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Abstract

We develop a long-step surface-following version of the method of analytic centers for the
fractional-linear problem min{zy | t0B(x) — A(x) € H, B(x) € K, x € G}, where H is a
closed convex domain, K is a convex cone contained in the recessive cone of H, G is a convex
domain and B(-), A(-) are affine mappings. Tracing a two-dimensional surface of analytic centers
rather than the usual path of centers allows to skip the initial “centering” phase of the path-
following scheme. The proposed long-step policy of tracing the surface fits the best known overall
polynomial-time complexity bounds for the method and, at the same time, seems to be more
attractive computationally than the short-step policy, which was previously the only one giving
good complexity bounds. © 1997 The Mathematical Programming Society, Inc. Published by
Elsevier Science B.V.
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1. Introduction

In this paper we develop a long-step path-following method for the linear-fractional
optimization problem

(P) min{7g | t0B(x) — A(x) € H, B(x) € K, x € G}, (1

where
e B(x) =pBx+ b and A(x) = ax + a are affine mappings from R” to R™;
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e H C R" is a closed convex domain which does not contain lines and X is a closed
convex cone with a nonempty interior in R™ which is contained in the recessive
cone of H:

H+K=H,

e G is a closed convex domain in R”.
Problem (1) covers a lot of applications, e.g., as follows:

Example 1 (Convex problems). letm =1, K = H=R,, B(x) = 1, A(x) = a'x;
under these assumptions (1) becomes a problem of minimizing a linear objective over
a closed convex domain G, which is a universal, in the natural sense, form of a convex
program.

Example 2 (Simple linear-fractional problem). Let, as above, m =1, K = H = R,
and let B(x) be a linear form which is positive on G; now (1) becomes the problem
of minimizing the linear-fractional objective A(x)/B(x) over G. This is the simplest
problem of quasiconvex programming.

Example 3 (von Neumann problem of economic growth). Let B and A be m X n ma-
trices with nonnegative entries, let K = H = R" and let G be the standard simplex
{x 20| X¥,;xi=1}in R"™1 (G is regarded as a subset of its affine hull). Then
(1) with B(x) = Bx, A(x) = Ax is the well-known von Neumann problem of finding
the largest rate of economic growth: find the largest a such that for some nonzero
nonnegative x one has Bx 2> aAx.

Examples 2 and 3 are related to the case when K = H is the nonnegative orthant in
R™; a general problem (1) associated with this cone is as follows:

Example 4 (Minimize the maximum of m linear-fractional functions over a given closed
convex domain where all denominators are nonnegative). This is a universal form of
the generalized concave fractional problem

max min 8;(x)
x€S j<m hj(x)

(S C R" is convex, g;(-) are concave and nonnegative on S, and #;(-) are convex
and positive on §). For applications of the latter problem in economics, see [3,7,19,
20,22] and the references therein. The standard methods for solving the problem are
Dinkelbach’s algorithm [6] and its variants, see [20].

Now, nonpolyhedral cones K also lead to interesting problems, especially the cone of
positive semidefinite matrices. If K = H is the cone of positive semidefinite symmetric
matrices of a given order, then (1) becomes:
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Example 5 (Generalized eigenvalue problem). Given two symmetric matrices B(x)
and A(x) of the same size with entries affinely depending on a vector x of design
variables, minimize over x € G, under additional restriction that B(x) is positive
semidefinite, the largest generalized eigenvalue of the pencil (B, A), i.e., the smallest
A = A(x) such that A(x) € AB(x) (the inequalities between symmetric matrices
are always understood in the operator sense, i.e., as positive semidefiniteness of the
corresponding difference). The problem of minimizing the largest generalized eigenvalue
of a matrix pencil possesses a lot of applications in modern Control Theory (see [5]).

The development of polynomial-time interior-point methods for Linear and Convex
Programming, started by the landmark paper of Karmarkar [12], initiated activity in
Fractional Programming as well. To the best of our knowledge, the very first paper
on an interior-point polynomial-time algorithm for fractional problems was the one of
Anstreicher [1] (Example 2, G is a polytope). A Karmarkar-like algorithm for general
fractional problems (including those in Examples 4 and 5) was recently developed
by Nesterov and Nemirovski [17]. In what follows we deal with another interior-point
method for (1) — the method of analytic centers. The method is as follows: we associate
with G, H and K appropriate barriers - interior penalty functions ¥s(x), ¥x(y) and
Y (y), respectively — and trace the path

x*(tp) = argmin Fy (x),
X

Fiy(x) = ¥6(x) + Pa(1B(x) — A(x)) + ¥x(B(x)),

as o approaches from above the optimal value of the problem. This is a quite traditional
scheme; its potential in the context of interior-point methods for convex problems (cf.
Example 1) was discussed by Sonnevend [21], although without any polynomial-time
results. The results for this latter type of scheme were first established in the seminal
paper of Renegar [18] for the case of Linear Programming (Example 1, G is a poly-
tope); the polynomial-time results for the method were then extended by several authors
to more general classes of convex problems. As far as quasiconvex problems (i.e., with
nonconstant B(-)) are concerned, this case seems to have been studied significantly less.
Boyd and El Ghaoui [4] were the first to suggest using the method of analytic centers
for the generalized eigenvalue problem; in their important paper, however, they do not
establish an overall polynomial-time efficiency estimate. Polynomial-time complexity of
the method was proved by Ye [23] (for the von Neumann economic growth problem),
Freund and Jarre [8,9] (K = H = R, cf. Example 4) and Nemirovski [13]; the
complexity bound of the latter paper extends to the general case the bound established
in [23] and seems to be the best known so far,

Locally quadratically convergent methods for the generalized eigenvalue problem were
developed in [10, 11], although without any global convergence analysis.

From the practical viewpoint, the main disadvantage of the known polynomial-time
results on the method of analytic centers for fractional problems is that they relate to a
short-step version of the method, where the steps in the parameter f are subject to certain
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a priori restrictions based on theoretical worst-case analysis. In practical computations,
it is highly desirable to use “long-step” tactics, but the current theoretical understanding
of the method, as far as we know, does not provide a practitioner with theoretically
justified (i.e., consistent with known complexity bounds) tools for long steps.

In what follows we develop a long-step version of the method of analytic centers for
fractional problems; our approach is mainly based on the recent long-step path-following
schemes for convex optimization problems [ 14, 15]. In fact, we are developing a method
which traces a rwo-parameter surface of analytic centers rather than a single-parameter
path; this approach has its origin in [ 15] and avoids the need to come close to the usual
path of analytic centers, which, in the traditional schemes, is the goal of a special initial
phase of the method.

The paper is organized as follows. Section 2 contains prerequisites on self-concordant
functions and barriers, the basic tools we use in our construction. In Section 3 we
introduce the notion of the surface of analytic centers associated with problem (1),
present the generic scheme of tracing the surface and motivate the advantages of tracing
a surface rather than the usual path of analytic centers. In Section 4 we develop duality-
based techniques which underlie the “long-step” tracing of the surface of analytic centers,
and Section 5 contains the main results underlying the complexity analysis of the
proposed method. These sections deal with “tactics™ of tracing the surface of analytic
centers: we explain how one can move around the surface, not where to move. The
latter issue is discussed in the concluding Section 6, which contains also the overall
polynomial time complexity results.

2. Self-concordant functions and barriers

In this section we present the basic facts from [16] which underlie all our further
constructions. Let Q be a nonempty open convex domain in R*. A function F: Q — R
is called strongly self-concordant (ss.~-c.) on Q, if it is convex, C3-smooth, Q is the
natural domain of F (i.e., F(x;) — oo along any sequence of points x; € Q converging
to a boundary point of Q) and F satisfies the following differential inequality:

[D*F(x)[h, h,h)| < 2(D?F(x)[h,h])*?, x€Q, heR

(D'F(x)[hy,..., k] is Ith differential of F taken at x along the directions h(,..., hy).

Let P be a closed convex subset in R* with a nonempty interior O, and let 3 2 1. A
function F is called a 9-self-concordant barrier (9-s.-c.b.) for P, if it is s.s.-c. on @,
and

IDF(x)[h]| < O'2(D?F(x)[h.B])'?, xe€Q, heRX

For explicit self-concordant barriers for a wide variety of convex domains arising in
convex optimization, see [16]; several important examples of these barriers will be
given in Section 4. In what follows we heavily exploit the following results on self-
concordant functions/barriers:
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P.0 (see [16, Propositions 2.1.1 and 2.3.11). If a; > 1, F; are 5.5.-c. on convex domains
Qi C R i=1,...,q, and the intersection Q of these domain is nonempty, then the
Sunction F =3, a;F; is s.s.-c. on Q; if, in addition, F; are 9i-s.-c.b.’s for c1Q;, then F
is a (3_; aith)-s.-c.b. for c1Q.

