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ON LOW RANK MATRIX APPROXIMATIONS WITH
APPLICATIONS TO SYNTHESIS PROBLEM IN
COMPRESSED SENSING”

ANATOLI JUDITSKY', FATMA KILINC KARZAN!, ano ARKADI NEMIROVSKT®

Abstract. We consider the synthesis problem of compressed sensing—given s and an M x n matrix A,
extract from A an m X n submatrix A,,, with m as small as possible, which is s-good, that is, every signal z
with at most s nonzero entries can be recovered from observation A,z by #; minimization: z =
arg min, {||ul|;:4,,u = A,,z}. We show that under reasonable assumptions the synthesis problem can be re-
formulated as the problem of entrywise approximation, within a given accuracy, of n x n matrix W = YT 4,
with ¥ € R™*" given by a matrix of the form YL A,,, with A,, comprised of m rows of A. We propose ran-
domized algorithms for efficiently solving the latter problem with accuracy guaranties E{|W-—
YIAulo} < O)L(Y, A)y/In(n) /m. Here L(Y, A) is an easy-to-specify quantity which in good cases is a
moderate absolute constant (e.g., L(A4, A) = 1, when A4 is the Hadamard matrix, and similarly for the matrix
of Fourier transform on any finite abelian group). We also supply derandomized versions of the approximation
algorithms which do not require random sampling of matrices and attain the same accuracy bounds. We
further demonstrate that in terms of approximation accuracy our algorithms are optimal up to logarithmic
in n factors. Finally, we provide preliminary numerical results on the performance of our algorithms for the
synthesis problem.
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1. Introduction. Let A € R™*" be a matrix with m < n. Compressed sensing
focuses on recovery of a sparse signal z € R" from its noisy observations

y= Az + e,

where e is an observation noise such that ||e|| < & for a certain known norm on R™ and
some given 6. The standard recovering routine is

% € Arg min{||wl|;:||Aw — y|| < 6}.

We call the matrix A s-good if whenever the true signal z is s-sparse (i.e., has at most s
nonzero entries) and there is no observation errors (6 = 0), z is the unique optimal solu-
tion to the optimization program min{||w||,: Aw = Az}.

To the best of our knowledge, nearly the strongest verifiable sufficient condition for
A to be s-good is as follows (cf. [5]):
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1020 A. JUDITSKY, F. KILING KARZAN, AND A. NEMIROVSKI

1
(1.1) There exists Y € R™" such that ||I,, — YTA|, < %
s

(here and in what follows || X||,, = max; ;| X,;|, X;; being the elements of X)'.

In this paper we consider the synthesis problem of compressed sensing as follows:

Given s and an M X n matriz A, extract from it an m x n submatriz A,,, certified to
be s-good, with m as small as possible.

One can think, e.g., of a spatial or planar n-point grid £ of possible locations of signal
sources and an M-element grid S of possible locations of sensors. A sensor in a given
location measures a known, depending on the location, linear form of the signals emitted
at the nodes of £, and the goal is to place a given number m < M of sensors at the nodes
of § in order to be able to recover the location of sources via the £;-minimization, under
the condition that there are at most s sources. Since the exact verification of s-goodness
is difficult, we will look for a submatrix of the original matrix A for which the s-goodness
can be certified by the sufficient condition (1.1). Suppose that along with A we know an
M x nmatrix Y ); which certifies that the “level of goodness” of A is at least s; that is, we
have

1
(1'2) Hln - YJJ\;[AHoo S n < g

Then we can approach the synthesis problem as follows:

Given M x n matrices Y and A and a tolerance € > 0, we want to extract from A
m rows (the smaller is m, the better) to get an m x n matriz A, which, along with
properly chosen Y ,, € R™ " satisfies the relation | Y1L,A— YLA,| . <e.

Choosing € < 1 /(2s) — p and invoking (1.2), we ensure that the output 4,, of the
above procedure is s-good. This simple observation motivates our interest to the
problem of approximating a given matrix by a matrix of specified (low rank) in
the uniform norm.

