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Interior Point Polynomial Methods in Convex Programming

Goals. During the last decade the area of interior point polynomial methods (started in 1984 when
N. Karmarkar invented his famous algorithm for Linear Programming) became one of the dominating
fields, or even the dominating field, of theoretical and computational activity in Convex Optimization.
The goal of the course is to present a general theory of interior point polynomial algorithms in Convex
Programming. The theory allows to explain all known methods of this type and to extend them from
the initial area of interior point technique - Linear and Quadratic Programming - onto a wide variety of
essentially nonlinear classes of convex programs.

We present in a self-contained manner the basic theory along with its applications to several important
classes of convex programs (LP, QP, Quadratically constrained Quadratic programming, Geometrical
programming, Eigenvalue problems, etc.)

The course follows the recent book
Yu. Nesterov, A. Nemirovski Interior-Point Polynomial Algorithms in Convex Programming SIAM Stud-
ies in Applied Mathematics, 1994

Prerequisites for the course are the standard Calculus and the most elementary parts of Convex
Analysis.

Duration: one semester, 2 hours weekly

Contents:
Introduction: what the course is about
Developing Tools, I: self-concordant functions, self-concordant barriers and the Newton method
Interior Point Polynomial methods, I: the path-following scheme
Developing Tools, II: Conic Duality
Interior Point Polynomial methods, II: the potential reduction scheme
Developing Tools, III: how to construct self-concordant barriers
Applications:

Linear and Quadratic Programming

Quadratically Constrained Quadratic Problems

Geometrical Programming

Semidefinite Programming

I decided to add to the course three Appendices:

Appendices I and II contain two recent papers on the subject; The first of them develops the approach
to the design of long-step interior point methods discussed, in its simplest form, in Lecture 8. The second
paper is devoted to the particular application — Truss Topology Design — discussed in the exercises to
Lecture 5 (Section 5.5). I think the ability to go through these papers is a good indication of mastering
the course.

Appendix III is a 4-lecture Minicourse on polynomial time methods in Convex Programming which
I wrote for the 19951 Summer AMS Seminar on Mathematics of Numerical Analysis (June-August 1995,
Park City, Utah, USA). It can be regarded as a “technicality-free” summary of the main body of the
Course a summary which contains also some new details. In fact I think it makes sense to start reading
with this summary. Appendix III (same as Appendices I and II) can be read independently of other parts
of the text.



About Exercises

The majority of Lectures are accompanied by the ”Exercise” sections. In several cases,
the exercises are devoted to the lecture where they are placed; sometimes they prepare the
reader to the next lecture.

The mark * at the word ”Exercise” or at an item of an exercise means that you may use
hints given in Appendix ”"Hints”. A hint, in turn, may refer you to the solution of the exercise
given in the Appendix ”Solutions”; this is denoted by the mark *. Some exercises are marked
by T rather than by *; this refers you directly to the solution of an exercise.

Exercises marked by # are closely related to the lecture where they are placed; it would
be a good thing to solve such an exercise or at least to become acquainted with its solution
(if any is given).

Exercises which I find difficult are marked with ~.

The exercises, usually, are not that simple. They in no sense are obligatory, and the reader
is not expected to solve all or even the majority of the exercises. Those who would like to
work on the solutions should take into account that the order of exercises is important: a
problem which could cause serious difficulties as it is becomes much simpler in the context
(at least I hope so).
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Chapter 1

Introduction to the Course

What we are about to study in this semester are the theory and the applications of interior point
polynomial time methods in Convex Programming. Today, in the introductory lecture, I am not going
to prove theorems and present algorithms. My goal is to explain what the course is about, what are the
interior point methods and why so many researchers and practitioners are now deeply involved in this
new area.

1.1 Some history

The modern theory of polynomial time interior point methods takes its origin in the seminal paper of
Narendra Karmarkar published in 1984. Now, after 10 years, there are hundreds of researchers working
in the area, and thousands of papers and preprints on the subject. The electronic bibliography on interior
point methods collected and maintained by Dr. Eberhard Kranich, although far from being complete,
contains now over 1,500 entries. For Optimization Community which covers not so many people, this
is a tremendous concentration of effort in a single area, for sure incomparable with all happened in the
previous years.

Although to the moment the majority of the papers on interior point methods deal with the theoretical
issues, the practical yield also is very remarkable. It suffices to say that the Karmarkar algorithm for
Linear Programming was used as the working horse for the US Army logistic planning (i.e., planning of
all kinds of supplies) in the Gulf War. Another interior point method for Linear Programming, the so
called primal-dual one, forms the nucleus of an extremely efficient and very popular now software package
OSL2. Let me present you a citation from G. Dantzig: ” At the present time (1990), interior algorithms
are in open competition with variants of the simplex methods”. It means something when new-borned
methods can be competitive against an extremely powerful and polished for almost 50 years by thousands
of people Simplex method.

Now let me switch from the style of advertisements to the normal one. What actually happened
in 1984, was the appearance of a new iterative polynomial-time algorithm for Linear Programming.
We already know what does it mean ”a polynomial time algorithm for LP” - recall the lecture about
the Ellipsoid method and the Khachiyan theorem on polynomial solvability of LP. As we remember,
Khachiyan proved in 1979 that Linear Programming is polynomially solvable, namely, that an LP problem
with rational coefficients, m inequality constraints and n variables can be solved exactly in O(n3(n+m)L)
arithmetic operations, L being the input length of the problem, i.e., the total binary length of the
numerical data specifying the problem instance. The new method of Karmarkar possessed the complexity
bound of O(m?/?n?L) operations. In the standard for the complexity analysis case of more or less
"square” problems m = O(n) the former estimate becomes O(n*L), the latter O(n®®L). Thus, there
was some progress in the complexity. And it can be said for sure that neither this moderate progress,
nor remarkable elegance of the new algorithm never could cause the revolution in Optimization. What
indeed was a sensation, what inspired extremely intensive activity in the new area and in a few years
resulted in significant theoretical and computational progress, was the claim that the new algorithm in

I History of Mathematica Programming, J.K. Lenstra. A.H.G. Rinnooy Kan, A. Schrijver, Eds. CWI, North-Holland,
1991



10 CHAPTER 1. INTRODUCTION TO THE COURSE

real-world computations was by order of magnitudes more efficient than the Simplex method. Let me
explain you why this was a sensation. It is known that the Simplex method is not polynomial: there
exist bad problem instances where the number of pivotings grows exponentially with the dimension of
the instance. Thus, any polynomial time algorithm for LP, the Ellipsoid one, the method of Karmarkar
or whatever else, for sure is incomparably better in its worst-case behaviour than the Simplex. But this is
the theoretical worst-case behaviour which, as is demonstrated by almost 50-year practice, never occurs
in real-world applications; from the practical viewpoint, the Simplex method is an extremely efficient
algorithm with fairy low empirical complexity; this is why the method is able to solve very large-scale
real world LP problems in reasonable time. In contrast to this, the Ellipsoid method works more or
less in accordance with its theoretical worst-case complexity bound, so that in practical computations
this ”theoretically good” method is by far dominated by the Simplex even on very small problems with
tens of variables and constraints. If the method of Karmarkar would also behave itself according to its
theoretical complexity bound, it would be only slightly better then the Ellipsoid method and still would
be incomparably worse than the Simplex. The point, anyhow, is that actual behaviour of the method of
Karmarkar turned out to be much better than it is said by the worst-case theoretical complexity bound.
This phenomenon combined with the theoretical advantages of a polynomial time algorithm, not the
latter advantages alone, (same as, I believe, not the empirical behaviour of the method alone), inspired
an actual revolution in optimization which continues up today and hardly will terminate in the nearest
future.

I have said something about the birth of the ”interior point science”. As it often happens in our
field, later it turned out that this was the second birth; the first one was in 1967 in Russia, where Ilya
Dikin, then the Ph.D. student of Leonid Kantorovich, invented what is now called the affine scaling
algorithm for LP. This algorithm which hardly is theoretically polynomial, is certain simplification of the
method of Karmarkar which shares all practical advantages of the basic Karmarkar algorithm; thus, as a
computational tool, interior point methods exist at least since 1967. A good question is why this compu-
tational tool which is in extreme fashion now was completely overlooked in the West, same as in Russia.
I think that this happened due to two reasons: first, Dikin came too early, when there was no interest
to iterative procedures for LP - a new-borned iterative procedure, even of a great potential, hardly could
overcome as a practical tool perfectly polished Simplex method, and the theoretical complexity issues
in these years did not bother optimization people (even today we do not know whether the theoretical
complexity of the Dikin algorithm is better than that one of the Simplex; and in 1967 the question itself
hardly could occur). Second, the Dikin algorithm appeared in Russia, where there were neither hardware
base for Dikin to perform large-scale tests of his algorithm, nor ”social demand” for solving large-scale
LP problems, so it was almost impossible to realize the practical potential of the new algorithm and to
convince people in Russia, not speaking about the West, that this is something which worths attention.

Thus, although the prehistory of the interior point technique for LP started in 1967, the actual
history of this subject started only in 1984. It would be impossible to outline numerous significant
contributions to the field done since then; it would require mentioning tens, if not hundreds, of authors.
There is, anyhow, one contribution which must be indicated explicitly. I mean the second cornerstone of
the subject, the paper of James Renegar (1986) where the first path-following polynomial time interior
point method for LP was developed. The efficiency estimate of this method was better than that one
of the method of Karmarkar, namely, O(n3L) [} - cubic in the dimension, same as for classical methods
of solving systems of linear equations; up to now this is the best known theoretical complexity bound
for LP. Besides this remarkable theoretical advantage, the method of Renegar possesses an important
advantage in, let me say, the human dimension: the method belongs to a quite classical and well-known
in Optimization scheme, in contrast to rather unusual Ellipsoid and Karmarkar algorithms. The paper
of Renegar was extremely important for the understanding of the new methods and it, same as a little
bit later independent paper of Clovis Gonzaga with close result, brought the area in the position very
favourable for future developments.

To the moment I was speaking about interior point methods for Linear Programming, and this reflects
the actual history of the subject: not only the first interior point methods vere developed for this case, but
till the very last years the main activity, both theoretical and computational, in the field was focused on
Linear Programming and the very close to it Linearly constrained Quadratic Programming. To extend the

2recall that we are speaking about ”almost square” problems with the number of inequalities m being of order of the
number of variables n
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approach to more general classes of problems, it was actually a challenge: the original constructions and
proofs heavily exploited the polyhedral structure of the feasible domain of an LP problem, and in order
to pass to the nonlinear case, it required to realize what is the deep intrinsic nature of the methods. This
latter problem was solved in a series of papers of Yurii Nesterov in 1988; the ideas of these papers form
the basis of the theory the course is devoted to, the theory which now has became a kind of standard for
unified explanation and development of polynomial time interior point algorithms for convex problems,
both linear and nonlinear. To present this theory and its applications, this is the goal of my course. In
the remaining part of this introductory lecture I am going to explain what we are looking for and what
will be our general strategy.

1.2 The goal: poynomial time methods

I have declared that the purpose of the theory to be presented is developing of polynomial time algorithms
for convex problems. Let me start with explaining what a polynomial time method is. Consider a family
of convex problems

(p) : minimize f(z) s.t. g;(z) <0, i=1,..m, € G

of a given analytical structure, like the family of LP problems, or Linearly constrained Quadratic problems,
or Quadratically constrained Quadratic ones, etc. The only formal assumption on the family is that a
problem instance p from it is identified by a finite-dimensional data vector D(p); normally you can
understand this vector as the collection of the numeric coefficients in analytical expressions for the
objective and the constraints; these expressions themselves are fixed by the description of the family.
The dimension of the data vector is called the size [(p) of the problem instance. A numerical method
for solving problems from the family is a routine which, given on input the data vector, generates a
sequence of approximate solutions to the problem in such a way that every of these solutions is obtained
in finitely many operations of precise real arithmetic, like the four arithmetic operations, taking square
roots, exponents, logarithms and other elementary functions; each operand in an operation is either an
entry of the data vector, or the result of one of the preceding operations. We call a numerical method
convergent, if, for any positive € and for any problem instance p from the family, the approximate solutions
x; generated by the method, starting with certain i = i*(e, p), are e-solutions to the problem, i.e., they
belong to G and satisfy the relations

f(ml) _f* S g, g](xl) S g, .] = 1a"'ama

(f* is the optimal value in the problem). We call a method polynomial, if it is convergent and the
arithmetic cost C(e,p) of e-solution, i.e., the total number of arithmetic operations at the first i* (e, p)
steps of the method as applied to p, admits an upper bound as follows:

Clew) < nltip)n (V2.
where 7 is certain polynomial independent on the data and V(p) is certain data-dependent scale factor.
The ratio V(p)/e can be interpreted as the relative accuracy which corresponds to the absolute accuracy
€, and the quantity ln(@) can be thought of as the number of accuracy digits in e-solution. With
this interpretation, the polynomiality of a method means that for this method the arithmetic cost of an
accuracy digit is bounded from above by a polynomial of the problem size, and this polynomial can be
thought of as the characteristic of the complexity of the method.

It is reasonable to compare this approach with the information-based approach we dealt with in the
previous course. In the information-based complexity theory the problem was assumed to be represented
by an oracle, by a black box, so that a method, starting its work, had no information on the instance; this
information was accumulated via sequential calls to the oracle, and the number of these calls sufficient to
find an e-solution was thought of as the complexity of the method; we did not include in this complexity
neither the computational effort of the oracle, nor the arithmetic cost of processing the answers of the
oracle by the method. In contrast to this, in our now approach the data specifying the problem instance

form the input to the method, so that the method from the very beginning possesses complete global
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information on the problem instance. What the method should do is to transform this input information
into e-solution to the problem, and the complexity of the method (which now might be called algorithmic
or combinatorial complexity) is defined by the arithmetic cost of this transformation. It is clear that
our new approach is not as general as the information-based one, since now we can speak only on
families of problems of a reasonable analytic structure (otherwise the notion of the data vector becomes
senseless). As a compensation, the combinatorial complexity is much more adequate measure of the
actual computational effort than the information-based complexity.

After I have outlined what is our final goals, let me give you an idea of how this goal will be achieved. In
what follows we will develop methods of two different types: the path-following and the potential reduction
ones; the LP prototypes of these methods are, respectively, the methods of Renegar and Gonzaga, which
are path-following routines, and the method of Karmarkar, which is a potential reduction one. In contrast
to the actual historical order, we shall start with the quite traditional path-following scheme, since we
are unprepared to understand what in fact happens in the methods of the Karmarkar type.

1.3 The path-following scheme

The, let me say, ”classical” stage in developing the scheme is summarized in the seminal monograph of
Fiacco and McCormic (1967). Assume we intend to solve a convex program

(P): minimize f(x) s.t. g;(x) <0,i=1,....m
associated with smooth (at least twice continuously defferentiable) convex functions f, g; on R". Let
G ={zeR"| gi(r) <0}

be the feasible domain of the problem; assume for the sake of simplicity that this domain is bounded,
and let the constraints {g;} satisfy the Slater condition:

dx: gi(x) <0, i=1,..,m.

Under these assumptions the feasible domain G is a solid - a closed and bounded convex set in R™ with
a nonempty interior.

In 60’s people believed that it is not difficult to solve unconstrained smooth convex problems, and it
was very natural to try to reduce the constrained problem (P) to a series of unconstrained problems. To
this end it was suggested to associate with the feasible domain G of problem (P) a barrier - an interior
penalty function F(x), i.e., a smooth convex function F' defined on the interior of G and tending to oo
when we approach from inside the boundary of G:

lim F(z;) = oo for any sequence {x; € int G} with lim z; € 0G.
1—00 1—00

It is also reasonble to assume that F' is nondegenerate, i.e.,
F"(z) >0, z €int G

(here > 0 stands for ”"positive definite”).
Given such a barrier, one can associate with it and with the objective f of (P) the barrier-generated
family comprised of the problems

(Py) : minimize Fy(z) = tf(z) + F(x).

Here the penalty parameter t is positive. Of course, = in (P;) is subject to the ”induced” restriction
x € int G, since F; is outside the latter set.

From our assumptions on G it immediately follows that

a) every of the problems (P;) has a unique solution x*(¢); this solution is, of course, in the interior of
G;

b) the path xz*(t) of solutions to (P;) is a continuous function of ¢ € [0,00), and all its limiting, as
t — oo, points belong to the set of optimal solutions to (P).
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It immediately follows that if we are able to follow the path x*(t) along certain sequence t; — oo of values
of the penalty parameter, i.e., know how to form ”good enough” approximations x; € int G to the points
x*(t;), say, such that

x; —a"(t;) = 0,1 — oo, (1.1)

then we know how to solve (P): b) and imply that all limiting points of the sequance of our iterates
{z;} belong to the optimal set of (P).

Now, to be able to meet the requirement is, basically, the same as to be able to solve to a
prescribed accuracy each of the ”penalized” problems (P;). What are our abilities in this respect? (P;)
is a minimization problem with smooth and nondegenerate (i.e., with nonsingular Hessian) objective. Of
course, this objective is defined on the proper open convex subset of R™ rather than on the whole R",
so that the problem, rigorously speaking, is a constrained one, same as the initial problem (P). The
constrained nature of (P;) is, anyhow, nothing but an illusion: the solution to the problem is unique
and belongs to the interior of G, and any converging minimization method of a relaxation type (i.e.,
monotonically decreasing the value of the objective along the sequence of iterates) started in an interior
point of G would automatically keep the iterates away from the boundary of G (since F; — oo together
with F' as the argument approaches the boundary from inside); thus, qualitatively speaking, the behaviour
of the method as applied to (P;) would be the same as if the objective F; was defined everywhere. In
other words, we have basically the same possibilities to solve (P;) as if it was an unconstrained problem
with smooth and nondegenerate objective. Thus, the outlined path-following scheme indeed achieves our
goal - it reduces the constrained problem (P) to a series of in fact unconstrained problems (F;).

We have outlined what are our abilities to solve to a prescribed accuracy every particular problem
(P;) - to this end we can apply to the problem any relaxation iterative routine for smooth unconstrained
minimization, starting the routine from an interior point of G. What we need, anyhow, is to solve not
a single problem from the family, but a sequence of these problems associated with certain tending to
oo sequence of values of the penalty parameter. Of course, in principle we could choose an arbitrary
sequence {t;} and solve each of the problems (P;,) independently, but anybody understands that it is
senseless. What makes sense is to use the approximate solution z; to the ”previous” problem (F;,) as
the starting point when solving the "new” problem (P;,, ). Since 2*(t), as we just have mentioned, is a
continuous function of ¢, a good approximate solution to the previous problem will be a good initial point
for solving the new one, provided that ¢;;1 — ¢; is not too large; this latter asumption can be ensured by
a proper policy of updating the penalty parameter.

To implement the aforementioned scheme, one should specify its main blocks, namely, to choose
somehow:

1) the barrier F;

2) the ”"working horse” - the unconstrained minimization method for solving the problems (P;), along
with the stopping criterion for the method;

3) the policy for updating the penalty parameter.

The traditional recommendations here were rather diffuse. The qualitative theory insisted on at least
C2-smoothness and nondegeneracy of the barrier, and this was basically all; within this class of barriers,
there were no clear theoretical priorities. What people were adviced to do, was

for 1): to choose F' as certain ”preserving smoothness” aggregate of g;, e.g.,

F(x)—i( ! )a (1.2)

with some o > 0, or
F(z) ==Y In(—gi(x)), (1.3)
=1

or something else of this type; the idea was that the local information on this barrier required by the
”working horse” should be easily computed via similar information on the constraints g;;

for 2): to choose as the ”working horse” the Newton method; this recommendation came from com-
putational experience and had no serious theoretical justification;

for 3): qualitatively, updating the penalty at a high rate, we reduce the number of auxiliary un-
constrained problems at the cost of elaborating each of the problems (since for large t;11 — t; a good
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approximation of x*(¢;) may be a bad starting point for solving the updated problem; a low rate of updat-
ing the penalty simplifies the auxiliary problems and increases the number of the problems to be solved
before a prescribed value of the penalty (which corresponds to the required accuracy of solving (P)) is
achieved. The traitional theory was unable to offer explicit recommendations on the ”balanced” rate re-
sulting in the optimal overall effort, and this question normally was solved on the basis of ”computational
experience” .

What was said looks very natural and is known for more than 30 years. Nevertheless, the classical
results on the path-following scheme have nothing in common with polynomial complexity bounds, and
not only because in 60’s nobody bothered about polynomiality: even after you pose this question, the
traditional results do not allow to answer this question affirmatively. The reason is as follows: to perform
the complexity analysis of the path-following scheme, one needs not only qualitative information like
”the Newton method, as applied to a smooth convex function with nondegenerate Hessian, converges
quadratically, provided that the starting point is close enough to the minimizer of the objective”, but
also quantitive information: what is this ”close enough”. The results of this latter type also existed and
everybody in Optimization knew them, but it did not help much. Indeed, the typical quantitive result
on the behaviour of the Newton optimization method was as follows:

let ¢ be a C2-continuous convex function defined in the Euclidean ball V of radius R centered at x* and
taking minimum at x* such that
@" (x*) is nondegenerate with the spectrum from certain segment segment [Lg, L1], 0 < Lo < L1;
@"(x) is Lipschitz continuous at x* with certain constant Ls:

6" () — ¢"(¢")| < Law —2"|, z € V.

Then there exist
p= p<Ra L05L17L2) > 07 c= C(R7 LOaL15L2>

such that the Newton iterate
ot =z —[¢"(x)] ¢ ()

of a point x satisfies the relation
|t + —z*| < |z — z¥|?, (1.4)

provided that
|z — 2™ < p.

The functions p(-) and ¢(-) can be written down explicitly, the statement itself can be modified and a little
bit strengthen, but it does not matter for us: the point is the structure of traditional results on the Newton
method, not the results themselves. These results are local: the quantitive description of the convergence
properties of the method is given in terms of the parameters responsible for smoothness and nondegeneracy
of the objective, and the ”constant factor” ¢ in the rate-of-convergence expression 7 same as the size
p of the "domain of quadratic convergence” become worse and worse as the aforementioned parameters
of smoothness and nondegeneracy of the objective become worse. This is the structure of the traditional
rate-of-convergence results for the Newton method; the structure traditional results on any other standard
method for smooth unconstrained optimization is completely similar: these results always involve some
data-dependent parameters of smoothness and/or nondegeneracy of the objective, and the quantitive
description of the rate of convergence always becomes worse and worse as these parameters become
worse.

Now it is easy to realize why the traditional rate-of-convergence results for our candidate ”working
horses” - the Newton method or something else - do not allow to establish polynomiality of the path-
following scheme. As the method goes on, the parameters of smoothness and nondegeneracy of our
auxiliary objectives F} inevitably become worse and worse: if the solution to (P) is on the boundary of
G, and this is the only case of interest in constrained minimization, the minimizers x*(t) of F; approach
the boundary of G as t grows, and the behaviour of F; in a neighbourhood of z*(t) becomes less and
less regular (indeed, for large ¢ the function F} goes to oo very close to x*(t). Since the parameters of
smoothness/nondegeneracy of F; become worse and worse as t grows, the auxiliary problems, from the
traditional viewpoint, become quantitively more and more complicated, and the progress in accuracy (#
of new digits of accuracy per unit computational effort) tends to 0 as the method goes on.
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The seminal contribution of Renegar and Gonzaga was in demonstration of the fact that the above
scheme applied to a Linear Programming problem

minimize f(z) = c'x s.t. gj(x) =al —b; <0,j=1,....m, x € R"

and to the concrete barrier for the feasible domain G of the problem - to the standard logarithmic barrier
m
F(zx)=— Zln(bj - a]Ta:)
j=1

for the polytope G - is polynomial.
More specifically, it was proved that the method

0.001
A /m
(a single Newton step per each step in the penalty parameter) keeps the iterates in the interior of G,

maintains the ”closeness relation”

tivi =1+ Vi @i =5 — [VaFy, (2)] 7'V Fy, (75) (1.5)

F,(x;) — min F}, <0.01

(provided that this relation was satisfied by the initial pair (¢g, o)) and ensures linear data-independent
rate of convergence
flas) — f* < 2mt; ' < 2mty ' exp{—O(1)im~1/?}. (1.6)

Thus, in spite of the above discussion, it turned out that for the particular barrier in question the
path-following scheme is polynomial - the penalty can be increased at a constant rate (1 + 0.001m =Y/ 2)
depending only on the size of the problem instance, and each step in the penalty should be accompanied
by a single Newton step in x. According to , the absolute inaccuracy is inverse proportional to the
penalty parameter, so that to add an extra accuracy digit it suffices to increase the parameter by an
absolute constant factor, which, in view of the description of the method, takes O(y/m) steps. Thus, the
Newton complexity - the # of Newton steps - of finding an e-solution is

g

Ne) = Oy (K2 (17)

and since each Newton step costs, as it is easily seen, O(mn?) operations, the combinatorial complexity
of the method turns out to be polynomial, namely,

€

C(e,p) < O(m**n?)In (V(p)> )

1.4 What is inside: self-concordance

Needless to say that the proofs of the announced results given by Renegar and Gonzaga were completely
non-standard and heavily exploited the specific form of the logarithmic barrier for the polytope. The
same can be said about subsequent papers devoted to the Linear Programming case. The key to nonlinear
extensions found by Yurii Nesterov was in realizing that among all various properties of the logarithmic
barrier for a polytope, in fact only two are responsible for the polynomiality of the path-following meth-
ods associated with this polytope. These properties are expressed by the following pair of differential
inequalities:

[self-concordance]:

d d’t 52
|ﬁ|t:0F(l‘ + th)| S 2 (dt2|t_0F(.’13 + th)) 5 Vh Vl‘ (S int G,
[finiteness of the barrier parameter]:

d d*t 1/
I < o0 |£|t:0F(sc +th)| < 9'/? (dt2|t_0F(x +th)> , Vh Vz € int G.
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The inequality in the second relation in fact is satisfied with § = m.

I am not going to comment these properties now; this is the goal of the forthcoming lectures. What
should be said is that these properties do not refer explicitly to the polyhedral structure of G. Given
an arbitrary solid GG, not necessarily polyhedral, one can try to find for this solid a barrier F' with the
indicated properties. It turns out that such a self-concordant barrier always exists; moreover, in many
important cases it can be written down in explicit and ”computable” form. And the essense of the theory
is that

given a self-concordant barrier F' for a solid G, one can associate with this barrier interior-
point methods for minimizing linear objectives over G in completely the same manner as in
the case when G is a polytope and F is the standard logarithmic barrier for G. E.g., to get
a path-following method, it suffices to replace in the relations the standard logarithmic
barrier for a polytope with the given self-concordant barrier for the solid G, and the quantity
m with the parameter 9 of the latter barrier, with similar substitution m < 9 in the expression
for the Newton complexity of the method.

In particular, if F is ”polynomially computable”, so that its gradient and Hessian at a
given point can be computed at a polynomial arithmetic cost, then the associated with F
path-following method turns out to be polynomial.

Note that in the above claim I spoke about minimizing linear objectives only. This does not cause any
loss of generality, since, given a general convex problem

minimize f(u) s.t. g;(u) <0,5=1,...,m,ue€Q CRF,
you always can pass from it to an equivalent problem
minimize t s.t. = (t,u) € G = {(t,u) | f(u) —t<0,gj(u) <0,i=1,..,m,uc Q}

of minimizing a linear objective over convex set. Thus, the possibilities to solve convex problems by inte-
rior point polynomial time methods are restricted only by our abilities to point out ”explicit polynomially
computable” self-concordant barriers for the corresponding feasible domains, which normally is not so
difficult.

1.5 Structure of the course

I hope now you have certain preliminary impression of what we are going to do. More specifically, our
plans are as follows.

1) First of all, we should study the basic properties of self-concordant functions and barriers; these
properties underly all our future constructions and proofs. This preliminary part of the course is technical;
I hope we shall survive the technicalities which, I think, will take two lectures.

2) As an immediate consequence of our technical effort, we shall find ourselves in a fine position to
develop and study path-following interior point methods for convex problems, and this will be the first
application of our theory.

3) To extend onto the nonlinear case another group of interior point methods known for LP, the
potential reduction ones (like the method of Karmarkar), we start with a specific and very interesting in
its own right geometry - conic formulation of a Convex Programming Problem and Conic Duality. After
developing the corresponding geometrical tools, we would be in a position to develop potential reduction
methods for general convex problems.

4) The outlined ”general” part of the course is, in a sense, conditional: the typical statements here
claim that, given a ”good” - self-concordant - barrier for the feasible domain of the problem in question,
you should act in such and such way and will obtain such and such polynomial efficiency estimate. As far
as applications are concerned, these general schemes should, of course, be accompanied by technique for
constructing the required ”good” barriers. This technique is developed in the second part of the course.
Applying this technique and our general schemes, we shall come to concrete "ready-to-use” interior point
polynomial time algorithms for a series of important classes of Convex Programming problems, including,
besides Linear Programming, Linearly constrained Quadratic Programming, Quadratically constrained
Quadratic Programming, Geometrical Programming, Optimization over the cone of positive semidefinite
matrices, etc.



Chapter 2

Self-concordant functions

In this lecture I introduce the main concept of the theory in question - the notion of a self-concordant
function. The goal is to define a family of smooth convex functions convenient for minimization by the
Newton method. Recall that a step of the Newton method as applied to the problem of (unconstrained)
minimization of a smooth convex function f is based on the following rule:

in order to find the Newton iterate of a point x compute the second-order Taylor expansion of f at x,
find the minimizer T of this expansion and perform a step from x along the direction T — x.

What the step should be, it depends on the version of the method: in the pure Newton routine the iterate
is exactly Z; it the relaxation version of the method one minimizes f along the ray [z, Z), etc.

As it was mentioned in the introductory lecture, the traditional results on the Newton method state,
under reasonable smoothness and nondegeneracy assumptions, its local quadratic convergence. These
results, as it became clear recently, possess a generic conceptual drawback: the quantitive description of
the region of quadratic convergence, same as the convergence itself, is given in terms of the condition
number of the Hessian of f at the minimizer and the Lipschitz constant of this Hessian. These quantities,
anyhow, are ”frame-dependent”: they are defined not by f itself, but also by the Euclidean structure in
the space of variables. Indeed, we need this structure simply to define the Hessian matrix of f, same,
by the way, as to define the gradient of f. When we change the Euclidean structure, the gradient and
the Hessian are subject to certain transformation which does not remain invariant the quantities like
the condition number of the Hessian or its Lipschitz constant. As a result, the traditional description
of the behaviour of the method depends not only on the objective itself, but also on an arbitrary choice
of the Euclidean structure used in the description, which contradicts the affine-invariant nature of the
method (note that no ”metric notions” are involved into the formulation of the method). To overcome
this drawback, note that the objective itself at any point = induces certain Euclidean structure &; to
define this structure, let us regard the second order differential

2

D2 (w){h,g] = s limamo f(z -+ 1h + 59)

of f taken at = along the pair of directions h and ¢ as the inner product of the vectors h and g. Since
f is convex, this inner product possesses all required properties (except, possibly, the nondegeneracy
requirement ”the square of a nonzero vector is strictly positive”; as we shall see, this is a minor difficulty).
Of course, this Euclidean structure is local - it depends on x. Note that the Hessian of f, taken at x
with respect to the Euclidean structure &, is fine - this is simply the unit matrix, the matrix with the
smallest possible condition number, namely, 1. The traditional results on the Newton method say that
what is important for besides this condition number is the Lipschitz constant of the Hessian, or, which
is basically the same, the magnitude of the third order derivatives of f. What happens if we relate
these latter quantities to the local Euclidean structure defined by f? This is the key to the notion of
self-concordance. And the definition is as follows:

Definition 2.0.1 Let Q be a nonempty open convex set in R™ and F be a C* smooth convex function
defined on Q. F' is called self-concordant on @Q, if it possesses the following two properties:

[Barrier property] F(z;) — oo along every sequence {x; € Q} converging, as i — 00, to a boundary
point of Q;

17
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[Differential inequality of self-concordance] F' satisfies the differential inequality

\D3F(2)[h, h, ]| < 2 (D*F(x)[h, h])**

forallx € Q and all h € R™.
From now on

6k

l)k:}’—‘(x)[hl7 eeey hk] = m|t1:~-:tk:0F(

z+trhy + ...+ tphy)

denotes kth differential of F' taken at x along the directions hy, ..., hy.

(2.1) says exactly that if a vector h is of local Euclidean length 1, then the third order derivative of
F in the direction h is, in absolute value, at most 2; this is nothing but the aforementioned ” Lipschitz
continuity”, with certain once for ever fixed constant, namely, 2, of the second-order derivative of F' with
respect to the local Euclidean metric defined by this derivative itself.

You can ask what is so magic in the constant 2. The answer is as follows: both sides of should be
nad actually are of the same homogeneity degree with respect to h (this is the origin of the exponentual
3/2 in the right hand side). As a consequence, they are of different homogeneity degrees with respect to
F. Therefore, given a function F' satisfying the inequality

\D3F(2)[h, h, ]| < 20 (D2F(z)[h, h])"*,

with certain positive «, you always may scale F', namely, multiply it by y/«, and come to a function
satisfying . We see that the choice of the constant factor in is of no actual importance and is
nothing but a normalization condition. The indicated choice of this factor is motivated by the desire to
make the function — In¢, which plays important role in what follows, to satisfy 7as it is”, without
any scaling.

2.1 Examples and elementary combination rules
We start with a pair of examples of self-concordant functions.
Example 2.1.1 A convezr quadratic form
flx)=2T Az — 20Tz 4 ¢
on R™ (and, in particular, a linear form on R™) is self-concordant on R™.

This is immediate: the left hand side of ([2.1) is identically zero. An single-line verification of the definition
justifies also the following example:

Example 2.1.2 The function —Int is self-concordant on the positive ray {t € R | t > 0}.

The number of examples can be easily increased, due to the following extremely simple (and very
useful) combination rules:

Proposition 2.1.1 (i) [stability with respect to affine substitutions of argument] Let F' be self-concordant
on Q C R™ and x = Ay + b be affine mapping from RF to R™ with the image intersecting Q. Then the
inverse image of @ under the mapping, i.e., the set

Q" ={yeR"| Ay+beQ}
is an open convex subset of R¥, and the composite function
Fry)=F(Ay+b):Q* - R

is self-concordant on Q.
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(ii) [stability with respect to summation and multiplication by reals > 1] Let F; be self-concordant
functions on the open convexr domains Q; C R™ and o; > 1 be reals, i = 1,...,m. Assume that the set
Q = N2,Q; is nonempty. Then the function

Flx)=a1Fi(z)+...+anFphx):Q - R

is self-concordant on Q.
(iii) [stability with respect to direct summation] Let F; be self-concordant on open convex domains
Q; CR™,i=1,...,m. Then the function

Fz1,ehxm)=Fi(x1) 4+ ...+ Fp(zm) :Q=Q1 X ... xQm = R
is self-concordant on Q.

Proof is given by immediate and absolutely trivial verification of the definition. E.g., let us prove (ii).
Since O; are open convex domains with nonempty intersection @), @ is an open convex domain, as it
should be. Further, F, is, of course, C3 smooth and convex on (). To prove the barrier property, note
that since F; are convex, they are below bounded on any bounded subset of Q. It follows that if {z; € Q}
is a sequence converging to a boundary point = of @, then all the sequences {a; Fi(z;)}, i = 1,...,m, are
below bounded, and at least one of them diverges to oo (since x belongs to the boundary of at least one
of the sets Q;); consequently, F'(x;) — oo, as required.
To verify , add the inequalities

;| D*Fy(2)[h, by h]| < 20 (D2F;(x)[h, b))

(r € Q, h € R™). The left hand side of the resulting inequality clearly will be > |D3F(z)[h, h, h]|, while
the right hand side will be < 2 (D?F(z)][h, h})g/ ? since for nonnegative b; and a; > 1 one has

Zazb?/2 S (Z Ozibi)g/Q.

Thus, F satisfies (2.1). m

An immediate consequence of our combination rules is the following

Corollary 2.1.1 Let
G={zecR"|ale—b;<0,i=1,..,m}

be a convex polyhedron defined by a set of linear inequalities satisfying the Slater condition:
JzreR": alz—b;<0,i=1,..,m.

Then the standard logarithmic barrier for G given by
F(x)=- Z In(b; — alz)
i=1

is self-concordant on the interior of G.

Proof. From the Slater condition it follows that
int G={zcR"|alz—0;<0,i=1,...m}=nN",Gi, Gi={zx € R"| al'z —b; <0}.

Since the function —Int is self-concordant on the positive half-axis, every of the functions F;(z) =
—In(b; — al'x) is self-concordant on G (item (i) of Proposition; note that G is the inverse image of the
positive half-axis under the affine mapping = — b; —a x), whence F(z) = Y, F;(z) is self-concordant on
G = N;G; (item (ii) of Proposition). m

In spite of its extreme simplicity, the fact stated in Corollary, as we shall see in the mean time, is
responsible for 50% of all polynomial time results in Linear Programming.

Now let us come to systematic investigation of properties of self-concordant functions, with the final
goal to analyze the behaviour of the Newton method as applied to a function of this type.
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2.2 Properties of self-concordant functions

Let @ be an open convex domain in ¥ = R” and F be self-concordant on Q. For x € @ and h,g € F let

us define
(9,h)e = D*F(x)[g,h], |hls = (h,h)}/>

so that | - |, is a Euclidean seminorm on FE; it is a norm if and only if D?F(z) is nondegenerate.
Let us establish the basic properties of F.

0. Basic inequality. For any x € Q and any triple h; € F, i = 1,2,3, one has

3
|DPF (@) [y, oy hal| < 2] ] .
i=1

Comment. This is the result of applying to the symmetric 3-linear form D3F(x)[h1, ha, h3] and 2-linear
positive semidefinite form D?F(x)[hy, ho] the following general fact:

let Alhy, ..., hy] be a symmetric k-linear form on R™ and Blhy, hs] be a symmetrice positive semidefinite

bilinear form such that
|A[h, h, ..., h]| < aB*/?[h, )

for certain « and all h. Then
|A[R1, ..., ]| < aBY2[hy, hy|BY?[ha, ha)...BY?[hs, hy]

for all hy, ..., hy.
The proof of this statement is among the exercises to the lecture.

I. Behaviour in the Dikin ellipsoid For x € ) let us define the centered at x open Dikin ellipsoid of
radius r as the set
Wi(z)={y € E| ly—al. <r},

and the closed Dikin ellipsoid as the set
Wo(z) =cdW,(z) ={y € E| [y —al. <7}

The open unit Dikin ellipsoid W1y (z) is contained in ). Within this ellipsoid the Hessians of F' are ”almost
proportional” to F"(x),

(1 — |h|x)2F"(x) < F"(x + h) < (1 — |h|,)"2F" (z) whenever |h|, < 1, (2.2)
the gradients of I' satisfy the following Lipschitz-type condition:

o]

2T (F @+ b) = F@)| < 75

|z|z Vz whenever |h|, < 1, (2.3)

and we have the following lower and upper bounds on F':

F(z) + DF(z)[h] + p(=|hls) < F(z + h) < F(z) + DF(x)[A] + p(|hl2), [hle <1. (2.4)
where ) 5 .
p(s):—ln(l—s)—sz%—i—%—i—%—i—... (2.5)

Lower bound in (2.4)) is valid for all & such that  + h € @, not only for those h with |h|, < 1.

Proof. Let h be such that
r=|hls <1land x4+ h € Q.

Let us prove that relations (2.2)), (2.3) and (2.4)) are satisfied at this particular h.
10, Let us set
6(t) = D*F(x + th)[h, b,
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so that ¢ is continuously differentiable on [0,1]. We have
0< (1), 12 =9(0) <1, |¢/(t)| = [D*F(x +th)[h, b, h]| < 26*%(2),
whence, for all small enough positive e,

0< @e(t) = e+ o(t), ¢(0) <1, [pL(t)] < 2032(2),

so that

d , _
PTG CIESY

It follows that
672(0) — £ < 6721 < 67V2(0) + 1, 0L < 1,

whence

¢(0) 60)
(1+ te’?(0))2 (1 — tgt’?(0))2

The resulting inequalities hold true for all ¢ € [0, 1] and all € > 0; passing to limit as € — 40, we come to

< e(t) <

7“2 r2
< ¢(t) = D*F(x +th)[h,h] <

(e < =y "EIET 20

29, Two sequential integrations of (2.6]) result in

1 T 7"2

1 T 7,2
< F(x) 4+ DF(x)[h] +/0 {/0 mdt}dr,

which after straightforward computation leads to (recall that r = |h|,).

Looking at the presented reasoning, one can immediately see that the restriction r» < 1 was used only
in the derivation of the upper, not the lower bound in ; therefore this lower bound is valid for all A
such that z + h € @, as claimed.

3%, Now let us fix g € FE and set

¥(t) = D*F(x + th)[g. gl,

so that ¢ a continuously differentiable nonnegative function on [0, 1]. We have

1/2

@' (t)] = [D*F(z + th)g, g, h]| < 2D*F(x + th)|g, 9] [D*F (x + th)[h. h]] (2.7)

(we have used 0.). Relation (2.7) means that 1) satisfies the linear differential inequality

(0] < 20(6)6"2() < 2 (1) 77 0 <

(the second inequality follows from (2.6 combined with ¢ > 0). It follows that
d
i rt)2 ()] = (1 —rt)* [ (t) —2r(1 —rt) '9(H)] <0, 0 <t < 1,

and

%[(1 —rt)2p)] = (1 —rt) 2[' (1) + 2r(1 = rt) ()] >0, 0 <t <1,

whence, respectively,
(1 —=rt)%p(t) < 9(0), (1—7rt)~2p(t) > (0),

or, recalling what ¥ and r are,

(1= |hlot) 2 D?*F(z + th)lg, g] > D*F(x)lg, 9] > (1 = |hlot)*D*F(x + th)]g, gl;
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since g is arbitrary, we come to (2.2)

49, We have proved that d hold true for any h such that x + h is in the open unit Dikin
ellipsoid W7 (x) and =+ h € Q. To complete the proof, it remains to demonstrate that the latter ”and” is
redundant: x +h € @ whenever x + h belongs to the open unit Dikin ellipsoid Wi (x). To prove the latter
statement, assume, on contrary, that Wi (z) is not contained in (). Then there is a point y in Wi (z) such
that the half-segment [z, y) belongs to @ and y itself does not belong to @. The function F is well-defined
on this half-segment; moreover, as we already have seen, at any point x + h of this half-segment
holds. When 2 + h runs over the half-segment, the quantities |h|, are bounded from above by |y — x|,
and are therefore less than 1 and bounded away from 1. It follows from that F' is bounded on the
half-segment, which is the desired contradiction: since y is a boundary point of ), F' should tend to oo
as a point from [z, y) approaches to y.

59. It remains to prove . To this end let us fix an arbitrary vector z and let us set

g(t) = 2T (F'(x + th) — F'(z)).

Since the open unit Dikin ellipsoid W7 () is contained in @, the function g is well-defined on the segment
[0,1]. We have

9(0) = 0
lg'(t)] = [:TF"(z + th)h]
< ETF"(x +th)z\/hTF"(x + th)h
[we have used Cauchy’s inequality]
< (1 —=th|y) 2/ 2T F"(x)2\/KTF" (x)h

[we have used 2:2)]
= |hlo(1 = t|hls) 22T F" (2)z,

whence
lg(1)] < /1 ﬁdt 2TF"(2)z = e 2TF"(x)z
~Jo (1—tlhl2)? 1—|hl ’

as claimed in (2.3)). =

II. Recessive subspace of a self-concordant function. For x € Q consider the subspace {h € E |
D?F(z)[h, h] = 0} - the kernel of the Hessian of F at x. This recessive subspace Ef of F is independent
of the choice of x and is such that

Q=Q+EF.

In particular, the Hessian of F' is nonsingular everywhere if and only if there exists a point where the
Hessian of F' is nonsingular; this is for sure the case if ) is bounded.

Terminology: we call F' nondegenerate, if Er = {0}, or, which is the same, if the Hessian of F' is
nonsingular somewhere (and then everywhere) on Q.

Proof of II. To prove that the kernel of the Hessian of F' is independent of the point where the Hessian
is taken is the same as to prove that if D?F(x¢)[h, h] = 0, then D2F(y)[h,h] = 0 identically in y € Q.
To demonstrate this, let us fix y € @ and consider the function

U(t) = D*F(xo + t(y — x))[h, h],

which is consinuously differentiable on the segment [0,1]. Same as in the item 3° of the previous proof,
we have

%' ()] = |D°F (o + t(y — x))[h, h,y — ]| <
< 2D?F(wg + t(y — 2))[h, B] [D*F (w0 + Hy — 2))ly — 7,y — ] = p(1)e()
with certain continuous on [0, 1] function &. It follows that
W' (1) < My(t)

with certain constant M, whence 0 < 9(t) < ¥(0)exp{Mt},0 < ¢ < 1 (look at the derivative of the
function v(t) exp{—Mt}). Since ¥(0) = 0, we come to ¥(1) = 0, i.e., D*F(y)[h, h] = 0, as claimed.
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Thus, the kernel of the Hessian of F' is independent of the point where the Hessian is taken. If h € Ep
and x € Q, then, of course, |h|, = 0, so that x + h € Wi (x); from I. we know that W (z) belongs to @,
so that x + h € Q; thus, x + Er C Q whenever x € @), as required. m

Now it is time to introduce a very important concept of Newton decrement of a self-concordant
function at a point. Let x € Q. The Newton decrement of F' at x is defined as

AF,z) = max{DF(z)[h] | h € E, |h|, <1}.

In other words, the Newton decrement is nothing but the conjugate to | - |, norm of the first-order
derivative of F' at . To be more exact, we should note that | - |, is not necessary a norm: it may be a
seminorm, i.e., may be zero at certain nonzero vectors; this happens if and only if the recessive subspace
Er of F is nontrivial, or, which is the same, if the Dikin ellipsoid of F' is not an actual ellipsoid, but
an unbounded set - elliptic cylinder. In this latter case the maximum in the definition of the Newton
decrement may (not necessarily should) be +00. We can immediately realize when this is the case.

III. Continuity of the Newton decrement. The Newton decrement of F' at x € @ is finite if and
only if DF(z)[h] = 0 for all h € Ep. If it is the case for certain x = xo € @, then it is also the case for
all x € @, and in this case the Newton decrement is continuous in x € ) and F' is constant along its
recessive subspace:

F(x+h)=F(z) Ve € Q Vh € Ep; (2.8)

otherwise the Newton decrement is identically +oo.

Proof. It is clear that if there is h € Er such that DF(z)[h] # 0, then \(F,z) = oo, since |th|, = 0
for all real ¢ and, consequently, DF(x)[u] is above unbounded on the set {|u|, < 1}. Vice versa, assume
that DF(x)[h] = 0 for all h € Ep, and let us prove that then A\(F,x) < co. There is nothing to prove if
Er = E, so that let us assume that Er # E. Let E}% be certain subspace of £ complementary to Ep:
Er N Ef ={0}, Er + E = E, and let 7 be the projector of E onto E parallel to Ep, i.e., if

h=hp+hE
is the (unique) representation of h € E as the sum of vectors from Er and Ef, then
7h = hf.

It is clear that
[Thle = |hle

(since the difference h — wh belongs to Er and therefore is of zero | - |,-seminorm), and since we have
assumed that DF(z)[u] is zero for u € Ep, we also have

DF(x)[h]| = DF(z)[nh].

Combining these observations, we see that it is possible to replace E in the definition of the Newton
decrement by Ep:
MNF,z) = max{DF(z)[h] | h € Ef, |h|l. <1}. (2.9)

Since |- |, restricted onto E is a norm rather than a seminorm, the right hand side of the latter relation
is finite, as claimed.

Now let us demonstrate that if A(F,z) is finite at certain point zg € @, then it is also finite at
any other point x of @ and is continuous in z. To prove finiteness, as we just have seen, it suffices to
demonstrate that DF (x)[h] = 0 for any = and any h € Epr. To this end let us fix z € Q and h € Er and
consider the function

¥(t) = DF (zo + t(z — x0))[h]-

This function is continuously differentiable on [0,1] and is zero at the point ¢ = 0 (since A(F,xg) is
assumed finite); besides this,

Y/ (t) = D*F (20 + t(z — z0))[h,x — 0] = 0
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(since h belongs to the null space of the positive semidefinite symmetric bilinear form D?F(zg + t(z —
xo))[h1, ha]), so that ¢ is constant, namely, 0, and (1) = 0, as required. As a byproduct of our reasonong,
we see that if A(F,-) is finite, then

F(zx+h)=F(x), vr€Q, he Ep,

since the derivative of F' at any point from () in any direction from E is zero.

It remains to prove that if A(F, z) is finite at certain (and then, as we just have proved, at any) point,
then this is a continuous function of xz. This is immediate: we already know that if A(F,z) is finite, it
can be defined by relation , and this relation, by the standard reasons, defines a continuous function
of z (since | - |, restricted onto E is a continuously depending on z norm, not a seminorm). =

The following simple observation clarifies the origin of the Newton decrement and its relation to the
Newton method.

IV. Newton Decrement and Newton Iterate. Given x € @, consider the second-order Newton
expansion of F' at x, i.e., the convex quadratic form

Np.(h) = F(z) + DF(z)[h] + %DQF(:C)W h] = F(z) + DF (z)[h] + %Ih\%

This form is below bounded if and only if it attains its minimum on E and if and only if \(F,z) < oo; if
it is the case, then for (any) Newton direction e of F' at x, i.e., any minimizer of this form, one has

D?F(x)[e,h] = —DF(z)[h], h € E, (2.10)
le|le = A(F, z) (2.11)

and 1
Ng . (0) — Npg(e) = 5AQ(F, 7). (2.12)

Thus, the Newton decrement is closely related to the amount by which the Newton iteration
r—=rte

decreases F' in its second-order expansion.

Proof. This is an immediate consequence of the standard fact of Linear Algebra: a convex quadratic
form

fap(h) = %hTAh +0'h+ec
is below bounded if and only if it attains its minimum and if and only if the quantity
A =max{b"h | hTAh < 1}
is finite; if it is the case, then the minimizers y of the form are exactly the vectors such that
yT'Ah = —bTh, he E,

for every minimizer y one has
yTAy _ )\2
and 1
fA’b(O) — min fA,b = 5)\2.

The observation given by IV. allows to compute the Newton decrement in the nondegenerate case
Er = {0}.

IVa. Expressions for the Newton direction and the Newton decrement. If F' is nondegenerate
and x € @, then the Newton direction of F' at x is unique and is nothing but

e(F,x) = —[F" ()] F'(x),
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F’" and F" being the gradient and the Hessian of F with respect to certain Euclidean structure on E,
and the Newton decrement is given by

A(F,2) =\ (F(@)T[F" ()] L F'(2) = \JeT (F,2) F"(2)e(F, x) = |/ ~¢T (F,2)F'(x).

Proof. This is an immediate consequence of IV. (pass from the ”coordinateless” differentials to
”coordinate” representation in terms of the gradient and the Hessian).

Now comes the main statement about the behaviour of the Newton method as applied to a self-
concordant function.

V. Damped Newton Method: relaxation property. Let A(F,-) be finite on Q). Given z € Q,
consider the damped Newton iterate of

+ — .+ F — -
xm =2 (Fx) =z + 1+)\(F,x)e’
e being (any) Newton direction of F' at x. Then
rteq
and
F(z) — F(z) > MF,z) — In(1 + \(F, z)). (2.13)

Proof. As we know from IV., |e|, = A = A(F,z), and therefore |27 — 2|, = A\/(1 + A) < 1. Thus, 2™
belongs to the open unit Dikin ellipsoid of F' centered at x, and, consequently, to @ (see I.). In view of

we have )
F@®) < F(a) + o5 DF(@)le] + p((1+X)el.) =

see @T0) - (ET2)

= P~ PPl 4o (15) = F - s oo (15 =

[see the definition of p in (2.4)]
A2 A A
= F(z) - G Y AN A
@) =1 n( 1+/\> T+

= F(z) — A+ 1In(1 +)),

so that
F(z) = F(zt) > A—In(1+\),

as claimed. m

VI. Existence of minimizer, A. F attains its minimum on @ if and only if it is below bounded on
Q; if it is the case, then \(F,-) is finite and, moreover, min,eq A(F,z) = 0.

Proof. Of course, if F' attains its minimum on @), it is below bounded on this set. To prove the inverse
statement, assume that F' is below bounded on @, and let us prove that it attains its minimum on Q.
First of all, A(F,-) is finite. Indeed, if there would be z € ) with infinite A(F,z), it would mean that
the derivative of F' taken at x in certain direction h € Er is nonzero. As we know from II., the affine
plane x + Er is contained in (), and the second order derivative of the restriction of F' onto this plane is
identically zero, so that the restriction is linear (and nonconstant, since the first order derivative of F at x
in certain direction from Fp is nonzero). And a nonconstant linear function F' |4 g, is, of course, below
unbounded. Now let Q= be the cross-section of @ by the plane z + Fj, where x € @ is certain fixed point
and EI% is a subspace complementary to Fr. Then Q' is an open convex set in certain R* and, in view
of I1., Q = Q*+ + Ep; in view of ITL. F is constant along any translation of Er, and we see that it is the
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same to prove that F' attains its minimum on @Q and to prove that the restriction of F' onto Q1 attains its

minimum on @Q*. This restriction is a self-concordant function on Q+ (Proposition ; of course, it is

below bounded on Q1 and its recessive subspace is trivial. Passing from (Q, F') to (QL,F|QL), we see

that the statement in question can be reduced to a similar statement for a nondegenerate self-concordant

below bounded function; to avoid complicated notation, let us assume that F' itself is nondegenerate.
Since F' is below bounded, the quantity inf;eg A(F, z) is 0; indeed, if it were positive:

AMF,2) >A>0 VzeQ,

then, according to V., we would have a possibility to pass from any point z € @ to another point z+
with at least by the constant A — In(1 + A) less value of F', which, of course, is impossible, since F' is
assumed below bounded. Since inf,eq A(F,z) = 0, there exists a point x with A = A(F,z) < 1/6. From

(2.4) it follows that
F(z+h) > F(x) + DF(@)[h] + [hl, — n(1 + |h],), [hls < 1.

Further, in view of (2.10]),
DF(z)[h] = ~D*F(x)e,h] > ~le[s|h]

(we have used the Cauchy inequality), which combined with results in
DF(x)[h] = =Alhlz,

and we come to

F(x+ h) > F(z) — M|y + |hle — In(1 + |h|L). (2.14)
When 0 <t < 1, we have
Lo 1g 1,
f(t)z—)\t+t—ln(1+t)2—/\t+t—t+§t —gt +Zt - >
1 1 1 1
S _ Ve R S PR R
> /\t+2t 3t t{2t 3t /\},

and we see that if
t(A) = 2(1+ 3N\,

then f(¢(A\)) > 0 and t(A\) < 1. From (2.14) we conclude that F'(z + h) > F(z) whenever x + h belongs

to the boundary of the closed Dikin ellipsoid W;(y)(x) which in the case in question is a compact subset
of @ (recall that F' is assumed to be nondegenerate). It follows that the minimizer of F' over the ellipsoid
(which for sure exists) is an interior point of the ellipsoid and therefore (due to convexity of F) is a
minimizer of F over @), so that F' attains its minimum over Q). m

To proceed, let me recall to you the concept of the Legendre transformation. Given a convex function
f defined on a convex subset Dom f of R", one can define the Legendre transformation f* of f as

f )= sup [y"z— f(x));
x€Dom f

the domain of f* is, by definition, comprised of those y for which the right hand side is finite. It is
immediately seen that Dom f* is convex and f* is convex on its domain.
Let Dom f be open and f be k& > 2 times continuously differentiable on its domain, the Hessian of f

being nondegenerate. It is celarly seen that
(L.1) if z € Dom f, then y = f'(x) € Dom f*, and

F (@) = (f @)z = fa); z € 0f*(f'(x)).

Since f” is nondegenerate, by the Implicit Function Theorem the set Dom™ f* of values of f’ is open;
since, in addition, f is convex, the mapping

z = f'(x)
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is (k — 1) times continuously differentiable one-to-one mapping from Dom f onto Dom™ f* with (k — 1)
times continuously differentiable inverse. From (L.1) it follows that this inverse mapping also is given by
gradient of some function, namely, f*. Thus,

(L.2) The mapping x — f'(x) is a one-to-one mapping of Dom f onto an open set Dom* f* C Dom f*,
and the inverse mapping is given by y — (f*)'(y).
As an immediate consequence of (L.2), we come to the following statement

(L.3) f* is k times continuously differentiable on Dom™ f*  and

(f*)"(f'(x)) = [f"(x)]"!, @ € Dom f. (2.15)

VII. Self-concordance of the Legendre transformation. Let the Hessian of the self-concordant
function F be nondegenerate at some (and then, as we know from II., at any) point. Then Dom F* =
Dom™ F'* is an open convex set, and the function F* is self-concordant on Dom F*.

Proof. 1°. Let us prove first that Dom F* = Dom™* F*. If y € Dom F™*, then, by definition, the function
yT'z— F(z) is bounded from above on Q, or, which is the same, the function F(z)—yT z is below bounded
on Q. This function is self-concordant (Proposition [2.1.1](ii) and Example [2.1.1)), and since it is below
bounded, it attains its minimum on @ (VI.). At the minimizer z* of the function we have F'(z*) =y,
and we see that y € Dom™ F*. Thus, Dom F' = Dom™ F™*.

20, The set Dom F* is convex, and the set Dom™ F* is open ((L.2)); from 1° it follows therefore
that F* is a convex function with a convex open domain Dom F*. The function is 3 times continuously
differentiable on Dom F* = Dom® F* in view of (L.3). To prove self-concordance of F*, it suffices to
verify the barrier property and the differential inequality .

30, The barrier property is immediate: if a sequence y; € Dom F* converges to a point y and the
sequence {F*(y;)} is bounded from above, then the functions y!z — F(z) are uniformly bounded from
above on @ and therefore their pointwise limit y”'x — F(z) also is bounded from above on Q; by definition
of Dom F* it means that y € Dom F*, and since we already know that Dom F™* is open, we conclude that
any convergent sequence of points from Dom F'* along which F* is bounded from above converges to an
interior point of Dom F*; this, of course, is an equivalent reformulation of the barrier property.

49, Tt remains to verify . From (L.3) for any fixed h we have

WY (F*)'(F'(z))h = BT [F"(z)] " 'h, = € Q.
Differentiating this identity in « in a direction g, we come t
DPF*(F'(x))[h, h, F"(x)g] = =D F (2)[[F" ()] "' h, [F" (2)] " h, g};
substituting g = [F"'(x)]~'h, we come to

2

\DEF*(F'(2))[h, h, h]| = |D*F(x)[g, 9, ]| < 2 (D*F(x)[g,9))** = 2 (4" F"(2)g)""* =

[since g = [F"(z)]~1h]
=2 (KT [F" ()] 0) .
The latter quantity, due to (L.3), is exactly 2 (hT (F*)"(F’(z))h) 3/2, and we come to
* . 3/2
[D*F*(y)[h, b, hl| < 2 (D*F*(y)[h, )

for all h and all y = F'(x) with € Q. When z runs over @, y, as we alerady know, runs through the
whole Dom F*, and we see that (2.1]) indeed holds true. m

1

we use the following rule for differentiating the mapping = + B(z) = A~!(x), A(z) being a square nonsingular matrix
smoothly depending on x:

DB(z)lg] = —B(z)DA(x)[g] B(x)
(to get it, differentiate the identity B(z)A(z) = I).
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VIII. Existence of minimizer, B. F' attains its minimum on @ if and only if there exists x € () with
A(F,z) < 1, and for every x with the latter property one has

F() —min F < p(\(F,2)); (2.16)
moreover, for an arbitrary minimizer x* of F' on (Q and the above x one has

2
D?F(z)[z* — z,2* —x] < (%) . (2.17)

Proof. The "only if” part is evident: A\(F,x) = 0 at any minimizer x of F. To prove the "if” part, we,
same as in the proof of V1., can reduce the situation to the case when F' is nondegenerate. Let x be such
that A = A(F,z) < 1, and let y = F'(x). In view of (L.3) we have

y ()" (y)y = (F'(2))T[F" ()] 7 F' () = 3? (2.18)

(the latter relation follows from VIa.). Since A < 1, we see that 0 belongs to the centered at y open Dikin
ellipsoid of the self-concordant (as we know from VII.) function F* and therefore (I.) to the domain
of this function. From VII. we know that this domain is comprised of values of the gradient of F' at
the points of @; thus, there exists z* € @ such that F'(z*) = 0, and F attains its minimum on Q.
Furthermore, from as applied to F™* and from we have

F*(0) < F*(y) —y" (F*)'(y) + p(V);
since y = F'(z) and 0 = F'(x*), we have (see (L.1))
F*(y) =y x = F(x), (F*)'(y) =z, F*(0) = —F*(z*),
and we come to
—F(z*) <y'z— F(x) =y =+ p(N),

which is nothing but (2.16]).
Finally, setting

|hly = /BT (F*)" (y)h
and noticing that, by (2.18), |y|, = A < 1, we get for an arbitrary vector z

[T [(F*)'(0) = (F*) ()]
VA (F) (y)z
[we have applied (2.3) to F* at the point y with h = —y]

= VTP

2T (@ — )|

IN I

substituting z = F"(z)(z* — x), we get

1" * )\
Ve = @) =) < 15

as required in (2.17)). m

Remark 2.2.1 Note how sharp is the condition of existence of minimizer given by VIIL.: for the self-
concordant on the positive ray and below unbounded function F(xz) = —Inz one has A(F, z) = 1!

IX. Damped Newton method: local quadratic convergence. Let A(F,-) be finite, let x € @, and
let T be the damped Newton iterate of x (see V.). Then

MF,xT) < 2X*(F,2). (2.19)
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Besides this, if \(F,z) < 1, then F attains its minimum on @, and for any minimizer z* of F' one has

MF, x)
e < /"7 . 2.2
[ =& < 1—\F,z)’ (2.20)
AF, )
—r, < ——1"7 2.21
o= 2" < 1—\(F,x) ( )

Proof. 1°. To prove (2.19)), denote by e the Newton direction of F at z, set

1
A= \(F =—
("T)7T 1+)\7

and let h € E. The function
Y(t) = DF(x + te)[h]

is twice continuously differentiable on [0,7]; we have
Y/ (t) = D*F(x + te)[h,e], " (t) = D3F(x + te)[h, e, €],

whence, in view of O.,
[0 ()] < 2hlostelelzire <

[in view of (2.2]) and since |e|, = A, see (2.11)]
< 21— ) lafel2 = 2(1 — I A2 A,

It follows that

DF(xM)[h] = (r) < ¥(0) +7¢'(0) + |hls /O{/O 2(1 — 7A) 3 N\%dr}dt =

, /\2,’,2
= (0) +r¢’(0) + m\hh =
[the definition of ]
)\27”2
= DF(x)[h] + rD*F(x)[h, €] + |l =
1—=Ar
[see (2.10))]
)\2,,,2
= (1= P)DF@)[A] + ], =
[the definition of r]
A DR+ jal, <
T+ Y I+A %~
[since DF(z)[h] < Alh|, by definition of A = A(F, z)]
)\2
<2 <
<2 phl, <
[see and take into account that |z — x|, = rle|, = )]
A2 1
|h‘x+ = 2)‘2|h|acJr

<o
14+ A1l—7rA

Thus, for any h € E we have DF(x)[h] < 2A%|h|,+, as claimed in (2.19).
20, Let x € Q be such that A = \(F,z) < 1. We already know from VIIL. that in this case F attains
its minimum on (), and that

F(x)— HbinF <p(A)=—-In(1—-X)—A. (2.22)
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Let z* be a minimizer of F on ) and let r =
follows that

2+ From (2.4) applied to x = z*, h = x — z* it

F(z) > F(z*)+ p(—r) = F(2*) +r — In(1 + r).
Combining this observation with (2.22), we come to
r—ln(1+r) <=A-— ln(l—

and it immediately follows that r < 72 /\, as required in is identical to @ [

The main consequence of the indicated properties of se -concord ant functions is the following descrip-
tion of the behaviour of the Damped Newton method (for the sake of simplicity, we restrict ourselves
with the case of nondegenerate F'):

X. Summary on the Damped Newton method. Let F' be self-concordant nondegenerate function
of Q. Then

A. [existence of minimizer] F' attains its minimum on @ if and only if it is below bounded on @); this
is for sure the case if

A(F,2) = /(B ()T [F" ()] - () < 1

for some x.
B. Given z; € Q, consider the Damped Newton minimization process given by the reccurence
1
i1 = 1y — ——————[F" ()] 7 F (). 2.23
ven = - T F ) @) (223)

The recurrency keeps the iterates in () and possesses the following properties
B.1 [relaxation property]

F(wi1) < F(zs) — MF2:) — In(1+ A(F,2:))]; (2.24)
in particular, if \(F, x;) is greater than an absolute constant, then the progress in the Value of F" at the step
i is at least another absolute constant; e.g., if \(F,x;) > 1/4, then F(x;)— F(a:H_l) —In 2 = 0.026856..

B.2 [local quadratic convergence] If at certain step i we have A(F, z;) < then we are in the region
of quadratic convergence of the method, namely, for every j > i we have
1
AP 2j) <203 (Fay)  [< 5AF )], (2.25)
N2(F,z;)
F(x;) —min F < p(\(F, z; < P 2.26

(‘rj) Hgn —p( ( 7x])) [— 2(17A(F,SCJ))]7 ( )

and for the (unique) minimizer x* of F' we have
P e < —2 22 2.27
If, in addition, A(F,xz) < 1/2, then also
AF, )
= x|, —_— 2.28
|x] x|J_1—2)\(Fl‘j) ( )

C. If F is below bounded, then the Newton complexity (i.e., # of steps (2.23)) of finding a point x € Q
with A(F,z) < k <0.1) does not exceed the quantity

0o(1) ([F(xl) - mén F]+1Inln i) (2.29)

with an absolute constant O(1).

The statements collected in X. in fact are already proved: A is given by VIIL.; B.1 is V.; B.2 is IX.;
C is an immediate consequence of B.1 and B.2.

Note that the description of the convergence properties of the Newton method as applied to a self-
concordant function is completely objective-independent; it does not involve any specific numeric char-
acteristics of F'.
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2.3 Exercises: Around Symmetric Forms

The goal of the below exercises is to establish the statement underlying O.:

(P): let A[hq, ..., hg] be a k-linear symmetric form on R™ and Blhq, ha] be a symmetric positive semidefinite
2-linear form on R™. Assume that for some o one has

|A[h, ..., h]| < aB*?[h, ], h€R" (2.30)
Then
k
|Alh1, oo hi]| < o [ BY? (R, Bl (2.31)
=1

for all hq, ..., hy.

Let me start with recalling the terminology. A k-linear form Al[hy,...,hx] on E = R" is a real-
valued function of k£ arguments A, ..., hy, each of them varying over F, which is linear and homogeneous
function with respect to every argument, the remaining arguments being set to arbitrary (fixed) values.
The examples are:

e a linear form A[h] = aTh (k= 1);

e a bilinear form A[hq, ha] = hTahs, a being n x n matrix (k = 2);
e 3-linear form of the type A[hy, ha, hs] = (aThy)(hEhs);

e the n-linear form Alhy, ..., h,] = Det (hy;...; hy).

A k-linear form is called symmetric, if it remains unchanged under every permutation of the collection
of arguments.

Exercise 2.3.1 Prove that any 2-linear form on R™ can be reprresented as A[hy, ha] = hT ahy via certain
n x n martic a. When the form is symmetric? Which of the forms in the above examples are symmetric?

The restriction of a symmetric k-linear form A[hy, ..., hx] onto the ”diagonal” hy = hgy = ... = hy = h,
which is a function of h € R"™, is called homogeneous polynomial of full degree k on R™; the definition
coincides with the usual Calculus definition: ”a polynomial of n variables is a finite sum of monomials,
every monomial being constant times product of nonnegative integer powers of the variables. A poly-
nomial is called homogeneous of full degree k if the sum of the powers in every monomial is equal to
k.

Exercise 2.3.2 Prove the equivalence of the aforementioned two definitions of a homogeneous polyno-
mial. What is the 3-linear form on R? which produces the polynomial xy® ((x,y) are coordinates on
R?)?

Of course, you can restrict onto diagonal an arbitrary k-linear form, not necessarily symmetric, and get
certain function on E. You, anyhow, will not get something new: for any k-linear form A[hy, ..., hy] there
exists a symmetric k-linear form Agl[hq, ..., hi] with the same restriction on the diagonal:

Alh, ... h] = Ag[h, ... h], h e E:

to get Ag, it suffices to take average, over all permutations o of the k-element index set, of the forms
Aglh, s hi] = Alhgyy ooy Bo(i) -
From polylinearity of a k-linear form A[hy, ..., hg] it follows that the value of the form at the collection
of linear combinations
hi = Zamum-, 1= 1, ...J{I,
jed

J being a finite index set, can be expressed as

k
> (T i ) Alwrg,uz gy, oo un s

G1sendn€J \i=1
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this is nothing but the usual rule for ”opening the parentheses”. In particular, A[-] is uniquely defined
by its values on the collections comprised of basis vectors ey, ..., ey,:

A[hl,...7hk] = Z h17j1h2,j2"'hk7jk A[ejl,ejz,...,ejk],

1<j1,- gk <

hi,; being j-th coordinate of the vector h; with respect to the basis. It follows that a polylinear form is
continuous (even C*) function of its arguments.

