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Abstract. We consider the synthesis problem of compressed sensing—given s and an M × n matrix A,
extract from A an m× n submatrix Am, with m as small as possible, which is s-good, that is, every signal x
with at most s nonzero entries can be recovered from observation Amx by l1 minimization: x ¼
arg minufkuk1∶Amu ¼ Amxg. We show that under reasonable assumptions the synthesis problem can be re-
formulated as the problem of entrywise approximation, within a given accuracy, of n× n matrix W ¼ YTA,
with Y ∈ RM×n given by a matrix of the form YT

mAm, with Am comprised of m rows of A. We propose ran-
domized algorithms for efficiently solving the latter problem with accuracy guaranties EfkW−
YT

mAmk∞g ≤ Oð1ÞLðY;AÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðnÞ∕ mp

. Here LðY;AÞ is an easy-to-specify quantity which in good cases is a
moderate absolute constant (e.g., LðA;AÞ ¼ 1, when A is the Hadamard matrix, and similarly for the matrix
of Fourier transform on any finite abelian group). We also supply derandomized versions of the approximation
algorithms which do not require random sampling of matrices and attain the same accuracy bounds. We
further demonstrate that in terms of approximation accuracy our algorithms are optimal up to logarithmic
in n factors. Finally, we provide preliminary numerical results on the performance of our algorithms for the
synthesis problem.
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1. Introduction. Let A ∈ Rm×n be a matrix with m < n. Compressed sensing
focuses on recovery of a sparse signal x ∈ Rn from its noisy observations

y ¼ Axþ e;

where e is an observation noise such that kek ≤ δ for a certain known norm on Rm and
some given δ. The standard recovering routine is

x̂ ∈ Arg min
w

fkwk1∶kAw− yk ≤ δg:

We call the matrix A s-good if whenever the true signal x is s-sparse (i.e., has at most s
nonzero entries) and there is no observation errors (δ ¼ 0), x is the unique optimal solu-
tion to the optimization program minfkwk1∶Aw ¼ Axg.

To the best of our knowledge, nearly the strongest verifiable sufficient condition for
A to be s-good is as follows (cf. [5]):
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There existsY ∈ Rm×n such that kI n − YTAk∞ <
1

2s
ð1:1Þ

(here and in what follows kXk∞ ¼ maxi;jjXijj, Xij being the elements of X)1.
In this paper we consider the synthesis problem of compressed sensing as follows:
Given s and anM × nmatrix A, extract from it anm× n submatrix Am, certified to

be s-good, with m as small as possible.
One can think, e.g., of a spatial or planar n-point grid E of possible locations of signal

sources and an M -element grid S of possible locations of sensors. A sensor in a given
location measures a known, depending on the location, linear form of the signals emitted
at the nodes of E, and the goal is to place a given numberm ≪ M of sensors at the nodes
of S in order to be able to recover the location of sources via the l1-minimization, under
the condition that there are at most s sources. Since the exact verification of s-goodness
is difficult, we will look for a submatrix of the original matrix A for which the s-goodness
can be certified by the sufficient condition (1.1). Suppose that along with A we know an
M × nmatrixYM which certifies that the “level of goodness” ofA is at least s; that is, we
have

kI n − YT
MAk∞ ≤ μ <

1

2s
:ð1:2Þ

Then we can approach the synthesis problem as follows:
Given M × n matrices YM and A and a tolerance ϵ > 0, we want to extract from A

m rows (the smaller is m, the better) to get an m× n matrix Am which, along with
properly chosen Ym ∈ Rm×n, satisfies the relation kYT

MA− YT
mAmk∞ ≤ ϵ.

Choosing ϵ < 1 ∕ ð2sÞ− μ and invoking (1.2), we ensure that the output Am of the
above procedure is s-good. This simple observation motivates our interest to the
problem of approximating a given matrix by a matrix of specified (low rank) in
the uniform norm.

