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Abstract Let B; be deterministic real symmetric m x m matrices, and §;
be independent random scalars with zero mean and “of order of one” (e.g.,
& ~ N(0,1)). We are interested to know under what conditions “typical norm”
of the random matrix Sy = Zf\; 1&B; is of order of 1. An evident neces-
sary condition is E{SIZ\,} =< O(1)I, which, essentially, translates to Zfil B? <
I; a natural conjecture is that the latter condition is sufficient as well. In
the paper, we prove a relaxed version of this conjecture, specifically, that

under the above condition the typical norm of Sy is < O(l)m%: Prob{||Sn|| >
Qml/% < 01) exp{—0(1)Q?} for all @ > 0 We outline some applications
of this result, primarily in investigating the quality of semidefinite relaxations
of a general quadratic optimization problem with orthogonality constraints
Opt = o ax {F(Xl,...,Xk) :X,-XjT =1j= 1,...,k}, where F is quadratic
/e mxm

in X = (Xj,...,X}). We show that when F is convex in every one of X}, a natu-
ral semidefinite relaxation of the problem is tight within a factor slowly growing
with the size m of the matrices X;: Opt < Opt(SDP) < o)[m'? +1n k]Opt.
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1 Introduction

In this paper, we address the following question:

(Q): Let E;, 1 <i < N, be independent random m x m symmetric matrices
with zero mean and “light-tail” distributions, and let Sy = Zf\; 1 Ei. Under
what conditions a “typical value” of ||Sn| is “of order of 1” so that the
probability for |Sny|| to be > Q goes to 0 exponentially fast as Q@ > 1 grows?
Here and in what follows ||A| denotes the standard spectral norm (the
largest singular value) of a matrix A.

This informal question admits various formal settings; to motivate the one we
focus on, we start with describing two applications we intend to consider: trac-
table approximations of randomly perturbed Linear Matrix Inequalities (LMI)
and semidefinite relaxations of nonconvex quadratic minimization under orthog-
onality constraints.

Randomly perturbed LMI’s. Consider a randomly perturbed LMI

N
Aolx] = D &Alx] = 0, (1)
i=1
where Ag[x],...,An[x] are affine functions of the decision vector x taking val-

ues in the space §”* of symmetric m x m matrices, and &; are independent of
each other random perturbations (which w.l.o.g. can be assumed to have zero
means). Constraints of this type arise in many applications, e.g., in various opti-
mization and control problems with randomly perturbed data. A natural way
to treat a randomly perturbed constraint is to pass to its chance form, which in
the case of constraint (1) is the deterministic constraint

N
Prob [E = (&1, EN) : Aolx] — D &Alx] = 0} >1—¢, (2)

i=1

where € > 0 is a small tolerance. The resulting chance constraint, however,
typically is “heavily computationally intractable” — usually, the probability in
the left hand side cannot be computed efficiently, and its reliable estimation by
Monte-Carlo techniques requires samples of order of € ~!, which is prohibitively
time-consuming when ¢ is small (like 1.e-6 or 1.e-8). In the rare cases when this
difficulty can be circumvented (e.g., when ¢ is not too small), one still has a
severe problem: chance constraint (2) defines, in general, a nonconvex set in
the space of x-variables, and therefore it is absolutely unclear how to optimize
under this constraint. A natural way to overcome this difficulty is to replace
“intractable” chance constraint (2) with its “tractable approximation” — an
explicit convex constraint on x such that its validity at a point x implies that x is
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Sums of random symmetric matrices 285

feasible for (2). Assuming the distribution of & symmetric w.r.t. the origin and
€ < 0.5, an evident necessary condition for x to be feasible for (2) is Ag[x] > 0;
strengthening this necessary condition to Ap[x] > 0, x is feasible for the chance

N
constraint if and only if the Sy = > §A, 1 2[x]A,-[x]Aa 1 2[)c] < I,, with proba-

i=1

bility > 1 — €. Assuming, as it is typically the case, that the distributions of &; are
symmetric, this condition is essentially the same as the condition ||Sy|| < 1 with
probability > 1 — €. If we knew how to answer (Q), we could use this answer to
build a “tractable” sufficient condition for the relation Prob{||Sy| <1} > 1 —¢
and thus build a tractable approximation of (2).

Nonconvex quadratic optimization under orthogonality constraints. Here
we present a single example — the Procrustes problem, postponing the in-depth
considerations till Sect. 4. In the Procrustes problem, one is given matrices a[k],
k =1,...,K, of the same size m x n and is looking for K orthogonal n x n
matrices x[k] minimizing the objective

> llalklx(k] — alk x[K'1]]3,

1<k<k/’<K

where ||a|2 = /Tr(aaT) is the Frobenius norm of a matrix. Informally speaking,
we are given K collections of points in R” (sth element of kth collection is the
sth row of a[k]) and are seeking for rotations which make these collections
as close to each other as possible, the closeness being quantified by the sum,
over s, k, k', of squared Euclidean distances between sth points of kth and k’th
collections. For various applications of this problem, see [3,9-11]. The problem
clearly is equivalent to the quadratic maximization problem

x[k] € R,
T, Tr/1y - T —
x[lﬁ%ﬁ[K] 2§/Tr(a[k]x[k]x [Kla K] : )]i[l;]xl’[k] ;{In, . (p)

When K > 2, the problem is intractable (for K = 2, there is a closed form
solution); it, however, allows for a straightforward semidefinite relaxation. Let
X = X[x[1],...,x[K]] be the symmetric matrix defined as follows: the rows and
the columns in X are indexed by triples (k, ,j), where k runs from 1 to K and i,
run from 1 to n; the entry Xj; iy in X is x;[k]xyy[k']. Note that X is symmetric
positive semidefinite matrix of rank 1. Further, the relation x[k)xT[k] = I, is
equivalent to a certain system Sy of linear equations on the entries of X, while
the relation xT [k]x[k] = I, (in fact equivalent to x[k)xT[k] = I,,) is equivalent to
another system 7y of linear equations on the entries of X. Finally, the objective
in (P) is a linear function Tr(AX) of X, where A is an appropriate symmetric
matrix of the same size Kn? x Kn? as X. It is immediately seen that (P) is
equivalent to the problem
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max_ {Tr(AX) : X = 0, X satisfies Sy, 7, k =1,...,K, Rank(X) = 1};
XeSKn

removing the only troublemaking constraint Rank(X) = 1, we end up with an
explicit semidefinite program

max {Tr(AX) : X > 0, X satisfies S, T, k=1,...,K} (SDP)
XeSKkn

which is a relaxation of (P), so that Opt(SDP) > Opt(P). We shall see in section
4 that an appropriate answer to (Q) allows to prove that

Opt(SDP) < O(1)(n3 + In K)Opt(P), 3)

and similarly for other problems of quadratic optimization under orthogonality
constraints. To the best of our knowledge, (3) is the first nontrivial bound on
the quality of semidefinite relaxation for problems of this type.

Note that the result we have just mentioned heavily depends on the fact
that before passing to the semidefinite relaxation, we represent the orthogo-
nality constraint on x[k] “redundantly” — as a pair of (in fact, equivalent to
each other) constraints xY[klx[k] = I,,, x[k]xT[k] = I,,. The importance of such
a redundant representation of an orthogonality constraint in the relaxation
context was discovered in [1].

