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ROBUST CONVEX OPTIMIZATION

A. BEN-TAL anpo A. NEMIROVSKI

We study convex optimization problems for which the data is not specified exactly and it is
only known to belong to a given uncertainty set %, yet the constraints must hold for all possible
values of the data from 2. The ensuing optimization problem is called robust optimization. In this
paper we lay the foundation of robust convex optimization. In the main part of the paper we show
that if % is an elipsoidal uncertainty set, then for some of the most important generic convex
optimization problems (linear programming, quadratically constrained programming, semidefinite
programming and others) the corresponding robust convex program is either exactly, or approx-
imately, a tractable problem which lends itself to efficient algorithms such as polynomia time
interior point methods.

1. Introduction.

Robust counterpart approach to uncertainty. Consider an optimization problem of
the form

(P)  minf(x,5)

(1)
st. F(x,{) e KCR™,

where

+ { € RMisthe data element of the problem;

+ X € R"isthe decision vector;

« the dimensions n, m, M, the mappings f (-, -), F(-, -) and the convex cone K are
structural elements of the problem.
In this paper we deal with a‘*decision environment’’ which is characterized by

(i) A crude knowledge of the data: it may be partly or fully **uncertain,”” and all that
is known about the data vector { isthat it belongs to a given uncertainty set % C R

(if) The constraints F(x, {) € K must be satisfied, whatever the actual realization of
CeUis

Inview of (i) and (ii) we call avector x feasible solution to the uncertain optimization
problem (P) = { (P} e if x satisfies al possible realizations of the constraints:

(2) F(x,)eK OCeu

Notethat thisisthe same notion of feasibility asin Robust Control (see, e.g., Zhou, Doyle,
and Glover 1995).

We can define in the same manner the notion of an optimal solution to the uncertain
optimization problem (P): such a solution must give the best possible guaranteed value
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770 BEN-TAL AND NEMIROVSKI

sup f(x, €)

Ceu

of the original objective under constraints (2), i.e., it should be an optimal solution to the
following ‘‘certain’’ optimization problem

(P*) min{?pr(x, 0):F(x,0) e K O¢e w}

From now on we call feasible/optimal solutionsto (P*) robust feasible/optimal solutions
to the uncertain optimization problem (P), and the optimal value in (P*) is called the
robust optimal value of uncertain problem (P); the problem (P*) itself will be called the
robust counterpart of (P).

Motivation. The ‘‘decision environment’’ we deal with istypical for many applica-
tions. The reasons for a crude knowledge of the data may be:

« { is unknown at the time the values of x should be determined and will be realized
in the future, e.g., x is a vector of production variables and { comprises future demands,
market prices, etc., or: X represents the cross-sections of bars in a truss construction like
a bridge, and ¢ represents locations and magnitudes of future loads the bridge will have
to carry, etc.

« { is redizable at the time x is determined, but it cannot be measured/estimated/
computed exactly, e.g., materia properties like Young's modulus, pressures and temper-
atures in remote places, . . . .

« Evenif the datais certain and an optimal solution x* can be computed exactly, it cannot
be implemented exactly, which isin a sense equivaent to uncertainty in the data. Consider,
eg., alinear programming problem min{c™x : Ax + b = 0, x = 0} of an engineering
origin, where the components of the decision vector x correspond to ‘‘physical character-
istics’ of the construction to be manufactured (sizes, weights, etc.). Normally it is known
in advance that what will be actually produced will be not exactly the computed vector X,
but a vector x” with components close (say, within 5% margin) to those of x. Thissituation
is equivalent to the case where there are no inaccuracies in producing x, but there is un-
certainty in the constraint matrix A and the objective c—they are known *‘up to multipli-
cation by a diagona matrix with diagona entries varying from 0.95 to 1.05.”

Situations when the constraints are ‘ ‘hard,’”’ sothat (ii) isa‘‘must,”” are quite common
in reality, especialy in engineering applications. Consider, e.g., a typical technological
process in the chemical industry. Such a process consists of several decomposition—
recombination stages, the yields of the previous stages being the *‘raw materials’ for the
next one. As a result, the model of the process includes many balance constraints indi-
cating that the amount of materials of different types used at a given stage cannot exceed
the amount of these materials produced at the preceding stages. On one hand, the data
coefficients in these constraints are normally inexact—the contents of the input raw ma-
terials, the parameters of the devices, etc., typically are ‘‘floating.”” On the other hand,
violation of physical balance constraintscan ‘‘kill’’ the process completely andistherefore
inadmissible. Similar situation arises in other engineering applications, where violating
physical constraints may cause an explosion or a crush of the construction. As a concrete
example of this type, consider the Truss Topology Design (TTD) problem (for more
details, see Ben-Ta and Nemirovski 1997).

A trussis aconstruction comprising thin elastic bars linked with each other at nodes—
points from a given finite (planar or spatial) set. When subjected to a given load —a
collection of external forces acting at some specific hodes—the construction deformates,
until the tensions caused by the deformation compensate the external load. The deformated
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ROBUST CONVEX OPTIMIZATION 771

(a) (b)
Ficure 1. Cantilever arm: nominal design (left) and robust design (right).

truss capacitates certain potential energy, and this energy—the compliance— measures
stiffness of the truss (its ability to withstand the load); the less is the compliance, the
more rigid is the truss.

In the usual TTD problem we are given the initia nodal set, the external ‘‘nominal’’
load and the total volume of the bars. The goal is to alocate this resource to the barsin
order to minimize the compliance of the resulting truss.

Fig. 1(a) shows a cantilever arm which withstands optimally the nominal load—
the unit force f* acting down at the most right node. The corresponding optimal
complianceis 1.

It turns out that the construction in question is highly unstable: a small force f (10
times smaller than f *) depicted by small arrow on Figure 1(a) results in a compliance
which is more than 3,000 times larger than the nominal one.

In order to improve design’ s stability, one may use the robust counterpart methodol ogy.
Namely, let us treat the external load as the uncertain data of the associated optimization
problem. Note that in our example aload is, mathematically, a collection of ten 2D vectors
representing (planar) external forces acting at the ten nonfixed nodes of the cantilever
arm; in other words, the data in our problem is a 20-dimensional vector. Assume that the
construction may be subjected not to the nominal load only, but alsotoa‘‘ small occasiona
load’’ represented by an arbitrary 20-dimensional vector of the Euclidean norm <0.1 (i.e.,
of the norm 10 times smaller than the norm of the nominal load). Thus, we alow the
uncertain data of our problem to take the nominal value f *, as well as any value from
the 20-dimensional Euclidean ball By, centered at the origin. In order to get an efficiently
solvablerobust counterpart, we extend the resulting dataset By, U { f *} toits‘*ellipsoidal
envelope'’ %, i.e., the smallest volume 20-dimensional ellipsoid centered at the origin and
containing f * and By, ;. This ellipsoid is then taken as our uncertainty set %.

Solving the robust counterpart of the resulting uncertain problem, we get the cantilever
arm shown on Fig. 1(b).

The compliances of the original and the new constructions with respect to the nominal
load and their worst-case compliances with respect to the ‘‘occasional loads'’ from By,
are as follows:

Design Compliance w.r.t. f* Compliance w.r.t. Bo
single-load 1 >3360
robust 1.0024 1.003

We seethat in this exampl e the robust counterpart approach improves
dramatically the stability of the resulting construction, and that the
improvement is in fact ‘‘costless’ —the robust optimal solution is
nearly optimal for the nominal problem as well.
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772 BEN-TAL AND NEMIROVSKI

There are of course situationsin reality when ‘‘ occasional violations' of the constraints
are not that crucial, and in these situations the robust counterpart approach may seem to
be too conservative. We believe, however, that even in these situations, the robust opti-
mization methodology should be at least tried—it may well happen that ensuring robust
feasibility is *‘nearly costless,’”” as it isin the above TTD example and other examples
from Ben-Tal and Nemirovski (1997). Problems arising in applications often are highly
degenerate, and as a result possess a quite ‘‘massive’’ set of nearly optimal solutions;
ignoring the uncertainty and obtaining the decision by solving the problem with the‘‘ nom-
ina’’ data, we normally end up with a point on the boundary of the above set, and such
apoint may be avery bad solution to a problem with a slightly perturbed data. In contrast
to this, the robust counterpart tries to choose the ‘‘most inner’” solution from the above
massive set, and such a solution is normally much more stable w.r.t. data perturbations
than a boundary one.

Robust counterpart approach vs. traditional waysto treat uncertainty. Uncertainty
is treated in the Operations Research/Engineering literature in several ways. (We refer
here to uncertainty in the constraints. For uncertainty in the objective function, thereis a
vast literature in economics, statistics and decision theory.)

 In many cases the uncertainty is simply ignored—at the stage of building the model
and finding an optimal solution uncertain data are replaced with some nominal values,
and the only care of uncertainty (if any) is taken by sensitivity analysis. This is a post-
optimization tool allowing just to analyze the stability properties of the already generated
solution. Moreover, this analysis typically can dea only with ‘‘infinitesimal’’ perturba-
tions of the nominal data.

« There exist modeling approaches which handle uncertainty directly and from the very
beginning, notably Stochastic Programming. This approach islimited to those caseswhere
the uncertainty is of stochastic nature (which is not always the case) and we are able to
identify the underlying probability distributions (which is even more problematic, espe-
cialy inthelarge-scale case). Another essential difference between the SP and the robust
counterpart approaches is that the majority of SP models allow a solution to violate the
constraints affected by uncertainty and thus do not meet the requirement (ii).

