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Abstract We propose necessary and sufficient conditions for a sensing matrix to
be “s-semigood” — to allow for exact ¢-recovery of sparse signals with at most s
nonzero entries under sign restrictions on part of the entries. We express error bounds
for imperfect £1-recovery in terms of the characteristics underlying these conditions.
These characteristics, although difficult to evaluate, lead to verifiable sufficient con-
ditions for exact sparse £1-recovery and thus efficiently computable upper bounds on
those s for which a given sensing matrix is s-semigood. We examine the properties
of proposed verifiable sufficient conditions, describe their limits of performance and
provide numerical examples comparing them with other verifiable conditions from
the literature.
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1 Introduction

Assessing a sparse signal from an observation has been one of the main research areas
in Compressed Sensing and sparse signal recovery. In practice, a priori information
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about the signal to be recovered often exists and will be beneficial if taken into account
in the recovery procedure. In this paper, we suppose that the a priori information about
a sparse signal w € R" amounts to the sign restrictions, and is given as the subsets
Pyand P_of {1,...,n}, P N P_ =, such that w; > 0 fori € Py and w; < O for
i € P_. Therefore we address the following recovery problem: given an observation
y € R",

y=Aw +e, (1)

where A € R”*" (in this context m < n) is a given matrix, e € R™ is the observation
error, assess a sparse signal w € R" satisfying sign restrictions.

A celebrated solution to the problem is given by the £;-recovery, which amounts
to taking, as an estimate of w, an optimal solution @ to the optimization problem

W € Argmin, {|lx]: |Ax —y| <& x; >0Vie Py, x; <0Vie P_} (2)

(here ¢ is an a priori bound on the norm ||e|| of the observation error, || - || being some
norm on R”). When there are no sign restrictions (i.e. Py = P_ ={)), we arrive at
the estimator playing the central role in the Compressive Sensing theory. The central
result here is that when signal w is s-sparse (i.e., with at most s nonzero entries) and
the matrix A possesses a certain well-defined (although difficult to verify) property,
then the £;-recovery w is close to w, provided the error bound ¢ is small (for a compre-
hensive survey see [4] and references therein). Our goal here is to propose efficiently
verifiable sufficient conditions on A which allow for similar “consistency” results,
with emphasis on the case where sign restrictions are present.

To outline our results and to position them with respect to what is already known,
let us start with noiseless recovery (i.e., ¢ =0 and y = Aw). Here we are interested to
answer the question:

Whether A is such that whenever the true signal w in (1) is s-sparse and satisfies
the sign constraints w; > 0,i € Py, w; <0,i € P_, the £1-recovery

w € Argmin, {||x|l; : Ax=y, x; >0Vie Py, x; <0Vie P} (3)

recovers w exactly.

If the answer is positive, we say that A is s-semigood.

The theory of Compressive Sensing provides several sufficient/necessary and suf-
ficient conditions for the £;-recovery to be exact. For example, when no sign con-
straints are imposed on w, Donoho and Huo [9] prove that A is s-good if for any set
I C {1,...,n} of cardinality < s it holds

Z|Zi| < ZIZ,-I for any z € KerA. (4)

iel igl

! We use the term “s-semigoodness” to comply with the terminology of the companion paper [14], where
we used the name s-goodness to indicate that £1-recovery as in (3) without the sign restrictions is exact.
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Verifiable conditions of £-recovery for sparse signals with sign restrictions 91

This condition has been extensively investigated. Its necessity has been established
in [8]; it has been discussed in [17,19] (under the name of strict s-balancedness),
where its link to the geometric necessary and sufficient condition of s-goodness from
[11] has been discussed. In [6], this condition has was also related to the sufficient
condition (“Null Space Property”) for successful combinatorial recovery.

The first characterization of s-semigoodness for the case when w is nonnegative
(i.e. P+ = {1,...,n}) was proposed in the founding paper of Donoho and Tanner
[10] in terms of neighboring properties of the polytope A S, S being the standard sim-
plex S={x € R" : x > 0, >, x; < 1}. This paper contains also several important
examples of m x n matrices which are | 5 |-semigood (here |a] stands for the integer
part of a) and demonstrates that various types of randomly generated matrices possess
this property with overwhelming probability. Extending the results from Donoho and
Huo [9], an equivalent characterization of s-semigoodness has been provided in the
nonnegative case by Zhang in [18,19], where it is shown that A is s-semigood if and
only if the kernel of A, KerA, is strictly half s-balanced, meaning that for any set
I C {1,...,n} of cardinality < s it holds

Zzi < Z |zi| forany z € KerA suchthatz; <0, foralli & I. %)
iel igl

It should be mentioned that the necessary and sufficient conditions for s-semigood-
ness from (4), (5) and [10,11] share a common drawback—they seemingly cannot be
verified in a computationally efficient way. To the best of our knowledge, the only effi-
ciently verifiable conditions for s-semigoodness offered by the existing Compressive
Sensing theory are the sufficient conditions based on the mutual incoherence

j(A) = max 147 4)1 6)
i#i AT A;

where A; are columns of A (assumed to be nonzero). Clearly, the mutual incoher-
ence can be easily computed even for large matrices. Unfortunately, it turns out that
that the estimates of “level of (semi)goodness™ of a sensing matrix based on mutual
incoherence usually are too conservative, in particular, they are provably dominated
by the verifiable Linear Programming (LP) based sufficient conditions for s-goodness
proposed in the companion paper [14] and based on characterization of s-goodness
given in (4). Another verifiable sufficient condition for s-goodness, which uses the
Semidefinite Programming (SDP) relaxation, has been recently proposed in [7].

The contributions of this paper, which follow the approach developed in [14], are
as follows.

1. Taking existing characterizations of (semi)goodness (4), (5) as a starting point,
we develop in Sect. 2, several equivalent necessary and sufficient conditions for
s-semigoodness of a matrix A in the case of general-type sign restrictions. Then
in Sect. 3, we establish error bounds for inexact £i-recovery (noisy observa-
tion (1), imprecise optimization in (2), nearly-sparse true signals); these bounds
are expressed in the same terms as the necessary and sufficient conditions for
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s-semigoodness from Sect. 2. These bounds can be seen as an extension to the
sign restricted case of bounds of Section 3 in [14] and as a special case of the
bounds provided in Theorem 4.1 of [19]. To the best of our knowledge, these
bounds that incorporate sign information of the signal are new.

2. The major goal of this paper is to use the LP relaxation techniques from [14] to
derive novel efficiently verifiable sufficient conditions for s-semigoodness. These
conditions allow one to build, in a computationally efficient fashion, lower bounds
on the “level of s-semigoodness” of a given matrix A, that is, on the largest
s = 5, (A) for which A is s-semigood with respect to given P1. Some properties
of these verifiable conditions, same as limits of their performance, are studied
in Sects. 4, and 5, where we provide also a computationally efficient scheme for
upper bounding of s, (A). In Sect. 6, we develop another efficiently computable
lower bound for s.(A) by applying the SDP relaxation, similar to the approach
developed in [7] for the “unsigned” case P+ = ¢J. In Sect. 7 we report on numerical
experiments aimed at comparing the “power” of our LP-based sufficient condi-
tions for s-semigoodness, their “unsigned” prototypes from [14], and conditions
based on mutual incoherence. We show that incorporating the sign information
can improve the bounds on the level of s-semigoodness, and that the bounds based
on LP relaxations clearly outperform the bounds based on mutual incoherence.

3. It turns out that our verifiable sufficient conditions for s-semigoodness can be
expressed in terms of specific properties of the linear recovery w'™ = Y7y asso-
ciated with an appropriate m x n matrix Y. In Sect. 8, we propose and justify a new
non-Euclidean Matching Pursuit algorithm associated with this linear recovery.

2 Necessary and sufficient conditions for s-semigoodness

Let A be an m x n matrix, let s, 1 < s < m, be an integer, and let P., P_ and
P, be a partition of {1, ..., n} into three non-overlapping subsets. We say that A is
s-semigood, if for every vector w with at most s nonzero entries satisfying w; > 0 for
i€ Pr,andw; <O0fori € P_, w is the unique optimal solution to the problem

Opt =min{||z||; : Az=Aw, z; >0Vi € P4, z; <0Vi € P_}. (7)
Z

Our primary goals are to find necessary and sufficient and verifiable sufficient
conditions for A to be s-semigood.