A symmetric bilinear form A[hq, hs] is called positive semidefinite, if the corresponding homogeneous
polynomial is nonnegative, i.e., if A[h, h] > 0 for all h. A symmetric positive semidefinite bilinear form
sastisfies all requirements imposed on an inner product, except, possibly, the nondegeneracy requirements
”square of nonzero vector is nonzero”. If this requirement also is satisfied, i.e., if A[h,h] > 0 whenever
h # 0, then Alhq, ho] defines an Euclidean structure on E. As we know from Exercise a bilinear
form on R™ always can be represented by a n x n matrix a as hl ahs; the form is symmetric if and only
if a = a”', and is symmetric positive (semi)definite if and only if a is symmetric positive (semi)definite
matrix.

A symmetric k-linear form produces, as we know, a uniquely defined homogeneous polynomial of
degree k. It turns out that the polynomial "remembers everything” about the related k-linear form:

Exercise 2.3.3 #1 Prove that for every k there exist:
e integer m,
e real "scale factors” r1 4,724,110, L =1,...,m,
e real weights w;, L =1,...,m,

with the following property: for any n and any k-linear symmetric form Alhq,...,hg] on R™ identically
in hy,...,hi one has

m k k k
A[hl, ceey hk] = ZwlA Z Ti,lhia Z ri,lhm ceey Zri,lhi .
=1 i=1 i=1 i=1

In other words, A can be restored, in a linear fashion, via its restriction on the diagonal.
Find a set of scale factors and weights for k =2 and k = 3.

Now let us come to the proof of (P). Of course, it suffices to consider the case when B is positive
definite rather than semidefinite (replace B[hy, ha] with B.[hy, ha] = B[hy, ha]+€h¥ ha, € > 0, thus making
B positive definite and preserving the assumption ; given that (P) is valid for positive definite B,
we would know that is valid for B replaced with B, and would be able to pass to limit as € — 0).
Thus, from now on we assume that B is symmetric positive definite. In this case B[hy, ha] can be taken
as an inner product on R™, and in the associated "metric” terms (P) reads as follows:

(P’): let | - | be a Euclidean norm on R™, Alhq, ..., hi| be a k-linear symmetric form on R™ such that
|Alh, ..., h]| < afh|F, heR"

Then
|A[h1, ceny th < a\h1|...|hk|, hi,...,hy € R™.

Now, due to homogeneity of A with respect to every h;, to prove the conclusion in (P’) is the same as
to prove that |A[hq, ..., hg]| < o whenever |h;| < 1,4 =1,...;k. Thus, we come to the following equivalent
reformulation of (P’):

prove that for a k-linear symmetric form Alhq, ..., hi] one has

max |A[h, ..., h]| = max |A[hq, ..., h]|. (2.32)
|h|=1 [hil<1
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Note that from Exercise it immediately follows that the right hand side of is majorated by
a constant times the left hand side, with the constant depending on k only. For this latter statement it is
completely unimportant whether the norm |- | in question is or is not Euclidean. The point, anyhow, is
that in the case of Euclidean norm the aforementioned constant factor can be set to 1. This is something
which should be a ”common knowledge”; surprisingly, I was unable to find somewhere even the statement,
not speaking of the proof. I do not think that the proof presented in the remaining exercises is the simplest
one, and you are welcome to find something better. We shall prove by induction on k.

Exercise 2.3.4 Prove the base, i.e., that holds true for k = 2.
Now assume that (2.32)) is valid for k¥ =1 — 1 and any k-linear symmetric form A, and let is prove that

it is valid also for k = 1[.
Let us fix a symmetric [-linear form A, and let us call a collection T = {T}, ..., T;} of one-dimensional
subspaces of R™ an extremal, if for some (and then - for each) choice of unit vectors e; € T; one has

|Aler,...,el]] =w = max |Alhq, ..., |-
[h1]=...=|hi|=1

Clearly, extremals exist (we have seen that A[-] is continuous). Let T be the set of all extremals. To
prove (2.32)) is the same as to prove that T contains an extremal of the type {T),...,T}.

Exercise 2.3.5 #* Let {T1,....,Ti} € T and T\ # T». Let e; € T; be unit vectors, h = e;+es, q = e —es.
Prove that then both {Rh,Rh,Ts,...,T;} and {Rq,Rq,T3,...,T;} are extremals.

t times s times

—— —
Let T* be the subset of T formed by the extremals of the type {T,...,T,S,...,S} for some t and s

(depending on the extremal). By virtue of the inductive assumption, T* is nonempty (in fact, T* contains
t times s times

——
an extremal of the type {T,...,T,S}). For T =A{T,....T,S,...,S} € T* let a(T) denote the angle (from
[0, 5]) between T" and S.

Exercise 2.3.6 #* Prove that if T = {T,...,T,S,...,S} is an extremal of the aforementioned ”2-line”
type, then there exists an extremal T’ of the same type with ¢(T") < $¢(T). Derive from this observation
that there exists a 2-line extremal with ¢(T) = 0, i.e., of the type {T,...,T}, and thus complete the
inductive step.

Exercise 2.3.7 * Let A[hy, ..., h], h1, ..., hy € R™ be a linear with respect to every argument and invari-
ant with respect to premutations of argumens mapping taking values in certain R!, and let Blhy, hs] be a
symmetric positive semidefinite bilinear scalar form on R™ such that

| A[h, ..., h] ||< aB*?[h,h], heR",
| - || being certain norm on RE. Prove that then

k
| Alhy, oo i) 1< @ [ BY?[hi hil, ha, oo i € R

i=1
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Chapter 3

Self-concordant barriers

We have introduced and studied the notion of a self-concordant function for an open convex domain.
To complete developing of technical tools, we should investigate a specific subfamily of this family -
self-concordant barriers.

3.1 Definition, examples and combination rules

Definition 3.1.1 Let G be a closed convexr domain in R™ ("domain” means “a set with a nonempty
interior”), and let 9 > 0. A function F : int G — R is called self-concordant barrier for G with the
parameter value ¢ (in short, ¥-self-concordant barrier for G), if

a) F is self-concordant on int G;

b) one has

\DF(x)[h]| < 9Y/2 [D2F (2)[h, h]] /> (3.1)
for all x € int G and all h € R™.

Recall that self-concordance is, basically, Lipschitz continuity of the Hessian of F with respect to the
local Euclidean metric defined by the Hessian itself. Similarly, (3.1]) says that F' should be Lipschitz
continuous, with constant 9'/2, with respect to the same local metric.

Recall also that the quantity

MF,z) = max{DF(x)[h] | D*F(x)[h,h] < 1}

was called the Newton decrement of F' at x; this quantity played crucial role in our investigation of
self-concordant functions. Relation means exactly that the Newton decrement of F' should be
bounded from above, independently of x, by certain constant, and the square of this constant is called
the parameter of the barrier.

Let us point out preliminary examples of self-concordant barriers. To this end let us look at the basic
examples of self-concordant functions given in the previous lecture.

Example 3.1.1 A constant is self-concordant barrier for R™ with the parameter 0.

It can be proved that a constant is the only self-concordant barrier for the whole space, and the only
self-concordant barrier with the value of the parameter less than 1. In what follows we never deal with
the trivial - constant - barrier, so that you should remember that the parameters of barriers in question
will always be > 1.

In connection with the above trivial example, note that the known to us self-concordant on the whole
space functions - linear and convex quadratic ones - are not self-concordant barriers, provided that they
are nonconstant. This claim follows from the aforementioned general fact that the only self-concordant
barrier for the whole space is a constant and also can be easily verified directly.

Another basic example of a self-concordant function known to us is more productive:

Example 3.1.2 The function F(x) = —Inx is a self-concordant barrier with parameter 1 for the non-
negative ray.

35
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This is seen from an immediate computation.
The number of examples can be immediately increased, due to the following simple combination rules
(completely similar to those for self-concordant functions):

Proposition 3.1.1 (i) [stability with respect to affine substitutions of argument] Let F' be a -self-
concordant barrier for G C R™ and let x = Ay + b be affine mapping from RF to R™ with the image
intersecting int G. Then the inverse image of G under the mapping, i.e., the set

Gr={yecRF| Ay+be G}
is a closed convexr domain in RF, and the composite function
Ff(y)=F(Ay+b) :int GT - R

is a V¥-self-concordant barrier for Gt.

(ii) [stability with respect to summation and multiplication by reals > 1] Let F; be ¥;-self-concordant
barriers for the closed convex domains G; C R™ and a; > 1 be reals, i = 1,...,m. Assume that the set
G =N2,G; has a nonempty interior. Then the function

F(z)=a1Fi(z) + ... + apFp(z) :int G - R

is (3, ci¥;)-self-concordant barrier for G.
(iii) [stability with respect to direct summation] Let F; be ¥;-self-concordant barriers for closed convex
domains G; C R™, i =1,....,m. Then the function

F(z1,.@m) = Fi(x1) + ..+ Fp(z) :int G > R, G=G1 X ... X G,
is (3, 0;)-self-concordant barrier for G.

Proof is given by immediate and absolutely trivial verification of the definition. E.g., let us prove (ii).
From Proposition 2.1.] (ii) we know that F' is self-concordant on int G = N7, int G;. The verification of

(3.1) is as follows:
IDF()[h]| = | i DF;(x)[h]| <Y as| DFy()[h]| <
=1 i=1

[since F; are ;-self-concordant barriers]

< iam;” [D2F,(2)[h, b)) = i[aim]”z [ D2 Fy(a)[h, B]] 7 <
i=1 1=1

[Cauchy’s inequality]

m /2 r
i=1 i=1

as required. m
An immediate consequence of our combination rules is as follows (cf. Corollary [2.1.1)):

1/2

m 1/2
_ [Z aim] [D2F (), h]]"?,
=1

Corollary 3.1.1 Let
G={zeR"|alzx—b;<0,i=1,..,m}

be a convex polyhedron defined by a set of linear inequalities satisfying the Slater condition:
Jx e R™: a?m—bi <0,i=1,...,m.

Then the standard logarithmic barrier for G given by
F(z)=-— Zln(bi —al'x)
i=1

is m-self-concordant barrier for G.
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Proof. The function — Int is 1-self-concordant barrier for the positive half-axis (Example; therefore
every of the functions F;(x) = —In(b; — al'z) is 1-self-concordant barrier for the closed half-space {z €
R" | b;—alx > 0} (item (i) of Proposition; note that G; is the inverse image of the nonnegative half-axis
under the affine mapping x — b; — al z), whence F(x) = Y, F;(z) is m-self-concordant barrier for the
intersection G of these half-spaces (item (ii) of Proposition). m

The fact stated in Corollary is responsible for 100% of polynomial time results in Linear Programming.

Now let us come to systematic investigation of properties of self-concordant barriers. Please do not
be surprised by the forthcoming miscellania; everything will be heavily exploited in the mean time.

3.2 Properties of self-concordant barriers

Let G be a closed convex domain in E = R™, and let F be 9-self-concordant barrier for G.

Preliminaries: the Minkowsky function of a convex domain. Recall that, given an interior point
x of G, one can define the Minkowsky function of G with the pole at = as

me(y) =inf{t >0| 2 +t '(y —x) € G}.

In other words, to find 7, (y), consider the ray [z,y) and look where this ray intersects the boundary
of G. If the intersection point gy’ exists, then m,(y) is the length of the segment [x,y’] divided by the
length of the segment [z, y]; if the ray [z,y) is contained in G, then 7, (y) = 0. Note that the Minkowsky
function is convex, continuous and positive homogeneous:

T (Ay) = Ama(y), A= 0;

besides this, it is zero at z and is < 1 in G, 1 on the boundary of G and > 1 outside GG. Note that this
function is in fact defined in purely affine terms (the lengths of segments are, of course, metric notions,
but the ratio of lengths of parallel segments is metric-independent).

Now let us switch to properties of self-concordant barriers.

0. Explosure property: Let z € int G and let y be such that DF(x)[y — x] > 0. Then

DF(z)ly — =]
9 ;

T (y) >y

so that the point  +~~!(y — x) is not an interior point of G.

Proof. Let
oty =Flz+tly—z)): A =R,

where A = [0,T) is the largest half-interval of the ray ¢ > 0 such that x + ¢(y — z) € int G whenever
t € A. Note that the function ¢ is three times continuously differentiable on A and that

T=m;\(y) (3.3)

(the definition of the Minkowsky function; here 07! = +00).
From the fact that F is ¢-self-concordant barrier for G it immediately follows (see Proposition (i)

that
¢/ (1) < 9Y2\/¢ (1),

I (t) > 2(t),t € A, (3.4)

where ¥(t) = ¢/(t). Note that (0) = DF(z)[y — x] is positive by assumption and + is nondecreasing (as
the derivative of a convex function), so that ¢ is positive on A. From (3.4) and the relation ¢ (0) > 0 it
follows that ¥ > 0. In view of the latter relation and since 9(-) > 0, we can rewrite (3.4)) as

(' @) = (Y2 () =97,

or, which is the same,

whence

Y(t) > — . tEA. (3.5)
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The left hand side of the latter relation is bounded on any segment [0,7"], 0 < 7" < T, and we conclude

that

<L

$(0
Recalling that T'= 7,1 (y) and that 1(0) = DF(z)[y — z], we come to (3.2)). m
I. Semiboundedness. For any x € int G and y € G one has

~

8

DF(x)[y — z] < 9. (3.6)

Proof. The relation is evident in the case of DF(x)[y — ] < 0; for the case DF(z)[y — ] > 0 the relation
is an immediate consequence of (3.2)), since 7, (y) < 1 whenever y € G. n

II. Upper bound. Let x,y € int G. Then

Fly)y <Flx)+9In ——. 3.7
(1) < Pla) + 9o s (37)
Proof. For 0 <t <1 we clearly have
_ (1 7 t)’”m(y) .
7Ta;+t(y—:1;)(y) - 1 _ t7T$(y) )
from (3.6)) applied to the pair (z + t(y — z);y) it follows that
DF(x+t(y — )y — [z +t(y — 2)]] < ITape(y—a)(¥),
whence ( _
1 —t)m:(y
1—-t)DF — —z < Y9—-"
(1= ODFG +tly =)y - 2] <0 = B
or »
T (Y
DF t(y — —r < Y9——.
(@ +t(y —2))ly —a] < I — 170 (3)
Integrating over ¢t € [0,1], we come to
Fy)— F(x) <d91In ,
(1) = () <9 s
as required. m
ITI. Lower bound. Let z,y € int G. Then
1
F(y) = F(z) + DF(z)[y — x] + In ————— — s (y). (3.8)
1 -7 (y)

Proof. Let ¢(t) = F(x +tly — 1)), -T- < t < T = 7, 1(t), where T_ is the largest ¢ such that
z —t(y — z) € G. By Proposition B.1.1](i) ¢ is a self-concordant barrier for A = [~T_, T], and therefore
this function is self-concordant on A; the closed unit Dikin ellipsoid of ¢ centered at ¢ € int A should
therefore belong to the closure of A (Lecture 2, I.), which means that

t+ ")V <T, 0<t<T
(here 07/2 = +00). We come to the inequality

') >(T—t)72, 0<t<T.
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Two sequential integrations of this inequality result in

_ 7L

Fly) = Fla) = o) = 0(0) = [ {[ (0 =) 2aryir = m 7

substituting T' = 7, 1 (y), we come to (3.8)). m
IV. Upper bound on local norm of the first derivative. Let z,y € int G. Then for any h € E one

has
v )

_ 2Py 1/2
T = Ty (PP A (39)

[DE(y)[h]] <

Comment: By definition, the first-order derivative of the ¥-self-concordant barrier F' at a point = in
any direction h is bounded from above by v/9 times the z-norm |h|, of the direction. The announced
statement says that this derivative is also bounded from above by another constant times the y-norm of
the direction.

Proof of IV. Since x € int G, the closed unit Dikin ellipsoid W of I’ centered at z is contained in G
(Lecture 2, I.; note that G is closed). Assume, first, that 7, (y) > 0. Then there exists w € G such that

y=az+m(y)(w—1).
Consider the image V of the ellipsoid W under the dilation mapping z — z + 7, (y)(w — 2); then
V= {y +h | |h|9: <(1- Ww(y))}

is an | - |;-ball centered at y and at the same time V' C G (since W C G and the dilation maps G into
itself). From the semiboundedness property I. it follows that

DF(y)[h] <Y Yh:y+heq,
and since V' C G, we conclude that
DF(y)[h] <9 Vh:|hls <1 —ma(y),

which is nothing but .

It remains to consider the case when m,(y) = 0, so that the ray [r,y) is contained in G. From
convexity of G it follows that in the case in question y — x is a recessive direction of G: u+t(y —z) € G
whenever u € G and ¢t > 0. In particular, the translation V.= W + (y — ) of W by the vector y — x
belongs to G; V is nothing but the | - |,-unit ball centered at y, and it remains to repeat word by word
the above reasoning. m

V. Uniqueness of minimizer and Centering property. F' is nondegenerate if and only if G does
not contain lines. If G does not contain lines, then F attains its minimum on int G if and only if G is
bounded, and if it is the case, the minimizer =}, - the F-center of G - is unique and possesses the following
Centering property:

The closed unit Dikin ellipsoid of F' centered at x7, is contained in G, and the ¥ + 240 times larger
concentric ellipsoid contains G:

[IIGG:>|ZZ?—:E}9¢}§’L9+2\/T9. (3.10)

Proof. As we know from Lecture 2, II., the recessive subspace Er of any self-concordant function is
also the recessive subspace of its domain: int G + Er = int G. Therefore if G does not contain lines,
then Er = {0}, so that F is nondegenerate. Vice versa, if G contains a line with direction h, then
y=x+th €int G for all x € int G and all ¢t € R, from semiboundedness (see I.) it immediately follows
that DF(x)[y — 2] = DF(z)[th] < ¥ for all z € int G and all ¢t € R, which implies that DF(z)[h] = 0.
Thus, F is constant along the direction h at any point of int G, so that D2F(x)[h,h] = 0 and therefore
F' is degenerate.

From now on assume that G does not contain lines. If G is bounded, then F, of course, attains its
minumum on int G due to the standard compactness reasons. Now assume that F' attains its minimum
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on int G; due to nondegeneracy, the minimizer z% is unique. Let W be the closed unit Dikin ellipsoid
of F centered at z}; as we know from I., Lecture 2, it is contained in G (recall that G is closed). Let
us prove that the ¥ + 2v/9 times larger concentric ellipsoid W contains G; this will result both in the
boundedness of G and in the announced centering property and therefore will complete the proof.

Lemma 3.2.1 Let x € int G and let h be an arbitrary direction with |h|, = 1 such that DF(x)[h] > 0.
Then the point x + (9 + 23/0)h is outside the interior of G.

Note that Lemma immediately implies the desired inclusion G C W, since when = = z% is the
minimizer of F', so that DF (z)[h] = 0 for all h, the premise of the lemma is valid for any h with |h|, = 1.
Proof of Lemma. Let ¢(t) = D?F(x + th)[h,h] and T = sup{t | = + th € G}. From self-concordance
of F it follows that

¢'(t) > —20°2(t), 0<t < T,

whence
(672m) <1,
so that
1 1
- <t,0<t<T
o(t)  Vo(0)
In view of ¢'(0) = |h|2 = 1 we come to
SH)> — 0<t<T
— (1 + t)27 )

which, after integration, results in

DF(x+rh)[h]E/OT¢(t)dt>/0T (1+1t)2dt: 1:—7‘

L 0<r<T. (3.11)

Now, let ¢ > 1 be such that y = z +th € G. Then, as we know from the semiboundedness relation (3.2]),
(t—r)DF(x +rh)[h] = DF(x +rh)[y — (x + rh)] < 9.
Combining the inequalities, we come to

1 9
t<pq LEDY (3.12)
r
Taking here r = 1/2, we get certain upper bound on ¢; thus, T' = sup{t | x +th € G} < oo, and (3.12) is
valid for t = T. If T > /0, then (3.12) is valid for t = T, r = v/9, and we come to

T <942V, (3.13)

this latter inequality is, of course, valid in the case of T < V9 as well. Thus, T always satisfies 1D
By construction, & + Th is not an interior point of G, and, consequently, x + [} + 2\/1>9]h also is not an
interior point of G, as claimed. m

Corollary 3.2.1 Let h be a recessive direction of G, i.e., such that x + th € G whenever v € G and
t > 0. Then F 1is nonincreasing in the direction h, and the following inequality holds:

—DF(z)[h] > \/D?F(x)[h,h], Vz € int G. (3.14)

Proof. Let x € int G; since h is a recessive direction, y = z + th € G for all ¢ > 0, and I. implies
that DF(z)[y — ] = DF(x)[th] < 9 for all ¢ > 0, whence DF(x)[h] < 0; thus, F indeed is nonincreasing
in the direction  at any point z € int G. To prove (3.14)), consider the restriction f(t) of F onto the
intersection of the line x+Rh with G. Since h is a recessive direction for G, the domain of f is certain ray
A of the type (—a,c0), a > 0. According to Proposition (i)7 f is self-concordant barrier for the ray
A. Tt is possible that f is degenerate: Ey # {0}. Since f is a function of one variable, it is possible only
it A =FE; =R (see IL., Lecture 2), so that f” = 0; in this case is an immediate consequence of



3.2. PROPERTIES OF SELF-CONCORDANT BARRIERS 41

already proved nonnegativity of the left hand side in the relation. Now assume that f is nondegenerate.
In view of V. f does not attain its minimum on A (since f is a nondegenerate self-concordant barrier for
an unbounded domain). From VIII., Lecture 2, we conclude that A(f,¢) > 1 for all ¢ € A. Thus,

_ (£(0)* _ (DF(x)[h])?
L<A(£,0) = £ (0) B D2F(x)[h,h]’

which combined with already proved nonpositivity of DF(z)[h] results in (3.14]). =
VI. Geometry of Dikin’s ellipsoids. For x € int G and h € E let

pe(h) =inf{r>0| 2+r'he G}

this is nothing but the (semi)norm of h associated with the symmetrization of G with respect to z, i.e.,
the norm with the unit ball
Gy,={yeE|xztyeG}

One has
pa(h) < |hle < (0 + 2V0)ps(h). (3.15)

Proof. The first inequality in (3.15) is evident: we know that the closed unit Dikin ellipsoid of F'
centered at x is contained in G (since F' is self-concordant and G is closed, see I, Lecture 2). In other

words, G contains the unit | - |, ball W (x) centered at x; by definition, the unit p,(-)-ball centered at z

is the largest symmetric with respect to x subset of G and therefore it contains the set /Wl (), which is
equivalent to the left inequality in . To prove the right inequality, this is the same as to demonstrate
that if ||, = 1, then p,(h) > (9 + 2v¥) 1, or, which is the same in view of the origin of p, that at least
one of the two vectors x = (9 4 2v/0)h does not belong to the interior of G. Without loss of generality, let
us assume that DF(z)[h] > 0 (if it is not the case, one should replace in what follows h with —h). The
pair z, h satisfies the premise of Lemma and this lemma says to us that the vector x + (¢ + 2\/5)h
indeed does not belong to the interior of G. m

VII. Compatibility of Hessians. Let x,y € int G. Then for any h € E one has

9+ 20

2
1—m(y)> D2F(z)[h, h). (3.16)

D?F(y)[h, h] < (

Proof. By definition of the Minkowski function, there exists w € G such that

y=z+ '/Tm(y)(w - :L’) = [1 - Wm(y)]x + Wx(y)w'

Now, if ||, < 1, then x + h € G (since the closed unit Dikin ellipsoid of F' centered at x is contained in

@), so that the point
y+[1—m(y)lh=[1-m]@+h)+m(y)w

belongs to G. We conclude that the centered at y | - |,-ball of the radius 1 — 7, (y) is contained in G and
therefore is contained in the largest symmetric with respect to x subset of G; in other words, we have

|hle <1 —=m(y) = py(h) <1,

or, which is the same,
py(h) < [1 - Tra:(y)]_lm‘a:? Vh.

Combining this inequality with (3.15]), we come to (3.16[). m

We have established the main properties of self-concordant barriers; these properties, along with the
already known to us properties of general self-concordant functions, underly all our further developments.
Let me conclude with the statement of another type:
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VIII. Existence of a self-concordant barrier for a given domain. Let G be a closed convex
domain in R™. Then there exists a v-self-concordant barrier for GG, with

¥ < O(1)n,

O(1) being an appropriate absolute constant. If G does not contain lines, then the above barrier is given

by
F(z) =0(1)InVol{P,(G)},

where O(1) is an appropriate absolute constant, Vol is the n-dimensional volume and
Po(G)={¢| £"(z—2) <1 Vz € G}

is the polar of G with respect to x.

I shall not prove this theorem, since we are not going to use it. Let me stress that to apply the theory
we are developing to a particular convex problem, it is necessary and more or less sufficient to point out
an explicit self-concordant barrier for the corresponding feasible domain. The aforementioned theorem
says that such a barrier always exists, and thus gives us certain encouragement. At the same time, the
“universal” barrier given by the theorem usually is too complicated numerically, since straightforward
computation of a multidimensional integral involved into the construction is, typically, an untractable
task. In the mean time we shall develop certain technique for constructing ”computable” self-concordant
barriers; although not that universal, this technique will equip us with good barriers for feasible domains
of a wide variety of interesting and important convex programs.
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3.3 Exercises: Self-concordant barriers

Let us start with a pair of simple exercises which will extend our list of examples of self-concordant
barriers.

Exercise 3.3.1 #* Let f(x) be a convex quadratic form on R™, and let the set Q = {x | f(x) < 0} be
nonempty. Prove that

F(z) = —In(—f(2))

is a 1-self-concordant barrier for G = cl Q.
Derive from this observation that if G C R™ is defined by a system

fl(.ﬁ) < 0, ¢ = 1, ey M,
of convex quadratic inequalities which satisfies the Slater condition
Jz: fi(x) <0,i=1,...,m,
then the function
m
F(z) == In(—fi(x))
i=1
is an m-self-concordant barrier for G.
Note that the result in question is a natural extension of Corollary

Exercise 3.3.2 *
1) Let G be a bounded convex domain in R™ given by m linear or convex quadratic inequalities
fi(z) <0 satisfying the Slater condition:

G={zxecR™| fj(z) <0, j=1,...,m}.

Prove that if m > 2n, then one can eliminate from the system at least one inequality in such a way, that
the remaining system still defines a bounded domain.

2) Derive from 1) that if {Ga}acr are closed convex domains in R™ with bounded and nonempty
intersection, then there exist an at most 2n-element subset I' of the index set I such that the intersection
of the sets G, over a € I' also is bounded.

Note that the requirement m > 2n in the latter exercise is sharp, as it is immediately demonstrated by
the n-dimensional cube.

Exercise 3.3.3 #1 Prove that the function

F(z) = —InDet x
is m-self-concordant barrier for the cone S of symmetric positive semidefinite m X m matrices.
Those who are not afraid of computations, are kindly asked to solve the following

Exercise 3.3.4 Let
K=A{(t,x) e RxR"| t > |z|2}

be the "ice cream” cone. Prove that the function
F(z) = —In(t* — |z[3)

is a 2-self-concordant barrier for K.
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My congratulations, if you have solved the latter exercise! In the mean time we shall develop technique
which will allow to demonstrate self-concordance of numerous barriers (including those given by the three
previous exercises) without any computations; those solved exercises - especially the latter
one, will, T believe, appreciate this technique.

Now let us switch to another topic. As it was announced in Lecture 1 and as we shall see in the
mean time, the value of the parameter of a self-concordant barrier is something extremely important:
this quantity is responsible for the Newton complexity (i.e., # of Newton steps) of finding an e-solution
by the interior point methods associated with the barrier. This is why it is interesting to realize what
the value of the parameter could be.

Let us come to the statement announced in the beginning of Lecture 3:

(P): Let F be v-self-concordant barrier for a closed convex domain G C R™. Then either G = R™ and
F = const, or G is a proper subset of R" and ¢ > 1.

Exercise 3.3.5 #* Prove that the only self-concordant barrier for R™ is constant.

Exercise 3.3.6 #* Prove that if A is a segment with a nonempty interior on the axis which differs from
the whole azis and f is a 9-self-concordant barrier for A, then 9 > 1. Using this observation, complete

the proof of (P).

(P) says that the parameter of any self-concordant barrier for a nontrivial (differing from the whole space)
convex domain G is > 1. This lower bound can be extended as follows:

(Q) Let G be a closed convex domain in R™ and let uw be a boundary point of G. Assume that there is
a neighbourhood U of w where G is given by m independent inequalities, i.e., there exist m continuously
differentiable functions g1, ..., g, on U such that

GNU={xeU| gj(x) >0, j=1,...,m}, gj(u)=0,j=1,...,m,

and the gradients of g; at u are linearly independent. Then the parameter ¥ of any self-concordant barrier
F for G is at least m.

We are about to prove (Q). This is not that difficult, but to make the underlying construction clear, let
us start with the case of a simple polyhedral cone.

Exercise 3.3.7 #* Let
G={zeR"| z;>0,i=1,..,m},

where x; are the coordinates in R™ and m is certain positive integer < n, and let F be a 9-self-concordant
barrier for G. Prove that for any x € int G one has

0
—xi—F(x)>1,i=1,....m; 1
v (@) 2 1, i = L (3.17)

derive from this observation that the parameter ¥ of the barrier F is at least m.

Now let us look at (Q). Under the premise of this statement G locally is similar to the above polyhedral
cone; to make the similarity more explicit, let us translate G to make u the origin and let us choose
the coordinates in R™ in such a way that the gradients of g; at the origin, taken with respect to these
coordinates, will be simply the first m basic orths. Thus, we come to the situation when G contains the
origin and in certain neighbourhood U of the origin is given by

GNU={z €U | z; > hi(z),i=1,...,m},

where h; are continuously differentiable functions such that k;(0) = 0, h}(0) =0
Those who have solved the latter exercise understand that that what we need in order to prove (Q)
is certain version of (3.17), something like

0
6l‘i

where z(r) is the vector with the first m coordinates equal to > 0 and the remaining ones equal to 0
and a(r) — 0 as r — +0.
Relation of the type (3.18]) does exist, as it is seen from the following exercise:

-r

Flz(r)>1—ar), i=1,...m, (3.18)
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Exercise 3.3.8 #* Let f(t) be a U-self-concordant barrier for an interval A = [~a,0], 0 < a < 400, of
the real axis. Assume that t < 0 is such that the point ~t belongs to A, where
v > (VI +1)2
Prove that i )
d+1
_FE>1— (j) (3.19)

Derive from this fact that if F' is a 9-self-concordant barrier for G C R™, z is a boundary point of G and
x is an interior point of G such that z +~y(x — z) € G with v > (VI +1)?, then

_DF()[z—12] > 1— (‘/5;”)2. (3.20)

Now we are in a position to prove (Q).

Exercise 3.3.9 #* Prove (Q).
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Chapter 4

Basic path-following method

The results on self-concordant functions and self-concordant barriers allow us to develop the first poly-
nomial interior point scheme - the path-following one; on the qualitative level, the scheme was presented
in Lecture 1.

4.1 Situation

Let G C R™ be a closed and bounded convex domain, and let ¢ € R™, ¢ # 0. In what follows we deal
with the problem of minimizing the linear objective ¢« over the domain, i.e., with the problem

P: minimize ¢’z s.t. x € G.

I shall refer to problem P as to a convex programming program in the standard form. This indeed is a
universal format of a convex program, since a general-type convex problem

minimize f(u) s.t. g;j(u) <0,j=1,...,m,ue HC RF

associated with convex continuous functions f, g; on a closed convex set H always can be rewritten as a
standard problem; to this end it clearly suffices to set

T = (tﬂu)7 c= (1a0707"'70)Ta G= {(t7u) | S Ha g](u) < Oa .7 = 13"'ama f(l‘) —t< 0}

The feasible domain G of the equivalent standard problem is convex and closed; passing, if necessary,
to the affine hull of G, we enforce G to be a domain. In our standard formulation, G is assumed to
be bounded, which is not always the case, but the boundedness assumption is not so crucial from the
practical viewpoint, since we can approximate the actual problem with an unbounded G by a problem
with bounded feasible domain, adding, say, the constraint |z|s < R with large R.

Thus, we may focus on the case of problem in the standard form P. What we need to solve P by an
interior point method, is a 1-self-concordant barrier for the domain, and in what follows we assume that
we are given such a barrier, let it be called F. The exact meaning of the words "we know F” is that,
given = € int GG, we are able to compute the value, the gradient and the Hessian of the barrier at x.

4.2 F-generated path-following method

Recall that the general path-following scheme for solving P is as follows: given convex smooth and
nondegenerate barrier F' for the feasible domain G of the problem, we associate with this barrier and the
objective the penalized family

Fi(z) =tc"x + F(z) : int G — R,

t > 0 being the penalty parameter, and the path of minimizers of the family

x*(t) = argmin Fy(-)
int G

47
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which is well-defined due to nondegeneracy of F' and boundedness of G. The method generates a sequence
x; € int G which approximates the sequence x*(¢;) of points of the path along certain sequence of values
of the penalty parameter t; — co; namely, given current pair (¢;, ;) with x; being ”close” to x*(¢;), at an
iteration of the method we replace ¢; by a larger value of the parameter ¢;,; and then update x; into an
approximation ;1 to our new target point 2*(¢;41). To update x;, we apply to the new function of our
family, i.e., to Fy,,,, a method for smooth unconstrained minimization, x; being the starting point. This
is the general path-following scheme. Note that a self-concordant barrier for a bounded convex domain
does satisfy the general requirements imposed by the scheme; indeed, such a barrier is convex, C? smooth
and nondegenerate (the latter property is given by V., Lecture 3). The essence of the matter is, of course,
in the specific properties of a self-concordant barrier which make the scheme polynomial.

4.3 Basic path-following scheme

Even with the barrier fixed, the path-following scheme represents a family of methods rather than a single
method; to get a method, one should specify

e policy for updating the penalty parameter;
e what is the ”working horse” - the optimization method used to update x’s;

e what is the stopping criterion for the latter method, or, which is the same, what is the ”closeness
to the path z*(-)” which is maintained when tracing the path.

In the basic path-following method we are about to present the aforementioned issues are specified as
follows:

e we fix certain parameter v > 0 - the penalty rate - and update t’s according to the rule

kA
Vo

tiv1 = (1 + )ti; (41)

e to define the notion of ”closeness to the path”, we fix another parameter x € (0,1) - the path
tolerance - and maintain along the sequence {(¢;,2;)} the closeness relation, namely, the predicate

Co(t,z): {t > 0}&{x € int G}&{N(F},2) = \/[Vth(x)]T[ViF(x)]—l[Vth(a:)] <k} (4.2)
(we write V2F instead of V2F}, since F differs from F; by a linear function);

e the updating z; — x;4; is given by the damped Newton method:

1
HL_ ol T 2 E(OTIVLE. (o) i3
Y Y 1+/\(Fti+1,y’)[v”” WOl Ve Py (v): (4.3)

the recurrency starts at y° = x; and is continued until the pair (¢;11,%') turns out to satisfy the
closeness relation Cy(-,-); when it happens, we set x;,1 = %', thus coming to the updated pair

(tit1, Tig1)-

The indicated rules specify the method, up to the initialization rule - where to take the very first pair
(to, o) satisfying the closeness relation; in the mean time we will come to this latter issue. What we are
interested in now are the convergence and the complexity properties of the method.

4.4 Convergence and complexity

The convergence and the complexity properties of the basic path-following method are described by the
following two propositions:
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Proposition 4.4.1 [Rate of convergence] If a pair (t,x) satisfies the closeness relation P, with certain
Kk < 1/4, then

T_*<X :19 K
cx C_t’X +1

Vo, (4.4)

c* being the optimal value in P and ¥ being the parameter of the underlying self-concordant barrier F.
In particular, in the above scheme one has

1

\/{9}7 (4.5)

to Vo

with positive constant O(1) depending on v only.

oy —c < X [1 + ’y} < %exp{—O(l)
0

Proof. Let 2* = z*(t) be the minimizer of F; let us start with proving that

0
e —c* < e (4.6)
in other words, when we are exactly on the trajectory, the residual in terms of the objective admits
an objective-independent upper bound which is inverse proportional to the penalty parameter. This is
immediate; indeed, denoting by 21 a minimizer of our objective ¢’z over G, we have
V.Fi(2*) =0=tc=—F'(2%) = t(c"ow — o) =t(cTe — c*) = [F' (2]  (aT —2%) <0
(the concluding inequality is the Semiboundedness property I., Lecture 3, and (4.6)) follows.
To derive (4.5) from (4.6), let us act as follows. The function Fi(x) is self-concordant on int G (as
a sum of two self-concordant functions, namely, F' and a linear function tc’'z, see Proposition (ii))
and, by assumption, A = A\(F;,z) < k < 1; applying (2.20) (see Lecture 2), we come to
K
<

x* =
1—k’

(4.7)

|z — ™

where | - |+ is the Euclidean norm defined by the Hessian of F}, or, which is the same, of F, at z*. We
now have
te=—F'(z*) =

t(cTe — cTa*) = [F'(a*)]T (" — 2) < |&* — @]z~ sup{ DF(z*)[A] | |h
s ME, ) < T2V

=lz" -z

(the concluding inequality follows from (4.7)) and the fact that F is a 1-self-concordant barrier for G, so
that A(F,-) < v/4). Thus,
T T, * K
— < —V0, 4.8
|c" cx|7t(1_ﬂ)\/> (4.8)
which combined with (4.6]) results in (4.4]). m
Now we come to the central result

Proposition 4.4.2 [Newton complexity of a step] The updating recurrency 1s well-defined, i.e.,
it keeps the iterates in int G and terminates after finitely many steps; the Newton complexity of the
recurrency, i.e., the # of Newton steps before termination, does not exceed certain constant N
which depends on the path tolerance k and the penalty rate v only.

Proof. As we have mentioned in the previous proof, the function Fy,, , is self-concordant on int G' and
is below bounded on this set (since G is bounded). Therefore the damped Newton method does keep the
iterates ¢! in int G and ensures the stopping criterion AMFy y!) < k after a finite number of steps (IX.,
Lecture 2). What we should prove is the fact that the Newton complexity of the updating is bounded
from above by something depending solely on the path tolerance and the penalty rate. To make clear why
it is important here that F' is a self-concordant barrier rather than an arbitrary self-concordant function,
let us start with the following reasoning.
We already have associated with a point = € int G the Euclidean norm

(hla = \/BTF" (2)h = \[WT /()b
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in our case F' is nondegenerate, so that |- |, is an actual norm, not a seminorm. Let |- |% be the conjugate

norm:
lu|% = max{uTh | |h|, < 1}.

By definition of the Newton decrement,

MFy,x) = max{[Vo F(2)]"h | By < 1} = [VaFy(2)]; = [te + F'(2)[;, (4.9)
and similarly
MNFE,z) = |F'(z)]%. (4.10)
Now, (t;,z;) satisfy the closeness relation A\(Fi, z) < k, i.e.
tic+ F'(2)];, < &, (4.11)

and F is ¥-self-concordant barrier, so that A(F, z;) < V9, or, which is the same in view of 1)

|F ()], < V9. (4.12)
Combining and (4.12]), we come to

ltiely, < K+ VY,

whence
YK

Vi

(ti1 = t)els, = 5lte

Combining the resulting inequality with (4.11)), we come to

S+

(B @) = e+ Fl(@)ls, < v+ [1+ ==y < 37 (4.13)
7 Vi

(the concluding inequality follows from the fact that the parameter of any nontrivial self-concordant
barrier is > 1, see the beginning of Lecture 3). Thus, the Newton decrement of the new function Fj,,
at the previous iterate x; is at most the quantity 3~; if v and & are small enough, this quantity is < 1/4,
so that x; is within the region of the quadratic convergence of the damped Newton method (see IX.,
Lecture 2), and therefore the method quickly restores the closeness relation. E.g., let the path tolerance
x and the penalty rate v be set to the value 0.05. Then the above computation results in

A(Fy,, 7)) < 0.15,

and from the description of the local properties of the damped Newton method as applied to a self-
concordant function (see (2.19), Lecture 2) it follows that the Newton iterate y' of the starting point

y" = x;, the Newton method being applied to Fj, 41, satisfies the relation

AMFy, s y") <2 % (0.15)% = 0.045 < 0.05 = &,

i.e., for the indicated values of the parameters a single damped Newton step restores the closeness to the
path after the penalty parameter is updated, so that in this particular case N = 1. Note that the policy
for updating the penalty - which is our presentation looked as something ad hoc - in fact is a consequence
of the outlined reasoning: growth of the penalty given by

o(1
t—(1+ o) ))t
VY
is the highest one which results in the relation A(Fy,_,,z;) < O(1).

The indicated reasoning gives an insight on what is the intrinsic nature of the method: it does not
allow, anyhow, to establish the announced statement in its complete form, since it requires certain bounds
on the penalty rate. Indeed, our complexity results on the behaviour of the damped Newton method
bound the complexity only when the Newton decrement at the starting point is less than 1. To ”globalize”
the reasoning, we should look at the initial residual in terms of the objective the Newton method is applied
to rather than in terms of the initial Newton decrement. To this end let us prove the following
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Proposition 4.4.3 Let t and 7 be two values of the penalty parameter, and let (t,x) satisfy the closeness
relation Cy (-, ) with some k < 1. Then

Fr(2) — min Fr(u) < p(k) + 7 (1- g), (4.14)
where, as always,
p(s) =—In(1—s) —s.
Proof. The path z*(7) is given by the equation
F'(u) +1¢=0; (4.15)

since F”’ is nondegenerate, the Implicit Function Theorem says to us that 2*(¢) is continuously differen-
tiable, and the derivative of the path can be found by differentiating (4.15]) in 7:

(@) (7) = —[F"(2*(7))] e (4.16)

Now let
¢(r) = [rc"a* (1) + F(a* (1))] = [rc"a" (1) + F(a*(7))]
be the residual in terms of the objective F;(-) taken at the point z*(t). We have
(1) = cTa*(t) = c"a" (1) = [re + F' (2" ()] (27) (1) = c"a*(t) — "2 (7)
(see (4.15)). We conclude that
o(t)=¢'(t) =0 (4.17)

and that ¢'(- ) = cTac*(t) —cT'z*(7) is continuously differentiable; differentiating in 7 once more and taking
into account (4.16)), we come to

() =~ @) () = F ()] e
which combined with (4.15]) results in

0<6"(7) = [P [ ()] F @ (1) = 5 X(Fat () < 5 (418)

(we have used the fact that F' is 9¥-self-concordant barrier).

From (4.17)), (4.18) it follows that

o(r) < Ip(1 = 7). (4.19)
Now let us estimate the residual invloved into our target inequality :
Fr(2) —min Fr (u) = Fr(z) = Fr(27(7)) = [Fr(2) = Fr (27 (0))] + [Fr (27 (1)) = Fr(27(7))] =

= [Fr(z) = Fr(z* ()] + 6(7) = [Fi(2) = Fy(a* ()] + (¢ = 7)e’ (& — 27(1)) + o(7); (4.20)
since Fy(-) is self-concordant and A(F;,z) < k < 1, we have Fy(z) — Fy(z*(t)) = Fy(z) — min, Fy(u) <
p(A(Fy, x)) (see (2.16]), Lecture 2), whence

Fy(a) - F(" (1) < p(x). (4.21)

says to us that |7 (z — 2*(t))| < k(1 — k) "'Vt~ 1; combining this inequality, (4.20) and (4.19)), we
come to (4.14]). =

Now we are able to complete the proof of Proposition Applying tox =ux;,t =t; and
T=t41=(1+ %)ti, we come to

Ftl+1( ) muinFtH1 (u) ( ) +—+ 19p<

- m)

and the left hand side of this inequality is bounded from above uniformly in ¢ > 1 by certain function
depending on « and ~ only (as it is immediately seen from the evident relation p(s) < O(s?), |s| < 3 [I)
| |

An immediate consequence of Propositions [{.4.1] and [£:4.2] is the following

lhere is the corresponding reasoning: if s = v9~1/2 < 1/2, then g = 9p(y9~1/2) < O(1)y2 due to 0 < s < 1/2; if
s> 1/2, then ¥ < 442, and consequently g < 442 In~; note that 9 > 1. Thus, in all cases the last term in the estimate is
bounded from above by certain function of ~
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Theorem 4.4.1 Let problem P with a closed convex domain G C R™ be solved by the path-following
method associated with a ¥-self-concordant barrier F, let k € (0,1) and v > 0 be the path tolerance and
the penalty rate used in the method, and let (to,xo) be the starting pair satisfying the closeness relation
Cw(+,+). Then the absolute inaccuracy ¢’ x; — c* of approzimate solutions generated by the method admits
the upper bound
20 v o
T * —1
cr;,—c < —(14+— i=1,2,.. 4.22
K3 — tO ( + \/@) ) ) ( )

and the Newton complexity of each iteration (t;,x;) — (ti+1,Zi+1) of the method does not exceed certain
constant N depending on k and y only. In particular, the Newton complezity (total # of Newton steps)
of finding an e-solution to the problem, i.e., of finding x € G such that ¢’z — c* < ¢, is bounded from
above by

O(1)Vd1n (ti + 1) ,

with constant factor O(1) depending solely on k and 7.

4.5 Initialization and two-phase path-following method

The aforementioned description of the method is uncomplete - we know how to follow the path z*(-),
provided that we once came close to it, but we do not know yet how to get close to the path to start the
tracing. There are several ways to resolve this initialization difficulty, and the simplest one is as follows.
We know where the path x*(t) ends, where it tends to as t — oo - all cluster points of the path belong
to the optimal set of the problem. Let us look where the path starts, i.e., where it tends as t — 4+0. The
answer is evident - as t — 40, the path

z*(t) = argmin(tc’ z + F(z))

tends to the analytic center of G with respect to F, to the minimizer x%, of F over G (since G is bounded,
we know from V., Lecture 3, that this minimizer does exist and is unique). Thus, all F-generated paths
associated with various objectives c¢ start at the same point - the analytic center of G - and run away
from this point as ¢ — 0o, each to the optimal set associated with the corresponding objective. In other
words, the analytic center of G is close to all the paths generated by F', so that it is a good position to
start following the path we are interested in. Now, how to come to this position? An immediate idea
is as follows: the paths associated with various objectives cover the whole interior of G: if x # x* is an
interior point of GG, then a path passing through x is given by any objective of the form

d=—\F'(z),

A being positive; the path with the indicated objective passes through x when the value of the penalty
parameter is exactly A. This observation suggests the following initialization scheme: given a starting
point T € int G, let us follow the artificial path

u*(7) = argmin[rd’ z + F(z)], d= —F'(Z)

in the ”inverse time”, i.e., decreasing the penalty parameter 7 rather than increasing it. The artificial
path clearly passes through the point Z:
z=u(1),

and we can start tracing it with the pair (79 = 1,ug = ) which is exactly at the path. When tracing the
path in the outlined manner, we in the mean time come close to the analytic center of G and, consequently,
to the path z*(t) we are interested in; when it happens, we can switch to tracing this target path.

The outlined ideas underly the

Two-Phase Path-Following Method:
Input: starting point Z € int G; path tolerance k € (0, 1); penalty rate v > 0.

Phase 0 [approximating the analytic center] Starting with (19,u0) = (1,Z), generate the sequence
{(7,u;)}, updating (t;,u;) into (7;4+1,ui+1) as follows:
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-1
Tit1 = [14- 7] i

VY
e to get u;+1, apply to the function
E, (z) = 7d"z + F(x)

the damped Newton method

~

1
+1 _ 1 2 INy—1 l
Yy =y - ——|V2F(y VoFr  (y
1+/\(meyl)[ ()] ()

starting with y° = w;. Terminate the method when the pair (7;41,%') turns out to satisfy the

predicate . ~
Coja(myu) : {7 > 0}&{u € int GR&ANFr,u) < K/2}; (4.23)
when it happens, set
Uit1 = ’yl;
e after (Ti41,u;41) Is formed, check whether
3
AEF uip1) < 17 (4.24)

if it happens, terminate Phase 0 and call u* = wu;y1 the result of the phase, otherwise go to the
next step of Phase 0.

Initialization of Phase 1. Given the result u* of Phase 0, set
to = max{t | A(Fi,u*) < K}, o =u”, (4.25)

thus obtaining the pair (to,xo) satisfying the predicate Cy(-, ).

Phase 1. [approximating optimal solution to P] Starting with the pair (to, o), form the sequence
{(t;,z;)} according to the Basic path-following scheme from Section[4.3, namely, given (t;,x;), update it
into (ti+1,2i+1) as follows:

tit1 = [1 + 7} ti;

Vi

e to get w;11, apply to Fy,,, the damped Newton method

1
1+ /\(Ft1:+1vxi)

I+

y' =y [VZF(H 'VaF,, (0, (4.26)

starting with y° = x;. Terminate the method when the pair (t;1,y') turns out to satisfy the
predicate Cy(+,-); when it happens, set
zi1 =y,

thus obtaining the updated pair satisfying the predicate C,, and go to the next step of Phase 1.

The properties of the indicated method are described in the following statement:

Theorem 4.5.1 Let problem P be solved by the two-phase path-following method associated with a 9-
self-concordant barrier for the domain G (the latter is assumed to be bounded). Then
(i) Phase 0 s finite and is comprised of no more than

Nini = O(1)Vd1n (” + 1) (4.27)
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iterations, with no more than O(1) Newton steps at every iteration; here and further O(1) are
constant factors dpending solely on the path tolerance k and the penalty rate v used in the method.

(ii) For any € > 0, the number of iterations of Phase 1 before an e-solution to P is generated, does
not exceed the quantity

Ninain(e) = O(1)V¥ In (W + 1) ; (4.28)

where

Var g(c¢) = max ¢’z — min ¢’ z,
zeG zeCG

with no more than O(1) Newton steps at every iteration.
In particular, the overall Newton complexity (total # of Newton steps of the both phases) of finding
an e-solution to the problem does not exceed the quantity

Niotar(€) = O(1)vVd In Cj + 1) ,

where the data-dependent constant V is given by

V= ﬁVarg(cA) '
1 — 7= (T)
F

Proof.
1°. Following the line of argument used in the proof of Proposition one can immediately verify
that the iterations of Phase 0 are well-defined and maintain along the sequence {(7;,u;)} the predicate

Cy/2(, ), while the Newton complexity of every iteration of the phase does not exceed O(1). To complete
the proof of (i), we should establish upper bound (4.27) on the number of iterations of Phase 0. To this

end let us note that (?K 72(73, u;) means exactly that

AEr ui) = |md + F' (w5, < K/2, (4.29)

(compare with (4.9))), whence

AFu) = [F(w)f, < k/2+7ldls, = w/2+ 7| F @), (4.30)

|>k
Us

We have

F'(@)];, = max{h"F'(@) | |h

vy <1} = max{DF(@)[] | D*F(a})[h,h] < 1} <

[see IV., Lecture 3, namely, (3.9)]
)

<a=s —.
1 —’/TI*F(LE)

We see that the variation (the difference between the minumum and the maximum values) of the linear
form f(y) = y? F'(Z) over the unit Dikin ellipsoid of F' centered at 2% does not exceed 2. Consequently,
the variation of the form on the (9 + 2v/9)-larger concentric ellipsoid W* does not exceed 2a(¥ + 2v/49).
From the Centering property V., Lecture 3, we know that W* contains the whole G; in particular, W*
contains the unit Dikin ellipsoid Wi (u;) of F centered at u; (I., Lecture 2). Thus, the variation of the
linear form y? F’(Z) over the ellipsoid W (u4), and this is nothing but twice the quantity |F' ()., does
not exceed 2a(¥ + 2v/9):
- _ 90 +2V9)
|F($)ui§5=m-

Substituting this estimate in (4.30]), we come to
AME,w) < K/24T1,8.

Taking into account that 7; = (1 + %)_i, we conclude that the stopping criterion A(F,u;) < 3k/4 for
sure is satisfied when 4 is O(1) In(1 + 9(1 — 7, (Z)) "), as claimed in (i).
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29, Now let us verify that
kVar ¢(c)

to > ~—— (4.31)
Indeed, since ¢ # 0, it follows from the origin of ¢y (see (4.25))) that
AN Fy,u*) = |toc+ F'(u)]5. = k, (4.32)

while from the termination rule for Phase 0 we know that

ANF,u*) = |F'(u")

e < =K

=~ w

we immediately conclude that

K
w2

t0|C

*

Now, as above, ||
centered at u*; this ellipsoid is contained in G (I., Lecture 2), whence |c¢

. is the variation of the linear form y”¢ over the closed unit Dikin ellipsoid of F
*+ < Var g(c). Thus,

toVar g(c) > Z,

and (4.31)) follows.
30, In view of (4.32)), the starting pair (to,z9 = u*) for Phase 1 satisfies the predicate C,; applying

Theorem and taking into account (4.31)), we come to (ii). m

4.6 Concluding remarks

We have seen that the basic path-following method for solving P associated with a 1-self-concordant
barrier F' for feasible domain G of the problem finds an e-solution to P in no more than

N(e) = 0(1)VdIn Cj)

damped Newton steps; here O(1) depends on the path tolerance x and the penalty rate v only, and V is
certain data-dependent quantity (note that we include into the data the starting point Z € int G as well).
When « and « are once for ever fixed absolute constants, then the above O(1) also is an absolute constant;
in this case we see that if the barrier F' is "computable”, i.e., given x and the data vector D(p) identifying
the problem instance, one can compute F(x), F'(x) and F"(z) in polynomial in I(p) = dim D(p) number
of arithmetic operations M, then the method is polynomial (see Lecture 1), and the arithmetic cost of
finding an e-solution by the method does not exceed the quantity

M(e) = O(1)[M +nd|N(¢)
(the term n? is responsible for the arithmetic cost of solving the Newton system at a Newton step).
Consider, e.g., a Linear Programming problem

minimize ¢* x s.t. a;r:v <bj,j=1,..,m, x € R",

and assume that the system of linear inequalities a;‘-rx < by, j =1,...,m, satisfies the Slater condition and
defines a polytope (i.e., a bounded polyhedral set) G. As we know from Corollary the standard
logarithmic barrier

F(z)=— Zln(bj - a]Tm)

is m-self-concordant logarithmic barrier for G. Of course, this barrier is ”computable”:
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and we see that the arithmetic cost of computing F(z), F’'(z) and F”(x) is O(mn?), while the dimension
of the data vector for a problem instance is O(mn). Therefore the path-following method associated with
the standard logarithmic barrier for the polytope G finds an e-solution to the problem at the cost of

N(e) = O(1)y/mIn (‘; + 1)

Newton steps, with the arithmetic cost of a step O(1)mn? (the arithmetic cost O(n®) of solving the
Newton system is dominated by the cost of assembling the system, i.e., that one of computing F’ and
F"; indeed, since G is bounded, we have m > n). Thus, the overall arithmetic cost of finding an e-solution
to the problem is

M(e) = O(1)m*®n?In (E + 1) ,

so that the ”arithmetic cost of an accuracy digit” is O(m!5n3). In fact the latter cost can be reduced to
O(mn?) by proper implementation of the method (the Newton systems arising at the neighbouring steps
of the method are ”close” to each other, which allows to reduce the average over steps arithmetic cost of
solving the Newton systems), but I am not going to speak about these acceleration issues.

What should be stressed is that the outlined method is fine from the viewpoint of its theoretical
complexity; it is, anyhow, far from being appropriate in practice. The main drawback of the method
is its ”short-step” nature: to ensure the theoretical complexity bounds, one is enforced to increase the
penalty parameter at the rate (1 + 0(1)19_1/ 2), so that the number of Newton steps is proportional to
V9. For an LP problem of a not too large size - say, n = 1000, m = 10000, the method would require
solving several hundreds, if not thousands, linear systems with 1000 variables, which will take hours - time
incomparable with that one required by the simplex method; and even moderate increasing of sizes results
in days and months instead of hours. You should not think that these unpleasant practical consequences
are caused by the intrinsic drawbacks of the scheme; they come from our ”pessimistic” approach to the
implementation of the scheme. It turns out that "most of the time” you can increase the penalty at a
significantly larger rate than that one given by the worst-case theoretical complexity analysis, and still
will be able to restore closeness to the path by a small number - 1-2 - of Newton steps. There are very
good practical implementations of the scheme which use various on-line strategies to control the penalty
rate and result in a very reasonable - 20-40 - total number of Newton steps, basically independent of
the size of the problem; the best examples known to me are the codes developed in the Optimization
Laboratory of our faculty by Gil Roth and Michael Zibulevski. From the theoretical viewpoint, anyhow,
it is important to develop computationally cheap rules for on-line adjusting the penalty rate which ensure
the theoretical O(\/@) Newton complexity of the method; in the mean time we shall speak about recent
progress in this direction.
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4.7 Exercises: Basic path-following method

The proof of our main rate-of-convergence statement - Proposition - is based on the following fact:
(*) if z belongs to the path z*(t) = argmin,, s[tc’z + F(x)]: x = 2*(t) for certain ¢ > 0, then

c* being the optimal value in P. What is responsible for this remarkable and simple inequality? The
only property of a ¥-self-concordant barrier F' used in the corresponding place of the proof of Proposition
[44.1) was the semiboundedness property:

DF(x)[y—x] <9 Yz €int G Vy € G. (4.33)

In turn looking at the proof of this property (0., I., Lecture 3), one can find out that the only properties
of F' and G used there were the following ones:

S(¥): G € R™ is a closed convex domain; F is a twice continuously differentiable convex function on
int G such that

DF(x)[h] < 0Y2{D?*F(x)[h, h]}}/? V& € int G Vh € R".

Thus, (4.33)) has nothing to do with self-concordance of F'.

Exercise 4.7.1 # Verify that S(9) implies .

Exercise 4.7.2 # Prove that property S(-) is stable with respect to affine substitutions of argument and
with respect to summation; namely, prove that

1) if the pair (G C R™, F) satisfies S(¥) and y = A(x) = Az + a is an affine mapping from RF into R"
with the image intersecting int G, then the pair (A=Y(G), F(A("))) also satisfies S(¥);

2) if the pairs (G; C R™ F;), i = 1,..,m, satisfy S(¢;) and G = N;G; is a domain, then the pair
(G, >, i F), oy >0, satisfies S(>°, ;).

Now let us formulate a simple necessary and sufficient condition for a pair (G, F) to satisfy S(9).

Exercise 4.7.3 # Let ¥ > 0, and let (G C R™, F) be a pair comprised of a closed convex domain and a
function twice continuously differentiable on the interior of the domain. Prove that (G, F) sastisfies S(19)
if and only if the function exp{—9F} is concave on int G. Derive from this observation and the result of
the previous exercise the following statement (due to Fiacco and McCormic):

let g;, 1 = 1,...,m, be convex twice continuously differentiable functions on R"™ satisfying the Slater
condition. Consider the logarithmic barrier

F(z) = = 3 In(-gi(x)

for the domain
G={zeR"| ¢gi(x) <0, i=1,..,m}.
Then the pair (G, F) satisfies S(m), and therefore F satisfies relation with ¥ = m. In particular,

let

x € Argminftc”u + F(u))
u€int G

T is below bounded on G and

for some positive t; then f(u) =c
m
Ty — inf f < —.

G t

The next exercise is an ”exercise” in the direct meaning of the word.
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Exercise 4.7.4 Consider a Quadratically Constrained Quadratic Programming program
minimize fo(z) s.t. fj(z) <0, j=1,...,m, x € R",

where
filz) = a:Tij + 2b?m +ci, 7=0,...,m

are convex quadratic forms. Assume that you are given a point T such that f;(Z) <0, j =1,....,m, and
R > 0 such that the feasible set of the problem is inside the ball {z | |z|2 < R}.

1) reduce the problem to the standard form with a bounded feasible domain and point out an (m+ 2)-self-
concordant barrier for the domain, same as an interior point of the domain;

2) write down the algorithmic scheme of the associated path-following method. Fuvaluate the arithmetic
cost of a Newton step of the method.

Now let us discuss the following issue. In the Basic path-following method the rate of updating the
penalty parameter, i.e., the penalty ratio
w = ti+1/ti,

is set to 1+ 0(1)19’1/ 2 ¥ being the parameter of the underlying barrier. This choice of the penalty ratio
results in the best known, namely, proportional to v/¥, theoretical complexity bound for the method. In
Lecture 4 it was explained that this fine theoretically choice of the penalty ratio in practice makes the
method almost useless, since it for sure enforces the method to work according its theoretical worst-case
complexity bound; the latter bound is in many cases too large for actual computations. In practice
people normally take as the initial value of the penalty ratio certain moderate constant, say, 2 or 3, and
then use various routines for on-line adjusting the ratio, slightly increasing/decreasing it depending on
whether the previous updating z; — ;41 took "small” or ”large” (say, < 2 or > 2) number of Newton
steps. An immediate theoretical question here is: what can be said about the Newton complexity of a
path-following method where the penalty ratio is a once for ever fixed constant w > 1 (or, more generally,
varies somehow between once for ever fixed bounds w_ < w4, with 1 < w_ < w; < o00). The answer is
that in this case the Newton complexity of an iteration (t;,xz;) > (t;+1,2i+1) is of order of ¥ rather than
of order of 1.

Exercise 4.7.5 Consider the Basic path-following method from Section with rule replaced with
tiy1 = wity,

where w_ <w; <wy and 1 < w_ < wy < 00. Prove that for this version of the method the statement of
Theorem [{-4.1] should be modified as follows: the total # of Newton steps required to find an e-solution
to P can be bounded from above as

O(1)91n (;9 + 1) ,

0€

with O(1) depending only on k,w_,w, .
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Conic problems and Conic Duality

In the previous lecture we dealt with the Basic path-following interior point method. It was explained
that the method, being fine theoretically, is not too attractive from the practical viewpoint, since it is a
routine with a prescribed (and normally close to 1) rate of updating the penalty parameter; as a result,
the actual number of Newton steps in the routine is more or less the same as the number given by the
theoretical worst-case analysis and for sure is proportional to v/4J, ¥ being the parameter of the underlying
self-concordant barrier. For large-scale problems, ¥ normally is large, and the # of Newton steps turns
out to be too large for practical applications. The source of difficulty is the conceptual drawback of our
scheme: everything is strictly regulated, there is no place to exploit favourable circumstances which may
occur. As we shall see in the mean time, this conceptual drawback can be eliminated, to certain extent,
even within the path-following scheme; there is, anyhow, another family of interior point methods, the so
called potential reduction ones, which are free of this drawback of strict regulation; some of these methods,
e.g., the famous - and the very first - interior point method of Karmarkar for Linear Programming, turn
out to be very efficient in practice. The methods of this potential reduction type are what we are about
to investigate now; the investigation, anyhow, should be preceded by developing a new portion of tools,
interesting in their own right. This development is our today goal.

5.1 Conic problems

In order to use the path-following method from the previous lecture, one should reduce the problem
to the specific form of minimizing a linear objective over convex domain; we called this form standard.
Similarly, to use a potential reduction method, one also needs to represent the problem in certain specific
form, called conic; I am about to introduce this form.

Cones. Recall that a convex cone K in R"™ is a nonempty convex set with the property
tx € K whenever x € K and t > 0;

in other words, a cone should contain with any of its points the whole ray spanned by the point. A convex
cone is called pointed, if it does not contain lines.
Given a convex cone K C R™, one can define its dual as

K'={scR"|sTe>0Vrec K}.

In what follows we use the following elementary facts about convex cones: let K C R™ be a closed
convex cone and K* be its dual. Then

e K* is closed convex cone, and the cone (K*)* dual to it is nothing but K.

e K is pointed if and only if K* has a nonempty interior; K* is pointed if and only if K has a
nonempty interior. The interior of K* is comprised of all vectors s strictly positive on K, i.e., such
that s”2 > 0 for all nonzero x € K.

e s € K* is strictly positive on K if and only if the set K(s) = {z € K | sTx <1} is bounded.

59
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An immediate corollary of the indicated facts is that a closed convex cone K is pointed and possesses a
nonempty interior if and only if its dual shares these properties.

Conic problem. Let K C R”™ be a closed pointed convex cone with a nonempty interior. Consider
optimization problem

(P): minimize ¢’z st. ze€{b+L}NK,
where
e [ is a linear subspace in R";
e b is a vector from R™.

Geometrically: we should minimize a linear objective (¢I'z) over the intersection of an affine plane (b+ L)
with the cone K. This intersection is a convex set, so that (P) is a convex program; let us refer to it as
to convex program in the conic form.

Note that a program in the conic form strongly resembles a Linear Programming program in the
standard form; this latter problem is nothing but (P) with K specified as the nonnegative orthant R’ .
On the other hand, (P) is a universal form of a convex programming problem. Indeed, it suffices to
demonstrate that a standard convex problem

(S) minimize d*u s.t. u € G C RF,
G being a closed convex domain, can be equivalently rewritten in the conic form (P). To this end it
suffices to represent G as an intersection of a closed convex cone and an affine plane, which is immediate:
identifying R* with the affine hyperplane
= {z=(tu) e R* | t=1},

we can rewrite (S) equivalently as

(S.) minimize ¢’z s.t. x € TN K,

-()

K=c{(t,z)| t>0,t"'zecG}

where

and

is the conic hull of G. Tt is easily seen that (S) is equivalent to (S.) and that the latter problem is
conic (i.e., K is a closed convex pointed cone with a nonempty interior), provided that the closed convex
domain G does not contain lines (whih actually is not a restriction at all). Thus, (P) indeed is a universal
form of a convex program.

5.2 Conic duality

The similarity between conic problem (P) and a Linear Programming problem becomes very clear when
the duality issues are concerned. This duality, which is important for developing potential reduction
methods and interesting in its own right, is our now subject.

5.2.1 Fenchel dual to (P)

We are about to derive the Fenchel dual of conic problem (P), and let me start with recalling you what
is the Fenchel duality.

Given a convex, proper, and closed function f on R"™ taking values in the extended real
axis RU {400} ("proper” means that the domain domf of the function f, i.e., the set where
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f is finite, is nonempty; ”closed” means that the epigraph of the function is closeﬂ one can
define its congugate (the Legendre transformation)

fr(s) = sup {s"w — f(x)} = sup {s"w— f(2)},

zeR" zedom f

which again is a convex, proper and closed function; the conjugacy is an involution: (f*)* = f.

Now, let fi,..., f be convex proper and closed functions on R"™ such that the relative
interiors of the domains of the functions (i.e., the interiors taken with respect to the affine
hulls of the domains) have a point in common. The Fenchel Duality theorem says that if the

function .
flx) = filx)
i=1
is below bounded, then
—inf f = min {fi(s1)+ ...+ fi(sk)} (5.1)
S1,..,8k:81+...+s,=0

(note this min in the right hand side: the theorem says, in particular, that it indeed is
achieved). The problem

k
minimize Z fi(s;) s.t. ZS’ =0
i

i=1
is called the Fenchel dual to the problem
minimize Z fi(x).
Now let us derive the Fenchel dual to the conic problem (P). To this end let us set
R = pale) = {

0, reb+ L Folw) = 0, re kK
+o0, otherwise’' 72\ 7T ) 400, otherwise'’

these functions clearly are convex, proper and closed, and (P) evidently is nothing but the problem of
minimizing fi + fo + f3 over R™. To write down the Fenchel dual to the latter problem, we should realize
what are the functions f7, ¢« = 1,2,3. This is immediate:

0, s=c

* — T — T n = 5
fi(s) =sup{s’w —c x| x € R"} {+oo otherwise’

sTh, se L+

* T =
f3(s) =sup{s’z— 0] z € domf> +L} {+oo7 otherwise ’

where L1 is the orthogonal complement to L;

fi(s) =sup{s’z —0| z € domfs = K} = {3_’00’ f)tierv{/ise ,
where K* is the cone dual to K.

Now, in the Fenchel dual to (P), i.e., in the problem of minimizing f(s1) + f3(s2) + f4(s3) over
S1, S2, S3 subject to s1 + s3 + s3 = 0, we clearly can restrict s; to be in domf} without violating the
optimal solution; thus, we may restrict ourselves to the case when s; = ¢, s € L+ and s3 € —K*, while
51 + 82 + s3 = 0; under these restrictions the objective in the Fenchel dual is equal to sI'b. Expressing
81, 89, S3 in terms of s = s1 + so = —s3, we come to the following equivalent reformulation of the Fenchel
dual to (P):

(D) minimize bT's s.t. s € {c+ Lt} NK*.

Lequivalently: f is lower semicontinuous, or: the level sets {z | f(z) < a} are closed for every a € R
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Note that the actual objective in the Fenchel dual is s1b = s7b + ¢T'b; writing down (D), we omit the
constant term ¢’'b (this does not influence the optimal set, although varies the optimal value). Problem
(D) is called the conic dual to the primal conic problem (P).

Note that K is assumed to be closed convex and pointed cone with a nonempty interior; therefore
the dual cone K* also is closed, pointed, convex and with a nonempty interior, so that the dual problem
also is conic. Bearing in mind that (K*)* = K, one can immediately verify that the indicated duality is
completely symmetric: the problem dual to dual is exactly the primal one. Note also that in the Linear
Programming case the conic dual is nothing but the usual dual problem written down in terms of slack
variables.

5.2.2 Duality relations

Now let us establish several useful facts about conic duality; all of them are completely similar to what
we know from LP duality.

0. Let (z,s) be a primal-dual feasible pair, i.e., a pair comprised of feasible solutions to (P) and (D).
Then
r+bTs—cTb=2"s>0.
The left hand side of the latter relation is called the duality gap; 0. says that the duality gap is equal to
2Ts and always is nonnegative. The proof is immediate: since z is primal feasible,  — b € L, and since
s is dual feasible, s — ¢ € L, whence
(x=0)"(s—¢)=0,

or, which is the same,
r4+bTs—cTb=2aTs;

the right hand side here is nonnegative, since x € K and s € K*.

1. Let P* and D* be the optimal values in the primal and the dual problem, respectively (optimal value
is 400, if the problem is unfeasible, and —oo, if it is below unbounded). Then

P*+D* > T,

where, for finite a, £00 + a = 00, the sum of two infinities of the same sign is the infinity of this sign
and (400) + (—00) = +o0.