Another approach to handle uncertainty is ‘‘Robust Mathematica Programming’’
(RMP) proposed recently by Mulvey, Vanderbei, and Zenios (1995). Here instead of
fixed *‘nominal’’ dataseveral scenariosare considered, and acandidate solutionisallowed
to violate the ** scenario realizations'’ of the constraints. These violations are included via
penalty terms in the objective, which allows to take care of the stability of the resulting
solution. The RMP approach again may produce solutions which are not feasible for
realizations of the constraints, even for the scenario ones. When treating the scenario
realizations of the constraints as *‘ obligatory,”’ the RMP approach, under mild structural
assumptions, becomes a particular case of the robust counterpart scheme, namely, the case
of an uncertainty set given as the convex hull of the scenarios.

Robust counterpart approach: thegoal. Aswe have already mentioned, our approach
is motivated by the need to comply with the difficulties imposed by the environment
described in (i), (ii) above. But there is another equally important consideration: for
robust optimization to be an applicable methodology for real life large scale problems, it
is essential that

(iii) The robust counterpart must be ‘‘ computationally tractable.”’

At a first glance this requirement looks unachievable, as the robust counterpart (P*)
of an uncertain problem (P) is a semi-infinite optimization problem. It iswell-known that
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ROBUST CONVEX OPTIMIZATION 773

semi-infinite programs, even convex, often cannot be efficiently solved numerically, and
in particular are not amenable to the use of advanced optimization tools like interior point
methods. This in practice imposes severe restrictions on the sizes of problems which can
be actually solved. Therefore a goal of primary importance for applications of the robust
optimization approach is converting the robust counterparts of generic convex problems
to ‘‘explicit’”’ convex optimization programs, accessible for high-performance optimiza-
tion techniques. Possibilities of such a conversion depend not only on the analytical struc-
ture of the generic program in question, but also on the geometry of the uncertainty set
U. In the case of *‘trivial geometry’’ of the uncertainty set, when % is given as a convex
hull of a finite set of ‘‘scenarios” {{*, ..., (N}, the ‘“conversion problem’” typically
does not arise at all. Indeed, if f(x, {) and F(x, ) ‘‘depend properly’’ on , eg., are
affine in the data (which is the case in many of applications), the robust counterpart of
(P) = { (p)}cen issimply the problem

min{r: 7 =f(x, ), F(x,§)=01i=1,...,N}.

The analytical structure of this problem is exactly the same as the one of the instances.
In our opinion, this smple geometry of the uncertainty set is not that interesting mathe-
matically and is rather restricted in its expressive abilities. Indeed, a*‘ scenario’’ descrip-
tion/approximation of typical uncertainty sets (even very simple ones, given by element-
wise bounds on the data, or more general standard *‘inequality-represented’’ polytopes)
requires an unredlistically huge number of scenarios. We believe that more reasonable
types of uncertainty sets are ellipsoids and intersections of finitely many ellipsoids (the
latter geometry covers also the case of a polytope uncertainty set given by alist of in-
equalities—a half-spaceisa‘‘very large’’ ellipsoid). Indeed:

« An €lipsoid is a very convenient entity from the mathematical point of view, it has
a simple parametric representation and can be easily handled numerically.

« In many cases of stochastic uncertain data there are probabilistic argumentsallowing
to replace stochastic uncertainty by an ellipsoidal deterministic uncertainty. Consider, e.g.,
an uncertain Linear Programming (LP) problem with random entries in the constraint
matrix (what follows can be straightforwardly extended to cover the case of random
uncertainty also in the objective and the right-hand side of the constraints). For a given
X, the left-hand side |; (x) = af x + b; of theith congtraint in the syssem A™x + b = Oiis
arandom variable with expectation g (x) = (& )"™x + by, and standard deviation v; (X)
= VX'V, x, @' being the expectation and V; being the covariance matrix of the random
vector a;. A ‘‘typical’’ value of the random variable I; (x) will therefore be g (x) =
O(vi (x)), and for a‘‘light tail’’ distribution of the random dataa‘‘likely’’ lower bound
on this random variable is [ (x) = & (x) — 6v; (x) with **safety parameter’” ¢ of order of
one (cf. the engineers’ *‘3o-rule’’ for Gaussian random variables). This bound leads to
the “‘likely reliable’’ version

g(x) = Oy (x) =0

of the constraint in question. Now note that the latter constraint is exactly the robust
counterpart

alx+hb =0 Oa €%
of the original uncertain constraint if % is specified as the ellipsoid

U ={a:(a—a’)Vit(a—a')=06%.
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774 BEN-TAL AND NEMIROVSKI

« Finally, properly chosen ellipsoids and especially intersections of ellipsoids can be
used as reasonabl e approximations to more complicated uncertainty sets.

As shown later in the paper, in several important cases (linear programming, convex
quadratically constrained quadratic programming and some others) the use of ellipsoidal
uncertainties leads to ‘‘explicit’’ robust counterparts which can be solved both theoreti-
cally and in practice (e.g., by interior-point methods). The derivation of these ‘‘explicit
forms’’ of several generic uncertain optimization problemsis our main goal.

Robust counterpart approach: previouswork. Asaready indicated, the approachin
guestion is directly related to Robust Control. For Mathematical Programming, this ap-
proach seems to be new. The only setting and results of this type known to us are those
of Singh (1982) and Falk (1976) originating from the 1973 note of A. L. Soyster; this
setting deals with a very specific and in fact the most conservative version of the approach
(see discussion in Ben-Tal and Nemirovski 1995a) .

The general robust counterpart scheme as outlined bel ow was announced in recent paper
of Ben-Tal and Nemirovski (1997) on robust Truss Topology Design. |mplementation of
the scheme in the particular case of uncertain linear programming problemsis considered
in Ben-Tal and Nemirovski (1995a). Many of the results of the current paper, and some
others, were announced in Ben-Ta and Nemirovski (1995b). Finally, when working on
the present paper, we became aware of the papers of Oustry, El Ghaoui, and L ebret (1996)
and El-Ghaoui and Lebret (1996) which also develop the robust counterpart approach,
mainly as applied to uncertain semidefinite programming.

For recent progress in robust settings of discrete optimization problems, see Kouvelis
and Yu (1997).

Summary of results.  We mainly focus on (a) general development of the robust coun-
terpart approach, and (b) applications of the scheme to generic families of nonlinear convex
optimization problems—Ilinear, quadratically constrained quadratic, conic quadratic and
semidefinite ones. Asfar as(a) is concerned, we start with aforma exposition of the approach
(82.1) and investigate general qualitative (82.2) and quantitative (82.3) relations between
solvahility properties of the instances of an uncertain problem and those of its robust coun-
terpart. The questions we are interested in are: assume that al instances of an uncertain
program are solvable. Under what condition isit true that robust counterpart also is solvable?
When isthere no *‘gap’’ between the optimal value of the robust counterpart and the worst
of the optimal values of ingtances? What can be said about the proximity of the robust optimal
value and the optimal value in a**nomind’’ instance?

The main part of our effortsis devoted to (b). We demonstrate that

« Therobust counterpart of an uncertain linear programming problem with dlipsoida or N-
dlipsoidd (intersection of élipsoids) uncertainty isan explicit conic quadratic program (83.1).

» The robust counterpart of an uncertain convex quadratically constrained quadratic pro-
gramming problem with ellipsoidal uncertainty is an explicit semidefinite program, while a
general-type N-elipsoidal uncertainty leads to an NP-hard robust counterpart (83.2).

« Therobust counterpart of an uncertain conic quadratic programming problem with elip-
soidd uncertainty, under some minor restrictions, is an explicit semidefinite program, while
a genera-type N-elipsoidal uncertainty leads to an NP-hard robust counterpart (83.3).

« In the case of uncertain semidefinite program with a general-type ellipsoidal uncer-
tainty set the robust counterpart is NP-hard. We present a generic example of a ‘*well-
structured’’ ellipsoidal uncertainty which results in a tractable robust counterpart (an
explicit semidefinite program). Moreover, we propose a ‘‘tractable’’ approximate robust
counterpart of a general uncertain semidefinite problem (83.4).

« We derive an explicit form of the robust counterpart of an affinely parameterized
uncertain problem (e.g., geometric programming problem with uncertain coefficients of
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ROBUST CONVEX OPTIMIZATION 775

the monomials) (83.5) and develop a specific saddle point form of the robust counterpart
for these problems (84).

2. Robust counterparts of uncertain convex programs. In what follows we deal
with parametric convex programs of the type (1). Technically, it is more convenient to
‘‘standardize’’ the objective—to make it linear and data-independent. To thisend it suf-
ficesto add a new variable t to be minimized and to add to the list of original constraints
the constraint t — f(x, £) = 0. In what follows we assume that such a transformation has
been already done, so that the optimization problems in question are of the type

(3) (p): min{c™: F(x, ) € K,xe X}

where

« X € R"isthe design vector;

e c€ R"isacertain ‘‘cost’’ vector;

+ { € A C RMisaparameter vector.

From now on we make the following assumption (which in particular ensures that (p)
is a convex program whenever { € A):

ASsSUMPTION A.

« K C RMisa closed convex cone with a nonempty interior;

« X isa closed convex subset in R™ with a nonempty interior;

. 4isa closed convex subset in RM; with a nonempty interior;

« F(x,{): & X 4~ RYisassumed to be continuously differentiable mapping on &
X 4 and K-concave in x, i .e.,

ox,x"eX, {eAAONe]01]):
FOMNX' 4+ (L= N)X", ) =« \NF(X', ) + (1 — NF(X", §),
where ‘b =¢ a’’ standsfor b — a € K.