The outlined applications motivate our specific approach to treating (Q).
First, we are interested in the case when the size m of the random matrices in
question can be large, and pay primary attention on how this size enters the
results (as we shall see, this is the only way to get nontrivial bounds for our sec-
ond application). In this respect, our goals are similar to those pursued in huge
literature on large-scale random matrices inspired by applications in Physics.
However, we cannot borrow much from this literature, since the assumptions
which are traditional there (appropriate pattern of independence/weak depen-
dence of entries in Sy) makes no sense for our applications. What we are
interested in when answering (Q), are conditions expressed in terms of distri-
butions of random terms Z; in Sy. Let us try to understand what could be the
“weakest possible” condition of this type. In the case when Prob {||Sy || > 2}
goes rapidly to 0 as Q > 1 grows, we clearly should have E {SJZV} < Oy

(since SJZv < |ISNII*1,,). Thus, the condition

N

[E{si}=] ZE{et]=zomu )

i=1

is necessary for ||Sy| to be “of order of 1”. A natural guess is that this nec-
essary condition plus appropriate “light-tail” assumptions on the distributions
of &; is sufficient for the property in question; we shall see in a while that if
this guess were true, it would provide us with all we need in our applications.
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Unfortunately, when interpreted literally, the guess fails to be true. First, it is
immediately seen that in fact O(1)l,, in the right hand side of (4) should be
reduced to O(l)ﬁlm. Indeed, let E; be diagonal matrices with independent
(from position to position and for different i’s) diagonal entries taking values
+aN~1/2 with probabilities 1/2, so that

Here Sy is a random diagonal matrix with i.i.d. diagonal entries; by Central
Limit Theorem, the distribution of these entries approaches, as N grows, the
Gaussian distribution A/(0,a?). It follows that when N is large, the typical
value of || Sy| is the same as the typical value of max |¢i|, with independent

¢i ~ N(0,02); in other words, for large N the typical value of ||Sy| is av/21Inm.
In order for this quantity to be of order of 1, & should be of order of (Inm)~1/2,
which corresponds to X of order of (In m) L1, rather than of order of I,,,. In
our context, the consequences of the outlined correction are not that dramatic,
since Inm, for all practical purposes, is a moderate constant. A less pleasant
observation is that the corrected guess still fails to be true, unless we impose
further restrictions on the distributions of E;. Indeed, consider the case when

T
. . . n
m = 2k is even, N = 1, and the random matrix £; = Sy is |: 7 :|, where
n

n is uniformly distributed on the unit sphere in RF, & ~ N(0,1}) and ,& are
independent. In this case, direct computation demonstrates that E {E%} =1,
while [|E1|| = [ISn ]l = IInll2ll§]l2, so that the typical value of || Sy/|| is as large as
O(/m). It follows that in order to make our guess valid for the particular case
we are considering, the right hand side in (4) should be reduced to O(1)m~'1,,.
After such a correction, our guess does become valid, but the correction itself
turns out to be too bad for our tentative applications. What we intend to do
is to try to save the “logarithmically corrected” guess at the cost of restricting
E; to be semi-scalar, that is, to be random matrices of the form &;B;, where B;
are deterministic symmetric matrices and &; are independent random scalars
with zero mean and light-tail distributions. Specifically, we make a conjecture as
follows:

Conjecture 1 Let B;,i = 1,...,N, be deterministic symmetric m x m matrices
such that
N
2
> Bi 21y, (5)
i=1
andlet§,i=1,...,N, be independent random scalars with zero mean and “of

order of 17, e.g., such that (a) |&] < 1, or (b) & ~ N(0,1), or (c) E {exp{&?}} <
exp{1}. Then
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N
Z &Bi|| > Q]
i=1

< O(1) exp{—O(1)Q?) (6)

Q>0DVInm = Problé = (&,...,6N):

with appropriate positive absolute constants O(1).

It turns out that (6) would satisfy all the requirements posed by the applications
we bear in mind. Unfortunately, for the time being we are unable to prove
the conjecture “as it is”. The primary goal of this paper is to prove a weaker

statement — the one where +/Inm in the premise of (6) is replaced with m%,
and to use this weaker fact in the applications we have mentioned.

In our opinion, question (Q) in general, and its specialization as presented in
Conjecture 1, in particular are quite natural and deserve attention by their own
right. Surprisingly, the only, to the best of our knowledge, result in this direction
which makes no assumptions on how strong the entries in Sy depend on each
other, is recent result announced in [6] (for proof, see [8]) as follows:

Proposition 1 Let E; be independent symmetric m x m matrices with zero mean
such that

E {exp(lZil%0; 2} < exp(l), i=1,..,N
(oi > 0 are deterministic scale factors). Then
2

N
ZUIZ = O exp [—O(l)lt—] vt > 0, ()
P nm

Prob  [ISnll = ¢

with positive absolute constants O(1).

From Proposition 1 it follows that when the premise (5) in Conjecture 1 is
strengthened to Zfil | B;||> < 1, the conjectured conclusion becomes “nearly
true”. Indeed, with >; IBill> < 1 and independent &; with zero means and of
order of 1, applying Proposition 1 with E; = &B;, 0; = ||B;|| and t = Q+/Inm,
we get

N
> &Bi

i=1

Prob[g =(&,...,&N) :

> Q\/lnm} < 01) exp{—O(1)Q?},

which is nearly as good as (6). Unfortunately, in the applications we intend to
consider strengthening (5) to the scalar inequality >, || B;||> < 1 s too costly to
be of actual use.

The rest of the paper is organized as follows. In Sect. 2, we prove that our
conjecture, in its outlined weaker form, indeed is valid. In Sects. 3 and 4 we apply
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this result to approximating chance constraints associated with randomly per-
turbed LMI’s, and to deriving bounds on the quality of semidefinite relaxations
of problems of quadratic approximation under orthogonality constraints.

2 Main result
2.1 Preliminaries: Talagrand’s inequality

We start with the following instrumental fact:

Theorem 1 [Talagrand’s inequality] Let (Ej, ||+ |l;), i = 1, ..., N, be finite-dimen-
sional normed spaces and i, i =1, ..., N, be Borel probability measures on the
balls Vi = {x; € E; : | xi|li < 1/2}. Let us equip the space E = E{ x - - - x Ex with

the norm ||(x1,...,xn)|| = +/ ZfL lx;l|? and with the probability distribution
which is the product of i1, ..., uN, and let A be a closed convex set in E such that

W(A) > 0. Then
/ distf (x, A) @ < ! )
exp ! iz = @A)

E
where dist. (x, A) = min ||x — z]|.
zeA

In this form, the Talagrand inequality is proved in [5], up to the only difference
that in [5], the supports of p; are assumed to be finite subsets of V;. However,
finiteness of the supports is of no importance, since a Borel probability measure
on V; can be weakly approximated by probability measures with finite supports
contained in V.

2.2 Main result

Our main result related to question (Q) is as follows:

Theorem 2 Let&q,...,EN be independent random variables with zero mean and
zero third moment taking values in [—1,1], B;, i = 1,...,N, be deterministic
symmetric m x m matrices, and ® > 0 be a real number such that

> B} <@L )
i
Then
N 5 2
Q > 7m!'/* = Prob ;&Bizﬂ® SZCW{—%}(”
=

(10)
Q> Tml/o = Prob{

N
> &B;
i=1

> Q@} 522exp{—§—22} (b)
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Proof 10, Forx € RV, let S(x) = Zfi 1 XiB;. We start with the following simple
observation:

Lemma 1 One has

Viy >0,s >1):

Prob{[S(€)|| > 2570} < (1)

1 _ s=D%y? }
Prob(is@i<2,0) P { B

Proof Let Q = {x € RY : |IS@)|| < ©}. The set Q is a closed and symmetric
w.r.t. the origin convex set. We claim that it contains the unit | - ||2-ball centered
at the origin. To prove this is exactly the same as to verify that if ||x|2 < 1,
then |yT(ZixiB,~)y| < © for all y € R” with yTy < 1, and here is the required
verification:

172 172
" (Zx,-B,-)y| <> xillBiyla < (Zx%) (ZyTB%y) <o.
i i i i

Now we are ready to prove (11). Let us fix s > 1 and y > 0, and let A = y Q.
The set A is closed and convex and contains the || - ||2-ball of radius y centered
at the origin. It follows that

x & sA = dist),(x,A) = (s = 1)y. (12)

Indeed, since s > 1, relation x ¢ sA implies that the set B = x — (s — 1)A does
not intersect A;since A D {z : |zll2 < y},wehave B D {z: |[x—z]2 < (s— 1)y},
and thus dist)., (x,A) > (s — 1)y dueto BN A = .