If F is s.5.-c. on a convex domain Q C R* and A is an affine mapping from R? to
R* with the image intersecting Q, then F*(-) = F(A(-)) is s.s5.-c. on the inverse image
Q% of Q under the mapping A; if, in addition, F is &-s.-c.b. for c1Q, then F¥ is a
#-5.-c.b. for c1Q*.

P.1 (see [16, Theorem 2.1.1 and Proposition 2.3.2]). Let Q be a convex domain in Rk
which does not contain lines and F be s.s.-c. on Q. Then the Hessian F"(x) of F at
any point x € Q is non-singular, the Dikin ellipsoid of F centered at x € Q

We(x)={yeR ||y —xl, = [(y—0)TF' () (y-01V2< 1}

belongs to c1Q, and in the interior of this ellipsoid F" is “almost proportional” to
F"(x), namely,

r=ly—xl<l = (1-nF'(x) <F'(y) <1 -r)72F"(0);
it follows, in particular, that
y—xc<l = FO) <F@)+-0TF @) +p(ly - a0,
p(s)=—In(1 —s) — s
If, in addition, F is §-s.-c.b. for c1Q, then F attains its minimum on Q if and only if

Q is bounded, and the minimizer of F is unique.

P.2 (see [16, Section 2.2.3]). Let Q be a bounded convex domain in R* and let F be
s.s.-c. on Q. Given y° € Q, consider the damped Newton minimization of F starting at
y0, ie., the process

1 e GNT=V B 1+
—1+A(F,y")[F I F Y, (2)

where the Newton decrement A(F, x) is given by

MEx) = [(F'(x)T(F"(x) ™ F (x))2,

yitl = yi

The process (2) is well-defined (i.e., keeps the iterates in Q) and, for any k € (0,0.2],
generates a point y' with A(E,y') < « in no more than

N=0(){|F(°) — mi
( )([ O QOF]+1n1n(1/K))
steps, O(1) being an absolute constant.

P.3 (see [16, Corollary 2.3.11). Let P be a closed convex domain in R", F be a s.-c.b.
for P, let y € int P and h be a recessive direction for P.: P + R, h = P. Then

__hTFI(y) > (hTF"(y)h)l/z.



196 A. Nemirovski/Mathematical Programming 77 (1997) 191-224

P4 (sec [16, Section 2.4.2]). Ler Q C R" be an open convex domain, and let F be
a s.s.-c. function on Q with nondegenerate Hessian. Then the domain Dom F* of the
Legendre transformation

F*(u) = sup{u"x — F(x)}
xeQ

of F (by definition, the domain is comprised of those u for which the right-hand side
in the latter expression is finite) is an open convex set and F* is s.s.-c. on Dom F*.

P.5 (see [16, Proposition 2.3.2]). Let F be a ¥-s.-c.b. for a bounded convex domain
P, and let x* be the minimizer of F on P. Then
Pe{ylly—x":<1+38}

(It was proved by F. Jarre that 1 + 39 in the latter inclusion can be replaced with
& +2V7.)

3. Surface of analytic centers and basic updating scheme
3.1. Assumptions and notation

Given problem (1), we set
Gk =cl{x € R" | B(x) €intK};

from now on we assume that

A. The intersection D of Gk and G is a solid (closed and bounded convex set with a
nonemply interior), and we are given in advance a starting point x* €intD.

B. We are given self-concordant barriers @y for H, Fx for Gx and Fg for G, parameters
of the barriers being ¥y, ¥g, ¥, respectively. It is assumed that
& = max{dy, 9k, 10}.

(This latter assumption does not restrict generality, since a 9-s.-c.b. is also #'-s.-c.b. for
any ¥ > 1. Note also that the only goal of the restriction & 2> 10 is to reduce absolute
constants coming from terms with 3~ in the forthcoming estimates.)

From now on we set

2y =3/0y, Qg = 9/5.
3.2. Surface of analytic centers

Let ¢ be a nonzero vector from R”, and let ¢ = (fo, ;)T be a 2-dimensional “param-
eter” vector. We denote by T the set of all values of ¢ for which the domain
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D,=cl{x €intD | toB(x) — A(x) € intH, ¢"x < 1;}

is nonempty. If x € intD, then, by construction of D, B(x) € intK, so that B(x) is
a recessive direction of H; it follows that T is a monotone (t € T, 2t => ¢ € T)
subset of R?, and D, C Dy whenever t € T and ¢’ > t; T is clearly open and nonempty.
We denote by T the set of all primal feasible pairs (1,x), i.e., those with ¢ € T and
x €intD,. Now, for r € T let

Fi(x) = —&In(t; — c'x) + 2Py (t0B(x) — A(x))
+ R Fx(x) + Fg(x) : mmt D, — R. (3)

In view of PO F, is a 9*-s.-c.b. for the domain D,, with
I =4,

since D (and, consequently, D,) is bounded, this barrier attains its minimum at a unique
point x*(t) of the domain D, (see P.1). Thus, we come to the surface of analytic centers

S=58(c) = {(t,x*(t)) ‘ teT, X (1) =arg€11;inF,(x)}.

ty=inf{sg |t € T}

this quantity is the greatest lower bound of those 7y for which the system of strict
inclusions

x € intG, B(x) €intK, teB(x) — A(x) €intH

is solvable. We call #; the regularized optimal value in (1), and we shall see that under
reasonable regularity assumptions this regularized optimal value is the same as the actual
optimal value in (1).

By origin of 13, one can travel along the surface S(c) in a way which enforces
the coordinate #p to tend to fj, thus obtaining feasible solutions with the value of the
objective converging to the regularized optimal value of the problem. This is exactly
what we are going to do in order to solve the problem, except the fact that we shall
generate strictly feasible pairs which are close, in a sense, to the surface rather than on
the surface exactly. Note that the traditional method of analytic centers acts in the same
way, but it traces a single-parameter path Sy given by

x(t9) = argmin{ 24Py (toB(x) — A(x)) + 2¢Fx(x) + Fg(x)},

not a two-parameter surface. Before coming to detailed description of the method, let us
explain what are the advantages of tracing a surface instead of a single-parameter path.

In order to approximate f3, it is, of course, sufficient to trace the path S, but to trace
the path, one should first come close to it. The standard way to do this is as follows.
Given a starting point x* € int D, one chooses tg, th (x*) — A(x*) € int H, and then
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traces, as f; — oo, the auxiliary path # = tg at the surface S(c¢), starting with ¢ = tY;
here c, t? are readily given by the requirement (( tﬁ, t?),x”) € S8(c), eg., as

== (VB (x*) — A(x")) + B VFr (x*) + VFg(x*), (4)
= (th, "X+ 1) (5)

(from now on V acts with respect to x). It is clearly seen that with this choice of ¢, £*
the starting pair (et x%) belongs to S(c¢).

As 1) — o0, the auxiliary path ty = tg on S(c) converges to the point fy = rg on the
“target” path Sp; thus, tracing the auxiliary path, we eventually come close to the target
one and can switch to tracing this latter path. Note that in this traditional two-phase
path-following scheme we in fact all the time are traveling along the surface S(c¢) (the
target path clearly belongs to the closure of the surface). After this is realized, we ask:
why should we restrict ourselves to this particular route, where, in the first phase, we
disregard the objective? We see that it is reasonable to investigate our abilities to trace
surfaces of analytic centers; this is the issue we now examine.

