ISSN 0005-1179, Automation and Remote Control, 2019, Vol. 80, No. 9, pp. 1607-1627. © Pleiades Publishing, Ltd., 2019.
Russian Text © The Author(s), 2019, published in Avtomatika i Telemekhanika, 2019, No. 9, pp. 64-90.

TOPICAL ISSUE

Algorithms of Robust Stochastic Optimization
Based on Mirror Descent Method

A. V. Nazin*?, A. S. Nemirovsky**’, A. B. Tsybakov***, and A. B. Juditsky****

* Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia
**Georgia Institute of Technology, Atlanta, Georgia, USA
*CREST, ENSAE, France
e Université Grenoble Alpes, Grenoble, France
e-mail: *nazine@ipu.ru, *nemirovs@isye.gatech.edu, ©alexandre.tsybakov@ensae.fr,
4 anatoli.juditsky@univ-grenoble-alpes. fr
Received July 18, 2018
Revised September 3, 2018
Accepted November 8, 2018
Abstract—We propose an approach to the construction of robust non-Euclidean iterative algo-
rithms by convex composite stochastic optimization based on truncation of stochastic gradients.
For such algorithms, we establish sub-Gaussian confidence bounds under weak assumptions
about the tails of the noise distribution in convex and strongly convex settings. Robust esti-
mates of the accuracy of general stochastic algorithms are also proposed.

Keywords: robust iterative algorithms, stochastic optimization algorithms, convex composite
stochastic optimization, mirror descent method, robust confidence sets

DOI: 10.1134/S0005117919090042

1. INTRODUCTION

In this paper, we consider the problem of convexr composite stochastic optimization:

min F(z), Fr) = E{®(z,w)} + (), (1)

where X is a compact convex subset of a finite-dimensional real vector space E with norm || - ||,
w is a random variable on a probability space €2 with distribution P, function ¢ is convex and
continuous, and function ® : X x 2 — R. Suppose that the expectation

6(z) 1= B{®(z,w)} — /CID(a:,w)dP(w)
Q

is finite for all x € X, and is a convex and differentiable function of x. Under these assumptions,
the problem (1) has a solution with optimal value Fi, = mingex F(x).

Assume that there is an oracle, which for any input (z,w) € X x 2 returns a stochastic gradient
that is a vector G(z,w) satisfying

E{G(z,w)} = Vé(z) and E{||G(z,w) - Vo(z)|?} <o?, VzeX, (2)

where || ||« is conjugate norm to || ||, and o > 0 is a constant. The aim of this paper is to construct
(1 — a)-reliable approximate solutions of the problem (1), i.e., solutions Ty, based on N queries of
the oracle and satisfying the condition

Prob{F(Zy) — F* <én(a)} =21 —a, Vae(0,1), (3)

with as small as possible dy () > 0.
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1608 NAZIN et al.

Note that stochastic optimization problems of the form (1) arise in the context of penalized risk
minimization, where the confidence bounds (3) are directly converted into confidence bounds for the
accuracy of the obtained estimators. In this paper, the bounds (3) are derived with d(«) of order
VIn(1/a)/N. Such bounds are often called sub-Gaussian confidence bounds. Standard results
on sub-Gaussian confidence bounds for stochastic optimization algorithms assume boundedness
of exponential or subexponential moments of the stochastic noise of the oracle G(z,w) — V¢(z)
(cf. [1-3]). In the present paper, we propose robust stochastic algorithms that satisfy sub-Gaussian
bounds of type (3) under a significantly less restrictive condition (2).

Recall that the notion of robustness of statistical decision procedures was introduced by J. Tukey
[4] and P. Huber [5-7] in the 1960s, which led to the subsequent development of robust stochastic
approximation algorithms. In particular, in the 1970s-1980s, algorithms that are robust for wide
classes of noise distributions were proposed for problems of stochastic optimization and parametric
identification. Their asymptotic properties when the sample size increases have been well studied,
see, for example, [8-16] and references therein. An important contribution to the development of the
robust approach was made by Ya.Z. Tsypkin. Thus, a significant place in the monographs [17, 18]
is devoted to the study of iterative robust identification algorithms.

The interest in robust estimation resumed in the 2010s due to the need to develop statistical
procedures that are resistant to noise with heavy tails in high-dimensional problems. Some re-
cent work [19-29] develops the method of median of means [30] for constructing estimates that
satisfy sub-Gaussian confidence bounds for noise with heavy tails. Thus, in [27] the median of
means approach was used to construct an (1 — «)-reliable version of stochastic approximation with
averaging (“batch” algorithm) in a stochastic optimization setting similar to (1). Other original
approaches were developed in [31-35], in particular, the geometric median techniques for robust
estimation of signals and covariance matrices with sub-Gaussian guarantees [34, 35]. Also there
was a renewal of interest in robust iterative algorithms. Thus, it was shown that robustness of
stochastic approximation algorithms can be enhanced by using the geometric median of stochastic
gradients [36, 37]. Another variant of the stochastic approximation procedure for calculating the
geometric median was studied in [38, 39], where a specific property of the problem (boundedness
of the stochastic gradients) allowed the authors to construct (1 — «)-reliable bounds under a very
weak assumption about the tails of the noise distribution.

This paper discusses an approach to the construction of robust stochastic algorithms based
on truncation of the stochastic gradients. It is shown that this method satisfies sub-Gaussian
confidence bounds. In Sections 2 and 3, we define the main components of the optimization problem
under consideration. In Section 4, we define the robust stochastic mirror descent algorithm and
establish confidence bounds for it. Section 5 is devoted to robust accuracy estimates for general
stochastic algorithms. Finally, Section 6 establishes robust confidence bounds for problems, in
which F' has a quadratic growth. The Appendix contains the proofs of the results of the paper.

