Course:

Linear and Convex
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ISYE 4803 NM2 Fall 2017

Instructor: Dr. Arkadi NemirovskKi
nemirovs@isye.gatech.edu, Groseclose 446
Office hours: Monday 10:00-12:00

Teaching Assistant: Adrian Rivera
Office location: 325 ISyE Main
Office hours: 11:00-12:00 Monday & Wednesday

e-mail adrian.riv@utexas.edu

Classes: Tuesday & Thursday 3:00 pm - 4:15 pm, ISYE Annex
228

Lecture Notes, Transparencies, Assignments, Optional Projects:

https://t-square.gatech.edu/portal/site/gtc-1977-bb6a-5ff2-b8bf-fa2de776b3f4
Note: In addition to Lecture Notes per se, Transparencies can
be viewed as self-contained (up to proofs) lecture notes.

Note: Proofs are non-obligatory (although highly recom-
mended!): in this course, you never will be asked to prove
something.



Rules of the Game

& Grade Components:

A. Obligatory “Pen and Paper” (p.-p.) assignments, point
weight 100 per assignment, to be graded by TA

— usual exercises like “find this and that” or ‘is it true that...”
® P-p. assignments are posted at T-Square and have due dates

B. MidTerm Exam, total point weight 100

C. Final Exam, total point weight 100

D. Optional bonus “Model and Solve” (m.s.) assignments,
each with its own points weight, to be graded by TA

— ask to model a story as optimization problem and process
the model numerically

e M.s. assignments are posted at T-Square, deadline for submissions
11/16/2017

Software environment: MATLAB and CVX

CVX is an excellent user-friendly optimization solver working under MATLAB,
free download at http://cvxr.com/cvx/

E. Optional bonus modeling and computational project, total
weight 100 bonus points, to be graded by me

Project is posted at T-Square, deadline for submissions 11/16/2017



& Grading Formula:
Point Grade for the Course

= min [100,

0.05 x [total # of points earned for p.p. assignments}
‘ total # of p.p. assignments

+ 0.45 x |Grade in MidTerm | + 0.50 x | Grade in Final |
“MmT CF

4+ 0.20 x 100x[total # of points earned for m.s. assignments]

total point weight of m.s. assignments

4+ 050 x | Points earned in ] { 1, min[GyT,GF] > 50

Optional Project > otherwise
Note: This is the messiest formula you will see in class...



& “There is nothing more practical than a good theory.” Our
course is aimed at methodology and theory of Optimization
rather than on acquiring ready-to-use practical skills
= Concentrate on What ? and not on What for ? Under-
standing of “what for” will come later.

Please be patient!

& Questions are highly welcome. Ask as many questions as
you can, and then some!



Main Notational Conventions

e By default, all vectors are column vectors.
e [ he space of all n-dimensional vectors is denoted
R™: and the set of all m xn matrices is denoted R™*",
e Usually, “MATLAB notation” is used: a vector with
coordinates x4, ...,zn is written down as

x = [x1;...; Tn]
(pay attention to semicolon ;")
1
For example, | 2 | is written as [1;2; 3].
3

e More generally, if Aq,..., A, are matrices with the
same number of columns, we write [Aq;...; Ay,] to de-
note the matrix which is obtained when writing A,
beneath A1, A3z beneath A5, and so on.

o If Aq,..., Ay, are matrices with the same number of
rows, then [Aq, ..., Am] stands for the matrix which is
obtained when writing A, to the right of Ay, A3z to
the right of A, and so on.



Examples:

1 2 3
'Al_[4 5 6
(1 2 3]
= [A1;A2]= | 4 5 6
|7 8 9
1 2| 7
0A1:[34 ,A2:[8]
(1 2 7
= [A1,As] = 34 8

¢ [1,2,3,4] =[1;2;3;4]1

e [[1,2;3,4],[5,6;7,8]]




Preface:
What Optimization is about?

What the course is about?



What Optimization is about

& To make decisions optimally is one of the basic
desires of a human being
& If (and this is a big If indeed!)

A. Our potential decisions can be quantified by val-
ues of a number of decision variables
L1, L,...,Tn

B. We can describe mathematically the set

X =A{x=|z1;...;xn]}
of feasible decisions — those indeed implementable
under the circumstances,
C. We can quantify the outcome of a decision © =
[z1;...; zn] by a single objective — real-valued func-
tion f(x1,...,xn)

then we can select the optimal decision by solving
optimization problem

maximize
[Minimize]
Note: Whether the objective f should be maximized
or minimized, it depends on what — profits or losses

— it expresses.

f(x) over x = [x1; ...; Tn] subject to x € X.
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& When applying optimization-oriented methods to a
real-life situation, the key is to build an optimization
model which

a: /s enough adequate — models well enough the struc-
ture of potential decisions, relations between the de-
cisions and outcomes, etc.,

b: can be “fed” by necessary data — we can identify nu-
merical values of various parameters (demands, re-
sources, performance characteristics of available de-
vices and processes, etc.) treated as given quantities
specifying “model’s environment,”

c: can be processed numerically in reasonable time.

Note: These targets are somehow contradictory — the
more adequate is the model, the more data it re-
quires, and the more complicated it becomes as far
as numerical processing is concerned...
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a: Model should be enough adequate

b: We can “feed” the model by meaningful data

c: Model should be amenable to accurate numerical process-
ing taking reasonable time.

& In our course we

e do not touch a — building an adequate model re-
quires understanding the subject domain in question
and goes beyond optimization per se

e somehow touch b by presenting the basics of Ro-
bust Optimization methodology — a popular optimization
paradigm aimed at handling data uncertainty character-
istic for optimization problems of real-life origin

e focus on ¢, via emphasis on what optimization can
do well and what is problematic, and thus on what
are ‘desirable’” model structures allowing for reliable
numerical processing.
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Example: Given time horizon of one year, we want to create
a portfolio by distributing (at most) $ 1000 between 4 available
assets.

e A potential decision can be represented by values
of 4 decision variables z1, x>, 3, x4, Where T IS the
money to be invested in asset #j, 7 =1,2,3,4

e \We probably can define the set of feasible decisions

as

1+ x2 + 23 + x4 < 1000

you cannot invest more than $ 1000
x1 > 0,220 > 0,23 > 0,24 > 0
investments cannot be negative

e The simplest objective (to be maximized) is the
expected value of the portfolio in a year from now:

X =z = [x1;, 22, x3; %4] :

f(x) = c1w1 + cowp + c3x3 + cax4
where c; are the expected yearly returns of the assets
= Optimal Portfolio Selection can be modeled by the opti-
mization problem