3.3. Basic updating scheme

Let « < 0.2 be a fixed positive tolerance. We say that a pair (¢,x) is close to S, if
the pair satisfies the following predicate

P.(r,x): (t,x) eTY & A(F,,x) €k

recall that the Newton decrement A(F, x) of a function F twice continuously differen-
tiable at a point x and possessing a nonsingular Hessian at x is the quantity

AEx) = ((VFC)TIVEF(x) [ T'VEQ) V2

It is assumed that we are given a surface S = S(¢) of analytic centers and a starting
pair (¥, x") which is close to S, and our goal is to trace the surface, staying close to
it, in order to approach a certain “target” point belonging to the closure of the surface.
To this end we consider

Basic updating scheme. Given a pair (¢,x) close to S, replace it by a new pair
(t*,x™), also close to S, according to the following rules:

(1) Choose a direction 6t in the plane of parameters, and form the associated primal
search ray

X={X(r) = (t(r),x(r)) = (t, x +d;(t,x)) + r(81,6x) | r > 0}, (6)
where
do(t,x) = —[V*F(x)]7'VF,(x) (7)

and 8x is given by the relation

(8t,8x) € II(t,x) = {(dt,dx) | {%VF,(x)}dH— V2F, (x) dx=0}. (8)
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Note that
8x = —[V2F,(x)] 71—t — cTx) 72811¢ + Qudto B P} (10B(x) — A(x))
+ 2y8to (108 — @) "D} (10B(x) — A(x))B(x)}. 9)

(2) (predictor step) Choose a stepsize 7 > 0 along the primal search ray and form
the forecast

(r*,%) = X(7);

the forecast should belong to T (this is a restriction on the stepsize).
(3) (corrector step) Apply the damped Newton minimization

1

i_ 1 (VR (VYVIVTEL(V 0_ 5
I+A(F,+,y")[vp'(y)] VF+(y), y=x (10)

until the pair (t*,y') satisfies P,; then, set x* = y/, thus forming the updated pair
(t*,x*) which satisfies P,.

This is the natural two-parameter analogy to the usual predictor-corrector scheme.
The origin of relations from item (1) is clear: the surface {(7,x*(r))} of analytic
centers is given by the equation VF,(-) = 0; linearizing the equation at (f,x), we get
x*(t+rét) ~ x+dy(¢,x)+rbx, with d,(z, x) and 8x given by (7), (9) (these relations
make sense, since V2F; is nonsingular, see P.1 and (A)).

Note that from P2 it follows that process (10) is well-defined, keeps the iterates y’
in the interior of D;+ and terminates in no more than O(1)(V(t*,x*) + Inln(1/«))
Newton iterations y’ — y™*'; from now on O(1) are positive absolute constants and

V(r,y) = Fr(y) = min F:(u) = () = £(7).

In order to bound from above the Newton complexity (number of Newton iterations)
of a corrector step, we fix certain constant & > 7 and impose on rule (2)) the following
restriction

R: the stepsize F is such that V(t*,%) < &.

In order to choose the largest possible F satisfying R, one could use a line search.
The difficulty is, however, that the left-hand side in the latter inequality involves the
implicitly defined quantity f*(:%), so that we need certain “computationally cheap”
technique for bounding V(-,-) from above. To this end we intend to use dual bounds,
which we now discuss.

4. Dual bounds

To get an upper bound on the quantity V(7,y) is the same as to get a lower bound
on the quantity f*(7) = min, F.(y). This latter problem would be absolutely trivial if



200 A. Nemirovski/Mathematical Programming 77 (1997) 191-224

we knew the Legendre transformation of F,(-) - the value of this transformation at 0 is
exactly —min, F;(y). Of course, we have no hope of knowing explicitly the Legendre
transformation of F, (since otherwise we would immediately know not only the optimal
value, but also the minimizer of F, - it is the gradient of the Legendre transformation
at 0). Nevertheless, in many cases we have certain partial information on the Legendre
transformation of F, - namely, we can represent F,(y) as a superposition of an affine
mapping v — u = 7,y + p, and a function F () with known Legendre transformation
Fa:
(*) F(y) =F(m:y +p:).
It is possible “to see” min, F;(y) in F,: if s € Dom F, is such that 7rIs =0, then

—min F,(y) = sup[sTmr,y — F(my + pr)]
=sup(s"[7,y + pr] — F(mry + pr) — s pr]
¥
<suplsTu — F(u) — sTp,]
u

= Fu(s) — $"pr,

so that every s € Dom F, such that W;fs = 0 generates a lower bound on min, F;(y); it
is easily seen that for properly chosen s this bound is exact. This is the way we intend
to use in order to generate lower bounds on f*(-), and we start with the assumptions
on the barriers @, Fx, Fs which ensure the possibility of representing F, in the form
of (%).

4.1. Structural assumptions on the barriers

From now on we make the following assumptions on the barriers @y, Fx and Fg
under consideration:

C.1. There exist closed convex domains Gx C R and G* C R™ that do not contain
lines, self-concordant barriers @x and & for these domains, parameters of the barriers
being ¥g and 4, respectively, and affine mappings

x> mgx+ pg R — R, x = mgx+ pg: R" - R™
such that

G=cl{x e R" | mgx + pg € intG*}, Gg =cl{x € R" | mgxx + px € intG}}
and

F{x) = Px(mxx + px), Fo(x) =P (mex + pg).

C.2. We know the Legendre transformations @3, (-), @%(-), ®g(-) of the functions &y,
Dy, Dg.
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“We know” means that, given a vector s of the corresponding dimension, we may
check whether the vector belongs to the domain of the Legendre transformation in
question, and if it is the case, we can compute the value of the transformation at s.

Let us demonstrate that the aforementioned assumptions on the barriers are satisfied
in a number of interesting and important particular cases.

First of all, our assumptions are “stable with respect to intersections™: if, say, we can
represent the domain G as an intersection ﬂf;l G’ of finitely many domains in such a
way that every G' admits a s.-c.b. of the type ®;(m;x+ p;), where &; is a ¥;-s.-c.b. with
known Legendre transformation, we may take as @ the function

D (uy, ..., ug) =D (uy) + -+ D (ug)

(which results in & = ), %;; note that the Legendre transformation of ®g is the “direct
sum” of those of @;) and set

Fo(x) =®Pg(mex+ pc), wex + pc = (MX + Pis- .oy TiX + pr);

of course, we can similarly handle Fg.
Further, our assumptions are “stable with respect to affine substitutions of variables™
if, say, we can represent G (similarly for Gx) as an inverse image of a domain G:

G =cl{x | A(x) € intG}

under affine mapping A and G admits a barrier Fc(u) = @¢(7cu + pc), g being a
¥-s.-c.b. with known Legendre transformation, then G itself admits a desired barrier

Fo(x) =®g(mcx+pe),

the affine mapping x — ¢ x + pc being the superposition of the mappings x — A(x)
and u — Frcu + pc.

Thus, the family of “good” domains - those possessing barriers of the required type
- is closed with respect to the basic operations such us taking intersections and inverse
images under affine mappings (and, as it is immediately seen, taking direct products).

Now let us indicate several “building blocks” which can be used, as G* and @, in
the aforementioned combination rules (for justifications, see [ 16, Chapter 5]):

(1) The nonnegative half-axis Gt =R,

D(u) = —Inu, D*(s)=—-In(—s) -1 (F=1);
due to the combination rules, this example in fact covers all our needs in the case when

K =H=R]R" and G is a polytope;
(2) The second-order cone G* ={u € R? | u, > (Z;’:_]' ut)'/?}:

-1
o(u) =—In( g—qZu?),

i=1

g—1
o*(s)==In(s2= > ) ~2+2m2 (#=2);

i=1
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due to the combination rules, this observation covers convex quadratic quadratically
constrained problems (since the Lebesgue set {x | f(x) < 0} of a convex quadratic
form f can be represented as an inverse image of a second-order cone under affine
mapping) and even more general fami]y of convex programs (e.g., we may handle the
hyperbolic domain of the type 3 . ,] X2 +1< 22 x, >0).

(3) The epigraph of the exponent G+ {(t.x) e R? | t > exp{x}}:

&(t,x) =—In(lnt — x) —1Int,

§+1>

o*(5,6) = (¢ +Dn(T=) —¢-ng -2 (9=2);

due to the combination rules, this observation covers Geometrical Programming in the
exponential form.

(4) The cone of positive semidefinite matrices G in the space of m x m symmetric
matrices:

@(u) = —InDetu, @*(s)=—InDet(—s) —m (4 =m);

due to the combination rules, this example allows to handle Linear Matrix Inequality
constraints given by the requirement that a symmetric matrix A(x) affinely depending
on the design vector is positive semidefinite (cf. Example 5).

Thus, our assumption on the structure of barriers @y, Fx and Fg is compatible with
a wide spectrum of important fractional problems.

4.2. Dual bounds

From now on we set

Fu) = Flupsupsugsug) = =0 In(uy) + QuPr(up) + Qxdr (ug) + Poluc),

so that
Fi(x) = F(U(t,x)), Ult,x) =aty +19[éx +pl +mx + ¢, (11)
where
oty =(1;0;0;0); (12)
Ex+p=(0;Bx+ b;0,0); (13)
mx +q=(—c"x; —ax — a; mkx + px; TGX + PG).- (14)

Let 7* be the Legendre transformation of F:
Fu(s) = F (513803 53 56)
= -3 In(—s1) + 2@y (su/ Q) + QP (sx/ )
+&5(sg) +(nd —1).