Note that without loss of generality we may assume P_ = (. Indeed, by replacing
the partition P,, P_, P, with the partiton P, = P, UP_,P_ = @, P, = P,
and matrix A — with the matrix A obtained from A by multiplying the columns with
indices i € P_ by —1, s-semigoodness of A with respect to the original sign restric-
tions given by Py, P, is equivalent to the s-semigoodness of the new matrix A with
respect to the new sign restrictions. By this reason, we assume from now on that
P_ = (. Besides this, we assume without loss of generality that Py = {1, ..., p} and
P, ={p+1,...,n}forsome p. From now on, we denote by P,, the set of all signals
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Verifiable conditions of £-recovery for sparse signals with sign restrictions 93

satisfying the sign restrictions:
Pp={weR":w; >0VieP}
Note that since P— = @, (7) simplifies to

Opt =min{||z]1 : Az = Aw, z; > 0Vi € Py}. (®)
Z

Let us fix anorm || - || on R”, and let || - || be the conjugate norm.

Proposition 1 Letm, n, s and Py be given. The following six conditions on anm X n
matrix A are equivalent to each other:

(i) A iss-semigood;
(i) Forevery subset J of {1, ..., n}withCard(J) < s, and any x € KerA\{0} such
that x; <0 foralli € P, \ J one has

D ot Dl <Dl

ieJNPy ieJNP, iglJ

(iii) Thereexists& € (0, 1) suchthat for every subset J of {1, ..., n}withCard(J) <
s and any x € KerA such that x; <0 foralli € P, \ J one has

D oxit DL Il <ED Inl.

ieJNPy ieJNP, i¢]
(iv) There exist ¢ € (0,1) and 60 € [1,00) such that A satisfies the condition
SG; (&, 0) as follows:

for every x € KerA and every subset J of {1, ..., n} with Card(J) < s, one
has

Z Xit Z il <& Z i [+ Z ¥ (x;) |, ¥ () =max[—t, 0],

ieJNPy ieJnP, ieP,\J ieP\J

or, equivalently: for all x € KerA, O (x) < §W(x) where

OC) = max | > max[(1 —&)xi, (1465)x]1+ D (1+8€)|x]

Jc{l,...n}, | . .
Cz{\rd(J)sns} ieJNPy ieJNP,
W(x) = Y max[—x;, 0x;]+ Y |xi ©)
iePy i€Py

(v) There exist & € (0,1),0 € [1,00) and B € [0, 00) such that A satisfies the
condition SGy (&, 0) as follows:
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for every x € R" and every subset J of {1, ..., n} with Card(J) < s, one has

Do+ > Ikl =BlAxI+EL D kl+ D v |,

ieJNPy ieJNP, ieP,\J ieP\J
Y (t) = max[—t, 6t].

(vi) There exist & € (0,1) and B € [0, 00) such that A satisfies the condition
SG; 4(€) as follows:
forevery J C {1,...,n}with Card(J) < s and any x € R" such that x; < 0
foralli € Py \ J, one has

S oxi+ D Inl < BlAx|+E D] Ixil.

ieJNP, ieJNP, id]

We provide the proof of Proposition 1 in “Appendix A”.

As we have already mentioned in Introduction, when P, = ) or P4 = {J, the char-
acterizations (i)—(iv) of s-semigoodness are not completely new. For instance, when
P, = ¥, anecessary and sufficient condition for s-semigoodness of A in the form (ii)
has been established in [18] (compare (ii) to the definition (5) of half s-balancedness
of KerA). On the other hand, the equivalent formulation of this characterization in
terms of conditions SGy g(§, 0) and SGy 5(£) seems to be new. We are about to dem-
onstrate that the latter two conditions allow to control the error of £1-recovery in the
case when the vector w € R” is not s-sparse and the problem (8) is not solved to exact
optimality.

3 Error bounds for imperfect £1-recovery

We have seen that the conditions provided in Proposition 1 are responsible for
s-semigoodness of a sensing matrix A, that is, for the exactness of £|-recovery in
the “ideal case” when the true signal w is s-sparse, there is no observation error, and
the optimization problem (8) is solved to exact optimality. Below we demonstrate
that these conditions control also the error of £1-recovery in the case when the signal
w € P, is not exactly s-sparse, there is observation noise and problem (8) is not
solved to exact optimality. The corresponding error bound (cf [14, Proposition 3.1,
Theorem 3.1]) is as follows:

Proposition 2 Let w € P, be such that |w — w®||; < wu, where w® is the vector
obtained from w by replacing all but the s largest in magnitude entries in w with
zeros, let y be such that || Aw — y|| < e, and let, finally, x be an approximate solution
to the optimization problem

Opt = min (2]} : Az = yll < & 2 = 0Vi € P}, (10)
such that || x||; < Opt+ v and ||Ax — y| <.
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1. If A satisfies the condition SGy g(§,0) with some & € (0, 1), B €[0, 00) and
6 €1, 00), then

1+&  2(1+&60) 28
le—w||1§1_§v+ ¢ IL+1_$(8+5). (11)

2. If A satisfies the condition SGy g(§) with some & € (0, 1), B €[0, 00), then

1+&  2(1+ Ba) 2p
— < 3). 12
llx wlll_l_Eer —¢ M+1—g(8+) (12)
where a stands for the maximum of || - ||-norms of the columns in A.

For proof, see “Appendix B”.

4 Verifiable conditions for s-semigoodness

We are about to demonstrate that condition SGy g (&, ) from Proposition 1 leads to
efficiently computable lower and upper bounds on the level of s-semigoodness.

4.1 Verifiable sufficient conditions for s-semigoodness by Linear Programming

Let
Us={ueR": Jully <s. ullos <1},

so that U/ is the convex hull of all {—1, 0, 1} vectors with at most s nonzero entries,
and for x € R”, let ||x||5,1 be the sum of the s largest magnitudes of entries in x, or,
equivalently,

[Ix]ls,1 = max ul x.
uelds

&)

Let

[1+ 6&]max[x;, 0], i€ Py

(DglxD: = [<1+s>|xi|, i ¢ Py

@(x) = [ Dolx]lls1-

Suppose £ €[0, 1),0 € [1,00) and p, o € [0, 0o) are given. Consider the following
condition on an m X n matrix A:

VSG;(&,0, p,0): There exist m X n matrix Y =[y1, ..., yo] and a vector v €
R™ such that
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@, (=CilY, A) + (ATv); <€,1<i <n (a)
O (CilY, Al) — (ATv); <&i g Py (D)

@ (CilY, A]) — (ATv); <0&,i€ Py (o) 13)
Iyills <0, 1 <i <n(d)
vl < o (e)

where C;[Y, A] is the i-th column of the matrix [ — YTA.

Observe that this condition is verifiable, since (13) is a system of explicit convex
constraints on Y and v.

Proposition 3 Let A satisfy VSG; (&, 0, p, o) with some & € [0, 1), 60 € [1, 00), and
p,0 € [0, 00). Then A satisfies SGy g (&, 0) with

0 < k+ < Card(P.,.)
B = ptomax § kp(14+08)+ky(1+8) : 0<k, < Card(Py) }<p+os(1+08).
ook ki +kn<s
(14)

In particular, A is s-semigood.

For proof, see “Appendix C”.

Some comments are in order.

Origin of the condition VSGg(&,0, p, o). The condition VSG;(&,0, p, o) is
yielded by a simple and general construction, and we believe it makes sense to pres-
ent this construction in its general form. The essence of the matter is in building a
verifiable sufficient condition for the validity of (9), see Proposition 1.iv. By positive
homogeneity of degree 1 of the convex functions ®, W participating in (9), the latter
condition is equivalent to

Opt := m;lx{@)(x) tAx=0,x e X} <&, X={x:¥(kx) <1} (15)

A verifiable sufficient condition for (15) is basically the same as an efficiently com-
putable upper bound for Opt; the sufficient condition for the validity of (15) associated
with such a bound merely states that the bound is < &. Now observe that from the
origin of W (see (9)) it is clear that X has a moderate number, N, of readily available
extreme points xt oo xN (in the case of (9), N = 2n), so that the only difficulty
in computing Opt exactly comes from linear constraints Ax = 0. The standard way
to circumvent this difficulty and to efficiently bound Opt from above is to use the
Lagrange relaxation: for any v € R™,

Opt = max {@(x) +oTAx:Ax=0,x € X}
xeX

< max {@(x) +vlAx:x € X} = max [@(xi) + vTAxi],
X

1<i<N

and hence the efficiently computable Lagrange relaxation bound inf, maxi<j<n
[®(x) 4+ vT Ax'] is an upper bound on Opt. Unfortunately, in our situation this bound
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can be very poor; e.g., when X is symmetric with respect to the origin and ® is even
(as it happens in (9) when Py = ), it is immediately seen that the bound becomes
the trivial bound Opt < max,cx ®(x) = max; ©(x"). In order to strengthen the

relaxation, we pass to the Fenchel-type representation of ®

O(x) = sup[[Pu + 1" x — O, ()]

with a proper convex function ®,; such a representation, even with Pu 4+ p = u,
exists whenever O is a proper convex function (and can be easily found for ® we are
interested in). We now have for any ¥ € R™*" v € R™,

Opt = max {O(x) : Ax = 0, x € X} =sup {[Pu 4+ p) T x—O,u) : Ax =0, x € X}
x X, u
= sup [[Pu +p]T[x — YTAx] + vl Ax — O,(m): Ax =0,x € X}
X, U
< sup {[Pu —|—p]T[x — YTAx] + vl Ax — O,(u) :x € X}
xX,u

= max sup {[Pu + p]T[xi —yTAx 1+ 0T Ax' — ®*(u)},

1<i<N 4

=0;(Y,v)
so that the condition
Y eR™" veR™) :0;(Y,v) <& 1<i <N, (16)

is sufficient for the validity of (15). Note that the functions ®;, by their origin, are
convex, so that the condition (16) is efficiently verifiable, provided that ®;(-) are
efficiently computable.