Note that in the existing literature on low rank approximation of matrices the
emphasis is on efficient construction when the approximation error is measured in
the Frobenius norm (for the Frobenius norm || Al = (37, ;4%)"/%). Though the singular
value decomposition (SVD) gives the best rank &k approximation in terms of all the
norms that are invariant under rotation (e.g., the Frobenius norm and the spectral
norm), its computational cost may be prohibitive for applications involving large ma-
trices. Recently, the properties of fast low rank approximations in the Frobenius norm
based on the randomized sampling of rows (or columns) of the matrix (see, e.g., [3], [4])
or random sampling of a few individual entries (see [1] and references therein) have been
studied extensively. Another randomized fast approximation based on the preprocessing
by the fast Fourier transform or fast Hadamard transform has been studied in [6]. Yet
we do not know explicit bounds available from the previous literature which concern
numerically efficient low rank approximations in the uniform norm.

The only result known to us on low rank approximation of matrices in uniform norm
is the one in [7]; it states that if W= Y74 € R™" and the rows in Y, A are of
Euclidean length at most D, then, for every k, W admits a rank k approximation W, =
Y IA, satisfying | W — W, < O(1)D*\/In(mn) /k, where Y} and A, are k x m and

'"We address the reader to [5] for details concerning the derivation, the link to the necessary and sufficient
condition of s-goodness, and its comparison to traditional nonverifiable sufficient conditions for s-goodness
based on restricted isometry or restricted eigenvalue property and a verifiable sufficient condition based
on mutual incoherence.
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ON LOW RANK MATRIX APPROXIMATIONS 1021

k x n matrices with rows that are linear combinations of those in Y, A, respectively.
This result does not help in the synthesis problem, where we want the rows of A, to
be just rows of A and not linear combinations of these rows.

The main result of this paper is as follows. Let W = YT A, where Y and A are
known M x n matrices. We consider the approximation W = Y,CT Aj, of W such that
the matrices Y, and A;, of dimension m;, x n, m; < k < M, are composed of multiples of
the rows of the matrices Y and A, respectively’. We show that a fast (essentially, of
numerical complexity O(kMn?)) approximation W) can be constructed which satisfies

In(n)
o

|W— W, =O1)L(Y,A)

oo
where L(Y, A) = > |1villollaill« and yI, al denote the ith rows of Y and A, respec-
tively. Note that for moderate values of L(Y, A) = O(1) and k < n /2 this approxima-
tion is “quasi-optimal,” as we know (cf., e.g., 5, Proposition 4.2]) that (for certain
matrices W) the accuracy of such an approximation cannot be better than
O(k='/2). Moreover, in section 2.4, we show that when W is an n x n identity matrix,
as in the case of a compressed sensing synthesis problem, the above bound is unimpro-
vable up to a logarithmic factor. See also section 2.3 for a discussion of how large L(Y, 4)
can be in the case of A being a Hadamard matrix. We propose two types of construction
of fast approximations. We consider the randomized construction, for which the accu-
racy bounds above hold in expectation (or with significant probability). We also supply
“derandomized” versions of the approximation algorithms which do not require random
sampling of matrices and attain the same accuracy bounds as the randomized method.

2. Low rank approximation in compressed sensing. In this section we sup-
pose to be given s and an M X n matrix A, and our objective is to extract from A a
submatrix A, which is composed of, at most, k rows of A, with as small k as possible,
which is s-good. We assume that A admits a “goodness certificate” Y. Namely, we are
given an M X n matrix Y such that

1
2.1 =1, — YTA| . <—,
(2.1) we=I, loe < 5

and we are looking for A; and the corresponding Y such that || I, — Y A|| < 1/(2s).

2.1. Random sampling algorithm. The starting point of our developments is
the following simple lemma.
Lemma 2.1. For 8 >0, let

d

(2.2) Vs(z) =B In (Z cosh <%)> —Blnd:R'xR, 5 R,.

=1

Then
(i) we have ||z]|, — B In(2d) < Vi(2) < |2l
(ll) lf :81 < 527 then Vﬁl(z) 2 Vﬂg(z);
(iii) function Vg is convex and continuously differentiable on RY. Further, its
gradient V}, is Lipschitz-continuous with the constant B~':

?Allowing rows of 4}, to be multiples of rows of 4 in our context is the same as to require the rows of 4;, to be
among the rows of A—the corresponding factors can be moved from rows of A, to those of Y.
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1022 A. JUDITSKY, F. KILING KARZAN, AND A. NEMIROVSKI
(2.3) [Vi(21) = Vig(z)ll, < B2 — 2l

and || Vig(2)[|, <1 for all z € RY.

For proof, see Appendix A.

Lemma 2.1 has the following immediate consequence.

