remarks. To verify the inverse implication, assume that (S,) has no solutions and the system
Az < b has a solution, and let us prove that then 77 has a solution. If 71 has no solution, then
by (*) Tir has a solution and, moreover, A\g = 0 for (every) solution to Ty (since a solution
to the latter system with Ag > 0 solves Ty as well). But the fact that 777 has a solution A
with A\g = 0 is independent of the values of a and ¢; if this fact would take place, it would
mean, by the same Theorem on Alternative, that, e.g., the following instance of (S,):

0Tz > —1,Ax>b

has no solutions. The latter means that the system Az > b has no solutions — a contradiction
with the assumption that (LP) is feasible. m

Now, if 71 has a solution, this system has a solution with A\g = 1 as well (to see this, pass from a solution
A to the one \/\p; this construction is well-defined, since Ag > 0 for every solution to 71). Now, an
(m + 1)-dimensional vector A = (1,y) is a solution to 77 if and only if the m-dimensional vector y solves
the system of linear inequalities and equations

y = 0
ATy = Z Yia; = ¢ (D)
=1 bTy Z u

Summarizing our observations, we come to the following result.

Proposition 1.2.2 Assume that system (D) associated with the LP program (LP) has a solution (y,a).
Then a is a lower bound on the optimal value in (LP). Vice versa, if (LP) is feasible and a is a lower
bound on the optimal value of (LP), then a can be extended by a properly chosen m-dimensional vector y
to a solution to (D).

We see that the entity responsible for lower bounds on the optimal value of (LP) is the system (D): every
solution to the latter system induces a bound of this type, and in the case when (LP) is feasible, all lower
bounds can be obtained from solutions to (D). Now note that if (y,a) is a solution to (D), then the pair
(y,bTy) also is a solution to the same system, and the lower bound b7y on c* is not worse than the lower
bound a. Thus, as far as lower bounds on ¢* are concerned, we lose nothing by restricting ourselves to
the solutions (y, a) of (D) with a = bTy; the best lower bound on ¢* given by (D) is therefore the optimal
value of the problem max, {b"y : ATy = ¢,y > 0}, which is nothing but the dual to (LP) problem (LP*).
Note that (LP*) is also a Linear Programming program.
All we know about the dual problem to the moment is the following:
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Proposition 1.2.3 Whenever y is a feasible solution to (LP*), the corresponding value of the dual
objective by is a lower bound on the optimal value c* in (LP). If (LP) is feasible, then for every a < c*
there exists a feasible solution y of (LP*) with by > a.

1.2.5.3|2 Linear Programming Duality Theorem. Proposition is in fact equivalent to
the following

Theorem 1.2.7 [Duality Theorem in Linear Programming] Consider a linear programming program

min {ch :Axr > b} (LP)

along with its dual
max {bTy ATy =cy > 0} (LP*)
Y

Then

1) The duality is symmetric: the problem dual to dual is equivalent to the primal;

2) The value of the dual objective at every dual feasible solution is < the value of the primal objective
at every primal feasible solution

3) The following 5 properties are equivalent to each other:

(i) The primal is feasible and bounded below.
(ii) The dual is feasible and bounded above.
(iii) The primal is solvable.
(iv) The dual is solvable.
(v) Both primal and dual are feasible.
Whenever (i) = (ii) = (iii) = (iv) = (v) s the case, the optimal values of the primal and the dual problems
are equal to each other.

Proof. 1) is quite straightforward: writing the dual problem (LP*) in our standard form, we get

‘[77l O
min { —bTy : AT y—| —c ] >0
Y —AT c

where I, is the m-dimensional unit matrix. Applying the duality transformation to the latter problem,
we come to the problem

& >0

T T T, n > 0

rsngué 0°¢+c'n+(—c) (: > 0
E—An+AC = —b

which is clearly equivalent to (LP) (set x = n — ().
2) is readily given by Proposition m
3):

(i)=(iv): If the primal is feasible and bounded below, its optimal value ¢* (which of course is
a lower bound on itself) can, by Proposition be (non-strictly) majorized by a quantity
bTy*, where y* is a feasible solution to (LP*). In the situation in question, of course,
by* = ¢* (by already proved item 2)); on the other hand, in view of the same Proposition
the optimal value in the dual is < ¢*. We conclude that the optimal value in the dual
is attained and is equal to the optimal value in the primal.

(iv)=(ii): evident;
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(ii)=-(iii): This implication, in view of the primal-dual symmetry, follows from the implica-
tion (1)=(iv).

(iii)=-(i): evident.

We have seen that (i)=(ii)=(iii)=(iv) and that the first (and consequently each) of these 4
equivalent properties implies that the optimal value in the primal problem is equal to the
optimal value in the dual one. All which remains is to prove the equivalence between (i)—(iv),
on one hand, and (v), on the other hand. This is immediate: (i)—(iv), of course, imply (v);
vice versa, in the case of (v) the primal is not only feasible, but also bounded below (this is
an immediate consequence of the feasibility of the dual problem, see 2)), and (i) follows. m

An immediate corollary of the LP Duality Theorem is the following necessary and sufficient optimality
condition in LP:

Theorem 1.2.8 [Necessary and sufficient optimality conditions in linear programming| Consider an LP
program (LP) along with its dual (LP*). A pair (z,y) of primal and dual feasible solutions is composed
of optimal solutions to the respective problems if and only if

yil[Az = 0]; =0, i=1,...,m, [complementary slackness]

likewise as if and only if
de—bvly=0 [zero duality gap]

Indeed, the “zero duality gap” optimality condition is an immediate consequence of the fact
that the value of primal objective at every primal feasible solution is > the value of the
dual objective at every dual feasible solution, while the optimal values in the primal and the
dual are equal to each other, see Theorem [1.2.7] The equivalence between the “zero duality
gap” and the “complementary slackness” optimality conditions is given by the following
computation: whenever x is primal feasible and y is dual feasible, the products y;[Az — b];,
1 =1,...,m, are nonnegative, while the sum of these products is precisely the duality gap:

yT[Ax —b] = (ATy)Tx — Ty = o — b7y,

Thus, the duality gap can vanish at a primal-dual feasible pair (x,y) if and only if all products
y;[Ax — b]; for this pair are zeros.

1.2.6 Separation Theorem

1.2.6.1 Separation: definition

Recall that a hyperplane M in R"™ is, by definition, an affine subspace of the dimension n — 1. By
Proposition hyperplanes are exactly the same as level sets of nontrivial linear forms:

M C R" is a hyperplane

JaeR"beER,a£0: M={zrcR":a’z=10}

We can, consequently, associate with the hyperplane (or, better to say, with the associated linear form
a; this form is defined uniquely, up to multiplication by a nonzero real) the following sets:

e "upper” and "lower” open half-spaces MT+ ={x e R" :aTa > b}, M~ = {z € R" : aTz < b};
these sets clearly are convex, and since a linear form is continuous, and the sets are given by strict
inequalities on the value of a continuous function, they indeed are open.

Note that since a is uniquely defined by M, up to multiplication by a nonzero real, these open
half-spaces are uniquely defined by the hyperplane, up to swapping the “upper” and the ”lower”
ones (which half-space is ”upper”, it depends on the particular choice of a);
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"upper” and ”lower” closed half-spaces M+t = {x € R" : a’2x > b}, M~ ={x ¢ R" : a’x < b};
these are also convex sets, now closed (since they are given by non-strict inequalities on the value
of a continuous function). It is easily seen that the closed upper/lower half-space is the closure
of the corresponding open half-space, and M itself is the boundary (i.e., the complement of the
interior to the closure) of all four half-spaces.

It is clear that our half-spaces and M itself partition R™:

R"=M""UMUMTT

(partitioning by disjoint sets),

R*=M"UMT

(M is the intersection of the right hand side sets).
Now we define the basic notion of separation of two convex sets T' and S by a hyperplane |indexsep-
arationlof convex sets.

Definition 1.2.2 [separation] Let S, T be two nonempty convex sets in R™.

A hyperplane
M={zecR":a"2=0b} [a#0)

1s said to separate S and T, if, first,
Sci{r:a’z<b}, Tc{r:a"z>0b}

(i.e., S and T belong to the opposite closed half-spaces into which M splits R™), and, second, at
least one of the sets S, T is not contained in M itself:

SUT ¢ M.

The separation is called strong, if there exist b', 0", b < b < V”, such that

Scir:a’z <V}, Tc{r:a"z>b"}.

A linear form a # 0 is said to separate (strongly separate) S and T, if for properly chosen b the
hyperplane {x : a¥x = b} separates (strongly separates) S and T.

We say that S and T can be (strongly) separated, if there exists a hyperplane which (strongly)
separates S and T'.

For example,

the hyperplane {z : a’x = x5 — x; = 1} in R? strongly separates convex polyhedral sets T = {z €
R?:0<2;<1,3<2y<5}and S={r € R? 125 = 0;2; > —1};

the hyperplane {z : a2z = # = 1} in R! separates (but not strongly separates) the convex sets

S={z<1l}tand T = {z > 1};

the hyperplane {z : aTx = z; = 0} in R? separates (but not strongly separates) the sets S = {z €
R?: 21 <0,20>—1/z;}and T ={x € R?: 1y > 0,29 > 1/11};

the hyperplane {x : a’2 = 2o — 27 = 1} in R? does not separate the convex sets S = {x € R? :

ro>1}and T = {z € R? : 5 = 0};

the hyperplane {z : a’2 = 2o = 0} in R? does not separate the sets S = {z € R? : 29 = 0,27 < —1}
and T ={xr € R? : 79 = 0,27 > 1}.

The following Exercise presents an equivalent description of separation:
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Exercise 1.11 Let S, T be nonempty convex sets in R™. Prove that a linear form a separates S and T
if and only if
supalz < ing aly

zeS ye

and
inf a’'z < supa’y.
TES yeT

This separation is strong if and only if

supa’x < inf aly.
eSS yel

Exercise 1.12 Whether the sets S = {z € R?> : 21 > 0,22 > 1/m1} and T = {x € R? : 21 < 0,20 >
—1/x1} can be separated? Whether they can be strongly separated?

1.2.6.2 Separation Theorem

Theorem 1.2.9 [Separation Theorem] Let S and T be nonempty convex sets in R™.
(i) S and T can be separated if and only if their relative interiors do not intersect: rint SNrint T = (.
(ii) S and T can be strongly separated if and only if the sets are at a positive distance from each other:

dist(S,T) = inf{[|z —y[l2 : x € S,y € T} > 0.

In particular, if S,T are closed nonempty non-intersecting convex sets and one of these sets is compact,
S and T can be strongly separated.

Proof takes several steps.

(i), Necessity. Assume that S,T can be separated, so that for certain a # 0 we have

inf aT2x < inf aTy; inf aTz < supaly. 1.2.9

z€S T yeT Y z€S yeg 4 ( )
We should lead to a contradiction the assumption that rint .S and rint 7" have in common certain point z.
Assume that it is the case; then from the first inequality in (1.2.9)) it is clear that & maximizes the linear
function f(x) = a’z on S and simultaneously minimizes this function on 7. Now, we have the following
simple and important

Lemma 1.2.2 A linear function f(x) = aTx can attain its mazimum/minimum over a

convex set (QQ at a point x € rint Q) if and only if the function is constant on Q.

Proof. "if” part is evident. To prove the "only if” part, let T € rint Q) be, say, a minimizer
of f over @ and y be an arbitrary point of Q; we should prove that f(Z) = f(y). There is
nothing to prove if y = Z, so let us assume that y # Z. Since T € rint ), the segment [y, 7],
which is contained in M, can be extended a little bit through the point Z, not leaving M
(since Z € rint @), so that there exists z € @ such that z € [y, ), i.e., T = (1 — \)y + Az with
certain A € (0, 1]; since y # Z, we have in fact A € (0,1). Since f is linear, we have

f(@) = A =Nfy) +Af(2);
since f(Z) < min{f(y), f(z)} and 0 < A < 1, this relation can be satisfied only when
f@)=fly)=[f(z). =

By Lemma f(z) = f(z) on S and on T, so that f(-) is constant on S U T, which yields the
desired contradiction with the second inequality in (1.2.9). m
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(i), Sufficiency. The proof of sufficiency part of the Separation Theorem is much more instructive.
There are several ways to prove it, and we choose the one which goes via the Homogeneous Farkas Lemma
which is extremely important in its own right.

(i), Sufficiency, Step 1: Separation of a convex polytope and a point outside the
polytope. Let us start with seemingly very particular case of the Separation Theorem — the one where
S is the convex full points z1,...,xy, and T is a singleton T = {z} which does not belong to S. We
intend to prove that in this case there exists a linear form which separates z and S; in fact we shall prove
even the existence of strong separation.

Let us associate with n-dimensional vectors a1, ..., 2x, 2 the (n + 1)-dimensional vectors a = (T)

and a; = lii ), i=1,..., N. We claim that a does not belong to the conic hull of aq, ...,ay. Indeed, if a

would be representable as a linear combination of a1, ..., ax with nonnegative coefficients, then, looking
at the last, (n+1)-st, coordinates in such a representation, we would conclude that the sum of coefficients
should be 1, so that the representation, actually, represents x as a convex combination of x1, ..., zx, which
was assumed to be impossible.

Since a does not belong to the conic hull of ay, ..., an, by the Homogeneous Farkas Lemma (Lemma

1.2.1)) there exists a vector h = (i) € R"*! which “separates” a and ay,...,ay in the sense that

h'a >0, hTa; <0,i=1,...,N,

whence, of course,
hTa > maxh”a;.
K3

Since the components in all the inner products h”a,h’a; coming from the (n + 1)-st coordinates are
equal to each other , we conclude that the n-dimensional component f of h separates x and x1, ..., xyN:

ffx > max fla;.
K3

Since for every convex combination y = Y A;z; of the points x; one clearly has fTy < max fTx;, we
i 1

T T
xr > max s
f yGConv({ml,.,.,zN})f Y

conclude, finally, that

so that f strongly separates T'= {z} and S = Conv({z1,....,an}). ®

(i), Sufficiency, Step 2: Separation of a convex set and a point outside of the set.
Now consider the case when S is an arbitrary nonempty convex set and T = {x} is a singleton outside S
(the difference with Step 1 is that now S is not assumed to be a polytope).

First of all, without loss of generality we may assume that S contains 0 (if it is not the case, we may
subject S and T to translation S +— p+ S, T+ p + T with p € —S). Let L be the linear span of S. If
x ¢ L, the separation is easy: taking as f the orthogonal to L component of x, we shall get

ffe=fTf>0=maxfTy,
yeS

so that f strongly separates S and T' = {z}.

It remains to consider the case when z € L. Since S C L, z € L and ¢ S, L is a nonzero linear
subspace; w.l.o.g., we can assume that L = R".

Let 3 = {h : ||h|l2 = 1} be the unit sphere in L = R™. This is a closed and bounded set in R"
(boundedness is evident, and closedness follows from the fact that || - ||2 is continuous). Consequently,
is a compact set. Let us prove that there exists f € ¥ which separates = and S in the sense that

fra>sup fTy. (1.2.10)
yeSs
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Assume, on the contrary, that no such f exists, and let us lead this assumption to a contradiction. Under
our assumption for every h € X there exists y;, € S such that

Ry, > hl .

Since the inequality is strict, it immediately follows that there exists a neighbourhood U}, of the vector
h such that
(W) Tyn > (W)Tx V' € Up. (1.2.11)

The family of open sets {Up, }rex covers s since X is compact, we can find a finite subfamily Uy, , ..., Up
of the family which still covers ¥. Let us take the corresponding points y1 = yYn,, Y2 = Ynas -, YN = Yhy
and the polytope S = Conv({y1, ..., ynx }) spanned by the points. Due to the origin of y;, all of them are
points from S; since S is convex, the polytope S’ is contained in S and, consequently, does not contain
z. By Step 1, x can be strongly separated from S’: there exists a such that

a’z > sup a''y. (1.2.12)
yes’

By normalization, we may also assume that [ja]l2 = 1, so that a € ¥. Now we get a contradiction: since
a € ¥ and Uy,,...,Up, form a covering of X, a belongs to certain Up,. By construction of Uy, (see
(1.2.11))), we have

aTyi = aTyhi > a’Tx7

which contradicts — recall that y; € S’.

The contradiction we get proves that there exists f € ¥ satisfying . We claim that f separates
S and {z}; in view of , all we need to verify our claim is to show that the linear form f(y) = fTy
is non-constant on S U T, which is evident: we are in the situation when 0 € S and L = Lin(S) = R"
and f # 0, so that f(y) is non-constant already on S. m

Mathematically oriented reader should take into account that the simple-looking reasoning under-
lying Step 2 in fact brings us into a completely new world. Indeed, the considerations at Step
1 and in the proof of Homogeneous Farkas Lemma are “pure arithmetic” — we never used things
like convergence, compactness, etc., and used rational arithmetic only — no square roots, etc. It
means that the Homogeneous Farkas Lemma and the result stated a Step 1 remain valid if we, e.g.,
replace our universe R™ with the space Q" of n-dimensional rational vectors (those with rational
coordinates; of course, the multiplication by reals in this space should be restricted to multiplication
by rationals). The “rational” Farkas Lemma or the possibility to separate a rational vector from a
“rational” polytope by a rational linear form, which is the “rational” version of the result of Step 1,
definitely are of interest (e.g., for Integer Programming). In contrast to these “purely arithmetic”
considerations, at Step 2 we used compactness — something heavily exploiting the fact that our
universe is R" and not, say, Q" (in the latter space bounded and closed sets not necessary are
compact). Note also that we could not avoid things like compactness arguments at Step 2, since the
very fact we are proving is true in R™ but not in Q". Indeed, consider the “rational plane” — the
universe composed of all 2-dimensional vectors with rational entries, and let S be the half-plane in
this rational plane given by the linear inequality

r1 + axrs <0,

where « is irrational. S clearly is a “convex set” in Q?; it is immediately seen that a point outside
this set cannot be separated from S by a rational linear form.

(i), Sufficiency, Step 3: Separation of two nonempty and non-intersecting convex
sets. Now we are ready to prove that two nonempty and non-intersecting convex sets S and 7' can be
separated. To this end consider the arithmetic difference

A=S-T={z—y:xeSyeT}

By Proposition 3, A is convex (and, of course, nonempty) set; since S and T do not intersect, A
does not contain 0. By Step 2, we can separate A and {0}: there exists f # 0 such that

ffo=0>sup fTz & f70 > inf fT2.
2EA zEA
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In other words,
0> sup [ffaz—fTy]& 0> inf [fTz— fTy,
z€S,yeT z€S,yeT

which clearly means that f separates S and 7. m

(i), Sufficiency, Step 4: Separation of nonempty convex sets with non-intersecting
relative interiors. Now we are able to complete the proof of the “if” part of the Separation Theorem.
Let S and T be two nonempty convex sets with non-intersecting relative interiors; we should prove that S
and T can be properly separated. This is immediate: as we know from Theorem the sets S" = rint S
and 7" = rint T are nonempty and convex; since we are given that they do not intersect, they can be
separated by Step 3: there exists f such that

inf fTo> sup flo & sup fTa > inf fTa. (1.2.13)
z€T” yes’ zeT’ yes’
It is immediately seen that in fact f separates S and T. Indeed, the quantities in the left and the right
hand sides of the first inequality in (1.2.13)) clearly remain unchanged when we replace S’ with c1.S” and
T' with c1T’; by Theorem [[.1.1} c1S" =clS D S and clT’ = clT D T, and we get ;gg ffz = ziéquv fra,

and similarly sup f7y = sup f’y. Thus, we get from (1.2.13
yes yes’

inf Tz > sup fTy.
xzeT yes

It remains to note that 77 C T, S’ C S, so that the second inequality in (1.2.13]) implies that
sup flz > inf fTz. =
zeT yes

(ii), Necessity: prove yourself.

(ii), Sufficiency: Assuming that p = inf{||lz —yllz : 2 € S,y € T} > 0, consider the sets S' = {x :
infS |z —yll2 < p}. Note that S’ is convex along with S (Example[1.1.4) and that S’NT = () (why?) By
ye

(i), S” and T can be separated, and if f is a linear form which separates S’ and T, then the same form
strongly separates S and T' (why?). The “in particular” part of (ii) readily follows from the just proved
statement due to the fact that if two closed nonempty sets in R™ do not intersect and one of them is
compact, then the sets are at positive distance from each other (why?). m

Exercise 1.13 Derive the statement in Remark from the Separation Theorem.

Exercise 1.14 Implement the following alternative approach to the proof of Separation Theorem:

1. Prove that if x is a point in R™ and S is a nonempty closed convex set in R™, then the problem

min{||z —yl2: y € 5}

has a unique optimal solution .

2. In the situation of 1), prove that if x ¢ S, then the linear form e = x — T strongly separates {x}
and S':

max eTy =elz=elr—ele< eT:C,
yes

thus getting a direct proof of the possibility to separate strongly a nonempty closed convex set and
a point outside this set.

3. Derive from 2) the Separation Theorem.
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1.2.6.3 Supporting hyperplanes

By the Separation Theorem, a closed and nonempty convex set M is the intersection of all closed half-
spaces containing M. Among these half-spaces, the most interesting are the “extreme” ones — those with
the boundary hyperplane touching M. The notion makes sense for an arbitrary (not necessary closed)
convex set, but we shall use it for closed sets only, and include the requirement of closedness in the
definition:

Definition 1.2.3 [Supporting plane] Let M be a convex closed set in R™, and let x be a point from the
relative boundary of M. A hyperplane

M= {y:a’y=0a"z} [a#0)
is called supporting to M at x, if it separates M and {z}, i.e., if

alz>supaly & alz> inf a’y. (1.2.14)
yeEM yeM

Note that since x is a point from the relative boundary of M and therefore belongs to cl M = M, the
first inequality in (1.2.14)) in fact is equality. Thus, an equivalent definition of a supporting plane is as
follows:

Let M be a closed convex set and x be a relative boundary point of M. The hyperplane
{y : aTy = aTx} is called supporting to M at x, if the linear form a(y) = a’y attains its
maximum on M at the point x and is nonconstant on M.

For example, the hyperplane {z; = 1} in R clearly is supporting to the unit Euclidean ball {x : |z| < 1}
at the point z = e; = (1,0, ...,0).
The most important property of a supporting plane is its existence:

Proposition 1.2.4 [Existence of supporting hyperplane] Let M be a convex closed set in R™ and x be
a point from the relative boundary of M. Then

(i) There exists at least one hyperplane which is supporting to M at x;

(ii) If II is supporting to M at x, then the intersection M NII is of affine dimension less than the one
of M (recall that the affine dimension of a set is, by definition, the affine dimension of the affine hull of
the set).

Proof. (i) is easy: if « is a point from the relative boundary of M, then it is outside the relative interior of
M and therefore {x} and rint M can be separated by the Separation Theorem; the separating hyperplane
is exactly the desired supporting to M at x hyperplane.

To prove (ii), note that if II = {y : a’y = a’x} is supporting to M at z € d,; M, then the set
M’ = M NI is a nonempty (it contains z) convex set, and the linear form a’y is constant on M’
and therefore (why?) on Aff(M’). At the same time, the form is nonconstant on M by definition
of a supporting plane. Thus, Aff(M’) is a proper (less than the entire Aff(M)) subset of Aff(M), and
therefore the affine dimension of Aff(M’) (i.e., the affine dimension of M”) is less than the affine dimension
of Aff(M) (i.e., than the affine dimension of M). . n

1.2.7 Polar of a convex set and Dubovitski-Milutin Lemma

1.2.7.1 Polar of a convex set

Let M be a nonempty convex set in R™. The polar Polar (M) of M is the set of all linear forms which
do not exceed 1 on M, i.e., the set of all vectors a such that ¢’z < 1 for all x € M:

Polar (M) = {a : a”x < 1Vx € M}.

2) In the latter reasoning we used the following fact: if P C ) are two affine subspaces, then the affine
dimension of P is < the one of @, with < being = if and only if P = Q. Please prove this fact
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For example, Polar (R™) = {0}, Polar ({0}) = R"; if L is a liner subspace in R", then Polar (L) = L*
(why?).
The following properties of the polar are evident:

1. 0 € Polar (M);
2. Polar (M) is convex;

3. Polar (M) is closed.

It turns out that these properties characterize polars:

Proposition 1.2.5 FEvery closed convex set M containing the origin is polar, specifically, it is polar of
its polar:
M s closed and convex, 0 € M
l
M = Polar (Polar (M))

Proof. All we need is to prove that if M is closed and convex and 0 € M, then M = Polar (Polar (M)).
By definition,
y € Polar (M), z € M = yTz < 1,

so that M C Polar (Polar (M)). To prove that this inclusion is in fact equality, assume, on the contrary,
that there exists = € Polar (Polar (M))\M. Since M is nonempty, convex and closed and & ¢ M, the
point z can be strongly separated from M (Separation Theorem, (ii)). Thus, for appropriate b one has

'z > sup bl .
zeM

Since 0 € M, the left hand side quantity in this inequality is positive; passing from b to a proportional

vector a = \b with appropriately chosen positive A\, we may ensure that

a’z > 1 > sup a’z.
xeM

This is the desired contradiction, since the relation 1 > sup a’x implies that a € Polar (M), so that the

reEM
relation a’'Z > 1 contradicts the assumption that z € Polar (Polar (M)). m

Exercise 1.15 Let M be a convex set containing the origin, and let M’ be the polar of M. Prove the
following facts:

1. Polar (M) = Polar (cl M);
2. M is bounded if and only if 0 € int M’;
3. int M # 0 if and only if M’ does not contain straight lines;

4. M is a closed cone of and only if M’ is a closed cone. If M is a cone (not necessarily closed), then

M ={a:a"2z <O0Vx € M}. (1.2.15)

1.2.7.2 Dual cone

Let M C R™ be a cone. By Exercise 4, the polar M’ of M is a closed cone given by (1.2.15). The
set M, = —M’ (which also is a closed cone), that is, the set

M, ={a:a"z >0z € M}

of all vectors which have nonnegative inner products with all vectors from M, is called the cone dual to
M. By Proposition [[.2.5 and Exercise [.15]4, the family of closed cones in R™ is closed with respect to
passing to a dual cone, and the duality is symmetric: for a closed cone M, M, also is a closed cone, and
(M.). =M.
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Exercise 1.16 Let M be a closed cone in R™, and M, be its dual cone. Prove that

1. M is pointed (i.e., does not contain lines) if and only M, has a nonempty interior. Derive from
this fact that M is a closed pointed cone with a nonempty interior if and only if the dual cone has
the same properties.

2. Prove that a € int M, if and only if a”x > 0 for all nonzero vectors x € M.

1.2.7.3 Dubovitski-Milutin Lemma

Let My, ..., M} be cones (not necessarily closed), and M be their intersection; of course, M also is a cone.
How to compute the cone dual to M?

Proposition 1.2.6 Let My, ..., My be cones. The cone M, dual to the intersection Mof the cones
My,..., M}, contains the arithmetic sum M of the cones M,,...,My, dual to My,...,My. If all the cones
My, ..., My, are closed, then M, is equal to cl M. In particular, for closed cones My,...,My,, M, coincides
with M if and only if the latter set is closed.

Proof. Whenever a; € M;, and x € M, we have alx > 0, i = 1,...,k, whence (a; + ... + ax)Tx > 0.
Since the latter relation is valid for all € M, we conclude that a; + ... + ar € M,. Thtis/, M C M,.

Now assume that the cones My, ..., My are closed, and let us prove that M = cl M. Since M, is
closed and we have seen that M C M,, all we should prove is that if a € M., then a € M = clM as
well. Assume, on the contrary, that there exists a € M,\M. Since the set M clearly is a cone, its closure
M is a closed cone; by assumption, a does not belong to this closed cone and therefore, by Separation
Theorem (ii), a can be strongly separated from M and therefore — from M C M. Thus, for some x one
has

k
a’z < inf bTz = inf (a1 + ... + ak)TL = Z inf (LTL (1.2.16)
bGIFVVI a; EM;.,i=1,....k Pt a; EM
From the resulting inequality it follows that u}\fj al'z > —oo; since M, is a cone, the latter is possible
a; €
if and only if inf afx = 0, i.e., if and only if for every i one has = € (M), = M; (recall that the

a; €My

cones M; are closed). Thus, z € M; for all ¢, and the concluding quantity in is 0. We see that
r € M =nN;M;, and that reduces to a’x < 0. This contradicts the inclusion a € M,. =
Note that in general M can be non-closed even when all the cones My, ..., My, are closed. Indeed, take k =
2, and let M] be the ice-cream cone {(z,y,2) € R® : 2 > /22 + y2}, and M} be theray {z = x < 0,y = 0}
in bR3. Observe that the points from M = M] + M}, are exactly the points of the form (z—t,y, z—t) with
t > 0and z > /22 + y2. In particular, for x positive the points (0,1, Va? + 1—z) = (z—z,1,Vz? + 1—2x)
belong to M; as x — 0o, these points converge to p = (0, 1,0), and thus p € cl M. On the other hand,
there clearly do not exist z,y, z,t with ¢ > 0 and z > /22 4+ y2 such that (z —¢,y,2z —t) = (0,1,0), that
is, p & M.

Dubovitski-Milutin Lemma presents a simple sufficient condition for M to be closed and thus to
coincide with M':

Proposition 1.2.7 [Dubovitski-Milutin Lemma] Let My, ..., My be cones such that My, is closed and the
set My Nint My Nint My N ... Nint My_1 is nonempty, and let M = My N ... My,. Let also M;, be the
cones dual to M;. Then

k
(i) l M = () el M;;
i=1

(i) the cone M = My, + ... + My, is closed, and thus coincides with the cone M' dual to Il M (or,
which is the same by Exercise .1, with the cone dual to M ). In other words, every linear form which is

nonnegative on M can be represented as a sum of k linear forms which are nonnegative on the respective
cones My,...,My.
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Proof. (i): We should prove that under the premise of the Dubovitski-Milutin Lemma, cl M = () cl M;.

1
The right hand side here contains M and is closed, so that all we should prove is that every point z in
k
() ¢l M; is the limit of an appropriate sequence z; € M. By premise of the Lemma, there exists a point
i=1
T € My Nint My Nint My N...Nint My_q; setting oy = ¢t 712+ (1 — ¢t~ Yz, t = 1,2, ..., we get a sequence
converging to x as t — oo; at the same time, x; € My, (since x, T are in cl M}, = M) and z; € M; for
every i < k (by Lemma |L.1.1} note that for ¢ < k one has & € int M; and = € clM;), and thus 2 € M.
k
Thus, every point « € [ ¢l M; is the limit of a sequence from M. =
i=1
(ii): To prove that under the premise of Lemma the cone M = My, + ... + My, is closed, let
T € M Nint My N...int M|_ (recall that we are in the case when this intersection is nonempty). and
let v, = Zle Ytkss Yti € Mis, be a sequence of points from M converging, as t — oo, to certain point
7; we want to prove that 4 € M. Since y; have a limit as t — oo, the reals p; = y/ 7 = Zle yLz
form a bounded sequence; since all terms in Zle yLZ are nonnegative (due to # € M; and y;; € M),
we conclude that every one of the k sequences {yLz}3°,, 1 < i < k, is bounded. Now let is make the
following observation:

() Let K be a convex cone and Z be an interior point of K, Then for certain constant C
(depending on T and K ) one has

Yy € Kyt |lyll2 < Ccy''z. M

Indeed, K contains a || - ||2-ball B of certain positive radius r centered at Z; consequently,
when y € K., we have
0 <miny’z =47z — r||y|.,
rEB

that is, (1) takes place with C' = 1/r.

By (!) and due to z € int M;, i < k, when ¢ < k the sequences y;, t = 1,2, ..., are bounded along with
the sequences {yLz}5°; since the sequence {y; = Zle Yti 721 is bounded, boundedness of the sequences
{yti}2, for © =1, ...,k — 1 implies boundedness of the sequence for i = k as well. Thus, every one if the
sequences {yy; € M;.}2,, 1 < i <k, is bounded; passing to subsequence, we can assume that y;; — y;
as t — 00, 1 << k; since yy; € M., we have y; € M, (dual of a cone always is close), and recalling that
> i Yri converges to y as t — oo, we conclude that y = ). y; € ﬂ as claimed. =

1.2.8 Extreme points and Krein-Milman Theorem

Supporting planes are useful tool to prove existence of extreme points of convex sets. Geometrically, an
extreme point of a convex set M is a point in M which cannot be obtained as a convex combination of
other points of the set; and the importance of the notion comes from the fact (which we shall prove in the
mean time) that the set of all extreme points of a “good enough” convex set M is the “shortest worker’s
instruction for building the set” — this is the smallest set of points for which M is the convex hull.

1.2.8.1 Extreme points: definition

The exact definition of an extreme point is as follows:
Definition 1.2.4 [extreme points| Let M be a nonempty convex set in R™. A point x € M is called an
extreme point of M, if there is no nontrivial (of positive length) segment [u,v] € M for which x is an

interior point, i.e., if the relation
xr=du+(1-XAw

with A € (0,1) and u,v € M is valid if and only if

Uu=v=1=.



48 LECTURE 1. CONVEX SETS IN RN

For example, the extreme points of a segment are exactly its endpoints; the extreme points of a triangle
are its vertices; the extreme points of a (closed) circle on the 2-dimensional plane are the points of the
circumference.

An equivalent definitions of an extreme point is as follows:

Exercise 1.17 Let M be a convex set and let x € M. Prove that
1. x is extreme if and only if the only vector h such that x = h € M 1is the zero vector;

2. x is extreme if and only if the set M\{x} is convex.

1.2.8.2 Krein-Milman Theorem

It is clear that a convex set M not necessarily possesses extreme points; as an example you may take the
open unit ball in R™. This example is not interesting — the set in question is not closed; when replacing it
with its closure, we get a set (the closed unit ball) with plenty of extreme points — these are all points of
the boundary. There are, however, closed convex sets which do not possess extreme points — e.g., a line
or an affine subspace of larger dimension. A nice fact is that the absence of extreme points in a closed
convex set M always has the standard reason — the set contains a line. Thus, a closed and nonempty
convex set M which does not contain lines for sure possesses extreme points. And if M is nonempty
convex compact set, it possesses a quite representative set of extreme points — their convex hull is the
entire M.

Theorem 1.2.10 Let M be a closed and nonempty convex set in R™. Then
(i) The set Ext(M) of extreme points of M is nonempty if and only if M does not contain lines;
(ii) If M is bounded, then M is the convex hull of its extreme points:

M = Conv(Ext(M)),
so that every point of M is a convex combination of the points of Ext(M).

Part (ii) of this theorem is the finite-dimensional version of the famous Krein-Milman Theorem.
Proof. Let us start with (i). The ”only if” part is easy, due to the following simple

Lemma 1.2.3 Let M be a closed convex set in R™. Assume that for some T € M and
h € R™ M contains the ray
{Z+th:t>0}

starting at T with the direction h. Then M contains also all parallel rays starting at the
points of M:
VeeM):{z+th:t>0} C M.

In particular, if M contains certain line, then it contains also all parallel lines passing through
the points of M.

Comment. For a closed convex set M, the set of all directions h such that z +th € M
for some  and all ¢ > 0 (i.e., by Lemma — such that  +th € M for all x € M and all ¢t > 0)
is called the recessive cone of M [notation: Rec(M)]. With Lemma it is immediately
seen (prove it!) that Rec(M) indeed is a closed cone, and that

M + Rec(M) = M.
Directions from Rec(M) are called recessive for M.

Proof of the lemma is immediate: if x € M and  + th € M for all t > 0, then, due to
convexity, for any fixed 7 > 0 we have

ez + zh) +(1—-ereM
€

for all e € (0,1). As € — +0, the left hand side tends to x + 7h, and since M is closed,
x+T7h e M for every 7> 0. m
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Exercise 1.18 Let M be a closed nonempty convex set. Prove that Rec(M) # {0} if and
only if M is unbounded.

Lemma of course, resolves all our problems with the ”only if” part. Indeed, here we should
prove that if M possesses extreme points, then M does not contain lines, or, which is the same, that if
M contains lines, then it has no extreme points. But the latter statement is immediate: if M contains a
line, then, by Lemma, there is a line in M passing through every given point of M, so that no point can
be extreme. m

Now let us prove the "if” part of (i). Thus, from now on we assume that M does not contain lines;
our goal is to prove that then M possesses extreme points. Let us start with the following

Lemma 1.2.4 Let Q be a nonempty closed convex set, T be a relative boundary point of Q
and IT be a hyperplane supporting to Q at . Then all extreme points of the nonempty closed
conver set 1IN Q are extreme points of Q.

Proof of the Lemma. First, the set II N @ is closed and convex (as an intersection of
two sets with these properties); it is nonempty, since it contains & (II contains & due to the
definition of a supporting plane, and @ contains Z due to the closedness of Q). Second, let
a be the linear form associated with II:

I={y:a'y=a"z},

so that
inf a2 < supa’z =a’z (1.2.17)
zEQ TEQ
(see Proposition [1.2.4). Assume that y is an extreme point of II N @Q; what we should do is
to prove that y is an extreme point of @), or, which is the same, to prove that

y=Au+(1—Nwv

for some u,v € @ and A € (0,1) is possible only if y = u = v. To this end it suffices to
demonstrate that under the above assumptions u, v € IINQ (or, which is the same, to prove
that u,v € II, since the points are known to belong to @); indeed, we know that y is an
extreme point of IINQ, so that the relation y = Au+ (1—N)v with A € (0,1) and u,v € TINQ
does imply y = u = v.

To prove that u,v € II, note that since y € II we have

a’y = a’z > max{a’u,a’ v}
(the concluding inequality follows from ([1.2.17))). On the other hand,
aTy = XaTu + (1 — Na'v;

combining these observations and taking into account that A € (0,1), we conclude that

aly=a"u=a"v.

But these equalities imply that u,v € II. =m

Equipped with the Lemma, we can easily prove (i) by induction on the dimension of the convex set
M (recall that this is nothing but the affine dimension of the affine span of M| i.e., the linear dimension
of the linear subspace L such that Aff(M) =a+ L).

There is nothing to do if the dimension of M is zero, i.e., if M is a point — then, of course, M = Ext(M).
Now assume that we already have proved the nonemptiness of Ext(T") for all nonempty closed and not
containing lines convex sets T' of certain dimension k, and let us prove that the same statement is valid
for the sets of dimension k + 1. Let M be a closed convex nonempty and not containing lines set of
dimension k 4 1. Since M does not contain lines and is of positive dimension, it differs from Aff(M)
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and therefore it possesses a relative boundary point z . According to Proposition [1.2.4] there exists a
hyperplane I = {z : a’x = a”z} which supports M at Z:

inf 'z < maxa®x = a’z.

zeM zeM
By the same Proposition, the set 7' = IINM (which is closed, convex and nonempty) is of affine dimension
less than the one of M, i.e., of the dimension < k. T clearly does not contain lines (since even the larger
set M does not contain lines). By the inductive hypothesis, T possesses extreme points, and by Lemma
all these points are extreme also for M. The inductive step is completed, and (i) is proved. m

Now let us prove (ii). Thus, let M be nonempty, convex, closed and bounded; we should prove that

M = Conv(Ext(M)).

What is immediately seen is that the right hand side set is contained in the left hand side one. Thus, all
we need is to prove that every x € M is a convex combination of points from Ext(M). Here we again
use induction on the affine dimension of M. The case of 0-dimensional set M (i.e., a point) is trivial.
Assume that the statement in question is valid for all k-dimensional convex closed and bounded sets, and
let M be a convex closed and bounded set of dimension k + 1. Let © € M; to represent x as a convex
combination of points from Ext(M), let us pass through z an arbitrary line £ = {& 4+ Ah: A € R} (h #0)
in the affine span Aff(M) of M. Moving along this line from z in each of the two possible directions,
we eventually leave M (since M is bounded); as it was explained in the proof of (i), it means that there
exist nonnegative A\ and A_ such that the points

Ty =x+ A h,Z_=x—A_h

both belong to the relative boundary of M. Let us verify that T4 are convex combinations of the extreme
points of M (this will complete the proof, since x clearly is a convex combination of the two points Z4).
Indeed, M admits supporting at Z, hyperplane II; as it was explained in the proof of (i), the set II N M
(which clearly is convex, closed and bounded) is of affine dimension less than that one of M; by the
inductive hypothesis, the point Z of this set is a convex combination of extreme points of the set, and by
Lemma[T.2-4] all these extreme points are extreme points of M as well. Thus, Z is a convex combination
of extreme points of M. Similar reasoning is valid for z_. m

1.2.8.3 Example: Extreme points of a polyhedral set.

Consider a polyhedral set
K={zxeR": Az < b},

A being a m x n matrix and b being a vector from R™. What are the extreme points of K? The answer
is given by the following

Theorem 1.2.11 [Extreme points of polyhedral set)
Let x € K. The vector x is an extreme point of K if and only if some n linearly independent (i.e., with
linearly independent vectors of coefficients) inequalities of the system Ax < b are equalities at x.

$Indeed, there exists z € Aff(M)\M, so that the points
x=x+ ANz —2x)

(z is an arbitrary fixed point of M) do not belong to M for some A > 1, while o = x belongs to M. The set of
those A > 0 for which z € M is therefore nonempty and bounded from above; this set clearly is closed (since M
is closed). Thus, there exists the largest A = A\* for which xx € M. We claim that zx» is a relative boundary
point of M. Indeed, by construction this is a point from M. If it would be a point from the relative interior of M,
then all the points x with close to \* and greater than A* values of A would also belong to M, which contradicts
the origin of \*



1.2. MAIN THEOREMS ON CONVEX SETS 51

Proof. Let aZT 1=1,...,m, be the rows of A.

The “only if” part: let  be an extreme point of K, and let I be the set of those indices i for which
al'z = b;; we should prove that the set F' of vectors {a; : i € I} contains n linearly independent vectors,
or, which is the same, that Lin(F) = R™. Assume that it is not the case; then the orthogonal complement
to F' contains a nonzero vector h (since the dimension of F'* is equal to n — dim Lin(F) and is therefore
positive). Consider the segment A, = [z — e¢h,x + €h], ¢ > 0 being the parameter of our construction.
Since h is orthogonal to the “active” vectors a; — those with ¢ € I, all points y of this segment satisfy
the relations aly = al'x = b;. Now, if i is a “nonactive” index — one with a} x < b; — then aly < b;
for all y € A, provided that € is small enough. Since there are finitely many nonactive indices, we can
choose € > 0 in such a way that all y € A, will satisfy all “nonactive” inequalities al'z < b;, i & I. Since
y € A, satisfies, as we have seen, also all “active” inequalities, we conclude that with the above choice of
e we get A, C K, which is a contradiction: € > 0 and h # 0, so that A, is a nontrivial segment with the
midpoint z, and no such segment can be contained in K, since x is an extreme point of K. m

To prove the “if” part, assume that z € K is such that among the inequalities al z < b; which are
equalities at x there are n linearly independent, say, those with indices 1,...,n, and let us prove that x
is an extreme point of K. This is immediate: assuming that x is not an extreme point, we would get
the existence of a nonzero vector h such that x = h € K. In other words, for ¢« = 1,...,n we would have
b; £ al'h = al (x + h) < b;, which is possible only if alh =0, i = 1,...,n. But the only vector which is
orthogonal to n linearly independent vectors in R is the zero vector (why?), and we get h = 0, which
was assumed not to be the case. m.

Corollary 1.2.1 The set of extreme points of a polyhedral set is finite.

Indeed, according to the above Theorem, every extreme point of a polyhedral set K = {z € R™ : Az < b}
satisfies the equality version of certain n-inequality subsystem of the original system, the matrix of
the subsystem being nonsingular. Due to the latter fact, an extreme point is uniquely defined by the
corresponding subsystem, so that the number of extreme points does not exceed the number C7}, of n xn
submatrices of the matrix A and is therefore finite. m

Note that C”, is nothing but an upper (ant typically very conservative) bound on the number of
extreme points of a polyhedral set given by m inequalities in R™: some n x n submatrices of A can be
singular and, what is more important, the majority of the nonsingular ones normally produce “candidates”
which do not satisfy the remaining inequalities.

Remark 1.2.1 The result of Theorem [1.2.11]is very important, in particular, for the theory
of the Simplex method — the traditional computational tool of Linear Programming. When
applied to the LP program in the standard form

min {ch :Px=p, x> 0} [x € R"],
x

with k& X n matrix P, the result of Theorem [1.2.11] is that extreme points of the feasible
set are exactly the basic feasible solutions of the system Px = p, i.e., nonnegative vectors
x such that Pr = p and the set of columns of P associated with positive entries of = is
linearly independent. Since the feasible set of an LP program in the standard form clearly
does not contain lines, among the optimal solutions (if they exist) to an LP program in the
standard form at least one is an extreme point of the feasible set (Theorem [I.2.14}(ii)). Thus,
in principle we could look through the finite set of all extreme points of the feasible set (=
through all basic feasible solutions) and to choose the one with the best value of the objective.
This recipe allows to find a feasible solution in finitely many arithmetic operations, provided
that the program is solvable, and is, basically, what the Simplex method does; this latter
method, of course, looks through the basic feasible solutions in a smart way which normally
allows to deal with a negligible part of them only.

Another useful consequence of Theorem is that if all the data in an LP program are
rational, then every extreme point of the feasible domain of the program is a vector with
rational entries. In particular, a solvable standard form LP program with rational data has
at least one rational optimal solution.
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1.2.8.3L1. Illustration: Birkhoff Theorem An n x n matrix X is called double stochastic,
if its entries are nonnegative and all column and row sums are equal to 1. These matrices (treated as
elements of R" = R™™) form a bounded polyhedral set, specifically, the set

I, ={X = [24]}j=1 1 255 > OWaj,Zﬂ?ij = 1Vjazxij = 1Vi}
i J

By Krein-Milman Theorem, II,, is the convex hull of its extreme points. What are these extreme points?
The answer is given by important

Theorem 1.2.12 [Birkhoff Theorem] Extreme points of I1,, are exactly the permutation matrices of order
n, i.e., n X n Boolean (i.e., with 0/1 entries) matrices with exactly one nonzero element (equal to 1) in
every row and every column.

Exercise 1.19 [Easy part] Prove the easy part of the Theorem, specifically, that every n x n permutation
matriz is an extreme point of 11,,.

Proof of difficult part. Now let us prove that every extreme point of II,, is a permutation matrix. To
this end let us note that the 2n linear equations in the definition of IT,, — those saying that all row and
column sums are equal to 1 - are linearly dependent, and dropping one of them, say, Y. z;, = 1, we do
not alter the set. Indeed, the remaining equalities say that all row sums are equal to 1, so that the total
sum of all entries in X is n, and that the first n — 1 column sums are equal to 1, meaning that the last
column sum is n — (n — 1) = 1. Thus, we lose nothing when assuming that there are just 2n — 1 equality
constraints in the description of II,,. Now let us prove the claim by induction in n. The base n = 1 is
trivial. Let us justify the inductive step n — 1 = n. Thus, let X be an extreme point of II,,. By Theorem
1.2.11} among the constraints defining II,, (i.e., 2n — 1 equalities and n? inequalities z;; > 0) there should
be n? linearly independent which are satisfied at X as equations. Thus, at least n? — (2n —1) = (n — 1)
entries in X should be zeros. It follows that at least one of the columns of X contains < 1 nonzero entries
(since otherwise the number of zero entries in X would be at most n(n — 2) < (n — 1)2). Thus, there
exists at least one column with at most 1 nonzero entry; since the sum of entries in this column is 1, this
nonzero entry, let it be z;;, is equal to 1. Since the entries in row 7 are nonnegative, sum up to 1 and
x;; = 1, 273 = 1 is the only nonzero entry in its row and its column. Eliminating from X the row ¢ and
the column j, we get an (n—1) x (n—1) double stochastic matrix. By inductive hypothesis, this matrix is
a convex combination of (n—1) X (n — 1) permutation matrices. Augmenting every one of these matrices
by the column and the row we have eliminated, we get a representation of X as a convex combination of
n X n permutation matrices: X = >, \¢P, with nonnegative \; summing up to 1. Since P, € II,, and X
is an extreme point of II,, in this representation all terms with nonzero coefficients \; must be equal to
A X, so that X is one of the permutation matrices P, and as such is a permutation matrix. m

1.2.9 Structure of polyhedral sets
1.2.9.1 Main result

By definition, a polyhedral set M is the set of all solutions to a finite system of nonstrict linear inequalities:
M ={z e R": Az < b}, (1.2.18)

where A is a matrix of the column size n and certain row size m and b is m-dimensional vector. This is an
“outer” description of a polyhedral set. We are about to establish an important result on the equivalent
“inner” representation of a polyhedral set.

Consider the following construction. Let us take two finite nonempty set of vectors V (“vertices”)
and R (“rays”) and build the set

M(V, R) = Conv(V) + Cone (R) = {Z AU+ Z e 2 Ay >0,y > O’Z)‘” =1}
veV reER v
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Thus, we take all vectors which can be represented as sums of convex combinations of the points from V
and conic combinations of the points from R. The set M (V, R) clearly is convex (as the arithmetic sum
of two convex sets Conv(V') and Cone (R)). The promised inner description polyhedral sets is as follows:

Theorem 1.2.13 [Inner description of a polyhedral set] The sets of the form M(V,R) are exactly the
nonempty polyhedral sets: M(V, R) is polyhedral, and every nonempty polyhedral set M is M(V, R) for
properly chosen V and R.

The polytopes M (V,{0}) = Conv(V') are exactly the nonempty and bounded polyhedral sets. The sets
of the type M ({0}, R) are exactly the polyhedral cones (sets given by finitely many nonstrict homogeneous
linear inequalities).

Remark 1.2.2 In addition to the results of the Theorem, it can be proved that in the representation of
a nonempty polyhedral set M as M = Conv(V') + Cone (R)

— the “conic” part Conv(R) (not the set R itself!) is uniquely defined by M and is the recessive cone
of M (see Comment to Lemma [1.2.3));

—if M does not contain lines, then V' can be chosen as the set of all extreme points of M.

Postponing temporarily the proof of Theorem [1.2.13] let us explain why this theorem is that important
— why it is so nice to know both inner and outer descriptions of a polyhedral set.
Consider a number of natural questions:

e A. Is it true that the inverse image of a polyhedral set M C R™ under an affine mapping y —
P(y) = Py+p:R™ — R", ie., the set

P Y M)={yecR™:Py+pec M}

is polyhedral?

e B. Is it true that the image of a polyhedral set M C R™ under an affine mapping =z — y = P(x) =
Px+p:R"™ — R™ — the set
PM)={Px+p:ze M}

is polyhedral?
e C. Is it true that the intersection of two polyhedral sets is again a polyhedral set?
e D. Is it true that the arithmetic sum of two polyhedral sets is again a polyhedral set?

The answers to all these questions are positive; one way to see it is to use calculus of polyhedral rep-
resentations along with the fact that polyhedrally representable sets are exactly the same as polyhedral
sets (section . Another very instructive way is to use the just outlined results on the structure of
polyhedral sets, which we intend to do now.

It is very easy to answer affirmatively to A, starting from the original — outer — definition of a
polyhedral set: if M = {x : Ax < b}, then, of course,

P (M)={y: A(Py+p) <b}={y: (AP)y <b— Ap}

and therefore P~1(M) is a polyhedral set.

An attempt to answer affirmatively to B via the same definition fails — there is no easy way to
convert the linear inequalities defining a polyhedral set into those defining its image, and it is absolutely
unclear why the image indeed is given by finitely many linear inequalities. Note, however, that there
is no difficulty to answer affirmatively to B with the inner description of a nonempty polyhedral set: if
M = M(V, R), then, evidently,

P(M)=M(P(V),PR),

where PR = {Pr : r € R} is the image of R under the action of the homogeneous part of P.
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Similarly, positive answer to C becomes evident, when we use the outer description of a polyhedral
set: taking intersection of the solution sets to two systems of nonstrict linear inequalities, we, of course,
again get the solution set to a system of this type — you simply should put together all inequalities from
the original two systems. And it is very unclear how to answer positively to D with the outer definition
of a polyhedral set — what happens with inequalities when we add the solution sets? In contrast to this,
the inner description gives the answer immediately:

M(V,R)+ M(V',R") = Conv(V)+ Cone(R)+ Conv(V”’) + Cone (R')
= [Conv(V) + Conv(V")] 4+ [Cone (R) + Cone (R')]
= Conv(V 4+ V') 4+ Cone (RUR')
= M(V+V,RUR'.

Note that in this computation we used two rules which should be justified: Conv(V) + Conv(V’) =
Conv(V 4+ V') and Cone (R) + Cone (R’) = Cone (RU R’). The second is evident from the definition of
the conic hull, and only the first needs simple reasoning. To prove it, note that Conv(V') 4+ Conv(V’) is a
convex set which contains V' 4+ V' and therefore contains Conv(V + V’). The inverse inclusion is proved

as follows: if
T = Z)‘ivi’ Y= Z/\;-vé
i J
are convex combinations of points from V, resp., V', then, as it is immediately seen (please check!),

r+y= Z)‘i)‘/j(vi + v})

.3

and the right hand side is a convex combination of points from V + V.

We see that it is extremely useful to keep in mind both descriptions of polyhedral sets — what is
difficult to see with one of them, is absolutely clear with another.

As a seemingly “more important” application of the developed theory, let us look at Linear Program-
ming.

1.2.9.2 Theory of Linear Programming

A general Linear Programming program is the problem of maximizing a linear objective function over a
polyhedral set:
(P) max{c'z:2€M={zeR": Az <b}};

here ¢ is a given n-dimensional vector — the objective, A is a given m X n constraint matrix and b € R™
is the right hand side vector. Note that (P) is called “Linear Programming program in the canonical
form”; there are other equivalent forms of the problem.

1.2.9.2l1. Solvability of a Linear Programming program. According to the Linear Pro-
gramming terminology which you for sure know, (P) is called

e feasible, if it admits a feasible solution, i.e., the system Ax < b is solvable, and infeasible otherwise;

e bounded, if it is feasible and the objective is above bounded on the feasible set, and unbounded, if
it is feasible, but the objective is not bounded from above on the feasible set;

e solvable, if it is feasible and the optimal solution exists — the objective attains its maximum on the
feasible set.

If the program is bounded, then the upper bound of the values of the objective on the feasible set is a
real; this real is called the optimal value of the program and is denoted by ¢*. It is convenient to assign
optimal value to unbounded and infeasible programs as well — for an unbounded program it, by definition,
is 400, and for an infeasible one it is —oco.
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Note that our terminology is aimed to deal with maximization programs; if the program is to mini-
mize the objective, the terminology is updated in the natural way: when defining bounded/unbounded
programs, we should speak about below boundedness rather than about the above boundedness of the
objective, etc. For example, the optimal value of an unbounded minimization program is —oo, and of an
infeasible one it is +00. This terminology is consistent with the usual way of converting a minimization
problem into an equivalent maximization one by replacing the original objective ¢ with —c: the properties
of feasibility — boundedness — solvability remain unchanged, and the optimal value in all cases changes
its sign.

We have said that you for sure know the above terminology; this is not exactly true, since you definitely
have heard and used the words “infeasible LP program”, “unbounded LP program”, but hardly used the
words “bounded LP program” — only the “solvable” one. This indeed is true, although absolutely unclear
in advance — a bounded LP program always is solvable. We have already established this fact, even twice
— via Fourier-Motzkin elimination (section and via the LP Duality Theorem). Let us reestablish
this fundamental for Linear Programming fact with the tools we have at our disposal now.

Theorem 1.2.14 (i) A Linear Programming program is solvable if and only if it is bounded.
(ii) If the program is solvable and the feasible set of the program does not contain lines, then at least
one of the optimal solutions is an extreme point of the feasible set.

Proof. (i): The “only if” part of the statement is tautological: the definition of solvability includes
boundedness. What we should prove is the “if” part — that a bounded program is solvable. This is
immediately given by the inner description of the feasible set M of the program: this is a polyhedral set,
so that being nonempty (as it is for a bounded program), it can be represented as

M(V,R) = Conv(V) + Cone (R)

for some nonempty finite sets V and R. We claim first of all that since (P) is bounded, the inner product
of ¢ with every vector from R is nonpositive. Indeed, otherwise there would be r € R with ¢’r > 0; since
M(V, R) clearly contains with every its point x the entire ray {z+¢r : ¢t > 0}, and the objective evidently
is unbounded on this ray, it would be above unbounded on M, which is not the case.

Now let us choose in the finite and nonempty set V' the point, let it be called v*, which maximizes the
objective on V. We claim that v* is an optimal solution to (P), so that (P) is solvable. The justification
of the claim is immediate: v* clearly belongs to M; now, a generic point of M = M(V, R) is

T = Z AU+ Z LT
veV reR

with nonnegative A, and p, and with >\, =1, so that
v

e = Y clv+ > peclr
< zv: Apclv ' [since p,. > 0 and ¢T'r <0, r € R]
< 12 Ayl v* [since A, >0 and ¢T'v < cTv*)
— Ty [since > A, = 1] O
v

(ii): if the feasible set of (P), let it be called M, does not contain lines, it, being convex and closed
(as a polyhedral set) possesses extreme points. It follows that (ii) is valid in the trivial case when the
objective of (ii) is constant on the entire feasible set, since then every extreme point of M can be taken
as the desired optimal solution. The case when the objective is nonconstant on M can be immediately
reduced to the aforementioned trivial case: if 2* is an optimal solution to (P) and the linear form ¢’z is
nonconstant on M, then the hyperplane 1T = {z : ¢cT'x = ¢*} is supporting to M at x*; the set IIN M is
closed, convex, nonempty and does not contain lines, therefore it possesses an extreme point z** which,
on one hand, clearly is an optimal solution to (P), and on another hand is an extreme point of M by

Lemma[[.2.4] =
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1.2.9.3 Structure of a polyhedral set: proofs

1.2.9.3]1. Structure of a bounded polyhedral set. Let us start with proving a significant
part of Theorem [1.2.13] - the one describing bounded polyhedral sets.

Theorem 1.2.15 [Structure of a bounded polyhedral set] A bounded and nonempty polyhedral set M in
R"™ is a polytope, i.e., is the convex hull of a finite nonempty set:

M = M((V,{0}) = Conv(V);

one can choose as V the set of all extreme points of M.
Vice versa — a polytope is a bounded and nonempty polyhedral set.

Proof. The first part of the statement — that a bounded nonempty polyhedral set is a polytope — is
readily given by the Krein-Milman Theorem combined with Corollary Indeed, a polyhedral set
always is closed (as a set given by nonstrict inequalities involving continuous functions) and convex; if it
is also bounded and nonempty, it, by the Krein-Milman Theorem, is the convex hull of the set V of its
extreme points; V' is finite by Corollary [[.2.1] =

Now let us prove the more difficult part of the statement — that a polytope is a bounded polyhedral
set. The fact that a convex hull of a finite set is bounded is evident. Thus, all we need is to prove that
the convex hull of finitely many points is a polyhedral set. To this end note that this convex hull clearly
is polyhedrally representable:

Conv{vy,..,on}t={z:3IN: A > O’Z/\i =1,z= Z)‘ivi}
and therefore is polyhedral by Theorem [1.2.5] =

[1.2.9.3]2. Structure of a general polyhedral set: completing the proof. Now let us
prove the general Theorem [[.2.13] The proof basically follows the lines of the one of Theorem [1.2.15
but with one elaboration: now we cannot use the Krein-Milman Theorem to take upon itself part of our
difficulties.

To simplify language let us call VR-sets (“V” from “vertex”, “R” from rays) the sets of the form
M(V, R), and P-sets the nonempty polyhedral sets. We should prove that every P-set is a VR-set, and
vice versa. We start with proving that every P-set is a VR-set.

4

[29.3l2.A. P=VR:

P="VR, Step 1: reduction to the case when the P-set does not contain lines. Let
M be a P-set, so that M is the set of all solutions to a solvable system of linear inequalities:

M={xeR": Az < b} (1.2.19)

with m x n matrix A. Such a set may contain lines; if h is the direction of a line in M, then A(xz+th) <b
for some x and all ¢t € R, which is possible only if Ah = 0. Vice versa, if h is from the kernel of A, i.e., if
Ah = 0, then the line z + R" with 2 € M clearly is contained in M. Thus, we come to the following fact:

Lemma 1.2.5 ss Nonempty polyhedral set contains lines if and only if the kernel
of A is nontrivial, and the nonzero vectors from the kernel are exactly the directions of lines
contained in M: if M contains a line with direction h, then h € Ker A, and vice versa: if
0# heKerA and x € M, then M contains the entire line x + Rh.

Given a nonempty set ([1.2.19)), let us denote by L the kernel of A and by L+ the orthogonal complement
to the kernel, and let M’ be the cross-section of M by L=:

M ={x € L+ : Az <b}.
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The set M’ clearly does not contain lines (since the direction of every line in M’ on one hand, should
belong to L+ due to M’ ¢ L*, and on the other hand — should belong to L = Ker A, since a line in
M’ C M is a line in M as well). The set M’ is nonempty and, moreover, M = M’ + L. Indeed, M’
contains the orthogonal projections of all points from M onto L* (since to project a point onto L*, you
should move from this point along certain line with the direction in L, and all these movements, started
in M, keep you in M by the Lemma) and therefore is nonempty, first, and is such that M’ + L D M,
second. On the other hand, M’ C M and M + L = M by Lemma [L.2.5] whence M’ + L € M. Thus,
M +L=M.

Finally, M’ is a polyhedral set together with M, since the inclusion 2 € L+ can be represented by
dim L linear equations (i.e., by 2dim L nonstrict linear inequalities): you should say that x is orthogonal
to dim L somehow chosen vectors aq, ..., agim 1, forming a basis in L.

The results of our effort are as follows: given an arbitrary P-set M, we have represented is as the
sum of a P-set M’ not containing lines and a linear subspace L. With this decomposition in mind we see
that in order to achieve our current goal — to prove that every P-set is a VR-set — it suffices to prove the
same statement for P-sets not containing lines. Indeed, given that M’ = M (V, R') and denoting by R’ a
finite set such that L = Cone (R’) (to get R', take the set of 2dim L vectors +a;, i = 1,...,dim L, where
ai, ..., adim 1, 18 a basis in L), we would obtain

M = M+L

[Conv (V') + Cone (R)] + Cone (R')
Conv(V) + [Cone (R) + Cone (R')]
Conv(V) + Cone (RUR/)

= M(V,RUR)

We see that in order to establish that a P-set is a VR-set it suffices to prove the same statement for
the case when the P-set in question does not contain lines.

P=VR, Step 2: the P-set does not contain lines. Our situation is as follows: we are
given a not containing lines P-set in R™ and should prove that it is a VR-set. We shall prove this
statement by induction on the dimension n of the space. The case of n = 0 is trivial. Now assume that
the statement in question is valid for n < k, and let us prove that it is valid also for n = k + 1. Let M
be a not containing lines P-set in R**!:

M={zeR" :ale <b;,i=1,..,m}. (1.2.20)

Without loss of generality we may assume that all a; are nonzero vectors (since M is nonempty, the
inequalities with a; = 0 are valid on the entire R™, and removing them from the system, we do not vary
its solution set). Note that m > 0 — otherwise M would contain lines, since k > 0.

1°. We may assume that M is unbounded — otherwise the desired result is given already by Theorem
1.2.15] By Exercise there exists a recessive direction r # 0 of M Thus, M contains the ray
{z +tr:t >0}, whence, by Lemma[1.2.3] M + Cone ({r}) =M. =

20, For every i < m, where m is the row size of the matrix A from , that is, the number of
linear inequalities in the description of M, let us denote by M; the corresponding “facet” of M — the
polyhedral set given by the system of inequalities with the inequality a?x < b; replaced by the
equality alz = b;. Some of these “facets” can be empty; let I be the set of indices i of nonempty M,’s.

When ¢ € I, the set M; is a nonempty polyhedral set — i.e., a P-set — which does not contain lines
(since M; C M and M does not contain lines). Besides this, M; belongs to the hyperplane {afx = b;},
i.e., actually it is a P-set in R*. By the inductive hypothesis, we have representations

M; = M(‘/;aRZ)ﬂ (XS I?
for properly chosen finite nonempty sets V; and R;. We claim that

M = M(UierVi, Uier R; U {r}), (1.2.21)
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where r is a recessive direction of M found in 1°; after the claim will be supported, our induction will be
completed.

To prove , note, first of all, that the right hand side of this relation is contained in the left
hand side one. Indeed, since M; C M and V; C M;, we have V; C M, whence also V = U;V; C M; since
M is convex, we have

Conv(V) C M. (1.2.22)

Further, if 7/ € R;, then 7’ is a recessive direction of M;; since M; C M, r’ is a recessive direction of M
by Lemma Thus, every vector from U;c;R; is a recessive direction for M, same as r; thus, every
vector from R = U;erR; U {r} is a recessive direction of M, whence, again by Lemma [1.2.3]

M + Cone (R) = M.

Combining this relation with , we get M(V,R) C M, as claimed.

It remains to prove that M is contained in the right hand side of . Let x € M, and let us move
from z along the direction (—r), i.e., move along the ray {x — tr : ¢t > 0}. After large enough step along
this ray we leave M. (Indeed, otherwise the ray with the direction —r started at = would be contained
in M, while the opposite ray for sure is contained in M since r is a recessive direction of M; we would
conclude that M contains a line, which is not the case by assumption.) Since the ray {z —tr : t > 0}
eventually leaves M and M is bounded, there exists the largest ¢, let it be called ¢*, such that 2’ = x —t*r
still belongs to M. It is clear that at x’ one of the linear inequalities defining M becomes equality —
otherwise we could slightly increase the parameter ¢* still staying in M. Thus, ' € M; for some i € I.

Consequently,
z’ € Conv(V;) + Cone (R;),

whence x = 2’ 4+ t*r € Conv(V;) + Cone (R; U {r}) C M(V, R), as claimed. m
1.2.9.3]2.B. VR=P: We already know that every P-set is a VR-set. Now we shall prove that

every VR-set is a P-set, thus completing the proof of Theorem [1.2.13] This is immediate: a VR-set is
polyhedrally representable (why?) and thus is a P-set by Theorem "



Lecture 2

Convex functions

2.1 Convex functions: first acquaintance

2.1.1 Definition and Examples

Definition 2.1.1 [convex function] A function f : Q — R defined on a nonempty subset Q of R™ and
taking real values is called convez, if

e the domain Q of the function is convez;

o for every x,y € Q and every X\ € [0,1] one has
FO £ (1— A)) < AF(@) + (- N (). (2.1.1)
If the above inequality is strict whenever x # vy and 0 < X\ < 1, f is called strictly convex.

A function f such that —f is convex is called concave; the domain @) of a concave function should be
convex, and the function itself should satisfy the inequality opposite to (2.1.1)):

fOz+ (1 =Ny) 2 Af(2) + (1 =Nf(y), 2,y Ael0,1].
The simplest example of a convex function is an affine function
flx)=a"z+0

— the sum of a linear form and a constant. This function clearly is convex on the entire space, and the
“convexity inequality” for it is equality. An affine function is both convex and concave; it is easily seen
that a function which is both convex and concave on the entire space is affine.
Here are several elementary examples of “nonlinear” convex functions of one variable:
e functions convex on the whole axis:
2% p is a positive integer;
exp{z};
e functions convex on the nonnegative ray:
z?, 1 < p;
—zP 0<p <1,
zlnx;
e functions convex on the positive ray:
1/xP, p > 0;

—Inz.
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To the moment it is not clear why these functions are convex; in the mean time we shall derive a simple
analytic criterion for detecting convexity which immediately demonstrates that the above functions indeed
are convex.

A very convenient equivalent definition of a convex function is in terms of its epigraph. Given a
real-valued function f defined on a nonempty subset @@ of R™, we define its epigraph as the set

Epi(f) ={(t,z) e R"™ 12 € Q,t > f(x)};

geometrically, to define the epigraph, you should take the graph of the function — the surface {t =
f(x), z € Q} in R™! — and add to this surface all points which are “above” it. The equivalent, more
geometrical, definition of a convex function is given by the following simple statement (prove it!):

Proposition 2.1.1 [definition of convexity in terms of the epigraph]
A function f defined on a subset of R™ is convez if and only if its epigraph is a nonempty convex set
in R,

More examples of convex functions: norms. Equipped with Proposition[2.1.1} we can extend

our initial list of convex functions (several one-dimensional functions and affine ones) by more examples

— norms. Let m(z) be a norm on R™ (see Section ). To the moment we know three examples of

norms — the Euclidean norm ||z||s = V2Tx, the 1-norm ||z||; = >_ |z;| and the co-norm ||z||s = max |z;|.
i ?

It was also claimed (although not proved) that these are three members of an infinite family of norms

n l/p
]l = <Z|$i|p> , 1sp<oo

i=1
(the right hand side of the latter relation for p = oo is, by definition, max |z;|).
- K3

We are about to prove that every norm is convex:

Proposition 2.1.2 Let w(x) be a real-valued function on R™ which is positively homogeneous of degree
1:
m(tz) =tn(z) YaxeR"t>0.

w is convez if and only if it is subadditive:
m(r+y) <w(z)+w(y) Vz,yeR™

In particular, a norm (which by definition is positively homogeneous of degree 1 and is subadditive) is
convet.

Proof is immediate: the epigraph of a positively homogeneous of degree 1 function 7 clearly is a conic
set: (t,z) € Epi(r) = A(t,x) € Epi(r) whenever A > 0. Now, by Proposition 7 is convex if and
only if Epi(m) is convex. It is clear that a conic set is convex if and only if it contains the sum of every
two its elements (why ?); this latter property is satisfied for the epigraph of a real-valued function if and
only if the function is subadditive (evident). m

2.1.2 Elementary properties of convex functions

2.1.2.1 Jensen’s inequality
The following elementary observation is, I believe, one of the most useful observations in the world:

Proposition 2.1.3 [Jensen’s inequality] Let f be conver and Q be the domain of f. Then for every
convex combination N

> i

i=1
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of points from @Q one has

Z)\xl §§

Proof is immediate: the points (f(z;),z;) clearly belong to the epigraph of f; since f is convex, its
epigraph is a convex set, so that the convex combination

N

7—1 i=1
of the points also belongs to Epi(f). By definition of the epigraph, the latter means exactly that

Z/\f( >f(z/\3"z u

Note that the deﬁmtlon of convexity of a function f is exactly the requirement on f to satisfy the
Jensen inequality for the case of N = 2; we see that to satisfy this inequality for N = 2 is the same as to
satisfy it for all N.

2.1.2.2 Convexity of level sets of a convex function

The following simple observation is also very useful:

Proposition 2.1.4 [convexity of level sets] Let f be a convex function with the domain Q. Then, for
every real o, the set

leva(f) ={z € @: f(z) < a}

— the level set of f — is convex.

The proof takes one line: if z,y € lev,(f) and A € [0,1], then f(Az+ (1 = N)y) < Af(x)+ (1 =N f(y) <
Aa+ (1 = Na = a, so that Az + (1 — Ny € levy(f).

Note that the convexity of level sets does not characterize convex functions; there are nonconvex
functions which share this property (e.g., every monotone function on the axis). The “proper” charac-
terization of convex functions in terms of convex sets is given by Proposition - convex functions are
exactly the functions with convex epigraphs. Convexity of level sets specify a wider family of functions,
the so called quasiconvex ones.

2.1.3 What is the value of a convex function outside its domain?

Literally, the question which entitles this subsection is senseless. Nevertheless, when speaking about
convex functions, it is extremely convenient to think that the function outside its domain also has a
value, namely, takes the value +oo; with this convention, we can say that

a convex function f on R™ is a function taking values in the extended real axis R U {400} such that
the domain Dom f of the function — the set of those x’s where f(x) is finite — is nonempty, and for all
xz,y € R™ and all A € [0, 1] one has

fOz+ (1= Ny) < Af(x) + (1= A)f(y) (21.2)
If the expression in the right hand side involves infinities, it is assigned the value according to the

standard and reasonable conventions on what are arithmetic operations in the “extended real axis”
R U {+00} U {—00}:

e arithmetic operations with reals are understood in their usual sense;

e the sum of 400 and a real, same as the sum of +00 and 400 is 4+00; similarly, the sum of a real
and —oo, same as the sum of —oo and —oo is —oo. The sum of +o0o and —oo is undefined;
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e the product of a real and +o00 is +00, 0 or —oo, depending on whether the real is positive, zero or
negative, and similarly for the product of a real and —oo. The product of two ”infinities” is again
infinity, with the usual rule for assigning the sign to the product.

Note that it is not clear in advance that our new definition of a convex function is equivalent to the initial
one: initially we included into the definition requirement for the domain to be convex, and now we omit
explicit indicating this requirement. In fact, of course, the definitions are equivalent: convexity of Dom f
—i.e., the set where f is finite — is an immediate consequence of the “convexity inequality” .

It is convenient to think of a convex function as of something which is defined everywhere, since it
saves a lot of words. For example, with this convention I can write f + g (f and g are convex functions
on R"™), and everybody will understand what is meant; without this convention, I am supposed to add
to this expression the explanation as follows: “f + g is a function with the domain being the intersection
of those of f and g, and in this intersection it is defined as (f + g)(x) = f(z) + g(z)”.

2.2 How to detect convexity

In an optimization problem

convexity of the objective f and the constraints g; is crucial: it turns out that problems with this property
possess nice theoretical properties (e.g., the local necessary optimality conditions for these problems are
sufficient for global optimality); and what is much more important, convex problems can be efficiently
(both in theoretical and, to some extent, in the practical meaning of the word) solved numerically, which
is not, unfortunately, the case for general nonconvex problems. This is why it is so important to know
how one can detect convexity of a given function. This is the issue we are coming to.

The scheme of our investigation is typical for mathematics. Let me start with the example which
you know from Analysis. How do you detect continuity of a function? Of course, there is a definition
of continuity in terms of € and J, but it would be an actual disaster if each time we need to prove
continuity of a function, we were supposed to write down the proof that ”for every positive e there exists
positive d such that ...”. In fact we use another approach: we list once for ever a number of standard
operations which preserve continuity, like addition, multiplication, taking superpositions, etc., and point
out a number of standard examples of continuous functions — like the power function, the exponent,
etc. To prove that the operations in the list preserve continuity, same as to prove that the standard
functions are continuous, this takes certain effort and indeed is done in € — § terms; but after this effort
is once invested, we normally have no difficulties with proving continuity of a given function: it suffices
to demonstrate that the function can be obtained, in finitely many steps, from our ”raw materials” — the
standard functions which are known to be continuous — by applying our machinery — the combination
rules which preserve continuity. Normally this demonstration is given by a single word ”evident” or even
is understood by default.

This is exactly the case with convexity. Here we also should point out the list of operations which
preserve convexity and a number of standard convex functions.

2.2.1 Operations preserving convexity of functions
These operations are as follows:

e [stability under taking weighted sums] if f, g are convex functions on R™, then their linear combi-
nation Af + pg with nonnegative coefficients again is convex, provided that it is finite at least at
one point;

[this is given by straightforward verification of the definition]
e [stability under affine substitutions of the argument]| the superposition f(Ax + b) of a convex

function f on R™ and affine mapping x — Az + b from R™ into R" is convex, provided that it is
finite at least at one point.
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[you can prove it directly by verifying the definition or by noting that the epigraph of the super-
position, if nonempty, is the inverse image of the epigraph of f under an affine mapping]

e [stability under taking pointwise sup] upper bound sup f,(-) of every family of convex functions on
«
R" is convex, provided that this bound is finite at least at one point.

[to understand it, note that the epigraph of the upper bound clearly is the intersection of epigraphs
of the functions from the family; recall that the intersection of every family of convex sets is convex|

e [“Convex Monotone superposition”] Let f(z) = (fi(z),..., fx(x)) be vector-function on R™ with
convex components f;, and assume that F is a convex function on R* which is monotone, i.e., such
that z < 2’ always implies that F(z) < F(z’). Then the superposition

¢(x) = F(f(x)) = F(fi(2), ... fr(x))
is convex on R, provided that it is finite at least at one point.

Remark 2.2.1 The expression F(f1(x), ..., fr(x)) makes no evident sense at a point x where some
of fi’s are +00. By definition, we assign the superposition at such a point the value +o0o.

[To justify the rule, note that if A € (0,1) and x,2’ € Dom ¢, then z = f(x), 2’ = f(a') are vectors
from R* which belong to Dom F', and due to the convexity of the components of f we have

FOz+ (1 =Na') <Az + (1- N2

in particular, the left hand side is a vector from R* — it has no “infinite entries”, and we may
further use the monotonicity of F:

Az + (1= Na')=F(fOz+ (1= Nz') < Fz+ (1= N)2)
and now use the convexity of F:
F(Az+ (1= A)2') < AF(z) + (1 — A)F(2')
to get the required relation
Az + (1 = N)2’) < Ap(z) + (1 — N)g(a').
]

Imagine how many extra words would be necessary here if there were no convention on the value of a
convex function outside its domain!

Two more rules are as follows:

e [stability under partial minimization] if f(z,y) : R} x R}’ is convex (as a function of
z = (x,y); this is called joint convexity) and the function

g(x) = irylff(l’,y)

is proper, i.e., is > —oo everywhere and is finite at least at one point, then g is convex
[this can be proved as follows. We should prove that if 2,2’ € Domg and z” =
Az + (1 — X)z’ with A € [0,1], then 2" € Domg and g(z"”) < Ag(x) + (1 — AN)g(z').
Given positive ¢, we can find y and 3’ such that (z,y) € Dom f, (2',y’) € Dom f and
glx)+e> flz,y), g(y)+e> f(z',y). Taking weighted sum of these two inequalities,
we get

Ag(@) + (1= Ng(y) + €= Mf(z,y) + (L= N f(2',y) >
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[since f is convex]
> fQz+ (1= X", dy+ (1= Ny') = f@", g+ (1= A)y)

(the last > follows from the convexity of f). The concluding quantity in the chain is
> g(z"), and we get g(z) < Ag(z) + (1 —X)g(2’) + €. In particular, z”/ € Dom g (recall
that g is assumed to take only the values from R and the value +00). Moreover, since
the resulting inequality is valid for all € > 0, we come to g(z”) < Ag(z) + (1 — N)g(z'),
as required.]

e the “conic transformation” of a convex function f on R™ — the function g(y,z) =
yf(z/y) — is convex in the half-space y > 0 in R**1.

Now we know what are the basic operations preserving convexity. Let us look what are the standard
functions these operations can be applied to. A number of examples was already given, but we still do
not know why the functions in the examples are convex. The usual way to check convexity of a “simple”
— given by a simple formula — function is based on differential criteria of convexity. Let us look what are
these criteria.

2.2.2 Differential criteria of convexity

From the definition of convexity of a function if immediately follows that convexity is one-dimensional
property: a proper (i.e., finite at least at one point) function f on R™ taking values in R U {+o0} is
convex if and only if its restriction on every line, i.e., every function of the type g(t) = f(z + th) on the
axis, is either convex, or is identically +oc.

It follows that to detect convexity of a function, it, in principle, suffices to know how to detect
convexity of functions of one variable. This latter question can be resolved by the standard Calculus
tools. Namely, in the Calculus they prove the following simple

Proposition 2.2.1 [Necessary and Sufficient Convexity Condition for smooth functions on the axis] Let
(a,b) be an interval in the azis (we do not exclude the case of a = —oo0 and/or b = +c0). Then

(i) A differentiable everywhere on (a,b) function f is convex on (a,b) if and only if its derivative f'
is monotonically nondecreasing on (a,b);

(ii) A twice differentiable everywhere on (a,b) function f is convex on (a,b) if and only if its second
derivative f" is nonnegative everywhere on (a,b).

With the Proposition, you can immediately verify that the functions listed as examples of convex functions
in Section [2.1.1]indeed are convex. The only difficulty which you may meet is that some of these functions
(e.g., 2P, p > 1, and —zP, 0 < p < 1, were claimed to be convex on the half-interval [0, +00), while the
Proposition speaks about convexity of functions on intervals. To overcome this difficulty, you may use
the following simple

Proposition 2.2.2 Let M be a convex set and f be a function with Dom f = M. Assume that f is
convex on rint M and is continuous on M, i.e.,

f(z) = f(x), i = oo,

whenever x;,x € M and x; — x as i — oco. Then f is convex on M.

Proof of Proposition [2.2.1

(i), necessity. Assume that f is differentiable and convex on (a,b); we should prove that then
1’ is monotonically nondecreasing. Let 2 < y be two points of (a,b), and let us prove that
f'(x) < f'(y). Indeed, let z € (z,y). We clearly have the following representation of z as a
convex combination of x and y:

y—z T —z

z Y,

x
y—r Y-
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whence, from convexity,

Yy—z T —z
£ < L pa) + T2 p ),
whence
f)~ f@) _ f) -~ )

r—z = y—z

Passing here to limit as z — z 4 0, we get
— y o l‘ )

and passing in the same inequality to limit as z — y — 0, we get

o b — y — )

whence f/'(z) < f'(y), as claimed. m

(i), sufficiency. We should prove that if f is differentiable on (a,b) and f’ is monotonically
nondecreasing on (a,b), then f is convex on (a,b). It suffices to verify that if x < y,
x,y € (a,b), and z = Az + (1 — A\)y with 0 < A < 1, then

f(2) <M (@) + (1= f(y),
or, which is the same (write f(z) as Af(z) + (1 — A) f(z)), that

()= F@) _ f) = )
A - 1—-X

noticing that z — 2 = Ay — ) and y — z = (1 — \)(y — x), we see that the inequality we
should prove is equivalent to

1) = 1@ _ f) =)

zZ—T o Yy—z

But in this equivalent form the inequality is evident: by the Lagrange Mean Value Theorem,
its left hand side is f'(¢) with some & € (x, z), while the right hand one is f’(n) with some
7 € (z,y). Since f’ is nondecreasing and £ < z <), we have f'(£) < f/(n), and the left hand
side in the inequality we should prove indeed is < the right hand one. O

(ii) is immediate consequence of (i), since, as we know from the very beginning of Calculus,
a differentiable function — in the case in question, it is f’ — is monotonically nondecreasing
on an interval if and only if its derivative is nonnegative on this interval. m

In fact, for functions of one variable there is a differential criterion of convexity which does
not assume any smoothness (we shall not prove this criterion):

Proposition 2.2.3 [convexity criterion for univariate functions]

Let g : R — RU{+00} be a function. Let the domain A = {t : g(t) < 0o} of the function be
a convez set which is not a singleton, i.e., let it be an interval (a,b) with possibly added one
or both endpoints (—oo < a < b < 00). g is convex if and only if it satisfies the following 3
requirements:

1) g is continuous on (a,b);

2) g is differentiable everywhere on (a,b), excluding, possibly, a countable set of points, and
the derivative ¢'(t) is nondecreasing on its domain;

3) at each endpoint u of the interval (a,b) which belongs to A g is upper semicontinuous:

g(u) > lim Supte(a,b),t—nlg(t)'

65
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Proof of Proposition Let z,y € M and z = Az + (1 — Ny, A € [0,1], and let us
prove that

f(z2) S Mf(x) + (1= A)f(y).

As we know from Theorem (iii), there exist sequences x; € rint M and y; € rint M
converging, respectively to « and to y. Then z; = Az; + (1 — \)y; converges to z as i — 00,
and since f is convex on rint M, we have

f(z) S Af(@a) + (1= A f(y);

passing to limit and taking into account that f is continuous on M and z;,vy;, z; converge,
as i — 00, to x,y, z € M, respectively, we obtain the required inequality. m

From Propositions [2.2.1} (i) and we get the following convenient necessary and sufficient condition
for convexity of a smooth function of n variables:

Corollary 2.2.1 [convexity criterion for smooth functions on R"]

Let f : R" — R U {+o0} be a function. Assume that the domain Q of f is a conver set with a
nonempty interior and that f is

e continuous on Q

and
o tlwice differentiable on the interior of Q.

Then f is convex if and only if its Hessian is positive semidefinite on the interior of Q:

RT f"(x)h > 0 Yz € int Q Vh € R™.

Proof. The ”only if” part is evident: if f is convex and x € Q' = int @, then the function
of one variable

g(t) = f(x +th)

(h is an arbitrary fixed direction in R"™) is convex in certain neighbourhood of the point
t = 0 on the axis (recall that affine substitutions of argument preserve convexity). Since f
is twice differentiable in a neighbourhood of x, g is twice differentiable in a neighbourhood
of t = 0, so that ¢"(0) = hT f""(x)h > 0 by Proposition O

Now let us prove the "if” part, so that we are given that hT f”(z)h > 0 for every x € int Q
and every h € R", and we should prove that f is convex.

Let us first prove that f is convex on the interior @’ of the domain . By Theorem Q'
is a convex set. Since, as it was already explained, the convexity of a function on a convex
set is one-dimensional fact, all we should prove is that every one-dimensional function

gt)=flz+tly—=x)), 0<t<1

(z and y are from Q') is convex on the segment 0 < ¢ < 1. Since f is continuous on @ D @',
g is continuous on the segment; and since f is twice continuously differentiable on @', g is
continuously differentiable on (0,1) with the second derivative

g'O)=@w—2)"f"(@+tly—=z)(y—=z)>0.

Consequently, g is convex on [0, 1] (Propositions (ii) and [2.2.2)). Thus, f is convex on
Q'. It remains to note that f, being convex on @’ and continuous on @, is convex on () by

Proposition 2:2.2] w
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Applying the combination rules preserving convexity to simple functions which pass the “infinitesimal’
convexity tests, we can prove convexity of many complicated functions. Consider, e.g., an exponential
posynomial — a function

f(z) = Z ciexp{al x}

with positive coefficients ¢; (this is why the function is called posynomial). How could we prove that the
function is convex? This is immediate:

exp{t} is convex (since its second order derivative is positive and therefore the first derivative is
monotone, as required by the infinitesimal convexity test for smooth functions of one variable);

consequently, all functions exp{a’ x} are convex (stability of convexity under affine substitutions of
argument);

consequently, f is convex (stability of convexity under taking linear combinations with nonnegative
coefficients).

And if we were supposed to prove that the maximum of three posynomials is convex? Ok, we could
add to our three steps the fourth, which refers to stability of convexity under taking pointwise supremum.

2.3 Gradient inequality
An extremely important property of a convex function is given by the following

Proposition 2.3.1 [Gradient inequality] Let f be a function taking finite values and the value +00, x
be an interior point of the domain of f and Q) be a convex set containing x. Assume that

e [ is conver on Q
and
e f is differentiable at x,

and let V f(x) be the gradient of the function at x. Then the following inequality holds:

(VyeQ): fy) = flz)+(y—a)' Vf(x) (23.1)

Geometrically: the graph
{(y,t) eER"™ .y cDom fNQ, t = f(y)}

of the function f restricted onto the set Q is above the graph

{y.) eR" it = f(2) + (y — 2) VS (2)}
of the linear form tangent to f at x.

Proof. Let y € Q. There is nothing to prove if y ¢ Dom f (since there the right hand side in the gradient
inequality is +00), same as there is nothing to prove when y = . Thus, we can assume that y # = and
y € Dom f. Let us set

yr=x+7(y—z), 0<7<1,

so that y; = y and y, is an interior point of the segment [z, y] for 0 < 7 < 1. Now let us use the following
extremely simple

Lemma 2.3.1 Let z, 2, 2" be three distinct points with «' € [x,2"], and let f be convexr and
finite on [x,2"]. Then
f) — f@) _ f") - f()

[ P P

(2.3.2)
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Proof of the Lemma. We clearly have
=+ Nz" —2), A=

or, which is the same,

From the convexity inequality

f@') < (L= Nf(x) + Af(2"),
or, which is the same,
f@) = fz) < Af@E") = f(2)).
Dividing by A and substituting the value of A, we come to (2.3.2)). O

Applying the Lemma to the triple z, 2’ = y,, 2" = vy, we get

flaxtrly—2) —flx) _ fly) = f(@),

7lly — |2 = ly—zl2

as T — +0, the left hand side in this inequality, by the definition of the gradient, tends to ||y — z||5 " (y —
)TV f(z), and we get

ly —all3 (v — 2)" V() < ly—=ll3 " (f(y) — f(x)),
or, which is the same,
(y —2)"Vf(z) < f(y) — f(a);

this is exactly the inequality (2.3.1)). m
It is worthy of mentioning that in the case when @ is convex set with a nonempty interior and f
is continuous on @ and differentiable on int @, f is convex on @ if and only if the Gradient inequality

(2.3.1]) is valid for every pair x € int @ and y € Q.
Indeed, the "only if” part, i.e., the implication

convexity of f = Gradient inequality for all x € int Q) and all y € Q

is given by Proposition [2.3.1} To prove the ”if” part, i.e., to establish the implication inverse to the above,
assume that f satisfies the Gradient inequality for all x € int @ and all y € @), and let us verify that f is
convex on Q. It suffices to prove that f is convex on the interior @’ of the set Q) (see Proposition
recall that by assumption f is continuous on @ and @ is convex). To prove that f is convex on @’, note
that @’ is convex (Theorem and that, due to the Gradient inequality, on @’ f is the upper bound
of the family of affine (and therefore convex) functions:

fly) = sup fo(y), foly) = f(@) + (y — )"V f(2). .

2.4 Boundedness and Lipschitz continuity of a convex function

Convex functions possess nice local properties.

Theorem 2.4.1 [local boundedness and Lipschitz continuity of convex function]

Let f be a convex function and let K be a closed and bounded set contained in the relative interior of
the domain Dom f of f. Then f is Lipschitz continuous on K — there exists constant L — the Lipschitz
constant of f on K — such that

|f(@) = f(y)l < Lz —yll2 Vz,y € K. (2.4.1)

In particular, f is bounded on K.
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Remark 2.4.1 All three assumptions on K — (1) closedness, (2) boundedness, and (3) K C rint Dom f
— are essential, as it is seen from the following three examples:

e f(z)=1/x, DomF = (0,400), K = (0,1]. We have (2), (3) but not (1); f is neither bounded, nor
Lipschitz continuous on K.

e f(z) =22 Domf =R, K =R. We have (1), (3) and not (2); f is neither bounded nor Lipschitz
continuous on K.

e f(z) = —y/z, Dom f = [0,+00), K = [0,1]. We have (1), (2) and not (3); f is not Lipschitz
continuous on K , although is bounded. With properly chosen convex function f of two variables
and non-polyhedral compact domain (e.g., with Dom f being the unit circle), we could demonstrate
also that lack of (3), even in presence of (1) and (2), may cause unboundedness of f at K as well.

Remark 2.4.2 Theorem says that a convex function f is bounded on every compact (i.e., closed
and bounded) subset of the relative interior of Dom f. In fact there is much stronger statement on the
below boundedness of f: [ is below bounded on any bounded subset of R™!.

Proof of Theorem We shall start with the following local version of the Theorem.

Proposition 2.4.1 Let f be a convex function, and let T be a point from the relative interior of the
domain Dom f of f. Then

(i) f is bounded at T: there exists a positive r such that f is bounded in the r-neighbourhood U, ()
of T in the affine span of Dom f:

Ir>0,C: |f(z)|<C VreUq(T) ={xrc Af(Dom f) : ||z — Z||2 < r};
(ii) f 4s Lipschitz continuous at T, i.e., there exists a positive p and a constant L such that
|f(z) = f(a')] < Lz — 2|2 V2,2’ € Uy(2).

Implication “Proposition = Theorem [2.4.1]" is given by standard Analysis reasoning. All
we need is to prove that if K is a bounded and closed (i.e., a compact) subset of rint Dom f, then f
is Lipschitz continuous on K (the boundedness of f on K is an evident consequence of its Lipschitz
continuity on K and boundedness of K). Assume, on contrary, that f is not Lipschitz continuous on K;
then for every integer i there exists a pair of points z;,; € K such that

f(@i) = f(yi) > illzi — yill2- (2.4.2)

Since K is compact, passing to a subsequence we can ensure that z; — = € K and y; — y € K.
By Proposition the case x = y is impossible — by Proposition f is Lipschitz continuous in a
neighbourhood B of x = y; since x; — x,y; — v, this neighbourhood should contain all z; and y; with
large enough indices ; but then, from the Lipschitz continuity of f in B, the ratios (f(x;) — f(v:))/||zi —
yill2 form a bounded sequence, which we know is not the case. Thus, the case x = y is impossible. The
case © # y is “even less possible” — since, by Proposition, f is continuous on Dom f at both the points
2 and y (note that Lipschitz continuity at a point clearly implies the usual continuity at it), so that
we would have f(z;) — f(z) and f(y;) — f(y) as i — oco. Thus, the left hand side in remains
bounded as i — oco. In the right hand side one factor — 7 — tends to oo, and the other one has a nonzero
limit ||z — y||, so that the right hand side tends to co as i — oo; this is the desired contradiction. O

Proof of Proposition [2.4.1

Yindeed, we have lim w = lim t~%2 = 400, while for a Lipschitz continuous f the ratios t 1 (f(0) —
t—40 t—40

f(t)) should be bounded
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19, We start with proving the above boundedness of f in a neighbourhood of z. This is immediate:
we know that there exists a neighbourhood Ur(z) which is contained in Dom f (since, by assumption,
Z is a relative interior point of Dom f). Now, we can find a small simplex A of the dimension m =
dim Aff(Dom f) with the vertices o, ..., ,, in Uz(Z) in such a way that Z will be a convex combination
of the vectors x; with positive coefficients, even with the coefficients 1/(m + 1):

o 1 o)
x_;m+1x, .

We know that Z is the point from the relative interior of A (Exercise|l.8)); since A spans the same affine
subspace as Dom f, it means that A contains U,.(Z) with certain » > 0. Now, we have

m

A:{Z/\zxz/\z ZO,Z)\,‘Zl}
=0 i

so that in A f is bounded from above by the quantity [Hax f(x;) by Jensen’s inequality:
<i<m

f(z i) < Z)\Zf(mz) < m?xf(:ri).
i=0

=0

Consequently, f is bounded from above, by the same quantity, in U,.(Z).

20, Now let us prove that if f is above bounded, by some C, in U, = U,.(Z), then it in fact is
below bounded in this neighbourhood (and, consequently, is bounded in U,.). Indeed, let « € U, so that
x € Aff(Dom f) and ||z — Z||s < r. Setting 2’ = T — [v — Z] = 2T — x, we get 2’ € Aff(Dom f) and
2" — Z||2 = [|# — Z||2 < 7, so that 2’ € U,. Since Z = [z + z'], we have

2f(z) < f(z) + f(2'),

whence
flx) > 2f(z) - f(2') > 2f(z) - C, z € U.(2),
and f is indeed below bounded in U,..

(i) is proved.

30. (ii) is an immediate consequence of (i) and Lemma Indeed, let us prove that f is Lipschitz
continuous in the neighbourhood U, /5(Z), where r > 0 is such that f is bounded in U,(Z) (we already
know from (i) that the required r does exist). Let [f| < C in U,, and let x,2" € U, 9, © # 2’. Let
us extend the segment [z, '] through the point «’ until it reaches, at certain point z”, the (relative)
boundary of U,.. We have

2 € (x,2"); |2" —zZ|2 =

From ([2.3.2)) we have

The second factor in the right hand side does not exceed the quantity (2C')/(r/2) = 4C/r; indeed, the
numerator is, in absolute value, at most 2C (since |f] is bounded by C' in U, and both x,z” belong to
U,), and the denominator is at least 7/2 (indeed, x is at the distance at most r/2 from Z, and z” is at

2to see that the required A exists, let us act as follows: first, the case of Dom f being a singleton is evident, so

that we can assume that Dom f is a convex set of dimension m > 1. Without loss of generality, we may assume

that & = 0, so that 0 € Dom f and therefore Aff(Dom f) = Lin(Dom f). By Linear Algebra, we can find m
m

vectors Y1, ..., Ym in Dom f which form a basis in Lin(Dom f) = Aff(Dom f). Setting yo = — > y; and taking
i=1
into account that 0 = Z € rint Dom f, we can find € > 0 such that the vectors x; = ey;, i = 0,...,m, belong to

m
U=(Z). By construction, T =0 = mL_H > .
i=0
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the distance exactly r from Z, so that the distance between z and z”, by the triangle inequality, is at
least r/2). Thus, we have

f@') = f(z) < 4C/r)|la" — a2, @,2" € Uppo;

swapping x and z’, we come to

flx) = (@) < (4C/r)|j2" — =2,

whence

[f(x) = f@)| < (4C/r)|x = '|l2, @, 2" € U, o,

as required in (ii). m

2.5 Maxima and minima of convex functions

As it was already mentioned, optimization problems involving convex functions possess nice theoretical
properties. One of the most important of these properties is given by the following

Theorem 2.5.1 [“Unimodality”] Let f be a convex function on a convex set Q@ C R™, and let x* €
QN Dom f be a local minimizer of f on Q:

(Fr>0: [fly)=[f=") e, ly—zf2<r (2.5.1)

Then x* is a global minimizer of f on Q:

fly) = f(@") Vye. (2.5.2)
Moreover, the set Argmin f of all local (= global) minimizers of f on Q is conver.
Q

If f is strictly convex (i.e., the convexity inequality f(Ax 4+ (1 — N)y) < Af(x) + (1 = N)f(y) is strict
whenever x #y and A € (0,1)), then the above set is either empty or is a singleton.

Proof. 1) Let 2* be a local minimizer of f on @ and y € @, y # x*; we should prove that f(y) > f(z*).
There is nothing to prove if f(y) = 400, so that we may assume that y € Dom f. Note that also
z* € Dom f for sure — by definition of a local minimizer.

For all 7 € (0,1) we have, by Lemma

fam+rly—av) - f(e") _ fly) = f(z7)

7lly — z*[|2 =y a2

Since z* is a local minimizer of f, the left hand side in this inequality is nonnegative for all small enough
values of 7 > 0. We conclude that the right hand side is nonnegative, i.e., f(y) > f(z*). O

2) To prove convexity of Argmin f, note that Argmin f is nothing but the level set lev,(f) of f
Q Q
associated with the minimal value ngn f of fon Q; as a level set of a convex function, this set is convex

(Proposition [2.1.4)).