2.1. Uncertain convex programs and their robust counterparts. We define an un-
certain convex program (P) as a family of ‘‘instances’ —programs (p) of the type (3)
with common structure [n, ¢, K, F(-, -)] and the data vector { running through a given
uncertainty set % C A:

(4) (P) ={(p): min{c'™x: F(x,8) e K,x&€ X} }ccu.

We associate with an uncertain program (P) its robust counterpart—the following
certain optimization program

(P*):min{c™x:xe X, F(x,{) e KO € U}.

Feasible solutions to (P*) are called robust feasible solutions to (P), the infimum of the
values of the objective at robust feasible solutions to (P) is called the robust optimal
value of (P), and, finally, an optimal solution to (P*) is called a robust optimal solution
to (P). Note that (P*) isin fact a semi-infinite optimization problem.

It makes sense (see Propositions 2.1 and 2.2 below) to restrict ourselvesto a particular
case of uncertainty—the one which is concave in the data:

DerNniTioN 2.1, The uncertain optimization problem (P) has concave uncertainty, if
the underlying mapping F(x, £) is K-concavein {:
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776 BEN-TAL AND NEMIROVSKI
Oxe X, ', "e A ONeE]01]):
FOXGCN + (L= M) = \NF(X, C) + (L - NF(x, T).

In some cases we shall speak also about affine uncertainty:

DeriNniTION 2.2, The uncertain optimization problem (P) has affine uncertainty, if
the underlying mapping F(x, {) is affinein C for every x € X.

As we shall see in a while, a number of important generic convex programs (linear,
quadratic, semidefinite, . . .) are indeed affine in the data.

In the case of concave uncertainty we can assume without loss of generality that the
uncertainty set % is a closed convex set:

ProrosiTioN 2.1. Let (P) be an uncertain convex programwith concave uncertainty,
and let (P") be the uncertain convex program obtained from (P) by replacing the original
uncertainty set % by its closed convex hull. Then the robust counterparts of (P) and (P")
are identical to each other.

Proor. By assumption A the robust counterpart (P*) clearly remains unchanged
when we replace % by its closure. Thus, all we need isto verify that in the case of concave
uncertainty the robust counterpart remains unchanged when the uncertainty set is extended
to its convex hull. To this end, in turn, it suffices to verify that if x is robust feasible for
(P) and £ € Conv U, then F(x, {) =« 0, which is evident: { is a convex combination
Sk, N of data vectors from %, and due to concavity of F w.r.t. data,

[OﬁK]z MNE(X, G) =« F(x,0). O

In view of the above considerations, from now on we make the following

DerauLT Assumption. All uncertain problems under consideration satisfy Assump-
tion A, and the uncertainty is concave. The uncertainty sets % underlying the problems
are closed and convex.

Let us also make the following

DerauLT NotaTioNAL ConvENTION. Indices of all matrices and vectors are always
superscripts; A; " denotes the ith row of a matrix A" regarded as a row vector .

2.2. Solvability properties of the robust counterpart. We start with the following
direct consequence of our Default Assumption:

ProrosiTiON 2.2. The feasible set of the robust counterpart (P*) is a closed convex
set, so that the robust counterpart of an uncertain convex programis a convex program.
If the robust counterpart is feasible, then all instances of the uncertain program are
feasible, and the robust optimal value of the program is greater or equal to the optimal
values of all the instances.

It is easily seen that in the most generd case there could be a substantial ‘‘gap’’ between
the solvability properties of the instances of an uncertain program and those of the robust
counterpart of the program, e.g., it may happen that all instances of a given uncertain program
are feasible, while the robust counterpart is not, or that the optimal value of the robust coun-
terpart is‘‘essentialy worse” than the optimal values of dl instances (see, e.g., the example
in Ben-Tal and Nemirovski 1995b). Thereis, however, arather general case when the above
‘‘gap’’ vanishes—thisis the case of constraint-wise affine uncertainty.
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ROBUST CONVEX OPTIMIZATION 77
The notion of a constraint-wise uncertainty relates to the particular case of an uncertain

convex program (P) associated with K = R, where it indeed makes sense to speak about
separate scalar constraints

o= (o) ]
f(x,)=0,i=1,...,m F(x,0) = .
fm(X, €)

Note that the robust counterpart of (P) in this case is the program
(P*):min{c™x:xe X, fi(x,{) =00i=1,..., mO{ € U}.
By construction, the robust counterpart remains unchanged if instead thinking of a com-

mon data vector { for all constraints we think about a separate data vector for every
constraint, i.e., instead of the original mapping

fl(X1 g)
Fx, 0 =| 208 | g yopre

fm(X, €)

and the origina uncertainty set %, we consider the mapping

f1(x, &)
B G Gy = | P8 Lk oo x - RT
fn(X, Cm)
and the uncertainty set
U=Ux - XU
| S —

The constraint-wise uncertainty is exactly the one of the latter type: the i th component of
F depends on x and on the ith portion ; of the data, and the uncertainty set % is a direct
product of closed and convex uncertainty sets % in the spacesof {;’s,i =1, ..., m.

THeorem 2.1. Assume that (P) is an uncertain problem with constraint-wise affine
uncertainty and that the set .¥'is compact . Then the robust counterpart (P* ) of the problem
is feasible if and only if all instances of the problem are feasible, and in this case the
robust optimal value is the supremum of those of the instances.

Proor. Inview of Proposition 2.2 it suffices to prove that if al instances of (P) are
feasible, then (i) (P*) isfeasible, and (ii) the optimal value of (P*) isthe supremum of
optimal values of the instances.

To prove (i), assume, on the contrary, that (P*) isinfeasible. Then the family of sets

{X (@) ={xeX|i(x,§)=0}}_1.  mgeu

has empty intersection. Since all these sets are closed subsets of acompact set X, it follows
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778 BEN-TAL AND NEMIROVSKI

that some finite subfamily of the family has empty intersection, so that there exists a
collectiong; € %,i=1,...,m,j=1,..., M such that

N y X (G)) = O,

i=m,j=
or, which is the same,

max min fi(x, §;) <O.

XEL i=m,j=M

Since all the functions f; (-, &;;) are concave and continuous on convex compact set &, it
follows that there exists a convex combination

fx)= > N;fi(x,G))

i=m,j=M

of the functions f; (-, §;;) which is strictly negative on X. Let us set

M
No= Y Nij,
-1

G=N" Z NijGij

(inthecaseof \; = 0, {; isafixed in advance point from % ). Since f; (x, -) isaffinein
¢, we clearly have

NF(GG) =3 N (x Gy,

=1

so that

(5) Nfi(x, ) <0 Oxed.

M

Since the uncertainty is constraint-wise and the sets % are convex, thepoint { = ({4, . . .,
{m) belongs to %; the instance corresponding to the data { is infeasible in view of (5),
which is a contradiction.

To prove (ii), note that since X is bounded, the supremum (denoted by c*) of optimal
values of the instances is finite. Now let us add to al instances of the origina uncertain
problem (P) the additiond ‘‘certain’”’ congtraint c"x = c¢*. Applying (i) to the resulting
problem, we conclude that its robust counterpart is feasible, and hence the optimal value in
(P*) isa most (and in view of Proposition 2.2—also at least) c*, asrequired in (ii). O

2.3. Elementary sensitivity analysisfor uncertain programs. In this section we ad-
dress the following natural question: let

(6) (p%): min{c™x:x € X, F(x, £°) € K}

be a‘*nominal’’ instance of an uncertain convex program (P) with uncertainty set
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ROBUST CONVEX OPTIMIZATION 779
U=C("+ V:
(P) ={min{c™x:x € X, F(x, §) € K} }recoss.

Assume that (p°) is solvable, and let G° be the feasible set, x5 be an optimal solution,
and ¢ be the optimal value of this instance.
Let

(P*):min{c™x:xe X, F(x,{) e KO € £° + T}

be the robust counterpart of (P). What can be said about the proximity of the optimal
value of the nominal instance to that of the robust counterpart (P*)?

We are going to give a partial answer in the case of the mapping F(x, {) being affine
inx (and, asaways, being K-concavein {). Evenin this particular case the answer clearly
should impose appropriate restrictions on the nominal instance—in the general case it
may well happen that the robust counterpart is infeasible. We now define a quantity —
the feasibility margin of the nominal instance—in terms of which we will express the
closeness of the nominal and the robust optimal values.

DeriniTION 2.3. For x € G°, the feasibility margin \,(x) of x with respect to ?is
N(X)=sup{A=0:0(6€ D) :[(° N6 € A] & [F(X,(°=\) € K]}.

We start with the following
Lemma 21. Let\ > 1, p € (0, 1) and X € G° be such that every point x from the set

Goe= (1 - p)R+ pG°
satisfies the relation
(7) Ao(X) = A\

Let also the mapping F(x, {) be affine in x. Then the optimal value ¢ of (P*) satisfies
the inequality

(8) c* =c* + 2(1-p)

z = Lo p)\+2_p[CT)2—C3],

Proor. It suffices to prove that the point

y =X+ wu,
u=x5 — X,
_q,_2AQ-p)

PN+2—0p
_ p(N+1)
_p)\+2—p
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is robust feasible (note that the right-hand side in (8) is exactly the value of the
objective at y).
Let 6 € V. We have the following inclusions:

(9) F(R, (%= \o) €K,
(10) F(X+ pu, L%+ N\6) € K,
(11) F(X+u, (% eK.