ProposITION 2.2. Let 8 > B’ > 0 (nonrandom) and let&,, ... &, be random vectors
in RY such that E{&,} =0 and E{&,|&,, ..., 6,1} =0 a.s. for all i € {2, ...k}, and
E{||&]%} <0? <o for all i€ {1,...,k}, and let S, =Yk & and Sy=0. Then
fork>1

2
(2.4) E{V,(51)} < B{Vp(Si)} + 5.

As a result,

k
(2.5) E{Sl.} < 4|2 In(2d) S " o?
i=1

Proof. Let 8 > B’. By applying items (ii) and (iii) of the lemma for k > 1, we get

Va(S0) < V(i) + (Vy(Sin).60) + 55 IEul
< Vp(Si) + (Vi(Seor) 6 + g5 601

When taking the expectation (first conditional to &;, ...,&,_;), due to E{&.|&;, ...,
€11} =0 as. for k> 2 and then using E{(V}/(5),&1)} =0 (due to E{§,} =0), we
obtain for £ > 1

2 2
P} < s+ 28

which is (2.4). Now let us set B/ =p = \/Z 0% /(2 In(2d)). Since V4(0) =0, we
conclude that

E{Vs(Sp)} <E{Vg(Si—1)} +

k
E{V(Sp)} SZ

mlq

On the other hand, by item (i) of Lemma 2.1,

k
2 In(2d) 0
=1

2

proving (2.5). o
The random sampling algorithm. Denoting y! and o, i =1, ..., M, ith rows of ¥
and A, respectively, let us set
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ON LOW RANK MATRIX APPROXIMATIONS 1023

(26) Hi = IlylHOO”a’ZHOO’ L:ZH’D T :f" 2 :ayi’
7 1
and let W = YTA. Observe that
M
W= Zni(zqal ),
i—1
lzalll = L 1<i<M,
M
(2.7) Y mi=1. m;>0, 1<i<M.
=1
Now let E be random rank 1 matrix taking values z;a] with probabilities 7;, and let
E,,Ey, ... be a sample of independent realizations of E. Consider the random matrix
L
Wy==>» E
: k; ¢

Then W is, by construction, of the form Y A, where A4}, is arandom m;, x n submatrix
of A with m; < k.
As an immediate consequence of Proposition 2.2 we obtain the following statement:
ProposiTion 2.3. One has

(2.8) E{|W, — W]} < 2Lk '/2,/2 In(2n?).
In particular, the probability of the event
= {El, BB | W = Wl < 4ALETY/24/2 1n(2n2)}
is >1 /2, and whenever this event takes place, we have at our disposal a matriz Y, and an

my. X n submatriz A; of A with m;, < k such that

2 In(2n?
(29) L= YT Al < Iy~ Wl 4 W, = Wl < g o= g 40y 222

Proof. By (2.7) we have ||z;al
dom index distributed in {1, ..., M} according to probability distribution = = {m;}
we have E{z,al} = W. It follows that |2, — W|,, < 2L and E{E, — W} = 0. If we

denote S; = Y L_ (8, — W), when applying Proposition 2.2 we obtain

E{)Sel} < 2L4/2k In(2n2),

= L for all 4, and beside this, treating : as a ran-
M
=1

and we arrive at (2.8). O
Discussion. Proposition 2.3 suggests a certain approach to the synthesis problem.
Indeed, according to this proposition, picking at random k rows al, where 4, ..., 1

are sampled independently from the distribution 7, we get with probability at least
1/2 a random m;, x n matrix A, m; <k, which is provably s-good with
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1024 A. JUDITSKY, F. KILING KARZAN, AND A. NEMIROVSKI

s = O(1)(Ly/In(n) /k+ )" When L = O(1), this is nearly as good as it could be since
the sufficient condition for s-goodness stated in (1.1) can justify s-goodness of an m x n
sensing matrix with n > O(1)m only when s < O(1)y/m (see [5, Proposition 4.2]).