3) To prove that the set Argmin f associated with a strictly convex f is, if nonempty, a singleton,
Q
note that if there were two distinct minimizers 2/, z”, then, from strict convexity, we would have

1 1 1
f(gl’/ + 51‘”) < 5[.}0(95/) + f(a") == Hgn s
which clearly is impossible - the argument in the left hand side is a point from Q! m
Another pleasant fact is that in the case of differentiable convex functions the known from Calculus
necessary optimality condition (the Fermat rule) is sufficient for global optimality:
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Theorem 2.5.2 [Necessary and sufficient optimality condition for a differentiable convex function]
Let f be convex function on convez set @ C R™, and let x* be an interior point of Q. Assume that
f is differentiable at x*. Then x* is a minimizer of f on Q if and only if

V(") =0.

Proof. As a necessary condition for local optimality, the relation Vf(z*) = 0 is known from Calculus;
it has nothing in common with convexity. The essence of the matter is, of course, the sufficiency of the
condition V f(z*) = 0 for global optimality of z* in the case of convex f. This sufficiency is readily given
by the Gradient inequality : by virtue of this inequality and due to V f(z*) = 0,

fy) = @)+ (y —2")V (") = f(z")

forallye Q. m

A natural question is what happens if * in the above statement is not necessarily an interior point
of (). Thus, assume that z* is an arbitrary point of a convex set () and that f is convex on ) and
differentiable at z* (the latter means exactly that Dom f contains a neighbourhood of x* and f possesses
the first order derivative at «*). Under these assumptions, when a* is a minimizer of f on Q7

The answer is as follows: let

To(z*)={heR": 2" +the€ @ V small enough ¢t > 0}

be the radial cone of Q) at x*; geometrically, this is the set of all directions leading from z* inside @, so
that a small enough positive step from x* along the direction keeps the point in ). From the convexity
of @ it immediately follows that the radial cone indeed is a convex cone (not necessary closed). For
example, when z* is an interior point of (), then the radial cone to Q) at z* clearly is the entire R™. A
more interesting example is the radial cone to a polyhedral set

Q={z:alz<b,i=1,..,m}; (2.5.3)
for * € @ the corresponding radial cone clearly is the polyhedral cone
{h:afh <0 Vi:alz*=b;} (2.5.4)

corresponding to the active at z* (i.e., satisfied at the point as equalities rather than as strict inequalities)
constraints al'z < b; from the description of Q.

Now, for the functions in question the necessary and sufficient condition for z* to be a minimizer of
f on Q is as follows:

Proposition 2.5.1 Let Q be a convex set, let * € Q, and let f be a convexr on Q function which is
differentiable at x*. The necessary and sufficient condition for x* to be a minimizer of f on Q is that
the derivative of f taken at x* along every direction from Tg(x*) should be nonnegative:

RV f(2*) >0 Vhe Tgo(z*).

Proof is immediate. The necessity is an evident fact which has nothing in common with convexity:
assuming that z* is a local minimizer of f on @), we note that if there were h € Tg(x*) with TV f(x*) < 0,
then we would have

flx™ +th) < f(z¥)

for all small enough positive t. On the other hand, z* + th € @ for all small enough positive ¢ due to
h € Tg(z*). Combining these observations, we conclude that in every neighbourhood of z* there are
points from @) with strictly better than the one at x* values of f; this contradicts the assumption that
z* is a local minimizer of f on Q.

The sufficiency is given by the Gradient Inequality, exactly as in the case when x* is an interior point
of Q. m
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Proposition [2.5.1] says that whenever f is convex on @) and differentiable at x* € @, the necessary
and sufficient condition for z* to be a minimizer of f on @ is that the linear form given by the gradient
Vf(z*) of f at «* should be nonnegative at all directions from the radial cone Tg(x*). The linear forms
nonnegative at all directions from the radial cone also form a cone; it is called the cone normal to @ at
z* and is denoted Ng(z*). Thus, Proposition says that the necessary and sufficient condition for z* to
minimize f on @ is the inclusion V f(z*) € Ng(z*). What does this condition actually mean, it depends
on what is the normal cone: whenever we have an explicit description of it, we have an explicit form of
the optimality condition.

For example, when T (z*) = R"™ (it is the same as to say that =* is an interior point of @), then the
normal cone is composed of the linear forms nonnegative at the entire space, i.e., it is the trivial cone
{0}; consequently, for the case in question the optimality condition becomes the Fermat rule V f(2*) = 0,
as we already know.

When @ is the polyhedral set , the normal cone is the polyhedral cone ; it is composed
of all directions which have nonpositive inner products with all a; coming from the active, in the afore-
mentioned sense, constraints. The normal cone is composed of all vectors which have nonnegative inner
products with all these directions, i.e., of vectors a such that the inequality h7a > 0 is a consequence
of the inequalities h'a; < 0, i € I(x*) = {i : al2* = b;}. From the Homogeneous Farkas Lemma we
conclude that the normal cone is simply the conic hull of the vectors —a;, ¢ € I(x*). Thus, in the case in
question (*) reads:

x* € @) is a minimizer of f on @) if and only if there exist nonnegative reals A} associated with “active”
(those from I(x*)) values of i such that

Vi@ )+ > Aai=0.

i€l (x*)

These are the famous Karush-Kuhn-Tucker optimality conditions; these conditions are necessary for
optimality in an essentially wider situation.

The indicated results demonstrate that the fact that a point 2* € Dom f is a global minimizer of a
convex function f depends only on the local behaviour of f at z*. This is not the case with maximizers
of a convex function. First of all, such a maximizer, if exists, in all nontrivial cases should belong to the
boundary of the domain of the function:

Theorem 2.5.3 Let f be convex, and let Q) be the domain of f. Assume that f attains its mazimum on
Q at a point x* from the relative interior of Q. Then f is constant on Q).

Proof. Let y € Q; we should prove that f(y) = f(z*). There is nothing to prove if y = z*, so that we
may assume that y # a*. Since, by assumption, z* € rint ), we can extend the segment [z*,y] through
the endpoint z*, keeping the left endpoint of the segment in @Q; in other words, there exists a point 3’ € Q
such that * is an interior point of the segment [y, y]:

z" =Xy + (1= Ay
for certain A € (0,1). From the definition of convexity
F@) < M)+ (1= N f()-

Since both f(y’) and f(y) do not exceed f(x*) (2* is a maximizer of f on @!) and both the weights A
and 1 — \ are strictly positive, the indicated inequality can be valid only if f(y') = f(y) = f(z*). m
The next theorem gives further information on maxima of convex functions:

Theorem 2.5.4 Let [ be a convex function on R™ and E be a subset of R™. Then

sup f =supf. (2.5.5)
Conv E E
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In particular, if S C R™ is convex and compact set, then the supremum of f on S is equal to the supremum
of f on the set of extreme points of S:

sup f = sup f (2.5.6)
S Ext(S)

Proof. To prove (2.5.5), let « € Conv E, so that z is a convex combination of points from F (Theorem
on the structure of convex hull):

CU:Z)\imi [l’iEE, )‘i207z)‘i:1]'

Applying Jensen’s inequality (Proposition [2.1.3)), we get

flz) < Zwm) < Z Aisup f = sup f,

so that the left hand side in (2.5.5)) is < the right hand one; the inverse inequality is evident, since
Conv E D E. O

To derive (2.5.6) from (2.5.5)), it suffices to note that from the Krein-Milman Theorem (Theorem
1.2.10) for a convex compact set S one has S = Conv Ext(S). m

The last theorem on maxima of convex functions is as follows:

Theorem 2.5.5 * Let f be a convex function such that the domain Q of f is closed and
does not contain lines. Then
(i) If the set

ArgcrgnaXf ={zecQ:f(z)= fly)Vy € Q}

of global mazximizers of f is nonempty, then it intersects the set Ext(Q) of the extreme points
of Q, so that at least one of the mazimizers of f is an extreme point of Q;

(i) If the set @Q is polyhedral and f is above bounded on @, then the maximum of f on Q is
achieved: Argmax f # ().
Q

Proof. Let us start with (i). We shall prove this statement by induction on the dimension
of @. The base dim @ = 0, i.e., the case of a singleton @), is trivial, since here @@ = ExtQ =
Argmax f. Now assume that the statement is valid for the case of dim @ < p, and let us

prove that it is valid also for the case of dim @ = p + 1. Let us first verify that the set
Argmax [ intersects with the (relative) boundary of Q. Indeed, let x € Argmax f. There
Q Q

is nothing to prove if x itself is a relative boundary point of @); and if x is not a boundary
point, then, by Theorem [2.5.3] f is constant on @, so that Argmax f = @; and since @ is
Q

closed, every relative boundary point of () (such a point does exist, since () does not contain
lines and is of positive dimension) is a maximizer of f on @, so that here again Argmax f
Q

intersects 0y Q.

Thus, among the maximizers of f there exists at least one, let it be x, which belongs to the
relative boundary of Q). Let H be the hyperplane which supports @ at x (see Section [1.2.6]),
and let Q' = Q N H. The set Q' is closed and convex (since @ and H are), nonempty (it
contains x) and does not contain lines (since @) does not). We have manf = f(z) = I%@xf

(note that Q" C @), whence

() # Argmax f C Argmax f.
Q’ Q
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Same as in the proof of the Krein-Milman Theorem (Theorem [1.2.10)), we have dim Q' <
dim Q. In view of this inequality we can apply to f and @’ our inductive hypothesis to get

Ext(Q') N Argmax f # ().
Q/

Since Ext(Q’) C Ext(Q) by Lemma [1.2.4] and, as we just have seen, Argmax f C Argmax f,
Q’ Q
we conclude that the set Ext(Q) N Argmax f is not smaller than Ext(Q’) N Argmax f and is
Q Q’

therefore nonempty, as required. O

To prove (ii), let us use the known to us from Lectureresults on the structure of a polyhedral
convex set:

Q@ = Conv(V) + Cone (R),

where V' and R are finite sets. We are about to prove that the upper bound of f on @ is
exactly the maximum of f on the finite set V:

VeeQ: f(z)<maxf(v). (2.5.7)

veV

This will mean, in particular, that f attains its maximum on ) — e.g., at the point of V'
where f attains its maximum on V.

To prove the announced statement, I first claim that if f is above bounded on @, then every
direction r € Cone (R) is descent for f, i.e., is such that every step in this direction taken
from every point = € @) decreases f:

flx+tr) < f(z) VYzeQVt>D0. (2.5.8)

Indeed, if, on contrary, there were z € @, r € R and t > 0 such that f(x + tr) > f(x), we
would have t > 0 and, by Lemma [2.3.1}

[+ sr) 2 f@)+ S (flattr) = f(a), s 2 t.

Since z € @ and r € Cone (R), =+ sr € @ for all s > 0, and since f is above bounded on @,
the left hand side in the latter inequality is above bounded, while the right hand one, due to
flz+tr) > f(x), goes to +00 as s — oo, which is the desired contradiction.

Now we are done: to prove (2.5.7), note that a generic point x € ) can be represented as

r = Z)\Uv+r [re Cone(R);Z/\,U =1,A, > 0],

vev
and we have
flz) = f(vg AoV + )
= f(vg/ Avv) by @5-9)]
< 2 Af(v) [Jensen’s Inequality]
< max f(v) .

veV

75
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2.6 Subgradients and Legendre transformation

2.6.1 Proper functions and their representation

According to one of two equivalent definitions, a convex function f on R" is a function taking
values in R U {+oc0} such that the epigraph

Epi(f) ={(t,2) e R"*" .t > f(x)}

is a nonempty convex set. Thus, there is no essential difference between convex functions
and convex sets: convex function generates a convex set — its epigraph — which of course
remembers everything about the function. And the only specific property of the epigraph as
a convex set is that it has a recessive direction — namely, e = (1,0) — such that the intersection
of the epigraph with every line directed by h is either empty, or is a closed ray. Whenever a
nonempty convex set possesses such a property with respect to certain direction, it can be
represented, in properly chosen coordinates, as the epigraph of some convex function. Thus,
a convex function is, basically, nothing but a way to look, in the literal meaning of the latter
verb, at a convex set.

Now, we know that “actually good” convex sets are closed ones: they possess a lot of
important properties (e.g., admit a good outer description) which are not shared by arbitrary
convex sets. It means that among convex functions there also are “actually good” ones —
those with closed epigraphs. Closedness of the epigraph can be “translated” to the functional
language and there becomes a special kind of continuity — lower semicontinuity:

Definition 2.6.1 [Lower semicontinuity] Let f be a function (not necessarily conver) defined
on R™ and taking values in R U {4+o00}. We say that f is lower semicontinuous at a point
T, if for every sequence of points {x;} converging to T one has

f(@) <lim _Lnf f(z)

(here, of course, liminf of a sequence with all terms equal to +00 is +00).

f s called lower semicontinuous, if it is lower semicontinuous at every point.

A trivial example of a lower semicontinuous function is a continuous one. Note, however,
that a semicontinuous function is not obliged to be continuous; what it is obliged, is to make
only “jumps down”. For example, the function

r@= {0 17

a, =0
is lower semicontinuous if a < 0 ("jump down at z = 0 or no jump at all”), and is not lower
semicontinuous if a > 0 (”jump up”).
The following statement links lower semicontinuity with the geometry of the epigraph:

Proposition 2.6.1 A function f defined on R"™ and taking values from RU{+oo} is lower
semicontinuous if and only if its epigraph is closed (e.g., due to its emptiness).

We shall not prove this statement, same as most of other statements in this Section; the
reader definitely is able to restore (very simple) proofs we are skipping.

An immediate consequence of the latter proposition is as follows:
Corollary 2.6.1 The upper bound
f(z) = sup fa(z)

acA
of arbitrary family of lower semicontinuous functions is lower semicontinuous.
[from now till the end of the Section, if the opposite is not explicitly stated, “a function”
means “a function defined on the entire R™ and taking values in R U {+00}”]
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Indeed, the epigraph of the upper bound is the intersection of the epigraphs of the functions
forming the bound, and the intersection of closed sets always is closed.

Now let us look at convex lower semicontinuous functions; according to our general conven-
tion, “convex” means “satisfying the convexity inequality and finite at least at one point”,
or, which is the same, “with convex nonempty epigraph”; and as we just have seen, “lower
semicontinuous” means “with closed epigraph”. Thus, we are interested in functions with
closed convex nonempty epigraphs; to save words, let us call these functions proper.

What we are about to do is to translate to the functional language several constructions and
results related to convex sets. In the usual life, a translation (e.g. of poetry) typically results
in something less rich than the original; in contrast to this, in mathematics this is a powerful
source of new ideas and constructions.

“Outer description” of a proper function. We know that a closed convex set is
intersection of closed half-spaces. What does this fact imply when the set is the epigraph
of a proper function f7 First of all, note that the epigraph is not a completely arbitrary
convex set: it has a recessive direction e = (1,0) — the basic orth of the ¢-axis in the space
of variables t € R,x € R"™ where the epigraph lives. This direction, of course, should be
recessive for every closed half-space

(x) O={(t,x):at>d"z—a} [lal+]|d >0

containing Epi(f) (note that what is written in the right hand side of the latter relation,
is one of many universal forms of writing down a general nonstrict linear inequality in the
space where the epigraph lives; this is the form the most convenient for us now). Thus, e
should be a recessive direction of IT D Epi(f); as it is immediately seen, recessivity of e for
IT means exactly that o > 0. Thus, speaking about closed half-spaces containing Epi(f), we
in fact are considering some of the half-spaces (*) with a > 0.

Now, there are two essentially different possibilities for « to be nonnegative — (A) to be
positive, and (B) to be zero. In the case of (B) the boundary hyperplane of II is “vertical”
— it is parallel to e, and in fact it “bounds” only = — II is composed of all pairs (¢,z) with z
belonging to certain half-space in the z-subspace and ¢ being arbitrary real. These “vertical”
subspaces will be of no interest for us.

The half-spaces which indeed are of interest for us are the “nonvertical” ones: those given
by the case (A), i.e., with a > 0. For a non-vertical half-space II, we always can divide the
inequality defining II by « and to make o = 1. Thus, a “nonvertical” candidate to the role
of a closed half-space containing Epi(f) always can be written down as

(k) T ={(t,z):t>d z —a},

i.e., can be represented as the epigraph of an affine function of x.

Now, when such a candidate indeed is a half-space containing Epi(f)? The answer is clear:
it is the case if and only if the affine function d'x — a everywhere in R"™ is < f(-) — as
we shall say, “is an affine minorant of f”; indeed, the smaller is the epigraph, the larger
is the function. If we knew that Epi(f) — which definitely is the intersection of all closed
half-spaces containing Epi(f) — is in fact the intersection of already nonvertical closed half-
spaces containing Epi(f), or, which is the same, the intersection of the epigraphs of all affine
minorants of f, we would be able to get a nice and nontrivial result:

() a proper convex function is the upper bound of affine functions — all its affine
minorants.

(indeed, we already know that it is the same — to say that a function is an upper bound of
certain family of functions, and to say that the epigraph of the function is the intersection
of the epigraphs of the functions of the family).

(1) indeed is true:

77



78

LECTURE 2. CONVEX FUNCTIONS

Proposition 2.6.2 A proper convex function f is the upper bound of all its affine minorants.
Moreover, at every point T € rint Dom f from the relative interior of the domain f f is even
not the upper bound, but simply the maximum of its minorants: there exists an affine function
fz(z) which is < f(x) everywhere in R™ and is equal to f at x = Z.

Proof. 1. We start with the “Moreover” part of the statement; this is the key to the entire
statement. Thus, we are about to prove that if £ € rint Dom f, then there exists an affine
function fz(z) which is everywhere < f(z), and at z = z the inequality becomes an equality.

1.1° First of all, we easily can reduce the situation to the one when Dom f is full-dimensional.
Indeed, by shifting f we may make the affine span Aff(Dom f) of the domain of f to be a
linear subspace L in R™; restricting f onto this linear subspace, we clearly get a proper
function on L. If we believe that our statement is true for the case when the domain of f is
full-dimensional, we can conclude that there exists an affine function

A’z —a [z €]
on L (d € L) such that
flx)>d"r—a VYeeL;f(z)=d"z—a.

The affine function we get clearly can be extended, by the same formula, from L on the
entire R™ and is a minorant of f on the entire R"™ — outside of L D Dom f f simply is +o00!
This minorant on R" is exactly what we need.

1.2°. Now let us prove that our statement is valid when Dom f is full-dimensional, so that
Z is an interior point of the domain of f. Let us look at the point y = (f(Z),Z). This is a
point from the epigraph of f, and we claim that it is a point from the relative boundary of
the epigraph. Indeed, if y were a relative interior point of Epi(f), then, taking y' = y + e,
we would get a segment [y, y] contained in Epi(f); since the endpoint y of the segment is
assumed to be relative interior for Epi(f), we could extend this segment a little through this
endpoint, not leaving Epi(f); but this clearly is impossible, since the ¢-coordinate of the new
endpoint would be < f(Z), and the x-component of it still would be Z.

Thus, y is a point from the relative boundary of Epi(f). Now w claim that 3’ is an interior
point of Epi(f). This is immediate: we know from Theorem that f is continuous at z,
so that there exists a neighbourhood U of Z in Aff(Dom f) = R" such that f(z) < f(z+0.5)
whenever x € U, or, in other words, the set

V={(t,2):x€Ut> f(z)+0.5}

is contained in Epi(f); but this set clearly contains a neighbourhood of 3’ in R™*1.

Now let us look at the supporting linear form to Epi(f) at the point y of the relative boundary
of Epi(f). This form gives us a linear inequality on R"*! which is satisfied everywhere on
Epi(f) and becomes equality at y; besides this, the inequality is not equality identically on
Epi(f), it is strict somewhere on Epi(f). Without loss of generality we may assume that the
inequality is of the form

(+) at>d'z—a.

Now, since our inequality is satisfied at 4’ = y + e and becomes equality at (¢,2) = y, «
should be > 0; it cannot be 0, since in the latter case the inequality in question would be
equality also at ¢’ € int Epi(f). But a linear inequality which is satisfied at a convex set and
is equality at an interior point of the set is trivial — coming from the zero linear form (this
is exactly the statement that a linear form attaining its minimum on a convex set at a point
from the relative interior of the set is constant on the set and on its affine hull).

Thus, inequality (+) which is satisfied on Epi(f) and becomes equality at y is an inequality
with @ > 0. Let us divide both sides of the inequality by «; we get a new inequality of the
form

(&) t>d"z—a
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(We keep the same notation for the right hand side coefficients — we never will come back to
the old coefficients); this inequality is valid on Epi(f) and is equality at y = (f(Z),Z). Since
the inequality is valid on Epi(f), it is valid at every pair (¢, ) with z € Dom f and t = f(x):

(#) f(x)>d"z—a VzcDom f;

so that the right hand side is an affine minorant of f on Dom f and therefore — on R"
(f = +oo outside Dom f!). It remains to note that (#) is equality at Z, since (&) is equality
at y. O

IT. We have proved that if F if the set of all affine functions which are minorants of f, then
the function

f(z) = sup ¢(z)
peF
is equal to f on rint Dom f (and at x from the latter set in fact sup in the right hand side
can be replaced with max); to complete the proof of the Proposition, we should prove that

f is equal to f also outside rint Dom f.

I1.1°. Let us first prove that f is equal to f outside clDom f, or. which is the same, prove
that f(z) = +oo outside clDom f. This is easy: is Z is a point outside clDom f, it can be
strongly separated from Dom f, see Separation Theorem (ii) (Theorem . Thus, there
exists z € R" such that

d2r>2Te+¢ VYreDomf [¢>0] (2.6.1)

Besides this, we already know that there exists at least one affine minorant of f, or, which
is the same, there exist a and d such that

f(z)>d"z —a Vx € Dom f. (2.6.2)

Let us add to (2.6.2)) inequality (2.6.1]) multiplied by positive weight A; we get
f(x) > oa(x) = (d+22)T2+ [\ —a—\2TZ] Va € Dom f.

This inequality clearly says that ¢y(-) is an affine minorant of f on R™ for every A > 0.
The value of this minorant at @ = Z is equal to d”Z — a + A and therefore it goes to +oo
as A = +o0o. We see that the upper bound of affine minorants of f at T indeed is +oo, as
claimed.

I1.2°. Thus, we know that the upper bound f of all affine minorants of f is equal to f
everywhere on the relative interior of Dom f and everywhere outside the closure of Dom f;
all we should prove that this equality is also valid at the points of the relative boundary of
Dom f. Let Z be such a point. There is nothing to prove if f(Z) = +o0, since by construction
f is everywhere < f. Thus, we should prove that if f(Z) = ¢ < oo, then f(Z) = c. Since
f < f everywhere, to prove that f(Z) = c is the same as to prove that f(Z) < c. This
is immediately given by lower semicontinuity of f: let us choose 2’ € rint Dom f and look
what happens along a sequence of points x; € [¢/,Z) converging to Z. All the points of this
sequence are relative interior points of Dom f (Lemma [L.1.1)), and consequently

fxi) = f(z:).

Now, z; = (1 — \)Z + Az’ with \; — +0 as i — oo; since f clearly is convex (as the upper
bound of a family of affine and therefore convex functions), we have

fli) < (1= X)f (@) + X f(2").
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Putting things together, we get
flai) < (1= X)f(@) + Xif(2);

as i — 0o, x; — &, and the right hand side in our inequality converges to f(Z) = ¢; since f
is lower semicontinuous, we get f(Z) <c. m

We see why “translation of mathematical facts from one mathematical language to another”
— in our case, from the language of convex sets to the language of convex functions — may
be fruitful: because we invest a lot into the process rather than run it mechanically.

Closure of a convex function. We got a nice result on the “outer description” of a
proper convex function: it is the upper bound of a family of affine functions. Note that,
vice versa, the upper bound of every family of affine functions is a proper function, provided
that this upper bound is finite at least at one point (indeed, as we know from Section
upper bound of every family of convex functions is convex, provided that it is finite at least
at one point; and Corollary says that upper bound of lower semicontinuous functions
(e.g., affine ones — they are even continuous) is lower semicontinuous).

Now, what to do with a convex function which is not lower semicontinuous? The similar
question about convex sets — what to do with a convex set which is not closed — can be
resolved very simply: we can pass from the set to its closure and thus get a “normal” object
which is very “close” to the original one: the “main part” of the original set — its relative
interior — remains unchanged, and the “correction” adds to the set something relatively small
— the relative boundary. The same approach works for convex functions: if a convex function
f is not proper (i.e., its epigraph, being convex and nonempty, is not closed), we can “correct”
the function — replace it with a new function with the epigraph being the closure of Epi(f).
To justify this approach, we, of course, should be sure that the closure of the epigraph of
a convex function is also an epigraph of such a function. This indeed is the case, and to
see it, it suffices to note that a set G in R™*! is the epigraph of a function taking values in
R U {+oo} if and only if the intersection of G with every vertical line {z = const,t € R} is
either empty, or is a closed ray of the form {z = const,t > ¢ > —co}. Now, it is absolutely
evident that if G is the closure of the epigraph of a function f, that its intersection with a
vertical line is either empty, or is a closed ray, or is the entire line (the last case indeed can
take place — look at the closure of the epigraph of the function equal to —% for z > 0 and
+oo for < 0). We see that in order to justify our idea of “proper correction” of a convex
function we should prove that if f is convex, then the last of the indicated three cases —
the intersection of cl Epi(f) with a vertical line is the entire line — never occurs. This fact
evidently is a corollary of the following simple

Proposition 2.6.3 A convex function is below bounded on every bounded subset of R™.

Proof. Without loss of generality we may assume that the domain of the function f is
full-dimensional and that 0 is the interior point of the domain. According to Theorem [2.4.1]
there exists a neighbourhood U of the origin — which can be thought of to be a centered at
the origin ball of some radius » > 0 — where f is bounded from above by some C. Now, if
R > 0 is arbitrary and x is an arbitrary point with |z| < R, then the point

r
Yy=——=
7R
belongs to U, and we have
,
0= iR
T+ R" N r+ RY
since f is convex, we conclude that
r R T R
0) < (: —f(y) < x s
JO0) S I @)+ f ) € @)+ e
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and we get the lower bound
r—+ T

f(z) > . f(o)—EC

for the values of f in the centered at 0 ball of radius R. m

Thus, we conclude that the closure of the epigraph of a convex function f is the epigraph of
certain function, let it be called the closure cl f of f. Of course, this latter function is convex
(its epigraph is convex — it is the closure of a convex set), and since its epigraph is closed,
cl f is proper. The following statement gives direct description of cl f in terms of f:

Proposition 2.6.4 Let f be a convex function and cl f be its closure. Then

(i) For every x one has
cl f(z) = lim inf f(ah).

r—=+0 g/ |2/ —x |2 <r
In particular,

f(z) = cl f(x)
for all x, and

f(z) = clf(x)
whenever x € rint Dom f, same as whenever x ¢ clDom f.

Thus, the “correction” f — cl f may vary f only at the points from the relative boundary of
Dom f,
Dom f C Domecl f C clDom f,

whence also
rint Dom f = rint Dom cl f.

(ii) The family of affine minorants of cl f is exactly the family of affine minorants of f, so
that

cl f(z) = sup{d(x) : ¢ is an affine minorant of f},
and the sup in the right hand side can be replaced with max whenever x € rint Domcl f =
rint Dom f.

[“so that” comes from the fact that cl f is proper and is therefore the upper bound of its
affine minorants]

2.6.2 Subgradients

Let f be a convex function, and let x € Dom f. It may happen that there exists an affine
minorant d”x — a of f which coincides with f at x:

fy)>d'y—a Yy, f(z)=d"z—a.

From the equality in the latter relation we get a = d'x — f(x), and substituting this repre-
sentation of a into the first inequality, we get

fly) = fl@)+d"(y—z) Wy (2.6.3)

Thus, if f admits an affine minorant which is exact at =, then there exists d which gives rise
to inequality (2.6.3). Vice versa, if d is such that (2.6.3]) takes place, then the right hand
side of (2.6.3)), regarded as a function of y, is an affine minorant of f which is exact at x.
Now note that (2.6.3) expresses certain property of a vector d. A vector satisfying, for a
given z, this property — i.e., the slope of an exact at x affine minorant of f — is called a
subgradient of f at x, and the set of all subgradients of f at x is denoted 9f(x).
Subgradients of convex functions play important role in the theory and numerical methods
of Convex Programming — they are quite reasonable surrogates of gradients. The most
elementary properties of the subgradients are summarized in the following statement:
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Proposition 2.6.5 Let f be a convex function and x be a point from Dom f. Then
(i) Of (x) is a closed convex set which for sure is nonempty when x € rint Dom f

(ii) If z € int Dom f and f is differentiable at x, then Of(x) is the singleton composed of the
usual gradient of f at x.

Proof. (i): Closedness and convexity of df(x) are evident — is an infinite system
of nonstrict linear inequalities with respect to d, the inequalities being indexed by y € R".
Nonemptiness of df(z) for the case when x € rint Dom f — this is the most important fact
about the subgradients — is readily given by our preceding results. Indeed, we should prove
that if € rint Dom f, then there exists an affine minorant of f which is exact at . But
this is an immediate consequence of Proposition m part (i) of the proposition says that
there exists an affine minorant of f which is equal to cl f(x) at the point x, and part (i) says
that f(z) = cl f(x).

(ii): If 2 € int Dom f and f is differentiable at x, then Vf(x) € df(z) by the Gradient
Inequality. To prove that in the case in question V f(z) is the only subgradient of f at z,
note that if d € df(z), then, by definition,

fy) = f(x) >d (y—=2) Vy

Substituting y —x = th, h being a fixed direction and ¢ being > 0, dividing both sides of the
resulting inequality by ¢ and passing to limit as ¢t — 40, we get

RV f(z) > K d.

This inequality should be valid for all h, which is possible if and only if d = V f(z). m

Proposition [2.6.5] explains why subgradients are good surrogates of gradients: at a point
where gradient exists, it is the only subgradient, but, in contrast to the gradient, a sub-
gradient exists basically everywhere (for sure in the relative interior of the domain of the
function). For example, let us look at the simple function

f(z) = |z

on the axis. It is, of course, convex (as maximum of two linear forms z and —x). Whenever
x # 0, f is differentiable at « with the derivative +1 for z > 0 and —1 for z < 0. At the point
x = 0 f is not differentiable; nevertheless, it must have subgradients at this point (since 0
is an interior point of the domain of the function). And indeed, it is immediately seen that
the subgradients of |z| at x = 0 are exactly the reals from the segment [—1,1]. Thus,

{-1}, =x<0
dlz| =4 [-1,1], 2=0.
{+1}, z>0

Note also that if x is a relative boundary point of the domain of a convex function, even
a “good” one, the set of subgradients of f at x may be empty, as it is the case with the

function
f(y)_{—i—oq y<0’

it is clear that there is no non-vertical supporting line to the epigraph of the function at the
point (0, £(0)), and, consequently, there is no affine minorant of the function which is exact
at x =0.

A significant — and important — part of Convex Analysis deals with subgradient calculus —
with the rules for computing subgradients of “composite” functions, like sums, superposi-
tions, maxima, etc., given subgradients of the operands. These rules extend onto nonsmooth
convex case the standard Calculus rules and are very nice and instructive; the related con-
siderations, however, are beyond our scope.
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2.6.3 Legendre transformation

Let f be a convex function. We know that f “basically” is the upper bound of all its affine
minorants; this is exactly the case when f is proper, otherwise the corresponding equality
takes place everywhere except, perhaps, some points from the relative boundary of Dom f.
Now, when an affine function d” z — a is an affine minorant of f? It is the case if and only if

flx)>d"z—a
for all x or, which is the same, if and only if
a>d"z— f(x)

for all 2. We see that if the slope d of an affine function d”x — a is fixed, then in order for
the function to be a minorant of f we should have

a> sup [dTz — f(z)].
TeR™

The supremum in the right hand side of the latter relation is certain function of d; this
function is called the Legendre transformation of f and is denoted f*:

£(d) = sup [d"z — f(a)]

Geometrically, the Legendre transformation answers the following question: given a slope d
of an affine function, i.e., given the hyperplane t = d” = in R»*!, what is the minimal “shift
down” of the hyperplane which places it below the graph of f7

From the definition of the Legendre transformation it follows that this is a proper function.
Indeed, we loose nothing when replacing sup [dXz — f(x)] by sup [d¥x — f(z)], so that
zeR” z€Dom f

om
the Legendre transformation is the upper bound of a family of affine functions. Since this

bound is finite at least at one point (namely, at every d coming form affine minorant of f; we
know that such a minorant exists), it is a convex lower semicontinuous function, as claimed.

The most elementary (and the most fundamental) fact about the Legendre transformation
is its symmetry:

Proposition 2.6.6 Let f be a convex function. Then twice taken Legendre transformation
of [ is the closure cl f of f:
(ff)r =clf.

In particular, if f is proper, then it is the Legendre transformation of its Legendre transfor-
mation (which also is proper).

Proof is immediate. The Legendre transformation of f* at the point x is, by definition,

sup [z7d — f*(d)] = sup [d"x — a);
deR™ deR™,a>f*(d)

the second sup here is exactly the supremum of all affine minorants of f (this is the origin of
the Legendre transformation: a > f*(d) if and only if the affine form d”'x — a is a minorant
of f). And we already know that the upper bound of all affine minorants of f is the closure
of f. m

The Legendre transformation is a very powerful tool — this is a “global” transformation, so

that local properties of f* correspond to global properties of f. For example,

e d = 0 belongs to the domain of f* if and only if f is below bounded, and if it is the
case, then f*(0) = —inf f;
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e if f is proper, then the subgradients of f* at d = 0 are exactly the minimizers of f on
Rn.

e Dom f* is the entire R™ if and only if f(x) grows, as ||z|l2 — oo, faster than ||x]|2:
there exists a function r(t) — oo, as t — oo such that

f(@) = r(lll2) Ve,

etc. Thus, whenever we can compute explicitly the Legendre transformation of f, we get
a lot of “global” information on f. Unfortunately, the more detailed investigation of the
properties of Legendre transformation is beyond our scope; I simply list several simple facts
and examples:

e From the definition of Legendre transformation,
f@)+ f*(d) >aTd Va,d.

Specifying here f and f*, we get certain inequality, e.g., the following one:
[Young’s Inequality] if p and q are positive reals such that ]lg + % =1, then
|

|[P
L% > 2d Vo, deR
p q

(indeed, as it is immediately seen, the Legendre transformation of the function |z|P/p
is [d|?/q)

Consequences. Very simple-looking Young’s inequality gives rise to a very nice
and useful Hélder inequality:

Letlgpgooandletqbesuch%—i—%:l(p:1:>q:oo,p:oo:>q:1). For
every two vectors x,y € R™ one has

n

> Lzl < lelpllyllg (2.6.4)

i=1
Indeed, there is nothing to prove if p or ¢ is co — if it is the case, the inequality becomes
the evident relation

3l < mase i )Yl
(2 1

Now let 1 < p < oo, so that also 1 < ¢ < co. In this case we should prove that

> el < (3 Ja )7 (3 il ).

There is nothing to prove if one of the factors in the right hand side vanishes; thus, we
can assume that z # 0 and y # 0. Now, both sides of the inequality are of homogeneity
degree 1 with respect to x (when we multiply = by ¢, both sides are multiplied by
|t]), and similarly with respect to y. Multiplying « and y by appropriate reals, we can
make both factors in the right hand side equal to 1: ||z]|, = |y, = 1. Now we should
prove that under this normalization the left hand side in the inequality is < 1, which
is immediately given by the Young inequality:

D lwiysl < il /p+ lyil*/a) = 1/p+1/g = 1.

Note that the Holder inequality says that

2Tyl < ll2llpllyle; (2.6.5)
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when p = ¢ = 2, we get the Cauchy inequality. Now, inequality (2.6.5)) is precise in the
sense that for every x there exists y with ||y||, = 1 such that

Ty =llzlly [= lzlpllyll;
it suffices to take
yi = ||l Pl P~ sign ()

(here & # 0; the case of x = 0 is trivial — here y can be an arbitrary vector with

19llg = 1)-

Combining our observations, we come to an extremely important, although simple,
fact:

11
], = max{y"z : yll, <1} L+ =1 (2.6.6)

It follows, in particular, that ||z||, is convex (as an upper bound of a family of linear
forms), whence

1,1
12" + 2"l = 2ll52" + 52" llp < 2(12"15/2 + 2" 15/2) = [|2"llp + 12" |13

this is nothing but the triangle inequality. Thus, ||z||, satisfies the triangle inequality;
it clearly possesses two other characteristic properties of a norm — positivity and ho-
mogeneity. Consequently, | - ||, is a norm — the fact that we announced twice and have
finally proven now.

The Legendre transformation of the function

f(z)=—-a

is the function which is equal to a at the origin and is +occ outside the origin; similarly,
the Legendre transformation of an affine function d"z —a is equal to a at d = d and is
400 when d # d;

The Legendre transformation of the strictly convex quadratic form

fl@) = %xTA:c

(A is positive definite symmetric matrix) is the quadratic form
* 1 T A,—1
A (d) = id A™d
The Legendre transformation of the Euclidean norm

f(@) = ||zl

is the function which is equal to 0 in the closed unit ball centered at the origin and is
400 outside the ball.

The latter example is a particular case of the following statement:

Let ||z|| be a norm on R™, and let

ld||s = sup{dTz : ||z| <1}

be the conjugate to || - || norm.
Exercise 2.1 Prove that || - ||« is a norm, and that the norm conjugate to
I ||« is the original norm || - ||.
Hint: Observe that the unit ball of || - ||« is exactly the polar of the unit ball

of |- .
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The Legendre transformation of ||z|| is the characteristic function of the unit ball of
the conjugate norm, i.e., is the function of d equal to 0 when ||d||. < 1 and is +00
otherwise.

For example, (2.6.6) says that the norm conjugate to || - ||, 1 < p < o0, is || - |l4,
1/p+1/q = 1; consequently, the Legendre transformation of p-norm is the characteristic

function of the unit || - ||,-ball.



Lecture 3

Convex Programming, Lagrange
Duality, Saddle Points

3.1 Mathematical Programming Program
A (constrained) Mathematical Programming program is a problem as follows:
(P) min{f(z):z€X, gx) = (gi(x),...9m(x)) <0, h(z) = (hi(x),..., hx(x)) = 0}. (3.1.1)
The standard terminology related to is:
e [domain] X is called the domain of the problem
e [objective] f is called the objective

o [constraints] g;, i = 1,...,m, are called the (functional) inequality constraints; h;, j = 1,...,k, are
called the equality constraint

In the sequel, if the opposite is not explicitly stated, it always is assumed that the objective and the
constraints are well-defined on X.

o [feasible solution] a point x € R™ is called a feasible solution to (3.1.1), if z € X, g;(z) < 0,
i=1,...,m,and hj(z) =0, j =1,....k, ie., if x satisfies all restrictions imposed by the formulation
of the problem

— [feasible set] the set of all feasible solutions is called the feasible set of the problem

— [feasible problem] a problem with a nonempty feasible set (i.e., the one which admits feasible
solutions) is called feasible (or consistent)

— [active constraints] an inequality constraint g;(-) < 0 is called active at a given feasible solution
x, if this constraint is satisfied at the point as an equality rather than strict inequality, i.e., if

gi(x) =0.

A equality constraint h;(z) = 0 by definition is active at every feasible solution z.

Drigorously speaking, the constraints are not the functions g;, h;, but the relations g;(z) < 0, hj(xz) = 0; in
fact the word “constraints” is used in both these senses, and it is always clear what is meant. For example, saying
that = satisfies the constraints, we mean the relations, and saying that the constraints are differentiable, we mean
the functions
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e [optimal value] the quantity

f ol i)réfo - f(x), the problem is feasible
= reX:g(x)<0,h(z)=
~+00, the problem is infeasible

is called the optimal value of the problem

— [below boundedness] the problem is called below bounded, if its optimal value is > —oo, i.e.,
if the objective is below bounded on the feasible set

e [optimal solution] a point z € R™ is called an optimal solution to (3.1.1)), if = is feasible and
f(z) < f(2') for any other feasible solution, i.e., if

x € Argmin f(a))
z'€X:g(x’)<0,h(z')=0

— [solvable problem] a problem is called solvable, if it admits optimal solutions
— [optimal set] the set of all optimal solutions to a problem is called its optimal set

To solve the problem exactly means to find its optimal solution or to detect that no optimal solution
exists.

3.2 Convex Programming program and Lagrange Duality The-
orem

A Mathematical Programming program (P) is called convex (or Convex Programming program), if
e X is a convex subset of R

e f gi1,...,gm are real-valued convex functions on X,

and
e there are no equality constraints at all.

Note that instead of saying that there are no equality constraints, we could say that there are constraints
of this type, but only linear ones; this latter case can be immediately reduced to the one without equality
constraints by replacing R™ with the affine subspace given by the (linear) equality constraints.

3.2.1 Convex Theorem on Alternative

The simplest case of a convex program is, of course, a Linear Programming program — the one where
X = R" and the objective and all the constraints are linear. We already know what are optimality
conditions for this particular case — they are given by the Linear Programming Duality Theorem. How
did we get these conditions?

We started with the observation that the fact that a point #* is an optimal solution can be expressed
in terms of solvability /unsolvability of certain systems of inequalities: in our now terms, these systems
are

z€Gq, fx)<c gi(x)<0,j=1,...m (3.2.1)

and
e, fx) <e gj(x) <0,j=1,...,m; (3.2.2)

here c is a parameter. Optimality of =* for the problem means exactly that for appropriately chosen ¢
(this choice, of course, is ¢ = f(z*)) the first of these systems is solvable and z* is its solution, while the
second system is unsolvable. Given this trivial observation, we converted the “negative” part of it — the
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claim that is unsolvable — into a positive statement, using the General Theorem on Alternative,
and this gave us the LP Duality Theorem.

Now we are going to use the same approach. What we need is a “convex analogy” to the Theorem
on Alternative — something like the latter statement, but for the case when the inequalities in question
are given by convex functions rather than the linear ones (and, besides it, we have a “convex inclusion”
z e X).

It is easy to guess the result we need. How did we come to the formulation of the Theorem on
Alternative? The question we were interested in was, basically, how to express in an affirmative manner
the fact that a system of linear inequalities has no solutions; to this end we observed that if we can
combine, in a linear fashion, the inequalities of the system and get an obviously false inequality like
0 < —1, then the system is unsolvable; this condition is certain affirmative statement with respect to the
weights with which we are combining the original inequalities.

Now, the scheme of the above reasoning has nothing in common with linearity (and even convexity)
of the inequalities in question. Indeed, consider an arbitrary inequality system of the type (3.2.2):

(D :

flz) < ¢
gi(z) < 0,j=1,...m
r € X;

)

all we assume is that X is a nonempty subset in R™ and f, g1, ..., gm are real-valued functions on X. It
is absolutely evident that

if there exist nonnegative A1, ..., A, such that the inequality
F@)+> Ngj(a) <c (3.2.3)
j=1

has no solutions in X, then (I) also has no solutions.

Indeed, a solution to (I) clearly is a solution to — the latter inequality is nothing but a combination
of the inequalities from (I) with the weights 1 (for the first inequality) and A; (for the remaining ones).

Now, what does it mean that has no solutions? A necessary and sufficient condition for this is
that the infimum of the left hand side of in x € X is > ¢. Thus, we come to the following evident

Proposition 3.2.1 [Sufficient condition for insolvability of (I)] Consider a system (1) with arbitrary data
and assume that the system

(I1) :

inf
reX

Y
o

fl) + Zl Ajgj(ﬁ)]
frp
Ao > 0,5=1,...,m
with unknowns A1, ..., Ay has a solution. Then (1) is infeasible.

Let us stress that this result is completely general; it does not require any assumptions on the entities
involved.

The result we have obtained, unfortunately, does not help us: the actual power of the Theorem on
Alternative (and the fact used to prove the Linear Programming Duality Theorem) is not the sufficiency
of the condition of Proposition for infeasibility of (I), but the necessity of this condition. Justification of
necessity of the condition in question has nothing in common with the evident reasoning which gives the
sufficiency. The necessity in the linear case (X = R", f, g1, ..., gm are linear) can be established via the
Homogeneous Farkas Lemma. Now we shall prove the necessity of the condition for the convex case, and
already here we need some additional, although minor, assumptions; and in the general nonconvex case
the condition in question simply is not necessary for infeasibility of (I) [and this is very bad — this is the
reason why there exist difficult optimization problems which we do not know how to solve efficiently].

The just presented “preface” explains what we should do; now let us carry out our plan. We start
with the aforementioned “minor regularity assumptions”.
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Definition 3.2.1 [Slater Condition] Let X C R™ and g1, ..., gm be real-valued functions on X. We say
that these functions satisfy the Slater condition on X, if there exists x in the relative interior of X such
that gj(xz) <0, j=1,...,m.

An inequality constrained program

(IC) min{f(z):gj(z) <0,j=1,...,m, z € X}

(fy915 s gm are real-valued functions on X ) is called to satisfy the Slater condition, if g1, ..., gm satisfy
this condition on X.

Definition 3.2.2 [Relaxed Slater Condition] Let X C R™ and g1, ..., gm be real-valued functions on X.
We say that these functions satisfy the Relazed Slater condition on X, if, after appropriate reordering of
G1s -y Gm, for properly selected k € {0,1,...,m} the functions g1, ...,gr are affine, and there exists x in
the relative interior of X such that gj(x) <0, 1< j <k, and gj(x) <0, k+1<j<m.

An inequality constrained problem (IC) is called to satisfy the Relazed Slater condition, if g1, ..., gm
satisfy this condition on X.

Clearly, the validity of Slater condition implies the validity of the Relaxed Slater condition (in the latter,
we should set k = 0). We are about to establish the following fundamental fact:

Theorem 3.2.1 [Convex Theorem on Alternative]
Let X C R™ be convez, let f,q1, ..., gm be real-valued convex functions on X, and let g1, ..., gm satisfy the
Relaxed Slater condition on X. Then system (I) is solvable if and only if system (II) is unsolvable.

3.2.1.1 Cone constrained case

We shall obtain Theorem [3.2.1] as a particular case of Convex Theorem on Alternative in cone constrained
form dealing with convex system (I) in cone constrained form:

flx)<e glx) =Az—-0<0, g(z) e =K, z € X, (3.2.4)
where

e X is a nonempty convex set in R™, and f : X — R is convex,

e K C RY is a regular cone, regularity meaning that K is closed, convex, possesses a nonempty
interior, and is pointed, that is K N [-K] = {0}

e g(z) : X — R” is K-convex, with K-convexity defined as follows:

Definition 3.2.3 Let K be a regular cone in R”, Z be a set in R™ and g : Z — RY be a mapping. g is
called K-convex on Z, if Z is convex and whenever x,y € Z and X € [0, 1], we have

AG(@) + (1= NG — §a + (1 - \y) € K. (3.2.5)

Note that in the simplest case of K = R/ (nonnegative orthant is a regular cone!) K-convexity of g on
X means exactly that g is a vector function with convex on X components.

K-convexity can be expressed in terms of the usual convexity due to the following immediate obser-
vation:

Proposition 3.2.2 Let K be a reqular cone in RV, Z C R™ be a nonempty convez set and g : Z — R”
be a mapping. g is K-convex on Z if and only if all real-valued functions u” g(-) with p belonging to the
dual to K cone K. are convex on Z.
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Indeed, since K is a closed cone, it is the cone dual to K, (see Section , that is, ) takes place

for all z,y € Z and A € [0,1] if and only if

pTge + (1 = Ny) < \ulglz)+ (1 =Nl gly) V(z,y € Z, X €[0,1], u € K,) m

Given a regular cone K C R”, we can associate with it K-inequality between vectors of R”.
saying that a € R is K-greater then or equal to b € R” (notation: A >k b, or, equivalently,
b<k a) whena—b € K:
a>rbe b<kasa—-beK

For example, when K = RY is nonnegative orthant, >k is the standard coordinate-wise
vector inequality >: a > b means that every entry of a is greater than or equal to, in the
standard arithmetic sense, the corresponding entry in b. K- vector inequality possesses all
algebraic properties of >:

1. it is a partial order on R”, meaning that the relation a >k b is
e reflexive: a >k a for all a
e anti-symmetric: ¢ >k b and b >k a if and only if a = b
e transitive: is a >k b and b >k ¢, then a >k ¢
2. is compatible with linear operations, meaning that
e >-inequalities can be summed up: is a>kb and c>kd, then a + c>xb + d
e multiplied by nonnegative reals: if a>gb and X is a nonnegative real, then Aa>g Ab
3. is compatible with convergence, meaning that one can pass to sidewise limits in >xk-
inequality:
e if a;>kb, t=1,2,..., and a; — a and by — b as t — oo, then a>kb
4. gives rise to strict version >k of >k-inequality: a >kb (equivalently: b <k a) meaning

that a — b € int K. The strict K-inequality possesses the basic properties of the
coordinate-wise >, specifically

e >y is stable: if a >k b and o/, V' are close enough to a, b respectively, then
a >K v
e if a >k b, A is a positive real, and c¢>kd, then A\a >k Abanda+c¢c>g b+d

In summary, the arithmetics of <g and <y inequalities is completely similar to the one of
the usual > and >.

Exercise 3.1 Verify the above claims

Since 1990’s, it was realized that as far as nonlinear Convex Optimization is concerned, it is
extremely convenient to consider, along with the usual Mathematical Programming form

mingex {go(z) : g(x) :== [g1(2); ...; gm ()] < 0,1 <0 <m,h;(x) =0,7 < k}
[X: convex set; g;i(z) : X — R,0 <14 < m: convex; h;(x),j < k: affine]
of a convex problem, where nonlinearity “sits” in g;’s and/or non-polyhedrality of X, the
cone constrained form where the nonlinearity “sits” in < - the usual coordinate-wise < is
replaced with <k, K being a regular cone. The resulting convex program in cone constrained

form reads

irg% {f(x) :g(x) =Ax —b<0,9(x) <k 0 } (3.2.6)

sg(z)e—K
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where (cf. (3.2.4)) X is convex set, f : X — R is convex function, K C RY is a regular cone,
and g : X — R” is K-convex. Note that K-convexity of g is our new notation takes the
quite common for us form

V(z,y € X, A€ [0,1]) : gAz + (1 = N)y)) <k Ag(x) + (1 = N)g(y)-

Note also that when K is nonnegative orthant, (3.2.6) recovers the Mathematical Program-
ming form of a convex problem.

Exercise 3.2 Let K be the cone of m x m positive semidefinite matrices in the space S™
of m x m symmetric 777(1/1'17(:(:,E|. and let g(z) = z2T : X := R™*"™ — S™. Verify that § is
K-convex.

It turns out that with “cone constrained approach” to Convex Programming, we loose noth-
ing when restricting ourselves with X = R, linear f(x), and affine g(x); this specific version
of is called “conic problem” (to be considered in more detaile later). In our course,
where convex problems are not the only subject, it makes sense to speak about a “less ex-
treme” cone constrained form of a convex program, specifically, one presented in (3.2.6)); we
call problems of this form “convex problems in cone constrained form,” reserving the words
“conic problems” for problems with X = R", linear f and affine g.

What we have done so far in this section can be naturally extended to the cone constrained case. Specif-
ically, (in what follows X C R"™ is a nonempty set, K C R" is a regular cone, f is a real-valued function
on X, and g(-) is a mapping from X into R")

1. Instead of feasibility /infeasibility of system (I) we can speak about feasibility /infeasibility of system
of constraints
(Conl) :
fle) < ¢
glx)=Az—-b < 0
g(z) <k 0[=g(z) € —K]
r € X

in variables z. Denoting by K, the cone dual to K, a sufficient condition for infeasibility of (ConlI)
is solvability of system of constraints

(ConlI) :
inf [f(:v) + XN g(@) + ATG() > ¢
reX Bl
A >0
A >k, 0[] XNeK,]

in variables A = (X, ).

Indeed, given a feasible solution X,X to (Conll) and “aggregating” the constraints in
(Conl) with weights 1, X\, A (i.e., taking sidewise inner products of constraints in (Conl)
and weights and summing up the results), we arrive at the inequality

F(@)+ X g@) + A7) < e

which due to A > 0 and A € K, is a consequence of (Conl) — it must be satisfied at every
feasible solution to (ConI). On the other hand, the aggregated inequality contradicts
the first constraint in (ConlI), and we conclude that under the circumstances (Conl) is
infeasible.

290 far, we have assumed that K “lives” in some R”, while now we are speaking about something living in the
space of symmetric matrices. Well, we can identify the latter linear space with R”, v = w, by representing a
symmetric matrix [a;;] by the collection of its diagonal and below-diagonal entries arranged into a column vector

by writing down these entries, say, row by row: [ai;] — [a1,1;02,1; 02,2} -} Am,1; .- Gm,m].
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2. “Cone constrained” version of Slater/Relaxed Slater condition is as follows: we say that the system
of constraints
() g(z):= Az —b<0 & g(z)<x0

in variables z satisfies

— Slater condition on X, if there exists Z € rint X such that §(Z) < 0 and g(Z)<kO0 (i.e., g(Z) €
—int K),

— Relaxed Slater condition on X, if there exists Z € rint X such that g(z) < 0 and g(Z)<kO0.

We say that optimization problem in cone constrained form — problem of the form

(ConlC) gl;Iél;{l{f(x) :g(x) == Ax — b < 0,9(x)<k0}

satisfies Slater/Relaxed Slater condition, if the system of its constraints satisfies this condition on
X.

Note that in the case of K = R, (Conl) and (ConlI) become, respectively, (I) and (II), and the cone
constrained versions of Slater/Relaxed Slater condition become the usual ones.
The cone constrained version of Theorem [3.2.9] reads as follows:

Theorem 3.2.2 [Convex Theorem on Alternative in cone constrained form]

Let K C RY be a regular cone, let X C R™ be convex, and let f be real-valued convex function on X,
g(z) = Ax — b be affine, and g(z) : X — RY be K-convex. Let also system (S) satisfy Relazed Slater
condition on X. Then system (Conl) is solvable if and only if system (Conll) is unsolvable.

Note: “In reality” (Conl) may have no polyhedral part g(z) := Az —b < 0 and/or no “general part”
g(x)<k0; absence of one or both of these parts leads to self-evident modifications in (ConlI). To unify our
forthcoming considerations, it is convenient to assume that both these parts are present. This assumption
is for free: it is immediately seen that in our context, in absence of one or both of g-constraints in (ConlI)
we lose nothing when adding artificial polyhedral part g(x) := 07z — 1 < 0 instead of missing polyhedral
part, and/or artificial general part g(z) := 072 — 1<k0 with K = R instead of missing general part.
Thus, we lose nothing when assuming from the very beginning that both polyhedral and general parts
are present.

It is immediately seen that Convex Theorem on Alternative (Theorem is a special case of the
latter Theorem corresponding to the case when K is a nonnegative orthant.
Proof of Theorem m The first part of the statement — “if (ConlI) has a solution, then (Conl) has
no solutions” — has been already verified. What we need is to prove the inverse statement. Thus, let us
assume that (Conl) has no solutions, and let us prove that then (Conll) has a solution.

0°. Without loss of generality we may assume that X is full-dimensional: rint X = int X (indeed,
otherwise we could replace our “universe” R™ with the affine span of X). Besides this, shifting f by
constant, we can assume that ¢ = 0. Thus, we are in the case where

(Conl) :
fl@) < 0
glz)=Az—-b < 0,
g(z) <x 0, [&g(z) € —K]
x € X
(ConlI) :
inf |f(2) +X g(x) +X75(@)| = 0
z _

>) >l

>k, 0[eAeK,]

We are in the case when g(z) < 0 and g(z) € —int K for some z € rint X = int X; by shifting X (this
clearly does not affect the statement we need to prove) we can assume that T is just the origin, so that
0 €int X, g(0) <0, (0)<k0. (3.2.7)

——
<b>0
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Recall that we are in the situation when (Conl) is infeasible, that is, the optimization problem
Opt(P) = min {f(z) : z € X, g(z) < 0,9(x)<x0} (P)

satisfies Opt(P) > 0, and our goal is to show that (ConllI) is feasible.
1% Let Y ={r e X:g(z) <0} ={zr € X: Az —b <0},

S = {t = [to;tl] ERXxRY:ty < O,tngO},
T — {t=[tyth] ERxRY:3x €Y : f(x) < to, G(x)<xt1},

so that S and T are nonempty (since (P) is feasible by (3.2.7)) non-intersecting (since Opt(P) > 0)
convex (since X and f are convex, and g(x) is K-convex on X) sets. By Separation Theorem (Theorem
1.2.9) S and T can be separated by an appropriately chosen linear form «. Thus,

T . T
t<infa't 3.2.8

and the form is non-constant on S U T, implying that o« # 0. We clearly have o € Ry x K., since
otherwise sup,cg ot would be +oo. Since @ € R x K,, the left hand side in (3.2.8) is 0 (look what S

is), and therefore (3.2.8]) reads

0 < inf alt. (3.2.9)
S

29, Denoting o = [ap; 1] with ag € Ry and a3 € K., we claim that ag > 0. Indeed, the point
t = [to;?1] with the components ty = f(0) and #; = g(0) belongs to T, so that by (3.2.9) it holds

aoto + aft; > 0. Assuming that ag = 0, it follows that af#; > 0, and since #; € —int K (see (3.2.7))
and a; € K., we conclude (see observation (!) on p. [i7) that a; = 0 on the top of ag = 0, which is
impossible, since a # 0.

In the sequel, we set &; = a3 /g, and

h(z) = f(x) +ai g(x).

Note that A is convex on X due to convexity of X, f, K-convexity of g, and the inclusion a; € K, see

Proposition B:2.2}
Observing that (3.2.9) remains valid when replacing o with @ = a/a and that the vector [f(x); g(x)]
belongs to T" when x € Y, we conclude that

xeY = h(x)>0. (3.2.10)
3°.1. Consider the convex sets
S={lzreR"xR:ze€ X,g(z) =Az—-b<0,7< 0}, T={[z;7] e R"" xR:z € X,7 > h(z)}.

These sets clearly are nonempty and do not intersect (since the ax-component z of a point from SN T
would satisfy the premise and violate the conclusion in (3.2.10))). By Separation Theorem, there exists
[e; ] # 0 such that

sup [eTz+ar] < inf [Tz + o]
[z;T]€S [z;T]€T

Taking into account what S is, we have o > 0 (since otherwise the left hand side in the inequality would
be +00). With this in mind, the inequality reads

sup {eTx cx e X,g(x) < 0} < inf {eTa: +ah(x):xz € X} . (3.2.11)

39.2. We need the following fact:



3.2. CONVEX PROGRAMMING PROGRAM AND LAGRANGE DUALITY THEOREM 95

Lemma 3.2.1 Let X C R" be a convex set with 0 € int X, g(x) = Az + a be such that
g(0) <0, and d"z + 6 be an affine function such that

re€X,gx) <0=d'z+5<0.
Then there exists p > 0 such that

A’z +6 < p’g(x) Vo € X.

Note that when X = R", Lemma [3.2.1] is nothing but Inhomogeneous Farkas Lemma.
Proof of Lemma is the subject of item 3°.5.

30.3. Recall that we have seen that in (3.2.11)), & > 0. We claim that in fact o > 0.

Indeed, assuming o« = 0 and setting a = sup,, {eTx cx e X,g(x) < 0}, 3.2.11)
implies that ¢ € R and

VzeX,gx)<0):efr—a<0} & {Ve e X :elx>a). (3.2.12)

Since 0 € X and g(0) < 0 by , the first of these relations implies that a > 0,
so that e’z > 0 for all z € X by the second of the relations. The latter is possible
only when e = 0 due to 0 € int X, wee . Thus, e = 0 and o = 0, which is
impossible, since [e; ] # 0.

3%.4. Thus, a in (3.2.11)) is strictly positive; replacing e with a~'e, we can assume that
(3.2.11) holds true with o = 1. Setting a = sup, {e’z : 2 € X,g(z) < 0}, (3.2.11) reads
V(z € X):h(z)+elz>a, (3.2.13)

Now, by ) and due to the origin of a the data X, g(z) := g(z), dTox + =Tz —a
satisfy the premise in Lemma [3.:2.1} Applying Lemma, we conclude that there exists pu > 0
such that

Vee X :elow—a<pu’g(z).

Combining this relation with (3.2.13)), we get

h(z) + p'g(z) > 0 Vo € X. (3.2.14)

Recalling that h(z) = f(z) + afg(z) with a; € K, and setting X\ = 1, A = ay, we get A > 0,
X € K. while by (.2.14) it holds

F(2) + X g(z) + ATg(z) > 0 Vz € X,

meaning that X, X solve (Conll) (recall that we are in the case of ¢ = 0). m
3%.5. Proof of Lemma [3.2.1] Consider the cones

My =clx;t] : t > 0,2/t € X}, My ={y = [2;t] : Az + ta < 0}.

M is a polyhedral cone, and M; is a closed convex coneEl with a nonempty interior (since
the point [0;1] belongs to int M; due to 0 € int X); moreover, [int M;] N My # @ (since
the point [0;1] € int M; belongs to My due to g(0) < 0). Observe that the linear form
fT[z;t] := dTx + ¢4 is nonpositive on My N Ma, that is, (—f) € [My N Ma)., where, as usual,
M, is the cone dual to a cone M.

3Indeed, the perspective transform M, = {[z;t] : t > 0,z/t € X} is nonempty and convex along with X, see
Proposition , we clearly have 0[z;t] € M, whenever § > 0 and [z;t] € M, implying that M; is a closed

convex cone.
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Indeed, let [z;t] € My N Ms, and let ys = [25;15] = (1 —s)y + s[0; 1]. Observe that
ys € Myj N My when 0 < s < 1. When 0 < s < 1, we have t; > 0, and ys € M,
implies that ws := zs/ts € c1 X (why?), while ys € My implies that g(ws) < 0.
Since 0 € int X, ws € ¢l X implies that Ow, € X for all § € [0, 1), while g(0) <0
along with g(ws) < 0 implies that g(fw,) < 0 for 6 € [0,1). Invoking the premise
of Lemma, we conclude that

dT(Ows) +0 <0V € [0,1],

whence d"w, + 8 < 0, or, which is the same, fTy, < 0. As s — +0, we have
fTys — fT[2;t], implying that f7[z;¢] <0, as claimed.

Thus, M;, M; are closed cones such that [int M]N My # () and f € [M; N Ms]*. Applying to
M, M5 the Dubovitski-Milutin Lemma (Proposition , we conclude that [My N M), =
(My)y + (Ms).. Since —f € [M; N Ms]x*, there exist ¢ € (M;). and ¢ € (Ms), such that
[d; 8] = —¢ — . The inclusion ¢ € (Ms), means that the homogeneous linear inequality
#Ty > 0 is a consequence of the system [A,aly < 0 of homogeneous linear inequalities;
by Homogeneous Farkas Lemma (Lemma @ it follows that identically in x it holds
T [1;1] = —pT g(z), with some nonnegative . Thus,

Ve e E:dla+6=[d; 6 [x;1] = u"g(x) — T [x;1],

and since [x;1] € M; whenever € X, we have 7 [2;1] > 0, x € X, so that u satisfies the
requirements stated in the lemma we are proving. m

3.2.2 Lagrange Function and Lagrange Duality
3.2.2.1 Lagrange function

Convex Theorem on Alternative brings to our attention the function

LV = inf | f(2)+)_Ajg;(@)]| (3.2.15)
j=1
same as the aggregate
Lz, A) = f() + Y Ag5(x) (3.2.16)
j=1

from which this function comes. Aggregate (3.2.16) is called the Lagrange function of the inequality
constrained optimization program

(1IC) min {f(z):g;(z) <0,j=1,..m, z € X}.

The Lagrange function of an optimization program is a very important entity: most of optimality condi-
tions are expressed in terms of this function. Let us start with translating of what we already know to
the language of the Lagrange function.

3.2.2.2 Convex Programming Duality Theorem

Theorem 3.2.3 Consider an arbitrary inequality constrained optimization program (IC). Then
(i) The infimum
L(A\) = inf L
L(A) = inf L(z, )
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of the Lagrange function in x € X 1is, for every X\ > 0, a lower bound on the optimal value in (IC), so
that the optimal value in the optimization program

(IC")  supL(N)
A>0

also is a lower bound for the optimal value in (IC);
(ii) [Convex Duality Theorem] If (IC)

® S convex,
e is below bounded
and
e satisfies the Relaxed Slater condition,

then the optimal value in (IC*) is attained and is equal to the optimal value in (IC).

Proof. (i) is nothing but Proposition (why?). It makes sense, however, to repeat here the corre-
sponding one-line reasoning:

Let A > 0; in order to prove that

m

L) = inf L@, A) < ¢ [L@,A) = (@) + D X0;(2)],

where ¢* is the optimal value in (IC), note that if z is feasible for (IC), then evidently

L(xz,\) < f(x), so that the infimum of L over € X is < the infimum ¢* of f over the
feasible set of (IC). m

(ii) is an immediate consequence of the Convex Theorem on Alternative. Indeed, let ¢* be the optimal
value in (IC). Then the system
;f(x) < 0*7.(]7(:1:) S 07 .7. - 17 "'7m'

has no solutions in X, and by the above Theorem the system (II) associated with ¢ = ¢* has a solution,
i.e., there exists A* > 0 such that L(\*) > ¢*. But we know from (i) that the strict inequality here is
impossible and, besides this, that L(\) < ¢* for every A > 0. Thus, L(A*) = ¢* and A* is a maximizer of
Lover A\>0.m

3.2.2.3 Dual program

Theorem [3.2.3| establishes certain connection between two optimization programs — the “primal” program
(IC) min{f(z):gj(z) <0,j=1,...,m, z € X}

and its Lagrange dual program
(IC*) max {L(/\) = 1g§( Lz, \): A > 0}

(the variables A of the dual problem are called the Lagrange multipliers of the primal problem). The
Theorem says that the optimal value in the dual problem is < the one in the primal, and under some
favourable circumstances (the primal problem is convex below bounded and satisfies the Slater condition)
the optimal values in the programs are equal to each other.

In our formulation there is some asymmetry between the primal and the dual programs. In fact both
of the programs are related to the Lagrange function in a quite symmetric way. Indeed, consider the
program

min L(z), L(z)=supL(\,x).
reX A>0
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The objective in this program clearly is +oo at every point € X which is not feasible for (IC) and is
f(z) on the feasible set of (IC), so that the program is equivalent to (IC). We see that both the primal
and the dual programs come from the Lagrange function: in the primal problem, we minimize over X
the result of maximization of L(xz,\) in A > 0, and in the dual program we maximize over A > 0 the
result of minimization of L(z,A) in « € X. This is a particular (and the most important) example of a
zero sum two person game — the issue we will speak about later.

We have seen that under certain convexity and regularity assumptions the optimal values in (IC)
and (IC*) are equal to each. There is also another way to say when these optimal values are equal
— this is always the case when the Lagrange function possesses a saddle point, i.e., there exists a pair
x* € X, \* > 0 such that at the pair L(z, \) attains its minimum as a function of z € X and attains its
maximum as a function of A > 0:

L(x,\*) > L(z*,\*) > L(z",\) VzeX,A>0.
It can be easily demonstrated (do it by yourself or look at Theorem [3.4.1)) that
Proposition 3.2.3 (z*,\*) is a saddle point of the Lagrange function L of (IC) if and only if x* is

an optimal solution to (IC), X\* is an optimal solution to (IC*) and the optimal values in the indicated
problems are equal to each other.

3.2.2.4 Cone constrained forms of Lagrange Function, Lagrange Duality, and Con-
vex Programming Duality Theorem

The above results related to convex optimization problems in the standard MP format admit instructive
extensions to the case of convex problems in cone constrained form. These extensions are as follows:

3.2.2.411. Convex problem in cone constrained form is optimization problem of the form

Opt(P) = JICIéI)I(l {f(x) :g(z) := Az — b < 0,g(2)<K0} (P)

where X C R" is a nonempty convex set, f : X — R is a convex function, K C R” is a regular cone,
and g(-) : X — R is K-convex.

3.2.2.412. Cone constrained Lagrange function of (P) is

A
Lz A= [NA]) = f(2) + X §(z) + ATg(z) : X x [RE xK,] 5 R [k = dim b]

By construction, for A € A L(z; \) as a function of z underestimates f(x) everywhere on X.
3.2.2.413. Cone constrained Lagrange dual of (P) is the optimization problem
Opt(D) = max {L(/\) = ig{L(x;)\) e A:=RE x K*} (D)

From L(z; A\) < f(x) for all z € X, X € A we clearly extract that
Opt(D) < Opt(P); [Weak Duality]

note that this fact is independent of any assumptions of convexity on f, F' and on K-convexity of g.
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3.2.2.414. Convex Programming Duality Theorem in cone constrained form reads:

Theorem 3.2.4 [Convex Programming Duality Theorem in cone constrained form| Consider convex
cone constrained problem (P), that is, X is convex, f is real-valued and conver on X, and g(-) is well
defined and K-convex on X. Assume that the problem is below bounded and satisfies the Relazed Slater
condition. Then (D) is solvable and Opt(P) = Opt(D).

Note that the only nontrivial part (ii) of Theorem is nothing but the special case of Theorem
where K is a nonnegative orthant.
Proof of Theorem is immediate. Under the premise of Theorem, ¢ := Opt(P) is a real, and the
associated with this ¢ system of constraints (Conl) has no solutions. Relaxed Slater Condition combines
with Convex Theorem on Alternative in cone constrained form (Theorem to imply solvability of
(Conll), or, which is the same, existence of A\, = [A; X*] € A such that

L(\) = inf { Fla) + A gz) + XI@(J;)} > ¢ = Opt(P).

reX

We see that (D) has a feasible solution with the value of the objective > Opt(P), By Weak Duality, this
value is exactly Opt(P), the solution in question is optimal for (D), and Opt(P) = Opt(D). =

3.2.2.5 Conic Programming and Conic Duality Theorem

Consider the special case of convex problem in cone constrained form — one where f(x) is linear, X
is the entire space and g(x) = Pz — p is affine; in today optimization, problems of this type are called
conic. Note that affine mapping is K-convex whatever be the cone K. Thus, conic problem automatically
satisfies convexity restrictions from Conic Lagrange Duality Theorem and is optimization problem of the
form .

Opt(P) = nin {c"z: Az —b <0, Pz — p<k0}

where K is a regular cone in certain R”. The Conic Lagrange dual problem reads
max [inf {ch —l—XT[Ax — b+ AT [Pr—pl: X>0,)¢€ K*H )
AN - T
which, as it is immediately seen, is nothing but the problem
Opt(D) = max {—bTX TN AT PTA 4 e=0, A> 0,1 € K} (D)
XA

It is easy to show that the cone dual to a regular cone also is a regular cone; as a result, problem
(D), called the conic dual of conic problem (P) indeed is a conic problem. An immediate computation
(utilizing the fact that [K.]. = K for every regular cone K) shows that conic duality if symmetric — the
conic dual to (D) is (equivalent to) (P).

Indeed, rewriting (D) in the minimization form with < 0 polyhedral constraints, as required
by our recipe for building the conic dual to a conic problem, we get

[ ATX+P"A+c<0 ~
—Opt(D) =min b" X +p"A:{ —ATXN—PTA—c<0 ,-)€ K. (D)
A _X S 0
The dual to this problem, in view of [K,]. = K, reads

max {c"[u—v]:b+Alu—v]—w=0,Plu—v]+p—y=0,u>0,v>0,w>0,y<cK}.

uv,w,Y
After setting x = v — u and eliminating y and w, the latter problem becomes

max {—ch :Ax —b<0,Pr — pSKO} ,

which is noting but (P).
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In view of primal-dual symmetry, Convex Duality Theorem in the case in question takes the following
nice form:

Theorem 3.2.5 [Conic Duality Theorem| Consider a primal-dual pair of conic problems

Opt(P) = mingern {ch Az —b<0, Pxr — xSKO} (P)
Opt(D) = max;+ {beX TR AT+ P A+c=0, A>0,) € K} (D)

One always has Opt(D) < Opt(P). Besides this, if one of the problems in the pair is bounded and satisfies
the Relaxed Slater condition, then the other problem in the pair is solvable, and Opt(P) = Opt(D).
Finally, if both the problems satisfy Relaxed Slater condition, then both are solvable with equal optimal
values.

Proof is immediate. Weak duality has already been verified. To verify the second claim, note that by
primal-dual symmetry we can assume that the bounded problem satisfying Relaxed Slater condition is
(P); but then the claim in question is given by Theorem Finally, if both problems satisfy Relaxed
Slater condition (and in particular are feasible), both are bounded, and therefore solvable with equal
optimal values by the second claim. m

3.2.3 Optimality Conditions in Convex Programming

Our current goal is to extract from what we already know optimality conditions for convex programs.

3.2.3.1 Saddle point form of optimality conditions

Theorem 3.2.6 [Saddle Point formulation of Optimality Conditions in Convex Programming]
Let (IC) be an optimization program, L(x,\) be its Lagrange function, and let * € X. Then
(i) A sufficient condition for x* to be an optimal solution to (IC) is the existence of the vector of
Lagrange multipliers X\* > 0 such that (z*,\*) is a saddle point of the Lagrange function L(x,\), i.e., a
point where L(x, \) attains its minimum as a function of x € X and attains its mazimum as a function
of A > 0:
L(z,\*) > L(z*,\*) > L(z*,\) VYxeX,A>0. (3.2.17)

(ii) if the problem (IC) is_convex and satisfies the Relaxed Slater condition, then the above condition
is necessary for optimality of x*: if x* is optimal for (IC), then there exists A* > 0 such that (z*, \*) is
a saddle point of the Lagrange function.

Proof. (i): assume that for a given 2* € X there exists A* > 0 such that (3.2.17) is satisfied, and let us
prove that then 2* is optimal for (IC). First of all, «* is feasible: indeed, if g;(z*) > 0 for some j, then,

of course, sup L(z*, \) = +00 (look what happens when all A’s, except \;, are fixed, and A\; — +00); but
A>0

sup L(x*, \) = +o0 is forbidden by the second inequality in ([3.2.17).

A>0

Since x* is feasible, sup L(z*, \) = f(z*), and we conclude from the second inequality in ([3.2.17)) that
A>0

L(z*,\*) = f(2*). Now the first inequality in (3.2.17)) reads

f@)+> Nigj(@) > f(a*) VxeX.
j=1

This inequality immediately implies that z* is optimal: indeed, if x is feasible for (IC), then the left hand
side in the latter inequality is < f(z) (recall that A* > 0), and the inequality implies that f(x) > f(x*).
| ]

(ii): Assume that (IC) is a convex program, x* is its optimal solution and the problem satisfies the
Relaxed Slater condition; we should prove that then there exists A* > 0 such that (z*, \*) is a saddle
point of the Lagrange function, i.e., that (3.2.17) is satisfied. As we know from the Convex Programming
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Duality Theorem (Theorem (ii)), the dual problem (IC*) has a solution A* > 0 and the optimal
value of the dual problem is equal to the optimal value in the primal one, i.e., to f(z*):

F(@*) = LOV) = inf L(, ). (3.2.18)

We immediately conclude that
A >0=g;(z")=0

(this is called complementary slackness: positive Lagrange multipliers can be associated only with active
(satisfied at z* as equalities) constraints). Indeed, from ([3.2.18) it for sure follows that

m

f@") < L(z*, A7) = f(z7) + Zkf;gj(w*);

the terms in the ) in the right hand side are nonpositive (since a* is feasible for (IC)), and the sum
J
itself is nonnegative due to our inequality; it is possible if and only if all the terms in the sum are zero,

and this is exactly the complementary slackness.
From the complementary slackness we immediately conclude that f(x*) = L(x*, A*), so that (3.2.18])
results in

LX) = ) = ik LX)

On the other hand, since z* is feasible for (IC), we have L(z*,\) < f(2*) whenever A > 0. Combining
our observations, we conclude that

L(z*,\) < L(z*,\*) < L(z, \)

forallz € X andall A\ >0. m

Note that (i) is valid for an arbitrary inequality constrained optimization program, not necessarily
convex. However, in the nonconvex case the sufficient condition for optimality given by (i) is extremely
far from being necessary and is “almost never” satisfied. In contrast to this, in the convex case the
condition in question is not only sufficient, but also “nearly necessary” — it for sure is necessary when
(IC) is a convex program satisfying the Relaxed Slater condition

We have established Saddle Point form of optimality conditions for convex problems in the standard
Mathematical Programming form (that is, with constraints represented by scalar convex inequalities).
Similar results can be obtained for convex cone constrained problems:

Theorem 3.2.7 [Saddle Point formulation of Optimality Conditions in Convex Conic Programming]
Consider a convexr cone constrained problem

Opt(P) = min {f(z) : g(z) := Az — b < 0,9(z)<k0} (P)

(X is convez, f: X — R is convex, K is a reqular cone, and g is K-convex on X ) along with its Conic
Lagrange dual problem

A=[NA]

Opt(D) = max {L(A) = Inf [f(x)+XTg(x)+XT§(x) ;Azo,XeK*} (D)

and assume that (P) is bounded and satisfies Relazed Slater condition. Then a point x, € X is an optimal
solution to (P) is and only if x. can be augmented by properly selected A € A := Ry x [K,] to a saddle
pint of the cone constrained Lagrange function

Lz d o= [N N) == f(2) + X gla) + A G(x)
on X x A.

Proof repeats with evident modifications the one of relevant part of Theorem [3.2.6] with Convex Conic
Programming Duality Theorem (Theorem [3.2.4]) in the role of Convex Programming Duality Theorem

(Theorem [3.2.3)). m
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3.2.3.2 Karush-Kuhn-Tucker form of optimality conditions

Theorem [3.2.6] provides, basically, the strongest optimality conditions for a Convex Programming pro-
gram. These conditions, however, are “implicit” — they are expressed in terms of saddle point of the
Lagrange function, and it is unclear how to verify that something is or is not the saddle point of the La-
grange function. Fortunately, the proof of Theorem [3.2.6]yields more or less explicit optimality conditions.
We start with a useful

Definition 3.2.4 [Normal Cone] Let X C R™ and x € X. The normal cone of Nx(x) of X taken at the

point x is the set
Nx(z) ={h e R": h' (' —2) > 0Va' € X}.

Note that Nx (z) indeed is a closed convex cone.
Examples:
1. when z € int X, we have Nx(x) = {0};

2. when z € rint X, we have Nx(z) = L, where L = Lin(X — z) is the linear subspace parallel to
the affine hull Aff(X) of X.

Theorem 3.2.8 [Karush-Kuhn-Tucker Optimality Conditions in Convex Programming] Let (IC) be a
convex program, let x* be its feasible solution, and let the functions f, g1,...,9m be differentiable at x*.
Then

(i) [Sufficiency] The Karush-Kuhn-Tucker condition:

There exist nonnegative Lagrange multipliers A%, j = 1,...,m, such that

Nigj(z") =0, j=1,..,m [complementary slackness] (3.2.19)
and .
Vi(®) 4+ XiVg;(z*) € Nx(a¥) (3.2.20)
j=1
(see Definition[3.2.]))

is sufficient for x* to be optimal solution to (IC).
(ii) [Necessity and sufficiency] If, in addition to the premise, the Relazed Slater condition holds, then
the Karush-Kuhn-Tucker condition from (i) is necessary and sufficient for x* to be optimal solution to

(1C).

Proof. Observe that under the premise of Theorem [3.2.8]the Karush-Kuhn-Tucker condition is necessary
and sufficient for (z*, A\*) to be a saddle point of the Lagrange function. Indeed, the (z*, \*) is a saddle
point of the Lagrange function if and only if a) L(z*,A) = f(z*) + > 1", Ajg;(z*) as a function of A > 0
attains its minimum at A = A*. Since L(x*, \) is linear in A, this is exactly the same as to say that
for all j we have g;j(z.) > 0 (which we knew in advance — x* is feasible!) and Ajg;(2*) = 0, which is
complementary slackness;
b) L(z, \*) as a function of x € X attains it minimum at x,. Since L(z, A*) is convex in € X due to
A* > 0 and L(xz, \*) is differentiable at x, by Theorem’s premise, Proposition says that L(z, \*)
achieves its minimum at z* if and only if V,L(z*,\*) = V f(2*)+ Y i, A\fVg;(z*) has nonnegative inner
products with all vectors h from the radial cone T'x (z*), i.e., all h such that z* + th € X for all small
enough ¢ > 0, which is exactly the same as to say that Vf(z*) + > ", AXfVg;(z*) € Nx(2*) (since for a
convex set X and all # € X it clearly holds Nx(x) = {f : fTh > 0Vh € Tx(x)). The bottom line is that
for a feasible 2* and \* > 0, (z*, \*) is a saddle point of the Lagrange function if and only if (z*, \*)
meet the Karush-Kuhn-Tucker condition. This observation proves (i), and combined with Theorem
proves (ii) as well. m

Note that the optimality conditions stated in Theorem and Proposition [2.5.1] are particular
cases of the above Theorem corresponding to m = 0.
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Note that in the case when z* € int X, we have Nx (z*) = {0}, so that (3.2.20) reads
V@) + > A Vgi(z®) = 0;
i=1

when z* € rint X, Nx(z*) is the orthogonal complement to the linear subspace L to which Aff(X) is

parallel, so that (3.2.20f) reads

Vix*)+ Z A Vygi(z*) is orthogonal to L = Lin(X — z.).
i=1

3.2.3.3 Optimality conditions in Conic Programming

Theorem 3.2.9 [Optimality Conditions in Conic Programming] Consider a primal-dual pair of conic

problems (cf. Section

Opt(P) = mingern {ch Az -0 <0, Pz — pgKO} (P)
Opt(D) = max, s {—bTX —pTA:X>0NE K, ATA+ PTA+ ¢ = o} (D)

and assume that both problems satisfy Relaxed Slater condition. Then a pair of feasible solutions . to
(P) and Ay := [A; Ai] to (D) is composed of optimal solutions to the respective problems
— [Zero Duality Gap] if and only if

DualityGap(z.; Ax) := lo+x— [—bTX* — pTX*] =0,

and
— [Complementary Slackness] if and only if

X

X, [b— Az, ]+ \T[p— Pz,] =0

Note: Under the premise of Theorem, from feasibility of z, and A, for respective problems it follows
that b — Az > 0 and p — Pz € K. Therefore Complementary slackness (which says that the sum of two
inner products, every one of a vector from a regular cone and a vector from the dual of this cone, and as
such automatically nonnegative) is zero is a really strong restriction,

Proof of Theorem is immediate. By Conic Duality Theorem (Theorem we are in the case
when Opt(P) = Opt(D) € R, and therefore

DualityGap(z.; A.) = [Tz — Opt(P)] + [Opt(D] — [-b" A, — pTA,]]

is the sum of nonoptimalities, in terms of objective, of x. as a candidate solution to (P) and for A,
as a candidate solutio to (D). since the candidate solutions in question are feasible for the respective
problems, the sum of nonoptimalities is always nonnegative and is 0 if and only if the solutions in question
are optimal for the respective problems.

It remains to note that Complementary Slackness condition is equivalent to Zero Duality Gap one,
since for feasible for the respective problems z, and A\, we gave

DualityGap(z.; A\s) = Ty + 07\ + ])TX* =—[ATX, + PTS\?]TZL’* + 0T\, + pTX*
=X, [b— Az,]+ X[p - Pz.],

so that Complementary Slackness is, for feasible for the respective problems z, and \,. exactly the same
as Zero Duality Gap. =
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3.3 Duality in Linear and Convex Quadratic Programming

The fundamental role of the Lagrange function and Lagrange Duality in Optimization is clear already
from the Optimality Conditions given by Theorem [3.2.6] but this role is not restricted by this Theorem
only. There are several cases when we can explicitly write down the Lagrange dual, and whenever it is the
case, we get a pair of explicitly formulated and closely related to each other optimization programs — the
primal-dual pair; analyzing the problems simultaneously, we get more information about their properties
(and get a possibility to solve the problems numerically in a more efficient way) than it is possible when
we restrict ourselves with only one problem of the pair. The detailed investigation of Duality in “well-
structured” Convex Programming — in the cases when we can explicitly write down both the primal and
the dual problems — goes beyond the scope of our course (mainly because the Lagrange duality is not the
best possible approach here; the best approach is given by the Fenchel Duality — something similar, but
not identical). There are, however, simple cases when already the Lagrange duality is quite appropriate.
Let us look at two of these particular cases.

3.3.1 Linear Programming Duality

Let us start with some general observation. Note that the Karush-Kuhn-Tucker condition under the
assumption of the Theorem ((IC) is convex, x* is an interior point of X, f, g1, ..., gm are differentiable at
x*) is exactly the condition that (x*, \* = (A}, ..., A%,)) is a saddle point of the Lagrange function

L(z,\) = f(z) + Y Ajgi(z) : (3.3.1)
j=1

(3.2.19) says that L(z*, \) attains its maximum in A > 0, and says that L(x, \*) attains its at
A* minimum in x at * = z*.

Now consider the particular case of (IC) where X = R™ is the entire space, the objective f is convex
and everywhere differentiable and the constraints g1, ..., g, are linear. For this case, Theorem [3.2.8| says
to us that the KKT (Karush-Kuhn-Tucker) condition is necessary and sufficient for optimality of x*; as
we just have explained, this is the same as to say that the necessary and sufficient condition of optimality
for z* is that =* along with certain A* > 0 form a saddle point of the Lagrange function. Combining
these observations with Proposition we get the following simple result:

Proposition 3.3.1 Let (IC) be a convex program with X = R", everywhere differentiable objective f
and linear constraints gi, ..., gm. Then x* is optimal solution to (IC) if and only if there exists \* > 0
such that (z*,\*) is a saddle point of the Lagrange function (regarded as a function of © € R™
and X\ > 0). In particular, (IC) is solvable if and only if L has saddle points, and if it is the case, then
both (IC) and its Lagrange dual

(IC*) : max {L(\) : A >0}

are solvable with equal optimal values.
Let us look what this proposition says in the Linear Programming case, i.e., when (IC) is the program

(P) rr;m{f(x) =cTz:gj(z) =, —a;fpac <0,j=1,...,m}.

In order to get the Lagrange dual, we should form the Lagrange function

m

L(z,\) = f(z) + Z Ajgj(z) =[c— Z Nag)Tw 4+ Ab;

j=1

of (IC) and to minimize it in € R™; this will give us the dual objective. In our case the minimization

m m
in = is immediate: the minimal value is —oo, if ¢ — Y Aja; # 0, and is > A;b; otherwise. We see that
j=1 j=1
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the Lagrange dual is
(D) max b Z)\jaj =c, A>0
j=1

The problem we get is the usual LP dual to (P), and Proposition is one of the equivalent forms of
the Linear Programming Duality Theorem which we already know.

3.3.2 Quadratic Programming Duality

Now consider the case when the original problem is linearly constrained convex quadratic program

1
(P) min {f(x) = imTDx +cla:gj(w) =bj — aij <0,j=1, ...,m} ,

x

where the objective is a strictly convex quadratic form, so that D = D7 is positive definite matrix:
2T Dx > 0 whenever x # 0. It is convenient to rewrite the constraints in the vector-matrix form

b1 CL{
glx)=b—Azx <0, b=| ... |, A=
bm al

In order to form the Lagrange dual to (P) program, we write down the Lagrange function

L) = @)+ 3 hg (@)

j=
= Tz +AT(b— Az) + 32" Dz
= 327Dz — [ATA— Tz +bTA

and minimize it in . Since the function is convex and differentiable in x, the minimum, if exists, is given
by the Fermat rule
V.L(z,\) =0,

which in our situation becomes

Dz =[ATX—¢].

Since D is positive definite, it is nonsingular, so that the Fermat equation has a unique solution which is
the minimizer of L(-, A); this solution is

x=D7'ATN (.
Substituting the value of x into the expression for the Lagrange function, we get the dual objective:
1
L)) = 75[ATA —TDTATN — o] + b7\,

and the dual problem is to maximize this objective over the nonnegative orthant. Usually people rewrite
this dual problem equivalently by introducing additional variables

t=—D7YHATN—¢] [[ATA—TD7AT)X - ] =t Dt];
with this substitution, the dual problem becomes

1
(D) max {2tTDt +0IN ATA+ Dt =¢, A > o} :

We see that the dual problem also turns out to be linearly constrained convex quadratic program.
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Note also that in the case in question feasible problem (P) automatically is solvabl
With this observation, we get from Proposition [3.3.1] the following

Theorem 3.3.1 [Duality Theorem in Quadratic Programming]
Let (P) be feasible quadratic program with positive definite symmetric matriz D in the objective. Then
both (P) and (D) are solvable, and the optimal values in the problems are equal to each other.
The pair (x; (N, t)) of feasible solutions to the problems is composed of the optimal solutions to them
(i) if and only if the primal objective at x is equal to the dual objective at (\,t) [“zero duality gap”
optimality condition]
same as
(ii) if and only if

Ni(Ax —b); =0,i=1,...m, and t=—u=x. (3.3.2)

Proof. (i): we know from Proposition m that the optimal value in minimization problem (P) is equal
to the optimal value in the maximization problem (D). It follows that the value of the primal objective at
any primal feasible solution is > the value of the dual objective at any dual feasible solution, and equality
is possible if and only if these values coincide with the optimal values in the problems, as claimed in (i).

(ii): Let us compute the difference A between the values of the primal objective at primal feasible
solution z and the dual objective at dual feasible solution (A, t):

A = a4+ 32"Dx — pTA - 37 Di]
= [AT"A+ Dt)Tx + 32" Dx + 1T Dt — bT A
[since ATX\ + Dt = (]
= M[Az — b+ [z + t]" D[z + ]

Since Az —b > 0 and A > 0 due to primal feasibility of 2 and dual feasibility of (A, ), both terms in the

resulting expression for A are nonnegative. Thus, A = 0 (which, by (i). is equivalent to optimality of

z for (P) and optimality of (A, t) for (D)) if and only if > A\j(Az —b); = 0 and (z + ¢)T D(z +t) = 0.
j=1

The first of these equalities, due to A > 0 and Az > b, is equivalent to \j(Az —b); =0, j = 1,...,m; the
second, due to positive definiteness of D, is equivalent to x +¢ =0. m

3.4 Saddle Points

3.4.1 Definition and Game Theory interpretation

When speaking about the ”saddle point” formulation of optimality conditions in Convex Programming,
we touched a very interesting in its own right topic of Saddle Points. This notion is related to the situation
as follows. Let X C R™ and A € R™ be two nonempty sets, and let

L(z,\): X xA >R

be a real-valued function of x € X and A € A. We say that a point (z*,A*) € X x A is a saddle point
of L on X x A, if L attains in this point its maximum in A € A and attains at the point its minimum in
re X:

Lz, \*) > L(z*,\*) > L(z*,\) V(z,\) € X xA. (3.4.1)

The notion of a saddle point admits natural interpretation in game terms. Consider what is called a two
person zero sum game where player I chooses x € X and player II chooses A € A; after the players have

4) since its objective, due to positive definiteness of D, goes to infinity as |z| = oo, and due to the following

general fact:

Let (IC) be a feasible program with closed domain X, continuous on X objective and constraints and such that
f(x) = 00 as x € X “goes to infinity” (i.e., |x| — o0). Then (IC) is solvable.

You are welcome to prove this simple statement (it is among the exercises accompanying the Lecture)
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chosen their decisions, player I pays to player II the sum L(z, A). Of course, I is interested to minimize
his payment, while II is interested to maximize his income. What is the natural notion of the equilibrium
in such a game — what are the choices (z,\) of the players I and II such that every one of the players
is not interested to vary his choice independently on whether he knows the choice of his opponent? It
is immediately seen that the equilibria are exactly the saddle points of the cost function L. Indeed, if
(z*, \*) is such a point, than the player I is not interested to pass from z to another choice, given that
II keeps his choice A fixed: the first inequality in shows that such a choice cannot decrease the
payment of I. Similarly, player II is not interested to choose something different from A*, given that I
keeps his choice z* — such an action cannot increase the income of II. On the other hand, if (z*, \*) is
not a saddle point, then either the player I can decrease his payment passing from x* to another choice,
given that II keeps his choice at A* — this is the case when the first inequality in is violated, or
similarly for the player II; thus, equilibria are exactly the saddle points.

The game interpretation of the notion of a saddle point motivates deep insight into the structure of
the set of saddle points. Consider the following two situations:

(A) player I makes his choice first, and player IT makes his choice already knowing the choice of I;

(B) vice versa, player II chooses first, and I makes his choice already knowing the choice of II.

In the case (A) the reasoning of I is: If I choose some z, then II of course will choose A\ which
maximizes, for my x, my payment L(x, ), so that I shall pay the sum

L(x) = sup L(, \);
AEA

Consequently, my policy should be to choose x which minimizes my loss function L, i.e., the one which
solves the optimization problem B

I in L(x);

(D min L(z);
with this policy my anticipated payment will be

inf L(x)= inf L(x, \).
) = s e )

In the case (B), similar reasoning of IT enforces him to choose A maximizing his profit function

L(A) = inf L(z,A),

i.e., the one which solves the optimization problem

(ID) max L(N);

with this policy, the anticipated profit of II is

sup L(A\) = sup inf L(x, ).
AEA AeAzEX
Note that these two reasonings relate to two different games: the one with priority of IT (when making

his decision, IT already knows the choice of T), and the one with similar priority of I. Therefore we should
not, generally speaking, expect that the anticipated loss of T in (A) is equal to the anticipated profit of 1T
in (B). What can be guessed is that the anticipated loss of I in (B) is less than or equal to the anticipated
profit of IT in (A), since the conditions of the game (B) are better for I than those of (A). Thus, we may
guess that independently of the structure of the function L(z, \), there is the inequality

inf L(x,\) < inf sup L(z, \). 3.4.2
o 0 He ) < s L) (842

This inequality indeed is true; which is seen from the following reasoning:
Yye X : in& L(z,\) < L(y,\) =
e

Vy € X :sup inf L(z,\) <sup L(y,A\) = L(y);
AEA TEX AEA
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consequently, the quantity sup ini L(z, \) is a lower bound for the function L(y), y € X, and is therefore
AEA ZE

a lower bound for the infimum of the latter function over y € X i.e., is a lower bound for in}f( sup L(y, \).
YEX NeA

Now let us look what happens when the game in question has a saddle point (z*, A*), so that
Lz, \*) > L(x™,\*) > L(z*,\) V(z,\) € X x A. (3.4.3)

We claim that if it is the case, then

(*) «* is an optimal solution to (I), \* is an optimal solution to (II) and the optimal values in these
two optimization problems are equal to each other (and are equal to the quantity L(x*, A*)).

Indeed, from (3.4.3)) it follows that
L(\*) > L(z*,\*) > L(z"),

whence, of course,
sup L(A) > L(\*) > L(z*,\*) > L(z*) > inf L(z).
AEA zeX
the very first quantity in the latter chain is < the very last quantity by , which is possible if and
only if all the inequalities in the chain are equalities, which is exactly what is said by (A) and (B).
Thus, if (z*, \*) is a saddle point of L, then (*) takes place. We are about to demonstrate that the
inverse also is true:

Theorem 3.4.1 [Structure of the saddle point set] Let L : X x Y — R be a function. The set of saddle
points of the function is nonempty if and only if the related optimization problems (1) and (II) are solvable
and the optimal values in the problems are equal to each other. If it is the case, then the saddle points of
L are exactly all pairs (x*, \*) with x* being an optimal solution to (I) and \* being an optimal solution
to (II), and the value of the cost function L(-,-) at every one of these points is equal to the common
optimal value in (I) and (II).

Proof. We already have established “half” of the theorem: if there are saddle points of L, then their
components are optimal solutions to (I), respectively, (IT), and the optimal values in these two problems
are equal to each other and to the value of L at the saddle point in question. To complete the proof,
we should demonstrate that if 2* is an optimal solution to (I), A* is an optimal solution to (II) and the
optimal values in the problems are equal to each other, then (z*, A*) is a saddle point of L. This is
immediate: we have

L(xz, \%) L(\Y) [ definition of L]

L(z*) [by assumption]

L(z*,\) [definition of L]

Vv

whence

L(z,\*) > L(z*,\) Vre X, Ael;

substituting A = A* in the right hand side of this inequality, we get L(x, \*) > L(z*, \*), and substituting
x = z* in the right hand side of our inequality, we get L(z*,A\*) > L(z*, \); thus, (z*,\") indeed is a
saddle point of L. m

3.4.2 Existence of Saddle Points

It is easily seen that a ”quite respectable” cost function may have no saddle points, e.g., the function
L(z,)\) = (x — X\)? on the unit square [0, 1] x [0,1]. Indeed, here

L(z) = sup (z—\)?=max{az? (1)},
A€[0,1]

L(\) = inf (z—X\)?=0, Ae€[0,1],
z€[0,1]
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so that the optimal value in (I) is }1, and the optimal value in (II) is 0; according to Theorem it
means that L has no saddle points.
On the other hand, there are generic cases when L has a saddle point, e.g., when

L(z,\) = f(x) —|—§m:)\igi(m) : X xR =R
i=1

is the Lagrange function of a solvable convex program satisfying the Slater condition. Note that in this
case L is convex in x for every A € A = R}’ and is linear (and therefore concave) in A for every fixed X.
As we shall see in a while, these are the structural properties of L which take upon themselves the “main
responsibility” for the fact that in the case in question the saddle points exist. Namely, there exists the
following

Theorem 3.4.2 [Existence of saddle points of a convex-concave function (Sion-Kakutani)] Let X and A
be convexr compact sets in R™ and R™, respectively, and let

L(z,\): X xA—=R

be a continuous function which is convex in x € X for every fired A\ € A and is concave in X\ € A for
every fired x € X. Then L has saddle points on X x A.

Proof. According to Theorem [3.4.1] we should prove that
e (i) Optimization problems (I) and (II) are solvable
e (ii) the optimal values in (I) and (II) are equal to each other.