Note that in the existing literature on low rank approximation of matrices the
emphasis is on efficient construction when the approximation error is measured in
the Frobenius norm (for the Frobenius norm kAkF ¼ ðPi;jA

2
ijÞ1 ∕ 2). Though the singular

value decomposition (SVD) gives the best rank k approximation in terms of all the
norms that are invariant under rotation (e.g., the Frobenius norm and the spectral
norm), its computational cost may be prohibitive for applications involving large ma-
trices. Recently, the properties of fast low rank approximations in the Frobenius norm
based on the randomized sampling of rows (or columns) of the matrix (see, e.g., [3], [4])
or random sampling of a few individual entries (see [1] and references therein) have been
studied extensively. Another randomized fast approximation based on the preprocessing
by the fast Fourier transform or fast Hadamard transform has been studied in [6]. Yet
we do not know explicit bounds available from the previous literature which concern
numerically efficient low rank approximations in the uniform norm.

The only result known to us on low rank approximation of matrices in uniform norm
is the one in [7]; it states that if W ¼ YTA ∈ Rm×n and the rows in Y , A are of
Euclidean length at most D, then, for every k, W admits a rank k approximation Wk ¼
YT

k Ak satisfying kW −Wkk∞ ≤ Oð1ÞD2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðmnÞ ∕ kp

, where Yk and Ak are k×m and

1We address the reader to [5] for details concerning the derivation, the link to the necessary and sufficient
condition of s-goodness, and its comparison to traditional nonverifiable sufficient conditions for s-goodness
based on restricted isometry or restricted eigenvalue property and a verifiable sufficient condition based
on mutual incoherence.
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k× n matrices with rows that are linear combinations of those in Y , A, respectively.
This result does not help in the synthesis problem, where we want the rows of Ak to
be just rows of A and not linear combinations of these rows.

The main result of this paper is as follows. Let W ¼ YTA, where Y and A are
known M × n matrices. We consider the approximation Wk ¼ YT

k Ak of W such that
the matrices Yk and Ak of dimensionmk × n,mk ≤ k ≤ M , are composed of multiples of
the rows of the matrices Y and A, respectively2. We show that a fast (essentially, of
numerical complexity OðkMn2Þ) approximation Wk can be constructed which satisfies

kW −Wkk∞ ¼ Oð1ÞLðY;AÞ
ffiffiffiffiffiffiffiffiffiffiffi
lnðnÞ
k

r
;

where LðY;AÞ ¼ P
ikyik∞kaik∞ and yTi , a

T
i denote the ith rows of Y and A, respec-

tively. Note that for moderate values of LðY;AÞ ¼ Oð1Þ and k < n∕ 2 this approxima-
tion is “quasi-optimal,” as we know (cf., e.g., 5, Proposition 4.2]) that (for certain
matrices W ) the accuracy of such an approximation cannot be better than
Oðk−1 ∕ 2Þ. Moreover, in section 2.4, we show that when W is an n× n identity matrix,
as in the case of a compressed sensing synthesis problem, the above bound is unimpro-
vable up to a logarithmic factor. See also section 2.3 for a discussion of how large LðY;AÞ
can be in the case of A being a Hadamard matrix. We propose two types of construction
of fast approximations. We consider the randomized construction, for which the accu-
racy bounds above hold in expectation (or with significant probability). We also supply
“derandomized” versions of the approximation algorithms which do not require random
sampling of matrices and attain the same accuracy bounds as the randomized method.

2. Low rank approximation in compressed sensing. In this section we sup-
pose to be given s and an M × n matrix A, and our objective is to extract from A a
submatrix Ak which is composed of, at most, k rows of A, with as small k as possible,
which is s-good. We assume that A admits a “goodness certificate” Y . Namely, we are
given an M × n matrix Y such that

μ ≔ kI n −YTAk∞ <
1

2s
;ð2:1Þ

and we are looking for Ak and the corresponding Yk such that kI n − YT
k Akk < 1 ∕ ð2sÞ.