< 1000
Max {clxl + cox2 + ¢33 + caxa ii 1_ 3032;2_ i30+£133;4>_0 xa > 0 }

& Quiz: What are the optimal portfolio selections in the cases
when

eci=11,co=12,c3=13,c4 =1.4

1.1,co=12,c3=c4=1.3

—0.1,¢cp = —-0.2,c3 = —-0.3,cs = —-0.4

® C1

®Ci

& Quiz: Does the model meet the requirements a - ¢? What is
the most problematic requirement?
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d Same as in our toy Portfolio Selection problem,
the set X of feasible decisions is usually (not always!)
given by a system of constraints

gz<x) bi) 1= 17"'7m

IAN TV

every one of them representing a specific requirement,
like upper bound on a resource consumed, or a balance
constraint, or a lower bound on a particular outcome.
Note: The constraints in the system are always linked by “and”
— a feasible decision x must satisfy every one of the con-
straints, and not some of them:

X = {x = [x1;...;2n] : g;(x) = b; for all 1 = 1,...,m,}

IA 1V

In terms of the objective and the constraints, an op-
timization problem reads

Ming
[Mmaxg]

{f(a?) L gi(x)

IN IV

b; for all + = 1,...,m}

[Mathematical Programming format of an optimiza-
tion problem]
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Mming
[Mmaxg]

IA IV

{f(:c) . g;(x) = b; for all i = 1,...,m}

& Note: We always can pose an optimization problem
as a maximization one and make all its constraints <-
inequalities [same as always can make the problem a
minimization one and/or write down the constraints
as >-inequalities].

Indeed,

e to maximize f(x) is the same as to minimize —f(x)
e inequality constraint g¢g;(z) > b; is equivalent to
—g;(x) < —b;, and equality constraint g;(x) = b; can be
expressed by a pair of opposite inequalities g;(x) < b;
and —g;(z) < —b;.

Example: Problem

. . ry = 5
min r) =x1 — 275 .
min {f( ) 1 2" pi4 2o = 10 }
IS equivalent to
R —x1 < =5
max f(x) = —x1+220: x1+z20 < 10
r=[z1;x] —x1—xo < —10
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Example: Optimization problem

:U=T;i1?w2] {931 i— T3 g1~ T3 < \[;’3/ or sin(xy) < ng}
f(z) g1(x) 1 go(x) 2

is not in MP format: the requirements ¢gq1(x) < b7 and
go(x) < by are linked by “or,” not by “and,” and a
feasible = is allowed to violate one of these require-
ments, provided it meets the other one.

e [he MP form of the problem is

Tnir_w ] {;1 + 25 : min[zg — o — 3,sin(z3) — 0.5] < o}
TR () g(z):=min[g1 (z)—b1,92(z)—bo]
& Indeed, to say that

g1(x) < by or go(x) < by or ... or gm(z) < bm
IS exactly the same as to say that

g(zx) ;= min[g1(x) — b1, go(x) — bo, ..., gm(x) — bm] <O.

¢ In contrast, to say that
g1(z) < by and go(x) < by and ... and gm(x) < by
IS exactly the same as to say that

g(zx) := max|[g1(xz) — b1,g2(x) — bo, ..., gm(x) — bm] <O.
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Optimization: Challenges

& When people want to say that certain task is in
fact intractable, they say ‘it is like to find a needle in a
haystack.”

e As far as computations are concerned, optimization
is exactly about finding a needle in a haystack, with elabo-
ration stemming from the fact that the haystack in
typical applications is of dimension in the range of
thousands and millions, rather than to be of modest
dimension 3.

& Finding a needle in n-dimensional haystack can be
posed as optimization problem as follows:

e [ he haystack — the feasible set of the problem —
isthe box X ={zcR":0<z; <1,1<j<n}

e [ he needle, which is a small domain in R", is
modeled by the objective f(x): this is a function of
x € R™ which is O outside of the needle and is negative
inside the needle.
= Jo find the needle means to find a feasible solution to the
problem

min f(x):ogazjgl,lgjgn}
where the objective is negative, to which end it suffices
to find a good enough approximate solution to the
problem.
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Our needle is buried in hay — we cannot see it from
a distance. What we can do is to generate, one by
one, ‘'search points’ x1, xo,... In the haystack and to
check whether these points hit the needle.
Equivalently: At search step t, we select a point z; and
call an oracle which provides us with /local information
on f at the point, e.g., reports the value f(x¢) of f
at the point (and perhaps also the derivatives of f).
& Note: This is the standard model of a general-purpose
optimization process: when solving optimization problem

min {f(z) : g;(x) < b;, 1 < i < m)

we learn the problem by calling “an oracle” — a subroutine re-
porting local information on f and g;, most notably, values and
gradients — along a sequence of search points x¢,t = 1,2, ....
A “‘general purpose” solution algorithm is, essentially, the col-
lection of rules for generating these search points.
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& In our “needle in haystack” example, f is pretty
simple — it is zero outside the needle and negative in-
side it:

1D haystack (the domain of f)
and the needle (the interval where f is negative)

e When querying local oracle outside of the needle,
we get no information on its location

= When looking for a needle in 1D stack, the best
we can do is to scan for the needle along a grid with
resolution of order of the needle length ¢, or generate
the search points at random from the uniform distri-
bution. Typical number of steps before the needle is found
will be of order of 1/¢.

& When looking for a needle in n-dimensional haystack,
the situation is similar: the best we can do is to scan
along a “dense enough” grid in the haystack or to look
for the needle along a sequence of points drawn at
random from the uniform distribution in the haystack.
In both cases, typical number of steps before the needle is
found is of order of N = YOn(haystack)

. _ Vol,(needle)
e Vol,: n-dimensional volume.
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& When modeling the haystack as n-dimensional unit
box {z:0<=x; <1,1<j5<n}, and the needle — as
a box with n — 1 edges equal to 0.005 and one edge
equal to 0.05, the typical number of steps before the
needle is found is of order of

N =2n.10%n"1

n N comment
1 20 | easy
3 800, 000 | proverbial case

10 | 1.024-107% | by far beyond reach
36 | =~ 6.87 - 1081 | more than # of atoms in Universe!

Note: When minimizing within accuracy ¢ a function
over n-dimensional domain X, we should reach the
domain X of e-optimal solutions. With “needle in
the haystack” approach, it would typically take

Vol (X) 1\"
Vol (Xe) - (ﬁ)

steps — an astronomical number already for ¢ = 0.01
and n = 25. We would be unable to carry out that many

steps even if the future of mankind were at stake!
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& Question: How happens that we can solve problems with
tens of thousands of variables within accuracies likee = 10~ °
ore =10"10 7

O Answer: The key is in utilizing problem’s structure.
With favorable structure, already local information on ob-
jective and constraints conveys information on where the glob-
ally optimal solution is.