(i) is valid independently of convexity-concavity of L and is given by the following routine reasoning from
the Analysis:

Since X and A are compact sets and L is continuous on X x A, due to the well-known Analysis
theorem L is uniformly continuous on X x A: for every € > 0 there exists d(¢) > 0 such that

|z — 2| + A= N| <8(e) = |L(z,\) — L(z', \)| < e [ (3.4.4)

In particular,
v — '] < 3() = L@, \) — LN <

whence, of course, also
|z — 2’| < 8(e) = |L(z) — L(2")| < ¢,

so that the function L is continuous on X. Similarly, L is continuous on A. Taking in account that X
and A are compact sets, we conclude that the problems (I) and (II) are solvable.

(ii) is the essence of the matter; here, of course, the entire construction heavily exploits convexity-
concavity of L.

0°. To prove (ii), we first establish the following statement, which is important by its own right:

Lemma 3.4.1 [Minmax Lemma] Let X be a convex compact set and fo, ..., fn be a collection
of N + 1 convexr and continuous functions on X. Then the minmax

min max fi(x) (3.4.5)

%) for those not too familiar with Analysis, I wish to stress the difference between the usual continuity and
the uniform continuity: continuity of L means that given € > 0 and a point (x,\), it is possible to choose § > 0
such that is valid; the corresponding 6 may depend on (z,A), not only on e. Uniform continuity means
that this positive § may be chosen as a function of € only. The fact that a continuous on a compact set function
automatically is uniformly continuous on the set is one of the most useful features of compact sets
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of the collection is equal to the minimum in x € X of certain conver combination of the
functions: there exist nonnegative p;, i = 0, ..., N, with unit sum such that

min max_f;(z) = min Z wifi(x

zeX i1=0,...,.N zeX

Remark 3.4.1 Minimum of every convex combination of a collection of arbitrary functions
is < the minmax of the collection; this evident fact can be also obtained from ([3.4.2) as

applied to the function
N
wop) =Y pifi(e)
i=0

on the direct product of X and the standard simplex

A={peR"! [ 1>0, pi=1}

The Minmax Lemma says that if f; are convex and continuous on a convex compact set X,
then the indicated inequality is in fact equality; you can easily verify that this is nothing but
the claim that the function M possesses a saddle point. Thus, the Minmax Lemma is in fact
a particular case of the Sion-Kakutani Theorem; we are about to give a direct proof of this
particular case of the Theorem and then to derive the general case from this particular one.

Proof of the Minmax Lemma. Consider the optimization program

(9) 1?111{1‘,:Q]‘})(:17)77‘,§0, filx) =t <0, fn(x) =t <0,z € X}.

This clearly is a convex program with the optimal value

t* = min max
rzeX i= [).f.,“ fl( )

(note that (¢, x) is feasible solution for (S) if and only if z € X and ¢t > e fi(x)). The

problem clearly satisfies the Slater condition and is solvable (since X is compact set and f;,
i = 0,..., N, are continuous on X; therefore their maximum also is continuous on X and
thus attains its minimum on the compact set X). Let (¢*,2*) be an optimal solution to the
problem. According to Theorem [3.2.6} there exists A* > 0 such that ((¢*,2*), \*) is a saddle
point of the corresponding Lagrange function

N N N
Ltz ) =t 4> Ni(filz) —t) =t(1 =) _X)+ > Nifi(x),

=0 1=0 1=0

and the value of this function at ((t*,2z*), \*) is equal to the optimal value in (.9), i.e., to t*.
Now, since L(t,z; A\*) attains its minimum in (¢,x) over the set {t € R,z € X} at (t*,z%),

we should have
N
> a1
i=0

(otherwise the minimum of L in (¢, z) would be —oco). Thus,

rzeX i=0,...,N teR,xeX

N
[min max f;(z) =] t*= min |f x 0+ ZAT}",(T)] ;
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so that

N
min max filz) = iIél)I(l Z Af fi(z)

zeX 1=0,...,] —
i=

N
with some A >0, > A\ =1, as claimed. m
i=0

From the Minmax Lemma to the Sion-Kakutani Theorem. We should prove that the
optimal values in (I) and (II) (which, by (i), are well defined reals) are equal to each other, i.e., that

inf sup L(x,\) = sup inf L(x, \).
QJGX)\GR (@ 3) AeﬁwGX @A)

We know from that the first of these two quantities is greater than or equal to the second, so that
all we need is to prove the inverse inequality. For me it is convenient to assume that the right quantity
(the optimal value in (IT)) is 0, which, of course, does not restrict generality; and all we need to prove is
that the left quantity — the optimal value in (I) — cannot be positive.

19, What does it mean that the optimal value in (II) is zero? When it is zero, then the function L(\)
is nonpositive for every A, or, which is the same, the convex continuous function of x € X — the function
L(z, ) — has nonpositive minimal value over x € X. Since X is compact, this minimal value is achieved,
so that the set

XA\ ={xe X | L(z,\) <0}

is nonempty; and since X is convex and L is convex in x € X, the set X () is convex (as a level set of
a convex function, Proposition . Note also that the set is closed (since X is closed and L(z, \) is
continuous in z € X).

20, Thus, if the optimal value in (II) is zero, then the set X ()) is a nonempty convex compact set for
every A € A. And what does it mean that the optimal value in (I) is nonpositive? It means exactly that
there is a point € X where the function L is nonpositive, i.e., the point € X where L(z,)\) < 0 for
all A\ € A. In other words, to prove that the optimal value in (I) is nonpositive is the same as to prove
that the sets X (\), A € A, have a point in common.

3%, With the above observations we see that the situation is as follows: we are given a family of closed
nonempty convex subsets X (\), A € A, of a compact set X, and we should prove that these sets have a
point in common. To this end, in turn, it suffices to prove that every finite number of sets from our family
have a point in common (to justify this claim, I can refer to the Helly Theorem II, which gives us much
stronger result: to prove that all X (\) have a point in common, it suffices to prove that every (n + 1)
sets of this family, n being the affine dimension of X, have a point in common). Let X (o), ..., X (An) be
N + 1 sets from our family; we should prove that the sets have a point in common. In other words, let

all we should prove is that there exists a point  where all our functions are nonpositive, or, which is the
same, that the minmax of our collection of functions — the quantity

o= iy gpax, i)
— is nonpositive.
The proof of the inequality o < 0 is as follows. According to the Minmax Lemma (which can be

applied in our situation — since L is convex and continuous in x, all f; are convex and continuous, and X
N
is compact), « is the minimum in € X of certain convex combination ¢(z) = > v; f;(x) of the functions

i=0
fi(x). We have
N N N

¢(x) =Y vifi(w) =Y wil(x,A) < Lz, Y vik)

=0 =0 =0
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(the last inequality follows from concavity of L in A; this is the only — and crucial — point where we use
this assumption). We see that ¢(-) is majorated by L(-,\) for a properly chosen J; it follows that the
minimum of ¢ in 2z € X — and we already know that this minimum is exactly « — is nonpositive (recall
that the minimum of L in x is nonpositive for every \). m

Semi-Bounded case. The next theorem lifts the assumption of boundedness of X and A in Theorem
[3:42] - now only one of these sets should be bounded — at the price of some weakening of the conclusion.

Theorem 3.4.3 [Swapping min and max in convex-concave saddle point problem (Sion-Kakutani)] Let
X and A be convex sets in R"™ and R™, respectively, with X being compact, and let

L(z,\): X xA—=R

be a continuous function which is convex in x € X for every fited A € A and is concave in X € A for
every fired x € X. Then

inf sup L(z, \) = sup inf L(z,\). 3.4.6
Jnf sup (2,A) sup Inf (2,A) (3.4.6)

Proof. By general theory, in the left hand side is > the right hand side, so that there is nothing
to prove when the right had side is +00. Assume that this is not the case. Since X is compact and L is
continuous in « € X, inf,cx L(z,\) > —oo for every A € A, so that the left hand side in cannot,
be —oo; since it is not +o0o as well, it is a real, and by shift, we can assume w.l.o.g. that this real is 0:

sup inf L(z,\) = 0.
AeI/inX (3)

All we need to prove now is that the left hand side in is nonpositive. Assume, on the contrary,
that it is positive and thus is > ¢ with some ¢ > 0. Then for every x € X there exists A\, € A such that
L(xz, ;) > c. By continuity, there exists a neighborhood V, of  in X such that L(z',\,;) > ¢ for all
2’ € V. Since X is compact, we can find finitely many points z1, ..., x,, in X such that the union, over
1 <i<mn,of V,, is exactly X, implying that max;<;<,, L(z, \;,) > ¢ for every x € X. Now let A be the
convex hull of {A;,, ..., Az, }, so that max,z L(x, ) > ¢ for every € X. Applying to L and the convex
compact sets X, A Theorem we get the equality in the following chain:

¢ < minmax L(z, \) = maxmin L(z, \) < sup min L(z, \) = 0,
z€X \eA AeA z€X AeA TEX

which is a desired contradiction (recall that ¢ > 0). =
Slightly strengthening the premise of Theorem [3.4.3] we can replace (3.4.6) with existence of a saddle
point:

Theorem 3.4.4 [Existence of saddle point in convex-concave saddle point problem (Sion-Kakutani,
Semi-Bounded case)] Let X and A be closed convex sets in R™ and R™, respectively, with X being
compact, and let

L(z,\): X xA—=R

be a continuous function which is convex in x € X for every fired A\ € A and is concave in X € A for
every fized x € X. Assume that for every a € R, there exist a collection x¢, ...,z € X such that the set

{ANeA: L}, >al <i<n,}

is bounded®| Then L has saddle points on X x A.

Sthis definitely is the case true when L(Z,\) is coercive in ) for some Z € X, meaning that the sets {\ € A :
L(Z,)\) > a} are bounded for every a € R, or, equivalently, whenever \; € A and ||A;]|2 = oo as i — oo, we have
L(Z,\i) —» —o0 as i — 00.
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Proof. Since X is compact and L is continuous, the function L(\) = mingex L(x, ) is real-valued and
continuous on A. Further, for every a € R, the set {\ € A : L(\) > a} clearly is contained in the set
{AN: L(z¢,X\) > a,1 <i<n,} and thus is bounded. Thus, L()) is a continuous function on a closed
set A, and the level sets {\ € A : L(\) > a} are bounded, implying that L attains its maximum on
A. Invoking Theorem it follows that inf,ex[L(z) := sup,c, L(x,\)] is finite, implying that the
function L(-) is not +oco identically in € X. Since L is continuous, L is lower semicontinuous. Thus,
L: X — RU{+o0} is a lower semicontinuous proper (i.e., not identically +o0) function on X; since
X is compact, L attains its minimum on X. Thus, both problems maxycs L(\) and min,ex L(z) are
solvable, and the optimal values in the problem are equal by Theorem Invoking Theorem L
has a saddle point. =
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Lecture 4

Optimality Conditions in
Mathematical Programming

4.1 What the story is about

This Lecture, the last in the descriptive part of the course, is devoted to optimality conditions in general-
type Mathematical Programming programs — programs of the form.

(P)  min{f(z): g(z) = (91(), 92(2), ., g (2)) <0, h(z) = (h1(), ..., hye(2)) = 0, = € X}

The question we are interested in is as follows:

e Assume that we are given a feasible solution x, to (P). What are the conditions (necessary,
sufficient, necessary and sufficient) for z. to be optimal?

We, as it is normally the case in Mathematical Programming, intend to answer this question under the
following assumptions on the data:

e A. z, is an interior point of the domain of the problem X;

e B. The functions f, g1, ..., gm, 1, ..., b are smooth at x, (at least once continuously differentiable
in a neighbourhood of the point; when necessary, we shall require more smoothness)

Let me stress that we are not going to impose on the problem structural assumptions like convexity, in
contrast to what was done in the previous Lecture.
Before coming to “technical” considerations, let us discuss the following “philosophical” questions:

e Conditions of what kind are we interested in?
e Why are we interested in these conditions?

The answer to the first question is as follows: we are interested in local and verifiable optimality conditions.
Locality means that the conditions should be expressed in terms of local properties of the data — in terms
of the values and derivatives (of first, second,... order) of the functions f,¢1,...,9m,R1,..., hx at ..
Verifiability means that given the values and the derivatives of the indicated functions at z., we should
be able to verify efficiently whether the condition is or is not satisfied.

The outlined — quite reasonable — requirements to the conditions to be derived lead to rather un-
pleasant consequences:

What we may hope for are necessary conditions for optimality of x, and sufficient conditions
for local optimality of x., and not sufficient conditions for global optimality of ..

115
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Let me explain, first, what is meant in the above claim — what does it mean “local” and “global”
optimality, and, second, why the claim is true.

Global optimality of x, is nothing but the actual optimality: z, is a feasible solution to (P) with the
best possible value of the objective — the one which is < the value of the objective at any other feasible
solution to the problem. In contrast to this, local optimality of x, means that x, is feasible solution
which is not worse, in terms of the values of the objective, than other feasible solutions close enough to
Z4. The formal definition is as follows:

Definition 4.1.1 A feasible solution x. € int X to (P) is called locally optimal, if there exists a neigh-
bourhood U of x, such that . is optimal solution of the “restricted to U” version of (P), i.e., if

zeUyg(r) <0, h(z) =0= f(z) > f(z.).

In the convex case local optimality is the same as the global one (this follows from Theoremcombined
with the fact that the feasible set of a convex program is convex). In the general case these two notions
are different — a globally optimal solution is, of course, a locally optimal one, but not vice versa: look at
the problem of minimizing univariate function depicted below:

1.8

1.6

1.4

1.2

0.6

0.4

0.2

We see that the function has many local minimizers, and only one of them — the origin — has chances
to be global (whether it indeed is or is not global, it depends on behavior of the function outside the
segment [—4, 4] on which it is plotted).

Note that since a globally optimal solution for sure is a locally optimal one, the necessary condition
for local optimality (and these are all necessary optimality conditions to be discussed) are necessary for
global optimality as well.

Now, why it is true that in the general case it is impossible to point out local sufficient condition
for global optimality, it also is clear: because local information on a function f at a local minimizer
x, of the function does not allow to understand that the minimizer is only local and not a global one.
Indeed, let us take the above f and x, = 1; this is only local, not global, minimizer of f. At the same
time we can easily change f outside a neighbourhood of z, and make z, the global minimizer of the
updated function. Note that we can easily make the updated function f as smooth as we wish. Now,
local information — value and derivatives at z, — on f and on the updated function f are the same, since
the functions coincide with each other in a neighbourhood of x,. It follows that there is no test which
takes on input local information on the problem at z, and correctly reports on output whether x, is or is
not a global minimizer of the objective, even if we assume the objective to be very smooth. Indeed, such
a test is unable to distinguish the above f and f and is therefore enforced, being asked once about f and
once about f, report both times the same answer; whatever be the answer, in one of these two cases it
is false!

The difficulty we have outlined is intrinsic for nonconvex optimization: not only there does not exist
“efficient local test” for global optimality; there also does not exist, as we shall see in our forthcoming
lectures, an efficient algorithm capable to approximate global minimizer of a general-type Mathematical
Programming problem, even one with very smooth data.

In view of this unpleasant and unavoidable feature of general-type Mathematical Programming prob-
lems, the answer to the second of the outlined questions — what for we use Optimality conditions in



4.2. FORMULATING OPTIMALITY CONDITIONS 117

Mathematical Programming — is not as optimistic as we would wish it to be. As far as conditions for
global optimality are concerned, we may hope for necessary optimality conditions only; in other words,
we may hope for a test which is capable to say that what we have is not a globally optimal solution.
Since there is no (local) sufficient condition for global optimality, we have no hope to design a local test
capable to say that what we have is the “actual” — global — solution to the problem. The best we may
hope for in this direction is a sufficient condition for local optimality, i.e., a local test capable to say that
what we have cannot be improved by small modifications.

The pessimism caused by the above remarks has, however, its bounds. A necessary optimality
condition is certain relation which must be satisfied at optimal solution. If we are clever enough to
generate — on paper or algorithmically — all candidates x, which satisfy this relation, and if the list of
these candidates turns out to be finite, then we may hope that looking through the list and choosing
in it the best, in terms of the objective, feasible solution, we eventually shall find the globally optimal
solution (given that it exists). Needless to say, the outlined possibility is met only in “simple particular
cases”, but already these cases sometimes are extremely important (we shall discuss an example of this
type at the end of this Lecture). Another way to utilize necessary and/or sufficient conditions for local
optimality is to use them as “driving force” in optimization algorithms. Here we generate a sequence of
approximate solutions and subject them to the test for local optimality given by our optimality condition.
If the current iterate passes the test, we terminate with a locally optimal solution to the problem; if it
is not the case, then the optimality condition (which is violated at the current iterate) normally says
to us how to update the iterate in order to reduce “violation” of the condition. As a result of these
sequential updatings, we get a sequence of iterates which, under reasonable assumptions, can be proved
to converge to a locally optimal solution to the problem. As we shall see in the forthcoming lectures, this
idea underlies all traditional computational methods of Mathematical Programming. Of course, with this
scheme it in principle is impossible to guarantee convergence to globally optimal solution (imagine that we
start at a locally optimal solution which is not a globally optimal one; with the outlined scheme, we shall
terminate immediately!) Although this is a severe drawback of the scheme, it does not kill the traditional
“optimality-conditions-based” methods. First, it may happen that we are lucky and there are no “false”
local solutions — the only local solution is the global one; then the above scheme will approximate the
actual solution (although we never will know that it is the case...) Second, in many practical situations
we are interested in improving a given initial solution to the problem rather than in finding the “best
possible” solution, and the traditional methods normally allow to achieve this restricted goal.

Now let us pass from the “motivation preamble” to the mathematics of optimality conditions.

4.2 Formulating Optimality conditions

We are about to formulate optimality conditions for a general-type Mathematical Programming problem

. . gl($) S 07"'7977l(z)
m;n{f(.’l?) ' :07"'7hk(z)

[V

X } (4.2.1)

where m, k are nonnegative integers, and the objective f and the constraints g;, h; are partially defined
real-valued functions on R"™. Note that we have skipped the domain restriction x € X which was present
in (P) — as it was already mentioned, the conditions to be developed deal with the case when the point
. which we want to test for optimality is an interior point of X, and our conditions deal with local
optimality only, and the latter property, for x, € int X, is not affected by what exactly X is.

The classical MP optimality conditions we are about to present are applicable only when z, is a
regular feasible solution to , with regularity defined as follows:

Definition 4.2.1 [regular solution] A vector x,. € R™ is called regular solution to problem , if

e 1, is a feasible solution to the problem

e the objective and the constraints are well defined and continuously differentiable in a neighborhood
of x«, and

e the taken at x, gradients active at x, (i.e., salisfied at x, as equalities) are linearly independent.
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Geometrically and informally, regularity of a solution z, means that the set S cut off a small enough
neighbourhood of z, by the equality versions of the constraints active at x, is a smooth surface.

Default Assumption: From now on, unless the opposite is explicitly stated, it is assumed
that x, is a regular solution to (4.2.1)) and that the objective and the constraints are twice
continuously differentiable in a neighborhood of x,.

Optimality conditions are expressed in terms of the Lagrange function
m k
L(z; M\ p) = f(z)+ Z Aigi(z) + Z wihi(x)
j=1 i=1

of (4.2.1)); this function is well defined on the direct product of a neighbourhood X of z, and the entire
space RY' x Rﬁ of Lagrange multipliers A, p and is twice continuously differentiable in z € X and linear
in [A; .

4.2.1 Necessary Optimality condition

Necessary Optimality Condition reads as follows:

Proposition 4.2.1 Let Default Assumption take place, and x, be a locally optimal solution to problem
(4.2.1). Then

(i) [first order part] z. is a KKT (Karush-Kuhn-Tucker) point of the problem, meaning that there
exist nonnegative vector \* of Lagrange multipliers for the inequality constraints and vector p* of
Lagrange multipliers for the equality constraints such that the following two conditions hold true:

— [complementary slackness] )\jgj(az*) =0,1<j57<m
— [KKT equation] Vz|x:x*L(x; A ) =0.

(ii) [second order part] The second order directional derivatives of L(-; \*, u*) taken at x, along the
directions from the linear subspace

T, = {h € R" : h is orthogonal to the taken at x, gradients

of all constraints active at a:*}

are nonnegative:

R'V2| _ L{z; A, p*)h > 0Vh e Ty

T=T s

Note that if z, is a KKT point of , then the corresponding Lagrange multipliers A*, u* are uniquely
defined by .. Indeed, the KKT equation says that —V f(z.) = >2; A\jVg;(z.) + 32, ui Vhi(zs). By
complementary slackness, the Lagrange multipliers AY for non-active at x, inequality constraints are
zero, and the rest of \}’s taken together with p;’s form the coefficients in a representation of —V f (z4)
as a linear combination of linearly independent (since z, is regular) gradients, taken at x,, of the active
at x, constraints and thus are uniquely defined.

4.2.2 Sufficient Optimality condition

Sufficient Optimality condition reads as follows:

Proposition 4.2.2 Let Default Assumption take place, and x, be such that
(i) [first order part] =, is a KKT point of (4.2.1) as defined in item (i) of Proposition and
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(ii) [second order part] Denoting by A\*, u* the Lagrange multipliers associated with the KKT point .,
the second order directional derivatives of L(-; \*, u*) taken at x. along the nonzero directions from
the linear subspace

s = {h € R" : h is orthogonal to the taken at x, gradients
of all equality constraints h; and all inequality

constraints g; corresponding to A7 >0

are positive:

W2, Lz A %)k > 0 V(h € Ts\{0})

T=T,
Then x, is a locally optimal solution to (4.2.1)).

Pay attention to the fact that by complementary slackness A7 can be positive only when the constraint
gj(x) < 0 is active at z.. As a result, the linear subspaces participating in the second order parts of
Optimality conditions are embedded one into another: Ty, C Ty, and in general this inclusion is strict; it
is equality if and only if all active at x, inequality constraints g; are associated with positive, and not
Jjust nonnegative, Lagrange multipliers A’.

4.3 Justifying Optimality conditions

4.3.1 Preliminary step

It may happen that some of the inequality constraints are non-active at x,. It is immediately seen that in
our context, eliminating these constraints from changes nothing: on one hand, z, remains regular
solution to the resulting problem and is a locally optimal solution to the latter problem if and only if
it is locally optimal solution to the former one. On the other hand, satisfiability statuses of optimality
conditions in both problems are exactly the same, since these conditions are expressed in terms of two
entities:

(a) the functions of x obtained from the respective Lagrange functions by setting A, p to A*, u*; note
that complementary slackness enforces these functions for both problems in question to be the same;
(b) linear subspaces Ty, and Tg; these linear subspaces are defined in terms of the taken at x, gradients
of the active at x, constrains and for both problems in question are the same as well.

The bottom line is that it suffices to verify validity of our optimality conditions in the special case when
all inequality constraints in are active at x,, and this is what we assume from now on.

4.3.2 Main tool: Implicit Function Theorem

We are about to justify Optimality conditions by utilizing the following fundamental fact (which is one
of the forms of Implicit Function Theorem; in connection to this Theorem, a reader is referred to any
graduate textbook on multivariate calculus):

Theorem 4.3.1 Let x, € R" and ¢1, ..., ¢, be real-valued functions well defined and x > 1 times con-
tinuously differentiable in a neighbourhood U of x, and normalized by the condition ¢¢(x.) =0, £ < p.
Assume that the taken at x, gradients of ¢¢(x), ¢ < p, are linearly independent. Then there exists a
neighbourhood X C U of ., a neighbourhood Y of y. = 0 € R™ and a one-to one mapping y(z) of X
onto Y which, along with its inverse x(y) (this is a one-to-one mapping of Y onto X ), possesses the
following properties

1.y :=y(zs) =0 (& 2(0) = z,)

2. y(z) and x(y) are k times continuously differentiable on X, resp. on'Y
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3. In y-variables, the functions ¢u(-), £ < p, become just the first p coordinates ye, £ < p, of y:

e(z(y) =y Yy €Y L <p) (& du() =ye(z), V(z € X, 0 <p) (4.3.1)

4.3.3 Strategy

Let us apply the Implicit Function Theorem to the m + k functions given by

¢j(x) = gj(x), 5 <m, Gmyi(r) = hi(z), i < k. (4.3.2)

Since we are in the case when x, is a regular solution and all constraints of the problem of interest are
active at x,, the resulting p = m + k functions ¢, satisfy the premise in the Implicit Function Theorem,
with k set to 2. Let X, Y, z(-), y(-) be the entities given by the theorem as applied to our ¢y and x..
Taking into account , substitution of variables © = z(y) converts the original problem into
the linearly constrained Mathematical Programming problem

min{¢(y) := f(@(y)) : 95 < 0,5 <M, Ymei = 0,7 < k} (4.3.3)

Taking into account that y(z) and z(y) are twice continuously differentiable inverse to each other map-
pings of neighborhoods X of z, and Y of y. = y(z.) = 0 onto each other, the function ¢(y) is twice
continuously differentiable in a neighbourhood of y, = 0, and x, is a locally optimal solution to if
and only if y, = 0 is a locally optimal solution to ; besides this, looking at the latter problem, we
conclude that y, = 0 is its regular solution.

Our course of actions will be as follows:

A. We start with verifying that our optimality conditions as applied to problem (4.3.3]) and its regular
solution y, = 0 are indeed valid.

B. We “transfer” these valid optimality conditions from problem to problem of interest .
Taking into account that z, is locally optimal for the latter problem if and only if y, = 0 is a
locally optimal solution to the former problem, we end up with valid necessary /sufficient optimality
conditions for the problem of interest. As we shall see, these valid conditions are exactly the
conditions stated in Propositions this will complete Propositions’ justification.

Note: when implementing our strategy we should not bother about complementary slackness, since in
both problems (4.2.1)), (4.3.3) all constraints are active at x., resp. y., making complementary slackness
trivially true.

4.3.4 Justifying optimality conditions for (4.3.3))

We are about to verify the validity of Propositions as applied to problem (4.3.3]), which is
nearly immediate. Let
m k

Lly; A i) = 6(y) + Y Ny + D Byt
j=1 i=1

be the Lagrange function of {#.3.3]). Here are the straightforward specifications of the optimality condi-
tions stated in Propositions [4.2.1} :4.2.2| as applied to the solution y, = 0 of problem (|4.3.3)):

e Claim N: The condition N:

N.(i) [first order part] y. = 0 is a KKT point of (4.3.3)), that is, there exist \* > 0 and
w* such that Vy’U:OL(y; N ) =0
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N.(ii) [second order part] The second order directional derivative of the function
L(-; \*, *), or, which is the same under the circumstances, of the function ¢(y),
taken at the point y. = 0 along a direction from the linear space

Th={dcR":efd=0,0<m+k}
(e1,...,en, as always, are the standard basic orths in R™) is nonnegative:

ejd=0,0<m+k=d V| Ly\pu")d=d" V>¢0)d>0.

is necessary for y, = 0 to be a locally optimal solution to (4.3.3)).
e Claim S: The condition S:

S.(i) [first order part] y. = 0 is a KKT point of (4.3.3]) (see item N.(i) above),
S.(ii) [second order part] The second order directional derivative of the function

L(-;\*, 1*) (where \*, u* are the Lagrange multipliers associated with the KKT
point y. = 0), or, which is the same under the circumstances, of the function ¢(y),

taken at the point y. = 0 along every nonzero direction from the linear space
Ts={deR":eld=0Yl <m:)\;>0),eld=0,m<l<m+k}
are positive:

d#O&e?dzOV(ﬁSm:)\}‘>O)&egd:O,m<€§m+k
= dTvgyy:OZ(y; N ut)d = dTV2¢((0)d > 0

is sufficient for y, = 0 to be a locally optimal solution to (4.3.3).

We are about to justify Claims N, S.
1) Observe that the feasible set of (4.3.3)) is the polyhedral cone

F={dcR":efd<0,0<m,eld=0,m<(<m+k},

so that a necessary condition for y, = 0 to be locally optimal solution to is that for every d € F, 0
is the local minimizer of the restriction of ¢(-) on the ray {td : ¢ > 0}. Next, given a univariate function
1 well defined and twice continuously differentiable in a neighbourhood of the origin, the elementary
calculus says that a necessary condition for 0 to be a local minimizer of the restriction of 1) onto the
nonnegative ray is

'(0) >0 & " (0) > 0 when ¢’ (0) = 0.
We conclude that

C: A necessary condition for y. = 0 to be a locally optimal solution to (4.3.3)) is that for
every direction d € F

(a) the directional derivative dTV¢(0) of ¢ taken at the origin along the direction d is
nonnegative, and

(b) if the first order directional derivative from (a) is zero, then the second order directional
derivative dTV2¢(y)d of ¢ taken at the origin along the direction d is nonnegative.

Now, C.(a) is nothing but the fact that the homogeneous linear inequality d? V¢(0) > 0 in variables
d € R" is a consequence of the system

—eld>0,j<m, e, d>0,i<k

of homogeneous linear inequalities in variables d. By Homogeneous Farkas Lemma, this is the same
as to say that —V¢(0) is a linear combination, with nonnegative coefficients, of the vectors e;,j < m,
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+emti, i < k, or, which again is the same, that —V¢(0) is a linear combination of the basic orths ey,
¢ < m+ k, with the first m coefficients being nonnegative. Thus, C.(a) is nothing but the fact that

m k
Vo(0) + Z )‘;ej + Z i em+i =0
j=1 i=1

for some nonnegative 7. The bottom line is that C.(a) is nothing but the fact that y. = 0 is a KKT
point of problem .

Now let K be the part of the cone F composed of the directions from F which make zero inner
products with V¢(0). When C.(a) holds true, we, as is immediately seen, have

K = {deF:efd=0Y(j <m:\; >0)}
eld; <0Y(j <m: X\ =0),
= (d: e%d:()V(jgm:)\;f>0),
empid=0Vi <k
with the just defined A\*, and C.(b) wants from the quadratic form d” V2¢(0)d to be nonnegative on the
cone K. The bottom line is

Fact N: The condition IN*:

Yy« = 0 is a KKT point of such that second order directional derivatives
d"V2¢(0)d of ¢ (or, which is the same, of the Lagrange function L(-; \*, u*), with
A*, u* given by the KKT property of y.) taken at y, = 0 along all directions from
cone K are nonnegative

is necessary for y, = 0 to be a locally optimal solution to (4.3.3)).

2) We have already outlined that a necessary condition for 0 to be local minimizer of the restriction
onto R of a well defined and twice continuously differentiable in a neighbourhood of 0 univariate function
P is “¢’(0) > 0 and ¥ (0) > 0 when ¢'(0) = 0.”. Slightly strengthened, this condition becomes sufficient,
specifically, if for v it holds ¢'(0) > 0 and ¥”(0) > 0 when ¢'(0) = 0, then 0 is a local minimizer of the
restriction of ¢ onto R . This suggests the following educated guess:

Let all first order directional derivatives d* V¢(0) of the function ¢ taken at the origin along
directions from the cone F be nonnegative, and the second order directional derivatives
dT'V?2¢(0)d taken at the origin along all nonzero directions from F which are orthogonal to
V¢(0) be positive. Then y, = 0 is a locally optimal solution to .

An absolutely straightforward verification demonstrates that our educated guess is correct. Modulo this
verification (it requires nothing but the fact that a continuous real-valued function on a nonempty closed
and bounded set attains its minimum on the set and is left to the reader), we have arrived at

Fact S: The condition S*:

Yy« = 0 is a KKT point of problem such that second order directional
derivatives dT'V?¢(0)d of ¢ (or, which is the same, of the Lagrange function
L(-; A", 1), with \*, u* given by the KKT property of y.) taken at y. = 0 along
all nonzero directions from cone K are positive

is sufficient for y. = 0 to be a locally optimal solution to (4.3.3)).

Note that the sufficient optimality condition S* is obtained from N* by strengthening the nonnegativity
of the quadratic form d7'V2¢(0)d = dTV§|y:Of(y; A", 1) on the cone K to positivity of the form on the
“nonzero part” K\{0} of that cone.

3) So far, we have established pretty close to each other conditions N*, S* which are necessary,
resp. sufficient, for y, = 0 to be a locally optimal solution to . Unfortunately, these conditions
are difficult to verify, since checking nonnegativity /positivity outside of the origin of a quadratic form on
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a polyhedral cone, in contrast to checking the form’s nonegativity/positivity outside of the origin on a
linear subspace, is a computationally intractable task even when the cone is a simple as the nonnegative
orthant. To overcome, to some extent, this difficulty, we
— modify the necessary optimality condition N* by replacing nonnegativity of the quadratic form
d"V24(0)d on the cone K with nonnegativity of the form on the largest linear subspace contained in
K. This linear subspace, as is immediately seen, is T, and the resulting “spoiled” necessary optimality
condition is nothing but condition N;
— modify the sufficient optimality condition S* by replacing positivity of the quadratic form d* V2¢(0)d
on the “nonzero part” K\{0} of the cone K with positivity of the form on the nonzero part of the small-
est linear subspace containing K. This linear subspace, as is immediately seen, is T, and the resulting
“spoiled” sufficient optimality condition is nothing but condition S.

Claims N, S are justified.

4.3.5 Justifying Propositions

Let us start with summarizing some of our observations.

0.1 =z, is a locally optimal solution to if and only if y. = y(z.) = 0 is a locally optimal solution
to
0.2 Setting
bo(x) =ely(x), L=1,..,n
where e, are the standard basic orths in R"™, we get twice continuously differentiable in a neigh-
bourhood X of z, functions such that

_J 9e() L<m
W(x){ ho—m(x) .m<€<m+k e X

(see (31), (32)-
0.3 The Lagrange functions L(z; A, ), L(y; A\, i) of problems (4.2.1) and (4.3.3)) are linked by the

relation
L(z; M\, p) = L(y(x); A\, p) V(z € X, A € R™, € R).
Let
J = [Voi(wa), ., Vo ()]
be the taken at = x, Jacobian of the mapping = — y(z); this n X n matrix is nonsingular, the
inverse being the taken at y. := y(z.) = 0 Jacobian of the mapping y — z(y). By Chain Rule we

have -
Valyop LA ) =TTV, | (L A ) YA, e

Taking into account nonsingularity of J and recalling that all constraints in and are
active at x4, Y., respectively, we conclude that x, is a KKT point of if and only if y, = 0
is a KKT point of , and in this case the Lagrange multipliers \*, u* certifying the KKT
properties of the points are the same for both points.

0.4 By the same Chain Rule we have
Ve(xy) = Jle, 0 <n,

implying that a direction h € R™ is orthogonal to V¢y(x,) if and only if the direction Jh is
orthogonal to ey.

0.5 Finally, by elementary calculus we have

V(h e R", A\ 1) :

W2 Llad b = [JBTVE] Ly A )k

=y, =0

¥ 2
V|, LA )" d= H)y(;n* + th).

T=T,

(4.3.4)
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4.3.5.1 Justifying Proposition

Let z, be alocally optimal solution to , so that by O.1 the point y. = 0 is a locally optimal solution
to . Due to the latter fact and (already verified) Claim N, condition N is satisfied, whence, in
particular, y, is a KKT point of (4.3.3)), the associated Lagrange multipliers being some \* > 0, u*.
Consequently, x, is a KKT point 0, see 0.3, the associated Lagrange multipliers being the same
A*, w*; we have justified the first order part of the conclusion in Proposition[£:2.1} Next, by 0.4 we have
Thn = JTy. Besides this, by 0.5 with A, oset to \*, p*, we have

hTv? |m:I*L(I; A )h = [Jh}TVf/ |yzof(y; X 1) [Th] (4.3.5)
for all h, since the last term in the right hand side of (4.3.4]) vanishes when A = \*, u = p* — we already
know that y. = 0 is a KKT point of (4.3.3)), the Lagrange multipliers being A\*, *. As we have just seen,
when h € Ty, one has Jh € Ty, so that the right hand side in 1} is nonnegative by the second order
part of condition N. Thus, the second order part of the conclusion in Proposition takes place as
well. m

4.3.5.2 Justifying Proposition

Let the premise of Proposition take place. Then, by the first order part of this premise, z, is a
KKT point of 7 the associated Lagrange multipliers being some A* > 0 and p*. By 0.3, y. =0
is a KKT point of problem , the Lagrange multipliers being the same A", u*. Thus, the first
order part of condition S is satisfied. Next, the linear subspace Ty is cut off R™ by the requirement
that a direction from Ty should be orthogonal to the gradients, taken at x,, of some of the functions
¢¢, and the linear subspace Tg is cut off R™ by the requirement that a direction from T should be
orthogonal to some of the vectors e;,. Indexes ¢ participating in these requirements are fully specified,
via the same for both subspaces in question rules, by the vectors of Lagrange multipliers associated
with the inequality constraints of respective problems , . As it was already explained, these
two vectors of Lagrange multipliers coincide with each other, which combines with O.4 to imply that
Ts = JTy. Invoking with A, u set to \*, u* and taking into account that y, = 0 is a KKT point
of , the Lagrange multipliers being \*, u*, we conclude that (|4.3.5) still holds true, so that second
order part of the premise in Proposition [f:2:2]implies that the second order part of condition S is satisfied.
Thus, condition S is satisfied, so that y. = 0 is a locally optimal solution to (4.3.3)) due to the already
verified Claim S. It remains to note that local optimality of y. as a solution t@ implies, by O.1,
local optimality of z, as a solution to (4.2.1]). m

4.3.6 Concluding remarks

A. We have obtained the claims in Propositions by “translating” to the problem of interest
Claims N, S stating optimality conditions established for problem (4.3.3). In turn, Claims N, S
were “spoiled” versions of “tight” necessary optimality condition N*, and “tight” sufficient optimality
condition S* for . We could also translate to problem the conditions N*, S* as they are,
thus arriving at “tight” necessary and sufficient conditions N*, ST for local optimality of z, in the
problem of interest . As is immediately seen, N*, ST are obtained from Propositions
as follows:

— in the second order part of the claim of Proposition [4.2.1] the requirement d” V2 L(x; A*, u*) d > 0

—_——

H
for all directions d from the linear subspace Ty, is relaxed to d* Hd > 0 for all directions d from the cone

=0 for all j with A7 >0
<0 for all j with g;(z*) =0 }.
= and A7 =0

K={deR":d"Vhi(z.) = 0Vi,d"Vg;(x.)
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— in the second order part of the claim of Proposition 4.2.2} the requirement d” V2 L(z; \*, u*)d > 0
[ —

H

for all nonzero directions d from the linear subspace Ty is relaxed to d¥ Hd > 0 for all nonzero directions
d from the cone K.

As we have explained, the rationale to spoil N+, ST is the desire to end up with efficiently verifiable
optimality conditions. Our current goal is to indicate special cases where the tight conditions are verifiable
“as is.” Here are these cases (below, z, is a regular feasible solution to which happens to be a
KKT point of the problem, and A\* is the associated Lagrange multiplier):

o [nondegeneracy] all active at x, inequality constraints g; are associated with positive Lagrange
multipliers A%

e there is exactly one active at x, inequality constraint with zero Lagrange multiplier
In this case, K is cut off Ty by a single homogeneous linear inequality, so that for a homogeneous
quadratic form to be nonnegative/positive outside of the origin on the cone K and on the subspace
Ts is the same. Consequently, in the case in question NT is obtained from Proposition by
replacing in the formulation of the second order part the subspace Ty, with larger subspace Ty, and
Proposition m states exactly the same as condition ST;

e There are exactly two active at x, inequality constraints with zero Lagrange multipliers, say, j-th
and j'-th o
In this case, the cone K is cut off the linear subspace Ty by two homogeneous linear constraints:

K={decTs:a"d<0,b"d <0},

where @ and b are the orthoprojections of Vg;(z,) and Vg (z.) onto Ts; note that a and b are
linearly independent due to regularity of x, and the origin of Ts. As a result, a homogeneous
quadratic form d? Hd is nonnegative/positive outside of the origin on the cone K if and only if it
is so everywhere on the set {d € Ty : d”[ab” + ba™]d > 0}, or, invoking S-lemma (Lemma [4.5.1)) if

and only if there exists § > 0 such that the quadratic form dT[H — 0E]d is nonnegative/positive
outside of the origin on the linear subspace Ts. The bottom line is that in the case in question opti-
mality conditions N+ and ST are efficiently verifiable and “outperform”ﬂ the standard optimality
conditions stated in Propositions [£.2.1] [£:2.2]

B. Finally, we remark that on the closest inspection, the first order part of Proposition [£.2.1] remains
a necessary condition for local optimality in the case when we relax our Default Assumption by replacing
twice continuous differentiability of the objective and the constraints in a neighbourhood of a regular
solution x, with plain continuous differentiability; the validity of this modification is readily given by
inspecting the relevant parts of the above derivations and the Implicit function Theorem applied with
k = 1 rather than with k = 2. The resulting “truncated” version of proposition is called the
necessary First Order Optimality condition.

4.4 Nondegenerate solutions and Sensitivity Analysis

It makes sense to introduce a special name for “good” locally optimal solutions to problem (4.2.1)):

Definition 4.4.1 A feasible solution x, to problem (4.2.1)) is called nondegenerate, if

e . is a regular solution to the problem, the objective and the constraints being twice continuously
differentiable in a neighbourhood of .,

'To justify “outperform,” look what the cinditions say in the case of the problem ming, ., {f(z) : x1 < 0,22 <
0} when z, =0 and Vf(0) =
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e 1. satisfies the premise of the sufficient optimality condition (Proposition , in particular, T,
is a KKT point of the problem and as such is associated with (uniquely defined by x.) Lagrange
multipliers \* > 0, u*, and

e all Lagrange multipliers \; associated with active at x. inequality constraints are positive rather
than just nonnegative.

The third requirement imposed in the definition might look strange — what for is it? Already the first
two of the requirements enforce x, to be locally optimal! In fact, all three requirements make sense — all
of them are needed by Sensitivity Analysis.

Given problem , we can embed it into the (m + k)-parameter family of problems

mwm{f(x) 2g)(x) 0,5 <m,h](z)=0,i <k} (Py.)

where
9j (@) = g;(x) —vj, h(x) = hi(z) —mi

and v = [y1;..-;Ym], n = [n1; --; k] are parameters. In this notation, problem (|4.2.1) itself is the problem
(Poo)-

It turns out that the Lagrange multipliers are responsible for the derivatives of the “local optimal
value” with respect to the parameters v and 7 of the family (P, ,):

Theorem 4.4.1 Consider parameterized family of problems (Py ), let x. be a nondegenerate solution
to problem (Po ), and let \*, u* be the corresponding vectors of Lagrange multipliers. Then there exist

o small enough neighbourhood X of the point x. in the space R™ of the design vectors,
e small enough neighbourhood V' of the point (v,n) = (0,0) in the space R™ x R* of the parameters,

o continuously differentiable functions

z.(y,n): V> X CR", N(y,n): VR, p*(y,m):V = R
[£.:(0,0) = z,,, A*(0,0) = A*, 1% (0,0) = p*]

such that whenever (v,m) € V, x.(v,n) € X is a nondegenerate locally optimal solution to the “perturbed”
problem (P~ ,), X (v,n), u*(v,n) being the corresponding vectors of Lagrange multipliers. Moreover,
x4(7,m) is the only KKT point of problem (P ;) in the set X and is the unique optimal solution to the
problem P([y,n]) obtained from (P, ) by adding the domain constraint x € X.

Finally, —=X%(v,n) and —u;(7y,n) are the derivatives of the “local optimal value”

[ (vm) = f(2e(v,m))

with respect to 7y;, n;, respectively: for (y,n) € V one has

Vo (v,m) = =X (vn); Vo f (v.n) = —p*(v,m). (4.4.1)

4.4.1 Justifying Theorem 4.4.1

We are about to sketch the proof of Theorem [4.4.1} in what follows we use the notation introduced in
Section Let z, be a nondegenerate solution to problem (Fp ).

0) Same as when justifying optimality conditions, we can (and do) assume w.l.o.g. that that all
inequality constraints in (Pp) are active at z. — indeed, the result we intend to prove is local — it
says something about z,+,n close enough to z, € R", v, = 0 € R™,n, = 0 € R, and the inequality
constraints of (FPp ) which are non-active at x, can be dropped without affecting local behavior of
problems from our parametric family.
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1) Similarly to what was done in Section [4.3.3] we apply Implicit Function Theorem to get neighbor-
hoods X of z, and Y of y. = 0 € R™ and twice continuously differentiable inverse to each other mappings
y(x) of X onto Y and y(x) of Y onto X such that

Yo 1= y(w:) = 0 & gj(7) = €] y(x) V(z € X,j <m) & hi(z) = ef, | y(x)V(z € X,i <k)
and associate with the family (P, ;) the family of linearly constrained problems

min {¢(y) := f(y(2) 4] = y; =75 0.7 SMYiyi = Ymss =15 = 0,0 < k} (P~.)

2) As we have seen in Section [4.3.5.2] from the fact that z. is a nondegenerate solution to (P ) it
follows that condition S asociated with problem (Fy ) takes place, so that y. = 0 is a KKT point of
(Po,o), the Lagrange multipliers being \* and p*, or, which is the same,

Vo(0) = [=\"; —u";0;...; 0] (4.4

2)
besides this, nondegeneracy implies that A\* > 0, so that the linear subspace Ts associated with (P )
is spanned by vectors €,,4+k+1, €m+k+2, ---, €n. Since, as we have seen, condition S associated with (PQO)
takes place, the restriction of the quadratic form dTV2¢(O)d on the plane F of the last r =n —m — k
coordinates in R"™ is positive outside of the origin of E, or, which is the same, the South-Eastern r x r
submatrix H of the matrix V2¢(0) is positive definite. Since ¢ is twice continuously differentiable in a
neighborhood of y, = 0, it follows that we can point our a small enough box Y C Y centered at y, = 0
and a 0 > 0 such that for y € Y the South-Eastern r x r submatrix H(y) of V2¢(y) is = 01,, I, being
the 7 x r unit matrix. Besides this, the first m entries in —V¢(0) form the positive vector \*, implying
that the box Y can be selected in such a way that for y € Y, the first m entries in Vg(y) are < —46, for
properly selected 6 > 0. Now let us prove the following

Lemma 4.4.1 There exist positive ¢ and o such that
(i) the open box BS = {y € R™ : ||ylls < s} is contained in Y C Y,

(i) whenever ||7]lco < 0, [IN]loo < 0, the optimization problem
min {¢(y) :y € B*,y] <0,j <m,y,,,; =0} (P, m])
y

has a unique optimal solution y.(v,n). This solution is the point of B uniquely defined by 7, n
via the relations

[*((% ))]e B ) EZ))
Y Y = ’y]7 ] m
{y VMt =m0 < k (c) (4.4.3)

Vo(y(v,me=0,m+k<l<n (d
so that the inequality constraints y) <0, j <m, of (Ply,n)]) are satisfied at this point as equalities.

Moreover, y.(v,n) is the unique contained in BS KKT point of (P[y,n]), the associated Lagrange
multipliers being Ni(v,1) = —[Vo(y«(v,n)l; > 0, 5 < m, and pf(v,n) = ~[Vo(yu (v, m)]m+is
i1 < k.
Proof of Lemma. 1°. Let us select ¢ > 0 small enough to ensure B C Y.
2°. Given a positive ¢ < ¢ and a pair [y;n] with ||[v;7]]|c < 0, consider the optimization problem

mcin{%m(C) = (v cl): ¢ € B :i={C € R" 1 [|([loc <<}},

and let us prove that when ¢ > 0 is small enough, this problem in solvable. Indeed, our problem is the
problem of minimizing a twice continuously differentiable function 1(-) = 1 ,(-) over the open centered
at the origin box B, in R". Since BS C Y, we have V29 (-) = 01, (see the description of Y), implying
that

0
I<lloo < 6 v mllloe < § = 0 (€)= ¥y 5 (0) + (T Vs, (0) + §||C||§~ (4.4.4)
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On the other hand, when ||[y;7]|| < ¢, the entries in the vector Vi), ,(0) are the last r entries in the
gradient V¢(-) taken at the point [y;7;0;...;0]. When v = 0, n = 0, these entries vanish, see ;
consequently, we can enforce them to be arbitrarily small by selecting small enough o > 0 and restricting
v, n to satisty [|[v;n]llee < 0. As a result, when ¢ > 0 is small enough and ||[y;7]|lcc < 0, the values of
the function 1, ,(-) at points close to the boundary of B are larger than the value of this function at
the origin, implying that the function achieves its minimum at a point from the open box B.. Since the
function is strictly convex on B, and achieves its minimum on this open box, the minimizer, let it be
denoted ¢(v,7), is uniquely defined by the requirement to belong to the box and to be a critical point of
the function — one where the gradient of the function vanishes. Thus, y.(7y,7) is uniquely defined by the
requirements , as claimed.

3°. By 2°, we can select ¢ > 0 and g € (0, <] such that whenever ||[v;7]||c < o, the function ¢([y;n; (])
of € is strictly convex on B, and attains its minimum at its unique in this open box critical point (v, 7).
Let us prove that whenever ||[v;7]|lco < 0, the point

y=v.(v,m) = [v;m:¢(v, )]

is the unique optimal solution to problem (P[y,7]) and the unique KKT point of this problem. First,

by construction, the point is a feasible solution to (P[y,n]) due to o <. Second, let y' = [/;7'; ('] be

a feasible solution to the problem; note that 7’ = n since ¢’ is feasible for (P[y,n]). Denoting by ¢ the
vector composed of the last r coordinates of y and setting § = [v;n; (], we have

o ¢(y) < ¢(y) with equality implying that y = 7, since the function ¢([y;7; z]) of z € B, is strictly
convex on B¢ with the gradient vanishing when z = ¢

e o(y) < o(y'), with equality implying that y’ = g, due to the fact that the first m entries in y’ are
< the corresponding entries in 4 (recall that 3’ is feasible for (P[y,7])), the remaining entries in 3/’
and g are the same, and ¢(-), restricted on B¢, is strictly decreasing in the first m arguments due
to BS C Y combined with the fact that the first m entries in V¢ are < —4 everywhere on Y, by

construction of the latter set.

The bottom line is that ¢(y) < ¢(y'), with equality possible only when y = ¢', so that y = y.(vy,7) is the
unique optimal solution to (P[y,n]).

Now let us verify that y = y.(v,n) is the only KKT point of (P[y,7]). Indeed, let 4 € B be a KKT
point of the problem, and A, i be the associated Lagrange multipliers. By feasibility, the first m entries
in y’ are < the corresponding entries in v, or, which is the same, in y. By complementary slackness, when
J < m is such that [y/]; < 7;j, A; should be zero, while the KKT equation says that X\; = —[Vo(y')];,
and the latter quantity is strictly positive on Y O B¢ by construction of Y; thus, the first m entries in
1y should be the same as in y. The next k entries in these vectors also are the same — by feasibility of v,
y' for (P[y,n]). Thus, the first m + k entries in 3’ form the vector [y,7n] whence 3’ = [v,;; 2] for some
z € B.. Now the KKT equation says that the last  entries in V¢ ([y;7; z]) should be zeros, which, as we
remember, for z € B, implies that z = ((v,7) = ¢, and we end up with ¢y’ =y, as claimed.

Finally, the KKT equation says that the Lagrange multipliers \;, p; for the KKT point y = y.(v,n)
of (P[y, p]) are —[V¢(y)]; and —[V(y)]m+i- Lemma is proved. m

4) Now we are ready to complete the proof of Theorem With ¢ and p given by Lemma
let us take as X the image of the open box B¢ under the mapping y — x(y). This twice continuously
differentiable, with twice continuously differentiable inverse, mapping maps the openset Y D B® 5 y, =0,
in a one-to-one fashion, onto the open set X containing z,, and maps y, = 0 into z,, and therefore X is

an open set containing z.. Let also V' = {[v;n] : [|[7;1]llcc < 0}. For [v;n] € V, problem

min {f(z) : g;(z) 0,5 <m, hi(z) <n;,i <k, z€X} (P[v,n])

is obtained from problem (P[y,7]) by substitution of variables = x(y) which is one-to-one twice contin-

uously differentiable mapping of X onto B® with twice continuously differentiable inverse and such that
2, = x(y,) with y. = 0. Consequently, setting

2. (v,m) = 2(y« (v, 1))
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(from now on, [y;n] runs through V') and taking into account that the point y.(vy,n) is, by Lemmam
the unique optimal solution to (P[y,7]), the point x.(y,n) is the unique optimal solution to (P[y,n]).
Next, the Lagrange functions L. ,(z; A, ) of (P[y,n]) and L. ,(y; \,n) of (P[y,n]) are linked by the
relation
Ly (@A, 1) = Ly (y(2); A, p) ¥(x € X, A, )
same as in Section this implies that KKT points x of (P[y,n]) are exactly the points of the form
x(y) stemming from KKT points y of (P[y,7]), the Lagrange multipliers for z being the same as those
for y. By Lemma (P(v,n]) has exactly one KKT point, namely, y.(7,7), the associated Lagrange
multipliers being A*(v,n), u*(v,n), so that z.(y,n) is the unique KKT point of (P[y,7]), the Lagrange
multipliers being the same \*(v,n), u*(v,n).
Theorem [£4.]] claims also that

e 7.(7,n) is a nondegenerate solution to (P, ;). Indeed, we have already seen that the KKT point
y* = y.(v,m) of (P[y,n]) is associated with Lagrange multipliers \* = A\*(v,n) > 0 and p* =
w*(7v,m); since A* > 0, the corresponding to y* linear subspace participating in the second order

part of Necessary optimality condition is

Ts = Lin{e’rrz,+k+1; Emtk+425 0y 6n}7

so that the quadratic form
"V |y Do (3 A (o) 1™ (v m))d = d"V2e(y)d

is positive on the nonzero part of 75 due to positive definiteness of the r xr South-Eastern submatrix
H(y*) of V2¢(y*). Thus, y* is a nondegenerate solution to (P[y,n]). Looking at the proof of
Proposition we conclude that this nondegeneracy implies that x.(vy,7) is a nondegenerate

solution to (P[y,n]);

e the functions z.(y,n), A*(v,n), n*(v,n) are continuously differentiable on V. To verify this, note
that y.(v,n) is continuously differentiable in view of twice continuous differentiability of ¢(y) in
B¢ combined, via a slightly different from Theorem [I.3.1] form of Implicit Function Theorem, with
positive definiteness of the matrix H(y), y € Y (see item 2) above) and the fact that ((v,7) is a
critical point of the function v ,(¢) : B¢ = R, see item 2° of the proof of Lemma We take
the liberty not to elaborate on the related details in order to avoid overloading our exposition with
technicalities;

e —X\i(v,m), —wj(7,m) are the derivatives of the local optimal value f(z.(v,n)) = ¢(y«(v,7n)) over
v, n;- This is an immediate consequence of the relations

y = y.(v,m) = [vim C(v.m)],
N (vam) = =[VoW)ly, 3 <m, pi(v,n) = =[Vé(y)lm+i, i <k, [Vo(y)le =0, m+k<l<n

established when proving Lemma [{4.1] =

4.5 Illustration: Optimality conditions at work

It was announced in the preface to the course and to this lecture that optimality conditions in some cases
allow to find closed form solutions to optimization problems. After we know what are the optimality
conditions, it is time to explain how one can use them to solve a problem “on the paper”. The scheme
is very simple. Given a constrained optimization problem (P), we can write down the KKT optimality
conditions along with the feasibility requirements:

m k
V(@) + > NjVgi(e) + > piVhi(z.) = 0 [n = dim z equations]
j=1 i=1
Mgi(z) = 0,i=1,...,.m [m equations]
hi(z,) = 0,i=1,..,k [k equations]
g](x*) < 0 ] =1,...,m
;=2 0,5=1..,m
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The equality part of this system is a system of n 4+ m + k nonlinear equations with n+m + k unknowns —
the entries of x,, A*, u*. Normally such a system has only finitely many solutions. If we are clever enough
to find all these solutions and if by some reason we know that the optimal solution exists and indeed
satisfies the KKT condition (e.g., every feasible solution to the problem is regular), then we may be sure
that looking through all solutions to the KKT system and choosing among them the one which is feasible
and has the best value of the objective, we may be sure that we shall end up with the optimal solution
to the problem. In this process, we may use the inequality part of the system (same as the additional
inequalities coming from the second order part of Necessary Optimality condition) to eliminate from the
list candidates which do not satisfy the inequalities, which enables to skip more detailed analysis of these
candidates.

Approach of this type is especially fruitful if (P) is convex (i.e., f, g1, ..., gm are convex and hy, ..., hy
are linear). The reason is that in this case the KKT conditions are sufficient for global optimality (we
know it from the previous Lecture, although for the case when there are no equality constraints; the
extension to the case of linear equality constraints is quite straightforward). Thus, if the problem is
convex and we are able to point out a single solution to the KKT system, then we can be sure that it is
the actual — globally optimal — solution to (P), and we should not bother to look for other KKT points
and compare them to each other.

Unfortunately, the outlined program can be carried out in simple cases only; normally nonlinear KKT
system is too difficult for analytical solution. Let us look at one — and a very instructive one — of “simple
cases”.

4.5.1 Minimizing a homogeneous quadratic form over the unit sphere

Consider the problem
(Q) min{f(z)=2"Az:gi(z) =2"2—-1<0},
x

A being a symmetric n X n matrix. Let us list all locally optimal solutions to the problem.

Step 0. Let f* denote the optimal value. Since x = 0 clearly is feasible solution and f(0) = 0, we
have f* < 0. There are, consequently, two possible cases:

Case (A): f*=0;

Case (B): f* <0.

Step 1: Case (A). Case (A) takes place if and only if 27 Az > 0 for all z, |z| < 1, or, which is the
same due to homogeneity with respect to z, if and only if

zT Az > 0 Va.

We know that symmetric matrices with this property have special name — they are called symmetric
positive semidefinite (we met with these matrices in the Convexity criterion for twice continuously dif-
ferentiable functions: such a function is convex in certain open convex domain if and only if the Hessian
of the function at any point of the domain is positive semidefinite). In Linear Algebra there are tests for
positive semidefiniteness (the simplest is the Sylvester rule: a symmetric matrix is positive semidefinite
if and only if all its principal minors — those formed by several rows and the columns with the same
indices as rows — are nonnegative; there are also tests which can be run in cubic in the size of the matrix
number of arithmetic operations). Now, what are the locally optimal solutions to the problem in the case
of positive semidefinite A? We claim that these are exactly the points = from the unit ball (the feasible
set of the problem) which belong to the kernel of A, i.e., are such that

Az =0.

First of all, if & possesses the latter property, then 27 Ax = 0 = f*, so that z. is even globally optimal.
Vice versa, assume that z is locally optimal, and let us prove that Az = 0. The constraint in our problem
is convex; the objective also is convex (recall the criterion of convexity for smooth functions and note that
f"(x) = 2A), so that a locally optimal solution is in fact optimal. Thus, z is locally optimal if and only
if 27 Az = 0. In particular, if z is locally optimal, then, say, 2’ = /2 also is. At this new locally optimal
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solution, the constraint is satisfied as a strict inequality, so that 2z’ is an unconstrained local minimizer
of function f(-), and by the Fermat rule we get Vf(2') = 242’ = 0, whence also Az = 0, as claimed.
Step 2: Case (B). Now consider the case of f* < 0, i.e., the one when there exists h, |h| < 1, such
that
(#) hT Ah < 0.

What are the locally optimal solutions z, to the problem?

What is said by the first order parts of Optimality conditions. Logically, two possibilities can take place:
the first is that |x.| < 1, and the second is that |z.| = 1.

Let us prove that the first possibility if in fact impossible. Indeed, in the case of |z,| < 1 z, should be
locally optimal in the unconstrained problem mzin {f(z) : x € R"} with smooth objective. By the second

order part of Necessary condition for unconstrained local optimality, the Hessian of f at xz, (which is
equal to 24) should be positive semidefinite, which contradicts (#).

Thus, in the case in question a locally optimal solution x, is on the boundary of the unit ball, and
the constraint g;(z) < 0 is active at .. The gradient 2z, of this constraint is therefore nonzero at z.,
so that by Proposition z, is a KKT point:

N >0: Vf(r.) +A]Vei(zs) =0,

or, which is the same,
Az, = =Nz,

Thus, z, should be a unit eigenvectOIH of A with a nonpositive eigenvalue A = —A7; this is all which we
can extract from the first order part of Necessary optimality condition.
Looking at the example
A = Diag(1,0,—-1,-2,-3, ..., —8)

in R'°, we see that the first order part of Necessary optimality condition is satisfied by 18 vectors
+e,y, tes, ..., e, where e;, i = 1,...,10, are the standard basic orths in R0, All these 18 vectors are
Karush-Kuhn-Tucker points of the problem, and the first order parts of Optimality conditions does not
allow to find out which of these 18 candidates are locally optimal and which are not. To get the answer,
we should use the second order parts of Optimality conditions.

What is said by the second order parts of Optimality conditions. We come back to our general problem
(Q); recall that we are in the case of (B). We already know that a locally optimal solution to (Q) is a unit
vector, and the set of constraints active at z, is composed of our only inequality constraint; its gradient
2z, at x, is nonzero, so that the solution is regular, and consequently we have at our disposal the second
order part of Necessary Optimality condition. Thus, there should exist Lagrange multiplier A\] = —A >0
such that

24z, — 20z, =V f(z.) + \iVgi1(zs) =0

and
dT[2A —2XI]d = dV[V? f(2.) + N\ Vg1 (2.)]d > 0

(I is the unit matrix) for any d satisfying the condition
d'Vg, (z,) =2d"z, = 0.
In other words, at z, we should have, for certain A <0,
Az, = Az, (4.5.1)

and
d"(A—\)d >0 (4.5.2)

Drecall that a (real) eigenvector of a square matrix M is a nonzero vector e such that Me = sz for certain
real s; this real is called the eigenvalue of M associated with the eigenvector e.
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for all d such that
dTz, = 0.

Let us prove that in fact (4.5.2)) is valid for all d € R™. Indeed, given a d € R"™, we can decompose it as

d=dy + do,

where d; is the orthogonal projection of d onto the one-dimensional subspace spanned by x., and ds is
the orthogonal projection of d onto the orthogonal complement to x,:

di = axy, dgx* =0.
We have
d"(A—X)d = (dy + do)" (A — M) (dy + do) = di (A — X )dy + 2d3 (A — NI)dy + d3 (A — NI )da;

from d; = ax; and from (4.5.1) it follows that the first two terms — those containing d; — in the last
expression are zero, and from (4.5.2) it follows that the third term is nonnegative (recall that di =, = 0).

Consequently, the expression is nonnegative, as claimed.

We conclude that a locally optimal solution x, of problem (Q) should be a unit vector such that z.
is an eigenvector of A with a nonpositive eigenvalue \ and, besides this, such that the matrix A — A\ is
positive semidefinite — (4.5.2)) should be valid for all d. It follows that A is the smallest of eigenvalues of
A: indeed, if )’ is another eigenvalue, so that there exists a nonzero x’ with Az’ = \'z’, then we should
have

0< @) (A-AD2' = (@) (N = N2’ = (N = N)|2'|?,

whence X > .
We conclude that the A - the minus Lagrange multiplier associated with a locally optimal solution x,
is uniquely defined by the problem: this is the smallest eigenvalue of A. And since

flas) = (2) T Az = Mo = X

(we already know that a locally optimal solution must be a unit eigenvector of A with the eigenvalue \),
we conclude that the value of the objective at a locally optimal solution also is uniquely defined by the
problem. Since the problem clearly is solvable (the feasible set is compact and the objective is continuous),
locally optimal solutions exist and among them there are optimal ones; and since the objective, as we
have seen, is constant on the set of locally optimal solutions, we conclude that

In the case of (B) locally optimal solutions are the same as optimal ones and all of them are unit
eigenvectors of A associated with the smallest eigenvalue of the matrix.

On the other hand, if z, is a unit eigenvector of A with the eigenvalue A, then f(z.) = A (see the above
computation), so that all unit eigenvectors of A associated with the smallest eigenvalue of the matrix are,
in the case of (B), optimal solutions to (Q). We see that the second order part of Necessary Optimality
condition, in contrast to the first order one, allows us to get complete description of the solutions to (Q).

Remark 4.5.1 A byproduct of our reasoning is the statement that if a symmetric matrix A satisfies (#),
then there exists an eigenvector of A ((Q) for sure is solvable, and the First Order Necessary condition
says, as we have seen, that an optimal solution must be an eigenvector). Note that it is far from being clear
in advance why a symmetric matrix should have an eigenvector. Of course, our reasoning establishes the
existence of an eigenvector only under assumption (#), but this restriction can be immediately eliminated
(given an a arbitrary symmetric matrix A’, one can apply the reasoning to the matrix A = A’ —T'I which,
for large T, for sure satisfies (#), and to get existence of an eigenvector of A; of course, it will be also an
eigenvector of A’).

The existence of an eigenvector for a symmetric matrix is, of course, a perfectly well known elementary
fact of Linear Algebra; here is a several-line proof:
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Let us prove first that an arbitrary matrix A, even with complex entries, possesses a complex
eigenvalue. Indeed, A is an eigenvalue of A if and only if there exists a nonzero (complex)
vector z such that (A—AI)z = 0, i.e., if and only if the matrix AI — A is singular, or, which is
the same, the determinant of the matrix is zero. On the other hand, the determinant of the
matrix \I — A clearly is a nonconstant polynomial of A\, and such a polynomial, according to
FTA — the Fundamental Theorem of Algebra — has a root; such a root is an eigenvalue of A.
Now we should prove that if A is real and symmetric, then it has a real eigenvalue and a
real eigenvector. This is immediate: we simply shall prove that all eigenvalues of A are real.
Indeed, if A is an eigenvalue of A (regarded as a complex matrix) and z is the corresponding
(complex) eigenvector, then the expression

n
*
E AiijZ/j,
i.j=1

(* means complex conjugation) is real (look at its conjugate!); on the other hand, for the

2. gince

n n

eigenvector z we have ) A;;z; = Az, so that our expression is A > z;zF = A )" |z

j i=1 i=1
z # 0, this latter (?Xpl‘()SJSi()n can be real if and only if A is real.
Finally, after we know that an eigenvalue A of a real symmetric matrix (regarded as a matrix
with complex entries) in fact is real, we can immediately prove that the eigenvector associated
with this eigenvalue also can be chosen to be real: indeed, the real matrix A\I — A is singular
and has therefore a nontrivial kernel.

In fact all results of our analysis of (Q) can be immediately derived from several other basic facts of Linear

n
Algebra (namely, from the possibility to represent a quadratic form z7 Az in a diagonal form Y A\u?(z),

1=1

u;(x) being the coordinates of = in a properly chosen orthonormal basis). Thus, in fact in our particular
example the Optimization Theory with its Optimality conditions is, in a sense, redundant. Two things,

however, should be mentioned:

e The Linear Algebra proof of the existence of an eigenvector is based on the FTA which states

existence of a (complex) root of a polynomial. To get the same result on the existence of an
eigenvector, in our proof (and in all the proofs it is based upon) we never used something like FTA!
All we used from Algebra was the elementary theory of systems of linear equations, and we never
thought about complex numbers, roots of polynomials, etc.!

This is an example of what is Mathematics, and it would be very useful exercise for a mathematician
to trace back both theories to see what are the “common roots” of two quite different ways to prove
the same factP).

It is worthy of mentioning that the Optimization Theory (which seems to be redundant to estab-
lish the existence of an eigenvector of a symmetric matrix) becomes unavoidable when proving
a fundamental infinite-dimensional generalization of this fact: the theorem (Hilbert) that a com-
pact symmetric linear operator in a Hilbert space possesses an eigenvector [and, finally, even an
orthonormal basis composed of eigenvectors]. We are not going to explain what all these words
mean; roughly speaking, it is said that a infinite dimensional symmetric matrix can be diagonalized
in a properly chosen orthonormal basis (e.g., an integral operator f(s) — fol K(t,s)f(s)ds with not
that bad (e.g., square summable) symmetric (K (t,s) = K*(s,t)) kernel K possesses a complete
in L]0, 1] orthonormal system of eigenfunctions; this fact, in particular, explains why the atomic
spectra are discrete rather than continuous). When proving this extremely important theorem, one

3)the only solution to this exercise which comes to my mind is as follows: the simplest proof of the Fundamental
Theorem of Algebra is of optimization nature. This hardly is the complete answer, since the initial proof of FTA
given by Gauss is not of optimization nature; the only fact from Analysis used in this proof is that a continuous
function on the axis which takes both positive and negative values has a zero (Gauss used this fact for a polynomial
of an odd degree). This is too far relationship, we think.
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cannot use Linear Algebra tools (there are no determinants and polynomials anymore), but still
can use the optimization ones (compactness of the operator implies solvability of the corresponding
problem (Q), and the first order necessary optimality condition which in the case in question says
that the solution is an eigenvector of the operator, in contrast to FTA, is “dimension-invariant”
and remain valid in the infinite-dimensional case as well).

4.5.2 S-Lemma
We have already used

Lemma 4.5.1 [S-Lemmal Let A, B be two n xn symmetric matrices, and let the homogeneous quadratic
inequality
T Az >0 (S)

in variables x be strictly feasible. The homogeneous quadratic inequality
2T Bx >0 (I)

is a consequence of (S) if and only if it can be obtained by summing up a nonnegative multiple of (S) and
an identically true homogeneous quadratic inequality, that is, if and only if

B> 0A
for properly selected nonnegative 6.

Pay attention to similarity between Homogeneous Farkas Lemma and S-Lemma. HFL says that a ho-
mogeneous linear inequality b7z > 0 is a consequence of a finite system a? x > 0, i < I, of homogeneous
linear inequalities if and only if it can be obtained by taking weighted sum, with nonnegative weights of
inequalities from the system; you can add also “and adding identically true homogeneous linear inequal-
ity” — this changes nothing, since there is exactly one identically true homogeneous linear inequality —
the trivial inequality 072 > 0. S-Lemma is a “quadratic analogy” of this statement, with the major
difference that in the quadratic case “the system” should contain just one inequality, otherwise the “only
if” part of the claim fails to be true in general. At the same time, now there are plenty identically true
homogeneous quadratic inequalities — these are inequalities 27 Cz > 0 with positive semidefinite matrices
C. On the balance, S-Lemma turns out to be an extremely useful statement.

There are many different proofs of S-Lemma; the one we are about to present is not the most elegant,
but the most straightforward one.

The “if” part of Lemma is trivial: if B — A > 0 for some 8 > 0, then 27 Bz > 6z7 Az for all z,
whence 27 Bx > 0 whenever 27 Az > 0. To prove the “only if” part, assume that the implication

2TAxr >0=2"Bx >0 (4.5.3)
takes place. Consider the optimization problem

Opt = min {xTBx caT Ax = 1} ; (P[B])

this problem is feasible (since z7 AZ > 0 for some #, making appropriate multiple Z of Z a feasible solution
to (P[B])), and by the optimal value is nonnegative. Assume for the time being that the problem
is solvable, and let z, be an optimal solution. Observe that Az, # 0 since a:*TAa:* =1, so that z, is a
regular solution of the problem. By Necessary Optimality condition, there exists p such that

0=Va|,_, [¢"[B+pAlz.] =2[B+ pAlz, (a)

and the quadratic form d”[B + pA]d restricted on the space of directions d orthogonal to Vx|x:w xT Az
is nonnegative, that is
d" Az, = 0= d"[B + pAld > 0. (b)
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From (a) it follows that 7 [B+ puA]x, = 0, that is, Opt+p = 0; since Opt > 0, we get 6 := —u > 0. Now,
given € R", let us set A = 27 Az, and d = v — A\z,.. Then d” Az, = 27 Az, — )\x:{Ax* =A—A=0,
Consequently,

2T [B — 0Alx = [d+ Mz.)T[B — 0A][d + \v.] = dT[B — 0A]d + 2\d” [B — 0 A]z, + N2 [B — 0A]z..

In the concluding sum, the first term is nonnegative due to d” Az, = 0 and (b), and the last two terms
vanish due to (a). Thus, > 0 and d”[B — 0 A]d > 0 for d, that is, B — A = 0; we have proved the “only
if” part of S-Lemma in the case when (p[B]) is solvable. To lift this restriction, let us take e > 0 and set

B. = B+ ¢l. Invoking (4.5.3)), we get
2TAz > 0= 2"Bax > ex'x,

implying that the feasible parts {z : 27 Az = 1,27 B.x < a} of the sublevel sets of the objective in
(P[B]) are bounded whenever a € R. Consequently, problem (P[B]) is solvable, whence, by the above
analysis, B, = 6.A for some 0. > 0. As a result,

0. =0.27 A2 < 7' Bz = 2" BT + 7' 7,

We see that as € — 40, 6. > 0 remains bounded. As a result, we can build a sequence ¢€; \, 0 such that
36 = lim 6., We have § > 0 due to 6; > 0 and B — A > 0 due to B —6.,A = 0. Thus, B—60A = 0 for
oo

i—
properly selected 6 > 0. m]
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Lecture 5

Optimization Methods: Introduction

This lecture starts the second part of our course; what we are interested in from now on are numerical
methods for nonlinear continuous optimization, i.e., for solving problems of the type

minimize f(z) s.t. gi(x) <0,i=1,...,m; hj(z)=0,7=1,....k. (5.0.1)

Here x varies over R", and the objective f(z), same as the functions g; and hj, are smooth enough
(normally we assume them to be at least once continuous differentiable). The constraints

gi(z) <0,i=1,...,m; hj(z)=0,j=1,..,k

are referred to as functional constraints, divided in the evident manner into inequality and equality
constraints.

We refer to as to nonlinear optimization problems in order to distinguish between these prob-
lems and Linear Programming programs; the latter correspond to the case when all the functions f, g;, h;
are linear. And we mention continuous optimization in the description of our subject to distinguish
between it and discrete optimization, where we look for a solution from a discrete set, e.g., composed
of vectors with integer coordinates (Integer Programming), vectors with 0-1 coordinates (Boolean Pro-
gramming), etc.

Problems arise in huge variety of applications, since whenever people make decisions, they
try to make them in an “optimal” manner. If the situation is simple enough, so that the candidate
decisions can be parameterized by finite-dimensional vectors, and the quality of these decisions can be
characterized by finite set of “computable” criteria, the concept of “optimal” decision typically takes the
form of problem . Note that in real-world applications this preliminary phase — modelling the actual
decision problem as an optimization problem with computable objective and constraints — is, normally,
much more difficult and creative than the subsequent phase when we solve the resulting problem. In our
course, anyhow, we do not touch this modelling phase, and focus on technique for solving optimization
programs.

Recall that we have developed optimality conditions for problems in Lecture |4, We remember
that one can form a square system of nonlinear equations and a system of inequalities which together
define certain set — the one of Karush-Kuhn-Tucker points of the problem — which, under mild regularity
conditions, contains all optimal solutions to the problem. The Karush-Kuhn-Tucker system of equations
and inequalities typically has finitely many solutions, and if we are clever enough to find all of them
analytically, then we could look through them and to choose the one with the best value of the objective,
thus getting the optimal solution in a closed analytical form. The difficulty, however, is that as a rule we
are not so clever to solve analytically the Karush-Kuhn-Tucker system, same as are unable to find the
optimal solution analytically by other means. In all these “difficult” cases — and basically all optimization
problems coming from real world applications are difficult in this sense — all we may hope for is a numerical
routine, an algorithm which allows to approximate numerically the solutions we are interested in. Thus,
numerical optimization methods form the main tool for solving real-world optimization problems.

137
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5.1 Preliminaries on Optimization Methods

It should be stressed that one hardly can hope to design a single optimization method capable to solve
efficiently all nonlinear optimization problems — these problems are too diverse. In fact there are numerous
methods, and each of them is oriented onto certain restricted family of optimization problems.

5.1.1 Classification of Nonlinear Optimization Problems and Methods
Traditionally, the Nonlinear Optimization Problems (5.0.1)) are divided into two large classes:

e Unconstrained problems — no inequality or equality constraints are present. The generic form of
an unconstrained problem, consequently, is

minimize f(z) s.t. x € R", (5.1.1)

f being smooth (at least once continuously differentiable) function on R";
e (Constrained problems, involving at least one inequality or equality constraint.

The constrained problems, in turn, are subdivided into several classes, according to whether there are
nonlinear constraints, inequality constraints, and so on; in the mean time we shall speak about this in
more details.

According to the outlined classification of optimization problems, the optimization methods are pri-
marily partitioned into those for unconstrained and constrained optimization. Although the more simpler
unconstrained problems are not that frequently met in applications, methods for unconstrained optimiza-
tion play very important role: they are used directly to solve unconstrained problems and indirectly, as
building blocks, in many methods of constrained minimization.

5.1.2 TIterative nature of optimization methods

Methods for numerical solving nonlinear optimization problems are, in their essence, iterative routines:
as applied to problem (5.0.1)), a method typically is unable to find exact solution in finite number of
computations. What a method generates, is an infinite sequence {z;} of approximate solutions. The
next iterate x;y1 is formed, according to certain rules, on the basis of local information of the problem
collected along the previous iterates. The portion of information Z; obtained at a current iterate x; is a
vector composed of the values of the objective and the constraints at z; and, possibly, of the gradients
or even higher-order derivatives of these functions at x;. Thus, when forming z;41, the method “knows”
the values and the derivatives, up to certain fixed order, of the objective and the constraints at the
previous iterates x1, ..., x;, and this information is all information on the problem available to the method
when it generates the new iterate x;y1. This iterate, consequently, is certain function of the information
accumulated so far:
Ti41 = Xt+1(Il,IQ, ...,It).

The collection of the search rules X;(-) predetermines behaviour of the method as applied to an arbitrary
problem; consequently, the method itself can be identified with the collection {X;}$°,. Note that the list
of arguments in X; is composed of (¢t —1) portions of local information; in particular, the list of arguments
in the very first search rule X; is empty, so that this “function” is simply a fixed vector specified by the
description of the method — the starting point.

From the outlined general scheme of an iterative routine it follows that optimization methods are
classified not only according to the types of problems the methods are solving, but also according to the
type of local information they use. From this “information” viewpoint, the methods are divided into

e zero-order routines using only values of the objective and the constraints and not using their
derivatives;

e first-order routines using the values and the gradients of the objective and the constraints;
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e second-order routines using the values, the gradients and the Hessians (i.e., matrices of second-order
derivatives) of the objective and the constraints.

In principle, of course, we could speak about methods of orders higher than 2; these methods, however, are
never used in practice. Indeed, to use a method of an order k, you should provide possibility to compute
partial derivatives of the objective and the constraints up to order k. In the multi-dimensional case it is
not that easy even for £k = 1 and even in the case when your functions are given by explicit analytical
expressions (which is not always the case). And there is “explosion of difficulties” in computing higher

order derivatives: for a function of n variables, there are n first order derivatives to be computed, nintl)

2
second order derivatives, "(n%w third order derivatives, etc.; as a result, even in the medium-scale
case with n being several tens the difficulties with programming, computation time, memory required to
deal with higher-order derivatives make exploiting these derivatives too expensive. On the other hand,
there are no serious theoretical advantages in methods of order higher than 2, so there is no compensation

for the effort of computing these derivatives.

5.1.3 Convergence of Optimization Methods

As a matter of fact, we cannot expect a nonlinear problem to be solved exactly in finite number of steps;
all we can hope for is that the sequence of iterates {z;} generated by the method in question converges,
as t — 00, to the solution set of the problem. In the theory of Numerical Optimization, the convergence
of an optimization method on certain family of problems is exactly what gives the method right to be
qualified as a tool for solving problems from the family. Convergence is not the only characteristic of a
method, but this is the property which makes a method theoretically valid optimization routine.

5.1.3.1 Rates of convergence

The fact of convergence of an optimization (and any other) computational method is the “weakest”
property which gives the method right to exist. In principle, there are as many methods with this
property as you wish, and the question is how to rank these methods and which of them to recommend
for practical usage. In the traditional Nonlinear Optimization this problem is resolved by looking at the
asymptotic rate of convergence measured as follows.

Assume that the method as applied to problem P generates sequence of iterates converging
to the solution set X} of the problem. To define the rate of convergence, we first introduce an
error function err(z) which measures the quality of an approximate solution z; this function
should be positive outside X and should be zero at the latter set.

There are several reasonable choices of the error function. For example, we always can use
as it the distance from the approximate solution to the solution set:

distp(z) = wlél)f{
5

z—a";

another choice of the error function could be the residual in terms of the objective and
constraints, like

resp () = max{f(z) = [ [91(2)] 45 -5 [gm (2)]4; [ha (@) ]; o5 [k () [},

f* being the optimal value in P and [a]4+ = max(a,0) being the positive part of a real a, etc.

For properly chosen error function (e.g., for distp), convergence of the iterates to the solution
set implies that the scalar sequence

re = err(xy)

converges to 0, and we measure the quality of convergence by the rate at which the nonneg-
ative reals r; tend to zero.
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The standard classification here is as follows:

e [linear convergence] a sequence {r; > 0} such that for some g € (0,1), some C' < co and all ¢ one
has
re < Cqt

is called linearly converging to 0 with ratio q; the simplest example of such a sequence is r; = Cq'.
The lower bound of those ¢ for which {r;} linearly converges to 0 with the convergence ratio ¢ is
called the convergence ratio of the sequence.

For example, for the sequence r; = Cqt, same as for the sequence {r; = C(q+¢€;)t}, ¢ — 0, t — oo,
the convergence ratio is ¢, although the second sequence, generally speaking, does not converge to
0 with the ratio ¢ (it, anyhow, converges to 0 linearly with convergence ratio ¢’ for any ¢’ € (g, 1)).

It is immediately seen that a sufficient condition for a sequence {r; > 0} to be linearly converging
with ratio g € (0, 1) is to satisfy the property

. Tt+1
limsup, _,.,,—— < ¢
T

e [sub- and superlinear convergence| a sequence which converges to 0, but is not linearly converging
(e.g., the sequence r; = t~1), is called sublinearly converging. A sequence which linearly con-
verges to zero with any positive ratio (so that the convergence ratio of the sequence is 0) is called
superlinearly converging (e.g., the sequence r; = t~%).

A sufficient condition for a sequence {r; > 0} to be superlinearly converging is

. Tt+1
lim =0.
t—o0 T¢

e [convergence of order p > 1] a sequence {r; > 0} converging to 0 is called to have convergence
order p > 1, if for some C and all large enough ¢ one has

Tt4+1 S O’/‘f

The upper bound of those p for which the sequence converges to 0 with order p is called the order
of convergence of the sequence.

For example, the sequence r; = a®") (a € (0,1),p > 1) converges to zero with order p, since
ri41/77 = 1. The sequences converging to 0 with order 2 have special name — they are called
quadratically convergent.

Of course, a sequence converging to 0 with order p > 1 is superlinearly converging to 0 (but,
generally speaking, not vice versa).

Traditionally, the rate of convergence of iterative numerical routines is measured by the rank of the
corresponding sequence of errors {r; = err(z;)} in the above scale; in particular, we may speak about
sublinearly, linearly, superlinearly, quadratically converging methods, same as about methods with order
of convergence p > 1. It is common to think that the better is the rate of convergence of a method, the
more preferable is the method itself. Thus, a linearly converging method is thought to be better than a
sublinearly converging one; among two linearly converging methods the more preferable is the one with
the smaller convergence ratio; a superlinearly converging method is preferred to a linearly converging one,
etc. Of course, all these preferences are “conditional”, provided that there are no significant differences
in computational complexity of steps, etc.

We should stress that the rate of convergence, same as the very property of convergence, is an
asymptotic characteristic of the sequence of errors; it does not say when the announced rate of convergence
occurs, i.e., what are the values of C' or/and “large enough” values of ¢ mentioned in the corresponding
definitions. For concrete methods, the bounds on the indicated quantities typically can be extracted
from the convergence proofs, but it does not help a lot — the bounds are usually very complicated, rough
and depend on “invisible” quantitative characteristics of the problem like the magnitudes of high-order
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derivatives, condition numbers of Hessians, etc. From these observations combined with the fact that our
life is finite it follows that one should not overestimate the importance of the rate-of-convergence ranking
of the methods. This traditional approach gives a kind of orientation, nothing more; unfortunately, there
seems to be no purely theoretical way to get detailed ranking of numerical optimization methods. As a
result, practical recommendations on which method to use are based on different theoretical and empirical
considerations: theoretical rate of convergence, actual behaviour on test problems, numerical stability,
simplicity and robustness, etc.

5.1.4 Global and Local solutions

The crucial intrinsic difficulty in Nonlinear Optimization is that we cannot expect a numerical optimiza-
tion method to approximate a globally optimal solution to the problem.

The difficulty has its roots in local nature of the information on the problem which is available to the
methods. Assume, e.g., that we are minimizing the function shown on the picture:

X X’

The function has two local minimizers, ' and z”. Observing small enough neighbourhood of every one of
these minimizers, it is impossible to guess that in fact there exists another one. As a result, any “normal”
method of nonlinear optimization as applied to the objective in question and being started from a small
neighbourhood of the “wrong” (local, not global) minimizer 2/, will converge to =’ — the local information
on f available for the method does not allow to guess that z” exists!

It would be wrong to say that the difficulty is absolutely unavoidable. We could run the method for
different starting points, or even could look through the values of the objective along a sequence which is
dense in R and define z; as the best, in terms of the values of f, of the first ¢ points of the sequence.
The latter “method” can be easily extended to general constrained multidimensional problems; one can
immediately prove its convergence to the global solution; the method is simple in implementation, etc.
There is only one small drawback in the method: the tremendous number of function evaluations required
to solve a problem within inaccuracy e.

It can be easily seen that the outlined “method”, as applied to a problem
min {f(z) 1z € R", g1 (z) = |z|* < 1}
x
with Lipschitz continuous, with constant 1, objective f:

|f(x) = f(y)] <z —yl,

requires, in the worst case, at least e ™ steps to find a point . with the residual in terms of
the objective — the quantity f(z.) — lrr|11<n f — not exceeding e.
z|<1

1)i.e., visits arbitrary small neighbourhood of every point in R, as it does, e.g., the sequence of all rational
numbers (to arrange rationals in a single sequence, list them according to the sum of absolute values of the
numerator and denominator in the corresponding fractions: first those with the above sum equal to 1 (the only
rational 0=0/1), then those with the sum 2 (-1=-1/1,1=1/1), then those with the sum 3 (-2/1,-1/2,1/2,2/1), etc.)
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When € = 0.01 and n = 20 (very modest accuracy and dimension requirements), the number

of steps becomes > 10%°, and this is the lower complexity bound!

Moreover, for the family of problems in question the lower bound ¢~ on the number of

function evaluations required to guarantee residual < € is valid for an arbitrary optimization
method which uses only local information on the objective.

Thus, we can approximate, within any given error € > 0, the global solution to any optimization problem;
but to say that the best we can promise is to do this, for € = 0.01, n = 20, in 1040 steps — is worse than
to say nothing.

As a consequence of the above considerations (same as of other, more advanced results of Information-
Based Complexity Theory of Optimization), we come to the following important, although a desperate,
conclusion:

It makes no sense to expect an optimization method to be able to approximate, with a
reasonable inaccuracy in a reasonable time, global solution to all optimization problems of
a given, even moderate, size.

In fact all we may hope to do in reasonable time is to find tight approximations to certain (not necessarily
corresponding to the optimal solution) Karush-Kuhn-Tucker point of an optimization problem (in the
unconstrained case — to a critical point of the objective). In simple cases we may hope also to approximate
a locally optimal solution, without any guarantees of its global optimality.

There is, anyhow, a “solvable case” when we can approximate with a reasonable complexity globally
optimal solution to an optimization problem. This is the case when the problem is convex (i.e., the
functions f and g¢;, ¢ = 1, ..., m, are convex, while h;, if any, are linear). Properties of convex optimization
problems and the numerical methods for these problems form the subject of Convex Programming.
Convex Programming is, in its nature, simpler and, consequently, much more advanced than the general
Nonlinear Optimization. In particular, in Convex Programming we are able to point out methods with
quite reasonable global (not asymptotical!) rate of convergence which are capable to guarantee, at
a reasonable computational cost, high-accuracy approximations of globally optimal solutions even for
general-type convex programs.

I would be happy to restrict the remainder of our course with the nice world of Convex Programming,
but we cannot afford it to ourselves: in actual applications we, unfortunately, too often meet with
nonconvex problems, and we have no choice but to solve them — even at the cost of weakening the notion
of “optimal solution” from the global to a local one (or even to the one of a Karush-Kuhn-Tucker point).

5.2 Line Search

The rest of the Lecture is devoted to one-dimensional unconstrained optimization, i.e., to numerical

methods for solving problems
min{f(x): x € R}, (5.2.1)

f being at least continuous function on the axis; these methods usually are called line search.

Our interest in line search comes, of course, not from the fact that in applications there are many one-
dimensional problems, but rather from the fact that line search is a component of basically all traditional
methods for multidimensional optimization. Typically, the scheme of a multidimensional method for
unconstrained minimization is as follows: looking at local behaviour of the objective f at the current
iterate x, the method chooses current “direction of movement” d; (which, normally, is a descent direction
of the objective: df V f(z;) < 0) and then performs a step in this direction:

Ty > Tpgp1 = Tt + atdt

in order to achieve certain progress in the objective value, i.e., to ensure that f(z:11) < f(2¢). And in
the majority of methods the step in the direction d; is chosen by one-dimensional minimization of the
function

o) = flay + ady).

Thus, line search technique is crucial for basically all multidimensional optimization methods.
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5.2.1 Zero-Order Line Search

We start with the zero-order line search, i.e., with methods for solving (5.2.1)) which use the values of f
only, not the derivatives.
The methods we are about to develop solve not the problem (5.2.1)) as it is, but the problem

mwin {f(z):a<z<b} (5.2.2)

of minimizing the objective over a given finite (—oco < a < b < o00) segment [a,b] of the real axis. To
ensure well-posedness of the problem, we make the following assumption:

f is unimodal on [a, b], i.e., possesses a unique local minimum z* on the segment.

This assumption, as it is easily seen, implies that f is strictly decreasing in [a, b] to the left of z*:
a<z <2’ <z*= f(a') > f(a") (5.2.3)
and is strictly increasing in [a,b] to the right of x*:
<2 <2’ <b= f(a') < f(2"). (5.2.4)
Indeed, if were false, there would exist 2’ and z” such that
a<z' <z’ <z, f(2') < f(a").

It follows that the set of minimizers of f on [a,2”] contains a minimizer, x,, which differs
from z” . Since x, is a minimizer of f on [a,2”] and z, differs from z”, z, is a local
minimizer of f on [a,b], while it was assumed that the only local minimizer of f on [a, b] is
x*; this gives the desired contradiction. Verification of is similar.

Note that relations - , in turn, imply that f is unimodal on [a, b] and even on every smaller
segment [a’,b] C [a,b].

Given that f is unimodal on [a,b], we immediately can point out a strategy for approximating z*,
namely, as follows. Let us choose somehow two points 2~ and =T in (a,b),

a<z <zt <b,

and let us compute the values of f at these points. The basic observation is that

if [case A] f(z7) < f(x™), then z* is to the left of xT [indeed, if z* were to the right of 2T, then
we would have f(z~) > f(a1) by (5.2.3)], and if [case B] f(x~) > f(z*), then z* is to the right of x~
[“symmetric” reasoning].

Consequently, in the case of A we can replace the initial “uncertainty segment” Ay = [a,b] with the
new segment Ay = [a,zT], and in the case of B — with the segment A; = [z7,b]; in both cases the new
“uncertainty segment” A; covers x* and is strictly less than Ag. Since, at is was already mentioned, the
objective, being unimodal on the initial segment Ay = [a, b], is unimodal also on the smaller segment
A C Ay, we may iterate this procedure — choose two points in A;, compute the values of the objective
at these points, compare the results and replace Ay with smaller uncertainty segment Ao, still containing
the desired solution z*, and so on.

Thus, we come to the following

Algorithm 5.2.1 [Conceptual zero-order minimization of unimodal function on [a, b]]
Initialization: Set Ag = [a,b], t =1
Step t: Given previous uncertainty segment Ap_1 = [az—1,b:—1],

look: if =" itself is not a minimizer of f on [a,z”], then any minimizer of f on [a,z”] can be chosen as x.; if
x'" is a minimizer of f on [a,z"”], then 2’ also is a minimizer, since f(z') < f(z”), and we can set z. = x’
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e choose search points vy ,xf: a1 < xy <xf <biq;
o compute f(x;) and f(x});

e define the new uncertainty segment as follows: in the case of f(x; ) < f(x) set Ay = [az_1, 2] ],
otherwise set Ay = [x; ,by_1];

o replace t with t + 1 and loop.

It is immediately seen that we may ensure linear convergence of the lengths of subsequent uncertainty
segments to 0, thus coming to a linearly converging algorithm for approximating z*. For example, if
x; ,x; are chosen to split A,_; it into three equal parts, we ensure [A¢p1| = 2[A¢| (JA| stands for the

length of a segment A), which results in linearly converging, with the convergence ratio /2/3, algorithm:
9\ L*/2]
la* — ak| < <3) |b—al, (5.2.5)

k being the # of function evaluations performed so far and x* being an arbitrary point of the uncertainty
segment A |,/ formed after k function evaluations.

Estimate is fine — we have non-asymptotical linear convergence rate with problem-independent
convergence ratio. Could there be something better?

The answer is “yes”. The way to improve the rate of convergence is to note that one of the two
search points used to pass from A; to Ayy; will for sure be inside A;yq, and we could try to make it
the search point used to pass from A;y1 to Apyo; with this strategy, the cost of updating Ay into Agyq
will be one function evaluation, not two of them (except the very first updating Ag — A; which still will
costs two function evaluations). There are two ways to implement this new smart strategy — the optimal
one (“Fibonacci search”) and the suboptimal (“Golden search”).

5.2.1.1 Fibonacci search

The Fibonacci search can be used when we know in advance the number N > 2 of function
evaluations we are going to perform.

Given N, consider the sequence of the first N+ 1 Fibonacci integers Fy, Fy, Fs, ..., Fy defined

by the recurrence
F=mhN=LF=F_1+F, 2

(the first 10 integers in the sequence are 1, 1,2,3,5,8, 13,21, 34, 55). The method is as follows:
given Ay = [a, b], we set
do = |b — a|,

choose two first search points x; and x] at the distance

Fyn_
g4 = Eve
Fy

do

from the right and from the left endpoints of Ag, respectively (since Fy/Fn_1 = (Fn_1 +
Fy_2)/Fn_1 =1+ Fn_2/Fn_1 < 2, we have d; > dp/2, so that ] < xf) The length of
the new uncertainty segment A; clearly will be d;.

What we are about to do is to iterate the above step, with N replaced by N — 1. Thus, now
we should evaluate f at two points x, ,z3 of the segment A; placed at the distance

Fn_ Fn_o Fn_
. de1 _ In—2 Nldo

_ _ Fn_s
Fy_q Fn_1 Fn Fy

da

do] (5.2.6)

from the right and the left endpoint of A;. The crucial fact (which takes its origin in the
arithmetic properties of the Fibonacci numbers) is that
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one of these two required points where f should be computed is already processed — this is
the one of the previous two points which belongs to A.

Indeed, assume, without loss of generality, that A; = [a,z]] (the case Ay = [z7,d] is
completely similar), so that the one of the first two search point belonging to Ay is 7. We
have

Fy_
x1—a:(b—dl)—a:(b—a)—dl:d(]—d1:d0<1— N 1):
Fy

[Since Fy =Fn_1+ Fy_2 and dy = Fg]\;Qdo]

Thus, only one of the two required points of A; is new for us, and another comes from the
previous step; consequently, in order to update A; into Ay we need one function evaluation,
not two of them. After this new function evaluation, we are able to replace A; with As. To
process Ao, we act exactly as above, but with N replaced by N — 2; here we need to evaluate
f at the two points of Ay placed at the distance

_ Fn-s
Fn_o

= Fy_3

d3 d2 FN do, see 5.2.6]

from the endpoints of the segment, and again one of these two points already is processed.

Iterating this procedure, we come to the segment Apy_; which covers z*; the length of the

segment is
F1 b—a
d 1 = 7d = —,
N-1= 700 Py
and the total # of evaluations of f required to get this segment is N (we need 2 evaluations
of f to pass from Ay to A; and one evaluation per every of N — 2 subsequent updatings

AtO—)At+1,1StSN—2).

Taking, as approximation of z*, any point ™V of the segment Ax_;, we have

b—a

N *
|27 — 2" < |AN] e

(5.2.7)

To compare (5.2.7) with the accuracy estimate (5.2.5) of our initial — unsophisticated —
method, note that

F, [A+ DA+ (-D)'A, A= % > 1 (5.2.8)

T A+2

3Here is the computation: the Fibonacci numbers satisfy the homogeneous finite-difference equation
Tt — XTp—1 — Tt—2 =10

and initial conditions zo = x1 = 1. To solve a finite difference homogeneous equation, one should first look for
its fundamental solutions — those of the type z; = A’. Substituting z; = A\’ into the equation, we get a quadratic
equation for A:

MN-x-1=0,

and we come to two fundamental solutions:

S

i . : 1
Ii):)\f7 121727 with >\1: +2 >17 )\2:_1/)\1

Any linear combination of these fundamental solutions again is a solution to the equation, and to get {F;}, it
remains to choose the coefficients of the combination to fit the initial conditions Fy = F; = 1. As a result, we
come to 1D A surprise is that the expression for integer quantities F}; involves irrational number!
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Consequently, ((5.2.7]) results in

A+2

¥ < s A—N\b— (14 0(1)), (5.2.9)

| T

where o(1) denotes a function of N which converges to 0 as N — 00).

We see that the convergence ratio for the Fibonacci search is

2
A= = 0.61803...
1++5

which is much better than the ratio 1/2/3 = 0.81649... given by (5.2.5)).

It can be proved that the Fibonacci search is, in certain precise sense, the optimal, in terms
of the accuracy guaranteed after N function evaluations, zero-order method for minimizing
an unimodal function on a segment. In spite of this fine theoretical property, the method is
not that convenient from the practical viewpoint: we should choose in advance the number of
function evaluations to be performed (i.e., to tune the method to certain chosen in advance
accuracy), which is sometimes inconvenient. The Golden search method we are about to
present is free of this shortcoming and at the same time is, for not too small N, basically as
efficient as the original Fibonacci search.