In the case we are interested in, the extreme points of X are the 2n vectors —e; for
1<i<n,e fori € P,,and O_Iei fori € P4, where ¢; is the i-th basic orth. Imple-
menting the outlined bounding scheme and adding additional restrictions (13.d,e) to
get a control over B, we arrive at (13). It should be stressed that the outlined scheme
can be applied to bounding from above the optimal value of a whatever problem of the
form (15) with a convex polytope X and a proper convex objective ®; all what matters
is that X is given as Conv{x!, ..., xV} and @ is efficiently computable. Note also that
when X is a polytope given by list of M linear inequalities, we can efficiently represent
it as the intersection of M-dimensional standard simplex and an affine plane, so that
the outlined scheme is applicable to a whatever problem of maximizing an efficiently
computable proper convex function under a (finite) system of linear inequality and
equality constraints.

Effect of increasing B, 0,&. The condition SGy g(§, 0) appearing in Proposition
1.v clearly is “monotone” in the parameters B, 6, £&: whenever A satisfies this condi-
tionand B’ > B,6' > 0 and &’ > &, A satisfies the condition SGy g/ (£, 6") as well.
Proposition 3 offers a verifiable sufficient condition for the validity of SGy (&, 6),
specifically,
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VSG;“’ﬁ(é, 0) : 3Y, vp, o satisfying (13) and the relation p + os(1 4+ 0§) < B.

A natural question is, whether this verifiable condition possesses the same monoto-
nicity properties as the “target” condition SGy g (&, 6). In the case of the affirmative
answer, in order to conclude that A is s-semigood, we could check the validity of
VSG} ;. (&, 0) for appropriately large values of 8, 6 and a close to one value of § < I;
if the condition is satisfied, A is s-semigood, and error bounds from Proposition 2 take
place. Were the condition VSG; 8 (&€, 0) “not monotone,” to justify the s-semigoodness
of A via this condition would require a problematic and time-consuming search in the
space of parameters 3, 6, £. Fortunately, the condition VSG; 8 (&, 0) indeed is mono-
tone:

Proposition 4 Let A satisfy VSG* (E 0), and let Y, v, o, p be the corresponding
certificate, that is, p + os(1 + 95) < B and Y, v, o, p satisfy (13). Then A satis-
fies VSG ! (&',0") whenever B’ > B,0" > 0 and &' € (&, 1), the certificate being

(Y', v, 0, p), where the columns Y/ of Y are multiplies of the columns Y; of Y, namely,

Y = a;Yi; [0,1]>

1

_|a+g0)/a+806), iePy
Sl a+8/a+8D, i€P,

For proof, see Online Supplement F.1 in [15].

Relation to the sufficient condition for s-goodness from [14] and the Restricted
Isometry Property. The verifiable sufficient condition for s-goodness from [14]
requires from an m x n matrix A the existence of y < 1/2and Y = [y1,..., yn] €
R™*" such that

ICilY, Allls,1 <y, foralll <i <n,

Setting) = 1 and§ = 1~ (sothaté < landy = ; +§) and taking into account that
in the case of 6 = 1 we have D;(z) < (14 &)lzlls.1, the latter condition implies that

Py (£CilY, A) = (1 + 8§y =§, Vi,

that is, it implies the validity of VSGy (&, 1, 0, o), provided that o is large enough,
specifically, o > | y; ||« for all i.

As it was shown in the companion paper [14], when A satisfies the Restricted
Isometry Property RIP(8, k) with parameters § € (0, 1), k > 1, the above sufficient
condition for s-goodness is satisfied with y = 1/3 for s as large as O(1)(1 — Vk:
as a result, a RIP(§, k)-matrix satisfies VSGS(%, 1,0, o) provided that o is large
enoughands < O(1)(1 — S)ﬁ. Since for large m, n, m < n, typical random matri-
ces possess, with overwhelming probability, property RIP(%, k) with k as large as
O(1)m/In(n/m), we see that our verifiable sufficient condition for s-semigoodness
can certify the latter property for s as large as O (1)«/m/ In(n/m), provided that the
matrix in question is “good enough”.
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4.2 Upper bounding the level of s-semigoodness

Here we address the issue of bounding from above the maximal s = s, (A) for which
A is s-semigood. The construction to follow is motivated by item (iv) of Proposition
1. A necessary and sufficient condition for the s-semigoodness of A is the existence of
& < land @ > 1 such that for all x € KerA and any set I of indices with Card(l) < s

> max[(1 —&)x;, 1+ 06)x1+ D (1+E)|x| < EW(x)

ielnP, ielnp,

where

Wx) = D> max[—x;.0x]+ > |xl. (17)

iePy ieP,

or, equivalently,
(!) for every x € KerA and every vector v with at most s nonzero entries and
nonzero entries v; belonging to [1 — &, 1 4+ £§0] if i € P, and belonging to
[-1—&,1+€&]ifi € P,, one has
vl x < EW(x).

Observe that the convex hull of the vectors v in question is exactly the set

UED — veER":0<v; <14+0& i€Py, |vi|<1+E&,i€P,
ZieP_,_]Jlr)_ieg_’_ZiePn% =5 ’

Recalling that P, = {1, ..., p}, setting g = n — p = Card(P,) and

U={ueR": |luly <s, lullos <1, u; > 0fori € Py} (18)
we see that
1+£0)1,] 0
Uus? = c5%u, where CHY = [( 4 . 19
0 [A+8)1, (19)

The condition (!) now reads

max vl x < EW(x) forallx € KerA.
veldt-?

Setting X = {x € KerA : W(x) < 1} the latter condition, by homogeneity reason, is
the same as

Opt = Opt(&, 0) := max {vTx T vE L{E’e, X € X} <¢, (20)
v,X
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recall that A is s-semigood if and only if there exist @ > 1 and & < 1 such that (20)
takes place.

We can use (20) in order to bound s, (A) from above, as follows. In order to certify
that s, (A) < s for a given s (s is the input to our algorithm), we fix a large € and a
close to one £ < 1 (these are the parameters of the algorithm) and run the iterations

up € Ut X] € Argmaxxexugx = uj € Argmaxueug,auTxl ...

initiating them by a picked at random vertex ug of 25-?. Note that the quantities
ul.Tx,-, i =1,2,... clearly form a nondecreasing sequence of lower bounds on Opt.
We terminate the outlined iterations when the progress in the bounds — the difference
uiTxi — uiT_ 1Xi—1 — falls below a given small threshold, and we run this process a
predetermined number of times from different randomly chosen starting points. As a
result, we get a set of lower bounds on Opt of the form u” x, where u is a vertex of 5+?
and x € X. If our goal were merely to certify that (23) is not valid for given s, 6, &,
we could terminate this process at the first step, if any, when the current lower bound
u” x becomes > & (cf. [14, Sect. 4.1]). We, however, want to certify thats > s, (A), or,
which is the same by Proposition 1.iv, that (23) fails to be true forall 8 and all § < 1,
and not only for those 6, & we have selected for our test. To overcome this difficulty,
we accompany every step u > x € Argmax,.yu’ x by an additional computation
as follows. In our process, u is an extreme point of U9 that is, a point with s, <'s
nonzero entries, let the set of indices of these entries be I. Setting €; = sign(u;), we
solve the following LP problem

X <0, i€ P\

In)?lX Z X; + Z €xi: 4 Ax =0

iclnP, ielnp, Digr lxil =1

If the optimal value in this problem is > 1, we terminate our test and claim that A is
not s-good; by Proposition 1.ii, this indeed is the case.

As applied to a given input s, the outlined test either terminates with a valid claim
“s > s4(A)”, or terminates with no conclusion at all, in which case we could pass to
testing a larger value of s.