& Fact: The standard ‘favorable structure” is convex-
ity of the MP problem under consideration.
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& Convexity: First acquaintance. For starters, con-
sider the problem min,cx f(x) of minimizing a differ-
entiable function f over a simple domain, specifically,
n-dimensional box X = {x e R": -1 < x1,....,zn < 1}.
e For a differentiable f, convexity can be defined as the
property of f to dominate its linearizations:

f) > f@)+ Vi@ (y— =)

= f@) 4+ S0y 2 (y; — x;) for all o,y

f0)

What we see: We have computed f and Vf at a (fea-
sible) solution a, and Vf(a) turns out to be negative
= to the left of a, linearization of f is > f(a) = to the
left of a, f itselfis > f(a)

= we can reduce the optimization domain by cutting off all
points < a!

e This “cut off’ scheme can be extended to multi-
dimensional convex (i.e., with convex objective and
constraints) problems!
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& Note: In the *“cut off’ scheme, convexity of f is
crucial. For example, in the case of (nonconvex!) f
as follows:

f(x)

local information to the right of b reveals nothing
about the location of the global minimum and does
not allow for cutting off a massive set of candidate
solutions

= In the non-convex case, to approximate well the globally
optimal solutions, a kind of brute search is necessatry.
Utilizing problem’s structure, we can make brute
search more efficient than in the “needle in the
haystack” case, but usually cannot eliminate the
“curse of dimensionality” — exponential explosion of the
number of steps as problem’s dimension grows.
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& Course-related consequences:

A. Emphasis on Convex optimization — the “solvable case” in
Mathematical Programming. Convex optimization

— covers a wide and constantly extending range of

applications in

e Decision Making (Linear Optimization models
without integrality constraints),

e Engineering (Signal Processing, Imaging, Machine
Learning, High-dimensional Statistics, Structural
Design, Synthesis of linear controllers,...)

— is the major "working horse” when solving difficult

non-convex optimization problems arising in Discrete
Optimization

— in theory, and to some extent also in practice,
allows to find, in a computationally efficient fashion, high ac-
curacy approximations to globally optimal solutions. Among
optimization algorithms, those of convex optimization
are by far closer to the ideal “You Press the Button, We
Do the Rest” than algorithms for solving non-convex
problems.
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& Course-related consequences (continued):

B. In our course, “Emphasis on Convex Optimization”
will mean primary focus on “well-structured” families of con-
vex problems, specifically, conic ones.

e Convex problems typically possess much more struc-
ture than postulated by plain convexity, and utilizing
this “extra” structure in solution algorithms was and
still is the key driving force in the dramatic progress
in the area during the last two decades.

As a result of this progress, the performance of con-
vex optimization techniques increased by factor like
106, with nearly equal contributions of hardware and
of algorithmic improvements.

e Conic Programming is a far-reaching extension of
Linear Programming. Linear Programming possesses
an extremely rich and relatively simple structure which
underlies fundamental theoretical developments (du-
ality) and extremely efficient algorithms. It turns out
that these theory and algorithms can be extended to
an extremely wide variety of convex nonlinear problems
captured by Conic Programming.

1.16



& Course-related consequences (continued):

C. Availability of software (e.g., CVX) of the type “You
Press the Button, We Do the Rest” allows to switch from
the traditional emphasis on how convex optimization
algorithms work to what these algorithms can solve.
Cf.. When car engines are reliable, a driver should not know
much about “what is under the hood” and may focus on route
planning and safe driving.

— In our course, algorithms will be presented at the
“executive summary’ level. Our emphasis will be on

®  Dbasic theory of Convex Optimization, most notably, duality
e ‘calculus” of well-structured convex problems:
— how to recognize convexity?
— how to convert a problem into a form well-suited for
numerical processing?
— what are the key factors affecting the performance
of state-of-the-art algorithms?
®  instructive application examples
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Part I: Linear Optimization
What can be expressed via LO?
Geometry of polyhedral sets
LO Duality
Simplex Method



Linear Optimization Program

A Linear Optimization problem, or program (LO), called
also Linear Programming problem /program, is the prob-
lem of optimizing a linear function

n
fx) =) ¢

j=1
of an n-dimensional decision vector x under finitely
many linear equality and nonstrict inequality con-
straints.
Equivalently: An LO program is a Mathematical Program-
ming program

min,
[max,]

IA TV

{f(:c) cg;(x) = b; foralli =1, ...,m}

where f and g; are linear functions of x.
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e For example, the MP problem

r1 +xz2 < 20
mmin x1:4 1 —xp = b5 (1)
r1,zp > 0
is an LO program, while the problem
r1+x2 < 20
minqexp{z1}:{ z1—22 = 5 (1)
r1,xp =2 0

is not an LO program, since the objective in (1’) is
nonlinear.
o Slmllarly, the problem

2r1 > 20— x5
m§x<x1—|—x2:< 1 if > 8 ’ (2)
\ ro < 0 ,
IS an LO program while the problem
Vi > 2 )
x1y > 20 — xo,
ma§><<x1—|—:c2:< r1 —xo = b5 ’ (29
x1 > 0
zo < 0

\ Y
IS not én LO program — it has infinitely many linear
constraints.

However: Problems (1),(1’) are reducible to each
other, and similarly for problems (2) and (2)
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& Note: Property of an MP problem to be or not to
be an LO program is the property of a representation
of the problem. We classify optimization problems
according to how they are presented, and not according
to what they can be equivalent/reduced to.

2.3



What is good in Linear Optimization?

& Linear Optimization is, historically, the first “chap-
ter” of Mathematical Programming in general and
Convex Optimization in particular. Discovered in late
1940's, it still remains the most frequently used optimization
methodology and computational toolbox.

Reasons:

e In spite of simple structure, linear models cover
reasonably well a wide spectrum of applications in De-
cision Making and Engineering

e It is relatively easy to ‘feed” linear model by data.
To specify a linear function of 1000 variables, you
need 1000 coefficients; to specify a quadratic func-
tion, you need 501,500 coefficients!

e LO methodology was from the very beginning comple-
mented by extremely powerful solution algorithm — Simplex
method, which make LO a working tool rather than a
wishful thinking.
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& LO possesses deep, rich and instructive theory which is
the major source and prototype when developing the-
ory and algorithms for more general and complicated
classes of optimization problems. In particular,

e LO was the prototype when developing Conic Pro-
gramming and Interior Point Methods which extended dra-
matically the practical grasp and computational power
of Convex optimization

e LO theory underlies optimality conditions in Non-
linear optimization. These conditions serve as the
major ‘“driving force” when designing algorithms for
non-convex continuous optimization.

& LO techniques are the major “working horse” in
crucial for applications Discrete and Combinatorial opti-
mization.

2.5



Canonical and Standard formats of LO programs

& We can somehow ‘standardize” the formats in
which LO programs are written.
e every linear equality/inequality can be equivalently
rewritten in the form where the left hand side is a
weighted sum > %_; ajz; Of variables z; with coeffi-
cients, and the right hand side is a real constant:
2x1 > 20 —x0 & 221 + 2 > 20

e the sign of a nonstrict linear inequality always can
be made " <", since the inequality Zj a;x; > b is equiv-
alent to > [—ajlz; < [-b]:

2x1 +x90 > 20 & —2x1 —x9 < —20
e a linear equality constraint Zj a;x; = b can be repre-
sented equivalently by the pair of opposite inequalities
Sjajey < b, Yjl-ajle; <[]
( 2x1 —xo < b
L —21‘1 —I—xQ S —5
e to minimize a linear function ) ;c;xz; is exactly the
same to maximize the linear function 3 [—c;]z;.