The idea of the Golden Search method is very simple: at k-th step of the N-step Fibonacci
search, we choose two search points in the segment Ay 1, and each of these points divides
the segment (from the closer endpoint to the more far one) in the ratio

1= FN_x/FN—ks1] : [FN-k/FN_ky1],

i.e., in the ratio Fiy_g_1 : Fn_k. According to , this ratio, for large N — k, is close to
1: )\ A= (1++/5)/2. In the Golden search we use thlb ratio at every step, and that is it!

5.2.1.2 Golden search

Let A = (1 4+ v/5)/2 (this is the so called “golden ratio”) . In the Golden search implementation of
Algorithm we choose at every step the search points z; and ;" to divide the previous segment of
uncertainty A;—1 = [az—1,b;—1] in the ratio 1 : A:

1
s LU R e L LI

1 A
g 5.2.10
T T T (5.2.10)
It is easily seen that for ¢ > 2, one of the search points required to update A;_1 into A, is already processed
in course of updating A;_o into A;_;. To verify it, it suffices to consider the case when A;_s = [a, 5]
and A;_1 = [o, 27 ;] (the “symmetric” case A;_; = [z;_;, ] is completely similar). Denoting d = 8 — a,
we have
Ci=at— ——d, x] + A ——d; (5.2.11)
T, 4= T =« 2.
t—1 1 + )\ t—1 — 1 4 )\
now, we are in situation A;,_; = [a, ;" ], so that the second of the two search points needed to update
A1 into Ay is
)\2
—d
(1+N)?

(see the second equality in (5.2.11)). The latter quantity, due to the first equality in (5.2.11]) and the
characteristic equation A\*> = 1 + X giving ), is nothing but z, ;:

i =a+ (), —a)=a+

)\2

1
A =14+ = .
AT T A
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Thus, in the Golden search each updating A;_1 — Ay, except the very first one, requires a single function
evaluation, not two of them. The length of the uncertainty segment is reduced by every updating by
factor

i.e.

1Ay = A7t (b — a).

After N > 2 function evaluations (i.e., after ¢t = N — 1 steps of the Golden search) we can approximate
x* by (any) point 2V of the resulting segment Ay _;, and inaccuracy bound will be

|z — 2% < |An_1] < XMV (b—a). (5.2.12)

Thus, we have the linear rate of convergence with convergence ratio A=!' = 0.61803..., same as for the
Fibonacci search, but now the method is “stationary” — we can perform as many steps of it as we wish.

5.2.2 Bisection

The theoretical advantage of the zero-order methods, like the Fibonacci search and the Golden search,
is that these methods use the minimal information on the objective — its values only. Besides this, the
methods have a very wide field of applications — the only requirement imposed on the objective is to be
unimodal on a given segment which localizes the minimizer to be approximated. And even under these
extremely mild restrictions these methods are linearly converging with objective-independent converging
ratio; moreover, the corresponding efficiency estimates and are non-asymptotical: they
do not contain “uncertain” constant factors and are valid for all values of N. At the same time, typically
our objective is better behaved than a general unimodal function, e.g., is smooth enough. Making use of
these additional properties of the objective, we may improve the behaviour of the line search methods.

Let us look what happens if we are solving problem with smooth — continuously differentiable
— objective. Same as above, assume that the objective is unimodal on [a, b]. In fact we make a little bit
stronger assumption:

(A): the minimizer z* of f on [a,b] is an interior point of the segment, and f’'(x) changes its sign at
x*:

f(x) <0,z €[a,x*); f'(z)>0,2¢€ (2"

[unimodality + differentiability imply only that f'(z) < 0 on [a,z*) and f'(x) > 0 on (z*, b]].

Besides these restrictions on the problem, assume, as it is normally the case, that we are able to
compute not only the value, but also the derivative of the objective at a given point.

Under these assumptions we can solve by definitely the simplest possible method — the bisec-
tion. Namely, let us compute f’ at the midpoint z1 of Ag = [a,b]. There are three possible cases:

e f'(x1) > 0. This case, according to (A), is possible if and only if * < x1, and we can replace
the initial segment of uncertainty with A; = [a, 1], thus reducing the length of the uncertainty
segment by factor 2;

e f'(x1) < 0. Similarly to the previous case, this inequality is possible if and only if z* > 1, and
we can replace the initial segment of uncertainty with [z1,b], again reducing the length of the
uncertainty segment by factor 2;

o f'(x1) = 0. According to (A), it is possible if and only if 1 = 2*, and we can terminate with exact
minimizer at hand.

In the first two cases our objective clearly possesses property (A) with respect to the new segment of
uncertainty, and we can iterate the construction. Thus, we come to

Algorithm 5.2.2 [Bisection]
Initialization: set Ag = [a,b], t =1
Step t: Given previous uncertainty segment Ay_1 = [az—1,b:—1],
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e define current search point x; as the midpoint of Ay_1:

a1 b
Ty = fa

o compute f'(xy);

o in the case of f'(xy) = 0 terminate and claim that x is the exact solution to . Otherwise
set

replace t with t + 1 and loop.
From the above considerations we immediately conclude that

Proposition 5.2.1 [Linear convergence of Bisection]

Under assumption (A), for any t > 1, either the Bisection search terminates in course of the first t steps
with exact solution x*, or t-th uncertainty segment A; is well-defined, covers x* and is of the length
274Hb—a).

Thus, the Bisection method converges linearly with convergence ratio 0.5.

Remark 5.2.1 The convergence ratio of the Bisection algorithm is better than the one 0.61803... for
Fibonacci/Golden search. There is no contradiction with the announced optimality of the Fibonacci
search: the latter is optimal among the zero-order methods for minimizing unimodal functions, while
Bisection is a first-order method.

Remark 5.2.2 The Bisection method can be viewed as the “limiting case” of the conceptual zero-order
Algorithm when, in the latter algorithm, we make both the search points ; and x;" close to the
midpoint of the uncertainty segment A, 1, the result of comparison between f(x; ) and f(z;) which
governs the choice of the new uncertainty segment in Algorithm [5.2.1] is given by the sign of f’ at the
midpoint of A;_.

Remark 5.2.3 Note that the assumption (A) can be weakened. Namely, let us assume that f’ changes
its sign at the segment [a,b]: f'(a) <0, f/(b) > 0; and we assume nothing about the derivative in (a, b),
except its continuity. In this case we still can successfully use the Bisection method to approximate a
critical point of f in (a,b), i.e., a point where f/(z) = 0. Indeed, from the description of the method it is
immediately seen that what we do is generating a sequence of nested segments Ag D A1 D Ay D ..., with
the next segment being twice smaller than the previous one, with the property that f’ changes it sign
from — to + when passing from the left endpoint of every segment A; to its right endpoint. This process
can be terminated only in the case when the current iterate x; is a critical point of f. If it does not
happen, then the nested segments A; have a unique common point z*, and since in any neighbourhood of
the point there are points both with positive and negative values of f’, we have f’(z*) = 0 (recall that f’
is continuous). This is the critical point of f to which the algorithm converges linearly with convergence
ratio 0.5.

The indicated remark explains the nature of the bisection algorithm. This is an algorithm for finding
zero of the function f’ rather than for minimizing f itself (under assumption (A), of course, this is the
same - to minimize f on [a, b] or to find the zero of f' on (a,b)). And the idea of the algorithm is absolutely
trivial: given that the zero of f’ is bracketed by the initial uncertainty segment Ay = [a,b] (i.e., that
f" at the endpoints of the segment is of different sign), we generate the sequence of enclosed segments,
also bracketing zero of f’, as follows: we split the previous segment A; = [a;—1,b:—1] by its midpoint x;
into two subsegments [a;—1,x;] and [z, b;—1]. Since f’ changes its sign when passing from a;—1 to b;_1,
it changes its sign either when passing from a;_; to z;, or when passing from x; to b;_1 (provided that
f'(z¢) # 0, so that we can speak about the sign of f’(x); if f/(x;) = 0, we are already done). We detect
on which of the two subsegments f’ in fact changes sign and take it as the new uncertainty segment Ay;
by construction, it also brackets a zero of f’.
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5.2.3 Curve fitting

The line search methods considered so far possess, under unimodality assumption, nice objective-
independent global linear convergence. May we hope for something better? Of course, yes: it would
be fine to get something superlinearly converging. If the objective is “well-behaved” — smooth enough
— we have good chances to accelerate convergence, at least at the final stage, by curve fitting, i.e., by
approximating the objective by a simple function with analytically computable minimum. The natural
way is to approximate f by a polynomial, choosing the coefficients of the polynomial in order to fit it to
the observed values (and derivatives, if we are able to compute these derivatives) of f at several “most
perspective” iterates. An iteration of a pure curve fitting algorithm is as follows:

e at the beginning of the iteration, we have certain set of “working points” where we already have
computed the values and, possibly, certain derivatives of the objective. Given these data, we
compute the current approximating polynomial p which should have the same values and derivatives
at the working points as those of the objective

e after approximating polynomial p is computed, we find analytically its minimizer and take it as
the new search point

e we compute the value (and, possibly, the derivatives) of the objective at the new search point and
update the set of working points, adding to it the last search point (along with the information on
the objective at this point) and excluding from this set the “worst” of the previous working points,
and then loop.

The idea underlying the outlined approach is very simple: if we somehow can enforce the procedure to
converge, the working points will eventually be at certain small distance d from the minimizer of f. If
f is smooth enough, the error in approximating f by p in the d-neighbourhood of working points will
be of order of d9t!, ¢ being the degree of p, and the error in approximating f’ by p’ will be of order
of d?. Consequently, we may hope that the distance from the minimizer of p (i.e., the zero of p’) to
the minimizer of f (the zero of f’) will be of order of d?, which gives us good chances for superlinear
convergence.

Of course, what is said is nothing but a very rough idea. Let us look at several standard implemen-
tations.

5.2.3.1 Newton’s method

Assume that we are solving problem (5.2.1)) with twice continuously differentiable objective f, and that,
given x, we can compute f(z), f'(x), f”(x). Under these assumptions we can apply to the problem the
Newton method as follows:

Algorithm 5.2.3 [One-dimensional Newton method]
Initialization: choose somehow starting point xq
Step t: given the previous iterate xi_1,

o compute f(xi—1), f'(x4—1), " (x1—1) and approzimate f around x,_1 by its second-order Taylor
exrpansion

1
p(x) = flwe1) + f'(za) (@ —21) + §f”($t71)($ —@-1)%;
e choose as x; the minimizer of the quadratic function p(-):

f'(@-1)
f(@i1)’

Tt = Tt—1 —

replace t with t + 1 and loop.

The Newton method, started close to a nondegenerate local minimizer x* of f (i.e., close to a point z*
satisfying the sufficient second order optimality condition: f/(z*) = 0, f”(z*) > 0), converges to z*
quadratically:



150 LECTURE 5. OPTIMIZATION METHODS: INTRODUCTION

Proposition 5.2.2 [Local quadratic convergence of the Newton method|

Let z* € R be a nondegenerate local minimizer of smooth function f, i.e., a point such that f is three
times continuously differentiable in a neighbourhood of x* with f'(x*) =0, f”(x*) > 0. Then the Newton
iterates converge to x* quadratically, provided that the starting point xq is close enough to x*.

Proof. Let g(x) = f'(x), so that g(«*) =0, ¢'(x*) > 0 and

9(9Ct71)

/

Tt = Tp—1 — .
L g (x-1)

Since g = f’ is twice continuously differentiable in a neighbourhood of z* and ¢'(2*) > 0, there exist
positive constants kq, ko, r such that
o — o, 0" — %] < 7= |9 @) — o )] < Bala’ — "), g'(@) > ko, (5.2.13)
Now let k
p = min{r; —2} (5.2.14)
k1
Assume that for certain ¢ the iterate x;_; belongs to the p-neighbourhood
Up=[a"—p,a" + p]

of the point z*. Then ¢'(x1—1) > ko > 0 (due to (5.2.13); note that p < r), so that the Newton iterate z;
of x;_1 is well-defined. We have

[since g(x*) = 0]

2y — g~ I@=) = 9@ (@) — glwy) — g (@) (@” — 2e)

g (zi-1) 9 (x1-1)

The numerator in the resulting fraction is the remainder in the first order Taylor expansion of g at
x¢—1; due to (5.2.13) and since |z;—1 — z*| < p < r, it does not exceed in absolute value the quantity
%kl\aj* — x4_1|%. The denominator, by the same l) is at least ky. Thus,

k
21 €U, = oy — ™| < Ly — % (5.2.15)
2ko

Due to the origin of p, (5.2.15) implies that
lze — 2®| < [we—1 — a7[/2;

we see that the trajectory of the Newton method, once reaching U,, never leaves this neighbourhood
and converges to z* linearly with convergence ratio 0.5. It for sure is the case when z¢ € U,, and let
us specify the “close enough” in the statement of the proposition just as inclusion zg € U,. With this
specification, we get that the trajectory converges to z* linearly, and from it follows that in fact
the order of convergence is (at least) 2. m

Remark 5.2.4 Both the assumptions that f”(z*) > 0 and that x( is close enough are essentiaﬂ. For
example, as applied to the smooth convex function

fla) =2

“in fact, the assumption f”(z*) > 0 can be replaced with f”(z*) < 0, since the trajectory of the method remains
unchanged when f is replaced with —f (in other words, the Newton method does not distinguish between the
local minima and local maxima of the objective). We are speaking about the case of f”(z*) > 0, not the one of
f"(z*) < 0, simply because the former case is the only important for minimization.
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(with degenerate minimizer x* = 0), the method becomes

1 2
Ty = Tp—1 — 5Tt—1 = 5Tt—1;

3 3

in this example the method converges, but linearly rather than quadratically.
As applied to strictly convex smooth function

flx) = m

with unique (and nondegenerate) local (and global as well) minimizer 2* = 0, the method becomes, as it

is immediately seen,
3 .
Ty = *l't_l,

this procedure converges (very fast: with order 3) to 0 provided that the starting point is in (—1, 1), and
diverges to infinity — also very fast — if |zg| > 1.

In fact the Newton method is a linearization method for finding zero of f': given the previous iterate
Z¢_1, we linearize g = f’ at this point and take as z; the solution to the linearization

g(xi1) +g'(x1)(x —24-1) =0
of the actual equation g(x) = 0.

X

-1

Newton method as zero-finding routine

5.2.3.2 Regula Falsi (False Position) method

This method, same as the Newton one, is based on approximating f by a quadratic polyno-
mial, but here this polynomial is constructed via two working points with first-order infor-
mation rather than via a single working point with second-order information. The method,
in its most straightforward form, is as follows. Given two latest iterates x;_1, x;_o, along
with the values f and f’ at these iterates, we approximate f”(z;_1) by the finite difference

J'(@e—1) = f'(zi-2)

Tt—1 — Tt—2

and use this approximation to approximate f by a quadratic function

Ef/(xtfl) — fl(l't72)

2 Tyl — T2

p(x) = fzi—1) + f(x—1) (@ — 2e-1) + (z—x1)2

The new iterate is the minimizer of this quadratic function:

Tt—1 — Tt-2

o) = Flaea) (5.2.16)

Ty = Tp—1 — f/(xtfl)
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Note that although the polynomial p is chosen in asymmetric with respect to ;1 and x;_o
way (it is tangent to f at x;_1, but even not necessarily coincides with f at z;_s), the
minimizer x; of this polynomial is symmetric with respect to the pair of working points; as
it is immediately seen, the right hand side of can be equivalently rewritten as

Tp—1 — Tg—2
fl(xtfl) - f’(iﬂtfz)'

The geometry of the method is very simple: same as the Newton method, this is the method
which actually approximates the zero of g(z) = f'(x) (look: the values of f are not involved
into the recurrence (5.2.16))). In the Newton method we, given the value and the derivative of
g at ;_1, approximate the graph of g by its tangent at x;_1 line g(x;—1)+ g’ (z¢—1)(x—T4-1)
and choose z; as the point where this tangent line crosses the z-axis. In the Regula Falsi
method we, given the values of g at two points z;_; and x;_o, approximate the graph of g
by the secant line passing through (x;—1, g(z;—1)) and (x¢—2,g(x:—2)) and choose as x; the
point where this secant line crosses the x-axis.

Tt = Tp—2 — f’(fl?t—z)

A X1
£ (x)

Regula Falsi method as zero-finding routine

%2

The local rate of convergence of the method is given by the following

Proposition 5.2.3 [Local superlinear convergence of Regula Falsi method]

Let x* be a nondegenerate minimizer of a smooth function f, namely, a point such that f is
three times continuously differentiable in a neighbourhood of x* with f'(x*) =0, f"(z*) > 0.
Then, for starting pair xg,x1 of two distinct points close enough to x* the method converges
to x* superlinearly with order of convergence

1+45

A= .
2

Note that, same as for the Newton method, the assumptions of the proposition, especially
the one of closeness of xy and x; to z*, are essential: badly started, the method may be
non-converging:

Cycle in Regula Falsi: the trajectory is zq, z1, T2, T3, Zg, 1, ---
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5.2.3.3 Cubic fit

Approximating polynomials used in curve fitting methods are of small order — not greater
than 3, which is clear: to run the method, we should be able to compute the minimizer of a
polynomial analytically. The Cubic fit is based on this “highest-order” approximation. At
the step t of the method, given the latest two iterates 2’ = x;_1 and z” = x;_, along with
the values of f and f’ at the points, one defines the cubic polynomial p(-) such that

p@’) = f(&), p'(a) = f'(2), p(z") = f(a"), p'(a") = f'(a")

(these are four linear equations on four coefficients of the polynomial; if 2’ # z”, which, as
we shall see, always can be assumed, the equations uniquely define p). As the next iterate,
one chooses the local minimizer of p. If exists, the minimizer is given by the relations

_ / " uy +ug — f/(xl)
m= (@ - {f/(w — @) +2uJ ’

up = f(a') + f/(a") —

The step is for sure well-defined if f'(z’) and f’(z”) are of opposite signs (“V-shape”; com-
pare with Bisection). One can prove that if z* is a nondegenerate local minimizer of a
smooth enough function f, then the method, started close enough to x*, converges to z*
quadratically.

5.2.3.4 Safeguarded curve fitting

There are many other curve fitting schemes: the one based on rational approximation of the
objective, the one where the objective is approximated by a quadratic polynomial according
to its values at three-point working set, etc. All curve fitting methods have common advan-
tage: superlinear local convergence for well-behaved functions. And all these methods have
common disadvantage as well: if the method is started far from optimum, the method can
diverge (see, e.g., Remark . To overcome this severe shortcoming, it is recommended
to combine reliable linearly converging (in the case of unimodal objectives) methods like
Golden search or Bisection with curve fitting. The idea is as follows. At step t of the method
we have previous uncertainty segment A;_1 = [ar—1,b:-1] (f'(z¢—1) < 0, f(bt—1) > 0), as
well as certain working set W; composed of several previous iterates where we know the
values of f and, possibly, the derivatives of f. Same as in the curve fitting methods, we
use the working set to form polynomial (or rational) approximation p to f and compute
analytically the minimizer of p (or something close to this minimizer). In the curve fitting
methods the resulting point, let it be called u, is used as the next iterate. In contrast to
this, in the safeguarded curve fitting it is used as the next iterate only if u is “reasonably
placed” with respect to A;_1; if it is not the case, the next iterate is chosen according to the
Bisection/Golden search scheme, depending on whether we use the derivatives of f.

The notion of a “reasonably placed” w contains several tests. First of all, v should be well-
defined and belong to A;_1, but this is not all. It is recommended, e.g., not to use w if
it is too far from the best (with the smallest value of f) point of the working set, say, is
at the distance larger than 3|A;_;| (since in this case the Bisection step is likely to reduce
inaccuracy better than the curve fitting one). After the step — the curve fitting or the
“safeguarding” (Bisection/Golden search) one — is performed, one updates the working set
and the uncertainty segment.

Of course, what is said is not a description of a concrete method, but a very rough idea which
admits many implementations (detailed specification of which curve fitting method to use,
what is a “reasonably placed” w, rules for updating the working set, etc.) With good imple-
mentation, the safeguarded curve fitting combines the advantages of the Bisection/Golden
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search (global linear convergence with objective-independent rate in the unimodal case) and
those of curve fitting (superlinear local convergence for well-behaved objectives).

5.2.4 Inexact Line Search

As it was already mentioned, the main application of line search methods is inside algorithms for multi-
dimensional optimization. In these algorithms we always allow only small number of steps of the line
search subroutine at each iteration of the master algorithm, otherwise the overall complexity of the
master method will be too large. Moreover, in many multidimensional algorithms we are not that
interested in high-accuracy solutions of one-dimensional subproblems; what is crucial for the master
method, is reasonable progress in solving these subproblems. Whenever it is the case, we can terminate
line search relatively far from the actual solution of the subproblem in question, using certain simple tests
for “reasonable progress”. Let us describe two most popular tests of this type.

5.2.4.1 Armijo’s rule

Consider the situation which is typical for application of line search technique inside multi-dimensional
master method. At an iteration of the latter method we have current iterate x € R™ and search direction
d € R™ which is a descent direction for our multivariate objective f(-) : R™ — R

d"'V f(x) < 0. (5.2.18)
The goal is to reduce “essentially” the value of the objective by a step
x—x+yd

from z in the direction d.
Assume that f is continuously differentiable. Then the function

o(v) = f(z +d)
of one variable also is once continuously differentiable; moreover, due to , we have
¢'(0) <0,
so that for small positive « one has
¢(7) = ¢(0) ~ 7¢(0) < 0.

Our desire is to choose a “‘reasonably large” stepsize v* > 0 which results in the progress ¢(v*) — ¢(0)
in the objective “of order of 4*¢'(0)”. The Armijo test for this requirement is as follows:

4

Armijo’s Test:
we fix once for ever constants ¢ € (0,1) (popular choice is e = 0.2) and n > 1 (say, n =2 or n = 10) and
say that candidate value v > 0 is appropriate, if the following two relations are satisfied:

¢(7) < ¢(0) + e7¢/(0) (5.2.19)
[this part of the test says that the progress in the value of ¢ given by the stepsize v is “of order of v¢'(0)”]
o(17) = ¢(0) + eny¢'(0) (5.2.20)

[this part of the test says that v is “maximal in order” stepsize which satisfies (5.2.19) — if we multiply
v by 7, the increased value fails to satisfy (5.2.19)), at least to satisfy it as a strict inequality]

Under assumption (5.2.18)) and the additional (very natural) assumption that f (and, consequently,
@) is below bounded, the Armijo test is consistent: there do exist values of v > 0 which pass the test. To
see it, it suffices to notice that
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A. (5.2.19)) is satisfied for all small enough positive ~.
Indeed, since ¢ is differentiable, we have

/ 1 ¢(7> — ¢(O)
0>¢'(0) = vlﬁof’
whence 0

for all small enough positive 7 (since e¢’(0) > ¢'(0) due to ¢'(0) < 0,¢ € (0,1)); the resulting inequality
is equivalent to ;

B. (5.2.19) is not valid for all large enough values of ~.

Indeed, the right hand side of tends to —oo as v — oo, due to ¢/(0) < 0, and the left hand side
is assumed to be below bounded.

Now let us choose an arbitrary positive v = g and test whether it satisfies . If it is the case,
let us replace this value subsequently by 71 = 170, 72 = 171, etc., each time verifying whether the new
value of v satisfies (5.2.19). According to B, this cannot last forever: for certain s > 1 , for sure fails to
satisfy (5.2.19). When it happens for the first time, the quantity vys_1 turns out to satisfy , while
the quantity vs = nys—1 fails to satisfy (5.2.19)), which means that v = v5_1 passes the Armijo test.

If the initial v¢ does not satisfy eplace this value subsequently by v1 = 7" 0, v2 = 1771,
etc., each time verifying whether the new value of v still does not satisfy . According to A, this
cannot last forever: for certain s > 1, v for sure satisfies ((5.2.19)). When it happens for the first time, 7,
turns out to satisfy , while vs_1 = 1, fails to satisfy (5.2.19)), and v = -5 passes the Armijo test.

Note that the presented proof in fact gives an explicit (and fast) algorithm for finding a stepsize
passing the Armijo test, and this algorithm can be used (and often is used) in Armijo-aimed line search
instead of more accurate (and normally more time-consuming) line search methods from the previous
sections.

5.2.4.2 Goldstein test
Another popular test for “sufficient progress” in line search is as follows:

Goldstein test:

we fix one for ever constant € € (0,1/2) and say that candidate value vy > 0 is appropriate, if

$(0) + (1 = €)7¢'(0) < ¢(7) < ¢(0) + ev¢'(0). (5.2.21)
Here again relation ([5.2.16]) and below boundedness of f imply consistency of the test.
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Lecture 6

Gradient Descent and Newton
Methods

Starting from this lecture, we shall speak about methods for solving unconstrained multidimensional

problems
f(z) > min | z € R™ (6.0.1)

From now on, let us make the following assumptions:
e (A) the objective f in (6.0.1)) is continuously differentiable;

e (B) the problem in question is solvable: the set

X* = Argmin f
R‘IL

is nonempty.

6.1 Gradient Descent

This section is devoted to the oldest and most widely known method for (6.0.1]) - the Gradient Descent.

6.1.1 The idea

The idea of the method is very simple. Assume that we are at certain point z, and that we have computed
f(z) and Vf(z). Assume that z is not a critical point of f: V f(x) # 0 (this is the same as to say that =
is not a Karush-Kuhn-Tucker point of the problem). Then g = —V f(x) is a descent direction of f at x:

Lol (2 =) = <[V S @) <0

moreover, this is the best among the descent directions h (normalized to have the same length as that
one of g) of f at x: for any h, |h| = |g|, one has

d
alw:of(x +ah) = W'V f(x) > ~|h]|[Vf(2)| = ~|V f(z)[
(we have used the Cauchy inequality), the inequality being equality if and only if h = g.

The indicated observation demonstrates that in order to improve x — to form a new point with smaller
value of the objective — it makes sense to perform a step

x—=z+yg=z—yVf(x)
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from z in the intergradient direction; with properly chosen stepsize v > 0, such a step will for sure
decrease f. And in the Gradient Descent method, we simply iterate the above step. Thus, the generic
scheme of the method is as follows

Algorithm 6.1.1 [Generic Gradient Descent]
Initialization: choose somehow starting point xog and sett =1
Step t: at the beginning of step t we have previous iterate x;_1. At the step we

o compute f(xi—1) and Vf(xi—1);

e choose somehow a positive stepsize 7, set

=21 — YV f(2i-1), (6.1.1)

replace t with t + 1 and loop.

Thus, the generic Gradient Descent method is the recurrence (6.1.1) with certain rule for choosing step-
sizes ¢ > 0; normally, the stepsizes are given by a kind of line search applied to the univariate functions

&e(v) = fae—1 =YV f(zi-1)).

6.1.2 Standard implementations

Different versions of line search result in different versions of the Gradient Descent method. Among these
versions, one should mention

e ArD [Gradient Descent with Armijo-terminated line search]: the stepsize ¢ > 0 at iteration ¢
where V f(x¢—1) # 0 is chosen according to the Armijo test (Section [5.2.4.1)):

f@i1 =V f(@-1)) < flzi—1) — e |V (e-1) s

flxior =V f(@i-1)) = f(mo1) — ey Vf (@-1) P, (6.1.2)

e € (0,1) and i > 1 being the parameters of the method. And if z;_; is a critical point of f, i.e.,
Vf(zi—1) = 0, the choice of 44 > 0 is absolutely unimportant: independently of the value of -,

(6.1.1) will result in z; = xs_1.

e StD [Steepest Descent]: +; minimizes f along the ray {xy—1 — YV f(zs—1) | ¥ >0} :

¢ € Argmin f(xi—1 — YV f(zi-1)). (6.1.3)
720

Of course, the Steepest Descent is a kind of idealization: in nontrivial cases we are unable to minimize
the objective along the search ray exactly. Moreover, to make this idealization valid, we should assume
that the corresponding steps are well-defined, i.e., that

Argmin f(z — 7V f(x)) # 0

v=>0

for every x; in what follows, this is assumed “by default” whenever we are speaking about the Steepest
Descent.

In contrast to the Steepest Descent, the Gradient Descent with Armijo-terminated line search is quite
“constructive” — we know from Section how to find a stepsize passing the Armijo test.
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6.1.3 Convergence of the Gradient Descent

6.1.3.1 General Convergence Theorem

We start with the following theorem which establishes, under very mild restrictions, global convergence
of the Gradient Descent to the set of critical points of f — to the set

X" ={xeR"| Vf(x)=0}.

Theorem 6.1.1 [Global convergence of Gradient Descent] For both StD and ArD |, the following
statements are true:

(i) If the trajectory {x} of the method is bounded, then the trajectory possesses limiting points, and
all these limiting points are critical points of f;

(ii) If the level set

S={zeR"| f(z) < f(z0)}

of the objective is bounded, then the trajectory of the method is bounded (and, consequently, all its limiting
points, by (i), belong to X**).

Proof. (ii) is an immediate consequence of (i), since both ArD and StD clearly are descent methods:

Tt 75 Ti—1 = f(.l?t) < f(xt_1). (614)

Therefore the trajectory, for each of the methods, is contained in the level set S; since under assumption
of (ii) this set is bounded, the trajectory also is bounded, as claimed in (ii).

It remains to prove (i). Thus, let the trajectory {z;} be bounded, and let z* be a limiting point of
the trajectory; we should prove that V f(z*) = 0. Assume, on contrary, that it is not the case, and let
us lead this assumption to a contradiction. The idea of what follows is very simple: since V f(2*) # 0, a
step of the method taken from x* reduces f by certain positive amount J; this is absolutely clear from
the construction of the step. What is very likely (it should, of course, be proved, and we shall do it in
a while) is that there exists a small neighbourhood U of x* such that a step of the method taken from
arbitrary point x € U also improves the objective at least by fixed positive quantity ¢’. It is absolutely
unimportant for us what is this ¢’; all we need is to know that this quantity is positive and is independent
of the particular choice of z € U. Assume that we already have proved that the required U and ¢ exist.
With this assumption, we get the desired contradiction immediately: since x* is a limiting point of the
trajectory, the trajectory visits U infinitely many times. Each time it visits U, the corresponding step
decreases f at least by &' > 0, and no step of the method increases the objective. Thus, in course of
running the method we infinitely many times decrease the objective by ¢’ and never increase it, so that
the objective must diverge to —oo along our trajectory; the latter is impossible, since the objective was
assumed to be below bounded.

Now it is time to prove our key argument — the one on existence of the above U and ¢’. Let me stress
why there is something to be proved, in spite of the already known to us descentness of the method —
the fact that the objective is improved by every step taken from a non-critical point of f (and all points
close enough to non-critical x* also are noncritical, since V[ is continuous). The difficulty is that the
progress in f in course of a step depends on from which point the step is taken; in principle it might
happen that a step from every point from a neighbourhood of z* improves the objective, but there is no
independent of the point positive lower bound ¢’ for the improvements. And in the above reasoning we
indeed require “point-independent” progress — otherwise it might happen that subsequent visits of U by
the trajectory result in smaller and smaller improvements in f, and the sum of these improvements is
finite; this possibility would kill the above reasoning completely.

In fact, of course, the required U, ¢’ exist. It suffices to prove this statement for ArD only — it is
absolutely clear that the progress in the objective in course of a step of StD is at least the one for a step
of ArD , both steps being taken from the same point. The proof for the case of ArD looks as follows:
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Since f is continuously differentiable and V f(z*) # 0, there exist positive r, P and p such
that
[z -z <r=p<|Vf()| <P

by the same reasons, there exists ' € (0,7) such that in the r’-neighbourhood V' of 2* one
has
V@) = V") <= (11— P 'p%

Let U be 7’ /2-neighbourhood of z*. We claim that
(*) whenever x € U, the stepsize s, given by the Armijo line search as applied to the function
$a(s) = flz — sV f(x)) [6,(0) =~V ()]

is at least 1

ko /. —1p—1

st = 27’ n P
Note that (*) is all we need. Indeed, the progress in the objective in the Armijo line search
as applied to a function ¢ and resulting in a stepsize s is at least es|¢’(0)|. Applying this
observation to a step of ArD taken from a point € U and using (*), we come to the
conclusion that the progress in the objective at the step is at least es*|V f(z)|? > es*p?,
and the latter quantity (which is positive and is independent of « € U) can be taken as the
desired ¢'.
It remains to prove (*), which is immediate: assuming that = € U, s, < s*, and taking into
account the construction of the Armijo test, we would get

b2 (n8z) — d2(0) > ens,¢’(0). (6.1.5)

Now, since s, < s*, the segment [z,x — ns,V f(x)] is of the length at most ns*P < r'/2,
and since one endpoint of the segment belongs to U, the segment itself belongs to V. Con-
sequently, the derivative of f along the segment varies at most by (, so that the derivative
of ¢ varies on the segment [0, 7s,] at most by

[Vf(@)|¢ < PC=(1—e)p’.

On the other hand, from the Lagrange Mean Value Theorem it follows that

d(nsz) — B(0) = 0529’ (€) < nsd'(0) + nsa (1 — €)p’;

here ¢ is some point on the segment [0, 7s,]. Combining this inequality with (6.1.5]), we come
to

ns2(1—€)p” > —(1 — €)nsx¢'(0) = (1 — €)ns.| V. f(2)[> > (1 — e)nsap?,
which is a contradiction. m

Please pay attention to the above proof: it structure is typical for convergence proofs in traditional
Optimization and looks as follows. We know in advance that the iterative process in question possesses
certain Lyapunov function L — one which decreases along the trajectory of the process and is below
bounded (in the above proof this function is f itself); we also either assume that the trajectory is
bounded, or assume boundedness of the level set of the Lyapunov function, the set being associated with
the value of the function at the initial point of the trajectory (then, of course, the trajectory for sure is
bounded — since the Lyapunov function never decreases along the trajectory, the latter is unable to leave
the aforementioned level set). Now assume that the three entities — (1) the Lyapunov function, (2) our
iterative process, and (3) the set X* we agree to treat as the solution set of our problem — are linked by
the following relation:

(**) if a point on the trajectory does not belong to X*, then the step of the process from
this point strictly decreases the Lyapunov function
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Normally (**) is evident from the construction of the process and of the Lyapunov function; e.g., in the
above proof where L is the objective, the process is ArD or StD and X ™ is the set of critical points of the
objective, you should not work hard in order to prove that the step from a non-critical point somehow
decreases the objective. Now, given all this, we are interested to prove that the trajectory of the process
converges to X*; what is the main point of the proof? Of course, an analogy of (*), i.e., a “locally
uniform” version of (**) — we should prove that a point not belonging to X* possesses a neighbourhood
such that whenever the trajectory visits this neighbourhood, the progress in the Lyapunov function at the
corresponding step is bounded away from zero. After we have proved this crucial fact, we can immediately
apply the scheme of the above proof to demonstrate that the trajectory indeed converges to X*.

We have had a good reason to invest that many effort in explaining the “driving forces” of the above
convergence proof: from now on, we shall skip similar proofs, since we believe that the reader understands
the general principle, and the technicalities are of minor interest here. We hope that now it becomes
clear why in the Armijo test we require the stepsize to be the largest one (up to factor 7)) resulting in
“significant” progress in the objective. If we would skip this “maximality” requirement, we would allow
arbitrarily small stepsizes even from the points which are far from the solution set; as a result, (*) would
not be the case anymore, and we would become unable to ensure convergence of the process (and this
property indeed may be lost).

6.1.3.2 Limiting points of Gradient Descent

We have proved that the standard versions of the Gradient Descent, under the assumption that the
trajectory is bounded, converge to the set X** of critical points of the objective. This set for sure
contains the set X* of global minimizers of f, same as the set of local minimizers of the objective, but
this is not all: X™** contains also all local maximizers of f and the saddle points of the function, if any
exists. An important question is whether a limiting point of the trajectory of the Gradient Descent can
be something we are not interested in — a critical point which is not a local minimizer of the objective.
What can be said is the following: a nondegenerate local maximizer x* of f (i.e., a critical point of f
such that f”(z*) is negative definite) cannot be a limiting point of the trajectories of ArD and StD
, excluding the case when the z* happens to be a point of the trajectory; this may happen in ArD
(although it is “practically impossible”), and it never happens in StD | except the trivial (and also
“practically impossible”) case when the trajectory is started at z*. And, speaking informally, it is “very
unlikely” that a limiting point of the trajectory is a saddle point of the objective. Thus, “in practice”
limiting points of the trajectory of Gradient Descent are local minimizers of the objective.

6.1.4 Rates of convergence

6.1.4.1 Rate of global convergence: general C!'! case

As we already know, under the assumption of item (ii) of Theorem (i.e., when the level set S = {z |
f(z) < f(xo)} is bounded), the versions of the Gradient Descent mentioned in the Theorem converge to
the set X** of critical points of f. What can be said about the non-asymptotical rate of convergence?
The answer depends on how we measure the inaccuracy. If we use to this purpose something like the
distance

dist(z, X™) = min
yEX **

y —

from an approximate solution z to X**, no nontrivial efficiency estimates can be established: the con-
vergence of the quantities dist(z, X**) to 0 can be arbitrarily slow, even when f is convex. There is,
however, another accuracy measure,

er(z) =V f(2)P,

more suitable for our purposes. Note that the set X** towards which the trajectory converges is exactly
the set where €7(-) = 0, so that e;(x) indeed can be viewed as something which measures the “residual in
the inclusion z € X**”. And it turns out that we can point out the rate at which this residual converges
to 0:
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Proposition 6.1.1 [Non-asymptotical rate of convergence of Gradient Descent]
Assume that the objective f is a C1' function, i.e., it is continuously differentiable with Lipschitz con-

tinuous gradient:
V() = Vi)l < Lfle —yl, Va,y e R™ (6.1.6)

Then for any integer N > 0:
(i) For the started at xo trajectory {xz:} of StD one has

L
sl = min, (V5o < 2L (o) - min ). (6.1.7)

(ii) For the started at xq trajectory {z;} of ArD one has

erlt] = ogi<nN IV f(2)]? < %[ﬂxo) — min f], (6.1.8)

e €(0,1), n > 1 being the parameters of the underlying Armijo test.
Proof.
19, Let us start with the following simple

Lemma 6.1.1 Under assumption of the Theorem one has
< -z)'v Loy —ap, v R" 6.1.9
fy) < f@) +(y —2)" V@) + o ly —2f", Vo,y e R™ (6.1.9)

Proof of Lemma. Let ¢(y) = f(x + v(y — x)). Note that ¢ is continuously differentiable
(since f is) and

19/(0) — (B)| = Iy — )T (V (& + aly — 2) — Vf(z + By — )| <
[Cauchy’s inequality]
<ly—2|Vi(z+aly —2)) = Vfz+ By —a)) <

(T {
<l|y—z|’Ly|la— B

Thus,
¢/ (@) — ¢'(B)| < Lyly — x|*la — B|, Va,B€R. (6.1.10)

We have

F) = £(0) = (y =) V) = (1) = 800) —60) = [ (@)= '0) =

= /() [(‘)’((1) _ (7/<U>}(](} -
[see (6.1.10])]

-1
: L )
< / ly — :lf‘sz(yda = J‘y o :L‘|2,,
Jo 9

as required in (6.1.9). m

20, Now we are ready to prove (i). By construction of the Steepest Descent,

fze) = {/nglgf(xtfl =V f(xi-1)) <
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[by Lemma [B-11)

< min | F(ze) + AV @) V) + S Vi) | =

0 2

Thus, we come to the following important inequality:

= f(z4—1) + |V f(zi-1)> min {—7 + LJCVQ] = f(xs-1) — %|vf($tfl)|2~
V= f

1 2
flri—1) = flae) > E\Vf(a:t_l)\ (6.1.11)

— the progress in the objective at a step of Steepest Descent is at least of order of the squared
norm of the gradient at the previous iterate.

To conclude the proof, it suffices to note that, due to the monotonicity of the method, the
total progress in the objective in course of certain segment of steps cannot be more than
the initial residual f(z¢) — min f in the objective value; consequently, in a long segment,
there must be a step with small progress, i.e., with small norm of the gradient. To make this
reasoning quantitative, let us take sum of inequalities over t =1,..., N, coming to

1 N—-1

3z; 2 VS @OF < @) = flow) < flzo) ~ minf

The left hand side here is > % ming<t<n |V f(2¢)[?, and 1} follows. m

3%, The proof of (ii) is a little bit more involved, but follows the same basic idea: the progress
at a step of ArD can be small only if the gradient at the previous iterate is small, and the
progress at certain step from a long segment of the steps must be small, since the total
progress cannot be larger than the initial residual. Thus, in a long segment of steps we must
pass through a point with small norm of the gradient.

The quantitative reasoning is as follows. First of all, progress in the objective at a step ¢ of
ArD is not too small, provided that both ~; and |V f(z;_1)|? are not too small:

f(@e1) = fl@e) > eve| V(1)) (6.1.12)

this is immediate consequence of the first inequality in (6.1.2]). Second, 7; is not too small.
Indeed, by Lemma applied with = a1,y = 41 — 17V f(x:—1) we have

L
Fl@er =1V f(zi-1)) < f@er) =l V fze-)? + 7f772%2\vf($t—1)\2a
while by the second inequality in ([6.1.2))

fl@imr =V f(zi-1)) = fla—1) — eny| Vf(z—1) .

Combining these inequalities, we get

L
(1= rul Vf(we)* < Gt [V f )
Since ¢ > 0, in the case of Vf(x¢—1) # 0 we obtain

2(1—¢)
Vi > (6.1.13)
nLg

in the case of Vf(z;—1) = 0 v, as we remember, can be chosen in arbitrary way without
influencing the trajectory (the latter in any case will satisfy ;1 = 2y = 2441 = ...), and we

may assume that v, always satisfies (6.1.13]).
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Combining (6.1.12)) and ([6.1.13]), we come to the following inequality (compare with (6.1.11]):

2¢(1 —¢)

nL; IV f(ze1)]?. (6.1.14)

flwe—1) — flxe) >

Now the proof can be completed exactly as in the case of the Steepest Descent. m

Remark 6.1.1 The efficiency estimate of Proposition [6.1.1] gives sublinearly converging to 0 non-
asymptotical upper bound on the inaccuracies € (-) of the iterates. Note, anyhow, that this is a bound
on the inaccuracy of the best (with the smallest norm of the gradient) of the iterates generated in course
of the first N steps of the method, not on the inaccuracy of the last iterate zy (the quantities |V f(z;)|?
may oscillate, in contrast to the values f(z;) of the objective).

6.1.4.2 Rate of global convergence: convex Cl! case

Theorem [6.1.1] says that under mild assumptions the trajectories of ArD and StD converge to the set
X** of critical points of f. If we assume, in addition, that f is convex, so that the set of critical points of f
is the same as the set of global minimizers of the function, we may claim that the trajectories converge to
the optimal set of the problem. Moreover, in the case of convex Cl'! objective (see Proposition we
can get non-asymptotical efficiency estimates in terms of the residuals f(z;) —min f, and under additional
nondegeneracy assumption (see below) — also in terms of the distances |z; — 2*| from the iterates to the
optimal solution.

To simplify our considerations and to make them more “practical”, in what follows we restrict our-
selves with the Armijo-based version ArD of the Gradient Descent.

Convex CU! case:

Proposition 6.1.2 [Rate of global convergence of ArD in convex Ch! case]
Let the parameter ¢ in the ArD method be > 0.5, and let f be a convex CY' function with a nonempty
set X* of global minimizers. Then

(i) The trajectory {z:} of ArD converges to certain point x* € X*;

(ii) For every N > 1 one has

nLy dist?(xg, z*)

f(zy) —min f < M—oN (6.1.15)
where Ly is the Lipschitz constant of V f(-) and
dist(x, X*) = nggl y— x| (6.1.16)
Proof.
19, Let 2* be a point from X*, and let us look how the squared distances
di = |z — x|
vary with ¢. We have
di =z, — 2" |? = |fwem1 =%V (@) = 2 = |[wem1 — 2*] = %V (ze—1) ] =
= |zo1 — 2P = 2y (w1 — )TV F(@em1) + 7 IV f (2-1)] (6.1.17)

Since f is convex, from the Gradient Inequality

fy) = f(z) + (y — )" Vf(z) Yo,y € R"
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it follows that
(w1 — ")V f(w1-1) > f(weo1) — f(&*) = f(x-1) — min f.
This inequality combined with results in
di <di_y = 2600 — |V (zi1)?], e = f(as) —min f > 0. (6.1.18)
According to (6.1.12]), we have

WS @) < 1) = ) = Lleves el

™

Combining this inequality with (6.1.18)), we get
di <di = [2—eNea—1+e el (6.1.19)

Since, by assumption, 1/2 < ¢, and clearly ¢, > 0, the quantity in the parentheses in the
right hand side is nonnegative. We know also from ([6.1.13]) that

> 2(1—¢)
t — = T 7
nLy
so that ((6.1.19)) results in
i <di -7 [2—€eNe—1+€ e (6.1.20)

We conclude, consequently, that

(*) The distances from the points x; to (any) point x* € X* do not increase with t. In
particular, the trajectory is bounded.

From (*) it immediately follows that {x;} converges to certain point z* € X*, as claimed
in (i). Indeed, by Theorem the trajectory, being bounded, has all its limiting points
in the set X** of critical points of f, or, which is the same (f is convex!), in the set X* of
global minimizers of f. Let * be one of these limiting points, and let us prove that in fact
{z+} converges to z*. To this end note that the sequence |x; — Z*|, which, as we know from
(*), is non-increasing, has 0 as its limiting point; consequently, the sequence converges to 0,
so that x; — z* as t — oo, as claimed.

It remains to prove (6.1.15]). Taking sum of inequalities (6.1.20)) over ¢t =1, ..., N, we get
Ny[2=€e e+ e te] <df—dy < df = |mg — 2™
Since €g > €1 > €3 > ... (our method is descent — it never decreases the values of the
objective!), the left hand side in the resulting inequality can only become smaller if we
replace all €; with ey; thus, we get
2N~en < |zo — x* %, (6.1.21)
whence, substituting the expression for 7,

nLys|zo — 2*[*
EN S — 7 N s
4(1 —€e)N

since the resulting inequality is valid for all z* € X*, (6.1.15]) follows. m
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Strongly convex CU! case. Proposition deals with the case of smooth convex f, but there
were no assumptions on the non-degeneracy of the minimizer — the minimizer might be non-unique, and
the graph of f could be very “flat” around X*. Under additional assumption of strong convexity of f we
may get better convergence results.

The notion of strong convexity is given by the following

Definition 6.1.1 [Strongly convex function] A function f : R™ — R is called strongly convex with the
parameters of strong convexity (Iy, Ly), 0 <ly < Ly < oo, if f is continuously differentiable and satisfies
the inequalities

F@) + ly— )"V @)+ Ly~ 2 < ) < (@) + (- 27V @) + Ly~ o, Yo,y € RY. (61.22)

Strongly convex functions traditionally play the role of “excellent” objectives, and this is the family
on which the theoretical convergence analysis of optimization methods is normally performed. For our
further purposes it is worthy to know how to detect strong convexity and what are the basic properties
of strongly convex functions; this is the issue we are coming to.

The most convenient sufficient condition for strong convexity is given by the following

Proposition 6.1.3 [Criterion of strong convexity for twice continuously differentiable functions]

Let f: R™ — R be twice continuously differentiable function, and let (Iy,Ly), 0 <ly < Ly < oo, be two
gwen reals. f is strongly convex with parameters ly, Ly if and only if the spectrum of the Hessian of f at
every point © € R™ belongs to the segment [ly, L]:

I < Amin(V2F(2) < Anax(V2f(2)) < Ly Vo € R™, (6.1.23)

where Amin(A), Amax(A4) denote the minimal, respectively, the mazimal eigenvalue of a symmetric matriz
A and V? f(z) denotes the Hessian (the matriz of the second order derivatives) of f at x.

Example 6.1.1 The convexr quadratic form

flz) = %ITAI —v'x +e,

A being positive definite symmetric matriz, is strongly convexr with the parameters Iy = Amin(4), Ly =

)\max (A) .

The most important for us properties of strongly convex functions are summarized in the following
statement:

Proposition 6.1.4 Let f be strongly convex with parameters (Iy,Ly). Then
(i) The level sets {x | f(x) < a} of f are compact for every real a;
(i) f attains its global minimum on R™, the minimizer being unique;
(ii) V f(x) is Lipschitz continuous with Lipschitz constant L.

Now we come back to Gradient Descent. The following important proposition says that ArD as
applied to a strongly convex f possesses global linear convergence:

Proposition 6.1.5 [Linear convergence of ArD as applied to strongly convex f]

Let a strongly convex, with parameters (Iy, Ly), function f be minimized by ArD started at certain point
Zo, and let the parameter € of the Armijo test underlying the method be > 1/2. Then, for every integer
N >1, one has

* * Q —(2—€! 1_677_1
ley — 2| < ON|zg — 27, 9:\/ fo(Jr o )(1)77)1 , (6.1.24)
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where x* is the (unique, due to Proposition (ii)) minimizer of f and

Q=2 (6.1.25)
Ly
is the condition number of f.
Besides this,
f(zn) —min f < 0*NQy[f (o) — min f]. (6.1.26)

Thus, the method globally linearly converges with convergence ratio 6 (note that 6 € (0,1) due to € €

[1/2,1)).

Proof.

19. According to Proposition fis CH! convex function which attains its minimum, and
the gradient of f is Lipschitz continuous with constant L;. Consequently, all conclusions of

the proof of Proposition are valid, in particular, relation (6.1.19)):

2(1 —
di = |ove —a"P <df =7 [2— e e+ le], 7= ( i 6)7 €s = f(zs) — min f.
UEdi
(6.1.27)
Applying (6.1.22) to the pair (x = 2*,y = x5) and taking into account that V f(z*) = 0, we
get
l l
€s > l|xs - fL'*|2 = idi;
2 2
therefore (6.1.27]) implies
vl
d; <diy =L [@— g+,
or, substituting the expression for 4 and rearranging the expression,
i <6%d; ,, (6.1.28)

with 6 given by (6.1.24]), and (6.1.24]) follows.

It remains to prove (6.1.26]). To this end it suffices to note that, due to the first inequality
in (6.1.22) applied with x = x*,y = x¢, one has

70— 2°? < ~[F(@o) — f(z)] = = [f (o) ~ min ], (6.1.29)
f f

while the second inequality in (6.1.22) applied with = = 2*, y = xn says that

flew) = minf = flax) - f@*) < Loy - 2P

consequently,

L
f(zn) —min f < 7f|33N —z** <

[see (6.1.24])]

L
<%92N|1‘0—1‘*‘2§

[see (6.1.29))]

< %QQN[f(xO) — min f],
f

as required in ((6.1.26)). =
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Global rate of convergence in convex C! case: summary. The results given by Proposi-
tions and can be summarized as follows. Assume that we are solving the problem

f(z) — min

with convex C1'! objective (i.e., V f(z) is a Lipschitz continuous vector field), and assume that f possesses
a nonempty set X* of global minimizers. And assume that we are minimizing f by ArD with properly
chosen parameter ¢, namely, 1/2 < ¢ < 1. Then

e A.In the general case, where no strong convexity of f is imposed, the trajectory {z;} of the method
converges to certain point £* € X*, and the residuals in terms of the objective — the quantities
ey = f(zn) —min f — go to zero at least as O(1/N), namely, they satisfy the estimate

nL; dist? (g, X*) 1
ey < —.
4(1 —¢) N

(6.1.30)

Note that

— no quantitative assertions on the rate of convergence of the quantities |« — Z*| can be given;
all we know is that these quantities converge to 0, but the convergence can be as slow as
you wish. Namely, given an arbitrary decreasing sequence {d;} converging to 0, one can
point out a Ch! convex function f on 2D plane such that Ly = 1, dist(xo, X*) = dop and
dist(z¢, X*) > d; for every t;

— estimate establishes correct order of convergence to 0 of the residuals in terms of the
objective: for properly chosen C'! convex function f on the 2D plane one has

(0%
ey N=12..

with certain positive a.

e B.If f is strongly convex with parameters ({¢, L), then the method converges linearly:

jon —a*| < 0V |zo — 2*|, flan) —minf < Q0> [f(wo) — min f],

_ Q- @2—eH(@—ent
6 = \/ O e (6.1.31)

Qs = Ly /l; being the condition number of f.

Note that the convergence ratio 6 (or 62, depending on which accuracy measure — the distance from the
iterate to the optimal set or the residual in terms of the objective — we use) tends to 1 as the condition
number of the problem goes to infinity (as people say, as the problem becomes ill-conditioned). When
Q7 is large, we have

Hzl—ijjl, p=(1-ent (6.1.32)
so that to decrease the upper bound on |z. — z*| by an absolute constant factor, say, by factor
10, it requires O(Qy) steps of the method. In other words, what we can extract from is that

(**) the number of steps of the method resulting in a given in advance progress in accuracy (the one
required to decrease the initial distance from the optimal set by a given factor, say, 10°), is proportional
to the condition number Q)¢ of the objective.

Of course, this conclusion is derived from an upper bound on inaccuracy; it might happen that our upper
bounds “underestimate” actual performance of the method. It turns out, anyhow, that our bounds are
tight, and the conclusion is valid:

the number of steps of the Gradient Descent required to reduce initial inaccuracy (measured
either as the distance from the optimal set or as the residual in terms of the objective) by a
given factor is typically proportional to the condition number of f.

To justify the claim, let us look what happens in the case of quadratic objective.
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6.1.4.3 Rate of convergence in the quadratic case
Let us look what happens if Gradient Descent is applied to a strongly convex quadratic objective

flz) = %xTAac —v'z +e

A being symmetric positive definite matrix. As we know from Example f is strongly convex with the
parameters I = Amin(A4), Ly = Amax(A) (the minimal and the maximal eigenvalues of A, respectively).

It is convenient to speak about the Steepest Descent rather than about the Armijo-based Gradient
Descent (in the latter case our considerations would suffer from uncertainty in the choice of the stepsizes).

We have the following relations:
e The gradient of the function f is given by the relation
g(z) =V f(x)= Az —b; (6.1.33)
in particular, the unique minimizer of f is given by the equation (the Fermat rule)
Az* =b. (6.1.34)
Note also that, as it is seen from one-line computation,
flz) = E(x) + f(z¥), E(x)= %(m — )T Az — %); (6.1.35)

note that E(-) is nothing but inaccuracy in terms of the objective.

e The trajectory of the Steepest Descent is given by the recurrence
Tip1 = Ty — Y19, G¢ = (@) = V(@) = Azy — b= Az — 27), (6.1.36)

where 7;41 is minimizer of the strongly convex quadratic function ¢(vy) = f(z;—~yg:) of real variable
. Solving equation ¢'(y) = 0 which identifies v;41, we get

T
9t 9t
Yi+1 = 3 (6137)
gtTAgt
thus, (6.1.36]) becomes
T
T4l = Tt — 9t 9t gt. (6138)

gtT Agy
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e Explicit computation results in

(98 9¢)
[gtTAgt] [gtTA_lgt]

B(zis1) = {1 - } B(zy). (6.1.39)

Now we can obtain the convergence rate of the method from the following

Lemma 6.1.2 [Kantorovich] Let A be a positive definite symmetric matriz with the condition number
(the ratio between the largest and the smallest eigenvalue) Q. Then for any nonzero vector x one has
(") L 4Q
T AT A ] © (14 QP

Proof. It is known from Linear Algebra that a symmetric n X n matrix A is orthogonally
equivalent to a diagonal matrix S (i.e., A = USUT with orthogonal U), the eigenvalues
A1 < Ay < ... < )\, of A being the diagonal entries of S. Denoting y = UTx, we see that the
left hand side in the inequality in question is

(i vd)? .
oMy (A w2

This quantity remains unchanged if all y;’s are multiplied by common nonzero factor; thus,
without loss of generality we may assume that >, y? = 1. Further, the quantity in question
remains unchanged if all \;’s are multiplied by common positive factor; thus, we may assume
that Ay = 1, so that \,, = @ is the condition number of the matrix A. Setting a; = y? we
come to the necessity to prove that

ifu =73 ,a;\, v = Zia,,;/\;l, where 0 < a;, > ,a;, = 1, and 1 < A\; < @, then uv <
(1+Q)*/(4Q).

This is easy: due to its origin, the point (u,v) on the 2D plane is convex combination, the
coefficients being a;, of the points P; = (A, /\;1) belonging to the arc I on the graph of
the function n = 1/&, the arc corresponding to the segment [1, Q] of values of & (£,n are

(6.1.40)

'"Here is the computation: since ¢(y) is a convex quadratic form and ;11 is its minimizer, we have
$(0) = d(y41) + %%2+1¢N;
due to the origin of ¢, we have ¢ = gI Ag:, so that
E(xy) — E(ze1) = f(@e) = f(@e41) = 0(0) — d(ya41) = %’Ytzﬂ[gtTAgtL

or, due to (6.1.37),

B(w) - Bz = 990

- 2gtTAgt.
At the same time by ((6.1.35)), (6.1.36]) one has

1 . . _ _ 1 _
E(z:) = 5zt —2 ) Az —a”) = S[A7 )T A[AT ge] = §gtTA 'g.

N =

Combining the resulting relations, we come to

EB(zi) — E(wi1) _ (97 9)°
E(x) l9f Agillgf A= g:)

as required in (6.1.39)).
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the coordinates on the plane). Consequently, (u,v) belongs to the convex hull C of I". This
convex hull is as you see on the picture:

eta

Arc I and its convex hull
The largest, over (u,v) € C, product uv corresponds to the case when (u,v) belongs to the
line segment [Py, P,] bounding C' from above, so that

1—a
Q

the right hand side maximum can be explicitly computed (it corresponds to a = 1/2), and
the resulting value is (Q + 1)2/(4Q), as claimed. =

w < 1ma L 1—a ]
w < nax [(a+ (1 - @)@)(a +

);

Combining Lemma[6.1.2| and (6.1.39), we come to the following

Proposition 6.1.6 [Convergence ratio for the Steepest Descent as applied to strongly convex quadratic
form]

As applied to a strongly convexr quadratic form f with condition number @, the Steepest Descent converges
linearly with the convergence ratio not worse than

4Q  [(Q-1)°
1—(Q+1)2_<Q+1) , (6.1.41)

namely, for all N one has

Q-1

o1) low) = ming,

[f(xni1) — min f] < (

whence also
Q-1

Q+1> [f(20) — min f]. (6.1.42)

f(rx) —min f < (

Note that the Proposition says that the convergence ratio is not worse than (Q —1)2(Q +1)~2; the actual
convergence ratio depends on the starting point zy. It is known, anyhow, that gives correct
description of the rate of convergence: for “almost all” starting points, the process indeed converges
at the rate close to the indicated upper bound. Since the convergence ratio given by Proposition is
1-0(1/Q) (cf. (6.1.32)), quantitative conclusion (**) from the previous subsection indeed is valid, even
in the case of strongly convex quadratic f.

Local rate of convergence of Steepest Descent. Relation (6.1.42) is a non-asymptotical
efficiency estimate of the Steepest Descent in the quadratic case. In the non-quadratic nondegenerate
case the method admits similar asymptotic efficiency estimate. Namely, one can prove the following
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Theorem 6.1.2 [Local rate of convergence of Steepest Descent]
Assume that the trajectory {x:} of the Steepest Descent as applied to f converges to a point x* which
is a nondegenerate local minimizer of f, namely, is such that f is twice continuously differentiable in a
neighbourhood of * and the Hessian V2 f(x*) of the objective at x* is positive definite.

Then the trajectory converges to x* linearly, and the convergence ratio of the sequence f(x:) — f(x*)
of residuals in terms of the objective is not worse than

( + 1 ) 2
Q+1) "’
Q being the condition number of V2 f(x*):

2N
(Ve >03C. < 0):  flzn)— flz*) < C. (% e> LN =12, .. (6.1.43)

6.1.5 Conclusions
Let us summarize our knowledge of Gradient Descent. We know that

e In the most general case, under mild regularity assumptions, both StD and ArD converge to the
set of critical points of the objective (see Theorem [6.1.1)), and there is certain guaranteed sublinear
rate of global convergence in terms of the quantities |V f(zx)|? (see Proposition [6.1.1));

e In the convex C1! case ArD converges to a global minimizer of the objective (provided that such
a minimizer exists), and there is certain guaranteed (sublinear) rate of global convergence in terms
of the residuals in the objective f(zy) — min f (see Proposition [6.1.2));

e In the strongly convex case ArD converges to the unique minimizer of the objective, and both dis-
tances to the minimizer and the residuals in terms of the objective admit global linearly converging
to zero upper bounds. The corresponding convergence ratio is given by the condition number of
the objective @ (see Proposition[6.1.5) and is of the type 1 — O(1/Q), so that the number of steps
required to reduce the initial inaccuracy by a given factor is proportional to @ (this is an upper
bound, but typically it reflects the actual behaviour of the method);

e [t the quadratic case - globally, and in the nonquadratic one — asymptotically, StD converges
linearly with the convergence ratio 1 —O(1/Q), @ being the condition number of the Hessian of the
objective at the minimizer towards which the method converges (in the quadratic case, of course,
this Hessian simply is the matrix of our quadratic form).

This is what we know. What should be conclusions — is the method good, or bad, or what? As it normally
is the case in numerical optimization, we are unable to give a definite answer: there are too many different
criteria to be taken into account. What we can do, is to list advantages and disadvantages of the method.
Such a knowledge provides us with a kind of orientation: when we know what are the strong and the weak
points of an optimization method and given a particular application we are interested in, we can decide
“how strong in the case in question are the strong points and how weak are the weak ones”, thus getting
possibility to choose the solution method better fitting the situation. As about the Gradient Descent,
the evident strong points of the method are

e broad family of problems where we can guarantee global convergence to a critical point (normally
- to a local minimizer) of the objective;

e simplicity: at a step of the method, we need single evaluation of Vf and a small number of
evaluations of f (the evaluations of f are required by the line search; if one uses ArD with
simplified line search mentioned in Section this number indeed is small). Note that each
evaluation of f is accompanied by small (O(n), n being the dimension of the design vector) number
of arithmetic operations.
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The most important weak point of the method is relatively low rate of convergence: even in the strongly
convex quadratic case, the method converges linearly. This itself is not that bad; what indeed is bad, is
that the convergence ratio is too sensitive to the condition number @ of the objective. As we remember,
the number of steps of the method, for a given progress in accuracy, is proportional to . And this
indeed is too bad, since in applications we typically meet with ill-conditioned problems, with condition
numbers of orders of thousands and millions; whenever this is the case, we hardly can expect something
good from Gradient Descent, at least when we are interested in high-accuracy solutions.

It is worthy to understand what is the geometry underlying slowing down the Gradient Descent in
the case of ill-conditioned objective. Consider the case of strongly convex quadratic f. The level surfaces

S5 ={x | f(x) = min f + 6}

of f are homothetic ellipsoids centered at the minimizer z* of f; the squared half-axes of these ellipsoids
are inverse proportional to the eigenvalues of A = V2f. Indeed, as we know from (6.1.35)),
1
f(@) = 5z —2")T Az — 2°) + min £,
so that in the orthogonal coordinates x; associated with the orthonormal eigenbasis of A and the origin
placed at x* we have

1 .
flx) = B ZA’LI'IQ + min f,
i
A; being the eigenvalues of A. Consequently, the equation of Sy in the indicated coordinates is

> Nl =26.

Now, if A is ill-conditioned, the ellipsoids S5 become a kind of “valleys” — they are relatively narrow in
some directions (those associated with smallest half-axes of the ellipsoids) and relatively long in other
directions (associated with the largest half-axes). The gradient — which is orthogonal to the level surface
— on the dominating part of this surface looks “almost across the valley”, and since the valley is narrow,
the steps turn out to be short. As a result, the trajectory of the method is a kind of short-step zig-zag
movement with slow overall trend towards the minimizer.

What should be stressed is that in the case in question there is nothing intrinsically bad in the problem
itself; all difficulties come from the fact that we relate the objective to a “badly chosen” initial coordinates.
Under appropriate non-orthogonal linear transformation of coordinates (pass from x; to y; = v/A;z;) the
objective becomes perfectly conditioned — it becomes the sum of squares of the coordinates, so that
condition number now equals 1, and the Gradient Descent, being run in the new coordinates, will go
directly towards the minimizer. The problem, of course, is that the Gradient Descent is associated with
a once for ever fixed initial Euclidean coordinates (since the underlying notion of gradient is a Euclidean
notion: different Euclidean structures result in different gradient vectors of the same function at the
same point). If these initial coordinates are badly chosen for a given objective f (so that the condition
number of f with respect to these coordinates is large), the Gradient Descent will be slow, although if
we were clever enough to perform first appropriate scaling — linear non-orthogonal transformation of the
coordinates — and then run Gradient Descent in these new coordinates, we might obtain fast convergence.
In the next Section we will consider the famous Newton method which, in a sense, is nothing but “locally
optimally scaled” Gradient Descent, with the scaling varying from step to step.

6.2 Basic Newton’s Method

We continue investigating methods for unconstrained minimization problem
f(z) > min | x € R™

What is on our agenda is the famous Newton method based on local quadratic model of f. To get
possibility to speak about this model, we assume from now on that f is twice continuously differentiable.
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6.2.1 The Method

The idea of the method is very simple; we have already used this idea in the univariate case (Lecture [5)).
Given current iterate x, the value f(x), the gradient V f(z) and the Hessian V2 f(z) of the objective at
x, we approximate f around z by its second order Taylor expansion

Fl) = F@)+ (g - )"V () + 3y~ ) IV @)y — )

and take as the next iterate the minimizer of the right hand side quadratic form of y. To get this minimizer,
we differentiate the right hand side in y and set the gradient to 0, which results in the equation with
respect to y

(V2 f(@)l(y — ) = =V f(2).
This is a linear system with respect to y; assuming the matrix of the system (i.e., the Hessian V2f(x))
nonsingular, we can write down the solution as

y=a—[V2f(x)]"'Vf(x).
In the Basic Newton method, we simply iterate the indicated updating:

Algorithm 6.2.1 [Basic Newton Method] Given starting point xg, run the recurrence
Tt = Tt—1 — [VQf(xt_l)}’1Vf(zt_1). (621)

The indicated method is not necessarily well-defined (e.g., what to do when the Hessian at the current
iterate turns out to be singular?) We shall address this difficulty, same as several other difficulties which
may occur in the method, in the next Lecture.. Our current goal is to establish the fundamental result
on the method — its local quadratic convergence in the non-degenerate case:

Theorem 6.2.1 [Local Quadratic Convergence of the Newton method in the nondegenerate case]
Assume that f is three times continuously differentiable in a neighbourhood of z* € R™, and that x* is
a nondegenerate local minimizer of f, i.e., Vf(z*) = 0 and V2 f(x*) is positive definite. Then the Basic
Newton method, starting close enough to x*, converges to x* quadratically.

Proof. Let U be a convex neighbourhood of x* where the third order partial derivatives of
f (i.e., the second order partial derivatives of the components of V f) are bounded. In this
neighbourhood, consequently,

| = Vi) = V) (e —y)| = |Vf(a*) = Vfy) — Vi) (" —y)| < bily —2*]* (6.2.2)

with some constant 51 (we have applied to the components of V f the standard upper bound
on the remainder in the first order Taylor expansion: if g(+) is a scalar function with bounded
second order derivatives in U, then

lg(z) — g(y) — Vg(y)(z — y)| < Bly — |

for some B < co|?) and all z,y € U, cf. Lemma 3.3.1).

Since V2f(z*) is nonsingular and V2f(x) is continuous at x = x*, there exists a smaller
neighbourhood U’ C U of x*, let it be the centered at x* ball of radius 7 > 0, such that

yelU = |[VfW)] ' < B (6.2.3)

for some constant betas; here and in what follows, for a matrix A |A| denotes the operator
norm of A, i.e.,

|A| = max |Ah|,
|h|<1

Znote that the magnitude of 3 is of order of the magnitude of second order derivatives of g in U
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the right hand side norms being the standard Euclidean norms on the corresponding vector
spaces.

Now assume that certain point x; of the trajectory of the Basic Newton method on f is close
enough to x*, namely, is such that

1
rnelU’, U'={z||lz—a%<p= nlin[m.,r}}. (6.2.4)

We have

fpesn = 2| = foo = o = (V2 f ()] VS el =
= |[V2 )] [V2f(ze) (20 — 2%) = V()| | < V2 fa)] 7=V (@) =V (@) (2" —a)| <
[by and ]

S 81‘62|7L’t — .’1’*‘2.
Thus, we come to
xy €U = |xpy1 — 2| < B1Balas — 2¥)? [ (Bifelrs — o*|)|ze — %] < 0.5z — 2*|].
(6.2.5)
We see that the new iterate x4y is at least twice closer to z* than x; and, consequently,
x411 € U”. Thus, reaching U"” at certain moment ¢ (this for sure happens when the trajectory
is started in U"), the trajectory never leaves this neighbourhood of z*, and

|zi41 — x| < B1fa|ze — 2*|? < 0.5y — ¥, t > 1,
so that the trajectory converges to x* quadratically. m
The indicated theorem establishes fast — quadratic — local convergence of the Basic Newton method
to a nondegenerate local minimizer of f, which is fine. At the same time, we remember from Lecture
that even in the univariate case and for smooth convex objective, the Newton method not necessarily
possesses global convergence: started not too close to minimizer, it may diverge. It follows that we cannot
rely on this method “as it is” — in actual computations, how could we know that the starting point is
“close enough” to the minimizer? Thus, some modifications are needed in order to make the method

globally converging. Right now we shall look at the simplest modification of this type, postponing more
serious modifications till the next Lecture.

6.2.2 Incorporating line search
The Basic Newton method at each iteration performs a unit step:
Tt41 = T = e(iﬂt)

in the Newton direction

e(z) = —[V2f(2)] 7'V f(z). (6.2.6)
It prescribes, consequently, both the search direction and the stepsize (just 1) in the direction. The first
idea how to “cure” the method to make it globally convergent is to use only the direction given by the
method, but not the stepsize; as about the stepsize, we could choose it by a kind of line search aimed to
achieve “significant progress” in the objective (compare with the Gradient Descent). Thus, we come to
the Newton method with line search given by the recurrence

Top1 = T+ vepre(xe), e(x) = [V2f(2o)] 'V f(20), (6.2.7)
where the stepsize ;41 > 0 is given by a line search. In particular, we could speak about

e “Steepest Newton method”:

Yeer € Argmin{ f(a, +ye(a:)) | 7 2 0},

or
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e the Armijo-based Newton method, where ~;11 is given by the Armijo-terminated line search,

or
e the Goldstein-based Newton method, where ;.1 is given by the Goldstein-terminated line search.

We could expect the indicated modifications to make the method globally converging; at the same time,
we may hope that close enough to a nondegenerate local minimizer of f, the indicated line search will
result in stepsize close to 1, so that the asymptotical behaviour of the modified method will be similar
to the one of the basic method (provided, of course, that the modified method indeed converges to a
nondegenerate local minimizer of f). Whether these hopes indeed are valid or not, it depends on f,
and at least one property of f seems to be necessary to make our hopes valid: e(z) should be a descent
direction of f at a non-critical x:

Vi) #0= e (@)Vf(z) = ~(VF(@) [V f ()] 7'V f(z) <0. (6.2.8)

Indeed, if there exists « with nonzero V f(x) such that the Newton direction e(x) is not a descent direction
of f at x, it is unclear whether there exists a step in this direction which reduces f. If, e.g., f(x +ve(x))
is a nondecreasing function of v > 0, then the Steepest Newton method started at x clearly will never
leave the point, thus converging to (simply staying at) non-critical point of f. Similar difficulties occur
with the Armijo- and Goldstein-based Newton methods: is e(x) is not a descent direction of f at z, then
the Armijo/Goldstein-terminated line search makes no sense at all.

We see that one may hope to prove convergence of the Newton method with line search only if f
satisfies the property

V() #0 = (V@) [V (@) Vf() > 0.

The simplest way to impose this property is to assume that f is convex with nonsingular Hessian:
V2f(z) >0 Vo [=hT[V?f(2)]h >0 VaVh #0]; (6.2.9)

indeed, if the matrix V f(z) is positive definite for every x, then, as it is known from Linear Algebra (and
can be proved immediately), the matrix [V2f(z)]~! also is positive definite at every x, so that
takes place. It indeed turns out that under assumption the line search versions of the Newton
method possess global convergence:

Proposition 6.2.1 Let f be a twice continuously differentiable convex function with the Hessian V2 f(x)
being positive definite at every point x, and let xq be such that the level set

S=A{z] fz) < flzo)}

associated with xo is bounded. Then the Steepest Newton method, same as the Armijo/Goldstein-based
Newton method, started at xo converges to the unique global minimizer of f.

The proof of the Proposition is completely similar to the one of Theorem [6.1.1] and is therefore omitted.

The “line search” modification of the Basic Newton method is not quite appropriate: as we just have
seen, in this modification we meet with severe difficulties when the Newton direction at certain point
is not a descent direction of the objective. Another difficulty is that the Newton direction, generally
speaking, can simply be undefined — V2 f(z) may be singular at a point of the trajectory. What to do in
this situation? We see that in order to make the Newton method reliable, we need to modify not only
the stepsize used in the method, but also the search direction itself, at least in the cases when it is “bad”
(is not a descent direction of f or simply is undefined). We shall discuss the corresponding modifications
later.

6.2.3 The Newton Method: how good it is?

We have investigated the basic version of the Newton method, along with its modifications aimed to
make the method globally converging in the convex case. Finally, what are the basic advantages and
disadvantages of the method?
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The main advantage of the method is its fast (quadratic) local convergence to a nondegenerate local
minimizer of the objective, provided that we were lucky to bring the trajectory close enough to such a
minimizer.

Rigorously speaking, the indicated attractive property is possessed only by the basic version of the
method. For a modified version, the indicated phenomenon takes place only when the modified method
manages to drive the trajectory to a small neighbourhood of a nondegenerate local minimizer of f; if it
is not so, we have no reasons to expect fast convergence. Thus, let us assume that the trajectory of the
modified Newton method converges to a nondegenerate local minimizer x* of . Is then the convergence
asymptotically quadratic?

The answer depends on the rules for line search; indeed, to get something asymptotically close to the
Basic Newton method, we need nearly unit stepsizes at the final phase of the process. One can prove,
e.g., that the required property of “asymptotically unit stepsizes in the Newton direction” is ensured by
the exact line search. To get the same behaviour in the Armijo-terminated line search, the parameters e
and n of the underlying Armijo test should be chosen properly (e.g., ¢ = 0.2 and n = 10), and we should
always start the line search with testing the unit stepsize.

In spite of all indicated remarks which say that the modifications of the Basic Newton method
aimed to ensure global convergence may spoil the theoretical quadratic convergence of the basic method
(either because of bad implementation, or due to degeneracy of the minimizer the trajectory converges
to), the Newton-based methods should be qualified as the most efficient tool for smooth unconstrained
minimization. The actual reason of the efficiency of these methods is their intrinsic ability (spoiled, to
some extent, by the modifications aimed to ensure global convergence) to adjust themselves to the “local
geometry” of the objective.

The main shortcoming of the Newton-type methods is their relatively high computational cost. To
run such a method, we should be able to compute the Hessian of the objective and should solve at
each step an n X n system of linear equations. If the objective is too complicated and/or the dimension
n of the problem is large, these requirements may become “too costly” from the viewpoint of coding,
execution time and memory considerations. In order to overcome these drawbacks, significant effort was
invested into theoretical and computational development of first-order routines (those not using second-
order derivatives) capable to “imitate” the Newton method. These are the methods we are about to
consider in Lecture [

6.2.4 Newton Method and Self-Concordant Functions

The traditional results on the Newton method establish no more than its fast asymptotical
convergence; global efficiency estimates can be proved only for modified versions of the
method, and these global estimates never are better than those for the Gradient Descent. In
this section we consider a family of objectives — the so called self~concordant ones — where
the Newton method admits excellent global efficiency estimates. This family underlies the
most recent and advanced Interior Point methods for large-scale Convex Optimization.

6.2.4.1 Preliminaries

The traditional “starting point” in the theory of the Newton method — Theorem —
possesses an evident drawback (which, anyhow, remained unnoticed by generations of re-
searchers). The Theorem establishes local quadratic convergence of the Basic Newton method
as applied to a function f with positive definite Hessian at the minimizer, this is fine; but
what is the “quantitative” information given by the Theorem? What indeed is the “region
of quadratic convergence” Q of the method — the set of those starting points from which
the method converges quickly to z*? The proof provides us with certain “constructive”
description of Q, but look — this description involves differential characteristics of f like

3) this, e.g., for sure is the case when f is strongly convex: here the only critical point is a nondegenerate
global minimizer, while convergence to the set of critical points is given by Proposition |6.2.1
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the magnitude of the third order derivatives of f in a neighbourhood of z* (this quantity
underlies the constant 8; from the proof) and the bound on the norm of inverted Hessian
in this neighbourhood (the constant fs; in fact this constant depends on S;, the radius of
the neighbourhood and the smallest eigenvalue of V2f(z*)). Besides this, the “fast con-
vergence” of the method is described in terms of the behaviour of the standard Euclidean
distances |z; —x*|. All these quantities — magnitudes of third-order derivatives of f, norms of
the inverted Hessian, distances from the iterates to the minimizer — are “frame-dependent”:
they depend on the choice of Euclidean structure on the space of variables, on what are
the orthonormal coordinates used to compute partial derivatives, Hessian matrices and their
norms, etc. When we vary the Euclidean structure (pass from the original coordinates to an-
other coordinates via a non-orthogonal linear transformation), all these quantities somehow
vary, same as the description of Q given by Theorem [6.2.1] On the other hand, when passing
from one Euclidean structure on the space of variables to another, we do not vary neither
the problem, nor the Basic Newton method. Indeed, the latter method is independent of
any a priori coordinates, as it is seen from the following “coordinateless” description of the
method:

To find the Newton iterate x;y1 of the previous iterate xy, take the second order Taylor
expansion of f at x; and choose, as x;11, the minimizer of the resulting quadratic form.

Thus, the coordinates are responsible only for the point of view we use to investigate the
process and are absolutely irrelevant to the process itself. And the results of Theorem [6.2.1]
in their quantitative part (same as other traditional results on the Newton method) reflect
this “point of view”, not only the actual properties of the Newton process! This “dependence
on viewpoint” is a severe drawback: how can we get correct impression of actual abilities of
the method looking at the method from an “occasionally chosen” position? This is exactly
the same as to try to get a good picture of a landscape directing the camera in a random
manner.

6.2.4.2 Self-concordance

After the drawback of the traditional results is realized, could we choose a proper point of
view — to orient our camera properly, at least for “good” objectives? Assume, e.g., that our
objective f is convex with nondegenerate Hessian. Then at every point x there is a natural,
intrinsic for the objective, Euclidean structure on the space of variables, namely, the one
given by the Hessian of the objective at x; the corresponding norm is

s = \/m = \/jélt—of(x + th). (6.2.10)

Note that the first expression for |h|; , seems to be “frame-dependent” — it is given in terms
of coordinates used to compute inner product and the Hessian. But in fact the value of this
expression is “frame-independent”, as it is seen from the second representation of |h|s ..

Now, from the standard results on the Newton method we know that the behaviour of the
method depends on the magnitudes of the third-order derivatives of f. Thus, these results
are expressed, among other, in terms of upper bounds

d3
@h:of(x +th)| < a

on the third-order directional derivatives of the objective, the derivatives being taken along
unit in the standard Fuclidean metric directions h. What happens if we impose similar upper
bound on the third-order directional derivatives along the directions of the unit |- |s , length
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rather than along the directions of the unit “usual” length? In other words, what happens
if we assume that

|hlfe < 1=

d3
%hzo‘f(l’ + th)‘ S (6% ?

Since the left hand side of the concluding inequality is of homogeneity degree 3 with respect
to h, the indicated assumption is equivalent to the one

3
‘dtgh_of(gc + th)’ < alh|}, VaxVh.
Now, the resulting inequality, qualitatively, remains true when we scale f — replace it by Af
with positive constant \, but the value of a varies: a — A\~/2a. We can use this property
to normalize the constant factor «, e.g., to set it equal to 2 (this is the most technically
convenient normalization).

Thus, we come to the main ingredient of the notion of a

self-concordant function: a three times continuously differentiable convex function f satisfy-
ing the inequality

43 5 d2 d3/2
dt3|t:0f(z+th)’ <2/hl;, =2 [dt2|t:0f(1:+th) Vh € R". (6.2.11)

We do not insist on f to be defined everywhere; it suffices to assume that the domain of f
is an open convex set (Qy C R", and that (6.2.11) is satisfied at every point x € Q. The
second part of the definition of a self-concordant function is that

Qy is a “natural domain” of f, so that f possesses the barrier property with respect to Q)¢

— blows up to infinity when a sequence of interior points of Q) s approaches a boundary point
f

of the domain:

Yz, € Qs}: z; =z €0Qyf, i — 00 = f(x;) = 00,1 — 0. (6.2.12)
Of course, the second part of the definition imposes something on f only when the domain

of f is less than the entire R".

Note that the definition of a self-concordant function is “coordinateless” — it imposes certain
inequality between third- and second-order directional derivatives of the function and certain
behaviour of the function on the boundary of its domain; all notions involved are “frame-
independent”.

6.2.4.3 Self-concordant functions and the Newton method

It turns out that the Newton method as applied to a self-concordant function f possesses
extremely nice global convergence properties. Namely, one can more or less straightforwardly
prove the following statements:

Proposition 6.2.2 [Self-concordant functions and the Newton method]
Let f be strongly self-concordant, and let V2 f be nondegenerate at some point of Qs (this
for sure is the case when Qy does not contain lines, e.g., is bounded). Then

o (i) [Nondegeneracy] Vf(x) is positive definite at every point x € Qy;

o (ii) [Existence of minimizer] If f is below bounded (which for sure is the case when Q¢
is bounded), then f attains its minimum on Qy, the minimizer being unique;

179
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o (iii) [Damped Newton method] The started at arbitrary point xg € Qs process

(V@) T[V2(2)) 71V f ()
(6.2.13)

[VQf(zt)]ilvf(It)v )‘(fax)

Tt41 = Tt

1+ M)

— the Newton method with particular stepsizes

1
R Y

— possesses the following properties:

(ili.1) The process keeps the iterates in Q¢ and is therefore well-defined;
— (ill.2) If f is below bounded on Qf (which for sure is the case if A(f,z) < 1 for
some x € Qy) then {z¢} converges to the unique minimizer x% of f on Qy;

(iil.3) Each step of the process decreases [ “significantly”, provided that
A f,xt) is not too small:

f(@e) = flzee) 2 A(f, @) —In(1+ A(f, 240)) 5 (6.2.14)
— (iii.4) For every t, one has
A(fyme) <1= f(xr) = fa7) < —In (1= A(f,2e)) — A(f, 2¢) (6.2.15)
and )
Afraes1) < m (6.2.16)

The indicated statements demonstrate extremely nice global convergence properties of the
Damped Newton method as applied to a self-concordant function f. Namely, as-
sume that f is self-concordant with nondegenerate Hessian at certain (and then, as it was
mentioned in the above proposition, at any) point of Q. Assume, besides this, that f is
below bounded on @ (and, consequently, attains its minimum on @ by (ii)). According to
(iii), the Damped Newton method is keeps the iterates in Ay. Now, we may partition the
trajectory into two parts:

e the initial phase: from the beginning to the first moment, let it be called t*, when

e the final phase: starting from the moment ¢*.

According to (iii.3), at every step of the initial phase the objective is decreased at least by

absolute constant
L | o >0
K=—-—1In-— ;
4 4 ’

consequently,

e the initial phase is finite and is composed of no more than

f(wo) —ming, f

A/ini =
K
iterations.
Starting with ¢ = t*, we have in view of (6.2.15)):
203 (frae) _ 1
A < — 7 < )\ ;
(fa xt+1) =1_ )\(f, ljt) =9 (f,‘rt)7

thus,
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e starting with t = t*, the quantities \(f,x;) converge quadratically to 0 with objective-
independent rate.

According to (6.2.16)),

e starting witht = t*, the residuals in terms of the objective f(x;)—ming, f also converge
quadratically to zero with objective-independent rate.

Combining the above observations, we observe that

e the number of steps of the Damped Newton method required to reduce the residual
f(z¢) —min f in the value of a self-concordant below bounded objective to a prescribed
value € < 0.1 is no more than

N(e) <OQ) |[f(x0) — min f] + lnln% , (6.2.17)

O(1) being an absolute constant.

It is also worthy of note what happens when we apply the Damped Newton method to a
below unbounded self-concordant f. The answer is as follows:

e for a below unbounded f one has A(f,x) > 1 for every x (see (iii.2)), and, consequently,
every step of the method decreases f at least by the absolute constant 1 — In2 (see
(iii.3)).

The indicated picture gives a “frame-” and “objective-independent” description of the global
behaviour of the Damped Newton method as applied to a below bounded self-concordant
function. Note that the quantity A(f,z) used to describe the behaviour of the method
at the first glance is “coordinate dependent” (see (6.2.13))), but in fact this quantity is
“coordinateless”. Indeed, one can easily verify that

M _ ) min (),

where

flo) = @)+ (g~ )"V () + 3 ly— ) V(@) (g~ 2)

is the second-order Taylor expansion of f at z. This is a coordinateless definition of A\(f, z).

Note that the region of quadratic convergence of the Damped Newton method as applied to
a below bounded self-concordant function f is, according to (iii.4), the set

3. (6.2.18)

e~ =

Qr ={zeQs| Af,2) <

6.2.4.4 Self-concordant functions: applications

At the first glance, the family of self-concordant functions is rather “thin” — the functions are
given by certain “strict” differential inequality, and “a general”, even convex and smooth,
f hardly may happen to be self-concordant. Thus, what for these elegant results on the
behaviour of the Newton method on self-concordant functions?

The answer is as follows: it turns out that (even constrained) Convex Programming prob-
lems of reasonable (in principle — of arbitrary) analytic structure can be reduced to a “small
series” of problems of minimizing self-concordant functions. Applying to these auxiliary
problems the Damped Newton method, we come to the theoretically most efficient (and
extremely efficient in practice) Interior Point Polynomial Time methods for Convex Opti-
mization. Appearance of these methods (starting with the landmark paper of N. Karmarkar
(1984), where the first method of this type for Linear Programming was proposed) definitely
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was the main event in Optimization during the last decade, it completely changed the entire
area of large-scale Convex Optimization, in particular, Linear Programming.

Right now we are not going to speak about Interior Point methods in more details; we shall
come back to these methods at the end of our course. What should be stressed now is that
the crucial point in the design of the Interior Point methods is our ability to construct “good”
self-concordant functions with prescribed domains. To this end it is worthy to note how to
construct self-concordant functions. Here the following “raw materials” and “combination
rules” are useful:

Raw materials: basic examples of self-concordant functions. For the time being,
the following examples are sufficient:

e [Convex quadratic (e.g., linear) form| The convex quadratic function

1
flz) = ixTAx —b'z +c
(A is symmetric positive semidefinite n x n matrix) is self-concordant on R";
e [Logarithm] The function
—In(z)
is self-concordant with the domain Ry = {z € R| = > 0};

e [Extension of the previous example: Logarithmic barrier, linear/quadratic case] Let
Q={reR"| ¢j(z)<0,j=1,..,m}

be a nonempty set in R™ given by m strict convex quadratic (e.g., linear) inequalities.
Then the function

m
fl@) ==Y In(~di(x))
i=1
is self-concordant with the domain equal to Q.

Combination rules: simple operations with functions preserving self-concordance

e [Linear combination with coefficients > 1] Let f;, ¢ = 1,...m, be self-concordant func-
tions with the domains Qy,, let these domains possess a nonempty intersection (), and
let a; > 1,7 =1,...,m, be given reals. Then the function

flz) = Zaifi(x)

is self-concordant with the domain equal to Q.
In particular, the sum of a self-concordant function and a convex quadratic function
(e.g., a linear one) is self-concordant;

o [Affine substitution] Let f(x) be self-concordant with the domain @y C R", and let
x = A€ + b be an affine mapping from R* into R”™ with the image intersecting Q -
Then the composite function

9(§) = f(AE +b)
is self-concordant with the domain

Qg =1{§| A +beQy}

being the inverse image of () under the affine mapping in question.
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To justify self-concordance of the indicated functions, same as the validity of the combina-
tion rules, only minimal effort is required; at the same time, these examples and rules give
almost all required to establish excellent global efficiency estimates for Interior Point meth-
ods as applied to Linear Programming and Convex Quadratically Constrained Quadratic
programming.

After we know examples of self-concordant functions, let us look how our now understanding
of the behaviour of the Newton method on such a function differs from the one given by
Theorem To this end consider a particular self-concordant function — the logarithmic
barrier

fl@)==—In(0 —21) —In(d +z1) — In(1 — 22) — In(1 + z2)

for the 2D rectangle
D={x cR?| |z1| < 6, |xa| < 1};

in what follows we assume that the rectangle is “wide”, i.e., that
6 >>1.

This function indeed is self-concordant (see the third of the above “raw material” examples).
The minimizer of the function clearly is the origin; the region of quadratic convergence of
the Damped Newton method is given by

3 x3 1

< —
52+x§+1+x§ - 32

Q={zxeD] }

(see (6.2.18)). We see that the region of quadratic convergence of the Damped Newton
method is large enough — it contains, e.g., 8 times smaller than D concentric to D rectangle
D’. Besides this, (6.2.17) says that in order to minimize f to inaccuracy, in terms of the
objective, €, starting with a point g € D, it suffices to perform no more than

1 1
O1) |In—— +1Inln -
o | €

steps, where O(1) is an absolute constant and
|71
I 1= max 22 2y
Now let us look what Theorem says. The Hessian V2f(0) of the objective at the
minimizer is 52
207 0
= (M 8)

and [H~'| = O(6?); in, say, 0.5-neighbourhood U of z* = 0 we also have |[V2f(z)]7}| =
O(6?). The third-order derivatives of f in U are of order of 1. Thus, in the notation from
the proof of Theorem we have 3; = O(1) (this is the magnitude of the third order
derivatives of f in U), U' = U, r = 0.5 (the radius of the circle U’ = U) and S5 = O(§?)
(this is the upper bound on the norm of the inverted Hessian of f in U’). According to the
proof, the region U” of quadratic convergence of the Newton method is p-neighbourhood of
z* =0 with
p =min[r, (26182) "] = O(67?).

Thus, according to Theorem[6.2.1} the region of quadratic convergence of the method becomes
the smaller the larger is d, while the actual behaviour of this region is quite opposite.

In this simple example, the aforementioned drawback of the traditional approach — its “frame-

dependence” — is clearly seen. Applying Theorem to the situation in question, we used
extremely bad “frame” — Euclidean structure. If we were clever enough to scale the variable
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x1 before applying Theorem [6.2.1] — to divide it by & — it would become absolutely clear
that the behaviour of the Newton method is absolutely independent of §, and the region of
quadratic convergence of the method is a once for ever fixed “fraction” of the rectangle D.

To extract certain moral from this story about self-concordance, let me note that it is one of
the examples of what is Mathematics and progress in Mathematics: the known from XVII
Century very natural and simple (and seemingly perfectly well understood decades ago)
optimization method gave rise to one of the most advanced and most recent breakthroughs
in Optimization.



Lecture 7

Around the Newton Method

In the previous Lecture we spoke about the Newton method
Tip1 = Ty + Yeprer, e = —[V2f()] 'V f(x),

f being the objective to be minimized; from now on we assume the objective to be smooth enough
(namely, 3 times continuously differentiable) and such that the level set

S=A{z] flx) < flzo)},

xo being the starting point of the method in question, is bounded.

We have considered two versions of the method — the basic one, where we all the time use the unit
stepsizes (y¢+1 = 1), and version with line search, where ;41 is given by a kind of line search applied to
the function

o(v) = f(x +ver)

— to the restriction of the objective on the “search ray” given by the current iterate x; and the “Newton
direction” e;.

As we remember, the Basic version of the method, being started close enough to a nondegenerate local
minimizer z* of f (one with positive definite V2 f(2*)) converges to x* quadratically, although may diverge
if started far from the optimal set. The Line search version of the method possesses global convergence,
provided that the objective is convex with nondegenerate Hessian (V2 f(z) is positive definite for every
x). The latter assumption is, however, too restrictive for many applications, and this fact motivates the
first of our current goals:

A. To modify the Newton method in order to make it globally convergent independently of
the convexity and nondegeneracy assumptions

Of course, the only kind of convergence it makes sense to bother about in the general (nonconvex) case is
the convergence to the set of critical points of the objective, not to the set of global minimizers of it. And
of course the modifications we are interested in should preserve the most attractive property of the Basic
Newton method — its fast local convergence: if the method converges to a nondegenerate local minimizer
of f, the convergence should, at least asymptotically, be as fast as for the Basic method.

A. is the first of our goals, but not the only one of them. It was mentioned in Lecture 9 that from the
practical viewpoint a severe shortcoming of the Newton method is the necessity to compute the Hessians
of the objective and to invert these Hessians. This shortcoming motivates the second of our goals:

B. To “imitate” the behaviour of the Newton method in a first-order scheme (one using only
the first order derivatives of f and not inverting matrices)

We shall overview four generic modifications of the Newton method:

e Newton Method with Cubic Regularization

185
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e Modified Newton Methods
e Conjugate Gradient Methods
e Quasi-Newton Methods

The Newton Method with Cubic Regularization and the Modified Newton methods take care of the goal
A only and ignore the goal B — they still use the second order derivatives and invert matrices. In contrast
to this, both Conjugate Gradient and Quasi-Newton methods are aimed to achieve both goals A and B;
the difference between these two families is in how they try to achieve these goals.

7.1 Newton Method with Cubic Regularization

Chronologically, Newton Method with Cubic Regularization is the latest addition the “Newton Toolbox”
— it was proposed by Yu. Nesterov and B. Polyak in 2006 EL an instructive example of a genuine
breakthrough in the area which for many years seemed to be fully understood. We shall present this
method in the simplest case of the problem

f(z) = min |z € R" (7.1.1)

of unconstrained minimization of three times continuously differentiable function f. The idea of the
method is very simple. Assume for starters that the third derivative of f is bounded, the third directional
derivative of f, taken at any point along any direction of unit length does not exceed some constant
L € (0,00) depending solely on f. Then for every x and h it holds

f(z+h) < fo(h) = flx)+hTVf(z)+ %hTVQf(x)h + %Hhu?’. (7.1.2)

(Theorem [A.6.5)). Now, the right hand side in this inequality as a function of h goes to +oc as ||h|| — oo
and as such achieves minimum over h € R™, let a (global) minimizer be h.. Observe that f,(h.) < f,.(0),
and this inequality is strict, unless A = 0 is a global minimizer of f,. Assuming that the latter is not the
case, we have

fla+h) < Fohe) < f4(0) = f(2), (7.1.3)

where the first inequality is given by . Thus, in the case in question passing from z to 2+ = x + h,,
we strictly reduce the value of f. On the other hand, when h = 0 is a global minimizer of f_(h), we should
have Vf(z) = 0 and V2f(x) = 0 (by second order necessary optimality conditions for unconstrained
minimization as applied to f,(-); note that this function is twice continuously differentiable). Iterating
the construction, we arrive at the algorithm

1 L
Tyt = 24 + by, hy € Argmin[f(z,) + hTV f(zy) + ithzf(xt)h + gIIhHB} (7.1.4)
h

From the above analysis it follows that the algorithm is well-defined and monotone:

(@) < f(x1)

for all ¢ such that x; does not satisfy the second order necessary optimality conditions. If z; does satisfy
these conditions, then f,(-) is a convex function satisfying f,, (h) > f,,(0) whenever h # 0, implying
that h = 0 is the only minimizer of the function; consequently, in the case in question the algorithm gets
stuck at xy: xy = X441 = Tpgo = ...

So far, we have assumed that f is three times continuously differentiable with the third derivative
bounded on the entire R"; besides this, we have implicitly assumed that we know constant L participating
in — this constant is used in the recurrence . Both these assumptions can be weakened,
specifically,

Yu. Nesterov and B.T. Polyak, Cubic regularization of Newton method and its global performance, Mathe-
matical Programming 108 (2006), 177-205.
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1. We can assume that f : R® — R is three times continuously differentiable on a closed and bounded
convex set X which is “large enough,” specifically, int X contains the level set

Xo={zeX: f(z) < f(z)},
where xg € int X is a given starting point;

2. Instead of recurrence (7.1.4)), we can use the recurrence
1 L
Tip1 = T + by, hy € Argmin[f(z,) + hTV f () + §hTV2f($t)h + Ft”h”s}, (7.1.5)
h

where L; > 0 is good, goodness meaning that the point z;y; defined according to (7.1.5) belongs
to X and satisfies the inequality

1 L
F@esn) < flae) + WV f (@) + ShT92 fz)h+ 1Al (7.1.6)
whenever this is the case, we, same as above, have
. T L 7o Ly s
i1 € Xo & f(@e41) < m}in[f(xt) +h Vf(x) + §h Vef(x)h+ EHhH ] < f(z), (7.1.7)

where the concluding inequality is strict, provided z; does not satisfy second order necessary
conditions for (unconstrained) local optimality.

It is immediately seen that when z; € Xy, all large enough values of L; are good; specifically, we have
the following

Lemma 7.1.1 Let 5

M = Mx(f) = =
x(f) mGX,hIEHI%}L{,”hHgl | dt3 |t:0f(

x +th)l.

Whenever x; € Xg, every Ly > M is good.