2.1. Random sampling algorithm. The starting point of our developments is
the following simple lemma.

LEMMA 2.1. For β > 0, let

V βðzÞ ¼ β ln

�Xd
i¼1

cosh

�
zi
β

��
− β ln d∶Rd ×Rþ → Rþ:ð2:2Þ

Then
(i) we have kzk∞ − β lnð2dÞ ≤ V βðzÞ ≤ kzk∞;
(ii) if β1 ≤ β2, then Vβ1

ðzÞ ≥ V β2
ðzÞ;

(iii) function Vβ is convex and continuously differentiable on Rd. Further, its
gradient V  0

β is Lipschitz-continuous with the constant β−1:

2Allowing rows ofAk to be multiples of rows ofA in our context is the same as to require the rows ofAk to be
among the rows of A—the corresponding factors can be moved from rows of Ak to those of Yk.
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kV  0
βðz1Þ− V  0

βðz2Þk1 ≤ β−1kz1 − z2k∞;ð2:3Þ

and kV  0
βðzÞk1 ≤ 1 for all z ∈ Rd.

For proof, see Appendix A.
Lemma 2.1 has the following immediate consequence.
PROPOSITION 2.2. Let β ≥ β 0 > 0 (nonrandom) and let ξ1; : : : ; ξk, be random vectors

in Rd such that Efξ1g ¼ 0 and Efξijξ1; : : : ; ξi−1g ¼ 0 a.s. for all i ∈ f2; : : : ; kg, and
Efkξik2∞g ≤ σ2

i < ∞ for all i ∈ f1; : : : ; kg, and let Sk ¼
P

k
i¼1 ξi and S0 ¼ 0. Then

for k ≥ 1

EfV βðSkÞg ≤ EfV β 0 ðSk−1Þg þ
σ2
k

2β
:ð2:4Þ

As a result,

EfkSkk∞g ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2dÞ

Xk
i¼1

σ2
i

vuut :ð2:5Þ

Proof. Let β ≥ β 0. By applying items (ii) and (iii) of the lemma for k ≥ 1, we get

V βðSkÞ ≤ V βðSk−1Þ þ hV  0
βðSk−1Þ; ξki þ

1

2β
kξkk2∞

≤ V β  0 ðSk−1Þ þ hV  0
βðSk−1Þ; ξki þ

1

2β
kξkk2∞.

When taking the expectation (first conditional to ξ1; : : : ; ξk−1), due to Efξkjξ1; : : : ;
ξk−1g ¼ 0 a.s. for k ≥ 2 and then using EfhV  0

β  0 ðS0Þ; ξ1ig ¼ 0 (due to Efξ1g ¼ 0), we
obtain for k ≥ 1

EfVβðSkÞg ≤ EfV β  0 ðSk−1Þg þ
Efkξkk2∞g

2β
≤ EfV β  0 ðSk−1Þg þ

σ2
k

2β
;

which is (2.4). Now let us set β 0 ¼ β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

k
i¼1 σ

2
i ∕ ð2 lnð2dÞÞ

q
. Since V βð0Þ ¼ 0, we

conclude that

EfV βðSkÞg ≤
Xk
i¼1

σ2
i

2β
:

On the other hand, by item (i) of Lemma 2.1,

EfkSkk∞g ≤ β lnð2dÞ þ EfV βðSkÞg ≤ β lnð2dÞ þ
Xk
i¼1

σ2
i

2β
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2dÞ

Xk
i¼1

σ2
i

vuut

proving (2.5). ▯
The random sampling algorithm. Denoting yTi and aTi , i ¼ 1; : : : ;M , ith rows of Y

and A, respectively, let us set
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θi ¼ kyik∞kaik∞; L ¼
X
i