2r1 — x> = 5 & <
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& Every LO program is equivalent to an LO program in the
canonical form, where the objective should be makxi-
mized, and the constraints are “<" inequalities:

( 2uj=101%; S b1
_ _jaz2iz; < bo
Opt = mxax< ?:1 CjTj - Z] Ll J o
\ Z?=1amj$j < bm |
[“term-wise” notation]

Example:

3 4 5z3 < 6
opt = mox fon +3m 0 I YARTEN < O )

& Opt = mxax{cTa: ; a;-rzc <b,1 << m}
[“constraint-wise” notation]

& Opt = max {cTw Az < b}
[ “matrix-vector” notation]

c=[c1;...ien], b=1[b1;..-;bm], a; = [a;1;...; ajp]

. T, . a1 a2 ... a2
A= [a{,ag,...,a%] = : - "
a,ml a,m2 cee a/mn

Recall: o’ is the transpose of vector/matrix a. For column vec-
tors a,x of the same dimension n,

L1
asz[al an]- : = a1x1 + arxo + ... + anxn
Ln
In Example: m =2, n = 3,
2
. . 6 . a:f 13 4 5
SHEBESEIRES
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® A set X C R" given by X = {x : Az < b} — the
solution set of a finite system of nonstrict linear in-
equalities a!x < b;, 1 <i < m in variables z € R" — is
called a polyhedral set, or a polyhedron. An LO program
in the canonical form is to maximize a linear objective
over a polyhedral set, called the feasible set (or feasible
domain) of the program.

& Note: The solution set of an arbitrary finite sys-
tem of linear equalities and nonstrict inequalities in
variables x € R"™ is a polyhedral set.
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2.9

—r1 + X2
31 + 2xo
(x1 — 3xo

| —8x1 — b5zo

m£x<:c2.<

VAN VANIVANIVAN

a-1;5]
ld N

NI
@ [1;2]

N\ -
® [-10;-4]
s N

/b’\[—5;—12]

LO program and its feasible domain



& Standard form of an LO program is to maximize a
linear function over the intersection of the nonnegative
orthant R, = {z € R" : x > 0} and the feasible plane
{x 1 Ax = b}:

( ?:1 aijr; = by \

?:1 agjacj — b2

Opt = max {3701 L) & i, %
?:1 Am;Tj = bm

z;>0,7=1,..,n /

[ “term-wise” notation]

Example:

3:131 —|— 4x2 —|— 5£C3 6
Opt= max {221+ 32> —x3: Tx1+ 8x> + 9x3 10
Tartats x1 > 0,20 >0,23 >0

aTaczbi,lgigm}

vj>0,1<j<n
[“constraint-wise” notation]
< Opt = majaX{CTCIZ . Ar =b,xz > O}
[“matrix-vector” notation]
c=[c1;...;en], b=1[b1;...;bm], a; = [a;1;...; a;jn],

< Opt = m:;ax {CT;U ;

aili ailo oo Aln

. . . a21 a22 a2

A: [a{’ag""'a%] — : : . :n
a/ml a/m2 e amn |

In the standard form LO program
e all variables are restricted to be nonnegative

e all “general-type’ linear constraints are equalities.
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& Observation: The standard form of LO program is univer-
sal: every LO program is equivalent to an LO program in the
standard form.

Indeed, it suffices to convert to the standard form a
canonical LO max{c'z : Az < b}. This can be done
as follows:

e we introduce slack variables, one per inequality con-
straint, and rewrite the problem equivalently as

n;}zflsx{cTa: . Ar+s=1b, s > 0}

e we further represent x as the difference of two new
nonnegative vector variables x = u — v, thus arriving at
the program

mgé({cTu—ch:Au—Av—l—s:b, [u; v; s] ZO}.

u? Y
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lllustration:

Opt — max[2x1 + 320 — 513‘3]
S.t.
3:131 —I— 4:(32 —|— 55133 S 6
Tx1 + 8xo+ 923 < 10
p— Opt = max[2a;1 + 3xo — 333]
S.tT.
31+ 4x> + 526 +s1 = 6
Tx1 + 8x> + 9x3 +s> = 10
S1 Z 0782 Z 0
& Opt = TE?[Q[M — v1] + 3[uz — vo] — [uz — v3]]
S.t.
3[ur — v1] + 4[us — vo] + 5[uz —v3] +s1 = 6
7[ur — v1] + 8luz — v2] + 9usz — v3] +s, = 10
S1 > 0732 > O,'U,l > O)“Q > Oau3 > 07
(%1 Z 07U2 Z 07U3 Z 07
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majax{—2x1+:1:3 —x1+ o+ ax3=1, x>0}

Standard form LO program
and its feasible domain
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LO Terminology

Opt = man{CTZU » Az < b}

[A:m X n] (LO)

e The variable vector z = [z1;...;xn] in (LO) is called
the decision vector of the program; its entries z; are
called decision variables.

e [ he linear function to be maximized

e =cix1+ ... + cnan

is called the objective function (or objective) of the pro-
gram, and the inequalities
ai1T1 + -+ aippTn < b, 1 =1,...,m
a;fx

are called the constraints.

e The structure of (LO) reduces to the sizes m (num-
ber of constraints) and n (number of variables). The
data of (LO) is the collection of numerical values of

the coefficients in the cost vector

c = [c1;...;cenl,
in the right hand side vector

and in the constraint matrix

A = [a;;]1<i<m.
1<j<n
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Opt = mmax{cT:c » Az < b}

[A:m x n] (LO)

e A solution to (LO) is an arbitrary value of the deci-
sion vector.

e A solution z is called feasible if it satisfies the con-
straints: Ax < b.

The set of all feasible solutions is called the feasible
set (or feasible domain) of the program.

e The program is called feasible, if the feasible set is
nonempty, and is called infeasible otherwise.

Example: The vector z = [2;0; —0.1] is a solution to
the LO program

Opt = max [2z1 + 32> — z3]

L1,L2,T3

S.t.

3x1 +4x>+ 523 < 6

Tx1 + 8xo+ 923 < 10
This solution is infeasible.
e x = [—1;—1;—1] is a feasible solution to the same
problem
— Feasible solutions do exist
= The problem is feasible
e Adding to the problem additional constraint

101 4+ 1225 + 1423 > 17

we make the problem infeasible
Quiz: Why?
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Optimal value of LO program

Opt = man{CTw : Az < b}

LO
[A:m X n] (LO)
& Given a program (LO), there are three possibilities:
e the program is infeasible. In this case, Opt = —oo by
definition.

e the program is feasible, and the objective is not
bounded from above on the feasible set, i.e., for ev-
ery a € R there exists a feasible solution x such that
'z > a. In this case, the program is called unbounded,
and Opt = +oo by definition.