This is immediate: take infimums in primal feasible x and dual feasible s in the relation cTr4+bTs>cTh
(see 0.).

I1. If the dual problem is feasible, then the primal is below boundecﬂ' if the primal problem is feasible,
then the dual is below bounded.

This is an immediate corollary of I.: if, say, D* is < 400, then P* > —o0, otherwise D* + P* would be
—o0, which is impossible in view of I.

II1. Conic Duality Theorem. If one of the problems in the primal-dual pair (P), (D) is strictly feasible
(i.e., possesses feasible solutions from the interior of the corresponding cone) and is below bounded, then
the second problem is solvable, the optimal values in the problems are finite and optimal duality gap
P* +D* — cT'b is zero.

If both of the problems are strictly feasible, then both of them are solvable, and a pair (z*,s*)
comprised of feasible solutions to the problems is comprised of optimal solutions if and only if the duality
gap c'z* + bT's* — cT'b is zero, and if and only if the complementary slackness (x*)Ts* = 0 holds.

Proof. Let us start with the first statement of the theorem. Due to primal-dual symmetry, we can
restrict ourselves with the case when the strictly feasible below bounded problem is (P). Strict feasibility
means exactly that the relative interiors of the domains of the functions f1, fa, f3 (see the derivation of
(D)) have a point in common, due to the description of the domains of f; (the whole space), fo (the affine
plane b+ L), f3 (the cone K). The below boundedness of (P) means exactly that the function f1 + fo+ f3
is below bounded. Thus, the situation is covered by the premise of the Fenchel duality theorem, and

2%i.e., P* > —oo; it may happen, anyhow, that (P) is unfeasible
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according to this theorem, the Fenchel dual to (P), which can be obtained from (D) by substracting the
constant ¢”'b from the objective, is solvable. Thus, (D) is solvable, and the sum of optimal values in (P)
and (D) (which is by ¢T'b greater than the zero sum of optimal values stated in the Fenchel theorem) is
CTb, as claimed.

Now let us prove the second statement of the theorem. Under the premise of this statement both
problems are strictly feasible; from II. we conclude that both of them are also below bounded. Applying
the first statement of the theorem, we see that both of the problems are solvable and the sum of their
optimal values is ¢Z'b. It immediately follows that a primal-dual feasible pair (x, s) is comprised of primal-
dual optimal solutions if and only if ¢Tx + bT's = ¢T'b, i.e., if and only if the duality gap at the pair is
0; since the duality gap equals also to 27's (see 0.), we conclude that the pair is comprised of optimal
solutions if and only if 275 = 0. m

Remark 5.2.1 The Conic duality theorem, although very similar to the Duality theorem in LP, is a
little bit weaker than the latter statement. In the LP case, already (feasibility + below boundedness),
not (strict feasibility + below boundedness), of one of the problems implies solvability of both of them
and characterization of the optimality identical to that one given by the second statement of the Conic
duality theorem. A ”word by word” extension of the LP Duality theorem fails to be true for general cones,
which is quite natural: in the non-polyhedral case we need certain qualification of constrains, and strict
feasibility is the simplest (and the strongest) form of this qualification. From the exercises accompanying
the lecture you can find out what are the possibilities to strengthen the Conic duality theorem, on one
hand, and what are the pathologies which may occur if the assumptions are weakened too much, on the
other hand.

Let me conclude this part of the lecture by saying that the conic duality is, as we shall see, useful for
developing potential reduction interior point methods. It also turned out to be powerful tool for analytical
- on paper - processing a problem; in several interesting cases, as we shall see in the mean time, it allows
to derive (completely mechanically!) nontrivial and informative reformulations of the initial setting.

5.3 Logarithmically homogeneous barriers

To develop potential reduction methods, we need deal with conic formulations of convex programs and
should equip the corresponding cones with specific self-concordant barriers - the logarithmically homo-
geneous ones. This latter issue is our current goal.

Definition 5.3.1 Let K C R™ be a a convex, closed and pointed cone with a nonempty interior, and
let 9 > 1 be a real. A function F : int K — R is called ¥-logarithmically homogeneous self-concordant
barrier for K, if it is self-concordant on int K and satisfies the identity

F(tx) = F(z) —9Int Vreint K Vt>0. (5.2)

Our terminology at this point looks confusing: it is not clear whether a ”logarithmically homogeneous
self-concordant barrier” for a cone is a ”self-concordant barrier” for it. This temporary difficulty is
resolved by the following statement.

Proposition 5.3.1 A ¥-logarithmically homogeneous self-concordant barrier F' for K is a nondegenerate
¥-self-concordant barrier for K. Besides this, F satisfies the following identities (x € int K,t > 0):

F'(tz) =t F'(2); (5.3)
F'(z) = —F"(x)z; (5.4)
MN(Fz)= —2TF'(z) = 2TF"(z)x = 9. (5.5)

Proof. Since, by assumption, K does not contain lines, F is nondegenerate (II., Lecture 2). Now let us

prove (5.3]) - (5.5). Differentiating the identity

F(tx) = F(z) — 91nt (5.6)
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in z, we come to (5.3)); differentiating (5.3]) in ¢ and setting ¢ = 1, we obtain (5.4). Differentiating (5.6)
in ¢ and setting ¢t = 1, we come to

—2TF'(z) = 9.

Due to already proved , this relation implies all equalities in 7 excluding the very first of them;
this latter follows from the fact that z, due to , is the Newton direction —[F"(z)]71F'(x) of F at x,
so that \2(F,z) = —2T F’(z) (IVa., Lecture 2).

Form it follows that the Newton decrement of F is identically equal to v/¥; since, by definition,
F is self-concordant on int K, F' is ¥-self-concordant barrier for K. m

Let us list some examples of self-concordant barriers.

Example 5.3.1 The standard logarithmic barrier

n
F(z)=— Z Inx;
i=1
for the nonnegative orthant R} is n-logarithmically homogeneous self-concordant barrier for the orthant.

Example 5.3.2 The function
F(z) = —In(t* — |z[3)

is 2-logarithmically homogeneous self-concordant barrier for the ice-cream cone

K? = {(t,z) € R | t > |x|2}-

n

Example 5.3.3 The function
F(z) = —InDet z

is n-logarithmically self-concordant barrier for the cone S of symmetric positive semidefinite n x n
matrices.

Indeed, self-concordance of the functions listed in the above examples is given, respectively, by Corollary
[2:11] Exercise [3:3:4 and Exercise [3.3.3} logarithmic homogeneity is evident.

The logarithmically homogeneous self-concordant barriers admit combination rules completely similar
to those for self-concordant barriers:

Proposition 5.3.2 (i) [stability with respect to linear substitutions of the argument] Let F be 0-
logerithmically homogeneous self-concordant barrier for cone K C R™, and let * = Ay be a linear
homogeneous mapping from RF into R™, with matriz A being of the rank k, such that the image of
the mapping intersects int K. Then the inverse image KT = A™Y(K) of K under the mapping is convex
pointed and closed cone with a nonempty interior in R¥, and the function F(Ay) is 0-logarithmically
homogeneous self-concordant barrier for K.

(ii) [stability with respect to summation] Let F;, i = 1,...,k, be ¥;-logarithmically homogeneous self-
concordant barriers for cones K; C R™, and let a; > 1. Assume that the cone K = N¥_; K, possesses a
nonempty interior; then the function Ele a; F is (3, oiy)-logarithmically homogeneous self-concordant
barrier for K.

(iii) [stability with respect to direct summation| Let F;, i = 1,..., k, be ¥;-self-concordant barriers for
cones K; C R™. Then the direct sum

Fl(xl) + ...+ Fk(xk)

of the barriers is (), V;)-logarithmically homogeneous self-concordant barrier for the direct product K x
... X K of the cones.

The proposition is an immediate corollary of Proposition and Definition [5.3.1
In what follows we heavily exploit the following property of logatrithmically homogeneous self-
concordant barriers:
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Proposition 5.3.3 Let K C R" be a convex pointed closed cone with a nonempty interior, and let F' be
a V-logarithmically homogeneous self-concordant barrier for K. Then

(i) The domain Dom F* of the Legendre transformation of F* of the barrier F is exactly the interior
of the cone —K* anti-dual to K and F* is ¥-logarithmically homogeneous self-concordant barrier for this
anti-dual cone. In particular, the mapping

x— F'(x) (5.7)

is a one-to-one mapping of int K onto —int K* with the inverse given by s — (F*)'(s).
(ii) For any x € int K and s € int K* the following inequality holds:

F(x) + F*(—s) + 91n(z”s) > 91nd — 0. (5.8)

This inequality is equality if and only if
s=—tF () (5.9)

for some positive t.

Proof.

1°. From Proposition we know that F' is nondegenerate; therefore F* is self-concordant on its
domain @, and the latter is nothing but the image of int K under the one-to-one mapping (5.7)), the
inverse to the mapping being s — (F*)'(s) (see Lecture 2, (L.1)-(L.3) and VIIL.). Further, fro it
follows that @ is an (open) cone; indeed, any point s € @, due to already proved relation Q = F'(int K),
can be represented as F’(x) for some z € int K, and then ts = F’(t~'z) also belongs to Q. It follows
that Kt = clQ is a closed convex cone with a nonempty interior.

20, Let us prove that Kt = —K*. This is exactly the same as to prove that the interior of —K*
(which is comprised of s strictly negative on K, i.e., with sz being negative for any nonzero x € K, see
Section coincides with @ = F'(int K):

F'(int K) = —int K*. (5.10)

20.1. The inclusion
F'(int K) C —int K* (5.11)

is immediate: indeed, we should verify that for any z € int K F'(z) is strictly negative on K, i.e., that
yT' F'(z) is negative whenever y € K is nonzero. This is readily given by Corollary since K is a
cone, y € K is a recessive direction for K, and, due to the Corollary,

—y"F'(z) = —DF(2)[y] > {D*F(x)[y, y]}'/*;

the concluding quantity here is strictly positive, since y is nonzero and F', as we already know, is nonde-
generate.

29.2. To complete the proof of , we need to verify the inclusion inverse to , i.e., we should
prove that if s is strictly negative on K, then s = F'(x) for certain = € int K. Indeed, since s is strictly
negative on K, the cross-section

K,={ye K| s'y=-1} (5.12)

is bounded (Section [5.1)). The restirction of F' onto the relative interior of this cross-section is a self-
concordant function on rint K (stability of self-concordance with respect to affine substitutions of argu-
ment, Proposition M(l)) Since K is bounded, F' attains its minimum on the relative interior of K,
at certain point y, so that
F'(y) =Xs

for some A, The coefficient \ is positive (since y* F’(y) = A\y”'s is negative in view of and yTs = —1
also is negative (recall that y € K;). Since X is positive and F'(y) = s, we conclude that F'(A~ly) = s
7 and s indeed is F'(x) for some z € int K (namely, z = A~'y). The inclusion is proved.

3%. Summarising our considerations, we see that F* is self-concordant on the interior of the cone
—K*; to complete the proof of (i), it suffices to verify that

F*(ts) = F(s) — YInt.
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This is immediate:

(F*)(ts) = sup {ts"z—F(z)}= sup {s'y—F(y/t)}=

z€int K y=tx€int K

= sup {sTy—[F(y)—9In(1/t)]} = F*(s) —d1nt.
y€int K
(i) is proved.
49, Let us prove (ii). First of all, for x € int K and s = —tF’(z) we have
F(z) + F*(=s) + 9In(zTs) = F(x) + F*(tF'(z)) + 9 1In(—tzT F'(2)) =
[since F* is ¥-logarithmically homogeneous due to (i) and —z7 F’(z) = 9, see (5.5)]
= F(x)+ F*(F'(z)) + 9Ind =
[since F*(F'(z)) = 27 F'(x) — F(x) due to the definition of the Legendre transformation]
=27 F'(z) +9Ind = IdInd — 0

(we have used (5.5))). Thus, (5.8) indeed is equality when s = —tF’(x) with certain ¢ > 0.
5%, To complete the proof of ([5.8)), it suffices to demonstrate that if z and s are such that

V(x,s) = F(x) + F*(—s) + 91n(sTx) <9nd — 0, (5.13)

then s is proportional, with positive coefficient, to —F”(z). To this end consider the cross-section of K
as follows:
K,={ye K| s'y=s"a}.

The restriction of V(+, s) onto the relative interior of Ky is, up to additive constant, equal to the restriction
of F, i.e., it is self-concordant (since K is cross-section of K by an affine hyperplane passing through
an interior point of K; we have used similar reasoning in 2°.2). Since K is bounded (by virtue of
s € int K*), F, and, consequently, V (-, s) attains its minimum on the relative interior of K, and this
minimum is unique (since F' is nondegenerate). At the minimizer, let it be y, one should have

F'y) = =As;

taking here inner product with y and using and the inclusion y € K, we get A > 0. As we alerady
know, the relation F’(y) ——M\s with positive A implies that V (y, s) = ¢ 1ln 9 —9; now from it follows
that V(y,s) > V(x,s). Since, by construction, z € rintK, and y is the unique minimizer of V (-, s) on
the latter set, we conclude that =y, so that F'(z) = —\s, and we are done. m
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5.4 Exercises: Conic problems

The list of below exercises is unusually large; you are kindly asked at least to look through the formula-
tions.

5.4.1 Basic properties of cones

Those not familiar with some of the facts on convex cones used in the lecture (see Section [5.1)), are
recommended to solve the exercises from this subsection; in these exercises, K C R"™ is a closed convex
cone and K* is its dual.

Exercise 5.4.1 #* Prove that K* is closed cone and (K*)* = K.

Exercise 5.4.2 #1t Prove that K possesses a nonempty interior if and only if K* is pointed, and that
K* possesses a nonempty interior if and only if K is pointed.

Exercise 5.4.3 #1 Let s € R". Prove that the following properties of s are equivalent:
(i) s is strictly positive on K, i.e., sTx > 0 whenever x € K is nonzero;
(ii) The set K(s) = {x € K | sTa <1} is bounded;
(iii) s € int K*.
Formulate ”symmetric” characterization of the interior of K.

5.4.2 More on conic duality

Here we list some duality relations for the primal-dual pair (P), (D) of conic problems (see Lecture 5).
The goal is to realize to which extent the standard properties of LP duality preserve in the general case.
The forthcoming exercises are not accompanied by solutions, although some of then are not so simple.

Given a conic problem, let it be called (7), with the data @ (the cone), r (the objective), d + M (the
feasible plane; M is the corresponding linear subspace), denote by D(T) the feasible set of the problem
and consider the following properties:

o (F): Feasibility: D(T) # 0;
e (B): Boundedness of the feasible set (D(7) is bounded, e.g., empty);
e (SB): Boundedness of the solution set (the set of optimal solutions to (7°) is nonempty and bounded);

e (BO): Boundedness of the objective (the objective is below bounded on D(T), e.g., due to D(T) =
0);

e (I): Existence of a feasible interior point (D(T) intersects int Q);
e (S): Solvability ((7) is solvable);

e (WN): Weak normality (both (7) and its conic dual are feasible, and the sum of their optimal
values equals to r7'd).

e (N): Normality (weak normality + solvability of both (7)) and its conic dual).

Considering a primal-dual pair of conic problems (P), (D), we mark by superscript p, d, that the property
in question is shared by the primal, respectively, the dual problem of the pair; e.g., (S4) is abbreviation
for the property ”the dual problem (D) is solvable”.

Good news about conic duality:

Exercise 5.4.4 Prove the following implications:
1) (Fp)= (BOq)

7if primal is feasible, then the dual is below bounded”; this is II., Lecture 5; this is exactly as in LP;
2) [(Fp) & (By)] = [(Sp) & (WN)]
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7if primal is feasible and its feasible set is bounded, then primal is solvable, dual is feasible and below
bounded, and the sum of primal and dual optimal values equals to ¢'b”; in LP one can add to the
conclusion ”"the dual is solvable”;

3) (1) & (BO)] = [(Sa) & (WN))
this is exactly the Conic duality theorem;

4) (SB,) = (WN)
”if primal is solvable and its optimal set is bounded, then dual is feasible and below bounded, and the
sum of primal and dual optimal values equals to ¢Tb”; in LP one can omit ”optimal set is bounded” in
the premise and add ”dual is solvable” to the conclusion.

Formulate the ”"symmetric” versions of these implications, by interchanging the primal and the dual
problems.

Bad news about conic duality:

Exercise 5.4.5 Demonstrate by examples, that the following situations (which for sure do not occur in
LP duality) are possible:

1) the primal problem is strictly feasible and below bounded, and at the same time it is unsolvable (cf.
Ezercise 2));

2) the primal problem is solvable, and the dual is unfeasible (cf. Ea:ercz'se 2), 3), 4));

3) the primal problem is feasible with bounded feasible set, and the dual is unsolvable (cf. FExercise
2), 3));

3) both the primal and the dual problems are solvable, but there is nonzero duality gap: the sum of
optimal values in the problems is strictly greater than cT'b (cf. Exercise 2), 3)).

The next exercise is of some interest:

Exercise 5.4.6 * Assume that both the primal and the dual problem are feasible. Prove that the feasible
set of at least one of the problems is unbounded.

5.4.3 Complementary slackness: what it means?

The Conic duality theorem says that if both the primal problem (P) and the dual problem (D), see
Lecture 5, are strictly feasible, then both of them are solvable, and the pair (x, s) of feasible solutions
to the problems is comprised of optimal solutions if and only if 27s = 0. What does the latter relation
actually mean, it depends on analytic structure of the underlying cone K. Let us look what happens in
several specific cases which are responsible for a wide spectrum of applications.

Recall that in Lecture 5 we have mentioned three particular (families of) cones:

e the cone R} - the n-dimensional nonnegative orthant in R"; the latter space from now on is
equipped with the standard Euclidean structure given by the inner product z7y;

e the cone 87} of positive semidefinite symmetric n X n matrices in the space S™ of symmetric n x n
matrices; this latter space from now on is equipped with the Frobenius Euclidean structure given by
the inner product (z,y) = Tr{xy}, Tr being the trace; this is nothing but the sum, over all entries,
of the products of the corresponding entries in x and in y;

e the ”ice-cream” (more scientific name - second-order) cone
2 n+1 2 21.
K;={zeR"" | xpp1 > /27 + ... +22};

this is a cone in R™!, and we already have said what is the Euclidean structure the space is
equipped with.

Exercise 5.4.7 # Prove that each of the aforementioned cones is closed, pointed, conver and with a
nonempty interior and, besides this, is self-dual, i.e., coincides with its dual com—ﬂ

3self-duality, of course, makes sense only with respect to certain Euclidean structure on the embedding linear space,
since this structure underlies the construction of the dual cone. We have already indicated what are these structures for
the spaces where our cones live
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Now let us look what means complementary slackness in the case of our standard cones.

Exercise 5.4.8 # Let K be a cone, K* be a dual cone and let z, s satisfy the complementary slackness
relation

S(K): {xeK}&{sec K*}&{zTs=0}.

Prove that
1) in the case of K = R the relation S says exactly that x and s are nonnegative n-dimensional
vectors with the zero dot product x X s = (181, ..., Tnsp) T ;

2)% in the case of K = 87 the relation S says exactly that x and s are positive semidefinite symmetric
matrices with zero product xs; if it is the case, then x and s commutate and possess, therefore, a common
eigenbasis, and the dot product of the diagonals of x and s in this basis is zero;

3)T in the case of K = K2 the relation S says exactly that T,+1 = /2% + ... + 22, sp11 = /57 + ... + 82
and

XT1:81 =Tg 182 = ..=Tpn Sy = —[Tpni1: Snt1]-
We have presented the ”explicit characterization” of complementary slackness for our particular cones

which often occur in applications, sometimes as they are, and sometimes - as certain ”building blocks”.
I mean that there are decomposable situations where the cone in question is a direct product:

K=K x..x K,

and the Euclidean embedding space for K is the direct product of Euclidean embedding spaces for the
”component cones” K;. In such a situation the complementary slackness is ”componentwise”:

Exercise 5.4.9 # Prove that in the aforementioned decomposable situation
K* =K} x .. x K},

and a pair x = (21, ...,2%), s = (81, ..., Sk) possesses the complementary slackness property S(K) if and
only if each of the pairs x;, s; possesses the property S(K;), i =1,..., k.

Thus, if we are in a decomposable situation and the cones K; belong each to its own of our three standard
families, then we are able to interpret explicitly the complementary slackness relation.

Let me complete this section with certain useful observation related to the three families of cones
in question. We know form Lecture 5 that these cones admit explicit logarithmically homogeneous self-
concordant barriers; on the other hand, we know that the Legendre transformation of a logarithmically
homogeneous self-concordant barrier for a cone is similar barrier for the anti-dual cone. It is interesting
to look what are the Legendre transformations of the particular barriers known to us. The answer is as
it should be: these barriers are, basically, ”self-adjoint” - their Legendre transformations coincide with
the barriers, up to negating the argument and adding a constant:

Exercise 5.4.10 # Prove that
1) the Legendre transformation of the standard logarithmic barrier

F(z)=-— Z Inx;
i=1
for the cone RY is
F*(s)=F(—s) —n, Dom F* = —R";
2) the Legendre transformation of the standard barrier
F(z) = —InDet z

for the cone S} is
F*(s) = F(=s) —n, Dom F* = —S";
3) the Legendre transformation of the standard barrier

F(z)=—-In(a, — 2] —...—22)

for the cone K2 is
F*(s) = F(—s) +2In2 — 2, Dom F* = —K2.



70 CHAPTER 5. CONIC PROBLEMS AND CONIC DUALITY

5.4.4 Conic duality: equivalent form

In many applications the "natural” form of a conic problem is
(P): minimize xT¢ s.t. ¢€ R P(E—p) =0, A¢) € K,

where ¢ is the vector of design variables, P is given k x [ matrix, p is given [-dimensional vector, x € R/
is the objective,

A(€) = A6 +b

is an affine embedding of R! into R™ and K is a convex, closed and pointed cone with a nonempty interior
in R™. Since A is an embedding (different £’s have different images), the objective can be expressed in
terms of the image z = A(§) of the vector £ under the embedding: there exists (not necessarily unique)
c € R" such that

cTA(E) = " A(0) + xT¢

identically in € € R!.
It is clear that (P) is equivalent to the problem

(P'): minimize ¢’z s.t. z € {3+ L} NK,
where the affine plane 8 + L is nothing but the image of the affine space
{¢cR' | PE—p) =0}

under the affine mapping A. Problem (P’) is a conic program in our ”canonical” form, and we can
write down the conic dual to it, let this dual be called (D). A useful thing (which saves a lot of time in
computations with conic duality) is to know how to write down this dual directly in terms of the data
involved into (P), thus avoiding the necessity to compute c.

Exercise 5.4.11 # Prove that (D) is as follows:
e . T * T, _ T k
minimize B° s s.t.s€ K", A*s=x+ P'r for somer € R", (5.14)

with
B8 =0+ Ap. (5.15)
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5.5 Exercises: Truss Topology Design via Conic duality

It was said in Lecture 5 that conic duality is a powerful tool for mathematical processing a convex
problem. Let us illustrate this point by considering an interesting example - Truss Topology Design
problem (TTD).

”Human” formulation. We should design a truss - a construction, like the Eifel Tower, comprised of
thin bars linked with each other at certain points - nodes of the truss. The construction is subject to
loads, i.e., external forces acting at the nodes. A particular collection of these forces - each element of
the collection specifying the external force acting at the corresponding node - is called loading scenario.
A given load causes certain deformation of the truss - nodes move a little bit, the bars become shorter
or longer. As a result, the truss capacitates certain energy - the compliance. It is reasonable to regard
this compliance as the measure of rigidity of the truss under the loading in question - the larger is the
compliance, the less rigid is the construction. For a given loading scenario, the compliance depends on
the truss - on how thick are the bars linking the nodes. Now, the rigidity of a truss with respect to a
given set of loading scenarios is usually defined as its largest, over the scenarios, compliance. And the
problem is to design, given the set of scenarios and restrictions on the total mass of the construction, the
most rigid truss.

More specifically, when solving the problem you are given a finite 2D or 3D set of tentative nodes,
same as the finite set of tentative bars; for each of these bars it is said at which node it should start
and at which node end. To specify a truss is the same as to choose the volumes t;, i = 1,...,m, of the
tentative bars (some of these volumes may be 0, which means that the corresponding bar in fact does not
present in the truss); the sum V' of these volumes (proportional to the total mass of the construction) is
given in advance.

Mathematical formulation. Given are

e Joading scenarios fi, ..., fr - vectors from R™; here n is the total number of degrees of freedom of
the nodes (i.e., the dimension of the space of virtual nodal displacements), and the entries of f are
the components of the external forces acting at the nodes.

n is something like twice (for 2D constructions) or 3 times (for 3D ones) the number of nodes;
”something like”, because some of the nodes may be partially or completely fixed (say, be in the
fundament of the construction), which reduces the total # of freedom degrees;

e bar-stiffness matrices - n X n matrices A;, i = 1,...,m, where m is the number of tentative bars.
The meaning of these matrices is as follows: for a truss with bar volumes ¢; virtual displacement
x € R™ of the nodes result in reaction forces

Under reasonable mechanical hypothesis, these matrices are symmetric positive semidefinite with
positive definite sum, and in fact even dyadic:

Ay = bl

for certain vectors b; € R™ (these vectors are defined by the geometry of the nodal set). These
assumptions on A; are crucial for what followg’}

e total bar volume V > 0 of the truss.

Now, the vector = of nodal displacements caused by loading scenario f satisfies the equilibrium equation
At)x = f

(which says that the reaction forces A(t)z caused by the deformation of the truss under the load should
balance the load; if the equilibrium equation has no solution, that means that the truss is unable to carry
the load in question). The compliance, up to an absolute constant factor, turns out to be

T f.

crucial are positive semidefiniteness and symmetry of A;, not the fact that they are dyadic; this latter assumption,
quite reasonable for actual trusses, is not too important, although simplifies some relations

4
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Thus, we come to the following problem of Multi-Loaded Truss Topology Design:

(TTD;pi): find vector t € R™ of bar volumes satisfying the constraints

and the displacement vectors x; € R", j =1, ..., k, satisfying the equilibrium equations
A(t)SC] = fja j = 1, ...7k,
which minimize the worst-case compliance

T
Ct,x1, .y xp) = Jirllaxk z; -

(5.16)

(5.17)

From our initial formulation it is not even seen that the problem is convex (since equality constraints
(5.17) are bilinear in ¢ and z;). It is, anyhow, easy to demonstrate that in fact the problem is convex. The
motivation of the reasoning is as follows: when ¢ is strictly positive, A(t) is positive definite (since A; are
positive semidefinite with positive definite sum), and the equilibrium equations can be solved explicitly:

z; = A7) f;,
so that j-th compliance, as a function of £ > 0, is
¢i(t) = [T AT D) f;-
This function is convex in t > 0, since the interior of its epigraph
Gi={(rt)| t>0,7> ffA (1) f;}
is convex, due to the following useful observation:

T
(*): a block-diagonal symmetric matrix (; J;l

) (t and A are l x| and n x n symmetric matrices, f is

n x | matrix) is positive definite if and only if both the matrices A and T — fT A= f are positive definite.
The convexity of G is an immediate consequence of this observation, since, due to it (applied with [ =1
and f = f;) G, is the intersection of the convex set {(,t) | t > 0} and the inverse image of a convex set

(the cone of positive definite (n + 1) x (n + 1) matrices) under the affine mapping
T fF
T,t) — J
w0 (7, )

Exercise 5.5.1 # Prove (*).

The outlined reasoning is unsufficient for our purposes: it does not say what happens if some of ¢;’s
are zero, which may cause degeneracy of A(t). In fact, of course, nothing happens: the epigraph of the
function ”compliance with respect to j-th load”, regarded as a function of ¢ > 0, is simply the closure of
the above G (and is therefore convex). Instead of proving this latter fact directly, we shall come to the

same conclusion in another way.

Exercise 5.5.2 Prove that the linear equation

Az = f

with symmetric positive semidefinite matrix A is solvable if and only if the concave quadratic form

qr(z) =227 f - 2T Az
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is above bounded, and if this is the case, then the quantity x* f, x being an arbitrary solution to the
equation, coincides with max, qr(2).

Derive from this observation that one can eliminate from (TTDini) the displacements x; by passing
to the problem

(TTDy): find vector t of bar volumes subject to the constraint which minimizes the objective

c(t) = max c¢;(t), c;(t)= sup [227 f; — 2T A(t)2].
G=lok 2eR"

Note that ¢;(t) are closed and proper convex functions (as upper bounds of linear forms; the fact that
the functions are proper is an immediate consequence of the fact that A(t) is positive definite for strictly
positive t), so that (TTD;) is a convex program.

Our next step will be to reduce (TTD;) to a conic form. Let us first make the objective linear. This
is immediate: by introducing an extra variable 7, we can rewrite (TTD;) equivalently as

(TTD,): minimize T by choice of t € R™ and T subject to the constraints (5.16) and
T4+ 2T Az — 2T, >0, V2eR" Vj=1,.... k. (5.18)

((5.18)) clearly express the inequalities 7 > ¢;(t), j =1,..., k).
Our next step is guided by the following evident observation:

the inequality
T+ 2T Az — 227 f,

T being real, A being symmetric n X n matrix and f being a n-dimensional vector, is valid for all z € R"
if and only if the symmetric (n 4+ 1) X (n 4+ 1) matrix

(; JZ>>0

Exercise 5.5.3 Prove the latter statement. Derive from this statement that (TTD2) can be equivalently
written down as

is positive semidefinite.

(TTD,): minimize T by choice of s € R™ and 7 € R subject to the constraint
A(r, s) € K; Zsz =0,
i=1

where
o K is the direct product of R and k copies of the cone Si“;
e the affine mapping A(7,s) is as follows: the R} -component of A is
Ai(r,s) =s+m H(V,.,V) =s+¢

the component of A associated with j-th of the copies of the cone Sﬁ“ 18

Aj(7,5) = (]J A(e)fiTA<s>>'

Note that A;(7,s) is nothing but our previous ¢; the constraint A;(7,s) € R (which is the part of
the constraint A(7,s) € K) together with the constraint ). s; = 0 give equivalent reformulation of the
constraint 7 while the remaining components of the constraint A(7,s) € K, i.e., the inclusions
Aj(,s) € ST, represent the constraints
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Note that the problem (TTD,) is in fact in the conic form (cf. Section . Indeed, it requires to
minimize a linear objective under the constraints that, first, the design vector (7,s) belongs to sertain
linear subspace E (given by ) . s; = 0) and, second, that the image of the design vector under a given
affine mapping belongs to certain cone (closed, pointed, convex and with a nonempty interior). Now, the
objective evidently can be respresented as a linear form c¢'u of the image u = A(7, s) of the design vector
under the mapping, so that our problem is exactly in minimizing a linear objective over the intersection
of an affine plane (namely, the image of the linear subspace E under the affine mapping A) and a given
cone, which is a conic problem.

To the moment we acted in certain ”clever” way; from now on we act in completely ”mechanical”
manner, simply writing down and straightforwardly simplifying the conic dual to (TTD,).

First step: writing down conic dual to (TTD,). What we should do is to apply to (TTD,) the
general construction from Lecture 5 and look at the result. The data in the primal problem are as follows:

e K is the direct product of K; = R and k copies Kj of the cone S""’1 the embedding space for

this cone is
E=R"xS"! x .. x 8"t

we denote a point from this latter space by u = (¢, p1,....pk), t € R™ and p; being (n+1) x (n+1)
symmetric matrices, and denote the inner product by (-,-);

(koo
X=L o o

s (n+1) x (n 4 1) matrix with the only nonzero entry, which ensures the desired relation

e c€ £ is given by ¢ = (0, x, ...x), where

(¢, A(T,8)) =73
note that there are many other ways to choose ¢ in accordance with this relation;

e [ is the image of E under the homogeneous part of the affine mapping A;

e b=A(0,0) = (e, b1, ..., px ), where
(3 1)
T Ale) )

Now let us build up the dual problem. We know that the cone K is self-dual (as a direct product of
self-dual cones, see Exercises , so that K* = K. We should realize only what is L', in other
words, what are the vectors

5= (Ta q1, 7qk) €&

which are orthogonal to the image of E under the homogeneous part of the affine mapping A. This
requires nothing but completely straightforward computations.

Exercise 5.5.4 + Prove that feasible plane ¢ + L+ of the dual problem is comprised of ezactly those
w = (r,q1,...,qr) for which the symmetric (n+ 1) x (n+ 1) matrices q;, j = 1,...,k, are of the form

) X
(AJ ) (5.19)

k
da=1 (5.20)

j=1

with A; satisfying the relation

and the n xn symmetric matrices oy, ..., ok, along with the n-dimensional vector r, and a real p, satisfying

the equations
k

r; + ZbiTUjbi =p,i=1,...,m. (5.21)
j=1
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(bi are the vectors involved into the representation A; = b;bl', so that bl o;b; = Tr{A;0;}).

70

Derive from this observation that the conic dual to (TTD,) is the problem

(TTDy): minimize the linear functional

k
23 2T+ Vp (5.22)

j=1
by choice of positive semidefinite matrices q; of the form , nonnegative vector r € R™ and real p
under the constraints and .

Second step: simplifying the dual problem. Now let us simplify the dual problem. It is immediately
seen that one can eliminate the "heavy” matrix variables o; and the vector r by performing partial
optimization in these variables:

Exercise 5.5.5 T Prove that in the notation given by , a collection
<)\1a weey )‘kv Zla sesy Zk7 p)

can be extended to a feasible plan (r;q1,...,qx; p) of problem (TTDy) if and only if the collection satisfies
the following requirements:

Aj>00 Y N=1 (5.23)
j=1
T, \2
= (bi;?) Vi (5.24)
=1 "

(a fraction with zero denominator from now on is +00), so that (TTDy) is equivalent to the problem of

minimizing linear objective of the variables \., z., p under constraints , .

Eliminate p from this latter problem to obtain the following equivalent reformulation of (TTDy):

(TTD?):  minimize the function
k
BTz )2
max |:22'Tfj + V(zzj)} (5.25)
by choice of Aj, j =1,....,k, and z; € R"™ subject to the constraint
k
A0 > N =1 (5.26)
j=1

Note that in the important single-load case k = 1 the problem (TTD%) is simply in minimizing, with
respect to z; € R", the maximum over ¢ = 1, ..., m of the quadratic forms

Vi(z1) =221 f1 + V(b 21)*.

Now look: the initial problem (TTD,) contained m-dimensional design vector (7,s) (the ”formal”
dimension of the vector is m + 1, but we remember that the sum of s; should be 0). The dual problem
(TTD?) has k(n + 1) — 1 variables (there are k n-dimensional vectors z; and k reals \; subject to a
single linear equation). In the ”full topology TTD” (it is allowed to link by a bar any pair of nodes), m
is of order of n? and n is at least of order of hundreds, so that m is of order of thousands and tens of
thousands. In contrast to these huge numbers, the number k& of loading scenarios is, normally, a small
integer (less than 10). Thus, the dimension of (TTD?) is by order of magnitudes less than that one
of (TTD,). At the same time, solving the dual problem one can easily recover, via the Conic duality
theorem, the optimal solution to the primal problem. As a kind of ”penalty” for relatively small # of
variables, (TTD?) has a lot of inequality constraints; note, anyhow, that for many methods it is much
easier to struggle with many constraints than with many variables; this is, in particular, the case with
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the Newton-based methodsﬂ Thus, passing - in a completely mechanical way! - from the primal problem
to the dual one, we improve the ”computational tractability” of the problem.

Third step: back to primal. And now let us demonstrate how duality allows to obtain a better
insight on the problem. To this end let us derive the problem dual to (TTD?). This looks crazy: we
know that dual to dual is primal, the problem we started with. There is, anyhow, an important point:
(TTD?) is equivalent to the conic dual to (TTD,), not the conic dual itself; therefore, taking dual to
(TTD?), we should not necessarily obtain the primal problem, although we may expect that the result
will be equivalent to this primal problem.

Let us implement our plan. First, we rewrite (TTD?) in an equivalent conic form. To this end we
introduce extra variables y;; € R, i = 1,...,m, j = 1,...,k, in order to ”localize” nonlinearities, and an
extra variable f to represent the objective (5.25) (look: a minute ago we tried to eliminate as many
variables as possible, and now we go in the opposite direction... This is life, isn’t it?) More specifically,
consider the system of constraints on the variables z;, A;, y;;, f (¢ runs from 1 to m, j runs from 1 to k):

bl ;)2

Yij 2 ( Z)\Z]) ] /\j >0, i=1,...,m, g =1,.,k; (527)
j

k
F2Y 2] fi+ V)i =1, m; (5.28)

j=1

k

Aj =L (5.29)

j=1

It is immediately seen that (TTD?) is equivalent to minimization of the variable f under the constraints
(5.27)) - (5.29). This latter problem is in the conic form (P) of Section since ({5.27)) can be equivalently

rewritten as

. T, .
(b?’;;j b}jﬂ) >0, i=1,..,m,j=1,...k (5.30)
K3
(?> 0” for symmetric matrices stands for ”positive semidefinite”); to justify this equivalence, think what
is the criterion of positive semidefiniteness of a 2 x 2 symmetric matrix.
We see that (TTD?) is equivalent to the problem of minimizing f under the constraints (5.28)) - (5.30).
This problem, let it be called (), is of form (P), Section with the following data:

e the design vector is

§=(fixsy:2);

e K is the direct product of R’* and mk copies of the cone Sa_ of symmetric positive semidefinite
2 x 2 matrices; we denote the embedding space of the cone by F, the vectors from F by n =
JAmiiti=1....m.i=1...k), ¢ being m-dimensional and m;; being 2 x 2 matrices, and equip F with
J M=l J
the natural inner product
o'\ ") = ()¢ + ZTr{ﬂ';jﬂ',,»/j};
4,J

e A is the homogeneous linear mapping with the components

e  is the vector with the only nonzero component (associated with the f-component of the design
vector) equal to 1.

5since the number of constraints influences only the complexity of assembling the Newton system, and the complexity is

linear in this number; in contrast to this, the # of variables defines the size of the Newton system, and the complexity of
solving the system is cubic in # of variables
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e The system P(§ —p) =0 1is Zj A\; = 1, so that PTr, r € R, is the vector with \.-components equal
to r and remaining components equal to 0, and p is PT%.

Exercise 5.5.6 * Prove that the conic dual, in the sense of Section to problem (m) is equivalent
to the following program:

(¥):  minimize
m 2
jmmax lz (A (5.31)
T Li=1 Tt

by choice of m-dimensional vector ¢ and mk reals 3;; subject to the constraints

$>0; Y ¢i=V; (5.32)

i=1

=1

Fourth step: from primal to primal. We do not know what is the actual relation between problem
(¢) and our very first problem (TTDjy;) - what we can say is:

() is equivalent to the problem which is conic dual to the problem which is equivalent to the conic
dual to the problem which is equivalent to (TTDiy;)”;
it sounds awkful, especially taking into account that the notion of equivalency between problems has no
exact meaning. At the same time, looking at (¢), namely, at equation , we may guess that ¢; are
nothing but our bar volumes ¢; - the design variables we actually are interested in, so that (1) is a ”"direct
reformulation” of (TTDjy;) - the ¢-component of optimal solution to (1) is nothing but the t-component
of the optimal solution to (TTDjy,;). This actually is the case, and the proof could be given by tracing
the chain wich leaded us to (¢). There is, anyhow, a direct, simple and instructive way to establish
equivalency between the initial and the final problems in our chain, which is as follows.

Given a feasible solution (¢, 1, ...,xx) to (TTDiy;), consider the bar forces

Bij = tix] bi;

these quantities are magnitudes of the reaction forces caused by elongations of the bars under the corre-
sponding loads. The equilibrium equations

A(t)z; = f
in view of A(t) =", t;A; =, t;b;b] say exactly that
Zﬁzjbi =fj J=1,..k; (5.34)
thus, we come to a feasible plan
(¢,8): o=t Bij =t} b; (5.35)

to problem (¢0). What is the value of the objective of the latter problem at the indicated plan? Multiplying
1' by acf and taking into account the origin of 3;;, we see that j-th compliance ¢; = x;*-rfj is equal to

2 2
Zﬁij%rbi = Zti(ijbi)Q - Z T:J - Z ﬁ7

so that the value of the objective of (TTDin;) at (¢, 21, ..., 2%), which is max; ¢;, is exactly the value of
the objective (5.31]) of the problem (¢) at the feasible plan (5.35) of the latter problem. Thus, we have
establish the following proposition:

A. Transformation (5.35) maps a feasible plan (t,x1, ..., x)) to problem (T'TSy;) into feasible plan (¢, 3.)
to problem (1), and the value of the objective of the first problem at the first plan is equal to the value
of the objective of the second problem at the second plan.
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Are we done? Have we established the desired equivalence between the problems? No! Why do we know
that images of the feasible plans to (TTD;y;) under mapping cover the whole set of feasible plans
of (¢)? And if it is not the case, how can we be sure that the problems are equivalent - it may happen
that optimal solution to (1) corresponds to no feasible plan of the initial problem!

And the image of mapping indeed does not cover the whole feasible set of (¢), which is clear by
dimension reasons: the dimension of the feasible domain of (TTDjy;), regarded as a nonlinear manifold,
is m — 1 (this is the # of independent ¢;’s; x; are functions of ¢ given by the equilibrium equations); and
the dimension of the feasible domain of (), also regarded as a manifold, is m — 1 (# of independent ¢;’s)
plus mk (# of 8;;) minus nk (# of scalar linear equations (5.33))), i.e., it might be by order of magnitudes
greater than the dimension of the feasible domain of (TTD;yi) (recall that normally m >> n). In
other words, transformation allows to obtain only those feasible plans of (1)) where the S-part is
determined, via the expressions

Bij = tix] by,

by k n-dimensional vectors x; (which is also clear from the origin of the problem: the actual bar forces
should be caused by certain displacements of the nodes), and this is in no sense a consequence of the
constraints of problem (¢): relations say only that the sum of the reaction forces balances the
external load, and says nothing on the "mehcanical validity” of the reaction forces, i.e., whether or not
they are caused by certain displacements of the nodes. Our dimension analysis demonstrates that the
reaction forces caused by nodal displacements - i.e., those valid mechanically - form a very small part of
all reaction forces allowed by equations .

In spite of these pessimistic remarks, we know that the optimal value in (¢) - which is basically dual
to dual to (TTDjy;) - is the same one as that one in (TTDjy;), so that in fact the optimal solution to () is
in the image of mapping . Can we see it directly, without referring to the chain of transformations
which leaded us to (1)? Yes! It is very simple to verify that the following proposition holds:

B. Let (¢,3.) be a feasible plan to (1) and w be the corresponding value of the objective. Then ¢ can
be extended to a feasible plan (t = ¢, x1,...,x) to (TTDiy;), and the maximal, over the loads fi, ..., fk,
compliance of the truss t is < w.

Exercise 5.5.7 T Prove B.

From A. and B. it follows, of course, that problems (TTD;y;) and (i) are equivalent - e-solution to
any of them can be immediately transformed into e-solution to another.

Concluding remarks. Let me make several comments on our ”truss adventure”.

e Our main effort was to pass from the initial form (TTDjy;) of the Truss Topology Design problem
to its dual (TTDY) and then - to the "dual to dual” bar forces reformulation (1) of the initial
problem. Some steps seemed to be ”clever” (convex reformulation of (TTDjy;); conic reformulation
of of (TTD?) in terms of cones of positive semidefinite 2 x 2 matrices), but most of them were
completely routine - we used in a straightforward manner the general scheme of conic duality. In fact
the ”clever” steps also are completely routine; small experience suffices to see immediately that the
epigraph of the compliance can be represented in terms of nonnegativity of certain quadratic forms
or, which is the same, in terms of positive semidefiniteness of certain matrices linearly depending
on the control vectors; this is even easier to do with the constraints . I would qualify our
chain of reformulations as a completely straightforward.

e Let us look, anyhow, what are the results of our effort. There are two of them:

(a) "compressed”, as far as # of variables is concerned, form (TTD9) of the problem; as it was
mentioned, reducing # of variables, we get better possibilities for numerical processing the problem;

(b) very instructive ”bar forces” reformulation (¢) of the problem.

e After the ”bar forces” formulation is guessed, one can easily establish its equivalence to the initial
formulation; thus, if our only goal were to replace (TTDjy,;) by (v), we could restrict ourselves with
the fourth step of our construction and skip the preceding three steps. The question, anyhow, how
to guess that () indeed is equivalent to (TTDjy;). This is not that difficult to look what are the
equilibrium equations in terms of the bar forces 3;; = tiijbi; but one hardly could be courageous
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enough (and, to the best of our knowledge, in fact was not courageous) to conjecture that the "heart
of the situation” - the restriction that the bar forces should be caused by certain displacements of the
nodes - simply is redundant: in fact we can forget that the bar forces should belong to an ”almost
negligible”, as far as dimensions are concerned, manifold (given by the equations 5;; = tix;‘rbi),
since this restriction on the bar forces is automatically satisfied at any optimal solution to () (this
is what actually is said by B.).

Thus, the things are as they should be: routine transformations result in something which, in
principle, could be guessed and proved directly and quickly; the bottleneck is in this ”in principle”:
it is not difficult to justify the answer, it is difficult to guess what the answer is. In our case, this
answer was "guessed” via straightforward applications of a quite routine general scheme, scheme
useful in other cases as well; to demonstrate the efficiency of this scheme and some ”standard”
tricks in its implementation, this is exactly the goal of this text.

To conclude, let me say several words on the "bar forces” formulation of the TTD problem. First
of all, let us look what is this formulation in the single-load case k = 1. Here the problem becomes

/82
minimize E =
~ Q;

3

under the constraints

¢ > 0; Z@:V;Z@bi:f.

We can immediately perform partial optimization in ¢;:

Zij |B¢] : :

The remaining optimization in ;, i.e., the problem

2
sz] s.t. Zﬂilh:f’

can be immediately reduced to an LP program.

Another useful observation is as follows: above we dealt with A(t) = Y1 t;A4;, A; = bbl; in
mechanical terms, this is the linear elastic model of the material. For other mechanical models,
other types of dependencies A(t) occur, e.g.,

i =V|pBli

minimize V!

A(t) =D 5 A, Ai = bid]
=1

where k > 0 is given. In this case the ”direct” reasoning establishing the equivalence between
(TTD;yni) and (¢) remains valid and results in the following ”bar forces” setting:

m 2

minimize max L
j=1,...,k 4 1 ty
1=

under the constraints

t>0; Zti =V; Zﬁijbi:fj,jzl,...,k.

A bad news here is that the problem turns out to be convex in (¢, 8.) if and only if k > 1, and from
the mechanical viewpoint, the only interesting case in this range of values of k is that one of linear
model (k =1).
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Chapter 6

The method of Karmarkar

The goal of this lecture is to develop the method which extends onto the general convex case the very
first polynomial time interior point method - the method of Karmarkar. Let me say that there is no
necessity to start with the initial LP method and then pass to the extensions, since the general scheme
seems to be more clear than its particular LP implementation.

6.1 Problem setting and assumptions
The method in question is for solving a convex program in the conic form:
(P): minimize ¢’z st. x€{b+L}NK, (6.1)
where
e K is a closed convex pointed cone with a nonempty interior in R";
e [ is a linear subspace in R";
e b and c are given n-dimensional vectors.

We assume that

A the feasible set
Ky={b+L}NK

of the problem is bounded and intersects the interior of the cone K.

B: we are given in advance a strictly feasible solution T to the problem, i.e., a feasible solution
belonging to the interior of K;

Assumptions A and B are more or less standard for the interior point approach. The next assumption
is specific for the method of Karmarkar:

C: the optimal value, c*, of the problem is known.

Assumption C. might look rather restrictive; in the mean time we shall see how one can eliminate it.
Our last assumption is as follows:

D: we are given a ¥-logarithmically homogeneous self-concordant barrier F' for the cone K.
As in the case of the path-following method, ”we are given F” means that we are able, for any x € R",
to decide whether € Dom F' = int K, and if it is the case, can compute the value F'(x), the gradient
F'(z) and the Hessian F”'(z) of the barrier at z. Note that the barrier F is the only representation of
the cone used in the method.

81
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6.2 Homogeneous form of the problem

To proceed, let us note that the feasible affine plane b + L of problem (P) can be, by many ways,
represented as an intersection of a linear space M and an affine hyperplane IT = {x € R" | Tz = 1}.
Indeed, our feasible affine plane always can be represented as the plane of solutions to a system

Pxr=p

of, say, m + 1 linear equations. Note that the system for sure is not homogeneous, since otherwise the
feasible plane would pass through the origin; and since, in view of A, it intersects also the interior of
the cone, the feasible set K¢ would be a nontrivial cone, which is impossible, since Ky is assumed to be
bounded (by the same A). Thus, at least one of the equations, say, the last of them, is with a nonzero
right hand side; normalizing the equation, we may think that it is of the form e’z = 1. Substracting this
equation, with properly chosen coefficient, from the remaining m equations of the system, we may make
these equations homogeneous, thus reducing the system to the form

Az =0; ez =1,
now b + L is represented in the desired form
b+ L={xeM|cle=1}, M={x| Az =0}.
Thus, we can rewrite (P) as
minimize ¢’z st. x€e KNM, elz =1,

with M being a linear subspace in R".

It is convenient to convert the problem into an equivalent one where the optimal value of the objective
(which, according to C, is known in advance) is zero; to this end it suffices to replace the initial objective
¢ with a new one

oc=c—c'e

T

since on the feasible plane of the problem e’ x is identically 1, this updating indeed results in equivalent

problem with the optimal value equal to 0.
Thus, we have seen that (P) can be easily rewritten in the so called Karmarkar format

(Px) minimize o' x st. € KNM, eTo=1, (6.2)

with M being a linear subspace in R™ and the optimal value in the problem being zero; this transformation
preserves, of course, properties A, B.

Remark 6.2.1 In the original description of the method of Karmarkar, the problem from the very
beginning is assumed to be in the form (Pg), with K = R’} ; moreover, Karmarkar assumes that

e=(1,..,)T eRr"

and that the given in advance strictly feasible solution Z to the problem is the barycenter n~'e of the
standard simplex; thus, in the original version of the method it is assumed that the feasible set K of the
problem is the intersection of the standard simplex

A:{xeR’_HinEeTx:l}
i=1

and a linear subspace of R™ passing through the barycenter n~'e of the simplex and, besides this, that
the optimal value in the problem is 0.

And, of course, in the Karmarkar paper the barrier for the cone K = R’ underlying the whole
construction is the standard n-logarithmically homogeneous barrier

F(z)=—- ilnmi
i=1

for the nonnegative orthant.

In what follows we refer to the particular LP situation presented in the above remark as to the Karmarkar
case.
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6.3 The Karmarkar potential function

T T

In what follows we assume that the objective ¢’ x, or, which is the same, our new objective o* x is
nonconstant on the feasible set of the problem (otherwise there is nothing to do: ¢’Z = 0, i.e., the
initial strictly feasible solution, same as any feasible solution, is optimal). Since the new objective is
nonconstant on the feasible set and its optimal value is 0, it follows that the objective is strictly positive
at any strictly feasible solution to the problem, i.e., on the relative interior rint K of Ky (due to A, this
relative interior is nothing but the intersection of the feasible plane and the interior of K, i.e., nothing
but the set of all strictly feasible solutions to the problem). Since o'z is strictly positive on the relative
interior of Ky, the following Karmarkar potential

v(z) = F(z) +9In(c7z) : Domv={z cint K | 72 >0} = R (6.3)

is well-defined on rint Kf; this potential is the main hero of our story.

The first observation related to the potential is that when x is strictly feasible and the potential at x
is small (negative with large absolute value), then x is a good approximate solution.
The exact statement is as follows:

Proposition 6.3.1 Let x € int K be feasible for (Px). Then

F(Z) — minging i, F'
3 };

ocle=cle—c* < Vexp{—v = (T2 — ¢*) exp{

(7) — v(z)
— VY (6.4)

note that ming,; K, F is well defined, since Ky is bounded (due to A) and the restriction of F' onto the
relative interior of Ky is self-concordant barrier for Ky (Proposition|3.1.1).(i)).

The proof is immediate:
v(Z) —v(z) = IIn(c?Z) —In(cTx)] + F(Z) — F(z) <

<In(c’z) —In(cTx)] + F(z) — HF}% F,
rin f

and (6.4)) follows. m

The above observation says to us that all we need is certain rule for updating strictly feasible solution
x into another strictly feasible solution x+ with a ”significantly less” value of the potential; iterating this
updating, we obtain a sequence of strictly feasible solutions with the potential tending to —oo, so that
the solutions converge in terms of the objective. This is how the method works; and the essence of the
matter is, of course, the aforementioned updating which we are about to represent.

6.4 The Karmarkar updating scheme

The updating of strictly feasible solutions
K:z—at

which underlies the method of Karmarkar is as follows:
1) Given strictly feasible solution x to problem (P ), compute the gradient F'(x) of the barrier F;
2) Find the Newton direction e, of the ”partially linearized” potential

ve(y) = Fy) + ﬂ% + 9o’ 2)

at the point x along the affine plane
E,={ylyeM, (y—2z)'F(z) =0}

tangent to the corresponding level set of the barrier, i.e., set

1
er = argmin{h’'V, v, (z) + ithzvz(aﬁ)h | he M, hTF'(z) = 0};
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3) Compute the reduced Newton decrement
w=1/—€el'Vyu(x)

=x+

and set

ey
14w *
4) The point 2’ belongs to the intersection of the subspace M and the interior of K. Find a point x"

from this intersection such that
v(z") <wv(z')

(e.g., set '/ = ') and set
x-‘,— — (eTx//)—lxll7

thus completing the updating x + x™.

The following proposition is the central one.

Proposition 6.4.1 The above updating is well defined, maps a strictly feasible solution x to (P)k into
another strictly feasible solution x™ to (P) and decreases the Karmarkar potential at least by absolute
constant:

1 4
v(t) <v(x)—x, x= 3 lng > 0. (6.5)
Proof.
0°. Let us start with the following simple observations:
yecint KNM = ely > 0; (6.6)
yecint KNM = oly > 0. (6.7)

To prove , assume, on contrary, that there exists y € int K N M with e”y < 0. Consider the linear
function
¢(t) =e"Z+ty—2)], 0<t <L

This function is positive at ¢ = 0 (since 7 is feasible) and nonpositive at ¢ = 1; therefore it has a unique
root t* € (0,1] and is positive to the left of this root. We conclude that the points

= (OE+Hy—3)), 0<t<t,

are well defined and, moreover, belong to K (indeed, since both = and y are in KN M and ¢(t) is positive
for 0 <t < t*, the points x; also are in K N M; to establish feasibility, we should verify, in addition, that
eTx; = 1, which is evident).

Thus, 2, 0 < ¢ < t*, is certain curve in the feasible set. Let us prove that |x¢|s — oo as t = t* — 0;
this will be the desired contradiction, since Ky is assumed to be bounded (see A). Indeed, ¢(t) — 0
as t — t* — 0, while  + ¢(y — z) has a nonzero limit x + t*(y — ) (this limit is nonzero as a convex
combination of two points from the interior of K and, therefore, a point from this interior; recall that K
is pointed, so that the origin is not in its interior).

We have proved ; is an immediate consequence of this relation, since if there were y €
int K N M with 0Ty <0, the vector [eTy] ™'y would be a strictly feasible solution to the problem (since
we already know that e”y > 0, so that the normalization y + [eTy] 'y would keep the point in the
interior of the cone) with nonnegative value of the objective, which, as we know, is impossible.

19, Let us set

G=KnE,=Kn{y|yeM, (y—;v)TF'(m):O};

since € M is an interior point of K, G is a closed convex domain in the affine plane F, (this latter plane
from now on is regarded as the linear space G is embedded to); the (relative) interior of G is exactly the
intersection of F, and the interior of the cone K.
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20, Further, let f(-) be the restriction of the barrier F on rint G; due to our combination rules for self-
concordant barriers, namely, that one on affine substitutions of argument, f is 9J-self-concordant barrier
for G.

3%, By construction, the ”partially linearized” potential, regarded as a function on rint G, is the sum
of the barrier f and a linear form:

ve(y) = f(y) +p" (y — 2) +q,
where the linear term p” (y — ) + ¢ is nothing but the first order Taylor expansion of the function
I1n(oTy)

at the point y = z. From it immediately follows that this function (and therefore v(-)) is well-defined
onto int K N M and, consequently, on rint G; besides this, the function is concave in y € rint G. Thus,
we have

v(y) <vg(y), y €rint G; v(x) = v (). (6.8)

49, Since v, is sum of a self-concordant barrier and a linear form, it is self-concordant on the set rint G.
From definition of e and w it is immediately seen that e, is nothing but the Newton direction of v, (y)
(regarded as a function on rint G) at the point y = x, and w is the corresponding Newton decrement;
consequently (look at rule 3)) 2’ is the iterate of y = x under the action of the damped Newton method.
From Lecture 2 we know that this iterate belongs to rint G and that the iteration of the method decreases
v, 7significantly”, namely, that

Ve (2) — v (2) > p(—w) = w — In(1 + w).

Taking into account , we conclude that
x’ belongs to the intersection of the subspace M and the interior of the cone K and

v(@) —v(@’) = p(-w). (6.9)

59. Now comes the first crucial point of the proof: the reduced Newton decrement w is not too small,
namely,

1
w> 3. (6.10)

Indeed, z is the analytic center of G with respect to the barrier f (since, by construction, F, is orthogonal
to the gradient F’ of the barrier F' at z, and f is the restriction of F onto E.). Since f, as we just have
mentioned, is ¥-self-concordant barrier for G, and f is nondegenerate (as a restriction of a nondegenerate
self-concordant barrier F', see Proposition [5.3.1), the enlarged Dikin ellipsoid

Wt ={ycE,| |y—x|$§ﬁ+2ﬁ}

(I ]z is the Euclidean norm generated by F”(z)) contains the whole G (the Centering property, Lecture
3, V.). Now, the optimal solution z* to (Pg) satisfies the relation o72* = 0 (the origin of o) and is a
nonzero vector from K N M (since z* is feasible for the problem). It follows that the quantity (z*)T F'(x)
is negative (since F’(z) € int (—K*), Proposition[5.3.3](i)), and therefore the ray spanned by z* intersects
G at certain point y* (indeed, G is the part of K N M given by the linear equation y* F'(z) = 2T F'(x),
and the right hand side in this equation is —}, see , Lecture 5, i.e., is of the same sign as (z*)T F’(z)).
Since oTx* = 0, we have o7 y* = 0; thus,

there exists y* in G, and, consequently, in the ellipsoid W+, with o7 y* = 0.

We conclude that the linear form
oTy

bly) =19

which is equal to ¥ at the center = of the ellipsoid W, attains the zero value somewhere in the ellipsoid,
and therefore its variation over the ellipsoid is at least 2¢). Consequently, the variation of the form over
the centered at 2 unit Dikin ellipsoid of the barrier f is at least 20(9 + 2v/9)~ > 2/3:

Ty

max{ﬁU—Th | he M,hTF'(2) =0,|h|, <1} >
O'TI' ) - Tr = -

Wl
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But the linear form in question is exactly V,v,(z), since V,, f(x) = 0 (recall that x is the analytic center
of G with respect to f), so that the left hand side in the latter inequality is the Newton decrement of
v.(+) (as always, regarded as a function on rint G) at z, i.e., it is nothing but w.

6°. Now comes the concluding step: the Karmarkar potential v is constant along rays: v(tu) = v(t)
whenever u € Domv and t > 0 [this is an immediate consequence of ¥-logarithmic homogeneity of the

barrier F]ﬂ As we just have seen,
1
/

o(a) < vl@) — pl(—3)

by construction, z” is a point from int K N M such that

v(z") < wv(2)).

According to , when passing from 2" to 7 = [eT2”] 12", we get a strictly feasible solution to the
problem, and due to the fact that v remains constant along rays, v(z™) = v(z”). Thus, we come to
v(zt) < w(z) — p(—3), as claimed. =

6.5 Overall complexity of the method

As it was already indicated, the method of Karmarkar as applied to problem (Pg) simply iterates the
updating K presented in Section [6.4] i.e., generates the sequence

Ty = IC(IL’i_l), Trog = 55'\, (611)

Z being the initial strictly feasible solution to the problem (see B).
An immediate corollary of Propositions [6.3.1] and is the following complexity result:

Theorem 6.5.1 Let problem (P ) be solved by the method of Karmarkar associated with 9-logarithmically
homogeneous barrier F' for the cone K, and let assumptions A - C be satisfied. Then the iterates x; gen-
erated by the method are strictly feasible solutions to the problem and

z) — i ) 1 4
oy —c* < Vexp{—w} < Vexp{—%}, X=3- In—, (6.12)
with the data-dependent scale factor V given by
F(z) — mi rin P
V= (77 — ) exp{ L) m;l KTy (6.13)

In particular, the Newton complexity (# of iterations of the method) of finding an e-solution to the
problem does not exceed the quantity

Nkarm(g) = O(1)91In C} + 1) +1, (6.14)
O(1) being an absolute constant.

Comments.

e We see that the Newton complexity of finding an e-solution by the method of Karmarkar is pro-
portional to ¥; on the other hand, the restriction of F' on the feasible set K is a 1-self-concordant
barrier for this set (Proposition 3.1.1}(i)), and we might solve the problem by the path-following
method associated with this restriction, which would result in a better Newton complexity, namely,
proportional to V0. Thus, from the theoretical complexity viewpoint the method of Karmarkar is
significantly worse than the path-following method; why should we be interested in the method of
Karmarkar?

land in fact the assumption of logarithmic homogeneity of F, same as the form of the Karmarkar potential, originate
exactly from the desire to make the potential constant along rays
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The answer is: due to the potential reduction nature of the method, the nature which underlies the
excellent practical performance of the algorithm. Look: in the above reasoning, the only thing we
are interested in is to decrease as fast as possible certain explicitly given function - the potential. The
theory gives us certain ”default” way of updating the current iterate in a manner which guarantees
certain progress (at least by an absolute constant) in the value of the potential at each iteration,
and it does not forbid as to do whatever we want to get a better progress (this possibility was
explicitly indicated in our construction, see the requirements on z”). E.g., after 2’ is found, we can
perform the line search on the intersection of the ray [z, 2’) with the interior of G in order to choose
as x’’ the best, in terms of the potential, point of this intersection rather than the ”default” point
z'. There are strong reasons to expect that in some important cases the line search decreases the
value of the potential by much larger quantity than that one given by the above theoretical analysis
(see exercises accompanying this lecture); in accordance with these expectations, the method in
fact behaves itself incomparably better than it is said by the theoretical complexity analysis.

e What is also important is that all ”common sense” improvements of the basic Karmarkar scheme,
like the aforementioned line search, do not spoil the theoretical complexity bound; and from the
practical viewpoint a very attractive property of the method is that the potential gives us a clear
criterion to decide what is good and what is bad. In contrast to this, in the path-following scheme
we either should follow the theoretical recommendations on the rate of updating the penalty - and
then for sure will be enforced to perform a lot of Newton steps - or could increase the penalty at
a significantly higher rate, thus destroying the theoretical complexity bound and imposing a very
difficult questions of how to choose and to tune this higher rate.

e Let me say several words about the original method of Karmarkar for LP. In fact this is exactly
the particular case of the aforementioned scheme for the sutiation described in Remark
Karmarkar, anyhow, presents the same method in a different way. Namely, instead of processing
the same data in varying, from iteration to iteration, plane E,, he uses scaling - after a new iterate
x; is found, he performs fractional-linear substitution of the argument

X1z
r+— ————  X; = Diag{x;
eTX e glai}

(recall that in the Karmarkar situation e = (1,...,1)7). With this substitution, the problem becomes
another problem of the same type (with new objective o and new linear subspace M), and the image
of the actual iterate z; becomes the barycenter n~'e of the simplex A. It is immediately seen that
in the Karmarkar case to decrease by something the Karmarkar potential for the new problem at
the image n~'e of the current iterate is the same as to decrease by the same quantity the potential
of the initial problem at the actual iterate x;; thus, scaling allows to reduce the question of how
to decrease the potential to the particular case when the current iterate is the barycenter of A;
this (specific for LP) possibility to deal with certain convenient ”standard configuration” allows to
carry out all required estimates (which in our approach were consequences of general properties
of self-concordant barriers) via direct analysis of the behaviour of the standard logarithmic barrier
F(z) ==Y, Inz; in a neighbourhood of the point n~'e, which is quite straightforward.

Let me also add that in the Karmarkar situation our general estimate becomes
~ . {
lay—c <(Td—c )exp{——X},
n

since the parameter of the barrier in the case in question is ¥ = n and the starting point T = n"le

is the minimizer of F' on A and, consequently, on the feasible set of the problem.

6.6 How to implement the method of Karmarkar

To the moment our abilities to solve conic problems by the method of Karmarkar are restricted by the
assumptions A - C. Among these assumptions, A (strict feasibility of the problem and boundedness of
the feasible set) is not that restrictive. Assumption B (a strictly feasible solution should be known in
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advance) is not so pleasant, but let me postpone discussing this issue - this is a common problem in
interior point methods, and in the mean time we shall speak about it. And what in fact is restrictive,
is assumption C - we should know in advance the optimal value in the problem. There are several ways
to eliminate this unpleasant hypothesis; let me present to you the simplest one - the sliding objective
approach. Assume, instead of C, that

C*: we are given in advance a lower bound cj for the unknown optimal value c*

(this, of course, is by far less restrictive than the assumption that we know ¢* exactly). In this case we
may act as follows: at i-th iteration of the method, we use certain lower bound ¢f_; for ¢* (the initial
lower bound ¢ is given by C*). When updating x; into x;1, we begin exactly as in the original method,
but use, instead of the objective
oc=c—c'e,
the ”current objective”
Oi—1 =C—C_qe.

Now, after the current "reduced Newton decrement” w = w; is computed, we check whether it is > % If
it is the case, we proceed exactly as in the original scheme and do not vary the current lower bound for
the optimal value, i.e., set

and, consequently,

If it turns out that w; < 1/3, we act as follows. The quantity w given by rule 3) depends on the objective
o the rules 1)-3) are applied to:
w = Qz (0)
In the case in question we have
1

Qi(c—te) < 3 when t=c_;. (6.15)
The left hand side of this relation is certain explicit function of ¢ (square root of a nonnegative fractional-
quadratic form of ¢); and as we know from the proof of Proposition m

Qi(c—c'e) > -. (6.16)

Wl =

It follows that the equation £2;(c — te) = % is solvable, and its closest to c;_; root to the right of ¢}_;
separates ¢* and ¢}_q, i.e., this root (which can be immediately computed) is an improved lower bound

for ¢*. This is exactly the lower bound which we take as c; after it is found, we set
o, =c—cje

and update x; into x;11 by the basic scheme applied to this ”improved” objective (for which this scheme,
by construction, results in w = ).

Following the line of argument used in the proofs of Propositions [6.3.1} [6.4.1] one can verify that the
modification in question produces strictly feasible solutions z; and nondecreasing lower bounds ¢} < c*

of the unknown optimal value in such a way that the sequence of local potentials
vi(z;) = F(2;) + 9In(o] ;) = F(x;) + 0 In(cFz; — ¢})

decreases at a reasonable rate:
1
vi(x;) <wvimg(xim1) — P(—g)a

which, in turn, ensures the rate of convergence
’U()(l'o) — U,‘(l‘i)
0,
F(i) — minrint Kf F
3 ¥

completely similar to that one for the case of known optimal value.

oy —c* < Vexp{— } < Vexp{—%},

V= ("7 — c}) exp{
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6.7 Exercises on the method of Karmarkar

Our first exercise is quite natural.
Exercise 6.7.1 #. Justify the sliding objective approach presented in Section .

Our next story gives a very instructive equivalent description of the method of Karmarkar (in the
LP case, this description is due to Bayer and Lagarias). At a step of the method the situation is as
follows: we are given a strictly feasible solution z to (Pk) and are struggling for updating it into a new
strictly feasible solution with ”significantly less” value of the potential. Now, strictly feasible solutions
are in one-to-one correspondence with strictly feasible rays - i.e., rays r = {ty | ¢ > 0} generated by
y € M Nint K. Indeed, any strictly feasible solution x spans a unique ray of this type, and any strictly
feasible ray intersects the relative interior of the feasible set in a unique point (since, as we know from
7 the quantity el'y is positive whenever y € M Nint K and therefore the normalization [eTy] 1ty is
a strictly feasible solution to the problem). On the other hand, the Karmarkar potential v is constant
along rays, and therefore it can be thought of as a function defined on the space R of strictly feasible
rays. Thus, the goal of a step can be reformulated as follows:

given a strictly feasible ray r, find a new ray r+ of this type with ”significantly less” value of the
potential.

Now let us make the following observation: there are many ways to identify strictly feasible rays with
points of certain set; e.g., given a linear functional g7« which is positive on M Nint K, we may consider
the cross-section K9 of M N K by the hyperplane given by the equation g7z = 1. It is immediately seen
that any strictly feasible ray intersects the relative interior of K9 and, vice versa, any point from this
relative interior spans a strictly feasible ray. What we used in the initial representation of the method,
was the ”parameterization” of the space R of strictly feasible rays by the points of the relative interior
of the feasible set K (i.e., by the set K¢ associated, in the aforementioned sense, with the constraint
functional e”x). Now, what happens if we use another parameterization of R? Note that we have
a natural candidate on the role of g - the objective o (indeed, we know that o7z is positive at any
strictly feasible x and therefore is positive on M Nint K). What is the potential in terms of our new
parameterization of R, where a strictly feasible ray r is represented by its intersection y(r) with the plane
{y | oy =1}? The answer is immediate:

In other words, the goal of a step can be equivalently reformulated as follows:
given a point y from the relative interior of the set
Ko={ze MNK | o"z=1},

find a new point y© of this relative interior with F(y™) being "significantly less” than F(y).