Indeed, (9) comes from \,(X) = \, (10) comes from \,(X + pu) = \, and (11) comes
from F(X + u, £°) = F(x5,(°% € K.
Notethat w > p duetop € (0, 1), A > 1. Now let

1—-w

IR R

14

In view of (9)—(11), for every 6 € VU we have
0=k vF(R+ pu, L%+ N8) + puF (X, °—N6) + F(R+ u, (%)

w

= [yg F(R+ wu, {° + \8) + v ; PR, 0+ m)} + uF (R, C° = \6)
+ F(X + u, {9)[since F(x, {) is affinein x]

= yf F(Y, £° + A6) + u[F(R, C° + N6) + F(R, £° — N6)] + F(R + u, °)

. w —
[smceu pzu]
w

= yf F(y, £+ \8) + 2uF (R, £°) + F(X + u, £°)

[since F(x, {) K-concavein {]

_ 1 0 14 0
= (2u+1)F<>?+2M+1u,§>+VWF(y,§ + \6)

[since F(x, €) isaffinein x]

= (2u+1)F(y, L% + uf F(y, %+ \o) [SHCGZM{F 1 w}

=« <2M + 1+ y£>F(y, £+ v6),
w
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where

1
yz)\z/ﬁ

w
2/.L+1+I/£
w

(the last inequality in the chain is given by the fact that F(x, {) is K-concavein ).
From the definition of w it immediately followsthat y = 1, and we conclude that F(y,
€%+ 6) € K whenever § € U. Thus, y isrobust feasible. O
The result of Lemma 2.1 motivates the following

DeriniTiON 2.4, We say that a pair (A, p) with X > 1, p > 0, isadmissible, if there
exists X satisfying, for these A and p, the premise in Lemma 2.1. The upper bound of the
quantities \p/(1 — p) taken over all admissible pairs is called the feasibility margin
k»(Pp?) of the nominal instance (p°) with respect to the perturbation set 7.

Lemma 2.1 clearly implies the following

ProrosiTiON 2.3. Let (p°) possess positive feasibility margin with respect to the per-
turbation set 7, let the function F(x, {) be affine in x and let the feasible set G° of (p?)
be bounded. Then the robust counterpart (P*) of (P) is solvable, and the robust optimal
value c% satisfies the inequality

2

(12) C? =Co + m

Varg,(c), Varg(c) = maxc'x — mincx.
xeG

xeG

Perhaps a better interpretation of the result stated by Proposition 2.3 is as follows. Let
W be a symmetric set (with respect to the origin) of ‘“‘unit’’ perturbations of the data.
Consider the situation where the actual perturbationsin the dataare *‘at most of level "’
so that the associated perturbation set is

V. = mW.

What happens with the robust counterpart as = — +07? Proposition 2.3 says the following.
Assume that the nominal instance (p°) has abounded feasible set and is‘ strictly feasible’’
with respect to the set of perturbations 0: there exist #* > 0 and p* > 0 such that the
set

{X|[C° + 7*6 € A] & [F(X, £° + 7*6) € K] 06 € W}

contains a p*-dilatation of the nomina feasible set G°. Then the robust counterpart
(P*) of the uncertain version of (p°) associated with perturbations of the level m < 7*
(i.e., with the uncertainty set % = (° + 7W) is solvable, and the corresponding robust
optimal value c* differs from the nominal one c§ by at most O(r):

2m(1 — p*)
(1 — p*) + w*p*

(13) cr =cp + Vargo(c).

The required pair 7*, p* surely exists if G® and the set % of ‘‘unit perturbations’ are
bounded and the problem is strictly feasible (i.e., F(X, {°) € int K for some X € X).

In the case where the nominal program is not strictly feasible, c* may happen to be a
very bad function of «, asit is seen from the following one-dimensional example where
the nominal problem is
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s.t. min x

o (e (3)=0

Here the nominal optimal value is —1. Now, if our ‘‘unit perturbations’ affect only the
coefficients of x in the left-hand side of (0), and the corresponding set W is a central-
symmetric convex set in R? with a nonempty interior, then the robust counterpart (P#*)
has, for every positive r, the singleton feasible set { 0} , so that c* = 0 whenever = > 0.

3. Robust counterparts of some generic convex programs. Inthis section we derive
the robust counterparts of some important generic uncertain convex programs. Of course,
the possibility of obtaining an explicit form of the robust counterpart depends not only
on the structural elements of the uncertain programs in question, but also on the choice
of the uncertainty sets. We intend to focus on the ellipsoidal uncertainties—those rep-
resented by ellipsoids or intersections of finitely many ellipsoids; this choice is motivated
primarily by the desire to deal with ‘*mathematically convenient’’ uncertainty sets.

Ellipsoids and dllipsoidal uncertainties. In geometry, aK-dimensional dlipsoidin R®
can be defined as an image of a K-dimensional Euclidean ball under a one-to-one affine
mapping from R* to R*. For our purposes this definition is not general enough. On one
hand, we would like to consider ‘‘flat’’ ellipsoids in the space E = R" of datg, i.e., the
usual ellipsoidsin proper affine subspaces of E (such an ellipsoid correspondsto the case
when we deal with *‘partial uncertainty’’: some of the entries in the data vector satisfy a
number of given linear equations, e.g., some of the entriesin { are ‘‘certain’’). On the
other hand, we want to incorporate also ‘‘élipsoidal cylinders,’’ i.e., the sets of the type
““‘sum of aflat ellipsoid and a linear subspace.”’ These sets occur when we impose on {
several ellipsoidal restrictions, each of them dealing with part of the entries. For example,
an “‘interval’’ uncertainty set (% is given by upper and lower bounds on the entries of the
data vector) clearly is an intersection of M (=dim () ellipsoidal cylinders. In order to
cover all these cases, we define in this paper an ellipsoid in R* as a set of the form

(14) U= U(A, TI) = TI(B) + A,

where u — II(u) is an affine embedding of R" into R¥, B = {u € R"||u, = 1} isthe
unit Euclidean ball in R- and A is alinear subspace in R¥; here and in what follows||-|,
is the standard Euclidean norm. This definition covers all cases mentioned above: when
A = {0} and L = K, we obtain the standard K-dimensional ellipsoids in R¥; ‘‘flat”’
ellipsoids correspond to the case when A = 0 and L < K; and the case of nontrivial A
corresponds to ellipsoidal cylinders of different types.

From now on we say that % € R" is an elipsoidal uncertainty, if % is an explicitly
given ellipsoid in the above sense, and we say that % is an N-ellipsoidal uncertainty, if

« A. isgiven asan intersection of finitely many ellipsoids:

(15) U= rﬁ U(A, IT)

with explicitly given A, and IT;;
« B. %isbounded;
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« C. ["'Slater condition’’] there is at least one vector { € % which belongs to the
relative interior of al ellipsoids U;:

Ol=k u:eIlu)+A&ul,< 1

3.1. Robust linear programming. Uncertain linear programming problems are of
primary interest in the methodology we are developing. This is so because of the wide-
spread practical use of linear programming and the quality of implementable results we
are able to obtain.

An uncertain LP problem is
(P) = {min{c"x: AX + b = 0} }japjcu
thisis a particular case of (4) corresponding to
K=RT,{=[A;bl € A=R™M™D I =R", F(x,{)=Ax+b.

Robust linear programming was aready considered in Ben-Tal and Nemirovski
(1995a); the main result of that paper is

THEOREM 3.1. [Ben-Ta and Nemirovski (1995a), Theorem 3.1]. The robust
counterpart (P*) of an uncertain linear programming problem with ellipsoidal or N-
elipsoidal uncertainty isa conic quadratic programwith the data given explicitly interms
of structural parameters of LP and the parameters defining the uncertainty ellipsoids.
The conic quadratic program mentioned in Theorem 3.1 is as follows.

Case of dlipsoidal uncertainty set.

U= {[A; b] = [A% b°] + % u[Al; bl + i up[CP; dP][uTu = 1}.

=1 p=1
For this case the robust counterpart of (P) is the program
(P*) min, c"x
w.r.t. x € R" subject to

C’x+d’=0,p=1,...,q

k
A’X + b? = /Z(A£x+b%)2, i=1,2...,m
j=1

Case of N-ellipsoidal uncertainty.
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U = {[A; b] = [A%; b°] + E u[AS; bS] + E Up[C®; d¥] |uTu = 1} ,

j=1 p=1

For this case the robust counterpart of (P) is the program
(P) minc™x

w.rt. vectors x € R", 'S € R™and matrices N's € R™", i = 1, ..

.,ms=1...,t
subject to

(a): Tr([C®I"™\®) +[d¥]u*=0,1=i=m,l=s=t,1=p=qq

t
(b): 3 (Tr([C®ITNS) + [d%]Tu'®) = C®x +d®, 1=i=m1=p= g

(©): 3 {Tr([A® — A®]T)N" + [b% — b®] T4} + AXX + bf®

Ai01X+ b|01 _ i {Tr([AOl]T)\‘S) + [bOl]T,U,iS}

s=1

AiOZX + b,02 _ i {Tr([AOZ]T)\is) + [bOZ]T,LLiS}

s=1
t
AiOkOX+ biokg _ Z {Tr([AOkO]T)\is) + [bOkO]T#is} ,
s=1
TI’([ASl]T)\iS) 4 [bm]T,uiS
t T AsZ T)\is + b02 T,,is
s G I R Ul L7 | I
&

Tr((A%™\") + [6%] 7/ 2

Notethat (a) and (b) arelinear equality constraints, whilethe constraints (c) can be easily
converted to conic quadratic constraints.