¢ The program which is not unbounded is called
bounded; a program is bounded iff its objective is
bounded from above on the feasible set (e.g., due
to the fact that the latter is empty).

iff: if and only if.

e the program is feasible, and the objective is bounded
from above on the feasible set: there exists a real a
such that ¢!z < a for all feasible solutions z. In this
case, the optimal value Opt is the supremum, over
the feasible solutions, of the values of the objective
at a solution. Thus, Opt =5 means that

— there is no feasible solution with the value of the
objective > 5

— for every € > 0, there is a feasible solution with the
value of the objective > 5 — ¢
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Opt = mgx{ch : Az < b}

[A:m X n] (LO)

e a solution to the program is called optimal, if it is
feasible, and the value of the objective at the solution
equals to Opt. A program is called solvable, if it admits
an optimal solution.

& In the case of a minimization problem

Opt = mxln{cTa:' : Az < b} (LO)
[A:m X n]
e the optimal value of an infeasible program is oo,
e unboundedness means that the objective to be min-
imized is not bounded from below on the feasible set.
The optimal value in an unbounded problem is —oco
e the optimal value of a feasible and bounded program is
the infinum of values of the objective at feasible solu-
tions to the program. Thus, for a minimization problem,
Opt = 5 means that
— there is no feasible solution with the value of the
objective < 5
— for every € > 0, there is a feasible solution with the
value of the objective < 5 + ¢
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& The notions of feasibility, boundedness, solvabil-
ity and optimality can be straightforwardly extended
from LO programs to arbitrary MP ones. With this
extension, a solvable problem definitely is feasible and
bounded, while the inverse not necessarily is true, as
IS illustrated by the program

Opt = mxax{— exp{—=x} : x > 0},

Opt = 0, but the optimal value is not achieved — there
IS no feasible solution where the objective is equal to
O! As a result, the program is unsolvable.

— In general, the fact that an optimization program
has a “legitimate’” —real, and not oo — optimal value,
is strictly weaker that the fact that the program is solv-
able (i.e., has an optimal solution).

& In LO the situation is much better: we shall prove
that an LO program is solvable iff it is feasible and bounded.
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Quiz: What is the ‘“status” (feasible/infeasible,
bounded/unbounded, solvable/unsolvable) of LO pro-
grams below?

Opt = max[2z1 + 3z — 23]

T )x27x3

S.t.
A: 321+ 420+ 525 < 6
Tx1+8x2o+ 923 < 10
feasible: bounded: solvable:
Opt = max [2:131 + 3xo — 333]
S.t.
B: 3x1 +4x>+5x3 < 6
Tx1+ 8xo+ 923 < 10
10x1 + 1220 + 1423 > 17

feasible: bounded: solvable:
Opt = max [2z1 + 3z — x3]

XL1,L2,T3

s.t.
C: 3:61 —|— 4:132 —|— 5£U3 S 6
Txr1+ 8xo+ 923 < 10
1<z <1, -1<2,<1, -1<23<1
feasible: bounded: solvable:
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Examples of LO Models

& Diet Problem: There are n types of products and
m types of nutrition elements. A unit of product #
J contains p;; grams of nutrition element # ¢ and
costs c;. The daily consumption of a nutrition ele-
ment # ¢ should be within given bounds [b;,b;]. Find
the cheapest possible ‘“diet” — mixture of products —
which provides appropriate daily amounts of every one
of the nutrition elements.

Denoting z; the amount of j-th product in a diet, the
LO model reads

min > =1 G [cost to be minimized]

subJect to

> i—1 PijTj = b - upper & lower bounds on |
Zg’_lpw i <b; the contents of nutrition
1<i<m elements in a diet

y L .

you cannot put into a |
r; >0,1<j<n diet a negative amount
of a product

2.20



e Diet problem is routinely used in nourishment of
poultry, livestock, etc. As about nourishment of hu-
mans, the model is of nO much use since it ignores
factors like food’'s taste, food diversity requirements,
etc.

e Here is the optimal daily human diet as computed
by the software at
http://www.neos-guide.org/content/diet-problem-demo

(when solving the problem, I allowed to use all 64
kinds of food offered by the code; the prices of 2010

are used):
Food Serving Cost
Raw Carrots 0.12 cups shredded | 0.02
Peanut Butter 7.20 Tbsp 0.25
Popcorn, Air-Popped | 4.82 Oz 0.19
Potatoes, Baked 1.77 cups 0.21
Skim Milk 2.17 C 0.28

Daily cost $ 0.96
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& Production planning: A factory

e consumes R types of resources (electricity, raw
materials of various kinds, various sorts of manpower,
processing times at different devices, etc.)

e produces P types of products.

& There are n possible production processes, j-th of
them can be used with “intensity” xz; (fraction of the
planning period during which j-th process is used).

e Used at unit intensity, production process # j
consumes Arj units of resource r, 1 < r < R, and
yields ij units of product p, 1 <p < P,

e T he profit of selling a unit of product p is ¢p.

& Given upper bounds bq,...,bg On the recourses avail-
able during the planning period, and lower bounds
di,...,dp on the amounts of products to be produced,
find a production plan which maximizes the profit.
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& Denoting by T the intensity of production process
7, the LO model reads:

n

mng;l (25:1 cpij) X [profit to be maximized]

subject to

n upper bounds on
Apjr; < br, 1 <r < R | resources should

=1 be met

lower bounds on

J

n
Coix: >dp, 1<p<P products should
. pjry P p
]:1 be met
n

S oxs <1 total intensity should be <1
j=1 )= and intensities must be

T > 0,1<j;<n nonnegative

Implicit assumptions:
e all production can be sold
e there are no setup costs when switching between

production processes
e the products are infinitely divisible
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& Inventory: An inventory operates over time horizon
of 7" days 1,...,7 and handles K types of products.

e Products share common warehouse with space C.
Unit of product k takes space c,. > 0 and its day-long
storage costs h;..

e Inventory is replenished via ordering from a supplier;
a replenishment order sent in the beginning of day ¢ is
executed immediately, and ordering a unit of product
k costs o > 0.

e T he inventory is affected by external demand of d;;.
units of product k£ in day t. Backlog is allowed, and a
day-long delay in supplying a unit of product k costs
pr = 0.

& Given the initial amounts spp., k = 1,..., K, of products
in warehouse, all the (nonnegative) cost coefficients and the
demands d;;., we want to specify the replenishment orders
v (v 1S the amount of product k which is ordered from the
supplier at the beginning of day t) in such a way that at the
end of day T there is no backlogged demand, and we want to
meet this requirement at as small total inventory management
cost as possible.
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Building the model

1. Let state variable s;;,. be the amount of product k
stored at warehouse at the end of day t. s;. can be
negative, meaning that at the end of day t the inven-
tory owes the customers |sy| units of product k.