θi; πi ¼
θi
L
; zi ¼

L

θi
yi;ð2:6Þ

and let W ¼ YTA. Observe that

W ¼
XM
i¼1

πiðziaTi Þ;

kziaTi k∞ ¼ L; 1 ≤ i ≤ M;

XM
i¼1

πi ¼ 1; πi ≥ 0; 1 ≤ i ≤ M:ð2:7Þ

Now let Ξ be random rank 1 matrix taking values ziaTi with probabilities πi, and let
Ξ1;Ξ2; : : : be a sample of independent realizations of Ξ. Consider the random matrix

Wk ¼
1

k

Xk
l¼1

Ξl:

ThenWk is, by construction, of the formYT
k Ak, whereAk is a randommk × n submatrix

of A with mk ≤ k.
As an immediate consequence of Proposition 2.2 we obtain the following statement:
PROPOSITION 2.3. One has

EfkWk −Wk∞g ≤ 2Lk−1 ∕ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2n2Þ

q
:ð2:8Þ

In particular, the probability of the event

E ¼
�
Ξ1; : : : ;Ξk∶kWk −Wk∞ ≤ 4Lk−1 ∕ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2n2Þ

q �

is≥1 ∕ 2, and whenever this event takes place, we have at our disposal a matrixYk and an
mk × n submatrix Ak of A with mk ≤ k such that

kI n − YT
k Akk∞ ≤ kI n −Wk∞ þ kWk −Wk∞ ≤ μk ≔ μþ 4L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2n2Þ

k

r
:ð2:9Þ

Proof. By (2.7) we have kziaTi k∞ ¼ L for all i, and beside this, treating ı as a ran-
dom index distributed in f1; : : : ;Mg according to probability distribution π ¼ fπigMi¼1,
we have EfzıaTı g ¼ W . It follows that kΞl −Wk∞ ≤ 2L and EfΞl −Wg ¼ 0. If we
denote Si ¼

P
i
l¼1ðΞl −W Þ, when applying Proposition 2.2 we obtain

EfkSkk∞g ≤ 2L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k lnð2n2Þ

q
;

and we arrive at (2.8). ▯
Discussion. Proposition 2.3 suggests a certain approach to the synthesis problem.

Indeed, according to this proposition, picking at random k rows aTil , where i1; : : : ; ik
are sampled independently from the distribution π, we get with probability at least
1 ∕ 2 a random mk × n matrix Ak, mk ≤ k, which is provably s-good with
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s ¼ Oð1ÞðL ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðnÞ ∕ kp þ μÞ−1. When L ¼ Oð1Þ, this is nearly as good as it could be since

the sufficient condition for s-goodness stated in (1.1) can justify s-goodness of an m× n
sensing matrix with n > Oð1Þm only when s ≤ Oð1Þ ffiffiffiffiffi

m
p

(see [5, Proposition 4.2]).

2.2. Derandomization. Looking at the proof of Proposition 2.2, we see that the
construction of Ak and Yk can be derandomized. Indeed, (2.4) implies the following.

Whenever S ∈ Rn×n and β ≥ β 0, there exists i such that

V βðS þ ðziaTi −W ÞÞ ≤ V β  0 ðSÞ þ 2L2

β
:

Specifically, the above bound is satisfied for every i such that

hV  0
βðSÞ; ziaTi −W i ≤ 0;

and because πi ≥ 0 ∀i and
P

iπiðziaTi −W Þ ¼ 0, the latter inequality is certainly
satisfied for some i.

Now assume that given a sequence β0 ≤ β1 ≤ : : : of positive reals, we build a
sequence of matrices Si according to the following rules:

1. S0 ¼ 0;
2. Skþ1 ¼ Sk þ ðvkaTlk

−W Þ with lk ∈ f1; : : : ;Mg and vk ∈ Rn such that

Vβkþ1
ðSkþ1Þ ≤ V βk

ðSkÞ þ δkþ1; δkþ1 ≤
2L2

βkþ1

;ð2:10Þ

where by definition V β0
ð0Þ ¼ 0.