Note that, in view of P4, F, is s.s.-c. on its domain.
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Let us make the following simple observation:

Lemma 6. Let s belong to Dom F.. and satisfy, for some 7y, the linear homogeneous
equation

ELlsl = [10é + 71 Ts =0.
Then, for all T\ such that T = (19,71) € T, one has
) = filr) =sT[ar +10p + ] — Fuls).

Proof. Let y be such that (7,y) € T*. Since F is convex and closed, it is the Legendre
transformation of F, so that from (11) it follows that

F(y) > s'U(T,y) — Fu(s) =s" (a7 + 1ol £y + p1 + 7y + q] — Fu($)
=flr) +s red+7ly = f(r). O

Thus, any vector s satisfying, with respect to a given 7, the premise of the above
lemma (let us call such s dual feasible w.r.t. 7¢) induces lower bounds on the quantities
f*(70,-) = min, Fy,.(x), and these are the bounds we intend to use at the predictor
step in order to ensure R. Let us present a systematic way to form these dual feasible
vectors.

4.3. Dual search parabola

Let (#,x) € T be close to the surface S, 8¢ be a direction in the parameter space
and

X={X(r)=((r)y=t+7r8t, x(r)=x+A4A,(r)),
Ay(r) =du(t,x) +réx | r > 0}

be the corresponding primal search ray (see (6)-(8)). The mapping (7,y) — U(7,y)
(see (11)) transforms this ray into the parabola

U(X(7r)) =U(t, x) + Bu(r) + 8u(r),

where
A, (r) =radt) + rétg[Ex + pl + [to + w]AL(r), (15)
8,(r) =rdrgéhd(r). (16)

Our goal is to associate with these “primal” entities a dual one - the dual search
parabola

S={(t(r) =t +rdt,s(r)) | r 20}
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which will provide us with dual feasible vectors. To define S, we first define the matrix

Q(x) = Dgm®y (mxx + pr )Tk + TEPE(T6x + p6) TG

and then set
s=F'(U(t,x)), (17)
Ag(ry = F'(UCt, x))Au(r), (18)
5(r) =s+Ay(r), (19)
&(r) = —rénQ ™" (x)€TAs(r), (20)
8:(r) = (0;0; Dk Pymxe(r); g (mex + pe)mge(r)), (21)
s(r) =5(r) + 8,(r) =s + Ag(ry + 6,(r). (22)

Note that the construction is well defined, since the matrix @(x) is positive definite
(indeed, it is the Hessian at x of the s.-c.b. 2xFx(-) + Fs(-) for bounded domain D).

In what follows, given a positive semidefinite symmetric matrix Q and a vector u of
the corresponding dimension, we denote by |u|p the Euclidean seminorm

lulg = (uTQu)'/z.

Our local goal is to demonstrate that s(r) is, for small r, dual feasible w.r.t. o + rétg.

Lemma 7. Let (r,x) € Tt be close to S. Then

Enprrog[5(r)] =0. (23)
Furthermore,
|As(P) | Fresy = 1Bu(P) |77 i (24)

in particular,
185(0) |7y = [Bu(O) | Frun = |dx(t, X) w250y = AM(Fx) < K, (25)

and s(0) is dual feasible w.r.t. tg.

Proof. To simplify notation, let us omit explicit arguments in F, F, and F;; in what
follows, these arguments are, respectively, U(t,x), s = F'(U(t,x)) and x.
Let us first verify that

e(r) = Exyiran[5(r)] = rétoé Ag(r). (26)
To this end, note that (8) can be rewritten as

[tof + m]TF" (a6t + Stoléx + p] + [1o€ + 7]6x] = —Stot T F, (27)
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while (7) means that
[tof + w1 TF [16€ + 71de(t, x) = —[10¢ + ] TF'. (28)
Multiplying (27) by r and adding (28), we have

[r€ + m1TA(r) = [to€ + 71 F " Au(r) = —[(to + rto) ¢ + =] TF'
=—[(to+rétg) €+ ] 's, (29)

whence &5, s + As(r)] = rto€TA(r), as required in (26).
Now let us prove (23):

Erorrong[5(r) ] =Errrong [S(r)] + Erprsn [8:(r) ] (by (22))
=e(r) + Eprron[0:(r)] (origin of e(r))
=e(r) + [(to +rdty)é + 7] 8,(r) (origin of £)
=e(r) + Qxmy@y(mrx + pr)wre(r) + me®@h(mox + pe)mee(r)
(by (13), (14) and (21))
=e(r) + Q(x)e(r) (origin of Q(x))
=0 (by (20) and (26)).

Further, 7!/ = [F"]~!, since the argument in the left-hand side is the gradient of F at
the point involved into the right-hand one; this observation, in view of A;(r) = F”A(r),
immediately results in (24).

Last, we have A,(0) = [fo& + 7]d,(t,x), and from (11) it follows that V2F, =
[toé+m1TF" [tof+m]; therefore |A,(0) % = |dx (1, X) %y, = |VElEgap -1 = A2(Fix)
(the second equality is given by (7)), as required in (25). It remains to note that since
(¢, x) is close to S, we have A(F;,x) < k < 1, and (25) implies that s(0) belongs to
the open Dikin ellipsoid of the (as we know, s.s.-c.) function F, the ellipsoid being
centered at s = F' € Dom F,; therefore s(0) € Dom F,, and since &, [5(0)] =0 by
(23), 5(0) is dual feasible w.r.t. ro. O

4.3.1. Acceptability test

Lemma 7 states that, for small r, the point s(r) is close to the point s(0) from
the domain of ¥, and, consequently, itself belongs to this domain; besides this, s(r)
satisfies the equation &.,s,[-] = 0. Thus, at least for small r the point s(r) is dual
feasible w.r.t. to(r) = 19 + rSty. This observation underlies the sufficient condition for
R that we are about to present.

Acceptability test. Given a primal search ray {X(r) = (¢, x +d(t,x)) +r(8t,6x) |
r = 0} ((t,x) satisfies P,, (81,6x) € I1(¢t,x)), and a candidate stepsize 7, act as
follows:
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(a) Check whether X(r) € T*; if not, reject r.

(b) Compute s(r) according to (17)-(22), and check whether s(r) € Dom F,; if
not, reject r.

(¢) Compute the quantity (see Lemma 6)

V(r) =Frrs(x + o1, x) +18x) — fyn (t+rdt)
=Fra(x +di (8, x) +réx) + F.(s(r))
— [s(N1 o (t) +18t) + (to + rdto)p + ql.

If V(r) > &, reject r.
If » was not rejected, claim that r satisfies R.

An immediate consequence of Lemmas 6 and 7 is the following proposition:

Proposition 8. The Acceptability test is valid: if a stepsize r passes the test, then
(t+rdt,x +d (t,x) +rdx) € T* and

Frorge(x +d(t,x) +réx) — min  Fre(u) < &

HEINt Dy o5

5. Main propositions

In this section we formulate the main results underlying our policy of tracing the
surface of analytic centers and the complexity analysis of the resulting method. The
corresponding proofs are given in the Appendix.

Acceptable steps. The above constructions give a possibility of implementing the basic
scheme for tracing the surface S in a way which ensures a fixed Newton complexity of
the corrector step; in view of P.3 and Proposition 8, to this end it suffices to choose as the
stepsize F a quantity passing the Acceptability test. To derive polynomial time complexity
bounds, we should, of course, know that the test is “reasonable”, i.e., that it for sure
accepts stepsizes of certain “not too small” length. The corresponding statement is:

Theorem 9. Let (t,x) € T* satisfy P, and let w < 0.05 be a positive real. Assume
that a direction 8t satisfies the assumptions

9812 < (1) — ¢'x)2?, (30)

£
u(t,x)|6t| L@ m, w(t,x) = —BT(x)di;,(tOB(x) —A(x)), (31)
V H

and let 6x be defined by 8t in such a way that (8t,8x) € II(t,x). Then any stepsize
r € [0, 1] passes the Acceptability test.
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Growth of the potential. The next statement is the key to complexity analysis of the
method:

Theorem 10. The function

fH(r) = Dy F(y):T—R

is nonincreasing in 1o, and if (t, x) satisfies P, and

s . I
=— -5 A A * » < _’ 32
Aty = —w Q};+-QH-0K/L (t,x), 0<w % (32)

(see (31)), then t* = (o + Atg, 1)) € T and
2y
* oty S hd _HHK 33
f(’)/f(’)““mﬂ/nw,n,( (33)

6. Tracing the surface

We have developed a technique which allows, given a pair (¢, x) close to the surface
and a direction &t in the plane of parameters, to perform something like the largest
predictor step compatible with the predicate R (and thus ensuring an a priori bound on
the Newton complexity of the subsequent corrector step). Thus, we know how to travel
along the surface, but we did not discuss where to travel. In the usual path-following
scheme the latter question does not arise at all - the only reasonable strategy is to
decrease tg, the only parameter of interest. This is not the case with a two-parameter
surface, since here there are many candidate strategies for traveling from the starting
point to the desired optimal solution.