3.2. Robust quadratic programming. In this section we are interested in the ana-

Iytical structure of the robust counterpart (P*) of an uncertain Quadratically Constrained
Convex Quadratic (QCQP) program.
An uncertain QCQP problem is

(P) ={min{c™x: —x"[ATAX + 2[b']™x + v = 0,
i=12..., m}}(Alyblvylezvbzyyz;___;Amybmvym)ew’
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where A are |; X n matrices. Thisis the particular case of (4) corresponding to
K =RT, (= (A% b y* A%, b% y2 ...; A", b™, y™)
€ A={A € R"™ b €R" y' €R},
( —XT[AY]TA*X + 2[b*] T + y* )
X=R", F(x,Q) =

—XT[A™]TA™X + 2[b™] "X + y™

3.2.1. Case of elipsoidal uncertainty. Here we demonstrate that in the case of
bounded €llipsoidal uncertainty the robust counterpart to (P) is an explicit SDP (Semi-
definite Programming) problem.

If the uncertainty set is a bounded ellipsoid, so is the projection % of % on the space
of data of ith constraint,

k
% = {(Ai, b, y') = (A, b, ¥'°) + 3 uj(AY, b, y)|uTu = 1},
j=1

(16)
i=1...,m

note that the robust counterpart of the problem is the same as in the case of constraint-
wise ellipsoidal uncertainty

(17) U= U X -+ X Upn.

THeorem 3.2. The robust counterpart of (P) associated with the uncertainty set %
given by (16) —(17) is equivalent to the SDP problem

(P) minc™x
w.r.t.x e R\, ..., \™ € R subject to
il i2 ik
,yio + 2bei0 _ )\i L 4 beil ’Y_ 4 bei2 ’y_ + beik [AiOx]T
2 2 2
7il Ty il i il T
P A e
,yi2 . ) )
(ai) 7 + betZ )\z [Alzx]T -
yik : .
7 + beik )\i [Aikx]T
Ax A''x A%x A*x I,

I, being the unit | X | matrix.
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From now on, inequality A = B for matrices A, B means that A, B are symmetric and
A — B is positive semidefinite.

Proor. Itisclear that the robust counterpart of (P) is the problem of minimizing c"x
under the constraints

(G): —x"ATAX+ 2b™x+ y=00(A,b,y) € %,i=1,...,m.

To establish the theorem, it suffices to prove that (C;) is equivalent to existence of areal
A" such that (x, \') satisfies the constraint ().
Let usfix i. We have

T

k T K K
(C): —XT[Aio + 3 uJ-A"} [A“’ + 5 uJ-A”}x+ 2[bi° + 3 ujb”} X
i=1 i=1 j=1

k
n |:,yi0+ )3 ujy”} =0 O(u:|ul,=1).
j=1
0

k T k k T
(C!): —XT|:AiOT +y uJ-A”] |:AiOT +y Uinj:|X+ 27'|:bi07' +y ujb”} X

j=1 j=1 j=1

- T[yi% +y Uﬂ”} =0 O((r,u):Julo = 7).

0

k T k k T
(Cn: —XT[AiOT +y uJ-A”] [Aior +y uJ-A”]x + Zr[bior +y ujb”} X

=1 j=1 j=1

K
+ T|:’yi07' + Z ujy”} =0 0O((r,u):u)3=rT12?),

j=1

the last equivalence is a consegquence of the left-hand sidein (C/ ) being an even function
of (7, u). We see that (C;) is equivalent to the following implication:

(D):P(r,u)=72—uu=0= QX(r,u) =0,

Q¥ (7, u) being the homogeneous quadratic form of (7, u) in the left-hand side of (C}').
Now let us make use of the following well-known fact (see, e.g., Boyd, El Ghaoui,
Feron, and Balakrishnan 1994):

Lemma 3.1. Let P, Q betwo symmetric matrices such that there exists z, satisfying
z{Pz, > 0. Then the implication

Z’Pz=0=272'Qz=0
holds true if and only if
h=0:Q=\P.

Inview of Lemma3.1, (D;) isequivalent to the existence of A' = 0 such that the quadratic
form of (7, u)

QX(r,u) = N (72— u"u)
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is positive semidefinite. It isimmediately seen that this quadratic form is of the type

Ri(7,u) = (r u")[E(X) — [F]T(X)F'(x)] <:> —\(72—u'u),
with symmetric (k + 1) x (k + 1) matrix E'(x) and rectangular I; x (k + 1)-matrix
F'(x) affinely depending on x. By standard reasoning via Schur complement such a
guadratic form is positive semidefinite if and only if the matrix

e+ (N “'k) [F17(x)
F'(x) I,

is positive semidefinite. The latter property of (x, \'), along with the nonnegativity of \'
is exactly the property expressed by the constraint (a;). [

3.2.2. Intractability of (P*) in the case of general N-ellipsoidal uncertainty. It
turns out that an uncertainty set which is the intersection of general-type ellipsoids leads
to a computationally intractable robust counterpart. To see it, consider the particular case
of (P) where m = 1 and where the uncertainty set is

U={C=(A"b" y")|A' = Diag(a); b* = 0; y* = 1}ace,

B being a parallelotope in R" centered at the origin. Note that since a parallelotopein R"
isintersection of n stripes, i.e., nsimplest ‘‘elliptic cylinders,”’ the uncertainty set % indeed

is N-ellipsoidal.
Now, for the case in question, to check the robust feasibility of the particular point x
=(1,...,1)"T € R"isthe same as to verify that ||a, = 1 for al a € B, i.e, to verify

that the parallelotope B is contained in the unit Euclidean ball. It is known that the latter
problem is NP-hard.

3.3. Robust conic quadratic programming. Now consider the case of uncertain
Conic Quadratic Programming (ConeQP) problem.
An uncertain ConeQP problem is

(P) = {min{c™x: |A'X + b, = [d']"x + ',
i = 1, 2, vy m}}(Al,bl,dl,yl;...;Am,bm,dm,ym)ewy

A" being I; X n matrices. Thisis a particular case of (4) corresponding to

Ki, Ki ={(t,u) € R X R"[t = |ul,},

=~
[
L3

¢ = (AL bY db Y. AT D™, d™, y™)

ed={AeR™ b eR",deR"y e€R,i=1...,m},
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[dl]TX+ ,yl

( Alx + b? >

([dm]TX + ,ym>
A™X + b™

Here, as in the case of QCQP, a general-type N-ellipsoidal uncertainty leads to com-

putationally intractable robust counterpart. Let us then focus on the following particular
type of uncertainty:

X=R", F(x,Q) =

““Simple’’ dlipsoidal uncertainty. Assume that
(1) The uncertainty is ‘‘ constraint-wise'":

U= U X ==+ X U,

where % is an uncertainty set associated with the ith conic quadratic constraint; specifi-
caly,

« (I1) For every i, % isthe direct product of two ellipsoids in the spaces of (A', b')-
and (d', y')-components of the data:

“Zli="7?i><"wi,

U = {[A‘; b'] = [A®; b] + % u[AY; b'] + % v[EP; fP]|uu = 1} ,

j=1 p=1
= { (@) = (@570 + 5 uldh ) + 5 e )l =1}
=1 p=1
THeorem 3.3. Therobust counterpart of the uncertain conic quadratic problem (P)

corresponding to the uncertainty set % described in (1), (I1) isequivalent to the following
SDP problem:

(P min c'x

wrt.xeR" AL ...,N"ER, 4 ..., u™ € R subject to

(lip) EPx+fP=0,i=1,...,m,p=1,...,0q;
(i) [gP]"™x+h?P=0,i=1,...,mp=1,...,q/;
[diO]TX+yi0—)\i [dil]TX+,yi1 [diz]TX+'yi2 [dik{]TX+,yik{
[dil]TX+ ,yil [diO]TX+ ’}/io_)\i
(”II) [diz]TX+,yi2 [diO]TX+‘yi0—)\i
[dik{]T;(_i_,yik,' [diO]TX-i-yio—)\i

=0,i=1,...,m
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)\i—ﬂi e [Ai0x+ biO]T
‘LLi i [A 1X+b“]T
i i A 2 + bi2 T
(I\G) : g ", [ x.“ : =0,
’ Mi [Aikix+bik,-]]'
APx+ b0 [ATx+ b ACx+ b7 AFx+ b N,
i=1,...,m.

Proor. In the robust counterpart of (P) every uncertain quadratic constraint

IAX + b, = [d'] X+ y'

is replaced by its robust version
A + b, =[d']™x+y" O(A,b,d,y)e%.
It follows that in order to understand what is, analyticaly, the robust counterpart of (P)

it suffices to understand what is the robust version of a single quadratic constraint of (P);
to simplify notation, we drop the index i so that the robust constraint in question becomes

IAX+b,=d™x+y 0O(A,b)e? 0O(d,vy) €W,

U= {[A; b] =[A% b°] + % u[Al; bl + % Up[EP; fP] [uTu = 1},

(18)
j=1 p=1
k’ . . q’
w={<d,w=<d°,y°)+ Su(dy)+ Y vp(gp,hmumsl}.
j=1 p=1
Let us set
o(x)=x"d°+ y°:R">R,
XTd 4 51
TAH2 2
ax)=| ¥4 Y |.RrnoRY,
(19) XTdk’+,yk'

P(X) = A%+ b°:R">R',
U(x) =[A'x+ b*; A%X + b?;...; A'x + b :R"=> R,
In the above notation the robust constraint (18) becomes the constraint
O(u:uu=1Lw:ww=1)
0((9,h) € Span{ (g”,h?),1=p=q'})
O((E,f) e Span{ (E",f?),1=p=aq})

d(X) + 2T(x)u+[g"x+ h] = [l(x) + T(X)W + [Ex+ f]|;
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The latter constraint is equivalent to the system of constraints (l;,), p=1,...,q, (Il;p),
p=1,...,p" andthefollowing constraint:

L
(20) d(X)+dT(x)u=\ Ou,u’u=1,
A= p(x) + T(x)wl, Ow,w'w=1.