2. NOTATION AND DEFINITIONS

Let E be a finite-dimensional real vector space with norm || - | and let E* be the conjugate
space to E. Denote by (s,z) the value of linear function s € E* at point « € E and by || - ||« the
conjugate to norm || - || on E*, i.e.,

[[s[l« = max{(s,z) : [«f| <1}, s€ E"
On the unit ball
B={zcE: |a] <1},
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ALGORITHMS OF ROBUST STOCHASTIC OPTIMIZATION 1609

we consider a continuous convex function 6 : B — R with the following property:
O'(x) -0 ),z —2) > |z —2')° Va,2’ € B, (4)

where 0'(-) is a continuous in B® = {z € B : 90(x) # ()} version of the subgradient of §(-) and 96(x)
denotes the subdifferential of function 6(-) at point x, i.e., the set of all subgradients at this point.
In other words, function 6(-) is strongly convex on B with coefficient 1 with respect to the norm ||-||.
We will call 0(-) the normalized proxy function. Examples of such functions are:

* 0(x) = ;HxH% for (E,[|- 1) = (R™, || - [[2);

o 0(x) = 2e(lnn)|lz||j with p = p(n) :=1 for (E, || - ) = (R™, [ - [[1);

* 2lnn
e O(x) =4de(lnn) > [Ni(z)P with p=p(n) for E=S5,, where S, is the space of symmetric
i=1

n

n X n matrices equipped with the nuclear norm ||z|| = Y |\;j(x)| and A;(z) are eigenvalues of
1=

matrix .

Here and in what follows, || - ||, denotes the £)-norm in R", p > 1. Without loss of generality, we
will assume below that

0 = argmin 6(z).
zeB

We also introduce the notation

1
= — mi > .
C) max 0(x) min 0(x) > )

Now, let X be a convex compact subset in F and let 29 € X and R > 0 be such that max |z —zol < R.
re

We equip X with a proxy function
Tr — X
J(z) = R*0 ( ) :
® .
Note that 9J(-) is strongly convex with coefficient 1 and

max ¥(z) — mind(z) < R*O.
rzeX zeX

Let D := ||z — || be the diameter of the set X. Then D < 2R.

max
r,x'eX
We will also use the Bregman divergence

Ve(2) = 9(2) = 9(z) — (¥ (2),2z —x), Vz,zeX.

In the following, we denote by C' and C’ positive numerical constants, not necessarily the same in
different cases.

3. ASSUMPTIONS

Consider a convex composite stochastic optimisation problem (1) on a convex compact set
X C E. Assume in the following that the function

¢(z) = E{®(z,w)}
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1610 NAZIN et al.

is convex on X, differentiable at each point of the set X and its gradient satisfies the Lipschitz
condition

IVo(') - Vé(@)|l. < Ll —oll,  Va,o € X. (5)

Assume also that function v is convex and continuous. In what follows, we assume that we have
at our disposal a stochastic oracle, which for any input (z,w) € X x Q, returns a random vector
G(z,w), satisfying the conditions (2). In addition, it is assumed that for any a € E* and § > 0 an
exact solution of the minimization problem

min{(a, 2) + ¥(2) + BO(=))

is available. This assumption is fulfilled for typical penalty functions ¢, such as convex power
n

functions of the £),-norm (if X is a convex compact in R™) or negative entropy ¢(z) =k > z;jInz;,
j=1

where k£ > 0 (if X is the standard simplex in R™). Finally, it is assumed that a vector g(Z) is

available, where € X is a point in the set X such that

l9(z) = Vo(z)|l« <vo (6)

with a constant v > 0. This assumption is motivated as follows.

First, if we a priori know that the global minimum of function ¢ is attained at an interior
point x4 of the set X (what is common in statistical applications of stochastic approximation),
we have V¢(z4) = 0. Therefore, choosing Z = x4, one can put g(Z) = 0 and assumption (6) holds
automatically with v = 0.

Second, in general, one can choose Z as any point of the set X and ¢(Z) as a geometric median
of stochastic gradients G(Z,w;), i = 1,...,m, over m oracle queries. It follows from [34] that if m is
of order In (¢7!) with some sufficiently small € > 0, then

Prob{[|g(z) — Vé(Z)[l+ > vo} <. (7)

Thus, the confidence bounds obtained below will remain valid up to an e-correction in the proba-
bility of deviations.

4. ACCURACY BOUNDS FOR ALGORITHM RSMD

In what follows, we consider that the assumptions of Section 3 are fulfilled. Introduce a composite
proximal transform

Proxg ,(£) := argmin {(¢, 2) + ¥(2) + BVa(2)}

zeX

= arzger;in {{€ = BY'(x),2) +1(2) + BI(2) }, (8)

where 8 > 0 is a tuning parameter.

For i = 1,2,..., define the algorithm of Robust Stochastic Mirror Descent (RSMD) by the
recursion

Ti = Proxﬁi—l,wi—l(yi)ﬂ zg € X, (9)
_ ) G@ic,wi), i [G(@im1,wi) — 9(@) [« < L2 — ziaa|| + A+ vo (10)
Yi g(z), otherwise.
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ALGORITHMS OF ROBUST STOCHASTIC OPTIMIZATION 1611

Here 8; > 0,7 =0,1,...,and XA > 0 are tuning parameters that will be defined below, and w1, ws, ...
are independent identically distributed (i.i.d.) realizations of a random variable w, corresponding
to the oracle queries at each step of the algorithm.

The approximate solution of problem (1) after N iterations is defined as the weighted average

N -1 N
= [Z /Bz'_—ll‘| Zﬂi_—lﬂ?i' (11)
; i=1

If the global minimum of function ¢ is attained at an interior point of the set X and v = 0, then
definition (10) is simplified. In this case, replacing ||z — x;_1|| by the upper bound D and putting
v =0 and ¢g(z) = 0 in (10), we define the truncated stochastic gradient by the formula

o G(a:i_l,wi), if HG(xi—lywi)H* < LD+ X\
%= 0, otherwise.