Recall that we have associated with problem (P) equipped with a starting point
x* €intD (D =GxkNG, Gxk =cl{x | B(x) € intK}) and with a starting value tg
of the parameter 7, th(x#) — A(x*) € int H, two-parameter surface S = S(c) (see
(4)). This surface which passes through the point x*, the corresponding value of the
parameter vector t = (tg,¢) being t* = (tg, tf), see (5). In order to solve the problem,
it suffices to travel along S, starting from (r*,x*), in a way which ensures that the
“parameter of interest” £ approaches the regularized optimal value t; of (P). As for
the “centering” parameter f;, we should make it large enough, since with too small
values of the parameter the artificial constraint ¢'x < #; may change the optimal value
of ry we actually are interested in. In fact all we need is to make the artificial constraint
redundant, i.e., 1o ensure that

f >max{c'x|x € D}
then, of course, the quantity

to(ty) =inf{zg | (#0,21) € T}
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coincides with the regularized optimal value
15 = inf{ty | (r0,7) €T}

of (P). Consequently, after redundancy is detected, we may fix the value of the centering
parameter and completely focus on decreasing the parameter of interest, Thus, at the
initial phase, before the redundancy is detected, we decrease ty and increase t;, and at
the main phase, after the redundancy is detected, we decrease fo and keep #; constant.

To implement this idea, we need, first, a test for detecting redundancy, and, second, a
“safe” strategy for the initial phase, to ensure a reasonable duration of the phase. These
are the issues we now discuss.

6.1. Detecting redundancy

To detect redundancy, one can use the following

Redundancy test. Given an iterate (¢, x) satisfying P,, compute the quantity

v = (TIVE@])

and check whether
10 <t) —c'x; (34)

if it is the case, claim that redundancy is achieved.

Lemma 11. Ler x < 0.2. Then the aforementioned test is correct: if (t,x) satisfies Py,
then (34) implies that

Dy ={x€ D |7B(x) — A(x) € H} V1€ (15,10], (35)

ty being the regularized optimal value in (P).

Proof. For the sake of brevity, let us write F instead of F,. Let x* be the minimizer of
F; we have

1
A(Fx) <« < 3

This relation, in view of [16, Theorem 2.2.2(iii) ], implies that

Vx—x)TF (x)(x—x*) € 1— (1 -3x)'/3<027. (36)
In view of this latter fact and P.1 we have
F"(x*) = (0.73)%F"(x). (37)

Furthermore, since F is a (449)-s.-c.b. for D,, ¥ > 10 and x* is the minimizer of the
barrier, P.5 implies that

V(= x)TF(x*)(y — x*) <499, yeD,.
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Thus, (36)-(37) imply that

V(y—x)TF"(x)(y — x) <027+ (4.9/0.73)% < 78, y € D, (38)
which combined with the definition of ¢ and (34) results in

max cTy <clx + Tl < 1.

YED,
Thus, (34) does imply the equality in (35) for 7 = 75 and, consequently, for all
7€ (85,101, as claimed. [

6.2. The method

Now we are able to summarize the description of the method for solving (P). Our
strategy will be as follows: given a starting point x* € int D, we first define a surface
of analytic centers S(c) which passes through x* for some explicitly defined value
t* of the parameter vector. Then we use the basic updating scheme equipped with
the Acceptability test in order to generate a sequence of (close to S) pairs (#,x%)
((¢',x"y = (¢*,x*)) with £} converging to the regularized optimal value of the problem.
In this process, we all the time decrease the “parameter of interest™ to and never decrease
the “centering parameter” f,. The centering parameter is increased at the initial phase,
until the constraint ¢'x < f; becomes redundant in the description of the domain Dy,
and is kept constant at the subsequent main phase. At the main phase, the parameter
of interest is decreased as fast as it is allowed by the Acceptability test; this is not
the case at the initial phase, where our policy is aimed to ensure reasonable duration
of the phase; to this end we choose the directions 8¢ in a way which guarantees “fast
decrease” of the quantities f*(#') = min, F, (x) with {, which is a convenient implicit
way to make ¢ redundant.

The implementation of the outlined strategy is as follows.

Initialization. Given x* € int D, choose tg such that

#B(x") — A(x") eintH (39)
and

V20 (1B () — AG) < V(K Px(mxx +p) + Po(max +p6))  (40)

and define ¢ and t'f according to (4)-(5), thus defining the 2-parameter surface S =
S(c¢) of analytic centers and a pair (¢*, x*), t* = (tg, t’;'), belonging to the surface.

Remark 12. We shall demonstrate that (39) is satisfied for all large enough values
of tg and that V2@y (1oB(x*) — A(x*)) — 0, 15 — o0, so that it is easy to ensure
(39)-(40); it suffices to start with an arbitrary trial value 7 of tg and to test the values,
say, 7+ 2%, k=0,1,... until the required relations are satisfied.
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ith iteration, i > 1. Given a pair (¢, x") satisfying P, ((¢',x') = (!, x*)), act as
follows:
(0) Compute the quantities w(#, x'), ¥* (¢, x'), where
u(t,x) = =BT (x)® (10B(x) — A(x));
Wi (t,x)=max{z | (to — z)B(x) — A(x) € H};

(1) Choose a direction 8¢ = (8ti, 8t)) in the plane of parameters as

{ . ., . N
f— Ty N PR [ % (LX)
(—\/5 , mm[,u. (', x") B+ On0x ;0.5 75 ])

, initial phase,
8t =0.05 (41)

L g
0, — I tl‘ i )
< w5 x) .Q%, + 2y

main phase.

(2) Apply to the pair (£, x") and the direction 8¢ the basic updating scheme from
Section 3.3 equipped with the Acceptability test in order to ensure R, the corresponding
stepsize r; being subject to the restrictions

1<ri<Ri;,
where
R = {0.5\/5 initial phase,
400 main phase.

The new iterate (£+', x"*!) is the result given by the basic updating scheme.

Remark 13. From (41) and Theorem 9 it follows that the stepsize r; = 1 passes the
Acceptability test, so that (2) is consistent; moreover, the “ short-step” version of the
method (r; = 1) does not require any line search and dual bounding.

To get a “practical” algorithm, it is, of course, reasonable to use a line search to get
the largest possible stepsize r; € [1, R;] accepted by the Acceptability test; note that this
line search is computationally inexpensive compared to our natural “complexity unit” —
the arithmetic cost of a Newton step.

(3) At the initial phase, subject (¢*', x*!) to the Redundancy test; if the pair passes
the test, switch to the main phase. Loop.

6.3. Complexity analysis

To present complexity analysis of the method, we need an additional regularity as-
sumption as follows:
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D. (P) is solvable and there exists an optimal solution (75 = 7*, x = x*) to the problem
such that

B(x") € intK.

Assumption (D) can be interpreted as “well-posedness” of (P); when it is violated,
it seems to be impossible to bound the complexity of solving (P). Indeed, consider the
following example: G is a solid in R", H= K =R?, B(x) = (b"x, 1), A(x) = (b'x,0),
where the vector b is such that min{#"x | x € G} = 0. In this example, the optimal
value in (P) is O and is achieved at the set of minimizers of b'x on G; outside this
set the inclusion #oB(x) — A(x) € H implies that t; > 1. Thus, to solve the indicated
fractional program within accuracy, say, 1/2, i.e, to find a feasible pair (fo,x) with
to < 1/2, is the same as to solve the program exactly; this can be done with finite
computational effort only for a very restricted family of solids G.

Theorem 14. Let problem (P) satisfying assumptions (A), (B), (C) be solved by the
method presented in Section 6.2. Then
(i) The duration of the initial phase does not exceed

Nigi =O()VEIn(I[D : x*]) (42)
iterations; here and in what follows all O(1)s are absolute constants, and
[D:x*]1=max{a|3h:x* —h¢ D, x* + ahe D}

is the asymmetry coefficient of D with respect to x*.