A pair (x, \) satisfies (20) if and only if it satisfies (111;) along with the constraints

(21) A=0
and
(22) N = [lp(x) + T(x)w]z DOw,w'w=1.

The constraint (22) is equivaent to the constraint
(23) O((t,w), w'w=1t2): \2t2 = [ip(X)t + U(X)W| 3.

In other words, a pair (x, \) satisfies (21), (22) if and only if \ is nonnegative, and
nonnegativity of the quadratic form (t? — w'w) of the variablest, wimplies nonnegativity
of the quadratic form

N2 — [l (x) T+ U(x)WI|3

of the same variables. By Lemma 3.1, the indicated property is equivalent to the existence
of a nonnegative v such that the quadratic form

W (t, W) = \22 — [l (xX)t + T(x)W]|3 — (12 — w'w)

is positive semidefinite. We claim that v can be represented as u\ with some nonnegative
u, u = 0inthe case of A\ = 0. Indeed, our claim is evident if A\ > 0. In the case of \ =
0 the form W(t, w) clearly can be positive semidefinite only when » = 0 (look what
happens when w = 0), and we indeed have v = p\ with i = 0.

We have demonstrated that a pair (x, \) satisfies (21), (22) if and only if there exists
a u such that the triple (x, \, u) possesses the following property

(w): N, u=0; u =0when ) = 0; the quadratic form

W(t,w) = XA — )t + auw'w — (t w')RT(x) R(x)(vtv> ,
R(x) = [#(x); ¥(x)],
of t, wis positive semidefinite.

Now let us prove that the property (7) of (X, \, 1) is equivalent to positive semidefinite-
ness of the matrix S = S(x, A\, u) in the left hand side of (1V;).
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Indeed, if A > 0, positive semidefiniteness of W is equivalent to positive semidefinite-

ness of the quadratic form

(= )+ = (£ WORTO0) RO ).

which, via Schur complement, is exactly the same as positive semidefiniteness of S(x, A,
). Of course, the matrix in the left-hand side of (1V;) can be positive semidefinite only
when A\ = \', u = ' are nonnegative. Thus, for triples (x, \, 1) with A > 0 the property
() indeed is equivalent to positive semidefiniteness of S(x, \, »). Now consider the case
of A\ =0, and let (X, N\ = 0, u) possesses property (7). Dueto (7)), » = 0 and W is
positive semidefinite, which for A\ = 0 is possible if and only if R(x) = O; of course, in
this case S(x, 0, 0) is positive semidefinite. Viceversa, if A = 0 and S(x, \, u) ispositive
semidefinite, then, of course, R(x) = 0 and p = 0, and the triple (X, \, u) possesses
property ().

The summary of our equivalences is that x satisfies (18) if and only if it satisfies (1;,),
(11;,) for all possible p and there exist A = \', u = y' such that the pair (x, \) satisfies
(111;) and the triple (x, \, u) satisfies (1V;). This is exactly the assertion of the theo-
rem. [

3.4. Robust semidefinite programming. Next we consider uncertain Semidefinite
Programming (SDP) problems.
An uncertain SDP problem is

(24) (P) = {min{ch; AG) = A+ 3 KA € SL}} :
i (Ab)yeu

i=1

where S, is the cone of positive semidefinite | X | matrices and A°, A*, ..., A" belong
to the space S' of symmetric | X | matrices. Thisis a particular case of (4) corresponding
to

K=5\,0=(A%Al, ..., A" € 4= (3",

X=R"F(x,0) =A"+ 5 xA"

i=1

As before, we are interested in ellipsoidal uncertainties, but a general-type uncertainty
of this type turns out to be too complicated.

3.4.1. Intractability of the robust counterpart for a general-type ellipsoidal uncer-
tainty. We start with demonstrating that a general-type ellipsoidal uncertainty affecting
even b only leads to computationally intractable (NP-hard) robust counterpart. To seeit,
note that in this case already the problem of verifying robust feasibility of a given can-
didate solution x is at least as complicated as the following problem:

(*) Givenk| x | symmetric matrices A, . . ., A¥, (kisthe dimension of the uncertainty
ellipsoid), check whether =¥, Al = |, O(u€ R*: u'u = 1).

In turn, (*) is the same as the problem
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792 BEN-TAL AND NEMIROVSKI

(**) Givenk | x | symmetric matrices A, ..., A%, and a real r, check whether

r= max f(&), f(§)=§(§TAi§)2-

ceR!Jgl5=!

Wewill show that inthecaseof k=1 (l — 1)/2 + 1 theproblem (* *) iscomputationally
intractable. Indeed, given an |-dimensiona integral vector a, let us specify the data of
(**) asfollows: the first k — 1 = I (I — 1)/2 matrices A" are appropriately enumerated
symmetric matrices B™, 1 = p < g = |, given by the quadratic forms

£TBME = V2¢,¢,,

and the last matrix is

aa’
k— | —
A=l T
With this choice of A?, ..., A¥, the function f(¢) (see (**)) restricted to the sphere S

={¢eRT¢=1}is
f(&) = f.(&) + f(€),

(o) = 3 (TAE)?
=y 2
=1IP=3 &

p=1
o-(- 5]

The maximum value of f, on Sis|? — |, and the set F* of maximizers of f, on the sphere
is exactly the set of vertices of the cube C = { ¢]]|¢|.. = 1} . The maximum value of f, on
Sis|?, and the set of maximizers of f, on Sintersects F* if and only if the equation

(25) a'z=0

has a solution with all coordinates being +1. In this latter case the maximum value of f
on Sis the sum of those of f, and f,, i.e., itisr* = 212 — |. In the opposite case the
maximum value of fon Sisdtrictly less than r*, and from the integrality of a it follows
that this maximum value is lessthan r* — 27 ~*(l|all,), = being a properly chosen poly-
nomial. (For details, see Margelit, T. (1997). Robust Mathematical Programming with
Applications to Portfolio Selection, M.Sc. Thesis, Faculty of Industrial Engineering and
Management, Technion—Isragl Institute of Technology.) We see that if r in (**) is
specified asr* — 7 *(l||all,), then the possibility to solve (* *) implies the ability to say
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whether the equation (25) has a solution with entries +1. The latter problem is known to
be NP-complete. [

In gpite of the last intractability result there are interesting ‘‘well-structured’’ uncer-
tainty ellipsoids which do lead to computationally tractable robust counterparts. An ex-
ample of thistype is discussed next.

34.2. ‘‘Rank 2" dlipsoidal uncertainty and robust trusstopology design. Consider
a‘‘nomina’’ (certain) SDP problem

(26) (p%): min{c™x: A°(x) € S\ };

here x is n-dimensional design vector and 4°(x) is| x | matrix affinely depending on x.
Let d be afixed nonzero |-dimensional vector; let us call rank 2 perturbation of .4°(-)
associated with d a perturbation of the form

A%(X) > A%(X) + b(x)d" + dbT(x),

where b(x) is an affine function of x taking values in R'. Now consider the uncertain
SDP problem (P) obtained from (p°) by all possible perturbations associated with a fixed
vector d = 0 and with b(-) varying in a (bounded) ellipsoid:

k k T
(27) (P) = {min{ch: A°(X) + [ > ujbi(x)]dT+ d[ > ujbj(x)} = 0}} :
j=1 j=1 ueRkuTu=1
here b!(x) are given affine functions of x taking valuesin R'.

ProrPosiTioN 3.1. Therobust counterpart (P*) of the uncertain SDP problem (P) is
equivalent to the following SDP problem:

() minc'x
(28) w.r.t.x e R", A € R subject to
My [bY(x); b2(X);...; b*Xx)]"
(a)<[bl(x); b2(x); .. .: b*(X)] A%(x) — Add ) =0

Proor. Let
B(x) = [b(x); b%(x); .. .; b*(X)];
avector x isfeasible for (P*) if and only if
(29) O(€€R)O(UER  UU=1):¢TeA(X)E + 2(dTE)(UTBT(X)€) = O,
or equivaently, if and only if

(30) O(¢ € RY):€TeA(x)€ — 2[d¢IBT(X) €]l = O.
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794 BEN-TAL AND NEMIROVSKI

Condition (30), in turn, is equivaent to the following one:

1) O eR, nERY P n)=(d"¢)>-n"n=0=
Q(& n) = £TA(X)E + 2nTBT(X)E = 0.

According to Lemma 3.1, (31) is equivalent to the existence of a nonnegative A such that
the quadratic form

Q(& 77) - )\P(&, 77)

of &, n is positive semidefinite. Summarizing our observations, we see that x is feasible
for (P*) if and only if there exists A = 0 such that the matrix

Ny BT(X)
(ﬁ(x) A°(X) — KddT)

is positive semidefinite. [

The situation described in Proposition 3.1 arises, e.g., in the truss topology design
problem described in Introduction (see Ben-Tal and Nemirovski 1997 for more details).
In the latter problem, the ‘*nominal’’ program (26) is of the form

min
st
T fr
P ) p
flYnA =0, Y=1
i=1 i=1
Diag(t)
the design vector being (ty, . .., t,, 7); t; are bar volumes,  represents the compliance,

and fisthe'‘nomina’’ external load. Inthe robust setting of the TTD problem, wereplace
the nominal load f with an ellipsoid of loads centered at f; this is nothing but rank 2
perturbation of the nominal problem associated with d = e, and a properly chosen b'(x)
(in fact, independent of x).