The next result describes some useful properties of mirror descent recursion (9). Define

& =vi — Vo(ri—1)

and
N 1
e(@™,2) =3 BAUVO(wia), @i — 2) + (i) — (2)] + o Vaioa (i), (12)
i=1
where V= (zq,...,zn).
Proposition 1. Let §; > 2L for all i =0,1,..., and let Ty be defined in (11), where x; are

iterations (9) for any values y;, not necessarily given by (10). Then for any z € X we have

N N
[Z /3[_11] [F@Nn) = F(2)] < Y Bh[F(2:) — F(2)] < (2™, 2)
i—1 i=1

< Vao(2) + ) (i, 2 — 33'i—1> n ||§i||31 13)
=1 i1
N
&,Zz L—zic1) 31&]12
g Bi1 *y B2, ] (14)

where z; is a random vector with values in X depending only on xg,&1,...,&;.

Using Proposition 1 we obtain the following bounds on the expected error F(Zy) — Fi of the
approximate solution of problem (1) based on the RSMD algorithm. In what follows, we denote
by E{-} the expectation with respect to the distribution of w" = (w1, ...,wy) € Q.

Corollary 1. Set M = LR. Assume that A > max{M,o\/N}+vo and B; > 2L for alli=0,1,....
Let Ty be the approzimate solution (11), where x; are the iterations of the RSMD algorithm defined
by relations (9) and (10). Then

N - 2Do 402
E{F ! R?© :
(F@n)) lZﬁz ] [ +Z<@ e 5)] (15)
In particular, if B; = B for alli=0,1,..., where

5 oV N
f = max { RVG } (16)
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then the following inequalities hold:

_ 20 o
E{F(ZN)} — F < ﬁE{jggs(:cN,z)} < C’max{L]j"Ve, 5}({9} (17)

Moreover, in this case we have the following inequality with explicit constants:

E{F(iy)} - F. < max { 2LR2O | ARo(1+ VO) 2Ro(1+ 4V/0) } '

N VN ’ VN

This result shows that if the truncation threshold A is large enough, then the expected error of the
proposed algorithm is bounded similarly to the expected error of the standard mirror descent algo-
rithm with averaging, i.e., the algorithm in which stochastic gradients are taken without truncation:
yi = G(xi-1,w;).

The following theorem gives confidence bounds for the proposed algorithm.

Theorem 1. Let B; = > 2L for alli =0,1,..., and let 1 < 17 < N/v?,

)\:max{a\/]j,M}—Fva. (18)

Let Z be the approzimate solution (11), where x; are the RSMD iterations defined by relations (9)
and (10). Then there is a random event Ay C QN of probability at least 1 — 2e~" such that for
all wN € Ay the following inequalities hold:

F(zy) — Fi < P sup (2, 2) < ¢ (BRQG + Rmax {0\/7']\7, MT} + B ' max{No?, M2T}) .
N ex N

In particular, choosing 3 as in formula (16) we have, for all W™ € Ay,

2
F(ay) — F. < max {cl LR [;[v ol C’gaR\/T ]VV@ } , (19)

where C; > 0 and Cy > 0 are numerical constants.

The values of the numerical constants C; and C5 in (19) can be obtained from the proof of the
theorem, cf. the bound in (A.12).

Confidence bound (19) in Theorem 1 contains two terms corresponding to the deterministic
error and to the stochastic error. Unlike the case of noise with a “light tail” (see, for example, [40])
and the bound in expectation (17), the deterministic error LR?[r vV ©]/N depends on 7. Note
also that Theorem 1 gives a sub-Gaussian confidence bound (the order of the stochastic er-
ror is oR+\/[r V ©]/N). However, the truncation threshold A depends on the confidence level 7.
This can be inconvenient for the implementation of the algorithms. Some simple but coarser
confidence bounds can be obtained by using a universal threshold independent of 7, which is
A = max{oV/ N, M} + vo. In particular, we have the following result.

Theorem 2. Let 3; = 3 > 2L for alli=0,1,..., and let N > v%. Set

)\:max{U\/N,M}—l—UJ.

N

Let y = N~1 Y x;, where x; are the iterations of the RSMD algorithm defined by relations (9)
i=1

and (10). Then there is a random event Ay C Q®N of probability at least 1 — 2e~" such that for
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all WV € Ay the following inequalities hold:

F(zy)— Fi < b supe(zl, 2) < ¢ (BRz@ + TRmax{U\/N,M} + 7571 max{Naz,Mz}) .
N zeX N
In particular, choosing 3 as in formula (16) we have
_ 8 N LR%[r V O] S
F(@n) - F. < ,2) < ; 2
(Zn) Njggs(x z) < C'max N ToR N (20)

for all wN € An.

The values of the numerical constants C' in Theorem 2 can be obtained from the proof, cf. the
bound in (A.12).

5. ROBUST CONFIDENCE BOUNDS FOR STOCHASTIC OPTIMIZATION METHODS

Consider an arbitrary algorithm for solving the problem (1) based on N queries of the stochastic
oracle. Assume that we have a sequence (x;, G(zj,wit1)), i =0,...,N, where x; € X are the
search points of some stochastic algorithm and G(z;,w;y1) are the corresponding observations of
the stochastic gradient. It is assumed that x; depends only on {(z;_1,w;),j=1,...,i}. The
approximate solution of the problem (1) is defined in the form:

N
Py =Ny
i=1

Our goal is to construct a confidence interval with sub-Gaussian accuracy for F(zZy) — Fi. To do
this, we use the following fact. Note that for any ¢t > L the value

N
en(t) = N1 Su}; {Z [(Vp(ziz1), i — 2) + Y(z;) — (2) + thi_l(l‘z‘)]} (21)
zex i=1
is an upper bound on the accuracy of the approximate solution Z y:
F(zZy)— Fy < enl(t) (22)
(see Lemma 1 in Appendix). This fact is true for any sequence of points xy,...,zxy in X, regardless

of how they are obtained. However, since the function V¢(-) is not known, the estimate (22) cannot
be used in practice. Replacing the gradients V(x;—1) in (21) with their truncated estimates y;
defined in (10) we get an implementable analogue of ey (t):