5 Limits of performance of LP-based sufficient conditions for s-semigoodness
Unfortunately, the condition in question, same as its predecessor from [14], cannof cer-

tify s-semigoodness of an m x n matrix in the case of s > O(1)+/m, unless the matrix
is “nearly square”. The precise statement is as follows (cf. [14, Proposition 4.2]):

Proposition 5 Let
n>22v2m + 1) Q21
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andleté < 1,0 > 1,0 >0, p >0, an integer s and an m x n matrix A be such that
A satisfies VSG4(&,0, p,0). Then

s < 2/2m + 1. (22)

For proof, see “Appendix D”.

The results from Proposition 5 show that our verifiable sufficient conditions can
only certify s-semigoodness of an m x n matrix at a suboptimal rate of s < O (1)+/m,
unless the matrix is “nearly square”. In fact this verifiable bound can still give a very
poor impression on the true largest s = s4(A) for which A is s-semigood. An instruc-
tive example in this direction is as follows. Consider the case of Py = {1, ..., n},
let m = 2d 4 1 be odd, and let the rows of A be comprised of the values of basic
trigonometric polynomials

po(@) =1, pai_1(¢) =cos(ig), p2i(¢) =sin(i¢), 1 <i <d,

taken along the regular grid ¢; = 27j/n,0 < j < n, so that A;; = p;(¢;),0 <
i <m,0 < j < n(weenumerate rows and columns starting with O rather than with
1). It is well known [5,10] that in this case A is s-semigood for s = d. In contrast to
this, when A is not “nearly square”, specifically, when n > 4md, A can satisfy the
condition VSG; (&, 6, p, o) only for s < 2, no matter how large 6, o, p are and how
close to 1 & < 1 is, see Online Supplement F.2 in [15].

6 Verifiable sufficient conditions for s-semigoodness by semidefinite relaxation

Following d’ Aspremont and El Ghaoui [7], we are about to derive another verifiable
sufficient condition for s-semigoodness, now - via semidefinite relaxation. The con-
struction to follow is motivated by the development in the beginning of Sect. 4.2,
according to which s-semigoodness of A is implied by the validity of (20) for 6 > 1

and & < 1.
Let, as before,

X={xeKerA: U(x) <1} and U7 ={C5%u: uecld),

where W, I/ and C%Y are defined in, respectively, (17), (18) and (19). The condition
(20) is equivalent to

max {(C‘S’eu)Tx cu€el, xe X} <é&. (23)

Observe that for x € X, u € U the matrices Z = xx!, V = xu” and 0= uu®
satisfy the relations
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It eR", ReS™ AcS™:
1 xT uT
(@) G=|x|Z|V | =0

ulvT| o

Rll R12 .
Q=[1"|_I"]|:R12 R11:|L g

=L ————

(b) =R
0<Rj<3 R>0 RZ?=[R?T, Tr(R) <s,
in;R,-j < s?, R}J? =0Vi,je Py
—1,] 0 |}1,]0 r
(c) z:[ p g P AFT, 0<A;;, A>0, A < 1,
0 |-1,] 0 [1 Y Z/) N (24)
=F
(dl) _tlf‘/ljf%aVlaJGP+
[Vijl <t;, otherwise;

(d2) Z max[—V;;, 0V;;] + Z |Vijl < st;,Vi € Py;
JEPL jEPy
(d3) D |Vijl < sti, Vi € Py

J
(dg) D6 <1
(e) AZAT =0
(f)y xeX, uel.

Besides this,
u” (C5HTx = Tr(C50V).

Indeed, the latter relation, same as (24.a), (24.e) and (24.f), is evident. To verify
(24.D), let uy = max(u, 0], u— = max[—u, 0], where max is acting coordinate-wise.

Then
u+uT u+uT T u_ullu_ul T
0=1L T |L =L = | L
uyu_ Lt+14+

1

_1 %[quu_Tr + u_uZ]|%[u+uz + u_u_{] L7
Hucu + w1 Ml 4 ugul] ’

R

and the matrix R we have just defined clearly satisfies all requirements from (24.5). To
verify (24.c), observe that the extreme points of the set Y™ = {x : ¥(x) < 1} D X are
the vectors +e;,i > p,and —e;, B_Iei,i < p,sothatx = FAwithA € Ri”, Zi Ai <
1; setting A = AT, we satisfy (24.c).
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To satisfy (24.d), it suffices to set #; = |x;| for alli > p and #; = max[—x;, 0x;]
for i < p and to take into account that max[—V;;, 0V;;] > |V;;| for all 7, j due to
0 > 1,and thatu; > 0 fori € Py.

It follows that a sufficient condition for (23) is

Opté’e = max {Tr(cg’g V) : (24) is Satisﬁed} < E (25)
Z,0eS", R, AeS™,
V€R”X’1,IER’Z

The optimization problem in (25) clearly reduces to a semidefinite maximization pro-
gram S; by weak duality, the optimal value in the semidefinite dual D to S is > Opt&-f.
It follows that the efficiently verifiable condition

Opt(D) <&

is a sufficient condition for s-semigoodness of A. Note that the above construction
depends on 0 > 1 and & < 1 as parameters.

Remark Consider the case of P+ = ¥, where ¥ = {x e R" : ||x||; <1, Ax =0} D
Z ={x € R": ||x|l; < 1}. Inthis case, the standard semidefinite relaxation of the set
Cy = Conv{xx”:x € Z}is

c=1z: zzo,Z|zij|51
ij

(cf. [7]). Note that (24.c) uses another semidefinite relaxation of C,, namely,

A>=0,A;; >0Vi,j, EAi/'Sl
C'=1Z:3Ares™: Y
= N . 1]
Z = [I, =LA, —1,]"

It is immediately seen that C, C C’ C C; a surprising fact is that the second of these
inclusions is strict. Thus, the relaxation of C, given by C’ is less conservative than the
standard relaxation given by C. As observed by A. d’ Aspremont (private communica-
tion), the relaxation C’ can be further improved, namely, by replacing C’ with

AR e R™" A >0, Aj;>0Vi,j
AT A2 z Aii<1, A2=0,1<i<n
ct=1z:3A = e S . ij =1 A =i =
|:,\21 A 22 i
Z = [I,, =L)AL, —I,]"

Note that this idea can be used to improve the semidefinite relaxation given by C
as well. Specifically, the matrix R as built in the justification of (24) clearly satisfies
(R'%);; = 0,1 < i < n, and we can add these linear constraints on R to (24.b).
Similarly, when representing a vector x € X as FA with A € R%_”, > hi <1, see
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the justification of (24), we clearly can ensure that A;A,4+; = 0, 1 <i < n, thatis, the
matrix A we have built in fact satisfies A; ,4+; = Ay4i; = 0,1 <i < n, and we can
add these linear constraints on A to (24.c).

Proposition 6 If VSG, (£, 0, p, o) with p = o = oo holds, then Opt5-? < &.

For proof, see Online Supplement F.3 in [15].

Although Proposition 6 states that the verifiable sufficient conditions based on semi-
definite programming are at least as good as the ones based on linear programming,
i.e. VSG;(&, 0, p, 0), in terms of their computational cost, conditions based on linear
programming are far more advantageous.

7 Numerical results

In order to compare the performance of the proposed bounds on the maximal s = 54 (A)
for which a given matrix, A, is s-semigood, with the bounds known from the literature,
we present some preliminary numerical results for relatively small sensing matrices.
Our goal is to see if the sign information on a signal allows to improve the bounds for
s« (A) as compared to the bounds on the largest s = so(A) for which A is s-good.

We generate four sets of random matrices, which are normalizations (all columns
scaled to be of || - ||2-norm 1) of (a) Rademacher matrices (i.i.d. entries taking values
+1 with probabilities 0.5), (b) Gaussian matrices (iid N (0, 1) entries), (c) Fourier
matrices — m X n submatrices of the matrix of n x n Discrete Fourier Transform, and
(d) Hadamard matrices—m x n submatrices of the n x n Hadamard matrix?; in the
cases (c,d), the m rows comprising the submatrix were drawn at random from the n
rows of the “parent” matrix. For each type, we set the number of columns to n = 256
and vary the number of rows, m = 0.5n, ..., 0.95n.

We bound from below the value so(A) using the bound s[x] by mutual incoherence
and the bounds s[«1] and s[c], computed through the LP-based verifiable sufficient
conditions for s-goodness (see [14, Sect. 6]).

The lower bound on s,(A) is computed by invoking condition VSG, (€, 9, p, o),
where p = 0 = o0 and 6 is set to once for ever fixed “large enough” value, and &
is set to 0.9999, see Sect. 4.1 and Propositions 3, 4. Note that given a matrix Y, and
setting v = 0, one can compute the largest s satisfying (13) and thus ensuring the
validity of VSGy (&, 6, p, o). We first compute the best lower bound s on s, (A) given
by the Y -matrices generated when bounding so(A). Then we compute the “improved”
lower bound for s, (A) as follows: we check whether the condition VSG; (&, 6, p, o)
holds true for s = s + 1, if it is the case, check whether this condition holds true for
s = § + 2, and so on.