From (12) it follows that

_1\2,,2 di 2 2 A
Prob(¢/2 ¢sA}exp[%] < E’exp[M”

whence, applying the Talagrand inequality (Theorem 1) to the distribution of
the random vector ¢ = &£/2,

Prob{¢/2 ¢ sA} < m exp {—ﬁ] . (13)
Recalling the definitions of A and Q, we clearly have
Prob{§/2 ¢ sA} = Prob{||S(§)|| > 2sy ©},
Prob{§/2 € A} = Prob{||IS(§)|| <2y 0},
so that (13) implies (11). O

20 Our next observation is as follows:
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Lemma2 Let ® > 0, let B; € 8™ be deterministic matrices satisfying (9) and ¢;
be independent random scalar variables such that

E{;}=0, E {cﬁ} <o’ E {;,.4} - (E{g}})z <20%,

k
Let, finally, Sy = > ¢iBi, 1 <k < N. Then
i=1

1<k<N=E {sﬁ} < 304@41. (14)

Proof Setting So = 0, E; = E{S;‘}, o = (E{gl-z})l/z, wj = (E{;i“})l/4 and taking

into account that ¢; and S;_; are independent with zero mean, we have

E;

E {[Sifl + CiBi]4}

1«:[3;‘_1 +of [ S;_ 1BiS;_1Bi + BiS;_1B:S;_1 +S> | B? + B2S? |

<S;_1B}S;i_1+Bis? | Bi

due to xyT+yxT<xxT+yyT
+8,_1B2S;_1 + BiSf_lB,-] + w;‘B;‘]

< E{S} | +207S;_1B:S;_1 +207B;S? |B; + S7 (67 B}) + (67 BHS? ,
+0}'B} + (] — 0B}
i—1 i—1
=Ei1+2) 0/0/BjB}Bj+2) 0}0}BiB!B
j=1 j=1
i—1 i—1
+ Z crizaszIZB,2 + Z crizcrsz,-zB/2 + cr,-‘lB;1 —l—[a);l — crl-‘l]B;l
j=1 j=1

;222 "71222
=§:10ij - gi(eri

whence
k i—1 k i—1 k 2
B 2233 ol BB 2y S oo BB+ (Yol
i=1 j=1 i=1 j=1 j=1

k
+ > lof — 18}
i=1
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2
k k
—2 > o??B;B’B; + (Z a]?B]?> +>° [w;‘ — o;‘] B

1=<ij<k j=1 =1 “——
i#] <252
k 2 k
4p p2p. 2p2 44
<2 > o*BiBiBi+ | > 0/Bi | +> 20"B;
1<ij<k =1 i=1

i#]
2

2
k k k k k
_ 4 p2n. 2np2 _ 4 . 2 . 2n2
=20" > BiB}Bi+ (Z“fo) =20") B |:ZBf:|B’+<ZUfo)
i=1 =1 =1

ij=1 j=1

k k 2
<20'0* > B} + ( > o!B; ) < 20*e* + oY,
i=1 j=1
N— —
=A,0<A<0202]

as claimed. O

Now we are ready to prove (10.a). Applying Lemma 2 to ¢ = & (which
allows us to take o = 1), we get

E{is©1*) < E{Trs' )] = 3me,
whence by Tschebyshev inequality

3
y > 0= Prob {||SE&)] > 2y0} < 16—’”

ot (15)

Setting y = m!/* and invoking (11), we get

Vs >1:
1 (s — D)2m1/?
1/4 -z
Prob {||S(§)|| > 2sm @} < SIS ET=6] exp{ ;
5 (s — 1)2m1/2
gzexp[—T , (16)

where the concluding inequality is given by (15). The resulting inequality (which
is valid for all s > 1) immediately implies (10.a). Indeed, given Q > 7m!/* and
setting s = Q/(2m1/4), we have s > 7/2, whence alsos — 1 > %s. Therefore

1N2,.1/2
Prob{||S(&)[| > QO} = Prob{||S(&)|| = 2sm'/*6} < Zexp {—%}
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2502 @2
7916 > 37> and we

. _1\2,,,1/2 22,,1/2
(see (16)), and at the same time & 1)4”’ > G/D e =

arrive at

2
Prob(IS(&)] > 26) < exp [_;2_2]

as required in (10.a).
3%, Now let us prove (10.b). We start with the following weak analogy to
Lemma 2:

Lemma 3 LetB,,i=1,...,N, bedeterministic symmetric matrices satisfying (9),
and i, i = 1,...,N, be independent scalar random variables with zero mean and
zero third moment such that o = E{¢?} < 02, o} = E{¢/'} < min [0} + 20%, 0?],

k
x8 = E{¢8) < x® and let Sy = > ¢;B;. Then
i=1

E {Tr (sg)} < [450° 1 15002 + x°10%m. 17)

Proof Let ¢; = E {Tr(8?)}. Given a multi-index ¢ = (11, .. .,1,) with entries 0,1
and two symmetric matrices P, Q, let [P, Q]* stand for the product of » matrices,
with ¢th factor being P or Q depending on whether ¢, = 1 or ¢ = 0 (e.g,
[P, 010LD = QP?). Let 1, ] be the sets of six-dimensional multi-indices ¢ with
entries 0,1 such that exactly four, respectively, two of the entries are equal to 1
(so that both I and J contain 15 multi-indices each). Taking into account that
S;_1 has zero mean and is independent of ¢;B;, and that ¢; has zero first and
third moments, we have

E {S?} =E {51'6—1} + 07 ZE {ISi-1, Bil'} + o ZE {(Si-1, Bil'} + xS BS,
el

=

whence

¢i = ¢t +0f D E{Tr([Si1. Bil)} + of D E{Tr((Si-1. Bil)}

el el

+ 1 Tr(BY). (18)

Now let us list all 15 products [S;_1, Bil*, ¢ € I; we split these products into
groups, all members of the same group being of equal trace in view of the iden-
tities Tr(A) = Tr(AT) and Tr(AB) = Tr(BA). Here are the groups (to simplify
notation, we skip indices of S;_; and B;)

BS*B,S?B%S%, (S*B2, B2S*), (S*B2S, SB%S?) (a)
SBS2?BS, (S2BS?B, BS*BS?) (b)
(S3BSB, BSBS?), (SBS>B, BS®BS), (S2BSBS, SBSBS?) (c)
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Let the traces of products in the respective groups be T, = T,,;(¢1,--.,8i—1),
Ty =Tpi(C1,.-»8i-1), Te = Tei(&y, .- -, Gi—1). We have

BS? BS? + S?BS?B < BS*B + S*B2S2,
—_— N —— T —— ——
X yT YxT xxT YYT

whence T}, < T,, and similarly

S2B SBS + SBSBS? < S*B2S? + SBS’BS,
S~ —— S—— S———
X YT YxT xXxT YyT

whence 27, < T, + Ty < 2T,. The conclusion is that the sum > in (18) does
el
not exceed the quantity

T = 15E {Tr (Bist B)) | = 15T (BE(S.,)B:)
Invoking Lemma 2, we get
T; < 45640%Tr (B?) .

Completely similar reasoning as applied to the sum > in (18) implies that this
e
sum does not exceed the quantity

i = 1SE{Tr (Si1B}S;1)} = 15E {Tr (B2, B7) |
i—1
= 15Tr| B? [lzl osz]{| B%) < 150%0?Tr (B})
]:
(see (9)). Thus, (18) implies that

b < b1 + 4500y (B%) + 150} 0% Tr (B;‘) + % OTr (B?) :

since > ; Bl2 < ©2], we have Tr(B?) < ®2Tr(Blz) and Tr(B?) < ®4Tr(B12). We
arrive at the relation

¢ = di1 + 0° [450° + 15wfo” + 40| Tr (BY).

Taking into account that >"; B? < @21, whence of course >, Tr(B?) < ©%m, we
conclude that

E {Tr (sg)} < [450° + 15002 + x510°m,
as claimed. O
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Now we can derive (10.b) in the same fashion as (10.a). Applying Lemma 3
to ¢; = & (which allows us to take o0 = w = x = 1), we get

E{I5@1°) < E{Tr(s @] < 61me?,

whence by Tschebyshev inequality

61lm

y > 0= Prob(IS®)ll > 2r0) < 2.

(19)

Invoking (11) with y = m!/%, we get

s > 1= Prob {||S(§)|| > 2sm1/6®} — Prob {£/2 ¢ sA}

1 (s — 1)2ml/3 (s — 1)2m1/3
- IS T} - m
= Prob (£ € 24) eXp[ 4 = £2exp 4 ’

where the concluding inequality is given by (19). The resulting inequality is
valid for all s > 1, and (10.b) follows (cf. derivation of (10.a) at the end of
item 2°). O

Corollary 1 Let Ey,...,E, be independent Gaussian symmetric m x m random
matrices with zero means and © > 0 be such that

iE {:,2} < @21, (20)
i=1

Then relations (10) hold true.