N
en(t)=N"" sup {Z [(yir i — 2) + (i) = P(2) + Vo, (20)] } : (23)
zeX (=1

Note that computing €y (t) reduces to solving a problem of the form (8) with 5= 0. Thus, it is
computationally not more complex than, for example, one step of the RSMD algorithm. Replacing
Vé(xzi—1) with y; introduces a random error. In order to get a reliable upper bound for ey(t), we
need to compensate this error by slightly increasing €y (t). Specifically, we add to €y (t) the value

pn(T) = 4R\/5® max{No?2, M?7} + 16 R max {U\/NT,MT}

N
: 2 372 -1
+ min {20u max{No*, M*1} + ; Vi o (a;l)} ,

where 7 > 0.
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Proposition 2. Let (z;, G(mi,wiﬂ))ﬁio be the trajectory of a stochastic algorithm for which x; de-
pends only on {(z;—1,w;),j =1,...,i}. Let 0 < 7 < N/v? and let y; = y;(7) be truncated stochastic
gradients defined in (10), where the threshold X = X(T) is chosen in the form (18). Then for any
t > L the value

An(r,t) =en(t) + pn(T)/N
is an upper bound for en(t) with probability 1 —2e™", so that
Prob{F(zn) — Fx < An(7,t)} > 1—2e7".

Since Ay (7,t) monotonically increases in ¢ it suffices to use this bound for t = L when L is
known. Note that, although Apn(7,t) gives an upper bound for ey(t), Proposition 2 does not
guarantee that Ay (7,t) is sufficiently close to ex(¢). However, this property holds for the RSMD
algorithm with a constant step, as follows from the next result.

Corollary 2. Under the conditions of Proposition 2, let the vectors wo, ..., xN be given by the
RSMD recursion (9), (10), where B; = > 2L, i=0,...,N —1. Then

pn(T) < Nen(B) + 4R\/5@ max {No?, M?7}
116R max {O’\/NT, MT} 12057 max {Na2, M%} . (24)

Moreover, if 3 > max {ZL, ;’%\\//g} then

pn(7) < New(B) + CsLR*[OV 7] + Cao Ry /N[O V 7],
and with probability at least 1 — 4e~7 the value An(T,3) satisfies the inequalities

- OV 7]

2
en(B) < An(7,B) < 3en(B) + 2C’3LR [](3\/ 7] + 2C’4UR\/ N (25)

where C3 > 0 and Cy4 > 0 are numerical constants.

The values of the numerical constants C3 and Cy can be derived from the proof of this corollary.

6. ROBUST CONFIDENCE BOUNDS FOR QUADRATIC GROWTH PROBLEMS

In this section, it is assumed that F' is a function with quadratic growth on X in the following
sense (cf. [41]). Let F' be a continuous function on X and let X, C X be the set of its minimizers
on X. Then F is called a function with quadratic growth on X if there is a constant x > 0 such
that for any = € X there exists z(z) € X, such that the following inequality holds:

Fla) = F. > | |z — ()% (26)

Note that every strongly convex function F' on X with the strong convexity coefficient x is a
function with quadratic growth on X. However, the assumption of strong convexity, when used
together with the Lipschitz condition with constant L on the gradient of F', has the disadvantage
that, except for the case when || - || is the Euclidean norm, the ratio L/x depends on the dimension
of the space E. For example, in the important cases where || - || is the ¢;-norm, the nuclear
norm, the total variation norm, etc., one can easily check (cf. [2]) that there are no functions
with Lipschitz continuous gradient such that the ratio L/k is smaller than the dimension of the
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space. Replacing the strong convexity with the growth condition (26) eliminates this problem,
see the examples in [41]. On the other hand, assumption (26) is quite natural in the composite
optimization problem since in many interesting examples the function ¢ is smooth and the non-
smooth part ¥ of the objective function is strongly convex. In particular, if £ = R"™ and the norm
is the £1-norm, this allows us to consider such strongly convex components as the negative entropy
Y(z) = k>0 xjlnz; (if X is standard simplex in R"), 1 (x) = y(x)||z|} with 1 < p < 2 and with
the corresponding choice of (k) > 0 (if X is a convex compact in R"™) and others. In all these
cases, condition (26) is fulfilled with a known constant x, which allows for the use of the approach
of [2, 42] to improve the confidence bounds of the stochastic mirror descent.

The RSMD algorithm for quadratically growing functions will be defined in stages. At each
stage, for specially selected r > 0 and y € X it solves an auxiliary problem

min F(x
CCEX'!'(y) ( )

using the RSMD. Here
Xo(y) ={z e X: |z -yl <r}.

We initialize the algorithm by choosing arbitrary yg = zg € X and rg > max |z — xol|. We set
ze

r? = 27Fr2 k =1,2,.... Let C1 and Cq be the numerical constants in the bound (19) of Theorem 1.

For a given parameter 7 > 0, and k = 1,2, ... we define the values
Llrve 2lrve
Nk:max{élcl [T ], 16020 [2T2 ]}, Nk’ :JNkL (27)
K KTy

Here |t| denotes the smallest integer greater than or equal to t. Set

m(N) ::max{k: zk:Nj <N}.
j=1

Now, let k€ {1,2,...,m(N)}. At the kth stage of the algorithm, we solve the problem of mini-
mization of F' on the ball X,, | (yr—1), we find its approximate solution Zy, according to (9)—(11),
where we replace xg by yx—1, X by X;, ,(yk—1), R by rg—1, N by Ny, and set

N
A = max {U\/ ,er_l} + vo,
T

oV N }
Tk—l\/@ '

and
[B; = max {QL,

It is assumed that, at each stage k of the algorithm, an exact solution of the minimization problem

min — {(a,z) +9(2) + 69(2)}

ZeX'r'k,l (ykfl)

is available for any a € F and 8 > 0. At the output of the kth stage of the algorithm, we obtain
Yk = TN,-