While the outlined lower bounds on s, (A) and so(A) are efficiently computable via
LP (when o = p = o0, the sufficient condition is easily checked by solving a Linear
Programming program), the sizes of the resulting LPs are rather large. For instance,
when A is m x n, the LP associated with (13) has a (2n2+2n+1) x ((m+2n)(n+1)+2)

2 The Hadamard matrix Hy,d = 0,1,2,..., has order 24« 24 and is given by the recurrence
Hy=1,Hyy1 = [Hy, Hy; Hg, —Hgl.
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constraint matrix (compared to (2n? 4+ n) x (n(m +n + 1) + 1) constraint matrices
arising when computing lower bounds for sg(A)). For instance, for m = 230 and
n = 256, bounding s, (A) results in an LP program of the size 131, 585 x 190, 696,
while computing a lower bound on s¢(A) requires solving an LP problem of size
131, 328 x 124, 673. In all the computations, we used the state-of-the-art commercial
LP solver mosekopt [1].

The upper bounds on s.(A) and on so(A) are computed by the techniques from
Sect. 4.2 and [14, Sect. 4.1].

The results of our experiments and related CPU times are presented in Table
1. The computations were carried out on a single core of an 8-core Intel Xeon
E5520@2.27 GHz CPU Linux workstation.

The results in Table 1 merit some comments. We observe that our LP-based effi-
ciently computable lower bounds on s9(A) and s, (A) clearly outperform the bounds
based on mutual incoherence. We notice that for Fourier and Hadamard matrices,
the lower bounds on s4(A) and so(A) are nearly always the same, except for two
Hadamard instances with m = 230 and m = 242. On the other hand, for Gaussian and
Rademacher matrices, as the number of rows m approaches the number of columns 7,
the difference between the best certified lower bounds on s, (A) and on sg(A) increases
(for the sizes we have considered, this difference attains 5 for the Gaussian matrix with
m = 242). While for Gaussian, Rademacher and Fourier matrices, the upper bounds
on 54 (A) become loose (they are twice or three times higher than the upper bounds
on sg(A)), these bounds become tighter in the case of Hadamard matrices. Further,
for some matrices the lower and the upper bound on s9(A) match (e.g., the Hadamard
matrix with m = 152), what allows to identify the exact value of s9o(A). Moreover,
we have observed samples of smaller random Hadamard matrices (with n = 128) for
which the lower bounds and upper bounds on both s, (A) and so(A) coincide, which
implies s, (A) = s9(A) in these cases.

8 Matching pursuit algorithm

The Matching Pursuit algorithm for signal recovery has been first introduced in [16]
and is motivated by the desire to provide a reduced complexity alternative to the
£1-recovery problem. Several implementations of Matching Pursuit has been pro-
posed in the Compressive Sensing literature (see, e.g., the review [2]). All of them
are based on successive Euclidean projections of the signal and the corresponding
performance results rely upon the bounds on mutual incoherence (£ (A) of the sensing
matrix. We are about to show that the LP-based verifiable sufficient conditions from
the previous section can be used to construct a specific version of the Matching Pursuit
algorithm which we refer to as Non-Euclidean Matching Pursuit (NEMP) algorithm.

Suppose that we have in our disposal 7, 7+ > 0 and a matrix ¥ = [y, ..., yal,
such that

(@) —t— <[I —YTAljj <7y, Vie Py, V),
(b) -t <[ —-YTAl; <1, VieP, V) (26)
© lyjll« <o, V).
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Table 1 Comparison of efficiently computable bounds on sx(A), n = 256

m Unsigned Nonnegative CPU time (s)

LBs on sg(A) UB LB UB Unsigned Nonnegative

slul - sler]  slos] 5 slog] s slag]  slas] s slas] s
Fourier matrices
128 3 5 5 12 5 47 0.8 1054.0  146.0 31144 1729
128 3 5 5 11 5 32 0.9 986.0 169.4 2891.5 3115
152 2 6 6 11 6 49 1.1 898.5 252.5 3680.2 179.6
152 3 6 6 11 6 53 1.3 899.3 161.7 3836.7 183.5
178 2 6 6 12 6 47 1.1 866.5 228.6 3976.0 294.0
178 3 7 7 16 7 42 0.7 484.8 3652 3216.8 4169
204 4 8 8 17 8 67 1.0 828.5 2354 3829.7  209.2
204 3 7 7 15 7 65 1.1 906.8  220.2 39144 1974
230 4 10 10 21 10 70 1.1 1879.9  300.5 4287.6  384.6
230 4 9 9 20 9 65 1.0 856.6  286.5 4040.2  362.0
242 5 11 11 26 11 89 1.7 1425.1  290.5 6444.1  513.0
242 4 10 10 19 10 75 1.2 1920.6  265.3 4069.1  232.8
Hadamard matrices
128 3 5 5 7 5 8 0.2 1148.1 77.8 3007.0 68.5
128 2 5 5 7 5 7 0.3 1297.1 73.4 2894.4 116.8
152 3 7 7 7 7 58 0.3 1224.4 479 3997.0 186.8
152 4 7 7 13 7 58 0.2 1205.8 245.0 3962.6 3104
178 4 9 9 15 9 70 0.2 1269.8 2389 4828.2 2120
178 4 9 9 15 9 19 0.3 1340.7  271.1 49233 3428
204 4 12 12 15 12 16 0.5 2908.1 131.2 6409.9 385.4
204 5 12 12 15 12 16 0.4 2996.7 148.9 5507.9  253.9
230 8 18 18 31 19 31 0.3 1860.1  250.8 9046.7  331.1
230 8 18 18 31 18 39 04 21002 282.8 4081.3  396.8
242 12 26 26 31 27 31 0.3 2015.1 92.7 7478.2  176.2
242 12 26 26 31 26 31 0.3 1976.7 116.8 3597.9 412.0
Rademacher matrices
128 1 5 5 14 5 53 27.8 1253.1  171.6 3388.7 1248
128 1 5 5 15 5 48 27.8 1361.5 191.1 3291.6 1234
152 2 6 6 18 7 65 38.4 1426.3  322.7 9592.1 136.3
152 1 6 6 19 7 66 38.3 1183.0 218.9 9146.3  139.0
178 2 7 8 25 9 78 442 2819.1 2589 8032.1 2258
178 2 7 8 24 9 78 41.8 2481.7  256.0 8306.3 168.2
204 2 10 11 32 12 92 51.1 14342 291.8 9738.5  209.3
204 2 10 11 30 12 90 50.8 1316.6  448.3 9146.8 3454
230 2 14 16 41 19 107 61.8 24229 302.7 152352 162.2
230 2 14 16 39 19 107 61.7 2466.2 624.0 155784 1619
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Table 1 countinued

m Unsigned Nonnegative CPU time (s)

LBs on sg(A) UB LB UB Unsigned Nonnegative

s[ul  slag]  sles] 5 slag] § slor]  slog] K] slog] K
242 2 20 23 47 27 116 64.8 39294 269.2 19828.7 178.1
242 2 19 23 47 27 111 68.0 42424  277.8 20506.7 270.5
Gaussian matrices
128 1 5 5 14 5 44 28.2 852.1 1724 32832 1147
128 1 4 5 15 5 52 27.7 19139 177.7 3712.0 124.6
152 2 6 6 19 7 58 354 981.0 214.1 8433.5 392.8
152 1 6 6 19 7 58 38.9 1004.0 242.6 8231.7 3733
178 2 7 8 24 9 79 43.0 21644 3939 10294.7 368.2
178 2 7 8 25 9 71 47.6 2390.3  263.1 9548.8  374.0
204 2 10 11 32 12 88 58.0 1363.6  293.3  11496.7 274.1
204 2 10 11 32 12 91 51.7 12184 2934 124972 529.5
230 2 14 17 41 19 102 70.4 32009 339.7 187713 431.6
230 2 14 16 39 19 106 61.5 21184 4854 18959.5 435.0
242 2 19 22 46 27 113 73.6 2212.8 2774 26874.6 269.2
242 2 20 23 47 27 112 65.3 2995.2  426.7 21308.7 191.7

Consider a signal w € P, such that |[w — w®||; < wu, where w® is the vector
obtained from w by replacing all but s largest magnitudes of entries in w with zeros,

and let y and § be such that |[Aw — y|| <.
Suppose that

p =smax{ry, 77—, 7} < 1.