Could you guess what is the "linesearch” (with 2" = argmin,_, ,,(,»_,) v(y)) version of the Karmarkar
updating K in terms of this new parameterization of R?

Exercise 6.7.2 # Verify that the Karmarkar updating with linesearch is nothing but the Newton iteration
with linesearch as applied to the restriction of F onto the relative interior of K°.

Now, can we see from our new interpretation of the method why it converges at the rate given by
Theorem [6.5.1]7 This is immediate:

Exercise 6.7.3 #* Prove that
e the set K7 is unbounded;

e the Newton decrement A(¢,u) of the restriction ¢ of the barrier F' onto the relative interior of K¢
is > 1 at any point u € rint K7;

e cach damped Newton iteration (and therefore - Newton iteration with linesearch) as applied to ¢
decreases ¢ at least by 1 —1n2 > 0.
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Conclude from these observations that each iteration of the Karmarkar method with linesearch reduces
the potential at least by 1 —In 2.

Now we understand what in fact goes on in the method of Kramarkar. We start from the problem of
minimizing a linear objective over a closed and bounded convex domain K¢; we know the optimal value,
i.e., we know what is the hyperplane {¢'x = ¢*} which touches the feasible set; what we do not know and
what should be found, is where the plane touches the feasible set. What we do is as follows (the below
explanation is illustrated by a picture at the next page): we perform projective transformation of the
affine hull of Ky which moves the target plane {¢’x = ¢*} to infinity (this is exactly the transformation
of Ky onto K7 given by the receipt: to find an image of x € rint Ky, take the intersection of the ray
spanned by z with the hyperplane {7y = 1}). The image of the feasible set K ¢ of the problem is an
unbounded convex domain K9, and our goal is to go to infinity, staying within this image (the inverse
image of the point moving in K7 will then stay within Ky and approach the target plane {cTx = c*}).
Now, in order to solve this latter problem, we take a self-concordant barrier ¢ for K° and apply to this
barrier the damped Newton method (or the Newton method with linesearch). As explained in Exercise
the routine decreases ¢ at every step at least by absolute constant, thus enforcing ¢ to tend to
—o0 at certain rate. Since ¢ is convex (and therefore below bounded on any bounded subset of K7), this
inevitably enforces the iterate to go to infinity. Rather sophisticated way to go far away, isn’t it?

Our last story is related to a quite different issue - to the anitcipated behaviour of the method of
Karmarkar. The question, unformally, is as follows: we know that a step of the method decreases the
potential at least by an absolute constant; this is given by our theoretical worst-case analysis. What is
the "expected” progress in the potential?

It hardly makes sense to pose this question in the general case. In what follows we restrict ourselves
to the case of semidefinite programming, where

K =87
is the cone of positive semidefinite symmetric n X n matrices and
F(z) = —1InDet z

is the standard n-logarithmically homogeneous self-concordant barrier for the cone (Lecture 5, Example
5.3.3); the below considerations can be word by word repeated for the case of LP (K = R, F(x) =

— > Inz;).

Consider a step of the method of Karmarkar with linesearch, the method being applied to a semidef-
inite program. Let = be the current strictly feasible solution and =T be its iterate given by a single step
of the linesearch version of the method. Let us pose the following question:

(?) what is the progress o = v(z) — v(z™) in the potential at the step in question?

To answer this question, it is convenient to pass to certain "standard configuration” - to perform
scaling. Namely, consider the linear transformation

1/2 1/2

u— Xu=2zx “ux”
in the space of symetric n x n matrices.
Exercise 6.7.4 # Prove that the scaling X possesses the following properties:
e it is a one-to-one mapping of int K onto itself;
e it “almost preserves” the barrier:

F(Xu) = F(u) + const(x);

in particular,
|Xh|xy = |Bu, uw€int K, h €S™
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e the scaling maps the feasible set Ky of problem (Pr) onto the feasible set of another problem (Pj)
of the same type; the updated problem is defined by the subspace

M' = XM,
the normalizing equation (e’,x) = 1 with
¢ =z 2ex!/?
and the objective
o = ' ox!/?;

this problem also satisfies the assumptions A - C;

o let v(-) be the potential of the initial problem, and v' be the potential of the new one. Then the
potentials at the corresponding points coincide, up to an additive constant:

Domv’ = X(Domw); v'(Xu)— v(u) = const,, u € Domuv;

e X maps the point x onto the unit matriz I, and the iterate x of x given by the linesearch version
of the method as applied to the initial problem into the similar iterate I of I given by the linesearch
version of the method as applied to the transformed problem.

From Exercise it is clear that in order to answer the question (?), it suffices to answer the similar
question (of course, not about the initial problem itself, but about a problem of the same type with
updated data) for the particular case when the current iterate is the unit matrix I. Let us consider this
special case. In what follows we use the original notation for the data of the transformed problem; this
should not cause any confusion, since we shall speak about exactly one step of the method.

Now, what is the situation in our ”"standard configuration” case x = I7 It is as follows:

we are given a linear subspace M passing through x = I and the objective o; what we know is thaﬂ

I. (o,u) > 0 whenever u € int K N M and there exists a nonzero matrix * € int K N M such that
(07 x*) =0

II. In order to update = [ into 2™, we compute the steepest descent direction ¢ of the Karmarkar
potential v(-) at the point x along the affine plane

E,={ye M| (F'(z),y —x) =0},

the metric in the subspace being |h|, = (F”(z)h,h)'/?, i.e., find among the unit, with respect to the
indicated norm, directions parallel to E, that one with the smallest (e.g., the most negative”) inner
product onto v'(x). Note that the Newton direction e, is proportional, with positive coefficient, to the
steepest descent direction &. Note also, that the steepest descent direction of v at x is the same as the
similar direction for the function nIn((c,u)) at u = x (recall that for the barrier in question ¥ = n), since
2 is the minimizer of the remaining component F(-) of v(-) along E,..

Now, in our standard configuration case x = i we have F’(z) = —I, and |h|, = (h, h)'/? is the usual
Frobenius nornﬂ; thus, £ is the steepest descent direction of the linear form

¢(h) =n(o,h)/(a,1)
(this is the differential of nln((o,u)) at w = I) taken along the subspace
O=Mn{h: Trh=(F'(I),h) =0}

with respect to the standard Euclidean structure of our universe S™. In other words, £ is proportional,
with negative coefficient, to the orthogonal projection n of

S=(o,1)" o

2from now on we denote the inner product on the space in question, i.e., on the space S™ of symmetric n x n matrices,
by (z,y) (recall that this is the Frobenius inner product Tr{zy}), in order to avoid confusion with the matrix products like
T
Ty
3due to the useful formulae for the derivatives of the barrier F'(u) = —InDet u: F'(u) = —u~1, F""(u)h = v~ Thu™1;
those solved Exercise [3.3.3] for sure know these formulae, and all others are kindly asked to derive them
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onto the subspace II.

From these observations we conclude that

ITI. Trnp = 0; Tr S = 1 (since n € II and II is contained in the subspace of matrices with zero trace,
and due to the origin of S, respectively);

IVa. (S,u) > 0 for all positive definite u of the form I +rn, r € R (an immediate consequence of I.);

IVb. There exists positive semidefinite matrix x* such that xy* — I € II and (S,x*) = 0 (x* is
proportional to z* with the coefficient given by the requirement that (F’(I), x* —I) = 0, or, which is the
same, by the requirement that Tr x* = n; recall that F'(I) = —1I).

Now, at the step we choose t* as the minimizer of the potential v(I — tn) over the set ¢ of nonnegative
T such that I —tn € Dom v, or, which is the same in view of I., such that I —tn is positive deﬁniteﬂ and

define x as (e,z”)'a”, 2" = I — t*n; the normalization 2" — x+ does not vary the potential, so that
the quantity « we are interested in is simply v(I) — v(z").

To proceed, let us look at the potential along our search ray:
v(I —tn) = —InDet (I —tn) + nln((S,I —tn)).

IIT1. says to us that (S,I) = 1; since 7 is the orthoprojection of S onto IT (see IL.), we have also
(S,m) = (n,n). Thus,

o) =v(I —tn) = —InDet (I —tn) +nln(l —t(n,n)) = — Zln((l —tg;) +nin(l —tlgl3), (6.17)
i=1

where g = (g1, ...,gn)7 is the vector comprised of the eigenvalues of the symmetric matrix .

Exercise 6.7.5 #* Prove that
‘Z) Z?:l g’b = 0;
2) lgloc 2071

Now, from (6.17) it turns out that the progress in the potential is given by

a = ¢(0) — ming(t) = I{%[Z In(1 —tg;) — nln(1 —t|gl3)], (6.18)

where T ={t>0] 1—tg; >0, i=1,....,n}.

Exercise 6.7.6 #1 Testing the value of t equal to

n

T=E——)
L+ nlgleo

demonstrate that

a>(1-1n2) <|9|2)2. (6.19)

9]0
The conclusion of our analysis is as follows:

each step of the method of Karmarkar with linesearch applied to a semidefinite program can be
associated with an n-dimensional vector g (depending on the data and the iteration number) in such a
way that the progress in the Karmarkar potential at a step is at least the quantity given by (6.19).

Now, the worst case complexity bound for the method comes from the worst case value of the right
hand side in ; this latter value (equal to 1—In 2) corresponds to the case when |g|2|g| = 7(g) attains
its minimum in g (which is equal to 1); note that 7(g) is of order of 1 only if g is an ”orth-like” vector - its
2-norm comes from O(1) dominating coordinates. Note, anyhow, that the ”typical” n-dimensional vector
is far from being an ”orth-like” one, and the ”typical” value of m(g) is much larger than 1. Namely, if g
is a random vector in R™ with the direction uniformly distributed on the unit sphere, than the ”typical
value” of 7(g) is of order of \/n/Inn (the probability for 7 to be less than certain absolute constant

4recall that e, is proportional, with positive coefficient, to £ and, consequently, is proportional, with negative coefficient,

ton
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times this square root tends to 0 as n — 00; please prove this simple statement). If (if!) we could use
this ”typical” value of 7(g) in our lower bound for the progress in the potential, we would come to the
progress per step equal to O(n/Inn) rather than to the worst-case value O(1); as a result, the Newton
complexity of finding e-solution would be proportional to Inn rather than to n, which would be actually
excellent! Needless to say, there is no way to prove something definite of this type, even after we equip
the family of problems in question by a probability distribution in order to treat the vectors g arising
at sequential steps as a random sequence. The diffuculty is that the future of the algorithm is strongly
predetermined by its past, so that any initial symmetry seems to be destroyed as the algorithm goes on.

Note, anyhow, that impossibility to prove something does not necessarily imply impossibility to
understand it. The ”anticipated” complexity of the method (proportional to Inn rather than to n)
seems to be quite similar to its empirical complexity; given the results of the above ”analysis”, one
hardly could be too surprised by this phenomenon.
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Chapter 7

The Primal-Dual potential reduction
method

We became acquainted with the very first of the potential reduction interior point methods - with the
method of Karmarkar. Theoretically, a disadvantage of the method is in not so good complexity bound -
it is proportional to the parameter ¥ of the underlying barrier, not to the square root of this parameter, as
in the case of the path-following method. There are, anyhow, potential reduction methods with the same
theoretical O(\/@) complexity bound as in the path-following scheme; these methods combine the best
known theoretical complexity with the practical advantages of the potential reduction algorithms. Our
today lecture is devoted to one of these methods, the so called Primal-Dual algorithm; the LP prototype
of the construction is due to Todd and Ye.

7.1 The idea

The idea of the method is as follows. Consider a convex problem in the conic form
(P): minimize ¢’z st. x€{b+L}NK
along with its conic dual
(D): minimize b's st. s€{c+ L }NK",
where
e K is a cone (closed, pointed, convex and with a nonempty interior) in R™ and
K*={secR"| sT2 >0 Vz € K}
is the cone dual to K;

e L is a linear subspace in R™, L= is its orthogonal complement and ¢, b are given vectors from R"
- the primal objective and the primal translation vector, respectively.

From now on, we assume that

A: both primal and dual problems are strictly feasible, and we are given an initial strictly feasible
primal-dual pair (Z,3) [i.e., a pair of strictly feasible solutions to the problems].

This assumption, by virtue of the Conic duality theorem (Lecture 5), implies that both the primal
and the dual problem are solvable, and the sum of the optimal values in the problems is equal to ¢Z'b:

P*+D* =cb. (7.1)
Besides this, we know from Lecture 5 that for any pair (x, s) of feasible solutions to the problems one has

o(z,s) = Tr+bTs—cTb=s"2>0. (7.2)

95
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Substracting from this identity equality (|7.1]), we come to the following conclusion:

(*): for any primal-dual feasible pair (x,s), the duality gap 0(x, s) is nothing but the sum of inaccu-
racies, in terms of the corresponding objectives, of x regarded as an approximate solution to the primal
problem and s regarded as an approximate solution to the dual one.

In particular, all we need is to generate somehow a sequence of primal-dual feasible pairs with the
duality gap tending to zero.

Now, how to enforce the duality gap to go to zero? To this end we shall use certain potential; to
construct this potential, this is our first goal.

7.2 Primal-dual potential

From now on we assume that

B: we know a 9-logarithmically homogeneous self-concordant barrier F' for the primal cone K along
with its Legendre transformation

F*(s) = zesigPK[STx — F(x)].

(”we know”, as usual, means that given x, we can check whether x € Dom F' and if it is the case, can
compute F(z), F'(z), F”(z), and similarly for F*).

As we know from Lecture 5, F'* is ¥-logarithmically homogeneous self-concordant barrier for the cone
—K* anti-dual to K, and, consequently, the function

F*(s) = F*(—s)

is a ¥-logarithmically homogeneous self-concordant barrier for the dual cone K* involved into the dual
problem. In what follows I refer to I as to the primal, and to '™ - as to the dual barrier.
Now let us consider the following aggregate:

Vo(z,8) = F(x) + FT(s) +91n(s" ) (7.3)

This function is well-defined on the direct product of the interiors of the primal and the dual cones, and,
in particular, on the direct product
rint K, X rint Kg4

of the relative interiors of the primal and dual feasible sets
K,={b+LINK, Kgj={c+L*}nK".

The function Vj resembles the Karmarkar potential; indeed, when s € rint K is fixed, this function,
regarded as a function of primal feasible x, is, up to an additive constant, the Karmarkar potential of the
primal problem, where one should replace the initial objective ¢ by the objective s E

Note that we know something about the aggregate V{: Proposition says to us that

(**) for any pair (z,s) € Dom Vy = int (K x K*), one has
Vo(z,s) > d¢Ind — 9, (7.4)
the inequality being equality if and only if ts + F'(x) = 0 for some positive t.
Now comes the crucial step. Let us choose a positive 1 and pass from the aggregate V; to the potential
Vi(z,8) = Vo(z,s) + pln(sTz) = F(z) + F*(s) + (9 + p) In(s" z).

My claim is that this potential possesses the same fundamental property as the Karmarkar potential:
when it is small (i.e., negative with large absolute value) at a strictly feasible primal-dual pair (z, s), then
the pair is comprised of good primal and dual approximate solutions.

by the way, this updating of the primal objective varies it by a constant (it is an immediate consequence of the fact
that s is dual feasible)
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The reason for this claim is clear: before we had added to the aggregate V; the ”penalty term”
pln(s”x), the aggregate was below bounded, as it is said by ; therefore the only way for the potential
to be small is to have small (negative of large modulus) value of the penalty term, which, in turn, may
happen only when the duality gap (which at a primal-dual feasible pair (z,s) is exactly sTz, see ) is
close to zero.

The quantitive expression of this observation is as follows:

Proposition 7.2.1 For any strictly feasible primal-dual pair (xz,s) one has
\%
O(z,s) < Fexp{M}, I = exp{—p "9(nd —1)}. (7.5)
I

The proof is immediate:
Vi(z,s) — Vo(z, s) <

(s, z) = In(sTz) = .

[due to (7.4)]
Vﬂ(fﬂ, 3)

I

< — p Y(InY - 1).

Thus, enforcing the potential to go to —oo along a sequence of strictly feasible primal-dual pairs, we
enforce the sequence to converge to the primal-dual optimal set. Similarly to the method of Karmarkar,
the essence of the matter is how to update a strictly feasible pair (x, s) into another strictly feasible pair
(zT,sT) with "significantly less” value of the potential. This is the issue we come to.

7.3 The primal-dual updating

The question we address to in this section is:

given a strictly feasible pair (z,s), how to update it into a new strictly feasible pair (z™,s%) in a way
which ensures ”significant” progress in the potential V,,?

It is natural to start with investigating possibilities to reduce the potential by changing one of our
two - primal and dual - variables, not both of them simultaneously. Let us look what are our abilities to
improve the potential by changing the primal variable.

The potential V,,(y,v), regarded as a function of the primal variable, resembles the Karmarkar po-
tential, and it is natural to improve it as it was done in the method of Karmarkar. There is, anyhow,
important difference: the Karmarkar potential was constant along primal feasible rays, and in order to
improve it, we first pass from the "unconvenient” fesible set K, of the original primal problem to a more
convenient set G (see Lecture 6), which is in fact the projective image of K. Now the potential is not
constant along rays, and we should reproduce the Karmarkar construction in the actual primal feasible
set. Well, there is nothing difficult in it. Let us write down the potential as the function of the primal
variable:

v(y) = V,.(y,s) = F(y) + ¢ Ins’y + const(s) : rint K, — R,

where
¢ =19+ pu, const(s)=FT(s).

Now, same as in the method of Karmarkar, let us linearize the logarithmic term in v(-), i.e., form the

function
T

ve(y) = F(y) + C% + const(z, s) : rint K,, — R, (7.6)
where, as it is immediately seen,
const(x,s) = const(s) + (InsTz — (.
Same as in the Karmarkar situation, v, is an upper bound for v:

ve(y) > v(y), y € rint K3 vy (z) = v(z), (7.7)
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so that in order to update  into a new strictly feasible primal solution x® with improved value of the
potential v(-), it suffices to improve the value of the upper bound v, (:) of the potential. Now, v, is the
sum of a self-concordant barrier for the primal feasible set (namely, the restriction of F' onto this set)
and a linear form, and therefore it is self-concordant on the relative interior rint K, of the primal feasible
set; consequently, to decrease the function, we may use the damped Newton method. Thus, we come to
the following

Rule 1. In order to update a given strictly feasible pair (x,s) into a new strictly feasible pair (2, s)
with the same dual component and with better value of the potential V,,, act as follows:

1) Form the ”partially linearized” reduced potential v, (y) according to (7.6));

2) Update x into ' by damped Newton iteration applied to v, (), i.e.,

- compute the (reduced) Newton direction

1
e, = argmin{h’ Vv, (z) + 5thng(x)h | he L} (7.8)
and the (reduced) Newton decrement

w=/—el'Vyu.(z); (7.9)

1
14+w

- set

¥=x+

€x-

As we know from Lecture 2, the damped Newton step keeps the iterate within the domain of the
function, so that 2’ € rint K,, and decreases the function at least by p(—w) = w — In(1 + w). This is the
progress in v,; from it follows that the progress in the potential v(-), and, consequently, in V,,, is at
least the progress in v,. Thus, we come to the following conclusion:

I. Rule 1 transforms the initial strictly feasible primal-dual pair (x,s) into a new strictly feasible
primal-dual pair (z',s), and the potential V,, at the updated pair is such that

Vi(z,s) =V, (2, s) >w—1In(1 +w), (7.10)

w being the reduced Newton decrement given by @ - (@)

Now, in the method of Karmarkar we proceeded by proving that the reduced Newton decrement is
not small. This is not the case anymore; the quantity w can be very close to zero or even equal to zero.
What should we do in this unpleasant sutiation where Rule 1 fails? Here again our experience with the
method of Karmarkar gives the answer. Look, the potential

Vily:5) = F(y) + F*(s) + (InsTy
regarded as a function of the strictly feasible primal solution y is nothing but
F(y)+ F*(s) +¢In(cTy — [¢"b — b1 s]),

since for primal-dual feasible (y,s) the product sy is nothing but the duality gap ¢’y + bTs — c’'b
(Lecture 5). The duality gap is always nonnegative, so that the quantity

cTo—bTs

associated with a dual feasible s is a lower bound for the primal optimal value. Thus, the potential V,,,
regarded as a function of y, resembles the ”local” potential used in the sliding objective version of the
method of Karmarkar - the Karmarkar potential where the primal optimal value is replaced by its lower
bound. Now, in the sliding objective version of the method of Karmarkar we also met with the situation
when the reduced Newton decrement was small, and, as we remember, in this situation we were able to
update the lower bound for the primal optimal value and thus got the possibility to go ahead. This is
more or less what we are going to do now: we shall see in a while that if w turns out to be small, then
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there is a possibility to update the current dual strictly feasible solution s into a new solution s’ of this
type and to improve by this ”significantly” the potential.

To get the idea how to update the dual solution, consider the ”worst” for Rule 1 case - the reduced
Newton decrement w is zero. What happens in this situation? The reduced Newton decrement is zero if
and only if the gradient of v,, taken at x along the primal feasible plane, is 0, or, which is the same, if
the gradient taken with respect to the whole primal space is orthogonal to L, i.e., if and only if

F%@+C£%EL¥ (7.11)

This is a very interesting relation. Indeed, let

T
stx
§f=—-"FF'(x) (7.12)
¢
The above inclusion says that —s* + s € Lt ie., that s* € s+ L*; since s € ¢ + L, we come to the
relation

* STJ: / 1

s :_TF (x) €c+ L. (7.13)
The latter relation says that the vector —F’(z) can be normalized, by multiplication by a positive constant,
to result in a vector s* from the dual feasible plane. On the other hand, s* belongs to the interior of
the dual cone K*, since —F’(x) does (Proposition [5.3.3). Thus, in the case in question (when w = 0),
a proper normalization of the vector —F'(z) gives us a new strictly feasible dual solution s’ = s*. Now,
what happens with the potential when we pass from s to s* (and do not vary the primal solution z)?
The answer is immediate:

Vi(z,8) = Vo(x,s) + plns’e > 9Ing — 9 + pln s’ ;

Vi(z,8%) = Vo(z,s") + pln(s*) 'z =99 — 9+ pln(s*)

(indeed, we know from (**) that Vo(y,u) > JdInd — o, and that this inequality is an equality when
u = —tF’(y), which is exactly the case for the pair (z, s*)). Thus, the progress in the potential is at least
the quantity

sTa
a=plns’z —In(s*) 2] = p[lns’z —In (C(F’(x))Tz>] =
Cﬁﬁ%ﬁ?zum%:“m“+%) (7.14)

(the second equality in the chain is (7.12), the fourth comes from the identity (5.5)), see Lecture 5). Thus,
we see that in the particular case w = 0 updating

= puln

sTg
(x,8) = (z,8" = ———F'(z))

¢

results in a strictly feasible primal-dual pair and decreases the potential at least by the quantity uln(1+
/).

We have seen what to do in the case of w = 0, when Rule 1 does not work at all. This is unsifficient:
we should understand also what to do when Rule 1 works, but works bad, i.e., when w is small, although
nonzero. But this is more or less clear: what is good for the limiting case w = 0, should work also when
w is small. Thus, we get an idea to use, in the case of small w, the updating of the dual solution given
by . This updating, anyhow, cannot be used directly, since in the case of positive w it results in
s* which is unfeasible for the dual problem. Indeed, dual feasibility of s* in the case of w = 0 was a
consequence of two facts:

1. Inclusion s* € int K* - since s* is proportional, with negative coefficient, to F’(x), and all vectors
of this type do belong to int K* (Proposition ; the inclusion s* € int K* is therefore completely
independent of whether w is large or small;

2. Inclusion s* € ¢+ L*. This inclusion came from , and it does use the hypothesis that w =0
(and in fact is equivalent to this hypothesis).
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Thus, we meet with the difficulty that 2. does not remain valid when w is positive, although small.
Ok, if the only difficulty is that s* given by does not belong to the dual feasible plane, we can
correct s* - replace it by a properly chosen projection s’ of s* onto the dual feasible plane. When w = 0,
s* is in the dual feasible plane and in the interior of the cone K*; by continuity reasons, for small w s*
is close to the dual feasible plane and the projection will be close to s* and therefore, hopefully, will be
still in the interior of the dual cone (so that s’, which by construction is in the dual feasible plane, will be
strictly dual feasible), and, besides this, the updating (z, s) — (z, s’) would result in ”almost” the same
progress in the potential as in the above case w = 0.

The outlined idea is exactly what we are going to use. The implementation of it is as follows.

Rule 2. In order to update a strictly feasible primal-dual pair (x,s) into a new strictly feasible
primal-dual pair (z,s'), act as follows. Same as in Rule 1, compute the reduced Newton direction e, the
reduced Newton decrement w and set

s =——S[F'(x) + F"(x)ey]. (7.15)

Note that in the case of w = 0 (which is equivalent to e, = 0), updating becomes exactly
the updating . As it can be easily seerEl, s’ is the projection of s* onto the dual feasible plane in
the metric given by the Hessian (F'T)"(s*) of the dual barrier at the point s*; in particular, s’ always
belong to the dual feasible plane, although not necesarily to the interior of the dual cone K*; this latter
inclusion, anyhow, for sure takes place if w < 1, so that in this latter case s’ is strictly dual feasible.
Moreover, in the case of small w the updating given by Rule 2 decreases the potential ”significantly”, so
that Rule 2 for sure works well when Rule 1 does not, and choosing the best of these two rules, we come
to the updating which always works well.

The exact formulation of the above claim is as follows:

I1. (i) The point s’ given by (7.15)) always belongs to the dual feasible plane.
(ii) The point s’ is in the interior of the dual cone K* (and, consequently, is dual strictly feasible)
whenever w < 1, and in this case one has

9+ p
9+ wVi
and the progress in the potential is therefore positive for all small enough positive w.

Proof.
19, By definition, e, is the minimizer of the quadratic form

Vi(z,8) = Vy(z,s') > pln —pw), p(r)=—In(1—r)—r, (7.16)

Q) = KF[F'(x) +75] + 5hTF" (2)h,

V=g = ﬁ;m”, (7.17)
over h € L; note that
hT[F'(z) + vs] = KT Vv, (z), h € L.
Writing down the optimality condition, we come to
F'(2)e, + [F'(x) +7s] =€ € Lt (7.18)
multiplying both sides by e, € L, we come to
w? = —el Vv, (r) = el [F'(z) +vs] = el F”(x)es. (7.19)
20, From and it follows that
S = —%[F’(x) b (@)es] = s —y i € s+ L, (7.20)

2we skip verification, since we do not use this fact; those interested can make the corresponding computation
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and since s € ¢ + L (recall that s is dual feasible), we conclude that s’ € ¢+ L*, as claimed in (i).
Besides this,

1
s*=—=F'(z) (7.21)
Y
(see (7.12), (7.17))), so that the equivalence in (7.20)) says that
1
s =s5"—=F"(x)e,. (7.22)
Y

30. Since FT(u) = F*(—u) is ¥-logarithmically homogeneous self-concordant barrier for K* (Propo-

sition [5.3.3)), we have
(FF) (tu) =t (F*) (u), u € int K, t>0

(see , Lecture 5); differentiating in u, we come to
(F*)"(tu) = t72(F )" (u).

Substituting u = —F’(s) and ¢ = 1/~ and taking into account the relation between F* and the Legendre
transformation F* of the barrier F', we come to

(FH)"(s7) = 2*(F")"(=F'(x)) = v*(F)" (F'()).

But F* is the Legendre transformation of F', and therefore (see (L.3), Lecture 2)

(F*)"(F'(2)) = [F"(@)]
thus, we come to

(FF)"(s%) = 7*[F" ()]~ (7.23)
Combining this observation with relation , we come to

[s" = s* ] (FF)"(s")[s" = 8] = [F"(2)ea] " [F" ()] ' [F" (w)ea] = ez F" (2)ex = w?

(the concluding equality is given by ) Thus, we come to the following conclusion:

ITa. The distance |s" — s*|p+ 4« between s* and s’ in the Euclidean metric given by the Hessian
(F+)"(s*) of the dual barrier F* at the point s* is equal to the reduced Newton decrement w. In
particular, if this decrement is < 1, s’ belongs to the centered at s* open unit Dikin ellipsoid of the
self-concordant barrier F+ and, consequently, s' belongs to the domain of the barrier (1., Lecture 2), i.e.,
to int K*. Since we already know that s’ always belongs to the dual feasible plane (see 2°), s’ is strictly
dual feasible whenever w < 1.

We have proved all required in (i)-(ii), except inequality (7.16)) related to the progress in the potential.
This is the issue we come to, and from now on we assume that w < 1, as it is stated in (7.16]).
49, Thus, let us look at the progress in the potential

T o/
a=V,(z,s)—V,(zx,s)=Vo(z,s) — Vo(z,s') — pln sz . (7.24)
zTs
We have
Vo(z,s') = F(z) + F(s') + 9Ina’s' = [F(z) + F*(s*) + 9Inaz” s*] .+
(<! + 91 al's’
F — Fr(s* —| 7.25
[P P o) (7.25)
since s* = —tF’(x) with some positive ¢, (**) says to us that
[]; =9Ind — 9. (7.26)

Now, s’, as we know from IlIa., is in the open unit Dikin ellipsoid of F* centered at s*, and the
corresponding local distance is equal to w; therefore, applying the upper bound (2.4 from Lecture 2
(recall that F'T is self-concordant), we come to

FH(s') = FH(s) < [/ = ' (F*) (s") + plw), p(r) = —In(1—7) — 1. (7.27)
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We have s* = —y~1F/(z), and since F'T is ¥-logarithmically homogeneous,
(FF) (s7) = y(F*) (- F'(2))

((5.3)), Lecture 5); since F'T(u) = F*(—u), F* being the Legendre transformation of F, we have

(FY (~F'(z)) = —(F*) (F'(z)),
and the latter quantity is —z ((L.2), Lecture 2). Thus,

(F)(s7) = —ye.

Now, by we have s’ — s* = —y~1F"(x)e,, so that

[s" = s*|T(FYY (s*) = 2T F"(2)e,.
From this observation and we conclude that

xTs!

[.]2 S {,CTFllem + p((A)) + ’19111 ﬁ,

which combined with (|7.25)) and (|7.26]) results in

xTs

T s

Vo(z,s") <9I — 0 + 2T F"(x)e, + p(w) + 9 1n (7.28)

On the other hand, we know from (**) that Vp(x,s) > ¢Ind¥ — 9J; combining this inequality, (7.24) and

(7.28)), we come to
T o/ T

a> -zt F"(z)e, — p(w) —91n ;CT; —pln T (7.29)

xTs’
5%. Now let us find appropriate representations for the inner products involved into ((7.29)). To this
end let us set

7 =—zTF"(z)e,. (7.30)
In view of we have
als’ = als* — 1$TF"(x)ex =als* + %
and, besides this,
i —leF’(x) _Y
Y Y

(see ([7.21) and (5.5), Lecture 5). We come to
) )

(ETSI _ +7 (ETS* e

v

b )

Y
whence o
zts T
—_— =14 7.31
QCTS* + 19’ ( )
and Ty g p
ve _vam_vem (7.32)

Ts  ~rxTs  d+pu
(the concluding equality follows from the definition of ~, see ((7.17)).

Substituting (7.31) and (7.32) into (7.29), we come to the following expression for the progress in
potential:

0,
azwfp(w)fﬂln(lJr%)fulnﬁiz. (7.33)
Taking into account that In(1 + z) < z, we derive from this inequality that
0,
a> uln Rl p(w). (7.34)

Y+ 7
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Our last task is to evaluate 7, which is immediate:

|| = |27 F"(2)e,| < \/xTF”(x)x\/e;{F”(x)em <wVd
we have use . and 1dentity (5.5)), Lecture 5). With this estimate we derive from ({7. that
h d (7.19) and identity (5.5)), L 5). With thi i derive fi (7.34) th

a>pln (), (7.35)

R
9+ wVi P

as claimed in I1. m

7.4 Overall complexity analysis

We have presented two rules - Rule 1 and Rule 2 - for updating a strictly feasible primal-dual pair (z, )
into a new pair of the same type. The first of the rules always is productive, although the progress in the
potential for the rule is small when the reduced Newton decrement w is small; the second of the rules,
on contrary, is for sure productive when w is small, although for large w it may result in an unfeasible s’.
And, of course, what we should do is to apply both of the rules and choose the best of the results. Thus,
we come to the

Primal-Dual Potential Reduction method PD(u):

form the sequence of strictly feasible primal-dual pairs (z;,s;), starting with the initial pair (zo =
Z,80 = §) (see A), as follows:

1) given (z;-1,8i—1), apply to the pair Rules 1 and 2 to get the updated pairs (z;_;,s;—1) and
(xi-1,8,_q), respectively.

2) Check whether s}_, is strictly dual feasible. If it is not the case, forget about the pair (x;_1,5;_;)
and set (z},s]) = (2,_1,si_1), otherwise choose as (z],s;) the best (with the smallest value of the

potential V,,) of the two pairs given by 1).

3) The pair (xj', sj) for sure is a strictly feasible primal-dual pair, and the value of the potential V,, at
the pair is less than at the pair (x;_1,s;—1). Choose as (x;,s;) an arbitrary strictly feasible primal-dual
pair such that the potential V,, at the pair is not greater than at (z},s]) (e.g., set x; = ", s; = sI)
and loop.

i 091

The method, as it is stated now, involves the parameter p, which in principle can be chosen as an
arbitrary positive real. Let us find out what is the reasonable choice of the parameter. To this end let
us note that what we are intersted in is not the progress p in the potential V,, per step, but the quantity
B = m/u, since this is this ratio which governs the exponent in the accuracy estimate ([7.5)). Now, at a
step it may happen that we are in the situation w = O(1), say, w = 1, so that the only productive rule
is Rule 1 and the progress in the potential, according to I., is of order of 1, which results in 8 = O(1/pu).
On the other hand, we may come to the situation w = 0, when the only productive rule is Rule 2, and
the progress in the potential is p = pIn(1 + p/9), see (7.16)), i.e., 8 = In(1 + /). A reasonable choice
of p should balance the values of 8 for these two cases, which leads to

=V,

% being of order of 1. The complexity of the primal-dual method for this - "optimal” - choice of pu is
given by the following

Theorem 7.4.1 Assume that the primal-dual pair of conic problems (P), (D) (which satisfies assump-
tion A) is solved by the primal-dual potential reduction method associated with ¥-logarithmically self-
concordant primal and dual barriers F and Ft, and that the parameter u of the method is chosen ac-

cording to
p= kv,
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with certain k > 0. Then the method generates a sequence of strictly feasible primal-dual pairs (x;,s;),
and the duality gap 6(x;,x;) (equal to the sum of residuals, in terms of the corresponding objectives, of
the components of the pair) admits the following upper bound:

¥f(f,§)—‘ﬁxxhsﬁ

8(xi, 1) < Vexp{—-+ o iQ(rk)

rV9

} < Vexp{—

b (7.36)

where

Q(k) = min {1 —1In2; inf
0<w<1

max{w — In(1 +w);kIn(l 4+ &) — (k — Dw + In(1 — w)}} (7.37)

is positive continuous function of k > 0; the data-dependent scale factor V is given by
Vo(Z,5) — [WInd — ¥
NG

In particular, the Newton complexity (# of iterations of the method) of finding e-solutions to the primal
and the dual problems does not exceed the quantity

V = 5(2,3) exp{ 1. (7.38)

Npi(e) < Ok (1)VD In <1; + 1) +1, (7.39)

with the constant factor O (1) depending on k only.
The proof is immediate. Indeed, we know from Proposition that

Sar,s1) < Texp{ T2} e B0y TelB 5 = Wulrioni)y

which, after substituting the value of I" from , results in the first inequality in , with V given
by .

To prove the second inequality in , it suffices to demonstrate that the progress in the potential
V. at a step of the method is at least the quantity (x) given by (7.37). To this end let us note that, by
construction, this progress is at least the progress given by each of the rules 1 and 2 (when Rule 2 does
not result in a strictly feasible dual solution, the corresponding progress is —co). Let w be the reduced
Newton decrement at the step in question. If w > 1, then the progress related to Rule 1 is at least 1 —1n 2,
see L., which clearly is > (k). Now consider the case when w < 1. Here both of the rules 1 and 2 are
productive, and the corresponding reductions in the potential are, respectively,

p1=w—In(1+w)
(see I.) and

1 9
—|—ln(1—w)+w:m\/1§1nﬂ+ln(l—w)+w

Dy = lni
2= h 9+ wVP 1+ w/VP

(see I1.). We clearly have
p2 = sV In(1 + k/VD) — kVIIn(1 + w/VPI) + In(1 — w) +w >

[since In(1 + 2) < Z]
> VI In(1 4 k/V0) — kw +In(1 —w) +w >

[since, as it is immediately seen, zIn(1 + a/z) > In(1 4+ a) whenever z > 1 and a > 0]
>rkIn(l+ k) — kw+1In(l —w) +w,
and we come to the inequality
max{p1,pe} > max{w —In(1 +w);kIn(l1 +x) — (k — Dw + In(1 —w)},

so that the progress in the potential in the case of w < 1 is at least the quantity given by (7.37).
The claim that the right hand side of ([7.37)) is a positive continuous function of £ > 0 is evidently
true. The complexity bound ([7.39) is an immediate consequence of ([7.36)). =
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7.5 Large step strategy

To conclude the presentation of the primal-dual method, let me briefly outline how one could exploit
the advantages of the potential reduction nature of the method. Due to this nature, the only thing we
are interested in is ”significant” progress in the potential at a step, same as it was in the method of
Karmarkar. In this latter method, the simplest way to get a better progress than that one given by
the ”default” theoretical step, was to perform linesearch in the direction of this default step and to find
the best, in terms of the potenital, point in this direction. What is the analogy of linesearch for the
primal-dual method? It is as follows. Applying Rule 1, we get certain primal feasible direction x’ — x,
which we can extend in the trivial way to a primal-dual feasible direction (i.e., a direction from L x L)
dy = (2’ — z,0); shifting the current strictly feasible pair (z, s) in this direction, we for sure get a strictly
feasible pair with better (or, in the case of w = 0, the same) value of the potential. Similraly, applying
Rule 2, we get another primal-dual feasible direction dy = (0,5 — s); shifting the current pair in this
direction, we always get a pair from the primal-dual feasible plane £ = {b+ L} x {c+ L*}, although not
necessarily belonging to the interior of the primal-dual cone I = K x K*, What we always get, is certain
2-dimensional plane D (passing through (z, s) parallel to the directions dy, d2) which is contained in the
primal-dual feasible plane £, and one (or two, depending on whether Rule 2 was or was not productive)
strictly feasible primal-dual pairs - candidates to the role of the next iterate; what we know from our
theoretical analysis, is that the value of the potential at one of the candidate pairs is ”"significantly” -
at least by the quantity Q(x) - less that the value of the potential at the previous iterate (x,s). Given
this situation, a resonable policy to get additional progress in the potential at the step is 2-dimensional
minimization of the potential over the intersection of the plane D with the interior of the cone K x K*.
The potential is not convex, and it would be difficult to ensure a prescribed quality of its minimization
even over the 2-dimensional plane D, but this is not the point where we must get a good minimizer; for
our purposes it suffices to perform a once for ever fixed (and small) number of steps of any relaxation
method for smooth minimization (the potential is smooth), running the method from the best of our
candidate pairs. In the case of LP, same as in some other interesting cases, there are possibilities to
implement this 2-dimensional search in a way which almost does not increase the total computational
effort per stepf] and at the same time accelerates the method dramatically.

3this total effort normally is dominated by the cost of computing the reduced Newton direction ey
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7.6 Exercises: Primal-Dual method

The subject of the forthcoming problems is implementation of the primal-dual method. We shall start
with some remarks related to the general situation and then consider a particular problem coming from
Control.

When speaking about implementation, i.e., about algorithmical issues, we should, of course, fix some-
how the way the data are represented; for a conic problem, this is, basically, the question of how the fea-
sible subspace L is described. In most of applications known to me the situation is as follows. b+ L C R"
is defined as the image of certain subspace

{¢eR! | P(¢-p) =0}
(¢ is the vector of the design variables) under a given affine mapping
r=A() = A+,

A being n x [ and P being k X [ matrices; usually one can assume that A is of full column rank, i.e.,
that its columns are linearly independent, and that P is of full row rank, i.e., the rows of P are linearly
independent; from now on we make this regularity assumption. As far as the objective is concerned, it is
a linear form x7'¢ of the design vector.

Thus, the typical for applications form of the primal problem is

(P) : minimize \T¢ st. E€RL P(E—p) =0, x= Al +beK,

K being a pointed closed and convex cone with a nonempty interior in R™. This is exactly the setting

presented in Section
As we know from Exercise [5.4.11] the problem dual to (P) is

(D) : minimize fTs s.t. ATs =x+ PTr, se K*,

where the control vector is comprised of s € R™ and r € RF, K* is the cone dual to K, and 3 = A(p).
In what follows F' denotes the primal barrier - ¥-logarithmically homogeneous self-concordant barrier
for K, and F'* denotes the dual barrier (see Lecture 7).

Let us look how the primal-dual method could be implemented in the case when the primal-dual pair
of problems is in the form (P) - (D). We should answer the following basic questions

e how to represent the primal and the dual solutions;
e how to perform the updating (z;, ;) — (Zi41, Sit+1)-
As far as the first of this issues is concerned, the most natural decision is

to represent x’s of the form A(£) (note that all our primal feasible z’s are of this type) by storing
both = (as an n-dimensional vector) and £ (as an [-dimensional one);

to represent s’s and r’s ”as they are” - as n- and k-dimensional vectors, respectively.

Now, what can be said about the main issue - how to implement the updating of strictly feasible primal-
dual pairs? In what follows we speak about the basic version of the method only, not discussing the large
step strategy from Section since implementation of the latter strategy (and even the possibility to
implement it) heavily depends on the specific analytic structure of the problem.

Looking at the description of the primal-dual method, we see that the only nontrivial issue is how to
compute the Newton direction

1
e, = argmin{h’ g + §hTF”(:1c)h | he L},

where (z, ) is the current iterate to be updated and g = F'(z) + ’zTifs Since L is the image of the linear
space
L'={CeR'| P(=0}

under the mapping ¢ — A(, we have
e = An,

for certain 7, € L', and the problem is how to compute 7.
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Exercise 7.6.1 # Prove that n, is uniquely defined by the linear system of equations
Q P\ (n\_ (-4
(P 0 u) \ 0 (7.40)

Q=ATF"(x)A, q= ATy, (7.41)

where

so that n, is given by the relation
ne =—-Q ' [ATg— PTIPQ'PT]7'PQ " ATg]; (7.42)
in the particular case when P is absent (formally, k =0), n, is given by
ne=—Q ATy, (7.43)

Note that normally k is a small integer, so that the main effort in computing 7, is to assemble and to
invert the matrix (. Usually this is the main part of the overall effort per iteration, since other actions,
like computing F(x), F'(z), F"(x), are relatively cheap.

7.6.1 Example: Lyapunov Stability Analysis

The goal of the forthcoming exercises is to develop the (principal elements of) algorithmic scheme of the
primal-dual method as applied to the following interesting and important problem coming from Control
theory:

(C) given a ”polytopic” linear time-varying v-dimensional system
V'(t) = V(#)v(t), V(t) € Conv{Vy,....,Vin 1},

find a quadratic Lyapunov function v" Lv which demonstrates stability of the system.

Let us start with explaining what we are asked to do. The system in question is a time-varying linear
dynamic system with uncertainty: v(t) is v-dimensional vector-function of time ¢ - the trajectory, and
V(t) is the time-varying matrix of the system. Note that we do not know in advance what this matrix
is; all we know is that, for every ¢, the matrix V'(¢) belongs to the convex hull of a given finite set of
matrices V;, i = 1,...,m.

Now, the system in question is called stable, if v(t) — 0 as t — oo for all trajectories. A good
sufficient condition for stability is the existence of a positive definite quadratic Lyapunov function v’ Lv
for the system, i.e., a positive definite symmetric v x v matrix L such that the derivative in ¢ of the
quantity vT (t)Lwv(t) is strictly negative for every t and every trajectory v(t) with nonzero v(t). This
latter requirement, in view of v'(¢t) = V(t)v(t), is equivalent to

[V(t)v(t)]T Lu(t) < 0 whenever v(t) #0 and V(t) € Conv{Vi,...,V;n},

or, which is the same (since for a given ¢ v(t) can be an arbitrary vector and V (t) can be an arbitrary
matrix from Conv{Vi,...,V,,}), is equivalent to the requirement

1
IV Ly = 5UT[VTL + LV <0, v#0,V € Conv{Vi, ...,V }.

In other words, L should be a positive definite symmetric matrix such that all the matrices of the form
VTL + LV associated with V' € Conv{Vi,...,V,,} are negative definite; matrix L with these properties
will be called appropriate.

Our first (and extremely simple) task is to characterize the appopriate matrices.

Exercise 7.6.2 # Prove that a symmetric v x v matriz L is appropriate if and only if it is positive
definite and the matrices
VIL+LV;, i=1,...m

are negative definite.
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We see that to find an appropriate matrix (and to demonstrate by this stability of (C) via a quadratic
Lyapunov function) is the same as to find a solution to the following system of strict matrix inequalities

L>0;VIL+LV;<0,i=1,...,m, (7.44)

where inequalities with symmetric matrices are understood as positive definiteness (for strict inequalities)
or semidefiniteness (for non-strict ones) of the corresponding differences.

We can immediately pose our problem as a conic problem with trivial objective; to this end it suffices
to treat L as the design variable (which varies over the space S” of symmetric ¥ X v matrices) and
introduce the linear mapping

B(L) = Diag{L; V'L — LVy; ..., -V.'L — LV,,,}

m

from this space into the space (S¥)™*! - the direct product of m + 1 copies of the space S”, so that

(S¥)™*+1 is the space of symmetric block-diagonal [(m + 1)v] x [(m + 1)v] matrices with m + 1 diagonal
blocks of the size v x v each. Now, (S*)™*! contains the cone K of positive semidefinite matrices of the
required block-diagonal structure; it is clearly seen that L is appropriate if and only if B(L) € int K,
so that the set of appropriate matrices is the same as the set of strictly feasible solutions to the conic
problem

minimize 0 s.t. B(L) € K

with trivial objective.

Thus, the problem in question is reduced to a conic problem involving the cone of positive semidefinite
matrices of certain block-diagonal structure; the problems of this type are called semidefinite programs
or optimization under LMI’s (Linear Matrix Inequality constraints).

Of course, we could try to solve the problem by an interior point potential reduction method known
to us, say, by the method of Karmarkar or by the primal-dual method; we immdeiately discover, anyhow,
that the technique developed so far cannot be applied to our problem - indeed, in all methods known to us
it was required at least to know in advance a strictly feasible solution to the problem, and in our particular
case such a solution is exactly what should be finally found. There is, anyhow, a straightforward way to
avoid the difficulty. First of all, our system is homogeneous in L; therefore we can normalize L to
be < I (I stands for the unit matrix of the context-determined size) and pass from the initial system to
the new one

L>0;, L<I, VL+LV;<0,i=1,...m. (7.45)

Now let us extend our design vector L by one variable ¢, so that the new design vector becomes
&= (t,L)e E=R x S",
and consider the semidefinite program
minimize t s.t. L+tI>0; I —L>0; tI -V L—-LV; >0,i=1,...,m. (7.46)

Clearly, to solve system is the same as to find a feasible solution to optimization problem
with negative value of the objective; on the other hand, in we have no difficulties with an initial
strictly feasible solution: we may set L = %I and then choose t large enough to make all remaining
inequalities strict.

It is clear that is of the form (P) with the data given by the affine mapping

A(€) = A(t,L) = Diag{L + tI; I — L;tI — VL — LVy;..;tI -V L - LV,,} : E — &,
€ being the space (S*)™*+2 of block-diagonal symmetric matrices with m + 2 diagonal blocks of the size
v X v each; the cone K in our case is the cone of positive semidefinite matrices from £, and matrix P is
absent, so that our problem is

(Pr) minimize t s.t. A(t,L) € K.

Now let us form the method.
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Exercise 7.6.3 #* Prove that
1) the cone K is self-dual;
2) the function
F(xz) = —InDet x

is a (m + 2)v-logarithmically homogeneous self-concordant barrier for the cone K;
3) the dual barrier FT associated with the barrier F is, up to an additive constant, the barrier F

itself:
F*(s) = —InDet s — (m + 2)v.

Thus, we are equipped with the primal and the dual barriers required to solve (Pr) via the primal-dual
method. Now let us look what the method is. First of all, what is the dual to (Pr) problem (DI1)?

Exercise 7.6.4 # Prove that when the primal problem (P) is specified to be (Pr), the dual problem (D)
becomes

(D1) minimize Tr{so} under choice of m + 2 symmetric v X v matrices s_i, ..., Sy, s.t.

m
S5-1— 80— Z[Visi +5V]=0;
i=1

Tr{s_1} + ZTr{sl} =1.

It is time now to think of the initialization. Could we in fact point out strictly feasible solutions Z
and S to the primal and to the dual problems? As we just have mentioned, as far as the primal problem
(Pr) is concerned, there is nothing to do: we can set

Z=AL),
where L is < I, eg., L= %I, and 7 is large enough to ensure that L+t >0, tI > ViTZ—i—EV;, i=1,...,m.
Exercise 7.6.5 # Point out a strictly feasible solution § to (DI).

It remains to realize what are the basic operations at a step of the method.

Exercise 7.6.6 # Verify that in the case in question the quantities involved into the description of the
primal-dual method can be specified as follows:
1) The quantities related to F are given by

F'(z) = =27 % F'(x)h =2 'ha™?;

2) The matriz Q involved into the system for finding 1, (see Exercise , taken with respect to
certain orthonormal basis {€q }a=1,....N in the space E, is given by

Qap = Tr{AaxflAngl}, A, = Ae,.

Think about the algorithmic implementation of the primal-dual method and, in particular, about the
following issues:

o What is the dimension N of the ”design space” E? What is the dimension M of the "image space”
E?

e How would you choose a "natural” orthonormal basis in E?

e Is it necessary/reasonable to store F"'(x) as an M x M square array? How to assemble the matriz
Q? What is the arithmetic cost of the assembling?

o [s it actually necessary to invert Q explicitly? Which method of Linear Algebra would you choose
to solve system 7
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e What is the arithmetic cost of the step in the basic version of the primal-dual method? Where the
dominating expenses come from?

o Are there ways to implement at a relatively low cost a large step strategy? How would you do it?

o When would you terminate the computations? How could you recognize that the optimal value in
the problem is positive, so that you are unable to find a quadratic Lyapunov function which proves
the stability? Is it possible that running the method you never will be able neither to present an
appropriate L nor to come to the conclusion that it does not exist?

Last exercise is as follows:
Exercise 7.6.7 #* Is it reasonable to replace (Pr) by "less redundant” problem
(Pr') minimize t s.t. L>1;tI —VIL—-LV;>0,i=1,...m

(here we normalize L in by L > I and, same as in (Pr), add the 7slack” variable t to make the
problem "evidently feasible”)?



Chapter 8

Long-Step Path-Following Methods

To the moment we are acquainted with three particular interior point algorithms, namely, with the short-
step path-following method and with two potential reduction algorithms. As we know, the main advantage
of the potential reduction scheme is not of theoretical origin (in fact one of the potential reduction
routines, the method of Karmarkar, is even worse theoretically than the path-following algorithm), but
in possibility to implement ”long step” tactics. Recently it became clear that such a possibility also exists
within the path-following scheme; and the goal of this lecture is to present to you the ”long step” version
of the path-following method.

8.1 The predictor-corrector scheme
Recall that in the path-following scheme (Lecture 4) we were interested in the problem
minimize ¢’z s.t. x € G, (8.1)

G being a closed and bounded convex domain in R™. In order to solve the problem, we take a v)-self-
concordant barrier F' for the feasible domain G and trace the path

z*(t) = argmin Fy(z), Fy(z) = tc’ 2 + F(z), (8.2)
z€int G

as the penalty parameter ¢ tends to infinity. More specifically, we generate a sequence of pairs (¢, z°)
k-close to the path, i.e., satisfying the predicate

(t> 0V & {z € int G} & {\(F,,z) = \/ [VoFy(2)|TV2F(2) Vo Fy(z) < k), (8.3)

the path tolerance k < 1 being the parameter of the method. The policy of tracing the path in the basic
scheme of the method was very simple: in order to update (t,z) = (¢#'~1,2°71) into (t*,27) = (¢, 2%),
we first increased, in certain prescribed ratio, the value of the penalty, i.e., set

=t 46t dt = —t, (8.4)

Vi

and then applied to the new function Fy+ () the damped Newton method in order to update = into z*:

1
B 1+ )\(Ft+,yl)

Yt = o

[VEE(Y)] ' VaFir (4); (8.5)
we initialized this reccurency by setting y° = x and terminated it when the closeness to the path was
restored, i.e., when A(F,+,y') turned out to be < x, and took the corresponding y' as z™.

Looking at the scheme, we immediately see at least two weak points of it: first, we use a once for ever
fixed penalty rate and do not try to use larger dt’s; second, when applying the damped Newton method
to the function F}+, we start the reccurency at y° = z; why do not we use a better forecast for our target
point 2*(t 4+ dt)? Let us start with discussing this second point. The path z*(-) is smooth (at least two
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times continuously differentiable), as it is immediately seen from the Implicit Function Theorem applied
to the equation
tc+ F'(z) =0 (8.6)

which defines the path. Given a tight approximation x to the point z*(¢) of the path, we could try to
use the first-order prediction
o (dt) = x + 2/ dt

of our target point z* (¢ + dt); here 2’ is some approximation of the derivative %x*() at the point t. The
simplest way to get this approximation is to note that what we finally are interested in is to solve with
respect to y the equation

(t+dt)e+ F'(y) = 0;

a good idea is to linearize the left hand side at y = x and to use, as the forecast of x*(t+ dt), the solution
to the linearized equation. The linearized equation is

(t+dt)e+ F'(z) + F"(z)[y — 2] = 0,

and we come to

de(dt) =y —x = —[F"(2)] "'V Fyypa(z). (8.7)

Thus, it is reasonable to start the damped Newton method with the forecast
2l (dt) = 2 + da(dt) = x — [F"(2)] ' Vo Frya(x). (8.8)

Note that in fact we do not get anything significantly new: 27 (dt) is simply the Newton (not the damped
Newton) iterate of z with respect to the function Fi+(-); nevertheless, this is not exactly the same as the
initial implementation. The actual challenge is, of course, to get rid of the once for ever fixed penalty
rate. To realize what could be done here, let us write down the generic scheme we came to:

Predictor-Corrector Updating scheme:
in order to update a given r-close to the path z*(-) pair (t,z) into a new pair (t*,z") of the same
type, act as follows

e Predictor step:

1) form the primal search line
P={X(dt) = (t+dt,z + dz(dt) | dt € R}, (8.9)
dz(dt) being given by ;

2) choose stepsize 6t > 0 and form the forecast

tT =t +6t, 2l =+ dx(dt); (8.10)

e Corrector step:

3) starting with y° = 2/, run the damped Newton method (8.5) until A(t*,y') becomes < &; when
it happens, set 2 = !, thus completing the updating (t,z) — (t,27).

Now let us look what are the stepsizes dt acceptable for us. Of course, there is an immediate re-
quirement that / = x + da(6t) should be strictly feasible - otherwise we simply will be unable to start
the damped Newton method with 2f. There is, anyhow, a more severe restriction. Remember that the
complexity estimate for the method in question heavily depended on the fact that the ”default” stepsize
results in a once for ever fixed (depending on the penalty rate v and the path tolerance x only)
Newton complexity of the corrector step. If we wish to preserve the complexity bounds - and we do wish
to preserve them - we should take care of fixed Newton complexity of the corrector step. Recall that
our basic results on the damped Newton method as applied to the self-concordant function Fi+(-) (X.,
Lecture 2) say that the number of Newton iterations of the method, started at certain point y° € int G
and runned until the relation A\(Fy+,y') < & becomes true, is bounded from above by the quantity

O(1) {[Ft+ (4°) = min_ Fpe(y)] + (1 +n i)} :
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O(1) being an appropriate absolute constant. We see that in order to bound from above the Newton
complexity of the corrector step it suffices to bound from above the residual

V(t*,xf) = Fyr (xf) - ygI}tHG Fit (y),

i.e., to choose the stepsize it in a way which ensures that
V(t+ 6tz (6t)) <R, (8.11)

where % is a once for ever fixed constant - the additional to the path tolerance x parameter of the method.
The problem, of course, is how to ensure (8.11]). If it would be easy to compute the residual at a given pair
(t+,27), we could apply a linesearch in the stepsize &t in order to choose the largest stepsize compatible
with a prescribed upper bound on the residual. Given a candidate stepsize Jt, we normally have no
problems with ”cheap” computation of ¢+, 27 and the quantity F,+(2f) (usually the cost of computing
the value of the barrier is much less than our natural ”complexity unit” - the arithmetic cost of a Newton
step); the difficulty, anyhow, is that the residual invloves not only the value of Fy+ at the forecast, but also
the unknown to us minimum value of Fy+(-). What we are about to do is to derive certain duality-based
and computationally cheap lower bounds for the latter minimum value, thus obtaining ”computable”
upper bounds for the residual.

8.2 Dual bounds and Dual search line

From now on, let us make the following Structural assumption on the barrier in question:

Q : the barrier F is of the form
F(z) = ®(mz + p), (8.12)

where ® is a U-self-concordant nondegenerate barrier for certain closed convex domain Gt C R™ with
known Legendre transformation ®* and x — mwx + p is an affine mapping from R™ into R™ with the
image intersecting int G, so that G is the inverse image of GT under the mapping © + wx + p.

Note that Q indeed defines a ¥-self-concordant barrier for G, see Proposition (1)

Note that the essence of the Structural assumption is that we know the Legendre transformation of
® (otherwise there would be no assumption at all - we simply could set ® = F'). This assumption indeed
is satisfied in many important cases, e.g., in Linear Programming, where G is a polytope given by linear
inequalities al x < b;, i = 1,...,m, and

F(x)=- Z In(b; — al z);
i=1
here .
GT =R}, ®u)=-) Inu
i=1
and

(rx+p)i=bi—alz,i=1,..,m;
the Legendre transformation of @, as it is immediately seen, is
o*(s) = ®(—s) —m, s € R™.

In the mean time we shall speak about other important cases where the assumption is valid.
Now let us make the following simple and crucial observation:

Proposition 8.2.1 Let a pair (1,s) € Ry x Dom ®* satisfy the linear homogeneous equation
Te+7nls =0. (8.13)

Then the quantity
fo(m) =pTs — *(s) (8.14)
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is a lower bound for the quantity

fe(m) = , min . F.(y)

and, consequently, the quantity
Va(r,y) = Fr(y) — fo(r) = 7cly + F(y) + ®*(s) —p's (8.15)
is an upper bound for the residual
V(7,y) = Fr(y) — min F7(-).
Proof. As we know from VII., Lecture 2, the Legendre transformation of ®* is exactly ®. Consequently,

P(ry+p) = sup [[my+p]Tv—0*(v)] = [ry +p|"s — ®*(s),
vEDom ®*

whence
F (y) = ey + F(y) = ety + O(ry +p) >

> 7Ty + [my +p)"s — 8 (s) = [re+ 77| y +pTs — °(s) = p"'s — B (s)

(the concluding inequality follows from (8.13))). m
Our next observation is that there exists a systematic way to generate dual feasible pairs (7, s), i.e.,
the pairs satisfying the premise of the above proposition.

Proposition 8.2.2 Let (t,z) be a primal feasible pair (i.e., witht >0 and x € int G), and let
u=nx+p, du(dt) = wdz(dt), s = ®'(u), ds(dt) = ®" (u)du(dt), (8.16)

where dz(dt) is given by (8.7). Then
(i) Every pair S(dt) on the Dual search line

D = {S(dt) = (t + dt, s’ (dt) = s + ds(dt)) | dt € R}

satisfies equation .
(i) If (t,x) is k-close to the path, then the pair S(0), and, consequently, every pair S(dt) with small

enough |dt|, belongs to the domain of ®* and is therefore dual feasible.

Proof.
(i): from (8.16) it follows that

(t +dt)c+ 77 (s + ds(dt)) = (t + dt)c + 77 [® (u) + ' (u)wdx(dt)] =
[since F'(z) = 77®(u) and F"(x) = 77 ®"(u)m in view of (8.12) and ]
= (t+dt)c+ F'(z) + F"(2)dz(dt) = Vo Fiya(x) + F"(z)dz(dt),

and the concluding quantity is 0 due to the origin of dx(dt), see (8.7). (i) is proved.
(ii): let us start with the following simple

Lemma 8.2.1 One has
|ds(dt) Ly (s) = ldu(dt)| 3oy = [du(dt)]" ds(dt) (8.17)

and
|d8(0)|(¢)*)u(s) = Idl‘(o)‘p//(x) = )\2(Ft,$). (818)

Proof. Since s = ®'(u) and ®* is the Legendre transformation of ®, we have
(0%)(s) = [0 ()]~ (8.19)
(see (L.3), Lecture 2). Besides this, ds(dt) = ®”(u)du(dt) by (8.16]), whence
|ds(dt)[Fg-)r = [ds(dt)][(@*)"][ds(dt)] = [@"du(dt)]" @] [" du(dt)] =
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= [du(dt)]"[®"][du(d1)],

as claimed in the first equality in ; the second inequality there is an immediate consequence of
ds(dt) = [®"]du(dt).

To prove 1) note that, as we know from 7 |ds(0) ?@),, = |du(0)[3,; the latter quantity,
in view of li is nothing but [rdz(0)]T®”[rdx(0)], which, in turn, equals to |dx(0)|§,,,($) in view
of F"(x) = n* ®"(u)wr. We have proved the first equality in ; the second is immdeiate, since
dz(0) = —[F"(z)] "'V, Fy(z) by (8.7), and, consequently,

(2 (0) 3y = [[F"(2)) Ve F(@)] " [F" (@) [[F" (2)] 7 Vo Fi(a)] =

= Vo Fy ()] [F"(2)] 'V, Fy(a) = N2(Fy, ).

Now we can immediately complete the proof of item (ii) of the Proposition. Indeed, as we know from
VII., Lecture 2, the function ®* is self-concordant on its domain; since s = ®'(u), we have s € Dom ®*.
@ says that the |- [(p«)»(s)-distance between s € Dom ®* and s/(0) equals to A(F},z) and is therefore
< 1 due to the premise of (ii). Consequently, s(0) belongs to the centered at s open unit Dikin ellipsoid
of the self-concordant function ®* and is therefore in the domain of the function (I., Lecture 2). The
latter domain is open (VIIL., Lecture 2), so that s/(dt) € Dom ®* for all small enough dt > 0; since S(dt)
always satisfies (8.13)), we conclude that S(dt) is dual feasible for all small enough |dt|. m

Propositions and lead to the following

Acceptability Test:

given a k-close to the path primal feasible pair (t,z) and a candidate stepsize dt, form the correspond-
ing primal and dual pairs X (dt) = (t + dt, zf (dt) = x + dx(dt)), S(dt) = (t + dt, s (dt) = s+ ds(dt)) and
check whether the associated upper bound

v(dt) = Vs ar)(t + dt, a2l (dt)) = (t + dt)cT (dt) + F(z (dt)) + ®*(s7 (dt)) — pT's? (dt) (8.20)

for the residual V (t + dt,x’(dt)) is < & (by definition, v(dt) = +oo if 27 (dt) ¢ Dom F or if sf(dt) ¢
Dom &*).
If v(dt) <R, accept the stepsize dt, otherwise reject it.

An immediate corollary of Propositions is the following

Proposition 8.2.3 If (t,x) is a k-close to the path primal feasible pair and a stepsize dt passes the
Acceptability Test, then

V(t+dt,zl(dt)) <R

and, consequently, the Newton complexity of the corrector step under the choice 6t = dt does not exceed
the quantity

N(x,7) = O(1) {H In (1 +In 1) } ,

R

O(1) being an absolute constant.

Now it is clear that in order to get a ”long step” version of the path-following method, it suffices
to equip the Predictor-Corrector Updating scheme with a linesearch-based rule for choosing the largest
possible stepsize dt which passes our Acceptability Test. Such a rule for sure keeps the complexity of a
corrector step at a fixed level; at the same time, the rule is computationally cheap, since to test a stepsize,
we should compute the values of ® and ®* only, which normally is nothing as compared to the cost of
the corrector step.

The outlined approach needs, of course, theoretical justification. Indeed, to the moment we do
not know what is the "power” of our Acceptability Test - does it accept, e.g., the ”"short” stepsizes
dt = O(t//9) used in the very first version of the method. This is the issue we come to.
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8.3 Acceptable steps

Let us start with the following construction. Given a point v € Dom ® and a direction du € R™, let us
set
s=®"(u), ds =" (u)du,

thus coming to the conjugate point s € Dom ®* and to the conjugate direction §s. Now, let p¥[du] be the
remainder in the second-order Taylor expansion of the function ®(v) 4+ ®*(w) at the point (u,s) along
the direction (du,ds):

pulou] = ®(u+ du) + *(s + ds)—

[0u)T®" (u)du  [5s]T(8*)"(s)8s

— | ®(u) + ®*(s) + [0u]T® (u) + [6s]T @' (s) + 5 + 5

(the right hand side is 400, if u 4 du € Dom @ or if s + ds &€ Dom ®*).
Our local goal is to establish the following

Lemma 8.3.1 One has
¢ = [0ulor () = [08|(@=)y(s) = 1/ [0u]Tds. (8.21)

Besides this, if ( < 1, then
x o 2,3, 2.4 25
pulou] < 2p(¢) — ¢ = §C + i( + SC +..., p(z)=—In(1 —2) — = (8.22)

Last, the third derivative of ®(-) + ®*(-) taken at the point (u,s) along the direction (du,ds) is zero, so
that pk[du] is in fact the reminder in the third-order Taylor expansion of ®(-) + ®*(-).

Proof. (8.21) is proved exactly as relation (8.17)), see Lemma From (8.21)) it follows that if ¢ < 1,

then both v + du and s + Js are in the centered at u, respectively, s open unit Dikin ellipsoids of the
self-concordant functions ®, ®* (the latter function is self-concordant due to VII., Lecture 2). Applying
to ® and ®* I., Lecture 2, we come to

u+ 6u € Dom @, ®(u+ du) < ®(u) + [0u]" @' (u) + p(|6ule (),

s+ 6s € dom®*, ®*(s + &s) < D*(s) + [65]7 (2*)'(s) + p(|85(@*)r(s))s

whence
. 1 1
pulou] < 2p(¢) — 5\5U|§>~(u) - 5\53\%@)“(5) =2p(¢) - ¢%,
as claimed in (8.22]).
To prove that the third order derivative of ®(-) + ®*(-) taken at the point (u,s) in the direction
(du, ds) is zero, let us differentiate the identity
hT[(@%)"(@'(v))]h = hT[@" (v)] " *h

(h is fixed) with respect to v in the direction h (cf. item 4° in the proof of VII., Lecture 2). The
differentiation results in

D*®*(®'(v))[h, h, h] = —=D*®(v)[[@" (v)] "' A, [ (v)] " h, [@" (v)] " A];
substituting v = u, h = ds, we come to

D3®(u)[6u, du, du] = —D3®*(s)[ds, ds, 5]

Now we are ready to prove the following central result.
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Proposition 8.3.1 Let (t,x) be k-close to the path, and let dt, |dt| < t, be a stepsize. Then the quantity
v(dt) (see ) satisfies the inequality

v(dt) < prldu(dt)], (8.23)
while
|du(dt)| gy < w = MNFy, @) + @[A(Ft,x) +A(F,z)] < K+ @[K + V). (8.24)
In particular, if w < 1, then v(dt) is well-defined and is < 2p(w) — w?. Consequently, if
20(k) — K* <R (8.25)
then all stepsizes dt satisfying the inequality
i &~k (8.26)

t ~ s+ AFz)

kT being the root of the equation
20(2) — 2* =R,

pass the Acceptability Test.