(i1) Let (™, x™) be the pair which starts the main phase of the method, and let
g € (0,1). The number of iterations of the main phase which results in a pair (¢, xt)
such that

< +e(t™ —7)
does not exceed the quantity

N () =0(1)v/F(Ox + 9x) In(l-}-—f—), (43)
where

O =min{s > 0| sB(x") — B(x*(t™)) € K}

and x*(t) = argmin,¢;,, p Fr(x).
(iii) The Newton complexity (number of Newton iterations) of any corrector step of
the method does not exceed

O(1)(k+Inln(1/k)).

Proof. Let us start with proving correctness of the initialization rule for fo; as it was
explained in Remark 12, to this end it suffices to verify that toB(x*) — A(x*) € intH
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for all large enough f; (this is evident, since B(x*) € int X and K is contained in the
recessive cone of H) and that

R(tp) = Vg (1oB(x* — A(x")) =0, 19— oo. (44)

To prove the latter relation, let us choose ¢} in such a way that y = 3 B(x*) — A(x*) €
int H, and let U be a convex symmetric neighbourhood of the origin in R”™ such that
B(x*) + U C K. Since K is contained in the recessive cone of H, for z > 0 we have

y(2)+2UCH,  y(z) =5 +2)B(*) - ALY,
It remains to note that (44) is an immediate consequence of the latter relation due to

the following general fact:

(%) Let P be a closed convex domain, F be a y-self-concordant barrier for P, y be
an interior point of P and V be a convex symmetric neighbourhood of the origin such
thaty +V C P. Then

TVIF(MNz < (1+5y)% VYzeV

The proof is immediate: to simplify notation, let y = 0. The function ¥ (x) = F(x) +
F(—x) is 2y-s.-c.b. for the convex domain P/ = PN (—P), and 0 is the minimizer of
the ¥ on P’. From P35 it follows that

ZT(2VEF(0))z < (1+6y)* VzeP' DV
and (x) follows.
Let us prove (i).

(i.1) Let us first verify that the quantities f; = F(x') “quickly decrease” during the
initial phase: if step i belongs to the phase, then

fi— fin 20 Vo. (45)
Indeed, we have
fi— firr ={Fa(x') = Farn (x"Yh
+ {Fpn (x") — min Fyut () hu
+ {mxin Fun(x) = firt}m (46)
The quantity {-}; is nonnegative. Further, since A = A(Fyni, x™!) < « < 0.2, we have
{}hn = —-p(A) 2 -0.024 (47)

(see [ 16, Theorem 2.1.1]). It remains to evaluate {}1 Taking into account the structure
of F,, dropping index i (r = r;, 61 = 8¢, and so on), setting y = 1pB(x) — A(x), dy =
StgB(x), we have
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)
(h=on(14 ) + 2yl 2a ()~ Puly +rdn)
=91In(1 +0.05r9""%) + Oy Py (y) — Py(y +rdy)]. (48)

Now, since 0 > 89 > —0.0258/%y*(1,x) by (41), we have y + 408'/2dy ¢ H
(definition of ¢*). Now let us use the following fact [ 16, Proposition 2.3.2]:
(*#*) Let F be a 9-s.c.b. for a domain P, let y € int P, and let y + Rdy € P. Then

F(y+tdy) < F(y) —8In(1-r/R), 0<r<R

Applying (#*) to the barrier £2y®y for P = H and our y and dy (R = 408'/2), we
get

Oy Dy(y) — Pu(y +rdy)] > FIn(1 — 0.0258~ %),
so that (48) results in
{(h=dIn(l+g-2¢), g=0.025r9""2

Since at the initial phase 1 < r < 0.59'/2, we have 2g*> < 0.025g, so that {-}; >
F1n(1 4 0.975¢). Summarizing our observations, we conclude from (46) that

fi — fir1 = SIn(1 +0.02497 /%) — 0.024 > 0.59 In(1 + 0.0249~/%r)

(we have taken into account that & > 10 and r > 1), and (45) follows.

(i.2) Now we are able to bound from above the duration of the initial phase. To
simplify notation, in the below reasoning we assume that x* = 0 (which, of course, does
not restrict generality). Assume that step i belongs to the phase and is not the final step
of it. Setting

Y (x) =24Pn(7B(x) — A(x)) + F(x),
F(x) =Pk (mxx + px) + P (7Gx + p6),
we conclude from (45) that
(e — Ty 2 O 2+ Ty (M) — (0)
(we have taken into account that t*f —¢Tx* = 1 by (5)). Since £ < tg and ¥,(x)
clearly is nonincreasing in 7 whenever x € intD is such that 7B(x) — A(x) € intH

(see P.3 and take into account that B(x) is a recessive direction for H when x € intD),
we have ¥ (x*1) > ¥4 (x*+), and we come to
i

T — x> O+ w () - (0), F() =¥(0). (49)
Now let

W={y|yIVIF(O)y<1}, W={y|)y"V¥0)y<1}
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be the Dikin ellipsoids, centered at x* = 0, of the barriers F and ¥, respectively, and let
D’ = DN (—D) be the symmetrization of D. By definition of the asymmetry coefficient
a = [D:x*], we have D C aD’, while by (*) we have D' C (1 + 158)W; thus,

D C 16adW C 32a9W’ (50)
(the concluding inclusion follows from W C V2W', see (40)). Now, the function ¥ (x)

is 39-s.-c.b for the domain
P={xeD|B(x) — A(x) € H},

and both x"*! and W' are contained in this domain; setting y = x'*!, dy = x* — x'*! =
—x! we get y €intP, y4[1+(32a8) '] dy € P (the latter inclusion follows from
(50) and W’ C P). Applying (xx), we get

v (0) < ¥ (x™") +33In(1 4 32a8),
so that (49) implies that
In(/' =Ty > 0% - 3In(1 + 32a8). (s1)
On the other hand, we know that redundancy was not detected at the step i, i.e., that
THCT[V2Fn (x1)]71e) 12 > fi+) = (Txitt, (52)

The quantity 2(cT[V2Fui (x7*1)]17'¢)"/? is the variation (i.e., maximum minus mini-
mum) of the linear form ¢Tx on the Dikin ellipsoid, centered at x*!, of the barrier Fyi1;
this ellipsoid, say V, is contained in D, and, consequently, in D. Taking into account
(50), we conclude that the variation of ¢Tx on V is at most 32a< times the variation
2(cT[V2Fa(0)]17"¢)'/2, the latter quantity clearly being < 2(cT[V2®(0)] " '¢c)!/2
From (4) and from the fact that ¥ is 39-s.-c.b. it follows that (¢T[V2#(0)]~'c)'/2 <
2:9~'/2, Combining our observations, we come to

(T[V2F () 1710) ! < 64V,
so that (52) results in
O(1)ad™? > gt — Ty,
This inequality, combined with (51), immediately implies upper bound on i required
in (i).
Now let us prove (ii). From Theorem 10 it follows that if N(i) is the number of
iterations of the main phase preceding an iteration i of the phase, then

790)
yi= min Fu(x) >y + O(1)N(i) HK (53)

X€int Dy Oy + QK’

On the other hand, let ¥ = x*(t™) be the analytic center of the domain Dm. Given
e € (0,1), set

xo={1 —q@)x* +gX.
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Then x, € int D, For 7 =7* 4+ (1 — ) we have
ug =71B(xy) — Alxy) =y, + 14
Yo = (1 =) (7"B(x") — A(x")) + q(15 B(%) — A(X)), (54)
g =(1—g)(r—7")B(x") — q(1g — 7) B(X).

The vector y, clearly belongs to H. By definition of ® one has § = ®B(x*) —B(X) € K,
whence

Ny =(1—g)(t1—7")B(x*) — q(t5' — 7)B(X)
={(1-q)(r—=7") —q(tg ~ 7)OIB(x™) + q(1§ —7)6
=pB(x*)+p's, p>0,p >0.
Thus,
1l € int K, (55)

and since we already know that y, € H, (54) implies that 7B(x,) — A(x,) € int H, so
that Xg € D(.,,,lln).
Now let

F(x,y) = ~3n(1]' = ¢'x) + Qu®u(y) + QxPr (wkx + px) + P6 (7Gx + p6);
then F is a 49-s.-c.b. for the domain D = {(x,y) | x € D,y € H,1} > c"x}. We have
7 = (X, tyB(¥) — A(X)) € intD, ¥ = (x*,7"B(x*) — A(x*)) € D.
Let
2= (1 —=q@)2" + g7 = (x4, ¥4).