Proof. To save notation, and w.l.o.g., let 2y = 0, let L > M, and let h be a minimizer of the function
¢(h) = f(0) + KTV f(0) + $ATV2f(0)h + L|A|]>. Observe that h”Vf(0) < 0, since otherwise we
would have ¢(—h) < ¢(h). Observe that setting v(t) = ¢(th), t > 0, we get a cubic polynomial with
7' (0) = KTV £(0) < 0 and /(1) = 0; besides this, 7/(t) is a convex quadratic function. As a result, we
have 7/(t) < 0,0 < ¢ < 1, implying that v(¢) < v(0) = f(0) for ¢ € [0,1]. Now let ¢ be the largest ¢ € [0, 1]
such that th € X, so that the function g(t) = f(th) is well defined on [0,%], and since L > M, we have
g(t) < ~(¢) for 0 <t < ¢, which combines with the facts that 2, = 0 € Xy and () < f(0), 0 <t <1, to
imply that th € X, for t < t. Recalling what t is and that X C int X, we conclude that £ = 1 and that

£(5) = 9(1) < 7(1) = 6(F) = min{f(0) + KTV F(0) + STV F(O)h + ¢ 1))

which combines with the already established fact that h = tx € X, to imply that L, = L is good for
z;=0.m

What we would like to use, is the “nearly smallest” good value of L; (since the less is L, the less
is the upper bound on f(z;11) given by ) Such a value can be rapidly found by a kind of “line
search,” namely, as follows. Given x; and L;_; (where L_; is, say, 1), we check whether L, = L;_; is
good; if it is the case, we test for goodness one by one the values Ly_1/2, Ly_1/4, L;_1/8,... until either
the value of L; we are testing looses goodness, or it becomes less than a small a priori selected threshold,
say, 1076; in both cases, the last good value of L, we have observed is used to build the actual, and not
just a candidate, next iterate x;y; according to . On the other hand, when the value L;_1 of L;
turns out to be bad, we test one by one the values 2L;_1, 4L;_1, 8L;_1,..., until the first good value of
L; is met, and use this value to build the next iterate. Note that with this policy, the values of L; used
to build z;y; are bounded by 2 max[Mx (f), L_1].
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It is easily seen that given X and xg as above, the just described algorithm with line search is well
defined and monotone:

f(zo) = f(z1) = flz2) = ... (7.1.8)

with all inequalities being strict, unless the algorithms “gets stuck” at a point where the necessary second
order optimality conditions are met. It is not difficult to verify that if the algorithms does not get stuck,
every limiting point of the trajectory (the trajectory is bounded by ; recall that Xy is bounded)
satisfies the second order necessary optimality conditions for unconstrained minimization. Moreover,
given € > 0, 0 > 0, one can explicitly upper-bound, via €, §, Mx(f) and the diameter of X, the number
of steps t in which the second order necessary optimality conditions are satisfied within accuracy (e, d),
that is, z; satisfies the relation

IV @)l < € Amin(V2f () > 6,

where Apin(A4) is the minimal eigenvalue of a symmetric matrix A. Moreover, it can be proved (for the
proofs of all announced results, see the cited paper of Nesterov and Polyak) that if among the limiting
points of the trajectory there is a point & where the necessary second order conditions for local optimality
are satisfied (i.e., Vf(z) =0, V2f(Z) = 0), then in fact the trajectory converges to  quadratically.

Pay attention to the extremely attractive property of the Newton method with cubic regularization
— under mild smoothness and boundedness assumptions, all limiting points of the trajectory provably
satisfy second order necessary optimality conditions, which is in sharp contrast with basically all other
traditional algorithms for smooth unconstrained minimization — for these algorithms, one can prove only
that all limiting points of the trajectory are critical points of the objective, those where the first order
optimality conditions for unconstrained minimization are satisfied.

7.1.1 Implementing the algorithm

The question we did not answer so far is how to carry out an iteration of the algorithm, that is, how to
find global minimizer of a function of the form

o(h) = ah+hTQh + p|hlP,
where p > 0 and @ is a symmetric matrix. The simplest, to the best of our knowledge, answer to this
question is given by the following algorithm:

1. We start with computing eigenvalue decomposition Q@ = UMU?T (U is orthogonal, M =
Diag{p1, ..., bn } is diagonal) of Q. Passing from the original variable h to the variable y = UTh,
we reduce the problem of minimizing ¢(-) to the problem of minimizing in y the function

Yly) =0Ty + Yyl + oY uh)? [b=U"a]

i=1 4

2. It is clear that at a global minimizer of 1, the signs of y; are opposite to the signs of b;, that is,
biy; < 0 (otherwise replacing y; with —y;, we would reduce the value of the function). Thus, to
minimize t(y) is the same as to minimize the function

w(z) ==Y |bilzi+ Y wizt +p>_yi)*?

over z > 0: a minimizer z* of the latter function gives rise to the global minimizer y* of ¢ given
by y¥ = —sign(b;)z;.
3. Finally, minimizing w(z) over z > 0 via substitution of variables z; = v/; reduces to minimizing

function
NOEDD [Mz‘@ - |bi\\/q + P(Z G)*?

3

over the nonnegative orthant, which is easy — x is convex!.
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The simplest way to minimize y over ( > 0 is to rewrite the problem as
mwin | 3l — /G 4 pr®?| [0 G 3G 16: = loa]

and pass to the Lagrange function

LC,mA) = Sl — BivGl + pr 2+ X, G — 1)
= (i + NG = BTl + [pr®2 = .

Given A > 0, we can explicitly minimize the Lagrange function over ¢ > 0,7 > 0; assuming 3; > 0 rather
than f3; > 0 (which always can be achieved by arbitrarily small perturbation of ;’s), the corresponding
minimizer ¢(A),r(A\) is unique and continuously depends on A. As a result, we can rapidly solve by
Bisection the Lagrange dual

max L)) = uin L(¢,m 0| -
of our problem of interest; after a high accuracy solution A, to the dual problem is found, we can recover
a high accuracy minimizer of x as (. = ((\.).
Note that the most expensive computationally step in the algorithm — eigenvalue decomposition of A
- does not operate with p. As a result, in the above “line search” implementation of the Newton method
with cubic regularization, adjusting Ly is relatively cheap (the eigenvalue decomposition of V2 f(x;) should
be done once, and the remaining effort is dominated by the necessity to compute the values of f at the
candidates to the role of x;11 stemming from the trial values of L;).

7.2 Modified Newton methods
7.2.1 Variable Metric Methods

Let us start with developing certain general approach which covers both the Gradient and the Newton
methods and allows to understand how to “cure” the Newton method. To outline the idea, let us come
back to the Gradient Descent. What in fact we did in this method? Given previous iterate x, we used
local linear approximation of the objective:

Fly) = f(z) + (y — 2)'V f(x) (7.2.1)

and choose, as the next direction of movement, the “most perspective” of descent directions of the right

hand side. Now, how we were comparing the directions to choose the “most perspective” one? We took
the unit ball
W={d|d"d<1}

of directions and choose in this ball the direction which minimizes the value
flx+d) = f(x) +d"Vf(z)

of the approximate objective. This direction, as it is immediately seen, is simply the normalized anti-
gradient direction

—|Vf(@)| 7'V f(2),
and in the Gradient Descent we used it as the current direction of movement, choosing the stepsize in
order to achieve “significant” progress in the objective value. Note that instead of minimizing f(z + d)
on the ball W, we could minimize the quadratic function

f(d)=d"Vf(z)+ %de

over d € R"™; the result will be simply the anti-gradient direction —V f(x). This is not the same as the
above normalized anti-gradient direction, but the difference in normalization is absolutely unimportant
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for us — in any case we indent to use line search in the generated direction, so that what in fact we are
interested in is the search ray {z + ~vd | v > 0}, and proportional, with positive coefficient, directions
result in the same ray.

With the outlined interpretation of the Gradient Descent as a method with line search and the search
direction given by minimization of the linearized objective f(z + d) over d € W, we may ask ourselves:
why we use in this scheme the unit ball W, not something else? For example, why not to use an ellipsoid

Wy ={d| d"Ad < 1},

A being a positive definite symmetric matrix?

Recall that an ellipsoid in properly chosen coordinates of R™ becomes a ball (the coordinates are obtained
from the standard ones by linear nonsingular transformation). Consequently, a method of the outlined
type with W replaced by W, i.e., the one where the search direction is given by

d = argmin f(z + d) (7.2.2)
deW,

has the same “right to exist” as the Gradient Descent. This new “scaled by matrix A Gradient Descent”
is nothing but the usual Gradient Descent, but associated with the coordinates on R™ where W4 becomes
the unit ball. Note that the usual Gradient Descent corresponds to the case A = I, I being the unit
matrix. Now, the initial coordinates are absolutely “occasional” — they have nothing in common with the
problem we are solving; consequently, we have no reason to prefer these particular coordinates. Moreover,
if we were lucky to adjust the coordinates we use to the “geometry” of the objective (cf. discussion in
the previous Lecture), we could get a method with better convergence than the one of the usual Gradient
Descent.

Same as above, the direction given by is, up to renormalization (the latter, as it was already
explained, is unimportant — it is “suppressed” by line search), nothing but the direction given by the
minimization of the quadratic form

Fa(d) = ATV f(z) + %dTAd; (7.2.3)

minimizing the right hand side with respect to d (to this end it suffices to solve the Fermat equation
Vafa(d) =V f+ Ad = 0), we come to the explicit form of the search direction:

d=—-A"'Vf(z). (7.2.4)

Note that this direction for sure is a descent direction of f at x, provided that z is not a critical point of
f:
V() # 0= d"Vf(z)=—(Vf(z)TAT'Vf(z) <0

(recall that A is symmetric positive definite, whence A~! also is symmetric positive definite), so that we
are in a good position to apply to f line search in the direction d.

The summary of our considerations is as follows: choosing a positive definite symmetric matrix A,
we can associate with it “A-anti-gradient direction” —A~!V f(z), which is a descent direction of f at z
(provided that V f(z) # 0). And we have the same reasons to use this direction in order to improve f as
those to use the standard anti-gradient direction (given by the same construction with A = I).

Now we can make one step of generalization more: why should we use at each step of the method a
once for ever fixed matrix A instead of varying this matrix from iteration to iteration? The “geometry” of
the objective varies along the trajectory, and it is natural to adjust the matrix A to this varying geometry.
Thus, we come to the following generic scheme of a Variable Metric method:

Algorithm 7.2.1 [Generic Variable Metric method]
Initialization: choose somehow starting point xo and sett =0
Step t: given previous iterate xi_1,

o compute f(x;_1), Vf(xi_1) and, possibly, V2 f(xs_1);
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e choose somehow positive definite symmetric matriz Ay and compute the Ai-anti-gradient direction
dy = —A; 'V f(x-1)

Off at Ti—15

e perform line search from xy_q1 in the direction d;, thus getting new iterate
Ty =21 +nedy = w1 — ATV f(2421),
replace t with t + 1 and loop.

The outlined scheme covers all methods we know so far: to get different versions of the Gradient Descent,
we should set A; = I and should specify the version of the line search to be used. With A, = V2 f(x;_1),
we get, as d;, the Newton direction of f at x;_1, and we come to the Newton method with line search;
further specifying the line search by the “programmed” rule v, = 1, we get the Basic Newton method.
Thus, the Basic Newton method is nothing but the Gradient Descent scaled by the Hessian of the objective
at the current iterate. Note, anyhow, that the “Newton choice” A; = V2f(x;_1) is compatible with
the outlined scheme (where A; should be symmetric positive definite) only when V2 f(x; 1) is positive
deﬁnit; from the above discussion we know that if it is not the case, we indeed have no reasons to use
the Newton direction and should somehow modify it to make it descent. Thus, the generic Algorithm
[7:2.3] covers all we know to the moment and provides us with good idea how to “cure” the Newton method
at a “bad” iterate:

at such an iterate, we should replace the actual Hessian A; = V2 f(x;_1) in the expression
—A; 'V f(xi_1) for the Newton direction by its positive definite “correction” in order to
make the resulting direction descent for the objective.

Thus, we come to the family of Modified Newton methods — those given by the generic Algorithm
where we use as A;, whenever it is possible, the Hessian V2f(x; 1) of the objective, and when it is
impossible, choose as A; a “positive definite correction” of the current Hessian.

Before passing to the Modified Newton methods themselves, we should understand whether our new
scheme indeed achieves our target A — whether it makes the modified method globally converging.

7.2.2 Global convergence of a Variable Metric method

We are about to prove that the generic Variable Metric method (Algorithm , under some reasonable
restrictions on the matrices A;, globally converges to the set of critical points of f. The restrictions are
very simple: in the generic method, A; should be symmetric positive definite, and what we need is
“uniform” positive definiteness.

Let us say that Algorithm [7.2.1] is uniformly descent with parameters p, P, 0 < p < P < oo, if the
rules for choosing A; in the algorithm ensure that

Amin(At) 2 D, Arﬂax(félt) S P7 t= 1a2a (725)

(as always, Apin(A4)and Apax(A) denote the minimal and the maximal eigenvalues of a symmetric matrix
A). Thus, “uniform descentness” simply means that the matrices A; never become “too large” (their
maximal eigenvalues are bounded away from infinity) and never become “almost degenerate” (their
minimal eigenvalues are bounded away from zero).

Theorem 7.2.1 [Global convergence of uniformly descent Variable Metric method]
Let f be twice continuously differentiable function, and let xo be such that the level set

S={zeR"| f(z) < f(zo)}

2the scheme requires also symmetry of A;, but here we have no problems: since f is from the very beginning
assumed to be three times continuously differentiable, its Hessians for sure are symmetric
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is bounded. Assume that f is minimized by a uniformly descent Variable Metric method started at xg,
and assume that the line search used in the method is either the exact one-dimensional line search, or
the Armijo-terminated one. Then the trajectory of the method is bounded, the objective is non-increasing
along the trajectory, and all limiting points of the trajectory (which for sure exist, since the trajectory is
bounded) belong to the set

X = o] Vf(2) = 0}
of critical points of f.

Proof is similar to the one of Theorem and is therefore omitted. It is an excellent (non-obligatory!)
exercise to restore the proof and to understand what is the role of the “uniform descentness”. m

7.2.3 Implementations of the Modified Newton method

Now let us come back to the Newton method. As we remember, our goal is to modify it in order to
assure global convergence (at least the same as the one for the Gradient Descent); and, of course, we
would not like to loose the fine local convergence properties of the method given by Theorem [6.2.1] We
already have an idea how to modify the method: we should use line search in a descent direction given by
the Variable Metric scheme, where we use, as Ay, the Hessian V2 f(x;_1), if the latter matrix is positive
definite; if it is not the case, we use as A; certain positive definite correction of the Hessian. Of course,
from both theoretical and numerical reasons, we should modify V2 f(x;_1) not only when it fails to be
positive definite, but also when it is “close” to a non-positive-definite matrix. Indeed, if we do not modify
V2f(x¢_1) when it is close to a non-positive-definite matrix, i.e., when the minimal eigenvalue of the
Hessian, being positive, is small, we are unable to ensure the uniform descent property of the method
and, consequently, are unable to ensure global convergence; this is a theoretical reason. The practical one
is that in the outlined case the condition number of the Hessian is large, so that when solving numerically
the Newton system

sz(l”t—l)e ==V f(zt-1)

in order to find the Newton direction, we meet with severe numerical problems, and the actually computed
direction will be far from the exact one.
Thus, our general tactics in the Newton-based implementation of Algorithm should be as follows:
given x;_1, we compute
Hyy =V f(x4-1)

and check whether this matrix is “well positive definite”; if it is the case, we use this matrix as Ay,
otherwise replace H;_1 with certain “well positive definite” correction A; of H;_1. Let us look at two
simplest implementations of the outlined scheme.

7.2.3.1 Modifications based on Spectral Decomposition

Recall that, as it is known from Linear Algebra, any symmetric n X n matrix A possesses spectral
decomposition
A=UDUT,

U being an n x n orthogonal matrix:
Utu =1,

and D being a diagonal matrix. The diagonal entries of D are exactly the eigenvalues of A, while the
columns of U are the associated normalized eigenvectors. In particular, A is positive definite if and only
if the diagonal entries of D are positive.

In the Modified Newton methods based on spectral decomposition one finds the indicated decompo-
sition of the Hessian at every step:

H, = V?f(x,) = UD,U}, (7.2.6)
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and compares the eigenvalues of H; — i.e., the diagonal entries of D; — with a once for ever chosen
“threshold” § > 0. If all the eigenvalues are > §, we qualify H; as “well positive definite” and use it as
Ayyq. If some of the eigenvalues of Hy are < § (e.g., are negative), we set

A1 = UDUY,

where D, is the diagonal matrix obtained from D by replacing the diagonal entries smaller than & by 6.
Another way to “correct” H; is to replace the negative diagonal values in D; by their absolute values
(and then to replace by ¢ those diagonal entries, if any, which are less than §).

Both indicated strategies result in

)\min(At) Z 6, t= 1,2, veey
and never increase “significantly” the norm of the Hessian:
)\max(At) S max [|)‘max(Ht)|, |)\min(Ht)|,5] )

as a result, the associated modified Newton method turns out to be uniformly descent (and thus globally
converging), provided that the level set of f associated with the starting point is bounded (so that the
Hessians along the trajectory are uniformly bounded). A drawback of the approach is its relatively large
computational cost: to find spectral decomposition to machine precision, it normally requires
between 2n® and 4n? arithmetic operations, n being the row size of H; (i.e., the design dimension of the
optimization problem). As we shall see in a while, this is, in a sense, too much.

7.2.3.2 Levenberg-Marquardt Modification
In the Levenberg-Marquardt modification of the Newton method we choose A;y1 as the “regularization”
At+1 = EtI + Ht (727)

of the actual Hessian, where the “regularization parameter” e; > 0 is chosen to make the right hand side
“well positive definite” — to have all its eigenvalues at least the chosen in advance positive threshold 9.
This is the same as to ensure that A; 11 > 01 .

To find the desired €;, we first check whether the requirement

H, > 61

is satisfied; if it is the case, we choose ¢, = 0 and A;;1 = Hy, thus getting the pure Newton direction.
Now assume that the inequality H; > 61 does not take place. The matrix

A(e) =€l + H — 61

for sure is positive definite when € > 0 is large enough, and in the case in question it is not positive
definite for € = 0. Thus, there exists the smallest e = €¢* > 0 for which A(e) is positive semidefinite.
And what we do in the Levenberg-Marquardt scheme are several steps of the bisection routine to find a
“tight” upper bound ¢; for ¢*. The resulting upper bound is used to create A; according to .

The essence of the matter is, of course, how we verify whether a given trial value of € is appropriate,
i.e., whether it results in positive semidefinite A(e). It would be absolutely senseless to answer this
question by computing spectral decomposition of A(e) — this computation is exactly what we are trying
to avoid. Fortunately, in the Linear Algebra there is a much more efficient algorithm for checking
positive definiteness of given symmetric matrix — the Choleski factorization. This factorization answers
the question in approximately n3 /6 arithmetic operations, n being the size of the matrix we are factorizing.
In the Levenberg-Marquardt scheme, we use this Choleski factorization to govern the Bisection; with this
approach, one can check positive definiteness of A(e) for a given € in about n3/6 arithmetic operations
— something from 12 to 24 times cheaper than the cost of spectral decomposition. Thus, the Levenberg-
Marquardt scheme with 5-10 bisection steps in e (this is sufficient for “smart” implementation of the
scheme) is numerically less expensive then the scheme based on spectral decomposition.

3)from now on, for symmetric matrices A, B the inequality A > B means that A — B is positive semidefinite,
and A > B means that A — B is positive definite. Note that, for a symmetric matrix A, the relation Amax(A) < a
is equivalent to al — A > 0, while Amin(A) > a is equivalent to A —al >0
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7.2.3.3 Choleski Factorization

It is known from Linear Algebra, that a symmetric n X n matrix A is positive definite is and
only if it admits factorization
A=LDL", (7.2.8)

where

e [ is lower-triangular n X n matrix with unit diagonal entries;

e D is diagonal matrix with positive diagonal entries.

The Choleski Factorization is an algorithm which computes the factors L and D in decom-
position ([7.2.8)), if such a decomposition exists. The algorithm is given by the recurrence

Jj—1
dj = Q45 — Z dsljz-s, (729)
s=1

1 ik
lij = T <aij - stljslis> , J<i<n, (7.2.10)
J s=1

(d; is j-th diagonal entry of D, l;; and a;; are the entries of L and A, respectively). The
indicated recurrence allows to compute D and L, if they exist, in

n3
Cn = F(l +0(1))

arithmetic operations (o(1) — 0, n — o0), in a numerically stable manner. Note that L is
computed in the “column by column” fashion: the order of computations is

dy = Ui, g, o lngy = d2 = lag, laz 2, oo lng — da — laz 3, laa,s, o lnz — oo = dyy = Ly ps

if the right hand side in (7.2.9)) turns out to be nonpositive for some j, this indicates that A
is not positive definite.

The main advantage of Choleski factorization is not only its ability to check in C,, computa-
tions whether A is positive definite, but also to get, as a byproduct, the factorization (7.2.8)
of a positive definite A. With this factorization, we can immediately solve the linear system

Az = b;

the solution x to the system can be identified by backsubstitutions — sequential solving, for
u, v and z, two triangular and one diagonal systems

Lu=b; Dv=wu; LTz=u,

and this computation requires only O(n?) arithmetic operations. The resulting method —
Choleski decomposition with subsequent backsubstitutions (the square root method) — is
thought to be the most efficient in the operation count and most numerically stable Lin-
ear Algebra routine for solving linear systems with general-type symmetric positive definite
matrices.

7.3 Conjugate Gradient Methods

The family of methods in question address both our goals A and B. The idea of the methods is as follows.
What we are doing in the Newton method can be explained as follows: we believe that our objective f
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is a quadratic form, and apply direct Linear Algebra tools to find, under this assumption, its minimizer
— namely, form and solve with respect to = the linear system

(N) V2f(ze)(x = ze) = =V f(a0),

which, for the case of quadratic (and convex) f would give us the minimizer of f. In the non-quadratic
case the resulting x, of course, does not minimize f, and we treat it as our new iterate. The drawbacks
of the scheme we are trying to eliminate are that we need second-order information on f to assemble the
Newton system (N) and should solve the system in order to get x.

In the Conjugate Gradient scheme we also act as if we were believing that the objective is quadratic,
but instead of direct forming and solving (N) we solve the system by an iterative method. It turns out
that one can choose this method in such a way that it

e (i) does not involve explicitly the matrix of the system; all operations are described in terms of the
values and the first order derivatives of f at subsequent iterates;

e (ii) solves the system exactly in no more than n steps, n being the dimension of z.

Since the iterative method for solving (/N) we use is described in terms of the values and the gradients
of f, it formally can be applied to an arbitrary smooth objective; and if the objective turns out to be
convex quadratic form, the method, by (ii), will find its minimizer in at most n steps. In view of the
latter property of the method we could expect that if the objective is “nearly quadratic”, then n steps
of the method, although not resulting in exact minimizer of f, give us a much better approximation
to the minimizer than the point the method is started from. Choosing this approximation as our new
starting point and performing n steps of the method more, we may hope for new significant reduction
in inaccuracy, and so on. Of course, all these hopes are under the assumption that the objective is
“nearly quadratic”; but this indeed will be eventually our case, if the method will converge, and this
latter property will indeed be ensured by our construction.

It is clear from the outlined general idea that the “main ingredient” of the scheme is certain iterative
method for minimizing convex quadratic forms, and we start with the description of this method.

7.3.1 Conjugate Gradient Method: Quadratic Case

Let 1
fx) = §a:THx — b (7.3.1)

be a strongly convex quadratic form, so that H is positive definite symmetric matrix. The unique global
minimizer x* of f is the solution to the Fermat equation

Vf(x)=Hx—b=0; (7.3.2)

due to strong convexity, this is the only critical point of f. Thus, it is the same — to minimize a strongly
convex quadratic form f on R™ and to solve a linear n x n system of equations

Hz=b (7.3.3)

with symmetric positive definite matrix H = V2f.

We already spoke about direct Linear Algebra technique for solving — namely, about the one
based on Choleski decomposition of H. There are other direct Linear Algebra methods to solve this
problem — Gauss elimination, etc. When saying that these methods are “direct”, I mean that they
work with H “as a whole”, and until the matrix is processed, no approximate minimizers of f (i.e.,
approximate solutions to ) are generated; and after H is processed, we get the exact minimizer
(in actual computations — exact up to influence of rounding errors). In contrast to this, the so called
iterative methods for minimizing f (= for solving ) generate a sequence of approximate minimizers
converging to the exact one. We already know a method of this type — the Steepest Descent; this method
is aimed to minimize nonquadratic functions, but one can apply it to a quadratic objective as well.

Now we shall speak about another iterative method for minimizing f — the Conjugate Gradient one.
I shall start with a non-iterative description of the method.
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7.3.1.1 CG: Initial description

Let x¢ be the starting point we use when minimizing our quadratic objective. We associate with this
point the Krylov vectors
go = H:CO - ba H907 H2gOa H3907

and the Krylov subspaces
Ey = {0}, E; = Lin{go, Hgo, H?go, ..., H  'go}, t = 1,2, ...

so that Fy is the linear span of the first ¢ Krylov vectors. It is easily seen that

e The Krylov subspaces grow with ¢:

FEi C E; C E3 C ...

e Let k> 0 be the first value of ¢ such that the first ¢ Krylov vectors are linearly dependent. Then
the inclusion
E; C Et+1

is strict for t < k — 1 and is equality for t > k — 1.

Indeed, there is nothing to prove if k = 1 (it is possible if and only if go = 0), so that
let us assume that k > 1 (i.e., that gog # 0). When ¢t < k — 1, the dimensions of E; and
Ei+1 clearly are ¢, t + 1, respectively, so that the inclusion E; C Ey4; is strict. Now,
the vectors go, Hgo, ..., H*~2gy are linearly independent, and if we add to this family
the vector H*~1gq, we get a linearly dependent set; it follows that the vector we add is
a linear combination of the vectors go, Hgo, ..., H*2go:

Hkilgo = Xogo+ M Hgo+ ... + )\k_ng72go.

Multiplying relation by H, H?, H3,..., we see that t-th Krylov vector, starting with
t = k, is a linear combination of the previous Krylov vectors, whence (by induction)
it is also a linear combination of the first £ — 1 of these vectors. Thus, E; = Ej_1
whenever t > k.

Now consider the affine sets
Fy = xo + E,

and let x; be the minimizer of the quadratic form f on F;. By definition, the trajectory of the Conjugate
Gradient method as minimizing f, x¢ being the starting point, is the sequence xg, 1, ...,xx_1. We are
about to prove that

e 1;_; is the global minimizer of f;

e there exists explicit recurrence which allows to build sequentially the points z1, ..., x5_1.

7.3.1.2 Iterative representation of the Conjugate Gradient method

CG minimizes a strongly convex quadratic form

as follows:

Algorithm 7.3.1 [Conjugate Gradient method]
Initialization: choose arbitrary starting point xo and set

do = —go = =V f(xo) = b — Hzo;
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sett =1.
Step t: if gi—1 = Vf(xi—1) =0, terminate, x,—1 being the result. Otherwise set
[new iterate]

gtT_ldt—l
Ty =xp1 +Ydi-1, V= —m, (7.3.4)
[new gradient]
9t =V f(x:) = Hzy — b, (7.3.5)
[new direction]
T
gi Hdy—
dy = — dy_ == 7.3.6
t gt + Bedi—1, DB a Hdy ( )
replace t with t + 1 and loop.
We are about to prove that the presented algorithm is a Conjugate Direction method:
Theorem 7.3.1 [Conjugate Gradient Theorem]
If the algorithm does not terminate at step t, then
(ir) The gradients go,...,g:—1 of f at the points xg, ..., xt—1 are nonzero and
Lin{g0, 91, .., gt—1} = Ex; (7.3.7)
(iit) The directions dy, ...,di—1 are nonzero and
Lin {d0>--~7dt—1} = Et; (738)
(iiiy) The directions dy, ...,d;—1 are H-orthogonal:
dlHd; =0, 0<i<j<t-—1, (7.3.9)
(ive) x4 is the minimizer of f on Fy, i.e., g+ is orthogonal to E;
(v) One has
T
9i—19t—1
= 7’ 7.3.10
Tt dtT_lHdtfl ( )
(vi) One has
T
B = I (7.3.11)
Ji—19t-1

(vii) The algorithm terminates no later than after n steps with the result being the exact minimizer

of f.

Proof.
19. We first prove (i)-(iv) by induction on t.

Base t = 1. We should prove that if the algorithm does not terminate at the first step (i.e.,
if go # 0), then (i;) - (ivy) are valid. The only statement which should be proved is (ivy),
and to prove it is the same as to prove that g1 = V f(x1) is orthogonal to Fy. This is an
immediate corollary of the following

Lemma 7.3.1 Lett be such that g1 # 0. Then gtTdt,l =0.
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Proof of the Lemma. We have Vf(x 4+ u) = V f(x) + Hu, whence
gt de1 = (gr—1 +vHdy—1)"dy—1 =0

by definition of 7, see (7.3.4)). O

Step t — t + 1. Assume that (i) - (ivs) are valid for s < ¢ and that the algorithm does not
terminate at the step ¢t + 1, i.e., that g # 0, and let us derive from this assumption (i;11) -
(ivey1).

1°. From (ivy), s < t, we know that g, is orthogonal to Fy, and from (iis) and (i), the
subspace F is the linear span of the vectors dy, ..., ds_1, same as it is the linear span of the
vectors go, ..., gs—1, and we conclude that g, is orthogonal to the vectors dy, ..., ds_1:

grd; =0, 0<l<s<t (7.3.12)
and that the vectors gg, ..., g; are mutually orthogonal:

9r91=0, 0<l<s<t. (7.3.13)

We have from ([7.3.4))
g =Hxy —b=H(xi—1 +vdi—1) —b=[Hxy 1y — b +vHdi—1 = g1+ veHd—1.

By (i¢—1) and (ii;—1), both g;—1 and d;—; belong to Lin{go, Hgo, ..., H'"1go}, so that the
above computation demonstrates that g, € Lin{go, Hgo, ..., H'go}, which combined with (i;)
means that

Lin{go, -~-7gt} C Lin{go, Hyo, ...,Htgo} = Et+1.

Since go, ..., g+ are nonzero and mutually orthogonal (see ), the left hand side subspace
in the latter inclusion is of dimension ¢+ 1, while the right hand side subspace is of dimension
at most t + 1; a t + 1-dimensional linear subspace can be enclosed into a linear subspace of
dimension < ¢ + 1 only if the subspaces are equal, and we come to (iz11).

To prove (iiz4+1), note that by (7.3.6)
di = —gt + Bidi—1;

both right hand side vectors are from E;.; = Lin{go, Hgo, ..., H go} (by (ii;) and already
proved (iz4+1)), so that d; € Lin{go, Hgo, ..., H'go }; combining this observation with (ii;), we
come to

Lin{do, ...,d;} C Lin{go, Hgo, ..., H'go}. (7.3.14)

Besides this, d; # 0 (indeed, g; is nonzero and is orthogonal to d;_; by (7.3.12))). Now let us
prove that d; is H-orthogonal to dy, ..., d;—1. From formula for d; we have

dl Hd, = —gl' Hd, + Bd]_ | Hd,. (7.3.15)

When s =t —1, the right hand side is 0 by definition of §;; and when s < t—1, both terms in
the right hand side are zero. Indeed, the first term is zero due to (ii;): this relation implies
that

Hd, € Lin{Hgo, H?go, ..., H g0},

and the right hand side subspace, due to (is4+1) (s < t — 1, so that we can use (is41)!), is
contained in the linear span of the gradients go, ..., gs+1, and ¢; is orthogonal to all these
gradients by virtue of ([7.3.14]) (recall that s < ¢t —1). The second term in the right hand side

of (7.3.15) vanishes because of (iii;).
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Thus, the right hand side in is zero for all s < t¢; in other words, we have proved
(iiig41) — the vectors dp,...,d; indeed are H-orthogonal. We already know that d; # 0;
consequently, in view of (ii;), all dy,...,d; are nonzero. Since, as we already know, these
vectors are H-orthogonal, they are linearly independenﬂ. Consequently, inclusion in
is in fact equality, and we have proved (iiz11).

It remains to prove (ivi41). We have x1y1 = @+ + Y441ds, whence

Gir1 = gt + Ve Hdy.

We should prove that gy1q is orthogonal to E;iq, i.e., due to already proved (iiiz1q), is
orthogonal to every d;, i < t. Orthogonality of g,41 and d; is given by Lemma[7.31] so that
we should verify that gtT_i_le- = 0 for ¢ < t. This is immediate:

9t1ds = gf di + ved{ Hd;

the first term in the right hand side is zero due to ([7.3.12]), and the second term is zero due
to already proved (iiiz41).

The inductive step is completed.
20, To prove (v), note that if ¢+ > 1 then, by (7.3.6)),

g/ 1di—1 = g 191-1 — Bi—197—1di—2,

and the second term in the right hand side is 0 due to (7.3.13)); thus, —g! ;d;—1 = g 1911

for t > 1. For t = 1 this relation also is valid (since, by the initialization rule, dy = —go).
i? 3.10)

Substituting equality —g/ ;d;—1 = gl 19:—1 into formula for ; from li we get (7.3.

To prove (vi), note that g7 g;—1 = 0 (see (7.3.14]). Besides this, from (7.3.4) we have
1
Hdy—1 = —[g: — g1—1]
e

(note that v > 0 due to (v) and (iz), so that we indeed can rewrite (7.3.4) in the desired
way); taking inner product with g;, we get

dl \Hdy 1

1
T T
g Hdy—1 = —g; gt = ; gt
! Yt ! gtTf1gt71 !

(we have used ([7.3.10))); substituting the result into ([7.3.6)), we come to (7.3.11)).

30, It remains to prove (vii). This is immediate: as we already know, if the method does
not terminate at step t, i.e., if g;_1 # 0, then the vectors go, ..., g:—1 are mutually orthogonal
nonzero (and, consequently, linearly independent) vectors which form a basis in E;; since
there cannot be more than k£ — 1 < n linearly independent vectors in Ej, k being the
smallest ¢ such that the Krylov vectors go, Hgo, ..., H'“1go are linearly dependent, we see
that the method terminates in no more than & < n steps. And since it is terminated when
gt = 0=V [(x;) =0, the result of the method indeed is the global minimizer of f. m

“1Indeed, we should verify that if

t
Z Nid; =0,
1=0

then \; = 0, i = 0,...,t. Multiplying the equality by H and then taking inner product of the result with d;, we
get

NdTHd; =0
(the terms d} Hd; with i # j are zero due to H-orthogonality of do, ..., d;), whence \; = 0 (since d} Hd; > 0 due
to d; # 0 and to the positive definiteness of H). Thus, all coefficients \; indeed are zeros
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7.3.1.3 CG and Three-Diagonal representation of a Symmetric matrix

Assume that we are minimizing by the Conjugate Gradient algorithm; for the sake
of simplicity, assume also that the method terminates in exactly n steps, so that in course
of its run we obtain n nonzero gradients gg,...,gn—1- As we know from the proof of the
Conjugate Gradient Theorem (see (7.3.14))), these gradients are mutually orthogonal, so
that after normalization

fi= |gi|7lgi
of g; we get an orthonormal basis in R™. How does the matrix H look in this basis? The
answer is very impressive:

the matrix in the basis {f;} is 3-diagonal: I H f; = 0 whenever |i — j| > 1.

The proof is immediate: assume, e.g., that ¢ > j + 1 and let us prove that ffHf; =
0. As we know from Theorem [7.3.1] - f; € Lin{go, Hgo,...,H g0}, whence Hf; €
Lin{Hgo, ..., HT1gg}, and the latter subspace is contained in Lin{go,...,gj+1} (the same
Theorem (1)) Since, as it was already mentioned, g; is orthogonal to g, ..., ¢;—1 and
j+1<i, wehave fI Hf; =0, as claimed.

The necessity to find an orthonormal basis where a given symmetric matrix becomes 3-
diagonal occurs in many applications, e.g., when it is necessary to find the spectrum (all
eigenvalues) of a large and sparse (with close to 0 percentage of nonzero entries) symmetric
matrix. The Conjugate Gradient algorithm is certain “starting point” in developing tools
for finding such a basi.

7.3.1.4 Rate of convergence of the Conjugate Gradient method

According to Theorem if CG as applied to (7.3.1)) does not terminate during first ¢
steps, x; is the minimizer of f on the affine plane

Ft =29+ LiIl{d()7 ceey dtfl} =g+ Et,

where, according to ,
E; = Lin{go, Hgo, ..., H g0}, go = Hxo — b. (7.3.16)

Equivalent description of E; is that this is the space composed of all vectors of the form
p(H)go, p being a polynomial of degree <t — 1:

= {p(H)go | p(2) sz : (7.3.17)

Given these observations, we immediately can establish the following

Proposition 7.3.1 Let

E(z) = f(z) — min f
be the residual in terms of the objective associated with quadratic form , and let
be t-th iterate of the Conjugate Gradient method (if the method terminates in course of first
t steps, then, by definition, x; is the result of the method, i.e., the exact minimizer of f).
Then

E(z¢) = min %(ajo — 2T H[I — Hp(H))*(zo — 2*), (7.3.18)

PEPL-1

where xq is the starting point, ©* is the exact minimizer of f, I is the unit matriz, and P
is the family of all polynomials of degree < k.

5)please do not think that the problem in question can be solved by straightforward application of the CG:
the influence of rounding errors makes the actually computed gradients very far from being mutually orthogonal!
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Proof is immediate: since f is a quadratic form, we have
F(@) = @)+ (o= a9 ) + 5 (o —a) [V fl(e = 2%) = f@0) + 5o =) H e —a?)
(we have taken into account that V f(z*) =0 and V?f = H), whence

E(z) = %(a: — ") H(x — z"). (7.3.19)
Substituting

x=uxo+p(H)go=x0 +p(H)(Hxo —b) =20 + p(H)H (20 — "),

we get @ — o* = —[I — Hp(H)](zo — x*), whence
E(zo +p(H)go) = %(ﬂﬂo — o) H[1 — Hp(H)*(z — 2¥).

When p runs through the family P;_;, the point 2o + p(H)go, as it already was explained,
runs through the affine plane F, = xg + E;; x4, as we know, is the minimizer of f (and,
consequently, E') on this plane, and ([7.3.18)) follows. m

What we are interested in, is the following corollary of Proposition [7-3.1}

Corollary 7.3.1 Let % be the spectrum (the set of distinct eigenvalues) of H, and let x; be
t-th point of the trajectory of CG as applied to f. Then

< ..
E(x:) < E(wo) qrg;g max g (V) (7.3.20)

where P is the set of all polynomials q(z) of degree <t equal 1 at z = 0.
Besides this,

2
E(xy) < [ E ] rgg& r}l\lea%()\q (N). (7.3.21)

Proof. Let eq,...,e, be an orthonormal basis composed of eigenvectors of H, and let
A1, ..y Ap be the corresponding eigenvalues. Let

n
*
To— T = E S;€;
i=1

be the expansion of xy — z* in the indicated basis. Then, for any polynomial r,

n
r(H)(zo — x* E r(A;)sies;
i=1

applying this identity to the polynomial 7(z) = z(1 — 2zp(2))?, p € P;_1, we get
n

(o — x*)?H[1 — Hp(H)]*(xo — 2*) = lz siezl lz i Mi))2siei| =

- i(l = Aip(A))* Ais?. (7.3.22)

The resulting quantity clearly can be bounded from above by

S = |max(l = Ap() ] ZA 52 [max (1—Xp(\) } [(xo —2*) ' H(zo — 2*)] =
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[see (7.3.19)].
_ . _ 2
=2 I)l\léiz}]((l Ap(A\)* | E(xp).

Combining the resulting inequality with (7.3.18)), we come to

B(w) < B(wo) min max(1 - Ap(\)?,

PEPL_1 ANEX

When p runs through P;_1, the polynomial ¢(z) = 1 — 2p(z) clearly runs through the entire
Py, and ([7.3.20) follows.

Relation ([7.3.21]) is proved similarly; the only difference is that instead of bounding from
above the right hand side of (|7.3.22)) by the quantity S, we bound the expression by

N 2| N 2
max A( APMDL_Z]%

the second factor in the bound being |zg — z*|. =

Corollary provides us with a lot of information on the rate of convergence of the
Conjugate Gradient method:

e A. Rate of convergence in terms of Condition number It can be proved that for any
segment A = [[,L], 0 < I < L < oo, and for any positive integer s there exists a
polynomial ¢; € P; with

2(\) < 4
r)fleag g (V) <

[ et

=7
Combining (|7.3.20)) and the just indicated result where one should substitute
l= Amin(H),L = )‘maX(H)7

we get the following non-asymptotical efficiency estimate for CG as applied to ([7.3.1):

2N
Elay) < 4 {‘/QT’_I} E(zo), N=1,2,... (7.3.23)

VQu +1

where
Amax (H)

QH - )\min(H)

is the condition number of the matrix H.

We came to a non-asymptotical linear rate of convergence with the convergence ratio

k2
VQu +1] 7

for large Qp, this ratio is of the form 1 — O(1)y/Qp, so that the number of steps
required to improve initial inaccuracy by a given factor e is, independently of the
value of n, bounded from above by O(1)/Qp In(1/€). The number of required steps is
proportional to the square root of the condition number of the Hessian, while for the
Steepest Descent in the quadratic case similar quantity is proportional to the condition
number itself (see Lecture 3); this indeed is a great difference!
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e B. Rate of convergence in terms of |xg — 2*| It can be proved also that for any L > 0
and any integer s > 0 there exists a polynomial 75 € P such that

L
2

<
ogia& Ari(A) < (2s+1)2

Since ¥ for sure is contained in the segment [0,L = |H|], |H| being the norm of
matrix H, we can use just indicated result and (7.3.21]) to get non-asymptotical (and
independent on the condition number of H) sublinear efficiency estimate

[H|lzo —a** 1
E <

N=1,2,.. (7.3.24)

This result resembles sublinear global efficiency estimate for Gradient Descent as ap-
plied to a convex C!! function (Lecture 9, Proposition ; note that a convex
quadratic form indeed is a C™! function with Lipschitz constant of gradient
equal to |H|. As compared to the indicated result about Gradient Descent, where the
convergence was with the rate O(1/N), the convergence given by is twice better
in order — O(1/N?).

e C. Rate of convergence in terms of the spectrum of H The above results established
rate of convergence of CG in terms of bounds — both lower and upper or only the upper
one — on the eigenvalues of H. If we take into account details of the distribution of the
eigenvalues, more detailed information on convergence rate can be obtained. Let

Amax(H) = A1 > Ao > oo > A = Ain (H)

be distinct eigenvalues of H written down in descent order. For every k < s let

k
m(z) = H(l —z/\;) € Py,
i=1
and let g5 1 € P; be the polynomial such that
2s
max q> \) <4 | FY—— @ — 1 Qr.a = 7>\k+1
MmO ST Qe+ 1T T Ain(H)

(existence of such a polynomial is mentioned in item A). It is clear that

Qi — 1
max[me(\)gse (V] < 4 lm

(indeed, 7, vanishes on the spectrum of H to the right of A\;y; and is in absolute value
< 1 between zero and A1, while ¢, j satisfies the required bound to the left of Aj;
in ¥). Besides this, mxqs . € Py, ,. Consequently, by (7.3.20)

2s

o1

Box) <4 min { | VOy—sr =1
1Ss<SN | | \/QN-s,m + 1

— this is an extension of the estimate (this latter estimate corresponds to the
case when we eliminate the outer min and set s = N in the inner brackets, which
results in Qo = Qu). We see also that if N > m, m being the number of distinct
eigenvalues in H, then E(zy) = 0 (set ¢ = 7, in (7.3.20)); thus, in fact

CG finds the exact minimizer of f in at most as many steps as many distinct eigenvalues
are there in matrix H.

2s

E(xo)

Taking into account the details of the spectrum of H, one can strengthen the estimate
of item B as well.
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7.3.1.5 Conjugate Gradient algorithm for quadratic minimization: ad-
vantages and disadvantages

Let us summarize our knowledge on the CG algorithm for (strongly convex) quadratic min-
imization, or, which is the same, for solving linear systems

Hr =150

with positive definite symmetric matrix H.

First of all, note that the method is simple in implementation — as simple as the Gradient
Descent: a step of the method requires not more than 2 multiplications of vectors by ma-
trix A. Indeed, literally reproducing formulae ((7.3.4) - (7.3.6), you need 2 matrix-vector
multiplications:

dt—l — Hdt_l to find Yt

and

x; — Haxy to find g;.

In fact only the first of these matrix-vector multiplication is necessary, since g; can be
computed recursively:

gt = gr—1 +veHdi—1 [since g — gr—1 = H(zy — x4-1) = v Hdi—1].

Note that all remaining actions at a step are simple — taking inner products and linear
combinations of vectors, and all these actions together cost O(n) arithmetic operations.
Thus, the arithmetic cost of a step in CG (same as that one for Steepest Descent) is

O(n) + [cost of a single matrix-vector multiplication d — Hd].

This is a very important fact. It demonstrates that sparsity of H — relatively small number
N (N << n?) of nonzero entries — can be immediately utilized by CG. Indeed, in the
“dense” case matrix-vector multiplication costs 2n? multiplications and additions, and this
is the principal term in the arithmetic cost of a step of the method; in the sparse case this
principal term reduces to 2N << 2n?.

Large-scale linear systems of equations typically have matrices H which either are extremely
sparse (something 0.01% — 1% of nonzero entries), or are not sparse themselves, but are
products of two sparse matrices (“implicit sparsity”, e.g., the least square matrices arising in
Tomography); in this latter case matrix-vector multiplications are as cheap as if H itself were
sparse. If the size of the matrix is large enough (tens of thousands; in Tomography people
deal with sizes of order of 10° - 10°) and no sparsity — explicit or “implicit” — is present, then,
typically, there are no ways to solve the system. Now, if the matrix of the system is sparse
and the pattern of the nonzero entries is good enough, one can solve the system by a kind
of Choleski decomposition or Gauss elimination, both the methods being modified in order
to work with sparse data and not to destroy sparsity in course of their work. If the matrix
is large and sparsity is not “well-structured” or is “implicit”, the direct methods of Linear
Algebra are unable to solve the system, and all we can do is to use an iterative method, like
Steepest Descent or CG. Here we exploit the main advantage of an iterative method based
on matrix-vector multiplications — cheap step and modest memory requirements.

The indicated advantages of iterative methods are shared by both Steepest Descent and
Conjugate Gradient. But there is an important argument in favour of CG — its better rate
of convergence. In fact, the Conjugate Gradient algorithm possesses the best, in certain
exact sense, rate of convergence an iterative method (i.e., the one based on matrix-vector
multiplications) may have.

These are the main advantages of the CG — simplicity and theoretical optimality among the
iterative methods for quadratic minimization. And the main disadvantage of the method is
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its sensitivity to the condition number of the matrix of the system — although less than the
one for Steepest Descent (see item A in the discussion above), but still rather unpleasant.
Theoretically, all bad we could expect of an ill-conditioned H is that the convergence of CG
will be slow, but after n steps (as always, n is the size of H) the method should magically
bring us the exact solution. The influence of rounding errors makes this attractive picture
absolutely unrealistic. Even with moderate condition number of H, the method will not find
exact solution in n steps, but will come rather close to it; and with large condition number,
the n-th approximate solution can be even worse than the initial one. Therefore when people,
by some reasons, are interested to solve a moderate-size linear system by CG, they allow the
method to run 2n, 4n or something like steps (I am saying about “moderate size” systems,
since for large-scale ones 2n or 4n steps of CG simply cannot be carried out in reasonable
time).

The conclusion here should be as follows: if you are solving a linear system with symmetric
positive definite matrix and the size of the system is such that direct Linear Algebra methods
— like Choleski decomposition — can be run in reasonable time, it is better to use these direct
methods, since they are much more numerically stable and less sensitive to the conditioning
of the system than the iterative methods. It makes sense to solve the system by CG only
when the direct methods cannot be used, and in this case your chances to solve the problem
heavily depend on whether you can exploit explicit or implicit sparsity of the matrix in
question and especially on how well-conditioned is the matrix.

7.3.2 Extensions to non-quadratic problems

To the moment we in fact dealt not with unconstrained minimization, but with the Linear Algebra
problem of solving a linear system with positive definite symmetric matrix. All this work in fact was
aimed to develop extensions of the Conjugate Gradient algorithm on the nonquadratic case, and it is
time now to come to these extensions.

The idea behind the extensions in question is as follows: the Conjugate Gradient Algorithm in its
basic version [Z.3.1F

(A): go=Vf(x0); do= —go;

f_qdia
B): =z +ndio1, = —%?
(C): gt =Vf(x):
THd,_
(D):  di = —gt + Bedi—1, Be= %;

“almost ignores” the quadratic nature of f: the matrix H is involved only in the formulae for scalars
v: (the stepsize) and f§; (the coefficient in the updating formulae for the search directions). If we were
able to eliminate the presence of H completely and to describe the process in terms of f and V f only,
we would get a recurrence CG* which, formally, could be applied to an arbitrary objective f, and in
the case of strongly convex quadratic objective would become our basic method CG. This latter method
solves quadratic problem exactly in n steps; since close to a nondegenerate local minimizer z* a general
smooth objective f is very similar to a strongly convex quadratic one f;, we could hope that CG* applied
to f and started close to z* would “significantly” reduce inaccuracy in n steps. Now we could again
apply to f n steps of the same routine CG*, but with the starting point given by the first n steps, again
hopefully significantly reducing inaccuracy, and so on. If, besides this, we were clever enough to ensure
global convergence of the indicated “cyclic” routine, we would get a globally converging method with
good asymptotical behaviour.

This is the idea, and now let us look how to implement it. First of all, we should eliminate H in
formulae for the method in the quadratic case. It is easy to do it with the formula for the stepsize ;.
Indeed, we know from Lemma [7.3.1] that in the strongly convex quadratic case g; is orthogonal to d;_1,
so that x; is the minimizer of f along the line passing through x;_; in the direction d;_;. Thus, we may
replace (B) by equivalent, in the case of strongly convex quadratic f, rule
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(B): @ =m1 +edi—1, v € Argmin ey f(ze—1 +7di—1);

this new rule makes sense for a non-quadratic f as well.
It remains to eliminate H in (D). This can be done, e.g., via the identity given by Theorem (vi):

g, = Ot
91911

With these substitutions, we come to the following

Algorithm 7.3.2 [Fletcher-Reeves Conjugate Gradient method for minimization of a general-type func-
tion f over R"]
Initialization: choose arbitrary starting point xqg. Set cycle counter k = 1.
Cycle k:
Initialization of the cycle: given xg, compute

go =V f(zo), do = —go;

Inter-cycle loop: fort=1,...,n:
a) if gr—1 = 0, terminate, x;_1 being the result produced by the method, otherwise set x; = x4_1 +
vedi—1, where v, minimizes f(xi—1 + ydi—1) over v € R;
b) compute gr = V f(x);
T
c) set dy = —gy + Bedy—1, with By = 22

gl 1g9e—1"

Ift < n, replace t with t + 1 and go to a)
Restart: replace x¢ with x,, replace k with k + 1 and go to new cycle.

The Fletcher-Reeves algorithm is not the only extension of the quadratic Conjugate Gradient algo-
rithm onto non-quadratic case. There are many other ways to eliminate H from Algorithm [7.3.1] and
each of them gives rise to a non-quadratic version of CG. For example, one can rewrite the relation

T
8 — ngt gg: : (7.3.25)
t—19t—
equivalently in the quadratic case as
_ T
T (7.3.20)
t—19t—

(as we remember from the proof of Theorem in the quadratic case g; is orthogonal to g;_1, so
that both equations for f; are in this case equivalent). When we replace the formula for f5; in the
Fletcher-Reeves method by , we again obtain a method (the Polak-Ribiere one) for unconstrained
minimization of smooth general-type functions, and this method also becomes the quadratic CG in the
case of quadratic objective. It should be stressed that in the nonquadratic case the Polak-Ribiere method
differs from the Fletcher-Reeves one, since relations ([7.3.25) and ([7.3.26)) are equivalent only in the case
of quadratic f.

7.3.3 Global and local convergence of Conjugate Gradient methods in non-
quadratic case

Proposition 7.3.2 [Global convergence of the Fletcher-Reeves and the Polak-Ribiere methods]

Let a continuously differentiable function f: R™ — R be minimized by the Fletcher-Reeves or the Polak-
Ribiere versions of the Conjugate Gradient method. Assume that the starting point xq of the first cycle
is such that the level set

S={z]| f(z) < f(z0)}

is bounded, and let z* be the starting point of cycle k (i.e., the result of the previous cycle). Then the
sequence {x*} is bounded, and all limiting points of this sequence are critical points of f.
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The proof, basically, repeats the one for the Steepest Descent, and I shall only sketch it. The
first observation is that the objective never increases along the trajectory, since all steps of
the method are based on precise line search. In particular, the trajectory never leaves the
compact set S.

Now, the crucial observation is that the first step of cycle k is the usual Steepest Descent
step from z* and therefore it “significantly” decreases f, provided that the gradient of f at
z* is not very small EP Since the subsequent inter-cycle steps do not increase the objective,
we conclude that the sum of progresses in the objective values at the Steepest Descent steps
starting the cycles is bounded from above (by the initial residual in terms of the objective).
Consequently, these progresses tend to zero as k — oo, and due to the aforementioned
relation

small progress in the objective at a Steepest Descent step from z*~1 =

= small |V f(zF~1)|

we conclude that Vf(x*) — 0, k — co. Thus, any limiting point of the sequence {z*} is a
critical point of f.

The actual justification of non-quadratic extensions of the Conjugate Gradient method is the following
proposition which says that the property “finite n-step convergence” of the method in the quadratic case
transforms into the property of “n-step quadratic convergence” in the nonquadratic one:

Proposition 7.3.3 [Asymptotical “n-step quadratic” convergence of the Fletcher-Reeves and Polak-
Ribiere methods in nonquadratic nondegenerate case]

Let f: R™ — R be three times continuously differentiable function, and let x* be a nondegenerate local
minimizer of f, so that Vf(z*) = 0 and V2 f(z*) is positive definite. Assume that f is minimized by
the Fletcher-Reeves or Polak-Ribiere versions of the Conjugate Gradient algorithm, and assume that the
sequence {z*} of points starting the cycles of the algorithm converges to z*. Then the sequence {x*}
converges to x* quadratically:

‘xk+1 7£*| < C|xk 71_*‘2

for certain C < 0o and all k.

We should stress that the quadratic convergence indicated in the theorem is not the quadratic convergence
of the subsequent search points generated by the method: in the Proposition we speak about “squaring
the distance to z*” in n steps of the method, not after each step, and for large n this “n-step quadratic
convergence” is not that attractive.

7.4 Quasi-Newton Methods

The quasi-Newton methods, same as the Conjugate Gradient ones, are aimed to imitate the behaviour of
the Newton method, avoiding at the same time usage of the second order derivatives and solving Newton
systems of linear equations.

6)all is going on within a compact set S where f is continuously differentiable; therefore for z € S we have
fl@+h) < f(@)+h"V () +e(|h])|hl, Y(h,|h] < 1),

with independent of € S reminder €(s) — 0, s — 0. Consequently, properly chosen step from a point z € S in
the anti-gradient direction indeed decreases f at least by ¥ (|V f(x)|), with some positive on the ray s > 0 and
nondecreasing on the ray function ¥(s)
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7.4.1 The idea

The quasi-Newton methods belong to the generic family of variable metric routines known to us from
Section [7.2.1] Recall that the generic Variable Metric Algorithm is the recurrence of the type

Tip1 = Tt — Y4151 V. (Tr), (7.4.1)

where Siy1 are symmetric positive definite matrices (in the notation of Algorithm Sip1 = AL +11)
As about stepsizes v:41, they are given by a kind of line search in the direction

dt+1 = —St+1vf($t);

these directions are descent for f at non-critical points x;:
Vi(xe) # 0= di V(e = —(VF(2) " See1 VI(we) <0 (7.4.2)

(S; is positive definite!).

As we remember from Section a good choice of S; should make the matrices A;41 = 5711
“positive definite corrections” of the Hessians V2 f(z;), and the Modified Newton methods (Section
more or less straightforwardly implemented this idea: there we sequentially

e computed the Hessians V2 f(x;),

e modified them, if necessary, to make the resulting matrices A:+1 “well positive definite”,
and, finally,

e computed S;11 = A, +11 to get the search directions d; 1.

In the quasi-Newton methods we use another approach to implement the same idea: we compute the
matrices S;41 recursively without explicit usage of the Hessians of the objective and inverting these
Hessians. The recurrence defining S;41 is aimed to ensure, at least in good cases, that

Sip1 — [V2f(z)] ™t =0, t — o0, (7.4.3)

which, basically, means that the method asymptotically becomes close to the Newton one and therefore
quickly converges.
The problem is how to ensure (7.4.3) at a “cheap” computational cost.

7.4.2 The Generic Quasi-Newton Scheme

The idea behind the below policies for ensuring (7.4.3)) is very simple. We intend to generate S; recursively.
Namely, assume that at the step ¢ (when updating x;_1 into z;) we used certain approximation S; of the
matrix

(V2 f (1)l

so that x; was obtained from z;_1 by certain step in the direction

—Stgt-1, gs = Vf(xs).
Thus,
Pt =Tt — X1 = —’ytStgtfh (744)

~¢ being the stepsize given by linesearch. The first-order information on f at the points z; and x;_1
allows us to define the vectors
Gt = gt — Gi-1- (7.4.5)

If the step p; is small in norm (as it should be the case at the final stage) and f is twice continuously
differentiable (which we assume from now on), then

G = 9t — g1 = V(@) = Vf(xi1) = [V f(1)) (@ — 21) = [V f(@-1)]ps (7.4.6)
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of course, if f is quadratic, ~ is simply an equality, independently of whether p; is small or not.

Thus, after the step ¢ we have enriched our information on the Hessian: now we have not only the
previous approximation S; to [V2f(z;—1)]7%, but also some approximation (namely, ¢;) to the vector
[V2f(z¢_1)]p:. We can use this additional information to update the previous approximation to the
inverse Hessian. The simplest and the most natural idea is to impose on S;1; the following condition
(which is an equality version of the approximate equality ):

Si+1qt = Dy

This relation, of course, can be satisfied by infinitely many updatings S; — Si+1, and there are different
“natural” ways to specify this updating. When the policy of the updatings is fixed, we get a particular
version of the generic Variable Metric algorithm, up to the freedom in the linesearch tactics. We shall
always assume in what follows that this latter issue — which linesearch to use — is resolved in favour of
the exact linesearch. Thus, the generic algorithm we are going to consider is as follows:

Algorithm 7.4.1 [Generic Quasi-Newton method]

Initialization: choose somehow starting point xq, the initial positive definite symmetric matriz S1, com-
pute go = Vf(xo) and set t = 0.

Step t: given xt—1, gi—1 = Vf(xi—1) # 0 and Sy, check whether g1 = 0. If it is the case, terminate
(x1—1 is a critical point of f), otherwise

o set
d; = —Stgt—l;

e perform exact line search from x;_1 in the direction d;, thus getting new iterate

Ty = Ty—1 + Vedy;

o compute g = V f(x) and set

Pt =Ty — Tt—1, 4t = Gt — Gt—1;
o (U): update Sy into positive definite symmetric matriz Syy1, maintaining the relation

St+14t = Pt (7.4.7)
replace t with t + 1 and loop.

When specifying the only “degree of freedom” in the presented generic algorithm, i.e., the rules for (U),
our targets are at least the following:

e (A) the matrices Sy should be symmetric positive definite;

e (B) in the case of strongly convex quadratic f the matrices S; should converge (ideally — in finite
number of steps) to the inverse Hessian [V? f] 7.

The first requirement is the standard requirement for Variable Metric algorithms; it was motivated in
Section The second requirement comes from our final goal — to ensure, at least in good cases (when
the trajectory converges to a nondegenerate local minimizer of f), that S;11 — [V2f(z;)]7 — 0, t — oc;
as we remember, this property underlies fast — superlinear — asymptotical convergence of the algorithm.

Implementing (U) in a way which ensures the indicated properties and incorporating, in addition,
certain policies which make the algorithm globally converging (e.g., restarts, which we already have used
in non-quadratic extensions of the Conjugate Gradient method), we will come to globally converging
methods with nice, in good cases, asymptotical convergence properties.

In the rest of the Lecture we focus on two frequently used forms of updating (U)
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7.4.3 Implementations
7.4.3.1 Davidon-Fletcher-Powell method
In this method, (U) is given by
1

Siqiql S;. 7.4.8
thStqt tqtqy Ot ( )

1
Sir1 =5+ T—ptptT -
P: Gt

We are about to demonstrate that ((7.4.8)) is well-defined, results in positive definite S;y; and maintains

D).

Proposition 7.4.1 Let R be a positive definite symmetric matriz, and let p and q be two vectors such
that

plq>0. (7.4.9)

Then the matrix
1
pTq q" Rq

Rq¢"R (7.4.10)
is symmetric positive definite and satisfies the relation

Rq=np. (7.4.11)

Proof. 1°. Let us prove that R’ satisfies (7.4.11)). Indeed, we have

1
R'q=Rq+ ——(p"q)p— (¢"Rq)Rq= Rq+p— Rq=p.

1
pTq q"Rq

20, It remains to verify that R’ is positive definite. Let 2 be an arbitrary nonzero vector; we
should prove that 27 R’z > 0. Indeed,

(«"p)* _ (2T Rg)*.

T ! T
v Rr=x Rx+
pTq q" Rq

setting a = R'Y/2x,b = RY/2q, we can rewrite the relation as

(aTa)(07b) — (aTb)*  (z"p)?

POV A » VN
" Rx = oTh + Tq

Since, by assumption, pTq > 0, the second fraction is nonnegative. The first one also is
nonnegative by Cauchy’s inequality. Thus, 27 R’z > 0, while we need to prove that this
quantity is positive. To this end it suffices to verify that both numerators in the right hand
side of the latter relation cannot vanish simultaneously. Indeed, the first numerator can
vanish only if a is proportional to b (this is said by Cauchy’s inequality: it becomes equality
only when the vectors in question are proportional). If a is proportional to b, then x is
proportional to ¢ (see the origin of a and b). But if = sq for some nonzero (z is nonzero!)
s, then the second numerator is s?(¢”p)?, and we know that ¢”'p is positive. m

Now we can prove that (7.4.8]) indeed can be used as (U):

Proposition 7.4.2 Let at a step t of Algorithm with (U) given by the matriz Sy be positive
definite and gi—1 = V f(x:—1) # 0 (so that x¢—1 is not a critical point of f, and the step t indeed should
be performed). Then Siy1 is well-defined, is positive definite and satisfies .
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Proof. It suffices to verify that ¢/ p; > 0; then we would be able to get all we need from
Proposition (applied with R = Sy, q = ¢, p = pt).

Since g;_1 # 0 and S; is positive definite, the direction d; = —S;g; 1 is a descent direction
of f at wy_1 (see (|7.4.2))). Consequently, the exact linesearch results in a nonzero stepsize,
and p; = xy — x4—1 = Yedy # 0. We have

@l e =7e(gt — gr—1)"dy =

[since z; is a minimizer of f on the ray {z;_1 + vd; | v > 0} and therefore g; is orthogonal
to the direction d; of the ray]

= —gi—1dr = Ye9{—15tgs-1 > 0
(S; is positive definite). m

It can be proved that the Davidon-Fletcher-Powell method, as applied to a strongly convex quadratic
form, finds exact solution in no more than n steps. n being the dimension of the design vector. Moreover
the trajectory generated by the method initialized with S; = I is exactly the one of the Conjugate
Gradient method, so that the DFP (Davidon-Fletcher-Powell) method with the indicated initialization
is a Conjugate Gradient method — in the quadratic case it becomes the standard Conjugate Gradient.

7.4.3.2 The Broyden family

s The DFP version of (U) is certain rank 2 formula — the updated matrix S;;1 differs from S; by a matrix
of rank 2. The Broyden family of quasi-Newton methods is based on another rank 2 updating formula —
the Broyden-Fletcher-Goldfarb-Shanno one.

The formula is as follows (those interested in its derivation are referred to Appendix to the lecture):

BF 1+g{S T 1 T T
I) SPEES =8+ #ptpt ~ T4 [peai St + Seap? |

(we write BFES to indicate that this is the Broyden-Fletcher-Goldfarb-Shanno updating). It can be
proved (see Proposition in Appendix) that (I) is a correct version of (U): independently of what is
positive definite symmetric S;, (I) results in positive definite symmetric Sy satisfying the relation

(*) St+1qt = pt,
exactly as the Davidon-Fletcher-Powell updating
(I SEAY =S+ ﬁptp? - thTltthtQtQ;‘FSr

Now we have two updating formulae — (I) and (II); they transform a positive definite matrix S; into
positive definite matrices SBEYS and SELT, respectively, satisfying (*). Since (*) is linear in Syi1,
any convex combination of the resulting matrices also satisfies (*). Thus, we come to the Broyden

implementation of (U) given by
5?4-1 = (1-¢)SENY + ¢SEHE"; (7.4.12)

here ¢ € [0, 1] is the parameter specifying the updating. Note that the particular case of ¢ = 0 corresponds
to the Davidon-Fletcher-Powell method.
One can verify by a direct computation that

1 1
S?H = Sg-fip + ¢Ut+1UtT+1a V41 = (QtTStQt)l/2 T Pt — Tist% . (7.4.13)
D Gt q; Stqt

From the considerations which led us to ([7.4.12f), we get the following
Corollary 7.4.1 A Broyden method, i.e., Algorithm with (U) given by , ¢ €10,1] being

the parameter of the method (which may vary from iteration to iteration), is a quasi-Newton method: it
maintains symmetry and positive definiteness of the matrices Sy and ensures .
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It can be proved that, as applied to a strongly convex quadratic form f, the Broyden method minimizes the
form exactly in no more than n steps, n being the dimension of the design vector, and if Sy is proportional
to the unit matrix, then the trajectory of the method on f is exactly the one of the Conjugate Gradient
method.

There is the following remarkable fact:

all Broyden methods, independently of the choice of the parameter ¢, being started from the same pair
(z0,51), equipped with the same exact line search and being applied to the same problem, generate the
same sequence of iterates (although not the same sequence of matrices Hy!).

Thus, in the case of exact line search all methods from the Broyden family are the same. The methods
became different only when inexact line search is used; although inexact line search is forbidden by our
theoretical considerations, it is always the case in actual computations.

Broyden methods are thought to be the most efficient practically versions of the Conjugate Gradient
and quasi-Newton methods. After intensive numerical testing of different policies of tuning the parameter
¢, it was found that the best is the simplest policy ¢ = 1, i.e., the pure Broyden-Fletcher-Goldfarb-Shanno
method.

Remark 7.4.1 Practical versions of the Broyden methods.

In practical versions of Broyden methods, exact line search is replaced with inexact one.
Besides the standard requirements of “significant decrease” of the objective in course of
the line search (like those given by the Armijo test), here we meet with specific additional
requirement: the line search should ensure the relation

plg; > 0. (7.4.14)

In view of Proposition this relation ensures that the updating formulae (I) and (II)
(and, consequently, the final formula (7.4.12) with ¢ € [0,1]) maintain positive definiteness
of S¢’s and relation (7.4.7)), i.e., the properties crucial for the quasi-Newton methods.

Relation ([7.4.14) is ensured by the exact line search (we know this from the proof of Propo-

sition [7.4.2)), but of course not only by it: the property is given by a strict inequality and
therefore, being valid for the stepsize given by the exact line search, is for sure valid if the
stepsize is close enough to the “exact” one.

Another important implementation issue is as follows. Under assumption , updating
(7.4.12) should maintain positive definiteness of the matrices S;. In actual computations,
anyhow, rounding errors may eventually destroy this crucial property, and when it happens,
the method may become behave itself crazy. To overcome this difficulty, in good implemen-
tations people store and update from step to step not the matrices S; themselves, but their
Choleski factors: lower-triangular matrices Cy such that S; = C;CI', or, more frequently, the
Choleski factors C/ of the inverse matrices S;'. Updating formula implies certain
routines for updatings C; — Cyy1 (respectively, Cf — C}, ), and these are the formulae in
fact used in the algorithms. The arithmetic cost of implementing such a routine is O(n?),
i.e., is of the same order of complexity as the original formula ; on the other hand,
it turns out that this scheme is much more stable with respect to rounding errors, as far as
the descent properties of the actually computed search directions are concerned.

7.4.4 Convergence of Quasi-Newton methods

7.4.4.1 Global convergence

In practice, quasi-Newton methods are usually executed in continuous fashion: Algorithm [7.4:1]is started
at certain xop with certain positive definite S; and is run “forever” with the chosen version of (U). For
such a scheme, global convergence is proved only for certain versions of the method and only under strong
assumptions on f.
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Of course, there is no difficulty in proving global convergence for the scheme with restarts, where one
resets current S; after every m steps to the initial (positive definite) value of the matrix; here m is certain
fixed “cycle duration” (compare with the non-quadratic Conjugate Gradient methods from the previous
Section). For the latter scheme, it is easy to prove that if the level set

L={z| f(x) < f(z0)}

associated with the initial point is bounded, then the trajectory is bounded and all limiting points of the
sequence {Z,i} 72, are critical points of f. The proof is quite similar to the one of Proposition the
steps with indices 1 4+ mt are

Tmk+1 € Argmin{ f(z;r — ¥SVf(@mi)) | v > 0},

S being a once for ever fixed symmetric positive definite matrix (the one to which S; is reset at the
restart steps). Such a step decreases the objective “significantly”, provided that V f(z,,) is not smal;
this property can be immediately derived (try to do it!) from positive definiteness of S, continuous
differentiability of the objective and boundedness of L. At the remaining steps the objective never
increases due to the linesearch, and we conclude that the sum over ¢ of progresses f(z:—1) — f(x:) in
the objective value is bounded. Thus, the progress at step ¢ tends to 0 as ¢t — oo, and, consequently,
Vf(xmr) — 0 as k — oo — otherwise, as it was indicated, the progresses at the restart steps could not
tend to 0 as k — co. Thus, Vf(xmkr) — 0, k — oo, so that every limiting point of the sequence {x,k }&
indeed is a critical point of f.

7.4.4.2 Local convergence
As far as local convergence is concerned, we, as always, are interested in the following question:

let * be a nondegenerate local minimizer of f (i.e., Vf(z*) = 0, V2 f(2*) is positive definite).
Assume that the trajectory of the method in question converges to z*; what can be said about
the asymptotical rate of convergence?

We are about to answer this question for the most frequently used BFGS method (recall that it is the
Broyden method with ¢ = 1).

First of all, consider the scheme with restarts and assume, for the sake of simplicity, that m = n and
S = I, S being the matrix to which S; is reset after every n steps. Besides this, assume that the objective
is smooth — three times continuously differentiable. In this case one can expect that the convergence of
the sequence {zp1}72, to * will be quadratic. Indeed, in the strongly convex quadratic case the BFGS
method with the initialization in question becomes the Conjugate Gradient method, so that in fact we
are speaking about a nonquadratic extension of the CG and can use the reasoning from the previous
section. Our expectations indeed turn out to be valid.

Anyhow, the “squaring the distance to x* in every n steps” is not that attractive property, especially
when n is large. Moreover, the scheme with restarts is not too reasonable from the asymptotical point of
view: all our motivation of the quasi-Newton scheme came from the desire to ensure in a good case (when
the trajectory converges to a nondegenerate local minimizer of f) the relation S; — V2f(zs) — 0, t — oo,
in order to make the method asymptotically similar to the Newton one; and in the scheme with restarts
we destroy this property when resetting S; to the unit matrix at the restarting steps. To utilize the actual
potential of the quasi-Newton scheme, we should avoid restarts, at least asymptotically (at the beginning
they might become necessary to ensure global convergence).

It is very difficult to prove something good about local convergence of a quasi-Newton method ex-
ecuted in “continuous fashion” without restarts. There is, anyhow, the following remarkable result of
Powell (1976):

Dhere is the exact formulation: for every € > 0 there exists § > 0 such that if, for some k, |V f(2mz)| > €, then
F(@mrt1) < f(xmr) — 0
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Theorem 7.4.1 Consider the Broyden-Fletcher-Goldfarb-Shanno method (i.e., the Broyden method with
¢ = 1) without restarts and assume that the method converges to a nondegenerate local minimizer x* of
a three times continuously differentiable function f. Then the method converges to x* superlinearly.

This result has also extensions onto the “practical” — with properly specified inexact line search — versions
of the method.

7.4.4.3 Appendix: derivation of the BFGS updating formula
To get the starting point for our developments, note that relation (7.4.7)), i.e.,

Si+19t = D,

for the case of symmetric positive definite S¢y1, is equivalent to the relation

Ht+1pt = (qt (7415)
with symmetric positive definite H; 11 = Stjrll. Thus,

each policy P of generating positive definite symmetric matrices S; maintaining (7.4.7) induces certain
policy P* of generating positive definite symmetric matrices Hy = S U maintaining (7.4.15)),

and, of course, vice versa:

each policy P* of generating positive definite symmetric matrices H; maintaining (7.4.15) induces certain
policy of generating positive definite symmetric matrices S; = H; ' maintaining |7.4.

Now, we know how to generate matrices H,; satisfying relation (7.4.15) — this is, basically, the same
problem as we already have studied, but with swapped ¢; and p;. Thus,

given any one of the above updating formulae for S, we can construct a “complementary” updating
formula for H; by replacing, in the initial formula, all S’s by H’s and interchanging q’s and p’s.

For example, the complementary formula for the DFP updating scheme ([7.4.8)) is

1 1
Hypr = H+ ——q1q} — —7——Hypept Hy, (7.4.16)
a/pe” " plHipe '
— it is called the Broyden-Fletcher-Goldfarb-Shanno updating of H;.
We have the following analogy to Proposition

Proposition 7.4.3 Let H; be positive definite symmetric matriz, let x;_1 be an arbitrary point with
gi—1 = Vf(xi_1) # 0, and let d; be an arbitrary descent direction of f at x4y (i.e., dF g;—1 < 0). Let,
further, x; be the minimizer of f on the ray {xi—1 +vds | v > 0}, and let

Pt =Tt — Tt—1, Gt = Vf(l“t) - Vf(xt—l) =0t — Gt—1-

Then the matriz Hyyq1 given by is symmetric positive definite and satisfies .

Proof. From the proof of Proposition we know that pl'q; > 0, and it remains to apply Proposition
[[-Z1]to the data R=Hy, p=q, ¢ =p;. m

According to Proposition we can look at as at certain maintaining policy P* of
updating positive definite symmetric matrices H;. As we know, every policy of this type induces certain
policy of updating positive definite matrices S; = H, ' which maintains (7.4.7). In our case the induced

policy is given by
—1
1 1 1 _ _
SH-I = St l—|— T—qtth - Ti_lsf 1]%]7?5% ! . (7417)
Py i PS¢ D
It can be shown by a direct computation (which I skip), that the latter relation is nothing but the BFGS
updating formula.



Lecture 8

Convex Programming

Today we start the last part of the Course — methods for solving constrained optimization problems.
This lecture is in sense slightly special — we shall speak about Convex Programming problems. As we
remember, a Convex Programming problem is the one of the form

m}n{fo(x) s filx) <0,i=1,..,m, € GCR"}, (8.0.1)

where
e (G — the domain of the problem — is a closed convex set in R";

e the objective fy and the constraints f;, i = 1,...,m, are convex functions on R"; for the sake of
simplicity, from now on we assume that the domains of these functions are the entire R"™.

Convex Programming is, in a sense, the “solvable case” in Nonlinear Optimization: as we shall see in
a while, convex programs, in contrast to the general ones, can be solved efficiently: one can approxi-
mate their global solutions by globally linearly converging, with data-independent ratio, methods. This
phenomenon — possibility to approximate efficiently global solutions — has no analogy in the general
nonconvex cas and comes from nice geometry of convex programs.

Computational tools for Convex Programming is the most developed, both theoretically and algo-
rithmically, area in Continuous Optimization, and what follows is nothing but a brief introduction to
this rich area. In fact I shall speak about only one method — the Ellipsoid algorithm, since it is the
simplest way to achieve the main goal of the lecture — to demonstrate that Convex Programming indeed
is “solvable”. Practical conclusion of this theoretical in its essence phenomenon is, in my opinion, very
important, and I would formulate it as follows:

When modelling a real-world situation as an optimization program, do your best to make the program
convex; I strongly believe that it is more important than to minimize the number of design variables or
to ensure smoothness of the objective and the constraints. Whenever you are able to cast the problem
as a convex program, you get in your disposal wide spectrum of efficient and reliable optimization tools.

8.1 Preliminaries

Let me start with recalling to you two important notions of Convex Analysis — those of a subgradient of
a convex function and a separating plane.

DRecall that in all our previous considerations the best we could hope for was the convergence to a local
minimizer of the objective, and we never could guarantee this local minimizer to be the global one. Besides this,
basically all our rate-of-convergence results were asymptotical and depended on local properties of the objective

215
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8.1.1 Subgradients of convex functions

In our previous considerations, we always required the objective to be smooth — at least once continuously
differentiable — and used the first order information (the gradients) or the second order one (the gradients
and the Hessians) of the objective. In Convex Programming, there is no necessity to insist on differen-
tiability of the objective and the constraints, and the role of gradients is played by subgradients. Recall
that if ¢ is a convex function on R"™, then at each point z € R’ there exists at least one subgradient
g'(x) of g — vector such that

9(y) = g(2) + (y — )79 (@). (8.1.1)

Geometrically: the graph of the linear function
y=g(@) + (y —2)"g (2)

is everywhere below the graph of g itself, and at the point = both graphs touch each other. Generally
speaking, subgradient of g at a point x is not unique; it is unique if and only if g is differentiable at x,
and in this case the unique subgradient of g at x is exactly the gradient Vg(z) of g at .

When speaking about methods for solving , we always assume that we have in our disposal
a First order oracle, i.e., a routine which, given on input a point x € R", returns on output the values
fi(z) and certain subgradients f/(x), i = 0,...,m of the objective and the constraints at .

8.1.2 Separating planes

Given a closed convex set G C R™ and a point x outside GG, one can always separate x from G by a
hyperplane, i.e., to point out a separator — vector e such that

ez > supely. (8.1.2)
yeG

Geometrically: whenever z ¢ G (G is convex and closed), we can point out a hyperplane
I={y|e'y=a}
such that x and G belong to opposite open half-spaces into which II splits R"™:

ele>a& supely < a.
yeG

When speaking about methods for solving (8.0.1), we always assume that we have in our disposal a
Separation oracle for G, i.e., a routine which, given on input a point z € R", reports whether z € G, and
if it is not the case, returns “the proof” of the relation x ¢ G, i.e., a vector e satisfying (8.1.2)).

Remark 8.1.1 Implementation of the oracles. The assumption that when solving , we have in our
disposal a First order oracle for the objective and the constraints and a Separation oracle for the domain
G are crucial for our abilities to solve efficiently. Fortunately, this assumption indeed is valid in
all “normal” cases. Indeed, typical convex functions f arising in applications are either differentiable —
and then, as in was already mentioned, subgradients are the same as gradients, so that they are available
whenever we have an “explicit” representation of the function — or are upper bounds of differentiable
convex functions:

f(x) = sup fa(z).
a€cA

In the latter case we have no problems with computing subgradients of f in the discrete case — when the
index set A is finite. Indeed, it is immediately seen from the definition of a subgradient that if «(z) is the
index of the largest at  (or a largest, if there are several of them) of the functions f,, then the gradient
of fa(z) at the point z is a subgradient of f as well. Thus, if all f, are “explicitly given”, we can simply
compute all of them at x and choose the/a one largest at the point; its value will be the value of f at z,
and its gradient at the point will be a subgradient of f at z.
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Now, the domain G of typically is given by a set of convex inequalities:
G={zeR"| gj(x)<0,j=1,..k}
with explicitly given and simple — differentiable — convex functions g;, e.g.
G={z| (z—a)T(xr—a)—R*<0}
(centered at a Euclidean ball of radius R) or
G={z|a;<zx<b,i=1,..n}

(a box). Whenever it is the case, we have no problems with Separation oracle for G: given z, it suffices to
check whether all the inequalities describing G are satisfied at x. If it is the case, then x € G, otherwise
gi(x) > 0 for some 7, and it is immediately seen that Vg;(z) can be chosen as separator.

It should be stressed, anyhow, that not all convex programs admit “efficient” oracles. For example,
we may meet with a problem where the objective (or a constraint) is given by “continuous” maximization
like

f(z) = max fu()

a€l0,1]
(“semi-infinite programs”); this situation occurs in the problems of best uniform approximation of a given
function ¢(«), 0 < a < 1, by a linear combination Zn: x;¢i(a) of other given functions; the problem can
be written down as a “simple” convex program =

min {f(w) mex, l¢(a) — ;xi@(aﬂ} ;

[

this is a convex program, but whether it can or cannot be solved efficiently, it heavily depends on whether
we know how to perform efficiently maximization in « required to compute the value of f at a point.

8.2 The Ellipsoid Method

We are about to present one of the most general algorithms for convex optimization — the Ellipsoid
method. The idea of the method is more clear when we restrict ourselves with the problem of the type

mmin {f(z) : 2 € GCR"} (8.2.1)

of minimizing a convex function f on a solid G, i.e., a closed and bounded convex set with a nonempty

interior. In the mean time we shall see that general problem ({8.0.1)) can be easily reduced to ({8.2.1)).

8.2.1 The idea

The method extends onto multi-dimensional case the scheme of the simplest method for univariate mini-
mization, namely, of the Bisection (Lecture ??). The idea is very simple: let us take an arbitrary interior
point z; € G and compute a subgradient f’(z1) of the objective at the point, so that

fl@) = f(a1) > (@ —21)" f'(21). (8.2.2)

It is possible that f’(x1) = 0; then says that x1 is a global minimizer of f on R"™, and since this
global minimizer belongs to G, it is an optimal solution to the problem, and we can terminate. Now
assume that f/(z1) # 0 and let us ask ourselves what can be said about localization of the optimal set,
let it be called X*. The answer is immediate:
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from (8.2.2) it follows that if x belongs to the open half-space
I ={a| (z —21)" f'(21) > 0},

so that the right hand side in (8.2.2) is positive at x, then x for sure is not optimal: (8.2.2) says that
f(@) > f(z1), so that x is worse than feasible solution x1. Consequently, the optimal set (about which
we initially knew only that X* C G) belongs to the new localizer

Gi={reG| (x—x)"f(x1) <0}

This localizer again is a convex solid (as the intersection of G and a closed half-space with the boundary
passing through the interior point z1 of G) and is smaller than G (since an interior point z; of G is a
boundary point of Gy).

Thus, choosing somehow an interior point x; in the “initial localizer of the optimal set” G = Gy and
looking at f’(z1), we either terminate with exact solution, or can perform a cut — pass from Gy to a
smaller solid G; which also contains the optimal set. In this latter case we can iterate the construction
— choose somehow an interior point x5 in G, compute f’'(x2) and, in the case of f'(x3) # 0, perform a
new cut — replace (G; with the new localizer

Gy ={z € G| (x— )" f'(22) <O},

and so on. With the resulting recurrence, we either terminate at certain step with exact solution, or
generate a sequence of shrinking solids

G=GyDG1 DGy D ...,

every of the solids containing the optimal set.

It can be guessed that if x; are chosen properly, then the localizers G; “shrink to X* at certain
reasonable rate”, and the method converges. This is, e.g., the case with Bisection: there all G; are
segments (what else could be a solid on the axis?), and x; is chosen as the center of G;_1; as a result,
the lengths of the segments G go to 0 linearly with the ratio %, and since all the localizers contain X*,
the method converges at the same linear rate.

In multi-dimensional case the situation is much more difficult:

e the sets GG can be more or less arbitrary solids, and it is not clear what does it mean a “center”
of Gy, i.e., how to choose ;11 € G, in order to achieve “significant shrinkage” of the localizer at
a step (by the way, how to measure this shrinkage?) On the other hand, it is clear that if x4 is
badly chosen (e.g., is close to the boundary of G;) and the new cut is “badly oriented”, the next
localizer G¢41 may be “almost as large as G;”;

e in the one-dimensional case the linear sizes of the localizers tend to 0 linearly with ratio %, and

this is the source of convergence of x; to the minimizer of f. It is absolutely clear that in the
multi-dimensional case we cannot enforce the linear sizes of Gt to go to 0 (look what happens if
G = G| is the unit square on the plane and f does not depend on the first coordinate; in this case
all localizers will be rectangles of the same width, and consequently we cannot enforce their linear
sizes to go to 0). Thus, we should think carefully how to measure sizes of the localizers — with bad
choice of the notion of size, we are unable to push it to 0.

The above remarks demonstrate that it is not that straightforward — to extend Bisection onto the multi-
dimensional case. Nevertheless, there are satisfactory ways to do it.

8.2.2 The Center-of-Gravity method

The first which comes to mind is to measure the sizes of the localizers as their n-dimensional volumes
Vol(G¢) and to use, as w41, the center of gravity of Gy:

S
LT NG o, T
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A (very nontrivial) geometrical fact is that with this Center of Gravity policy we get linear convergence
of the volumes of G; to 0:

VbHCh)fg{l(niil)n}tVbKC%)

which in turn implies linear convergence in terms of the residual in the objective value: if x! is the best
— with the smallest value of the objective — of the points x1, ..., ¢, then

e mng < 1= ()] " e min ) (5.2

n+1

(8.2.3) demonstrates global linear convergence of the Center-of-Gravity method with objective-independent
convergence ratio

n n1l/n
=[1- < (1 —exp{—1})'/™.
w=1-(757) | <a-ewt
Consequently, to get an e-solution to the problem — to find a point x' € G with
(AN, < .
f(zh) ménf < e[mgxf min /]

— it requires to perform no more than

1

1 1
|—< |<213nn- + 1 (8.2.4)
IHW €

steps of the metbo.

Look how strong is the result: our global efficiency estimate is objective-independent: no condition
numbers (and even no smoothness assumptions at all) are involved! f may be nonsmooth, may possess
all kinds of degeneracy, etc., and all this does not influence the estimate!

Let me add that the Center-of-Gravity method is, in certain precise sense, an optimal method for
convex optimization.

A weak point of the method is the necessity to find, at every step, the center of gravity of the previous
localizer. To find the center of gravity of a general type multi-dimensional solid (and even of a general
type polytope) is, computationally, an extremely difficult problem. Of course, if G (and then every G;)
is a polytope, this problem is “algorithmically solvable” — one can easily point out a method which solves
the problem in finitely many arithmetic operations. Unfortunately, the number of arithmetic operations
required by all known methods for finding the center of gravity grows exponentially with n, so that are
unable to compute centers of gravity in reasonable time already in the dimension 5-10. As a result, the
Center-of-Gravity method is of “academic interest” only — it cannot be used as a computational tool.

8.2.3 From Center-of-Gravity to the Ellipsoid method

The Ellipsoid method can be viewed as certain “computationally tractable” approximation to the Center-
of-Gravity method. The idea is to enforce all the localizers to have “nice geometry” convenient for finding
the centers of gravity, namely, to be ellipsoids. Assume, e.g., that Gg = G is an ellipsoid. Then there is no
difficulty to point out the center of Gy, so that we have no problems with the first step of the Center-of-
Gravity method. Unfortunately, the resulting localizer, let it be called G, will be not an ellipsoid, but a
“half-ellipsoid” — the intersection of ellipsoid Gy and a half-space with the boundary hyperplane passing
through the center of Gy; this solid is not that convenient for finding the center of gravity. To restore
the geometry of the localizer, let us cover the half-ellipsoid G by the ellipsoid of the smallest volume
(1 containing Gf, and let us take this G; as our new localizer. Note that Gy indeed is a localizer of the
optimal set X* (since the latter is contained already in G7, and Gy covers G). Now we are in the same
situation as at the very beginning, but with G replaced with G, and can iterate the construction — to

2here and in what follows we use the standard notation |a| to denote the smallest integer > a real a
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take the center x5 of the ellipsoid G, to perform a new cut, getting a new half-ellipsoid G} which covers
the optimal set, to embed it into the ellipsoid G5 of the smallest possible volume, etc. In this scheme,
we actually make a kind of trade-off between efficiency of the routine and computational complexity of a
step: when extending the “actual localizers” — half-ellipsoids — to ellipsoids, we add points which for sure
could not be optimal solutions, and thus slow the procedure down. At the cost of this slowing the process
down we, anyhow, enable ourselves to deal with “simple sets” — ellipsoids, and thus reduce dramatically
the computational complexity of a step.
There are two points which should be clarified.

e first, it is unclear in advance whether we indeed are able to decrease at linear rate the volumes of
sequential localizers and thus get a converging method — it could happen that, when extending the
half-ellipsoid GL to the ellipsoid Gy11 of the smallest volume containing G}, ;, we come back to
the previous ellipsoid Gy, so that no progress in volume is achieved. Fortunately, this is not the case:
the procedure reduces the volumes of the sequential ellipsoids G; by factor k*(n) < exp{—%}, thus
enforcing the volumes of G; to go to 0 at linear rate with the ratio x*(n) . This ratio is worse
than the one for the Center-of-Gravity method (there the ratio was at most absolute constant
1 — exp{—1}, now it is dimension-dependent constant close to 1 — %), but we still have linear
convergence!

e second, it was assumed that G is an ellipsoid. What to do if it is not so? The answer is easy: let
us choose, as Gg, an arbitrary ellipsoid which covers the domain G of the problem; such a G for
sure will be a localizer of the optimal set, and this is all we need. This answer is good, but there
is a weak point: it may happen that the center z; of the ellipsoid Gy is outside G; how should we
perform the first cut in this case? Moreover, this “bad” situation — when the center x4, 1 of the
current localizer G is outside G — may eventually occur even when Gy = G is an ellipsoid: at each
step of the method, we add something to the “half” of the previous localizer, and this something
could contain points not belonging to G. As a result, G¢, generally speaking, is not contained in
G, and it may happen that the center of Gy is outside G. And to the moment we know how to
perform cuts only through points of GG, not through arbitrary points of R"™.

We can immediately resolve the indicated difficulty. Given the previous ellipsoidal localizer G; and
its center x41, let us ask the Separation oracle whether z;11 € G. If it is the case, we have no
problems with the cut — we call the First order oracle, get a subgradient of f at x4;; and use it
as it was explained above to produce the cut. Now, if x;11 is not in G, the Separation oracle will
return a separator e:

eTxtH > maxe’l z.
zeG

Consequently, all the points z € G satisfy the inequality
(x —xi01)Te <0,
and we can use e for the cut, setting
Gfii={z€G| (x—241) e <0}
Since the inequality which “cuts G, 1 off G¢” is satisfied on the entire G and, consequently, on X*,

and the latter set was assumed to belong to G; (G, is a localizer!), we conclude that X* C G,
and this is all we need.

After all explanations and remarks, we can pass to formal description of the Ellipsoid method.

3The fact that even after extending GH "1 to Gi+1 we still have progress in volume heavily depends on the
specific geometrical properties of ellipsoids; if. e.g., we would try to replace the ellipsoids with boxes, we would
fail to ensure the desired progress. The ellipsoids, anyhow, are not the only solids appropriate for our goals; we
could use simplexes as well, although with worse progress in volume per step
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8.2.4 The Algorithm
8.2.4.1 How to represent an ellipsoid

An ellipsoid is a geometrical entity; to run an algorithm, we should deal with numerical representations
of these entities. The most convenient for our goals is to represent an ellipsoid as the image of the unit
Euclidean ball under nonsingular affine mapping:

E=FE(¢,B)={r=c+Bul| v u<1}. (8.2.5)

Here ¢ € R" is the center of the ellipsoid and B is an n X n nonsingular matrix. Thus, to say “an ellipsoid”
in what follows means exactly to say “the set given by a pair (¢, B) composed of vector ¢ € R"
and a nonsingular n X n matrix B”; you may think about this representation as about the definition of
an ellipsoid.

The volume the ellipsoid E(c,b) is

Vol(E(c, B)) = | Det Blv(n),

v(n) being the volume of the unit n-dimensional Euclidean ball V,,; indeed, E(c, B) is the image of
V., under affine mapping, B being the matrix of the homogeneous part of the mapping, and such a
transformation multiplies the volumes by | Det B|.

We need the following simple

Lemma 8.2.1 Letn > 1, let

E=E(¢,B)={r=c+Bu| u'u<1}
be an ellipsoid in R™, and let

Et={zcFE| (z-c)Te<0} [e#0)

be a "half-ellipsoid” — the intersection of E and a half-space with the boundary hyperplane passing through
the center of E. Then ET can be covered by ellipsoid E' = E(c’, B") of the volume

Vol(E") = k*(n) Vol(E),

K*(n) = %,/Z;i < exp{—ﬁ}. (8.2.6)

The parameters ¢’ and B’ of the ellipsoid E' are given by

1
B =a(n)B—y(n)(Bp)yp”, ¢=c———DB8 2.
o(n)B —y(n)(Bp)p", ¢ =c— ——=DBp, (8:2.7)

()_7’721/4 (>_()/L_1 _BiTe
a(n) =4 5 , v(n)=an meTEE p= TR

To prove the lemma, it suffices to reduce the situation to the similar one with E being the unit Euclidean
ball V' = V,,; indeed, since F is the image of V' under the affine transformation v — Bu + ¢, the
half-ellipsoid £+ is the image, under this transformation, of the half-ball

Vi={ueV| BTe)Tu<0t={uecV| plu<o0}.

where

Now, it is quite straightforward to verify that a half-ball indeed can be covered by an ellipsoid V’ with
the volume being the required fraction of the volume of V; you may take

1
V= {e| @+ —n) )L~ 2’1 + —p) 1),
It remains to note that the image of V'’ under the affine transformation which maps the unit ball V' onto
the ellipsoid E is an ellipsoid which clearly contains the half-ellipsoid £+ and is in the same ratio of
volumes with respect to E as V' is with respect to the unit ball V' (since the ratio of volumes remains
invariant under affine transformations). The ellipsoid E’ given in formulation of the lemma is nothing
but the image of the above V’ under our affine transformation. m
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8.2.4.2 The Ellipsoid algorithm
The algorithm is as follows
Algorithm 8.2.1 [The Ellipsoid algorithm for convex program min {f(z): 2 € GCR"}
Assumptions:
o G is a solid (bounded and closed convex set with a nonempty interior)
e we are given First order oracle for f and Separation oracle for G
e we are able to point out an ellipsoid Gy = E(cq, By) which contains G.

Initialization: sett =1
Step t: Given ellipsoid Gy—1 = E(ci—1, Bi—1), set xy = ¢i—1 and act as follows:

1) [Call the Separation Oracle] Call the Separation oracle, x; being the input. If the oracle says that
¢ € G, call the step t productive and go to 2), otherwise call the step t non-productive, set e; equal to
the separator returned by the oracle:

r€G = (x—x)Te; <0

and go to 3)

2) [Call the First order oracle] Call the First order oracle, x; being the input. If f'(x¢) = 0, terminate
- x¢ € G is the minimizer of f on the entire R™ (see the definition of a subgradient) and is
therefore an optimal solution to the problem. In the case of f'(x;) # 0 set

€t = f’(l’t)

and go to 3).
3) [Update the ellipsoid] Update the ellipsoid E(ci—1, Bi—1) into E(cy, By) according to formula
with e = ey, i.e., set

1
B, = a(n)Bi—1 — Y(n)(Bi—1p)pi, ¢t =ci—1 — th—lpt—h

where

n? L/4 n—1 BT e
a(n) = 2 ) 7(”) = a(n) ) bt = .
n*—1 n+1 ,/G?Bt_lBtT 16t

Replace t with t + 1 and go to the next step.
Approximate solution xt generated by the method after t steps is, by definition, the best (with the smallest
value of fo) of the points x; generated at the productive steps j <t [if the steps 1, ...,t are non-productive,
xt is undefined].

8.2.5 The Ellipsoid algorithm: rate of convergence

We are about to prove the main result on the Ellipsoid method.

Theorem 8.2.1 [Rate of convergence of the Ellipsoid algorithm)]
Letn > 1, and let convex program satisfying the assumptions from the description of the Ellipsoid
algorithm be solved by the algorithm. Let

N(9 =J2a(n - 1 (2] |

€

where 0 < e <1 and
y _ [Vol(E(eo. Bo)) L/n
N Vol(G)
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Then, for any € € (0,1), the approzimate solution £V found by the method in course of the first N (e)
steps, is well-defined and is an e-solution to the problem, i.e., belongs to G and satisfies the inequality

@M@y - ménf < e[mGaxf - mgn 1] (8.2.8)

Proof. For the sake of brevity, let N = N(e). We may assume that the method does not terminate in
course of the first N steps — otherwise there is nothing to prove: the only possibility for the method to
terminate is to find an exact optimal solution to the problem.

Let us fix ¢ € (¢,1), and let 2* be an optimal solution to (it exists, since the domain of the
problem is compact and the objective, being convex on R"™, is continuous (we had such a theorem in the
course Optimization I) and therefore attains its minimum on compact set G.

19, Set

G* =2"+€(G —2%),
so that G* is the image of G under homothety transformation with the center at x* and the coefficient
€.

By construction, we have

Vol(G*) = (¢')" Vol(G) > €™ Vol(G) (8.2.9)

(“homothety with coefficient @ > 0 in R™ multiplies volumes by a™”). On the other hand, by Lemma
we have Vol(E(cy, B)) < exp{—1/(2(n — 1))} Vol(E(ct—1, Bi—1)), whence

Vol(E(en, By) < exp{—2 } Vol(E(co, By)) <

N
(n—1)

[definition of N = N(e)]
<V NN Vol(E(co, By)) =

[definition of V]
B Vol(G)
N VOI(E(C(), Bo))

Comparing the resulting inequality with (8.2.9), we conclude that Vol(E(cy, By)) < Vol(G*), so that

N Vol(E(co, By)) = ¥ Vol(G).