AUTOMATION AND REMOTE CONTROL Vol. 80 No. 9 2019
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Theorem 3. Assume that m(N) > 1, i.e. at least one stage of the algorithm described above is
completed. Then there is a random event By C Q%N of probability at least 1 —2m(N)e™™ such
that for wN € By the approzimate solution Ym(n) after m(N) stages of the algorithm satisfies the
mnequality

(28)

! 2
F(ym(N)) —F, < Cmax{m«g 2—N/4, /{Tg exp <_ C'kN ) ’ o[tV O] }

LT Vv O] kN

Theorem 3 shows that, for functions with quadratic growth, the deterministic error component
can be significantly reduced—it becomes exponentially decreasing in N. The stochastic error com-
ponent is also significantly reduced. Note that the factor m (V) is of logarithmic order and has little

1,.2,.2
effect on the probability of deviations. Indeed, it follows from (27) that m(N) < C'ln (52?76%]\)7)
Neglecting this factor in the probability of deviations and considering the stochastic component of
the error, we see that the confidence bound of Theorem 3 is approximately sub-exponential rather

than sub-Gaussian.

7. CONCLUSION

We have considered algorithms of smooth stochastic optimization when the distribution of noise
in observations has heavy tails. It is shown that by truncating the observed gradients with a
suitable threshold one can construct confidence sets for the approximate solutions that are similar
to those in the case of “light tails.” It should be noted that the order of the deterministic error
in the obtained bounds is suboptimal — it is substantially greater than the optimal rates achieved
by the accelerated algorithms [3, 40], namely, O(LR?N ~2) in the case of convex objective function
and O(exp(—N+/k/L)) in the strongly convex case. On the other hand, the proposed approach
cannot be used to obtain robust versions of the accelerated algorithms since applying it to such
algorithms leads to accumulation of the bias caused by the truncation of the gradients. The problem
of constructing accelerated robust stochastic algorithms with optimal guarantees remains open.
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APPENDIX

A.1. Preliminary remarks. We start with the following known result.

Lemma 1. Assume that ¢ and v satisfy the assumptions of Section 3, and let xg,...,zN be some
points of the set X. Define

eit1(2) = (Vo(2i), wir1 — 2) + (V' (Ti41), Ti1 — 2) + LV, (Ti41)-
Then for any z € X the following inequality holds:
F(ziy1) — F(z) < €iv1(2).

In addition, for Zy = SN x5 we have
N-1
F@EN) = F(2) SN [Fa) = F()] S N einal2).
' i=0
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Proof. Using the property V,(z) > %HZL‘ — 2|, the convexity of functions ¢ and 1 and the Lip-
schitz condition on V¢ we get that, for any z € X,

F(zit1) — F(z) = [¢(zit1) — 0(2)] + [(@it1) — (2)]
= [p(zit1) — o(@i)] + [6(2i) — D(2)] + W (wit1) — P(2)]
S [(Vo(@i), wivr — @) + LVe, (@ig1)] + (VO(@i), 25 — 2) + p(@i1) — ¥(2)
<AVo(xi), zip1 — 2) + (' (wi41), w1 — 2) + LV, (2i11)
= €i+1(2).
Summing up over ¢ from 0 to N — 1 and using the convexity of F' we obtain the second result of
the lemma. O

In what follows, we denote by E,, {-} the conditional expectation for fixed z;.

Lemma 2. Let the assumptions of Section 3 be fulfilled and let x; and y; satisfy the RSMD
recursion, cf. (9) and (10). Then

(@) &l <2(M +vo) + A,

o2

o 2
0 Baidgdl < 0 +00) () + 7 (A1)
@ (Bedlal))” <o+ (01 +00)]

Proof. Set Xi = 1|G(s;_1.wi)—g@)|>L|wi1 7|+ +vo- Note that by construction x; <n; =
LG @i1,0)-Vo(@i-1)ll.>2- We have

§i =i — Vo(ri1) = [G(xi—1,wi) — Vo(x;—1)](1 — xq) + [9(Z) — Vo(zi—1)]xi
= [G(zi—1,wi) — 9(@)](1 — xi) + [9(Z) — Vo(zi-1)]
= [G(zi—1,wi) = Vo(zi—1)] + [9(Z) — G(wi—1,w;)|xs-

Therefore,
[€ill« < NG (zi1,wi) = g(@)[«(1 = xi) + |9(Z) = Ve(zi1)[l+ < 2(M +vo) + A
Moreover, since E;;, {G(zi—1,w;)} = V(x;_1) we have
1B, {&Hlx = [|Ba,_ {[(Gl@im1, wi) = Vd(wio1)) — (9(Z) — Vé(i-1))Ixi ],

S Eo {llG(@i1,wi) = Vo(zia)ll« + l9(T) = Volzi1)ll«]xi}
(

S E;  {IIG(zio1,wi) = Vo(zio1)|lssi} + (M +v0)Eq,_, {<i}
0-2 ag 2
< +(M+va)(>\) .

Further,
[&ills < 1G(zi1,wi) = V(zi—1) [+ (1 = X) + [19(Z) — Vd(@i-1) |+ X,
and
1/2
oo {61212 < Bapy {IIG(i1,wi) — V(w2 |

~ 1/2
+ Eo, {l9(@) = Vo) [2x: |
<o+ (M +vo)E{x;}'? <o+ (M 4 vo)E,,  {n;}'/?
(o2
<o+ (M +wvo) ) -
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The following lemma gives bounds for the deviations of the sums >,;(&, z;_1 — 2) and 3, ||&]/2.

Lemma 3. Let the assumptions of Section 3 be fulfilled and let x; and y; satisfy the recursion of
RSMD, cf. (9) and (10).