From (55) it follows that u; — y, € K, whence, in view of P.3, &5 (u,) < @n(y,) and,
consequently,

F(xq’utl) F(x<p )’q) = F(Zq)
One clearly has F(,,,-in)(xq) = F(x4,u,), whence
(1) < F(zy);

on the other hand, z, is a convex combination of a pair of points from D with the
coefficients g and 1 — g, and from [ 16, Proposition 2.3.2(ii)], it follows that

F(zy) S F(Z)+4%1In(1/q) = F=(3) +49In(1/g) = f* (™) +491In(1/g).
Thus, we come to
) — ff™) <49In(1/g).

Now, if i is such that at the iteration i belonging to the main phase one has 1§ > 7=7"+
e(1g' — 7*), then, in view of the monotonicity of f*(-,#,) (see Theorem 10) and (53)
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the left-hand side of the latter inequality is > O(1)N(i) \/ Ny ( 2y + 2¢)~1, and
we come to the inequality

£y
NG < 0(1)9‘/%1n(1/q) = O(1) /(95 + %) In(1/q);

since 1/g=1+ @/¢e, we come to (43).
(iii) is an immediate consequence of R, which, as we know, is ensured by our
construction, and P2. O

Appendix

Proof of Theorem 9. To simplify notation, in what follows we omit explicit arguments
to the functions involved in the calculation; all quantities related to F, @y, Pk, D¢ are
taken at the points U(t, x), toB(x) — A(x), mxx + pk, wex + pg, respectively; we also
write B instead of B(x) and u instead of U(¢, x). Similarly, all quantities related to F.
are taken at the point s = F'.

(1) Let us start with the following observation:

Lemma A.l. If (¢,x) satisfies the premise of Theorem 9, then u(t,x) > 0, and for
all z € R", v € R™ one has

1278 | < n(t, %) |zlverey, Fr(x) = Px(mgx + px), (A.D)

Bl < u(t,x), (A2)

|Bzlay < 3u(t, x)|z]v2rcay (A.3)
t,

|BTUIQ—|“) 3’“\(/_X) |U|]¢H] ~1, (A4)

18T} 10101 < i(\/tn:? (A.5)

Proof. Let us start with (A.1) and (A.2). Let z be such that |z|y2g,(x) < 1; then, due
to the origin of Fgx and P.1, B(x + z) € K, so that the direction B 4 Bz is a recessive
direction for the domain H; in view of P.3 it follows that

—(B+ B2) @}y = B+ Bzloy. (A.6)

Thus, the affine form —(B + ,Bz)T¢}, is nonnegative at the (centered at the origin)
ellipsoid given by |z|g2r,(xy < |, and the value of the form at the origin is nothing but
w = p(z, x), which immediately implies (A.1). From (A.6) it follows that IB!"’Z < M
as required in (A.2).

Since x € intD C intGg, we have B € intK, and, consequently, B + 0; since H
does not contain lines, &}; is positive definite (see P.1), and we conclude that g > 0.
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Now, under assumption |z|g2p,(x) < 1, the left-hand side of (A.6), in view of (A.1),
does not exceed 2u, and from (A.6), (A.2) and the triangle inequality it follows that,
for the indicated z, one has |Bz[e; < 3u, which immediately results in (A.3).

It remains to prove (A.4) and (A.S). We have

|BT0lg-10) = max{w' B0 | wTQ(x)w < 1}; (A7)

since one clear]y has 0(x) = 25V Fx(x), from wIQ(x)w < 1 it follows that
|Wlw2pe(n < .()K 2, and consequently, in view of (A.3), |BWlay < 3,u.(2;'/2; thus,

wiQ(yw< 1 = w'BTv=[Bw] v <|Bwlos|v] sy~ 3MQEI/2|U|1¢;,']—‘s
and (A.4) follows. To prove (A. 5) let us set in (A.7) v = @}; according to (A.1),
[wT BT, | < plw|ver o < wf2g! | w|o(x)» and (A.5) follows from (A.7). Lemma A.1
is proved. [

(2) Now let us formulate the main estimates we need. In what follows &r is fixed
and satisfies (30)-(31), and &x is such that (&t,0x) € II(¢,x).

Lemma A.2. For (1,x) satisfying the premise of Theorem 9 one has

[0 + 7] 8x| 7 = |8x|y2p,xy < 3w, (A.8)
|[t0é + m]dx (2, 2) | 7r = |ds (2, %) |v2p, ) € &5 (A9)
|61080x|ary < 9425 + 02) ' 0?, (A.10)
16108dx (1, %) oy < 90252 + Ox) ek, (A11)
AP |rr = |Au(P)|7r €20+ 3(k+w), 0<r< ] (A.12)
18,(r) |77 < 9y + 2) " Pw(w+ ), 0<r<; (A13)
18,(r) |70 < 3(025 + Q) " w(@w +x), 0<r<l. (A.14)

Proof. To simplify notation, in what follows we write F instead of F; and d instead of
() — ch) -1
(a) The equality in (A.8) is evident (see (11)). We have

8x = —[V*F] 7' [—3d%t1c + 0y BTD,6t0 + u(toff — @) @} BS],
whence
6x[%25 = [[V*F18x(} g2p) -
<3{9*d* 6T [VEF] T ch
+ 3{25815( ) TBIVIF1 ™' BT b
+ 3{63%BT®} (1B — a) [VEF] " [ 108 — a] @}, B} (A.15)



218 A. Nemirovski/Mathematical Programming 77 (1997) 191-224
We clearly have V2F > dd%ccT, which immediately implies that
(-h < 9d%68 < W, (A.16)

(the concluding inequality is nothing but (30)).
We also evidently have V2F 2 Q(x), so that from {A.5) it follows that

{(In < 82042 (1, 0) 05" € &? (A.17)

(the concluding inequality is an immediate consequence of (31)).
Finally, V2F > 0y[t0B — a]T®}[ 18 — a, so that
{ -} < 86504\ Bl < 8650417 (1, %) < @ (A.18)

(the second inequality follows from (A.2), the third from (31)).
Combining (A.15)-(A.18), we come to the inequality required in (A.8).
(b) The equality in (A.9) is evident (see (11)), and the inequality is given by (25).
(c) In view of (A.3) and V2F > ¢ V?Fx we have

|B8xlwy < 3u(t, X)|Bx|v2r, < 3, ) O *18x] 920 < 91, ) B P00

(the concluding inequality follows from (A.8)), which combined with (31) implies
(A.10). (A.11) is given by similar reasoning, with (A.9) playing the role of (A.8).
(d) Equality in (A.12) is given by (24). To prove the inequality, note that in view
of (15) one has
|Au(r) |77 L rodt |70 + |rbto[éx + pl| 7 + | (o€ + ] AL(r) |21
= Vd|rét)| + |r||8tol 21| Blay + | [10€ + 71 (de(t,x) + rdx) |2
(structure of F)
<|rjew + ]r||6to|.0 2u(t,x) +3(k+ |rle)
(by (30), (A2), (A8) and (A.9))
LLw+3(k+w), 0<r<1, (by (31))
as claimed in (A.12).
(e} To prove (A.13), note that in view of (16) and (13) one has
[Bu(r}|Fn = {)I/2|r5t0,BAx(r)|4,u
l/2|r51‘0,8[d (t,x) +:53]|4,~
<9y + ) Pw(w+x), 0Kr< 1, (by (A10) and (A.11))

as required in (A.13).
(f) It remains to prove (A.14). From (17)-(22) it follows that