Proof. Let u, s, du(dt), ds(dt) be given by (8.16). In view of (8.16)), s is conjugate to u and ds(dt) is
conjugate to du(dt), so that by definition of p}[-], we have, denoting ¢ = |du(dt)|er () = |ds(dt)|(@=)»(s)
(see (8.21))

O (u + du(dt)) + ®*(s + ds(dt)) =

= ®(u) + [du(dt)]T®' (u) + @*(s) + [ds(dt)]T (®*) (s) + ¢* + p[du(dt)] =

[since s = ®'(u) and, consequently, ®(u) + ®*(s) = uls and u = (®*)'(s), since ®* is the Legendre
transformation of @]
=ul's + [du(dt)]"s + uTds(dt) + ¢* + p[du(dt)] =

= [u+ du(dt))T[s + ds(dt)] — [du(dt)]Tds(dt) + ¢% + p¥ [du(dt)] =
[since [du(dt))Tds(dt) = ¢? by (8.21))]
= [u + du(dt))[s + ds(dt)] + p[du(dt)] =
[since u + du(dt) = n[x + dz(dt)] + p and, by Proposition 7l [s + ds(dt)] = —(t + dt)]
=pT[s+ds(dt)] — (t + dt)c" [z + dz(dt)] + pi[du(dt)] =

[the definition of 7 (dt) and sf(dt)]

= pTsl (dt) — (t + dt)cTx! (dt) + p![du(dt)],
whence (see (8:20))

vo(dt) = (t + dt)cTaf (dt) + F(2f (dt)) + &*(s7 (dt)) — pTs/ (dt) = p[du(dt)],

as required in (8.23)).
Now let us prove (8.24)). In view of (8.16)) and (8.12]) we have

|du(dt)‘q>//(u) = |7le'(dt)|¢.u(u) = |d$(dt)‘pu(x) =
[see (8.7))]

= [F"(@)] 7' Vo Frran (@) ) = \/[[F”(x)]‘lvwFt+dt(x)]T [F" (@)] [F" (@)~ Ve Frar(2)] =

= |szt+dt(x)‘[F”(z)]*1 = |(t"‘dt)c“‘F/(gc)l[F”(%)]*1 =
= (1 +dt/t)[te + F'(2)] = (dt/t)F'(2)|[pr(ay) -1 <
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|dt| |dt|
< U+ )V B (@) @2 + 7 1 (@)l 1 <

[due to the definition of A(F}, z) and A(F, z)]

<1+ |Ci—t|))\(Ft,x) + @)\(F, z)=w<

[since (t,x) is k-close to the path, so that A(F;, z) < k, and since F' is 9¥-self-concordant barrier]

dt dt
<(1+ |T|)/<a+ %\/@

The remaining statements of Proposition are immediate consequences of (8.23)), (8.24)) and Lemma
B3Il =

8.4 Summary

Summarizing our observations and results, we come to the following

Long-Step Predictor-Corrector Path-Following method:

o The parameters of the method are the path tolerance r € (0,1) and the treshold & > 2p(k) — k?;

the input to the method is a k-close to the path primal feasible pair (t°, 2°) .

e The method forms, starting with (t°,z%), the sequence of k-close to the path pairs (t*, z%), with the
updating ‘ A o
(F ) o (1, 0)
being given by the Predictor-Corrector Updating scheme, where the stepsizes dt' = t* — t'~! are
nonnegative reals passing the Acceptability Test associated with the pair (t=1, 2'=1).

Since, as we know from Proposition the stepsizes

Kkt —k

=t —
* K+ A(F, 2~ 1)

for sure pass the Acceptability Test, we may assume that the stepsizes in the above method are at least
the default values dt.:
, , kKt — kK
D A —
- K+ AF, 2~ 1)
note that to use the default stepsizes §t* = §ti, no Acceptability Test, and, consequently, no Structural
assumption on the barrier F' is needed. Note also that to initialize the method (to get the initial close
to the path pair (¢°,2%)), one can trace ”in the reverse time” the auxiliary path associated with a given
strictly feasible initial solution Z € int G (see Lecture 4); and, of course, when tracing the auxiliary path,
we also can use the long-step predictor-corrector technique.
The method in question, of course, fits the standard complexity bounds:

Theorem 8.4.1 Let problem be solved by the Long-Step Predict-or-Corrector Path-Following method
which starts at a k-close to the path primal feasible pair (t°,2°) and uses stepsizes §t° passing the Ac-
ceptability Test and satisfying . Then the total number of Newton steps in the method before an
e-solution to the problem is found does not exceed

O(1)Vi1n (;’; + 1) +1,

(8.27)

with O(1) depending on the parameters k and R of the method only.

Proof. Since (t/,z%) are s-close to the path, we have ¢’z — mingeg ¢’z < O(1)9t; ! with certain O(1)
depending on x only (see Proposition Lecture 4); this inaccuracy bound combined with (8.27))
(where one should take into account that A(F,z*~!) < v/9)) implies that ¢’ 2’ — min,cq ¢’z becomes < ¢
after no more than O(1)v9 In(1+9t; 'e~!) +1 steps, with O(1) depending on & and % only. It remains to
note that since the stepsizes pass the Acceptability Test, the Newton complexity of a step in the method,

due to Proposition [8.2.3] is O(1). =
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8.5 Exercises: Long-Step Path-Following methods

Let us start with clarifying an immediate question motivated by the above construction.

Exercise 8.5.1 #* The Structural assumption requires F to be obtained from a barrier with known Leg-
endre transformation by affine substitution of the argument. Why did not we simplify things by assuming
that F itself has a known Legendre transformation?

The remaining exercises tell us another story. We have presented certain ”long step” variant of the
path-following scheme; note, anyhow, that the ”cost” of ”long steps” is certain structural assumption on
the underlying barrier. Although this assumption is automatically satisfied in many important cases, we
have paid something. Can we say something definite about the advantages we have paid for? ”Definite”
in the previous sentence means ”something which can be proved”, not ”something which can be supported
by computational experience” (this latter aspect of the situation is more or less clear).

The answer is as follows. As far as the worst case complexity bound is concerned, there is no progress
at all, and the current state of the theory of interior point methods do not give us any hope to get a
worst-case complexity estimate better than O(v/9In(V/e)). Thus, if we actually have got something, this
is not an improvement in the worst case complexity. The goal of the forthcoming exercises is to explain
what is the improvement.

Let us start with some preliminary considerations. Consider a step of a path-following predictor-
corrector method; for the sake of simplicity, assume that at the beginning of the step we are exactly
at the path rather than are close to it (what follows can be without any difficulties extended onto this
latter situation). Thus, we are given ¢ > 0 and x = 2*(t), and our goal is to update the pair (¢, ) into a
new pair (¢, z7) close to the path with larger value of the penalty parameter. To this end we choose a
stepsize dt > 0, set tT =t + dt and make the predictor step

o af =24 () (t)dt,

shifting = along the tangent to the path line . At the corrector step we apply to Fi+ the damped Newton
method, starting with a7, to restore closeness to the path. Assume that the method in question ensures
that the residual

Fy(zf) — mIin Fiv ()

is < O(1) (this is more or less the same as to ensure a fixed Newton complexity of the corrector step).
Given that the method in question possesses the aforementioned properties, we may ask ourselves what
is the length of the displacement xf — x which is guaranteed by the method. It is natural to measure
the length in the local metric | - |z (,) given by the Hessian of the barrier. Note that in the short-step
version of the method, where dt = O(1)t(1 + \(F,z))~!, we have (see (8.7))

da(dt) = —dt[F" (z)] e =t dt[F" (x)] " F'(2)
(since at the path tc + F'(z) = 0), whence
‘SL’f (dt) - xlF”(m) = |d$(dt>|pu($) = t_ldtHFH(l‘)]_IF/(.’L')|F//(1) =

=t at|F(2)|(pr(ay)-1 =t TAN(F 2),
and, substituting the expression for dt, we come to

AF,z
= o (@) ~ ol = O 25 s,
so that Q@ = O(1), provided that A\(F,z) > O(1), or, which is the same, provided that we are not too
close to the analytic center of G.

Thus, the quantity € - let us call it the prediction power of the method - for the default short-step
version of the method is O(1). The goal of what follows is to investigate the prediction power of the
long-step version of the method and to compare it with the above reference point - the O(1)-power of the
short-step version; this is a natural formalization of the question "how long are the long steps”.
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First of all, let us note that there is a natural upper bound on the prediction power - namely, the
distance (measured, of course, in |- | (4)) from 2 to the boundary of G along the tangent line /. Actually
there are two distances, since there are two ways to reach 0G along [ - the ”forward” and the ”backward”
movement. It is reasonable to speak about the shortest of these distances - about the quantity

A = A(z) = min{|p (:c*)’(t)|Fu($) | z+p(x*)(t) € int G}.

Since G contains the centered at x unit Dikin ellipsoid of I’ (i.e., the centered at @ | - | (z)-unit ball),
we have

A>1.

Note that there is no prediction policy which always results in {2 >> 1, since it may happen that
both ”forward” and ”backward” distances from z to the boundary of G are of order of 1 (look at
the case when G is the unit cube {y € R™ | |yloo < 1}, F(y) is the standard logarithmic barrier
— > In(1 —y;) + In(1 + ;)] for the cube, z = (0.5,0,...,0)7 and ¢ = (—1,0,...,0)T). What we can
speak about is the type of dependence Q = (A); in other words, it is reasonable to ask ourselves ”how
large is €2 when A is large”, not "how large is 2" - the answer to this latter question cannot be better
than O(1).

In what follows we answer the above question for the particular case as follows:

Semidefinite Programming: the barrier ® involved into our Structural assumption is the barrier
®(X)=—InDet X

for the cone Si of symmetric positive semidefinite k X k matrices
In other words, we restrict ourselves with the case when G is the inverse image of Si under the affine
mapping

x> Alz) =nz+p

taking values in the space S* of k x k symmetric matrices and
F(z) = —InDet A(x).

Note that the Semidefinite Programming case (very important in its own right) covers, in particular,
Linear Programming (look what happens when 7wz + p takes values in the subspace of diagonal matrices).
Let us summarize our current knowledge on the situation in question.

e & is k-self-concordant barrier for the cone S¥; the derivatives of the barrier are given by
D®(u)[h] = — Tr{u"'h} = — Tr{h}, h = v /2hu /2,

so that
' (u) = —u (8.28)

D*®(u)[h, h] = Tr{u"'hu~'h} = Tr{h?},

so that
" (u)h = uthu™'; (8.29)

D*®(u)[h, h,h] = =2 Te{u"'hu~ hu~'h} = —2 Tr{h®}
(see Example Lecture 5, and references therein);
e the cone Si is self-dual; the Legendre transformation of @ is
®*(s) = —®(—s) + const, Dom ®* = —int S’}

(Exercises 5.4.10).
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Let us get more information on the barrier ®. Let us call an arrow a pair (v,dv) comprised of
v € int S% and dv € S* with |dv|gr(,) = 1. Given an arrow (v, dv), let us define the conjugate co-arrow
(v*, dv*) as
v = (v) = —v7!, dv* = & (v)dv = v dov

Let also
(v, dv) = sup{p | v+ pdv € Sk}, (8.30)

C*(v*,dv*) = sup{p | v* £dv* € —Sk}. (8.31)

In what follows |w|s, |w|2 are the spectral norm (maximum modulus of eigenvalues) and the Frobenius
norm Tr'/2{w?} of a symmetric matrix w, respectively.

Exercise 8.5.2 Let (v,dv) be an arrow and (v*,dv*) be the conjugate co-arrow. Prove that

1= ‘d’l)|¢,//(,u) = |v’1/2dv’071/2|2 = ‘dv*|(¢,*)//(v*) = \/TI‘{d’U d’U*} (832)
and that

1
C(v,dv) = ¢*(v*,dv*) = 2172 (8.33)
Exercise 8.5.3 * Prove that for any positive integer j, any v € int Si and any h € S* one has
DI®)[h,....h] = (=1)7(j — I Te{h7}, b =v"Y2ho~ /2, (8.34)
and, in particular, _ o
DIB(W) [, s ] < (G = D[RRI, 5 > 2. (8.35)

Let p;(z) be the reminder in j-th order Taylor expansion of the function —In(1 — z) at z = 0:

! zJ*l—%—AEA—zj+2—%.“

() =
pilz) = j+1 j+2
(so that the perfectly known to us function p(z) = —In(1 — z) — z is nothing but p;(2)).

Exercise 8.5.4 * Let (v,dv) be an arrow, and let R
Taylor expansion of the function f(r) = ®(v + rdv) a

( v )( r), j > 2, be the remainder in j-th order
=0:

J (1)
RJ

(o) (7 Z

(the right hand side is +oo, if f is undefined at r). Prove that

7]

(v, dv)
(the quantity ((v,dv) is given by , see also )

Exercise 8.5.5 * Let (v,dv) be an arrow and (v*,dv*) be the conjugate co-arrow. Let ’R{U dv)(r), Jj>2,
be the reminder in j-th order Taylor expansion of the function ¥(r) = ®(v + rdv) + ®*(v* + rdv*) at

r=0:
J
Ry (1) E:

i=0
(the right hand side is +oo, if ¥ is undefined at r). Prove that

Rl (1) = ooy () il <o (8.36)

i

7]

¢(v,dv)
(the quantity (v, dv) is given by (8.30)), see also (8.33)).

o) 52000 gy ) < o0 )
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Now let us come back to our goal - investigating the forecast power of the long step predictor-corrector
scheme for the case of Semidefinite Programming. Thus, let us fix the pair (¢,2) belonging to the path
(so that ¢ > 0 and & = 2*(t) = argmin, o [tc"z + F(z)]). We use the notation as follows:

e [ is the unit k£ x k& matrix;

o u=T7x+Dp;

e dr € R" is the | - [pr()-unit direction parallel to the line /, and
du = mdx

is the direction of the image £ of the line [ in the space S¥;
e s=0(u)=—u"t;ds = ' (u)du = v tduu~1.
Let us first realize what the quantity A(x) is.

Exercise 8.5.6 * Prove that (u,du) is an arrow, (s,ds) is the conjugate co-arrow and that
A = ((u,du).
Now we are ready to answer what is the prediction power of the long step predictor-corrector scheme.

Exercise 8.5.7 © Consider the Long-Step Predictor-Corrector Updating scheme with linesearch (which
chooses, as the stepsize, the largest value of dt which passes the Acceptability Test) as applied to Semidef-
inite Programming. Prove that the prediction power of the scheme is at least

2 (z) = O(1)AY2(x),
with O(1) depending on the treshold & onlgﬂ.

Thus, the long-step scheme indeed has a ”nontrivial” prediction power.

An interesting question is to bound from above the prediction power of an arbitrary predictor-corrector
path-following scheme of the aforementioned type; recall that the main restrictions on the scheme were
that

e in order to form the forecast x/, we move along the tangent line [ to the path [in principle we could
use higher-order polynomial approximations on it; here we ignore this possibility]

e the residual Fy+ (z/) — min, Fy+ (z) should be < O(1).

It can be proved that in the case of Linear (and, consequently, Semidefinite) Programming the predic-
tion power of any predictor-corrector scheme subject to the above restrictions cannot be better than
O(1)A?/3(x) (which is slightly better than the prediction power O(1)AY?(z) of our method). I do not
know what is the origin of the gap - drawbacks of the long-step method in question or too optimistic
upper bound, and you are welcome to investigate the problem.

Irecall that for the sake of simplicity the pair (¢,z) to be updated was assumed to be exactly at the path; if it is x-close
to the path, then similar result holds true, with O(1) depending on both x and &



Chapter 9

How to construct self-concordant
barriers

To the moment we are acquainted with four interior point methods; the ”interior point toolbox” contains
more of them, but we are enforced to stop somewhere, and I think it is a right time to stop. Let us think
how could we exploit our knowledge in order to solve a convex program by one of our methods. Our
actions are clear:

(a) we should reformulate our problem in the standard form

minimize ¢’z st. x€G (9.1)

of a problem of minimizing a linear objective over a closed convex domain (or in the conic form - as a
problem of minimizing a linear objective over the intersection of a convex cone and an affine plane; for
the sake of definiteness, let us speak about the standard form).

In principle (a) does not cause any difficulty - we know that both standard and conic problems are
universal forms of convex programs.

(b) we should equip the domain/cone given by step (a) by a ”computable” self-concordant barrier.
Sometimes we need something more - e.g., to apply the potential reduction methods, we are interested
in logarithmically homogeneous barriers, possibly, along with their Legendre transformations, and to use
the long-step path-following scheme, we need a barrier satisfying the Structural assumption from Lecture
8.

Now, our current knowledge on the crucial issue of constructing self-concordant barriers is rather
restricted. We know exactly 3 ”basic” self-concordant barriers:

e (I) the 1-self-concordant barrier —Inz for the nonnegative axis (Example Lecture 3);

e (II) the m-self-concordant barrier —In Det x for the cone S’ of positive semidefinite m x m matrices

(Exercise [3.3.3));

e (III) the 2-self-concordant barrier — In(t? — z7x) for the second-order cone {(¢t,z) € R x R¥ | t >

|z]2} (Example Lecture 5).

Note that the latter two examples were not justified in the lectures; and this is not that easy to prove
that (III) indeed is a self-concordant barrier for the second-order cone.

Given the aforementioned basic barriers, we can produce many other self-concordant barriers by apply-
ing the combination rules, namely, by taking sums of these barriers, their direct sums and superpositions
with affine mappings (Proposition Lecture 3). These rules, although very simple, are surprisingly
powerful; what should be mentioned first, is that the rules allow to treat all constraints defining the fea-
sible set G seperately. We mean the following. Normally the feasible set G is defined by a finite number
m of constraints; each of them defines its own feasible set G;, so that the resulting feasible set G is the
intersection of the G;:

G =nN2,G;.

123
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According to Proposition(ii)7 in order to find a self-concordant barrier for G, it suffices to find similar

barriers for all G; and then to take the sum of these ”partial” barriers. Thus, we have in our disposal

the Decomposition rule which makes the problem of step (b) ”separable with respect to constraints”.
The next basic tool is the Substitution rule given by Proposition (i):

In order to get a v-self-concordant barrier F for a given convex domain G, it suffices to represent
the domain as the inverse image, under certain affine mapping A, of another domain, G*, with known
¥-self-concordant barrier FT:

G=AYG")={z| Alz) € G"}

(the image of A should intersect the interior of GT); given such representation, you can take as F the
superposition

F(x) = F*(A(z))
of F* and the mapping A.

The Decomposition and the Substitution rules as applied to the particular self-concordant barriers
(I) - (III) allow to obtain barriers required by several important generic Convex Programming problems,
e.g., they immediately imply self-concordance of the standard logarithmic barrier

F(z)=-— Zln(bi —al'x)

for the polyhedral set
G={x|alz<b;,i=1,..,m};

this latter fact covers all needs of Linear Programming. Thus, we cannot say that we are completely
unequipped; at the same time, our equipment is not too rich. Consider, for example, the problem of the
best | - |p-approximation:

(Lp): given sample u; € R™, j =1,...,N, of "regressors” along with the responses v; € R, find the
linear model
v=1xu

which optimally fits the observations in the | - |,-norm, i.e., minimizes the quantity

N

F@) =" lvj —a"uyl?

j=1
(in fact | - |,-criterion is f1/P(z), but it is, of course, the same what to minimize - f or f1/7).

f() clearly is a convex function, so that our approximation problem is a convex program. In order to
solve it by an interior point method, we can write the problem down in the standard form, which is
immediate:

minimize t s.t. (t,z) € G={(t,z)| f(z) <t}

now we need a self-concordant barrier for GG, and where to take it?

At the beginning of the ”interior point science” for nonlinear convex problems we were enforced
to invent an ”ad hoc” self-concordant barrier for each new domain we met and then were to prove
that the invented barrier actually is self-concordant, which in many cases required a lot of unpleasant
computations. Recently it became clear that there is a very powerful technique for constructing self-
concordant barriers, which allows to obtain all previously known barriers, same as a number of new ones,
without any computations ”from nothing” - more exactly, from the fact that the function — In x is 1-self-
concordant barrier for the nonnegative half-axis. This technique is based on extending the Substitution
rule by replacing affine mappings A by a wider family of certain nonlinear mappings. The essence of the
matter is, of course, what are appropriate for our goals nonlinear mappings A. It is clear in advance
that these cannot be arbitrary mappings, even smooth ones - we at least should provide convexity of

G = A~Y(GY).
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9.1 Appropriate mappings and Main Theorem

Let us fix a closed convex domain Gt C RY. An important role in what follows is played by the recessive
cone R(G™) of the domain defined as

RGH ={heRN | u+thec GT Vt>0 Vuec G}
It is immediately seen that R(G™) is a closed convex cone in RY.
Now we are able to define the family of mappings A appropriate for us.

Definition 9.1.1 Let GT C RY be closed convex domain, and let K = R(G™) be the recessive cone of
GT. A mapping
A(z) :int G~ — RN

defined and C3 smooth on the interior of a closed convexr domain G~ C R™ is called B-appropriate for
G* (here B >0) if

(i) A is concave with respect to K, i.e.,
D?A(z)[h,h] < 0 Vx € int G~ VYh € R"

(from now on we write a <k b, ifb—a € K);
(ii) A is compatible with G~ in the sense that

D? A(z)[h, b, h] < —3BD*A(x)[h, h]
whenever x € int G~ andx £ he G™.

For example, an affine mapping A : R" — R", restricted on any closed convex domain G~ C R", cleraly
is 0-appropriate for any Gt c RY.

The definition of compatibility looks strange; its justification is that it works. Namely, there is the
following central result (it will be proved in Section :

Theorem 9.1.1 Let
o Gt C RY be a closed conver domain;
o 't be a9 -self-concordant barrier for G¥;
o A:int G= — RYN be a mapping B-appropriate for GT;
e F~ be a 9_-self-concordant barrier for G_.

Assume that the set
G'={zcint G~ | A(z) € int G}

is nonempty. Then GO is the interior of a closed convex domain
G=clG’,

and the function
F(z) = FT(A(z)) + max[1, 32| F~(z)

is a ¥-self-concordant barrier for G, with
¥ =9, +max[1, BI_.

The above Theorem resembles the Substitution rule: we see that an affine mapping A in the latter
rule can be replaced by an arbitrary nonlinear mapping (which should, anyhow, be appropriate for GT),
and the substitution F*(-) — F*(A(-)) should be accompanied by adding to the result a self-concordant
barrier for the domain of A. Let us call this new rule ”Substitution rule (N)” (nonlinear); to distinguish
between this rule and the initial one, let us call the latter ”Substitution rule (L)” (linear). In fact
Substitution rule (L) is a very particular case of Substitution rule (N); indeed, an affine mapping A, as
we know, is appropriate for any domain G, and since domain of A is the whole R"™, one can set F~ =0
(this is 0-self-concordant barrier for R™), thus coming to the Substitution rule (L).



126 CHAPTER 9. HOW TO CONSTRUCT SELF-CONCORDANT BARRIERS

9.2 Barriers for epigraphs of functions of one variable

As an immediate consequence of the Substitution rule (N), we get a number of self-concordant barriers
for the epigraphs of functions on the axis. These barriers are given by the following construction:

Proposition 9.2.1 Let f(t) be a 8 times continuously differentiable real-valued concave function on the
ray {t > 0} such that

()] <38t ()], t > 0.

Then the function
F(x,t) = —In(f(t) — x) — max[1, 3*] Int

is (1 + max[1, 32])-self-concordant barrier for the 2-dimensional convex domain
Gy =cl{(z,t) ER*| t >0,z < f(t)}.

Proposition 9.2.2 Let f(z) be a 3 times continuously differentiable real-valued convex function on the
ray {x > 0} such that
|f"(2)] < 3Bz f"(x), x> 0.

Then the function
F(t,z) = —In(t — f(z)) — max[1, %] Inx

is (14 max[1, 5%])-self-concordant barrier for the 2-dimensional convex domain
G =cl{(t,z) €eR?| = >0,t > f(z)}.
To prove Proposition [9.2.7] let us set
o G* =Ry [K=Ry],
o FP(u)=—Inu [¥, =1],
e G~ ={(z,t)| t >0},
o F(z,t)=—Int [_=1],
o Alx,t) = f(t) — =,

which results in

G=cl{(z,t) | t>0,2 < f(t)}.

The assumptions on f say exactly that A is S-appropriate for GT, so that the conclusion in Proposition

is immediately given by Theorem
To get Proposition it suffices to apply Proposition to the image of the set G under the
mapping (z,t) — (t,—z). m

Example 9.2.1 [epigraph of the increasing power function] Whenever p > 1, the function
—Int — In(t*? — z)
is 2-self-concordant barrier for the epigraph
{(z,t) € R? | t > (24)" = [max{0, 2}]"}

of the power function (x4)P, and the function

—2Int — In(t?/? — 2?)
is 4-self-concordant barrier for the epigraph

{(z,t) e R* | £ > [a]"}

of the function |x|P.
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[ ]
The result on the epigraph of (x )P is given by Proposition [9.2.1| with f(t) = t'/?, 3 = 2’;;1; to get the
result on the epigraph of |z[?, take the sum of the already known to us barriers for the epigraphs E,
E_ of the functions (z4)? and ([—z]4+)P, thus obtaining the barrier for E_ N E, which is exactly the

epigraph of |z|P. =

Example 9.2.2 [epigraph of decreasing power function] The function

—Inz—-In(t—27?), 0<p<l1
—Int—In(z —t71/7), p>1

is 2-self-concordant barrier for the epigraph
c{(z,t) ER*| t>a P x>0}

of the function x7P, p > 0.

[ ]
The case of 0 < p <1 is given by Proposition applied with f(z) =z7P,f = H?p. The case of p > 1
can be reduced to the former one by swapping x and ¢. m

Example 9.2.3 [epigraph of the exponent] The function
—Int —In(lnt — z)
is 2-self-concordant barrier for the epigraph
{(z,t) € R? | t > exp{z}}

of the exponent.

[
Proposition applied with f(t) =Int, 3 = % =
Example 9.2.4 [epigraph of the entropy function] The function

—Inz—In(t —zlnz)
is 2-self-concordant barrier for the epigraph
c{(z,t) eR?*| t>zlnz,z > 0}

of the entropy function zlnzx.

[
Proposition applied to f(z) =zlnz, 8 = % m
The indicated examples allow to handle those of the constraints defining the feasible set G which are
separable, i.e., are of the type
> filalw +by),

fi being a convex function on the axis. To make this point clear, let us look at the typical example -
the | - |,-approximation problem (L,). Introducing N additional variables ¢;, we can rewrite this problem

equivalently as
N

minimize Zti st t; > vy —ulzP, i=1,..,N,
i=1
so that now there are N ”simple” constraints rather than a single, but ”complicated” one. Now, the
feasible set of i-th of the ”simple” constraints is the inverse image of the epigraph of the increasing power
function under an affine mapping, so that the feasible domain G of the reformulated problem admits the
following explicit self-concordant barrier (Example plus the usual Decomposition and Substitution

rules):
N

F(t,z) ==Y W(t}” - (v; — ul2)?) + 21nt;]
=1
with the parameter 4V.
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9.3 Fractional-Quadratic Substitution

Now let me indicate an actually marvellous nonlinear substitution: the fractional-quadratic one. The

simplest form of this substitution is
2

A(vaaﬁ):T—;

(&, m, T are real variables and 7 > 0); the general case is given by ”vectorization” of the numerator and
the denominator and looks as follows:
Given are

e [numerator] A symmetric bilinear mapping
Q¢ :R" xR" - RN
so that the coordinates Q;[¢’,&"”] of the image are of the form
Qile', " = ()" Q"
with symmetric n X n matrices Q;;
e [denominator] A symmetric n x n matrix A(n) affinely depending on certain vector n € R1.

The indicated data define the general fractional-quadratic mapping
A(r,&m) =7 - QAT ()€, : RY x R¢ x RY — RY;

it turns out that this mapping is, under reasonable restrictions, appropriate for domains in RY. To
formulate the restrictions, note first that A is not necessarily everywhere defined, since the matrix A(n)
may, for some 7, be singular. Therefore it is reasonable to restrict 7 to vary in certain closed convex
domain Y € R}; thus, from now on the mapping A is considered along with the domain Y where 7 varies.
The conditions which ensure that A is compatible with a given closed convex domain Gt Cc RY are as
follows:

(A): A(n) is positive definite for € int Y;
(B): the bilinear form Q[A™1(n)¢’,&"] of €, &" is symmetric in &, £ for any 1) € int Y;
(C): the quadratic form Q[¢, €] takes its values in the recessive cone K of the domain G™.
Proposition 9.3.1 Under assumptions (A) - (C) the mappings
A(r,&m) =7- QAT ()&, €] : G~ =Y x R x RY > RY
and
B(&,n) = —Q[A™ (n)&,¢: G~ =Y xR - RY

are 1-appropriate for GT.
In particular, if F* is 9 -self-concordant barrier for GT and Fy is a Oy -self-concordant barrier for
Y, then

F(r,6,n) = F*(r = QAT ()&, €]) + Fy (n)
is (94 + Uy )-self-concordant barrier for the closed conver domain
G=c{(r&n) | 7= QAT (n)€, €] € int GF, € int Y}

The proof of the proposition is given in Section [0.5] What we are about to do now is to present several
examples.

Example 9.3.1 [epigraph of convex quadratic form] Let f(z) = 27 PT Pz +bTz+c be a conver quadratic
form on R™; then the function

F(t,x) = —In(t — f(x))

is 1-self-concordant barrier for the epigraph

{(,t) eR" xR | t > f(2)}.
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[
Let the ”fractional-quadratic” data be defined as follows:

e GT =R, [N =1];
o QIE€) = (€)T¢, €€ R
eRI—R=Y,A(n) =1
(from now on I stands for the identity operator).
Conditions (A) - (C) clearly are satisfied; Proposition applied with
Ff(r)=—-In7, Fy()=0

says that the function
F(T7 fa 7]) = - ID(T - ng)
is 1-self-concordant barrier for the closed convex domain
G=A{(r&n) | 7>¢€7¢)
The epigraph of the quadratic form f clearly is the inverse image of G under the affine mapping

r=t—blz—c
(t,z) — &= Px ,
n=0

and it remains to apply the Substitution rule (L). m
The result stated in the latter example is not difficult to establish directly, which hardly can be said
about the following

Example 9.3.2 [barrier for the second-order cone] The function
F(t,z) = —In(t? — 2T 2)
is 2-logarithmically homogeneous self-concordant barrier for the second order cone

K2={(t,x) e R xR"| t > VaTa}.

[
Let the ”fractional-quadratic” data be defined as follows:

o QI ¢" = (¢)1¢", ¢, ¢" e R,
e Y =R, CR=R], A(n) =nl.
Conditions (A) - (C) clearly are satisfied; Proposition applied with
Fr(r)=—In7, Fy(n) = —1Inn

says that the function
F(r,&m) = —In(r =~ '¢"¢) —Inn = —In(rn — £7¢)
is 2-self-concordant barrier for the closed convex domain

G =cl{(r,&n) | >n"teTe n> 0.

The second order cone K2 clearly is the inverse image of G under the affine mapping

T=t
o) | &= |,
n=t

and to prove that F(t,z) is 2-self-concordant barrier for the second order cone, it remains to apply the
Substitution rule (L). Logarithmic homogeneity of F(¢,x) is evident. m

The next example originally required somewhere 15-page ”brut force” justification which was by far
more complicated than the justification of the general results presented in this lecture.
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Example 9.3.3 [epigraph of the spectral norm of a matrix] The function
F(t,z) = —InDet (tI —t 'zTz) —Int
is (m + 1)-logarithmically homogeneous self-concordant barrier for the epigraph
{(t,z) | t € R, x is an m X k matrix of the spectral norm < t}.

of the spectral norm of k x m matriz x E|

[
Let the ”fractional-quadratic” data be defined as follows:

e G* =87 is the cone of positive semidefinite m x m matrices [N = m(m +1)/2];
o QlE,&" = 31(€)TE" +(&M)7¢], €,€" are k x m matrices;
e Y =R; CR=R], A(n) =nl.
Conditions (A) - (C) clearly are satisfied; Proposition applied with
FT(r)=—InDet 7, Fy(n) = —1Inn

says that the function
F(r,&n) = —In(r —n '€7¢) —lny

is (m + 1)-self-concordant barrier for the closed convex domain

G=cl{(r,&n) | T—n"'TE €int ST, > 0}
The spectral norm of a k x m matrix x is < t if and only if the maximum eigenvalue of the matrix 27z
is < t2, or, which is the same, if the m x m matrix tI —t ‘2T is positive definite; thus, the epigraph of
the spectral norm of z is the inverse image of G under the affine mapping

T=1tl
(tx)—= | =2 |,
n=t

and to prove that F(t,z) is (m + 1)-self-concordant barrier for the epigraph of the spectral norm, it
suffices to apply the Substitution rule (L). The logarithmic homogeneity of F(¢,x) is evident. m

The indicated examples of self-concordant barriers are sufficient for applications which will be our
goal in the remaining lectures; at the same time, these examples explain how to use the general results
of the lecture to obtain barriers for other convex domains.

9.4 Proof of Theorem 10.1

A. Let us prove that G is an open convex domain in R™. Indeed, since A is continuous on int G,
GO clearly is open; thus, all we need is to demonstrate that G is convex. Let z/,z” € G°, so that 2/, 2"
are in int G~ and ¥ = A(2), v = A(z”) are in int GT, and let o € [0,1]. We should prove that
r=ax’' + (1 —a)x” € G ie., that € int G~ (which is evident) and that y = A(z) € int G. To prove
the latter inclusion, it suffices to demonstrate that

y >k oy + (1 —a)y”; (9.2)

Ithe spectral norm of a k X m matrix z is the maximum eigenvalue of the matrix vz 2 or, which is the same, the norm
max{|zél2 | £ €R™,[€]2 < 1}

of the linear operator from R™ into RF given by =
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indeed, the right hand side in this inequality belongs to int G* together with ¥,3"; since K is the
recessive cone of GT, the translation of any vector from int G by a vector form K also belongs to
int G, so that - which says that y is a translation of the right hand side by a direction from K
would imply that y € int G™T.

To prove is the same as to demonstrate that

sty > s (ay' + (1 - a)y”) (9:3)
for any s € K* = {s| sTu>0 Vu € K} (why?) But is immediate: the real-valued function
fz) =s"A(2)
is concave on int G~, since D?A(z)[h, h] <k 0 (Definition (1)) and, consequently,
D?f(z)[h,h] = sT D*A(z)[h,h] <0
(recall that s € K*); since f(z) is concave, we have
sy = flaz’ + (1 - a)z") 2 af(a) + (1 - a) f(2") = asTy' + (1 - a)sTy",

as required in ((9.3).

B. Now let us prove self-concordance of F. To this end let us fix 2 € G° and h € R™ and verify that
|D3F(z)[h, h, h]| < 2{D*F(z)[h, h]}*/?, (9.4)
|DF (z)[h]| < 9*/2{D*F(z)[h, h]}*/>. (9.5)
B.1. Let us start with writing down the derivatives of F'. Under notation
a=A(z), o = DA(x)[h], a" = D*A(z)[h,h], a"" = D*A(z)[h,h, h],

we have
DF(z)[h] = DF*(a)[a’| + v*DF~(z)[h], v = max[l, ], (9.6)
D?F(z)[h, h] = D*F*(a)[d’,a’] + DF " (a)[d"] + v*D*F~ (2)[h, h], (9.7)
D3F(z)[h,h,h] = D3F*(a)[d’,d,d') + 3DF " (a)[d’,a"] + DF " (a)[a"] + ¥*D3F~(z)[h, h,h].  (9.8)
B.2. Now let us summarize our knowledge on the quantities involved into - .
Since F'T is 94 -self-concordant barrier, we have
|IDF*(a)[d]| < p\/Py, p=/D2F*(a)[,d'], (9.9)
|D3F*(a)d’,d,d']| < 2p°. (9.10)

Similarly, since F'~ is ¥_-self-concordant barrier, we have

|DF~(x)[h]| < ¢/9_, q=/D2F~(z)[h,h], (9.11)
|D*F~ (z)[h, h, h]| < 2¢°. (9.12)

Besides this, from Corollary (Lecture 3) we know that DF ¥ (a)[-] is nonpositive on the recessive
directions of G™:

DF*(a)g] <0, g€ K, (9.13)
and even that
{D*F*(a)lg, g]}'/* < =DF*(a)g], g€ K. (9.14)
B.3. Let us prove that
38qa" <k a" <y —3pPqa”. (9.15)

Indeed, let a real t be such that |t|g < 1, and let hy = th; then D?F~(x)[hs, hy] = t?¢> < 1 and,
consequently, x + h; € G~ (1., Lecture 2). Therefore Definition (ii) implies that

t3a"" = D3 A(2)[hs, he, he] <i —3BD? A(x)[he, he] = —3Bt%a”;
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since the inequality t3a”’ <x —3[t%a” is valid for all ¢ with |t|qg < 1, (9.15)) follows.
Note that from (9.13]) and (9.15) it follows that the quantity

r =+/DFt(a)[a”] (9.16)
is well-defined and is such that
|DF(a)[a"]] < 38qr*. (9.17)
Besides this, by Cauchy’s inequality
|D*F*(a)la’,a"]| < \/D?*F*(a)[d, a']y/D2F*(a)la”, a"] < pr? (9.18)

(the concluding inequality follows from (9.14)).
B.4. Subsituting (9.9), (9-11) into (9.6), we come to

|DF(x)[h]] < p\/Py 4+ ¢v* /I _; (9.19)
substituting (9.16) into , we get

*F(x)[h, h] = p* + 1 +7°¢%, (9.20)
while substituting (9.10)), (9.12), (9.17), (9.18) into (9.8), we obtain
3 3
|D2F(2)[h, h, )| < 2[p° + Spr® + 5 Bar®] + 29°¢%, (9.21)

By passing from ¢ to s = g, we come to inequalitites

|DF(z)[h]] < \/Ep—k VU_s, D2F )[h, h] = p2+1"2—|—32,
and
3 3 3 2 35 2 —-1_.3
D F @), b, h) < 2"+ S 4 S 2910 <
Y

[since v > 8 and v > 1]

3
<2[p* 457+ 5% (p+8)] <

[straightforward computation]
< 2[p2 +’I“2 + 82]3/2.

Thus,

|DF(x)[h]] < /94 +~20_{D*F(x)[h, h)}/?, |D?F(z)[h, h,h]| < 2{D*F(x)}'/2. (9.22)

C. (9.22) says that F satisfies the differential inequalities required by the definition of a ~2-self-
concordant barrier for G = c1Gy. To complete the proof, we should demonstrate that F' is a barrier for
G, i.e., that F(z;) — oo whenever x; € G are such that « = lim; 2; € G. To prove the latter statement,
set

yi = A(zy)

and consider two possible cases:

C.1: z €int G—;

C.2: x € 0G™.

In the easy case of C.1 there exists y = lim; y; = A(x), since A is continuous on the interior of G~ and,
consequently, in a neighbourhood of z. Since z ¢ G, y € int G, so that the sequence y; comprised of the
interior points of G converges to a boundary point of g™ and therefore F'*(y;) — co. Since x; converge
to an interior point of G~, the sequence F~(x;) is bounded, and the sequence F(z;) = F*(y;) +72F~ (x;)
diverges to 400, as required.

Now consider the more difficult case when © € 0G~. Here we know that F~(z;) — oo (since x;
converge to a boundary point for the domain G~ for which F'~ is a self-concordant barrier); in order to
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prove that F(x;) = F¥(y;) +v2F~(z;) — oo it suffices, therefore, to prove that the sequence FT(y;) is
below bounded. From concavity of A we have (compare with A)

yi = A(z;) < Alxo) + DA(zo)[zi — x0) = 2i,

whence, by Corollary Lecture 3,
F*(ys) > F*(2).

Now below boundedness of F*(y;) is an immediate conseqeunce of the fact that the sequence FT(z;) is
below bounded (indeed, {z;} is a bounded sequence, and consequently its image {z;} under affine mapping
also is bounded; and convex function F'* is below bounded on any bounded subset of its domain). m

9.5 Proof of Proposition 10.1

A. Looking at the definition of an appropriate mapping and taking into account that B is the restriction
of A onto a cross-section of the domain of 4 and an affine plane ¢ = 0, we immediately conclude that it
suffices to prove that A is 1-appropriate for G*. Of course, A is 3 times continuously differentiable on
the interior of G~.

B. The coordinates of the vector Q[A™1(n)¢’,£”] are bilinear forms (£)TA~1(n)Q;¢" of &', £"; by
(B), they are symmetric in ¢, £”, so that the matrices A~1(n)Q; are symmetric. Since both A=1(n) and
Q; are symmetric, their product can be symmetric if and only if the matrices commutate. Since A=1(n)
commutate with @;, n € int Y, and Y is open, A(n) commutate with @; for all . Thus, we come to the
following crucial conclusion:

for every i < N, the matrix A(n) commutates with Q; for all n.

C. Let us compute the derivatives of A at a point X = (7,¢£,n) € int G~ in a direction = = (¢, z,y).
In what follows subscript 4 marks i-th coordinate of a vector from RY. Note that from B. it follows that
Q; commutates with a(-) = A71(:) and therefore with all derivatives of a(+); with this observation, we
immediately obtain

Ai(X) =7 — " a(n)Qi&;
DA(X)[E] = ti — 22T a(n)Qi€ — €7 [Da(n)[y]|Qié:
D> A(X)[E,E] = —22" a(n)Qiz — 42" [Da(n)[y]|Qi€ — " [D*a(n)ly, y])Qi&;
D*Ai(X)[E,E,E] = —62" [Da(n)[y]]Qiz — 627 [D*a(n) [y]] Qi€ — £T[D*a(n) [y, v, yl|Q:k.

Now, denoting
o= 04(77)7 a = DA(T))[y]v (923)

we immediately get
Da(n)[y] = —ad o, DQG(n)[y,y} = 2ad ad o,

Dia(n)y,y,y] = —6aad’ad’ ad'a.

Substituting the expressions for the derivatives of a(-) in the expressions for the dreivatives of A;, we
come to

D?Ai(X)[E,E] = —2¢TaQi¢, ¢ =z —dak, (9.24)

and
D A(X)[E,E,E] = 6¢"ad'aQi¢ (9.25)

(the simplest way to realize why ”we come to” is to substitute in the latter two right hand sides the
expression for ¢ and to open the parentheses, taking into account that o and a’ are symmetric and
commutate with Q).

D. Now we are basically done. First, a commutates with Q; and is positive definite in view of
condition (A) (since a = A~!(n) and 7 € int V). It follows that a'/? also commutates with Q;, so that
(19.24) can be rewritten as

D> A(X)[E] = —2[vVa(]" Qi[va(],
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which means that
DZA(X)[Ev E} = _QQ[W7 OJ]

for certain vector w, so that
D*A(X)[E,E] <k 0

according to (C). Thus, A is concave with respect to the recessive cone K of the domain G, as is required
by item (i) of Definition
It requires to verify item (ii) of the Definition for the case of 8 =1, , i.e., to prove that

D3A(X)[E,5,2] + 3D*A(X)[E, 5] < 0

whenever = is such that X +£ = € G~. This latter inclusion means that n £y € Y, so that A(n £ y) is
positive semidefinite; since A(-) is affine, we conclude that

B=A(n) - DAyl =a™! —d' >0
(as always, > 0 for symmetric matrices stands for ”positive semidefinite”), whence also
v=ala™t —d]a>0.
From , it follows that
D*A(X)[E,E,E] + 3D*A(X)[E, E] = —6¢"Q1¢,

and since « is positive semidefinite and, due to its origin, commutates with Q; (since « and a’ do), we
have ¢TyQ;¢ = ¢TyY2Qiy"/?¢, so that

D*A(X)[E,E,E] + 3D?A(X)[Z, E] = —6Q[y"/2¢,v*¢] <k 0

(the concluding inequality follows from (C)). m
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9.6 Exercises on constructing self-concordant barriers

The goal of the below exercises is to derive some new self-concordant barriers.

9.6.1 Epigraphs of functions of Euclidean norm

Exercise 9.6.1 #* Let Gt be a closed convexr domain in R? which contains a point with both coordinates
being positive and is “antimonotone in the x-direction”, i.e., such that (u,s) € GT = (v,s) € GT
whenever v < u, and let F+ be a 9 -self-concordant barrier for G. Prove that
1) The function
F(t,z) = F*(zTx,t)

is 9y -self-concordant barrier for the closed convexr domain
G'={(z,t) e R" xR | (2T2,t) € G}.
Derive from this observation that if p < 2, then the function
F(t,z) = —In(t*? — 2Tx) — Int

is 2-self-concordant barrier for the epigraph of the function |z|5 on R™.
2) The function

2T
—,t

F2(t,z) = F¥( ) —Int

is (94 + 1)-self-concordant barrier for the closed conver domain

T

LT Hed, t>0).

G? = cl{(r,s) e R" xR | (T

Derive from this observation that if 1 < p < 2, then the function
F(t,z) = —In(t*/? — 2T2) — Int

is 3-self-concordant barrier for the epigraph of the function |z|5 on R™.

9.6.2 How to guess that —InDet x is a self-concordant barrier

Now our knowledge on concrete self-concordant barriers is as follows. We know two ”building blocks” - the
barriers — In ¢ for the nonnegative half-axis and — In Det x for the cone of positive semidefinite symmetric
matrices; the fact that these barriers are self-concordant was justified by straightforward computation,
completely trivial for the former and not that difficult for the latter barrier. All other self-concordant
barriers were given by these two via the Substitution rule (N). It turns out that the barrier —InDet x
can be not only guessed, but also derived from the barrier —Int¢ via the same Substitution rule (N), so
that in fact only one barrier should be guessed.

(T £T>
A(§ n

be a symmetric matriz (T is p X p, n is ¢ X q). Prove that A is positive definite if and only if both the
matrices n and T — £TnYE are positive definite; in other words, the cone ST'Q of positive semidefinite
symmetric (p + q) X (p + q) matrices is the inverse image G, in terms of Substitution rule (N), of the
cone GT = SP under the fractional-quadratic mapping

A (r,em) =1 —EMn7k

with the domain of the mapping {(1,€§,m) | n€Y = 8%}

Exercise 9.6.2 #
1) Let
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2) Applying Proposition derive from 1), that if F, and Fy are self-concordant barriers for S%_,
SZ_ with parameters U, ¥4, respectively, then the function

F(A) = F(1,&,n) = Fpy(t =T~ ¢) + Fy(n)

is (9, + Vq)-self-concordant barrier for S5
3) Use the observation that —lnn is 1-self-concordant barrier for S}|r = R to prove by induction on
p that Fy(x) = —InDet x is p-self-concordant barrier for S*._.

9.6.3 ”Fractional-quadratic” cone and Truss Topology Design

Consider the following hybride of the second-order cone and the cone S, : let {1, ..., §, be variable matrices
of the sizes nq x m,...,ng X m, 7 be m x m variable matrix and y;(n), j = 1, ..., ¢, be symmetric n; x n;
matrices which are linear homogeneous functions of n € R*. Let Y be certain cone in R¥ (closed, convex
and with a nonempty interior) such that y;(n) are positive definite when n € int Y.

Consider the set

K= cl{(rim &1, 080) | 72 &y (& + o+ &gy ' (1)Eg, m € int Y
Let also Fy (1) be a ¥y -self-concordant barrier for Y.

Exercise 9.6.3 T Prove that K is a closed convex cone with a nonempty interior, and that the function

F(rin;ié1, ., &g) = —InDet (7 — &y (& — .. — &y " (n)Eg) + Fy(n) (9.26)

is (m + 9y )-self-concordant barrier for K; this barrier is logarithmically homogeneous, if Fy is.
Prove that K is the inverse image of the cone Sﬁ of positive semidefinite N X N symmetric matrices,
N =m+ny + ... + ng, under the linear homogeneous mapping

g g g .
& () )
- &2 Y2(n
L: ( 7”751)"'75(]) — 63 y3<,r])
gq yq(n)

(blank space corresponds to zero blocks). Is the barrier the barrier induced, via the Substitution
rule (L), by the mapping L and the standard barrier —In Det( ) for S 2

Now we are in a position to complete, in a sense, our considerations related to the Truss Topology
Design problem (Section 5.7, Lecture 5). To the moment we know two formulations of the problem:

Dual form (TTD®): minimize t by choice of the vector x = (t; A1, ..., Ak} 21, ..., 2m) (t and \; are reals,
€ R"™) subject to the constraints

k T
Z{ TfJ+V (b 2)° } i=1,..,m,
=1 )\]

A0 Y N=1
J

Primal form (v): minimize t by choice of x = (t;¢; 8;;) (t and S5, 1 =1,...,m, j =1, ...,k are reals,
¢ € R™) subject to the constraints
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Zﬁzjbi =fi,i=1 ..k

i=1

Both forms are respectable convex problems; the question, anyhow, is whether we are equipped enough
to solve them via interior point machinery, or, in other words, are we clever enough to point out explicit
self-concordant barriers for the corresponding feasible domains. The answer is positive.

Exercise 9.6.4 Consider the problem (TTDY), and let
T = (E; A1, ey Akj 21y ovy Zim)

be the design vector of the problem.
1) Prove that (TTDY) can be equivalently written down as the standard problem

minimize ¢'x =t st. 1€ GCE,

where A
E={z|Y N=1}
j=1
is affine hyperplane in RY™ * and

G = {x € E | x is feasible for (TTD)}

is a closed convex domain in E.
2)" Let uw = (s;;tij;r5) (i runs over {1,...,m}, j runs over {1,...,k}, s., t., . are reals), and let

m k t2 k
@(u):—Zln Si_2£ —Zlnrj.
i=1 j=1 "7 j=1

Prove that ® is (m + k)-logarithmically homogeneous self-concordant barrier for the closed convexr cone

k
Gt=c{u|r;>0,j=1,..,ks > er_lt?j, i=1,..,m},
j=1

and the Legendre transformation of the barrier is given by
m

k mo 2
TS
D% (045755 pj) = — E In (—pj + E 40]> - E In(—o;) — (m + k),
=1 i=1 " i=1

the domain of ®* being the set

Tfj>0 j=1,.., k}
4Ui y ) =Ly .

GO={o;<0,i=1...m—pj+ >
i=1

3) Prove that the domain G of the standard reformulation of (TTD?) given by 1) is the inverse image
of G* = clG° under the affine mapping

k
s;=1t—2 Zj:l Z]Tfj
T TP = tij = (b 2)VV
Tj Z)\j

(the mapping should be restricted onto F ).
Conclude from this observation that one can equip G with the (m + k)-self-concordant barrier

F(z) = ®(mx +p)
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and thus get the possibility to solve (TTD?) by the long-step path-following method.
Note also that the problem

minimize ¢’z =t st. v € E,mx+peGT

is a conic reformulation of (TTDY), and that ® is a (m+ k)-logarithmically homogeneous self-concordant
barrier for the underlying cone G ; since we know the Legendre transformation of ®, we can solve the
problem by the primal-dual potential reduction method as well.

Note that the primal formulation (1)) of TTD can be treated in completely similar way (since its formal
structure is similar to that one of (TTD?), up to presence of a larger number of linear equality constraints;
linear equalities is something which does not influence our abilities to point out self-concordant barriers,
due to the Substitution rule (L).
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9.6.4 Geometrical mean

The below problems are motivated by by the following observation: the function £2/n of two scalar
variables is convex on the half-plane {n > 0}, and we know how to write down a self-concordant barrier
for its epigraph - it is given by our marvellous fractional-quadratic substitution. How to get similar
barrier for the epigraph of the function (£,)P/nP~1 (p > 1 is integer), which, as it is easily seen, also is
convex when 1 > 07

The epigraph of the function f(&,n) = (£4)P/nP~1 is the set

(& m) | n >0, TP~ > (£4)7}
This is a cone in R3, which clearly is the inverse image of the hypograph
G={(ty1, - yp) ERPT | g,y > 0,8 < G(y) = (y1.9) "7}

under the affine mapping
L:(r.6m) = (§&7mm,..m),

so that the problem in question in fact is where to get a self-concordant barrier for the hypograph G of
the geometrical mean. This latter question is solved by the following observation:

(G): the mapping
At y1s o tp) = W) /P —t: G 5 R, G~ ={(t,y) eR?*' | y >0}

is 1-appropriate for the domain GT = R.

Exercise 9.6.5 * Prove (G).
Exercise 9.6.6 T Prove that the mapping
B(r,&m) =7/P@= VP —¢int G- = R, G~ ={(1,&,1) | 720,120}

is 1-appropriate for GT = R.
Conclude from this observation that the function

F(T7£a 77) = 71n(7—1/1777(p71)/p _ é‘) —Ilnt — 1I1’I7
is 8-logarithmically homogeneous self-concordant barrier for the cone
{(r,&m) | n>0, 7> (&4)Py~ PV}

which is the epigraph of the function (£, )Py~ ®=1),
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Chapter 10

Applications in Convex
Programming

To the moment we know several general schemes of polynomial time interior point methods; at the
previous lecture we also have developed technique for constructing self-concordant barriers the methods
are based on. It is time now to look how this machinery works. To this end let us consider several
standard classes of convex programming problems. The order of exposition is as follows: for each class
of problems in question, I shall present the usual description of the problem instances, the standard and
conic reformulations required by the interior point approcah, the related self-concordant barriers and,
finally, the complexities (Newton and arithmetic) of the resulting methods.

In what follows, if opposite is not explicitly stated, we always assume that the constraints involved
into the problem satisfy the Slater condition.

10.1 Linear Programming

Consider an LP problem in the canonical form:

minimize ¢’z st. r€G={x| Ar < b}, (10.1)

A being m x n matrix of the full column rank']

Path-following approach can be applied immediately:
Standard reformulation: the problem from the very beginning is in the standard form;

Barrier: as we know, the function
F(x)=- Z In(b; — aij)
j=1

is m-self-concordant barrier for G;

Structural assumption from Lecture 8 is satisfied: indeed,

F(z) = ®(b— Az), ®(u) = - Inu;:int R - R (10.2)
j=1

Ithe assumption that the rank of A is n is quite natural, since otherwise the homogeneous system Az = 0 has a nontrivial
solution, so that the feasible domain of the problem, if nonempty, contains lines. Consequently, the problem, if feasible, is
unstable: small perturbation of the objective makes it below unbounded, so that the problems of this type might be only
of theoretical interest

141
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and @ is m-logarithmically homogeneous self-concordant barrier for the m-dimensional nonnegative or-
thant; the Legendre transformation of ®, as it is immediately seen, is

®*(s) = — Y In(—s;) —m:int R™ - R. (10.3)
j=1

Thus, to solve an LP problem, we can use both the basic and the long-step versions of the path-following
method.

Complexity: as we remember, the Newton complexity of finding an e-solution by a path-following method
associated with a ¥-self-concordant barrier is M = O(1)y/eIn(Ve™!), O(1) being certain absolute con-
stantﬂ and V is a data-dependent scale factor. Consequently, the arithmetic cost of an e-solution is MAN,
where N is the arithmetic cost of a single Newton step. We see that the complexity of the method is
completely characterized by the quantities 9 and N. Note that the product

C=VIN

is the factor at the term In(Ve~1!) in the expression for the arithmetic cost of an e-solution; thus, C can
be thought of as the arithmetic cost of an accuracy digit in the solution (since In(Ve™!) can be naturally
interpreted as the amount of accuracy digits in an e-solution).

Now, in the situation in question @ = m is the larger size of the LP problem, and it remains to
understand what is the cost N of a Newton step. At a step we are given an x and should form and solve
with respect to y the linear system of the type

F'(z)y = —te — F'(z);
the gradient and the Hessian of the barrier in our case, as it is immediately seen, are given by
m
F'(z) = dja;, F'(x) = ATD?A,
i=j
where
T 1-1
dj = [bj — (Zj JE}
are the inverse residuals in the constraints at the point x and
D = Diag(dy, ...,dm).

It is immediately seen that the arithmetic cost of assembling the Newton system (i.e., the cost of com-
puting F’ and F"’) is O(mn?); to solve the system after it is assembled, it takes O(n3) operations moreﬂ
Since m > n (recall that Rank A = n), the arithmetic complexity of a step is dominated by the cost
O(mn?) of assembling the Newton system. Thus, we come to

¥ =m; N =O0(mn?); C=0(m??n?). (10.4)

Potential reduction approach also is immediate:

Conic reformulation of the problem is given by
minimize fry st. y € {L+b}NK, (10.5)

where
K =RT, L=AR")

2provided that the parameters of the method - i.e., the path tolerance x and the penalty rate v in the case of the basic
method and the path tolerance k and the treshold K in the case of the long step one - are once for ever fixed

3if the traditional Linear Algebra is used (Gauss elimination, Cholesski decomposition, etc.); there exists, at least in
theory, "fast” Linear Algebra which allows to invert an N x N matrix in O(N7) operations for some v < 3 rather than in
O(N?3) operations
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T

and f is m-dimensional vector which ”expresses the objective ¢* x in terms of y = Ax”, i.e., is such that

Az = cTa;
one can set, e.g.,
f=A[ATA] e
(non-singularity of AT A is ensured by the assumption that Rank A = n).
The cone K = R clearly is self-dual, so that the conic dual to (10.5) is

minimize b's s.t. s € {L*+ f}NRT (10.6)
as it is immediately seen, the dual feasible plane L+ + f is given by
Lt +f={s| ATs=¢}

(see Exercise |5.4.11)).

Logarithmically homogeneous barrier for K = R is, of course, the barrier ® given by (10.2)); the
parameter of the barrier is m, and its Legendre transformation ®* is given by (10.3)). Thus, we can apply
both the method of Karmarkar and the primal-dual method.

Complexity of the primal-dual method for LP is, at it is easily seen, completely similar to that one of the
path-following method; it is given by

9 =m; N =O0(mn?); C=0(m3?n?).

The method of Karmarkar has the same arithmetic cost N of a step, but worse Newton complexity
(proportional to © = m rather than to v/9), so that for this method one has

N = 0(mn?), C = 0(m?n?).

Comments. 1) Karmarkar acceleration. The aforementioned expressions for C correspond to the default
assumption that we solve the sequential Newton systems ”from scratch” - independently of each other.
This is not the only possible policy: the matrices of the systems arising at neighbouring steps are close to
each other, and therefore there is a possibility to implement the Linear Algebra in a way which results in
certain progress in the average (over steps) arithmetic cost of finding Newton directions. I am not going
to describe the details of the corresponding Karmarkar acceleration; let me say that this acceleration
results in the (average over iterations) value of N equal to O(m'/?n?) instead of the initial value O(mn?)
ﬂ As a result, for the accelerated path-following and primal-dual methods we have C = O(mn?), and for
the accelerated method of Karmarkar C = O(m3/ 2p2). Thus, the arithmetic complexity of an accuracy
digit in LP turns out to be the same as when solving systems of linear equations by the traditional Linear
Algebra technique.

2) Practical performance. One should be awared that the outlined complexity estimates for interior
point LP solvers give very poor impression of their actual performance. There are two reasons for it:

e first, when evaluating the arithmetic cost of a Newton step, we have implicitly assumed that the
matrix of the problem is dense and ”unstructured”; this case never occurs in actual large-scale
computations, so that the arithmetic cost of a Newton step normally has nothing in common with
the above O(mn?) and heavily depends on the specific structure of the problem:;

e second, and more important fact is that the "long-step” versions of the methods (like the potential
reduction ones and the long step path following method) in practice possess much better Newton
complexity than it is said by the theoretical worst-case efficiency estimate. According to the latter
estimate, the Newton complexity should be proportional at least to the square root of the larger
size m of the problem; in practice the dependence turns out to be much better, something like
O(Inm); in the real-world range of values of sizes it means that the Newton complexity of long step
interior point methods for LP is basically independent of the size of the problem and is something
like 20-50 iterations. This is the source of ”competitive potential” of the interior point methods
versus the Simplex method.

4provided that the problem is not "too thin”, namely, that n > O(y/m)
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3) Unfeasible start. To the moment all schemes of interior point methods known to us have common
practical drawback: they are indeed ”interior point schemes”, and to start a method, one should know
in advance a strictly feasible solution to the problem. In real-world computations this might be a rather
restrictive requirement. There are several ways to avoid this drawback, e.g., the following "big M”
approach: to solve 7 let us extend x by an artificial design variable ¢ and pass from the original
problem to the new one

minimize ¢z 4+ Mt s.t. Az +t(b—e) <b, —t <0;

here e = (1,...,1)T. The new problem admits an evident strictly feasible solution = 0,¢ = 1; on
the other hand when M is large, then the xz-component of optimal solution to the problem is ”almost
feasible almost optimal” for the initial problem (theoretically, for large enough M the z-components of
all optimal solutions to the modified problem are optimal solutions to the initial one). Thus, we can
apply our methods to the modified problem (where we have no difficulties with initial strictly feasible
solution) and thus get a good approximate solution to the problem of interest. Note that the same trick
can be used in our forthcoming situations.

10.2 Quadratically Constrained Quadratic Programming

The problem here is to minimize a convex quadratic function g(z) over a set given by finitely many convex
quadratic constraints g;(x) < 0. By adding extra variable ¢ and extra constraint g(z) —t < 0 (note that
it also is a convex quadratic constraint), we can pass from the problem to an equivalent one with a linear
objective and convex quadratic constraints. It is convenient to assume that this reduction is done from
the very beginning, so that the initial problem of interest is

minimize c'z s.t. x € G={x| fij(z) = acTAjz + bjTas +¢; <0, j=1,..,m}, (10.7)

A; being n x n positive semidefinite symmetric matrices.

Due to positive semidefiniteness and symmetry of A;, we always can decompose these matrices as

Aj; = BJTBJ', B; being k(B;) x n rectangular matrices, k(B;) < n; in applications, normally, we should
not compute these matrices, since Bj, together with A;, form the "matrix” part of the input data.
Path-following approach is immediate:

Standard reformulation: the problem from the very beginning is in the standard form.

Barrier: as we know from Lecture 9, the function

—In(t — f(z))

is 1-self-concordant barrier for the epigraph {t > f(z)} of a convex quadratic form f(z) = 27 BT Bz +
bz + c. Since the Lebesque set Gy = {x | f(z) < 0} of f is the inverse image of this epigraph
under the linear mapping = — (0,2), we conclude from the Substitution rule (L) (Lecture 9) that the
function —In(—f(z)) is 1-self-concordant barrier for G, provided that f(z) < 0 at some z. Applying
the Decomposition rule (Lecture 9), we see that the function

Pla) = =3 In(=f;(@)) (10.8)

is m-self-concordant barrier for the feasible domain G of problem (|10.7)).

Structural assumption. Let us demonstrate that the above barrier satisfies the Structural assumption
from Lecture 8. Indeed, let us set

and consider the second order cones

K25 = {(r.0.6) € Rx Rx RKB) | 7> /o? 1 €T¢).



10.2. QUADRATICALLY CONSTRAINED QUADRATIC PROGRAMMING 145
Representing the quantity bfx +cj as

1+bJT:c+cj
2

T
bjr+cj =

2 2
B 1fbijfcj
2 )

we come to the following representation of the set G; = {z | f;(z) <0}:

{z| fi(z) <0} ={z] [Bjx}T[Bjm] + bij +¢; <0} =

2
1-0Tz —¢;
o[

[note that for z in the latter set bz + ¢; < 0]

2

14+bTz+¢
———| +[Bja]"[Bja] p =

2

2
1+bij+cj
2

1—bJTx—cj

5 > + [Bjz]T[Bja]

= €T ‘

Thus, we see that G is exactly the inverse image of the second order cone Kf( B,) under the affine
mapping

TI%[l*b?lL’*Cj]
zmrtp;=| o= 3[14+blz+c
EZB]‘.’II

It is immediately seen that the above barrier —In(—f;(x)) for G, is the superposition of the standard
barrier

U)(r,0,8) = —In(r* — 0 — £¢)
for the cone Kf( p,) and the affine mapping z — m;z + p;. Consequently, the barrier F(x) for the feasible
domain G of our quadraticaly constrained problem can be represented as

T = %[1 — b?{E — Cl]
o1 = 5[14+ bl + ]
fl = Bll‘
F(x) =®(mx+p), mx+p= , (10.9)
Tm = %[1 — bl —cp)
om = 5[1+ bl x + ¢
&m = B
where .
(I)(Thalvfh ~-~77'm70'm7£m) = _ZIH(TJQ - 032 - ngfj) (1010)
j=1

is the direct sum of the standard self-concordant barriers for the second order cones Kf( B,); as we

know from Proposition [5.3.2}(iii), ® is (2m)-logarithmically homogeneous self-concordant barrier for the
direct product K of the cones KTQ( B,) The barrier ® possesses the immediately computable Legendre

transformation
O (s) = D(—s)+2mIn2 —2m (10.11)

with the domain —int K.

Complexity. The complexity characteristics of the path-following method associated with barrier (L0.8]),
as it is easily seen, are given by

¥ =m; N =O0(m+n]n?); C=O0(m*m+njn?) (10.12)

(as in the LP case, expressions for N and C correspond to the case of dense "unstructured” matrices Bj;
in the case of sparse matrices with reasonable nonzero patterns these characteristics become better).
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Potential reduction approach also is immediate:

Conic reformulation of the problem is a byproduct of the above considerations; it is
minimize fly st. y € {L+p}NK, (10.13)

where K = H;nzl K 3( B)) is the above product of second order cones, L + b is the image of the above affine

T

mapping x — 7z + p and f is the vector which ”expresses the objective ¢’ x in terms of y = wz”, i.e.,

such that
e =cla;
it is immediately seen that such a vector f does exist, provided that the problem in question is solvable.
The direct product K of the second order cones is self-dual (Exercise , so that the conic dual to
(10.13)) is the problem
minimize pTs st. s€ {L* + f}NK (10.14)

with the dual feasible plane L + f given by
LY+ f={s|nls=c}

(see Exercise [5.4.11)).

Logarithmically homogeneous self-concordant barrier with parameter 2m for the cone K is, as it was
already mentioned, given by ; the Legendre transformation of ® is given by . Thus, we
have in our disposal computable primal and dual barriers for - and can therefore solve the
problems by the method of Karmarkar or by the primal-dual method associated with these barriers.

Complexity: it is immediately seen that the complexity characteristics of the primal-dual method are
given by (|10.12)); the characteristics A" and C of the method of Karmarkar are O(y/m) times worse than
the corresponding characteristics of the primal-dual method.

10.3 Approximation in L, norm

The problem of interest is
m

minimize Z lvj — u?x P (10.15)
j=1

where 1 < p < 0o, u; € R" and v; € R.

Path-following approach seems to be the only one which can be easily carried out (in the potential
reduction scheme there are difficulties with explicit formulae for the Legendre transformation of the
primal barrier).

Standard reformulation of the problem is obtained by adding m extra variables ¢; and rewriting the
problem in the equivalent form

m
minimize Y t; s.t. (t,x) € G ={(t,z) e R™" | |v; —ual’ <tj, j=1,..,m}. (10.16)
j=1

Barrier: self-concordant barrier for the feasible set G of problem (|10.16)) was constructed in Lecture 9
(Example Substitution rule (L) and Decomposition rule):

m

F(t,x) =Y Fjt;,z), Fi(t,z) =—In? — (v; —ul2)?) - 2Int;, 9 =4dm.

J J
j=1

Complexity of the path-following method associated with the indicated barrier is characterized by

¥ =4m; N = O([m +n]n?); C=0(m"?m+nn?).
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The above expression for the arithmetic complexity N needs certain clarification: our barrier depends
on m + n variables, and its Hessian is therefore an (m + n) X (m 4 n) matrix; how it could be that we
can assemble and invert this matrix at the cost of O(n?[m + n]) operations, not at the "normal” cost
O([m +n]*)?

The estimate for A/ is given by the following reasoning. Since the barrier is separable, its Hessian H
is the sum of Hessians of the ”partial barriers” Fj(t,z); the latter Hessians, as it is easily seen, can be
computed at the arithmetic cost O(n?) and are of very specific form: the m x m block corresponding to
t-variables contains only one nonzero entry (coming from to #;j). It follows that H can be computed

at the cost O(mn?) and is (m + n) x (m + n) matrix of the form

T
}{:(T P >’
P Q
where the m x m block T corresponding to t-variables is diagonal, P is n x m and @ is n x n. It

is immediately seen that the gradient of the barrier can be computed at the cost O(mn). Thus, the
arithmetic cost of assembling the Newton system is O(mn?), and the system itself is of the type

Tu+PTv =p
Pu+Quv =gq

with m-dimensional vector of unknowns u, n-dimensional vector of unknowns v and diagonal T'. To solve
the system, we can express u via v:
u="T71p— Py

and substitute this expression in the remaining equations to get a n x n system for u:
Q@ — PT™'PTlu=q— PT 'p.

To assemble this latter system it clearly costs O(mn?) operations, to solve it - O(n?®) operations, and
the subsequent computation of u takes O(mn) operations, so that the total arithmetic cost of assembling
and solving the entire Newton system indeed is O([m + n|n?).

What should be noticed here is not the particular expression for A/, but the general rule which is
illustrated by this expression: the Newton systems which arise in the interior point machinery normally
possess nontrivial structure, and a reasonable solver should use this structure in order to reduce the
arithmetic cost of Newton steps.

10.4 Geometrical Programming

The problem of interest is

minimize fo(x) = Z cioexp{al z} s.t. fi(z) = Z cijexplal v} <dj, j=1,...,m. (10.17)
i€Zo i€Z;

Here z € R", Z; are subsets of the index set Z = {1, ..., k} and all coefficients ¢;; are positive, j = 1, ..., m.
Note that in the standard formulation of a Geometrical Programming program the objective and the
constraints are sums, with nonnegative coefficients, of "monomials” £{'*...2", &; being the design variables
(which are restricted to be positive); the exponential form is obtained from the ”monomial” one
by passing from &; to the new variables x; = In ;.
Here it again is difficult to compute the Legendre transformation of the barrier associated with the

conic reformulation of the problem, so that we restrict ourselves with the Path-following approach only.

Standard reformulation: to get it, we introduce k additional variables t¢;, one per each of the exponents
exp{al'z} involved into the problem, and rewrite (10.17)) in the following equivalent form:

minimize Y ciot; sit. (t,x) € G, (10.18)
1€Zp
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with
G={(t,z) e RF xR" | Z cijti <dj, j=1,..,miexpl{al x} <t;,i=1,..,k}.
€L,

Barrier. The feasible domain G of the resulting standard problem is given by a number of linear constraints
and a number of exponential inequalities exp{alx} < t;. We know how to penalize the feasible set of
a linear constraint, and there is no difficulty in penalizing the feasible set of an exponential inequality,
since this set is inverse image of the epigraph

{10 | 7= exp{}}

under an affine mapping.
Now, a 2-self-concordant barrier for the epigraph of the exponent, namely, the function

U(r,§)=—In(lnT—¢&) —InT
was found in Lecture 9 (Example [9.2.3). Consequently, the barrier for the feasible set G is

k m
t
Flta) = Wt aa)~ S 4 — S ety q><ﬂ(x>+p>,
1=1 Jj=1 ’LEIj
where
k
q)(Tlﬂgh"-;Tkafk;7k+1;7-k+27"'7Tk+m) :Z Tlﬂgl ZlnTk-i-j
i=1

is self-concordant barrier with parameter 2k 4+ m and the affine substitution 7 (i) + p is given by

T = tl
& = alTx
T = Tk
t T
W(x)+p & =apx
Tht1 = d1 — ZieL Ci1t;
Ty = dg — ) ez, Cinti

Tk4+m = dp, — ZieI,” Cimti

Structural assumption. To demonstrate that the indicated barrier satisfies the Structural assumption,
it suffices to point out the Legendre transformation of ®; since this latter barrier is the direct sum of k

copies of the barrier
U(r,&) = —In(lnT— &) —In7

and m copies of the barrier

(1) =—1InT,
the Legendre transformation of ® is the direct sum of the indicated number of copies of the Legendre
transformations of ¥ and . The latter transformations can be computed explicitly:

1
U*(o,n) =(n+1)In (t) —n—Inn—2, Dom¥* ={o < 0,n >0},

(o) = —In(—0) — 1, Dom¢* = {0 < 0}.