Then for every k ≥ 1 the matrix Uk ¼ k−1Sk is of the form YT
k Ak −W , where Ak is a

mk × n submatrix of A with mk ≤ k, and

kSkk∞ ≤ βk lnð2n2Þ þ
Xk
l¼1

δl;

whence

kYT
k Ak − I nk∞ ≤ μþ k−1

�
βk lnð2n2Þ þ

Xk
l¼1

δl

�
:

In particular, for the choice βl ¼ 2L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l ∕ lnð2n2Þ

p
, l ¼ 1; 2; : : : , we obtain3

kYT
k Ak − I nk∞ ≤ μþ 4L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð2n2Þ

k

r

One can consider at least the following three (numerically efficient) policies for choosing
vk and lk satisfying (2.10); we order them according to their computational complexity.

A. Given Sk, we test one by one the options lk ¼ i, vk ¼ zi, i ¼ 1; : : : ;M , until an
option satisfying (2.10) is met (or test all the n options and choose the one which
results in the smallest V βkþ1

ðSkþ1Þ). Note that accomplishing a step of this
scheme requires OðMn2Þ elementary operations.

3For a given k, setting βl ¼ L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k∕ lnð2n2Þ

p
, 1 ≤ l ≤ k, the right-hand side in the bound can be reduced

to μþ 2L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2n2Þ∕ k

p
.
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A′. In this version of A, we test the options lk ¼ i, vk ¼ zi when picking i at
random, as independent realizations of the random variable ı taking values
1; : : : ;M with probabilities πi, until an option with hV  0

βkþ1
ðSkÞ; ziaTi −W i ≤

0 is met. SinceEfhV  0
βkþ1

ðSkÞ; ziaTi −W ig ≤ 0, we may hope that this procedure
will take essentially fewer steps than the ordered scan through the entire range
1; : : : ;M of values of i.

B. Given Sk, we solve M one-dimensional convex optimization problems

t�i ∈ Arg min
t∈Rþ

Vβkþ1
ðSk þ tzia

T
i −W Þ; 1 ≤ i ≤ M;ð2:11Þ

then select the one, let its index be i�, with the smallest value of V βkþ1
ðSkþ

t�i zia
T
i −W Þ, and put vk ¼ t�i�zi� , lk ¼ i�.

If the bisection algorithm is used to find t�i , solving the problem (2.11) for one i
to the relative accuracy ϵ requires Oðn2 lnð1 ∕ ϵÞÞ elementary operations. The
total numerical complexity of the step of the method is OðMn2 lnð1 ∕ ϵÞÞ.

C. Given Sk, we solve M convex optimization problems

u�
i ∈ Arg min

u∈Rn
V βkþ1

ðSk þ uaTi −W Þ; 1 ≤ i ≤ M;ð2:12Þ

then select the one, let its index be i�, with the smallest value of V βkþ1
ðSkþ

u�
i a

T
i −W Þ, and set vk ¼ u�

i , lk ¼ i�.
Note that due to the structure of V β to solve (2.12) it suffices to find a solution
to the system

Xn
l¼1

γl sinhðαjl þ γlujÞ ¼ 0;

αjl ¼
½Sk�jl − ½W �

jl

βk

; γl ¼ ½A�li
βk

; 1 ≤ j;l ≤ n:ð2:13Þ

Since the equations of the system (2.13) are independent, one can use bisection
to find the component uj of the solution.

4 Finding a solution of relative accuracy
ϵ to each equation then requires Oðn lnð1 ∕ ϵÞÞ arithmetical operations, and the
total complexity of solving (2.12) becomes OðMn2 lnð1 ∕ ϵÞÞ.