8,(ry=F"¢, £ = (0;0; mge(r); mge(r)),

and since F' = [F""1~', we come to
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|85(r) %y = 14150
= Ox[7xe(r) " ymxe(r) + [mce(r) @hmce(r)
= &' (r) [ xmy @Yk + Todpme1e(r)
=&'(r)@(x)e(r) (origin of Q(x))
= [0(x)e(r) 1T () [Q(x)e(r)]
= |rétoP|€TA(r) 51y (bY (20))
= |rd1o]?| BT 2u@y1[r8t0B + [108 — @] (dx(1, %) +réx) 15,
(by (17)=(22) and (13))
<90 (1, x) |rétg|?
X |2u @[ rétoB + [10B — ] (dx(2,x) +78x) )| Fgu -1
(by (A4)
= 9050 WP (1, x) |rdto|*|r6toB + [10B —~ @l (dx (£, x) + rx) G,

whence

184(r) | 72 < 300" (8, x) [rto|[|r810Blay + | (108 — @l (de(t,x) + 76x) |2 ]
<30u 0% P u(t,x) |rto|[ ol m(t, x) + 2570, (1, x) + r8x|g2p; ]
(by (A.2) and the evident relation
1108 — el hlay < 1hlv2r, ()
<3( 02y + ) " Pw(dw + «),
(by (31), (A.8) and (A9); notethat 0 < r < 1)

as required in (A.14). Lemma A.2 is proved. [

(3) Let us fix r € [0,1] and set
u=U(t,x), ut =UX(r)) = Ut +rét, x + de (2, x) + réx),
st =s(r), tt =t+4rét, xt=x4d, (1, x) + réx.
From (A.12), (A.13) and (A.14) it follows that
[ — u|zn, |57 —s|Fr € £ =20 + 3max{(1 +3w) (k + w),
K+tow+wdw+x)}<09 (A19)

(the concluding relation follows from @ < 0.05, « < 0.2). In view of P.1 as applied
o s.s.-c. functions F and F,, we conclude that u* € DomF, and, consequently,
(t+rbt,x +d,(t,x) + rdx) € T, st € DomF., and, besides this,

Fuh) < Fu) +s'[ut —ul + p(),
FulsT) S Fu(s) + s —s1Tu+p(L), p(&)=~In(1~-¢) —¢
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(we have taken into account that s = F'(u), whence also u = F.(s)).
Since s = F'(u), we have
Fu™) + F(sT)Y S F () + Fu(s) + s [ut —ul + [sT = s1Tu+2p({)
=sTu+sTut —ul + [st—s]Tu+2p(¢)
= [sT)Tut +2p(8) — [T — 51T [u" — u]. (A.20)
Now, ut = ot + t5[éxt + pl + mx* + g and, as we know, [1§ &+ 7] st =0, whence
[s*1Tu" = ("] ot} +15p + 4l
and in view of (A.20) we come to

V(r) =F (M) + Fu(s) = 51T la (1) + 15 p + 9]
= Fut) + Fo(sT) — [s]1Tut
<2p(¢) — [sT — 51T [u* —ul.
Thus, to prove that r passes the Acceptability test it suffices to demonstrate that the
right-hand side of the latter inequality is < &. This is immediate:
Zp({) - [S+ - S]T[u+ - ”] < 2P(§) + |S+ - SI_’F:'|M+ — ul}-u

(since F = [F"]~"), and the concluding quantity, in view of (A.19), is < 2p({) +
7<6.02< 4k 0O

Proof of Theorem 10. If (7,y) € T*, and v+ > 7 differs from 7 only in the zero
coordinate, then, as we know, D, C D,., and B(y) is a recessive direction for H; in
view of P3 we have B(y)T®%(19B(y) — A(y)) < 0, whence (8/d70) F-(y) < 0 and
F. (y) < F.(y). Since the latter inequality holds for all y € D, C D.., we conclude
that f*(77) < f(7), so that f*(7) is nonincreasing in 9.

Now let (t,x) satisfy P,, let x* = x*(t) = argmin F,(-) and let dt be the direction
defined by df; = 0 and dry given by (32) as applied to the pair (t,x*):

g 1
dig = —wy | —————p" (£, x7).
0 ﬂ%,*l‘ﬂyﬂ](lu

Let
ST = (s1(Dssp(D); se(Dssg(D), 01,

be the vectors associated with the pair (f, x*), the direction dr and stepsize I by our
Acceptability test. From Theorem 9 it follows that £+ /dt € T and that s* (/) is dual
feasible with respect to #o + [ dtp. In view of Lemma 6 we have (note that df, = 0)

fra+1dn) 2 [sTD 1 on + (1o + L) p + g = FulsH (D). (A2D)

As in the proof of Theorem 9 we have (we use the same short notation as in the
indicated proof, but x, « are now replaced by x*,0; below s = F'(U(t,x*)))
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Fe(sT(D)) S Ful8) + [sH (D) = sTTU(, x*) + p(|sT (1) = sl52)
= —F(x*) + 57U, x*) + [sT() — s1TU(t,x*) + p(|s™ (1) — s|£)
< —F(x*) + [s" (D1 (ot + to(£x* + p) + 7x* + g]
+ p(Slw + 12120?)
(by (A.12) and (A.14) as applied with k=0, r = 1, &t = [dt,
which allows replacing w by lw)
= —F(x*) + [s*(D1T[oh + (1o + 1dtg) (£x* + p) + mx* + ¢]
—ldto[sT(D1T(€x* + p) + p(6lw)
(since S5lw + 127202 C6lodueto 0</<1and 0 < w <£0.05)
= —F(x*) + [s"(D1"[ot) + (to + 1dto) p + q]
—~1dto[sT(D 1T (£x* + p) + p(blw).
(since sT (1) is dual feasible w.rt. tp + Idtg).

Combining this inequality, (A.21) and taking into account that F,(x*) = f*(¢), we
come to

F e +1d0) > f*(1) — p(6lw) + Ldro[s* (D17 (€x* + p)
= f*(t) — p(6lw) + Idrgsf (1) B(x*). (A22)
Furthermore, from relations defining s™(I) (see (15), (17)-(22)) it follows that
su(D) = 2@y + (As(D) (A.23)

and, as we know from (A.12) (applied to r = 1, ¥k = 0, 6t = Idt, which allows to
replace w by lw),

[(As(D) li aporn— < |As(D] 71 < Slw. (A24)
Combining (A.22) and (A.23), we come o
Fr(e+1de) — (1) = —p(6lw) + 1dte2y BT (x*) P,
— Udto[(As(D)) ] yagyy -1 |B(x™) | gy
> —p(6lw) + I|dto| [ 2y u(t, x*) — Sl u(t, x*)]
(origin of w(t,x*), (A.24) and (A.2))
= —p(6lw) + I|dro| (2, ") 2y (1 — Slw)

3
= —p(6lw) + ledtolu(t, x*) 2y

_ 3. [ Outx
= —p(6lw) + Jlw O+ Ox (by (32)).
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Thus, we have

Op g

3
* Idt) — f*(t) 2 Sloy—2%
fr(e+1de)y — f* (1) 4l o+ O

Since p(u) = —In(1 —u) —u and w < 1/20, for 0 < I < 1 we have
2
p(6lw) < §(ezw)z =24 w?,
and (A.25) implies that

l 250
*(+1de) — (1) 2 ~-lwy | —————, 0<1<
fre+1dey — f* () 4")‘/0H+0K

Since (1, x) satisfies P,, we have (see (36))

Bl

|x* = x|92p, ) < 0.27;
consequently,

Ix* = X|veren) < 2720, Fr(y) = Px(mxy +px).
whence, in view of the origin of Fx and P,

1/24

B(x+ 207 [x* —x]) €K,

and, consequently,

VO — HB(x) = B(x*) - vB(x) € K.

D

—p(6lw), O0LIL I

(A.25)

(A.26)

(A27)

(A.28)

(A.29)

Since [~} (toB(x*) — A(x* )17 is nonnegative for all recessive directions # of H
(see P.3) and, in particular, for all directions from the cone K, we conclude from (A.29)

that

p(t,x*) = =BT (x*) @), (10B(x*) — A(x*))
—vBT (X)), (1,B(x*) — A(x¥)).

(A.30)

Now let u = toB(x) — A(x), u* = 1pB(x*) — A(x*) and d = u* — u; from (A.27) it

immediately follows that
ldlanq < 2576 < 027057,
whence, in view of P.1,
D (u+7d) < (0.73) 2P (u), 0<7<I,
so that
[P (") = By () | wggar) -+ < 2dloggy < 2257,

Consequently,
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|BT (x) (P (0) — O (™)) | < |B(x) o100 [P () — B () |10y -
<2u(t,x) 02,0
(we have used (A.2)), so that
—BT(x)®y(u*) > u(t, x)(1 — 2.();'/20) 2 046u(t,x).
From the latter inequality and (A.30) we conclude that
pu(t, x*) 2 0.46vu(t, x) = 0.3u(t, x).

It follows that |drp| < |4Atg|, so that r+!df > ¢+ whenever 0 <! < 1/4; thus, (A.26),
in view of already proved monotonicity of f*, implies the desired relation

w .QH.QK

— . 0
16V 2y + 2x

1
U = f@) 2 i+ 740 - () 2
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