Proof By evident reasons every Gaussian symmetric random matrix E; can
be represented as Zt 1 niB" with independent n; ~ AN(0,1) and determin-
istic symmetric matrices B'; observe that E{:Z} = > ,(B™")?. Representing in
this way every one of the matrices Eq,..., &, and taking into account that
the resulting Gaussian random variables {n;} are mutually independent, we
conclude that

Z Z&Bl
i=1

with independent & ~ A/(0, 1) and deterministic symmetric matrices B; satisfy-
ing the relation >°; B? < ®%1. Now let {¢ij} 1=i=N be a collection of independent
j=

random variables taking values £1 with probablhtles 1/2, and let

Spw = ZZ;U\/_

i=1 j=1
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By Theorem 2, we have

Q > 7m'/4 = Prob {|IS,., || > @O} < Sexp {—2—22} (a)
Q > 7Tm!/6 = Prob {||S,., || > 2O} < 22exp {—532—22} . (b)

As v — oo, the distribution of S, ,, by Central Limit Theorem, converges
weakly to the distribution of S, and (10) follows. O

2.3 Non-symmetric case

Question (Q) makes sense for non-symmetric (and even non-square) random
matrices. In this case validity of Conjecture 1 would imply the following state-
ment:

() Let C; be deterministic m x n matrices such that

N N
> aclt <@, > cfe < e, (21)
i=1 i=1

and &; be independent random scalars with zero mean and of order of 1.
Then

Q > O()In(m + n)

N
— Prob [s D &G = 9@] < 0 exp(—O(HQ?).  (22)
i=1

Indeed, in order to extract (!) from the assertion proposed by Conjecture 1,
it suffices to apply the assertion to our §;’s and the deterministic symmetric
(m + n) x (m + n) matrices

Bi= |:Ci CiT]. (23)

Utilizing in exactly the same fashion Theorem 2 and Corollary 1, we arrive at
the following

Proposition 2 Let deterministic m x n matrices C; satisfy (21), and let &; be inde-
pendent random scalars with zero first and third moment and such that either
|&| < 1foralli <N, or& ~ N(0,1) foralli < N.

N
Q=>Tm+n*= Prob” S &G = sz@] < gexp{—g—;}, (a)
i=1
N (24)
Q=7(m+nl/t = ProbH Y ECH = Q@] <2 exp{—Z}. (b)
i=1
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We are about to add to Proposition 2 a simple additional statement, which
allows us to strengthen the result in the case when one of the sizes m, n is much
smaller than another:

Proposition 3 Let C;, &; be as in Proposition 2. Then

4 Q2
ZQ@] fgexp[—ﬁl. (25)

N
Q > 4/min[m, n] = Prob [ HZ;,-C,-
i=1

Proof Tt suffices to consider the case when |&;| < 1; the Gaussian version of the
statement can be derived from the one with |&;| < 1 in exactly the same fashion
as in the proof of Corollary 1.

Let B; be given by (23). Same as in item 1° of the proof of Theorem 2, set-
ting Q = {x e RV : | Zfil x;iBj|| < ®}, we conclude from (21) that the closed
convex set Q contains the unit Euclidean ball centered at the origin, and that
for every y > 0 one has

s>1=
Prob{

Assume w.l.o.g. that min[m, n] = n. We have Zf\;l CiTCi =< ®I,, whence, taking
traces, Zf\;l ||C,-||% < n@2. It follows that

exp [_(s - 1)2y2}
4

(26)

N
> &B;
par

> 2sy®} <

N
Prob {E 20 &iBill < 2)/@]
i=1

E

Z £C;

2
] =D E {&2} ICil5 < >~ ICGill5 < n®?,
2 i i

whence by Tschebyshev inequality and due to ||C|| < ||C||, for all # > 0 one has

Prob [

Setting y = nl/

Z%Ci

> tnl/ZG)] < Prob[

e

> tnl/ZGD] <12,
2

2, we conclude from the latter inequality that

Prob [

Z&'Ci

> 21/@} =1/4,
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whence, in view of || 2 &Bill = || 2_&Cill,
1 4

Prob {

Thus, (26) with y = n!/2 implies that

Z £B;

> 2)/@] — Prob (¢ ¢ 2y0) < 1/4.

al 4 (s—1)2n
s>1:>Pr0b{ ;&Bi >2sn1/2®] ggepr_T},
and (25) follows (recall that || >_ &Cill = || D] &Bill). o
7 i

3 Application: randomly perturbed Linear matrix inequality

Consider a randomly perturbed Linear matrix inequality (LMI)

N
Aglx] — D EiAilx] > 0, (27)

i=1
where Ag[x], ..., An[x] are symmetric matrices affinely depending on decision
vector x, &, i = 1,...,N, are random real perturbations which we assume to

be independent with zero means “of order of 1” and with “light tails” (precise
formulations of these two assumptions will be given later). We are interested
to describe those x for which the randomly perturbed LMI (27) holds true
with probability > 1 — €, where € « 1. Clearly, for such an x one should have
Aglx] > 0. We will simplify a little bit our task and focus on points x with
Aplx] > 0. For such an x, setting B;[x] = Aal/z[x]A,-[x]Aal/z[x], the question
becomes to describe those x for which

N
Prob {Z&-Bi[x] < 1] >1—e. (28)
i=1

Precise description seems to be completely intractable; what we are about to
present are verifiable sufficient conditions for (28) to hold true.

3.1 Condition based on Proposition 1

Proposition 4 Let m > 2, let perturbations &; be independent with zero means
and such that E {exp{&?}} < exp{1}. Then the condition
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1

29
450 exp{1}(In 2)(Inm) 9

Aolx] » 0 & i |45 2 maina; P | <
i=1

is sufficient for (27) to be valid with probability > 1 — e.

This is a straightforward corollary of Proposition 1 (we use the actual values of
absolute constants in (7) presented in [8]).

A severe shortcoming of (29) is that this condition, although verifiable, in
general defines a nonconvex set in the space of decision variables x, which
makes it problematic to optimize in x under the condition. There are, however,
two simple cases when the condition is free of this shortcoming. The first is when
A,j[x] are independent of x (“perturbations in the constant term of LMI”); here
the “problematic” part of the condition — the inequality

N 2
> |45 Pxaixiag | < - ()
i=1

on x, T — can be represented by the system of convex inequalities

N
i=1

in variables x, u;, . The second “good” case is the one when Ag[x] = A is
constant. Here (x) can be represented by system of convex constraints

—MA 2 Ailx] 2 LA, i=1,...N, DA<t
i
in variables x, A;, .

3.2 Conditions based on Theorem 2 and Corollary 1

With these statements in the role of Proposition 1, we arrive at the following
statement:

Proposition 5 Let perturbations &; be independent with zero means and zero
third moments and either such that |&;| < 1,i =1,...,N, orsuch that& ~ N (0, 1),
i=1,...,N. Let, further, € € (0,1) be such that one of the following two condi-

tions is satisfied:
5 49m!1/2
@) In (n) > 4om

(b) In (25_2) > 4927121/3

(30)
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Then the condition

Aolx] - 0&

A

N
Z (Aal/z[x]Ai[x]A(;l/z[x]yH - 321n1(%)
i=1

is sufficient for (27) to be valid with probability > 1 — e.

Note that condition (31), in contrast to (29), defines a convex domain in the
space of design variables. Indeed, this condition is of the form

N
Aglx] = 0, and > Ailx]Ay ' [x]Alx] < c(e)Aglx],
i=1

which can be represented by system of LMI’s

Yi  Adxl l
1 1 ;o .

Aglx] = 0 & [A,-[x] Ao[x]} ~0, i=1,...,N, and ; Yi < c(e)Ag[x]
(32)
in variables x, Y;. Note also that in Control applications (which are of primary
importance for randomly perturbed LMI) m does not exceed few tens, and in
this range of values of m the only advantage of (29) as compared with (31), that
is, In(m) in the right hand side of (29) vs. m!/? and m!/3 in the right hand side of
(30), becomes unimportant (in fact, (29), because of large constant factors, in a

reasonable range of values of m leads to much more conservative conclusions
than (30)).

4 Application: semidefinite relaxation of quadratic minimization under
orthogonality constraints

4.1 Problem of interest

Consider the following optimization problem:

(x,Bx) <1 ()
Cx,Bexy<1,¢=1,...,L (b)

A e 2 © (P)
Ixl <1 (d)

where

—  M"™"is the space of m x n real matrices equipped with the Frobenius inner
product (x,y) = Tr(xyT), and ||x|| = mglx{||x$||2 € ll2 < 1} is, as always, the

spectral norm of x € M"",
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the mappings A, B, B, are symmetric linear mappings from M”" into itself,
B is positive semidefinite of rank 1,

Be, £ =1,...,L, are positive semidefinite,

C is a linear mapping from M”" into RM.

Note that (P) covers a number of problems of quadratic optimization under
orthogonality constraints, e.g.