Thus, we can solve Geometrical programming problems by both the basic and the long-step path-following
methods.

Complexity of the path-following method associated with the aforementioned barrier is given by

¥ =2k +m; N =0(mk*+k>+n3); C=0((k+m)Y2mk? + k> + n?).
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10.5 Exercises on applications of interior point methods

The below problems deal with a topic from Computational Geometry - with computing extremal ellipsoids
related to convex sets.
There are two basic problems on extremal ellipsoids:

(Inner): given a solid @ C R™ (a closed and bounded convex domain with a nonempty interior), find the
ellipsoid of the maximum volume contained in Q.

(Outer): given a solid @@ C R", find the ellipsoid of the minimum volume containing Q.

Let us first explain where the problems come from.
I know exactly one source of problem (Inner) - the Inscribed Ellipsoid method InsEll for general
convex optimization. This is an algorithm for solving problems of the type

minimize f(x) s.t. x € Q,

where @ is a polytope in R™ and f is convex function. The InsEll, which can be regarded as a multidi-
mensional extension of the usual bisection, generates a decreasing sequence of polytopes (); which cover
the optimal set of the problem; these localizers are defined as

Qo=Q; Qi1 ={r€Qi| (x—z)" f(x;) <0},

where x; is the center of the maximum volume ellipsoid inscribed into @);.
It can be proved that in this method the inaccuracy f(z') —ming f of the best (with the smallest
value of f) among the search points x1, ..., x; admits the upper bound

f(zl) - Hgnf < eXP{*IiE}[mSJXf — ngn 11,

k > 0 being an absolute constant; it is known also that the indicated rate of convergence is the best, in
certain rigorous sense, rate a convex minimization method can achieve, so that InsEll is optimal. And
to run the method, you should solve at each step an auxiliary problem of the type (Inner) related to a
polytope @ given by list of linear inequalities defining the polytope.

As for problem (Outer), the applications known to me come from Control. Consider a discrete time
linear controlled plant given by

x(t+ 1) = Az(t) + Bu(t), t =0,1, ...,

where z(t) € R™ and u(t) € R* are the state of the plant and the control at moment ¢ and A, B are
given n x n and n X k matrices, A being nonsingular. Assume that u(-) can take values in a polytope
U C RF given as a convex hull of finitely many points uy, ..., Up,:

U = Conv{uy, ..., Um}

Let the initial state of the plant be known, say, be zero. The question is: what is the set X7 of possible
states of the plant at a given moment 7'7

This is a difficult question which, in the multi-dimensional case, normally cannot be answered in
a ”closed analytic form”. One of the ways to get certain numerical information here is to compute
outer ellipsoidal approximations of the sets Xy, t = 0,...,T - ellipsoids E; which cover the sets X;. The
advantage of this approach is that these approximations are of once for ever fixed ”tractable” geometry,
in contrast to the sets X; which may become more and more complicated as t grows. There is an evident
possibility to form E;’s in a recurrent way: indeed, if we already know that X; belongs to a known
ellipsoid Ey, then the set X,y for sure belongs to the set

E, = AE, + BU.

Since U is the convex hull of uy, ..., u,,, the set Et is nothing but the convex hull ;41 of the union of
E},i=1,...,m. Thus, a convex set contains Et if and only if it contains Q¢4 1.

Now, it is, of course, reasonable to look for ”tight” approximations, i.e., to choose F;y; as close as
possible to the set Q41 (unfortunately, Q:4+1 usually is not an ellipsoid, so that in any case FE;y; will
be redundant). A convenient integral measure of the quality of outer approximation is the volume of the
approximating set - the less it is, the better is the approximation. Thus, to approximate the sets X, we
should solve a sequence of problems (Outer) with ) given as the convex hull of a union of ellipsoids.



150 CHAPTER 10. APPLICATIONS IN CONVEX PROGRAMMING

10.5.1 (Inner) and (Outer) as convex programs

Problems (Inner) and (Outer) can be reformulated as convex programs. To this end recall that there are
two basic ways to describe an ellipsoid

e an ellipsoid W C R" is the image of the unit Euclidean ball under a one-to-one affine mapping of
R" onto itself:

O W=I(z,X)={y=2+ Xu| ulu<1};

here z € R™ is the center of the ellipsoid and X is a nonsingular n x n matrix. This matrix is defined
uniquely up to multiplication from the right by an orthogonal matrix; under appropriate choice of this
orthogonal ”scale factor” we may make X to be symmetric positive definite, and from now on our
convention is that the matrix X involved into (I) is symmetric positive definite. Thus, (I) allows to
parameterize n-dimensional ellipsoids by the pairs (z, X), with « € R™ and X being n x n positive
definite symmetric matrix.

It is worthy to recall that the volume of ellipsoid (I) is &, Det X, K, being the volume of the n-
dimensional Euclidean ball.

e an ellipsoid W is the set given by strictly convex quadratic inequality:
() W=E(rzX)={u| v Xu+22Tu+r <0}

here X is a positive definite symmetric n x n matrix, x € R™ and r € R. The above relation can be
equivalently rewritten as

W={u| (u+ X ') X(u+X"t2)+r—2TX Tz <0;
thus, it indeed defines an ellipsoid if and only if
Strie, X) =2 X e —r>0.

The representation of W via r, x, X is not unique (proportional triples define the same ellipsoid). There-
fore we always can enforce the quantity d to be < 1, and in what follows this is our default convention
on the parameterization in question.

It is clearly seen that the volume of the ellipsoid E(r,z, X) is nothing but

k0™ ?(r, z, X)Det ~1/2X.

Now let us look at problem (Inner). From the above discussion we see that it can be written down as
(Inner’) minimize F(X)= —1nDet X s.t. (z,X) € Gr,

with
Gr={(z,X)| Xe8},I(z,X) CQ};

here S is the cone of positive semidefinite matrices in the space S™ of symmetric n x n matrices.
To get (Inner’), we have passed from the problem of maximizing

Vol,,(I(x, X)) = iy Det X
to the equivalent problem of minimizing — In Det X.

Exercise 10.5.1 Prove that (Inner’) is a convex program: its feasible domain G is closed and bounded
convex set with a nonempty interior in the space R™ x S™, and the objective is a continuous convex
function (taking values in R U {4+00}) on G1 and finite on the interior of the domain Gi.

Similarly, (Outer) also can be posed as a convex program
(Outer’) minimize —InDet X s.t. (r,z,X) € Go =clG,
G'={(r,z,X) e RxR" xint 8} | §(r,z,X) <1, E(r,z,X) D Q}.
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Exercise 10.5.2 T Prove that (Outer’) is a convex programming program: Go is closed convex domain,
and F is continuous convex function on Go taking values in RU {400} and finite on int Go. Prove that
the problem is equivalent to (Outer).

Thus, both (Inner) and (Outer) can be reformulated as convex programs. This does not, anyhow,
mean that the problems are computationally tractable. Indeed, the minimal ”well posedness” requirement
on a convex problem which allows to speak about it numerical solution is as follows:

(!) given a candidate solution to the problem, you should be able to check whether the solution is
feasible, and if it is the case, you should be able to compute the value of the objective at this solutiorﬂ

Whether (1) is satisfied or not for problems (Inner) and (Outer), it depends on what is the set @ and

how it is represented; and, as we shall see in a while, ”well posed” cases for one of our problems could be

”ill posed” for another. Note that "well posedness” for (Inner) means a possibility, given an ellipsoid W

to check whether W is contained in Q; for (Outer) you should be able to check whether W contains Q.
Consider a couple of examples.

e () is a polytope given ”by facets”, more exactly, by a list of linear inequalities (not all of them
should represent facets, some may be redundant).

This leads to well-posed (Inner) (indeed, to check whether W is contained in @, i.e., in the inter-
section of a given finite family of half-spaces, is the same as to check whether W is contained in
each of the half-spaces, and this is immediate). In contrast to this, in the case in question (Outer)
is ill-posed: to check whether, say, a Euclidean ball W contains a polytope given by a list of linear
inequalities is, basically, the same as to maximize a convex quadratic form (namely, |z|3) under
linear inequality constraints, and this is an NP-hard problem.

e () is a polytope given ”by vertices”, i.e., represented as a convex hull of a given finite set S.

Here (Outer) is well-posed (indeed, W contains @ if and only if it contains S, which can be imme-
diately verified), and (Inner) is ill-posed (it is NP-hard).

As we shall see in a while, in the case of a polytope ) our problems can be efficiently solved by interior
point machinery, provided that they are well-posed.

10.5.2 Problem (Inner), polyhedral case

In this section we assume that
Q=A{z| a?:c <b;,j=1,...,m}

is a polytope in R™ given by m linear inequalities.

Exercise 10.5.3 Prove that in the case in question problem (Inner) can be equivalently formulated as
follows:

(Inner_Lin) minimize t s.t. (t,z,X) € G,
with
G={(t,z,X)| [Xajla<bj—ajz,j=1,..m; X €S};—InDet X <t}.

To solve (Inner_Lin) by interior point machinery, we need self-concordant barrier for the feasible set
of the problem. This set is given by a number of constraints, and in our ”barrier toolbox” we have
self-concordant barriers for the feasible sets of all of these constraints, except the latter of them. This
shortcoming, anyhow, can be immediately overcome.

Exercise 10.5.4 * Prove that the function
O(t,X) =—1In(t+Indet X) — InDet X
is (n + 1)-self-concordant barrier for the epigraph

c{(t,X) € R xint 8% | t+InDet X > 0}

5to apply interior point methods, you need, of course, much stronger assumptions: you should be able to point out a
”computable” self-concordant barrier for the feasible set
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of the function —InDet X. Derive from this observation that the function

F(t,z,X)=—)Y In(jb; — a 2]* — a] X" Xa;) — In(t + In Det X) — InDet X
j=1

is (2m 4+ n + 1)-self-concordant barrier for the feasible domain G of problem (Inner_Lin). What are the
complezity characteristic of the path-following method associated with this barrier?

10.5.3 Problem (Outer), polyhedral case
Now consider problem (Outer) with the set @ given by

Q:{ZA]‘(IJ'| /\ZOZ/\J=1}
j=1 j

Exercise 10.5.5 Prove that in the case in question problem (Outer’) becomes the problem
(Outer_Lin) minimize t s.t. (t,r,z,X) € G,
with
G={(trz,X)|
a]TXaj + QJ:Taj +r<0,j=1,...m; X € ST; —InDet X < t;6(r,z, X) < 1}.

Provet that the function

F(t,r,z,X) = — Zln(—ajTXaj —2z2"a; —r)—

j=1
—In(l4r— xTX_lx) —In(t+InDet X) —2InDet X

is (m+2n+2)-self-concordant barrier for G. What are the complezity characteristics of the path-following
method associated with this barrier?

10.5.4 Problem (Outer), ellipsoidal case

The polyhedral versions of problems (Inner) and (Outer) considered so far are, in a sense, particular
cases of "ellipsoidal” versions, where @ is an intersection of a finite family of ellipsoids (problem (Inner))
or convex hull of a finite number of ellipsoids (problem (Outer); recall that our motivation of this latter
problem leads to the ”ellipsoidal” version of it). Indeed, the polyhedral (Inner) relates to the case when Q
is an intersection of a finite family of half-spaces, and a half-space is nothing but a ”very large” ellipsoid.
Similarly, polyhedral (Outer) relates to the case when @ is a convex hull of finitely many points, and a
point is nothing but a "very small” ellipsoid. What we are about to do is to develop polynomial time
methods for the ellipsoidal version of (Outer). The basic question of well-posedness here reads as follows:

(?) Given two ellipsoids, define whether the second of them contains the first one

This question can be efficiently answered, and the nontrivial observation underlying this answer is, I
think, more important than the question itself.

We shall consider (7) in the situation where the first ellipsoid is given as E(r,z, X), and the second
one - as E(s,y,Y). Let us start with equivalent reformulation of the question.

The ellipsoid E(r,z, X) is contained in E(s,y,Y) if and only if every solution u to the inequality

uI Xu+22Tu+r <0

satisfies the inequality
uwl'Yu+ 2yTu +5<0.

Substituting u = v/t, we can reformulate this as follows:
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E(r,z,X) C E(s,y,Y) if and only if from the inequality
I Xv+2tzTo +rt2 <0
and from t # 0 it always follows that
oY v+ 2tyTv + st? <0.

In fact we can omit here "¢ # 07, since for ¢ = 0 the first inequality can be valid only when v = 0 (recall
that X is positive definite), and the second inequality then also is valid. Thus, we come to the conclusion
as follows:

E(r,z,X) C E(s,y,Y) if and only if the following implication is valid:

wlSw < 0= wlRw < 0,

(X =z (Y y
s=(or 7)om=(r )

We have reduced (?) to the following question

where

(??7) given two symmetric matrices R and S of the same size, detect whether all directions w where
the quadratic form w” Sw is nonpositive are also the directions where the quadratic form w” Rw is
nonpositive:

(Impl)  w'Sw < 0= wlRw<0.

In fact we can say something additional about the quadratic forms S and R we actually are interested
in:

(*) in the case of matrices coming from ellipsoids there is a direction w with negative w” Sw, and there
is a direction w' with positive (w’)T Rw'.

Exercise 10.5.6 * Prove (*).

Now, there is an evident sufficient condition which allos to give a positive answer to (7?): if R < AS
with some nonnegative A, then, of course, (Impl) is valid. It is a kind of miracle that this sufficient
condition is also necessary, provided that w” Sw < 0 for some w:

Exercise 10.5.7 * Prove that if S and R are symmetric matrices of the same size such that the impli-
cation (Impl) is valid and S is such that w” Sw < 0 for some w, then there exists nonnegative X such
that

R < \S;

if, in addition, (w")T Rw' > 0 for some w’, then the above \ is positive.
Conclude from the above, that if S and R are symmetric matrices of the same size such that wk Swg <
0 for some ws and whRwg > 0 for some wg, then implication (Impl) is valid if and only if

R<A\S

for some positive \.

It is worthy to explain why the statement given in the latter exercise is so amazing. (Impl) says exactly
that the quadratic form f;(w) = —w? Rw is nonnegative whenever the quadratic form fo(w) = w? Sw is
nonpositive, or, in other words, that the function

f(w) = max{fi(w), fa(w)}

is nonegative everywhere and attains therefore its minimum at w = 0. If the functions f; and fy were
convex, we could conclude from this that certain convex combination pf;(w) + (1 — p)fa(w) of these
functions also attains its minimum at w = 0, so that —pR + (1 — u)S is positive semidefinite; the
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conclusion is exactly what is said by our statement (it says also that pu > 0, so that the matrix inequality
can be rewritten as R < AS with A\ = (1 — p)u~!; this additional information is readily given by the
assumption that w? Sw < 0 and causes no surprise). Thus, the conclusion is the same as in the situation
of convex f; and f3; but we did not assume the functions to be convex! Needless to say, the ”statement”
of the type

max{ f1, fa} > 0 everywhere = 3 € [0,1] : uf1 + (1 — p)f2 > 0 everywhere

fails to be true for arbitrary f; and fs, but, as we have seen, it is true for homogeneous quadratic forms.
Let me add that the implication

max{wTSlw, e wTSkw} >0 Yw = certain convex combination of S; is >0

is valid only for k = 2.

Now we are ready to apply interior point machinery to the ellipsoidal version of (Outer).

Consider problem (Outer) with @ given as the convex hull of ellipsoids F(p;, a;, A;), i = 1,...,m. An
ellipsoid E(r,z,X) is a convex set; therefore it contains the convex hull @ of our ellipsoids if and only
if it contains each of the ellipsoids. As we know from Exercise and (*), the latter is equivalent to
existence of m positive reals Ay, ..., A, such that

R(’/’,JZ,X)E (55(’]: f) SAiSzﬂ

where S; = R(p;,a;, A;).

Exercise 10.5.8 Prove that in the case in question problem (Outer) can be equivalently formulated as
the following conver program:

(Outer_Ell) minimize t s.t. (t,7,z,X,)\) € G,

where
G =cl{(t,r,z, X, \) |

X eint 8T, t+InDet X >0,0(r,z,X) <1, R(r,z, X) < XNiS;, i =1,...,m}.
Prove that the function

F(t,r,z, X,\) = —In(t + InDet X) — 2InDet X —In(1 +r — 27 X 1z)—

—> InDet (A;S; — R(r,z, X))

i=1
is ([m+2]n+2)-self-concordant barrier for the feasible domain G of the problem. What are the complexity
characteristics of the path-following method associated with this barrier?



Chapter 11

Semidefinite Programming

This concluding lecture is devoted to an extremely interesting and important class of convex programs -
the so called Semidefinite Programming.

11.1 A Semidefinite program

The canonical form of a semidefinite program is as follows:

(SD) minimize linear objective ¢cTz of z € R™ under Linear Matrix Inequality constraints
A](x) Z 0) j = 1) "')M7

where A;(x) are symmetric matrices affinely depending on x (i.e., each entry of A;(-) is an affine function
of ), and A > 0 for a symmetric matrix A stands for ”A is positive semidefinite”.

Note that a system of m Linear Matrix Inequality constraints (LMI’s) A;j(z) > 0, j = 1,...,M, is
equivalent to a single LMI

A(z) >0, A(x) = Diag{A4;(x),...,Ap(2)} =

(blank space corresponds to zero blocks). Further, an affine in z matrix-valued function A(z) can be
represented as

i=1

Ap,...,A, being fixed matrices of the same size; thus, in a semidefinite program we should minimize a
linear form of x1, ..., x, provided that a linear combination of given matrices A; with the coeflicients x;
plus the constant term Ag is positive semidefinite.

The indicated problem seems to be rather artificial. Let me start with indicating several examples of
important problems covered by Semidefinite Programming.

11.2 Semidefinite Programming: examples

11.2.1 Linear Programming
Linear Programming problem
minimize ¢’z s.t. a]Ta: <bj, j=1,.M

is a very particular semidefinite program: the corresponding matrix A(z) is M x M diagonal matrix with
the diagonal entries b; — a?m (indeed, a diagonal matrix is positive semidefinite if and only if its diagonal

entries are nonnegative, so that A(x) > 0 if and only if z is feasible in the initial LP problem).

155
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11.2.2 Quadratically Constrained Quadratic Programming

A convex quadratic constraint
f(x)=2"BTBx + bz +¢c <0,

B being k x n matrix, can be expressed in terms of positive semidefiniteness of certain affine in x
(k+1) x (k+ 1) symmetric matrix Ay(z), namely, the matrix

[ —c—bTzx [Bz]T
Indeed, it is immediately seen that a symmetric matrix
P RT
1=(7 )

with positive definite block @ is positive semidefinite if and only if the matrix P — RTQ™'R is positive
semideﬁniteﬂ; thus, As(z) is positive semidefinite if and only if —c — b7z > 2T BT Bz, i.e., if and only if
f(z) <0.

Thus, a convex quadratic constraint can be equivalently represented by an LMI; it follows that a
convex quadratic quadratically constrained problem can be resresented as a problem of optimization
under LMI constraints, i.e., as a semidefinite program.

The outlined examples are not that convincing: there are direct ways to deal with LP and QCQP, and
it hardly makes sense to reduce these problems to evidently more complicated semidefinite programs. In
the forthcoming examples LMI constraints come from the nature of the problem in question.

11.2.3 Minimization of Largest Eigenvalue and Lovasz Capacity of a graph

The Linear Eigenvalue problem is to find  which minimizes the maximum eigenvalue of symmetric matrix
B(z) affinely depending on the design vector x (there are also nonlinear versions of the problem, but I
am not speaking about them). This is a traditional area of Convex Optimization; the problem can be
immediately reformulated as the semidefinite program

minimize A s.t. A\, z) =X — B(z) > 0.

As an application of the Eigenvalue problem, let us look at computation of the Lovasz capacity number
of a graph. Consider a graph I'" with the set of vertices V and set of arcs E. One of the fundamental
characteristics of the graph is its inner stability number «(T") - the maximum cardinality of an independent
subset of vertices (a subset is called independent, if no two vertices in it are linked by an arc). To compute
a(I"), this is an NP-hard problem.

There is another interesting characteristic of a graph - the Shannon capacity number o(T") defined as
follows. Let us interpret the vertices of I' as letters of certain alphabet. Assume that we are transmitting
words comprised of these letters via an unreliable communication channel; unreliability of the channel is
described by the arcs of the graph, namely, letter ¢ on input can become letter j on output if and only
if ¢ and j are linked by an arc in the graph. Now, what is the maximum number s; of k-letter words
which you can send through the channel without risk that one of the words will be converted to another?
When k = 1, the answer is clear - exactly «(T'); you can use, as these words, letters from (any) maximal
independent set V* of vertices. Now, s > s¥ - the words comprised of letters which cannot be ”"mixed”
also cannot be mixed. In fact s, can be greater than s}, as it is seen from simple examples. E.g., if " is
the 5-letter graph-pentagon, then s; = a(I') = 2, but so = 5 > 4 (you can draw the 25 2-letter words in
our alphabet and find 5 of them which cannot be mixed). Similarly to the inequality s, > s¥, you can
prove that spxq > s] (consider s, p-letter words which cannot be mixed as your new alphabet and note
that the words comprised of these ¢ "macro-letters” also cannot be mixed). From the relation s,y , > s
(combined with the evident relation s, < |V|P) it follows that there exists

— 1 1/p _ 1/p.
o() plg{.losp Slzl)psp ;

1to verify this statement, note that the minimum of the quadratic form vT Pv + 20T RTu 4+ uT Qu with respect to u is
given by u = —Q~'Rv, and the corresponding minimum value is v7 Pv — vT RTQ~1Ruw; A is positive semidefinite if and

only if this latter quantity is > 0 for all v
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this limit is exactly the Shannon capacity number. Since o(T") > s,l,/ P for every p, and, in particular, for
p =1, we have
o(l') = a(I);

for the above 5-letter graph we also have o(I') > (/53 = V5.

The Shannon capacity number is an upper bound for the inner stability number, which is a good
news; a bad news is that o(I") is even less computationally tractable than «(T'). E.g., for more than 20
years nobody knew whether the Shannon capacity of the above 5-letter graph is equal to v/5 or is greater
than this quantity.

In 1979, Lovasz introduced a ”computable” upper bound for ¢(I') (and, consequently, for «(I')) -
the Lovasz capacity number 6(T') which is defined as follows: let N be the number of vertices in the
graph, and let the vertices be numbered by 1,...,N. Let us associate with each arc v in the graph its
own variable z.,, and let B(z) be the following symmetric matrix depending on the collection z of these
variables: B;j(x) is 1, if either ¢ = j, or the vertices ¢ and j are not adjacent; if the vertices are linked by
arc v, then B;;(x) = . For the above 5-letter graph, e.g.,

1 12 1 1 I51

T12 1 To3 1 1

B(IE) = 1 T3 1 T34 1
1 1 T34 1 T45

I51 1 1 T45 1

Now, by definition the Lovasz capacity number is the minimum, over all ’s, of the maximum eigenvalue
of the matrix B(x). Lovasz has proved that his capacity number is an upper bound for the Shannon
capacity number and the inner stability number:
() > o(l') > «(T).

Thus, Lovasz capacity number (which can be computed via solving a semidefinite program) gives im-
portant information on the fundamental combinatorial characteristic of a graph. In many cases the
information is complete, as it happens in our example, where 0(T') = /5; consequently, o(T') = /5, since
we know that for the graph in question ¢(T') > v/5; and since «(T) is integer, we can rewrite the Lovasz
inequality as (") < |6(T")] and get for our example the correct answer a(T") = 2.

11.2.4 Dual bounds in Boolean Programming

Consider another application of semidefinite programming in combinatorics. Assume that you should
solve a Boolean Programming problem

k k

minimize Zdjuj s.t. Zpijuj =q,i=1,..,n,u; € {0;1}.
j=1 j=1

One of the standard ways to solve the problem is to use the branch-and-bound scheme, and for this
scheme it is crucial to generate lower bounds for the optimal value in the subproblems arising in course of
running the method. These subproblems are of the same structure as the initial problem, so that we may
think of how to bound from below the optimal value in the problem. The traditional way here is to pass
from the Boolean problem to its Linear Programming relaxation by replacing the Boolean restrictions
uj € {0;1} with linear inequalities 0 < u; < 1. Some years ago Shor suggested to use nonlinear relaxation
which is as follows. We can rewrite the Boolean constraints equivalently as quadratic equalities

uj(l1—u;) =0,j=1,...k

further, we can add to our initial linear equations their quadratic implications like

k k
[Q7, - Zpt_juj][qt/ - Zpllju_]] = 07 Z.ai/ =1..,n
j=1 j=1
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thus, we can equivalently rewrite our problem as a problem of continuous optimization with linear ob-
jective and quadratic equality constraints

minimize d'u s.t. Ki(u)=0,i=1,..,N, (11.1)

where all K; are quadratic forms. Let us form the Lagrange function

N
L(u,z) = d"u + leKl(u) = uT A(z)u + 207 (z)u + c(z),
i=1

where A(z), b(z), c(x) clearly are affine functions of the vector = of Lagrange multipliers. Now let us
pass to the ”dual” problem

maximize f(x) = inf L(u,x). (11.2)

If our primal problem were convex, the optimal value c, in the dual, under mild regularity as-
sumptions, would be the same as the optimal value in the primal problem; our situation has nothing
in common with convexity, so that we should not hope that c, is the optimal value in ; anyhow,
independently of any convexity assumptions ¢, is a lower bound for the primal optimal valug? this is the
bound suggested by Shor.

Let us look how to compute Shor’s bound. We have

f(z) = inf{u® A(x)u + 207 (z)u + c(x)},
so that f(z) is the largest real f for which the quadratic form of u
ul A(z)u + 207 (z)u + [c(z) — f]

is nonnegative for all u; substituting v = t~'v, we see that the latter quadratic form of u is nonnegative
for all u if and only if the homogeneous quadratic form of v, ¢

vl A(z)v + 20T (z)vt + [e(z) — f]t2

is nonnegative whenever ¢ # 0. By continuity reasons the resulting form is nonnegative for all v, ¢ with
t # 0 if and only if it is nonnegative for all v,t, i.e., if and only if the matrix

= ("o " i)

is positive semidefinite. Thus, f(z) is the largest f for which the matrix A(f,z) is positive semidefinite;
consequently, the quantity sup, f(x) we are interested in is nothing but the optimal value in the following
semidefinite program:

maximize f s.t. A(f,z)>0.

It can be easily seen that the lower bound ¢, given by Shor’s relaxation is not worse than that one given
by the usual LP relaxation. Normally the ”semidefinite” bound is better, as it is the case, e.g., in the
following toy problem

4027 + 90z + 28x3 + 22x4 — min

30x; + 27z + 1llzg + 33z4 =41

28x1 + 2x9 + 4b6xz + 46xy =74

T1,T2,T3, T4 = 071

with optimal value 68 (2 = x5 = 1,25 = 2} = 0); here Shor’s bound is 43, and the LP-based bound is
40.

2the proof is immediate: if u is primal feasible, then, for any z, L(z,u) = dTu (since K;(u) = 0) and therefore
f(z) < dTu; consequently, c. = sup, f(x) < dTu. Since the latter inequality is valid for all primal feasible u, ¢, is < the
primal optimal value, as claimed



11.2. SEMIDEFINITE PROGRAMMING: EXAMPLES 159

11.2.5 Problems arising in Control

An extremely powerful source of semidefinite problems is modern Control; there are tens of problems
which are naturally formulated as semidefinite programs. Let me present two generic examples.

Proving Stability via Quadratic Lyapunov functiodﬂ Consider a polytopic differential inclusion
'(t) € Qz(t)), (11.3)

where

Q(l’) = COHV{Ql,I,‘, ey QMx}v

Q; being k x k matrices. Thus, every vector z € R” is associated with the polytope Q(x), and the
trajectories of the inclusion are differentiable functions x(t) such that their derivatives z'(t) belong, for
any ¢, to the polytope Q(z(t)). When M = 1, we come to the usual linear time-invariant system

a'(t) = Qu(t).

The general case M > 1 allows to model time-varying systems with uncertainty; indeed, a trajectory of
the inclusion is the solution to the time-varying equation

' (t) = A(t)x(t), A(t) € Conv{Q1,...,Qun},

and the trajectory of any time-varying equation of this type clearly is a trajectory of the inclusion.

One of the most fundamental questions about a dynamic system is its stability: what happens with
the trajectories as t — oo - do they tend to 0 (this is the stability), or remain bounded, or some of them go
to infinity. A natural way to prove stability is to point out a quadratic Lyapunov function f(z) = 27 Lz,
L being positive definite symmetric matrix, which ”proves the decay rate a of the system”, i.e., satisfies,
for some «, the inequality

LI () < —af((0)

along all trajectories x(t) of the inclusion. From this differential inequality it immediately follows that

f2(t)) < f(2(0)) exp{—at};

if a > 0, this proves stability (the trajectories approach the origin at a known exponential rate); if o = 0,
the trajectories remain bounded; if a < 0, we do not know whether the system is stable, but we have
certain upper bound for the rate at which the trajectories may go to infinity. It is worthy to note that
in the case of linear time-invariant system the existence of quadratic Lyapunov function which ”proves
a negative decay rate” is a necessary and sufficient stability condition (this is stated by the famous
Lyapunov Theorem); in the general case M > 1 this condition is only sufficient, and is not anymore
necessary.

Now, where could we take a quadratic Lyapunov function which proves stability? The derivative
of the function z%'(t)Lz(t) in t is 22T (x)La’(t); if L proves the decay rate a, this quantity should be
< —axT(t)La(t) for all trajectories x(-). Now, x(t) can be an arbitrary point of R¥, and for given
x = x(t) the vector z/(t) can be an arbitrary vector from Q(z). Thus, L ”proves decay rate «” if and
only if it is symmetric positive definite (this is our a priori restriction on the Lyapunov function) and is
such that

22T Ly < —az’ Lx

for all x and for all y € Q(z); since the required inequality is linear in y, it is valid for all y € Q(z) if and
only if it is valid for y = Q;z, i = 1, ..., M (recall that Q(z) is the convex hull of the points Q;x). Thus,
positive definite symmetric L proves the decay rate « if and only if

2T [LQ; + QT Lz = 22T LQix < —ax” La
for all x, i.e., if and only if L satisfies the system of Linear Matrix Inequalities

aL +LQ; +0TL <0,i=1,..,M; L>0.

3this example was the subject of exercises to Lecture 7, see Section m
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Due to homogeneity with respect to L, we can impose on L nonstrict inequality L > I instead of strict
(and therefore inconvenient) inequality L > 0, and thus come to the necessity to solve the system

L>I; aL+LQ; +QFL <0, i=1,..,M, (11.4)

of Linear Matrix Inequalities, which is a positive semidefinite program with trivial objective.

Feedback synthesis via quadratic Lyapunov function. Now let us pass from differential inclusion (|11.3])
to a controlled plant

2'(t) € Q(x(t), u(?)), (11.5)
where
Q(z,u) = Conv{Q 1z + Biu, ..., Qnmx + Bpu}

with k x k matrices Q; and k x [ matrices B;. Here 2 € R¥ denotes state of the system and u € R/
denotes the control. Our goal is to "close” the system by a linear time-invariant feedback

u(t) = Ka(t),
K being k x I feedback matrix, in a way which ensures stability of the closed-loop system
2/ (t) € Q(x(t), Kz(t)). (11.6)

Here again we can try to achieve our goal via quadratic Lyapunov function z”Lx. Namely, if, for
some given « > 0, we are able to find simultaneously a k x [ matrix K and a positive definite symmetric
k x k matrix L in such a way that

d

a(:cT(t)Lx(t)) < —azxT (t)La(t) (11.7)

for all trajectories of , then we will get both the stabilizing feedback and a sertificate that it indeed
stabilizes the system.

Same as above, and the initial requirement that L should be positive definite result in the
system of matrix inequalities

Qi + B;K|"L + L[Q; + B;K] < —aL, i=1,...M; L > 0; (11.8)

the unknowns in the system are both L and K. The system is not linear in (L, K); nevertheless, the
LMI-based approach still works. Namely, let us perform nonlinear substitution:

(L,K)— (R=L"''P=KL™") [L=R' K=PR™].
In the new variables the system becomes
QIR '+ R'Q; + R'P"B'R'+ R°'B;PR™' < —aR™', i=1,..,M; R>0,
or, which is the same (multiply by R from the left and from the right)
RQT + QiR+ PTBY + B;P < —aR, i=1,..,M;R > 0.
Due to homogeneity with respect to R, P, we can reduce the latter system to
RQT + QiR+ PT'B;+ B;P< —aR, i=1,.,M;R>1,

which is a system of LMI’s in variables R, P, or, which is the same, a semidefinite program with trivial
objective.

There are many other examples of semidefinite problems arising in Control (and in other areas like
Structural Design), but I believe that the already indicated examples demonstrate that Semidefinite
Programming possesses a wide variety of important applications.
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11.3 Interior point methods for Semidefinite Programming

Semidefinite Programming is a nice field for interior point methods; in fact this family of problems, due
to some intrinsic mathematical properties, is very similar to Linear Programming. Let us look how the
interior point methods can be applied to a semidefinite program

minimize ¢’z sit. x € G={xcR"| A(zx) >0}, (11.9)

A(z) being m x m symmetric matrix affinely depending on z € R™:
n
i=1

It is reasonable to assume that A(-) possesses certain structure, namely, that it is is block-diagonal matrix
with certain number M of diagonal blocks, and the blocks are of the row sizes mq,...,mps. Indeed,
normally A(:) represents a system of LMI’s rather than a single LMI; and when assembling system of
LMTI’s

Af(z)>0,i=1,...M

into a single LMI
A(z) = Diag{A1(z), ..., Ap(z)} >0,

we get block-diagonal A. Note also that the ”unstructured” case (A(-) has no nontrivial block-diagonal
structure, as, e.g., in the problem associated with the Lovasz capacity number) is also covered by our
assumption (it corresponds to M = 1, m; = m).

Path-following approach is immediate:
Standard reformulation of the problem: problem from the very beginning is in the standard form.
Barrier: by definition, the feasible set of the problem is the inverse image of the cone S of all positive
semidefinite symmetric m X m matrices belonging to the space S* of symmetric matrices of the block-
diagonal structure
w=(ma,...mar)

(M diagonal blocks of the sizes my, ..., mys) under the mapping

x+— A(z) : R" — S*.
Due to our standard combination rules, the function

®(X)=—InDet X :int S} - R

is m-logarithmically homogeneous self-concordant barrier for the cone S/ ; by construction, G is the
inverse image of the cone under the affine mapping

x — A(x),

so that the function

is a m-self-concordant barrier for G.

Structural assumption is satisfied simply by the origin of the barrier F': it comes from the m-logarithmically
homogeneous self-concordant barrier ® for S%, and the latter barrier possesses the explicit Legendre
transformation

Complexity. The only complexity characteristic which needs special investigation is the arithmetic cost
N of a Newton step. Let us look what is, computationally, this step. First of all, a straigtforward
computation results in the following expressions for the derivatives of the barrier ®:

DO®(X)[H] = -Tr{X'H}; D*®(X)[H,H]=Te{X 'HX 'H}.
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Therefore the derivatives of the barrier F'(z) = ®(A(x)) are given by the relations

0
833‘1'

F(z)= - Tr{Afl(x)Ai}

(recall that A(z) = Ao+ Y., 7 A;),

32

dmn @) = Tr{A~(z) A, A" (X) A }.

We see that in order to assemble the Newton system
F'(z)y = —tc— F'(x)

we should perform computations as follows (the expressions in brackets {-} represent the arithmetic cost
of the computation; for the sake of clarity, I omit absolute constant factors):

e given x, compute X = A(x) {n Ez . m? - you should multiply n block-diagonal matrices A; by ;s
and take the sum of these matrices and the matrix Ag};

e given X, compute X ! {Zf\il m3; recall that X is block-diagonal};
e given X!, compute n components — Tr{X 1 A;} of the vector F'(x) {n ZZ L m2};

e given X!, compute n matrices A; = X 14, X! {n ZZ ,m3} and then compute n(n + 1)/2
quantities F"'(x);; = Tr{A; A, i 1<i <] <n {n? ZZ L m2}.

The total arithmetic cost of assembling the Newton system is therefore

M M
Nass = O(n? me + an?)
i=1 i=1

It takes O(n?) operations more to solve the Newton system after it is assembled. Note that we may
assume that A(-) is an embedding - otherwise the feasible set G of the problem contains lines, and the
problem is unstable - small perturbation of the objective makes the problem below unbounded. Assuming
from now on that A( ) is an embedding (as a byproduct, this assumption ensures nonsingularity of F"(-)),
we see that n < Z —,;m;(m; +1)/2 - simply because the latter quantity is the dimension of the space
where the mapping A(-) takes its values. Thus, here, as in the (dense) Linear Programming case, the cost

of assembling the Newton system (which is at least O(n? wal m?)) dominates the cost O(n?) of solving
the system, and we come to N' = O(N,gs). Thus, the complex1ty characteristics of the path-following
method for solving semidefinite programs are

M M M
ﬁ:m:Zmi; Nz)(n22mf+n2mf); C=Nym. (11.10)
i=1 i=1 i=1

Potential reduction approach also is immediate: Conic reformulation of the problem is given by
minimize Tr{fy} s.t. y=A(x) e S, (11.11)

Tcin terms of y = Yo A7, Le., is such that

where f € S* "represents the objective x
T{fAi} =c¢;, i=1,....,n.
The conic dual to is, as it is easily seen, the problem
minimize Tr{Ags} s.t. se S, Tr{A;s} =c¢;,i=1,...,n. (11.12)

Logarithmically homogeneous self-concordant barrier: we already know that S/ admits explicit m-
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logarithmically homogeneous self-concordant barrier ®(X) = —InDet X with explicit Legendre trans-
formation ®*(S) = ®(—S) — m; thus, we have no conceptual difficulties with applying the methods of
Karmarkar or the primal-dual method.

Complexity: it is easily seen that the complexity characteristics of the primal-dual method associated with
the indicated barrier are given by (11.10)); the characteristic C for the method of Karmarkar is O(y/m)
times worse than that one given by (11.10). Comments. One should take into account that in the case of

Semidefinite Programming, same as in the Linear Programming case, complexity characteristics
give very poor impression of actual performance of the algorithms. The first source of this phenomenon
is that "real-world” semidefinite programs normally possess additional structure which was ignored in
our evaluation of the arithmetic cost of a Newton step; e.g., for the Lyapunov Stability problem
we have m; = k, i = 1,..., M, k being the dimension of the state space of the system, n = O(k?) (# of
design variables equals to # of free entries in a k X k symmetric matrix L). Our general considerations
result in

N = O(kSM)

(see ((11.10) and in the qualitative conclusion that the cost of a step is dominated by the cost of assembling
the Newton system. It turns out, anyhow, that the structure of our LMI’s allows to reduce N, to
O(k*M), which results in N' = O(kS + k*M); in particular, if M << k2, then the cost of assembling the
Newton system is negligible as compared to the cost of solving the system.

Further, numerical experiments demonstrate that the Newton complexity of finding an e-solution
of a semidefinite program by a long-step path-following or a potential reduction interior point method
normally is significantly less than its theoretical O(y/m) upper bound; in practice # of Newton steps
looks like a moderate constant (something 30-60). Thus, Semidefinite Programming is, basically, as
computationally tractable as Linear Programming.
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11.4 Exercises on Semidefinite Programming

The goal of the below exercises is to demonstrate additional abilities to represent convex problems via
semidefinite restrictions. Let us start with a useful definition:

let G be a closed convex domain in R". We call G semidefinite representable (SDR), if there exists an
affine mapping
Ag(z,u) : R* x Rl — S

taking values in the space S* of symmetric matrices of certain row size k such that the image of Ag
intersects the interior of the cone S’j_ of positive semidefinite symmetric k X k matrices and

G={z| Ju:Ag(z,u) € St }.

The above A¢ is called semidefinite representation of G.

Example: the mapping

Uz — Ts
Uz U3
us U
A(z,u) = Ty U : R‘Z X Ri — 87
U T3
T2 U1
Uy I

(blank space corresponds to zero entries) represents the hypograph
G ={z €R"| 21,m3,23,24 > 0,25 < [v1222324]"/*}

of the geometric mean of four variables x1, ..., 4.
Indeed, positive semidefiniteness of A(z, ) says that the north-western entry uz — x5 is nonnegative,
ie.,
x5 < ug,

and that the remaining 2 x 2 diagonal blocks of A are positive semidefinite symmetric matrices, i.e., say
that x1, ..., 4, u1, us are nonnegative and

Uy < \/T1T2, Uz < \/T3Tq, Uz < /UL U,

It is clear that a given x can be extended, by certain u, to a collection satisfying the indicated inequalities
if and only if x1, ..., 74 are nonnegative and x5 < [x1...z4]'/*, i.e., if and only if z € G.
The relation of the introduced notion to Semidefinite Programming is clear from the following

Exercise 11.4.1 i# Let G be an SDR domain with semidefinite representation Ag. Prove that the convex
program
minimize ¢’z s.t. z€G

is equivalent to the semidefinite program
minimize ¢’z s.t. Ag(x,u) > 0.
SDR domains admit a kind of calculus:

Exercise 11.4.2 #. 1) Let G C R" be SDR, and let x = B(y) be an affine mapping from R! into
R" with the image intersecting int G*. Prove that G = B~Y(G7T) is SDR, and that a semidefinite
representation of GT induces, in an explicit manner, a semidefinite representation of G.

2) Let G = NI, G; be a closed convex domain in R™, and let all G; be SDR. Prove that G also is SDR,
and that semidefinite representations of G; induce, in an explicit manner, a semidefinite representation
of G.

3) Let G; C R™ be SDR, i = 1,...,m. Prove that the direct product G = G1 X G X ... X G, is SDR,
and that semidefinite representations of G; induce, in an explicit manner, a semidefinite representation

of G.
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The above exercises demonstrate that the possibilities to pose convex problems as semidefinite programs
are limited only by our abilities to find semidefinite representations for the constraints involved into the
problem. The family of conves sets which admit explicit semidefinite representations is surprisingly wide.
Lecture 11 already gives us a number of examples which are summarized in the following

Exercise 11.4.3 # Verify that the below sets are SDR and point out their explicit semidefinite represen-
tations:

e half-space

Lebesque set {z | f(x) <0} of a conver quadratic form, such that f(z) <0 for some x

the second order cone K% = {(t,z) e R x R" | t > |z|2}

the epigraph {(t,X) € R x S¥ | t > Apnax(X)} of the masimal eigenvalue of a symmetric k x k
matriz X

Now some more examples.

Exercise 11.4.4 Prove that
A(t,z) = Diag{t — x1,t — 29, ...t — 2, }

is SDR for the epigraph
{t,z) e RxR" | t>m;,i=1,...,n}

of the function max{x1, ...,z }.

Exercise 11.4.5 Prove that

Alt,z) = <i fg?)

{(t,zi,X) e Rx R" x (int 87) | t > 2" X'z}

is SDR for the epigraph

of fractional-quadratic funtion x* X 'z of vector x and symmetric positive semidefinite matriz X.

Exercise 11.4.6 The above Example gives a SDR of the hypograph of the geometrical mean [ml...x4]1/4
of four nonnegative variables. Find SDR for the hypograph of the geometrical mean of 2' nonnegative
variables.

Exercise 11.4.7 Find semidefinite representation of the epigraph
{tz) e R? | p=> (24)"}, 24 = max|0, z],
of the power function for
1)p=1; 2)p=2; 3) p=3; 4) arbitrary integer p > 0.
11.4.1 Sums of eigenvalues and singular values

For a symmetric k x k matrix X let A;(X) > A2(X) > ... > Ag(X) be the eigenvalues of X written down
with their multiplicities in the descent order. To the moment all we know about convexity of eigenvalues
is that the maximum eigenvalue A; (X) is convex; we know even a SDR for this function (Exercise .
the remaining eigenvalues A;(X), ¢ > 2, simply are non convex in X. Nevertheless, they possess nice
property of monotonicity:

X, X'eSt X < X' = N(X) < NX),i=1,..,k
This is an immediate corollary of the Courant-Fisher characterization of eigenva]uesﬂ

Ai(X) =max min u? Xu,
E€&; ueE, |ul=1

41 strongly recommend to those who do not know this characterization pay attention to it; a good (and not difficult)
exercise if to prove the characterization
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&; being the family of all linear subspaces in R* of the dimension 4.
An important fact is that the functions

Sm(x) =Y Mi(X), 1 <m <k,
i=1
are cConvex.
Exercise 11.4.8 * Prove that
t—mrt—TrU 0 0
An(t, X;7,U) = 0 TI+U-X 0

0 0 U
(T is scalar, U is symmetric k x k matriz) is a SDR for the epigraph
{t, X)eRxS*|t>5,(X)};
in particular, Sy, (x) is convez (since its epigraph is SDR and is therefore convex) monotone function.

For an arbitrary k x k matrix X let 0;(X) be the singular values of X, i.e., square roots of the
eigenvalues of the matrix X7 X. In what follows we always use the descent order of singular values:

Let also

S (X) = oi(X).
i=1

The importance of singular values is seen from the following fundamental Singular Value Decomposition
Theorem (which for non-symmetric matrices plays basically the same role as the theorem that a symmetric
matrix is orthogonally equivalent to a diagonal matrix):

If X is a k x k matrix with singular values o1,..., o), then there exist pair of orthonormal basises {e;}
and {f;} such that

k

T

X = g Uiez‘fi
=1

(geometrically: the mapping © — X« takes the coordinates of x in the basis { f;}, multiplies them by the
singular values and makes the result the coordinates of X« in the basis {e;}).

In particular, the spectral norm of X (the quantity max|,,<1 |Xz|2) is nothing but the largest singular
value o1 of X.

In the symmetric case we, of course, have e; = £ f; (plus corresponds to eigenvectors f; of X with positive,
minus - to those with negative eigenvalues).

What we are about to do is to prove that the functions ¥,,(X) are convex, and to find their SDR’s.
To this end we make the following important observation:

let A and B be two k x k matrices. Then the sequences of eigenvalues (counted with their multiplicities) of
the matrices AB and BA are equal (more exactly, become equal under appropriate reordering). The proof

is immediate: we should prove that the characteristic polynomials Det (A — AB) and Det (A — BA) are
equal to each other. By continuouty reasons, it suffices to establish this identity when A is nondegenerate.
But then it is evident:

Det (Al — AB) = Det (A(AM — BA)A™!) = (Det A) Det (\I — BA)(Det (A™1)) = Det (A — BA).

Now we are enough equipped to construct SDR’s for sums of singular values.
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Exercise 11.4.9 * Given a k x k matriz X, form the symmetric 2k x 2k matriz

Y(X):(XQT )o()

Prove that the eigenvalues of this matriz are as follows: the first k of them are 01(X),02(X),..., op(X),
and the remaining k are —ok(X), —ox—1(X),...,—01(X). Derive from this observation that

Em(X) = S (Y(X))
and use SDR’s for S,,(-) given by Exercise to get SDR’s for ¥,,(X).

The results stated in the exercises from this subsection play the central role in constructing semidefi-
nite representations for the epigraphs of functions of eigenvalues/singular values of symmetric/arbitrary
matrices.

Concluding remark. We see that the family of SDR sets is very rich, and, consequently, the family
of convex problems which can be reformulated as semidefinite programs also is very rich. Nevertheless,
the family of SDR convex domains is smaller than the family of all convex domains. Indeed, a SDR
domain G C R”, by definition, is a projection of the inverse image G C R? x Rl of the cone of positive
semidefinite matrices of certain dimension under an affine mapping (u,z) — Ag(u,z). The cone of
positive semidefinite matrices is a semianalytic set, i.e., a set given by finitely many nonstrict polynomial
inequalities (to say that a symmetric matrix is positive semidefinite is the same as to say that all its
principal minors are nonnegative). Consequently, the inverse image of the cone under affine mapping
- our G - also is semianalytic. Now, there exists fundamental Tarski’s Theorem which states that a
projection of a semianalytic set again is semianalytic. Thus, a necessary condition for a convex domain
to be SDR is semianalyticity of the domain. I do not know whether this condition is sufficient. I do not
know the answer even to the following

Open question: Let p(z) be convex polynomial on the axis. Is it true that the epigraph of p is SDR?
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Hints to Exercises

Hints to Section [2.3]
Exercise apply (P) to scalar symmetric forms u” A[hy, ..., hy], u being a vector with

| wll«= sup ul'v < 1.
vERF min ||v]|<1

169
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Hints to Section [3.3]
Exercise [3.3.2/":

1): the function

n

F(r) = - Zln(*fj (@)= Fj(x)

Jj=1

is self-concordant barrier for G (Exercise [3.3.1). Since G is bounded, F attains its minimum on int G at
certain point z* (V., Lecture 3). Choosing appropriate coordinates in R™, we may assume that F”(z*)
is the unit matrix. Now let j* be the index of that one of the matrices F}'(z*) which has the minimal
trace; eliminate j*th of the inequalities and look at the Newton decrement of the self-concordant function
>y () at o

2): we clearly can eliminate from the list of the sets G, all elements which coincide with the whole
space, without violating boundedness of the intersection. Now, every closed convex set which differs
from the whole space is intersection of closed half-spaces, and these half-spaces can be chosen in such
a way that their interiors have the same intersection as the half-spaces themselves. Representing all
G, as intersections of the above type, we see that the statement in question clearly can be reduced to
a similar statement with all G, being closed half-spaces such that the intersection of the interiors of
these half-spaces is the same as the intersection of the half-spaces themselves. Prove that if NgecrGy, is
bounded and nonempty, then there exists a finite I’ C I such that Nyer G, also is bounded (and, of
course, nonempty); after this is proved, apply 1).

Exercise [3.3.5 this is an immediate consequence of II., Lecture 3.
Exercise [3.3.6f without loss of generality we may assume that A = (a,0) with some a < 0. Choose
an arbitrary € A and look what are the conclusions of II., ITI., Lecture 3, when y — —0.

To complete the proof of (P), note that if G differs from R"™, then the intersection of G with certain line
is a sgement A with a nonempty interior which is a proper part of the line, and choose as f the restriction
of F onto A (this restriction is a ¥-self-concordant barrier for A in view of Proposition [.L.] (i)).
Exercise [3.3.7t note that the standard basis orths e; are recessive directions of G (see Corollary
and therefore, according to the Corollary,

—DF(x)[e;] > {D*F(x)[e;, ei]}1/2. (12.13)

To prove (3.17)), combine (12.13)) and the fact that D2 F (x)[e;, e;] > x;Q, 1 <4 <m(sincex—x;e; € int G,
while the open unit Dikin ellipsoid of F' centered at x is contained in int G (I., Lecture 2)).
To derive from (3.17)) the lower bound ¥ > m, note that, in view of IL., Lecture 3, it should be

¥ > DF(2)[0 — 2],

while (3.17)) says that the latter quantity is at least m. m
Exercise [3.3.9: as it was already explained, we can reduce the situation to the case of

GNU={z€U| z;>hi(z),i=1,...,m},

where h;(0) =0, hL(0) = 0. It follows that the interval

m
x(r) ZTZBi, 0<r<rg,

i=1

associated with certain ro > 0, belongs to G; here e; are the standard basis orths. Now, let A;(r) be
the set of those t for which the vector z(r) — (t + r)e; belongs to G. Prove that A;(r) is of the type
[—a;(r),b;i(r)] which contains in its interior r, and that b;(r)/r — 0, a;(r)/r — o0 as r — +0. Derive
from these observations and the statement of Exercise that —DF(z(r))[es]r > 1—a(r), i =1,...,m,
with certain a(r) — 0, r — +0. To complete the proof of (Q), apply the Semiboundedness inequality I.,
Lecture 3, to z = z(r) and y = 0.



HINTS TO EXERCISES 171

Hints to Section [7.6]

Exercise (Pr’) could be used, but not when we intend to solve it by the primal-dual method.
Indeed, it is immediately seen that if is solvable, i.e., in the case we actually are interested in, the
objective in (Pr’) is below unbounded, so that the problem dual to (Pr’) is unfeasible (why?) Thus, we
simply would be unable to start the method!
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Hints to Section [8.5]

Exercise we could, of course, assume that the Legendre transformation F* of F' is known; but it
would be less restrictive to assume instead that the solution to the problem is given in advance. Indeed,
knowledge of F* means, in particular, ability to solve ”in one step” any equation of the type F’(x) = d
(the solution is given by x = (F*)’(d)); thus, setting = (F*)’(—=10%°¢c), we could get - in one step - the
point of the path x*(-) associated with t = 1027,

Exercise to get (8.34)), prove by induction that
DIB(u)[h, s B] = (~1)7(G — 1! Te{ [~ A
(use the rule L|,_o(v +th)~' = —v~hv~1). To derive (8.35) from (8.34), pass to the eigenbasis of h.

Exercise [8.5.5F combine the result of Exercise the "symmetric” to this result statement and the
result of Exercise [8.5.2
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Hints to Section [10.5
Exercise [10.4f prove® that the mapping

A(t,X)=t+InDet X : R xint S = R

is %—appropriate for the domain G* = R, and apply Superposition rule (N) from Lecture 9.

Exercise [10.5.7[": let for a vector v the set L, on the axis be defined as
L, ={\>0| v"Rv < A’ Sv}.

This is a closed convex set, and the premise of the statement we are proving says that the set is nonempty
for every v; and the statement we should prove is that all these sets have a point in common. Of course,
the proof should use the Helley Theorem; according to this theorem, all we should prove is that

(a) L, N Ly # 0 for any pair v, v';

(b) L, is bounded for some v.
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Solutions to Exercises

Solutions to Section 2.3

Exercise let A be the set of all multiindices o = (a1, ..., @) with nonnegative integer entries o
and the sum of entries equal to k, let Si be the # of elements in A, and let for « € A

a; times  «, times ay, times
Aglhi, ooy hg) = Al oy ha, hay o hay ooy By oy B

For k-dimensional vector r = (rq,...,7;) we have, identically in hq, ..., hx € R™:

AD Srihi, Y o rihs e > rihi] =Y walr)Aalha, .. hi (13.14)

i=1 1=1 i=1 acA

(open parentheses and take into account symmetry of A), with w,(r) being certain polynomials of r.

What we are asked to do is to find certain number m of vectors r!, r2,...,r™ and certain weights
Wi, ..., Wy, in such a way that when substituting r = »! into and taking sum of the result-
ing identities with the weights wy, ..., w,,, we get in the right hand side the only term A[hy, ..., hx] =
Aq,..plha, .., hy], with the unit coefficient; then the resulting identity will be the required representa-
tion of A[hq, ..., hi] as a linear combination of the restriction of A[-] onto the diagonal.

Our reformulated problem is to choose m vectors from the family
F=A{e(r) = (wa(r) | @ € A)}rers

of Sg-dimensional vectors in such a way that certain given Si-dimensional vectors (unit at certain specified
place, zeros at the remaining places) will be a linear combination of the selected vectors. This for sure
is possible, with m = Sy, if the linear span of vectors from F is the entire space R* of Sj-dimensional
vectors; and we are about to prove that this is actually the case (this will complete the proof). Assume,
on contrary, that the linear span of F is a proper subspace in R%. Then there exists a nonzero linear
functional on the space which vanishes on F, i.e., there exists a set of coefficients A, not all zeros, such
that
p(r) = Z Aawa(r) =0

acA
identically in 7 € R¥. Now, it is immediately seen what is wq:

k!

Wa(r) = arlasg!...ay!

It follows that the partial derivative 80‘17‘180‘28:2..‘00‘197’)‘- of p(-) is identically equal to A,; if p = 0, then all
these derivatives, and, consequently, all \,’s, are zero, which is the desired contradiction. m

Exercise first of all, e; and es are linearly independent since Ty # Ts, therefore h #£ 0, ¢ # 0.
Let (Qz,y) = Alx,y, es, ..., ¢]; then Q is a symmetric matrix.
Since {71, ...,T;} is an extremal, we have

w = |(Qer, e2)| = max{|(Qu,v)[ | [|w |, [l v <1},

175
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Therefore if B = {z € R" | Qv =wz}, E- ={r € R" | Qv = —wz} and E = (E* + E7)*, then
at least one of the subspaces ET, E~ is nonzero, | Qz |[< w' || z ||, z € E, where w’ < w. R" is the
direct sum of Et,E~ and E. Let x = z+ + 2~ 4+ 2’ be the decomposition of z € R" corresponding to
the decomposition R® = ET + E~ + E. Since each of the subspaces £, E~ and E is invariant for Q,

[(Qer, o) §+IW(6T7€+) —wler,ey)[ +o' [ e [l e |l
— — /
w(lled [lll ez [+l ex flll ez )+ | e Il e |
will el IIP + ler 173720 e3 7 + [l eq 1P/2 +w" [Ty |I]l ¢ |l
w

w

INIAIA

(we have taken into account that || ef [|2 + || e; |2 + | e [>=1, i = 1,2). We see that all the
inequalities in the above chain are equalities. Therefore we have

lei =l es I=05 Iley lI=led [l; Iex I=llez s
moreover, |(ef,ed)| =|l ef ||l e3 || and |(e;,e5)| =|| ey ||| e; ||, which means that e = 4e and
e] = *e; . Since e; and ey are linearly independent, only two cases are possible:
(a) ef =eg #0, e] = —ey #0, €} =eh=0;

(b) ef =—e3 #0, e] =ey #0, €} =e5=0.
In case (a) h is proportional to ef, q is proportional to e], therefore

{Rh,Rh,T5,....T;} €T
and

{Rqa Rq, T37 ﬂ} eT.
The same arguments can be used in case (b). m

Exercise let e € T and f € S be unit vectors with the angle between them being equal to a(7).
Without loss of generality we can assume that ¢ < s (note that reordering of an extremal leads to an
extremal, since A is symmetric). By virtue of Exercise in the case of a(T) # 0 the collection

2t times s—t times

—
T ={R(e+f),...R(e+ f), S,...,5}

belongs to T* and clearly «(7’) = «(7)/2. Thus, either T* contains an extremal 7 with a(7T) = 0,
or we can find a sequence {7; € T*} with a(7;) — 0. In the latter case the sequence {7;} contains a
subsequence converging (in the natural sense) to certain collection 7, which clearly belongs to T*, and
a(T) =0. Thus, T contains an extremal 7 with a(7) = 0, or, which is the same, an extremal of the type
{T,...,T} =
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Solutions to Section [3.3|

Exercise m F clearly is C? smooth on @ = int G and possesses the barrier property, i.e., tends to
oo along every sequence of interior points of G converging to a boundary point. Let z € @ and h € R".

We have D N
F(2) = — In(—f(2)); DF(@)[h] = — 2L@,

D2 (a)in,n] = PRI - DL D +

D3F(x)[h, h,h] = —2

D2f(x)[h, 1]
@)
) Df («)[HD?f(x)[h, H]

P (@) |

Since f is convex, we immediately conclude that

D2f@lhh] |, _ DI @)h]
@l T @l

[DE()[h]| = s < v/ D*F(x)[h, h]

|D3F(x)[h, h, h]| < 25 + 3572 < 2(s? + 12)3/2

D?F(z)[h,h] = r* + §*, r =

and

(verify the concluding inequality yourself!). The resulting bounds on DF and D?F demonstrate that F
is self-concordant and that A(F,-) <1, so that F'is a 1-self-concordant barrier for G.

The concluding statement of the exercise in question follows from the already proved one and Propo-
sition B1.1] m
Exercise 3.3.2

1): according to Exercisem F is self-concordant barrier for G; since G is bounded, F' is nondegener-
ate (II., Lecture 2) and attains its minimum at certain point z* (V., Lecture 3). Choosing appropriate co-
ordinates in R™, we may assume that F"'(2*) = I, I being the unit matrix. Now let F};(z) = —In(—f;(z)),
Qj = F/(z*), so that F = >, Fj and I = 37,Q;. We have 37", TrQ; = Tr] = n, so that
TrQj;+ < n/m, j* being the index of @); with the smallest trace. To simplify notation, in what fol-
lows we assume that 7 = 1. An immediate computation implies that

1

Qi=g99" +H, g=F/(z*), H=—F"—;
: ) )]

it is seen that H > 0, so that 2 > TrQ; > Tr{gg”} = |g/3.
Now let us compute the Newton decrement of the function

at the point x*. Since the gradient of F' at the point is 0, the gradient of ® is —g; since the Hessian of
F at z* is I, the Hessian of ® is I — Q1 > (1 — >)I (the latter inequality immediately follows from the
fact that @1 > 0 and TrQ); < % We see that

N(@,27) = [ ()] [0 (") 71 (") = g7 [ (0)] g < gl - )7 < <1

m—n

n

(we have used the already proved estimate |g|3 < 2 and the fact that m > 2n). Thus, the Newton
decrement of a nondegenerate (in view of ®”(z*) > 0) self-concordant barrier (in view of Exercise [3.3.1)
P for the convex domain G* = {z € R" | fj(z) < 0,5 =2,...,m} is < 1; therefore ® attains its minimum
on int G* (VIL., Lecture 2). Since ® is a nondegenerate self-concordant barrier for G, the latter is
possible only when G is bounded (V., Lecture 3). m

2): as explained in Hints, we can reduce the situation to that one with G, being closed half-spaces
such that the intersection of the interiors of these half-spaces coincides with the intersection of the half-
spaces themselves; in particular, the intersection of any finite subfamily of the half-spaces G, possesses
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a nonempty interior. Let us first prove that there exists a finite I’ C I such that Nyep G, is bounded.
Without loss of generality we may assume that 0 € G,, o € I (since the intersection of all G, is
nonempty). Assume that for every finite subset I’ of I the intersection G’ = Naer'Gy is unbounded.
Then for every R > 0 and every I’ the set G5, = {z € G | |z] = R} is a nonempty compact set;
these compact sets form a nested family and therefore their intersection is nonempty, which means that
NaecrGqo contains, for every R > 0, a vector of the norm R and is therefore an unbounded set, which in
fact is not the case.

Thus, we can reduce the situation to a similar one for a finite family of closed half-spaces G, with the
intersection of the interiors being bounded and nonempty; for this case the required statement is given
by 1). m

Remark 13.0.1 I do not think that the above proof of item 1) of Exercise is the simplest one;
please try to find a better proof.

Exercise it is clear that F' is C* smooth on the interior of 87" and possesses the barrier property,
i.e., tends to oo along every sequence of interior point of the cone converging to a boundary point of it.
Now, let  be an interior point of S’ and h be an arbitrary direction in the space 8™ of symmetric m X m
matrices, which is the embedding space of the cone. We have

F(z) = —InDet z;

DF(x)[h] = %h:o[— InDet (z + th)] = %hzo[— InDet 2 — InDet (I +tz~'h)] =

0 —1
m|t:0 Det (I + tx h) 1
- - Tv
Det (1) (z™"h)

(to understand the concluding step, look at the matrix I +tz~1h; its diagonal entries are 1+¢[z~1h];;, and
the entries outside the diagonal are of order of . Representing the determinant as the sum of products,
we obtain m! terms, one of them being [],(1 + t[z71h];;) and the remaining being of the type t*p with
k > 2 and p independent of t. These latter terms no not contribute to the derivative with respect to ¢ at
t =0, and the contribution of the "diagonal” term is exactly > [z~ h];; = Tr(z~'h)).
Thus,
DF(x)[h] = — Tr(z~'h),

whence
D?F(x)[h,h] = Tr(z~ ha~'h)

(we have already met with the relation DB(x)[h] = —B(x)hB(z), B(z) = x~1; to prove it, differentiate
the identity B(x)z = I).
Differentiating the expression for D?F, we come to

D3F(x)[h, h,h] = —2Tr(z" ha ha~'h)

(we again have used the rule for differentiating the mapping z + x~!). Now, z is positive definite sym-
metric matrix; therefore there exists a positive semidefinite symmetric y such that z=! = 32. Replacing
27! by y and taking into account that Tr(AB) = Tr(BA), we come to the expressions

DF(x)[h] = — Tv&, D*F(z)[h,h] = Tr&%, D3F(x)[h,h,h] = —2Tx €%, ¢ = yhy

(compare these relations with the expressions for the derivatives of the function —Int). The matrix &
clearly is symmetric; expressing the traces via the eigenvalues Ay, ..., A, of the matrix £, we come to

DF(z)[h] = — f: N\i; D*F(2)[h,h] = i A2 D3F(2)[h, h,h] = —2 Em: A3
=1 i=1 i=1

which immediately implies the desired inequalities

|DF(x)[h]| < Vm+/D?F(x)[h, b
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and
|D3F(2)[h, h, h]| < 2 [D2F(x)[h, h]]* .

u

Exercise m If A = (—o00,0], then the statement in question is given by Corollary From now
on we assume that A is finite (i.e., that a < +00). Then f attains its minimum on int A at a unique point
t* (V., Lecture 3), and t* partitiones A in the ratio not exceeding (¢ + 2v/9) : 1 (this is the centering
property stated by the same V.). Thus, t* < —a/( + 2V + 1); the latter quantity is < ¢, since vt € A
and therefore ¢t > —a/7. Since t* < t, we have f’(t) > 0. Note that we have also establish that

t/t* < M
N Y

Let A be the Newton decrement of a self-concordant function f at ¢; since f/(t) > 0, we have

A=)/ @)

Note that f”(t) > t=2 (because the open Dikin ellipsoid of f centered at t should be contained in int A
and 0 is a boundary point of A), and therefore

A< —tf'(t). (13.15)

It is possible, first, that A > 1. If it is the case, then (3.19) is an immediate consequence of (|13.15)).
It remains to consider the case when A < 1. In this case, in view of VIII., Lecture 2, we have

F(t) < F(E) + p(N), pls) = —In(1 - 5) — .
On the other hand, from the Lower bound on f (III., Lecture 3) it follows that
FOZfE) + () =) = In(1 = e (t)) = m= (8) = () + plme- (1))

Thus, we come to
p(A) = p(me- (1)),

whence )
1 )
A>me(t) = [(E— )/t > 1— (“Lf)
Combining this inequality with (13.15)), we come to
(1+V9)?

—tf 11—/
tfit) = v

as required in (3.19)). (3.20) is nothing but (3.19) applied to the restriction of F' onto the contained in G
part of the line passing through x and z. m
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Solutions to Section [5.4]

Exercise m: let a(7, s) be the homogeneous part of the affine mapping A. A vector w = (r,q1, ..., qx)
is in ¢+ LT if and only if
(w,a(r,s)) = (¢, a(r, s))

identically in (7,s) € E. This relation, in view of the construction of A, can be rewritten as

k
rTs+ Z[)\j’]’ + Tr{o;A(s)} =7

Jj=1

identically in (7, s) with the zero sum of s;, which immediately results in (5.20)), (5.21]).
To complete the derivation of the dual problem, we should realize what is (b, w) for w € ¢+ L*. This
is immediate:

k k
(b,w) = [eTr + Z Tr{A(e)a;}] +2 Z 2 i,

and the quantity in the parentheses [ ] is nothing but Vp in view of (5.21)). m
Exercise m: let us perform in (TTDy) partial optimization over o; and r. Given a feasible plan of
(TTDy), we have in our standard notation:

. — — - -1 T
/\jZO, /\j—0:>2j—0, O'jZ/\j Zj%;

(these relations say exactly that the symmetric matrix ¢; = (zj ZJ_> is positive semidefinite, cf.
i 95

Exercise |5.5.3)).

From these observations we immediately conclude that replacing in the feasible plan in question
the matrices o; by the matrices o; = /\j_lzjz]T for A; > 0 and zero matrices for A\; = 0, we preserve
positive semidefiniteness of the updated matrices g; and ensure that 3, bZTO';- bi <325 bTo;b;; these latter
quantities were equal to p — r; with nonnegative r;, so that the former ones also can be represented
as p — r; with nonnegative ;. Thus, we may pass from a feasible plan of (TTD,) to another feasible
plan with the same value of the objective, and with ¢; being of the dyadic form A;lzjz;‘-r; the remaining
simplifications are straightforward.