34.3. ‘‘Approximate’ robust counterpart of an uncertain SDP problem. Aswe
have seen, an uncertain SDP problem with a general-type ellipsoid % may result in a
computationally intractable robust counterpart. This can occur in other situations as well,
and whenever this is the case, a natural way to overcome the difficulty is to replace the
robust counterpart by a“‘tractable approximation.’’ Let us start with introducing thislatter
concept.

Approximation of the robust counterpart. Consider an uncertain optimization
problem:

(P) = {min{c™x: F(x, {) € K, X € 1} }cecorn,
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where {° isthe ‘‘nominal’’ data and T is a convex ‘‘ perturbation set’’ containing O. Let
(Px)ymin{c™x:xe X, F(x,{) e KO € %+ pT}

be the robust counterpart of the uncertain problem obtained from (P) by replacing the origina
perturbation set U by its p-enlargement, and let G, (p) denote the feasible set of (P%).

DerniTioN 3.1. We say that a ‘*certain’’ optimization problem
(IT): min{c™x: (x,\) € X"}

with design variables x, A and feasible domain .2™* is an approximation of the robust
counterpart (P*) = (P7) of (P), if the projection G* (IT) of the feasible set of (IT) on
the plane of x-variables is contained in the feasible set G, (1) of the robust counterpart
(P*),i.e., if (IT) is **more conservative'’ than the robust counterpart of (P).

A natural ‘*measure of conservatism’’ of (IT) asan approximationto (P*) isasfollows:

cons(IT) = inf{p = 1: G, (p) C G*(II)}.

DeriniTiOoN 3.2, We say that (IT) is an a-conservative approximation of (P*), if
cons(Il) = ¢, i e, if

xe G (IT) = xe G*(1),
{X & G (IT) = x & Gyu(p) Op > a.

Note that from the viewpoint of practical modeling it is nearly the same to use the exact
robust counterpart or its approximation with ‘‘moderate’’ level of conservativeness.
Therefore, if the exact counterpart turns out to be a‘‘ computationally bad’’ problem (as
it is the case for uncertain SDP problems with ellipsoidal uncertainties), it makes sense
to look for an approximate counterpart which is on one hand with a ‘‘reasonable’’ level
of conservativeness and on the other hand is computationally tractable. We now present
aresult in this direction.

A ‘“‘universal’’ approximate robust counterpart to an uncertain SDP prob-
lem. Consider an uncertain SDP problem in the form

(P) ={min{c™x: A'(X) €S%,i=1,...,m}} icyenion)saizt ... ms

A'°(-) being an affine mapping from R"to S" and T, 0 € T, being convex perturbation
sets in the spaces of mappings of this type.

Assume that
(#). Foreveryi = mtheset 7, can beapproximated ‘‘ up to factor ;" by an ellipsoid,
i.e., we can find out k; affine mappings -4"(-) : R"—>S",j =1, ..., k, in such away

that U7 < U < yiUi where

M=

U = { UjeA'(-)JuTu = 1} :
j=1
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THeorem 3.4. Under assumption (#) the SDP program

(IT): min, cTx

s.t.
ACX) YA (X)) yieAZ(X) e yied"(X)
YiedH(X)  A0(X) _

B (X) = | yied?(X) A =0, i=1,...,m.
yiod™ SIS

iS an a-conservative approximate robust counterpart of (P) with

(32) a= max v min[Vk,I].

i=1...,

Note that the strength of the result isin the fact that the guaranteed level of conservatism
a is proportiona to the minimum of the square roots of the dimensions max; k; and
max; |; .

ProoF oF THE THEOREM. We should prove that (i) (IT) indeed is an approximate
robust counterpart of (P), and that (ii) the level of conservativeness of (I1) is as given
in(32).

(i) Assume that x is feasible for (IT), and let us prove that x is robust feasible for
(P). To thisend it suffices to verify that for every i = 1, ..., mone has

(33) B(X)=0= A°X)+ AX)=00AE€ V.

To simplify notation, let us drop the index i and write A° = A'°(x), Al = 4¥(X), y
= v, €tC.

Assume that B (x) = 0. The matrix A° clearly is positive semidefinite. Let B be a
positive definite symmetric matrix such that B = A°; then the matrix

B YAl yA? .- yAK
vyA' B
B =] yA? B
'yAk .. B
is positive semidefinite, i.e., for every collection of vectors¢, n, 12, . . ., 7 OnNe has

k k
§'BE+ 3 0B+ 2y § {TAIg = 0.

=1 =1

Minimizing the left-hand side of this equationinn,, .. ., 7, we get

k
§TBE — y? Yy ETAIBTIAIE = 0 LK,

j=1
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or, denoting D; = B~Y2AIB "2

(34) y?D? = 1,.

M-

J
Now let A(-) € U, and let A = A(X); note that in view of (#)
k .
O(u, u'u=vy?): A=Y yAl.
j=1

For an arbitrary n € R', we have

k
In"TAnl =Y |yl InTAln]
i=1

k k
=42 U4/ 2 (nTAMn)?

j=1 j=1

= 7,4/ [(BY*)) (B "?Aln)]?

j=1

A

k
74/ 2 [n"Bul[n"AB7*Aln]

j=1

k

¥4/ Y [n"Bnl[n"BY?*D{BY?n]

j=1

=1n"Bp
[we have used (34)].
Thus,
In"An| = n"Bn On.

This relation is valid for all positive definite matrices B which are = A°, so that A° + A
= 0. Since the latter inequality isvalid for al A = A(X), A(-) € U, x indeed satisfies
the conclusion in (33). (i) is proved.

(i) Assumethat x € G, (a) with « given by (32); we should prove that x isfeasible
for (IT). Arguing by contradiction, assume that x is not feasible for (IT). First of al, we
note that all .4'°(x) are positive semidefinite—otherwise x would not be feasible even
for the nominal instance and therefore would not belong to G, (a) . Since x is not feasible
for (IT), there exists i such that the matrix B; (x) is not positive semidefinite. Choosing
as B a positive definite matrix which is = A°(x) and is close enough to A'°(x), we see
that the matrix
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B YA (X) yied(X)  yied"(X)
Yied' (X) B
B = yieAiz(X) B
YA ; B

is not positive semidefinite.
In view of the same reasoning as in the proof of (i), the latter fact means exactly that
the matrix

k
II _ ,}/2 Z D]2, Dj — BfllejBfll2,
=1

is not positive semidefinite (we use the same shortened notation as in the proof of (i)).
In other words, there exists a vector h, h'h = 1, such that

k

> hih > 1,

j=1
(35)

h,-=yDjh,j=l,2,...,k.
We claim that
k

(36) [ {uu=0? &{JA]>1}, A=7Y uyD;,

=1

where ||-|| is the operator norm of a symmetric matrix.

Indeed, consider two possiblecases: (a) k=k =1 =1;,and (b) k > I.

Assume that (&) isthe case. It is evident that one can choose numbers¢; = *=1 in such
away that

k

> €h;

j=1

2 k

=5 h'h [>1],
j=1

2

whence
k 2
hT|:Z EJDJ] h > ’)/72.
j=1

In view of thisinequality, setting u; = aek 2,j = 1, ..., k, we satisfy thefirst relation
in the conclusion of (36), and the operator norm of the corresponding matrix A? is
>a?y %k1; the latter quantity is =1, since in case (a) one clearly has a = yk*?, see
(32). Thus, ||A]2 = ||A?| > 1, as required in (36).

Now consider case (b). Denoting by dP the pth coordinate of an |-dimensional vector
d and taking into account that in view of (35) one has
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lz (h")? > 1,

p=1

LM =

J

we immediately conclude that there existsan index q € {1, 2, ..., |} such that
k
3 (hf)? > 11,
j=1

Consequently, there exists a vector u € R¥, u™u = a2, such that

uhi > al 722

IM =

or, which is the same,

u(Dh) > ay 12 = 1.

LM =

]

(We have taken into account that in case (b), due to the origin of «, the quantity ay =4 ~/2
is = 1.) In other words, u satisfies the conclusion in (36) (recall that h™h = 1).

Now let u, A be given by (36) (we just have seen that this relation is aways true),
and let A = =F,; yAl, sothat A = B"Y2AB %2, Since ||A| > 1, at least one of the
matrices I, = A is not positive semidefinite, or, which is the same, at least one of the
matrices B = A is not positive semidefinite. On the other hand, u'u = «2, and therefore
(see(#)) = (21 upA(+)) € aTi; Since x was assumed to belong to G, (« ), the matrices
A® + A should be positive semidefinite; due to B = A'°, it implies also positive semi-
definiteness of the matrices B = A, and we come to the desired contradiction. [

RemMARK 3.1. In connection with Assumption (#) it is worth noting that, in the case
when ?istheintersection of k ellipsoids centered at the origin, thisassumption is satisfied
with v = k. Indeed, we may assume that the ellipsoids in question are E'
= {{|{QTQ{ = 1}; ther intersection clearly contains the lipsoid { {|{T =K, QT Q¢
= 1} and is contained in a\/Etimeslarger ellipsoid.

3.5. Affinely parameterized uncertain programs. Consider the case of an uncertain
problem with affine uncertainty and K = R7:

(P)={min{c'™x:xe€ X, i (x,§) =0,i =1,...,m}}e_qch e

where
fi(x, ) =fP(x) + £ CH(x).