2.2. Derandomization. Looking at the proof of Proposition 2.2, we see that the
construction of A;, and Y can be derandomized. Indeed, (2.4) implies the following.
Whenever S € R"™™ and B > f/, there exists i such that

212
L

Specifically, the above bound is satisfied for every i such that

V(S + (zia]l — W)) < Vg (S) +

<V:3(S),ziaiT - W) <o,

and because m; >0 Vi and Y;m;(z;al —
satisfied for some 1.
Now assume that given a sequence B, < f; < ... of positive reals, we build a
sequence of matrices S; according to the following rules:
1. S, =0;
2. S =5+ (vkagk — W) with £, € {1, ..., M} and v, € R" such that

W) =0, the latter inequality is certainly

212
Brit’

(2.10) Vg (Ski1) < Vi, (Sk) + 6141, Op1 <

where by definition V4 (0) = 0.
Then for every k > 1 the matrix Uy = k~15}, is of the form Y7 A, — W, where 4, is a
my. X n submatrix of A with m; <k, and

k
ISl < B In(202) + ) 6.
=1

whence
k
|YTA, — Tl <p+ k! (ﬁk In(2n2) + > 55).
=1

In particular, for the choice B, = 2L+/¢ /In(2n?), £ = 1,2, ..., we obtain®

In(2n?)

IYEA~ Ll < 4Ly =5

One can consider at least the following three (numerically efficient) policies for choosing
vy, and £}, satisfying (2.10); we order them according to their computational complexity.
A. Given S}, we test one by one the options £, = 4, v, = z;, i = 1, ..., M, until an
option satisfying (2.10) is met (or test all the n options and choose the one which
results in the smallest Vg  (Sj.1)). Note that accomplishing a step of this

scheme requires O(Mn?) elementary operations.

*For a given k, setting B, = L+\/2k/In(2n?), 1 < # < k, the right-hand side in the bound can be reduced

to i +2Ly/2 In(2n?) /k.
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ON LOW RANK MATRIX APPROXIMATIONS 1025

A’. In this version of A, we test the options £}, = i, v;, = z; when picking i at
random, as independent realizations of the random variable : taking values
1, ..., M with probabilities 7;, until an option with <V/ﬂk+l (S}), zial — W) <
0is met. Since E{(V’,  (S}), z;al — W)} < 0, we may hope that this procedure
K . Brr 3 .
will take essentially fewer steps than the ordered scan through the entire range
1, ..., M of values of i.
B. Given S}, we solve M one-dimensional convex optimization problems

(2.11) tr e Arngmin Vg, (S + tz;al — W), 1<i< M,
=

then select the one, let its index be i,, with the smallest value of VﬁM(S it
tiz;al — W), and put vy =t} z; , £}, = i,.
If the bisection algorithm is used to find ¢}, solving the problem (2.11) for one 4
to the relative accuracy e requires O(n? In(1/€)) elementary operations. The
total numerical complexity of the step of the method is O(Mn? In(1 /€)).

C. Given S}, we solve M convex optimization problems

(2.12) u; € Arg min Vg, (Sy + ual — W), 1<i< M,

u€R™

then select the one, let its index be i,, with the smallest value of VﬁM(S t
uial — W), and set v, = ul, £}, = i,.
Note that due to the structure of Vg to solve (2.12) it suffices to find a solution

to the system

n
Z Ye sinh(a s + ypu;) =0,
=1

) )/f - 3 = ] >
B B

Since the equations of the system (2.13) are independent, one can use bisection
to find the component u; of the solution.* Finding a solution of relative accuracy
€ to each equation then requires O(n In(1 /€)) arithmetical operations, and the
total complexity of solving (2.12) becomes O(Mn? In(1 /¢)).

(2.13) W=

Selecting Y and W. Note that the numerical schemes of this section should be in-
itialized with matrices Y and W = YT A. We can do as follows:
1. We start with solving the problem

M
Ye o Argmin { |zi||oo||af||x:||fn—ZTA||m<u},
i=1

Z=[z7;.. ;2T JeRMxn

where p is a certain fraction of 1 /(2s). Assuming the problem is feasible for the
chosen 1, we get in this way the “initial point™—the matrix W = YT A.

2. Then we apply the outlined procedure to find A; and Y. At each step £ of this
procedure, we get certain m, X n submatrix A, of A and a matrix Y,. When
I, — YIA,|, becomes less than 1 /(2s), we terminate. Alternatively, we can

“Note that due to the convexity of the left-hand side of the equation in (2.13), an even faster algorithm of
the Newton family can be used.
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1026 A. JUDITSKY, F. KILING KARZAN, AND A. NEMIROVSKI

solve at each step £ an auxiliary problem min jegme | I, — UT Ayl and ter-
minate when the optimal value in this problem becomes less than 1 /(2s).

2.3. Numerical illustration. Here we report on preliminary numerical experi-
ments with the synthesis problem as posed in the introduction. In our experiment, A
is a square matrix; specifically, it is the Hadamard matrix H;; of order 2048.