G*\E(cy, By) # 0. (8.2.10)
20. According to (8.2.10), there exists
y € Vol(G*)\E(cx, By).
I claim that
y=(1—¢)a* + €2 for some z € G; (y —z¢)Te, > 0 for some t < N (8.2.11)
The first relation in comes from the inclusion y € G*: by definition,
G'=2"+d(G-a2")={a"+(z—2%) | 2€ G}.

To prove the second relation in (8.2.11)), note that from the first one y € G C E(co, Bp), while by the
origin of y we have y ¢ E(cn, By). Consequently, there exists ¢ < N such that

y S E(Ct—lvBt—l) & y g E(Ct,Bt). (8212)
According to our policy of updating the ellipsoids (see Lemma|8.2.1), E(c;, By) contains the half-ellipsoid
E*(¢i-1,Bi-1) = {z € B(ci—1, Bi1) | (z —21)Te; <0}

this inclusion and (8.2.12)) demonstrate that (y—z;)7e; > 0, as required in the second relation in (8.2.11].
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3%, Now let us look what happens at the step t given by the second relation in . First of all, T
claim that the step t is productive: z; € G. Indeed, otherwise, by construction of the method, e; would
be a separator of x; and G:

(x—a1)Te; <0 Va €@,

but this relation, as we know from ([8.2.11f), is violated at y € G and therefore cannot take place.
Thus, ¢ is productive, whence, by construction of the method, e; = f’(2;). Now the second relation

in (8.2.11) reads

(y— )" f' () >0,

whence, by definition of subgradient, f(y) > f(x;). This inequality, along with productivity of the step
t and the definition of approximate solutions, says that 2 is well-defined and

F@™) < f(y). (8.2.13)

4%, Now we are done. By the first relation in (|8.2.11]) and due to convexity of f we have

fly) <A =€) f(@") +€f(2),

whence

fly) —min f = f(y) = f(2") < €(f(z) = f(2")) < max f —min f]  [z€G;

g

combining the resulting inequality with (8.2.13)), we get

(o NY i £ < Tmax f— min f '
fz™) ngnf <e [IIléle min 1]
The latter inequality is valid for all €’ € (¢,1), and (8.2.8) follows. m

8.2.6 Ellipsoid method for problems with functional constraints

To the moment we spoke about the Ellipsoid method as applied to problem (8.2.1]) without functional
constraints. There is no difficulty to extend the method onto general convex problems (8.0.1). To this
end it suffices to note that (8.0.1) can be immediately rewritten as problem of the type (8.2.1), namely,
as

min {f(a:) =fo(x):zeG={zecG| filz) <0,i=1, ...,m}}. (8.2.14)
All we need to solve this latter problem by the Ellipsoid algorithm is

e to equip (8.2.14)) by the Separation and the First order oracles

this is immediate: the First order oracle for is readily given by the one for (8.0.1). The
Separation oracle for G can be immediately constructed from the Separation oracle for G and the
First order oracle for : given x € R", we first check whether the point belongs to G, If it
is not the case, then it, of course, does not belong to G as well, and the separator (given by the
Separation oracle for G on the input z) separates = from G. Now, if z € G, we can ask the First
order oracle about the values and subgradients of fi, ..., f,,, at x. If all the values are nonpositive,
then z € G; if one of this values is positive, then z ¢ G and, moreover, the vector fl(z) i >1is
such that f;(z) > 0) can be used as a separator of z and G (Remark

e to ensure that G is a solid

(we shall simply assume this).

The resulting algorithm is as follows

Algorithm 8.2.2 [The Ellipsoid algorithm for convex program (8.0.1)]
Assumptions:
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e G={zecq| fi(x) <0,i=1,..,m} is a solid (bounded and closed convez set with a nonempty
interior)

e we are given First-order oracle for fy, ..., fm and Separation oracle for G
e we are able to point out an ellipsoid Gy = E(cq, By) which contains G.
Initialization: sett =1
Step t: Given ellipsoid Gi—1 = E(ci—1,Bi—1), set xy = c¢i—1 and act as follows:
1) [Call the Separation oracle] Call the Separation oracle for G, x; being the input. If the oracle says

that x; € G, go to 2), otherwise call the step t non-productive, set e; equal to the separator returned by
the oracle:

r€G = (r—x)le; <0
and go to 4)

2) [Call the First order oracle] Call the First order oracle, x; being the input, and check whether
filwy) < 0,4 =1,....om. If fi(xs) <0 for all i > 1, call the step t productive and look at fl(xs). If
fo(xe) = 0, terminate — xy is feasible for and is the minimizer of f on the entire R™ (see the
definition of a subgradient), whence it is an optimal solution to the problem. In the case of
fo(ze) # 0 set

€t = fé(xt)
and go to 4).

3) [The case of x; € G and f;(x¢) > 0 for some i > 1] Call step t non-productive and find i > 1 such

that fi(xzy) > 0 (when we arrive at 3), such an i exists), set

€t = f{(fﬁt)
and go to 4).
4) [Updating the ellipsoid] Update the ellipsoid E(ci—1,Bi—1) into E(ct, By) according to formula
with e = ey, i.e., set
1
By = a(n)B; 1 —y(n)(Bio1p)pi ¢ = ¢ — ——Biapio1,
n+1
where

n? 1/4 n—1 BT N
a(n){ i } R ALl S /= L S
ns—1 n+1 \/engt_lBtT 16t

Replace t with t + 1 and go to the next step.
Approzimate solution x* generated by the method after t steps is, by definition, the best (with the smallest
value of f) of the points x; generated at the productive steps j <t [if the steps 1,...,t are non-productive,
xt is undefined].

The following result is an immediate corollary of Theorem [3.2.1

Theorem 8.2.2 [Rate of convergence of the Ellipsoid algorithm on problems with functional constraints]
Letn > 1, and let convex program satisfying the assumptions from the description of the Ellipsoid
algorithm [8.2.9 be solved by the algorithm. Let

N =f2atn - 1 (V) 1

€

where 0 < € < 1 and "
Vol(E(co, By))

Vol(G)

Then, for any € € (0,1), the approzimate solution 2N found by the method in course of the first N(e)
steps, is well-defined and is an e-solution to the problem, i.e., belongs to G and satisfies the inequality

f(mN(€)> _ ménf < e[méaxf _ mén f] (8.2.15)
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8.3 Ellipsoid method and Complexity of Convex Programming

The Ellipsoid method implies fundamental theoretical results on complexity of Convex Programming; let
us briefly discuss these theoretical issues.

8.3.1 Complexity: what is it?

When speaking about complexity of a class of computational problems, we are interested to answer the
following crucial question:

Given a family P of problem instances and required accuracy €, what can be said about the computational
effort sufficient to solve each instance to the prescribed accuracy?

This is an informal question, of course, and to answer it, we should first formalize the question itself,
namely, to say

e What does it mean “a family of problems” and how we measure accuracy of approximate solutions;

e What does it mean “effort of computational process”? What is the model of the process and how
the effort is measured?

To realize that these indeed are points which should be clarified, consider the following “universal solution
method” (which in fact is the main method to solve problems): think! Is it a “computational method”?
What is the “effort” for this method?

There are basically two approaches to formalize the complexity-related notions. The first, which is
more convenient for “continuous” computational problems, is as follows (according to our goals, I shall
speak only about optimization problems in the form )

Real Arithmetic Complexity Model:

e A family of problems P is a set of problems (8.2.1) such that a particular member p = (f,G) of
the family is encoded by a finite-dimensional data vector d(p). The dimension of the data vector
is called the size of the instance.

Example 1. Linear Programming over Reals. Here the instances are of the form
min {f(z) =c’z:2 € G={z € R" | Az < b}},

A being m x n matrix and b being m-dimensional vector. The data vector of a problem instance
is composed of the pair n,m and of n + m + nm entries of ¢, b, A written down in a once for ever
fixed order (e.g., first the n entries of ¢, then the m entries of b and finally the nm entries of A in
the row-wise order).

Example 2. Quadratically Constrained Quadratic Programming. Here the instances are
of the form

1
mgn folz) = ixTHox —blx

subject to
1
reG={zeR"]| fi(z)= ixTHix —blr4e; <0,i=1,..,m},

and the data vector is composed of n, m and the entries of the matrices H;, the vectors b; and the
reals ¢; written down in a once for ever fixed order.

The number of examples can be easily extended; basically, the typical families of problems in
question are composed of problems of a “fixed generic analytical structure”, and the data vector is
the set of numerical coefficients of the (fixed by the description of the family) analytical expressions
corresponding to the particular instance in question.

In what follows we restrict ourselves with the families composed of solvable problems with bounded
feasible sets.
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e An e-solution = to a problem instance p = (f, G) is a feasible (x € G) solution such that
Cmin f < o
()~ min f < clmas [ — min /]

there are other definitions of an e-solution, but let us restrict ourselves with the indicated one.

e A computational algorithm for P is a program for an idealized computer capable to perform opera-
tions of exact real arithmetic (four arithmetic operations and computation of elementary functions
like /-, sin(-), log(-), etc.). When solving a problem instance from P, the algorithm gets on
input the data vector of the instance and the required accuracy e and starts to process these
data; after finitely many elementary steps the algorithm should terminate and return the vec-
tor zoyut of the corresponding dimension, which should be an e-solution to the input instance.
The computational effort of solving the instance is, by definition, the total # of elementary steps
(arithmetic operations) performed in course of processing the instance.

The second way to formalize the complexity-related notions, the way which is the most widely used
in theoretical Computer Science and in Combinatorial Optimization, is given by

Algorithmic Complexity Model:

e A family of problems is a set of problems (8.2.1)) such that a particular member p = (f, G) of the
family is encoded by an integer i(p); the # L of digits in this integer is the bit size of the instance
p.

Example 3. Integer programming. Here the problem instances are of the form

min{f(z) =c’z:2€ G={z € Z"| Az <b}},

where Z" is the space of n-dimensional vectors with integer entries, ¢ and b are vectors of dimensions
n and m with integer entries, and A is an m x n matrix with integer entries.

To encode the data (which form a collection of integers) as a single integer, one can act as follows:

first, write down the data as a finite sequence of binary integers (similarly to Example 1, where
the data were real);

second, encode the resulting sequence of binary integers as a single integer, e.g., by representing
- binary digit 0 as 00

- binary digit 1 as 11

- blank between integers as 01

- sign — at an integer as 10

Example 4. Linear Programming over Rationals. This is a subfamily of the Linear Pro-
gramming family (Example 1), where we impose on all the entries of ¢, b, A the requirement to be
rational numbers. To encode a problem instance by a single binary integer, it suffices to write the
data as a sequence of binary integers, same as in Example 3 (with the only difference that now
every rational element of the data is represented by two sequential integers, its numerator and
denominator), and then encode the sequence, as it was explained above, by a single binary integer.

In what follows, speaking about Algorithmic Complexity model, we always assume that

- the families in question are composed of solvable problems with bounded feasible sets

- any problem instance from the family admits a solution which can be naturally encoded by a
binary integer

The second assumption is clearly valid for the Integer Programming (Example 3). It is also valid
for Linear Programming over Rationals (Example 4), since it can be easily proved that a solvable
LP program with integer data admits a solution with rational entries; and we already know that
any finite sequence of integers/rationals can be naturally encoded by a single integer.
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e Normally, in Algorithmic Complexity model people are not interested in approximate solutions and
speak only about exact ones; consequently, no problem with measuring accuracy occurs.

e A computational algorithm is an algorithm in any of (the equivalent to each other) definitions given
in Mathematical Logic; you loose nothing when thinking of a program for an idealized computer
which is capable to store in memory as many finite binary words as you need and to perform
bit-wise operations with these words. The algorithm as applied to a problem instance p from P
gets on input the code i(p) of the instance and starts to process it; after finitely many elementary
steps, the algorithm should terminate and return the code of an exact solution to the instance.
The computational effort is measured as the total # of elementary bit-wise operations performed
in course of the solution process.

Let me stress the difference between the notions of the size of an instance in the Real Arithmetic
and the Algorithmic Complexity models. In the first model, the size of an instance is, basically, the #
of real coefficients in the natural analytical representation of the instance, and the size is independent of
the numerical values of these coefficients — they may be arbitrary reals. For example the Real Arithmetic
size of any LP program over Reals (Example 1) with n = 2 variables and m = 3 inequality constraints is
the dimension of the vector

(2,3,c1,¢2,b1,b2,b3, A11, A2, Ag1, Ao, Azi, Asz),

i.e., 13. In contrast to this, the Algorithmic Complexity size of an LP program over Rationals (Example
4) with n = 2 variables and m = 3 constraints can be arbitrarily large, if the rational data are “long”.

We can observe similar difference between the measures of computational effort in the Real Arithmetic
and the Algorithmic Complexity models. In the first of them, the effort required, say, to add two reals is
one, independently of what the reals are. In the second model, we in principle cannot deal with reals —
only with integers; and the effort to add two N-digit integers is not 1 — it is proportional to N.

8.3.2 Computational Tractability = Polynomial Solvability

After the main complexity-related notions — family of problems, e-solution, solution algorithm and its
computational effort — are formalized, we may ask ourselves

What is the complexity of a given family of problems, i.e., the best possible, over all solution algorithms,
computational effort sufficient to solve all instances of a given size to a given accuracy?

Before trying to answer this question, we may ask ourselves a more rough (and, in a sense, more important)
question:

Is the family in question computationally tractable, i.e. is its complexity a “reasonable” function of the
size of instances?

If the answer to this second question is negative, then we may forget about the first one: if we know that
to solve an instance of size [ from a family P it may require at least 2! elementary steps, then we may
not bother much whether the actual complexity is 2!, 2% or 22" in the first case, the maximal size of
instances we are able to solve for sure in reasonable time is something like 30, in the second — 6, in the
third — 5; this difference normally means nothing, since the sizes of actually interesting problems usually
are hundreds, thousands and tens of thousands.

Now, the notion of “computationally tractable” complexity in theoretical studies of the last 30 years
is unanimously understood as the one of “polynomial time” solvability. This latter notion first was
introduced in the Algorithmic Complexity model and was defined as follows:

A solution algorithm A for a family P of problem instances is called polynomial, if the computational
effort required by A to solve a problem instance of an arbitrary bit size L never exceeds q(L), q being
certain polynomial; here all complexity-related notions are understood according to the Algorithmic
Complexity model.

P is called polynomially solvable, if it admits polynomial solution algorithm.
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The analogy of this definition for the Real Arithmetic Complexity model is as follows:

A solution algorithms A for a family P of problem instances is called R-polynomial, if the computational
effort required by A to solve a problem instance p of an arbitrary size l to an arbitrary accuracy € € (0, 1)

never exceeds y
q(l)In <@> ; (8.3.1)

where q is certain polynomial and V(p) is certain data-dependent quantity; here all complexity-related
notions are understood according to the Real Arithmetic Complexity model.

The definition of an R-polynomial algorithm admits a very natural interpretation. The quantity
In(V(p)/e€) can be viewed as # of accuracy digits in an e-solution; with this interpretation, means
that the arithmetic cost per accuracy digit is bounded from above by a polynomial of the dimension of
the data vector.

8.3.3 R-Polynomial Solvability of Convex Programming
Invention of the Ellipsoid method (1976) allowed to establish the following important

Theorem 8.3.1 [R-polynomial solvability of Convex Programming]
Consider a family P of convex problems and assume that

(i) all problem instances p = (f,G) from the family are bounded (i.e., their feasible domains G are
bounded) and strictly feasible (i.e., their feasible domains G possess nonempty interiors); moreover, given
the data vector d(p) of the instance, one can in polynomial in the size I, = dim d(p) of the instance
number of arithmetic operations compute an ellipsoid which covers G along with a lower bound v, > 0
for the volume of G;

(ii) given an instance p = (f,G) € P and a point x € R"», n, being the # of variables in p, on can
in polynomial in I, number of arithmetic operations

e imitate the Separation oracle for G on the input x, i.e., check the inclusion x € G and, if it is not
valid, compute a separator e:
supely < el
yelG

e imitate the First order oracle for f, i.e., compute f(x) and f'(x).

Then there exists an R-polynomial algorithm for P.

Proof is immediate: it suffices to use the Ellipsoid algorithm. Indeed,

e (i) says that, given on input the data vector d(p) of a problem instance p € P, we can in polynomial
in [, = dim d(p) number of arithmetic operations compute an ellipsoid E(cg, By) and thus start the
Ellipsoid algorithm. As a byproduct, we observe that the number of variables n, in p is bounded
from above by a polynomial of the size [, of the instance (otherwise it would require too many
operations simply to write down the center of the ellipsoid).

e according to the description of the method, to perform a step of it, we should imitate the Separation
and, possibly, the First order oracle at current point z; (according to (iii), it takes polynomial in ,,
number of arithmetic operations) and then should perform O(nf)) arithmetic operations to update
the previous ellipsoid into the current one according to Algorithm 3); by virtue of the previous
remark, n, is bounded from above by a polynomial in [,, so that the overall arithmetic effort at a

step is polynomial in [;

e according to Theorem [B:2:1] the method will find an e-solution to p in the number of steps not
exceeding
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we have

r Vol'/"» (E(co, B
N(e) < N'(6) =J2(my — Ly m( (G o>>> L

vp' Ve

(see (i)); according to (i), we can compute N'(¢) in polynomial in 7, number of operations and
terminate the process after N'(p) steps, thus getting an e-solution to p.

The overall arithmetic effort to find an e-solution to p, in view of the above remarks, is bounded from
above by

Vol(E(co, Bo))} L/ne

V(O <ty (Y2), i) = | YHE
’p

both r(-) and ¢(-) being certain polynomials, so that the presented method indeed is R-polynomial. m

When thinking of Theorem you should take into account that the “unpleasant” assumptions
(i) are completely technical and normally can be ensured by slight regularization of problem instances.
Assumption (ii) is satisfied in all “non-pathological” applications, so that in fact Theorem can be
qualified as a General Theorem on R-Polynomial Solvability of Convex Programming. I should add that
this is, in a sense, an “existence theorem”: it claims that in Convex Programming there exists a “universal”
R-polynomial solution routine, but it does not say that this is the best possible R-polynomial routine for
all particular cases. The main practical drawback of the Ellipsoid method is that it is “slow” — the # of
iterations required to solve the problem within a once for ever fixed accuracy e grows quadratically with
the dimension n of the problem. This quadratic in n growth of the effort makes it basically impossible
to use the method as a practical tool in dimensions like hundreds and thousands. Recently, for many
important families of Convex Programming problems (Linear, Quadratically Constrained Quadratic,
Geometric and some others) more specialized and more efficient interior point polynomial algorithms
were developed; these methods are capable to struggle with large-scale problems of real-world origin.

I would say that the Ellipsoid method, as a practical tool, is fine for not large — up to 20-30 variables
— convex problems. The advantages of the method are:

e simplicity in implementation and good numerical stability
e universality

e low order of dependence of computational effort on m — the # of functional constraints

The latter remark relates to Algorithm : the number of steps required to achieve a given
accuracy is simply independent of m, and the effort per step is at most proportional to the m (the
only place where the number of constraints influence the effort is the necessity to check feasibility of
the current iterate and to point out a violated constraint, if any exists). As a result, for “high and
narrow” convex programs (say, with up to 20-30 variables and as many thousands of constraints as
you wish) the Ellipsoid method seems to be one of the best known Convex Programming routines.

8.4 Polynomial solvability of Linear Programming

Surprisingly, the most important “complexity consequences” of the Ellipsoid method — which is a purely
“continuous optimization” algorithm — relate to Algorithmic Complexity. The most known of these
consequences is

8.4.1 Polynomial Solvability of Linear Programming over Rationals

8.4.1.1 Some History

Everybody knows that Linear Programming programs — both with real and rational data — can be solved
efficiently (and are solved almost for 50 years) by the Simplex Algorithm, which is a finite Real Arithmetic
routine for LP capable to solve huge practical linear programs. What I am not sure is that everybody
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knows what does it mean “efficiently” in the above sentence. This is practical efficiency — when solving
an LP program
min {ch Az < b} (8.4.1)
x

with n variables and m > n inequality constraints, the Simplex normally performs 2m - 4m iterations
to find the solution. Anyhow, theoretically Simplex is not a polynomial algorithm: since the beginning
of sixties, it is known that there exist simple LP programs p, with n = 1,2,3, ... variables and integer
data of the total bit size L,, = O(n?) such that some versions of the Simplex method solve p,, in no less
than 2" steps. Consequently, the aforementioned versions of the Simplex method are not polynomial —
for a polynomial algorithm, the solution time should be bounded by a polynomial of L, = O(n), i.e.,
of n. Similar “bad examples” were constructed for other versions of the Simplex method; and although
nobody was able to prove that no version of Simplex can be polynomial, nobody was also lucky to point
out a polynomial version of the Simplex method. Moreover, since mid-sixties, where the Algorithmic
Complexity approach became standard, and till 1979 nobody knew whether LP over Rationals (Example
4 above) is or is not polynomially solvable.

8.4.2 Khachiyan’s Theorem

The positive answer on the fundamental question whether LP over Rationals is polynomially solvable was
given only in 1979 by L. Khachiyan; the main tool used in the proof was the Ellipsoid method invented
3 years earlier.

Below I sketch the reasoning of Khachiyan.

8.4.2.1 Step 1: from Optimization to Feasibility

The first step of the construction reduces the optimization LP program to the Feasibility program
for a system of linear inequalities. To this end it suffices to write down both the inequalities of
and of its LP dual and to replace minimization in the primal problem and maximization in the dual one
with the linear constraint that the duality gap should be zero. This results in the following system of
linear inequalities and equations:

Az <b;, ATy=¢ y<0; Taz=0dly (8.4.2)

with unknowns z € R™ and y € R™. The Duality Theorem in Linear Programming says that the original
problem is solvable if and only if is, and if it is the case, then xz-components of the solutions
to are exactly the optimal solutions to .

Assembling z and y in a single vector of variables u, representing u as the difference of new nonnegative
variable vectors v and w and, finally, assembling v and w into single vector z (all these manipulations are
standard tricks in LP),

we can rewrite equivalently as the problem

find zeRY: Qz<gq, z>0; (8.4.3)

here N = 2(n + m), and @, g are certain matrix and vector with rational entries coming, in an evident
fashion, from the initial data c,b, A. Note that the bit size L of the data in is of order of the bit
size L of the initial data in ; in fact L; < 10L.

It is convenient to pass from problem with rational data to an equivalent problem with integer
data; to this end it suffices to compute the common denominator of all the fractions involved into
and to multiply all the data by this common denominator. As a result, we come to the problem

find z e RY: Rz<r, z>0; (8.4.4)

the properties of this problem are as follows:

e (8.4.3)) is equivalent to the LP program (8.4.1): both the problems are solvable/unsolvable simul-
taneously; if they are solvable, then any solution to (8.4.4) can be converted in an explicit and
simple manner into optimal solution to (8.4.1));
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e the data in (8.4.4]) are integer, and their bit size Lo is bounded by a polynomial (something like
200L?) of the bit size L of the initial data.

It follows that if we were able to solve in polynomial time the Feasibility problem (8.4.4), we would get,
as a byproduct, a polynomial algorithm for the initial problem (8.4.1)).

8.4.2.2 Step 2: from Feasibility to Solvability

Instead of attacking the Feasibility problem (8.4.4) (where we are asked to check whether (8.4.4) is
solvable and if it is the case — are asked to point out a solution), let us for the time being restrict our
goals with the following relaxed solvability version of (8.4.4):

(S) given the data of (8.4.4), detect whether the problem is solvable.

The simplification, as compared to (8.4.4), is that now we are not obliged to point out an explicit solution
to a solvable instance.

Problem (S) is the problem which is solved in polynomial time by the Ellipsoid method. This is done
as follows.

e From (S) to (S’). Problem (S) clearly is equivalent to the following optimization problem: let
f(z) =max[(Rz); —r1|; (R2)2 — ro;...; (R2)m — Tar]]

(M is the number of rows in R) be the residual function of the system of inequalities Rz < r; this
function clearly is nonnegative at a nonnegative z if and only if z is a feasible solution to (8.4.4)).
Consequently, (S) is exactly the following problem:

S’): detect wheth i <0
(S): detect whe erzefltl}\}gzof(z)_

((S) is solvable if and only if the answer in (S') is “yes”).

e From (S’) to (S”). The next step is given by the following simple
Lemma 8.4.1 The answer in (S') is “yes” if and only if it is “yes” in the following problem

(S”) detect whether min f(z) <0
2:0<2,;<2k2 i=1,...,N

Ly being the bit length of the data in (S).

Proof. If the answer in (S”) is “yes”, then, of course, the answer in (S’) also is “yes”. It remains
to prove, therefore, that if the answer in (S’) is “yes” (or, which is the same, if (S) is solvable),
then the answer in (S”) also is “yes”. This is easy. The solution set of (S), being nonempty, is a
nonempty closed convex polyhedral set (here and in what follows I use the standard terminology
of Convex Analysis; this terminology, along with all required facts, was presented in the course
Optimization I); since (S) involves nonnegativity constraints, this set does not contain lines, and
therefore, due to the well-known fact of Convex Analysis, possesses an extreme point zZ. From the
standard facts on the structure of extreme points of a polyhedral set given by (8.4.4) it is known
that the vector z* composed of nonzero entries of z, if such entries exist, satisfy nonsingular system
of linear equations of the form
Rz* =7,

where

1the latter property comes from the fact that the common denominator of the entries in is an integer
of bit size at most L1 < 10L; therefore when passing from 1i to F, we increase the bit size of each entry
by at most 10L. Since even the total bit size of the entries in (8.4.3) is at most 10L, the bit size of an entry in
is at most 20L; and there are at most 10L entries. All our estimates are extremely rough, but it does not
matter — all we are interested in is to ensure polynomiality of the bit size of the transformed problem in the bit
size of the initial one
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— Ris a k x k nonsingular submatrix in R (k is the # of nonzero entries in 2)

— 7 is certain fragment of the right hand side vector r

(R and r are given by ([8.4.4).

It follows that the entries in z* are given by the Cramer rules — they are ratios of certain k x k
determinants taken from the k x (k + 1) matrix [R]|7]:

*

_ A
zi—AO.

All entries in this matrix are integers, and the total bit size of the entries does not exceed Ls. It
follows that all the determinants are, in absolute value, at most 222 . Thus, the numerators in
the Cramer formulae are < Lo in absolute values, while the denominator (being a nonzero integer)
is in absolute value > 1. Consequently, |27| < 2L2.

Thus, all nonzero entries in z are < 2-2 in absolute values. Since Z is a solution to (S), this is
a point where f is nonnegative. We conclude that if the answer in (S) is “yes”, then f attains
nonpositive value in the box 0 < z; < 22, 1 <4 < N, so that the answer in (S”) also is “yes”. m

(S”) as a convex program. To solve problem (S”) is exactly the same as to check whether the
optimal value in the optimization program

min {f(z) :2€ G={2€R" | 0<z <2 i=1,. N}} (8.4.5)

is or is not positive. The objective in the problem is easily computable convex function (since
it is maximum of M linear forms), and the domain G of the problem is a simple solid - a box.
Remark [B1.0] explains how to imitate the First order and the Separation oracles for the problem;
we can immediately point out the initial ellipsoid which contains G (simply the Euclidean ball
circumscribed around the cube G). Thus, we are able to solve the problem by the Ellipsoid
method. From Theorem [8.2.1] (where one should estimate the quantities V and max f- mén f via

Lo; this is quite straightforward) it follows that in order to approximate the optimal value f* in
(8.4.5) within a prescribed absolute accuracy v > 0, it suffices to perform

1
N, = O(1)N?[Ly + In ~]
v
steps with at most O(1)(M + N)N arithmetic operations per step, which gives totally
1
M(v) = O(1)N3(M + N)[Ly + In —] (8.4.6)
v

arithmetic operations (O(1) here and in what follows are positive absolute constants).

All this looks fine, but in order to detect whether the optimal value f* in (8.4.5) is or is not non-
positive (i.e., whether (S) is or is not solvable), we should distinguish between two “infinitesimally
close to each other” hypotheses f* < 0 and f* > 0, which seems to require the exact value of f*;

This is a consequence of the Hadamard inequality: the absolute value of a determinant (= the volume of the
parallelotope spanned by the rows of the determinant) does not exceed the product of the Euclidean lengths of
the rows of the determinant (product of the edges of the parallelotope). Consequently, log,|A;| does not exceed
the sum of binary logs of the Euclidean lengths of the rows of [R|7]. It remains to note that the binary logarithm
of the Euclidean length of an integer vector clearly does not exceed the total bit length of the vector:

k k
1 1 1
ilogZ(af +..4ap) < ilogz[(l +a3)(1+4a2)’..(14+a})] = Zl §log2[1 +aj] < Zlogﬂl + |as]

=1

and the latter expression clearly is < the total # of binary digits in integers a1, ..., a.
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and all we can do is to approximate “quickly” f* to a prescribed accuracy v > 0, not to find f*
exactly.

Fortunately, our two hypotheses are not infinitesimally close to each other — there is a “gap”
between them. Namely, it can be proved that

if the optimal value f* in (8.4.5) is positive, it is not too small, namely f* > 2~ 7(L2) with certain
polynomial 7(-) .

The latter remark says that to distinguish between the cases f* < 0 and f* > 0 means in fact to
distinguish between f* < 0 and f* > 277(E2); and to this end it suffices to restore f* within absolute
accuracy like v = 277(F2)=2 According to , this requires O(1)N3(N + M)[Ls + 7(Lo)]
arithmetic operations, which is not more than a polynomial of Ly and, consequently, of L (since
Ly is bounded from above by a polynomial of L).

Thus, we indeed can decide whether f* is or is not nonpositive or, which is the same, whether (S)
is or is not solvable, in polynomial in L number of arithmetic operations.

This is not exactly what we need: our complexity model counts not arithmetic, but bit-wise
operations. It turns out, anyhow (the verification is straightforward, although very dull), that one
can apply the Ellipsoid method with inexact arithmetic instead of the exact one, rounding the
intermediate results to a polynomial in L number of accuracy digits, and it still allows to restore
f* within required accuracy. With the resulting inexact computations, the bit-wise overall effort
becomes polynomial in L, and the method becomes polynomial.

Thus, (S) is polynomially solvable.

8.4.2.3 From Solvability back to Feasibility

It remains to explain how, given possibility to solve in polynomial time the Solvability problem (S), one
could solve in polynomial time the Feasibility problem and thus — the original problem .

First of all, we solve (S) — we already know how to do it in polynomial time. If the answer in (S) is
“no”, then is unsolvable, and we are done. It remains to consider the case when the answer in (S)
is “yes”; here we should point out explicitly the solution to the system

(*0): Pz<p, 2>0.

Let us act as follows. Take the first inequality Pz < p; in the system Pz < p and make it equality.
This will give us a new system (*]) of, basically, the same bit size. as the one of (*y). Let us check in
polynomial time whether this new system is solvable. If it is so, let (*;) be the system obtained from
(*o) by replacing the first inequality with the equality; note that this system is solvable, and all solutions
to it are solutions to (*o). If (*7) is unsolvable, it means that the hyperplane IT = {P{z = p;} does not
intersect the solution set of (*j). Since the latter set is nonempty and convex, the only possibility for
the hyperplane IT not to intersect this set is when the inequality Pz < p; is redundant in system (*)
— when eliminating this inequality from the system, we do not vary the solution set. If it is the case, let
us define (*1) as the system obtained from (*g) by eliminating the first inequality.

Let us look what we get. Solving in polynomial time problem (S) associated with the system (*)
with basically the same bit size as the one of , we have updated the initial system of inequalities

5The proof (T skip the details) is completely similar to that one of Lemma we again exploit the fact that
f* is the optimal value in certain LP program with integer data of the polynomial in Lo total bit size, namely, in
the program
ntlin{t :t>(P2)i—pi,i=1,..,N, 0< 2, < 2l21

The optimal value in this problem is achieved at an extreme point, and this point, same as in Lemma [8.4.1} is
rational with not too large numerators and denominators of the entries. Consequently, the optimal value of ¢ is
rational with not too large numerator and denominator, and such a fraction, if positive, of course, is not too close
to 0.
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(*o) into a new system (*;); this new system is solvable, and every solution to it is a solution to (*p) as
well, and the new system has one inequality less than the initial system.

Now let us apply the same trick to system (*;), trying to make the equality the second inequality
Pfz < py of the initial system; as a result, we will “kill” this second inequality — either make it the
equality, or eliminate it at all — and all solutions to the resulting system (*3) (which for sure will be
solvable) will be solutions to (*;) and, consequently, to the initial system (*p).

Proceeding in this manner, we in M steps (M is the row size of P) will “kill” all the inequalities
Pz < p - some of them will be eliminated, and some - transformed into equalities. Now let us kill in
the same fashion the inequalities z; > 0, ¢ = 1,..., N. As a result, in N more steps we shall “kill” all
inequalities in the original system (*), including the nonnegativity ones, and shall end up with a system
of linear equations. According to our construction, the resulting system (*;;4n) will be solvable and
every solution to it will be a solution to (*p).

It follows that to get a solution to (*p) it remains to solve the resulting solvable system (*pr4n) of
linear equations by any standard Linear Algebra routine (all these routines are polynomial).

Note that the overall process requires to solve N + M Solvability problems of, basically, the same bit
size as and to solve a system of linear equations, again of the same bit size as ; thus, the
overall complexity is polynomial in the size of .

The proof of polynomial time solvability of LP over Rationals — which might look long and dull — in
fact uses absolutely simple and standard arguments; the only nonstandard — and the key one — argument
is the Ellipsoid method.

8.4.3 More History

Although the Ellipsoid method as applied to LP turns out to be polynomial — and therefore, theoretically,
much more efficient than the non-polynomial Simplex method — in practical computations the Simplex
(which — it is a kind of mystery why — never works according to its disastrous theoretical worst case
efficiency bound) is incredibly better than the Ellipsoid method, so that it makes absolutely no sense to
think that the Ellipsoid method can be competitive with Simplex as a practical LP tool. Nevertheless,
the “complexity approach” to LP proved itself to be fruitful not only in theory. In 1984, N. Karmarkar
developed a new polynomial time algorithm for LP — the first of the interior point methods which are
in great fashion now — and this method turned out to be quite competitive with the Simplex method in
practical computations, not speaking about great theoretical advantage of polynomiality shared by the
method of Karmarkar.
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Lecture 9

Active Set and Penalty/Barrier
Methods

The traditional methods for general type constrained minimization problems

f(x) — min

gi(z) < 0,5=1,...k

with z € R™ (when saying “general type problems”, I mean not necessarily convex ones; Convex Pro-

gramming is another and much nicer story) can be, roughly speaking, separated into the following four
groups:

e primal methods, where we try to act similarly to what we did in the unconstrained case — i.e., to
move along the feasible set in a way which ensures, at each step, progress in the objective;

e barrier and penalty methods, where we reduce (P) to a series of “approximating” the problem
unconstrained programs;

e Lagrange multipliers methods, where we focus on the dual problem associated with (P); this dual
problem is either unconstrained one (when (P) is equality constrained), or has simple nonnegativity
constraints (when (P) includes inequalities) and is therefore simpler than (P). When solving the
dual problem, we get, as a byproduct, approximate solutions to (P) itself. Note that a posteriori the
Lagrange multiplier methods, same as the penalty /barrier ones, reduce (P) to a sequence of uncon-
strained problems, but in a “smart” manner quite different from the straightforward penalty/barrier
scheme;

e SQP (Sequential Quadratic Programming) methods. The SQP methods, in contrast to all previous
ones, neither try to improve the objective staying within the feasible set, nor approximate the
constrained problem by unconstrained ones, but directly solve the KKT system of (nonlinear)
equations associated with (P) by a kind of the Newton method.

This lecture is devoted to brief overview of the first two groups of methods; my choice is motivated
by the fact that these methods basically directly reduce the constrained problem to a sequence of un-
constrained ones, and it is easy to understand them, given our knowledge of technique for unconstrained
minimization.

Before passing to the main body of the lecture, let me make an important comment.

When solving an unconstrained minimization problem, we were aimed to find the optimal
solution; but the best we indeed were able to do was to ensure convergence to the set of
critical points of the objective, the set of points where the First Order Necessary Optimality

237
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condition — the Fermat rule — is satisfied. Similarly, the best we can do in constrained
optimization is to ensure convergence to the set of KKT points of the problem — those points
where the First Order part of Necessary Optimality condition form Lecture 4 is satisfied.
Whether it fits our actual goal or not — this is another story, sometimes with happy end
(e.g., in the case of convex problem a KKT point is for sure a globally optimal solution),
sometimes — not, but this is all we can achieve.

9.1 Primal methods

Warning: Throughout this Section, we make the following assumption on problem (P) in question:

Regularity: The problem is regular, i.e., it is feasible, the objective and the constraints are at least once
continuously differentiable, and every feasible solution x is a regular point for the system of constraints:
the gradients of the constraints active at x (i.e., satisfied at = as equalities) are linearly independent.
Just to start our considerations, let me briefly outline the idea of the oldest primal method — the Feasible
Directions one.

9.1.1 Methods of Feasible Directions

The Feasible Directions method can be applied only to a problem without nonlinear equality constraints.
To simplify considerations, assume that all our constraints are linear inequalities, so that the problem is

(LIP) mwin {f(2):g;(z)= a;‘-rx —b;<0, j=1,...,m}. [z€R"] (9.1.1)

The idea of the method is as follows: the First Order part Necessary Optimality conditions (the KKT
conditions) are “constructive”: if they are not satisfied at a given feasible solution x, then we can explicitly
point out a better — with a smaller value of the objective — feasible solution z ™.

Indeed, it is easily seen that when associating with a feasible solution x, linearization of (LIP) at x
— the auxiliary Linear Programming program

(P,) minf(y) = f(x) + (y — 2)"V(2)

subject to
9i(y) <0,j=1,..,m.

x is a KKT point of if and only if z is optimal solution to (P,) ..

From this “if and only if” statement we conclude that if = is not a KKT point of , then x is
not optimal solution to (P;). In other words (pass in (P,) from variable y to d = y — x), there exists a
descent direction d — direction satisfying

d'Vf(z) <0, gij(z+d) <0,j=1,..m.

When performing a small enough step in this direction, we improve the objective (by the same reasons
as in the Gradient Descent) and do not violate the constraints; after such a step is performed, we can
iterate the construction at the new point, an so on.

Normally, at a non-KKT point there exist many descent directions. In the Feasible Directions method
we choose the one which is “most perspective” — along which the objective decreases at the highest possible
rate. Of course, to choose the most perspective direction, we should normalize somehow the candidates.
The standard normalization here is given by the restriction

|di| <1,i=1,...,n, (9.1.2)
so that the direction in question is the solution to the following LP program:

mdin{dTVf(x) 1gi(x+d)<0,j=1,...,m,|d;| <1,i=1,..,n}. (9.1.3)
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Normalization instead of more natural normalization like |d| < 1 is motivated by the desire for
the direction to be determined via an LP, and thus effectively solvable, program.

After the “most perspective” direction d is found, we define the largest stepsize -, let it be called 7,
among the stepsizes which keep the point z +~d feasible, and define the next iterate 7 via the linesearch
applied to f on the segment [0, 7]:

a* € Argmin{f(y) 1y =2 +7d, 0 <y <7}

Then we replace x with ™ and loop.

The outlined idea can be naturally extended onto inequality constrained problems with nonlinear
constraints, but we are not going to discuss this issue in more details. What should be said is that
Feasible Directions methods almost never are used in practice — too often they turn out to be too
slow, even in “good” — linearly constrained — situations. Much better methods for linearly constrained
optimization are Active Set methods which we are about to consider.

9.1.2 Active Set Methods

Consider a linearly constrained problem (P) — one with linear inequality and equality constraints, and let
G be the feasible domain of the problem. For the sake of convenience, assume that there are no equality
constraints at all — we always can make it the case replacing the entire R™ by the affine set given by the
equality constraints.

The feasible domain G of the problem is given by finite set of linear inequalities, so that it is a
polyhedral set. We may classify all feasible solutions to the problem — all points of G — according to
which constraints are active at these solutions, so that an arbitrary subset I of the set Z = {1,...,m}
of constraint indices defines a “face” G in G; G is composed of all feasible solutions x such that the
constraints g; with indices from I are active at 2 (when I is empty, then, by definition, Gy is the entire
G). For some I, the faces Sy can be empty; from now on, we shall not be interested in these “empty
faces” and will call faces only those of the sets G; which are nonempty. For each face Gy, let St be affine
set given by the system of linear equalities

gi(x) =0,i €1,

so that Gy is a polyhedral set in Sy; to get this set, we should add to the linear equalities defining Sy
linear inequalities
gi(x) <0,i & 1.

From the Regularity assumption it follows that a face G is a polyhedral set of affine dimension exactly
n — Card(I), where Card(I) is the number of elements in the set I, and that affine dimension of the affine
set St also is n—Card(]); in other words, Sy is the affine span of G;. Gy — the only face of affine dimension
n - is the entire G; the boundary of G is composed of facets — (n — 1)-dimensional polyhedral sets Gy
associated with one-element sets I. The relative boundary of a facet is composed of (n — 2)-dimensional
faces G corresponding to 2-element sets I, and so on, until we come to 1-dimensional edges — faces G
associated with (n— 2)-element sets I — and vertices — faces of dimension 0 given by n-element sets I. The
simplest way to get an impression of this face structure of G is to imagine a 3D cube given by 6 linear
inequalities ; —1 <0, —1 — 27 <0, ¢ =1,2,3. Here we have one 3-dimensional facet — the entire cube;
it is bounded by 6 2-dimensional facets, each of them being bounded by 4 1-dimensional edges (there are
totally 12 of them). And edges, in turn, are bounded by 0-dimensional vertices (totally 8).

9.1.2.1 Active Set scheme: the idea

Now let us look at our optimization problem, where we should minimize a smooth objective over G. Just
to explain the idea of the active set methods, assume for a moment that the objective is strongly convex,
so that there is exactly one KKT point 2* in our problem, which is the global solution. Let us denote by
I* the set of indices of those constraints which are active at *; then x* belongs to the relative interior of
the face G+ (the constraints active at «* participate in the description of the affine span Sy« of G+, and
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the remaining constraints are satisfied at «* as strict inequalities). Since z* is globally optimal solution
to our problem, it is also optimal solution to the problem

mwin{f(x):xEGp},

(since the feasible set of the latter problem contains z* and is contained in G), and since x* is a relative
interior point of G+, it is a local solution to the problem

(Pr+) n;ln{f(x) cxe S}

But the objective f is strongly convex, so that z* is a local solution to the latter problem if and only
if it is a global solution to it, and such a solution is unique. It follows that if we were clever enough to
guess in advance what is I*, we could solve instead of our original problem (P) the problem (Py«). Now,
the problem (Pj+) is actually unconstrained — we could choose orthogonal coordinates in the affine set
S+, express the n original coordinates of a point x € Sy« as linear functions of these new coordinates
and substitute these expressions into f, thus getting a function f of k = dim S+ new coordinates — the
restriction of f onto Sy-. Problem (P;-) clearly is equivalent to unconstrained minimization of f, so that
it can be solved via unconstrained minimization machinery already known to u.

We see that if we were clever enough to guess what are the constraints active at the optimal solution,
we would be able immediately reduce our constrained problem to an unconstrained one which we already
know how to solve. The difficulty, of course, is that we never are that clever to guess the active constraints.
The idea of the Active Set methods is to use at every iteration t certain current guess I;_1 of the actual
“active set” I and act as if we were sure that our guess is exact, until current information will say to us
that the guess is false. When it happens, we somehow update the guess and proceed with the new one,
and so on. Now let us look how this idea is implemented.

9.1.2.2 Active Set scheme: implementation

At an iteration ¢ of an Active Set method, we have current feasible iterate x;_; along with current working
set I;_1 — a subset of the set Z = {1,...,m} of indices of our constraints; I;_; is composed exactly of
indices of the constraints which are active at x;_1. At the iteration, we perform from x;_1 one step of a
chosen method for unconstrained minimization as applied to the problem

(Py) rrgn{f(x) cxe STl = Slt—l};

as it was already explained, this latter problem is, essentially, an unconstrained one. The only assumption
on the method we use is that it is of our standard structure — if x;_1 is not a critical point of f on our
current working plane S'=!' = S, |, i.e., if the orthogonal projection of V f(z;_1) on the working plane
is nonzero, the method chooses somehow a descent direction d; of f at x;_; in the working plane and
uses a kind of line search to perform a step in this direction which reduces the value of the objectiv .

Assume that x;,_; is not a critical point of f on the current working plane S*~!, so that d, is well-
defined descent direction of the objective. When performing line search in this direction, let us impose
on the stepsize 7; the restriction as follows:

'-Ytéf}/t*7

D In actual computations, people do not use literally this way to solve (Pr+) — instead of explicit parame-
terization of Sy~ and then running, say, a Quasi-Newton method in the new coordinates, it is computationally
better to work with the original coordinates, modifying the method accordingly; this algorithmic difference has no
importance for us, since the trajectory we get is exactly the same trajectory we would get when parameterizing
Sr« and running the usual Quasi-Newton in the coordinates parameterizing the affine set Sy=.

2) Please note slight incorrectness in the above description. Rigorously speaking, we were supposed to say
“orthogonal projection of the gradient on the linear subspace of directions parallel to the working plane” instead
of “orthogonal projection of the gradient on the working plane” and “direction d; parallel to the working plane”
instead of “direction d; in the working plane”; exact formulations would be too long



9.1. PRIMAL METHODS 241

where 7 is the largest stepsize which keeps the shifted point in the face G*~! = G, ,:

vf =sup{y > 0| gi(xs—1 +vd) <0, & I;_1}.

Note that the situation is as follows: since I;_; is exactly the set of indices of the constraints active at
Zi_1, 1 is relative interior point of the face G*~!; since the direction d; is a direction in the current
working plane S*~!, an arbitrary step from x,_; in this direction keeps the shifted point in S*~! —i.e., the
shifted point for sure satisfies the constraints which were active at x;_1. A too large step, however, may
make the shifted point to violate one or more of the constraints which were nonactive at x*; v} is exactly
the largest of those steps for which this bad thing does not occur. It is clear that small enough steps
from x;_1 in the direction d; keep the shifted point within the feasible domain, so that ~; is positive. It
may happen that v, is 400 — an arbitrarily large step in the direction d; keeps the shifted point feasible;
but in the case when ~; is finite, the point 7 = z;_; + ~;d; for sure belongs to the relative boundary
of the face G*~1, i.e., the set of constraints active at x; is strictly larger than the set {g;,i € I;_1} of
constraints active at x;_1.
Now let us look at the new iterate
Ty = Ty—1 + Yedy

given by our method for unconstrained minimization with the above restriction on the stepsize. There
are two possibilities:

e v; < ~;. It means that z; is in the relative interior of the face G'~1, so that the set of indices I; of
the constraints active at z; is exactly the same as I;_, and the new working plane S* = S 1, 1s the
same as the old working plane S*~!; in this case the next iteration will deal with the same problem
(P;) and will simply perform a new step of the chosen method for unconstrained minimization of
f over the old working plane;

e v, = ~;. It means that 2; is on the relative boundary of the face G!~!, i.e., that the set I; of indices
of the constraints active at x; is strictly larger than I; | — some constraints which were nonactive
at z,_1 become active at z;. In this case the new working plane St = S, is strictly less than the
previous one; in other words, we have shrunk the working plane, and the next iteration will deal
with a new problem (P.y;) — the one of minimizing f on the new working plane. In other words,
we have corrected our guess for the actual active set I* by extending the previous guess I;_1 to a
new guess I;.

Now let us look what will eventually happen in the outlined process. During a number of iterations, it
will work with our initial guess Iy, solving the problem of unconstrained minimization of f on the initial
working plane Sy,. Then the guess will be corrected, the working plane — shrunk, and the method will
switch to minimization of f on this new working plane. After several steps more, the working plane
again will be shrunk, and so on. It is clear that there could be at most n switches of this type — the
initial working plane is of the dimension at most n, and each time it is shrunk, the dimension of the new
working plane is reduced at least by 1. It follows that, starting from some iteration, the method all the
time will work with a fixed working plane and will solve the problem of minimizing f on this working
plane. Assuming the method for unconstrained minimization we use globally converging, we conclude
that the trajectory of the method

e cither will be finite and will terminate at a critical point of f at the current working plane,

e or will be infinite, and all limiting points of the trajectory will be critical points of the objective
at the current working plane.

With a reasonable idealization, we may assume that in course of running the method, we eventually will
find a critical point of the objective at the current working plan. Let us look what can be the situation

3) As we shall see, sometimes this is even not an idealization. In the general case it, of course, is an idealization:
minimizing the objective over a fixed working plane, we normally never will reach the set of exactly critical point
of f on the plane. In actual computations, we should speak about “e—critical points” — those where the gradient
of the objective reduced at the working plane, i.e., the orthogonal projection of V f onto the plane, is of norm at
most €, € being a small tolerance; such a point indeed will be eventually reached
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when it happens — our current iterate x; turns out to be a critical point of f on the current working plane
St. In other words, assume that the gradient of f at the point x; is orthogonal to all directions parallel
to the affine plane

St ={z| gi(x) =0,i¢€ L},

I; being the set of indices of the constraints active at x;. The set of directions parallel to S? is the linear

subspace
L'={d| d"Vg;=0,i¢c L},

and the vector V f(z¢) is orthogonal to L' if and only if it is a linear combination of the vectors Vg;,
i € I; (see the results of Lecture ?? on the structure of the orthogonal complement to a linear subspace
given by a system of homogeneous linear equations). In other words, we have

V@) +Y AiVg =0 (9.1.4)
i€l,

with properly chosen coefficients \;. Note that these coefficients are uniquely defined, since from Regu-
larity assumption it follows that the vectors Vg;, i € I;, are linearly independent.
There are two possibilities:

e A. The coefficients \;, ¢ € I, are nonnegative. It means that z; is a KKT of the problem (P), \;
being the Lagrange multipliers certifying this fact.

e B. At least one of the coefficients )\; is negative.

In the case A we have reached our target — have found a KKT point of the original problem — and can
terminate. What to do in the case B? The answer is as follows: in this case we can easily find a new
iterate which is feasible for (P) and is better than x, from the viewpoint of the objective. To see it,
assume for the sake of definiteness that 1 € I; and \; is negative, and let d be the orthogonal projection
of =V f(x) on the plane

Lr={h| h'Vg =0,iecI}, I=TIL\{1}.

We claim that d is a nonzero direction which is descent for the objective and is such that
d'Vg, <0. (9.1.5)

Before proving this simple fact, let us look at it consequences. Let us perform a small step v > 0 from
x; along the direction d and look what can be said about the shifted point

T =z, + td.

Since d belongs to the plane Lj, d is orthogonal to the gradients of the constraints g; with the indices
1 € I; all these constraints are active at x;, and due to the indicated orthogonality they, independently
of 7, will be satisfied as active constraints also at +. The constraints which were not active at z;, will
remain nonactive also at z™, provided that v is small. All we need is to understand what will happen
with the constraint ¢g; which was active at x;. This is clear — from it follows that this constraint
will be satisfied and will be nonactive at z* whenever v > 0. Thus, for small positive v 7 will be
feasible, and the constraints active at 1 are exactly those with indices from I. And what about the
objective? It also is clear: it was claimed that d is a descent direction of the objective at ¢, so that small
enough step from x; along this direction reduces the objective. We see that the step

Ty > Ty = Xy +7d

with properly chosen stepsize v > 0 strictly reduces the objective and results in a new iterate x, still
feasible for (P), with I;11 = I. Thus, when the above process “gets stuck” — reaches a feasible solution
which is a critical point of f on the current working plane, but is not a KKT point of (P) — we can
“release” the process by a step which improves the objective value and extends the current working plane
(since Iy 1 = I is strictly less than I;_, the new working plane S'*! is strictly larger than S*).
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Incorporating in our scheme this mechanism of extending working planes whenever the method reaches
a critical point of the objective in the current working plane, but this point is not a KKT point of the
problem — we get a descent method (one which travels along the feasible set, each iteration improving
the objective) which can terminate only at a KKT point of the problem, and this is what is called an
Active Set method. In fact the presented scheme is an “idealized” method — we have assumed that the
method for unconstrained minimization we use, being applied to the problem of minimizing f on a fixed
working plane, will eventually find a critical point of f on this plane. For a general-type objective this
is not the case, and here in actual computations we should speak about “nearly critical, within a given
tolerance, points”, pass to approximate versions of (9.1.4)), etc.

To proceed, we should prove the announced statement about the direction d. This is immediate:

since d is orthogonal projection of —V f(x;) on Ly, this vector is orthogonal to all Vg; with
i € I, and the inner product of d with V f(z;) is —|d|?>. With these observations, multiplying

(9.1.4) by d, we get
—|d* + M\d" Vg, =0,

and since \; is negative, we conclude that d” Vg, is negative whenever d is nonzero. To
prove that d indeed is nonzero, note that otherwise V f(z;) would be orthogonal to L; =
{Vg;i € I}*, ie., would be a linear combination of the vectors Vg;, i € I, or, which is
the same, along with equality there would exist similar equality not involving Vg;.
This is impossible, since from the Regularity assumption it follows that the coefficients in
a relation of the type are uniquely defined. Thus, indeed takes place and d
is nonzero; since, as we already know, d?V f(z;) = —|d|?, d is a descent direction of the
objective. m

9.1.2.3 Active Set Scheme: convergence

The convergence properties of an Active Set method are given by the following

Theorem 9.1.1 Assume that linearly constrained problem (P) in question possesses the following prop-
erty: for every subset I of the index set T = {1,...,m}, the number of those critical points of f on Sy
which belong to Gy is finite. Then the idealized Active Set method terminates with a KKT point of (P)
in finitely many steps.

Proof is immediate: the only possibility for the method to terminate is to find a KKT point of the
problem. Assume that the method does not terminate, and let us lead this assumption to a contradiction.
Let us call a phase the sequence of iterates between two subsequent extensions of the working plane. If
the method does not terminate, the number of phases clearly is infinite: indeed, during a phase, the
method for some (according to our idealization, finite) number of iterations deals with certain working
plane, then shrinks it and deals for finitely many iterations with the shrunk working plane, and so on;
the number of these shrinkages in course of one phase, as we remember, cannot be more than n, so
that the phase is composed of finitely many iterations; it follows that the number of phases indeed is
infinite. On the other hand, at the end of a phase the method is at the critical point of the objective on
the current working plane; since the method travels along the feasible set of (P), this point belongs to
the corresponding face of G. There are finitely many working planes and, by assumption, finitely many
belonging to G critical points of the objective on a fixed working plane, so that there are only finitely
many “final positions” — the points x; which could be final iterates of the method at a phase. Since the
# of phases is infinite, it follows that the method is enforced to visit some of these final positions many
times, which is impossible: from the description of the method it follows that the method is descent — it
all the time reduces the objective — and, consequently, it never can visit the same point twice. m

9.1.2.4 Standard applications: Linear and Quadratic Programming

Problems most convenient for the Active Set scheme are those where the above “idealization” is in fact
not an idealization — linearly constrained problems where the minimization of the objective over a given
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working plane is easy. There are two very important generic families of optimization problems fitting this
requirement — Linear and Linearly Constrained Convex Quadratic Programming.

Linear Programming: not only the constraints in (P) are linear inequalities, but also the objective
is linear. In this case the above Active Set scheme becomes as follows:

We start from a feasible solution zy and try to minimize our linear objective on the corresponding
working plane S°. If this plane is of positive dimension and the problem is below bounded (which we
assume from now on), then the first step — minimization of the objective in a chosen descent direction of
it in the working plane — will bring us to the boundary of the initial face G°, the working plane will be
shrunk, and so on, until the working plane will not become 0-dimensional, i.e., we will find ourselves at a
vertex of the feasible domai. Starting with this moment, the procedure will be as follows. Our current
working plane is a singleton which is a vertex of the feasible domain, and there are exactly n inequality
constraints active at the iterate (recall that we are under the Regularity assumption!). Of course, this
iterate is the critical point of the objective on the (0-dimensional) current working plane, so that we have
relation . If current \’s are nonnegative, we are done — we have found a KKT point of the problem,
i.e., a global solution to it (the problem is convex!). If there is a negative JA, it gives us extended by one
dimension new working plane along with a new iterate in the corresponding one-dimensional face of the
feasible domain. The subsequent step from this new iterate will bring us to a boundary point of this
one-dimensional face, i.e., to a new vertex of the feasible domain, and will shrink the working plane by
one dimension — it again will become 0-dimensional, and so on. As a result of two subsequent iterates

vertex — better point on 1-dimensional face — better vertex

we simply move from a vertex to a new vertex (linked with the previous one by an edge), each time
improving the value of the objective, until we reach the optimal vertex. As you have already guessed,
what we get is the usual Simplex method.

Linearly Constrained Convex Quadratic Programming. Now assume that the constraints
in (P) are linear, and the objective
flx) = %xTAx + bz

is a strongly convex quadratic form (A is a positive definite symmetric matrix). Problems of this type
are extremely important by their own right; besides this, they are the auxiliary problems solved at
each iteration of several general purpose optimization methods: the Sequential Quadratic Programming
method for smooth nonconvex constrained optimization (this method is very popular now), Bundle
methods for large-scale nonsmooth convex optimization, etc.

Quadratic Programming is a very convenient application field for the Active Set scheme, since here
we can explicitly minimize the objective on the current working plane S;. Indeed, representing S; by the
set of linear equations:

S1={x| Pz =p},

P being a matrix of full row rank with the rows (Vg;)7, i € I, we observe that the necessary (and also
sufficient — f is convex!) condition for a point z € S to minimize f on S is the existence of multiplier
vector A of the same dimension as p such that

Ar+b+PT"A = 0

Pr = p (9.1.6)
(you can look at this system as at the KKT optimality condition or simply observe that z € Sy is the
minimizer of f on Sy if and only if V f(z) = Ax + b is orthogonal to the linear subspace {h | Ph = 0} of
the directions parallel to S, which in turn is the case if and only if V f(x) can be represented as a linear
combination of rows of P, i.e., as —PT\ for some \).

Ywe ignore the degenerate case when the objective is constant on a non-singleton face of G
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What we get is a square system of linear equations with unknowns z and A, and you can easily
T

prove that the matrix P o

solution; z-component of this solution is exactly the minimizer of f on S.

With the possibility to find a minimizer of our strongly convex quadratic form on every working plane
St in one step, just by solving the corresponding linear system, we can implement the Active Set scheme
to find global minimizer of the function f on the polyhedral set G as follows:

of the system is nonsingula. Consequently, the system has a unique

At an iteration t, we have a feasible solution x;_1 to the problem along with certain set J;_1
of indices of constraints active at ;1 (this set can be the set I;_; of indices of all constraints
active at x;_1 or can be less than the latter set), and define the current working plane S*~!
as Sjt—l .

In course of iteration, we act as follows:

1) Find, as explained above, the minimizer x;” of f on the working plane S*~!, and check
whether this point is feasible for the problem. If it is the case, we go to 2), otherwise to 3).

2) If o is feasible for the problem, we check whether the Lagrange multipliers A\ associated
with this point as the solution to the problem

mmm{f(x) rxe ST

are nonnegative; note that these Lagrange multipliers are given by the A-part of the same
system (9.1.6) which gives us z;. If all the Lagrange multipliers are nonnegative, we ter-
minate — z; is a KKT of (P), i.e., is a global solution to the problem (the problem is
convex!). If some of \'s are negative, we choose one of these negative \’s, let the index of
the corresponding constraint be ¢, and set

Ty = ifj, Jt = thl\{i}.

The iteration is complete.

3) If ;" is infeasible for (P), we find the largest possible v such that the point z; = ;| +
y(xf — ;) is feasible for (P) and define J; as the set of indices of all constraints which are

active at x;. The iteration is complete.

Using the reasoning outlined when motivating the Active Set scheme, one can easily verify that under our
assumptions (feasibility of the problem, regularity of the system of (linear) constraints at every feasible
point + strong convexity of the quadratic objective) the presented method terminates after finitely many
steps with global solution to the problem. Let me stress that in spite of the fact that theoretically this
Active Set algorithm for Linearly Constrained Convex Quadratic Programming, same as the Simplex
method for Linear Programming, may be bad — perform an exponential in the number m of constraints
amount of iterations — its practical behaviour typically is very nice, and there are strong experimental
reasons to qualify this method as one of the best practical tools of Quadratic Programming.

We would also add that in principle the Active Set methods can be extended from the case of
linear constraints to the general nonlinearly constrained case, but here they become too slow because of
difficulties with travelling along “curved” working surfaces, which now replace “flat” working planes.

9.2 Penalty and Barrier Methods

Now let us look at the penalty and the barrier methods; as far as the underlying ideas are concerned,
these methods implement the simplest approach to constrained optimization — approximate a constrained
problem by unconstrained ones. Let us look how it is done.

5) here is the proof: assume that Ah + PTv =0, Ph = 0; we should prove that k = 0, = 0. Multiplying the
first equation by AT and taking into account the second equation, we get hT Ah = 0; since A is positive definite,
we conclude that h = 0. Now the first equation reads PTv = 0, and since P is of full row rank, v = 0.
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9.2.1 The idea

The Penalty Scheme: equality constrained case. To get the idea of the construction, consider
an equality constrained problem

(ECP) mzin {f(x): hi(x)=0,i=1,..,m} [z€R".

In order to approximate this constrained problem by an unconstrained one, let us add to our objective a
term which “penalizes” violation of constraints; the simplest term of this type is

1 &,
§pzlhi($)7

where p > 0 is “penalty parameter”. This term is zero on the feasible set and is positive outside this set;
if p is large, then the penalizing term is large everywhere except tight neighbourhood of the feasible set.

Now let us add the penalty term to the objective. From the above discussion it follows that the
resulting “combined objective”

@) = (@) + 50D HE() (9:2.1)

possesses the following properties:
e at the feasible set, it coincides with the actual objective;

e for large p, is large outside tight neighbourhood of the feasible set (indeed, outside such a neigh-
bourhood the penalty term becomes larger and larger as the penalty parameter grows, while the
objective remains as it was).

From these properties it immediately follows that

lim f,(z) = { f(x), x feasible

p—r00 +o00, otherwise’

Thus, we could say that the limit of f, as p — oo is the function taking values in the extended real
axis (with 400 added) which coincides with f on the feasible set and is 400 otherwise this set; it is clear
that unconstrained local/global minimizers of this limit are exactly the constrained local, respectively,
global minimizers of f. This exact coincidence takes place only in the limit; we could, anyhow, expect
that “close to the limit”, for large enough values of the penalty parameter, the unconstrained minimizers
of the penalized objective are close to the constrained minimizers of the actual objective. Thus, solving
the unconstrained problem

mminfp(x)

for large enough value of p, we may hope to get good approximations to the solutions of (ECP). As we
shall see in the mean time, under mild regularity assumptions all these “could expect” and “may hope”
indeed take place.

The Penalty Scheme: general constrained case. The idea of penalization can be easily
carried out in the case when there are inequality constraints as well. Given a general type constrained
problem

(GCP) ma}n{f(z) thi(z)=0,i=1,..,m, g; <0,7=1,...,k},

we could penalize the inequality constraints by the term

k

20> (g7 (@),

Jj=1
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where
a, a>0

+_ —
a —max[a,()}—{07 0<0

is the “positive part” of a real a. The resulting penalty term is zero at any point where all the inequality
constraints are satisfied and is positive (and proportional to p) at any point where at least one of the
inequalities is violated.

Adding to the objective penalty terms for both equality and inequality constraints, we come to the
penalized objective

m k
o) = @)+ 30 S W) + 50D (g () (922)
i=1 j=1

same as above, we can expect that the unconstrained minimizers of the penalized objective approach the
constrained minimizers of the actual objective as the penalty parameter goes to infinity. Thus, solutions
of the unconstrained problem

lein fp(x)v

for large p, are good approximations to the solutions of (GCP).

The Barrier Scheme. The idea of the barrier methods is similar; the only difference is that instead
of allowing violations of the constraints and penalizing these violations, we now prevent the constraints
to be violated by a kind of interior penalty which blows up to infinity as a constraint is about to be
violated. This “interior penalty” approach can be normally used in the case of inequality constrained
problems with “full-dimensional” feasible set. Namely, consider an inequality constrained problem

(ICP) min{f(x): g;() <0, =1,..k},

and assume that the feasible domain G of the problem is such that
o the interior int G of the domain G is nonempty, and every g; is strictly negative in int G
e every point from G can be represented as the limit of a sequence of points from the interior of G

Assume also, just for the sake of simplicity, that G is bounded.

Given problem with the indicated properties, one can in many ways define an interior penalty function
(also called a barrier) for the feasible domain G, i.e., a function F' defined on the interior of G and such
that

e [ is continuously differentiable on int G
e F(x;) — oo for any sequence of points x; € int G converging to a boundary point z of G

For example, one can set

F(z) = Z

= —9i(@)

(the Carrol barrier), or
k
F(z) =~ In(~g;(x))
j=1

(the logarithmic barrier), or something else.
Now consider the following “aggregate”:

1
Fy(z) = f(z) + ;F(m),

where p > 0 is penalty parameter. The function F), is well-defined and smooth on int G and goes to oo
along every sequence of points from int G converging to a boundary point of G (indeed, along such a
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sequence F' possesses the required behaviour, while f remains bounded due to continuity of the objective).
In particular, the level sets of F, — the sets of the type

{zeint G| F,(z) < a}

are close. Since they are also bounded (recall that G is assumed to bounded), they are compact sets,
and F,, being continuous on such a compact set, attains its minimum on it; the corresponding minimizer
clearly is a minimizer of F, on int G as well.

Thus, for every positive p the function F), attains its minimum on int G. At the same time, when
the penalty parameter p is large, F}, “almost everywhere in int G” is “almost equal” to f — indeed, due
to the factor L at F in F,, the contribution of the interior penalty term for large p is not negligible only
in a thin, the smaller the larger is p, neighbourhood of the boundary. From this observation it is natural
to guess (and it turns out to be indeed true) that the minimizers of F, on int G are, for large p, close to
the optimal set of (ICP) and could therefore be treated as good approximate solutions to (ICP).

Now, the problem

min F,(z)
x

is, formally, a constrained problem — since the domain of the objective is int G rather than entire R™.
Nevertheless, we have basically the same possibilities to solve the problem as if it was unconstrained.
Indeed, any descent (i.e., forming a sequence of iterates along which the objective never increases) method
for unconstrained minimization, as applied to F, and started at an interior point of G, never will come
too close to the boundary of G (since, as we know, close to the boundary F, is large, and along the
trajectory of the method F, is not greater than at the starting point). It means that the behaviour of
the method as applied to F), will, basically, be the same as if F}, was defined everywhere — the method
simply will not feel that the objective is only partially defined. Thus, the barrier scheme in fact reduces
the constrained minimization problem to an unconstrained one (or, better to say, allows to approximate
the constrained problem by “essentially unconstrained” problem).

After the ideas of penalty and barrier schemes are outlined, let us come to more detailed investigation
of the schemes.

9.2.2 Penalty methods

Let us investigate the penalty scheme in more details.

9.2.2.1 Convergence
The main questions we should focus on are

e Whether indeed unconstrained minimizers of the penalized objective f, converge, as p — oo, to
the solutions of the constrained problem?

e What are our possibilities to minimize the penalized objective?

For the sake of definiteness, let us focus on the case of equality constrained problem (ECP) (the results
for the general case are similar).
The first — and very simple — statement is as follows:

6)indeed, to prove closedness of a level set, let it be called L, is the same as to prove that if f,(z;) < a < o0
for certain sequence of points {z;} converging to a point z, then F,(z) < a (a closed set is by definition, the one
which contains the limits of all converging sequences composed of elements of the set). A priori  might be either
an interior, or a boundary point of G. The second possibility should be excluded, since if it is the case, then, due
to already indicated properties of F,, it would be Fj,(z;) — oo as ¢ — oo, which is impossible, since F), is above
bounded on every level set. Thus, z € int G; but then F), is continuous at z, and since F,(z;) < a and z; — =z,
1 — 00, we get F,(z) < a, as required.
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Theorem 9.2.1 Let the objective f in problem (ECP) possess bounded level sets:
f(z) = oo, |z| = o0,

and let (ECP) be feasible. Then, for any positive p, the set of global minimizers X*(p) of the penalized
objective f, is nonempty. Moreover, if X* is the set of globally optimal solutions to (ECP), then, for
large p, the set X} is “close” to X*: for any € > 0 there exists p = p(e€) such that the set X*(p), for all
p > ple), is contained in e-neighbourhood

X ={a| " eX": |z -2 <e}

of the optimal set of (ECP).

Proof. First of all, (ECP) is solvable. Indeed, let xo be a feasible solution to the problem,
and let U be the corresponding level set of the objective:

U={z]| f(z) < f(zo)}-

By assumption, this set is bounded and, due to continuity of f, is closed; therefore it is
compact. Further, the feasible set S of the problem also is closed (since the constraints are
continuous); consequently, the set

Up=UNS

— the set of all feasible solutions not worse, in terms of the values of f, then the feasible
solution zy — is bounded and closed, therefore is compact (and nonempty — it contains xg).
It is clear that the original problem is equivalent to the one of minimizing the objective over
Uy, and the latter problem, being a problem of minimizing a continuous function on compact
set, is solvable.

By similar reasons, every unconstrained problem
(P,) min f,(z)

also is solvable. We claim that

e the optimal value f}; of (P,) is not greater than the optimal value f* in (ECP);

e if 2} is an optimal solution to (P,), then
fx}) < f7 (9.2.3)
e the optimal set X*(p) of (P,) is contained in U.
Indeed, if z* is an optimal solution to (ECP), then
fo(@®) = f(z%) = [,

so that the optimal value in (P,) can be only < the one in (ECP), which justifies the first
claim. Further, due to nonnegativity of the penalty term we have

fxp) < fp(x,) = min fp(z) < fo(z") = f7,

which justifies the second claim. And this second claim immediately implies that z7 € U by
construction of U.

Our observations immediately result in the desired conclusions. Indeed, we already have
proved that X*(p) is nonempty, and all we need is to verify that, for large p, the set X*(p) is
contained in tight neighbourhood of X*. Assume that it is not the case: there exist positive
e and a sequence p; — oo such that X*(p;) is not contained in X}, so that one can choose

€
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xf € X*(p;) in such a way that x} is outside X}. According to the third claim, the points
x} belong to U and form therefore a bounded sequence. Passing to a subsequence, we may
assume that x] converge to certain point x as ¢+ — co. W claim that x is an optimal solution
to (ECP) (this will give us the desired contradiction: since zj — = € X*, the points a} for all
large enough ¢ must be in X} — look at the definition of the latter set — and we have chosen
x; not to be in X). To prove that z is an optimal solution to (ECP), we should prove that
f(z) < f* and that z is feasible. The first inequality is readily given by — it should
be satisfied for z, = xj, and the latter points converge to z; recall that f is continuous.
Feasibility of x is evident: otherwise h(z) # 0 and, since xf — = and h is continuous, for all
large enough 7 one has

* S %

1
[h(z7)| 2 a = 5 |h(z)| >0,

whence for these i
* * 1 * % a ok .
Too = Toi@0) = Spilh@DP + £(27) = Spi+ f(a7]) = 00, i = 00
(note that p; — oo, while f(z}) — f(x)), which contradicts our first claim. m

The formulated theorem is not that useful: we could conclude something reasonable from its state-
ment, if we were able to approximate the global solutions to (P,), which is the case only when f, is
convex (as it, e.g., happens when f is convex and the equality constraints are linear). What we indeed
need is a local version of the theorem. This version is as follows:

Theorem 9.2.2 Let * be a nondegenerate locally optimal solution to (ECP), i.e., a solution where the
gradients of the constraints are linearly independent and the Second Order Sufficient Optimality Condition
from Lecture is satisfied. Then there exists a neighbourhood V' of x* (an open set containing x*) and
p > 0 such that for every p > p the penalized objective f, possesses in V exactly one critical point x*(p).
This point is a nondegenerate local minimizer of f, and a minimizer of f, in V, and z*(p) — z* as
p — 0.

Proof. The simplest way to prove the theorem is to reduce the situation to the case when the
constraints are linear; this is the same approach we used to prove the Optimality Conditions
in Lecture The detailed proof is as follows (cf. the proof of the Optimality Conditions):

Since z* is nondegenerate, the gradients of the constraints at x* are linearly independent.
From the appropriate version of the Implicit Function Theorem (we again use this magic
Calculus tool) it follows that you can choose locally new coordinates y (nonlinearly related
to the original ones!) in which our m constraints will be simply the first coordinate functions.
Namely, there exist

e a neighbourhood V' of the point z*

e a neighbourhood W’ of the origin in R"

e a one-to-one mapping x = X (y) from W’ onto V' with inverse y = Y (z)
such that

e X(-) and Y (+) are continuously differentiable as many times as the constraints A (i.e.,
at least twice; recall that we once for ever restricted our considerations to problems
with twice continuously differentiable data)

e z* = X(0) (“z* in the coordinates y becomes the origin”)

e hi(X(y)) = yi, © = 1,...,m (“in y-coordinates the constraints become the first m
coordinate functions”).
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Now let us pass in (ECP) from coordinates x to coordinates y, which results in the problem
(ECP) - min {¢(y) = f(X(y)) : yi = hi(X (1)) = 0,0 =1,...,m};

this, of course, makes sense only in the neighbourhood W' of the origin in y-variables.

19, We claim that y* = 0 is nondegenerate solution to the problem (ECP’). Indeed, we
should prove that this is a regular point for the constraints in the problem (which is evident)
and that the Second Order Sufficient Optimality condition takes place at the point, i.e, there
exist \* such that the Lagrange function

(g N) = o) + 3 Aiws
=1

satisfies
VyL'(y*, A =0
and
T2 * *
d VyL’(y , A )d >0

for every nonzero vector d which is orthogonal to the gradients of the constraints of (ECP’).
And what we know is that there exists \* which ensures similar properties of the Lagrange

function
m

Lz, \) = f(z) + Y Aihi(w)

i=1
of the original problem at x = x*. What we shall prove is that the latter \* satisfies all our
needs in (ECP’) as well. Indeed, we clearly have

L'y, A7) = L(X (y), A"),
whence, denoting by X’(y) the n x n matrix of derivative of the mapping X (-) at y,
VL' (y* N = [X'(0)] Vo L(z*, 1) = [X'(0)]T0 =0

— y* = 0 satisfies the first order part of the Optimality condition.

Further, dTV,[h(X (y))] = d'[X'(y)]T V.h(X (y)), so that d is orthogonal to the gradients
of y; = hi(X(y)), i = 1,...,m, if and only if d = X’(0)d is orthogonal to Vh;(z*), i =
1,...,m. Note also that X’(0) is nonsingular (differentiate the identity Y (X (y)) = y to get
[X7(0)]7! = Y'(2*)), so that d is nonzero if and only if X'(0)d is.

Now let d be a nonzero vector which is orthogonal to the gradients of the constraints of

(ECP’). As it was just explained, d = X’(0)d is a nonzero vector orthogonal to the gradients
of h; at z*, and we have

ATV (" A)d = dT [V ly=y L(X (), A))d =
[differentiating twice the superposition in direction d]
d2
dT[X'(0))]"V2L(x, \*) X' (0)d + [V, L(z*, )\*)]Tﬁh:oX(td) =
[the second term is zero due to the origin of \*]
=d"V2L(z*,\*)d > 0

[again due to the origin of A*], and we see that the second order part of the required conditions
also is satisfied. m
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20, Now note that (ECP’) is a problem with linear constraints, so that the Hessian with
respect to y of the Lagrangian of the problem, independently of the values of the Lagrange
multipliers, is VZ(b(y). In particular, the “second-order part” of the fact that y* = 0 is
nondegenerate solution to (ECP’) simply says that H = V3¢(y*) is positive definite on the
plane

L={d| d;=0,i=1,...m}

(this the tangent plane at y* to the feasible surface of the problem). This is the key argument
in the proof of the following crucial fact:

(*) function
bo(y) = d(y) + %pz v;
i=1

— the penalized objective of (ECP') — is, for large enough p, strictly convex in a properly
chosen convex neighbourhood W of y* = 0, i.e., there exists small enough convex neighbour-
hood W C W' of y* = 0 (simply an open ball of certain small enough positive radius) and
p* > 0 such that

viébﬁ(y)
is positive definite whenever y € W and p > p*.

The proof of (*) goes through the following simple

Lemma 9.2.1 Let A be a symmetric n X n matriz and L be a linear subspace in R™, and
let P be the orthoprojector on L. Assume that matriz A is positive definite on L:

d"Ad > ald* VdeL
with certain o > 0. Then there exists p* such that the matriz
A+p(I—-P)
is positive definite whenever p > p* and is such that
dT(A+ p(I — P))d > %|d’|2 + g|d“|2 Vd € R",

d" = Pd and d' = (I — P)d being the projections of d onto L and onto the orthogonal
complement of L, respectively.

Moreover, p* can be chosen depending only on « and on an upper bound 8 for the norm

|A] = max |Ad|
d:|d|<1

of the matrixz A.
Proof. Let 8 > |A| and v > 0. We have
dY(A+ p(I — P))d=d"Ad + p|d"|? = (d' +d")TA(d' + d") + p|d"|* =
— (d/)TAd/ + Q(d/)TAd// T (d//)TAd// —‘y—p|d”‘2 >
[since (d')T Ad’ > a|d’'|? and, by Cauchy’s inequality,

[2(d")T Ad"| = 2|d'||Ad"| < 2|Al|d'||d"| < 28]d'||d"] < gld’l2 + Byld"[?

(note that [2uv| < v~ 1u? + yv? - this is nothing but the inequality between the
arithmetic and the geometric mean)]
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> aldP - %w Byl 4 pld 2.

Setting here v = %, we get
T Q2 252 12
A+ plI = P2 SIdP +[p— )|
choosing finally p* = % and assuming p > p*, so that p — 2%2 > £, we come to

d"(A+pl(I = P)d > S|d? + S|

forall p > p*. =

Now we are ready to prove (*). Indeed, since V2¢(y) is continuous in y and VZ¢(y*) is
positive definite on
L= {dl dl :O,i: 1,...,m},

we could choose
e small enough ball W centered at y* = 0 and contained in W’

e small enough positive a

e large enough positive S

such that
d"V?¢(y))d > ald]*, y e W,d € L,

P being the orthoprojector on L, and

[V2o(y)| < B,y € W.

Now note that

m

é(y) + g > vt

i=1

V29,(y) = V2 = V2(y) + p(I - P),

P being the orthoprojector onto L. According to Lemma[0.2.1] there exists p* > 0 such that
all the matrices

v2¢p (y)

corresponding to y € W and p > p* are positive definite, moreover, satisfy
dT[V2¢,(y))d > %|d’|2 + g|d”\2, d = Pd,d" = (I — P)d. (9.2.4)

Thus, whenever p > p*, the Hessian of the function ¢, is positive definite in W, so that ¢,
is convex in W.

4%, Let p > p*. From (9.2.4)) it immediately follows that
! P
oY) = 8p(0) +y" Vyd(0) + L1y I* + L W"1*, ' = Py, y" = (I = P)y". (9.2.5)
The gradient of ¢, at y* = 0 is, first, independent of p (it is simply the gradient of ¢ at the

point) and, second, is orthogonal to L, as it is given by the “first order part” of the fact that
y* = 0 is a nondegenerate solution to (ECP’). Consequently, (9.2.5)) can be rewritten as

Dp(y) > 6,(0) + (y") " g+ %Iy’IQ + g\y”|2, (9.2.6)
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g = V,0(y*) being a once for ever fixed vector. From this relation it easily follow

(**) there exists p > p* such that ¢,(y) > ¢,(0) whenever p > p and y is a boundary point
of the ball W.

Now let p > p. The function ¢,, being continuous on the closure of W (which is a closed
ball, i.e., a compact set), attains its minimum on cl W, and, due to strong convexity of the
function, the minimizer, let it be called y*(p), is unique. By (**), this minimizer cannot be
a boundary point of cIW — on the boundary ¢, is greater than at y* = 0, i.e., it is a point
from W. Since ¢, is smooth and y*(p) € W, y*(p) is a critical point of ¢,. There is no other
critical point of ¢, in W, since ¢, is convex and therefore a critical point of the function
is its minimizer on clW, and we know that such a minimizer is unique. Note that y*(p)
is a nondegenerate local minimizer of ¢,, since ¢, is with positive definite Hessian. Last,
y*(p) = y* =0 as p — oo. Indeed, we have

0p(y"(p)) < 6,(0),
whence, denoting yr,(p) = Py*(p), y+(p) = (I — P)y*(p) and applying (0.2.9),
9"y (p) + Sl + Ly ()P <0,
or, with the Cauchy inequality,

@]
9llyr- ()] = S lyr (o) + 2y (o).
4 4

From this inequality it immediately follows that |y;1(p)] — 0 as p — oo (why?), and with
this observation the same inequality results also in |y.(p)] — 0, p — o0, so that indeed
y*(p) = y* =0, p— 0.

59. Thus, we have established the statement we are going to prove — but for the “locally
equivalent to (ECP)” problem (ECP’) rather than for the actual problem of interest: we
have pointed out a neighbourhood W of the point y* such that the penalized objective ¢, of
(ECP’), for all large enough p, has in this neighbourhood exactly one critical point, which
is a nondegenerate minimizer of ¢, in the neighbourhood; and as p — oo, this critical point
y*(p) converges to y* = 0. Now let us take the image V' of W under our substitution of
variables mapping y — X (y). We will get a neighbourhood of z*, and in this neighbourhood
we clearly have

folz) = 6, (Y (2)).

Now, Y is one-to-one differentiable mapping of V' onto W with differentiable inverse X; it
immediately follows that a point « is a critical point (or a minimizer) of f, in V" if and only
if Y(z) is a critical point, respectively, a minimizer of ¢, in W; in particular, for p > p f,

Dhere is the derivation: we should prove that

«@

W) g+ Sl P+ Ey P >0

4 4
whenever y is on the boundary of W and p is large enough; recall that W is centered at the origin ball of certain
radius > 0. Denoting s = |y”|? and taking into account that |y'|* = 72 — s and (y")Tg > —cs'/? by Cauchy’s
inequality, we reduce the problem in question to the following one: prove that

o)

() min 6,(s), ,(s) = [47" + us—c\/g}

0<s<r2 4

is positive, provided that p is large enough. This is evident (split the entire segment [0, r2] where s varies into
the segment A where cs'/? < %rz — in this segment 6,(s) is positive whenever p > a — and the complementary
segment A’, and note that in this complementary segment s is bounded away from zero and therefore 6, for sure
is positive for all large enough values of p.
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indeed possesses unique critical point z*(p) = X (y*(p)) in V, and this is the minimizer of
fp,in V. As p = oo, we have y*(p) = y* = 0, whence z*(p) — X(0) = z*. The only
property of z*(p) we did not verify so far is that it is nondegenerate local minimizer of f,,
i.e., that V2 f,(z*(p)) is positive definite; we know that it is the case for ¢, and y*(p), but
our substitution of variables is nonlinear and therefore, generally speaking, does not preserve
positive definiteness of Hessians. Fortunately, it does preserve positive definiteness of the
Hessians taken at critical points: if Y (z) is twice continuously differentiable mapping with
differentiable inverse and 1 is such that V,1(g) = 0, § = Y (%), then, as it is immediately
seen, the Hessian of the composite function g(z) = (Y (z)) at the point Z is given by

Vig(@) = [Y'(@)]"Viv(@)Y'(z)

(in the general case, there are also terms coming from the first order derivative of ¥ at g
and second order derivatives of Y (), but in our case, when g is a critical point of v, these
terms are zero), so that V2g(z) is positive definite if and only if Viw(gj) is so. Applying this
observation to ) = ¢, and § = y*(p), we obtain the last fact we need — nondegeneracy of
x*(p) as an unconstrained local minimizer of f,. m

9.2.2.2 Properties of the path z*(p)

In this subsection we assume that we are in situation of Theorem [9.2.2} our goal is to establish several
useful properties of the given by the Theorem path of unconstrained minimizers x*(p),p > p of the
penalized objective in the neighbourhood V' of z*. The properties are as follows

o Let
XM (p)={z e V[ |h(@)] < (=" (p))]}-
Then
x*(p) € Argmin f(z) (9.2.7)
z€XT(p)

(“x*(p) minimizes f on the set of all those points from V where the constraints are violated at
most as they are violated at z*(p)”).

Indeed, z*(p) evidently belongs to X+ (p); if there were a point z in X (p) with f(z) < f(z*(p)), we
would have

fol@) = f(@) + Eln(@)? <

[since f(x) < f(2*(p)) and |h(z)] < [1(z"(p))| due to x € X*(p)]

< J@ (p) + ElRGa ()P = £, (2" (0)).

The resulting inequality is impossible, since z*(p) minimizes f, in V.

e [Monotonicity of the optimal value of the penalized objective] The optimal (in V') values f,(z*(p))
of the penalized objectives do not decrease with p.

Indeed, if p < o/, then clearly f,(z) < fy(x) everywhere in V, and consequently the
same inequality holds for the minimal values of the functions.

o [Monotonicity of violations of the constraints] The quantities

do not increase with p (“the larger is the penalty parameter, the less are violations of the constraints
at the solution to the penalized problem”)
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Indeed, assume that p’ > p”, and let 2’ = z*(p’), 2" = 2*(p”"). We have

/ /

Fr@) =) fa)+ SIhEP? 2 f@) + S = £y @)

and, similarly,
/! /!

@)+ S @) = f@") + - ha) 2

Taking sum of these inequalities, we get
/ /! /

pP—p ' =p"
Tlh(af")\2 z (") |?

whence, due to p' > p”, v(p”) = |h(z")| > |h(z")| = v(p), as required.

e [Monotonicity of the actual objective] The values of the actual objective f along the path z*(p) do
not decrease with p.

Indeed, we already know that

x* = min
=) z:w€V,|h(z)|<v(p)
According to the previous statement, the sets in the right hand side over which the
minimum is taken do not increase with p, and, consequently, the minimal value of f
over these sets does not decrease with p.

The indicated properties demonstrate the following nice behaviour of the path z*(p): as the penalty
parameter grows, the path approaches the constrained minimizer 2* of (ECP); the values of the objective
along the path are always better (more exactly, not worse) than at z* and increase (actually, do not
decrease) with p, approaching the optimal value of the constrained problem from the left. Similarly, the
violation of constraints becomes smaller and smaller as p grows and approaches zero. In other words, for
every finite value of the penalty parameter it turns out to be profitable to violate constraints, getting,
as a result, certain progress in the actual objective; and as the penalty parameter grows, this violation,
same as progress in the objective, monotonically goes to zero.

An additional important property of the path is as follows:

e [Lagrange multipliers and the path] The quantities

tend, as p — oo, to the optimal Lagrange multipliers A* associated with z*.

Indeed, z*(p) is a critical point of f,, whence

m

Vo fo(@(p) = Vaf (@ (p)) + Y Ni(p)Vah(z*(p)) = 0.

i=1

Thus, A;(p) are the coefficients in the representation of the vector ¥(p) = =V, f(z*(p))
as a linear combination of the vectors ¥;(p) = Vzhi(z*(p)). As we know, x*(p) — z*
as p — 00, so that ¥(p) — ¢ = V,f(z*) and ¥;(p) — ¢; = Vyhi(z*). Since the
vectors 1, ..., ¥, are linearly independent, from the indicated convergencies it follows
(why?) that A\;(p) = AF, p — oo, where A} are the (uniquely defined) coefficients in the
representation of —i as a linear combination of 1);, i.e., are the Lagrange multipliers.

Remark 9.2.1 Similar results and properties take place also for the penalty method as applied to the
general type constrained problem (GCP).
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Remark 9.2.2 The quadratic penalty term we used is not, of course, the only option; for (ECP), we
could use penalty term of the form

p®(h(x))
as well, with smooth function ® which is zero at the origin and positive outside the origin (in our
considerations, ® was set to 1|u|?); similar generalizations are possible for (GCP). The results for these
more general penalties, under reasonable assumptions on ®, would be similar to those as for the particular
case we have considered.

Advantages and drawbacks. Now it is time to look what are our abilities to solve the uncon-
strained problems

(P,) min ()

which, as we already know, for large p are good approximations of the constrained problem in question.
In principle we can solve these problems by any one of unconstrained minimization methods we know,
and this is definitely a great advantage of the approach.

There is, anyhow, a severe weak point of the construction — to approximate well the constrained
problem by unconstrained one, we must deal with large values of the penalty parameter, and this, as
we shall see in a while, unavoidably makes the unconstrained problem (P,) ill-conditioned and thus —
very difficult for any unconstrained minimization methods sensitive to the conditioning of the problem.
And all the methods for unconstrained minimization we know, except, possibly, the Newton method,
are “sensitive” to conditioning (e.g., in the Gradient Descent the number of steps required to achieve an
e-solution is, asymptotically, inverse proportional to the condition number of the Hessian of objective at
the optimal point). Even the Newton method, which does not react on the conditioning explicitly — it is
“self-scaled” — suffers a lot as applied to an ill-conditioned problem, since here we are enforced to invert
ill-conditioned Hessian matrices, and this, in actual computations with their rounding errors, causes a lot
of troubles. The indicated drawback — ill-conditioness of auxiliary unconstrained problems — is the main
disadvantage of the “straightforward” penalty scheme, and because of it the scheme is not that widely
used now and is in many cases replaced with more smart modified Lagrangian scheme.

It is time now to justify the above claim that problem (P,) is, for large p, ill-conditioned.
Indeed, assume that we are in the situation of Theorem[9.2.2] and let us compute the Hessian
H, of f, at the point & = 2*(p). The computation yields

m

H,= |V2f(@)+ Y [phi(2)]V2hi(z)| + p[Vah(@)] [Vah(z)].

=1

We see that H), is composed of two terms: the matrix in the brackets, let it be called L,, and
the proportional to p matrix pM, = [V h(z)]T [V.h(z)]. When p — oo, then, as we know,
x = x*(p) converges to z* and ph;(x*) converge to the Lagrange multipliers A} of (ECP),
so that L, possesses quite respectable limit L, namely, the Hessian of the Lagrange function
V2L(z*,\*). The matrix M, also possesses limit, namely,

M = [V h(z") [V h(z*)];

this limit, as it is clearly seen, is a matrix which vanishes on the tangent at x* plane T
to the feasible surface of the problem and is nondegenerate on the orthogonal complement
T+ to this tangent plane. Since M, is symmetric, both T' and T+ are invariant for M,
and M possesses n — m eigenvectors with zero eigenvalues — these vectors span T — and m
eigenvectors with positive eigenvalues — these latter vectors span T+. Since

H,=L,+pM,,

we conclude that the spectrum of H,, for large p, is as follows: there are n —m eigenvectors
“almost in T” with the eigenvalues “almost equal” to those of the reduction of L onto T
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since L is positive definite on T, these eigenvalues are positive reals. Now, H, possesses m
eigenvectors “almost orthogonal” to T" with eigenvalues “almost equal” to p times the nonzero
eigenvalues of M. Thus, excluding trivial cases m = 0 (no constraints at all) and m = n
(locally unique feasible solution x*), the eigenvalues of H, form two groups — group of n —m
asymptotically constant positive reals and group of m reals asymptotically proportional to
p- We conclude that the condition number of H, is of order of p, as it was claimed.

9.2.3 Barrier methods

“Classical” barrier scheme. The situation with the barrier (interior penalty) methods in their
“classical” from outlined in Section [0.2.1] is very similar to the one with penalty methods. It indeed is
true (and is easily verified) that the solutions to the modified problem
. 1
(P,) minF,(z) = f(z) + ;F(x),

x

F being the interior penalty for the feasible domain of (ICP), converge to the optimal set of the problem:

Theorem 9.2.3 Let F' be an interior penalty function for the feasible domain G of (ICP), and assume
that the feasible domain is bounded and is the closure of its interior int G. Then the set X*(p) of
minimizers of F, on int G is nonempty, and these sets converge, as p — oo, to the optimal set X* of
(ICP): for every € > 0 there exists p such that X*(p), for all p > p, is contained in the e-neighbourhood

X ={zeG| T e X" |z —a"| <e}
of the optimal set of (ICP).

Proof is completely similar to that one of Theorem [9.2.1] First of all, X* is nonempty
(since f is continuous and the feasible domain is bounded and closed and is therefore a
compact set). The fact that X*(p) are nonempty for all positive p was proved in Section
To prove that X*(p) is contained, for large p, in a tight neighbourhood of X*, let us
act as follows. Same as in the proof of Theorem [0:2.7] it suffices to lead to a contradiction
the assumption that there exists a sequence {z; € X*(p;)} with p; — oo which converges
to a point x € G\X*. Assume that it is the case; then f(x) > ménf + § with certain

positive §. Let ™ be a global minimizer of f on G. Since G is the closure of int G, z* can
be approximated, within an arbitrarily high accuracy, by points from int G, and since f is
continuous, we can find a point 2’ € int G such that

We have
F, (z;) = min F, (z) < F, ('), (9.2.8)

z€int G
whence 1 1
fla:) + —F(x:) < f(@') + —F(a').
Pi Pi

Since F' is a barrier for bounded domain G, F' is below bounded on int G (since it attains
its minimum on int G — use the reasoning from Section for the case of f = 0). Thus,
F(z) > a > —oo for all z € int G, and therefore (9.2.8) implies that

flzi) < (@) + —F(a) - ~

x;) < flx —F(2') — —a.

o Pi Pi
As i — oo, the right hand side in this inequality tends to f(z') < f(z*) + %7 and the left
hand side tends to f(z) > f(z*) + d; since § > 0, we get the desired contradiction. m
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If T was writing this lecture in 1980’s, we would proceed with the statements similar to the one of Theorem
and those on behaviour of the path of minimizers of F, and conclude with the same laments “all this
is fine, but the problems of minimization of F,, normally (when the solution to the original problem is on
the boundary of G; otherwise the problem actually is unconstrained) become the more ill-conditioned the
larger is p, so that the difficulties of their numerical solution grow with the penalty parameter”. When
indeed writing this lecture, I am saying something quite opposite: there exists important situations when
the difficulties in numerical minimization of F,, do not increase with the penalty parameter, and the
overall scheme turns out to be theoretically efficient and, moreover, the best known so far. This change
in evaluation of the scheme is the result of recent “interior point revolution” in Optimization which we
have already mentioned in Lecture[0] Those interested may get some impression of essence of the matter
from the below non-obligatory part of the lecture; please take into account that the prerequisite for
reading it is non-obligatory Section from Lecture [0}

9.2.3.1 Self-concordant barriers and path-following scheme

Assume from now on that our problem (ICP) is convex (the revolution we are speaking
about deals, at least directly, with Convex Programming only). It is well-known that convex
program (ICP) can be easily rewritten as a program with linear objective; indeed, it suffices
to extend the vector of design variables by one variable, let it be called ¢, more and to rewrite
(ICP) as the problem

I?in{t 1gi(x) <0,j=1,..,k, f(x) —t <0}.
T

The resulting problem still is convex and has linear objective.

To save notation, assume that the outlined conversion is carried out in advance, so that
already the original problem has linear objective and is therefore of the form

(P) ngn{f(a:)Ech:xeGCR"}.

Here the feasible set G of the problem is convex (we are speaking about convex programs!);
we also assume that it is closed, bounded and possesses a nonempty interior.

Our abilities to solve (P) efficiently by an interior point method depend on our abilities to
point out a “good” interior penalty F' for the feasible domain. What we are interested in is
a ¥-self-concordant barrier F'; the meaning of these words is given by the following

Definition 9.2.1 [Self-concordant barrier] Let ¢ > 1. We say that a function F is 9-self-
concordant barrier for the feasible domain D of problem (P), if

e F is self-concordant function on int G (Section Lecture @, i.e., three times
continuously differentiable convex function on int G possessing the barrier property
(i.e., F(x;) — oo along every sequence of points x; € int G converging to a boundary
point of G) and satisfying the differential inequality

dS
|Eﬁhﬂﬁwm+tM|g2[nﬁF%xVQW2 Vz € int G Vh € R™;

o F' satisfies the differential inequality

\WTF' ()] < VO /hWTF"(x)h Vz € int G Vh € R". (9.2.9)

An immediate example is as follows (cf. “Raw materials” in Section [6.2.4.4] Lecture ?7?):



260 LECTURE 9. ACTIVE SET AND PENALTY/BARRIER METHODS

Example 9.2.1 [Logarithmic barrier for a polytope| Let
G={xeR"| ajTac <bj,j=1,..,m}

be a polytope given by a list of linear inequalities satisfying the Slater condition (i.e., there
exists T such that a?f <bj, j=1,...,m). Then the function

m

F(z)=-— Zln(bj - a?m)

is an m-self-concordant barrier for G.

In the mean time, we shall justify this example (same as shall consider the crucial issue of
how to find a self-concordant barrier for a given feasible domain). For the time being, let us
focus on another issue: how to solve (P), given a ¥-self-concordant barrier for the feasible
domain of the problem.

What we intend to do is to use the path-following scheme associated with the barrier —
certain very natural implementation of the barrier method.

9.2.3.2 Path-following scheme

When speaking about the barrier scheme, we simply claimed that the minimizers of the
aggregate F, approach, as p — oo, the optimal set of (P). The immediate recommendation
coming from this claim could be: choose “large enough” value of the penalty and solve,
for the chosen p, the problem (P,) of minimizing F),, thus coming to a good approximate
solution to (P). It makes, anyhow, sense to come to the solution of (P,) gradually, by solving
sequentially problems (P,,) along an increasing sequence of values of the penalty parameter.
Namely, assume that the barrier F' we use is nondegenerate, i.e., F”'(z) is positive definite at
every point z € int G (note that this indeed is the case when F' is self-concordant barrier for
a bounded feasible domain, see Proposition [6.2.2](i)). Then the optimal set of F), for every
positive p is a singleton (we already know that it is nonempty, and the uniqueness of the
minimizer follows from convexity and nondegeneracy of F,). Thus, we have a path

z*(p) = argmin F,(-);
int G
as we know from Theorem this path converges to the optimal set of (P) as p — oc;
besides this, it can be easily seen that the path is continuous (even continuously differentiable)
in p. In order to approximate z*(p) with large values of p via the path-following scheme,
we trace the path x*(p), namely, generate sequentially approximations z(p;) to the points
x*(pt) along certain diverging to infinity sequence py < p1 < ... of values of the parameter.
This is done as follows:

given “tight” approximation z(p;) to z*(p:), we update it into “tight” approximation x(ps+1)
to x*(pry1) as follows:

e first, choose somehow a new value pyy1 > p; of the penalty parameter

e second, apply to the function F,,__ (-) a method for unconstrained minimization started
at x(p¢), and run the method until closeness to the new target point x*(p;41) is restored,

thus coming to the new iterate x(ps41) close to the new target point of the path.