(i) If T < N/v? and)\:max{a\/JX,M} + vo then, for any z € X,

N
Prob {Z<£i’ z—mxi—1) = 16R maX{O'\/NT,MT}} <e’, (A.2)
i=1
and
N
Prob {Z I1€l12 > 40maX{NU2,M27'}} <e . (A.3)
i=1

(ii) If N > v? and)\:max{a\/N,M}—l—vJ then, for any z € X,

N
Prob {Z({i, z—x; 1) > 8(1 + 7)Rmax{ocVN, M}} <e T, (A.4)
i=1
and
N
Prob {Z €112 > 8(2 4 37) max{NU2,M2}} <e " (A.5)
i=1

Proof. Set ¢; = (&;,2 —x;_1) and ; = ||&]|?, 4 = 1,2,.... Using Lemma 2 it is easy to check
that the following inequalities are fulfilled

(a) |Erz—1{<2}|
(b) Gl
(¢) (Bep {GHYV?

< D[(M +vo)(o/A)? +0%/A],

< D2(M 4 vo) + A, (A.6)

< Dlo + (M + vo)o /A

and
(a) E;.  {a} <o+ (M +vo)o /AP,
(b) 6 < [2(M +vo) + N, (A7)
(©) (Bay D2 <o+ (M +v0)a /N [2(M +vo) + A.

In what follows, we apply several times the Bernstein inequality, and each time we will use

the same notation r, A, s for the values that are, respectively, the uniform upper bound of the
expectation, the maximum absolute value, and the standard deviation of a random variable.

1°. We first prove the statement (i). We start with the case M < O‘\/ JX . Tt follows from (A.6)
that in this case

E., {G}] <2Do%/A < 430\/;[ .
G| < A:=3AD < 6RA, (A.8)
(Eri—l{cg})l/z < s:=2Do < 4Ro.
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Using (A.8) and Bernstein’s inequality for martingales (see, for example, [43]) we get

N N
Prob {Z G > 16RU\/NT} < Prob {Z ¢ > Nr+ 38\/N7'}
i=1 1=1

< —
g S\\//N

9r
< —~ <e T
exp{ 2+3<1+W¢/N>} ’

for all 7 > 0 satisfying the condition 7 < 16N/(9v?). On the other hand, in the case under consid-
eration, the following inequalities hold (cf. (A.7) and (A.8))

E,_{a} <402 o <9X, (Bo (D' <6)o.
=:r —A =:s

Thus,
Nr +3sVTN = 4No? + 18 \aV TN = 22No? + 18v02V N7 < 40N o2

for 0 < 7 < N/v2. Applying again the Bernstein inequality, we get

N
9r
Prob G > 40No? p <exp{ — <e 7
{Z } p{ 2+<3+3vw/zv>}

for all 7 > 0 satisfying the condition 7 < N/v%.
2°. Assume now that M > a\/f, so that A = M +vo and 02 < M?7/N. Then

|E., G| <4Ro*/\ <ARMT/N, |G| < R2(M +vo)+ \) = 6R(M + vo),

=:7r :ZA
(Eo. {G))Y? <4Ro <AMR\[7/N.

Further,
Nr +3sVTN = 4RMt + 12RMT = 16RM,

and applying again the Bernstein inequality we get

N
Prob{zg > 16RMT} < exp {— SZV A}
2+ T

i=1 3 sv/N

< exnd 97
SO 2+ (34 3vo/M)

97
<expl — <e 7
p{ 5+3U\/T/N}

for all 7 > 0, satisfying the condition 7 < 16 N/(9v?). Next, in this case

Exifl{gi} g 402 g ilT]\{f/]\ia Si < &);_2/7 (Exzfl{gf?})l/z g Q)\E < 6)\M\/T/N
=r =:A =:$
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Now,
N7+ 3sVTN = 47 M? 4+ 18 o VTN < 22M?7 + 18v0?V/ N1 < 40M3T,

for 7 < N/v?. Applying once again the Bernstein inequality we get

N
9r
Prob G > 40T M? Y <expl — <e 7
{;Z } p{ 2—|—(3—|—3’U\/7'/N)}

for all 7 > 0 satisfying the condition 7 < N/v?

3°. Now, consider the case A\ = max{M, U\/N} + ov. Let M < 0v/N, so that A = o(v/N + ).
We argue in the same way as in the proof of (i). By virtue of (A.6) we have

g
‘Exzfl{gl}| < 4R

VN
(Ex, {GDY? <4Ro =i s,
|¢i] <6RA < 12RoVN = 3sVN,

=7,

Hence, using the Bernstein inequality we get

Prob{ZCZ/SRU\/N (t+1) } Prob{ZCZ/NT—I— 2T—|—1)8\/N}

27 +1)2s2N 27 + 1
<expy — ) (T2+2)8 <expy — (T+) <e .
252N + 33s2N(27 + 1) 2+2(27+1)

From (A.7) we also have

E;_ {G} <ddo®,

(Es {7DY?

Now, applying again the Bernstein inequality we get

N
Prob {Zgz > 16No? + 24NU27’} Prob {Zcz > Nr+ (27 + 1)3\/]\7}

< oxnd (21 +1)s’N < o7
SEPY T 220 )N [ S

Proofs of the bounds (A.4) and (A.5) in the case M > ov/N and A = M + ov follow the same
lines. O

A.2. Proof of Proposition 1. We first prove inequality (13). In view of (8), the optimality
condition for (9) has the form

(Yit1 + V' (@ig1) + Bil0 (@ig1) — V' (25)],2 — xiy1) 20, Vz € X,
or, equivalently,

(Yir1 + ¢,($i+1),$z‘+1 -2z) < ﬁz‘<[19/(95z‘+1) - 19/(%')]7 Z = Tit1)
= (BiVy, (Tir1), 2 — Tiv1)
= ﬁZ[VZz(z) - Vri+1(z) - Vri(xi-l-l)]v Vze X7
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where the last equality follows from the following remarkable identity (see, for example, [44]): for
any u,u’ and w € X