1.

Inhomogeneous modification

(x,Bx) <1 (a)

e Bexy<1,£=1,...,L (b)

xerl?]?/[)’("’" (x, Ax) +2(b,x) : O — © (Py)
x| <1 (d

Y00|Yo01

of (P). Indeed, partitioning a matrix y € M +17+1 a5 [
Yoy

i| with scalar

Yoo, (P4+) is equivalent to the problem

V1, Byn) = 1,
11, Bey1n) <1,
max (v, ATy) = (11, Ayin) + 2v00(b, y11) t=1,...,L;
Cy11 =0,y01 = 0;
yio=0,lyl = 1.

of the form of (P);
Orthogonal relaxation of the quadratic assignment problem (see [12-14]
and references therein)

max {Tr(BXAXT) —2Tr(CX): X e M xXT = Im} (QA)

with symmetric m x m matrices A, B. Indeed, the transformation B <«
B + bl,;, converts (QA) into an equivalent problem, thus we can assume
that B > 0. Similarly, the transformation A < A + al,, converts (QA)
into equivalent problem, thus we can assume that A > 0. In the case when
B >0, A > 0, representing B = D? and A = E? with symmetric D, E, we
see that the objective in (QA) is f(X) = Tr((DXE|[DXE]") + 2Tr(CX),
which is a convex quadratic form of X. Consequently, the maximum of f
over the set {X € M" : XX = [} is exactly the same as the maximum
of f over the set {X € M"" : || X|| < 1}, since the former set is exactly the
set of extreme points of the latter one!. Thus, (QA) is equivalent to the

1 We are using the well-known fact: Extreme points P of the || - ||-unit ball B in M""* are exactly
the orthoprojectors, that is, PTp = I, when n < m and ppl = I, when n > m. Here is the
derivation (w.l.o.g., we assume that m < n). Let P € B. Applying Singular Value decomposition,
we get P = U[Diag{)}, 0 n—m]V with orthogonal m x m and n x n matrices U,V and a vector
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problem of the form
max {Tr(BXAXT) _2TH(CX) : | X < 1},

which is of the form of (P;);
3. Procrustes problem which can be posed as (see Introduction)

XraxTel = 1,

max 1 > TAXAX ATy T TR

ma / (Pr)
1<t<t'<K

Indeed, the objective in (Pr) is linear in every one of X[¢]; thus, we do not

affect the problem by relaxing the orthogonality constraints X[£]XT[¢] = I,

to || X[¢]]| < 1. Indeed, such a relaxation could only increase the optimal

value. This, however, does not happen, since given a feasible solution to the

problem

Tropi AT/ -
max 1<£§;<KTr(A[K]X[E]X [CIATE]) I X[l < 1Ve (Pry)

we can easily convert it into a feasible solution to (Pr) with the same or
larger value of the objective.

Indeed, keeping X[2],...,X[K] fixed, we can straightforwardly re-
place X[1] by an orthogonal matrix without spoiling the objective
value?. After X[1] is made orthogonal, we can repeat the outlined
procedure with X[2] in the role of X[1], and so on. After K steps we
end up with a feasible solution to both (Pr;) and (Pr) which is at least
as good as the solution we have started with.

It remains to note that problem (Pri) is of the form of (P) — we can
arrange all matrices X[¢], £ = 1,...,K, in a large block-diagonal matrix

Footnote 1 continued
A € R™ satisfying [|Alooc < 1 (the latter - due to P € B). If all A; are £1, then P is an orthopro-

jector; otherwise ||A & ¢|lco < 1 for properly chosen nonzero e € R™, whence P = %[P+ + P_],
P = U[Diag{x £ e},0—m1V, is not an extreme point of B (note that Py # P_, P, ,P_ € B).
Thus, every extreme point P of B satisfies pPT = In. Vice versa, if P € M satisfies pPT = I,
then P € B. Assuming that P + E € B for some E, all rows P; & E; in the matrices P &+ E must be
of || - |lo-norm not exceeding 1, while the rows P; of P are of || - ||;-norm equal to 1; this is possible
only if all rows E; of E are zero vectors. Thus, an m x n orthoprojector is an extreme point of B.

2 since the objective is linear in X[1], the remaining variable matrices being fixed, and thus attains

its maximum in X[1] varying in the set {X : || X]|| < 1} at an extreme point of the set, which is an
orthogonal matrix; this matrix is easily computable, given X[2],..., X[K].
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X[1]
X = , thus converting (Pr. ) into the equivalent problem
X[K]

max [F(x) = > Tr(A[IX[X AT : Cx = 0, |Ix]| < 1]
1234

where the homogeneous equations Cx = 0 express the fact that x is of the
outlined block-diagonal form; the resulting problem is in the form of (P);
4. The problem

max > lAlaXT — ALCIXTEN5 : XTOX T =1, £ =1,k
X[, XK | =~

“opposite” to the Procrustes problem. Indeed, since the objective is convex
in every one of X[{], we, same as above, lose nothing when relaxing the
constraints X[£1XT[¢] = I, to | X[€]]| < 1. The resulting problem can be
converted to the form of (P) in exactly the same manner as in the previous
example. The same argument applies to a general-type problem of quadratic
maximization under orthogonality constraints, provided that the objective is
convex in every one of the corresponding variable matrices.

Structure of (P). In some of the outlined examples we end up with a particular
case of problem (P) where the homogeneous linear constraints (c) in (P) imply
X1

that x is a block-diagonal matrix with my x nj diagonal blocks xy,

XK

k=1,...,K. We shall refer to A = {(mk,nk)}f:1 as to the structure of (P). If
the homogeneous constraints in (P) do not impose a nontrivial block-diagonal
structure on x, then, by definition, B possesses the trivial structure A = (m, n)
with K = 1.

Semidefinite relaxation of (P). Problem (P), in general, is NP-hard (this is
the case already for the generic inhomogeneous (C # 0) orthogonal relaxation
of the quadratic assignment problem, see [12]). At the same time, (P) admits
a straightforward semidefinite relaxation as follows. We can identify 4 in (P)
with a symmetric mn x mn matrix A = [Ajj x¢] with rows and columns indexed
by pairs (i,)), 1 <i <m,1 <j < n satisfying the relation

[Ax]; = ZAij,kzxkz
k.0

(from now on, unless stated otherwise, in a sum »_, p runs from 1 to m, and ¢
P
runs from 1 to n). Similarly, B, B, can be identified with symmetric positive
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semidefinite mn x mn matrices B, By, with B of rank 1. Finally, C can be identi-
fied with a M x mn matrix C = [C, ;]:

Cx) = Z Cuijxij.
iy

For x € M"" let Vec(x) be the mn-dimensional vector obtained from the matrix
x by arranging its columns into a single column, and let X (x) € S’ be the
matrix Vec(x)Vec! (x), that is, the mn x mn matrix [xijxke]. Observe that X (x) >

2
0, and that Zc,-jxij = 0 if and only if 0 = (Zi,j c,-jxl-j) = Z CijXjjCkeXke =
ij i ke

Tr(X(c)X (x)),. Further,

(x, Ax) = " Ajjpexixre = Tr(AX (),
ijke

and similarly

(x,Bx) = Tr(BX(x)), (x,Bex) =Tr(B;X(x)).

T

Finally, ||lx|| < 1if and only if xxT < I,,,. The entries in the matrix xx! are linear

combinations of the entries in X (x), so that
xxt < Iy & S(X () < I,

where S is an appropriate linear mapping from S to §”. Similarly, ||x|| < 1 if
and only if xTx < I,,, which again is a linear restriction on X (x):

Xy <l & TXX) < I,

where 7 is an appropriate linear mapping from S to S”. With the above
observations, (P) can be rewritten as the problem

Tr(BX (x)) <1 (a)
CTr(BX(x) <1,0=1,....L (b)
(X, | TTAX ) oy oy =0, u=1,....M (o) [°

SXX) = I, T(X(x)) =1, (d)

where C* e S/ is given by Cf;'kz = C,ijCy ke Since X (x) > 0 for all x, the
problem

Tr(BX) <1 (a)
T(BX)<1,t=1,....L (b)
max {Tr(AX): Tr(CFX) =0, u=1,...,.M (c) (SDP)
xesm SX) <Ly, T(X) <L,  (d)
X >0 (e)
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is a relaxation of (P), so that Opt(P) < Opt(SDP). Observe that problem (SDP)
is a semidefinite program and as such is computationally tractable.