27)

To simplify notation, we denote max[a, b] by a V b. Consider the following iterative

procedure:

Algorithm 1

A;

Initialization: Set v©® = 0,0 =

(here [a]+ = max[0, a]).

Y7 yls.1+so84u

@ u=YT"(y—Av* D) andn segments

-

Define A € R" by setting

[uj — t_ap_1 — o]y,
[ui — tog—1 — o8]y,
—[uil — tog—1 — 081+,

i€P+,
iepP,,
iepP,,

Stepk,k=1,2,...: Given v& =D e R" and ar—1 > 0, compute

[ —t—ox—1 — 06, u; + 1yax—1 + 0], i € Py,

[uj — tog—1 — 08, uj + tag_1 + oél, i €P,.

u;i >0,
u; <0
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(b) Set v® = p*=D 4 A and
=s[2t Vv (7— + ) ]og—1 + 2508 + 1. (28)

and loop to step k + 1.
3. The approximate solution found after k iterations is v®.

Proposition 7 Assume that w; > Ofori € Py, (27) takes place, and that ||lw—w?® || <
w with a known in advance value of ji. Then the approximate solution v% and the
value oy after the k-th step of Algorithm 1 satisfy

(ag) foralli vl.(k) € Conv{0; w;}, (br) lw—v®|; < ar.

For proof, see “Appendix E”.
Let

A=s[2t VvV (- + tp)];

if A < 1, then also p < 1, so that Proposition 7 holds true. Furthermore, by (28) the

sequence oy converges exponentially fast to the limit oo := 23;’ i
o = kk[ao — Ooo] + Uoo-
Note that when Py = (J, we can set T = 74 = 0 to obtain A = 2s7; in the case of

P, =0, by setting T = 0, we have A = s(t— + 74).
The bottom line is: if the optimal value in the convex program

—t_ <[ —-YTAl;j <t4,Vie Py, Vj
Opt= min {52tV (- +1)]: —t<[—-Y'Al; <7, YieP, Vj
7,74+,
7,7+ >0

is < 1, the above procedure, as yielded by an optimal solution to the latter problem,
possesses the following properties:

1. All approximations v, k =0, 1, ... of w are supported on the support of w;
2. Forie Py, v, ( ) > 0 are nondecreasing in k and are < wj; for all k;
3. Fori e P,, ©

— ifw; > 0, then 0 < v (k)
k)

(k)

< w; and v;
— ifw; <0, thenw; <v;”" <0andv;

4. As k grows, the upper bound o on the 61 -error of approximating w by v® goes
exponentially fast to

are nondecreasing in k;

are nonincreasing in k;

25068 + 1
1—Opt

Op =

Letnow & € [0, 1),0 > 0and 8 > 1 and suppose that an m x n matrix A satisfies
the following condition:
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VSG; (&, 0, 0): There exists m X n matrix Y = [y1, ..., ynl such that ||yill« < o
foralli and

§ T A7.. £ . .
_(1+s)v U =Y Alj = m Vi g Py, Vj,
— e S U = YT Al < gy Vi € Py, V) & Pa (29)
£ < < &0
~ e = U~ YT AL < oy Vi J € Py

Observe that (29) is a system of convex inequalities in Y. Further, VSG; (&, 0, 0) cer-
tainly implies VSG;(§,0,0,0), and is therefore sufficient condition for
s-semigoodness of the matrix A.

When VSG; (€, o, 0) is satisfied with &€ € (0, 1) and 6 > 1, by taking

. & &0 &
=— 1734=—"—— and 1= ———,
(1+£&0)s (14+&6)s 1+8&)s
we obtain
A:max(s—i_sg 25) 1. 30)
1+&60 1+4+¢

Combining this condition with Proposition 7 gives:

Corollary 1 Suppose that A satisfies the condition VSG, (&, 0,0) with certain & €
©O,1),0 >0and 8 > 1. Let w € P, be a vector with ||lw — w*||; < u where w® is
the vector obtained from w by replacing all but s largest in magnitude entries in w
with zeros, and let y be such that |Aw — y|| < 8. Then the approximate solution v®
found by Algorithm 1 after t iterations satisfies vl.(l) > Oforalli € Py and

2506
o =0y < =K +x’[

1Y ylls1 +s08+pn 2508+ M}
1—p 1—x |
where ) is given by (30) and p = %.

It should be noted the NEMP algorithm has several drawbacks as compared with the
£1-recovery. First, the pursuit algorithm requires a priori knowledge of several parame-
ters (o, Y, 7, 7_, T4, s and ). Second, the value (1—1) ™! (25084 11) is a conservative
upper bound on the error of the £1-recovery, but the error bound in Corollary 1 is exact.
On the other hand, the NEMP algorithm can be an interesting option if the £ -recovery
is to be used repeatedly on the observations obtained with the same sensing matrix A;
the numerical complexity of the pursuit algorithm for a given matrix A may only be
a fraction of that of the ¢;-recovery, especially when used on high-dimensional data.

Our concluding remark is on the condition

mA 31
1+ u(A)  2s
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where (1 (A) is the mutual incoherence of A (see (6)). This condition is usually used in
order to establish convergence results for the Matching Pursuit algorithms (see, e.g.
[12,13,3]). As it is immediately seen, when p(A) is well defined (i.e., all columns in

A are nonzero), the matrix ¥ = [y, ..., y,] with the columns
A;
Vi = ——

L (4 uA)AT A;

satisfies foralli = 1,...,mand j = 1, ..., n the relations
wn(A)
- YT AL < ——.
1+ u(A)

In the case of (31), setting & = 1 and specifying & from the relation £ = ) e

1+ = 1+u(A)’
get0 < & < 1 and meet all inequalities in (29). It follows that Y certifies the validity of

\%% > — A
the condition V SGS (E, o, 1) with the outlined E and with all o miax AT r(A)|A; H% ,

and thus the above Y can be readily used in Matching Pursuit. Note that in the situation
in question Corollary 1 recovers some results from [3,12,13].

Appendix A: Proof of Proposition 1

(i)=(ii): Let A be s-semigood, and let, in contrast to what is stated by (ii), J be a
subset of {1, ..., n} with Card(J) < s and x € KerA\{0} be such that x; < O for all
ie P\ Jand

Dot DL il =]l

ieJNPy ieJNP, i¢gJ

Let/ = NP,)U{i € JN Py :x; >0} sothat I C J.From the construction of 7,
we have x; <O fori € J \ I implying that x; <0 fori € P, \ I. Further,

Dooxi4 D wl= D xi— D x4+ D, Il

ielnPy ielnP, ieJNPy ie\I ieJNP,
> kil = D x= k4 D nl = Ixl.
i¢] ie\I i¢] ie\I i¢l
Hence I also violates the condition in (ii). Setting u; = x; wheni € [ and u; = 0

otherwise and setting v = u — x, we have u; > O forany i € I N P4, u; = 0 for any
iePy\I,andv; >0fori € Py \I,vy=0fori e INPand D, |u;| = > ; vil.
In addition, Au = Av due to Ax = 0, and u is s-sparse; finally, u # v due to x # 0.
We see that the s-sparse vector u € P, is not the unique solution to
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mzin[Z|zi|: Az=Au, z; >0Vi € P+],
1

which is a desired contradiction.
(ii)=(iii): Let A satisfy (ii). Let J be the family of all subsets J of {1, ..., n} of
cardinality < s. For J € 7, let

Xy={xeKerA:|x|1 =1, x; <0 Vie P \J}

Assuming that X; # ¢, let x € X ;. By (ii), we have

DUoxi+ D lxl< D lxl.
ieJNP; ieJNP, ig]
We claim that 3, |xi| > 0.

Indeed, otherwise x; # O implies thati € J. Let I and /_ be the subsets of J such
thatx; > Ofori € I_andx; < Ofori € /. Atleast one of these sets is nonempty due
to x # 0. W.l.o.g. we can assume that Zi€I+ Xi > > icr |xil (otherwise we could
replace x with —x and swap /I and I_). Applying (ii) to x and to /. in the role of J,
we should have

Doxi+ D k=D xi < D k= Ixl,

iel NPy iel NP, iely il iel_

which is not the case. This contradiction shows that Zigz 7 |xil > O wheneverx € X;.
From our claim it follows that the function

2icinp, Xi + 2icinp, 1Xil
Z,’g] |xi |

is continuous on X; and is < 1 at every point of this set. Since X ; is compact, we
conclude that when J € J is such that X ; # @, there exists £; < 1 such that

D oxi+ D Inl <& D Ix| foranyx € X,

ieJNPy ieJNP, igJ

Setting £ = max &, we clearly ensure the validity of (iii). The implication
JeT:Xj#%

(i1)=(iii) is proved.