Recall that the Hadamard matrix H,, v = 0,1, ..., is a square matrix of order 2"
given by the recurrence

H, H,
H():]" H8+1:|:Hl _H:|v

whence H, is a symmetric matrix with entries £1 and HIH, = 2" 1.
The goal of the experiment was to extract from A = H;; an m x 2048 submatrix A,,
which satisfies the relation (cf. (1.1))

(2.14) Opt(4,,) = min

mxn
Y, eR

1
L= Vil <550 n=2048

with s = 10; under this requirement, we would like to have m as small as possible. In
compressed sensing terms, we are trying to solve the synthesis problem with A = Hy;in
low rank approximation terms, we want to approximate I5gg in the uniform norm with-
in accuracy <0.05 by a rank m matrix of the form Y1 A,,, with the rows of A,, extracted
from H;;. The advantages of the Hadamard matrix in our context is twofold:

1. The error bound (2.8) is proportional to the quantity L defined in (2.6). By the
origin of this quantity, we clearly have | YTA| . = || ¥, y;al||,. < L, whence
L>1—pu>1-(1/(25)) >1/2 by (2.1). On the other hand, with A = H,
being an Hadamard matrix, setting ¥ = 27"H,, so that YT A = I,., we ensure
the validity of (2.1) with u = 0 and get L = 1; that is, x is as small as it could
be, and L is nearly as small as it could be.

2. Whenever A,, is a submatrix of H ,, the optimization problem in the left-hand
side of (2.14) is easy to solve.

Item 2 deserves an explanation. Clearly, the optimization program in (2.14) reduces to
the series of n = 2048 linear programming (LP) problems

(2.15) Opt;(A,,) = min

minlle,~ ATyl 1<i<n

where ¢, is the standard basic orth in R" and Opt(4,,) = max; Opt,;(4,,). The point is

(for justification, see Appendix B) that when A,, is an m X n submatriz of the n X n

Hadamard matriz, Opt;(A,,) is independent of i, so that checking the inequality in

(2.14) requires solving a single LP problem with m variables rather than solving n

LP problems of the same size.

The experiment was organized as follows. As it was already mentioned, we used v =

11 (that is, n = 2048) and s = 10 (that is, the desired uniform norm of approximating
Iyous by YL A, was 0.05). We compared two approximation policies:

e “Blind” approximation—we choose a random permutation o(-) of the indices

1, ...,2048 and look at the submatrices A*, k= 1,2, ..., obtained by extract-

ing from Hy; rows with indices (1), 0(2), ..., o (k) until a submatrix satisfying

(2.14) is met. This is a refinement of the random sampling algorithm as applied

to A= Hy;and Y = 27" A, which results in W = Iy,5. The refinement is that
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ON LOW RANK MATRIX APPROXIMATIONS 1027

TABLE 2.1
Comparison of algorithms for compressed sensing synthesis problem.

s 1 2 3 4 5 6 7 8 9 10
B 15 58 121 197 279 343 427 512 584 662
A 12 47 104 172 246 323 399 469 547 617

instead of looking for approximation of W = I,g of the form %E’}Zl z;, aftj ,
where iy, iy, ... are independent realizations of random variable ¢ taking values
1, ..., n with equal probabilities (as prescribed by (2.6) in the case of A = H,),
we look for the best approximation of the form Y7 A*, where A" is the subma-
trix of A with the row indices o (1), ...,o(k).
e “Active” approximation, which is obtained from algorithm A’ by the same re-
finement as in the previous item.
In our experiments, we ran every policy six times. The results were as follows:
“Blind” policy B: The rank of 0.05-approximation of W = I5y5 varied from 662
to 680.
“Active” policy A: The rank of 0.05-approximation of W varied from 617 to 630.

Note that in both algorithms the resulting matrix A4,, is built “row by row,” and the
certified levels of goodness of the intermediate matrices A', A2, ... are computed. In
Table 2.1, we indicate, for the most successful (resulting in the smallest m) of the
six runs of each algorithm, the smallest values of k for which A* was certified to be
s-good, s =1,2, ...,10.