All this is very close to what we did when tracing feasible surface with the Gradient Projection
scheme; our hope is that since 2*(p) is continuous in p and x(p;) is “close” to z*(p;), for “not
too large” piy1 — pe the point x(p;) will be “not too far” from the new target point z*(ps41),
so that the unconstrained minimization method we use will quickly restore closeness to the
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new target point. With this “gradual” movement, we may hope to arrive near z*(p) with
large p faster than by attacking the problem (P,) directly.

All this was known for many years; and the progress during last decade was in transforming
these qualitative ideas into exact quantitative recommendations.

Namely, it turned out that

e A. The best possibilities to carry this scheme out are when the barrier F' is J-self-
concordant; the less is the value of ¥, the better;

e B. The natural measure of “closeness” of a point € int G to the point *(p) of the
path is the Newton decrement of the self-concordant function

®,(z) = pF,(x) = pc'z + F(x)

at the point z, i.e., the quantity

AN®p, x) = \/[vxq)p(x)]T[viép(x)]flvxq)p(x)

(cf. Proposition (iii)). More specifically, the notion “z is close to z*(p)” is conve-
nient to define as the relation

A(®,, z) < 0.05 (9.2.10)

(in fact, 0.05 in the right hand side could be replaced with arbitrary absolute constant
< 1, with slight modification of subsequent statements; we choose this particular value
for the sake of simplicity)

Now, what do all these words “the best possibility” and “natural measure” actually mean?
It is said by the following two statements.

o C. Assume that x is close, in the sense of (9.2.10), to a point x*(p) of the path x*(-)
associated with a ¥-self-concordant barrier for the feasible domain G of problem (P).
Let us increase the parameter p to the larger value

pt = (1 + 0.\/05) p (9.2.11)

and replace x by its damped Newton iterate (cf. (6.2.13), Lecture[9)

1
+ .- 2 1
o= 1+ A\®,+,2) V@, (@) Vel (2). (9.2.12)

Then z* is close, in the sense of (9.2.10), to the new target point z*(p™) of the path.

C. says that we are able to trace the path (all the time staying close to it in the sense of
B.) increasing the penalty parameter linearly in the ratio (14 0.089~/2) and accompanying
each step in the penalty parameter by a single Newton step in . And why we should be
happy with this, it is said by

e D. Ifz is close, in the sense of (9.2.10)), to a point x*(p) of the path, then the inaccuracy,
in terms of the objective, of the point x as of an approximate solution to (P) is bounded

from above by 29p~!:
29
— mi < —. 9.2.13
f(z) — min f(z) < 5 ( )
D. says that the inaccuracy of the iterates z(p;) formed in the above path-following procedure
goes to 0 as 1/p;, while C. says that we are able increase p; linearly, at the cost of a single
Newton step per each updating of p. Thus, we come to the following
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Theorem 9.2.4 Assume that we are given

o (i) U-self-concordant barrier F for the feasible domain G of problem (P)

o (ii) starting pair (zg, po) with pg > 0 and xy being close, in the sense of (9.2.10), to
the point x*(po).

Consider the path-following method (cf. (9.2.11) - (9.2.19))

0.08 1 9 1
Pt+1 = (1 + \/5) Pts  Ti41 = xt*m[vx@pwl(%)] vﬂc(bthrl(xt)' (9.2.14)

Then the iterates of the method are well-defined, belong to the interior of G and the method
possesses linear global rate of convergence:

20 0.08) "

) —minf < — [ 14+ — . 9.2.15

o - < 22 (14 2F) (9215)

In particular, to make the residual in f less than a given € > 0, it suffices to perform no
more that

209
N(e) <]20V91n HF | (9.2.16)
0

Newton steps.

We see that the parameter 9 of the self-concordant barrier underlying the method is respon-
sible for the Newton complexity of the method — the factor at the log-term in the complexity

bound ((9.2.16)).

Remark 9.2.3 The presented result does not explain how to start tracing the path — how
to get initial pair (xg,pg) close to the path. This turns out to be a minor difficulty: given
in advance a strictly feasible solution Z to (P), we could use the same path-following scheme
(applied to certain artificial objective) to come close to the path z*(-), thus arriving at a
position from which we can start tracing the path. In our very brief outline of the topic, it
makes no sense to go in these “ details of initialization”; it suffices to say that the necessity to
start from approaching 2*(-) basically does not violate the overall complexity of the method.

It makes sense if not to prove the aforementioned statements — the complete proofs, although
rather simple, go beyond the scope of our lecture — but at least to motivate them — to explain
what is the role of self-concordance and “magic inequality” in ensuring properties C.
and D. (this is all we need — the Theorem, of course, is an immediate consequence of these
two properties).

Let us start with C. — this property is much more important. Thus, assume we are at a
point z close, in the sense of (9.2.10)), to 2*(p). What this inequality actually says?

Let us denote by
|hllg-2 = (RTHh)/?

the scaled Euclidean norm given by the inverse to the Hessian matrix
H = V28,(x) = V2F(2)

(the equality comes from the fact that ®, and F' differ by a linear function pf(z) = pc’ z).
Note that by definition of A(+,-) one has

N@s, 7) = [[Vals(2) | -1 = [Isc + F'(2) | -1
Due to the last formula, the closeness of = to x*(p) (see (9.2.10])) means exactly that

IVu, (@)1 = llpe + F/(@) |5+ < 0.05,
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whence, by the triangle inequality,
lpell -1 < 0.05 + ||F (x)||g-1 < 0.05+ V40 (9.2.17)

(the concluding inequality here is given by (9.2.9) , and this is the main point where this
component of the definition of a self-concordant barrier comes into the play).

From the indicated relations
A®@p,2) = ot e+ F'(@) g <107 = p)ellg—1 + llpc + F'(z)|| g =

+
pt—=p
P e+ A2 <

fsee (EZTT), (FZT7)]
0.08

=77

(note that ¥ > 1 by Definition [0.2.1)). According to Proposition [6.2.2}(iii.3), Lecture [9}
the indicated inequality says that we are in the domain of quadratic convergence of the
damped Newton method as applied to self-concordant function ®,+; namely, the indicated
Proposition says that

(0.05 + V) +0.05 < 0.134

2(0.134)2
Ty <« VT
M@, 2T) T — 0134 < 0.05.

as claimed in C.. Note that this reasoning heavily exploits self-concordance of F' m

To establish property D., it requires to analyze in more details the notion of a self-concordant
barrier, and we are not going to do it here. Just to demonstrate where ¥ comes from, let
us prove an estimate similar to for the particular case when, first, the barrier in
question is the standard logarithmic barrier given by Example and, second, the point
x is exactly the point a*(p) rather than is close to the latter point. Under the outlined
assumptions we have

z=2a"(p) = VyP,(x) =0=

[substitute expressions for ®, and F]

m
aj
pc+ =0=
; b — a?x
[take inner product with  — 2*, 2* being an optimal solution to (P)]

m T (%
. a; (x* —x)
p ety =3B
J J

j=1

[take into account that aJT(:J:* —x) = aJT:L'* - aij <b; — ajT:E due to z* € G]

<m,
whence
9
p

(for the case in question ¢ = m). This estimate is twice better than (9.2.13]) — this is because
we have considered the case of © = 2*(p) rather than the one of x close to z*(p).

T * m
c(r—a") < —
p

$indeed, for a positive definite symmetric matrix H it clearly is the same (why?) to say that |g|5—1 < a and
to say that |g7h| < a|h|g for all h
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9.2.3.3 Applications

The most famous (although, we believe, not the most important) application of Theorem
deals with Linear Programming, when G is a polytope and F' is the standard logarithmic
barrier for this polytope (see Example [9.2.1)). For this case, the Newton complexity of the
methocﬂ) is O(y/m), m being the # of linear inequalities involved into the description of
G. Each Newton step costs, as it is easily seen, O(mn?) arithmetic operations, so that
the arithmetic cost per accuracy digit — number of arithmetic operations required to reduce
current inaccuracy by absolute constant factor — turns out to be O(m!5n?). Thus, we get
a polynomial time solution method for LP, with complexity characteristics typically (for m
and n of the same order) better than those for the Ellipsoid method (Lecture [§). Note also
that with certain “smart” implementation of Linear Algebra, the above arithmetic cost can
be reduced to O(mn?); this is the best known so far cubic in the size of the problem upper
complexity bound for Linear Programming.

To increase list of application examples, note that our abilities to solve in the outlined style
a convex program of a given structure are limited only by our abilities to point out self-
concordant barrier for the corresponding feasible domain. In principle, there are no limits
at all — it can be proved that every closed convex domain in R™ admits a self-concordant
barrier with the value of parameter at most O(n). This “universal barrier” is given by
certain multivariate integral and is too complicated for actual computations; recall that we
should form and solve Newton systems associated with our barrier, so that we need it to be
“explicitly computable”.

Thus, we come to the following important question:

How to construct “explicit” self-concordant barriers. There are many cases when we
are clever enough to point out “explicitly computable self-concordant barriers” for convex
domains we are interested in. We already know one example of this type — Linear Program-
ming (although we do not know to the moment why the standard logarithmic barrier for
a polytope given by m linear constraints is m-self-concordant; why it is so, it will become
clear in a moment). What helps us to construct self-concordant barriers and to evaluate
their parameters are the following extremely simple combination rules, completely similar to
those for self-concordant functions (see Section Lecture [9):

e [Linear combination with coefficients > 1] Let F;, i = 1,...m, be 9;-self-concordant
barriers for the closed convex domains G;, let the intersection G of these domains
possess a nonempty interior @), and let «; > 1, ¢ = 1,...,m, be given reals. Then the
function

F(x) = ZOQFl(l‘)

m
is (> a;19;)-self-concordant barrier for G.
i=1

o [Affine substitution] Let F'(z) be ¥-self-concordant barrier for the closed convex domain
G C R™, and let 2 = A£ + b be an affine mapping from RF into R™ with the image
intersecting int G. Then the composite function

F*(€) = F(AE +1)
is ¥-self-concordant barrier for the closed convex domain

Gt ={¢| At +be G}

9recall that it is the factor at the logarithmic term in (9.2.16)), i.e., the # of Newton steps sufficient to reduce
current inaccuracy by an absolute constant factor, say, by factor 2; cf. with the stories about polynomial time
methods from Lecture
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which is the inverse image of G under the affine mapping in question.
The indicated combination rules can be applied to the “raw materials” as follows:

e [Logarithm] The function
—1In(z)

is 1-self-concordant barrier for the nonnegative ray Ry = {x e R| z > 0};
[the indicated property of logarithm is given by 1-line computation]

e [Extension of the previous example: Logarithmic barrier, linear/quadratic case] Let
G=c{zeR"| ¢j(x) <0,j=1,..,m}

be a nonempty set in R™ given by m convex quadratic (e.g., linear) inequalities satis-
fying the Slater condition. Then the function

fl@) ==> In(—¢;(x))
=1

is m-self-concordant barrier for G.

[for the case when all the functions f; are linear, the conclusion immediately follows from
the Combination rules (a polyhedral set given by m linear inequalities is intersection of m
half-spaces, and a half-space is inverse image of the nonnegative axis under affine mapping;
applying the combination rules to the barrier — In z for the nonnegative ray, we get, without
any computations, that the standard logarithmic barrier is for a polyhedral set is m-self-
concordant). For the case when there are also quadratic forms among f;, you need a 1-2
lines of computations. Note that the case of linear f; covers the entire Linear Programming,
while the case of convex quadratic f; covers much wider family of quadratically constrained
convex quadratic problems.]

e The function
F(t,z) = —In(t? — 27x)

is 2-self-concordant barrier for the “ice-cream cone”
K’} = {(t,z) e Rx R" | t > |z|};

the function
F(X)=—InDet X

is n-self-concordant barrier for the cone S} of positive definite symmetric n xn matrices.

One hardly could imagine how wide is the class of applications — from Combinatorial op-
timization to Structural Design and Stability Analysis/Synthesis in Control — of the latter
two barriers, especially of the In Det -one.

9.2.3.4 Concluding remarks

The path-following scheme results in the most efficient, in terms of the worst-case complexity
analysis, interior point methods for Linear and Convex Programming. From the practical
viewpoint, anyhow, this scheme, in its aforementioned form, looks bad. The severe practical
drawback of the scheme is its “short-step nature” — according to the scheme, the penalty
parameter should be updated by the “programmed” rule (9.2.11)), and this makes the ac-
tual performance of the method more or less close to the one given by (9.2.16). Thus, in

the straightforward implementation of the scheme the complexity estimate will be
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not just the theoretical upper bound on the worst-case complexity of the method, but the
indication of the “typical” performance of the algorithm. And a method actually working
according to the complexity estimate could be fine theoretically, but it definitely will
be of very restricted practical interest in the large-scale case. For example, in LP program
with m = 10° inequality constraints and n =~ 10* variables (these are respectable, but in no
sense “outstanding” sizes for a practical LP program) estimate predicts something
like hundreds of Newton steps with Newton systems of the size 10* x 10%; even in the case
of good sparsity structure of the systems, such a computation would be much more time
consuming than the one given by the Simplex Method.

In order to get “practical” path-following methods, we need a long-step tactics — rules for
on-line adjusting the stepsizes in the penalty parameter to, let me say, local curvature of the
path, rules which allow to update parameter as fast as possible — possible from the viewpoint
of the actual “numerical circumstances” the method is in rather than from the viewpoint of
very conservative theoretical worst-case complexity analysis.

Today there are efficient “long-step” policies of tracing the paths, policies which are both
fine theoretically (i.e., satisfy complexity bound ) and very efficient computationally.
Extremely surprising phenomenon here is that for “good” long-step path-following methods
as applied to convex problems of the most important classes (Linear Programming, Quadrat-
ically Constrained Convex Quadratic Programming and some other) it turns out that

the actually observed number of Newton iterations required to solve the problem
within reasonable accuracy is basically independent of the sizes of the problem
and is within 30-50.

This “empirical fact” (which can be only partly supported by theoretical considerations, not
proved completely) is extremely important for applications; it makes polynomial time interior
point methods the most attractive (and sometimes - the only appropriate) optimization tool
in many important large-scale applications.

We should add that the efficient “long-step” implementations of the path-following scheme
are relatively new, and for a long time the only interior point methods which demonstrated
the outlined “data- and size-independent” convergence rate were the so called potential re-
duction interior point methods. In fact, the very first interior point method — the method
of Karmarkar for LP — which initialized the entire interior point revolution, was a potential
reduction algorithm, and what indeed caused the revolution was outstanding practical per-
formance of this method. The method of Karmarkar possesses a very nice (and in fact very
simple) geometry and is closely related to the interior penalty scheme; anyhow, time limita-
tions enforce me to skip description of this wonderful, although now a little bit old-fashioned,
algorithm.

The concluding remark we would like to make is as follows: all polynomial time implemen-
tations of the penalty /barrier scheme known so far are those of the barrier scheme (which
is reflected in the name of these implementations: “interior point methods”); numerous at-
tempts to do something similar with the penalty approach failed to be successful. It is a
pity, due to some attractive properties of the scheme (e.g., here you do not meet with the
problem of finding a feasible starting point, which, of course, is needed to start the barrier
scheme).



Lecture 10

Augmented Lagrangians

Penalty methods studied in the previous lecture are very natural and general; unfortunately, they suffer
from a serious drawback: to approximate well the solution to constrained problem, you have to work
with large penalty parameters, and this inevitably makes the problem of unconstrained minimization of
the penalized objective very ill-posed. The main advantage of the augmented Lagrangian methods is
that they allow to approximate well the solution to a constrained problem by solutions of unconstrained
(and penalized) auxiliary problems without pushing the penalty parameter to infinity; as a result, the
auxiliary problems remain reasonably conditioned even when we are seeking for high-accuracy solutions.
Let us look how all this works. We shall mainly focus on the case of equality constrained problem

hl(I)
(ECP) f(z) - min | h(z) = =0 [z€eR";
hom ()

in the mean time I shall explain how the results for this case can be straightforwardly extended onto the
general one.

10.1 Main ingredients

10.1.1 Local Lagrange Duality
Let 2* be a nondegenerate local solution to (ECP) (see Definition 4.4.1)), let

L(z,\) = f(z) + A\Th(z) = f(z) + Z Aihi(z)

be the Lagrange function of the problem, and let A* be the vector of Lagrange multipliers corresponding

to the solution z*, so that
V. L(z*,\*) =0, (10.1.1)

and the matrix V2ZL(z*, \*) is positive definite along the plane tangent at z* to the feasible surface of
the problem:
Vh(z*)d = 0= d"VZL(z*, \*)d > a|d|? (10.1.2)

with certain positive o > 0.
Assume for a moment that instead of (10.1.2)) a stronger condition is satisfied:

(1) the matrix V2L(x*,\*) is positive definite on the entire space

What would be the consequences of this stronger assumption?
The consequences are immediate: (10.1.1)) together with (!) mean that z* is a nondegenerate local
minimizer of the Lagrange function L(-, \*). It follows that if

267
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A. We are clever enough to guess the vector \* of Lagrange multipliers,
and
B. We are lucky enough to be in the case (!),

then we are be able to find z* via unconstrained minimization applied to the function L(-, A*). Note
that this is a fine smooth function which contains no penalty parameters and therefore is convenient for
unconstrained minimization.

It remains to be clever and lucky to ensure A and B. Let us start with becoming clever, provided
that we already are lucky, i.e., that (!) indeed takes place.

Those who have passed through the course Optimization I already know what is Lagrange duality:
this is a machinery which allows to associate with constrained optimization problem (called primal)
certain other optimization problem — the dual one; the solutions to the problems are closely related to
each other. To enjoy all the advantages of this machinery, we should deal with convex primal problem,
but something can be obtained also in the “locally convex case” (!).

Namely, one can prove the following

Theorem 10.1.1 Under assumption (!) there exist
e convex neighbourhood V' of the point x* in R,
e convex neighbourhood A of the point \* in R™,

such that
(i) The function
La(z) = Lz, A)

for every X € A is strongly convex in V and possesses uniquely defined critical point x*(\) in V, the
point being the nondegenerate minimizer of Ly in V; the mapping x*(\) is at least once continuously
differentiable in A.
(ii) The optimal value
L(A) = La(z" ()

of the function Ly(x) in V is concave twice continuously differentiable function in A with the gradient
VaL(\) = h(z*(N)). (10.1.3)

The function L attains its mazimum over A € A at the point \*, the mazimizer being unique and nonde-
genemt.

The proof of the theorem is skipped.

Note that the Theorem says that under assumption (!) (z*, \*) is local saddle point of the Lagrange
function: there exists a neighbourhood of this point (namely, V' x A) such that L, being restricted onto
the neighbourhood, attains at (z*, \*) its minimum in z and its maximum in .

Let us look at the consequences of the Theorem; they are extremely encouraging. Indeed, we al-
ready know that if we were clever enough to guess what is A*, we could solve (ECP) by unconstrained
minimization of Ly« (z) — z* is a nondegenerate unconstrained local minimizer of this function. And the
Theorem says that there exists something which allows us to identify A* — this is the “locally dual” to
(ECP) problem

(D) L(\) — max;

this is fine problem of maximizing a smooth concave function, and A* is the unique (and nondegenerate)
unconstrained maximizer of the function.

Of course, in order to solve (D), we should be able to compute the values and at least the first
order derivatives of L. Here again the above Theorem gives us all necessary tools: in order to compute
the value of L(\), we should minimize Ly(x) over V; according to item (i) of the Theorem, this latter

Lof course, for maximization problem nondegeneracy of local solution means that the Hessian of the objective
at the solution is negative definite



10.1. MAIN INGREDIENTS 269

problem is well-posed and basically unconstrained: the Theorem says that for A close enough to A* L)
possesses unique critical point 2*(A) in V, and this point is nondegenerate local minimizer. Thus, we can
approximate x*(\) by unconstrained minimization tools. And from it follows that x*(\) gives us
not only the value of L(A) of the dual objective, but also its gradient — this gradient is simply the vector
h(-) of constraints at z*(\).

With these observations, we see that it is possible to approximate A* applying to L(-) an uncon-
strained optimization method (Gradient Descent, Quasi-Newton or whatever else); in order to provide
the method by the required first-order information at the current dual iterate A, it suffices to find, again
by unconstrained minimization, the minimizer z*(A) of the function Ly(x). And what is nice in this
picture, is that there are no “large parameters” — both the dual problem of maximizing L(A) and the
auxiliary primal problems of minimizing Ly (x) possess, at least in neighborhoods of their solutions, nice
smoothness and nondegeneracy properties, and the values of the parameters responsible for these latter
properties are not spoiled from iteration to iteration.

10.1.2 Incorporating penalty

The considerations of the previous subsection were conditional — “if we are lucky to be in situation (!),
then...”. What to do if we are not lucky to be in this situation? Well, what follows demonstrates that in
order to become lucky it suffices to be smart — we always can enforce (!) to be the case, and what helps
us to reach this goal, is the idea of penalization we know from the previous lecture. Namely, let us add
to the actual objective f of (ECP) the quadratic penalty term, thus coming to the penalized objective

o) = )+ 3o 3_hie),

but in contrast to what we did in the pure penalty method, let us keep the constraints as they were, thus
coming to the problem
(ECP,) fo(z) = min| h(z) =0.

Since the penalty term is zero on the feasible surface, the new problem is equivalent to the initial one,
and you can ask what is the goal of this strange manipulation. The answer is as follows:

(4) if * is a nondegenerate solution to the original problem (ECP), then it is nondegenerate local
solution to (ECP,) as well [which by itself is not that important] and, moreover, for all large enough p
this nondegenerate solution to (ECP,) satisfies the crucial property (!).

The immediate consequence of (+) is as follows: passing from (ECP) to equivalent problem (ECP,),
we may ensure (!) and thus get all nice possibilities of solving (ECP,) (or, which is the same, (ECP))
outlined in the previous section.

Even if you believe in (4), you may ask: all this is fine, but we again meet with “large enough” p;
this large p will finally occur in the objectives Ly(-) of the auxiliary primal problems given by the scheme
of the previous section, and we know from our discussion of the penalty methods that it would make
these auxiliary problems very difficult for numerical solution. This could be a quite reasonable objection,
if there were no crucial difference between the situation with penalty methods and our now situation. In
the penalty scheme, the value of the penalty parameter is directly linked with the accuracy e to which
we are going to solve the problem: as we remember, violations of the constraints at the unconstrained
minimizer of penalized objective are of order of 1/p, and to make these violations < ¢ we must work with
penalty parameter of order of 1/e. The role of penalization now is quite different: it should enforce (!),
i.e., positive definiteness (on the entire space) of the Hessian of the Lagrangian LP(x, \) of the penalized
problem, and (+) says that all large enough values of p are appropriate for this purpose. Whenever a
given p results in positive definite V2L?(z*, \*), we may use this value of the penalty in the scheme of
the previous section to solve problem (ECP,) (or, which is the same, our original problem - they are
equivalent!) to arbitrarily high accuracy e. Thus, in our now situation we are not enforced to push the
penalty parameter to infinity and will be satisfied by fixed value of it; whether this value indeed must be
large and will cause numerical difficulties when solving auxiliary primal problems, or it is quite moderate
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and no problems of this type occur, it depends on local properties of the data, but not on the accuracy
to which the problem should be solved. The simplest way to see the indicated difference is to look what
happens in the convex case (linear constraints, convex objective). It can be easily seen that here each
positive value of p makes V2LP(x*, \*) positive definite, so that each value of p is “large enough”; note
that in the penalty scheme we should work with indeed large penalties independently of whether the
problem is convex or not.

It is time now to support our claim (+). To see that (4) indeed is valid, let us denote by A* the
vector of Lagrange multipliers associated with z* in the original problem (ECP); as we know, this vector
is uniquely defined by the KKT condition

Vaf (@) + ) A Vhi(z*) = 0.
i=1
Now, the gradient of the penalized objective is
Valp(@) = Vaf(@)+pd hi(x)Vhi(z),
i=1

and we see that at the feasible surface (and, in particular, at the point z*), where h(z) = 0, the gradients
of the actual and the penalized objectives coincide with each other; thus, \* serves as the vector of
Lagrange multipliers associated with z* in problem (ECP,) as well.

Now let us compute the Hessian with respect to x of the Lagrange function

LP(z, ) = f,(z) + Z Nihi(z) = f(z) + Z Aihi(z) + %pz h2(x)

= L(z\) + %pz B (z) (10.1.4)

of the modified problem (ECP,) (from now on, L(z, ) means the Lagrangian of the original problem).
We have

VoLl (2,7) = Vo L(z, ) + p Y hi(2)Vahi(x),
=1

whence
m m

ViL(2,0) = VaL(@,\) + p Y Vohi(@)[Vohi(@)]" +p Y hi(e)Vihi(z).

Introducing notation

[Vha(z)]* m
H(z,\) = V2L(z,\), A(x)=V,h(z)= , R(x)= Z hi(z)V2hi(z),
[V hm (z)]T i=1
we can rewrite the resulting equality as
V2LP(z,\) = H(x,\) + pAT (2)A(z) + pB(z). (10.1.5)

We would like to prove that the left hand side in this relation at the point (z = x*, A = A*) is positive
definite, provided that p is large enough. Now let us make the following useful observations:

e H(z*,\*) is positive definite at the subspace T of directions tangent to the feasible surface at
the point z*; this is the second order part of the Second Order Sufficient Optimality condition
which is assumed to be satisfied at * (recall that we all the time are speaking about the case
when z* is a nondegenerate solution to (ECP)). As we know, T is exactly the kernel of the matrix
Vh(z*) = A(z*):

T={d| A(z*)d =0};
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e the matrix AT (z*)A(z*) is positive semidefinite (as any matrix of the form BT B: indeed,
d"BTBd = |Bd|?); its kernel, as it is immediately seen from the computation in parentheses,
is exactly the kernel of A(z*), i.e., T}

e The matrix R(-) simply vanishes at *, due to presence of factors h;(x) in the expression for the
matrix; at the point z* — this point is feasible for (ECP) — these factors become zero, so that
R(z*) = 0.

We conclude that
V2L, (2%, \*) = H(z*, \*) + pAT (2*) A(2"),
and the fact that the right hand side is positive definite for large enough p is an immediate consequence

of the following simple fact (prove it!):

Lemma 10.1.1 Let D be positive semidefinite matriz and C' be a symmetric matriz which is positive
definite on the kernel of D. Then the matriz C + pD is positive definite for all large enough values of p.

To derive (+) from above observations, it suffices to apply the Lemma to D = AT (z*)A(z*) and
C = H(z*, \).

10.2 Putting things together: Augmented Lagrangian Scheme

The algorithmic scheme implementing the above ideas is called the Augmented Lagrangian method,
or the Multipliers method; the first name comes from the fact that the Lagrange function of
the problem (ECP,) can be treated as certain “augmentation” of the Lagrange function of the original
problem (ECP); the second name stresses the leading role of the Lagrange multipliers in the method.

The generic Augmented Lagrangian scheme is as follows. Assume that we already have chosen
somehow value of the penalty parameter p and thus deal with problem

P 2 . _
(ECP,) f(z)+ §\h(ac)| — min | h(z) =0
equivalent to the original problem (ECP), and let p be large enough to ensure (!) — let the Hessian

V2L (z,\) of the Lagrange function

m

PR SPUHE)

i=1

L (2, \) = f(2) +

[Nl st

taken at the point (z*, A*) be positive definite on the entire space; here x* is the nondegenerate solution of

(ECP) to be approximated and A\* is the corresponding vector of Lagrange multipliers. To make further

considerations clear, let us summarize what is said about the situation by the discussion of Section [T10.1.1]
We know that

e to find \* is the same as to solve the dual problem

(D?) LP(A) = min L”(z, \) — max

x

(min, here should be taken locally, as was explained in Section |10.1.1);

e the objective in the dual problem is everywhere concave and twice continuously differentiable in
a neighbourhood of A\*, and A* is nondegenerate solution to the dual problem; thus, the dual
problem is well-suited for numerical solution, provided that we are able to compute the value and
the gradient of the dual objective at a point

e we do have a possibility to compute the value and the gradient of the dual objective at a point,
at least at a point close to A*: to this end it suffices to find the solution z”(\) of the auxiliary
unconstrained problem

(P%) mrin LP(x,\)



272 LECTURE 10. AUGMENTED LAGRANGIANS

(where min, again should be taken locally) and to set
LP(N) = LP(xP(N), ), VALP(N) = h(z?(N). (10.2.1)

Now we may run any method for unconstrained maximization of the dual objective L” ( “outer iterations”
generating sequence Ag, A, ... of iterates converging to \*), accompanying every step ¢ of the method by
solving the auxiliary problem (P} ) in order to find

zi—1 = xf(M—1)

and thus to get the first order information on the dual objective which is required to update A;_1 into
At

Implementations of the scheme differ from each other mainly by methods we use to maximize the
dual objective and to solve the auxiliary primal problems.

10.2.1 Solving auxiliary primal problems (P%)

The best choice here is, of course, the Newton method with linearizes or the modified Newton method,
when the second order information on the objective and the constraints is available. If it is not the case,
we could use Quasi-Newton methods, Conjugate Gradient, etc. When solving the auxiliary problems, we
should use reasonable safeguard policy in order to ensure that our minimization is indeed local. Since we
do not know in advance what is the neighbourhood V introduced in Section this is not an easy
task. The simplest policy here is to use the solution to the previous auxiliary problem as the starting
point when solving the current one and to take specific care of linearizes (e.g., to move until the closest
minimum of the current auxiliary objective on the current search line). With reasonable tactics of this
type we indeed may ensure that if the starting point in the very first auxiliary problem is close enough
to z* and the initial guess for A\* is close enough to A*, then at all steps of the method we shall indeed
approximate z(-) and not other tentative local solutions to the auxiliary primal problems. And of course
to use the previous primal iterate as the starting point in the new auxiliary primal problem saves a lot
of computational effort.

10.2.2 Solving the dual problem

When solving the dual problem (D*) — this is the upper-level process in our two-level scheme — we are less
flexible when choosing the optimization method: since the information on the dual objective is “implicit”
— to get its value and gradient, we should solve an auxiliary primal optimization problem, it normally
is computationally expensive, and things like line search become very costly. The simplest algorithm we
could use in the outer iterates is the following scheme:

At = M—1 + ph(wtfl). (10.2.2)

Relation (|10.2.2)) has a very simple motivation: since z;_; is unconstrained minimizer of L°(-, As_1), we

have
m

0= VoL (1, 1) = Vo f (@) + Y phi(x)Vahi(z) + > (M-1)iVhi(z) =

m

= Vof(m-1) + Y _[(Ae-1)i + phi(z-1)]Vhi().

i=1
Comparing this equality with the one

0= Vaf(z") + Y X Vihi(z")
=1

defining the Lagrange multipliers A*, we see that the right hand side in ((10.2.2)) can be viewed as a natural
approximation to A*, the better the closer is x;_1 to x*.
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This is only motivation, of course; now let us look what indeed can be said about recurrence .
From we observe that h(z;—1) is exactly the gradient of the dual objective at A\;—1, so that
is in fact Gradient Ascent method for the dual problem with constant stepsize p (recall that the
dual problem is the maximization one, so that a gradient-type method here should perform steps along
the gradient rather than along the intergradient, as it is in the minimization case; this is why we are
speaking about Gradient Ascent).

10.2.2.1 Dual rate of convergence

To understand whether the stepsize p in Gradient Ascent is or is not good for us, let us look at the
eigenvalue structure of the Hessian of the dual objective at A* — we know from our investigation of the
Gradient method that this structure is exactly what governs the asymptotical rate of convergence of the
method.
The Hessian of the dual objective can be found as follows (to save notation, I write xz(\) instead of
2P (N)): we already know that
VALP(A) = h(z(N))

and z(-) is continuously differentiable in a neighbourhood of A = A* by Theorem Differentiating
both sides in A, we get
V3L (\) = Vah(z(\)Vaz(N). (10.2.3)

To find Vz (), let us differentiate in A the relation
Vo LP(2(X),A) =0,

which defines z(\). We get
2

270p
ViLP(x(N), \)Vaz(A) + IO

LP(x(A), A) = 0;

as it is immediately seen from the expression for L?, the second term in the left hand side of the latter
equation is [V, h(z(N))]T, and we get

Vaz(A) = = [ ()] T [Vah(z(V)],

®” being the Hessian of the augmented Lagrangian L* with respect to x taken at the point (z(\), ).
Substituting this expression into (10.2.3)), we get

VAL (A) = =[Vah(z(N)][@" (V)] Vah(z(V)]T, (10.2.4)

Substituting expression for the Hessian of the augmented Lagrangian L* in x (see (10.1.5), we get the
following important conclusion:

The Hessian WP of the dual objective L”(-) at the point \* is given by
VP = —A[H + pAT A1 AT, (10.2.5)
A =V h(z*) and
H=V.f(")+ i AiVahi(z*)
i=1

is the Hessian with respect to x of the Lagrange function of the original problem (ECP), the Hessian
being taken at the point (z*, \*).

Relation ({10.2.5)) allows to make the following crucial observation:

Proposition 10.2.1 The matrizc —p®” tends to the unit matriz I as p — oco.
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Proof. Assuming, for the sake of simplicity, that the matrices H and AH 'A” are nonsingular (this
assumption can be easily eliminated by a little bit more complicated reasoning) and applying Superman-
Morrison formula, we get

[H+pATA ' =F ' —H AT [p7 ', + AH'AT)| 7P AH Y,
denoting @ = AH ' A" and taking into account (10.2.5), we get
0’ =Q-Qlp ' +QI7'Q.

Applying the formulz
@+ [)7117”}71 = [Q([m + f’ilQil)}_l = [Im + pilQilTlQil -

- [Im - pilQil + O(pil)}Qil - Qil - pilQ72 + O(pil)v
we come to

—V=Q-QIQT —pT' QT +o(p Q= p T m + 0™,

and the conclusion follows. m
The result stated in the Proposition is indeed crucial for us, due to the following

Corollary 10.2.1 [Dual convergence rate] Let p be large enough, and let the starting point Ao in re-
currence be close enough to \*. Then recurrence converges to \* linearly with the
convergence ratio k(p) which tends to 0 as p — co.

The statement given by the corollary is indeed very important: it establishes (local) linear convergence
of simple and easily implementable recurrence , provided that p is large enough; moreover, the
convergence can be done arbitrarily fast, if p is large enough. Of course, this observation does not say
that in actual computations you should set p to a huge value and get the solution in one step: this
“one step” is one step of outer iteration in A, and to perform this step, you should solve the auxiliary
primal problem with huge value of penalty, which, as we already know, is very difficult (note also that we
know without any dual considerations that solving the auxiliary primal problem with huge p we get good
approximate solution to (ECP) — this is the penalty method). The actual meaning of the statement is, of
course, that we may hope to deal with “large enough” value of the penalty which will ensure reasonable
rate of convergence of and at the same time will be not “too large” to make the auxiliary primal
problems very difficult.

It is time now to prove the Corollary. I shall give the model of the proof only. Namely, let us believe
that the behaviour of recurrence started close enough to A* is basically the same as if the dual
objective was the quadratic function

PO = S A)TE (- X

it indeed is so, but let us skip the required dull (although simple) justification. With our quadratic model
of the dual objective, the result can be obtained in one line. Recall that (10.2.2)) is Gradient Ascent with
stepsize p, so that

A=A = X1 = A+ pVa(Me—1) = (I + pPP) (A1 — A7);

thus, the residual vector Ay — A\* is multiplied at each step by the matrix I,,, + p¥”, and this matrix tends
to 0 as p — oo by Proposition [10.2.1] and therefore is close to 0 for large p. m

2

coming from the standard expansion
(Im + 63)71 =In—eS+e25% —39% + ..

which is valid, for all small in absolute value ¢, also in the matrix case
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One may ask whether indeed simple recurrence (10.2.2)) is the best we can use. The question is quite
reasonable: for fixed p — and our main motivation of the entire method was the desire to deal with perhaps
large, but fixed value of the penalty parameter — the rate of convergence of this recurrence is linear. It is
easily seen that the distance between x; and the exact solution x* is of order of distance between \; and
A*, so that with recurrence (10.2.2)) we get only linear convergence of both primal and dual variables.
Could we get something better? Of course we could: relation expresses the Hessian of the dual
objective via the data which are available after z(\) = x”(A) is found from the solution of the auxiliary
primal problem; thus, we could solve the dual problem by the Newton method, thus ensuring quadratic
rate of local convergence of the scheme.

10.2.3 Adjusting penalty parameter

There is one more important issue to be discussed: how to choose p? For the time being, we simply have
assumed that the penalty parameter is chosen in a way which ensures (!). What we know is that all
large enough values of the penalty fit this requirement, but how to choose an appropriate p in practice?
Advice like “set p to something huge” definitely is of no interest: with this approach, we convert the
method into the penalty one and loose all computational advantages associated with possibility to deal
with moderate values of the penalty.

The simplest way to tune the penalty is as follows. As we know from the previous analysis, when
p is “appropriately large” to ensure linear rate of convergence of with reasonable convergence
ratio, then the norm of the gradient of the dual objective also should decrease linearly with reasonable
convergence ratio. We know what is this gradient — this is the vector of constraints at the solution
to the corresponding auxiliary primal problem; thus, for appropriately large p the quantities |h(z)|
decrease with t in geometric progression with the ratio which, in principle, can be done arbitrarily close
to 0, provided that p is large enough. Let us use this observation as the driving force in our policy for
adjusting the penalty. Namely, let us start the procedure with certain ad hoc value of p and look whether
the residuals |h(z;)| indeed reasonably decrease with ¢, say, at least by factor 0.25 each time. Until it is
so, we keep the penalty constant; and if at certain step ¢ the current value of |h(x;)] is too large — exceeds
0.25|h(z¢—1| — we interpret this as a signal to increase the penalty by certain factor, say, 10. Then we
resolve the auxiliary primal problem with this new value of the penalty and the same as before value of
A, again look whether we got required progress in constraint violation, and if not — again increase the
penalty, and so on.

Of course, we could use another “driving forces” in penalty updating policy, but the progress in
constraint violation is the most natural one: all we are interested in is in fact to make the constraint
violation small. Indeed, at the solution x; to the auxiliary primal problem the gradient of the objective
for sure is linear combination of the gradients of constraints (write down the Fermat rule for the auxiliary
problem), so that the violations of the constraints form the only obstacle for z; to be KKT point of
(ECP); thus, it is very natural to update the penalty on the basis of progress in diminishing this obstacle.

Let me also note that the indicated policy in fact incorporates both the penalty and the Lagrange
Multiplier technique. Indeed, this policy increases the penalty until the solution to the current auxiliary
primal problem results in prescribed progress in constraint violation; independently of what we do with
the Lagrange multipliers and how high is the rate of dual convergence, we will achieve eventually this
goal via the penalty mechanism.

10.3 Incorporating Inequality Constraints

For the moment, we know only how to apply the Augmented Lagrangian Scheme to an equality con-
strained problem. In fact there is no difficulty to incorporate into the Augmented Lagrangian Scheme
inequality constraints, and to this end it suffices to use the reduction of a general constrained problem
to an equality constrained one (Lecture 8). Namely, given a constrained problem

(GCP) min{f(z):h;=0,i=1,...m, g;j(zx) <0,j=1,...,k},
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we can transform it equivalently into the equality constrained problem

(ECP™) mln{f (x)=0,1=1,...,m, gj(z)—&—s?:(),j:l,...,k}
with extended list of variables. Applying the Augmented Lagrangian Scheme to the resulting problem,
we come to the necessity to work with the augmented Lagrangian

m

k k
Lf(z, 85\, p) = Z/\h +Zﬂj[9j($) th +Z ;

— j=1

what we should do with this Lagrangian is to find its (local) saddle point, and to this end the scheme in
question suggests to maximize with respect to the dual variables A, i the function

LP (A, u) = min LP(x, s; u, A).
z,8

In fact we have no problems with minimization with respect to s; in the right hand side of the latter
relation. Indeed, explicit computation results in

m k 2
LP(z,s; 0 p) = flx pZ{g] + 55 +MJ} —i—Z)\h gth(x)— %
1 i=1 j=1

N> \

It follows, consequently, that minimization of the Lagrange function with respect to the part s of primal
variables results in setting 53 equal to the quantity —(g,(x) + p;/p), when this quantity is nonnegative,
or to zero, when this quantity is negative. Consequently,

k m k
LP(\p) = mln{f gz_:( uj) +Z)\h g; g

where, as in the previous Lecture, (a)4 is the positive part of real a (a itself, if it is positive, and 0
otherwise).

Thus, the auxiliary primal problems arising in the Augmented Lagrangian Scheme in fact are problems
in the initial design variables.

From theoretical viewpoint, the following question is important. Validity of the Augmented La-
grangian Scheme for equality constrained problem (i.e., the theoretical local convergence results of the
previous sections) required nondegeneracy of the solution z* to be approximated. Thus, we should
understand when a locally optimal solution z* to (GCP), extended in the evident way (by setting

87 =+/—g;j(x*)) to solution (z*, s*) of (ECP*), results in a nondegenerate solution to the latter problem.

The answer is as it should be:

2
J

=

(10.3.1)

Ny \

Proposition 10.3.1 If 2* is a nondegenerate solution to (GCP) , then (z*, s*) is nondegenerate solu-
tion to (ECP*).

The (simple) proof of this fact is left to the reader.

10.4 Convex case: Augmented Lagrangians; Decomposition

All results of Section [10.1.1] were local; this is quite natural, since there we dealt with general-type
nonconvex program. In the case of convex program all results can be globalized; let us briefly outline the
good things happening in this case. Thus, consider a convex optimization program

(CnvP) H;in {f(z):gi(x)<0,j=1,...,k},

3Definition ™ is regular for the constraints, satisfies the Second Order Sufficient Optimality conditions
and, besides this, Lagrange multipliers related to all inequality constraints active at =™ are strictly positive — this
is called strict complementary slackness
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where f and g; are convex and twice continuously differentiable functions on R"™. From now on, let
us assume that the problem is solvable and satisfies the Slater condition: there exists T such that all
constraints are strictly negative at z.

Those who have passed through the course “Optimization I” know, and other should believe that
under the indicated assumptions one can define the problem dual to (Rsvp), namely, the problem

(CovD)  max {¢" () : 4 > 0}
“w
where u = (i1, ..., p) are the dual variables and
¢"(u) = inf L(z,p),
with

k
L(z, ) = f(z) + Z 1595 ()

being the classical Lagrange function of problem (Rsvp). From the construction of the dual problem it
follows that the dual objective is concave function taking values in the extended by —oo real axis. Due
to the concavity of the dual objective, (CnvD) is in fact convex optimization problem (this is the same
— to maximize a concave function ¢* or to minimize its negation —¢*, which is a convex function).

The links between the primal problem (Rsvp) and its dual (CnvD) are given by the Convex Program-
ming Duality Theorem which states that

If (Rsvp) is solvable and satisfies the Slater condition, then (CnvD) also is solvable, and the optimal
values in the problems are equal to each other. In this case a feasible solution z* to (Rsvp) and a feasible
solution p* to (CnvD) are optimal for the corresponding problems if and only if (x*, u*) is a saddle point
of the Lagrange function L(z, ) on R™ x RE (i.e., L(z, p*) attains its minimum over x € R™ at x = x*,
while L(x*, u) attains its maximum over p > 0 at pu = p*).

In particular, all optimal solutions to (Rsvp) are among unconstrained minimizers of the function
L(z,u*), u* being any optimal solution of the dual problem.

Note that Theorem is a local version of this Duality Theorem.

The Duality Theorem has a lot of applications, both of theoretical and of computational type. From
the computational viewpoint, there are two ways to exploit the theorem:

e There are cases when the structure of the data in (Rsvp) allows to compute the dual objective
analytically (this is the case in Linear, Linearly Constrained Quadratic and Geometric Program-
ming). Whenever this is the case, we may gain a lot solving (CnvD) instead of (Rsvp) and then
recovering the primal solutions from the dual ones (which sometimes is easy and sometimes is not,
see below).

Computational consequences of this type clearly are restricted by our abilities to compute the dual objec-
tive analytically; in our today lecture we are not interested in these (in fact very important) “particular
cases”.

e In the general case we can implement the Lagrange Multipliers scheme, namely, to solve (CnvD)
numerically by a first-order method for convex optimization under linear inequality constraints
(note that the only explicit inequalities in (CnvD) are p; > 0); thus, we may switch from nonlinearly
constrained primal problem to a problem with simple linear inequalities. Of course, to solve the
dual problem, we need possibility to compute its objective and its gradient at a given point; same
as in the Augmented Lagrangian Scheme for general-type problems, to this end we can solve
numerically the problem of minimizing the Lagrangian in z with p > 0 being fixed. In our now
situation, this “auxiliary primal problem” is fine - with smooth convex objective, so that we have
good possibilities to approximate the global solution to the auxiliary problem.
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10.4.1 Augmented Lagrangians

In this section we focus on the second of the aforementioned issues, on possibility to reduce a general
type primal convex program to a linearly constrained dual one.

The outlined scheme is “globalization” of the one developed in the previous sections, but, for the time
being, without “augmenting” the Lagrangian. What is fine is that now we are in convex situation, so
that all “local minimizations” from Section [L0.1.1| can be replaced by global ones, we should not bother
much about “good enough” primal and dual starting points, safeguards, etc.

There is, anyhow, a weak point in the classical Lagrange function. Namely, it may happen that

e the dual objective ¢* may be nonsmooth and even infinite at some points; whenever it is the case,
it is unclear how to solve the dual problem numerically

The indicated difficulty is not something rare: this is exactly what happens in the Linear Programming
case. Here the dual objective turns out to be linear in certain polytope and to be —oo outside this
polytope, and (CnvD) (the usual LP dual program) normally is as difficult as the primal problem.

e it may happen that the auxiliary primal problem associated with the optimal vector p* of Lagrange
multipliers, the one being the optimal solution to (CnvD), has many optimal solutions. The Convex
Programming Duality Theorem says that all optimal solutions to (Rsvp) for sure are optimal for
the auxiliary primal problem in question, but the Theorem does not say that the latter problem
has no other optimal solutions. Whenever it has “extra” optimal solutions, we meet with nontrivial
problem how to select the solutions we actually are interested in, i.e, those optimal for (Rsvp),
from the minimizers of L(-, u*).

This second difficulty also is not something rare: in the case of Linear Programming the function L(x, u*),
u* being optimal solution to (CnvD), is constant, so that its optimal set — the entire R™ — says nothing
about the actual optimal set of (Rsvp).
In fact both indicated difficulties have the same origin: possible non-existence or non-uniqueness of
optimal solution to the auxiliary problem
mminL(a:,u) (10.4.1)

If we somehow assure existence and uniqueness of the solution z*()\) in the latter problem and its
continuity in p, then we, first, will get continuously differentiable dual objective. Indeed, it can be
proved (cf. Section [10.1.1]) that in the case in question

Vo™ (1) = g(x™ (1)), (10.4.2)

which is the continuous function of p, provided that x*(u) is continuous. Second, in the case under
consideration we clearly shall be able to restore the optimal solution to the primal problem via the
optimal solution to the dual.

There is one evident case when problem has exactly one solution: this is the case when the
sum

of the objective and the constraints is strongly convex (with positive definite Hessian at every point) and
grows faster than |z| as |z| — oco:

Indeed, in this case it is easily seen that the objective in for every p > 0 also is strongly convex
and goes to infinity as |x| — oo; consequently, has unique solution (which, as it is easily seen,
is continuous in g > 0). Consequently, in the case under consideration application of the Lagrange
Multipliers Scheme causes no conceptual difficulties.

What to do if the just mentioned sufficient condition of “well-posedness” of is not satisfied? A
good idea is to pass to augmented Lagrange function — basically the same idea we used in the general case
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of nonconvex problems. Namely, let 6; be increasing strongly convex functions on the axis normalized by
the conditions
6;(0) =0, 9;(0) =1.

The problem
(CnvP™) H}Lln {f(z):0(gj(x)) <0,j=1,...k}

clearly is equivalent to (Rsvp) and, as it is easily seen, also is convex. One can straightforwardly verify
that, due to the normalization conditions on 6;, the vector of optimal Lagrange multipliers for the new
problem is the same as for the old one (the new dual objective is, anyhow, different from the old one).
Under mild regularity assumptions one can prove that the modified problem satisfies the aforementioned
sufficient condition for well-posedness of problems ; e.g., if all g; are linear, this sufficient condition
is satisfied whenever the feasible domain of (Rsvp) is bounded. Thus, by passing from (Rsvp) to equivalent
problem (Rsvp*), or, which is the same, passing from the classical Lagrange function L(z, u) of problem
(Rsvp) the augmented Lagrange function

k
Lz, p) = fz) + Z 1395(95(x))

(which is the classical Lagrange function of the equivalent problem), we normally get possibility to solve
the constrained problem (Rsvp) by the Lagrange Multipliers Scheme (which now becomes augmented).

All this is completely similar to the Augmented Lagrangian Scheme we used in the general case, in-
cluding possibility to introduce penalty parameter into our augmented scheme for (Rsvp); the “penalized”
augmented Lagrangian for (Rsvp) is

k
Loz, ) = f(x) + > pip~'0;(pg;(2));

Jj=1

this corresponds to replacing 6;(-) by the rescaled functions 6;(s) = p~10;(ps), which also satisfy the
normalization conditions. In the general (nonconvex) case the role of the penalty parameter is to ensure
the crucial property (!); besides this, large penalty, as we remember, enforces the Hessian of the dual
objective at A* to be almost proportional to the unit matrix and thus assures fast local convergence of
simple gradient-type methods for solving the dual problem. In our now case, we are not interested in the
first of these two issues — due to the convexity of the original problem, (!) is ensured even with small
values of p; the second advantage of penalization, anyhow, still is important: the larger is p, the better
is conditioning of the dual objective associated with the augmented Lagrange function £ and the better
are our abilities for fast maximization of this objective.

I should stress that the presented brief outline of the Augmented Lagrangian Multipliers Scheme
in Convex Programming is far from being complete; e.g., we did not speak in details on how to solve
the dual problem associated with the augmented Lagrangian (now this problem is constrained, although
with simple constraints, and simple gradient projection routines are possible, but in no sense best possible
options). More detailed considerations of these issues are beyond the scope of this course.

10.4.2 Lagrange Duality and Decomposition

Although the below considerations are not related to Augmented Lagrange Multipliers Scheme, I cannot
avoid them when speaking on Lagrange Duality and its computational consequences. Thus, let us speak
about advantages of the classical Lagrange Multipliers Scheme in the case of separable problems. In many
real-world situations objective and constraints of a Convex Programming program (Rsvp) are separable:
one can partition the vector of design variables = into non-overlapping sub-vectors x1, ..., z; in such a way
that

! !
f(z) = Zfi(ﬂfi% gj(z) = Zgﬁ(l‘i)-
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Whenever it is the case, the Lagrange scheme becomes especially attractive due to the following evident
property: computation of the dual objective

k
¢" (1) = min | f(z) + Zujgj(x)

clearly reduces to solving [ independent problems

k
(P)  min | f(zs) + ) pjgji(w:)
o ; 793
i =1, ..., k. Note that the computational complexity of an optimization problem normally is superadditive
function of the design dimension: it is easier, and usually - much easier, to solve [ independent convex
problems (FP;) of a given total design dimension n than to solve a single convex program of dimension
n. Therefore separability simplifies a lot implementation of the classical Lagrange scheme (note that
the main computational effort in this scheme is the one to solve auxiliary primal problems). In any
words, Lagrange scheme, in contrast to other Convex Programming techniques, is capable to exploit
separability of the objective and the constraints: it allows to decompose the original problem into a
collection of independent problems which “interact” with each other only via the “coordinating” dual
problem (CnvD).

In fact similar decomposition approach can be carried out also in the case when (Rsvp) contains,
besides separable objective and constraints, a number of constraints depending each of its own part x; of
the variables. Such a problem can be written down as

! l
(CnvPS) min{z filzs) Zgﬁ(w) <0,5=1,...,k, x; € Xi} ,
i=1 i=1

where X; are the convex sets given by those inequalities which depend on z; solely.
The corresponding version of Lagrange Duality says that the natural dual problem is

l
(CovDS) Y~ ¢} (p) — max, p>0,

=1
where
k
07 () = min | filws) + ) pigze(ai) | ;
k2 K2 j:1

the difference with the standard duality is that now minimization over x; in the formulae for dual objective
is taken over the set X; given by the constraints depending on zx; solely, not over the entire space.

The meaning of the words “(CnvDS) is natural dual to (CnvPS)” is given by the corresponding
version of the Duality Theorem:

(*) If (CnvPS) is solvable and satisfies the Slater condition, then (CnvDS) (which always is a Convex
Programming problem) also is solvable, the optimal values in the problems are equal to each other, and
the pair (z*,u*) of feasible primal and dual solutions to the problems is composed of optimal solutions
if and only if (x*,\*) is saddle point of the classical Lagrange function L(x,u) of (CnvPS) on the set
X = X1 X ... x X; of values of x and the set R = {u € R* | > 0} of values of p, i.e., if L(z, pu*)
attains its minimum over x € X at x = x*, while the function L(xz*, ) attains its maximum over p > 0
at = p*.

As a corollary, we get that if u* is optimal solution to (CnvDS), then the components =} of (any)
optimal solution to (CnvPS) are among the minimizers of the Lagrange functions

k
Li(wi, p*) = fi(a) + Y 5 g5i(w:)
j=1
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over x; € X;. Under assumptions of strong convexity similar to those indicated in the previous subsection,
this information is sufficient to restore, given p*, the components of optimal primal solution x*. In the
general case we again might meet with the difficulty that there are many minimizers of L;(x;, u*) over
x; € X;, and only some of these minimizers can be combined into optimal solution to (CnvPS). How
to overcome this difficulty, this is another story which goes beyond the bounds of this lecture; what
should be stressed, anyhow, is that the outlined decomposition scheme allows to obtain important, and
sometimes complete information on the optimal solution to (CnvPS).

The Decomposition approach is especially attractive when [ and the total number of constraints
participating in the description of the sets X; are large, and there is relatively small number of separable
“linking constraints” g;(z) < 0. Indeed, in this case the dual problem (CnvDS) is of small dimension,
which simplifies it computationally. At the same time, to compute the objective of (CnvDS) at a given
1, one has to solve [ independent problems of minimizing L;(x;, ) over x; € X;. This latter task can be
achieved by parallel computations, and even with serial computations it is, as I have already mentioned,
much easier to solve many “small” independent problems than a single “large” one.

The outlined Decomposition scheme has very nice economical interpretation. Imagine that certain
company is composed of basically independent units; the only interconnections between the units are
that all the units consume a number of resources like money, energy, etc., which are controlled by the
company. Let us interpret x; as the action of i-th unit, X; as the set of actions allowed for the unit by
its own technological constraints. Let, further, g;;(x;) be the amount of resource j which is required by
unit ¢ to implement action z;, and let —f;(x;) be the profit the unit will get carrying out this action.
The company is interested to maximize the total profit of the units

1
—f(z) = Z(—fz(xz))
i=1

under the constraints
l

Zgﬁ(fﬂi) <bj,j=1,...,m,
i=1

on the total amount of the resources consumed by the units, and, of course, the constraints
xT; € X,‘, 1= 1, ,l

This is certain optimization problem, and a straightforward way to solve it would be: to “lift” to
the level of the company all the data (sets X;, functions gj;, f;), to solve at this level the resulting
problem and to enforce somehow the units to carry out the resulting directives x}. This completely
centralized approach is very unreliable, due to the necessity in sending back and forth huge amounts of
information, and is very costly computationally. A good alternative could be decentralized approach,
where the company declares some “internal prices” on the common resources and says to the units:

“I can sell to you as many resources as you wish at such and such prices. Please order the resources and
say what will be your profit”.

The units will try to maximize, given prices of the resources, their profit

k
_fi<$i) - Z ,ujgji<33i)

over x; € X;, i.e., minimize their losses L;(x;, 1); their orders will allow the company to compute the
objective of the dual problem (CnvDS), which for the case of nonzero right hand sides in the resource
inequality constraints clearly is

k

0" () = 3 Lilwi (1) 1) = D psby-

j=1

In fact the vectors of the resources ordered by the units allow the company to compute the gradient of
the dual objective at the current p (or a supergradient, if the dual objective is nonsmooth). With this
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information, the company can update the prices on the resources, applying certain method for concave
minimization of the dual objective on the nonnegative orthant, ask the units to update accordingly their
decisions, and to repeat this procedure until the dual objective will be maximized, thus solving — in
parallel and distributed fashion — the problem of maximizing total profit under given constraints on the
common resources. This is exactly what is Decomposition does.

It is time now to explain why in the Decomposition scheme we deal with the classical Lagrange func-
tion, not an augmented one. The reason is that the “augmenting” g; — 60;(g;) of a separable constraint
gj(z) < 0 destroys separability. The price for using the classical Lagrangian is typical nonsmoothness
of the dual objective, and in fact Decomposition is the main source of nonsmooth convex optimization
programs.



Lecture 11

Sequential Quadratic Programming

This last lecture of the course is devoted to the Sequential Quadratic Programming methods — the methods
which are now thought to be the most efficient for practical solution of general-type (i.e., nonconvex)
constrained optimization problems.

The idea underlying the methods is to solve directly the KKT system of the problem under con-
sideration by a Newton-type iterative process. In order to get the idea, let us start with the equality
constrained case.

11.1 SQP methods: Equality Constrained case

Consider an equality constrained optimization problem

ha ()
(ECP) min< f(z): h(z) = =0 [z € R"]
N hom ()
and let us write down the corresponding Karush-Kuhn-Tucker system:
(KKT)
V.L(z,\) = Vf(z)+[Vh@)]TAx=0,
ViaL(z,\) = h(z)=0,

where

L(z,\) = f(z) + MN'h(z) = f(z) + Z Aihi ()

is the Lagrangian of (ECP). As we remember from Lecture [4] any locally optimal solution z* of (ECP)
which is a regular point of the system of constraints (i.e., is such that the gradients of constraints taken at
this point are linearly independent) can be extended by properly chosen A = A* to a solution of (KKT).

Now, (KKT) is a system of n +m equations with n +m unknowns x, A, and we can try to solve this
system with the Newton method. To the moment we know what is the Newton minimization method,
not the Newton method for solving systems of equations; let us look what is this latter routine.

11.1.1 Newton method for systems of equations
11.1.1.1 The method

Given a system of N nonlinear scalar equations with N unknowns

p1(u)
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with continuously differentiable real-valued functions p;, one can try to solve this system as follows. Given
current approximate solution u, let us linearize the system at this point, i.e., replace the actual nonlinear
system by the linear one

p1(@) + [Vpu(@)]" (u — @)

[P(u) ~] P(a)+ P'(@)(u— ) =0.

o (@) + [Vpn (@) (u — 1)

Assuming the N x N matrix P’(%) nonsingular, we can write down the solution to the linearized system:

The vector

is called the Newton displacement.
Now we can look at @' as at our new approximate solution and iterate the indicated updating, thus
coming to the Newton method for solving (E) — to the recurrence

Ut = Ut—1 — [P'(ut,l)]_lp(ut,l). (11.1.1)

Note that the basic Newton method for unconstrained minimization of a smooth function f (Lecture [6]
is nothing but the above recurrence applied to the Fermat equatio

(F) P(z) =V f(z)=0.

11.1.1.2 Local quadratic convergence

Same as in the particular case of equation (F), in the case of general equation (E) the Newton method
possesses fast local convergence:

Proposition 11.1.1 [Local superlinear/quadratic convergence of the Newton method for solving systems
of equations]
Let u* be a solution to (E), and assume that this solution is nondegenerate, i.e., that the matriz P'(u*)

is nonsingular. Then the Newton method (11.1.1]) locally superlinearly converges to u*: there exists a

neighbourhood U of u* such that the recurrence 1)), being started at a point ug € U, is well defined
(i.e., the required inverse matrices do exist), keeps the iterates in U and ensures that

lug — u*| < Crrt, t=0,1,...

for every k > 0.
If, in addition, P is twice continuously differentiable in a neighbourhood of u*, then the indicated
convergence is quadratic:

lug — u*| < Clug_q — u*|?
for all t and some C < 0.

The proof of this proposition repeats word by word the one of the similar statement from Lecture
and you are welcome to prove the statement by yourself.

Now let us look how all this works when (E) is the Karush-Kuhn-Tucker system of the equality
constrained problem (ECP).

'to save words, we shall use the word “equation” also for systems of scalar equations, interpreting such a
system as a single vector equation. It always will be clear which equation — a vector or a scalar one — is meant.
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11.1.2 Solving (KKT) by the Newton method

When applying the Newton method to (KKT), we should answer the following crucial question:

e When a KKT point (z*, A*) of problem (ECP) is a nondegenerate solution to the system (KKT)?

[when it is so, we may hope to get at least locally converging routine; on the other hand, when the
corresponding matrix P’ is singular at (z*, A*), we have small hope on convergence, not speaking
of the unpleasant possibility to meet with singular P’ also at a point close to (z*, A\*): if this latter
point will be our iterate, how could we define the Newton displacement?]

Our local goal is to answer the above question and to present important interpretation of the Newton
displacement in terms of certain auxiliary quadratic optimization problem with linear equality constraints.
This interpretation will allow us to extend the approach from the case of equality constrained problem
(ECP) to the general constrained case.

To get convenient notation, we set

; (11.1.2)

P(a,\) = VarL(z, \) = (VmL(ﬂc, ) = Vf(z) + [Vh(x)]TA>

ViaL(z, A) = h(z)
in this notation, system (KKT) is exactly (E). Note that

P'(z,)) = (vivL,fé’)A) [Vh((f)]T) (11.1.3)

11.1.2.1 Nonsingularity of KKT points

We start with the following important observation:

Proposition 11.1.2 Let z* be a nondegenerate solution to (ECP) (Definition l.4.1)), and let \* be the
corresponding vector of Lagrange multipliers. Then the matriz P'(x*,\*) is nonsingular.

Proof. Denoting, as usual, H = V2L(2*,\*), A = Vh(z*), we have
,  (H AT\
po (1A,

we should prove that P'h = 0, h being (n + m)-dimensional vector, implies h = 0. Partitioning h into
n-dimensional fragment v and m-dimensional fragment w, we get

o=p (V)= Hov+ ATw
w ) Av ’

Huo+ATw=0; Av=0.

whence

The second equation says that v is in the kernel of A = Vh(z*), i.e., is in the plane T tangent to the
feasible surface at the point z*. Multiplying the first equation from the left by v” and taking into account
that v ATw = (Av)Tw = 0 by the second equation, we get v7 Hv = 0. Since z* is a nondegenerate local
solution to (ECP), H = V2L(z*, \*) is positive definite on T'; consequently, v € T and v? Hv = 0 imply
that v = 0.

Since v = 0, the first of our two equations implies that A”w = 0; but 2* is regular for the constraints
of (ECP), i.e., the columns of the matrix AT = [Vh(z*)]T — these columns are exactly the gradients of the
constraints at the point z* — are linearly independent; since the columns of AT are linearly independent,
their combination ATw can be zero only if the vector w of coefficients in the combination is zero. Thus,
both v and w are zero. m
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11.1.2.2 Structure and interpretation of the Newton displacement

Let us look what is the Newton system
P'(u)d = —P(u)

— the system defining the Newton displacement — for the particular case when the system (E) of nonlinear
equations is the Karush-Kuhn-Tucker system (KKT) of (ECP). In the case in question P is given by
, while P’ is given by . Partitioning the vector of unknowns d of the Newton system into
z-part dr and A-part d\, we can rewrite the Newton system as

V2L(z, Ndz + [Vh@)]Td\ = —Vf(&) - [Vh(@)]TA
[Vh(z)]dA - W@

(%, \) being the current iterate to be updated by the Newton step. -
It is convenient to pass from the unknowns dx and dA to dr and AT = X+ d) (note that AT is the
A-component of the Newton iterate of (%, A)). The new unknowns are given by the system

V2L(E Nlde + [VRE]TA = V(@) .
[Vh(z)]dz = —h(z) o
The resulting form of the Newton system is very instructive. To see this, let us for the time being forget
about the Newton method for solving the KKT system of problem (ECP) and look at the situation from
a little bit different viewpoint. Let 2* be a nondegenerate solution to (ECP) and A* be the corresponding

vector of Lagrange multipliers. Then
ViL(z*,\*)=0

and the Hessian V2 L(z*, \*) of the Lagrange function is positive definite on the plane T tangent to the
feasible surface of (ECP) at the point z*. In other words, the Lagrange function regarded as function
of x (with A being set to A*) attains at = x* its nondegenerate local minimum on the plane T. If we
knew the tangent plane T (and A\*) in advance, we could find z* by applying to L(z, A*) any method
of unconstrained minimization, not in the entire space, of course, but in the plane 7. Let us look what
would happen if we would use in this scheme the Newton minimization method. How we should act? We
should replace our current objective — the function L(-, \*) — by its quadratic expansion at the current
iterate T, i.e., by the function

L(Z,A) + (d2) Vo L(7, A7) + %(dx)TViL(i:, N)dz (11.1.5)

and to minimize this quadratic approximation over displacements dx such that & + dx € T’; the new
iterate would be then T + dx, where dz is given by the aforementioned minimization.

Now, actually we do not know 7' and A\*; all we have is the current approximation (Z, \) of (z*, \*).
With this approximation, we can imitate the latter construction as follows:

e use, instead of \*, its current approximate \;

e use, instead of T, the plane T given by linearization of the constraints h(z) = 0 at the current

iterate Z:
T={y=2z+dx| [Vh(z)dr + h(z) = 0}.

Thus, the above idea — to improve current iterate Z by applying a single step of the Newton minimization
of the Lagrange function over the plane T — could be implemented as follows: we define dx as the solution
to the quadratic minimization problem with linear equality constraints:

(%)

s.t.

L(z,A) + (dz)T"V,L(z, A) + £ (d2z)TV2L(z,\)dz — min

[Vh(z)de = —h(z)
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and define the new z-iterate as
T =7+ dx.

Note that the problem can be a little bit simplified: recalling the definition of the Lagrange function, we
see that the linear part
L(z,\) + (dz)"V,L(Z, \)

of the objective in the problem is equal to
(@) + (dz)"'V f(@) + [NTh(z) + AT [Vh(z))dz] ;

the quantity in the brackets is constant on the feasible plane of the problem and therefore can be elimi-
nated from the objective without varying the solution. Thus, problem (*) is equivalent to

QP 5)) _
f(@) + (d2)TV f(Z) + +2(d2)TV2L(z,\)dz — min
s.t.
[Vh(z)dz = —h(z).

Problem (QP(E’;\)) is quite respectable optimization problem, and its solution, if exists, is achieved at a
KKT point. Moreover, the solution to the problem does exist, if (Z, \) is close enough to (z*, \*). Indeed,
if = 2*, X = \*, then the objective of the problem is a quadratic form which is strongly convex at the
feasible plane T of the problem (recall that x* is a nondegenerate solution to (ECP)). By continuity
reasons, for (Z,\) close enough to (x*, \*) the objective in (QP(z.x)) also is strongly convex quadratic
form on the feasible plane T of the problem and therefore attains its minimum on the plane.

Now let us make the following crucial observation (for the sake of brevity, we write (QP) instead of

(QP(z,5))):

Let the Newton system be a system with nonsingular matrix (we know that it indeed
is the case when (Z, \) is close enough to (z*,\*)). Then the Newton displacement dx given
by the Newton system is the unique KKT point of the problem (QP), and the vector AT
given by the Newton system is the vector of Lagrange multipliers associated with the KKT
point dz in the problem (QP).

Indeed, let z be a KKT point of (QP) and p be the corresponding vector of Lagrange multipliers. The
KKT equations for (QP) are (check it!)

V(@) + V2L(z,\)z + [Vh(@)]Tu = 0,
[Vh(z)]z = —h(z);

but this is exactly the Newton system .

Now we understand what the Newton method from the previous section does in the optimization
terms. The optimal solution is the minimizer of the Lagrange function on the tangent plane T to the
feasible surface of the problem, the Lagrange multipliers being set to their optimal values. The method,
at each step, replaces this the tangent plane with the plane T given by linearizations of the constraints at
the current iterate, replaces “exact” multipliers in the Lagrange function with their current estimate and
performs a single Newton step of minimization of the resulting function over x € T, thus generating the
new z-iterate. As a byproduct of this Newton minimization step (this step solves quadratic minimization
problem (QP) with linear equality constraints) we get the vector of Lagrange multipliers for (QP), and
this vector is our new estimate of the vector \* of Lagrange multipliers of the original problem.

The presented interpretation of the method explains why it is called “Sequential Quadratic Program-
ming”; the name comes from the fact that at each step of the method we in fact solve certain Quadratic
Programming problem with linear equality constraints. There is another name of the method — the
Projected Lagrangian Scheme, and this second name reflects the origin of our Quadratic Programming
problems.
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What should be stressed is that the linear term in the objective of (QP) comes from our original
objective f ; in contrast to this, the quadratic term in the objective of (QP) comes from the Lagrange
function, not from f. This is quite reasonable: this is the Lagrange function which attains its nonde-
generate local minimum on T at x*, not the actual objective f. For f itself, * is nothing but a critical
point on 7', and it may happen to be the point of maximum, as it is seen from the following example:

f(Il,ZEQ) = T2 — 01:6%7 h(I) = T2 — Ii Tt = (070)

In this example, x* indeed is a nondegenerate local solution with \* = —1 and T = {z € R? | 2o = 0}.
The Lagrange function with “correct” value of the Lagrange multiplier is L(z, \*) = 0.922, and z* is its
nondegenerate local (and even global) minimizer on 7. In contrast to this, z* is nondegenerate global
maximizer of the objective f on T.

11.2 The case of general constrained problems

11.2.1 Basic SQP scheme

Given the above interpretation of the Newton method for solving the KKT system of an equality con-
strained problem, we now can easily understand how the method should be extended onto the case of a
general constrained problem

(GCP) mxin flz):h(x) = =0, g(z) = <0

Our starting observation is that if 2* is a nondegenerate solution to (GCP) and (\*, u*) is the corre-
sponding vector of Lagrange multipliers (A’s are the multipliers for the equality constraints, and u’s - for
the inequality ones), then, as it is immediately given by straightforward verification of Definition [4.4.1]
z* is a nondegenerate solution, and \*, u* are Lagrange multipliers, in the following linearly constrained
quadratic programming program:

(QP7)

@)+ (¢ —2)TV (") + 3o — 2*)TVEL(2*; M, p*)(z — 2%)  —  min
s.t.
hi(x*) + (z — 2%)TVhi(z*) = 0,i=1,...m,
g;(x*) + (v — :C*)Tng(x*) < 0,j=1,...,k,
where
m k
Lz A ) = f(x) + D Niha(2) + Y pig;(x)
i=1 j=1

is the Lagrange function of (GCP).
This observation motivates the following iterative process: given current approximation (xy, A¢, ft¢)
to (z*, \*, u*), we use this approximation to model (QP*) by the linearly constrained quadratic program

(QP,)
fxe) + (dz)TV f(2e) + 2(d2)T[V2L(z4; Ar, pe)]dz —  min
s.t.
[Vh(z)]dze = —h(x,),
Vy(zi)ldz < —g(a).

Znote, anyhow, that we may deal with the linear term coming from the Lagrange function as well: recall that
(QP) is equivalent to (*). The only advantage of (QP) is that the vector of Lagrange multipliers in this problem

is exactly the new estimate A™ of A\*, while the vector of Lagrange multipliers in (*) is At — X
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Solving this problem, we get the corresponding displacement dz and, besides this, the vectors A™ and u™
of the Lagrange multipliers for (QP;):

m k
Vf(@) + VEL(xe My pe)dz + Y A;_Vhi(xt) + 2 uj'ng(:ct) = 0
i=1 j=1
N’j[gj(xt) + (de)Tvg]({Et)] = 07 j = ]-7 aS) ka
pyo= 0,5 =1,k

after dz, \™, u™ are identified, we take as the new iterate the triple

Tipr =2y +dr, Mg = AT, g = p
and loop.

It can be proved that if z* is a nondegenerate solution to (GCP) and the outlined recurrence is
started close enough to (x*, \*, u*), then the recurrence is well-defined and converges quadratically to

(2, \*, u*).

11.2.2 Quasi-Newton Approximations

A disadvantage of the SQP scheme as developed so far is that the auxiliary quadratic problem (QP;)
may be “bad” — e.g., the quadratic objective in this problem may be below unbounded at the feasible set
of (QP;). This bad thing for sure does not happen in the equality constrained case, provided that z;, A;)
is close enough to (x*, \*), since then the matrix V2L, (1, \;) is positive definite along the approximate
tangent plane T'; this favourable situation, however, is ensured only in a neighbourhood of the solution.
And in the case of general constraints problem (QP;) can be bad independently of whether the current
iterates are or are not close to (z*A*, u*). The situation is very similar to the one we met in the Newton
method for unconstrained minimization, where the Hessian of the objective was not obliged to be positive
definite at every step, and it caused a lot of troubles.

To overcome the difficulty, in the unconstrained case we simply replaced the current Hessian with its
positive definite correction whenever the Hessian was not “well positive definite”. The same remedy can
be used now: if the objective in (QP;) turns out to be not strongly convex on the entire space, i.e., if
the matrix V2L(x.; Ay, i) is not positive definite, we replace it with its positive definite correction B;.
With this correction, the auxiliary quadratic programming problem which we should solve at a step ¢ of
the SQP method becomes

(QP})

s.t.

f(@e) + (dx)TV f(z¢) + 3(dz)" Bydz  —  min
[Vh(xy)de = —h(xy),

Vg(x)lde < —g(x);

the z-component of the new iterate is xy11 = x¢ + dz, while A\ry; and p¢4q are the vectors of Lagrange
multipliers of (QP}).

The indicated modification (which, as we shall see in a while, still is converging) possesses the following
attractive properties:

e problem (QP}) does not depend explicitly on the current approximates A; and p; to the Lagrange
multipliers of (GCP) (all the dependence of A, p, if any, is via the choice of the matrix By);

e it ensures global convergence of a reasonable linesearch version of the SQP scheme (see Section

[L.3);
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e (QP}) becomes a problem with strongly convex quadratic objective and linear constraints; the
problem therefore can be efficiently solved in finitely many steps by the active set method (Section
9.1.2).

It should be also mentioned that if, as it is the case under reasonable regularity assumptions, the
Lagrange multipliers p:41 for inequality constraints in the problem (QP}) converge to the actual
Lagrange multipliers p* for the inequality constraints in (GCP), then for large ¢ the vector p; is
close to pg1. It means that p; allows to predict which inequalities in (QP,) are active at the
solution to this problem: for large t, these active inequalities are exactly those which correspond to
positive entries of u;. It follows that when solving (QP}) by the active set method, it makes sense
to use this prediction as the initial guess for the active set of (QP}). With this policy, eventually
(for large enough values of ) (QP}) will be solved in one step of the active set method (i.e., at the
cost of solving a single system of linear equations)! And even for initial values of ¢, when it may
take several steps of the active set method to solve (QP}), this prediction used as the initial guess
for the actual active set of (QP}) typically saves a lot of computations.

e using matrix B; instead of the Hessian of the Lagrangian, we may apply the Quasi-Newton tactics
to approximate this Hessian (more exactly, its positive definite correction) without explicit usage
of the second-order information on the data

11.3 Linesearch, Merit functions, global convergence

The Sequential Quadratic Programming scheme studied so far possesses nice local convergence properties,
at least for the case when B, = V2L(xy; A, pe): if 2* is a nondegenerate local solution to (GCP) with
Lagrange multipliers A\*, u*, and if SQP is initialized by a triple (z1, A1, t1) close enough to (z*, \*, u*),
then the routine quadratically converges to the solution of (GCP). The difficulty, anyhow, is that we have
no idea whether the routine possesses global convergence, or, better to say, we know for sure that it may
fail to converge globally. Indeed, in the simplest case where there is no constraints at all, our routine
becomes the Basic Newton method for unconstrained minimization from Lecture 7?7, and we know from
this Lecture that the Newton method, even applied to a fine convex objective, may diverge, if the starting
point is too far from the optimal solution.

What we did in the unconstrained case in order to overcome this drawback? The remedy was
linesearch. More specifically, what we did in our now situation would look as follows:

given current iterate u; = (x4, A¢, pt¢) and computing dz, AT, u* as a solution to (QP}) and
the Lagrange multipliers associated with this solution, we treat the triple

div1 = (do,d\N = X" — N, dp = pt — ) (11.3.1)

not as the actual step we should perform from u; to get the new iterate u;41, but as a search
direction only; the new iterate uy41 is obtained from u; by certain — not necessarily unit —
stepsize ;41 from u; in the direction d;:

Ut4+1 = Ut + ’Yt+1dt+17 (1132)

and the role of linesearch is to choose a reasonable stepsize y¢y1.

In the case of unconstrained optimization we measured the quality of a candidate stepsize by the progress
in the objective, so that the linesearch was aimed to minimize the objective along the search ray {u; +
vdiy1 | v > 0}. In our now situation, it makes no sense to look at the objective alone: what we are
interested in, is “movement towards the KKT set of (GCP)”, and the description of this set involves both
the objective and the constraints.

Thus, what we need is certain “auxiliary objective”, certain integrated measure of violation of the
relations we would like to ensure (in our case these are the KKT conditions). Choosing somehow this
measure, we could use the associated with this measure linesearch in order to choose stepsizes which
indeed decrease violations of our our target relations and thus move us towards the solution set.
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The general scheme we come to — some policy of choosing sequential search directions plus tactics of
choosing stepsizes in these directions, tactics based on minimization of a reasonable auxiliary objective
over the search rays — is typical for many iterative methods, and the auxiliary objective in these methods
has a special name - it is called the merit function. Good choice of a merit function is as important
for quality of the overall routine as a good policy of choosing search directions, and in fact both these
components of a method should fit each other. The crucial requirement which should be satisfied by
these components is as follows:

() if current iterate u is not a solution to the problem in question, then the search direction d associated
with u should be descent for the merit function M (-):

M(u+ ~d) < M(u) for all small enough positive ~.

The role of property (!) is clear: if it is violated, then we may arrive at an iterate which is not a solution
to the problem we want to solve and at the same time is such that the merit function increases along
the search ray associated with the iterate. In this case the linesearch will return zero stepsize, and the
next iterate will be the same as the previous one, so that we shall stay at this “bad” iterate forever.
On the other hand, if (!) is satisfied, then the linesearch will ensure nonzero progress in the value of
the merit function at each step where the current iterate is not an exact solution, and the method will
become descent with respect to the merit function. In this case we have good chances to use the Global
Convergence Theorem from Lecture [] to prove convergence of the method.

Now let us apply the outlined general considerations to the case we are interested in, i.e., to the
case when the problem of interest is (GCE) and the policy of choosing search directions is given by the
Sequential Quadratic Programming scheme. What we need is a merit function which, along with this
policy, fits (1).

11.3.1 [; merit function

It turns out that an appropriate (and the most common) merit function in our case is

m k
M(z) = f(z)+0 Z|hi(a:)|+2gj(x) , (11.3.3)

where 6 > 0 is parameter of the function and, as always,
g (z) = max[g; (), 0]

is the positive part of the constraint g;.
The following lemma justifies the indicated choice of the merit function:

Lemma 11.3.1 Let a; be current iterate, let By be a positive definite matriz used in (QP}), let dx be the
solution to the latter problem and X\ = Apy1, 1 = pe1 be the Lagrange multipliers associated with (QP}).
Assume that 0 is large enough:

0Zmax{‘AlL"'a|)\m|7,u17,u27"'7.uk} (1134)

Then either de = 0, and then z; is a KKT point of (GCP), or dz # 0, and then dx is a descent direction
of the merit function M.

Proof. By the origin of dx, A\ and p we have (values and derivatives of f, h, g are taken at x;, B = B;):
Vf + Bdx + [Vh)"A + [Vg]T 1 = 0, (11.3.5)

h + [Vh]dz = 0, (11.3.6)
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+ [Vygldz <0, (11.3.7)

and, finally,
w; >0, wilg; + (dx)'Vg]=0,5=1,...k (11.3.8)

Looking at these relations, we see that if do = 0, then z; clearly is a KKT point of (GCP). Now let
dz # 0. We have

(d2)"V [ =
[see (11.3.5)]
m l
—(dz)" Bdw — > Ni(dx)"Vh; =Y pj(da) Vg, =
i=1 j=1
[see (11.3.7) and (L1.3.1)]

m k
—(dz)"Bdz + Y Xihi + Y pig; <

i=1 =1

[note that p; > 0]

—(dz) Tde+Z\)\ || |+Zu] <
[see (11.3.4)]
m k
< —(dz)" Bdz + 0 [Z |hi| + ng] . (11.3.9)

i=1 j=1

Now let v > 0. We have

M) — M (x; + ydw) = [f(x;) = f(w; + yda)]+

m k
+6 Z[\hl(xtﬂ — |h(z 4+ yda)|] Z gj (z¢) — g (w, + 'ydx)]] . (11.3.10)
i=1 j=1
Denoting by O;(v) appropriate functions of v which tend to 0 as v — 40, we have
f@e) = fwe+ yda) > —(de)"V f +700(7). (11.3.11)
Further,
hi(zy + vdz) = hy + v(dz)TVh; +~70;(y) =
[see (I1.3:6)]
= (1 =hi +70i(7),
whence
|hi(z 4+ vda)| < (1 —)|hi| +9]0:()], i =1,...,m. (11.3.12)
Similarly,
95 (¢ + vdz) = g; +7(dx)"Vgj +70m4;(7) <
[see (I1.3:7)]
< (=795 + 70m+; (),
whence

gj (2 +ydx) < (1= 7)gf +0m; (W), G=1,.... k. (11.3.13)
Substituting ([[T3.11) - ([[1.3.13) into ([1.3.10), we get

m

k
> Ihil + ng] +700(y) >

i=1 j=1

M(x;) — M (z + ydz) > v(dz)TV f + 6




11.3. LINESEARCH, MERIT FUNCTIONS, GLOBAL CONVERGENCE 293

see (T30
> 7 [(dz)" Bydz + 00(7)] -

Since dx # 0 and B is positive definite, we have (dz)” Bidz > 0, and since O(y) — 0 as v — +0, we have
also

(dz)” Bydz + 00(7) > 0
for all small enough positive 7; from the above computation, for these v the quantity M (z;)— M (x¢+~vdx)
is positive, as required. m
11.3.2 SQP Algorithm with Merit Function

Our considerations motivate the following

Algorithm 11.3.1 [Generic SQP Algorithm with {; Merit Function for (GCP)]
Initialization. Choose 61 > 0, an arbitrary starting point x1 and sett = 1.
Step t. Given current iterate x4, act as follows:

o Choose somehow positive definite matriz By;
e Form linearly constrained quadratic problem (QP}) given by x; and By;

e Solve (QP}), thus obtaining the solution dx and the vectors of Lagrange multipliers A = Apy1 and
= perr- If dv =0, terminate: xy is a KKT point of (GCP).

o Check whether
0 > 0 = max{| 1], ..., [Aml, 1, oy Lk -

if this inequality is satisfied, set 011 = 0, otherwise set
;11 = max|fy, 20,];
e Find the new iterate
Tpp1 = Ty + Yp1d

by linesearch aimed to minimize the merit function

m k
My (z) = f(2) + 041 Z |hi(2)| + Z g7 ()

on the search ray {x; + vdx | v > 0}. Replace t with t + 1 and loop.
We can prove the following Main Theorem:

Theorem 11.3.1 [Global Convergence of the SQP Method with I; Merit Function]
Let problem (GCP) be solved by Algorithm [11.5.1), and assume that
e a) there exists a bounded and closed set @ C R™ such that for x € Q the solution set D(z) of the
system of linear inequality constraints
S(z): [Vh(x)]dr = —h(x), [Vg(x)ldz < —g(x)
with unknowns dx is nonempty, and each vector du € D(x) is a regular solution of system S(x)
(Definition ;

e b) the trajectory {x;} of the algorithm belongs to Q and is infinite (i.e., the method does not
terminate with exact KKT point of (GCE));
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e ¢) the matrices B, used in the method are uniformly bounded and uniformly positive definite:
c <B; <CI

for all t, with some 0 < ¢ < C < o0.

Then all accumulation points of the trajectory of the method are KKT points of (GCP).

Sketch of the Proof.
1) Let (QP(z, B)) denote the auxiliary linearly constrained quadratic problem of the type (QP}) associated
with an iterate x; = x and a matrix B; = B, and let B be the set of positive definite matrices such that

cl <BLZCI

From a) and c¢) one can extract (this is easy, although dull) that for z € Q and B € B the problem
(QP(z, B)) has a unique solution dz(x, B) with uniquely defined Lagrange multipliers A(z, B), u(x, B),
and the triple (dz(z, B), \(x, B), u(x, B)) is continuous in (x, B) € Q x B.

2) From 1) and b) it follows that the Lagrange multipliers generated in course of running the method are
uniformly bounded; from the description of the method it therefore follows that the parameter 6; of the
merit function is updated only finitely many times. Thus, forgetting about certain finite initial fragment
of the trajectory, we may assume that this parameter simply is constant: 6; = 6.

3) To prove the Theorem, we should prove that if Z is the limit of certain subsequence {w;,}52; of our
(bounded) trajectory, then Z is a KKT point of (GCE). From c) it follows that the matrices B;, belong
to the (clearly compact) set B; passing to a subsequence, we therefore may assume that

Ty, — T, Btp—>B€B as p — oo.

If the solution d¥ = dz(z, B) to problem (QP(z,B)) is zero, then 7 is a KKT point of (GCE) by
Lemma as required. Thus, all we need is to lead to a contradiction the assumption that d* # 0.
Under this assumption from the convergencies x;, — =, By, — B, p — oo, and from 1) it follows
that d, = dx(x,,B;,) — d© # 0. From the indicated convergencies and the relation d* # 0 by the
arguments completely similar to those used in the proof of Lemma [11.3.1] it follows that the progresses
6p = M(x;,) — M(z¢,41) in the values of the merit function at the steps t,, p = 1,2,..., are bounded

away from zero:
5,>0>0,p=1,2,...

This is clearly a contradiction: our process at each step decreases the merit function, and since this
function clearly is below bounded on @, the sum of progresses in its values over all steps is finite, and
therefore these progresses go to 0 as ¢t — co. =

11.3.3 Concluding remarks
There are several essential comments to the presented method.

e In the presentation of the Generic SQP algorithm with /; merit function we did not specify how
the matrices B; are generated; Theorem also is not that specific in this respect (all it asks
for is uniform boundedness and uniform positive definiteness of the matrices B;). Our preceding
considerations, however, make it clear that in order to get fast algorithm, one should make B;
“close” to the Hessian of the Lagrange function associated with the current iterate z and the
current (coming from the previous auxiliary quadratic programming problem) estimates of the
Lagrange multipliers. Of course, if this Hessian, being available, is not “well positive definite”,
one should replace it by its positive definite correction. And if the second order information is not
available at all, we can generate B; via quasi-Newton approximations similar to those from Lecture

[
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e A weak point of the method in its now form is the possibility for auxiliary problems (QP}) to be
unfeasible. This indeed may happen, even in the case of feasible problem (GCP). More exactly, if
x* is a nondegenerate solution to (GCP), then the quadratic problems associated with the iterates
close enough to x* are feasible, but if the current iterate is too far from z*, the quadratic problem
can be infeasible. What to do, if an unfeasible auxiliary quadratic problem is met?

A popular way to overcome this difficulty is to pass from the auxiliary problem (QP}) to the
“trust region SQP problem” which gives us both the search direction and the stepsize and always
is feasible and solvable. Namely, given current iterate x; and positive definite approximation By
to the Hessian of the Lagrange function, we find the new iterate z;41 = x4 + da by solving the
optimization problem as follows:

/) + ()9 () + 3 (da)" Byda]

+9[Z [hi(xe) + (dx) " Vhi(zy)]

k
+ 3" max(0, g (@) + (de) Vg ()] — min,

j=1
st. =0 < (dw); <6, i=1,...,n.

This problem can be easily rewritten as a linearly constrained problem with convex quadratic
objective. Solving this problem, we take direct care of decreasing the I; Merit Function, or, better
to say, its analogy obtained when replacing the actual — nonlinear — constraints in the merit function
by their linearizations. The “trust region” bounds —d; < (dz); < d; should be tight enough to
make the “analogy” sufficiently close to the actual merit function.

It should also be mentioned that if (GCP) is a (feasible) program with convex constraints (i.e., the
equality constraints h; are linear, and the inequality ones g; are convex), then auxiliary quadratic
problems (QP}) for sure are feasible. Indeed, if Z is an arbitrary point of R™ and z is a feasible
solution to (GCP), then, from linearity of the equality constraints,

h(z) 4+ [Vh(z)](z — z) = h(z) =0,
and from the Gradient inequalit
9(z) + [Vg(@)|(x — ) < g(z) <0,

so that x — T is a feasible solution to the quadratic program (QP’) associated with Z.

o “Maratos effect”. The Merit Function technique ensures global convergence of the SQP scheme at
the cost of “spoiling”, to some extent, local quadratic convergence of the “pure” SQP scheme from
Sections [11.1.2) and [11.2.1] For the sake of definiteness, let us speak about the case of equality
constrained problem (ECP). Moreover, let the matrix H = V2L(z*,\*) be the unit matrix (so
that H is positive definite on the entire space). Assume that we use the unit matrix also as
B; at all steps of the SQP method; then, as we know from Section the unit stepsizes ¢
would result in asymptotical quadratic convergence of the routine, provided that it converges at
all. And it is easy to demonstrate that, vise versa, “essentially non-unit” stepsizes will prevent the
superlinear convergence. Now, what about “asymptotical compatibility” of the unit stepsizes with

3which says that for a differentiable convex function ¢(-) one has
d(u) > ¢(v) + (u—v)" Vo (u)

for all u,v
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the linesearch based on the {; Merit Function? Is it true that the linesearch will eventually result
in nearly unit stepsizes, or is it at least true that the unit stepsizes do not contradict the Merit
Function philosophy, i.e., that close to the solution they decrease the merit function? The answer
on both these question is negative. There are examples of problems (ECP) where, arbitrarily close
to a nondegenerate solution to the problem, the unit stepsizes in the SQP scheme increase the [y
Merit Function (and in fact all natural merit functions). This phenomenon (it was discovered by
N. Maratos in 78 and is called the Maratos effect) demonstrates that we cannot expect the SQP
scheme with merit function based linesearch to possess superlinear asymptotic rate of convergence.
There are some ways to avoid this drawback, but these details are beyond the scope of the course.



Appendix A

Prerequisites from Linear Algebra
and Analysis

Regarded as mathematical entities, the objective and the constraints in a Mathematical Programming
problem are functions of several real variables; therefore before entering the Optimization Theory and
Methods, we need to recall several basic notions and facts about the spaces R"™ where these functions
live, same as about the functions themselves. The reader is supposed to know most of the facts to follow,
so he/she should not be surprised by a “cooking book” style which we intend to use in this Lecture@

A.1 Space R": algebraic structure

Basically all events and constructions to be considered will take place in the space R™ of n-dimensional
real vectors. This space can be described as follows.

A.1.1 A point in R"

A point in R™ (called also an n-dimensional vector) is an ordered collection = (21, ...,x,) of n reals,
called the coordinates, or components, or entries of vector x; the space R itself is the set of all collections
of this type.

A.1.2 Linear operations
R" is equipped with two basic operations:

e Addition of vectors. This operation takes on input two vectors = (x1,...,2,) and y = (y1, ..., Yn)
and produces from them a new vector

T+ y= (371 + Y1y 0y T + yn)

with entries which are sums of the corresponding entries in x and in y.

e Multiplication of vectors by reals. This operation takes on input a real A and an n-dimensional
vector = (21, ..., &, ) and produces from them a new vector

Az = (A1, ey AZp)

with entries which are A times the entries of x.

The as far as addition and multiplication by reals are concerned, the arithmetic of R™ inherits most of
the common rules of Real Arithmetic, like x +y =y+z, (z+y)+z=2+(y+2), A+up)(z+y) =
Az + px + Ay + py, A(pz) = (Ap)z, ete.

297
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A.1.3 Linear subspaces

Linear subspaces in R"™ are, by definition, nonempty subsets of R™ which are closed with respect to
addition of vectors and multiplication of vectors by reals:

L+ 0;
L C R" is a linear subspace < r,yeL=x+yel;
reL, AeR= Az elL.
[A.1.3 A. Examples of linear subspaces:
1. The entire R";

2. The trivial subspace containing the single zero vector 0 = (0, ..., 0) ; (this vector /point is called
also the origin)

3. The set {x € R™: 21 = 0} of all vectors z with the first coordinate equal to zero.

The latter example admits a natural extension:

4. The set of all solutions to a homogeneous (i.e., with zero right hand side) system of linear equations

a1121 + ... +apry, = 0
reR" - a1 + ... +aogpr, = 0 (A.l.l)
am1Z1+ ... tamney, = 0

always is a linear subspace in R™. This example is “generic”, that is, every linear subspace in R” is
the solution set of a (finite) system of homogeneous linear equations, see Proposition below.

5. Linear span of a set of vectors. Given a nonempty set X of vectors, one can form a linear subspace
Lin(X), called the linear span of X; this subspace consists of all vectors & which can be represented

N N
as linear combinations Y, \;x; of vectors from X (in Y A;z;, N is an arbitrary positive integer,

i=1 i=1
A; are reals and x; belong to X). Note that

Lin(X) is the smallest linear subspace which contains X : if L is a linear subspace such
that L O X, then L D L(X) (why?).

The “linear span” example also is generic:

Every linear subspace in R" is the linear span of an appropriately chosen finite set of
vectors from R™.

(see Theorem (i) below).

[A.1.3B. Sums and intersections of linear subspaces. Let {Lq}acs be a family (finite or
infinite) of linear subspaces of R™. From this family, one can build two sets:

1. The sum Y L, of the subspaces L, which consists of all vectors which can be represented as finite

«
sums of vectors taken each from its own subspace of the family;

2. The intersection (] L, of the subspaces from the family.

DPay attention to the notation: we use the same symbol 0 to denote the real zero and the n-dimensional
vector with all coordinates equal to zero; these two zeros are not the same, and one should understand from the
context (it always is very easy) which zero is meant.
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Theorem A.1.1 Let {L,}acr be a family of linear subspaces of R™. Then
(i) The sum > Lo, of the subspaces from the family is itself a linear subspace of R"; it is the smallest

«@
of those subspaces of R™ which contain every subspace from the family;
(ii) The intersection (| Lo of the subspaces from the family is itself a linear subspace of R™; it is the

[e%
largest of those subspaces of R™ which are contained in every subspace from the family.

A.1.4 Linear independence, bases, dimensions

A collection X = {z!,...,2N} of vectors from R" is called linearly independent, if no nontrivial (i.e., with
at least one nonzero coefficient) linear combination of vectors from X is zero.

Example of linearly independent set: the collection of n standard basic orths e; = (1,0, ...,0),
e2=(0,1,0,..,0), ., en = (0,..,0,1).
Examples of linearly dependent sets: (1) X = {0}; (2) X = {e1,e1}; (3) X = {e1,e2,e1+e€2}.

A collection of vectors f1,..., f™ is called a basis in R™, if
1. The collection is linearly independent;
2. Every vector from R" is a linear combination of vectors from the collection (i.e., Lin{ f*, ..., f™} =

R'Il)'

Example of a basis: The collection of standard basic orths eq, ..., e, is a basis in R".

Examples of non-bases: (1) The collection {es, ...,e,}. This collection is linearly indepen-
dent, but not every vector is a linear combination of the vectors from the collection; (2)
The collection {e1,e1,ea,...,e,}. Every vector is a linear combination of vectors form the
collection, but the collection is not linearly independent.

Besides the bases of the entire R™, one can speak about the bases of linear subspaces:
A collection {f!,..., f™} of vectors is called a basis of a linear subspace L, if

1. The collection is linearly independent,

2. L =Lin{f!, ..., f™}, i.e., all vectors f’ belong to L, and every vector from L is a linear combination
of the vectors f1, ..., f™.

In order to avoid trivial remarks, it makes sense to agree once for ever that

An empty set of vectors is linearly independent, and an empty linear combination of vectors

> Aix; equals to zero.

i€
With this convention, the trivial linear subspace L = {0} also has a basis, specifically, an empty set of
vectors.

Theorem A.1.2 (i) Let L be a linear subspace of R™. Then L admits a (finite) basis, and all bases of
L are composed of the same number of vectors; this number is called the dimension of L and is denoted
by dim (L).

We have seen that R™ admits a basis composed of n elements (the standard basic orths).
From (i) it follows that every basis of R™ contains exactly n vectors, and the dimension of
R" is n.

(ii) The larger is a linear subspace of R™, the larger is its dimension: if L C L' are linear subspaces
of R™, then dim (L) < dim (L’), and the equality takes place if and only if L =L'.

We have seen that the dimension of R" is n; according to the above convention, the trivial
linear subspace {0} of R™ admits an empty basis, so that its dimension is 0. Since {0} C
L C R™ for every linear subspace L of R"™, it follows from (ii) that the dimension of a linear
subspace in R" is an integer between 0 and n.
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(iii) Let L be a linear subspace in R™. Then
(iii.1) Ewvery linearly independent subset of vectors from L can be extended to a basis of L;
(iii.2) From every spanning subset X for L —i.e., a set X such that Lin(X) = L — one can extract
a basis of L.