(iii)=-(i): Let (iii) take place; let us prove that A is s-semigood. Thus, let u with
u; > Oforalli € P, be s-sparse; we should prove that « is the unique optimal solution
to the problem

mzin{Zk”:Az:Au, 2 >0Vie P+].
l
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Assume, on the contrary to what should be proved, that the latter problem has an
optimal solution v different from u, and let x = u — v, so that x € KerA and x # 0.
Setting I = {i : u; # 0}, we have Card(/) < s and x; <0 wheni € P; \ I, whence
by (iii)

S oxi+ D Il =ED Ixl=£ > |vl,

ielnp, ielnP, igl igl

whence also

Duwit D il D vt D (il +E D (vl (32)

ielnpy ielnp, ielnpPy ielnp, igl
=Zi€] [uil zzigl [vil
Since D [vil < > luil = > ;s lui| due to the origin of v, (32) implies that

> ¢r lvil = 0, that is, both u and v are supported on /, so that x is supported on
Taswel. Nowlet Iy ={i e INPy :x; >0}, I_={i e INPy:x; <O0}and
I, = I N P,. Replacing, if necessary, x with —x and swapping /; and /_, we can
assume that Zie[+ Xi = Ziehr lxil = > ;c; |xil. Applying (iii) to x and to I U I,
in the role of J, we get

Doxi+ ) kil <& Inl,

iely iel, iel_

thereby Z:iebr X = Ziel,l lxi| = Ziel, lxi| = 0 due to z:iebr Xi =z Ziel, |xi .
Thus, x = 0, which is a desired contradiction.

We have proved that the properties (i) — (iii) of A are equivalent to each other.

(iii)<(iv): The implication (iv)=>(iii) is evident. Let us prove the inverse impli-
cation. Thus, let A satisfy (iii) (and thus — (i) — (ii) as well), and let &' € (&, 1).
Let, as above, J be the family of all subsets J of {1, ..., n} of cardinality < s. Let
X ={x eKerA: x| =1},andlet J € J.Let x € X. We claim that there exists a
neighborhood Uy of x in X and 6, , € [1, oo) such that for any u € U, and 6 > 0,
it holds

DUuit D wl <€ D) lwil+ D max[—u, 0wl |, (33)

ieJNPy ieJNP, ieP,\J ieP\J

The claim is clearly true when there exists i € P, \ J such that x; > 0. Now assume
that x; < 0 fori € P\ J. Then Ziw |x;] > 0. Indeed, otherwise x; = 0 for all
i ¢ J, which combines with s-semigoodness of A and the relation Ax = 0 to imply
that x = O (since assuming x 7# 0, we have x = u — v with s-sparse u > 0, v > 0 with
non-overlapping supports, and Au = Av due to Ax = 0, which of course contradicts
the s-semigoodness of A), while x definitely is nonzero (since ||x||| = 1 due to x € X).
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Now, since x € KerA and x; <0,i € P4 \ J, we have

Soxid+ D Il =ED Il <€D Ixl

ieJNPy ieJNP, i¢gJ igJ

where the first inequality is due to (iii), and the second — due to >; ¢J |xi| > 0. The
concluding strict inequality clearly implies the validity of (33) with & = 1, provided
that U, is a small enough neighborhood of x. Thus, our claim is true.

From the validity of our claim, extracting from the covering {U, }1cx of the compact
set X a finite subcovering, we conclude that there exists 8; € [1, co) such that

VreX. 020): D xi+ . |x| <&

ieJNPy ieJNP,
x| D0 i+ D) maxl-x, ]
iePy\J iePi\J

Setting 6 = max ¢ 7 07, we see that A satisfies SG; (¢, 9).

(iv)=(v): Let A satisfy SG; (&, 6) for certain £ € (0, 1),60 € [1,00) and let || - ||
be a norm on R™. Let, further, P be the orthogonal projector of R” on KerA. Then
clearly with a properly chosen C one has

|Px —x|l1 = CllAx]|

for any x € R". Now let J be a subset of {1, ..., n} of cardinality < s, x € R” and
u = Px. We have

Dot Dl D wit Y w4 Y i —xi
ieJNPy ieJNP, ieJNPy ieJNPy, ieJ

<& D lwil+ D max[—ui, 6wl | + D lui — xil

| iePu\J ieP\J icl

<&| D Ixl+lui—xll+ D [max[—x;, 0x;]+ 0]x; — u;]

| ieP\J ieP\J

+Z|“i_xi|

ieJ

<&| D ul+ D max[—x;, 0x;] |+max[1, 0&]]x — ul;

| ieP\J ieP\J i

<&| D I+ D) max[—x;, 0x] |+max[1, 0£]C|| Ax]|,

| ieP\J ieP\J
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so that A satisfies SGy g (&, 6) with B = max(1, 0&)C. The implication (iv)=-(v) is
proved.
(v)=(vi)=(iii): These implications are evident. O

Appendix B: Proof of Proposition 2

Let I be the support of w*, I be the:compleme_nt of I'in{l,...,n}, and let_z =w-—x.
Wedenote I, ={i€l:z; >0}, I ={i el :z; >0}, andI_ = I\I;,I_ =1\I;.
Observe that w is a feasible solution to (10), so that

lxlle < flwllt 4 v. (34)

Obviously, |x;| — |w;| = —|zi| and |x;| — |w;| > |z;| — 2|w;|. Now using x;, w; >
OVie Py,andz; > 0Vi € I, we get

v = D[l — lwill  [by (34)]

> Z (xi —w;)+ Z (xi —w;)+ Z (xi —wp)+ Z (x; — w;)

ielyNPy (€l-NPr 5| 1€lNPy — gz i€liNPy =—z>—uy;
+ D (xil = lwil)
ieP,
>— > u+ D lal+ D k- DL w
i€l NPy iel_NPy iel_NPy iel NPy
= D>zl D)zl = 2w,
ielNP, ielnP,

or, equivalently,

DUl DL lul+ DL lal

iel_NPy iel_NPy ielnP,
<vt D+ Dl DL wi+2 D lwil. (35)
iel NPy ielNp, iel NPy ielnp,
On the other hand, we have

[Az]l = [[Aw — Ax|| < [[Aw — y[| + [[Ax — y|| < &+ 4. (36)
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Then by condition SGy g(&, 6) with (/1 N Py) U (I N P,) in the role of J, we get

Do+ |zl-|sﬂ||Az||+s[ > lul+ > wz,»)}

i€l NPy ielNP, ielNP, ie(INPL)UI_NPy)

=K

k<BlAZI+E | D lal+ D lal+ DL lul+e D (37)

ielnP, iel NPy iel_NPy iel NPy

=1(0)

Let us derive a bound on t(f). Now (35) implies, independently of whether
SGy (€, 0) is or is not true, the first inequality in the following chain:

@) v+ Dt > lul+ D w2 D w46 >
i€l NPy ielnp, iel NP, ielnP, iel NPy

<vdk+A+60) D wi+2 > |wi|  [since w; > z; fori € Py]
iel NPy ielnP,

<v+k+{1+0)pu, [since > L and > ; j|w;| < ul, (38)

and, in particular,
()= D lul+ D |zl < vtk +2u. (39)

iel_NPy iel

Combining (36), (37) and (38), we obtain

k <Ble+8+Ev+r+(14+0)ul,

and thereby,

) 0+1
= S ar S =Bt )+1§(_v;( +m)

iel NPy ieInP,
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Summing up the latter inequality and (39), we obtain

Z lzil + Z Zi + Z |Zi|+Z|Zi| <v+2u+2

icInP, iel NPy icl_NPy el
2 1) 2 60+1 1
b2+ Ble+38) +25(w+ 0+ DHu) +$v

1-§ C1-¢
2(1+£0) 2p
+ 1—¢ M+1_€(8+8),

llzll1

IA

whichis (11).
To show (12) observe that increasing ¢ to &’ = & + au, we can think that the true
signal underlying the observation y is w*® rather than w; note that (34) implies that

Ixlle < lw'lly +v', vV=v+pu. (40)
We can now repeat the reasoning which follows (34), with (40) in the role of (34), w*

in the role of w, &’ in the role of ¢ and 0 in the role of w, thus arriving at the following
analogy of the bound (11):

' 1 2
I = 'l = o T,
whence
1 2
lx —wll < %v# . _’:(s/+6)+u,
which is nothing but (12). O

Appendix C: Proof of Proposition 3

Let A satisfy VSG; (€, 6, p,0),andlet Y = [yy, ..., y,] and v satisfy (13). Let, fur-
ther, I C {1, ..., n} be such that Card(/) < s, and let x € R". Let u € R" be given
by

1 + 0, ieP.NI, x>0
T ieP.NI, x; <0
i1 +&)sign(xy), iePanl
0, il

Note that # has at most s nonzero entries, the entries of «# with indices from P, belong
to [0, 1 4+ A&], and the modulae of entries in u with indices from P, are < 1 + &, so
that u” z < ®,(z) for all z. We have