Let also U be an upper bound on the total manage-

ment cost. T he problem reads:
min U
Uv,s

U> > [ogvye + Max[hgs, O] + max[—pysy, O]
1<k<K,
1<t<T

[cost description]
Sty = St—1, TVt —dp, LSt ST, 1 <E< K
[state equations]
S max[egsy, 0] < C, 1<t <T
[space restriction should be met]
st >0,1<k<K
[no backlogged demand at the end]
v >0,1<k< K, 1<t<T
[no returns to the supplier are allowed]

Implicit assumption: replenishment orders are exe-
cuted, and the demands are shipped to customers at
the beginning of day ¢t.

Quiz: Is the above an LO program?
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& Our problem is not and LO program — it includes
nonlinear constraints of the form

kZ [orver + Max[hysir, O] + max[—prsy, 0]] < U
1

S maX[ersy, 0] < C,t=1,..,T
k

Let us represent equivalently *troublemaking” constraints
by linear constraints.
e for every term max|hs;., 0], introduce a new deci-
sion variable x;;. — an upper bound on the term. The
fact that x;. upper-bounds the term can be repre-
sented by linear constraints

Ty 2> hpsye and xy > 0
e similarly, for every term max|[—pys;, 0], introduce a
variable y;;. upper-bounding the term and say that it
indeed is so:

Ytk = —PrStk and yy > O
e similarly, for every term max|cis;i, 0], introduce a
variable z;. upper-bounding the term and say that it
indeed is so:

2k = kS and zy, > 0
e Rewrite the problem by replacing all troublemaking terms
with their upper bounds and adding the “upper-bounding” con-
straints.
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& Applying the above construction to the Inventory
problem, we end up with the following LO model:
r[pin U

U Z > [oxv + max[hgsuy, 0] + max[—pxsu, O]]

1<k<K,

1<t<T

Stk = St—1k + Utk —dir, L St <T,1 < k<K
Zf:l max[cgsu, 0] < C, 1 <t <T
st > 0,1 <k<K
,Utk:2071§k§K71§t§T

J

min U

U7,U7S7:'E7y7z

U > Z[Okvtk+$tk+ytk]

kt
Tig 2> Sk, v > 0, 1 <k < K, 1 <t<T
yth—katk,ythC), 1§k§K71StST
Stk = St—1k T Uk —dpp, L <t <T, 1< k<K

S 2k <C,1<t<T
2tk 2 CkStky 2tk > 0, 1 <E< K, 1 <t<T
st > 0,1 <k< K
v >0,1<kE<K,1<t<T

e T he original and the reformulated programs are
equivalent in the sense that
a. solution to the first problem is feasible iff it can be
extended, by properly selected added variables z, v, z,
to a feasible solution of the second problem
b. the objective functions in both problems are iden-
tical to each other
= Programs have the same optimal value, and feasible/optimal
solution to the second problem induces a feasible, resp., opti-
mal solution, with the same value of the objective, to the first
problem.
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Example 1: How to eliminate red nonlinearity in the constraint
.+ max{ry —xo, 21 + 23] +...<5 7
Answer: Rewrite the constraint as
i tz4+ ... <5
and
z>x1—xp and z > xq1 + x3
Example 2: How to eliminate magenta nonlinearity in the con-
straint ....+ min[xl — X2, T1 + 333] +..>57
Answer: Rewrite the constraint as
otz+....25
and
z<x1—xp and z < x1 + x3
Example 3: How to eliminate red nonlinearity in the constraint
o+ max[zxy —xzo, 21 + 23] +...>5 7
Answer: The above recipe does not work! The con-

straint is equivalent to

vitz+....>5

and

z< w1 —x2 OF 2 < X1 + 3
but this is not a system of constraints!
& In order to eliminate a nonlinear term
Term = "9%[linear expression, ...linear expression]
in a constraint

.+Term + ..

the type of the term should match the type of the
inequality. Good cases are
e Mmax-type term and <-type inequality
e Min-type term and >-type inequality.
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& Note: I spoke only about eliminating nonlinearities
in constraints. This indeed is the only interesting case,
since in optimization, linearity of objective is “for free.” In-
deed, by adding extra variable, you always can make
your objective linear by converting the original objec-
tive into a new constraint:

max, f(x) s.t. a system of constraints on x

IS equivalent to

the original system
of constraints on x«
and the constraint

f(z) >t
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Quiz: Newsvendor Problem

& Newsvendor orders a number of copies of a news-
paper for daily trade under uncertain demand.

e Ordering cost is ¢ > 0 per copy

e Sold copy results in profit p > 0

e A copy not sold during the day should be utilized at
cost u > 0

e Demand is a random variable taking values 0,1,..., N
with known probabilities mg, 71, ..., TN

How many copies should be ordered in order to maximize the
expected profit?
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& Building the model: Let = be an order. When de-
mand is d, min[d, z] copies are sold, and max[z — d, O]
copies are utilized
=

e ordering expenses are cx

e profit of sold copies is p min[x, d]

e utilization expenses are u max|[x — d, O]

= Total profit is pmin[xz,d] — cx — umax[:z: — d, 0],
probability of this outcome bemg e
= Optimal order is an optimal so/ut/on to the optimization
problem

N
Opt = max{x [pmin[d,x] —cm—umax[x—d,Ol]ﬂ'd Lx > O}

d=0 —min [pd,pz] —cad4-min[u(d—z),0]
& Introducing lower bounds t for the objective, wuy
for min[pd, px] and v, for min[u(d —x), 0], the problem
becomes the LO program

SN olug 4+ vg — cxlmg >t
max ¢t uy < pr,ug < pd
’UdSU(d—ZC),UdSO

& Question: /s it true the the problem always has an integral
solution?
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& Question: /s it tfrue the the problem always has an integral
solution?

Answer: Yes!

It its “maiden” form, our problem is

N
Opt = max {f(ac) = Z lpmin[d, z] — cx — umax[z — d,0]| 7y : © > O}
d=0

By its origin, f(x) is piecewise linear with breakpoints
0,1,..., N, and we clearly can restrict z to be < N.
Since f is linear on every segment [d,d + 1], a mini-
mizer x4« of f is

e either integer from the very beginning:

e Oor belongs to a segment [d«,d« + 1] on which f is
constant, and we can take, say, d« as an equally good
minimizer:
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Example of LO Model in Engineering:
Sparsity-oriented Signal Processing

& Traditional applications of LO primarily deal with
various Decision Making problems: production planning,
supply chain management, transportation, facility lo-
cation, etc.
Recent years witness steady growth of applications of
LO in Engineering. A nice example is ¢1 minimization
in Sparsity-oriented Signal Processing.
& Basic Signal Processing problem is to recover un-
known signal zx (which is an n-dimensional vector)
from its observation

y = A(zx) +¢§
e v — A(x) : R — R™: known ‘signal-to-observation”
transformation
e £. Observation noise.
& In many applications, the signal-to-observation
transformation is just linear:

A(x) = Az for some known m x n matrix A.