It follows from (iii) that

— every linearly independent subset of L contains at most dim (L) vectors, and if it contains
exactly dim (L) vectors, it is a basis of L;

— every spanning set for L contains at least dim (L) vectors, and if it contains exactly dim (L)
vectors, it is a basis of L.

(iv) Let L be a linear subspace in R™, and f*,..., f™ be a basis in L. Then every vector x € L admits
ezactly one representation
m
x = Z Ai() f°
i=1

as a linear combination of vectors from the basis, and the mapping
= (A (2), .., An(2)): L R™
is a one-to-one mapping of L onto R™ which is linear, i.e. for everyi=1,...,m one has

Ai(ve) = wvh(z) V(xreL,veR). o
The reals \i(x), i = 1,...,m, are called the coordinates of x € L in the basis f*,..., f™.

E.g., the coordinates of a vector x € R” in the standard basis eq,...,e, of R™ — the one
composed of the standard basic orths — are exactly the entries of z.

(v) [Dimension formula] Let L1, Ly be linear subspaces of R™. Then

A.1.5 Linear mappings and matrices

A function A(z) (another name — mapping) defined on R™ and taking values in R™ is called linear, if it
preserves linear operations:

Az +y) = A(z) + Aly) V(z,y € R"); A(\z) = A(z) V(r € R", A e€R).

It is immediately seen that a linear mapping from R™ to R™ can be represented as multiplication by an
m X n matrix:

A(z) = Ax,

and this matrix is uniquely defined by the mapping: the columns A; of A are just the images of the
standard basic orths e; under the mapping A:

Aj = Ale;).
Linear mappings from R into R™ can be added to each other:
(A+ B)(z) = A(x) + B(x)

and multiplied by reals:
(A)(z) = AMA(z),

and the results of these operations again are linear mappings from R™ to R™. The addition of linear
mappings and multiplication of these mappings by reals correspond to the same operations with the
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matrices representing the mappings: adding/multiplying by reals mappings, we add, respectively, multiply
by reals the corresponding matrices.
Given two linear mappings A(z) : R™ — R™ and B(y) : R™ — R*, we can build their superposition

C(z) = B(A(z)) : R — R”,

which is again a linear mapping, now from R™ to RF. In the language of matrices representing the
mappings, the superposition corresponds to matrix multiplication: the k x n matrix C representing the
mapping C is the product of the matrices representing A and B:

A(z) = Az, B(y) = By = C(z) = B(A(z)) = B - (Az) = (BA)x.

Important convention. When speaking about adding n-dimensional vectors and multiplying them
by reals, it is absolutely unimportant whether we treat the vectors as the column ones, or the row ones,
or write down the entries in rectangular tables, or something else. However, when matrix operations
(matrix-vector multiplication, transposition, etc.) become involved, it is important whether we treat
our vectors as columns, as rows, or as something else. For the sake of definiteness, from now on we
treat all vectors as column ones, independently of how we refer to them in the text. For example, when
saying for the first time what a vector is, we wrote = (21, ..., &), which might suggest that we were
speaking about row vectors. We stress that it is not the case, and the only reason for using the notation

Z1
z = (z1, ..., Tp) instead of the “correct” one z = is to save space and to avoid ugly formulas like
T
z
f(| ¢ |) when speaking about functions with vector arguments. After we have agreed that there is no
T,

such thing as a row vector in this Lecture course, we can use (and do use) without any harm whatever
notation we want.

Exercise A.1 1. Mark in the list below those subsets of R™ which are linear subspaces, find out their
dimensions and point out their bases:

(a) R™

(b) {0}

(c) B

(d) {x € R": 3 iw; = 0}

1=1

(e) {z €R": 3" ia? = 0}
=1

() {z €R": 3 iy = 1)
=1

(9) {zeR": Y ia? = 1)

2. It is known that L is a subspace of R™ with exactly one basis. What is L?

3. Consider the space R™*™ of m x n matrices with real entries. As far as linear operations —
addition of matrices and multiplication of matrices by reals — are concerned, this space can be
treated as certain RN .

(a) Find the dimension of R™*™ and point out a basis in this space
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(b) In the space R™*™ of square n x n matrices, there are two interesting subsets: the set S™
of symmetric matrices {A = [A;;] : Aij = A;j} and the set J" of skew-symmetric matrices
{A=[A;]: Ajj = —Aj}.

i. Verify that both S™ and J™ are linear subspaces of R™*™
1. Find the dimension and point out a basis in S™
1i1. Find the dimension and point out a basis in J"
iv. What is the sum of S™ and J"? What is the intersection of S™ and J™?

A.2 Space R": Euclidean structure

So far, we were interested solely in the algebraic structure of R™, or, which is the same, in the properties
of the linear operations (addition of vectors and multiplication of vectors by scalars) the space is endowed
with. Now let us consider another structure on R™ — the standard Euclidean structure — which allows to
speak about distances, angles, convergence, etc., and thus makes the space R™ a much richer mathematical
entity.

A.2.1 Euclidean structure

The standard Euclidean structure on R” is given by the standard inner product — an operation which
takes on input two vectors x,y and produces from them a real, specifically, the real

n
(@) =a"y =" i
=1

The basic properties of the inner product are as follows:

1. [bi-linearity]: The real-valued function (z,y) of two vector arguments z,y € R"™ is linear with
respect to every one of the arguments, the other argument being fixed:

(Mt po,y) = Mu,y) +p(v,y) V(u,o,y €R" A peR)
(x, \u+ pv)y = Mz, u) + plz,v) V(z,u,v € R", A\ ueR)

2. [symmetry]: The function (z,y) is symmetric:
(x,y) = (y,x) V(z,y € R").

3. [positive definiteness|: The quantity (z,x) always is nonnegative, and it is zero if and only if x is
Z€T0.

Remark A.2.1 The outlined 3 properties — bi-linearity, symmetry and positive definiteness — form a
definition of an Fuclidean inner product, and there are infinitely many different from each other ways to
satisfy these properties; in other words, there are infinitely many different Euclidean inner products on
R". The standard inner product (z,y) = 2Ty is just a particular case of this general notion. Although
in the sequel we normally work with the standard inner product, the reader should remember that the
facts we are about to recall are valid for all Euclidean inner products, and not only for the standard one.

The notion of an inner product underlies a number of purely algebraic constructions, in particular, those
of inner product representation of linear forms and of orthogonal complement.
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A.2.2 Inner product representation of linear forms on R"

A linear form on R™ is a real-valued function f(z) on R™ which is additive (f(z+y) = f(x)+ f(y)) and
homogeneous (f(A\x) = Af(z))

Example of linear form: f(x) = Y ix;
i=1

Examples of non-linear functions: (1) f(x) = x1 +1; (2) f(z) = 2% — 23; (3) f(z) = sin(z1).

When adding/multiplying by reals linear forms, we again get linear forms (scientifically speaking: “linear
forms on R"™ form a linear space”). Euclidean structure allows to identify linear forms on R™ with vectors
from R™:

Theorem A.2.1 Let (-,-) be a Euclidean inner product on R™.
(i) Let f(x) be a linear form on R™. Then there exists a uniquely defined vector f € R™ such that
the form is just the inner product with f:

f(@) = (f,z) Vz

(ii) Vice versa, every vector f € R™ defines, via the formula

fz) = (f,2),

a linear form on R"™;

(iii) The above one-to-ome correspondence between the linear forms and vectors on R™ is linear:
adding linear forms (or multiplying a linear form by a real), we add (respectively, multiply by the real)
the vector(s) representing the form(s).

A.2.3 Orthogonal complement

An Euclidean structure allows to associate with a linear subspace I C R™ another linear subspace L
— the orthogonal complement (or the annulator) of L; by definition, L+ consists of all vectors which are
orthogonal to every vector from L:

LY ={f:{(f,x)=0 VaxelL}.

Theorem A.2.2 (i) Twice taken, orthogonal complement recovers the original subspace: whenever L is
a linear subspace of R™, one has
(L) = L;
(ii) The larger is a linear subspace L, the smaller is its orthogonal complement: if Ly C Lo are linear
subspaces of R™, then L{ D Ly
(iii) The intersection of a subspace and its orthogonal complement is trivial, and the sum of these
subspaces is the entire R™:

LNL*={0}, L+L*=R"

Remark A.2.2 From Theorem (iii) and the Dimension formula (Theorem (v)) it follows,
first, that for every subspace L in R™ one has

dim (L) 4 dim (LY) = n.
Second, every vector x € R™ admits a unique decomposition
r=xL +xpL

into a sum of two vectors: the first of them, xy, belongs to L, and the second, z;., belongs to Lt.
This decomposition is called the orthogonal decomposition of = taken with respect to L, L*; x, is called
the orthogonal projection of x onto L, and z;. — the orthogonal projection of x onto the orthogonal
complement of L. Both projections depend on z linearly, for example,

(x+y)r=zr+yr, (Az)r = Azr.

The mapping x +— xr, is called the orthogonal projector onto L.
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A.2.4 Orthonormal bases

A collection of vectors f*, ..., f™ is called orthonormal w.r.t. Euclidean inner product (-,-), if distinct
vector from the collection are orthogonal to each other:

i#j=(f,f)=0
and inner product of every vector f? with itself is unit:
(i fh=1,i=1,..m.

Theorem A.2.3 (i) An orthonormal collection f1, ..., f™ always is linearly independent and is therefore
a basis of its linear span L = Lin(f!, ..., f™) (such a basis in a linear subspace is called orthonormal). The
coordinates of a vector x € L w.r.t. an orthonormal basis f1,..., f™ of L are given by explicit formulas:

m

= Z)\l(x)fl & MN(x) = (z, f1).

i=1

Example of an orthonormal basis in R™: The standard basis {ey, ..., e, } is orthonormal with

respect to the standard inner product (z,y) = xTy on R™ (but is not orthonormal w.r.t.
other Euclidean inner products on R™).

Proof of (i): Taking inner product of both sides in the equality
z= A@)f
J

with f?, we get

(@, fi) = CZXN@FF
] . .
= Y Nj(x)(f?, f") [bilinearity of inner product]
J .
= Xi(o) [orthonormality of {f*}]
Similar computation demonstrates that if 0 is represented as a linear combination of f? with

certain coefficients \;, then \; = (0, f?) = 0, i.e., all the coefficients are zero; this means that
an orthonormal system is linearly independent.

(ii) If f1,..., f™ is an orthonormal basis in a linear subspace L, then the inner product of two vectors
x,y € L in the coordinates \;(-) w.r.t. this basis is given by the standard formula

m

(z,y) = Z Ai(@)Ai(y).-

i=1

Proof:

z o= Y N@fL y=2 )

?

S (oy) = (CA@FL SN

= Zl /\i(x)/\j(y)l< i) [bilinearity of inner product]
]
= 2 @iy [orthonormality of {f%}]

(iii) Every linear subspace L of R™ admits an orthonormal basis; moreover, every orthonormal system
L. f™ of vectors from L can be extended to an orthonormal basis in L.
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Important corollary: All Euclidean spaces of the same dimension are “the same”. Specifi-
cally, if L is an m-dimensional space in a space R" equipped with an Euclidean inner product
(+,+), then there exists a one-to-one mapping x — A(x) of L onto R™ such that

e The mapping preserves linear operations:
Alx+y) = A(z) + Aly) Y(x,y € L); A(Ax) = MA(z) V(x € L\ € R);

e The mapping converts the (-, -) inner product on L into the standard inner product on
R™:
(@,y) = (A(x))TAly) Va,ye L.

Indeed, by (iii) L admits an orthonormal basis f1, ..., f™; using (ii), one can immediately
check that the mapping
x = A(z) = (A (2), ..., Am(2))

which maps x € L into the m-dimensional vector composed of the coordinates of = in the
basis f,..., f™, meets all the requirements.

Proof of (iii) is given by important by its own right Gram-Schmidt orthogonalization process

as follows. We start with an arbitrary basis h',...,h™ in L and step by step convert it into
an orthonormal basis f!, ..., f™. At the beginning of a step ¢ of the construction, we already
have an orthonormal collection f!,..., f®=! such that Lin{f!,..., f'='} = Lin{h!,...,h!"1}.
At a step t we

1. Build the vector
t—1

g =n" = (W )

j=1
It is easily seen (check it!) that
(a) One has
Lin{f', ..., f=1,¢'} = Lin{n', ..., n'}; (A.2.1)
(b) g' # 0 (derive this fact from (A.2.1)) and the linear independence of the collection
hl, .., h™);

(c) ¢! is orthogonal to f1,..., ft=1

2. Since g* # 0, the quantity (g%, g*) is positive (positive definiteness of the inner product),
so that the vector

1 t
T oY
(g, 9")
is well defined. It is immediately seen (check it!) that the collection f!, ..., ft is or-
thonormal and

Lin{f', ..., f'} = Lin{f*, ..., f1, ¢’} = Lin{n', ..., n}.

Step t of the orthogonalization process is completed.

ft=

After m steps of the optimization process, we end up with an orthonormal system f*, ..., f™

of vectors from L such that
Lin{f', ..., f™} = Lin{h!,....h™} = L,

so that f1,..., f™ is an orthonormal basis in L.

The construction can be easily modified (do it!) to extend a given orthonormal system of
vectors from L to an orthonormal basis of L.
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Exercise A.2 1. What is the orthogonal complement (w.r.t. the standard inner product) of the sub-

n
space {r e R" : Y z; =0} in R"?
i=1

2. Find an orthonormal basis (w.r.t. the standard inner product) in the linear subspace {x € R™ :
x1 =0} of R™

3. Let L be a linear subspace of R™, and f*, ..., f™ be an orthonormal basis in L. Prove that for every
x € R"™, the orthogonal projection xy of x onto L is given by the formula

m

zr=y (")

i=1
4. Let Ly, Ly be linear subspaces in R™. Verify the formulas
(Li+ Lo)* =L NLy; (LiNLy)t =L + Ly.

5. Consider the space of m x n matrices R™*"™ and let us equip it with the “standard inner product”
(called the Frobenius inner product)

(A,B) = Z AijBij
4,J

(as if we were treating mxn matrices as mn-dimensional vectors, writing the entries of the matrices
column by column, and then taking the standard inner product of the resulting long vectors).

(a) Verify that in terms of matriz multiplication the Frobenius inner product can be written as
(A, B) = Tr(ABT),
where Tr(C') is the trace (the sum of diagonal elements) of a square matriz C.

(b) Build an orthonormal basis in the linear subspace S™ of symmetric n X n matrices

(¢) What is the orthogonal complement of the subspace S™ of symmetric n X n matrices in the
space R™ ™ of square n X n matrices?

(d) Find the orthogonal decomposition, w.r.t. S%, of the matriz [ ;) Z ]

A.3 Affine subspaces in R"

Many of events to come will take place not in the entire R™, but in its affine subspaces which, geometri-
cally, are planes of different dimensions in R™. Let us become acquainted with these subspaces.

A.3.1 Affine subspaces and affine hulls

Definition of an affine subspace. Geometrically, a linear subspace L of R" is a special plane —
the one passing through the origin of the space (i.e., containing the zero vector). To get an arbitrary
plane M, it suffices to subject an appropriate special plane L to a translation — to add to all points from
L a fixed shifting vector a. This geometric intuition leads to the following

Definition A.3.1 [Affine subspace] An affine subspace (a plane) in R™ is a set of the form
M=a+L={y=a+z:x€L} (A.3.1)

where L is a linear subspace in R™ and a is a vector from R" .

2)according to our convention on arithmetic of sets, I was supposed to write in {a} + L instead of
a + L — we did not define arithmetic sum of a vector and a set. Usually people ignore this difference and omit
the brackets when writing down singleton sets in similar expressions: we shall write a + L instead of {a} + L, Rd
instead of R{d}, etc.
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E.g., shifting the linear subspace L composed of vectors with zero first entry by a vector a = (aq, ..., a,),
we get the set M = a + L of all vectors x with 1 = a7; according to our terminology, this is an affine
subspace.

Immediate question about the notion of an affine subspace is: what are the “degrees of freedom” in
decomposition — how “strict” M determines a and L7 The answer is as follows:

Proposition A.3.1 The linear subspace L in decomposition is uniquely defined by M and is the
set of all differences of the vectors from M :

L=M-M={z-y:z,ye M}. (A.3.2)

The shifting vector a is not uniquely defined by M and can be chosen as an arbitrary vector from M.

A.3.2 Intersections of affine subspaces, affine combinations and affine hulls

An immediate conclusion of Proposition is as follows:

Corollary A.3.1 Let {M,} be an arbitrary family of affine subspaces in R™, and assume that the set
M = NaM, is nonempty. Then M, is an affine subspace.

From Corollary it immediately follows that for every nonempty subset Y of R™ there exists the
smallest affine subspace containing Y — the intersection of all affine subspaces containing Y. This smallest
affine subspace containing Y is called the affine hull of Y (notation: Aff(Y)).

All this resembles a lot the story about linear spans. Can we further extend this analogy and to get
a description of the affine hull Aff(Y) in terms of elements of Y similar to the one of the linear span
(“linear span of X is the set of all linear combinations of vectors from X”)? Sure we can!

Let us choose somehow a point yg € Y, and consider the set

X:Y—yo.

All affine subspaces containing Y should contain also yo and therefore, by Proposition can be
represented as M = yg + L, L being a linear subspace. It is absolutely evident that an affine subspace
M = yg + L contains Y if and only if the subspace L contains X, and that the larger is L, the larger is
M:

Lcl =M=y +LCM=y+1L".

Thus, to find the smallest among affine subspaces containing Y, it suffices to find the smallest among the
linear subspaces containing X and to translate the latter space by yq:

Aff(Y') = yo + Lin(X) = yo + Lin(Y — o). (A.3.3)

Now, we know what is Lin(Y — yo) — this is a set of all linear combinations of vectors from Y — yo, so
that a generic element of Lin(Y — yq) is

k
x = Z,ul- (yi —yo) [k may depend of z]
i=1
with y; € Y and real coefficients p;. It follows that the generic element of Aff(Y) is

k k
y=yo+ Y mi(yi—v0) =Y Aivi,
i=1 i=0

where
)\ozl—ZMi, Ai = gy 0> 1
i



308 APPENDIX A. PREREQUISITES FROM LINEAR ALGEBRA AND ANALYSIS

We see that a generic element of Aff(Y') is a linear combination of vectors from Y. Note, however, that
the coefficients \; in this combination are not completely arbitrary: their sum is equal to 1. Linear
combinations of this type — with the unit sum of coefficients — have a special name — they are called
affine combinations.

We have seen that every vector from Aff(Y') is an affine combination of vectors of Y. Whether the
inverse is true, i.e., whether Aff(Y) contains all affine combinations of vectors from Y? The answer is

positive. Indeed, if
k
y= Z AiYi
i=1

is an affine combination of vectors from Y, then, using the equality > \; = 1, we can write it also as
i

k
Y=o+ ZM(% —Yo),

=1

9o being the “marked” vector we used in our previous reasoning, and the vector of this form, as we
already know, belongs to Aff(Y"). Thus, we come to the following

Proposition A.3.2 [Structure of affine hull]
Aff(Y) = {the set of all affine combinations of vectors from Y'}.

When Y itself is an affine subspace, it, of course, coincides with its affine hull, and the above Proposition
leads to the following

Corollary A.3.2 An affine subspace M is closed with respect to taking affine combinations of its mem-
bers — every combination of this type is a vector from M. Vice versa, a nonempty set which is closed with
respect to taking affine combinations of its members is an affine subspace.

A.3.3 Affinely spanning sets, affinely independent sets, affine dimension

Affine subspaces are closely related to linear subspaces, and the basic notions associated with linear
subspaces have natural and useful affine analogies. Here we introduce these notions and discuss their
basic properties.

Affinely spanning sets. Let M = a + L be an affine subspace. We say that a subset Y of M is
affinely spanning for M (we say also that Y spans M affinely, or that M is affinely spanned by Y), if
M = Aff(Y), or, which is the same due to Proposition if every point of M is an affine combination
of points from Y. An immediate consequence of the reasoning of the previous Section is as follows:

Proposition A.3.3 Let M = a+ L be an affine subspace and Y be a subset of M, and let yg € Y. The
set Y affinely spans M — M = Aff(Y) — if and only if the set

X=Y —yo

spans the linear subspace L: L = Lin(X).

Affinely independent sets. A linearly independent set x1, ..., 2 is a set such that no nontrivial
linear combination of x1, ..., 2 equals to zero. An equivalent definition is given by Theorem (iv):
T1,..., Tk are linearly independent, if the coefficients in a linear combination

k
xr = E )\ixi
i=1
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are uniquely defined by the value x of the combination. This equivalent form reflects the essence of
the matter — what we indeed need, is the uniqueness of the coefficients in expansions. Accordingly, this
equivalent form is the prototype for the notion of an affinely independent set: we want to introduce this
notion in such a way that the coefficients A; in an affine combination

k
y=> Ay
i=0

set of vectors yq, ..., yx would be uniquely defined by y. Non-uniqueness would

k k
> i =D Ny
i=0 i=0

for two different collections of coefficients A; and A, with unit sums of coefficients; if it is the case, then

7

of “affinely independen
mean that

m

> (i = A\)yi =0,

i=0
so that y;’s are linearly dependent and, moreover, there exists a nontrivial zero combination of then with
zero sum of coefficients (since > (A, — AL) = > A\ — > AN, =1—1=0). Our reasoning can be inverted

7 2
— if there exists a nontrivial linear combination of y;’s with zero sum of coeflicients which is zero, then
the coefficients in the representation of a vector as an affine combination of y;’s are not uniquely defined.
Thus, in order to get uniqueness we should for sure forbid relations

k
Z piyi =0
=0

with nontrivial zero sum coefficients p;. Thus, we have motivated the following

Definition A.3.2 [Affinely independent set] A collection yo,...,yr of n-dimensional vectors is called
affinely independent, if no nontrivial linear combination of the vectors with zero sum of coefficients is
zero:

k k
i=1 =0

With this definition, we get the result completely similar to the one of Theorem (iv):
Corollary A.3.3 Letyg,...,yx be affinely independent. Then the coefficients \; in an affine combination

k
y=> Ay D N=1]
i=0 i

of the vectors yq, ..., yr are uniquely defined by the value y of the combination.

Verification of affine independence of a collection can be immediately reduced to verification of linear
independence of closely related collection:

Proposition A.3.4 k + 1 vectors yo, ..., yx are affinely independent if and only if the k vectors (y1 —
Y0), (Y2 — Y0), ---, (Y — Yo) are linearly independent.

From the latter Proposition it follows, e.g., that the collection 0, e, ...,e, composed of the origin and
the standard basic orths is affinely independent. Note that this collection is linearly dependent (as
every collection containing zero). You should definitely know the difference between the two notions of
independence we deal with: linear independence means that no nontrivial linear combination of the vectors
can be zero, while affine independence means that no nontrivial linear combination from certain restricted
class of them (with zero sum of coefficients) can be zero. Therefore, there are more affinely independent
sets than the linearly independent ones: a linearly independent set is for sure affinely independent, but
not vice versa.
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Affine bases and affine dimension. Propositions and reduce the notions of affine
spanning/affine independent sets to the notions of spanning/linearly independent ones. Combined with

Theorem they result in the following analogies of the latter two statements:

Proposition A.3.5 [Affine dimension] Let M = a + L be an affine subspace in R™. Then the following
two quantities are finite integers which are equal to each other:

(i) minimal # of elements in the subsets of M which affinely span M ;

(ii) maximal # of elements in affine independent subsets of M.
The common value of these two integers is by 1 more than the dimension dim L of L.

By definition, the affine dimension of an affine subspace M = a+ L is the dimension dim L of L. Thus, if
M is of affine dimension k, then the minimal cardinality of sets affinely spanning M, same as the maximal
cardinality of affine independent subsets of M, is k + 1.

Theorem A.3.1 [Affine bases| Let M = a + L be an affine subspace in R™.

A. Let Y C M. The following three properties of X are equivalent:

(i) Y is an affine independent set which affinely spans M ;

(i1) Y is affine independent and contains 1 4+ dim L elements;

(il) Y affinely spans M and contains 1 + dim L elements.

A subsetY of M possessing the indicated equivalent to each other properties is called an affine basis of
M. Affine bases in M are exactly the collections yo, ..., Ydim 1, Such that yo € M and (y1—Y0), --s (Ydim L —
Yo) s a basis in L.

B. Every affinely independent collection of vectors of M either itself is an affine basis of M, or can
be extended to such a basis by adding new vectors. In particular, there exists affine basis of M.
C. Given a set Y which affinely spans M, you can always extract from this set an affine basis of M.

We already know that the standard basic orths eq, ..., e, form a basis of the entire space R™. And what
about affine bases in R"? According to Theorem [A:3.I] A, you can choose as such a basis a collection
€0, €0 + €1, ---, €0 + €, €p being an arbitrary vector.

Barycentric coordinates. Let M be an affine subspace, and let yo, ..., yx be an affine basis of M.
Since the basis, by definition, affinely spans M, every vector y from M is an affine combination of the

vectors of the basis:
k E
y=> v D_h=1],
i=0 i=0

and since the vectors of the affine basis are affinely independent, the coefficients of this combination are
uniquely defined by y (Corollary [A.3.3]). These coefficients are called barycentric coordinates of y with
respect to the affine basis in question. In contrast to the usual coordinates with respect to a (linear)
basis, the barycentric coordinates could not be quite arbitrary: their sum should be equal to 1.

A.3.4 Dual description of linear subspaces and affine subspaces

To the moment we have introduced the notions of linear subspace and affine subspace and have pre-
sented a scheme of generating these entities: to get, e.g., a linear subspace, you start from an arbitrary
nonempty set X C R™ and add to it all linear combinations of the vectors from X. When replacing
linear combinations with the affine ones, you get a way to generate affine subspaces.

The just indicated way of generating linear subspaces/affine subspaces resembles the approach of a
worker building a house: he starts with the base and then adds to it new elements until the house is
ready. There exists, anyhow, an approach of an artist creating a sculpture: he takes something large and
then deletes extra parts of it. Is there something like “artist’s way” to represent linear subspaces and
affine subspaces? The answer is positive and very instructive.
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A.3.4.1 Affine subspaces and systems of linear equations

Let L be a linear subspace. According to Theorem (i), it is an orthogonal complement — namely,
the orthogonal complement to the linear subspace L. Now let ay, ..., a,, be a finite spanning set in L*.
A vector x which is orthogonal to ay, ..., a,, is orthogonal to the entire L (since every vector from L+
is a linear combination of ay, ..., a,, and the inner product is bilinear); and of course vice versa, a vector
orthogonal to the entire L' is orthogonal to ar, ..., a,,. We see that

L=(I"={z:ale=0i=1,..k}. (A.3.4)
Thus, we get a very important, although simple,

Proposition A.3.6 [“Outer” description of a linear subspace] Every linear subspace L in R™ is a set of
solutions to a homogeneous linear system of equations

alz=0,i=1,..,m, (A.3.5)

given by properly chosen m and vectors a1, ..., Q.

Proposition[A.3.6]is an “if and only if” statement: as we remember from Example[A.T.3]A[4] solution set
to a homogeneous system of linear equations with n variables always is a linear subspace in R™.

From Proposition and the facts we know about the dimension we can easily derive several
important consequences:

e Systems ([A.3.5)) which define a given linear subspace L are exactly the systems given by the vectors
ai, ..., ay, which span L+

e The smallest possible number m of equations in (A.3.5) is the dimension of L', i.e., by Remark

iscodimLGfdimL

Now, an affine subspace M is, by definition, a translation of a linear subspace: M = a + L. As we know,
vectors x from L are exactly the solutions of certain homogeneous system of linear equations

T

a;rz=0,1=1,...,m.

It is absolutely clear that adding to these vectors a fixed vector a, we get exactly the set of solutions to
the inhomogeneous solvable linear system

T

— b =gl ;=
a;r=b;=a;a,i1=1,...,m.

Vice versa, the set of solutions to a solvable system of linear equations
T

a;r="b;,1=1,...,m,

with n variables is the sum of a particular solution to the system and the solution set to the corresponding
homogeneous system (the latter set, as we already know, is a linear subspace in R™), i.e., is an affine
subspace. Thus, we get the following

Proposition A.3.7 [“Outer” description of an affine subspace]
Every affine subspace M = a + L in R"™ is a set of solutions to a solvable linear system of equations

alz=b;,i=1,...,m, (A.3.6)

given by properly chosen m and vectors ay, ..., Q.

Vice versa, the set of all solutions to a solvable system of linear equations with n variables is an affine
subspace in R™.

The linear subspace L associated with M is exactly the set of solutions of the homogeneous (with the

right hand side set to 0) version of system (A.3.6).

We see, in particular, that an affine subspace always is closed.

3)the reasoning which led us to Proposition says that [a1, ..., am span LY] = [(A.3.5) defines L]; now we
claim that the inverse also is true

“to make this statement true also in the extreme case when L = R™ (i.e., when codim L = 0), we from now
on make a convention that an empty set of equations or inequalities defines, as the solution set, the entire space
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b

Comment. The “outer” description of a linear subspace/affine subspace — the “artist’s” one — is in
many cases much more useful than the “inner” description via linear/affine combinations (the “worker’s”
one). E.g., with the outer description it is very easy to check whether a given vector belongs or does not
belong to a given linear subspace/affine subspace, which is not that easy with the inner on. In fact
both descriptions are “complementary” to each other and perfectly well work in parallel: what is difficult
to see with one of them, is clear with another. The idea of using “inner” and “outer” descriptions of
the entities we meet with — linear subspaces, affine subspaces, convex sets, optimization problems — the
general idea of duality — is, I would say, the main driving force of Convex Analysis and Optimization,
and in the sequel we would all the time meet with different implementations of this fundamental idea.

A.3.5 Structure of the simplest affine subspaces

This small subsection deals mainly with terminology. According to their dimension, affine subspaces in
R"™ are named as follows:

e Subspaces of dimension 0 are translations of the only 0-dimensional linear subspace {0}, i.e., are
singleton sets — vectors from R™. These subspaces are called points; a point is a solution to a
square system of linear equations with nonsingular matrix.

e Subspaces of dimension 1 (lines). These subspaces are translations of one-dimensional linear sub-
spaces of R™. A one-dimensional linear subspace has a single-element basis given by a nonzero
vector d and is composed of all multiples of this vector. Consequently, line is a set of the form

{y=a+td:teR}

given by a pair of vectors a (the origin of the line) and d (the direction of the line), d # 0. The
origin of the line and its direction are not uniquely defined by the line; you can choose as origin
any point on the line and multiply a particular direction by nonzero reals.

In the barycentric coordinates a line is described as follows:
I={ovo+ My1: o+ A =1} ={Dyo+ 1 - Ny : A € R},

where 19, y1 is an affine basis of [; you can choose as such a basis any pair of distinct points on the
line.

The “outer” description a line is as follows: it is the set of solutions to a linear system with n
variables and n — 1 linearly independent equations.

e Subspaces of dimension > 2 and < n — 1 have no special names; sometimes they are called affine
planes of such and such dimension.

e Affine subspaces of dimension n — 1, due to important role they play in Convex Analysis, have
a special name — they are called hyperplanes. The outer description of a hyperplane is that a
hyperplane is the solution set of a single linear equation

atz =50

with nontrivial left hand side (a # 0). In other words, a hyperplane is the level set a(z) = const of
a nonconstant linear form a(z) = aTz.

e The “largest possible” affine subspace — the one of dimension n — is unique and is the entire R"™.
This subspace is given by an empty system of linear equations.

5)in principle it is not difficult to certify that a given point belongs to, say, a linear subspace given as the linear

span of some set — it suffices to point out a representation of the point as a linear combination of vectors from
the set. But how could you certify that the point does not belong to the subspace?
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A.4 Space R": metric structure and topology

Euclidean structure on the space R™ gives rise to a number of extremely important metric notions —
distances, convergence, etc. For the sake of definiteness, we associate these notions with the standard
inner product z7y.

A.4.1 Euclidean norm and distances

By positive definiteness, the quantity 27z always is nonnegative, so that the quantity

2] = llelle = VaTe = \fo? + a3+ ... + 22

is well-defined; this quantity is called the (standard) Euclidean norm of vector z (or simply the norm
of z) and is treated as the distance from the origin to 2. The distance between two arbitrary points
z,y € R™ is, by definition, the norm |z — y| of the difference x — y. The notions we have defined satisfy
all basic requirements on the general notions of a norm and distance, specifically:

1. Positivity of norm: The norm of a vector always is nonnegative; it is zero if and only is the vector
is zero:

|z] >0 Va; |z|=0<2=0.

2. Homogeneity of norm: When a vector is multiplied by a real, its norm is multiplied by the absolute
value of the real:

[Az| = A - |z] V(zx e R", A €R).

3. Triangle inequality: Norm of the sum of two vectors is < the sum of their norms:

[z +yl <zl + ]yl V(z,yeR").

In contrast to the properties of positivity and homogeneity, which are absolutely evident,
the Triangle inequality is not trivial and definitely requires a proof. The proof goes
through a fact which is extremely important by its own right — the Cauchy Inequality,
which perhaps is the most frequently used inequality in Mathematics:

Theorem A.4.1 [Cauchy’s Inequality] The absolute value of the inner product of two
vectors does not exceed the product of their norms:

2"yl < lzlly] V(z,y € R")

and is equal to the product of the norms if and only if one of the vectors is proportional
to the other one:

"yl = |zllyl & {302 = ay or 35 : y = u}

Proof is immediate: we may assume that both z and y are nonzero (otherwise the
Cauchy inequality clearly is equality, and one of the vectors is constant times (specifi-
cally, zero times) the other one, as announced in Theorem). Assuming x,y # 0, consider
the function

fO) = (@ =) T (x—Ay) = aTx — 22Ty + N2yTy.

By positive definiteness of the inner product, this function — which is a second order
polynomial — is nonnegative on the entire axis, whence the discriminant of the polyno-
mial

(@'y)® = (@"2)(y"y)
is nonpositive:

(2Ty)* < (T 2)(y"y).
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Taking square roots of both sides, we arrive at the Cauchy Inequality. We also see that
the inequality is equality if and only if the discriminant of the second order polynomial
f(A) is zero, i.e., if and only if the polynomial has a (multiple) real root; but due to
positive definiteness of inner product, f(-) has a root A if and only if x = Ay, which
proves the second part of Theorem. m

From Cauchy’s Inequality to the Triangle Inequality: Let x,y € R™. Then

le+y? = (x+y) T (x+y) [definition of norm]
2Tz +yTy + 22Ty  [opening parentheses]

IA I

'z +yTy +2|z|ly] [Cauchy’s Inequality]
2l Jy|2
= (lzl+y])
= lz+yl < z[+ 1yl .

The properties of norm (i.e., of the distance to the origin) we have established induce properties of the
distances between pairs of arbitrary points in R", specifically:

1. Positivity of distances: The distance |z —y| between two points is positive, except for the case when
the points coincide (x = y), when the distance between x and y is zero;

2. Symmetry of distances: The distance from x to y is the same as the distance from y to x:

|z —yl = |y — zl;

3. Triangle inequality for distances: For every three points x,y, z, the distance from z to z does not
exceed the sum of distances between x and y and between y and z:

|z —a| <|y—z[+]z—y[ V(z,y,z€R")

A.4.2 Convergence

Equipped with distances, we can define the fundamental notion of convergence of a sequence of vectors.

Specifically, we say that a sequence z!, 22, ... of vectors from R" converges to a vector Z, or, equivalently,

that Z is the limit of the sequence {x'} (notation: z = lim z*), if the distances from Z to x’ go to 0 as
1— 00
1 — 00!
= limz' < |z —2' = 0,i — oo,

i—00

or, which is the same, for every € > 0 there exists i = i(e) such that the distance between every point z°,
1 > i(e), and T does not exceed e:

{lz—2'| = 0,i = oo} & {Ve > 03i(e) : i >i(e) = |z — z'| < €} .
Exercise A.3 Verify the following facts:

1. = lim 2% if and only if for every j = 1,...,n the coordinates # j of the vectors x* converge, as
71— 00

i — 00, to the coordinate # j of the vector x;
2. If a sequence converges, its limit is uniquely defined;

3. Convergence is compatible with linear operations:
—ife' sz andy’ =y asi— oo, then ' +y' = x4y as i — 00;

—if 2’ = x and \; = X as i — oo, then \;x* — Az as i — o0.
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A.4.3 Closed and open sets

After we have in our disposal distance and convergence, we can speak about closed and open sets:

e A set X C R" is called closed, if it contains limits of all converging sequences of elements of X:

{:EiEX,x:hm xi}:mz:eX

71— 00

o A set X C R" is called open, if whenever x belongs to X, all points close enough to = also belong

to X:
Vze X)I>0):]' —z|<d=2" € X.

An open set containing a point x is called a neighbourhood of x.

Examples of closed sets: (1) R™; (2) 0; (3) the sequence z* = (i,0,...,0), i = 1,2,3,...; (4)

n
{x e R": Y} a;;2; = 0,7 =1,...,m} (in other words: a linear subspace in R" always is
i=1

n
closed, see Proposition [A.3.6));(5) {x € R™ : Y a;;xz; = b;, i = 1,...,m} (in other words: an
=1

affine subset of R™ always is closed, see Propgsition IA.3.7));; (6) Any finite subset of R™
Examples of non-closed sets: (1) R™\{0}; (2) the sequence z* = (1/i,0,...,0), i = 1,2,3, ...;

B){zreR":2;>0,j=1,...,n} (4) {r e R": Y x; > 5}.
i=1

Examples of open sets: (1) R"; (2) 0; (3) {x € R" : > ajz; > bj,i = 1,...,m}; (4)
j=1

complement of a finite set.
Examples of non-open sets: (1) A nonempty finite set; (2) the sequence x* = (1/i,0,...,0),
i =1,2,3,..., and the sequence z’ = (7,0,0,...,0), i = 1,2,3,..; 3) {z e R" : z; > 0,j =

1,n}: (4) {z € R": %; z; > 5).

Exercise A.4 Mark in the list to follows those sets which are closed and those which are open:

1.

10.

© % NS o e

All vectors with integer coordinates
All vectors with rational coordinates
All vectors with positive coordinates

All vectors with nonnegative coordinates

{z: 2] <1}
{z:|z[ =1}
{z: ] <1}
{z:|zf = 1}:
{z: ]| >1};

{z:1<|z] <2}

Verify the following facts

1.
2.

A set X C R" is closed if and only if its complement X = R™\ X is open;

Intersection of every family (finite or infinite) of closed sets is closed. Union of every family (finite
of infinite) of open sets is open.

Union of finitely many closed sets is closed. Intersection of finitely many open sets is open.



316 APPENDIX A. PREREQUISITES FROM LINEAR ALGEBRA AND ANALYSIS

A.4.4 Local compactness of R”

A fundamental fact about convergence in R™, which in certain sense is characteristic for this series of
spaces, is the following

Theorem A.4.2 From every bounded sequence {x}°, of points from R™ one can extract a converg-
ing subsequence {x% }‘;‘;1 Equivalently: A closed and bounded subset X of R™ is compact, i.e., a set
possessing the following two equivalent to each other properties:
(i) From every sequence of elements of X one can extract a subsequence which converges to certain
point of X ;
(ii) From every open covering of X (i.e., a family {Uy}aca of open sets such that X C |J U,) one
acA

N
can extract a finite sub-covering, i.e., a finite subset of indices aq,...,an such that X C |J U,,.
i=1

1=

A.5 Continuous functions on R"”

A.5.1 Continuity of a function

Let X € R™ and f(x) : X — R™ be a function (another name — mapping) defined on X and taking
values in R™.

1. f is called continuous at a point & € X, if for every sequence z* of points of X converging to Z the
sequence f(x") converges to f(Z). Equivalent definition:

f+ X — R™ is continuous at T € X, if for every € > 0 there exists 6 > 0 such that

reX,|lr—Z|<d=|f(z)— f(T) <e

2. f is called continuous on X, if f is continuous at every point from X. Equivalent definition: f
preserves convergence: whenever a sequence of points z* € X converges to a point © € X, the
sequence f(x") converges to f(x).

Examples of continuous mappings:

1. An affine mapping

Z Aljl‘j + b1
j=1

flz) = =Ax+b:R" > R™

s

Amj.’lij + bm
1

J

is continuous on the entire R"™ (and thus — on every subset of R™) (check it!).

2. The norm |z| is a continuous on R™ (and thus — on every subset of R™) real-valued
function (check it!).

Exercise A.5 e Consider the function
$2—$2
f(l’l, QCQ) = -T%-‘rﬂé’ ($1,$2) # 0 : R2 — R.
O7 Xr1 = T2 = 0

Check whether this function is continuous on the following sets:
1. R?;
2. R*\{0};



A.5. CONTINUOUS FUNCTIONS ON RV 317

3. {zeR?: 2 =0};

4. {x € R? 129 = 0};

5. {x € R? i1y + 29 = 0};

6. {x e R*: 2y — 29 =0}

7. {x € R?: |1 — zo| < 2 + 23};

o Let f:R™ — R™ be a continuous mapping. Mark those of the following statements which always

are true:
1. If U is an open set in R™, then so is the set f~Y(U) = {x: f(z) € U};
2. If U is an open set in R™, then so is the set f(U) = {f(x ) x e U};
3. If F is a closed set in R™, then so is the set f~1(F) = {x : f(z) € F};
4. If F is an closed set in R™, then so is the set f(F) = {f(z):x € F}.

A.5.2 Elementary continuity-preserving operations

All “elementary” operations with mappings preserve continuity. Specifically,

Theorem A.5.1 Let X be a subset in R™.
(i) [stability of continuity w.r.t. linear operations| If fi(x), fo(x) are continuous functions on X
taking values in R™ and A1 (x), A2(x) are continuous real-valued functions on X, then the function

f(@) = X(2) fr(z) + Ao () fo(2) : X — R™
is continuous on X ;
(ii) [stability of continuity w.r.t. superposition| Let
e XCR", YCR™,
e f: X = R™ be a continuous mapping such that f(x) €Y for every x € X;
e g:Y — R¥ be a continuous mapping.

Then the composite mapping
18 continuous on X.

A.5.3 Basic properties of continuous functions on R"

The basic properties of continuous functions on R™ can be summarized as follows:

Theorem A.5.2 Let X be a nonempty closed and bounded subset of R™.
(i) If a mapping f : X — R™ is continuous on X, it is bounded on X : there exists C < oo such that
|f(z)] <C forallz e X.

Proof. Assume, on the contrary to what should be proved, that f is unbounded, so that
for every i there exists a point 2° € X such that |f(z?)| > i. By Theorem we can
extract from the sequence {z'} a subsequence {z%}52, which converges to a point Z € X.
The real-valued function g(z) = |f(x)| is continuous (as the superposition of two continuous
mappings, see Theorem (ii)) and therefore its values at the points 2% should converge,
as j — oo, to its value at Z; on the other hand, g(z%) > 1; — 00 as J — oo, and we get the
desired contradiction.

(ii) If a mapping f : X — R™ is continuous on X, it is uniformly continuous: for every ¢ > 0 there
exists § > 0 such that
nyeX |z —yl <d=|f(x) - fly)l <e
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Proof. Assume, on the contrary to what should be proved, that there exists ¢ > 0 such
that for every 6 > 0 one can find a pair of points z,y in X such that |z — y| < § and
|f(x) — f(y)] > e. In particular, for every i = 1,2,... we can find two points z*,y* in X
such that |z* — yi| < 1/i and |f(z*) — f(y*)| > €. By Theorem we can extract from

the sequence {z'} a subsequence {z%}32, which converges to certain point & € X. Since

|y —a%| < 1/i; — 0 as j — oo, the sequence {y" }52, converges to the same point Z as the
sequence {z% 1521 (why?) Since f is continuous, we have

lim f(y"7) = f(z) = lim f(a"),

j—o0 j—o0

whence lim (f(x%) — f(y%)) = 0, which contradicts the fact that |f(z%) — f(y%)] > € >0

J—00

for all j.

(iii) Let f be a real-valued continuous function on X. The f attains its minimum on X :
Argmin f ={z € X : f(z) = inf f(y)} #0,
X yeX
same as [ attains its mazimum at certain points of X :

Argmax f = {z € X f(x) = ysggf(y)} # 0.

Proof: Let us prove that f attains its maximum on X (the proof for minimum is completely
similar). Since f is bounded on X by (i), the quantity

[* = sup f(x)

zeX

is finite; of course, we can find a sequence {z°} of points from X such that f* = lim f(z?).
11— 00

By Theorem we can extract from the sequence {z'} a subsequence {z% 521 which
converges to certain point £ € X. Since f is continuous on X, we have

f(@) = lim f(z") = lim f(a") = f,

Jj—o0
so that the maximum of f on X indeed is achieved (e.g., at the point Z).

Exercise A.6 Prove that in general no one of the three statements in Theorem[A.5.9 remains valid when
X is closed, but not bounded, same as when X is bounded, but not closed.

A.6 Differentiable functions on R"

A.6.1 The derivative

The reader definitely is familiar with the notion of derivative of a real-valued function f(z) of real variable

x:

This definition does not work when we pass from functions of single real variable to functions of several
real variables, or, which is the same, to functions with vector arguments. Indeed, in this case the shift in
the argument Az should be a vector, and we do not know what does it mean to divide by a vector...

A proper way to extend the notion of the derivative to real- and vector-valued functions of vector
argument is to realize what in fact is the meaning of the derivative in the univariate case. What f'(x)
says to us is how to approximate f in a neighbourhood of x by a linear function. Specifically, if f(x)
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exists, then the linear function f'(x)Axz of Az approximates the change f(x + Axz) — f(x) in f up to a
remainder which is of highest order as compared with Ax as Ax — 0:

|f(z + Az) — f(z) — f(z)Azx| < 6(|Az|) as Az — 0.

In the above formula, we meet with the notation o(|Az|), and here is the explanation of this notation:

o(|Az|) is a common name of all functions ¢(Ax) of Ax which are well-defined in a neigh-
bourhood of the point Az = 0 on the axis, vanish at the point Axz = 0 and are such that

¢(Ax)
|Az|

— 0as Az — 0.

For example,

1. (Az)? = o(|Az|), Az — 0,

2. |Az|t0 = 5(|Az|), Az — 0,

3. sin?(Az) = o(|Az]), Az — 0,

4. Az # o(|Ax|), Az — 0.
Later on we shall meet with the notation “6(|Az|¥) as Az — 07, where k is a positive integer.
The definition is completely similar to the one for the case of k = 1:

o(|Az|*) is a common name of all functions ¢(Ax) of Ax which are well-defined in a neigh-
bourhood of the point Ax = 0 on the axis, vanish at the point Ax = 0 and are such that

¢(Ax)

Al — 0as Az — 0.

Note that if f(-) is a function defined in a neighbourhood of a point x on the axis, then there perhaps
are many linear functions aAz of Az which well approximate f(x + Az) — f(z), in the sense that the
remainder in the approximation

flz+ Az) — f(x) — aAzx

tends to 0 as Az — 0; among these approximations, however, there exists at most one which approximates
flx+ Az) — f(x) “very well” — so that the remainder is 6(|Az|), and not merely tends to 0 as Az — 0.
Indeed, if

f(@ + Ax) - f(x) - alz = o Aal),

then, dividing both sides by Az, we get
[z + Az) — f(z) o(|Ax])

—a =

Az Az

by definition of o(+), the right hand side in this equality tends to 0 as Az — 0, whence

Thus, if a linear function aAz of Az approximates the change f(x+ Ax)— f(x) in f up to the remainder
which is 6(|Ax|) as Ax — 0, then a is the derivative of f at z. You can easily verify that the inverse state-
ment also is true: if the derivative of f at x exists, then the linear function f’(z)Az of Az approximates
the change f(x + Ax) — f(z) in f up to the remainder which is 6(]Az|) as Az — 0.

The advantage of the “6(|Ax|)”-definition of derivative is that it can be naturally extended onto
vector-valued functions of vector arguments (you should just replace “axis” with R™ in the definition of
0) and enlightens the essence of the notion of derivative: when it exists, this is exactly the linear function
of Az which approximates the change f(x + Axz) — f(z) in f up to a remainder which is o(|Axz|). The
precise definition is as follows:
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Definition A.6.1 [Frechet differentiability] Let f be a function which is well-defined in a neighbourhood
of a point x € R™ and takes values in R™. We say that f is differentiable at x, if there exists a linear
function Df(x)[Azx] of Ax € R™ taking values in R™ which approzimates the change f(x + Azx) — f(z)
in f up to a remainder which is o(|Ax|):

|f(z 4+ Azx) — f(x) — Df(x)[Az]| < o(|Ax]). (A.6.1)

Equivalently: a function f which is well-defined in a neighbourhood of a point x € R™ and takes values
in R™ is called differentiable at x, if there exists a linear function Df(x)[Ax] of Az € R™ taking values
in R™ such that for every € > 0 there exists 6 > 0 satisfying the relation

|Az| <6 = |f(x+ Azx) — f(z) — Df(x)[Az]| < ¢|Az].

A.6.2 Derivative and directional derivatives

We have defined what does it mean that a function f : R®™ — R™ is differentiable at a point x, but
did not say yet what is the derivative. The reader could guess that the derivative is exactly the “linear
function D f(z)[Ax] of Az € R™ taking values in R™ which approximates the change f(z + Az) — f(x)
in f up to a remainder which is < 6(]Az|)” participating in the definition of differentiability. The guess
is correct, but we cannot merely call the entity participating in the definition the derivative — why do we
know that this entity is unique? Perhaps there are many different linear functions of Ax approximating
the change in f up to a remainder which is 6(|Az|). In fact there is no more than a single linear function
with this property due to the following observation:

Let f be differentiable at x, and D f (x)[Az] be a linear function participating in the definition
of differentiability. Then

VAz €R":  Df(x)[Aa] = lim flz +tA;v) — /@)

(A.6.2)

In particular, the derivative D f(x)[-] is uniquely defined by f and x.
Proof. We have

|f(z +tAz) — f(x) — Df(x)[tAz]| < o([tAx)

[fattan) () _ Di(@lthe]| < olltal)

i [since Df(z)[] is linear]

T z)—f(x o(|tAx
‘f( +tAt) f(x) — Df(x)[Az]| < (\tt D

4
3 ing to limit as t — +0;
D) Azl = lim L@HtAn—f(@) DassItg 20 ’
f(@)[Az] = lim : note that 2U22D — 0, ¢ — +0

t

Pay attention to important remarks as follows:

1. The right hand side limit in is an important entity called the directional derivative of f
taken at x along (a direction) Ax; note that this quantity is defined in the “purely univariate”
fashion — by dividing the change in f by the magnitude of a shift in a direction Az and passing
to limit as the magnitude of the shift approaches 0. Relation says that the derivative, if
exists, is, at every Ax, nothing that the directional derivative of f taken at x along Az. Note,
however, that differentiability is much more than the existence of directional derivatives along all
directions Az; differentiability requires also the directional derivatives to be “well-organized” — to
depend linearly on the direction Ax. It is easily seen that just existence of directional derivatives
does not imply their “good organization”: for example, the Euclidean norm

fz) = |z
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at © = 0 possesses directional derivatives along all directions:

lim f(O+tAz) — f(0)
t—+0 t

= |Az];

these derivatives, however, depend non-linearly on Az, so that the Euclidean norm is not differ-
entiable at the origin (although is differentiable everywhere outside the origin, but this is another
story).

2. It should be stressed that the derivative, if exists, is what it is: a linear function of Az € R"™ taking
values in R™. As we shall see in a while, we can represent this function by something “tractable”,
like a vector or a matrix, and can understand how to compute such a representation; however,
an intelligent reader should bear in mind that a representation is not exactly the same as the
represented entity. Sometimes the difference between derivatives and the entities which represent
them is reflected in the terminology: what we call the derivative, is also called the differential,
while the word “derivative” is reserved for the vector/matrix representing the differential.

A.6.3 Representations of the derivative

indexderivatives!representation ofBy definition, the derivative of a mapping f : R™ — R™ at a point x
is a linear function Df(z)[Ax] taking values in R™. How could we represent such a function?

Case of m =1 — the gradient. Let us start with real-valued functions (i.e., with the case of
m = 1); in this case the derivative is a linear real-valued function on R". As we remember, the standard
Fuclidean structure on R"™ allows to represent every linear function on R”™ as the inner product of the
argument with certain fixed vector. In particular, the derivative D f(x)[Ax] of a scalar function can be
represented as
Df(z)[Ax] = [vector] Ax;

what is denoted ”vector” in this relation, is called the gradient of f at x and is denoted by V f(x):
Df(x)[Az] = (Vf(z)T Ax. (A.6.3)

How to compute the gradient? The answer is given by (A.6.2)). Indeed, let us look what (A.6.3)) and
(A.6.2)) say when Az is the i-th standard basic orth. According to (A.6.3), D f(z)[e;] is the i-th coordinate

of the vector V f(z); according to (A.6.2)),

11— lim {&tte)—f(=z)
Pl = B e b= Di@e) = )
: r—te;)—f(x . z+te;)—f(x i = .
Df(x)[e;]) = —Df(x)[—ei] = — tLHEO w — tg@o M oz,

Thus,

If a real-valued function f is differentiable at x, then the first order partial derivatives of f
at = exist, and the gradient of f at x is just the vector with the coordinates which are the
first order partial derivatives of f taken at x:

Vi) =

Oxp

The derivative of f, taken at x, is the linear function of Ax given by

D@)aa] = (V@) Az = 3 LD (ay),

T
i=1 Oz
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General case — the Jacobian. Now let f : R™ — R™ with m > 1. In this case, Df(z)[Ax],
regarded as a function of Az, is a linear mapping from R” to R™; as we remember, the standard way to
represent a linear mapping from R"™ to R™ is to represent it as the multiplication by m x n matrix:

Df(z)[Az] = [m X n matrix] - Ax. (A.6.4)

What is denoted by “matrix” in (A.6.4), is called the Jacobian of f at x and is denoted by f’(z). How
to compute the entries of the Jacobian? Here again the answer is readily given by (A.6.2]). Indeed, on
one hand, we have

Df(z)[Az] = f'(z)Aw, (A.6.5)
whence
[Df(z)ej])i = (f'(®)ij, i=1,...,m,j=1,...n.
On the other hand, denoting
fi(z)
flz) = : ,

the same computation as in the case of gradient demonstrates that

DF@es) = 2

and we arrive at the following conclusion:
If a vector-valued function f(x) = (f1(x), ..., fm(x)) is differentiable at x, then the first order
partial derivatives of all f; at x exist, and the Jacobian of f at x is just the m X n matrix
with the entries [agiaj(f)]i7j (so that the rows in the Jacobian are [V f1(x)]T,...; [V fm(2)]T.
The derivative of f, taken at x, is the linear vector-valued function of Ax given by

[Vfi(2)]" Az

Df(x)[Aa] = f'(x)Az =

[V fm ()] A

Remark A.6.1 Note that for a real-valued function f we have defined both the gradient V f(z) and the
Jacobian f’(x). These two entities are “nearly the same”, but not exactly the same: the Jacobian is a
vector-row, and the gradient is a vector-column linked by the relation

f'(@) = (V)"
Of course, both these representations of the derivative of f yield the same linear approximation of the
change in f:

Df(a)[Aa] = (Vf(2))T Az = f/(2)Ax.

A.6.4 Existence of the derivative

We have seen that the existence of the derivative of f at a point implies the existence of the first order

partial derivatives of the (components fi,..., f, of) f. The inverse statement is not exactly true — the
existence of all first order partial derivatives %T(;) not necessarily implies the existence of the derivative;
we need a bit more:
Theorem A.6.1 [Sufficient condition for differentiability] Assume that

1. The mapping f = (f1, ..., fm) : R™ = R™ is well-defined in a neighbourhood U of a point o € R™,

2. The first order partial derivatives of the components f; of f exist everywhere in U,

and
3. The first order partial derivatives of the components f; of f are continuous at the point xg.

Then f is differentiable at the point xg.
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A.6.5 Calculus of derivatives

The calculus of derivatives is given by the following result:

Theorem A.6.2 (i) [Differentiability and linear operations| Let fi(z), fa(z) be mappings defined in a
neighbourhood of xog € R™ and taking values in R™, and \i(x), A2(x) be real-valued functions defined
i a neighbourhood of xy. Assume that f1, fo, A1, Ao are differentiable at xo. Then so is the function
f(z) = M(z) fr(z) + A2 () fa(x), with the derivative at xo given by

Df(zo)[Az] = [DAi(z0)[Az]]f1(20) + A1 (z0)D f1(20)[Ax]
+[DA2(x0)[Az]] f2(x0) + A2(20) D fo(w0) [Az]
(3

f(xo) = fi(zo)[VAi(zo)]" + Ai(zo) f1 (o)
+f2(20) [V A2 (20)]" + Ao (20) f5(20)-

(ii) [chain rule] Let a mapping f : R™ — R™ be differentiable at xo, and a mapping g : R™ — R"
be differentiable at yo = f(xo). Then the superposition h(x) = g(f(x)) is differentiable at xo, with the
derivative at xg given by

Dh(x0)[Az] = Dg(yo)[D f(xo)[Az]
¥
h'(zo) = g'(yo) /' (x0)

If the outer function g is real-valued, then the latter formula implies that

Vh(wo) = [f(z0)]" V(o)

(recall that for a real-valued function ¢, ¢' = (V)T ).

A.6.6 Computing the derivative

Representations of the derivative via first order partial derivatives normally allow to compute it by the
standard Calculus rules, in a completely mechanical fashion, not thinking at all of what we are computing.
The examples to follow (especially the third of them) demonstrate that it often makes sense to bear in
mind what is the derivative; this sometimes yield the result much faster than blind implementing Calculus
rules.

Example 1: The gradient of an affine function. An affine function

f(x):a+ZgixiEa+ng:R”—>R
i=1

is differentiable at every point (Theorem [A.6.1)) and its gradient, of course, equals g:

(V@) Ae = Jim e [fatthn) — f@)] (D)
= tl_iglot*l[thA:c] [arithmetics]

and we arrive at

[Via+g"2) =g

Example 2: The gradient of a quadratic form. For the time being, let us define a
homogeneous quadratic form on R" as a function

flx)= ZAijxixj =27 Az,

.9
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where A is an n x n matrix. Note that the matrices A and AT define the same quadratic form, and
therefore the symmetric matrix B = %(A + AT) also produces the same quadratic form as A and AT.
It follows that we always may assume (and do assume from now on) that the matrix A producing the
quadratic form in question is symmetric.

A quadratic form is a simple polynomial and as such is differentiable at every point (Theorem.
What is the gradient of f at a point 7 Here is the computation:

(Vi)' Az = Df(x)[Az]
= t1_1>r£0 [(z + tAz)T Az + tAz) — 2T Az

[(A6.2)]

= tlir}rlo [#T Az + t(Az)T Az + ta ADz + t?(Az)T AAx — o7 Ax]
—

[opening parentheses]

= lim ¢! [2t(Az)T Az + 12 (Az)T AAz]
t—-+0

[arithmetics + symmetry of A]
= 2(Ax)TAz

We conclude that

[ V(2T Az) = 2Ax |

(recall that A = AT).

Example 3: The derivative of the log-det barrier. Let us compute the derivative of the
log-det barrier (playing an extremely important role in modern optimization)

F(X) =InDet (X);

here X is an n x n matrix (or, if you prefer, n-dimensional vector). Note that F(X) is well-defined
and differentiable in a neighbourhood of every point X with positive determinant (indeed, Det (X) is a
polynomial of the entries of X and thus — is everywhere continuous and differentiable with continuous
partial derivatives, while the function In(¢) is continuous and differentiable on the positive ray; by The-
orems [A.5.1] (i), [A.6.2] (ii), F is differentiable at every X such that Det (X) > 0). The reader is kindly
asked to try to find the derivative of F' by the standard techniques; if the result will not be obtained in,
say, 30 minutes, please look at the 8-line computation to follow (in this computation, Det (X) > 0, and
G(X) = Det (X)):

DF(X)AX]
= DIn(G(X))[DG(X)[AX]] [chain rule]
= G YX)DG(X)AX] n'(t) =t~
= Det }(X) tl—i>I-Is-10 t~1 [Det (X + tAX) — Det (X)] [definition of G and (A.6.2)]
= Det }(X) thmot_1 [Det (X (I +tX'AX)) — Det (X)]

Det (X)) lim #~* [Det (X)(Det (I +tX~'AX) = 1)]  [Det (AB) = Det (A) Det (B)]

lim ¢~ [Det (I +tX~1AX) — 1]
t—+0

— T(X'AX) = YXY5(AX);

,J
where the concluding equality

tgrilot_l[Det (I +tA)—1]=Tr(A) = Z A (A.6.6)

is immediately given by recalling what is the determinant of I +tA: this is a polynomial of ¢ which is the
sum of products, taken along all diagonals of a n X n matrix and assigned certain signs, of the entries of
I+tA. At every one of these diagonals, except for the main one, there are at least two cells with the entries
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proportional to ¢, so that the corresponding products do not contribute to the constant and the linear in ¢
terms in Det (I +tA) and thus do not affect the limit in . The only product which does contribute
to the linear and the constant terms in Det (I + tA) is the product (1 4+ tA11)(1 + tAgg)...(1 + tA.,)
coming from the main diagonal; it is clear that in this product the constant term is 1, and the linear in

t term is ¢(A11 + ... + Ann), and (A.6.6]) follows.

A.6.7 Higher order derivatives

Let f: R™ — R™ be a mapping which is well-defined and differentiable at every point z from an open
set U. The Jacobian of this mapping J(z) is a mapping from R” to the space R™*™ matrices, i.e., is a
mapping taking values in certain R™ (M = mn). The derivative of this mapping, if it exists, is called the
second derivative of f; it again is a mapping from R™ to certain R™ and as such can be differentiable,
and so on, so that we can speak about the second, the third, ... derivatives of a vector-valued function of
vector argument. A sufficient condition for the existence of k derivatives of f in U is that f is C* in U,
i.e., that all partial derivatives of f of orders < k exist and are continuous everywhere in U (cf. Theorem
o).

We have explained what does it mean that f has k derivatives in U; note, however, that according to
the definition, highest order derivatives at a point x are just long vectors; say, the second order derivative
of a scalar function f of 2 variables is the Jacobian of the mapping x — f'(x) : R? — R?, i.e., a mapping
from R? to R?*2 = R*; the third order derivative of f is therefore the Jacobian of a mapping from R?
to R*, i.e., a mapping from R? to R**? = R®, and so on. The question which should be addressed now
is: What is a natural and transparent way to represent the highest order derivatives?

The answer is as follows:

(¥) Let f : R" — R™ be C* on an open set U C R™. The derivative of order £ < k of f,
taken at a point x € U, can be naturally identified with a function

D f(z)[Axt, Ax?, ..., Az

of £ vector arguments Ax? € R"™, i = 1,...,¢, and taking values in R™. This function is linear
in every one of the arguments Ax*, the other arguments being fixed, and is symmetric with
respect to permutation of arguments Az, ..., Az’.

In terms of f, the quantity D’f(x)[Ax', Az?, ..., Az®] (full name: “the (-th derivative (or
differential) of f taken at a point x along the directions Az', ..., Az*”) is given by

af

D’ Azt Az? A = ——————
f(@)[Az, Az®, ..., Az’ 8tg3tg_1...8t1|t1=“'=“=0

flx+ ti Azt + taAx? + ..+ tzAiL’e).
(A.6.7)
The explanation to our claims is as follows. Let f: R™ — R™ be CF on an open set U C R™.

1. When ¢ = 1, (x) says to us that the first order derivative of f, taken at x, is a linear function
Df(z)[Az'] of Az' € R", taking values in R™, and that the value of this function at every Axz!
is given by the relation

Df(z)[Az'] = 3%1 nof @+ t Axt) (A.6.8)

(cf. (A.6.2))), which is in complete accordance with what we already know about the derivative.

2. To understand what is the second derivative, let us take the first derivative Df(z)[Az?], let us
temporarily fix somehow the argument Az' and treat the derivative as a function of z. As a
function of 2, Ax! being fixed, the quantity Df(z)[Ax!] is again a mapping which maps U into
R"™ and is differentiable by Theorem (provided, of course, that k& > 2). The derivative of
this mapping is certain linear function of Az = Az? € R", depending on x as on a parameter; and
of course it depends on Az' as on a parameter as well. Thus, the derivative of D f(x)[Az'] in z is
certain function

D*f(z)[Az", Ax?)
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of z € U and Az', Az? € R" and taking values in R™. What we know about this function is
that it is linear in Az2. In fact, it is also linear in Az!, since it is the derivative in z of certain
function (namely, of D f(x)[Axz!]) linearly depending on the parameter Ax!, so that the derivative
of the function in z is linear in the parameter Az! as well (differentiation is a linear operation
with respect to a function we are differentiating: summing up functions and multiplying them by
real constants, we sum up, respectively, multiply by the same constants, the derivatives). Thus,
D?f(x)[Az!, Az?] is linear in Az’ when x and Az? are fixed, and is linear in Az? when z and
Az! are fixed. Moreover, we have

D?f(z)|Axt, Az?] = %LFODf(x + taAx?)[Ax!] [cf. (A.6.8))]
8itz|t2:067?1|t1:0f(x +tAz® + i Axt) by (A6.8)] (A.6.9)
= 2 fl@ +t Azt + 1y Az?)
t1=t2=0

as claimed in for £ = 2. The only piece of information about the second derivative which
is contained in (x) and is not justified yet is that D?f(z)[Ax!, Az?] is symmetric in Ax!, Az?;
but this fact is readily given by the representation (A.6.7)), since, as they prove in Calculus, if a
function ¢ possesses continuous partial derivatives of orders < ¢ in a neighbourhood of a point,
then these derivatives in this neighbourhood are independent of the order in which they are taken;
it follows that

D f(o)[Act, M) = gl f@+ Az + A7) (E59)]
=to=0
et d(t1,t2)
2
= at?atQ B(t1,t2)
t1:t2:0
- 8t?;t2 flo+taAx? +t; Axt)
t1=t2=0
= Df(x)[Ax?, Ax'] [the same (A.6.9)]

Now it is clear how to proceed: to define D3f(z)[Ax!, Az? Ax?], we fix in the second order
derivative D?f(z)[Ax!, Az?] the arguments Ax', Az? and treat it as a function of x only, thus
arriving at a mapping which maps U into R™ and depends on Az!, Az? as on parameters (lin-
early in every one of them). Differentiating the resulting mapping in x, we arrive at a function
D3 f(x)[Az!, Ax?, Az3] which by construction is linear in every one of the arguments Az', Az?
Az? and satisfies ; the latter relation, due to the Calculus result on the symmetry of partial
derivatives, implies that D3 f(x)[Azt, Ax?, Az3] is symmetric in Azt Az?, Ax3. After we have in
our disposal the third derivative D3 f, we can build from it in the already explained fashion the
fourth derivative, and so on, until k-th derivative is defined.

Remark A.6.2 Since D'f(z)[Ax!, ..., Az’] is linear in every one of Ax?, we can expand the derivative
in a multiple sum:

AVES zn: Adle;
j=1
(3
D'f(z)[Azt, ..., Azf] = Def(x)[vz Ax}lejl,... > Ax?zeje]

Ji=1 , 7je:1 L ,
= > D f(x)[ejl,...,ejZ]Aa:jl...Aa:J‘-[

1<g1,0050<n

(A.6.10)

What is the origin of the coefficients D¢ f(z)[e;,, ..., ej,]7 According to (A.6.7), one has

14
Def(l')[e‘jl,...76jz] = m f(x+t1€j1 +t2€j2 ++t[6]l)
t1=...=ty=0

e
= amaszfl...amjlf(m).
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so that the coefficients in (A.6.10)) are nothing but the partial derivatives, of order ¢, of f.

Remark A.6.3 Animportant particular case of relation (A.6.7) is the one when Az' = Ax? = ... = Ax;
let us call the common value of these £ vectors d. According to (A.6.7)), we have

32

DZ A d7d7"'7d = 0t 0ty 1.0t
f(@)] ] OtpOtp_1...0t1 ti=..=t;=0

This relation can be interpreted as follows: consider the function

o(t) = f(z + td)
of a real variable ¢. Then (check it!)

ot
Oy 9 _
OO = Gt an ), _, T ad et ted) = DY@, .. d)

In other words, D‘f(z)[d,...,d] is what is called /-th directional derivative of f taken at x along the
direction d; to define this quantity, we pass from function f of several variables to the univariate function
¢(t) = f(x + td) — restrict f onto the line passing through x and directed by d — and then take the
“usual” derivative of order ¢ of the resulting function of single real variable ¢ at the point ¢ = 0 (which
corresponds to the point z of our line).

Representation of higher order derivatives. k-th order derivative D*f(z)[,...,-] of a CK
function f : R®™ — R™ is what it is — it is a symmetric k-linear mapping on R"™ taking values in R™
and depending on x as on a parameter. Choosing somehow coordinates in R"™, we can represent such a
mapping in the form

k xr
DX f(2)[Axy, o, A = > 0" J(x) (Az1)i, - (Azg)s, -

1§i1,...,ik§na i OTig_y Oy

We may say that the derivative can be represented by k-index collection of m-dimensional vectors
9* f(z)
Bmikamq,kil...{)mil .
does not help. There is, however, a case when the collection becomes an entity we know to handle; this
is the case of the second-order derivative of a scalar function (k = 2,m = 1). In this case, the collection

2
in question is just a symmetric matrix H(x) = [M

817581']'
x. Note that

This collection, however, is a difficult-to-handle entity, so that such a representation

} . This matrix is called the Hessian of f at
1<i,j<n

D?f(z)[Axy, Axy) = AxT H(x)Axs.

A.6.8 Calculus of C* mappings

The calculus of C¥ mappings can be summarized as follows:

Theorem A.6.3 (i) Let U be an open set in R, fi(-), f2(-) : R® — R™ be C* in U, and let real-valued
functions i (+), A\a(-) be CF in U. Then the function

f(@) = M(2) fi(z) + Aa(2) fo(2)

is CF in U.

(ii) Let U be an open set in R™, V be an open set in R™, let a mapping f : R* — R™ be CF in
U and such that f(z) € V for x € U, and, finally, let a mapping g : R™ — RP be C*¥ in V. Then the
superposition

isCk inU.
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Remark A.6.4 For higher order derivatives, in contrast to the first order ones, there is no simple
“chain rule” for computing the derivative of superposition. For example, the second-order derivative of
the superposition h(z) = g(f(z)) of two C2-mappings is given by the formula

Dh(x)[Ax', Az®] = Dg(f(x))[D*f(x)[Az", Ax?]] + D?g(«)[Df (z)[Az"], Df (x)[Ax?]]

(check it!). We see that both the first- and the second-order derivatives of f and g contribute to the
second-order derivative of the superposition h.

The only case when there does exist a simple formula for high order derivatives of a superposition is
the case when the inner function is affine: if f(x) = Az + b and h(z) = g(f(z)) = g(Az + b) with a C*
mapping g, then

Dth(z)[Azt, ..., Azt] = Dfg(Ax + b)[AAz!, ..., AAZY). (A.6.11)

A.6.9 Examples of higher-order derivatives

Example 1: Second-order derivative of an affine function f(z) = a + b7z is, of course,
identically zero. Indeed, as we have seen,

Df(z)[Az'] = b Ax!

is independent of x, and therefore the derivative of Df(x)[Az'] in x, which should give us the second
derivative D? f(z)[Ax!, Az?], is zero. Clearly, the third, the fourth, etc., derivatives of an affine function
are zero as well.

Example 2: Second-order derivative of a homogeneous quadratic form f(z) = 27 Ax
(A is a symmetric n x n matrix). As we have seen,

Df(z)[Az'] = 22T AAz?.
Differentiating in x, we get

D?f(z)[Az', Ax?) = thq-lot_l [2(z + tAz®)T AAz" — 22T AAz'] = 2(Az®)T AN,
—

so that

| D*f(x)[Az!, Aa®] = 2(Aa?)TAAs! |

Note that the second derivative of a quadratic form is independent of x; consequently, the third, the
fourth, etc., derivatives of a quadratic form are identically zero.

Example 3: Second-order derivative of the log-det barrier F(X) = InDet(X). As we
have seen, this function of an n X n matrix is well-defined and differentiable on the set U of matrices with
positive determinant (which is an open set in the space R™*" of n x n matrices). In fact, this function
is C* in U. Let us compute its second-order derivative. As we remember,

DF(X)[AX'] = Tr(X'AX?). (A.6.12)
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To differentiate the right hand side in X, let us first find the derivative of the mapping G(X) = X!
which is defined on the open set of non-degenerate n x n matrices. We have

DG(X)[AX] = lim t7'[(X +tAX)"' - X1]
t—+0
lim ¢t~ [(X(I+tX'AX))™ - X7
t—+0
= lim ' [+t X TAX)TIX T - XY
t——+0 S—

Y

= | lim 7! [T 4tY)"! - I]] X!

t—+40
_ : 177 _ -1 -1
= t1_1>n+10t [I—(I+tY)] (I +tY) } X
= | lim [-Y(I + tY)‘l]} X1

t—+0
= -YXx!
= —X'AXX!

and we arrive at the important by its own right relation

[D(X DAX]= —X TAXX |, [X € R"", Det(X) #0] |

which is the “matrix extension” of the standard relation (z71) = —z72, z € R.
Now we are ready to compute the second derivative of the log-det barrier:

F(X) =1nDet (X)
I
DF(X)[AX'] = Te(X'AXY)
4
D2F(X)[AXLAXY =l 70 [Tr((X +tAX?)TIAXY) - Tr(X~1AXY)]
—
= lim Tr (171X + tAX?)TTAX! - XTTAXY)
t—+0
lim Tr ([t71(X +tAX?) " — X1 AXT)
t—14-0
= Tr(-X"'AX2X-YAXY),

and we arrive at the formula

[D?’F(X)[AXT,AX = - Tr(X TAX2XTAXT) [X € R"*" Det (X) > 0] |

Since Tr(AB) = Tr(BA) (check it!) for all matrices A, B such that the product AB makes sense and
is square, the right hand side in the above formula is symmetric in AX", AX?2, as it should be for the
second derivative of a C? function.

A.6.10 Taylor expansion

Assume that f : R® — R™ is C* in a neighbourhood U of a point Z. The Taylor expansion of order k
of f, built at the point Z, is the function

Fiy(z) = f@)+4Df(@)z—2]+ 3D*f(2)z — 2,2 — 7]
+5D?f(@)x -z, 0 — T, — T+ ...+ 5DV f(D)[x —Z,..,0 — I (A.6.13)

We are already acquainted with the Taylor expansion of order 1
Fi(z) = f(Z) + Df(z)[x — Z]

— this is the affine function of x which approximates “very well” f(z) in a neighbourhood of Z, namely,
within approximation error 6(|x — Z|). Similar fact is true for Taylor expansions of higher order:
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Theorem A.6.4 Let f : R" — R™ be C* in a neighbourhood of T, and let Fy(x) be the Taylor expansion
of f at T of degree k. Then

(i) Fr(x) is a vector-valued polynomial of full degree < k (i.e., every one of the coordinates of the
vector Fy(x) is a polynomial of 1, ...,xn, and the sum of powers of x;’s in every term of this polynomial
does not exceed k);

(i) Fy(x) approzimates f(z) in a neighbourhood of T up to a remainder which is o(|x —Z|*) as v — z:

For every e > 0, there exists § > 0 such that

o = 2] <0 = [Fi(2) - f(z)] < el —z]".

Fy.(+) is the unique polynomial with components of full degree < k which approzimates f up to a remainder
which is o(|x — Z|¥).

(iii) The value and the derivatives of Fy of orders 1,2, ..., k, taken at T, are the same as the value and
the corresponding derivatives of f taken at the same point.

As stated in Theorem, Fy(x) approximates f(z) for x close to Z up to a remainder which is o(|x — z|¥).
In many cases, it is not enough to know that the reminder is “6(]z — Z|*)” — we need an explicit bound
on this remainder. The standard bound of this type is as follows:

Theorem A.6.5 Let k be a positive integer, and let f : R™ — R™ be C**L in a ball B, = B,(z) = {z €
R" : |z —Z| < r} of a radius r > 0 centered at a point T. Assume that the directional derivatives of order
k+1, taken at every point of B, along every unit direction, do not exceed certain L < co:

DM (@)[d, o d]| < L V(o € B)Y(d,|d] = 1).
Then for the Taylor expansion Fy of order k of f taken at T one has

L|$ _i'|k+1

1£() = Fl)] < Z 5y

V(z € By).

Thus, in a neighbourhood of Z the remainder of the k-th order Taylor expansion, taken at Z, is of order
of L|lz — z|**!, where L is the maximal (over all unit directions and all points from the neighbourhood)
magnitude of the directional derivatives of order k + 1 of f.

A.7 Symmetric matrices

A.7.1 Spaces of matrices

Let S™ be the space of symmetric m x m matrices, and M™" be the space of rectangular m x n
matrices with real entries. From the viewpoint of their linear structure (i.e., the operations of addition
and multiplication by reals) 8" is just the arithmetic linear space R™(+1/2 of dimension W:
by arranging the elements of a symmetric m X m matrix X in a single column, say, in the row-by-row
order, you get a usual m2-dimensional column vector; multiplication of a matrix by a real and addition of
matrices correspond to the same operations with the “representing vector(s)”. When X runs through S™,
the vector representing X runs through m(m + 1)/2-dimensional subspace of R™ consisting of vectors
satisfying the “symmetry condition” — the coordinates coming from symmetric to each other pairs of
entries in X are equal to each other. Similarly, M"" as a linear space is just R™"”, and it is natural to
equip M™" with the inner product defined as the usual inner product of the vectors representing the
matrices:

m n
(X, V) =) XV = Tr(XTY).
i=1 j—1

Here Tr stands for the trace — the sum of diagonal elements of a (square) matrix. With this inner product
(called the Frobenius inner product), M™™ becomes a legitimate Euclidean space, and we may use in
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connection with this space all notions based upon the Euclidean structure, e.g., the (Frobenius) norm of
a matrix

X[z = V(X X) =

and likewise the notions of orthogonality, orthogonal complement of a linear subspace, etc. The same
applies to the space S™ equipped with the Frobenius inner product; of course, the Frobenius inner product
of symmetric matrices can be written without the transposition sign:

(X,Y) = Tr(XY), X,Y € S™.

A.7.2 Main facts on symmetric matrices

Let us focus on the space S™ of symmetric matrices. The most important property of these matrices is
as follows:

Theorem A.7.1 [Eigenvalue decomposition] iz A is symmetric if and only if it admits an orthonormal
system of eigenvectors: there exist orthonormal basis {e1, ..., e, } such that

Aei = )\iei, 1= ]., NN (A?].)
for reals \;.

In connection with Theorem [AT7.1] it is worthy to recall the following notions and facts:

[A.7.2l A. Eigenvectors and eigenvalues. An eigenvector of an nxn matrix A is a nonzero vector
e (real or complex) such that Ae = Xe for (real or complex) scalar A; this scalar is called the eigenvalue
of A corresponding to the eigenvector e.

Eigenvalues of A are exactly the roots of the characteristic polynomial

m(z) =det(z] — A) = 2" + b1 2" L 4 bo2" 2+ .+ by,

of A.
Theorem states, in particular, that for a symmetric matrix A, all eigenvalues are real, and the
corresponding eigenvectors can be chosen to be real and to form an orthonormal basis in R™.

[A.7.2|B. Eigenvalue decomposition of a symmetric matrix. Theorem admits equiv-
alent reformulation as follows (check the equivalence!):

Theorem A.7.2 An n X n matriz A is symmetric if and only if it can be represented in the form
A=UAUT, (A.7.2)

where

e U is an orthogonal matriz: U~' = UT (or, which is the same, UTU = I, or, which is the same,
UUT = I, or, which is the same, the columns of U form an orthonormal basis in R™, or, which is
the same, the columns of U form an orthonormal basis in R™).

e A is the diagonal matriz with the diagonal entries Ay, ..., Ap.

Representation (A.7.2) with orthogonal U and diagonal A is called the eigenvalue decomposition of A.
In such a representation,

e The columns of U form an orthonormal system of eigenvectors of A;

e The diagonal entries in A are the eigenvalues of A corresponding to these eigenvectors.
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[A.7.21C. Vector of eigenvalues. When speaking about eigenvalues \;(A4) of a symmetric n x n
matrix A, we always arrange them in the non-ascending order:

A(A) € R™ denotes the vector of eigenvalues of A taken in the above order.

[A.7.2lD. Freedom in eigenvalue decomposition. Part of the data A, U in the eigenvalue de-
composition is uniquely defined by A, while the other data admit certain “freedom”. Specifically,
the sequence \q,..., A\, of eigenvalues of A (i.e., diagonal entries of A) is exactly the sequence of roots
of the characteristic polynomial of A (every root is repeated according to its multiplicity) and thus is
uniquely defined by A (provided that we arrange the entries of the sequence in the non-ascending order).
The columns of U are not uniquely defined by A. What is uniquely defined, are the linear spans E()\) of
the columns of U corresponding to all eigenvalues equal to certain A; such a linear span is nothing but
the spectral subspace {x : Ax = Az} of A corresponding to the eigenvalue A. There are as many spec-
tral subspaces as many different eigenvalues; spectral subspaces corresponding to different eigenvalues of
symmetric matrix are orthogonal to each other, and their sum is the entire space. When building an
orthogonal matrix U in the spectral decomposition, one chooses an orthonormal eigenbasis in the spectral
subspace corresponding to the largest eigenvalue and makes the vectors of this basis the first columns
in U, then chooses an orthonormal basis in the spectral subspace corresponding to the second largest
eigenvalue and makes the vector from this basis the next columns of U, and so on.

[A.7.2lE. “Simultaneous” decomposition of commuting symmetric matrices. Let
Aq, ..., A be n X n symmetric matrices. It turns out that the matrices commute with each other
(A;A; = AjA; for all 4,j) if and only if they can be “simultaneously diagonalized”, i.e., there exist
a single orthogonal matrix U and diagonal matrices A1,...,Ay such that

A, =UNUT i=1,.. k.

You are welcome to prove this statement by yourself; to simplify your task, here are two simple and
important by their own right statements which help to reach your target:

[A.72lE.1: Let A be a real and A, B be two commuting n x n matrices. Then the spectral
subspace E = {x : Az = A\x} of A corresponding to A is invariant for B (i.e., Be € E for
everye € E).

E.2: If A is an n X n matrix and L is an invariant subspace of A (i.e., L is a linear
subspace such that Ae € L whenever e € L), then the orthogonal complement L+ of L is
invariant for the matrix AT. In particular, if A is symmetric and L is invariant subspace of
A, then Lt is invariant subspace of A as well.

A.7.3 Variational characterization of eigenvalues

Theorem A.7.3 [VCE — Variational Characterization of Eigenvalues| Let A be a symmetric matriz.
Then
M(A)=min max zTAzx, (=1,...n, (A.7.3)
Ecé zeE,xTx=1

where &y is the family of all linear subspaces in R™ of the dimensionn — ¢+ 1.

VCE says that to get the largest eigenvalue \;(A), you should maximize the quadratic form 7 Az over
the unit sphere S = {z € R" : 272 = 1}; the maximum is exactly A\;(A). To get the second largest
eigenvalue A2(A), you should act as follows: you choose a linear subspace E of dimension n — 1 and
maximize the quadratic form 27 Az over the cross-section of S by this subspace; the maximum value
of the form depends on E, and you minimize this maximum over linear subspaces E of the dimension
n — 1; the result is exactly A2(A4). To get A3(A4), you replace in the latter construction subspaces of the
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dimension n — 1 by those of the dimension n — 2, and so on. In particular, the smallest eigenvalue A,,(A)
is just the minimum, over all linear subspaces E of the dimension n—n+1 =1, i.e., over all lines passing
through the origin, of the quantities 27 Az, where x € E is unit (272 = 1); in other words, A, (A) is just
the minimum of the quadratic form 27 Az over the unit sphere S.

Proof of the VCE is pretty easy. Let eq,...,e, be an orthonormal eigenbasis of A: Ae;, =
Me(A)eg. For 1 < £ < n, let Fy = Lin{ey,...,es}, Gy = Lin{es, €41, ...,e,}. Finally, for
x € R™ let £(x) be the vector of coordinates of = in the orthonormal basis ey, ...,e,. Note
that

ele = £ (2)¢ (),
since {ej, ...,e,} is an orthonormal basis, and that
2TAx = J:TAZ&(x)ei) =T 2 Ai(A)&i(w)e; =
S A6 @ er) Z Z

&i(z)

(A.7.4)

S A (A (a).

Now, given £, 1 < ¢ < n, let us set £ = Gy; note that F is a linear subspace of the dimension
n—{+1. In view of (A.7.4), the maximum of the quadratic form x7 Az over the intersection
of our F with the unit sphere is

max {i Ni(A)E2 - iﬁf = 1} ,
=0 =/

and the latter quantity clearly equals to Joax Ai(A) = M(A). Thus, for appropriately chosen
i<n

E € &y, the inner maximum in the right hand side of equals to A\¢(A), whence the
right hand side of is < A¢(A). It remains to prove the opposite inequality. To this end,
consider a linear subspace E of the dimension n — ¢ + 1 and observe that it has nontrivial
intersection with the linear subspace F; of the dimension ¢ (indeed, dim E + dim F, =
(n—¢+1)+£ > n, so that dim (ENF) > 0 by the Dimension formula). It follows that there

exists a unit vector y belonging to both E and Fy. Since y is a unit vector from Fy, we have
¢ ¢
y= > mie; with Y n? = 1, whence, by (A.7.4)),

i=1 =1

£
T Ay = , 2> min \ =
y Ay ;:1 Ai(A)ng 2 min Ai(A) = Ao(A).

Since y is in E, we conclude that

max Az > yT Ay > M\(A).

zeE:zTz=1

Since E is an arbitrary subspace form &y, we conclude that the right hand side in (A.7.3) is
> MN(A). m

A simple and useful byproduct of our reasoning is the relation (A.7.4):

Corollary A.7.1 For a symmetric matriz A, the quadratic form x* Ax is weighted sum of squares of
the coordinates &;(x) of x taken with respect to an orthonormal eigenbasis of A; the weights in this sum
are exactly the eigenvalues of A:

2T Az = Z Ni(A)EX(x).
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A.7.3.1 Corollaries of the VCE

VCE admits a number of extremely important corollaries as follows:

A. Eigenvalue characterization of positive (semi)definite matrices. Recall that
a matrix A is called positive definite (notation: A = 0), if it is symmetric and the quadratic form =7 Az
is positive outside the origin; A is called positive semidefinite (notation: A = 0), if A is symmetric and

the quadratic form 27 Az is nonnegative everywhere. VCE provides us with the following eigenvalue
characterization of positive (semi)definite matrices:

Proposition A.7.1 : A symmetric matriz A is positive semidefinite if and only if its eigenvalues are
nonnegative; A is positive definite if and only if all eigenvalues of A are positive

Indeed, A is positive definite, if and only if the minimum value of 7 Az over the unit sphere is positive,
and is positive semidefinite, if and only if this minimum value is nonnegative; it remains to note that by
VCE, the minimum value of 27 Az over the unit sphere is exactly the minimum eigenvalue of A.

[A.7.3.B. ~-Monotonicity of the vector of eigenvalues. Let us write A = B (A > B) to
express that A, B are symmetric matrices of the same size such that A — B is positive semidefinite
(respectively, positive definite).

Proposition A.7.2 If A = B, then A(A) > A\(B), and if A = B, then A\(A) > \(B).
Indeed, when A > B, then, of course,

max xlAr> max a'Bz
zeE:xTx=1 zeE:xTxz=1

for every linear subspace E, whence

M(A)=min max z7Az>min max 2T Bzx=X\N(B), {=1,..,n,
E€&; zeE:xTz=1 E€&; zeE:ixTz=1

ie.,, A(A) > A(B). The case of A > B can be considered similarly.

[A.7.3.C. Eigenvalue Interlacement Theorem. We shall formulate this extremely important
theorem as follows:

Theorem A.7.4 [Eigenvalue Interlacement Theorem| Let A be a symmetric n X n matriz and A be the
angular (n — k) x (n — k) submatriz of A. Then, for every £ < n —k, the {-th eigenvalue of A separates
the £-th and the (£ + k)-th eigenvalues of A:

Ae(A) = Ne(A) = Aps(A). (A.7.5)

Indeed, by VCE, M\¢(A) = min b{naTx T Az, where & is the family of all linear subspaces of the
FEe&yzeE:xt z=1

dimension n — k — £ + 1 contained in the linear subspace {x € R" : &y_j41 = Tn—gt2 = ... = z, = 0}.
Since & C Epyk, we have

M(A) = min  max z7Az > min max zl Az = Ayr(A).
Ec&y zeE:xTz=1 Ec&pip xeE:xTax=1

We have proved the left inequality in (A.7.5). Applying this inequality to the matrix —A, we get
—Xe(A) = Ap—e(—A) = Mp_p(—A) = =X (A),

or, which is the same, A\;(A) < A\;(A), which is the first inequality in (A.7.5)).



A.7. SYMMETRIC MATRICES 335

A.7.4 Positive semidefinite matrices and the semidefinite cone

[A.7.4.A. Positive semidefinite matrices. Recall that an n x n matrix A is called positive
semidefinite (notation: A = 0), if A is symmetric and produces nonnegative quadratic form:

A0 {A=A" and 2TAxz>0 vzl

A is called positive definite (notation: A > 0), if it is positive semidefinite and the corresponding quadratic
form is positive outside the origin:

A-0e{A=A" and 27Ax>00 Vz#0}.
It makes sense to list a number of equivalent definitions of a positive semidefinite matrix:

Theorem A.7.5 Let A be a symmetric n X n matrixz. Then the following properties of A are equivalent
to each other:

(i)A=0
ii) A(4) >0
iii) A DT D for certain rectangular matriz D

= ATA for certain upper triangular n x n matriz A

A B? for certain symmetric matriz B;
i) A= B? for certain B = 0.
e following properties of a symmetric matriz A also are equivalent to each other:
(i"YA=0
(i) A(4) > 0
(iii") A = DT D for certain rectangular matriz D of rank n
(iv') A= ATA for certain nondegenerate upper triangular n x n matriz A
(
(

i

~—

v
v
T

1/

.

(
(
(i
(
(

\\_/3‘

\<

v') A = B2 for certain nondegenerate symmetric matriz B;
vi') A= B? for certain B = 0.

Proof. (i)<(ii): this equivalence is stated by Proposition

(ii)¢>(vi): Let A = UAUT be the eigenvalue decomposition of A, so that U is orthogonal and A
is diagonal with nonnegative diagonal entries \;(A) (we are in the situation of (ii) !). Let A'/? be the
diagonal matrix with the diagonal entries )\3/2 (A); note that (A'/2)2 = A. The matrix B = UA2UT is
symmetric with nonnegative eigenvalues )\3 / 2(A), so that B > 0 by Proposition and

A1/2 UT A1/2UT (A1/2)2UT —_ UAUT — A,
I

as required in (vi).

(vi)=(v): evident.

(v)=(iv): Let A = B? with certain symmetric B, and let b; be i-th column of B. Applying the
Gram-Schmidt orthogonalization process (see proof of Theorem [A.2.3] (iii)), we can find an orthonormal

system of vectors uq,...,u, and lower triangular matrix L such that b; Z L;juy, or, which is the

same, BT = LU, where U is the orthogonal matrix with the rows u{,...,u We now have A = B? =
BT(BT)T = LUUTLT = LLT. We see that A = ATA, where the matrix A LT is upper triangular.
(iv)=-(iii): evident.
(iii)=(i): If A= DT D, then 27 Az = (Dz)*(Dz) > 0 for all .
We have proved the equivalence of the properties (i) — (vi). Slightly modifying the reasoning (do it
yourself!), one can prove the equivalence of the properties (i) — (vi’). m

Remark A.7.1 (i) [Checking positive semidefiniteness] Given an n X n symmetric matrix A, one can
check whether it is positive semidefinite by a purely algebraic finite algorithm (the so called Lagrange diag-
onalization of a quadratic form) which requires at most O(n?) arithmetic operations. Positive definiteness
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of a matrix can be checked also by the Choleski factorization algorithm which finds the decomposition in
(iv"), if it exists, in approximately %n?’ arithmetic operations.

There exists another useful algebraic criterion (Sylvester’s criterion) for positive semidefiniteness of
a matrix; according to this criterion, a symmetric matrix A is positive definite if and only if its angular
minors are positive, and A is positive semidefinite if and only if all its principal minors are nonnegative.

For example, a symmetric 2 X 2 matrix A = [ “ lc) } is positive semidefinite if and only if a > 0, ¢ >0

b
and det(A4) = ac — b* > 0.
(ii) [Square root of a positive semidefinite matrix] By the first chain of equivalences in Theorem [A.7.5]
a symmetric matrix A is > 0 if and only if A is the square of a positive semidefinite matrix B. The latter
matrix is uniquely defined by A = 0 and is called the square root of A (notation: A'/?).

[A.7.4.B. The semidefinite cone. When adding symmetric matrices and multiplying them by
reals, we add, respectively multiply by reals, the corresponding quadratic forms. It follows that

[A.7.4\B.1: The sum of positive semidefinite matrices and a product of a positive semidefinite
matrix and a nonnegative real is positive semidefinite,

or, which is the same (see Section [1.1.4)),

[A7.4B.2: n x n positive semidefinite matrices form a cone S? in the Euclidean space S™
of symmetric n X n matrices, the Euclidean structure being given by the Frobenius inner
pI‘OdUCt <A, B> = TI‘(AB) = ZA”B”
0,J
The cone S is called the semidefinite cone of size n. It is immediately seen that the semidefinite cone
S" is regular (see Lecture [3), specifically,
e S is closed: the limit of a converging sequence of positive semidefinite matrices is positive semidef-
inite;
e S% is pointed: the only n x n matrix A such that both A and —A are positive semidefinite is the
zero n X n matrix;

e S possesses a nonempty interior which is composed of positive definite matrices.

Note that the relation A > B means exactly that A—B € S7, while A >~ B is equivalent to A—B € int S%.
The “matrix inequalities” A > B (A > B) match the standard properties of the usual scalar inequalities,

e.g.

A- A [reflexivity]
A-B,B=~A=A=B [antisymmetry]
A=B,B-C=A*=C [transitivity]
A-B,C=D=A+C=B+D [compatibility with linear operations, I
A>B,A>0=)A > )\B [compatibility with linear operations, II]
A; = Bj,A;, > A,B, >Basi—~>c=A*>B [closedness|

with evident modifications when = is replaced with >, or

A»B,C>=D=A+C» B+ D,
etc. Along with these standard properties of inequalities, the inequality > possesses a nice additional
property:

[A.7.4\B.3: In a valid =-inequality
Ar» B

one can multiply both sides from the left and by the right by a (rectangular) matrix and its

transpose:
A, BeS" AxB, VeM™™

I
VTAV = VTBV



A.7. SYMMETRIC MATRICES 337

Indeed, we should prove that if A — B = 0, then also VT (A — B)V = 0, which is immediate
— the quadratic form y?[VT(A— B)V]y = (Vy)T (A - B)(Vy) of y is nonnegative along with
the quadratic form 27 (A — B)x of z.

An important additional property of the semidefinite cone is its self-duality:

Theorem A.7.6 A symmetric matrix Y has nonnegative Frobenius inner products with all positive
semidefinite matrices if and only if Y itself is positive semidefinite.

Proof. “if” part: Assume that Y > 0, and let us prove that then Tr(Y X) > 0 for every X > 0. Indeed,
the eigenvalue decomposition of Y can be written as

Y = Z )\i(Y)eieiT,
i=1

where e; are the orthonormal eigenvectors of Y. We now have

Tr(YX) = Tr((3% M(V)eel)X) = 3 A(Y) Tr(esel X)
. =t =1 (A.7.6)
= Z: N (Y) Tr(el Xey),

where the concluding equality is given by the following well-known property of the trace:

[A.7.4B.4: Whenever matrices A, B are such that the product AB makes sense and is a
square matrix, one has
Tr(AB) = Tr(BA).

Indeed, we should verify that if A € MP? and B € M%?, then Tr(AB) = Tr(BA). The

P g
left hand side quantity in our hypothetic equality is > > A;;B;;, and the right hand side
i=15=1

a P
quantity is ) > Bj;A;j; they indeed are equal.
j=1i=1
Looking at the concluding quantity in (A.7.6)), we see that it indeed is nonnegative whenever X > 0
(since Y = 0 and thus A\;(Y) > 0 by P.7.5).
"only if” part: We are given Y such that Tr(Y X) > 0 for all matrices X »= 0, and we should prove

that Y > 0. This is immediate: for every vector z, the matrix X = x27 is positive semidefinite (Theorem
(iii)), so that 0 < Tr(YzaT) = Tr(27Yx) = 27Yx. Since the resulting inequality 27 Yz > 0 is
valid for every x, we have Y = 0. =

[A.7.4.B.5: Schur Complement Lemma is the following simple and extremely useful fact:

Proposition A.7.3 [Schur Complement Lemma] A symmetric block 2 X 2 matriz

1= o]

with R > 0 is positive definite (semidefinite) if and only if the matriz
P—QR Q"
is positive definite (resp. semidefinite).
Proof is immediate. When P € SP, R € S¢, splitting vector = from RPT¢ into blocks u € RP, v € R4,

P=0s ulPu+2u"Qu + v Rv > 0 Y(u,v)
& min,, [’UTRU + 20T Qu + uTPu] > 0Vu
= min, [(v — R7'Qu)"R(v — R7'Q)u + v Pu— uv"QR™'QTu] > 0Vu
& P - QR_lQT t 07

as claimed by the “positive semidefinite” verion of Lemma. The same reasoning, with evident modifica-
tions, justifies the “positive definite” claim. m
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