Selecting Y and W . Note that the numerical schemes of this section should be in-
itialized with matrices Y and W ¼ YTA. We can do as follows:

1. We start with solving the problem

Y ∈ Arg min
Z¼½zT1 ; : : : ;zTM �∈RM×n

�XM
i¼1

kzik∞kaTi k∞∶kI n − ZTAk∞ ≤ μ

�
;

where μ is a certain fraction of 1 ∕ ð2sÞ. Assuming the problem is feasible for the
chosen μ, we get in this way the “initial point”—the matrix W ¼ YTA.

2. Then we apply the outlined procedure to find Ak and Yk. At each step l of this
procedure, we get certain ml × n submatrix Al of A and a matrix Y l. When
kI n −YT

l Alk∞ becomes less than 1 ∕ ð2sÞ, we terminate. Alternatively, we can

4Note that due to the convexity of the left-hand side of the equation in (2.13), an even faster algorithm of
the Newton family can be used.
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solve at each step l an auxiliary problem minU∈Rml×nkI n − UTAlk∞ and ter-
minate when the optimal value in this problem becomes less than 1 ∕ ð2sÞ.

2.3. Numerical illustration. Here we report on preliminary numerical experi-
ments with the synthesis problem as posed in the introduction. In our experiment, A
is a square matrix; specifically, it is the Hadamard matrix H 11 of order 2048.

Recall that the Hadamard matrix H ν, ν ¼ 0; 1; : : : ; is a square matrix of order 2ν

given by the recurrence

H 0 ¼ 1; Hsþ1 ¼
�
Hs Hs

Hs −Hs

�
;

whence H ν is a symmetric matrix with entries �1 and HT
ν H ν ¼ 2νI 2ν .

The goal of the experiment was to extract fromA ¼ H 11 anm× 2048 submatrixAm

which satisfies the relation (cf. (1.1))

OptðAmÞ ≔ min
Ym∈Rm×n

kI n −YT
mAmk∞ <

1

2s
; n ¼ 2048ð2:14Þ

with s ¼ 10; under this requirement, we would like to have m as small as possible. In
compressed sensing terms, we are trying to solve the synthesis problem with A ¼ H 11; in
low rank approximation terms, we want to approximate I 2048 in the uniform norm with-
in accuracy <0.05 by a rankmmatrix of the form YT

mAm, with the rows of Am extracted
from H 11. The advantages of the Hadamard matrix in our context is twofold:

1. The error bound (2.8) is proportional to the quantity L defined in (2.6). By the
origin of this quantity, we clearly have kYTAk∞ ¼ kPM

i¼1 yia
T
i k∞ ≤ L, whence

L ≥ 1− μ > 1− ð1 ∕ ð2sÞÞ ≥ 1 ∕ 2 by (2.1). On the other hand, with A ¼ H ν

being an Hadamard matrix, setting Y ¼ 2−νH ν, so that YTA ¼ I 2ν , we ensure
the validity of (2.1) with μ ¼ 0 and get L ¼ 1; that is, μ is as small as it could
be, and L is nearly as small as it could be.

2. Whenever Am is a submatrix of H ν, the optimization problem in the left-hand
side of (2.14) is easy to solve.

Item 2 deserves an explanation. Clearly, the optimization program in (2.14) reduces to
the series of n ¼ 2048 linear programming (LP) problems

OptiðAmÞ ¼ min
y∈Rm

kei − AT
myk∞; 1 ≤ i ≤ n;ð2:15Þ

where ei is the standard basic orth in Rn and OptðAmÞ ¼ maxi OptiðAmÞ. The point is
(for justification, see Appendix B) that when Am is an m× n submatrix of the n× n
Hadamard matrix, OptiðAmÞ is independent of i, so that checking the inequality in
(2.14) requires solving a single LP problem with m variables rather than solving n
LP problems of the same size.