& Assume from now on that A(-) is linear
— the recovery problem is just fo solve a system of linear
equations

Ax = b := Axx
given m x n matrix A and a noisy observation y of the ‘“true”
right hand side b.
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& Problem of interest: fo solve a linear system

Ax = b := Axs
given m x n matrix A and a noisy observation y of the “true”
right hand side b.
& As of now, there are two typical settings of the
problem:
e m > n (typically, m > n) — we have (much) more
observations than unknowns. This is the classical case
studied in numerical Linear Algebra (where noise is
non-random) and Statistics (where noise is random).
Unless A is “pathological,” the only difficulty here is
the presence of noise. The challenge is to reproduce
well the true signal while suppressing as much as pos-
sible the influence of noise.
e m < n (and even m <« n) — we have (much) less
observations than unknowns.
Till recently, this case was thought of as completely
meaningless. Indeed, as Linear Algebra says, an under-
determined (with more unknowns than equations) sys-
tem of linear equations either has no solutions at all, or has
infinitely many solutions which can be arbitrarily far away from
each other.
= When m < n, the true signal cannot be recovered from
observations even in the noiseless case!
® Remedy: Add some information on the true signal.
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& Problem of interest: fo solve a linear system

Ar = b .= Axx
given m X n matrix A and a noisy observation y of the “true”
right hand side b in the case of m < n
& Sparsity-oriented remedy: Reduce the problem to the
one where the signal is sparse — has s < n nonzero entries,
and utilize sparsity in your recovery routine.
& Fact: Many real-life signals x when presented by their co-

efficients in properly selected basis (“dictionary”) B:
r = Bu
e columns of B: vectors of basis B
e u. coefficients of = in basis B

become sparse (or nearly so): w has just s < n nonzero
entries (or can be well approximated by vector with s < n
nonzero entries).
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Example: Typical audio signals become sparse (or
nearly so) when representing them "in frequency do-
main” — as sums of harmonic oscillations of different
frequencies:

1 1 1 1 1
50 100 150 200 250 300

/‘\
/|

/<\ ?\ A\ A\ < \f a
J /§\\/< &/ / %0& \ / {/ <\/>\i\
/TN TIY

Top: singal in time domain
Bottom: decomposition of signhal in harmonic oscillations

-1

-1.5
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lllustration: 25 sec fragment of audio signal “Mail
must go through” (dimension 1,058,400) and its

"Fourier coefficients” — amplitudes of participating
harmonic oscillations:

How mail goes through in time domain

it "

How mail goes through in frequency domain

% of leading Fourier coefficients kept | energy
100% 100%

25% 99.8%

15% 99.6%

5% 98.2%

1% 79.0%
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lllustration: The 256 x 256 image

can be thought of as 256° = 65536-dimensional vector (write
down the intensities of pixels column by column). “As is,” this
vector is not sparse and cannot be approximated well by highly
sparse vectors. This is what happens when we keep several
leading (i.e., largest in magnitude) entries and zero out all other

entries:

2.38



50 100 150 200 250

1% of leading entries kept

100 150 200 250

10% of leading entries kept

100 150 200 250

25% of leading entries kept

50

-----

200

250
100 150 200 250

50% of leading entries kept




However, the image (same as other “non-pathological”
images) is nearly sparse when represented in wavelet
basis:

1% of leading wavelet 5% of leading wavelet
coefficients kept coefficients kept

10% of leading wavelet 25% of leading wavelet
coefficients kept coefficients kept

2.39



& When recovering a signal x. admitting a sparse (or
nearly so) representation Bus in a known basis B from
observations
y = Azx + &,

the situation reduces to the one when the signal to
be recovered is just sparse.
Indeed, we can first recover sparse u. from observations

y = Az, + & = [ABJu. + €.
After an estimate ©w of w, is built, we can estimate z. by Bu.
= In fact, sparse recovery is about how to recover
a sparse n-dimensional signal x from m < n observa-
tions

y = Azxy + €.
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(?) How to recover a sparse (or nearly so) n-
dimensional signal z from m < n observations
y=Axs+E£ 7
& To get an idea, consider the case when xx is exactly
sparse — has s < n nonzero entries — and there is no
observation noise:
y = Axx

e If we knew the positions iq, ...,1is of the nonzero entries in
xrx, We could recover x4 by solving the system with just
s unknowns:

y = [A,L-l, ...,Ais} : [:Uz-l; e xis} )
When s < m (which, with s <« n, still allows for
m < n), we would get over-determined system of lin-
ear equations on the nonzero entries in x. Assuming
A "non-pathologic,” so that every s < m columns of
A are linearly independent, (!) has a unique solution
which can be easily found.
But: We never know in advance where the nonzeros in x are
located!
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(?) How to recover a sparse (or nearly soO) n-
dimensional signal x from m < n observations
y=Axs+& 7
& A straightforward way to account for the fact that
we never know where the nonzeros in xx stand, is to look
for the sparsest solution to the system y = Ax. This
amounts to solving the optimization problem
mingnnz(xz) s.t. y = Ax (H
e Nnz(x): # of nonzero entries in x.
e It is easily seen that if x« Is s-sparse and every 2s
columns in A are linearly independent (which is so when
2s < m, unless A is pathological), then x. is the unique
optimal solution to (!), and thus our procedure recovers
xx exactly.
But: nnz(z) is a bad (nonconvex and discontinuous)
function, so that (!) is a disastrously complicated
combinatorial problem. Seemingly, the only way to
solve (1) is to use brute force search where we test
one by one all collections of potential locations of
nonzero entries in a solution. Brute force is com-
pletely unrealistic: to recover s-sparse signal, it would
require looking through at least
N = (ﬁl) — (3—1)!(7@!—34-1)!
candidate solutions.
e With s =17, n =128, N is as large as 1.49 1021
e with s = 49.n = 1024, N is as large as 3.94 - 1084
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(?) How to recover a sparse (or nearly so) n-
dimensional signal x from m < n observations
y=Axs+& 7
e Solving problem
ming nnz(x) s.t. y = Ax (H
would yield the desired recovery, but (!) is heavily
computationally intractable...
& Partial remedy: Replace the difficult to minimize ob-
jective nnz(#) with an “easy-to-minimize” objective,
specifically, with ||0]|1 = >2;|0;|, thus arriving at ¢;-
recovery
T =argming {>; |z;| : Ax =y = Az} (1)
& Observation: (!!) is just an LO program!
Indeed,
e the constraints in (!!) are linear equalities.
e |r;| = max[zx;, —x;], so that the terms in the objec-
tive can be “linearized.”
& The LO reformulation of (I1) is
mln{zjz]' Ar = y,2j > Tj,25 > x]Vj<n}
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e In the noiseless case, ¢1 recovery is given by
T = argming {>; |z;| : Az =y := Az}
® When the observation y is noisy:
y=Azs +¢§
the constraint Ax = y on a candidate recovery should
be relaxed.
e When we know an upper bound § on some norm ||£|| of
the noise &, a natural version of £1 recovery is
T € Argming {32; [x;] 1 [|Az —yl| < 6} (%)
Note: When |[£|| = |||l = max;|§| (“uniform
norm”), (x) reduces to the LO program
—2;<z;<z;,1<j<nm }
y; — 6 < [Az]; <y; +0,1 <i<m
e When the noise ¢ is random with zero mean, there are
reasons to define ¢1 recovery by Dantzig Selector:
& € Argming {3 |zi] © |Q(Az — y)loo < 6}
with M x m contrast matrix () and 6 > O chosen accord-
ing to noise’s structure and intensity. This again is
reducible to LO program, specifically,
. —z. < x:<z:,1<973<n
TNz {Zj < (OAeQul <el<i< M }
e Note: In Dantzig Selector proper, Q = A'".