Remark 1 When (P) possesses a nontrivial structure, the design dimension of
relaxation (SDP) can be reduced. Indeed, in this case, as it is immediately seen,
(SDPc) imply that Xj; x, should be zero unless both the cells (i,)), (k, £) belong
to diagonal blocks in x. Consequently, in fact the decision matrix X in (SDP)

can be thought of as a symmetric matrix of the row size Zle myny rather than
of the size mn.

4.2 Quality of the relaxation

Our goal is to prove the following
Proposition 6 (i) There exists x € M™" such that
() (x, Ax) = Opt(SDP) (@) (x,Bx) <1
0

(b) (x,Bex) <Q2,¢=1,...,L (c) Cx =
@) x|l <

(33)

where

Q = max |:]n}{axk i ++/32In(132K), /32 In(12(L + 1))} ,

(34)
L = min [7(mk + nk)%,4«/min[mk,nk]]

(ii) In particular, one has
Opt(P) < Opt(SDP) < Q?Opt(P). (35)

Proof 0°. (ii) is an immediate consequence of (i). Indeed, with X satisfying
(33), the matrix ¥ = Q~!x clearly is a feasible solution to (P), and the value of
the objective at this solution is Q~2Opt(SDP) by (33.x), which gives the right
inequality in (35); the left inequality is readily given by the origin of (SDP).

It remains to prove (i). Let Y be an optimal solution to (SDP); then Y > 0,
so that the matrix § = Y'/? is well defined. Let us set

SAS = UTAU,
where A is a diagonal mn x mn matrix, and U is an orthogonal mn x mn
matrix. Let £ be a random mn-dimensional vector with independent entries &;;,
1 <i<m,1 <j < n,taking values £1 with probabilities 1/2, and let random
m x n matrix ¢ be given by

Vec(?) = SUE, (36)
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so that ¢ = ¢ (&) is a deterministic function of &.
19. Observe that
E{X@)} =Y. (37)

Indeed,

E{X()) =E {Vec(;)VecT(;)} —E {SUngTUS} = SUTE {s;gT} Us
=SuUTSs =Y.

29 We have
Cc=0. (38)

Indeed,
2
E [(Z Cuiti) ] = E {Tr(C" Vee()Vee T (€))} = Tr(C"¥) =0

(we have used (37) and the fact that Y is feasible for (SDP)).

Since the relations Cx = 0imply that x is block-diagonal with m xn; diagonal
blocks, k = 1,..., K, we conclude that all realizations of ¢ are block-diagonal
with my x ny diagonal blocks ¢x, k = 1, ..., K. Recalling (36) and the nature of &,
we see that all combinations of the columns of the matrix SUT with coefficients
+1 are of the form Vec(z) with block-diagonal, of the block-diagonal structure
A, m x n matrices z; this is possible if and only if every one of the columns in
SUT is of the form Vec(z) with block-diagonal, of the block-diagonal structure
A, matrices z. Recalling (36), we arrive at

o= (&) = D zigki. k=1,....K, (39)
iJ
with deterministic m1; x ng matrices zy j;.
30. We have also

(@) (¢,A¢) = Opt(SDP)
() E{(¢,Bg)} <1 (40)
OYE{¢,Beg)y<1,¢=1,...,L

Indeed,

(¢, Az) = Tr(AVec(¢)Vec! (2)) = Tr(ASUTe£TUS)
=Tr(USAS)UTeeT) = Ti(U(UTAU)UTeeT)
=Tr(A&ET) = Tr(A) = Tr(UTAU) = Tr(SAS) = Tr(AY)
= Opt(SDP),

as required in (40.a). Further,
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E {(¢,B¢)} = E {Tr(BVec(¢)Vec' (0))} = E{Tr(BSUT&£TUS))
= Tr(BSUTE{g£T} US) = Tr(BS?) = Tr(BY) < 1
N —’
=

where the concluding < comes from the fact that Y is feasible for (SDP). We
have arrived at (40.b); verification of (40.0") is completely similar.
4°, Finally, we have

Efec) <t Efc) <1 (41)

Indeed, by the origin of S and 7, we have ¢ T = S(X(¢)), ¢ T¢ = T(X(¢)), and
(41) follows from (37).
Recalling that ¢ = Diag{¢y,..., ¢k}, we have

¢¢" =Diag{acl,..., et} e =Diag {¢la, . oo
and (41) implies that
Elacl} <tne Eldla)=h,  k=1...K (42)

Invoking (39), we have ¢ = > zj;;&; with deterministic m1; x ny matrices zy ;,
ij
so that (42) implies

2 T 2 T
Zk,ijzk’i]' j Imk, Zk,jjzk,ij j Ii’lka k == 1’ LI sK‘ (43)
ij ij

Applying Propositions 2, 3 with ® = 1 and 2 = ¢ and taking into account the
definition of uy (see (34)), we deduce from (43) that

2

{ > g = Prob{€ : el = 1) < 22exp {—;—2] L k=1, K. (44)

50. We are basically done; the only additional element we need to complete
the proof of (i) is the following simple fact:

Lemma 4 One has

(a) Prob {& : (¢(§),Bs(§)) <1} > 4
P (45)
(b) ¢ > 8 = Prob {£ : (£(6), Bz (€)) > 2} < dexpl—L5), €=1,...,L.
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Proof Recall that

(¢(8), B¢ (&) = Tr(BVec(¢(§))VecT (¢ (£))) = Tr(BSUTETUS)

— Tr(USBSUT)ET). (46)

Since B is positive semidefinite dyadic matrix, so is the matrix USBS UT, thatis,
USBSUT = dd" for a mn-dimensional deterministic vector d with entries djj,
1 <i<m,1<j<n. Itfollows that

2
(¢(6), Bz () = (d"§)* = (Z di,-sij> : (47)
LJ

Applying (40.b), we derive from (47) that 3, ; dl.zj = E{(¢(§),Bs(&))} < 1.

Invoking Lemma A.1 in [2], we conclude that Prob { > dij&jj
L

< 1} > %, and
(45.a) follows from (47). Similarly to (46), we have

(C(8), Bt (8)) = T USB,SUT &.
N ——’
D,

The matrix D, is symmetric positive semidefinite along with By; setting F, =
Dé/ 2, we arrive at the identity

(C(8), Bec(§)) = IFeE 3 (48)

Invoking (40.b"), we derive from the latter inequality that

IFell3 = E{(¢ (&), Beg(¢))) < 1. (49)

We are about to use the following simple fact:
Lemma5 Letb, € R™, p =1,..., P, be deterministic vectors such that 3 ||bp||%
P

<1l andéy, p =1,...,P, be independent random scalars taking values =1 with
probabilities 1/2. Then

t28=>Prob‘

P
25pbp
p=1

2
>tl Sgexpi—;—z}. (50)
2

Proof issimilartothe oneof Lemmal.LetQ = {y e RP : | > Ypbpll2 < 1},and
P

let i be the distribution of the random vector y = (81/2,...,8p/2). Observe
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that E [ > ypbp||%] = %Z ||bp||% < %, whence by Tschebyshev inequality
P P

wly & O = uly : 1 X wpbpla > 1) < 4, s0 that u(Q) > 3. Further, Q clearly
P

is a closed convex set. We claim that this set contains the unit Euclidean ball in
R”. Indeed, if u € R” and |ju||» < 1, then

1S wpbylla < 3 luplibylla s\/Zug\/Z Ibpl2 <1,
p p P p

so that u € Q. Now, if s > 1 and u € R’ is such that || > upbpllz > 2s, then

P
the vector u/2 does not belong to sQ, so that dist.|,(1/2,0) > s — 1 (cf. the
justification of (12) with y = 1). Applying the Talagrand Inequality to A = QO
and the distribution pu, we get

s>1=
—1)? dist? , (y,
Prob{s 2> 8pbplla > ZS} < exp[—(s 1 ) ]/eprM] w(dy)
P
exp[—%] 4exp{—%]
(R 3 ’
and (50) follows. a

Specifying in Lemma 5 P as mn, b, as the columns of F; and §;, as the random
scalars &;;, we derive from (49) that

4 2
1= 8= Prob{§ : |Fkll2 > 1} < §exP[_§]’

which combines with (48) to imply (45.h). Lemma 4 is proved. O

6. We are ready to complete the proof of (i). Let Q be given by (34). Then
clearly Q > 8, and we can apply (45) with t = Q to conclude that for every
¢ < L we have Prob {£ : (¢(§), Bt (§)) > Q%} < m, whence

(1)

O| o

Prob {&: (¢(6),Bc(®) =@ 1=e<L}=

Ep

By (44), with our €2 for every k < K we have also Prob {£ : ||¢x(§)] > Q} < &,
whence

W

Prob [E e®l = max kBN = Q] z ¢ (52)

Eq
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Combining (45.a), (51) and (52), we see that the events E,, E, and E; have a
point &, in common. Setting X = ¢(&,), we see that X satisfies all the require-
ments in (33) [(x) — by (40.a), (a), (b),(d) — dueto &, € E, N Ep N Ey, and (¢)
by (38)].