Exercise [5.5.6; as we know, K is self-dual, so that the formalism presented in Exercise [5.4.11] results
in the following description of the problem dual to ():

minimize 377 by choice of
n=(m)EK

and real r subject to the constraint that the equality

(n, A(€)) = x" &+ krp™¢ (13.16)

holds true identically in &; here
B = Alp).
Indeed, the requirement that (|13.16) is identity in & is exactly the same as the relation
Aly=x+P"r,

A being the matrix of the mapping A (in our case this mapping is linear homogeneous); we have taken
into account that PTr = krp, see the description of the data of (7).
Now, using in the straightforward manner the description of the data in (7) and denoting

oo (i B
Y Bij Vi)’
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we can rewrite identity (13.16) as the following identity with respect to f, A, y;; and z; (in what follows
i varies from 1 to m, j varies from 1 to k):

Z G |f— 2[22?]8]' +Vyil| ¢+ Z {yijou; +2Bib] 25 + Ajvig] = f + TZ Ajs
J J

@ ,J

which results in the following equations on #:
> G=1 (13.17)

V(i = auj; (13.18)
(Z G)fj = Zﬁzjbi; (13.19)

Z Yij =T (13.20)
Now, the constraint n € K is equivalent to

G>0; my = (g; fj) >0, (13.21)

and the objective 87 = (A(p))Tn is nothing but
EY i
ij

Expressing via equations - all components of 7 via in terms of variables ¢; = V(;, Bi;
and r and taking into account that the condition m;; > 0 is equivalent to a;; > 0, 755 > 0, a7y > ﬂfj,
and eliminating in the resulting problem the variables v;; by partial optimization with respect to these
variables, we immediately come to the desired formulation of the problem dual to (7). m

Exercise [5.5.7t let (¢, .) be a feasible solution to (1), and let I be the set of indices of nonzero ¢;.
Then 3;; = 0 whenever ¢ ¢ I - otherwise the objective of (1) at the solution would be infinite (this is our
rule for interpreting fractions with zero denominators), and the solution is assumed to be feasible. Let
us fix j and consider the following optimization problem:

(P;): minimize sz%;l s.t. Z'Uibi = f;,

i€l i€l

v; being the control variables. The problem clearly is feasible: a feasible plan is given by v; = 345, ¢ € I.
Now, (P;) is a quadratic problem with nonnegative objective and linear equality constraints; therefore it
is solvable. Let 3;;, i € I, be an optimal solution to the problem, and let 3;; = 0 for i ¢ I. From the
optimality conditions for (P;) it follows that there is an n-dimensional vector 2z - the vector of Lagrange
multipliers for the equality constraints - such that 3;;, 7 € I, is an optimal solution to the unconstrained
problem
minimize va(b:l + Qxf(fj - Zvibi),
icl i

so that for ¢ € I one has

Biy = dix] Bis (13.22)
this relation, of course, is valid also for ¢ ¢ I (where both sides are zero). Since 3 is feasible for (P;),
we have ), 8;b; = f;, which in view of (13.22) implies that

fi= (Z ¢i(biby ))z; = A(d)x;. (13.23)

This latter relation combined with (13.22)) says that the plan (¢, 3*) is the image of the feasible plan
(¢, 1, ..., ) under the mapping (5.35)).
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What are the compliances ¢; associated with the plan (¢, z1,...,x,)? In view of (13.22) - (13.23) we

have
cj=alfy=al Y Bubi=> B5alb) => B¢ "

i€l el

and since f3;; form a feasible, and j;; - an optimal plan to (P;), we come to
2 -1
¢y < Zﬁ”@ :
i

Thus, the value of the objective (i.e., max; ¢;) of (TTDini) at the plan (¢, z1, ..., 2x) does not exceed the
value of the objective of (¢)) at the plan (¢, 8.), and we are done. m
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Solutions to Section

Exercise m if the set K = {y € KN M | o7y = 1} were bounded, the set K(0) ={y€ KN M |
0Ty < 1} also would be bounded (since, as we know from , 0Ty is positive on M Nint K). From
this latter fact it would follow that o is strictly positive on the cone K’ = K N M (see basic statements
on convex cones in Lecture 5). The optimal solution x* is a nonzero vector from the cone K’ and we
know that oZz* = 0; this is the desired contradiction.

All remaining statements are immediate: ¢ is nondegenerate self-concordant barrier for K¢ (regarded
as a domain in its affine hull) due to Proposition Dom ¢ is unbounded and therefore ¢ is below
unbounded on its domain (V., Lecture 3); since ¢ is below unbounded, its Newton decrement is > 1 at any
point (VIII., Lecture 2) and therefore the damped Newton step decreases ¢ at least by p(—1) =1 —1n2
(V., Lecture 2). m
Exercise [6.7.5} 1) is an immediate consequence of IIL.. To prove 2), note that (S, x*) = 0 for certain
positive semidefinite x* = I — § with 6 € IT (IVb.). Since (S,I) = 1 (IIL.), we have (4, S) = 1; since n
is the orthoprojection of S onto II and ¢ € II, we have (4,7) = (¢, 5), whence (6,7) = 1. Now, (n,I) =0
(recall that n € IT and II is contained in the subspace of matrices with zero trace, see II.). Thus, we
come to (I —d,m) = (x*,n) = —1. Writing down the latter relation in the eigenbasis of 7, we come to

n
Z Xigi = —1,
i=1

xi being the diagonal entries of x* with respect to the basis; since x; > 0 (recall that x* is positive
semidefinite) and >_, x; = n (see IVb.), we conclude that max; [g;| > n~'. m
Exercise one clearly has 7 € T', and, consequently, 7 € Dom ¢. We have

$(0) — o(7) = Zln(l —7g;) —nln(1 - 7|gl3) >

[due to concavity of In]

>Zln 1—r71g;) +nT|g\2—ZZ] —7g:;)) + nrlgl3 =

[since ), g; = 0, see Exercise 1)]

_ZZJ —79:)” +nlgl3 >

Jj=2 1

o0

> =3 i rlglellrlglocl 2 + nrlgld =

j=2
‘9‘2 Z (7lglee)’ + n7lgls =
=2

g
=¢;[mﬂ—Tng+ﬂgm%HWW@

Substituting into the resulting lower bound for ¢(0) — ¢(7) the value of 7 indicated in the exercise, we
come to the lower bound ol
912

lgl%

[n‘g‘oo ln(1+n|g|oo)]a

it remains to use Exercise 2). m
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Solutions to Section [7.6]

Exercise by construction, K is the direct product of M + r copies of the cone S% of positive
semidefinite symmetric v X v matrices. The latter cone is self-dual (Exercise , and therefore K also
is self-dual (Exercise[5.4.9). Now, —InDet y is a v-vartheta logarithmically homogeneous self-concordant
barrier for the cone S% (Example Lecture 5), and the Legendre transformation of this barrier is
—InDet (—r) —v (Exercise[5.4.10). From Proposition [5.3.2}(iii) it follows that the direct sum of the above
barriers for the direct factors of K, which is nothing but the barrier F(x) = —InDet z, is (M + 2)v-
logarithmically homogeneous self-concordant barrier for K. The Legendre transformation of direct sum
clearly is direct sum of the Legendre transformations. m
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Solutions to Section [8.5]

Exercise by definition of ¢ = (v, dv) we have v+ rdv € int Sﬁ_ whenever |r| < ¢, so that f(r) is
well-defined. Now, the function f(r) clearly is analytic on its domain, and its Taylor expansion at r = 0
is

2 FO0) ;& Did)[dv, ..., dv]
Z - T = " T‘ =
i=0 =0 -

[Exercise [8.5.3]

T L RS
= f(0 Z r{h , h= v 2 duy =12,

In view of ([8.35| - ) the absolute values of the coefficients in the latter series are bounded from above by

*1|h| |h| 2 so that the series converges (and, consequently, represents f - recall that f is analytic on
its domain) when r < ((v,dv) = |h|Z} (see (8.33). It follows that the reminder for the aforementioned r
is bounded from above by the series

AR
E 9 Z 1 ( ‘ |(X>) b
| ‘oo i=j+1

and, taking into account that \ﬁ|2 = 1 in view of (8.32), we come to (8.36). m

Exercise Since z € int G, we have u € int SY; further,
\du\,;,//(u) = |7Td1'|q>//(u) = |dﬂf‘ﬂ.T¢.//(u)ﬂ. = |dSU|F//(x) = ].,

so that (u,du) indeed is an arrow; by construction, (s, ds) is the conjugate to (u, du) co-arrow.
It remain to note that by definition of A and due to the normalization |dx|p» () = 1 we have

A =max{p | z £ pdr € G} = max{p | u+ pdu € S¥} = ((u, du).

|

Exercise by Lemmaand Proposition the upper bound v(r) for the residual Fii 4 (z+
dx(dt)) —miny Fiya(y) is bounded from above by the reminder p*(r) in the third order Taylor expansion
of the function ®(u+rdu(dt))+®*(s+rds(dt)); here dt is an arbitrary positive scale factor, and we are in
our right to choose dt in a way which ensures that |dz(dt)|p» () = 1; with this normalization, Q = Q(x)
will be exactly the quantity dt/dt, where dt is the stepsize given by the linesearch. The quantity 2 is
therefore such that v(©2) = O(1) (since we use linesearch to get the largest » which results in v(r) < §);
consequently, p*(€2) > O(1). On the other hand, in view of Exercises and p*(r) is exactly

Rf’u du)(T); combining and the inequality p*(Q) > O(1), we come to
¢ (u, du) po (/¢ du)) > O(1),
and since ((u,du) = A = A(z) by Exercise we obtain
p3(Q/A) = O(1)A™?
Since p3(z) < O(1)2*, |2| < 1/2, we conclude that
Q/A<1/2= Q> O0(1)VA;

the resulting inequality for sure is true if Q/A > 1/2, since, as we know, A > 1. m
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Solutions to Section [0.6]
Exercise [9.6.1k
1): the ”general” part is an immediate consequence of the Substitution rule (N) as applied to the

mapping ,
' x

B:(t,x)b—>( , > (G~ =R x R"]

which is 1-appropriate for GT in view of Proposition m
The ”particular” part is given by the general one as applied to

Gt = {(u,s) | u§52/”, s> 0}

and the 2-self-concordant barrier F+(u,s) = —In(s*? —u) — In s for G*, see Example
2): the ”general” part is an immediate consequence of the Substitution rule (N) applied to the mapping

QTTQ?

B:(t,x)»—)( ; ) (G- =R, x R"]

which is appropriate for Gt in view of Proposition m
The ”particular” part is given by the general one as applied to

Gt ={(u,s) | u< 82/”_1, s > 0},

the 2-self-concordant barrier
Ft(u,s) = —In(s*P"' —u) —Ins

for G (see Example [9.2.1)) and the 1-self-concordant barrier
F~(t,x) = —Int

for the domain G~ of the mapping B.
Exercise [9.6.3} apply Proposition to the data

o Gt =87, F*(r) = —InDet 7;
o Q&€ =535 (EHTEN + (&),

£= (&, 6);
o A& = (y1 (&1, -, Yg(Méq)s
F~(n) = Fy(n).

Exercise 2): specify the data in Exercise as
e g=k,ny=..=n=m;
o Y =R, yi(n)=ml,j=1 .k
o Fy(n)=—-Y" Iy,

The resulting cone K clearly is comprised of collections (7;1;&;) (7 is m X m symmetric matrix, n € RF,
&, are m x m matrices), for which

k
n>0; 7=y 1;'¢E > 0.
j=1

The cone G is the inverse image of the "huge” cone K under the linear mapping

7 = Diag{s1, ..., Sm }
(Si; tij; T‘j) — fj = Diag{tlj, ...,tmj}_[ s
n =7
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and @ is nothing but the superposition of the barrier F' for I given by the result of Exercise and
this mapping. m

Exercise let us compute derivatives of A at a point u = (¢,y) € int G~ in a direction du = (dt, dy)
such that u + du € G™; what we should prove is that

D? A(u)[du, du] <0 (13.24)
and that
D3 A(u)[du, du, du] < —3D? A(u)[du, du). (13.25)

Let us set n; = dy; /Yi, ok = > oy n¥, so that, in the clear notation, doy, = —koy41, and let ¢(t,y) =
(y1..-yp)/P. We have
DA(t,y)[du] = p~"o16(t, y) — dt;

D?A(t,y)[du, du] = p207¢(t,y) — p~ o2 A(t,y) = p~2[0F — pos]o(t,y),
D3A(t,y)[du,du,du] = —p *[20102 — 2po3]d(t, y) + p o105 — poa).

Now, let
A=p oy, o =ni— A

We clearly have

P P p P P
01 =DpA; 02 = an =pA\? +Zaf; 03 = an’ =p\* +3)\Zaf +Za§’. (13.26)
i=1 i=1 i=1 i=1 i=1

Substituting these expressions for o in the expressions for the second and the third derivative of A, we
come to

p
dy = —D?A(t, y)[du, du] = Z a?>0 (13.27)
as required in ((13.24]), and

p P P
ds = D3 A(t,u)[du, du, du] = —2p~2p(u)[p>A> + pA Z a? —p*\3 — 3pA Z a? — pz ad]—

WA Y af =
=1
p p
= oA of + ~o(u) Y of = “é(u) Y[\ + saila} =
i=1 =1 =1
3 P12
= Fb(u) ;%)\ + gm]a?. (13.28)

Now, the inclusion v + du € G~ means exactly that —1 < n; < 1, ¢ = 1,...,p, whence also |A| < 1;
therefore |1\ + %171| < 1, and comparing (]13.28[) and q13.27 , we come to (13.25). m
Exercise The mapping B(-) is the superposition A(L(-)) of the mapping

A<t7y17 “‘7yp) = (y1~-~yp)1/p —t:H—R

with the domain
H = {(t7y17---7yp) | y 2 O}

and the linear mapping
L(r,&m) = (&71,10,...,m) : R® - RPTL:

namely, the set G~ is exactly L~}(H), and on the interior of G~ we have B(-) = A(L(-)).
From Exercise we know that A is 1-appropriate for R ; the fact that B laso is 1-appropriate for
R is given by the following immediate observation:
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Let A :int H — RN (H is a closed convex domain in R¥) be B-appropriate for a closed convex
domain Gt C RY, let £ be an affine mapping in certain R and let G~ be a closed convex domain in
the latter space such that L(int G—) C int H. Then the composite mapping

B(z) = A(L(x)) :int G~ — RY

is B-appropriate for GT.

Thus, our particular B indeed is 1-appropriate with R, ; the remaining claims of the Exercise are
given by Theorem applied with F*(z) = —Ilnz and F~(1,§,7) = —InT —ln7n. =
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Solutions to Section [10.5]

Exercise what we should prove is that Go is convex and that the solutions to (Outer’) are
exactly the minimum volume ellipsoids which contain Q.

To prove convexity, assume that (r/,2’, X’) and (r",2”, X") are two points of G', A € [0,1] and
(ryz, X) = Aor',2', X") + (1 = N)(r",2”,X"); we should prove that (r,z,X) € G’. Indeed, by the
definition of G’ we have for all u € Q

ul (X + 2(a" ) u 47" <0, «T (X" u+ 2(z")Tu+r" <0,

whence, after taking weighted sum,
uwI' Xu+22Tu+7r<0.

Thus, the points of @ indeed satisfy the quadratic inequality associated with (r,x, X); since X clearly
is symmetric positive definite and @) possesses a nonempty interior, this quadratic inequality does define
an ellipsoid, and, as we have seen, this ellipsoid E(r,z,X) contains ). It remains to prove that the
triple (r,z, X) satisfies the normalizing condition d(r,z, X) < 1; but this is an immediate consequence
of convexity of the function 27X 12z — r on the set (r,z, X) with X € int S7 (see the section on the
fractional-quadratic mapping in Lecture 9).

It remains to prove that optimal solutions to (Outer’) represent exactly minimum volume ellipsoids
which cover Q. Indeed, let (r,z, X) be a feasible solution to (Outer’) with finite value of the objective. I
claim that 0(r,z, X) > 0. Indeed, X is positive definite (since it is in 87 and F is finite at X'), therefore
the set E(r,z, X) is empty, a point or an ellipsoid, depending on whether §(r, z, X) is negative, zero or
positive; since (r,z, X) € Go, the set E(r,z, X) contains @), and is therefore neither empty nor a point
(since int @ # 0), so that §(r,z, X) must be positive. Thus, feasible solutions (r,z, X) to (Outer’) with
finite value of the objective are such that the sets E(r,z, X) are ellipsoids containing @; it is immediately
seen that every ellipsoid with the latter property comes from certain feasible solution to (Outer’). Note
that the objective in (Outer’) is ”almost” (monotone transformation of) the objective in (Outer):

1
InVol(E(r,z, X)) = Ink, + glné(r,w,X) — ilnDet X,

and the objective in (Outer’) is FI(X) = —InDet X. We conclude that (Outer) is equivalent to the
problem (Outer”) which is obtained from (Outer’) by replacing the inequality é(r,x, X) < 1 with the
equation 6(r,x, X)) = 1. But this is immediate: if (r,z, X) is a feasible solution to (Outer’) with finite
value of the objective, then, as we know, §(r,x, X) > 0; setting v = §~1(r, 2z, X) and (r',2',X’) =
~y(r,z, X), we come to E(r,z, X) = E(r',2’, X"), 6(r',2’, X') =1, so that (+',2', X") € Go, and F(X') =
F(X)+4+nlnvy < F(X). From this latter observation it immediately follows that (Outer’) is equivalent to
(Outer”), and this latter problem, as we just have seen, is nothing but (Outer). m

Exercise to prove that A is %—appropriate for G, note that a direct computation says that
for positive definite symmetric X and any (dt,dX) one has

dy = D?A(t, X)[(dt,dX), (dt,dX)] = — Tr{X 1dX X 'dX} = — Tr{[6 X]?},
6X = X 12qxx—1/?

and
ds = D3 A(t,z)[(dt,dX), (dt,dX), (dt,dX)] =

=2Tr{X HdXX1dXX'dX} = 2Tr{[6X]3}.
Since the recessive cone K of G is the nonnegative ray, the evident relation dy < 0 says that A is

concave with respect to K. Besides this, if X 4+ dX is positive semidefinite, then —I < §X < I, whence

Tr{[6X]?} < Tr{[6X]?} (look what happens in the eigenbasis of §X), so that d3 < —2dy. Thus, A indeed

is 2-appropriate for GT. m
Exercise [10.5.5¢ the feasible set in question is given by the following list of constraints:

aJTXaj + 2xTaj +r<0,j=1,....m
(corresponding 1-self-concordant barriers are — ln(faJTXaj —2xTa; —1));

—InDet X <t
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(corresponding (n + 1)-self-concordant barrier is —In(¢ + InDet X) — InDet X, Exercise [10.5.4));
and, finally,
{X €int 8%, 1 —r+2" X'z >0}

The set H defined by the latter constraint is the inverse image of G = R under the nonlinear mapping
(rz,X) = 1+r—z' X 'z int G- = R,
G~ ={(r,z,X)| X € S%}}. Proposition says that the function
—In(1+7r—2TX"'z) — InDet X

is (n + 1)-self-concordant barrier for H.

To get a self-concordant barrier for G, it remains to take the sum of the indicated barriers.
Exercise since Y is positive definite, any direction w’ of the type (u, 0) is such that (w’)? Rw’ >
0. Now, E(r,z,X) is an ellipsoid, not a point or the empty set, and therefore there is a vector v such
that

vI'Xv+22Tv+7r <0

setting w = (v,1), we get wT ' Sw < 0. m
Exercise (b) is immediate: we know that w’ Sw < 0 for some w, so that L,, clearly is bounded.
A nontrivial task is to prove (a). Thus, let us fix v and v and prove that L, and L, have a point in
common.

1°. Consider the quadratic forms

Slp.a] = (pv+ qv")"S(pv + qv'), Rlp.q] = (pv + qv')" R(pv + @)

(1) 2-(: 1)

be the matrices of these forms. What we should prove is that there exists nonnegative A such that

on R?, and let

a < Aa, B< A (13.29)

The following four cases are possible:

Case A: a > 0,b > 0. In this case (13.29) is valid for all large enough positive A.

Case B: a < 0,b < 0. Since a = v* Sv and o = v Rv, in the case of a < 0 we have also o < 0 (this
is given by (Impl)). Similarly, b < 0 = 8 < 0. Thus, in the case in question a <0, § < 0, and is
satisfied by A = 0.

Case C: a < 0, b > 0; Case D: a > 0, b < 0. These are the only nontrivial cases which we should
consider; due to the symmetry, we may restrict ourselves with the case C only. Thus, from now on a < 0,
b>0.

20, Assume (case C.1) that a < 0. Then the determinant ab— d? of the matrix S is negative, so that in

appropriate coordinates p’, ¢’ on the plane the matrix S’ of the quadratic form S[-] becomes (é _01 )

Let (E —477) be the matrix of the form R[] in the coordinates p’,q’. (Impl) says to us that for any

2-dimensional vector z = (p’, ¢')T we have
2= ) = (¢ <0=2"R2=<0) +200'd —n(d)* <0. (13.30)

The premise in this implication is satisfied by z = (0,1)7, z = (1,1)T and 2 = (1, —1)7, and the conclusion
of it says to us that n > 0, £ —n + 2¢ < 0, whence

=0 n—€> 2. (13.31)

20.1. Assume, first, that the quantity
_n+é

A
2
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is nonnegative. Then the matrix

/ / WT_E _C
wom= (5 )

is positive semidefinite (see (13.31))), and, consequently, the matrix
AS — R

is positive semidefinite, so that A satisfies .

20.2. Now assume that n + ¢ < 0. In the case in question —¢ = [£] > 1 > 0 (the latter inequality
is given by (13.31)). Let p. = /(n+¢)|§|~!, where € > 0 is so small that 0 < p. < 1. The premise in
(13.30) is satisfied by z = (pe, £1)T, so that from the conclusion of the implication it follows that

—[&lp2 —n +2¢p. <0,

or

(2n+ )Vl
NG

for all small enough positive . Passing to limit as ¢ — 0, we come to |[¢| < 4/n|¢|]. Thus, in the

—lg <
¢ —Inl
determinant; consequently, this matrix is negative semidefinite, so that R also is negative semidefinite,
and is satisfied by A = 0.
3Y. It remains to consider the case C.2 when b > 0, a = 0. Here we have a = v Sv = 0, so that
a=vTRv <0 by (Impl). Since b > 0, (13.29)) is satisfied for all large enough positive \. m

[

case in question R’ = ( ) is 2 x 2 matrix with nonpositive diagonal entries and nonnegative
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Solutions to Section [11.4]

Exercise we should prove that

(i) if A, (t, X;7,U) is positive semidefinite, then S, (X) < t;

(ii) if S,,(X) < t, then there exist 7 and U such that A,, (¢, X;7,U) is positive semidefinite.

Let us start with (i). Due to construction of A,,(-), both matrices 7 + U — X and U are positive
semidefinite; in particular, X < 71 4+ U, whence, due to monotonicity of S,,(+), Spm(X) < Sy (vI +U),
The latter quantity clearly is m7+.5,,(U) < mr+TrU. Thus, S,,(X) < m7+TrU, whilet > m7+Tr U,
again due to the construction of A,,(-), Thus, S,,(X) < t, as required.

To prove (ii), let us denote by A; > ... > Ay the eigenvalues of X, and let U have the same eigenvectors

as X and the eigenvalues
A= Ay A2 — Aoy A1 — A, 0,10, 0.

Set also 7 = A;,. The U is positive senidefinite, while 71 + U — X is the matrix with the eigenvalues
0,0,...,0, )\m - )\m-l—lv sty )‘m - )\lm

so that it also is positive semidefinite. At the same time m7 +TrU = S,,(X) <, so that A,, (¢, X;7,U)
is positive semidefinite. m

Exercise let A\;, ¢ =1, ..., 2k, be the eigenvalues of Y (X), and o1, ..., o) be the singular values of

T

X. Tt is immediately seen that Y?(X) = <X‘8( XQX
of XX7T is the sasme of sequence of eigenvalues of X7 X, and the latter sequence is the same as the
sequence of squared eigenvalues of X, by definition of the singular values. Since Y2(X) is block diagonal
with diagonal blocks X X” and X7 X, and both blocks have the same seqeunces of eigenvalues, to get the
sequence of eigenvalues of Y2(X), you should twicen the multiplicity of each eigenvalue of X7 X. Thus,
the sequence of eigenvalues of Y2(X) is

). We know that the sequence of eigenvalues

2 2 2 2 2 2
(1) 01,01,09,02,..,0p,0k.

On the other hand, the sequence of eigenvalues of Y?(z) is comprised of (possibly, reordered) squared
eigenvalues of Y (z). Thus, the sequence
AL A3, S
IREAVEREITRAD) 5

differs from (I) only by order. To derive from this intermediate conclusion the statement in question, it
suffices to prove that if certain A # 0 is an eigenvalue of Y (X) of certain multiplicity s, then —\ also is
an eigenvalue of the same multiplicity s. But this is simple. Let L be the eigenspace of Y (X) associated

with the eigenvalue A. In other words, L is comprised of all vectors (1; , u,v € R*, for which

()?(T“u) Y (z) . (13.32)
() ()

It is immediately seen that L_ is comprised of eigenvectors of Y (X) with the eigenvalue —A\:
0 X Xv _(—XXTu\ _ A\ Xv
XT 0 —XTy ) 7\ XTXv ) — —XTy )"

, restricted to L, has no kernel, we could conclude

Now consider the space

Xv
—XTu
that dim L_ > dim L, so that the multiplicity of the eigenvalue —\ is at least that one of the eigenvalue
A; by swapping A and —\, we would conclude that the multiplicities of both the eigenvalues are equal,

If we could prove that the mapping <Z> —

as required. Thus, it remains to verify that if ZL € Land Xv =0,X"u =0, then u and v are both

zeros. But this is an immediate consequence of ((13.32)) and the assumption that A # 0. =
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Multi-Parameter Surfaces of Analytic Centers

d
Long-step Surface—FoHov%iI%lg Interior Point Methods

Yu. Nesterov! and A. Nemirovski?

Abstract

We develop a long-step polynomial time version of the Method of Analytic Centers for
nonlinear convex problems. The method traces a multi-parameter surface of analytic centers
rather than the usual path, which allows to handle cases with non-centered and possibly
infeasible starting point.

The paper is an extended version of [5].

14.1 Introduction

Consider a convex program in the following standard form:
minimize ¢’z st. x e G; (14.33)

here G is a closed and bounded convex subset of R™ with a nonempty interior. One of the most attractive
theoretically ways to solve the problem is to trace the path of analytic centers, i.e., the minimizers over
x € int G of the penalized family of functions

Fi(z) = F(x) + tcTx; (14.34)

here F' is a barrier (interior penalty function) for G. Under the above parameterization of the path, in
order to converge to the optimal set one should trace the path as ¢t — co. The path of analytic centers,
however, can be parameterized in another way, say, as the path of minimizers of the family

Fi(x) = F(x) —0n(t — ¢’ z); (14.35)

(9 > 0 is fixed); here in order to get close to the optimal set one should approach the parameter ¢ to the
optimal value of the problem. As it is well-known, both the parameterizations, under appropriate choice
of F, imply polynomial-time interior-point methods for . If G is a polytope, then it is reasonable
to choose as F' the standard logarithmic barrier for G; polynomiality of the associated path-following
methods for Linear Programming was first established in the seminal papers of Renegar ([§], parame-
terization ) and Gonzaga ([I], parameterization ) For the nonpolyhedral case polynomial

LCORE, Louvain-la-Neuve, Belgium; e-mail nesterov@core.ucl.ac.be
2Faculty of Industrial Engineering & Management at Technion, Haifa, Israel; e-mail nemirovs@ie.technion.ac.il
Research was partly supported by the Vice-President for Research Fund for the promotion of research at Technion,
grant # 191-142

193



194 APPENDIX I: SURFACE-FOLLOWING METHODS

time results for both the parameterizations can be obtained if F' is a self-concordant barrier for G (see
below), as it is the case with the standard logarithmic barrier for a polytope.

Now, in order to trace the path of analytic centers F' one should once get close to the path; this is
the aim of a special preliminary phase of a path-following method, which, theoretically, is of the same
complexity as following the path itself. Moreover, to initialize the preliminary phase one should know in
advance a strictly feasible solution Z € int G. To get such a point, it, generally speaking, again requires
an additional phase of the method; at this phase we, basically, solve an auxiliary problem of the same
type as (14.33)), but with a known in advance strictly feasible solution. There are numerous strategies
of combining all these phases; one of the main goals of this paper is to present a kind of a general
framework, based on the notion of a “multi-parameter surface of analytic centers”, for these combined
strategies. The notion is introduced in Section along with motivating the advantages of tracing
surface as compared to tracing the usual single-parameter path. Section [14.2] contains also a generic
predictor-corrector scheme of tracing a surface of analytic centers. When tracing a surface, one should
decide, first, where to move - what should be the strategy of choosing the subsequent search directions
- and, second, how to move - what should be the tactics of choosing the stepsize in the chosen direction
in order to move as fast as possible. The “tactics” issues are discussed in Sections and In
Section [I4.3] we develop, under some reasonable assumptions on the structure of the underlying barriers, a
duality-based technique which, roughly speaking, allows to adjust the stepsizes to the “local curvature” of
the surface and thus results, under favourable circumstances, in “long steps”. Main theoretical properties
of the resulting scheme are presented in Section[I4.4] In particular, we demonstrate that under reasonable
assumptions on the underlying barriers “long steps” indeed are long — they form a significant fraction of
the way to the boundary of the feasible set. Note that our “long steps” technique is closely related to the
one recently developed in [4] for path-following methods as applied to primal-dual conic formulations of
convex problems, and the results on the length of the steps are similar to those of [6l [7]. The advantage
of our approach as compared to [4, 6] [7] is not only in the fact that now we are able to trace surfaces
rather than paths, but also that now we need neither explicit conic reformulation of the initial problem,
nor the self-scaled property of the associated cone; this allows to avoid necessity to increase the number
of variables and enables to work with problems (e.g., the Geometric Programming ones) which cannot
be covered by methods of [6] [7].

In Section we present a strategy of tracing the surface for both the cases of feasible and infeasible
start; the strategy in question fits the standard polynomial time complexity bounds and seems to be
computationally reasonable.

As it was already mentioned, the “long step” technique presented in the paper requires certain as-
sumption on the structure of the barriers in question; Section [I4.6] presents a number of barriers satisfying
this assumption and thus allows to understand what might be the applications of the developed technique.

14.2 Surfaces of analytic centers: preliminaries

We start with specifying the basic for what follows notions of a self-concordant function/barrier ([3],
Chapter 2; what is called below a self-concordant function, is a “strongly self-concordant function” in the
terminology of [3] ).

14.2.1 Self-concordant functions and barriers

Definition 14.2.1 Let Q be an open nonempty convex domain in certain RY. A function ¥ : Q — R
is called self-concordant (s.-c. for short), if ¥ is a C3 smooth convex function on @ which tends to oo
along every sequence of points from ) converging to a boundary point of ) and satisfies the differential
inequality

3/2

|D*W(u)[h, b, h]| < 2(D*U(u)[h,h])"", ueQ,heRY; (14.36)

from now on D*F(u)[hq, ..., hs] denotes s-th differential of a function F' taken at a point u along the set
of directions hq, ..., hs.
If, in addition,

|DW (u)[h]|> < 9D*T(u)[h,h], ue Q heRY, (14.37)
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for some ¥ > 1, we say that U is a ¥-self~concordant barrier (¥9-s.-c.b. for short) for the closed convex
domain G = cl Q.
Let a > 1. We say that a s.-c. function ¥ is a-regular on its domain @, if ¥ is C* function such that

|D*W(u)[h, h, b, b]| < a(e+ 1)D*T(u)[h, h] | b [|3., uweQ heRY, (14.38)

where

| hllQu=inf{t™" | t>0,uttheQ}

is the (semi)norm on RY with the unit ball being the closure of the symmeterization Q N (2u — Q) of Q
with respect to u.

E.g., the standard logarithmic barrier — Y /" In(b; — al'u) for a nonempty polytope G = cl{u | alu <
b;, i =1,...,m} is both m-s.-c.b. for G and 2-regular s.-c. function on int G.

The important for us properties of self-concordant functions/barriers are as follows (for proofs, see
[3], Chapter 2):

Proposition 14.2.1 [Combination rules]

(i) [summation] Let Q;, i = 1,...,k, be open convex domains in RN with a nonempty intersection Q
and let U, be s.-c. functions on Q;. Then the function V(x) = >, V;(x) is s.-c. on Q. If all ¥; are
¥;-s.-¢.b.’s for clQ;, then W is a (3, V;)-s.-c.b. for c1Q, and if all U; are a-regular, then so is W.

(ii) [direct summation] Let Q; C R be open convexr domains, i = 1,....k, and let ¥; be s.-c. on Q;.
Then the function

W(uy...,up) = Z\Ili(ui) Q= HQ —R

is s.-c. on Q. If all ¥; are ¥;-s.-c.b.’s for c1Q;, then ¥ is a (3, 0;)-s.-c.b. for c1Q, and if all ¥; are
a-regular, then so is W.

(iii) [affine substitutions of argument] Let Q% be an open convex set in RM and A be an affine mapping
from RN into RM with the image intersecting Q*. Let U+ be s.-c. on Q%; then W(-) = U (A(")) is s.-c.
on Q=A"YQT). If U is a ¥-s.-c.b. for c1QT, then ¥ is a V-s.-c.b. for c1Q, and if VT is a-regular,
then so is W.

From now on, for a positive semidefinite symmetric matrix A and a vector h of the corresponding dimen-
sion,

\h|a = (KT AR)Y2.

Proposition 14.2.2 Let Q be a nonempty open convexr domain in RY, G = cl@Q and U be a s.-c.
function on Q. Then
(i) [behaviour in Dikin’s ellipsoid] For any u € Q the Dikin ellipsoid

Wy (u) = {v | [v = ulgrw <1}
is contained in Q, and and
U+ h) < W) + BT () + pl(lhler ) (14.39)
from now on,
p(ry=—In(1—r)—r. (14.40)

(ii) [nondegeneracy] If ¥ (u) is nondegenerate at certain u € Q, then ¥ is nondegenerate everywhere
on Q; this for sure is the case when @ does not contain lines. If Q is bounded, then VU attains its minimum
over Q, and the minimizer is unique.

(iii) [stability with respect to Legendre transformation] Let U”(u) be nondegenerate for some u € Q
(and then, by (ii), for any u € Q). Consider the Legendre transformation

U, (v) = sup{ulv —U(u) | ueQ}

regarded as a function on the domain Q* comprised of those v for which the right hand side is finite.
Then Q* is an open nonempty conver domain, the mapping x — W'(x) is a one-to-one correspondence
between @ and Q* and V, is s.-c. and with nondegenerate Hessian on Q*; the Legendre transformation
of W, is exactly V.
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14.2.2 Surface of analytic centers

Let F' be a 9¥-s.-c.b. for a closed and bounded convex domain G C R™ with a nonempty interior. Aside
from the parameterization issues, the path of analytic centers associated with the barrier can be defined
as the set of points z € int G where —VF(x) = Ac for some positive A\. A natural “multi-parameter”
extension of this description is as follows: let us fix k nonzero vectors cq,...,c; and associate with this
collection the “surface” Sy = Sk(cy, ..., cx) comprised of all points = € int G where

k
—VF(QT) = Z /\ici
i=1

with certain positive A;. A convenient way to parameterize the surface is to introduce the k-dimensional
“parameter”
t=(ty,...tr)T

and associate with this parameter the barrier (cf. (14.35))

k
Fy(x) =0 i(ti — ¢/ x) + F(x), i(r)=—Inr,

i=1

for the convex set
Gi={zecG|cle<t,i=1,.,k}

In what follows we are interested only in those values of ¢ for which int G; # (); the corresponding set

T = Ti(eq, ..., ex) of values of ¢ clearly is a nonempty open convex and monotone (' >t €T =t €T)

subset in R¥. Now, since F is a ¥-s.-c.b. for G, the functions F}, t € T, are ¥,-s.-c.b.’s for the domains
Gt with

P = (k+1)9 (14.41)

(Proposition note that the function —¢1n(s) for ¢ > 1 clearly is a ¥-s.-c.b. for R, ). Since G is
bounded, F} attains its minimum over int Gy, and the corresponding minimizer x}(t) - the analytic center
of Gy - is unique (Proposition(ii)). At this minimizer, of course, —VF(z) = ¢ Zle(ti —clz) e,
so that z}(t) € Sk. Vice versa, every point of Sy is xj(¢) for certain ¢t € T immediate computation
demonstrates that

k
{ANi>0,i=1,.,k}&{-VF(z) = Z)‘ici} =z =N+l o, IN ).

i=1

Thus, we do have defined certain parameterization of S.
The following property of the surfaces of analytic centers is immediate:

Lemma 14.2.1 Let t € Ty(e1,...,ex) and let 7 > 1, j = 1,2, ... be such that t{ =1 forielC{l,...k}
and t{ — 00,j — 00, fori & I. Then the points z;(t7) converge as j — oo to the point :177({?2}161) of the
surface Sy({¢i}ier), I = card I (from now on Sy is the 0-dimensional surface comprised of the (unique)
minimizer x5 of F' over int G). Thus, the surfaces of dimensions < k obtained from Sp(ci,...,cr) by
eliminating some of the vectors ¢; are contained in the closure of Si. In particular, the closures of all
surfaces of analytic centers have a point in common, namely, 7.

14.2.3 Tracing surfaces of analytic centers: motivation

To solve problem 7 we may take an arbitrary set cs, ..., ¢ of vectors, set ¢; = ¢ and trace the surface
Sk(c1,...,cx) along certain sequence {tl} of values of the parameter, i.e., to produce approximations
2" € int Gy of the analytic centers x*(¢'). If the sequence {t'} is such that t{ — ¢* as i — oo, ¢* being
the optimal value in , then ! clearly form a sequence of feasible solutions to converging
to the optimal set. In what follows we demonstrate that there are basically the same possibilities to
trace the surface Sy as in the standard case when Sy is a single-parameter path; with this in mind, let
us explain what are the advantages of tracing a multi-parameter surface Sy rather than the usual path

81(0).
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1. Difficulty of initialization. As it was already mentioned, in the usual path-following method
we trace the path S;(c); to start the process, we should, anyhow, come close to the path. Now assume
that we are given an initial strictly feasible solution Z. In the standard path-following scheme, to get
close to Si1(c) we trace the auxiliary path S;(d), d = —VF(Z) which clearly passes through . According
to Lemma both the paths S;(c) and S;(d) approach, as the parameter tends to oo, the minimizer
x} of I over G therefore, tracing the auxiliary path as ¢t — oo, we in the mean time come close to the
path 51( ) and then may switch to tracing this latter path. On the other hand, given z and arbitrary
t1 > cT'Z, we can easily find vector C2_ and real tg such that the 2-dimensional surface of analytic centers
Sa(c1 = ¢, c2) would pass, as t = (tl, tg), through 7; it suffices to set

co=0"td—(ty —c'2) e, ty=clT+1.

Now we have a two-dimensional surface of analytic centers which “links” Z with the optimal set, and we
may use various policies of tracing the surface, starting at Z, in order to approach the optimal set. Note
that our “main path” Si(c), due to Lemma lies in the closure of Sy, while the “auxiliary path”
81 (d), as it is immediately seen, simply belongs to the surface. Thus, the standard path-following scheme
- first trace S1(d) and then S;(c) - is nothing but a specific way to trace the two-dimensional surface
of analytic centers Sa(c,ca). After this is realized, it becomes clear that there is no necessity to restrict
ourselves with the above specific route; why not to move in a more “direct” manner, thus avoiding the
preliminary phase where we do not take care of the objective at all?

2. Infeasible start. Now assume that we do not know in advance an initial strictly feasible solution
to the problem. What should we do? Note that normally the situation, under appropriate renaming of
the data, is as follows. We need to solve the problem

(P'): minimize ¢’z st. 2 € G, z, =0,

where G is a solid in R™ N {x,, > 0} with a known in advance interior point Z. In other words, normally
we can represent the actual feasible set as a kind of a “facet” in a higher-dimensional convex solid with
known in advance interior point. To support this claim, consider a standard form convex program

(CP) fo(u) > min| f;(u) <0,i=1,...m [ue€RY,
(fi, 0 <i <m, are convex lower semicontinuous functions) and assume that we know in advance
e a point ug such that all f; are finite in a neighbourhood of uy,
e an upper bound R > |ug| on the Euclidean norm of the optimal solution to (CP),
e an upper bound V > fy(ug) on the optimal value of the problem.

Then we can equivalently rewrite (CP) in the form of (P’) with the design vector x = (u,v,w) € RI"2,
the objective ¢’z = v and

G ={(u,v,w) | folu) <v<V;uTu<R% fi(u) <w,i=1,...m;0<w< W)},

where W is an arbitrary constant which is greater than f(uo) = max{0, f1(uo), ..., fm(uo)}. Note that G
indeed is a solid in R972 and that there is no difficulty to point out an _interior point zg in G: one can
set o = (uo, Vo, wo) with arbitrarily chosen vy € (fo(uo), V) and wg € (f(ug), W).

Now assume that we are given a ¥-s.-c.b. F for G[?). In this situation the standard “big M” approach
to (P’) is to apply an interior point method to the problem

(P): minimize (c+Mf)Tz st. € G [fla=1,],

2Note that in the case of problem (P’) coming from (CP) such a barrier is readily given by ¥;-s.-c.b.’s F;(v,u) for the
epigraphs {(u,v) | v > fi(u)} of the functions f;, ¢ =0,...,m:

F(u,v,w) = Fo(u,v) + ZFi(u, w) —In(R? — uTu) —In(V —v) —In(W — w) — Inw |f9 =4+ Zﬂzl .
i=0

i=1



198 APPENDIX I: SURFACE-FOLLOWING METHODS

where M is a “large enough” constant. Here we meet with unpleasant question how big should be the
“big M”. Now note that the path S;(c+ M f) which is traced in the “big M” scheme clearly belongs to
the two-dimensional surface Sy(c, f), which is independent of the particular value of M we choose. Thus,
the “big M” approach is nothing but a specific way of tracing certain 2-dimensional surface of analytic
centers. After this is realized, we may ask ourselves why should we trace the surface in this particular
manner rather than to use more flexible strategies.

Note that for the Linear Programming case (G is a polytope, F is the standard logarithmic barrier for
@) the surface Sy(c, f) was introduced and studied in details, although from a slightly different viewpoint,
in [2].

Now, to trace Sa(c, f), we should first get close to the surface. Here again the traditional way would be
to note that all surfaces Si(cy, ..., cx) in G come close to each other, so that tracing the path &1 (—VF(Z))
(which passes through the given point Z) and pushing the parameter to oo, we come close to z} and,
consequently, to Sa(c, f) and then can switch to tracing the surface Sa(c, f). But this is nothing but a
particular way to trace the 3-parameter surface Ss(c, f,d) in G given by

d=—9"VF@) - (t1 — '3) e — (ty — 3) "L f

(t1 > ¢TZ,ty > T, are arbitrary). The surface Ss clearly passes through Z and links Z with the optimal
set of the initial problem. After this is realized, why should we restrict ourselves with certain particular
route?

14.2.4 The “surface-following” scheme

We believe that the aforementioned discussion demonstrates that it makes sense to trace not only paths
of analytic centers, but also multi-parameter surfaces of these centers, at least 2- and 3-parameter ones.
The point is, of course, how to trace such a surface; this is the issue we address in this section.

14.2.5 Surface of analytic centers: general definition

To make the presentation more compact it is convenient to get rid of particular structure of the surfaces
introduced so far and speak about general situation as follows. Assume that Gt is a closed convex
domain with a nonempty interior in certain RY and V¥ is a 9,-s.-c.b. for Gt with nondegenerate ¥
Let, further, 7 and o be N x n and N x k matrices, respectively, and let ¢ € RY. Consider the affine

mapping
(t,z) = A(t,z) = ot + mz +e: R* x R" = RV,

and assume that
(A) the image of the mapping A intersects the interior of G*.

(A) implies that the set
Q ={(t,2) | Alt,x) € int G*}

is a nonempty open convex subset of R* x R™. Let T be the projection of ) onto the “parameter space”
RF; for t € T let
Qt:{xGR”\ (t,fE)GQ}, tET, Gt:CIQt,

so that @; is a nonempty open convex set in R™.
Our second, and for the time being the last, assumption is

(B) for some (and, consequently, for all) ¢ € T the set Q; is bounded.

Since ¥ is a ¥,-s.-c.b. for G, (A) implies that the function
F(t,z) = U(A(t,z))
is a ¥4-s.-c.b. for cl @, and for t € T the function

Fi(z) = F(t,x)
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is a ¥,-s.-c.b. for G; (Proposition [14.2.1)). Since G; is bounded, the Hessian of Fi(:) is nondegenerate at
any point from @Q; = int Gy, and F(+) attains its minimum over @ at exactly one point z*(¢) (Proposition
14.2.2{(ii)). From now on we call the set

S={{t,z) e Q[ z=2"(1)}

the surface of analytic centers associated with the data G, ¥, A(-). Note that the surface of analytic
centers Si(cq, ..., k) is obtained from the general definition by setting

A ty —clx
Gt =RE X G, U(uy,...,up,2) = =0 Inu; + F(z), Alt, ) = b Ty |0 = (k+1)9, (14.42)
i=1 k
X

¥ being the parameter of the s.-c.b. F.

14.2.6 Tracing a surface of analytic centers: basic scheme

Our general scheme of tracing the surface S associated with the data G, ¥, A is as follows. First, we fix
the “tolerances”
k€ (0,0.125], & > 2p(k) — k2.

We say that a pair (¢, ) is k-close to S if it satisfies the predicate
Pu(t, ) : (t,z) € Q and A(t,x) < K,

where
At x) = (Vo F(t,2)T[V2F(t, 2)) " VL F(t,2))

is the Newton decrement of the s.-c.b. Fi(-) at x; the quantity is well-defined, since, as it was already
mentioned, boundedness of G; implies nondegeneracy of V2F(x) at any = € Q.
We say that a pair (¢, ) is ®-good with respect to S, if it satisfies the predicate

Rz : {(t,z) € Q} & {V (t,z) = F(t,x) — min,eq, F(t,u) <F}.

When tracing S, at each step we are given a k-close to S pair (t,z) and transform it into a new pair
(t*,zT) with the same property according to the following

Basic Updating Scheme:
1. Choose a search direction 5t € R*, “lift” it to the direction

8t,0x) € I(t, x) = {(dt,dz) € RF x R" ngFt,acdH—VQFt,xdx:O =
ot @

2

= {(dz,dt) | dz = —[ViF(t,x)]_lataaxF(t,a:)dt} =
= {(dt,dz) | 77V (ot + 7z + €)[odt + ndx] = 0} (14.43)

and define the primal search line
R={X(p) = (t +pit,x — d.(t,x) + pdz) | p € R}, du(t,x) = [V2F(t,2)] *V.F(t, ). (14.44)

2. [predictor step] Choose a stepsize r > 0 along the primal search line and form the forecast
(t*,7) = X(r) which should be &-good with respect to S (this is a restriction on the stepsize; a stepsize
satisfying this restriction will be called proper, and it will be proved that proper stepsizes do exist).

3. [corrector step] Apply to the function F(¢',-) the damped Newton minimization

1
L+ A(tT,y*)

Yt =yt — VZF(tT,y5) 'V F(th, %), y° =17 (14.45)

(14.45) is terminated when it turns out that A(¢T,y*) < &; the corresponding y*® is taken as z ™, which
ensures P,. The updating (¢,x) — (t*,z") is completed.
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Comment. The origin of equations (14.43)) and (14.44) is clear: ([14.43]) is the equation in variations
corresponding to the equation V,F(s,y) = 0 of the surface S, so that II(¢, ) is the “approximate tangent

plane” to the surface at the point (¢,2). The primal search line R is given by the linearization

V. F(t, )+ %vxﬁ’(t, z)dt + V2F(t,2)dx =0

of the equation of the surface at the point (¢,): it is comprised of the points (¢t + dt, z + dx) with dz
and dt linked by the above equation and dt is proportional to 6t.

We do not discuss here how to choose the direction §t; it depends on an “upper-level” strategy of
tracing the surface, the issue to be discussed in Section [14.5

Since (t7,7) is a ®-good pair, the number of iterations at a corrector step - the Newton
complexity of the step - can be bounded as follows:

Proposition 14.2.3 [[3], Theorem 2.2.3 and Proposition 2.2.2] Process is well-defined (i.e., it
keeps the iterates y® in int Gy+ ) and resulls in y® such that P.(t*,y®) is satisfied in no more than

N=01){k+1Inln(1/x)} (14.46)
Newton iterations ; here and further O(1) denote appropriately chosen absolute constants.

The point is, of course, how to choose the “large” stepsize r for which the forecast X (r) = (t,z) +
r(0t,0x) satisfies the predicate Rz. To this end it is natural to use line search in r. A straightforward
line search is impossible, since V(7,y) involves the implicitly defined quantity

f (7)) = min F(r,u).

ueQr

What we intend to do is to derive “computationally cheap” lower bound for the latter quantity. This is
the issue we are coming to.

14.3 Dual bounds

14.3.1 Basic assumption
From now on we make the following assumption on the barrier ¥ under consideration:

(C) we know the Legendre transformation

U, (s) = sgp{sTu —U(u)} (14.47)

of the barrier W.

”We know W¥,” means that, given s, we are able to check whether s belongs to the domain Dom W, of
the Legendre transformation, and if it is the case, are able to compute U,(s).
Note that by assumption ¥” is nondegenerate, so that the domain of ¥, is an open convex set and

U, is s.-c. on its domain (Proposition [14.2.2] (ii) and (iii)).

14.3.2 Dual bounds

Let us start with the following simple observation
Lemma 14.3.1 Let s € Dom V¥, satisfy the linear homogeneous equation
7ls =0, (14.48)

Then for any T € T we have
(1) > o7 4 €Ts — W, (s). (14.49)
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Proof. Since ¥ is the Legendre transformation of ¥, (Proposition [14.2.2}(iii)), we have for any y € Q-
F(r,y) =U(or +ay+e) > [or+my+€eTs — U.(s) = [o7 + ¢]Ts — V. (s)

(we have used that 77s =0). m

According to Lemma, each dual feasible vector s (a vector s from Dom ¥, satisfying (|14.48))) results in
an affine lower bound for the function f*(-), and these are the bounds we intend to use in order to ensure
R. Note that dual feasible vectors belong to the subspace D C RY of all solutions to linear equation
; the vectors from this subspace will be called dual feasible directions. The set D* of dual feasible
vectors clearly is an open convex subset of D.

We are about to present a systematic way to generate dual feasible directions and dual feasible vectors.

14.3.3 Dual search line

Lemma 14.3.2 Given a primal search line

R={X(p) = (t +pdt,x — dy(t,z) + pdz) | p € R} (14.50)

(t,z) € Q, ot € RF, 5z and d,(t,x) are given by (14.43) and (14.44)), set

u=ot+mr+e st,x)=V(u), dst,z)=V"(u)nd,(t,x), J&s=V"(u)lodt+ ndx] (14.51)
and define the dual search line as
R* = {S(p) = s(t,x) — ds(t,x) + pds | p € R}. (14.52)
Then all vectors from R* are dual feasible directions:
77S(p) =0, peR. (14.53)

Moreover,
A(t,z) < 1= 5(0) € Dom V¥, (14.54)

so that under the premise of (14.54)) all points S(p) corresponding to small enough |p| are dual feasible
vectors.

Proof. To simplify notation, let us omit explicit indicating the argument values in the below computa-
tions; the values of all quantities related to ¥ are taken at the point u, and the values of the quantities
related to U, are taken at the point s = s(t,z) = U'(u).

By virtue of (14.44)), (14.51) and (14.52)) we have

7'S(p) = 7TV — 7T W 7 [V2F(t, )] 'V F(r,2) + prl ©"[06t + néz] =

[since V2F(t,z) = 7T W"n, V, F(t,r) = 77 ¥ and due to ((14.43))]

as required in (14.53|).
To prove ({14.54)), note that

/\2(t7x) = |V1F(tax)|[2V§F(t,w)]—1 = |[VZF(tv:ﬂ)]71va(tax

= prl V" [o6t + méx] = 0,

2
)|V§F(t,x) =

= 1 (t,2) [ g = 7t 2) g =
[see (14.51)) and take into account that [¥”]~! = W]

2

_ 2 2
= [ du(t )|y = lds (8, 2) g1 = |ds(t ) gy -

Thus, we come to
|ds(t,x)|wy = |mdy(t, )| = A(t, ). (14.55)
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It remains to note that, as we know, W, is s.-c. on its domain and that s = ¥/ € Dom ¥,, so that
combined with Proposition[14.2.2] (i) (applied to ¥.) implies that if A(t,2) < 1, then S(0) = s —d,(t,z) €
DomVU.,. =

Now we are ready to present the “computationally cheap” sufficient condition for a forecast X (r) to
satisfy the predicate R:

Basic Test: given r, compute X (r) and S(r) (see (14.50) - (14.53)) and verify whether X (r) € Q
and S(r) € Dom V¥, (then S(r) is a dual feasible vector, see Lemma |14.3.2). If one of these inclusions is
not valid, reject r, otherwise check the inequality

o(r) = F(t + rot,x — dg(t, @) + réz) + U, (S(r)) — [o[t +76t] + €] S(r) < . (14.56)

If it is satisfied, accept r, otherwise reject it.
An immediate consequence of lemmas [14.3.1] and [14.3.2] is as follows.

Proposition 14.3.1 Let (t,z) € Q, (§t,0x) € II(t,x), and let r > 0 be such that r passes the Basic Test.
Then the forecast X (r) = (t + rot,x — d,(t,x) + rdz) satisfies the predicate Ry.

We should, of course, prove that the test is “reasonable”, namely, that it accepts at least “small” steps
in the parameters leading to the standard overall complexity of the algorithm. This is the issue we are
coming to.

14.4 Main results on tracing a surface

14.4.1 Acceptable stepsizes

Our main observation is that a stepsize r such that the displacement 74t is not too large in the Euclidean
metric defined by the matrix V7 F(t, z) for sure passes the Basic Test. We start from the following simple

Proposition 14.4.1 Given u € Dom ¥ and du € R", let us set s = W'(u), so that s € Dom ¥, and
ds = V" (u)du. Let also

pildul = U(u+du)+ U, (s+ds)
— [W(u) + U (s) + (du) TV (u) + (ds)T W, (s) + 3 (du)T V" (u)du + L (ds)TW!(s)ds]

be the remainder in the second-order Taylor expansion of the function U + W, at the point (u,s) along
the displacement (du,ds) (if this displacement moves the point outside the domain of the function, then
p*=00). Then

(1) |du|?1,//(u) = |ds\2/*/(s) = (du)Tds,

(i) if x = |dulgr ) < 1, then p;[du] is well-defined and, moreover,

pildu] < 2p(x) — X2, (14.57)

(p(-) is given by (14-40)) and

(iii) The third derivative of the function ¥ 4+ U, taken at the point (u,s) along the direction (du,ds)
is zero, so that pl(du) is in fact the remainder in the third order Taylor expansion of U+ W, at the point
(u, s) along the direction (du,ds).

Proof. (i) is an immediate consequence of the relations ds = ¥ (u)du and ¥”(s) = [¥”(u)]7L. (i)
combined with the upper bound on the remainder in the first-order Taylor expansion of a s.-c. function
(Proposition [14.2.2}(i)) results in (ii). To verify (iii), let us differentiate the identity (y varies, h is fixed)

R (W (y))h = KT (9" (y)] " h
at the point y = u in the direction du, which results in
D30, (s)[h, h, 9" (u)du] = —D>W(u)[[¥" (u)] " h, [ (u)] "' h, du];

substituting h = V" (u)du = ds, we come to D3V, (s)[ds,ds,ds] = —D*V(u)[du, du, du], as required in
(iil). m
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Theorem 14.4.1 Let (t,x) satisfy P, (0t,dx) € II(¢, ), let
R* ={S(p) = s(t,z) — ds(t,z) + pds | p € R}
be the dual search line associated with the primal search line
R={X(p) = (t,z — do(t,x)) + p(ot,6z) | p € R}

(see Lemma and let

u=ot+mx+e du(r)=rodt+ n[—d,(t,x)+ rox].

Then
(i) The wvector dx is the minimizer of the quadratic form |odot + 7rh|2/,(u) over h € R", and, in
particular,
(ii) One has
X(r) = [du(r)|wr ) = V722 + A2 (t, x) (14.59)
and
v(r) = F(X(r)) + U.(S(r) — [o(t +rdt) + €S (r) = pi[du(r)); (14.60)
in particular,
x(r) < 1= o(r) < 2p(x(r)) = x*(r), (14.61)
so that if
Wy = max [o.) | 20(VK2 +w?) — k% —w? < E} (14.62)
then all stepsizes r with
Wk
rl < 14.63
7] BT (14.63)

for sure pass the Basic Test.

Proof. From now on the quantities related to F', ¥ and ¥,, if no argument values are explicitly
indicated, are taken at the points (¢,2), u = ot + 7z + €, s = s(t,x) = ¥/ (u), respectively.
19. The minimizer of the quadratic form |06t + wh|3,, = [00t + wh|T W [06t + 7h] of h € R™ is given by

7" (o6t + Th] = 0;

this is exactly the equation defining dx, see (14.43)), which proves the first statement of the theorem.
20. By definition of d, (¢, =) (see (14.44), ds(t,x) (see (14.51)) and the correspondence between dx and

ds given by (14.51)) we have

ds(t,z) = V'nd,(t,x), ds = O"'[odt + 7woz] (14.64)

whence
ds(r) = —ds(t,x) + rds = ¥"'du(r). (14.65)

By construction s = ¥'(u). From we know that
|ds(t, x)|wr = |mde(t, )| = Nt, );
besides this, [rd,(t,2)]T V" [06t + wéx] = 0 in view of (14.43)), so that
X2(r) = |du(r)|3, = |-md.(t,x) + rodt + mox] |5, = N2 (t,x) + r?¢?, (14.66)

as claimed in (|14.59).
3°. We have (see the definitions of X (r), S(r), du(r), ds(r))

F(X(r)+ Y. (S(r)) =9(u+du(r)) + V(s +ds(r)) =
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[definition of p};[-] combined with (T4.65))]
1 1
= W(u) 4+ U, (s) + (du(r)T + (ds(r))T W + §|du(r)|?l,u + §|ds(r)|\21,,*/ + pildu(r)] =

[Proposition [[4.4.1] (i) as applied to du = du(r) combined with (14.65)); relations ¥’ = s, ¥/, = ]
=uls + (du(r))s + (ds(r)) u+ |du(r)|3, + pkldu(r)] =
= (u+du(r))" (s +ds(r)) — (du(r))" ds(r) + |du(r) [y + pyldu(r)] =

[Proposition [14.4.1] (i)]
= (u+ du(r)" (s + ds(r)) + pj[du(r)]. (14.67)

By construction,
(u + du(r))T (s + ds(r)) = [o(t +rét) + |7 S(r) + [~dyu(t, ) + rdz]" 77 S(r) =

TLemma I3
= [o(t +rot) + €] S(r),

so that (14.67)) implies (14.60). Relation (14.61) follows from ([14.57) and (14.60)), and the concluding
statement of the Theorem is a corollary of ((14.58]) and (14.61)). =

How long are “long steps”

Theorem [14.4.1| says that if the tolerances k and % are chosen reasonably (say, x = 0.125 and & = 2) and
(t,x) is K-close to S, then any step

(t,x) = (tT,7) = (t + 0,0 — d(t,z) + dx)
“along the surface” (i.e., with (d¢,0x) € II(¢, x)) of “O(1)-local length”, namely, with
C = ‘O-(St + 7T5x|‘1’”(0’t+71’(11+6) < 0.89

results in a ®K-good forecast (¢7,7) (indeed, for k = 0.125 and ¢ = 0.89 the right hand side in is
< 2). The natural question is whether we could ensure a larger step, still resulting in a ®-good forecast.
For the sake of simplicity, let us answer this question for the case when the point (¢,2) belongs to S
(i.e., A(t,z) = 0) rather than is s-close to the surface (modifications required in the case of small positive
A(t, x) are quite straightforward).
When answering the question, we can normalize the direction (6t,dz) € II(¢,z) to have unit local
length:
|du|lgr =1, du= odt + 7oz (14.68)

(here and in what follows all quantities related to ¥, ¥, are evaluated at the points u = ot + ma + € and
s = U'(u), respectively). Recall that we have associated with the data (¢,z,t) the primal and the dual
search lines R and R*; it is convenient to aggregate these lines in a single “primal-dual” line

Rpa = (u,s) + R(du,ds) C R2) =R} x R,

where ds = U”du; the projection of R,q onto the space R} of dual variables is R*, while the projection
of R,q onto the space R{,V of the primal variables is the image of the primal search line R under the
embedding (7,y) — o7 +my + €. It is convenient to equip the primal-dual space R%V with the Euclidean

norm
|(vp; va)lpa = \/ vpl G + |Ud|\211;’5
this is nothing but the local norm | - |z (.,) given by the Hessian of the s.-c. function

E(vp,va) = ¥(vp) + ¥ (va)

at the point zg = (u, s).
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Let us define T as the distance from zj to the boundary of the domain Dom E = (Dom ¥) x (Dom V)
along the line R,4:
T = min{|z — 2¢|pa | 2 € Rpqs\ DomE};

note that 7' > 1 due to Proposition (i). Now, when choosing a stepsize r, forming the corresponding
forecast and subjecting it to the Basic Test, we in fact generate and process the point z, = (u+rdu, s+rds)
on the primal-dual search line R,q, i.e., perform certain step along Rpq. The |- |,q-length of this step
|2 — 20|pa is simply |r[v/2 (indeed, ds = ¥"du, so that |ds|ys = |du|y» by Proposition 141:.4.1}7 while du
is normalized by ) It follows that 7' is a natural upper bound on the acceptable step |z, — zo|pd
— when r = 27T and du is “badly oriented”, the stepsize r results in z, ¢ DomZE and is therefore
rejected by the Basic Test. With these remarks, the above question “how long are long steps” can be
posed as follows:

Which fraction of T' indeed is accepted by the Basic Test, i.e., which fraction of the way to the boundary
of the primal-dual feasible set Dom = along the direction (du,ds) can we cover in one step of the Basic
Updating scheme ?

According to the above discussion, we for sure can move towards the boundary by the fixed distance
0.89+/2; this is a “short step” allowed in any path-following interior point method, and to get a result
of this type, no structural assumption (C) on the s.-c.b. in question and no dual bounding are needed.
If T is large, then a short step covers small part of the way to the boundary, and a short-step method
becomes slow.

In fact our approach in many cases enables much larger steps:

Proposition 14.4.2 Let both the barrier U and its Legendre transformation U, be a-regular (Definition
14.2.1), let (t,z) € S and let ot be such that takes place. Then all stepsizes satisfying

Ir] < r*()VT, (14.69)

same as all stepsizes satisfying

Ir| < r*(a)To; '/ (14.70)

are accepted by the Basic Test. Here r*(«) > 0 depends on « only and ¥, is the parameter of the s.-c.b.
.

Proof. Let R,y = 20 + Rdz, dz = (du, ds), be the primal-dual search line associated with ¢, z, §t, and let
A={r| z+2""?rdz € c1DomEZ}, so that A is a closed convex set on the axis containing the segment

[-T,T]. By Proposition [14.2.1] the function
d(r) = E(z0 + 27%rdz)

is self-concordant and a-regular on int A. Since we clearly have || 1 |lint o< (T — |r|)~! for |r| < T (for
notation, see Definition [14.2.1]), inequality (14.38]) implies that the function ¢ (r) = ¢”(r) satisfies

" ala+1)
" (r)] < mw(m» Irl <T. (14.71)
Besides this, we have
$(0) =1, %'(0)=0, (14.72)

the first relation coming from (0) = |2_1/2dz|f)d = 1 (note that |dz|,q = V2 due to the discussion
preceding the Proposition), and the second relation being given by Proposition [14.4.1
We claim that

Ta

The left inequality follows from convexity of ¢. By symmetry reasons, it suffices to establish the right
inequality for 0 < r < T'. To this end note that the function

0<¢"(r)=9y(r) <

TG(

0 =T
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clearly satisfies the relations

ala+1)

W"(r) = mwoﬂ), 0<r<T; w0)=1; «'(0)>0. (14.74)

From ([14.74), (14.71)), (14.72) we see that the function {(r) = w(r) — 1(r) satisfies the relations

ala+1)

Tt 0sr<Ts £(0)=0; £(0)>0. (14.75)

§'(r) =
To establish for 0 < r < T is the same as to prove that £ > 0 on [0,7"), which is immediate: since
0 =¢&(0) < &'(0), & is positive on (0,7) with some positive 7. Consequently, if & < 0 somewhere on [0,7),
then & possesses a zero on [, T). Let r* be the smallest of zeros of £ on [, T); then ¢ is nonnegative on
[0,7*], whence, due to (I4.75), ¢ is convex on [0, r*]. This observation combined with £(0) = 0, £'(0) > 0
contradicts the relation &(r*) =0.

Combining (14.73)) and ( m, we come to

(4) afa+1)T°
600 <

o Ir| < T. (14.76)

According to Theorem [14.4.1}(ii) and Proposition [14.4.1}(ii), the quantity v(2'/27), v(-) being defined
by (14.56), is the remainder in the third-order Taylor expansion of ¢(-) at the point » = 0. From (14.76)
we therefore conclude that

u(r) < % Velr| < T. (14.77)

Since the Basic Test accepts all stepsizes with v(r) < &, we see from that it accepts all stepsizes
satisfying , with properly chosen r*(a) (recall that T > 1).

In view of already proved part of the statement, in order to demonstrate acceptability of the stepsizes
with properly chosen r*(«), it suffices to verify that

T < ~v(a)V/9,. (14.78)

This inequality is an immediate consequence of the following

Lemma 14.4.1 Let ¥ be a-regular ¥.-s.c.b. for convex domain G, let u € int G, let du be such that
|dulgr(wy =1, and let T be such that w+ Tdu € G*. Then

T < 2%Fe/2\/y,. (14.79)

Proof. Without loss of generality we may assume that (du)T ¥ (u) > 0 (otherwise we could replace du
with —du). Let

¢(r) =V(u+rdu), re A={r| u+rdue Gt} D[-T,T);
by Proposition ¢ is a-regular J,-s.-c.b. for A. We claim that if » € int A and d > 0 is such that

r+2d € int A, then
0<¢"(r—d) <2°T¢"(r). (14.80)

d) <
Indeed, by Proposition [14.2.1| the function X(s) = ¢(r — s) + ¢(r + s) is a-regular on the set A, = {s |
r+s € int A} D [-2d,2d] and is such that X’(0) = X"/(0) = 0. From these properties, same as above (cf.
(14.73))), one can derive the inequality

(2d)*

= Gl

X"(0), |s| < 2d.
Substituting s = d, we get
¢"(r—d) +¢"(r +d) = X"(d) < 2°X"(0) = 276" (),

which, in view of the convexity of ¢, implies ({14.80)).
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Now let 0 < r < T/3. Applying to d =1, we get
¢'(r)>27 1" (0) =271 0<r<T/3 (14.81)
(the equality is given by |du|y () = 1), whence, in view of ¢'(0) = (du)”¥'(u) > 0,
(r)>2""1r 0<r<T/3.

Now note that ¢ is J.-self-concordant barrier for A, whence, by [3], Proposition 2.3.2, ¢'(r)(s —r) < 9,
for all s € A. Applying this inequality to s = T € A and r € (0,7/3), we get 27" 1n(T — 1) < 9,

0 <r<T/3, and (14.79) follows. m
Results similar to those stated by Proposition [14.4.2| were recently obtained in [6] [7] for the predictor-

corrector interior point methods associated with the self-scaled cones. Note that the property of ¥ and
U, to be a-regular seems to be less restrictive that the one imposed in [6] [7]; we shall see in Section [14.6]
that the property of 6-regularity is shared by the functions ¥ and ¥, responsible for Linear, Quadratically
Constrained Quadratic and Semidefinite Programming (these applications are covered by the results of
[6, [7] as well), same as by those responsible for Geometric Programming (where [6, [7] is inapplicable).

14.4.2 Centering property
To proceed, we need certain centering property of the surface of analytic centers given by the following
Proposition 14.4.3 Let (t,x) satisfy P, with k < 0.125, and let t' € clT. Then

[V (ot 4+ 7z + €)]To(t’ —t) < (14 6K)Y, + 4k. (14.82)

Proof. By evident reasons, it suffices to consider the case t' € T. Let ' € Q. From general properties
of s.-c.b.’s ([3], Proposition 2.3.2) it follows that

(VF(t,e)T(t' —t, 2’ —x) < 0,,
so that (in what follows the derivatives of ¥ are taken at ot + mx + €)
(U o' —t) + (2’ — )] < V..

Therefore
(\I/')Ta(t/ —t) <.+ (\I/')Tw(:c — ') =9, + (V. F(t, z))T(x —a'). (14.83)

On the other hand, let z* be the minimizer of F'(¢,-), and let
B = (RTV2F(t, a)R) V2, |hl. = (T [VEF(t, ")) h)/2.
From the relation (¢, z) < k < 0.125 it follows (see [3] , Theorem 2.2.2 and Proposition 2.3.2) that
|z — 2| <1, |2/ — 2% <1+ 30., |[V.F(t,z)|. <2k.

Therefore the concluding expression in (14.83) does not exceed |z — 2/||V, F (¢, 2)|« < 26(3%. + 2) + Y.,
and we come to (14.82). m

What we are interested in is the following consequence of the latter theorem:
Corollary 14.4.1 Let F(t,x) be the barrier associated with a surface of the type Sk(cy, ..., ck):

k
F(t,z) = -9 Z In(t; — clz) + F(x),
i=1
where F is a 9-s.-c.b. for a closed and bounded conver domain G C R™, and let (t,x) satisfy P, with
some k < 0.125. If t' <t belongs to clT, then

P
i=1
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Geometrically: The part of c1T “to the left of t”, i.e., comprised of t < t, belongs to the simplex

Kot -t
A(t,z) = Z Z<2k—|—l)}

and contains the box

t; —t
Clt,r)={t' <t| A L <1,i=1,...,k}.