The experiment was organized as follows. As it was already mentioned, we used ν ¼
11 (that is, n ¼ 2048) and s ¼ 10 (that is, the desired uniform norm of approximating
I 2048 by YT

mAm was 0.05). We compared two approximation policies:
• “Blind’’ approximation—we choose a random permutation σð·Þ of the indices

1; : : : ; 2048 and look at the submatrices Ak, k ¼ 1; 2; : : : ; obtained by extract-
ing from H 11 rows with indices σð1Þ;σð2Þ; : : : ;σðkÞ until a submatrix satisfying
(2.14) is met. This is a refinement of the random sampling algorithm as applied
to A ¼ H 11 and Y ¼ 2−11A, which results in W ¼ I 2048. The refinement is that
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instead of looking for approximation of W ¼ I 2048 of the form 1
k

P
k
l¼1 zila

T
il
,

where i1; i2; : : : are independent realizations of random variable ı taking values
1; : : : ;μ with equal probabilities (as prescribed by (2.6) in the case of A ¼ H ν),
we look for the best approximation of the form YT

k A
k, where Ak is the subma-

trix of A with the row indices σð1Þ; : : : ;σðkÞ.
• “Active’’ approximation, which is obtained from algorithm A 0 by the same re-

finement as in the previous item.
In our experiments, we ran every policy six times. The results were as follows:

“Blind’’ policy B: The rank of 0.05-approximation of W ¼ I 2048 varied from 662
to 680.

“Active” policy A: The rank of 0.05-approximation of W varied from 617 to 630.
Note that in both algorithms the resulting matrix Am is built “row by row,” and the

certified levels of goodness of the intermediate matrices A1; A2; : : : are computed. In
Table 2.1, we indicate, for the most successful (resulting in the smallest m) of the
six runs of each algorithm, the smallest values of k for which Ak was certified to be
s-good, s ¼ 1; 2; : : : ; 10.

Finally, we remark that withA being the Hadamard matrixH ν, the “no refinement’’
versions of our policies would terminate according to the criterion kI n−
ð1 ∕ kÞAT

k Akk∞ < 1 ∕ ð2sÞ, which, on closer inspection, is nothing but a slightly spoiled
version of the goodness test based on mutual incoherence [2]5. In the experiments we are
reporting, this criterion is essentially weaker than the one based on (2.14). The 10-good
submatrices Am of H 11 corresponding to the most successful (resulting in the smallestm
value) over the six runs of algorithms A and B, the test based on mutual incoherence
certifies the levels of goodness as low as 5 (in the case of B) and 7 (in the case of A).

2.4. Lower bound. We have seen that if YTA ¼ W ∈ Rm×n, then the
k · k∞-error of the best in this norm approximation of W by a matrix of rank k by
selecting rows from Y and A is at most Oð1ÞLðY;AÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lnðnÞ ∕ kp
. We intend to demon-

strate that in general this bound is unimprovable, up to a logarithmic in m and n factor
even when we are allowed to use any rank k matrix in the approximation. Specifically,
the following result holds.

PROPOSITION 2.4. When n ≥ 2k, the k · k∞ error of any approximation of the unit
matrix I n by a matrix of rank k is at least

1

2
ffiffiffi
k

p :ð2:16Þ

TABLE 2.1
Comparison of algorithms for compressed sensing synthesis problem.

s 1 2 3 4 5 6 7 8 9 10

B 15 58 121 197 279 343 427 512 584 662

A 12 47 104 172 246 323 399 469 547 617

5The mutual incoherence test is as follows: given a k× nmatrix B ¼ ½b1; : : : ; bn� with nonzero columns, we
compute the quantity μðBÞ ¼ maxi≠jjbTi bjj ∕ bTi bi and claim that B is s-good for all s such that
s < ð1þ μðBÞÞ∕ ð2μðBÞÞ. With the Hadamard A, the “no refinement” criterion for our scheme is nothing
but s < 1∕ ð2μðAkÞÞ.
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Proof (cf. [5, Proposition 4.2]). Let αðn; kÞ be the minimal k · k∞ error of approx-
imation of I n by a matrix of rank≤k; this function clearly is nondecreasing in n. Let ν be
an integer such that k < ν ≤ n and W be an ν× ν matrix of rank ≤ k such that
kI ν −Wk∞ ¼ α ≔ αðν; kÞ. By variational characterization of singular values, at least
ν− k singular values of I ν −W are ≥ 1, whence Trð½I ν −W �½I ν −W �T Þ ≥
ν− k. On the other hand, kI ν −Wk∞ ≤ α, whence Trð½I ν −W �½I ν −W �T Þ ≤ ν2α2.
We conclude that α2 ≥ ðν− kÞ ∕ ν2 for all ν with k < ν ≤ n, whence α2 ≥ 1 ∕ ð4kÞ when
n ≥ 2k. ▯