4.2.1 Comments

A. With norm constraint (d) in (P) eliminated, (P) becomes the purely quadratic
program

(x,Bx) <1 (a)
max (x, Ax) : (x,Bex) <1,¢=1,...,L (b) t; (P
xeM Cx=0 (©)

its semidefinite relaxation (SDP’) is obtained from (SDP) by eliminating con-
straints (SDP.d). From the proof of Proposition 6 it follows that

Opt(P") < Opt(SDP) < Q?Opt(P), £ =+/32In(12(L + 1));

the resulting statement is a slightly improved version of “Approximate
S-Lemma” from [2] and the results of [7] (in the original statements, the role
of the number L of quadratic constraints in the formula for Q was played by a
larger quantity, the total rank of mappings B,, £ =1,...,L).

B. The proof of Proposition 6 goes along the lines of the proof of Approxi-
mate S-Lemma [2] (which, in turn, goes back to [7]); the crucial new component
(bound (44) based on Theorem 2) allows us to treat the norm constraint (P.d).

C. Any further progress towards the proof of Conjecture 1 would result in
improving the result of Proposition 6. For example, if Conjecture were true, we

would be able to replace the terms 7(my + nk)é in (34) with a much nicer, from
the theoretical viewpoint, terms O(1)/In(my + ny).

D. As it is usually the case with semidefinite relaxations of difficult optimiza-
tion problems, (SDP) not only provides us with an efficiently computable upper
bound on the optimal value of (P), but offers as well a randomized algorithm for
building suboptimal feasible solutions to (P). Such an algorithm is suggested by
the proof of Proposition 6; specifically, we generate a sample of, say, M = 1,000
realizations ¢!, ..., ¢™ of the random matrix ¢ (£) (see (36)), choose the largest
possible scale factors A, such that the scaled matrices P = AptP are feasible
for (P), thus getting a sample of feasible solutions to (P), and then choose
among these feasible solutions the one with the best — the largest — value of
the objective. Note that the required “feasible scalings” indeed are possible,
since every ¢ satisfying homogeneous linear equations (P.c) (and thus — every
realization of ¢ (&)) after multiplication by appropriate positive scalar becomes
feasible for (P).

E. Under favourable circumstances, the outlined randomized algorithm can
be further improved by a kind of “purification”. Specifically, assume that
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— (P) has no quadratic constraints (P.a-b) (that is, B = 0, B, = 0, ¢ =
1,...,L);

— The linear homogeneous constraints (P.c) say that a feasible solution x
to (P) possesses certain block-diagonal structure A = {(mk,nk)}]’f:1 and
impose no further restrictions on x;

— The objective f(x) = f(x1,...,Xg) we are maximizing in (P) is convex w.r.t.
every one of the diagonal blocks x in a feasible (and thus block-diagonal)
candidate solution x, the remaining components being fixed.

Note that outlined assumptions are satisfied in all problems of quadratic opti-
mization under orthogonality constraints mentioned in the beginning of Sect. 4.
Now, given a feasible solution x with components xx, k = 1,. .., K, purification
converts x to a feasible solution X with the same or better value of the objective
in such a way that X is an “extreme point” feasible solution to (P). The latter
means that every component X of X satisfies the orthogonality relation, namely,
56\/{56\{ = Imk when my. < ny and'fz?k = ]nk when m;. > ny.

The conversion x > X takes K steps. At the first step, we represent x| as a
convex combination of a moderate number Q of matrices x?, qg=1,...,0,satis-
fying the orthogonality constraint (this is possible and can be done efficiently, see
below); note that every one of the Q candidate solutions x¥ = (x‘ll,xz, c XK IS
feasible for (P). We compute the value of f at these solutions and find the one,
let it be x7+, with the largest value of f. Since f(-,x2,...,Xxxg) is convex and x7 is
a convex combination of x?, qg=1,...,0,wehave f(x?*) > f(x). Thus, we have
found a feasible solution x() = x% to (P) with the same or better value of the
objective than the one at x and with the first block satisfying the orthogonality
constraint. Now we repeat this procedure with x() in the role of x and x; in
the role of x1, thus getting a feasible solution x® which is at least as good as
xM in terms of the objective and has two blocks satisfying the orthogonality
constraints. Proceeding in this fashion, we in K steps end up with an extreme
point feasible solution ¥ = x©) which is at least as good as x.

For the sake of completeness, we present here the standard algorithm for
representing a given u x v matrix z, ||z|| < 1, as a convex combination
of matrices satisfying the orthogonality constraint. W.l.o.g., let us assume
that u > v, so that the orthogonality constraint is satisfied by a u x v
matrix w iff wiw = I,. We first find the singular value decomposition
7z = UDiag{o}VT, where V is orthogonal v x v matrix, ¢ > 0 is the v-
dimensional vector of singular values of z and the pu x v matrix U satisfies
the relation UTU = I,. Since ||z|| < 1, we have 0 < o; < 1. Now observe
that whenever y € RY has entries &1, the matrix UDiag{y} VT satisfies the
orthogonality constraint. Thus, all we need is to represent o as a convex
combination Zq Agy9 of a moderate number of vectors y? with entries

+1, thus inducing the desired representation z = >, A, UDiag{y4 WT A
required representation of o is immediate. W.1.o.g. we may assume that
oy <0y <--- <o0,. Let us define v + 1 v-dimensional vectors §* as
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312 A. Nemirovski

st=q,....,»T, &2=(1,...,DT,
83 =0,0,1,..., 0T, =(,...,00T;

observe that § is the half-sum of two vectors 8. with coordinates +1. The
required representation of o is merely

v+1 v+1 o o
. P — i1 )
o= E (0i —0i-1)8" = E - 5 [ + 6]
i=1 i=1

(we have set op = 0, 0,41 = 1). This representation involves Q = 2v + 1
vectors with coordinates £1 (note that §1 = s1).

F. Finally, when f is affine in every one of xj (as it is the case in the Pro-
crustes problem), the purification can be simplified and improved — here we
can at every step easily maximize f in the block to be updated. To simplify

notation, consider the first step. Given x2,...,xk, we can represent the affine
function ¢ (y) = f(y, X2, ...,xg) of m; x ny matrix y as ¢(y) = Tr(ya’) + ¢ with
a, c readily given by x2, ..., xg. Assuming w.l.o.g. that m > nq, let us compute

the singular value decomposition @ = UDiag{c}VT of a, so that o > 0. It is
immediately seen that the maximum of ¢ (y) over y’s satisfying the constraint
lyll < 1is equal to >, 0; and is attained at the matrix y, = UVT satisfying the
orthogonality constraint; y, is clearly the best possible extreme point updating
of X1.

4.3 Numerical illustration: Procrustes problem

To illustrate the outlined considerations, we are about to present numerical
results for the Procrustes problem

Opt(Pr) =min 1 > |lalklx[k] — alk'Ix[K']|5 : x[k]x"[k] = I, ¥k t . (Pr)
R EE TS
al-] being given N x n matrices. The problem is equivalent to the quadratic
problem with orthogonality constraints
max 12 > Tr(alklx[klx"[K'la" [K']) : x{k]x"[k] = I, VK { ; (53)
A 1<k<k/’<K
as we have already explained, relaxing the orthogonality constraints in the latter
problem to ||x[k]|| < 1, we preserve the optimal value, so that (Pr) is equivalent

to the problem
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Opt(Pr+)=m[a]x 2 Z Tr(alkx[k]x [k 1a"[K']) : |x[k]|| < 1Vk} (Pry)
i 1<k<k'<K

of the form of (P); the optimal values in (Pr) and (Pry) are linked by the
relation

K
Opt(Pr) = (K — 1) D Tr(alkla"[k]) — Opt(Pry). (54)
k=1
C

In our experiments, we generated random instances of (Pr), solved the semide-
finite relaxations (SDP) of the resulting instances of (Pr.), thus obtaining upper
bounds on the optimal values of the latter instances (which, in turn, induce via
(54) lower bounds on the optimal values in (Pr)), and used the randomized
algorithm outlined in item D, Sect. 4.2.1, to get suboptimal solutions to (Pr).
The details are as follows.