In particular, if

then, for everyi <k,
t; —t7(t) < 2(k+1)A(t, x). (14.85)

Proof. In the case in question the left hand side in is equal to ﬁZle(ti —t))A; !, while the
right hand side is (1 + 6k)%, + 4k < 1.75(k + 1)9 + 0.5 < 29(k + 1) (recall that ¢ > 1, see Definition
14.2.1). Thus, implies (14.84). The inclusion C(t,x) C clT is evident, since for ¢’ € int C(t, )
we simply have clx < t,,i = 1,...,k, so that (*,2) € Q = {(1,y) | y €int G, 7; > Iy, i =1,....k}.
Relation is an immediate consequence of the preceding statements of the Corollary. m

14.5 Solving convex programs via tracing surfaces

To the moment we know what are our local abilities to trace a surface of analytic centers, but did not
discuss the “strategy” - where to move in order to solve the problem the surface is associated with. This
question does not occur in the usual path-following approach, since there is a unique reasonable strategy:
to vary the parameter in the only direction of interest at the highest possible rate compatible with the
restriction on the Newton complexity of the corrector steps. In the multi-parameter case the strategy of
tracing the surface requires special investigation; this is the issue we are coming to.

We intend to apply our surface-following scheme to convex programs

(P) minimize ¢’z s.t. x € G,
(P minimize Tz s.t. x € G, fTa <0;

in both of the problems, G is a closed and bounded convex domain in R™ represented by a ¥-s.-c.b. F,
and we are given a starting point Z € int G. In the second problem it is assumed that the quantity
T,
— 14.86
f*=minflz (14.86)
is nonnegative (the case of feasible (P’) clearly corresponds to the case of f* = 0).
To make presentation more compact, we shall focus on (evidently more general) problem (P’); to get

constructions and results for (P), it suffices to set in what follows f = 0.
In Section [14.2.3| problem (P’) was associated with the barrier

F(t,z) = —0In(t; — cTz) —9In(ty — fTa) — On(ts — d* z) + F(z) (14.87)

and the 3-parameter surface Ss(c, f,d); here d is readily given by the requirement that the pair (%,7),
with certain explicit ¢, belongs to the surface. In what follows we deal with the setup

ho= T+ [TVEF@E)] Y,

&= [Ta+ [fTVEE@)) Y, (14.88)
= W)~ [l — T2 e —[Ia — [T7]71f,

ts = dTT+1;

Note that tAj, j = 1,2, are nothing but the maxima of the linear forms c’z, respectively, f7x, over

the closed Dikin ellipsoid Wg(Z), see Proposition [14.2.2} according to this Proposition, the ellipsoid is
contained in G, so that

o~

t <maxclz; 1y < maxflz. (14.89)
T zeG zeG
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Below c¢* denotes the optimal value in the problem in question. When measuring accuracy of an
approximate solution x € G, we normalize the residuals ¢’z — ¢* and f7x by the variations of the
corresponding linear forms on the domain of the problem, the variation of a linear form e’z on a bounded
set U being defined as

Vy(e) = maxel's — mine’z.
zeU zelU

When solving (P’) via tracing the surface S3(c, f, d), our goal is to enforce the “objective parameter”
t1 and the “constraint parameter” ts to converge to the optimal value ¢* and to 0, respectively. As for
the “centering parameter” t3, all we need is to control it in a way which allows us to achieve the indicated
goals, and a reasonable policy is to push the parameter to oo, since with a “small” value 7 of the centering
parameter the artificial constraint d” « < 7 may vary the optimal value in the problem.

14.5.1 Assumption on the structure of F

In order to use the long-step tactics presented in Section [I4:3] from now on we make the following
assumption on the structure of the barrier F' for the domain G:

Q : we are given a closed convex domain H € RM, a ¥-s.-c.b. ® for H such that ®" is nondegenerate
and the Legendre transformation ®, is known, and an affine mapping B(z) = 7z + ¢ : R* — RM with
the image of the mapping intersecting int H, such that

G =B Y(H), F(x) = ®(B(z)).

Note that under this assumption any barrier of the type
k
F(t,x) =9 vi(ti — ¢ x) + F(x), ti(s) = —Ins, (14.90)
i=1

and, in particular, the barrier underlying the surface Ss(c, f,d), satisfies assumptions (A) - (C) from
sections [I4.2.5] and [I4.3.1] The corresponding data are

k
Gt = Rff_ X H, U(uq, ..., U, ) = ﬁzwi(ui) + ®(u), v = (k+1)9,

i=1
At,z) = (ty — cl o, ...ty — ct 2, B(z));

the Legendre transformation of ¥ is
k
U, (81,.., 8k, 8) = ﬁzwi(—si) + D.(s) + k¥(lnd — 1),
i=1
Dom ¥, = {(s1,...,85) < 0} x Dom ®,.

14.5.2 Preliminary remarks

In what follows we speak about tracing the surface S3(c, f,d). Sometimes we write ¢; instead of the i-th
vector identifying the surface (so that ¢y = ¢, c2 = f, c3 = d).
Let us fix the tolerances k,  such that

K € (0,0.125]; & > 2p(k) — K2.

When tracing the surface Ss, we form a sequence of pairs (¢, %) satisfying the predicate P, associated
with the surface. To update the pair (t~1, 2'~1) into the new pair (¢, 2¢), we use the Basic Updating
Scheme equipped with the Basic Test for choosing a proper stepsize r; in the current direction (§t, §x?),
so that the forecast we use is

(7)) = (¢ 2t — d (8 2 ) 4y (01, 6.

The above remarks specify the method up to the following two “degrees of freedom”:
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(I) strategy of choosing the direction §t*;
(IT) tactics of choosing a proper stepsize ;.

(I) is the main subject of this section. As about (II), we are not going to be too specific. The only
assumption on r; is that it is at least the “short step” r} given by Theorem|14.4.1} i.e. (see (14.63)),

r, > fr;k = : l Wi
VIS0 (612 /A3 (61, i)

, Aj(tx) =t; — chx (14.91)

(from now on, the superscript in notation like §¢% denotes the number of the step, and the subscript is
the coordinate index). In view of the origin of w, (see (14.62))) and Theorem (applied to barrier
(14.87), the default value r} of the stepsize for sure passes the Basic Test (so that to use the default
stepsize no Basic Test, and, consequently, no assumptions on the structure of F' are needed). One is
welcome to combine the Basic Test with any kind of line search to get a larger (proper) stepsize. Note
that in what follows we sometimes impose certain “safety” upper bounds on r;; each time it can be
immediately verified that these bounds are valid for r; = r}, so that the safety bounds are consistent
with the aforementioned lower bound on ;.

With the above remarks, we may completely focus on the “strategic” issue (I).

As it was already explained, when tracing surface Ss(c, f,d), we should get rid of the centering
parameter; the simplest way is to push it to co. How to ensure this, this is the issue we start with.

Consider a surface Si(ci, ..., ¢) associated with barrier (14.90)), and let (¢, z) satisfy the predicate P,

associated with the surface. Let ok

A Tt (14.92)
We say that a direction 6t = (6tq, ..., dtx) in the space of parameters is k-safe, if
Sty > 0, A;:S(iljx) > 2(2k + 1)A:(f;), i=1,.,k—1, (14.93)
where, same as in Corollary
Ait,x)=t; —clw, i=1,..,k,
and we say that a stepsize r > 0 in the direction 6t is k-safe, if
t+qgiroteT={tcRF | ycint G:t;>cly,i=1,...k}. (14.94)

Lemma 14.5.1 Let (t,x) satisfy P, with respect to Sk(cy,...,ck), 0t be a safe direction, r be a safe
stepsize, and let t+ =t + rdt. Then

1 14 T(Stk
2k +2° 4k + 1) Ag(t, )

tF —t5(tT) > min{l + Hte =t (1)), (14.95)

where, same as in Corollary|14.4.1, t;(t) = min{cly | y € G, c;‘-ry <t;,j=1,..,k}.
Proof is given in Appendix A.

14.5.3 How to trace S;(c, f,d)
The algorithm

Our strategy for solving (P’) is as follows. Given (¢, z) r-close to S = S3(c, f,d), we say that (¢,x) is
good, if
ty < 16A4(t, ) (14.96)

and is bad otherwise; here and in what follows, as always,

Aq(t,x) =t — e, Ag(t,z) =ty — e, As(t,z) =t3 — d"x.
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At step i (where zi=1 = (#7127 1) is updated into 2 = (t!, 2*)), we act as follows.
1) If the current iterate (+*~!,2'~1) is bad, we apply
Infeasibility Test: If both the inequalities

1/2

A2 > 90, (TIVEZF(ET 2] T e) (14.97)
and ‘ ‘ s
At 2= > 99, (dT V2P, 2] Ld) Y (14.98)
are valid, claim that (P') is infeasible and terminate.
2) If the method is not terminated by 1), we set
AT, —Ay(Y), 1684(571), 2L is good
or = { ( A1), 0 , 16A3(271)), otherwise (14.99)

After the direction 0’ is determined, we use the Basic Updating Scheme to update (=1 z°~!) into
(t*, 2"); in this updating, we subject the stepsize r; to the “safety restriction”

. 1 . .
ri|6th| < gAj(t“l,ar:“l), j=1,2 (14.100)

(this does not forbid “long steps”: the short step r} in our case is by factor O(\/@) less than the upper

bound in (14.100).
The recurrence is started at (t°,2°) = (¢,7) € Ss, see (14.88).

Remark 14.5.1 In the case of problem (P) — according to our convention, it means that f = 0 — all
(t=1, 271) are good, since th ! = Ay ("1, 7)), so that (14.99) always results in 6¢7 < 0: we decrease
the parameter of interest, as it should be in the case of feasible start.

Complexity

To describe the rate of convergence of the resulting method, let us denote by N* the index of the iteration
where the method terminates (if it happens; otherwise N* = 00), and let N(¢), 0 < € < 1, be the index
i of the first iteration starting with which all iterates are e-solutions to (P’):

Tl — e < eVa(o), [Tl < eVal(f), Vi, N*>j>1

(note that in the case of N* < oo the latter relations are for sure satisfied when i = N*, so that
N(e) < N*). The efficiency estimate for the presented method is given by the following.

Theorem 14.5.1 The method never claims a feasible problem (P') to be infeasible, and if (P') is infea-
sible, this is detected in no more than

N* = O(1)w; Vi 1n (219[G:E]<\;f(f) i JM)) (14.101)

iterations; here w, is given by , f* is given by and
[G:Z)=max{s| Y& G: T+ s(x—y) € G}

is the asymmetry coefficient of G with respect to T.
If (P) is feasible, then

N(e) < O(1)w, Vo In (W) Ve € (0,1). (14.102)

The Newton complezity of any corrector step of the method does not exceed

O(1){F+Inln(1/k)}.



212 APPENDIX I: SURFACE-FOLLOWING METHODS

Proof. 1°. The upper bound on the Newton complexity of corrector steps is given by Propositions|14.2.3

and 04311
20, Note that (14.91)), (14.99) and (14.100) result in

> > 01w, 9712, (14.103)

| =

Let, same as before,

Gt:{$EG| CTxStl,foét%deétg}, T:{tER?)‘ int Gt#Q)}

and
ti(t) = min{cTa| z € G, fTo <ty,dTx < t3}
t5(t) = min{fTzx| ze€ G, cTx<t;,dx<tz}, teT.
t5(t) = min{dTz | v € G, Tz <ty, fTox <ty}

30. Let us prove that if the method terminates at certain step 4, then (P’) is infeasible. Let z be an
arbitrary point of the domain Gyi-1, let x* be the minimizer of F(t=1,.), and let H, = V2F(#'~1, 2*),
H = V2F(t =1 2i71). As we know, F(t71,.) is ¥,-s-c.b. for Gyi—1 and A(t71, 2°71) < k < 0.125; from
these observations by [3], Theorem 2.2.2.(iii) and Proposition 2.3.2, it follows that

lo* —z|g, <30, +1, |2 =2y <2k, H,<(1-2k)?H,
whence |z — sci_1|H < 9¥,, x € Gui—1. Therefore for an arbitrary vector e we have

max elz <z~ !+ 99 |e|pr-1.
z€G,i—1

Applying this relation to e = ¢ and e = d and taking into account (14.97)) and (14.98)), we see that

7> max 'z, t5'> max d'w.
z€G i1 x€G, i1

Thus, the constraints ¢’z < ti_l and dTz < té_l are redundant in the description of Gi—1, whence
t* i—1\ . T
ST =min{f x| x € G}.
By Corollary [14.4.1| applied with & = 3, we have (see ([14.85)))
- (1) < 88t )

since the Infeasibility Test was applied at the step 4, the pair (¢~ z°~!) is bad, so that té_l >
16A5 (=1 2'~1) and we come to

min T = 65670 2 671 - 88x(6 1,07 > 885 (1,0t > 0,
fas

and (P') is infeasible, as claimed.

The algorithm in question terminates when the Infeasibility Test detects that (P’) is infeasible. In
what follows it is however more convenient to think that we ignore the “reports on infeasibility”, if any,
and continue the process as if there were no Infeasibility Test at all.

49, Note that all directions §t* satisfy with & = 3. Besides this, (14.100|) ensures that the stepsizes
r; are 3-safe. Indeed, in our case ¢~! = 5/2, so that by ((14.100]) we have for j = 1,2:

Taisl, =1,

i—1 15t > il A (i1 i1y — ‘
j +q A =] j( ) ) fo'Lfl’ ‘7:2)

since 6t4 > 0, we also have #'~1 + ¢~ 1r;0t4 > dT 2! whence t'~1 4 ¢~ 15t' € T
59. Applying Lemma [14.5.1| and taking into account (14.103)), we observe that

ty —t3(t) = (L+ra)(t5 ! = 55(671) = (L+ 0w d~2) (5 —65(6 ). (14.104)
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Let us derive from this observation that there exists the first moment i, let it be called i*, when t§ >
max,cq d’ x, and that

i* < O(1)w 92 In(29[G: 7). (14.105)
To derive (14.105)) from (14.104)), it clearly suffices to verify that
Va(d) < 149(G 7] (ts — t5(2)). (14.106)

To get , note that by the domain
Gmi={zeCG|cz<t, fTo <t}
contains the closed Dikin ellipsoid
W={y] ly—&lpe <1

Let G = GN (2Z — G) be the symmeterization of G with respect to Z; by definition of the quantity [G:Z],
we have

~

G C7+[G:3)(G - 7). (14.107)

On the other hand, the function
F(z) = F(x) + F(2z — z)

is 9-s.-c.b. for G, 9 = 20 (Proposition [14.2.1}(i)), and clearly Vﬁ(f) = 0. From the latter inequality it

~

follows ([3] , Theorem 2.2.2.(iii)) that G is contained in | - |, (E)—ball of the radius 1 + 30 < 79 centered

at 7, whence

~

G-z C (W —72);
combining this relation with , we get
G C Z+ M[G:z)(W —2).
It follows that for an arbitrary vector e one has

Va(e) < (G 2]V (e) = 149(G: 7] ("7 — Hélvllll el'z). (14.108)

Taking into account that
ts —t35(t) =t3 —min{d’z | z € G, Tax <ty, fTo <ty d'a<t3}=

=13 — min{de | z € G, Tz < t, ffa < ?2} =13 — mGin dTz >
rEGini

[since ts > dT7 and W C Gini)

>d'7 — mind'x
zeW

and applying (14.108]) to e = d, we come to ({14.106|).
6°. Let

o ()

Our key argument is as follows: for properly chosen O(1) and all ¢ one has
Qi/Q_ 1 > 1+ 01w, 92, (14.109)

To establish the inequality, let us fix i and consider separately the cases of good and bad (=1, 2z~ 1).
6°.1. Assume that (t*~! 2?=1) is bad. According to (14.99)), in the case in question

T AT T, = >
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Since t}(t) clearly depends only on t5, t3 and is nonincreasing in (ta, t3), we have ¢} (t') < ¢(t'~'), whence,
in view of t = t5 !,

QG _ 6ot i M) aT) ) A et
R (G ()

According to Corollary |14.4.1| applied with k = 3 (see (14.85))), the concluding quantity is > 1+ %ri.
Taking into account (14.103]), we come to (14.109)).

6°.2. Now assume that (+*~!,2°~!) is good. For the sake of brevity, let us write (¢,z) instead of
(t=1 2= 1), r instead of 7;, and let tT = t*. By definition of ¢{(-), there exists u € G such that

u=ti(t); ffu<ty du<ts; (14.110)
by definition of A;(-,-) and since x € G¢, we have
o=t — A (t,x); fTo=ty—As(t,z); dla <ts, (14.111)

and since (¢, z) is good, we have
ty < 16A4(t, 7). (14.112)

Let
v=(1-r)u+rz,

and let us verify that v € Gy+. Indeed, by (14.110) - (14.111)) and due to t; > t3 we have dTv < 3.
Further, by (14.110)), (14.111)) and (14.99)

fro=0 =) fTutrffe < (1 —r)ts +r(ts — Do(t, 1)) = ta — rAs(t, ) = 5.
Last, by (14.110) and (T4.111)
dv=0-r)clutrcz <clo=t, — A (t,x) <t

(concluding inequality is given by (14.100))).
Thus, v € Gy+; consequently,

M) <clvo=>0-r)Tutrcles=1-rtt)+rt — ALt 2)). (14.113)
With this inequality, we have
th =t =t1 —rA(t,2) — (7)) >t — rAy(t,x) — (1 — )t (t) —r(ty — Ay (t, 7)) =

= (1 =r)(tr = (1)),

whence 4 39
Q; to to
>1-7(=2) =«
0, -4 ( ;) = (tg —rA2<t,z>>
[see (14.112))]

1—-L 16

>(1—r)< 116)32>(1—r) (1+L)322(1—r)(1+2r)21+%r

(we have taken into account that r < 1/8, see (14.103)); this inequality combined with (14.103)) results

in (T2.109).
7°. Let (P’) be infeasible, and let us prove (14.101). Indeed, we have t5 > f* > 0, whence §; <

Ayt 29 (f*)732. We conclude from (14.109)) that

. 32
Ayt ) > (14 0wt Ay (£.7) (A {? @)) '
2\l
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Taking into account that AQ(/\, Z) < Veg(f) due to ty < maxgeq fla (see (14.89)) and that
A (,7) > (149]G: 7)) " Ve(c)
(apply (14.108)) to e = c and note that ¢’'2Z — mingew ¢’z = t, — T% by (114.88)), we come to

" 32
At zt) > (14 O(l)w*ﬁ_lﬂyll;fc(;cz)f] (vg(f)> '

It follows that

W) = Ay(t,a') 2 50,V (o). (14.114)

Further, from (14.85), (14.104) and (14.106) we have

i > i, = 01w V9 In (

Mgt o) 2 L0~ (1) 2 11+ O™ 2)i(Es ~ 15D) >

> (1+O0(Dw.9~12)"(1120[G 7)) Ve(d),

whence o
i >ig = 01w, VI In(20[G: 7)) = As(t, %) > 59, Va(d). (14.115)

Last, th < t5~! for all 4, and if (t*~', 2'~') is good, then
L= (1= r A1, Y /e > (1 = /16)t571 > (1 — O(N)w, 9~ Y2)ti!

(we have used (14.103)). We clearly have t} > f*, while t, < f* + Va(f) by (14.89). Combining these
observations, we see that the total number i of those i with good (t~!, 2'~!) can be bounded as follows:

iy <O(Mw;Vin (W) . (14.116)

From (14.114), (14.115)) and (14.116]) we conclude that there exists
it < O(l)wil\/;ﬂn (279[67:@](\/@(]") + f*))

f*
such that (¢ =1, 2" ~1) is bad and
A 2 T > 50, Va(e), Ast Lzt 7Y > 59, Ve(d). (14.117)

Now let H = V2F (' ~1, 27" ~1). The Dikin ellipsoid {z | |z — 2" |y < 1} is contained in G, so
that the variation 2veT H~1le of a linear form e’z on the ellipsoid is < Vg(e). Thus, implies
and ; since (ti+’1, xﬁ*l) is bad, we see that the Infeasibility Test detects infeasibility at
the iteration ¢, and follows.

80. It remains to consider the case when (P’) is feasible, as it is assumed from now on. We need the
following observation:

Lemma 14.5.2 Let i be such that t5* > max,eqd . If (£, 2'~1) is bad, then both t:~" and t} are
< c*.

Proof. For the sake of brevity, let us write (t,z) instead of (t*~!, 2°~!) and ¢T instead of #'. Since
ts > maxgeq d’ x, we have

ty(r, 7' t3) = (1) = min{fo | z € G, Tz < T}, (1,7 t3) € T.

Since G is compact convex set, ¢(7) is continuous nonincreasing convex function on the ray [mingeg ¢’ x, 00);
this function is positive to the left of ¢* and is zero to the right of ¢* (recall that since (P’) is feasible,
we have mingeq fTz = 0 and ¢* = mingcg. pr,<o ¢’ 2}).
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By Corollary and since (¢, z) is bad, we have
16As(t, ) <t = t5(t) + [t2 — t5(t)] < t5(t) + 8Ax(t, 2) = ¢(t1) + 8As(t, x),

whence 1
¢(t1) > §t2 > 8A2(t7$) > 0. (].4].18)

Consequently, t; < c¢*. Besides this,
CTm:tl _Al(tvx)a fT:L':tZ —Ag(t,l'),

whence
(b(tl — Al(t,x)) S t2 — Ag(ﬁ, JJ)

Since ¢ is convex, we have

P(t1 + Ar(t ) > 26(t1) — o(t1 — Ai(t, @) > 2¢(t1) + Azt z) —t2 >

e (TITT9)
> Ag(t, Z‘) > O7

whence t1 + A1 (¢, z) < ¢*. It remains to note that in view of (14.99)), (14.103)
t;r =11+ n—Al(t,x) <t + Al(t, (E) ]

9%, According to Lemma [14.5.2] the behaviour of the sequence {ti} starting with the moment i* is as
follows: if (t', ") is bad, then both ¢} and t.*! are less than ¢*, and if (t/,2%) is good, then, by (14.99),
i+ <+, Consequently, the sequence

{e; = max[t] —¢*, 0]}z
is nonincreasing and

¢; =t8 —minc’z < ¢* = max|c*, ¢! | —minc’z, i > i*. 14.119
r=re L zec

Since one clearly has t¢ — t;(t') < ¢;, we come to

t— () < ¢, i >t (14.120)
By definition of ;, for i > i* we have
i iy 1/32
flat <ty = {QO a-ac) tl(t)] t2 <
Qi t1 —t1()

[see (14.109)), (14.89) and ((14.120])]

max flz.

< (1= 01w, Y2y [W 1ax

1/32
tAl—tT(tA)]

Applying (14.108) to e = ¢ and taking into account that by definition of #; one has
t — t (tA) >t —c'Z=c"7— min 'z,
zeW

we get

P20 = fTa' < (1= 0w ™) (¢") P max fTa, 6™ =149[G:7] vf@'

(14.121)

10°. Let us prove that
¢" < 200[G:Z]Va(c). (14.122)
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Let d; = t§ — t5(t"). By (14.104) we have d; > (1 + r;)d;_1, while (see (14.119)), (14.99))

¢i Al(tifl7 JL,ifl)
<l+4+r——F—=<1+mn;
di—1 ’ $i—1 ’
we have taken into account that ¢;_q > Aq(¢#i~ 1 2i=1) = ¢t — (Tpi=1), Consequently,
1
d; d;
. < — < —
i <dog < Va(c) 2

(the second inequality is given by (14.89)). In the case of i* = 0 the resulting relation clearly implies
di- < Va(c). If i* > 0, then the above inequalities lead to

di=_1 <
do —

[see (14.103) and note that d;- 1 < V(d) by definition of i*, while dy > (149G :2])~*V¢(d) by (14.106))
< 200[G:Z|Va(e).

Gir < (1 +71i)pin_1 < (L4 71i+)Vea(c)

To get (14.122)), it remains to note that, by definition,

Q* = max[c*,tlf] —min ¢’z = max[c* — minc’ z, ¢+ ] < max[V(c), di-].

zeG zeG
Combining ((14.122)) and (14.121f). we come to
P> = T2t <O0)I[G:2](1 — O I~ Y?) max fT . (14.123)

zeG

11°. Now let i** be the first 4 > i* such that (¢*,2%) is bad (if no such i exists, we set i** = +00). As it
was explained in the beginning of 9°, we have

0, i> i

max [t — ¢*,0], i <i<i™ (14.124)

Tyt — ¢ Ssiz{
According to Corollary [14.4.1], _ ‘ ‘ '
th () < 8A (T 2,

when i > i*, we have ' 4
G =min{c"z | z € G, fTe <ty ) < ¢,
so that for i* < i < ¢**

e < A (T Y — e <t e = Dt ) < (1 - T—) (1 — ),

8
whence, due to (14.103]),
g < (1 — O(l)w*ﬁ71/2)€i_1, 1> 1"

Combining this observation with , we come to
Tt — ¢ < (1= 0w V2V, i >0,
whence, in view of g;+ < ¢* and
Tt — e <OM[G:Z)(1 — OV)w, 9~ YV2) "V vale), i >i*. (14.125)
Combining (14.125)), and taking into account (14.105)), we come to (14.102). =

14.6 Application examples

Our “long step” technique for tracing a surface of analytic centers heavily exploits assumption Q (Section
on structure of the s.-c.b. F' for the domain G of problems (P), (P’); let us call barriers satisfying
this assumption good. The goal of this section is to demonstrate that the s.-c.b.’s responsible for many
important applications indeed are good.
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14.6.1 Combination rules

Let us start from the following general remark. The desired structure is “stable with respect to inter-
sections”. Namely, assume that G is represented as an intersection Nj*,;G; of closed convex domains; we
shall say that G; represents (or simply is) i-th constraint of the problem. The aforementioned stability
means that if every G; admits a good ¥;-s.-c.b. Fj(x) = ®,;(mx +€;) (so that ®; is a J;-s.-c.b. for certain
closed convex domain H; C R% and we know the Legendre transformation ®,, of ®;), then a good
(>, ¥i)-s.c.b. for G is

F(z) = ®(rx +¢),

where
DUy ooy Upy) = Z(I)i(ui) dint (Hy X oo X Hp) = R, mx + €= (mMa+ €1, ey Tin® + €m);
i=1
note that
(I)*(Slv 7Sm) = Z‘bi}*(si)
i=1

(see Proposition [14.2.1]).

Thus, our assumption is “separable with respect to the constraints” involved into the description of
G.

The structure in question is also stable with respect to affine substitutions of argument: if G is the
inverse image of certain closed convex domain G+ under an affine mapping A (the image of the mapping
intersects int G1) and we know a good ¥-s.-c.b. F'* for G, then we can equip G with the ¥-s.-c. barrier
F(xz) = F*(A(z)), and this barrier clearly is good.

14.6.2 “Building blocks”

The indicated combination rules can be applied to a number of “building blocks”, i.e., good barriers for
certain standard convex domains. These blocks are as follows:

1. Nonnegative half-axis R,: The standard 1-s.-c.b. ®(z) = —Inz for RT is good: its Legendre
transformation is ®.(s) = —In(—s) — 1, s < 0; both ® and @, are 2-regular (regularity of all functions
mentioned in this section is proved in Appendix B).

This elementary observation, in view of the combination rules, allows to handle arbitrary linear
inequality constraints and, in particular, covers all needs of Linear Programming.

2. Convex domain G C R™ which is a connectedness component of the Lebesgue set cl{z | f(z) < 0}
of a quadratic function f: Such a domain can be represented as the inverse image of the second-order
cone

i

H={ueR!| u, > (Y u))?)

i

2

Il
—

under an easily computable affine mapping = — u = wx + € with the image of the mapping intersecting

the interior of H; setting
q—1

D(u) = —ln(ug - Zu?),

i=1
we obtain a 2-s.-c.b. for H ([3], Chapter 5) with the explicit Legendre transformation
—1

qh(s):—ln(sg— s7) —2+2In2,s€ —H,
1

Q

.
Il

and consequently can equip G with the good 2-s.-c.b. F(z) = ®(nx + €); both ® and P, are 6-regular.
This observation covers convex quadratically constrained problems and even more general family of
convex programs (note that f should not necessarily be convex, e.g., we may handle the hyperbolic

n—1

domain of the type > 27 +1 <22, x, > 0).
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3. Geometrical Programming in the exponential form: Assume that among the constraints defining
the feasible domain of a convex program there is a constraint of the form

q
Z exp{aiTx +b} < pla+r.
i=1

Adding g extra variables y, ..., y4, one may pass from the initial problem to an equivalent one where the
indicated constraint is represented by the system of convex inequalities

q
exp{alz} <y, i=1,..q; Y exp{b}y; <p w+r.
=1

We already know how to handle the concluding linear constraint, and all we need is to understand how
to deal with the exponential inequality

exp{a; z} < y;.
In order to penalize the latter constraint by a good barrier, it suffices to point out a good barrier for the
epigraph
G ={(r,z) € R*| 7 > exp{z}}

of the exponent and to use the combination rule related to affine substitutions of argument. A good
2-s.-c.b. for G can be written down explicitly ([3], Chapter 5):

O(r,z) = —In(ln7 — 2) — Int, ®.(s,&) =((+1)In <£—+sl> —¢&—In& -2,

Dom @, = {(s,&) € R* | s <0, > 0}.

Both ® and @, turn out to be 6-regular.
4. Linear Matrix Inequality constraint: A constraint of this type arises in numerous applications and
defines the domain of the form

G = {x | A(z) is positive semidefinite},

where A(z) is an affine in & matrix-valued function taking values in the space of symmetric matrices of
a given row size m. A good m-s.-c.b. for G is given by

F(z) = &(A(x)), ®(y) = —InDet y;

® is the standard m-s.-c.b. for the cone S of symmetric m x m positive semidefinite matrices (see [3],
Chapter 5) with the Legendre transformation

®,(s) = —InDet (—s) — m, Dom ®, = —int S’';

both ® and ®, are 2-regular. This example covers all needs of Semidefinite Programming.
We see that our assumption on the structure of F' is compatible with a wide spectrum of important
Convex Programming problems.

Appendix A: Proof of Lemma (14.5.1

Proof of Lemma The function ¢} (+) clearly depends on the first k — 1 components of argument
only; let us denote the vector comprised of these first £ — 1 components by 7, so that ¢} = ¢*(7). Since
G is bounded, ¢*(7) is a convex continuous function on the closure 7" of the projection of T on the
plane of the first k — 1 parameters; this projection is monotone (7' > 7 € T" = 7/ € T"), and t*(7) is
monotonically nonincreasing on T”.

Let

T = (tl, ---,tk—l)a 0T = (((%1)_, ((5t2)_, ceey ((Stk_l)_),
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where a_ = min{a, 0}, and let AT = (6t; — 071, ..., 0tk—1 — 67, —1); then A7 > 0. It is possible that 67 = 0;
then the statement in question is evident, since here

te(t+rdt) =t" (1t +rAT) <t* (1) = t;(¢)

(we have used the monotonicity of t*(+)), so that

ot
ti + 1oty — U (E+ rdt) >ty + rty — ti(t) = (tg — t°(1)) (1 + r’j) >
tr — 3 (t)

5tk *
= <1 T+ DA a:)) (B —ti(2)

(the concluding inequality follows from (14.85))), and we come to ([14.95)).
Now consider the case when d7 # 0. Let z be the largest real p > 0 such that

|p57—z‘ S Ai(t,x), 1= 1, ,k —1.
As we know from Corollary [14.4.1] one has (7 + 207, tx — Ag(t,x)) € ¢l T, and consequently
(7 4 267) <ty — Mgt ). (14.126)

Let, further,
r=min{r, z}, 0 =7/z

since t* is convex, we have

(T +707) < (1) + 0" (7 + 201) —t* (7)) < (7)) + Oty — Ar(t,x) — (t — 2(k + 1) Ax(t, x))]

(the latter inequality follows from (14.126]) and (14.85])). Thus, we come to

(1 4+ 707) <t*(7) + (2k + 1)0Ak(¢, z),
and since t*(+) is monotonically nonincreasing, we have also
th(t 4+ 70t) = t* (1 + 701 + PAT) < t*(1) 4 (2k + 1)0A4 (¢, ),
or
ta(t +70t) <tp(t) + 2k + 1)0A,(t, x). (14.127)

On the other hand, by definition of z one has z|dt;| = A;(t,x) for certain ¢ < k with dt; < 0; since, by

assumption, dta k-safe,
Oty

Ak(ta ‘T)

|0t
Ai(t7x)’

> (4k +2)

and we come to
20ty > (dk + 2)2|0t;| Ay (t, 2) AT (t, ) = (4k + 2)Ag(t, ), (14.128)

whence
Akt z) < (4k +2) 7126ty

Combining this inequality with , we come to
(tp 4+ 7Oty) — th(t +70t) > 7ty + (tp — t5(t)) — Oz(4k + 2) 1 (2k + 1)ty =
[since 0z = 7] R
= S0t + (b — £ (1)),

whence, again in view of ¢ — t;(¢) < 2(k + 1)Ag(t, 2),

rot
(tx + Foty) =t (¢ +768) > (14 7o)t — £(1): (14.129)

(k + 1)Ak(f, ;v)



14.6. APPLICATION EXAMPLES 221

It is possible that 7 = 7; in this case (14.95) immediately follows from ([14.129)). It remains to consider
the case when 7 < r. By definition of 7, it means that 7 = z < r, and in view of (14.128)) relation ((14.129)
implies that

4k + 2 4k +3

= 7oty) — tt 7ot) > —_— —t; =—
A = (ty + Tty) tk(t+7“(5t)_(1+4k+4)(tk 5 (1)) T2

(tr — t5(1). (14.130)

Now consider the function
g(l) = (tg + lroty) — t5(t + lrdt);
since r is a safe stepsize, it is a well-defined concave nonnegative function on the segment [0,1/¢]; the
1

value of this function at the point | = 7/r < 11is, as we know from (14.130)), > (4k + 3)(2k + 2)~1¢(0),
and from concavity it follows that

_1— A~ A~

9(1) > q—_?ga) > (1-q)g(0),

whence Ak 43 Ak 43
_ 3% — > _ - - — _
te + 7oty — ti(t +rot) = g(1) = (1 Q)2k+29(0) (1 Q)2k+2

as required in ((14.95)). m

(te — 15()),

Appendix B: Regularity of some self-concordant functions

Example 14.6.1 The function
f(X)=—InDet X

is 2-regular on the interior S’ | of the cone S™! of n X n positive semidefinite symmetric matrices.

Proof. Let X € S’ , and let dX be a symmetric n x n matrix. Direct computation results in

DFf(X)[dX,...,dX] = (—1)k(k—1)'Tr( ~ldX)k]
= (-DFk—DITr [X1dXX1dX.. X 1dX]
= (—1)k(k—1)'T‘r[X V20X X1 X" 1dXx X1/
= (=DFk—DITx [(dZ)F], A7 = X-1/2dX X172,

Since the mapping Y + X ~1/2Y X ~1/2 is a linear one-to-one mapping of the space S™ of symmetric n xn
matrices onto itself which maps X onto the unit matrix I, maps dX onto dZ and maps @ = S} | onto
itself, we have

|[dX|o.x = 1dZ|g 1.

Now let A = (Aq, ..., Ax) be the vector comprised of the eigenvalues of dZ. We have for k > 2:

k= D! Tx [(dZ)*] |

k=155, MY
k= DINETZIAZ = (k — DIA[E? Tr [(dZ)?]
k— DIAE2D2f(X)[dX, dX].

|D*f(X)[dX, dX, ..., dX]|

Al

It remains to note that by evident reasons,

[|dX‘Q,X =] ‘dZ|Q,] = [max{t | 1£t\ > O}]il = | Aso- [ ]

Example 14.6.2 The standard logarithmic barrier
ft,z) = —In(t* —z7x)

for the second-order cone

K" ={(t,z) e RxR" | t > VaTz}

is 6-reqular on int K.
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Proof. Let g(z,t) = —t~12Tz, so that
flt,x) =—In(t+ g(t,z)) — Int.

Let z = (t,z) € int K", and let dz = (d¢,dx) be such that z + dz € K"; what we should prove is the
inequality

|D*f(2)[dz, dz, dz, dz]| < 42D?f(2)[dz, dz). (14.131)
Denoting for the sake of brevity
dt :
d*f = D¥f(2)[dz,...,dz], d*g= D*g(2)[dz,...,dz], 7= -
we have derd
a = (* t+gf T,
2, _ (dt+dg d
i P
3 _ t+dg t+dg d 3
A G
4 _ dt+dg dt+dg)2d3g d*g
¢'f =6 Tt 12 G0 3T
t+dg d? g
+ASt — i o
and . .
dg = -2yt
_ (dz) " dx (dx)" x 2Tz
d2g = =2 Tt —|—4 n T—QTTQ
— _thw
w = 712 —dz.
We have
dw = —7%z 4+ 7dz = —Tw,
whence
dPg = 47 ypouw
T
d4g = _]ww 2 6w w 2 6w wT2
—24% T T2
Denoting
dt + dg
o=,
+g
we come to T
Pf=¢? 1724229 14.132
f=0 i (14.132)
4 4 4 w’w
d f=6¢"+67"+2 12¢°% + 1267 4+ 1272 + 6— 14.133
f=o0 gy |20 120 o) R

Since z + dz € K™, we have t + dt > 0, whence |7| < 1. Now, the function h(t,z) =t + g(t, x) clearly is
concave in (t,z) on the set {(¢,z) | t > 0}. Since z = dz € K", the function is nonnegative at the points

z + dz, whence
t+g+(dt+dg) >h(z+dz) >0

so that
g <1 7| <1 (14.134)
Now let us verify that
T
) (14.135)
tt+9)

Indeed, since z + dz € K™, we have

2T+ 207dr + (dz)Tdx <
2Tx - 20Tdr + (dz)Tdx < (t—dt)
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multiplying the first inequality by (1 — 7)/2, the second — by (1 4 7)/2 and taking sum of the resulting
inequalities, we come to
wle — 2raTde + (dx)Tde < t2(1 — 72),

or
wlw = 1222 — 2ralde 4 (do)Tde < (12 — 2T2)(1 —72) = t(t + g)(1 — 12),

as required in ((14.135)).
From (|14.133)), (14.134) and (14.135)) it follows that quantity

wTw
<
tt+g)

[0<] 120% + 1207 + 1272 < 1242 + 1207 4+ 1272 + 6

< 12¢° 4 1247 + 67% 4+ 6 < 36,
so that (14.132)) and (14.133]) result in (14.131)). m
Example 14.6.3 The standard barrier

F(t,s) = —In(Int —s) —Ins

for the epigraph
G={r=(ts) € R*| t > exp{s}}

of the exponent is 6-regular on @ = int G.
Proof. Let x = (t,s) € Q, and let dz = (dt, ds) € R?. We should prove that
|DAF(z)[dx, dz, dz, dx]| < 42D*F (x)[dx, dz] \dxl?) .,
or, which is the same, that
r+dx € Q= |D*F(z)[dz, dx, dx,dz)| < 42D*[dx, dzx]. (14.136)
Let (z,dz) satisfy the premise in (I4.136). Direct computation results in

D2F(x)[dx, dz] = (‘(lfn;ftgg +1(ji/i)$+(dt/t)27

(ds — dt/t)* +12 (ds — dt/t)*(dt/t)?

D*F(x)[dz,dx, dz,dr] =

(Int — s)* 3 (Int — 8)34 4

Setting
oc=Int—s>0, do =ds, dr = dt/t,

we get from the premise in ((14.136) that

exp{—oc+do} <1+dr,exp{—0c—do} <1-—dr, (14.137)
_ 2 2
d’F = D*F(x)|dz, dx] = (do QdT) + (d7) + (dr)?, (14.138)
g g
_ 4 _ 2 2 _ 3
AV F| = |DAF(2)[de, dz, do, dz]] < 692 4‘“) +12lde d? (dr)” | gldo dj(dT)
O'4 4 (o g
43 (d7'2) N 6(d7‘) + 6(dr)? (14.139)
g

= 6aq + 12a5 + 8as + 3a4 + 6as + 6ag.

What we should prove is that
|d*F| < 42d*F. (14.140)
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When proving this statement, one can assume that dr > 0 (since both the premise ((14.137) and the
quantities d>F and |d*F remain invariant under the substitution (do,dr) — (—do, —dT)).
1°. Since exp{u} > 1 + u, we get from (14.137) —o + do < dr, —0 — do < —dr, whence

|do — dr| < 0. (14.141)

Besides this, from (|[14.137]) and our assumption that dr > 0 it of course follows

0<dr<1. (14.142)
20, From ((14.141))-(14.142) it immediately follows that
(do —dr)* (do — dr)?
.
7 g
(do — dr)*(dr)? (dr)
ag = ——3—— <
o o
|do — dr|(dT)? (dr)?
as —2 =
dr)* (dr)?
o = (dr)* <
o o
ag = (dr)* < (dr)?
whence
do — dr)? dr)?
(@ F| < [6ay + 1205 + Saz + 6as + 6ag] + 3as < 697 . T a9 L ar) 430y (14.143)
o o
39. We have Py 2 02
ay = ( 7'2) < (dr) w, w= (dr) (14.144)
o o o
Let us prove that
w < 18. (14.145)
To this end let us first assume that
2|do — dr| > dr.
In this case, in view of (14.141]),
2|do — dr|dT
w< ——— < 2dr,
o
so that, by (14.142)),
w<2. (14.146)

Note also that (14.146) is valid in the case of o > % in view of (14.142f). Now consider the case when

1
O<0<§, 2|do — dr| < dr,

whence also 2dT — 2do < drt, or
dr < 2do. (14.147)

From ([14.137) (take the sum of the inequalities) it follows that
cosh {do} < exp{o}, (14.148)
whence, due to 0 < o < 1/2, also
1
|do| <In(2exp{o}) < 5t In2.

On the segment |r| < 1/2 + In2 one clearly has

2
> =z,
-9

1
cosh {r} > exp{yr®}, 7= 5o
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Combining the resultmg inequality with (14.148), we get v|do|? < o, whence |do|* < o and consequently

(see (14.147)) 2 < 180; The resultlng mequahty implies that in the case in questlon w = (dr)?/o < 18;
takmg into account (114.146)), we come to (14.145)
. Combining (14.145)), (14.144) and (14.143)), we get
do — dr)? dr)?
@F| <690 _ T 4ol L Gary? < a02F,
o o

and (|14.140) follows. m

Example 14.6.4 The Legendre transformation

F.(r,0)= sup [so—tr+1n(lnt—s)+Int] =
t,s:t>exp{s}

_ T2
=(c+1)ln(c+1)-(c+1)InT—Inoc-2:R7, - R

of the barrier from Ezample is 5-regular on Q = R?% |

Proof. Let £ = (1,0) € Q, d¢ = (dr,do) € R? be such that £ + d¢ € @Q, i.e., such that

T+dr >0, ctdo >0 (14.149)
we should prove that
|d*F,| = |D*F, (¢)[d¢, d¢, d€, d€]| < 30d*F,, d*F, = D*F,(¢)[d¢, d€). (14.150)
Direct computation results in
d’F, = (1+ 0)(dw)? + (d;)27 dw = 1Cfa dTT (14.151)
(do)* do dr

d*F, = 4(1 4 0)(dw)?(d¢)? + 2(1 + 0)(dw)3d¢ — 3do(dw)?d¢ + 6— di=1 n

From ([14.149) it follows that |dw| < 2, |d(| < 2, |do/o| < 1, and therefore (14.152) implies that

@ (do)?
o2 o2 |~

+ . (14.152)
T

|d*F,| < 16(1 + 0)(dw)? + 8(1 + o) (dw)? + 60(dw)* + 6 <30 [(1 4 0)(dw)* +

[see (TZI51)]
< 30da Fy,

as required in ((14.150)). m
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Technion - the Israel Institute of Technology, Technion City, Haifa 32000, Israel
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Abstract

We present and motivate a new model of the Truss Topology Design problem, where
the rigidity of the resulting truss with respect both to given loading scenarios and small
“occasional” loads is optimized. It is shown that the resulting optimization problem is a
Semidefinite Program. We derive and analyze several equivalent reformulations of the problem
and present illustrative numerical examples.

Key words: structural optimization, truss topology design, robustness, semidefinite pro-
gramming, interior point methods.

15.1 Introduction

Truss Topology Design (TTD) deals with the selection of optimal configuration for structural systems
(mechanical, civil engineering, aerospace) and constitutes one of the newest and most rapidly growing
fields of Structural Design (see the excellent survey paper by Rozvany, Bendsge and Kirsch [12]). The
TTD problem was studied extensively, both mathematically and algorithmically, in [T}, [2, [3] 4} [5].

In this paper we bring forth the issue of the robustness of the truss; here we say that a truss is
robust, if it is reasonable rigid with respect both to the given set of loading scenarios and to all small
uncertain (in size and direction) load which may act at any of the active nodes of the truss, i.e., those
which are linked at least by one bar. In the engineering literature rigidity is modeled by considering
different loading scenarios on the structure (the multi-load TTD problem) or by imposing upper and
lower bounds on nodal displacements. The first approach depends on the engineer’s ability to “guess
right” the relevant scenarios, while the second approach leads to a mathematical problem which is not
tractable computationally. Here we suggest a new modeling approach which circumvents both of the
above mentioned difficulties.

The paper is organized as follows. Section describes the modeling approach in question. The
preliminary Section presents the basic notions related to the TTD problem and the traditional

1The research was partly supported by the Israeli Academy of Sciences grant # and grant # 191-142 of The Fund for
Promotion of Research at Technion
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formulations of the problem. We demonstrate by simple example (Section that robustness re-
strictions (which are basically ignored in the traditional formulations) are critical to obtain reasonable
designs; this observation motivates our modeling approach presented in Section Its computational
tractability is demonstrated in Section where we show that the TTD problem in our new formula-
tion can be equivalently cast as a semidefinite program. This brings the problem into the realm of Convex
Programming for which efficient (polynomial time) interior point algorithms can be employed. Sections
[15.3]-[15.5] are devoted to mathematical processing of the semidefinite program of Section the goal
is to get a program better suited for interior point algorithms. Possibilities for Robust Truss Topology
Design by these algorithms are discussed in Section We end up (Section with illustrating use-
fulness of our approach by considering several examples of optimal trusses with and without robustness
considerations. We show that at least for these examples robustness can be gained without sacrificing
much in the optimality of the resulting trusses. Concluding Section contains remarks on the possi-
bility to extend the idea of “robust reformulation” of an optimization program from the particular case
of the TTD problem to other problems of Mathematical Programming.

15.2 Truss Topology Design with Robustness Constraints

15.2.1 Trusses, loads, compliances

Informally, a trussis a 2D or 3D construction comprised of thin elastic bars linked with each other at nodes
— points from finite nodal set V given in advance in 2D plane, respectively, 3D space. When subjected
to a given load — distribution of external forces applied at the nodes — the construction deformates, until
the reaction forces caused by deformations of the bars compensate the external load. The deformated
truss capacitates certain potential energy, and this energy — the compliance — measures stiffness of the
truss, its ability to withstand the load; the less is compliance, the more rigid is the truss with respect to
the load.

In the usual Truss Topology Design (TTD) problem we are given the nodal set and one (single-load
TTD) or several (multi-load TTD) loads, along with total volume of the bars. The displacements of
some of the nodes are completely or partially fixed, so that the space R, of virtual displacements of node
v is certain linear subspace and the problem is to distribute the given volume of the truss between the
bars in order to get the most rigid construction, i.e., the one which minimizes the maximal compliance
over the given set of loads. Some of the bars can get zero volume, i.e., be eliminated from the resulting
construction, so that in fact the topology of the construction is optimized as well (this is the origin of
the term “Topology Design”).

The mathematical formulation of the problem, in its simplest form, is as follows.

Given are:

e graph (V,B) (ground structure) with the nodal set V C RP (D = 2,3) comprised of 7 nodes and
with arc set B of m tentative bars;

e collection of linear subspaces R, C R”, v € V — the spaces of virtual displacements of the nodes.

We refer to the quantity n =} .,,dimR, as the number of degrees of freedom of the nodal set and
call the space R" =[], ., R, the space of nodal displacements. A vector z € R" can be naturally
interpreted as collection of virtual displacements of the nodes. Similarly, a load — collection of
external forces applied at the nodes — can be interpreted as a vector from R™ (one can ignore the
components of the forces orthogonal to the subspaces of virtual nodal displacements, since these
components are compensated by supports restricting virtual displacements of nodes; the remaining
components of the forces can be naturally assembled in a vector from R"™).

e When designing the truss, we are given a finite set ' C R" of loading scenarios; the truss should
be able to carry the load for each of the scenarios.

e The design variables in the problem are bar volumes t;, ¢ = 1,...,m; along with the nodal set V,
they completely determine the truss. We are given the total volume V' > 0 of the bars, so that the
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set of all admissible vectors of bar volumes is the simplex

m
T={teR"[t>0, > t; =V}

i=1

With the elastic model of the bars, deformation of truss accompanied by displacement x € R™ of
the nodes results in the vector of reaction forces A(t)z, where ¢ is the vector of bar volumes and

A(t) = itiAi
=1

is the n x n bar-stiffness matrix of the truss. The bar-stiffness matrix A; of the i-th bar is readily
given by the geometry of the nodal set, and involves the Young modulus of the material. What is
crucial for us, is that, for all 7,

A =bbl (15.153)

is a rank 1 positive semidefinite symmetric matrix (for explanations and details, see, e.g., [1}, 2 [3]).
Given t € T and a load f € F, one can associate with this pair the equilibrium equation

Alt)x = f (15.154)

(as was explained, z is the vector of nodal displacements caused by the load f, provided that the vector
of bar volumes is t). Solvability of this equation means that the truss is capable of carrying the load f,
and if this is the case, then the complianc

crt) = flz = Seupli)n [2fTu—uT A(t)u] (15.155)

is regarded as a measure of internal work done by the truss with respect to the load f; the smaller is
the compliance, the larger is the stiffness of the truss. If the equilibrium equation for a given t
is unsolvable, then it is convenient to define the compliance c¢f(t) as +oo, which is compatible with the
second equality in .

The problem of optimal minmax Truss Topology Design is to find the vector of bar volumes which
results in the smallest possible worst-case compliance:

(TDminmax) : find t € T which minimizes the worst-case compliance ¥ (t) = sup rer Cr(t).
From now on we assume that the problem is well-posed, i.e., that

A. The matrix ) ;- A; is positive definite

(this actually means that the supports prevent rigid body motion of the truss).

15.2.2 Robustness constraint: Motivation

The “standard” case of problem (TDpinmax) is the one when F is a singleton (single-load T'TD problem) or
a finite set comprised of small number (3-5) of loads (multi-load TTD problem). An evident shortcoming
of both these settings is that they do not take “full” care of the robustness of the resulting truss. The
associated optimal design ensures reasonable (in fact the best possible) behaviour of the truss under the
loads from the list of scenarios F’; it may happen however that a load not from this set, even a “small” one,
will cause an inappropriately large deformation of the truss. Consider, e.g., the following toy example.
Fig. 1 represents 6-element nodal set with 2 fixed nodes (R, = {0}) and 4 free nodes (R, = R?), the
“ground structure” — the set of all tentative bars, and the load f which is the unique element of F.

2) The “true” compliance, as defined in Mechanics, is one half of the quantity given by (|15.155)); we rescale the compliance
1

in order to avoid multiple fractions 5
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# * k —>
4 5 6

1 2

# < *

% W

Fig. 1: Ground structure and loading scenario
* — free nodes; # — fixed nodes; arrows - forces

= &
Fig. 2: Optimal single-load design

Fig. 2 shows the results of the usual single-load design which results in the optimal compliance 16.000.
Note that the resulting truss is completely unstable: e.g., the bar linking nodes 5 and 6 can rotate around
node 5, so that arbitrarily small non-horizontal force applied at node 6 will cause infinite compliance.

It seems that a “good” design should ensure reasonable compliances under all tentative loads of
reasonable magnitude acting at the nodes of the resulting truss, not only “the best possible” compliance
under the small list of loads in F' of primary interest.

The indicated requirement can be modeled as follows. When formulating the problem, the engineer
embeds a small finite set of loads F' = {f1,..., fy} he is especially interested in (“primary” loads) into
a “more massive” set M containing F', but also “occasional loads” of perhaps much smaller magnitude
(“secondary” loads), and looks for the truss ¢+ € T which minimizes the worst-case compliance ¢ (t)
taken with respect to this extended set M of loading scenarios.

In order to get a computationally tractable problem, in what follows we restrict ourselves to the case
where M is an ellipsoid centered at the origi.

M=QW,={Qe| ec R ele <1}

Here @ is a given n x ¢ “scale” matrix, and W, is the unit Euclidean ball in R?. Note that we allow the
case ¢ < n as well, where M is "flat” g-dimensional ellipsoid.
The corresponding modification of (TDpinmax) is as follows:

(TDyobust) : find t € T which minimizes the compliance

M — ) T, _ TA )
M (t) = max max [2(Qe)"z — 2" A(t)q]

3the only other case when the indicated problem is computationally tractable seems to be that one of a polytope M
given by the list of its vertices. This case hardly deserves a special consideration, since it leads to the standard multi-load
TTD problem
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15.2.3 Selection of scale matrix @)

Problem (TD,opust ) takes care of all loads f € M, M being the image of the unit ¢g-dimensional Euclidean
ball under the mapping e — Qe. It follows that if a load f € M has a nonzero force acting at certain node
[, then this node will for sure be present in the resulting construction. This observation means that we
should be very careful when forming () — otherwise we enforce incorporating into the final construction
the nodes which in fact are redundant. There are two ways to meet the latter requirement:

e A. We could use the indicated approach as a postoptimality analysis; after we have found the
solution to the usual multi-load TTD problem, given the resulting nodal structure, we can improve
the robustness of the solution by solving (TD,epust ) associated with this nodal structure.

e B. We know in advance some nodes which for sure will present in the solution (certainly the nodes
where the forces from the given loading scenarios are applied) and it seems to be natural to require
rigidity with respect to all properly scaled forces acting at these ”active” nodes.

Let us discuss in more details the latter possibility. Let F' = {f1,..., fx} be the given set of loading
scenarios. We say that a node v € V is active with respect to F' if the projection of certain load f; on the
space R, of virtual displacements of the node is nonzero. Let V* be the set of all active nodes. Our goal
is to embed F' into a "reasonably chosen” ellipsoid M in the space R? =[] . R, (which for sure will
be the part of the displacement space in the final construction). According to our motivation, M should
contain

e the set F' of given loads;
e the ball B={f € R?| fTf <12} of all “occasional” loads of prescribed magnitude 7.

The most adequate to our motivation setup M = F U B is inappropriate — as it was explained, we need
M to be an ellipsoid in order to get a computationally tractable problem, so that we should look for “the
smallest possible” ellipsoid M containing F'U B. The simplest interpretation of “the smallest possible”
here is in terms of ¢g-dimensional volume. Thus, it is natural to choose as M the ellipsoid in R? centered at
the origin and containing F'U B of the minimum ¢-dimensional volume. To form the indicated ellipsoidal
envelope M of F and B is a convex problem; since normally ¢ is not large, there is no difficulty to solve
the problem numerically. Note, however, that there exists an “easy case” where M can be pointed out
explicitly. Namely, let L(F) C R¥ be the linear span of F. Assume that

e the loads f1, ..., fr are linearly independent;
e the convex hull F of the set F' U (—F) contains the k-dimensional ball B’ = B N L(F).
Note that in actual design both these assumptions normally are satisfied.

Lemma 15.2.1 Under the indicated assumptions the ellipsoidal envelope of F and B is
M =QW,, Q= l[fi;..;frirer;..ireq—i], (15.156)
where ey, ..., eq—r 15 an orthonormal basis in the orthogonal complement to L(F') in RY.

Proof. We can choose an orthonormal basis in R? in such a way that the first k£ vectors of the basis span
L(F) and the rest g — k vectors span the orthogonal complement L*(F) to L(F) in RY. Let = (u,v) be
the coordinates of a vector in this basis (u are the first k£ and v are the rest ¢ — k coordinates). A centered
at the origin ellipsoid E in R? can be parameterized by a positive definite symmetric ¢ X ¢ matrix A:

E={z| 2TAz <1};

the squared volume of F is inversely proportional to det A. The matrix A, corresponding to the minimum
volume centered at the origin ellipsoid containing F' and B is therefore an optimal solution to the following
convex program:

Indet A — max | A= AT >0, 27Az <1Vz € BUF. (15.157)

The problem clearly is solvable, and since its objective is strictly concave on the cone of positive definite
symmetric g X ¢ matrices, the solution is unique. On the other hand, let J be the matrix of the mapping
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(u,v) + (u, —v); then the mapping A — JT AJ clearly is a symmetry of : this mapping preserves
feasibility and does not vary the value of the objective. We conclude that the optimal solution is invariant
with respect to the indicated mapping: A. = JA.J, whence A, is block diagonal with k x k diagonal
block U, and (q — k) x (¢ — k) diagonal block V.. Since the ellipsoid {z | 27 A,z < 1} contains BU F,
the k-dimensional ellipsoid M’ = {u | u"U,u < 1} in L(F) contains F, while the (¢ — k)-dimensional
ellipsoid M" = {v | vTV,v < 1} in L*(F) contains the ball B” centered at the origin of the radius  in
L(F).

Now let U = UT >0and V = VT > 0be k x k and (g — k) x (¢ — k) matrices such that the ellipsoids
E ={u| v"Uu <1} and E” = {v | vTVv < 1} contain F and B”, respectively. We claim that then
the ellipsoid {z | 27 Az < 1}, A = Diag(U, V), contains B U F. Indeed, the ellipsoid clearly contains
ﬁ, and all we need is to verify that if 2 = (u,v) € B, i.e., uTu +vTv < r? then v Uu +vTVo < 1.
This is immediate: since £/ D F > B’, we have ©«TUu < 1 whenever vTu < 2, or, which is the same,
wTUu < r=2uTu for all u. Similarly, E” > B” implies that v" Vv < r~2vTv, so that u’u + vTv < r?
indeed implies vT Uu +vTVv < 1.

The above observations combined with the identity Indet A = Indet U 4 Indet V' for positive definite
symmetric A = Diag(U, V') demonstrate that the block U, of the optimal solution to corresponds
to the minimum volume ellipsoid in L(F') containing F, and similarly for V,, L+(F) and B”. In other

words, M is the “ellipsoidal product” of the ellipsoid M’ of the minimum volume in L(F') containing
F U (—F) and the ball B” in L*(F): if M’ = Q'Wj, then

M =[Q;req;..;req_k) Wy.

To conclude the proof, it suffices to verify that one can choose, as @', the matrix [f1;...; fx], which is
immediate. Indeed, let sq, ..., s be an orthonormal basis in L(F'), and let D be the linear transformation
of L(F) which maps s; onto f;, i = 1,...,k. Since the ratio of k-dimensional volumes of solids in L(F')
remains invariant under the transformation D, M’ = DN’, where N’ is the minimum volume ellipsoid
centered at the origin in L(F) containing s, ..., sx. The latter ellipsoid is clearly [s1;...; sx] Wik, whence

k

k
M' =DN' ={D(>_ Xisi) | ANe Wi} =D _Xifi | XN€ Wi} = [fuso; fu] Wi m
i=1 i=1

Remark 15.2.1 Evident modification of the proof of Lemma [15.2.1] demonstrates that the minimum
volume ellipsoid in R? centered at the origin and containing F'U B always is the “ellipsoidal product”
of the minimum volume ellipsoid M’ in L(F) containing F U (—F) U B’ and the ball B” in L+(F): if

M = Q/WE’ k = dim L(F), then M = [Q’; req, ..., req_;} Wy, e1, ..., 7 being an orthonormal basis in

L*(F). Thus, to find M is, basically, the same as to find M’, and this latter convex problem normally
is of quite a small dimension, since k¥ < k and typically £ < 5.

The outlined way of modeling the robustness constraint is, perhaps, more reasonable than the usual
multi-load setting of the TTD problem. Indeed, the new model enforces certain level of rigidity of the
resulting construction with respect not only to the primary loads, but also to loads associated with
“active” nodes. At the same time, it turns out, as we are about to demonstrate, that the resulting
problem (TDyopust) is basically not more computationally demanding than the usual multi-load TTD
problem of the same size (i.e., with the same ground structure and the number of scenario loads equal to
the dimension of the loading ellipsoid used in (TD;obust))-

15.2.4 Semidefinite reformulation of (TD,opus;)

Our goal now is to rewrite (TDiobust) equivalently as a so called semidefinite program. To this end we
start with the following simple result.

Lemma 15.2.2 Let A be a positive semidefinite n X n matriz, and let

c= max [2(Qe)Tz — 2T Ax] . (15.158)

zeR™;e€R:eTe<1
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Then the inequality ¢ < T is equivalent to positive semidefiniteness of the matriz

(T, QT
A‘(Qq A)’

1, being the unit g x ¢ matriz.
Proof. We have
c<TeVeeR ecRLeTe<l): 7-2Qe) 2 +2TAz>04
[by homogeneity reasons]
VIA> 0,z € R ec R efe<1): 722 =2(QNe)T(\z) + (M) A(\x) > 0 &=
[set Ae = f, Az = y]

YA> 0,y e R, feRL fTF<A): 7X2—2QNTy+yTAy>0=>

T T
(D ermns (1) (g ) (1) =nmr-2entys iy =0
Thus, 7 > ¢ = A > 0. Vice versa, if A > 0, then clearly 7 > 0, and therefore the implication = in the
above chain can be inverted. m
U QT
Q A

semidefinite if and only if A > QU 'Q”. Applying this observation to the case of U = 7I,, we can
reformulate the result of Lemma [[5.2.2] as follows:

The compliance c of a truss t with respect to the ellipsoid of loads M = QW is < 7 if and only if
At) > 771QQT.
In the particular case when QQ7 is the orthoprojector P onto the linear span L of the columns of @, the
above observation can be reformulated as follows:

¢ < 7 if and only if the minimum eigenvalue of the restriction of A(t) onto L is > 71
(in the general case, the interpretation is similar, but instead of the usual minimum eigenvalue of the
restriction we should speak about minimum eigenvalue of the matrix pencil (A |1, QQ7 |L) on L).

Remark 15.2.2 It is well-known that a symmetric matrix ( ) with positive definite U is positive

In view of Lemma [15.2.2] problem (TD,onbust) can be rewritten equivalently as the following Semidef-
inite Program:

(TDyq)
min T
teR™ 7€R
S.t.
I, QT
(Q A(t)) =0
t > 0
2211@’ =V

(here and in what follows the inequality A > B between symmetric matrices means that the matrix A— B
is positive semidefinite).

15.3 Deriving a dual problem to (TDg)
Here we derive the Fenchel-Rockafellar [I1] dual to the problem (TDgsq). The latter problem is of the

form
min{7r: A(r,t)+ Be€S,,teT},

4c0=("F aty)

where
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is a linear mapping from R x R™ to the space S of symmetric (n + ¢q) x (n + ¢) matrices equipped with
the standard Frobenius Euclidean structure (X,Y) = Tr(XY), S, is the cone of positive semidefinite

matrices from S and
(0 QT
B = (Q 0 ) € S.

We write the problem in the Fenchel-Rockafellar primal scheme:

(P) min {f(Ta t) - g(A(Tv t))} )

where
f(rt)=7+6(t|T), g(X)=-6(X+B|S;)

and d(x | W) is the indicator function of a set W. To derive the dual to (P), we need to compute the
conjugates f* and g, of the convex function f and the concave function g, which is quite straightforward:

f(o,8) =sup{or+s't—7|teT}=

Vmaxlgign S; ,0 = 1
T,t

400 ,otherwise ;
g9«(R) = igf{Tr(SR) | S+BeSi}=inf{Tr((Z—-B)R) | Z€ Sy} =

_ { —Tr(BR), ReS;

—00, otherwise

(we have used the well-known fact that the cone of positive semidefinite matrices is self-conjugate with
respect to the Frobenius Euclidean structure).
The Fenchel-Rockafellar dual to (P) is

(D) suppes {9-(R) — f*(A"R)},

where A* : S — R x R" is the adjoint to A.
Representing R € S in the block form

A XT
(3 ¥)
(Ais g x ¢, Y isn xn), we get
T=TrA
AR — t; = Tr(4,Y)

t, = Tr(A4,Y)

Substituting the resulting expressions for f*, g. and A*, we come to the following explicit formulation of
the dual problem (D):

(D) max [—2 Tr(QXT) — Vmax;—1,. . [Tr(4;Y)]],

s.t.

A XT
X Y

)zo, TrA =1,

the design variables being: symmetric ¢ X ¢ and n X n matrices A, Y, respectively, and n X ¢ matrix X.

Note that the functions f and g in (P) are clearly closed convex and concave, respectively. Moreover,
from the well-posedness assumption A, it immediately follows that (P) is strictly feasible (i.e., the relative
interiors of the domains of f(7,t) and ¢(7,t) = g(A(7,t)) have nonempty intersection, and the image of
the mapping A intersects the interior of the domain of g); to see this, choose arbitrary positive ¢t € T' and
enforce 7 to be large enough). Of course (P) is bounded below (the compliance always is nonnegative),
thus, all requirements of the Fenchel-Rockafellar Duality Theorem are satisfied, and we come to

Proposition 15.3.1 (D) is solvable, and the optimal values in (P) and (D) are equal to each other.
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Remark 15.3.1 To the moment, we dealt with the TTD problem with simple constraints on the bar
volumes:

n
teT={teR"|t>0,) t;=V}
i=1
In the case when there are also lower and upper bounds on the bar volumes, so that the constraints on ¢

are
teTt={teT| L<t<U},

(U > L > 0 are given n-dimensional vectors), the above derivation results in a dual problem as follows:
(Dp) max [-2Tr(QXT) — AV — 37" max [(Tr(Y A;) — A)Ly; (Tr(Y 4;) — \)Uj]
s.t.

A XT
X Y

>ZO,T‘rA:1,

the design variables being real A, symmetric ¢ X ¢ matrix A, symmetric n X n matrix ¥ and n X ¢ matrix
X.

15.4 A simplification of the dual problem (D)

Our next goal is to simplify problem (D), derived in the previous section, by eliminating the matrix
variable Y. To this end it suffices to note that (D) can be rewritten as

(TDdl) .
i 2Tr(QX Vv
XeR"X<1,A:ATeRgilg,lY:YTeR“m,peR r(Q )+ P
s.t.
() Tr(YA) < pi=1,...m
A XT
(B) ( X Y) > 0
(") Tr(A) = 1

(we have replaced the maximization problem (D) by an equivalent minimization one). Note that (TDg)) is
strictly feasible — there exists a feasible solution where all scalar inequality constraints and the matrix
inequality one are strict (take A = ¢~'I,, Y = I,, and enforce p to be large enough).

The matrix inequality (/) clearly implies that A is positive semidefinite. Thus, we do not vary
(TDq;) when adding (in fact, redundant) inequality A > 0. Now let us strengthen, for a moment, the
latter inequality to one

A>0 (15.159)

i.e. positive definiteness of A; it is immediately seen from strict feasibility of (TDg;) that this transfor-
mation does not violate the optimal value of the problem, although it may cut off the optimal solution
(anyhow, from the computational viewpoint the exact solution is nothing but a fiction). Thus, we may
focus on the problem (TD/;) obtained from (TDg;) by adding to the list of constraints inequality .

The pair of matrix inequalities (5), 15.159: which are present among the constraints of (TDY},)is
equivalent to the pair of matrix inequalities

A>0; Y>Y*(AX)=XA'XxT.

Now let (A, X,Y,p) be a feasible solution to (TD/;); then, as we just have mentioned, Y > Y*(A, X)
and the collection (A, X,Y* = Y*(A,X),p) satisfies (8), () and (15.159). Moreover, since A; are
symmetric positive semidefinite and Y > Y*, we have Tr(Y A;) > Tr(Y™*A;), so that the updated collection
satisfies (a) as well, and (A, X, Y™, p) is feasible for (TD/;). Note that the transformation (A, X,Y, p)
(A, X, Y*(A, X), p) does not affect the objective function of the problem. We conclude that (TDY,) can
be equivalently rewritten as

i 2Tr(QXT) +Vpst. A>0, Tr(A) =1, p>Tr(XA'XTA),i=1,...,m.
xermeo A R per r(@X")+Vps r(A) p = Tr( ), i m
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Substituting A; = b;bl (see (15.153))), we can rewrite the constraints
p>Tr(XA1XTA,))

as
p > (XTb)TATHX D),

which is the same (since A = AT > 0), as

A XTy,
(A )20

With this substitution, the problem (TD;) becomes
A XTy,
i 2Tr(QXT) +Vps.t. A >0, Tr(A) =1, ‘) >0,i=1,...,m.
e BB 2THQXT) 4 Vs () (b?X p ) =0 "

When replacing the strict inequality A > 0 in the latter problem with the nonstrict one A > 0, we clearly
do not vary the optimal value of the problem; in the modified problem, the inequality A > 0 is in fact

Ty.
redundant (it follows from positive semidefiniteness of any of the matrices <bfA P% Xp bi > ). With these

modifications, we come to the final formulation of the problem dual to (TD,opust) :

(TD¢y)
i 2Tr(QXT) +V
A:ATERQX{IIB?ER"XG,peR r(Q ) P
s.t. .
A XTy, .
(biTX p ) > 0, 1=1,...,m,
Tr(A) = 1

Note that (TDyy,) is very similar to the standard multi-load TTD problem in dual setting [5]; the only
difference is that in the latter problem A is further restricted to be diagonal.

15.5 Recovering the bar volumes

To the moment, the only relation between the initial primal problem (TD;obust) and the dual one (TDg,) is
that their optimal values are negations of each other (note that when coming to (TDygy,) from the max-
imization problem (TDg;)which has the same optimal value as (TDyq), we have changed the sign of
the objective and have replaced maximization with minimization). Thus, the problem arises: how to
restore good approximate solutions to (TD,obust) via good approximate solutions to (T