(Vo) w —u') = Vy(w) = Vi (w) = Vi (u).
Since, by definition, & = y; — Vé(z;—1) we get
(Vo(x:), mip1 — 2) + (U (@ig1), Tiv1 — 2) < BilVi, (2) = Viprir (2) = Vi, (wig1)] = (Eiv1, wig1 — 2). (AL9)
It follows from Lemma 1 and the condition 8; > 2L that
F(ziy1) = F(2) < gi1(2) < (Vo(2i), zig1 — 2) + (U (@ig1), Tig1 — 2) + % Vi, (i)

Together with (A.9), this inequality implies

Ei—i-l(z) < 51 sz(z) - Vri+1(z) - Vri($i+1) - <£2'+17$i+1 - Z>

2

On the other hand, due to the strong convexity of V,.(-) we have

i Bi
(§ir1,2 — Tip1) — o Vai (Tiv1) = (Cit1, 2 — 23) + (Eir1, T — Tig1) — o Vi (Tit1)

2

< (Git1,2 —x4) + H&H”*-
Bi

Combining these inequalities, we obtain
i1 l)?
Flain) = F(&) € 2011(2) € BlVi2) = Vi 2)] = (G, — 2} + 1921 (A.10)

for all z € X. Dividing (A.10) by 5; and taking the sum over 7 from 0 to N — 1 we obtain (13).
We now prove the bound (14). Applying Lemma 6.1 of [1] with zy = z¢ we get

N N
- 1 -
V2 e X, Y B(G 7 - 2i) < Val(2) +, D BAIGIE, (A.11)
i=1

i=1

where z; = argmin, ¢ y {—62-__11 (&,2) + V., ,(2)} depends only on zg,¢&1,...,&. Further,

N N
Y Bz —wic) =Y B[ 2 — mica) + (G2 — zim1)]
i=1 i=1
al 1
< Vo (2) + D2 B (G 2t — wicn) + , B G
i=1
Combining this inequality with (13), we get (14). 0

A.3. Proof of Corollary 1. Note that (15) is an immediate consequence of (13) and of the bounds
for the moments of |||« given in Lemma 2. Indeed, (A.1)(b) implies that, under the conditions of
Corollary 1,

2Do? 2Do
< < .
A VN

o2

2

AUTOMATION AND REMOTE CONTROL Vol. 80 No. 9 2019



1622 NAZIN et al.
Further, due to (A.1)(c),

E$i71{|’§i|’z}l/2 <o+ (M + UO’)K < 20.

Taking the expectation of both sides of (13) and using the last two inequalities we get (15). The
bound (17) is proved in a similar way, with the only difference that instead of inequality (13) we
use (14). 0

A.4. Proof of Theorem 1. By virtue of part (i) of Lemma 3, under the condition 7 < N/v? we
have that, with probability of at least 1 — 2e™ 7,

N
Z<£i’zi—1 —xi—1) < 16Rmax{a\/N7',MT},
i=1

N
Z €112 < 40 max{No?, M>7}.
i=1

Plugging these bounds in (14) we obtain that, with probability at least 1 — 2e~7", the following
holds:

N
_ _ 3_
Bsupe(x?,z) < 28V, (2) + E [(Ez’,zi—1 —xi1) + 2ﬁ_l||£i||i
ZEX i=1

< 2BR%0 + 16Rmax{oV N7, M7} + 603~  max{No?, M*r}.
: R _ o |N
Next, taking 8 = max {2L, R\/Q} we get

N[F(Zn) — F(2)] < max{4LR?0,20 RV NO} + 16 R max{cV N1, M1}
+ 60 max{LR?*r /2,0 RV NO}
< max{46LR*r, 4LR?©,620 RV NO, 160 RV N7} (A.12)

for 1 < 7 < N/v2 This implies (19). O
A.5. Proof of Theorem 2. We act in the same way as in the proof of Theorem 1 with the only
difference that instead of part (i) of Lemma 3 we use part (ii) of that lemma, which implies that if
N > v? then with probability at least 1 — 2e~" the following inequalities hold:
N
Z<§i’ z—x; 1) <8(1 + 7)Rmax{oV N, M},

=1

N
S 142 < 8(2 + 37) max{No?, M2}, .
=1

A.6. Proof of Proposition 2. Define
pn (T3 p,v) = v 'R?O + 16R max{oV N7, M7}

N
+ 20(p + v) max{No?, M>7} + 1> Vo, ().
i=1

The proposition is a direct consequence of the following result.
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Lemma 4. Define

p(7) = min pn (7; 1, v)
1u‘71j>

= 4R\/5® max {No?, M27} + 16 R max {O‘\/NT, MT}
N
: 2 22 1 ,
+IELI>18 {20/1 max {NO' M T} +p ;:1 inl(azl)} . (A.13)

Then, for 0 < 17 < N/v? and t > L the following inequalities hold
(a)  Prob{en(t) —en(t) = pn(T)/N} < 2e77, (A.14)
(b)  Prob{en(t) —en(t) > pN( )/N} <27, ’

Proof of Lemma. Let us prove the first inequality in (A.14). Recall that & = y; — Vo(x;_1),
i=1,...,N. Due to the strong convexity of V,(-), for any z € X and u > 0 we have

(€2 —xi) = (&, 2 — wi—1) + (&, mim1 — 4)
1
< (&ivz—wim1) + ngiHi + Minfl(mi)-

Thus, for any v > 0,
N

S &z — @) <

i=1

Mz

oy P ! |
> {6z =z + IR+ Ve (@)

1

1 jz
e Z[ 662+ (621 =)+ Ve (o) + 5

-.
I

<

T =

(to obtain the last inequality, we have used Lemma 6.1 from [1] with zy = zy in the same way as
in the proof of the Proposition 1). By Lemma 3 there is a set Ay of probability at least 1 —2e™"
in the space of realizations w™ such that, for all wN e An,