The robust counterpart of (P) isthe problem
(P)
min c"x

Fi(X)ZO,izl,...,m,
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800 BEN-TAL AND NEMIROVSKI

where

F(x)= inf [f O(x) + z c%f%(x)] :

{={¢hen

Assume that the uncertainty set % is a bounded ellipsoid, i.e., the image of the unit Eu-
clidean ball under affine mapping:

(37) U={(=C"+PuluecR' ulu=1}.

Our goal is to demonstrate that in the case in question the robust counterpart is basically
‘*as computationally tractable’’ as the instances of our uncertain program.

Indeed, let uslook what isthe robust version of asingle uncertain constraint. Dropping
the index i, we write the uncertain constraint and its robust version, respectively, as

f1(x)
(38) 0=f(x,0)=fox) + (Tf(x), f(x)= f..(.x) ,
f4(x)

0 =F(x) = minf(x, {).
Cen

We immediately see that

F(x) =fo(x) + (£°)Tf(x) — VET(X)PPTf(x) .

Note also that F is concave on X (recall that we always assume that the mapping F (X, {)
is K-concave in x € X). Thus, in the case under consideration the robust counterpart is
an ‘‘explicitly posed’’ convex optimization program with constraints of the same ‘*level
of computability’’ as the one of the constraints of the instances. At the same time, the
constraints of the robust counterpart may become worse than those of the instances, e.g.,
they may lose smoothness.

There are, however, cases when the robust counterpart turns out to be of the same
analytical nature as the instances of the uncertain program in question.

Example: A simple uncertain geometric programming problem. Consider the case

of an uncertain geometric programming program in the exponential form with uncertain
coefficients of the exponential monomials, so that the original constraints are of the form

(39) 0=f(x0)=1-3% G exp{[B"]"x}

(B are *“certain’’ ) and the uncertainty ellipsoid, for every constraint, is contained in the
nonnegative orthant and is given by (37). Here the robust version of (39) isthe constraint

0=F()=1-3 ¢ exp{[B8'1"x} — V¢ (X)PPT(x),

(40)
d(x) = (exp{[B']"x} exp{[B°] X} - - -exp{[B*]"x})".
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Under the additional assumption that the matrix PPT is a matrix with nonnegative
entries, we can immediately convert (40) into a pair of constraints of the same form as
(39); to this end it suffices to introduce for each constraint an additional variable t and
to represent (40) equivalently by the constraints

0=1-73 exp{[8]1x} — exp{t},
j=1
0=1- 3 (PPT)exp{[B°+ B x - 2t}.

Thus, in the case under consideration the robust counterpart isitself a geometric program-
ming program.

4. Saddle point form of programswith affine uncertainty. Consider once again an
uncertain Mathematical Programming problem with affine uncertainty and K = RT:

(P) = {min{ch:xe T f(x, )= f2(x) + % (fl(x) =0,

each % being a closed convex set in some R%. Note that in the case in question As-
sumption A becomes

A.l. Xisaclosed convex set with a nonempty interior, the functions f! (x) are con-
tinuouson X,i =1,...,m,j =1,...,k, and the functions f; (x, {') are concave in x
€ Tforevery(' € %,i=1,...,m.

The robust counterpart of (P) isthe problem
(P¥)
min c'x

FF(x)=0, i=1...,m,
k .
Fi(x) = inf [fP(X) + Y C}f‘i(X)] :
ey i=1
which is egquivalent to the problem

min sup {CTX - g N Fi(x)} ,

Ve m
XEL NER'T i
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or explicitly the problem

(41) min{ch—E inf [Aiff’(x)+£>\iz;}f£(x)”.

XET 21 Gley\eRT

Now let us set

f(x,n) = %njf{(x):xx R¥1 >R,

i=0

W = cl{ (p, pCl, plo, oo Gl =0,8" € %}

note that ¢, is a closed convex conein R, We clearly have

inf [)\ifio(X) + % xiC}fJ}(x)] = inf fi(x,7'),

e %\=0 -1

so that the problem (41) is exactly the problem

(42) min{ch— > inf ﬁ(X,ﬂi)}-
XeXx i=1 n'€ u
Now let
w - I_l Ga?i!
i=1
n={(n"%....,nMm,

L(x,n)=ch—§ﬁ(x,ni):3C>< w-R.

i=1
Due to A.1 and to the origin of 10, the function L is convex in x € X for every n € W
and affine (and therefore concave) in n. We summarize the above factsin
ProrPosiTioN 4.1. Under assumption A.1, the robust counterpart (P*) of uncertain
problem (P) is equivalent to the saddle point problem

(43) min sup L(X, n)

XEL nE W

with convex-concave and continuous on 1" X Z7function L (X, 7).
The latter result provides us with an opportunity to handle the uncertain problem under
consideration via its dual problem

max inf L(Xx, n)

nEW XEX

which in some cases may be better suited for a numerical solution. Another advantage of
the saddle point formulation of the robust counterpart is seen from the following consid-
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erations. In simple enough cases (cf. 83.5) we can explicitly perform the inner maximi-
zationinn in (43) and end up with an explicit optimization form of the robust counterpart:

(44) min L(x) [I:(x) = sup L(x,n)] .
Xer new
We point out, however, that sometimes this policy, even when it can be carried out, is
not necessarily the best one; there are cases when, computationaly, it is preferable to
work directly on the saddle point form of the robust counterpart than on its optimization
form. The reason isthat in the case when f | possess nice analytical structure, the function
L(x, ) basicaly inheritsthis nice structure, and in favourable circumstances we can solve
the saddle point problem by advanced interior point methods for variational inequalities
(see Nesterov and Nemirovski 1994, Chapter 7). In contrast to this, the objective in the
optimization program (44), even if it can be explicitly computed, typically is much worse
anaytically than the functions f}; it may, e.g., loose smoothness even when all functions
f! are very smooth. As a result, it may happen that the only numerical methods which
can be used to solve (44) directly are relatively low-performance *‘black box’’ -oriented
tools of nonsmooth convex optimization, like the bundle methods, the Ellipsoid
method, etc.
To illustrate the point, let us consider the following simple example:

Heat dissipation problem. Consider an electric circuit (see Figure 2) represented as
a connected oriented graph I" with N arcs, an arc (ij) possessing a given conductance s;
€ (0, «). Assume that the arcs of the circuit are charged with external constant voltages
y;i,» and the vector y of these voltagesisrestricted to belong to a given convex and compact
set Y. The voltages induce currents in the circuit; as a result, the circuit dissipates heat.
According to Kirchoff 's laws, the heat dissipated by the circuit per unit timeis

H= mil”\lﬂ(QU + Py)TS(Qu + Py),

where Q and P are some matrices given by the topology of the circuit, M is the number
of nodes of the circuit and Sis N X N diagona matrix with the diagonal entries indexed
by the arcs of G and equal to s;. The problem is to choose y € ¥ which minimizes the
dissipated heat:

(p) min {t t—min(Qu + Py)TS(Qu + Py) = 0} ,

X=(t,y) EX=RX¥

FiGUReE 2. A simple circuit.
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the data in the problem being the conductances s;, or, which is the same, the diagonal
positive semidefinite matrix S. In fact, in what follows we treat the more general problem
where Sis symmetric positive semidefinite, but not necessarily diagonal.

Now assume that the data are uncertain: all we know isthat S € %, U being a closed
convex subset of the positive semidefinite cone S" ; for the sake of simplicity, we assume
that % is bounded. The saddle point problem (43) becomes here

(ty)ex \=0,Se 7%

min  sup [t(l —\) + Amin(Qu + Py)"S(Qu + Py)} .

Itis clearly seen that the latter problem is equivalent to the saddle point problem

min max[min(Qu + Py)TS(Qu + Py)]

yey Seu u

which in turn is equivalent to the saddle point problem

(45) min max f(y,u; S), f(y,u;S) = (Qu+ Py)"S(Qu + Py).

yeY, u Se#

(We have used the standard min-max theorem (see Rockafellar 1970) and have taken
into account that % C S, so that the function (Qu + Py)"S(Qu + Py) is convex in (y,
u) for every S € % and is linear, and therefore concave, in S.)

The nice analytical structure of f makes it possible to solve the saddle point problem
by the polynomial time path-following interior point methods from (Nesterov and Nem-
irovski 1994, Chapter 7) provided that the convex sets ¥, % are*‘simple’’ —admit explicit
self-concordant barriers. Thus, here the saddle point form of the robust counterpart yields
a problem which can be solved by theoretically efficient interior point methods. Thisis
not always the case for the optimization form (44) of the robust counterpart. Indeed,
consider the simplest case where Q is the zero matrix (such a case has no actual sensein
the Heat Dissipation problem, but it makes sense mathematically, which is sufficient to
illustrate the point). In this case the objective L (x), x = (t, y) in problem (44) becomes

Se#

{+oc, t<maxy PSPy,
t, otherwise

so that (44) is nothing but the problem
(46) min F(y), F(y) = maxy'PTSPy.
yey Se
Now assume that % C S is an ellipsoid:
k .
U= {SO + Y yShlv = l} .
j=1

Then the objective F in (46) can be explicitly computed:

(47) F(x) = x"PTSPx + J% (X"PTSIPx)2.
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Note that since not all S' necessarily are positive semidefinite, it is not even seen from
(47) that F is convex. Moreover, direct minimization of convex functions of the type
(47), where not al S's are positive semidefinite, is not as yet covered by the current
interior point methodology.
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