Appendix A. Proof of Lemma 2.1. Properties (i) and (ii) are immediate
consequences of the definition of V β given in (2.2). Observe that V β is convex and con-
tinuously differentiable with

���� ddt jt¼0V βðxþ thÞ
���� ¼

����
P

d
i¼1 sinhðxi ∕ βÞhiP
d
i¼1 coshðxi ∕ βÞ

���� ≤ khk∞ ∀ h;

whence kV  0
βðxÞk1 ≤ 1 for x ∈ Rd. Verification of (2.3) takes one line: V β is twice con-

tinuously differentiable with

d2

dt2
jt¼0V βðxþ thÞ ¼ β−1

�P
d
i¼1 coshðxi ∕ βÞh2iP
d
i¼1 coshðxi ∕ βÞ

�

− β−1

�P
d
i¼1 sinh ðxi ∕ βÞhi

�
2

�P
d
i¼1 cosh ðxi ∕ βÞ

�
2

≤ β−1khk2∞: ▯

Appendix B. Problems (2.15) in the case of Hadamard matrix A. We
claim that if Am is an m× 2ν submatrix of the Hadamard matrix H ν of order
n ¼ 2ν, then the optimal values in all problems (2.15) are equal to each other. The ex-
planation is as follows. Let G be a finite abelian group of cardinality n. Recall that a
character of G is a complex-valued function ξðgÞ such that ξð0Þ ¼ 1 and ξðgþ hÞ ¼
ξðgÞξðhÞ for all g; h ∈ G; from this definition it immediately follows that jξðgÞj≡ 1.
The characters of a finite abelian group G form abelian group G�, the multiplication
being the pointwise multiplication of functions, and this group is isomorphic to G.
The Fourier transform matrix associated with G is the n× n matrix with rows indexed
by ξ ∈ G�, columns indexed by g ∈ G and entries ξðgÞ. For example, the usual DFT
matrix of order n corresponds to the cyclic groupG ¼ Zn ≔ Z∕ nZ, while the Hadamard
matrix H ν is nothing but the Fourier transform matrix associated with G ¼ ½Z2�ν (in
this case, all characters take values �1). For g ∈ G let egðhÞ stand for the function on G
which is equal to 1 at h ¼ g and is equal to 0 at h ≠ g. Given an m-element subset Q of
G�, consider the submatrix A ¼ ½ξðgÞ�ξ∈Q

g∈G
of the Fourier transform matrix, along with n

optimization problems

min
y∈Cm

kℜ½eg −ATy�k∞ ¼ min
yξ∈C

max
h∈G

����ℜ
�
egðhÞ−

X
ξ∈Q

yξξðhÞ
�����.ðPgÞ

These problems clearly have equal optimal values due to
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max
h∈G

����ℜ
�
egðhÞ−

X
ξ∈Q

yξξðhÞ
����� ¼ max

h∈G

����ℜ
�
e0ðh− gÞ−

X
ξ∈Q

½yξξðgÞ�ξðh− gÞ
�����

¼ max
f¼h−g∈G

����ℜ
�
e0ðf Þ−

X
ξ∈Q

½yξξðgÞ�ξðf Þ
�����:

As applied to G ¼ Zν
2 , this observation implies that all quantities given by (2.15) are

the same.
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