N N
> (&, zie1 — 1) < 16Rmax{cV N7, M7} and > €112 < 40max{No? M?r}.
i=1 =1

Recalling that V,,(z) < R?0, we conclude that >N (&, 2 — ;) < pn(T;p, ) for all z € X and all
w € Ay. Therefore, for w € Ay we have

en(t) — € su , < N7 min T Iy N=1on(7),
n(t) —en(t Ze)g;& ;) Join o (73, v) = N7pn(7)

which proves the first inequality in (A.14). The proof of the second inequality in (A.14) is similar
and therefore it is omitted. O

A.7. Proof of Corollary 2. From the definition of ex(-) we deduce that
— N —
ﬁz Vmi—l(xi) < EN(B),
i=1

and we get (24) by taking 1 = 1/3. On the other hand, one can check that for 3 > max {2L, ”R‘\//g}

the following inequalities hold:
pv(7) < New(B) + max {[(20 + 4V5)VO + 16y/7] Rov/N, (4v/507 + 267) LR}

< Nen(B) + ClRJ\/N[Q V7] + CoLR*[O V 1].
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1624 NAZIN et al.
Finally, since ex(8) < en(3) + p(7)/N with probability at least 1 — 2e~7 (cf. (A.14)(b)) we have

AN(T,B) =en(B) + p(1)/N < en(B) + 2p(1) /N

with the same probability. This implies (25). O
A.8. Proof of Theorem 3. 1°. We first show that for each £k =1,...,m = m(N), the following
is true.

Fact I;,. There is a random event By, C Q®N of probability at least 1 — 2ke™" such that for all
wlV € By, the following inequalities hold:

(@) e —2@ol* <ri=2" 7"0 for some T(y) € X,

K L (A.15)
(b)  F(ys) — Fi < 2rk =27 F 1l

The proof of Fact I is carried out by induction. Note that (A.15)(a) holds with probability 1 for
k= 0. Set By = Q®N. Assume that (A.15)(a) holds for some k € {0,...,m — 1} with probability
at least 1 — 2ke™ 7", and let us show that then Fact Iy is true.

Define FF = min,¢ X, (i) F (z) and let X¥ be the set of all minimizers of function F on X, (yx)-
By Theorem 1 and the definition of Nj (cf. (27)), there is an event Aj of probability at least
1 — 2e77 such that for w” € A; after the (k + 1)th stage of the algorithm we have

K .
5 lye+1 — Ze (e ) < F(ypgr) — FF

Lr[r Vv O] [TV O]
< k

where Zy(yr41) is the projection of yx1 onto X¥. Set Byy1 = By N Ay. Then
Prob{Bii1} > Prob{B} + Prob{Ax} —1>1—-2(k+ 1)e "
In addition, due to the assumption of induction, on the set By (and, therefore, on Byy1) we have

lyx — Z(yr) || < 7,

i.e., the distance between y; and the set X, of global minimizers does not exceed 7. Therefore, the
set X, (y1) has a non-empty intersection with X,. Thus, X* C X,, the point Zj(yj;1) is contained
in X, and Ff coincides with the optimal value F, of the initial problem. We conclude that

K B K _
9 k1 — 2wt < Fypr1) — Fe < 27“1%+1 =27 Fkrg

for some Z(yx+1) € X..

2°. We now prove the theorem in the case N1 > 1. This condition is equivalent to the fact
that Ny > 1for all k= 1,...,m(N), since Ny < Ng < --- < Np(n) by construction. Assume that
wh € Bm(N) so that (A.15) holds with k = m(V). Since N1 > 1 we have N < 2Ny,. In addition,
Ni41 < 2Ny. Using these remarks and the definition of m(N) we get

(N)+1 m(N)+1 m(N) m(N)
N< Y Ne<2 Z Np<2 Y Np+4Npw GZNk (A.16)
k=1 k=1
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Thus, using the definition of Ny (cf. (27)) we obtain

m(N)
[TV O] ot v e ClLT\/@ C’2J 7'\/6]
<6 max{401 h , 16057 2,2 242 +96 Z 2,2
k=1 T— k—1
St EZ
where
4
k= mln{k 0220 ClL}.
KT
Two cases are possible: S; > N/2 or Sy > N/2. If S > N/2, then
!
P> C'kN ’
Lir v ©]
so that if w’V € B, () then
. K K iy C'kN
F(zy) - Fi < 27’,%1(]\,) < 27“,% = 27" erd < Crrd exp{ Lirv @]} (A.17)
If So > N/2 the following inequalities hold:
m(N
QT(%N < OI{QT% (Z) 2k 0-2 [T v @] < C/21’)’L(N)—E
o2[rve] o2tV e = K23
Therefore, in this case for w? € B, (n) we have
P P 2[rve
F(@y)—F. < gr;(N) - ’;r,%z—m(NHk < ’;rgz—m(NHk <c? [;N I (A.18)
3°. Finally, consider the case
L 2
N = max {401 [T: O 160,° E;:z@]} <1 (A.19)
0

Let k. > 2 be the smallest 1nteger k such that Ny > 1. If k., > N/4 it is not difficult to see that
m(N) > N/4 and therefore for w" € B, (n) we have

F(ymwy) = Fe < o120 < ord 27N, (A.20)

2 "'m 2
If 2 < k. < N/4 we have the following chain of inequalities:

m(N) m(N) m(N)+1 ka1 m(N)+1
3Y Nip=Nypwysi+ », Ni= Z Nk—zzvk S N - N/4>3N/4,
k=k. k=k. k=1

where the first inequality uses the fact that N, (ny)41 < 2N, (v) and the last inequality follows from
the definition of m(NN). Based on this remark and on the fact that N /2% < Ny, /2% for k > k,
we obtain

N m
12 k=kx k=kx

where the last inequality follows by noticing that Ni, < 2Ny, 1 < 2. Hence, taking into account
(A.15)(b) we get that, for w? € B,(nys

F(zy)—F, < ﬂri*2_m(N)+k* < ﬂr§2_m(N)+k* < Cm*g/N.
Combining this bound with (A.17), (A.18) and (A.20) we get (28). 0
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