@ Springer



Verifiable conditions of £-recovery for sparse signals with sign restrictions 117

W' I=YTAlx=>Y"u"CilY. Alxi= D u" GiIY. Alxi+ D~ u" [-CilY, Alllxi]|

i i:x;i>0 i:x;<0
< D> B(GLY, ADxi + D B(=CGilY, ADlxi|  [since u”z < Bg(2)]
ix;>0 iix;<0
< D E+ATwin+ D 0+ ATl
i:x;>0,i¢Py i:x;>0,iePy
+ D 15— (ATvyllx| [by (13)]
i:x;j<0
=£ Z xi +0 Z Xi + Z Ixi| | +xT ATy
_i:)c,-zo,igPJr ix;>0,iePy i:x;j<0

=& | > max[—x;, 0x]+ > Il | +x" AT,

Li€Pt ieP,
whence
W'=Y Al €| D maxl—x;, 6x1+ D Il | +ollAx] @D
iePy ieP,

(recall that ||v]lx < p). On the other hand, recalling the definition of u# and that

lvill« < o, we have

uT[I — YTA]x =ulx— ZuiyiTAx

iel
= > max[(l —&)xi, (1 +0)x]+ 1 +8&) D |xl— > iy Ax
ielNPy ielNP, iel
> > max[(1 —&)x;, (1 +06)x]+(1+&) > |xil
ielNPy ielNP,

—o| DA+ + D> A+ | |Ax.

ielNPy ielnP,

<B-p

Combining the resulting inequality with (41), we get

> I +Emax[—xi, Ox11+ (1 +8&) D x| < BllAx]|

ielNPy ielnP,

+E | D max[—x;, 0xi]+ D Il

iePy ieP,
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with § given by (14), or, equivalently,

> ow+ > lulsplAxl+&| Y maxi—x, 0x]+ >l

ielnPy ielnp, ieP\I ieP\I
The latter relation holds true for every x € R" and for every set I C {I,...,n} of
cardinality < s, so that A satisfies SGy g(§, 0). O

Appendix D: Proof of Proposition 5

Proof is based on the following

Lemmal Let Z be a v x v matrix of rank m,s > 1 be a positive integer, and
8;i € (0,1],1 <i <, be such that for the columns C; of the matrix I,, — Z it holds
ICills,1 <1 — 6;. Assume that

v > (232m + 1)2. (42)
Then
s <242m + 1. 43)

Proof of the lemma Let 0; = Z;;, and let y; be the sum of s — 1 largest magnitudes of
the entries in C; with indices different from i. We have

l—oi+yi <|Cillsqg =14,

consequently o; > §; + y; > 0. Letus set A; = ai,-’ and let Z be the matrix with the

columns Z; = AiZi, where Z; is the i-th column in Z. Note that Z is of the same rank
m as Z, and that Z;; = 1 for all i. Recalling that y; < o7, we have also

1 Zills—1.1 = Aill Zills—1.1 < Milyi + 0i] < 2hj0; = 2.

N(_)W let § = min[s — 1, Lv1/2J], sothat s > 1 due tos > 1. We have ||Z£~||§,1 <
1Zills—=1,1 < 2 and 52 < v. From the latter inequality and due to ||Z£||% <
max{l, v§’2}||Zl- ||§’1 (cf. the proof of [14, Proposition 4.2]), it follows that || Z; ||% <

4v5~2. We conclude that ||Z||§ < 412572 where for a matrix B, || B]|2 is the Frobe-
nius norm of B. Setting H = %[Z + 7T, we have therefore ||H||% < 4v%572. On
the other hand, Tr(H) = z;’:l Zii = v, while rank(H) < 2m, whence, denoting by
ui, 1 <i < p <2m, the nonzero eigenvalues of H, we have

P P 2
IHIZ =D ni= (Z ui) /p = (Tr(H))?/p = v*/2m).
i=1 i=1
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We arrive at the inequality 40?572 > |H||5 > v?/(2m), thereby
5% < 8m. (44)

Assuming that 5 = [v1/2], (44) says that v < (24/2m + 1)2, which is impossible. The
only other option is that s = s — 1, and we arrive at (43). O

Lemma 1 = Proposition 5: Let Y, v satisfy (13). Consider first the case when
v := Card(P,) > n/2. Denoting by C; the v-dimensional vector comprised of the
last v entries in C; = C;[Y, A] (i.e., entries with indices from P,). By (13), for every
i € P, and for every set I C P, with Card(/) < s we have

DA+ HICH | < Ds(~Ci) <& — (AT vy,

jel

DA+HICi| < D(Ch) < £+ (ATv),

jel
thus for any i € P,,
204 8)ICills1 < Ds(—Ci) + P5(Cr) < 2,

so that ||a ls.1 < 1/2. We see that the South-Eastern v x v submatrix Z of YTA
satisfies the premise of Lemma 1, while the size v of Z satisfies (42) due to (21) and
v > n/2. Applying the lemma, we arrive at (22).

Now consider the case when Card(P,) < n/2, thatis, v := Card(Py) > n/2. By
(13), setting C; = C;[Y, A], forevery set I C Py with Card(/) < s andeveryi € P+
we have

D (1468 max[~[Ci1;, 0] < Bs(=Ci) < & — (AT v);,
jel

> (1 +08) max[[C;1;, 0] < @,(C;) < 08 + (AT v);,
jel

whence

L _E1+0)
jze;uclms—lwg <1

Since the latter inequality holds true for every subset I of P with Card(/) < s, when
denoting by C; the part of C; comprised of the first v entries (those with indexes from
P.), we have forall i € Py:

ICillsa < 1.

Now the proof can be completed exactly as in the previous case, with the North-Western
v x v submatrix of Y7 A in the role of Z. m|
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Appendix E: Proof of Proposition 7

Let us proceed by induction. First, let us show that (ax—1, bx—1) implies (ax, by). Thus,
assume that (ax_1, by—1) holds true. Let Z(k=D = 3 — k=D, By (ax—1), 7&=D g
supported on the support of w and is such that k=D > 0 fori € P4. Note that

i

Dy =w—0® D YTy — A D) = (1 — YT A (w — v * D) —¥Te
= —YTA)Z*kD _yTe,

where e = y— Aw with || YT ¢|| o < 08 dueto (26.c). Then by (26.a,b) foranyi € Py,

k-1 k-1 k—1
—T_ 225 )+Z|Z§ )| —USSZ,( )

jeP4 JEP,
k—1 k—1
<714 x ZZE )+Z|z§- I + o8,
JjePy JEP,
consequently,
— (k=1) —
— Y- = —T_a-1 — 08 <z —Uj < Yy =T40k—1 +06. 45)

We conclude that for any i € P, the interval S; = [u; — y—, u; + y4+] of the width
Ly =t + 14 ]og—1 + 206,

covers zlgk_l). In the same way forany i € P,

—yY = —Top_1 — 08 < sz_l) —u; < Tk +08 =,
so that the interval S; = [u; — y, u; + y] of the width
0 =2top_1 + 208,

(k—

covers z; D When i e P,.
Recalling that zgk_l) > 0 fori € Py, the closest to O point of ; is
A =[u; —y-14 forie Py, A = [uj —yl4 fori € Py, u; =0,
Aj = —[luj| —yly fori € Py, u; <0,

that is, Z[ = A, for all i. Since the segment S; covers zgk_l) and A; is the closest to

0 point in S;, while the width of S; is at most £ Vv £, we clearly have
i

(@) A; € Conv {0, z("‘”}, b) 12570 — A < eVt (46)
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Since (ax—1) is valid, (46.a) implies that

vl.(k) = k=D + A; € [vl.(k_l) + Conv {0, w— v(k_l)” C Conv{0, w;},

i i

and (ay) holds. Further, let 7 be the support of w*. Relation (ay) clearly implies that
Izgk)l < |w;|, and we can write due to (46.b):

k—1 k
lw —v® =" w =+ A+ D 127

iel igl
k—1
< STEED - A+ D (wil < 5[0V L]+ = e,
iel igl

which is (bx). The induction step is justified.
It remains to show that (ag, bg) holds true. Since (ag) is evident, all we need is to
justify (bg). Let
oy = [lwll1,
and let u = YT y. Same as above [cf. (45)], we have for all i:
0
|lw; —ui| <max{rt_, 74, T}ox + 0§ = —ay + 04.
s

Then

0
=D lwil+ D lwil < 3 il + @+ o8]+ < Nl + pote + 508 + 1.

iel i¢l iel
Hence
lulls,1 +s08 +p
* 0 = )
I—p
which implies (bg). O
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