Generating instances. Given “sizes” K, N, n of (Pr), we generated the data
a[l],...,a[K] of (Pr) as follows: entries of a[1] were picked at random from the
standard Gaussian distribution A/ (0, 1), while the remaining matrices were gen-
erated as alk] = a[1]Uy + €Qy, 2 < k < K, with randomly chosen orthogonal
matrix Uy and random matrix Qy generated in the same fashion as a[1]. The
“closeness parameter” € was chosen at random according to € = exp{£} with
& uniformly distributed in [—3,3]. The sizes K,n of (Pr) were limited by the
necessity to end up with semidefinite relaxation not too difficult for the SDP
solver mincx (LMI Toolbox for MATLAB) we used, which means at most
1,000 — 1,200 free entries in X. This restriction allows us to handle the sizes
(K,n) with Kn < 50 (see below). The column size N of a[-] was always set to 20.

The relaxation of (Pr;) as given by the above construction is the semidefi-
nite problem

X = [Xpijpiy] ersk =0
-

SkX)=| 2 kai,kpj = I,
| p=1 dij<n

Opt(SDP) = max { 2Tr(AX) : k<K (55)
X ——— _ _ —
F(X) n

T(X)=| 2 inp,kjp < Iy,

Lp=1 dij<n
k<K

(see (SDP) and Remark 1), where A is the symmetric Kn? x Kn? matrix with
the entries

Klsialk'ley, j=7j and k # k'
1a[ leialk'ler,  J=] k- (56)

, j#Ejork=Fk
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In fact (55) can be significantly simplified. Specifically, let us treat Kn x Kn sym-
! n

metric matrices Y as K x K block matrices with n x n blocks Y*&' = [Yg.’k L=t

1 < k, k' < K, and consider the semidefinite program
max {G(Y) —Tr(BY): Y = {Y*K} e §Kn y » 0, YRk < [, Vk} (57)

where B € SX7 is the block matrix with blocks

gk _ [a'lKlalk],  k#K
10, k=K

of sizesn x n, 1 < k, k' < K. Note that the design dimension of (57) is less than
the one of (55) by factor ~ n?.

Lemma 6 Problems (55), (57) are equivalent to each other. Specifically, if a
matrix X = [Xyj 7] is a feasible solution to (55), then the matrix Y = Y[X] =
{Yk*k/},[fk,:1 e SK" given by

n
Vi = Xipurp, 1<ii <nl<kk <K (58)
p=1

is a feasible solution to (57), and F(X) = G(Y). Moreover, every feasible solution
Y to (57) is of the form Y[ X] for an appropriate feasible solution X of (55).

Proof Let X be a feasible solution to (55), Y = Y[X]. Then Y > 0. Indeed,
since X' > 0, we have Xy xij = Zszl vf;ijvf;,i,j, for appropriately chosen L and
Viij. It follows that

n
_ T .
Y=)Y[X]= E E ViiiVieii ;
j=1

i’ g k=1

Y¢

it remains to note that the matrices Y* are sums of dyadic matrices and thus are
symmetric positive semidefinite. Further, we have 7;(X) = Y% (see (55)), so
that Y is feasible for (57). The relation F(X) = G(Y) is readily given by (58)
and (56).

Now let Y = {Yk’k/}f’k/=1 be feasible for (57), and let us set

1 ki
Xkijk'ij = ;5} Y (59)
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(84 is the Kronecker symbol), so that Y = Y[X] by (58). It remains to prove
that X is feasible for (55). Indeed, X is the Kronecker product of positive semi-
definite matrix Y and n~'1, and thus is positive semidefinite. Further, by (55)
we clearly have 7 (X) = ykk <1, and

Tr(Y5kK)
—— Iy <X I,
n

n n

il

(SeX)ji = D Xipjpi = 28~V = Se(X) =
p=l1 p=1

where the concluding < is given by Y& < I, (recall that Y is feasible for (57)).
i

Remark 2 The origin of (57) is as follows. The objective in (Pr;) is a linear
function of the matrix products x[k]xT[k'], k,k' = 1,..., K, which are nothing
but the blocks Y% in the positive semidefinite block matrix,

17 xm 7t

Y=Yx]=| : : e sk,
x[K] x[K]

while the norm bounds in (Pr.) translate into the constraints || Y*k| < 1. Thus,
(57) is obtained from (Pr. ) by passing to Y-variable and subsequent eliminating
the nonconvex constraint “Y should be Y[x] for some x”.

Note that the outlined “recipe” for simplifying the semidefinite relaxation
works in the case of general problem (P), provided that the constraints (P.c) say
exactly that the structure of (P) is {(my = u,ny = v)},’f:1 and that the objective
and the left hand sides in the constraints (P.a — b) of (P) are linear functions of
the matrix products x[k]xT[k'], k,k’ = 1,..., K. Note also that under the latter
assumptions the reasoning completely similar to the one in Lemma 6 demon-
strates that the outlined simplification of (55) is in fact equivalent to (55).

Recovering suboptimal solutions to (Pry), (Pr) was implemented accord-
ing to the randomized algorithm with purification outlined in Sect. 4.2.1, items
D, F. Specifically, after (high-accuracy approximation to) optimal solution Y,
of (57) was found, we “lifted” it, according to (59), to an optimal solution X,
of (55). Then we used X, to generate a sample of M = 1,000 feasible solutions
xt = {xﬁ}f:1 to (Pr4) as explained in item 4.2.1.D and purified these solutions
as explained in item 4.2.1.F, thus obtaining feasible solutions x* to (Pr.) which
satisfy the orthogonality constraints and thus are feasible for (53) and (Pr). The
resulting suboptimal solution X to (Pr) was the best (with the smallest value
of the objective) of the feasible solutions %t ¢ =1,...,M. The value of the
objective of (Pr) at X is an upper bound Opt"P(Pr) on Opt(Pr), while the value
of the objective of (Pr;) at X is a lower bound Opt,,, (Pr;) on the optimal value
of (Pry). Thus, we end up with brackets

[L(Pry), U(Pry)] = [Opty,(Pry), Opt(SDP)],
[L(Pr),U(Pr)] = [C — Opt(SDP), Opt"P(Pr)]
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Fig. 1 Histograms of relative errors in 200 experiments

on the optimal values of (Pr.), (Pr), respectively, along with a feasible subopti-
mal solution X to (Pry.), (Pr); the values of the objectives of (Pry.), (Pr) at X are
appropriate endpoints of the corresponding brackets.

Sizes of instances. The design dimension of (57) is ; in order for
it to be at most about 1,200 (the limitation imposed by the SDP solver we
used), Kn should be at most 50. In our experiments, we used Pareto-maxi-
mal pairs (K,n) with Kn < 50, specifically, the 10 pairs (K = I_%J,n) given
by n = 2,3,4,5,6,7,8,10,12,15, and for every pair solved 20 instances of the
corresponding sizes (which amounts to the total of 200 instances).

The results  of our numerical experiments were surprisingly good, much bet-
ter than one could expect looking at the bound (35). Indeed, the latter bound
guarantees that Opt(SDP) is at most by factor Q> greater than Opt(Pr, ), with
Q? slowly growing with K,n and thus being a “moderate” constant, provided

Kn(Kn+1)
2
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that K, are not too large.? As about (Pr), Proposition 6 yields no bounds on
the ratio of the true optimal value in (Pr) and its efficiently computable lower
bound C — Opt(SDP). The outlined theoretical guarantees, if any, are not too
optimistic, which is in sharp contrast with the actual numerical results we got.

In 200 experiments we have run, the largest relative error % in solv-

ing (Pr;) was as small as 9.0%, while the largest relative error % in

solving (Pr) was as small as 2.4%. These data correspond to the best of the
purified solutions x¢. As far as problem (Pr ) is concerned, already the unpuri-
fied solutions x¢ were not so bad: the relative error of the best, in terms of the
objective, of these solutions X was at worst 62.2%. Thus, in our experiments we
did not observe ratios Opt(SDP)/Opt(Pry) exceeding 1.09 (cf. with the theo-
retical upper bound ~ 100 on this ratio). The histograms of the relative errors
are presented on Fig. 1.
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