Finally, we remark that with A being the Hadamard matrix H,, the “no refinement”
versions of our policies would terminate according to the criterion ||I,—
(1/k)AT Ayl < 1/(2s), which, on closer inspection, is nothing but a slightly spoiled
version of the goodness test based on mutual incoherence [2]°. In the experiments we are
reporting, this criterion is essentially weaker than the one based on (2.14). The 10-good
submatrices 4,, of Hy; corresponding to the most successful (resulting in the smallest m
value) over the six runs of algorithms A4 and B, the test based on mutual incoherence
certifies the levels of goodness as low as 5 (in the case of B) and 7 (in the case of A).

2.4. Lower bound. We have seen that if Y7A = W € R™", then the
|| - [|o-error of the best in this norm approximation of W by a matrix of rank & by
selecting rows from Y and A is at most O(1)L(Y, A)y/In(n) /k. We intend to demon-
strate that in general this bound is unimprovable, up to a logarithmic in m and n factor
even when we are allowed to use any rank k£ matrix in the approximation. Specifically,
the following result holds.

ProprosiTionN 2.4. When n > 2k, the || - ||, error of any approximation of the unit
matriz I, by a matriz of rank k is at least

(2.16) !
2Vk
The mutual incoherence test is as follows: given a k x n matrix B = [by, ..., b,] with nonzero columns, we

compute the quantity w(B)=maxy;|bb;|/bIb, and claim that B is s-good for all s such that
s < (1+ p(B))/(2u(B)). With the Hadamard A, the “no refinement” criterion for our scheme is nothing
but s < 1/(2u(A")).
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1028 A. JUDITSKY, F. KILING KARZAN, AND A. NEMIROVSKI

Proof (cf. [5, Proposition 4.2]). Let a(n, k) be the minimal || - ||, error of approx-
imation of I,, by a matrix of rank <k; this function clearly is nondecreasing in n. Let v be
an integer such that £k <v <n and W be an v x v matrix of rank < k such that
1, — W] = & :=«a(v, k). By variational characterization of singular values, at least
v —k singular values of I,— W are >1, whence Tr([I, — W|[I, — W]T) >
v — k. On the other hand, ||I, — W| <a, whence Tr([I, — W][I, — W]T) < v2a?.
We conclude that o? > (v — k) /v? for all v with k < v < n, whence a? > 1 /(4k) when
n > 2k. o

Appendix A. Proof of Lemma 2.1. Properties (i) and (ii) are immediate
consequences of the definition of Vg given in (2.2). Observe that V is convex and con-
tinuously differentiable with

d >, sinh(z; /B)h;
T li=o V(2 + th)’ - Z‘f; cosh(z; /B)

whence || Vi(2)[|, <1 for z € R, Verification of (2.3) takes one line: Vj is twice con-
tinuously differentiable with

<|lhllos ¥ B,

d2
ar?

>, cosh(z; /B)h3
/)

1 (Zf’—l sinh (%‘/5)’%’)2

(Z;f_l cosh (z, /ﬂ))Q
<pUHE. O

o Va4 th) = ﬁ1<

,IB—

Appendix B. Problems (2.15) in the case of Hadamard matrix A. We
claim that if A, is an m x 2" submatrix of the Hadamard matrix H, of order
n = 2", then the optimal values in all problems (2.15) are equal to each other. The ex-
planation is as follows. Let G be a finite abelian group of cardinality n. Recall that a
character of G is a complex-valued function £(g) such that £(0) =1 and &(g+ h) =
&(g)&(h) for all ¢g,h € G; from this definition it immediately follows that |£(g)| = 1.
The characters of a finite abelian group G form abelian group G,, the multiplication
being the pointwise multiplication of functions, and this group is isomorphic to G.
The Fourier transform matrix associated with G is the n X n matrix with rows indexed
by & € G,, columns indexed by g € G and entries £(g). For example, the usual DFT
matrix of order n corresponds to the cyclic group G = Z,, := Z /nZ, while the Hadamard
matrix H, is nothing but the Fourier transform matrix associated with G = [Z,]" (in
this case, all characters take values +1). For g € G let e (h) stand for the function on G
which is equal to 1 at h = g and is equal to 0 at h # ¢g. Given an m-element subset @ of
G,, consider the submatrix A = [§ (g)]feg of the Fourier transform matrix, along with n
optimization problems *

P i — ATy]||. = mi
(Pg) min||R[e, Yl min max

R e, - L uee(n)]

§e@

These problems clearly have equal optimal values due to
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As applied to G = Z}, this observation implies that all quantities given by (2.15) are
the same.

(1]
(2]
B3l
(4]
[51
(6]

(7l
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