MiNg 24> ;%
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(?) How to recover a sparse (or nearly sO) n-
dimensional signal x from m < n observations
y= Axx+& 7
(') Use ¢1 minimization
x € Argming {3 |z : ||Az —y|| < 6}

& Compressed Sensing theory shows that under appro-
priate assumptions on A, in a meaningful range of sizes m, n
and spatrsities s, £1-minimization recovers the unknown signal
9
— exactly, when x4 is s-sparse and there is no obser-
vation noise,
— within inaccuracy < C(A)[n + 4]

e 0. Magnitude of noise

e 0s. deviation of x4« from its best s-sparse ap-
proximation
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& Bad news: “Appropriate assumptions on A" are dif-
ficult to verify
Partial remedy: there are conservative verifiable suffi-
cient conditions for “appropriate assumptions.”
& Good news: For A drawn at random from natural distribu-
tions, “appropriate assumptions” are satisfied with overwhelm-
ing probability.
e E.g., when entries in m X n matrix A are, indepen-
dently of each other, sampled from Gaussian distri-
bution, the resulting matrix, with probability approaching
1 as m,n grow, ensures the validity of ¢; recovery of
sparse signals with as many as

s = O)itn/my
nonzero entries.
& More good news: In many applications (Imaging,
Radars, Magnetic Resonance Tomography,...), signal
acquisition via randomly generated matrices A makes
perfect sense and results in significant acceleration of
the acquisition process.
In these applications, signals of interest are sparse in
properly selected bases
= With accelerated acquisition, no information is lost!
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How it works:
Sparse recovery via Dantzig Selector
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What Can Be Reduced to LO?

& VWe have seen several examples of optimization pro-
grams which can be reduced to LO, although in its orig-
inal “maiden” form the program is not an LO one. Typical
“maiden form’” of a MP problem is

max  f(x)

(I\/IP); rxe X CR"?
X={reR":g(x) <0,1<i<m}

In LO,
e T he objective is linear: cix1 + ... + cnan
e [ he constraints are affine:
gi(z) = a;171 + ... + ajpxTn—b;
& Recall: Every MP program is equivalent to a pro-
gram with linear objective.
Indeed, adding slack variable t, we can rewrite (MP)
equivalently as

max cly:=t,

y=|[z;t]eY
Y = {[z;t] : g;(x) <0,t— f(z) <0}

= Wwe can assume from the very beginning that the objective
in (MP) is linear: f(z) = ¢! .
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max clz
(MP) : re X CR"

X={reR":g(x) <0,1<i<m}
& Definition: A polyhedral representation (p.r.) of a
set X C R" is a representation of X of the form:

X ={x:3Jw: Pr+ Quw < r},

that is, a representation of X as the a projection onto
the space of z-variables of the polyhedral set
XT = {[z;w] : Pr 4+ Qw < r}
in the space of x,w-variables.
& Observation: Given a p.r. of the feasible set X of (MP),
we can pose (MP) as the LO program
max {ch . Pr+ Quw < r}.

[x;w]
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& A polyhedral representation (p.r.) of a set X C R"
IS a representation of X of the form:
X={z:3w: Px+Quw<r}
& Examples of polyhedral representations:
e Theset X ={xcR":>,|zr;] <1} admits the p.r.
—w; < x; < wy,
X={KzeR":JweR": 1 <i<n,
>iw; <1

e The set
X = {az € R® : max[x1,zo, 23] + 2 max[xy, rs5, z6]
<z1—x+ 5}
admits the p.r.

6 5 T < wi,r2 < wi,r3 < wi
X =A{zxzeR”:dweEeR”: x4 <wo,x5 <wo,x < wWn
w1 + 2wz < x1 — 26+ 5
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Whether a Polyhedrally Represented Set
is Polyhedral?

& Question: Let X be given by a p.r.:

X ={zeR":Jw: Pr+ Quw <r},

that is, as the projection of the solution set

Y ={[z;w] : Pr+ Quw < r} (%)

of a finite system of linear inequalities in variables x, w
onto the space of z-variables.

Is it true that X is polyhedral, i.e., X is a solution set
of finite system of linear inequalities in variables x only?
Fact: Every polyhedrally representable set is polyhedral.
Proof is given by the Fourier — Motzkin elimination scheme
which demonstrates that the projection of the set (x)
onto the space of z-variables is a polyhedral set.
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Y ={[z;w] : Pr+ Qw <r}, w = [wy; ..., wm] (%)

Elimination step: eliminating a single slack variable.
Given set (%), assume that m > 0, and let YT
be the projection of Y on the space of variables

Ly WTyeeeyWy—1 -
Y+={[:B;w1;...;wm_1] C Jwm,  Pr+Quw <r} (1)
We want to prove that YT is polyhedral.
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To get the idea, let us look at numerical example:

2z1 —zp +wi; < 9 (a) |
r1 +6xzx —wy; < 5 (b)
Y =< [x1;20;,w1] : 321 x5 < ©6 (c) ¢
r1 —Tzp —wip < —8 (d)
501 —6x> +wi; < 1 (e) )

\ =
Question: What the constraints say about w17
e Constraints (a), (e) where the coefficients at w; are positive

upper-bound wi in terms of the remaining variables. They read

w1 <9 -2z + 22
wi; < 1—5x1 4 622

e Constraints (b), (d) where the coefficients at w; are negative

lower-bound w1 in terms of the remaining variables. They read
wy > —5+ x1 + 6xo
w1 > 8+ x1 — Txo

e Constraint (¢) where the coefficient at w; is zero ‘“says noth-
ing” about wi. It reads 3z1 + 22 < 6

Question: When [z1; xo] belongs to the projection of Y onto
the x-space?

< When [x1; z2] can be augmented by properly selected wq
to satisfy the constraints defining Y ?

Answer: This is the case iff [x1; x>] satisfies the black in-
equality and there is “enough room” for wq between the red
upper bounds and green lower bounds on the variable.

(!) The latter takes place iff every green lower bound is < ev-
ery red upper bound..
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)

2r1 —xo Fwi < 9  (a)
r1 +6x> —w; < 5 (D)

Y =< [x1;20;,w1] : 321 x5 < ©6 (¢) ¢
r1 —Tzp —wip < —8 (d)

\ 51 —6z2 4wy < 1 (e) |
IS equivalent to
wy, <9 —2x1 4+ x> wy > —5 4+ x1 + 629
w1 <1—-—5x1+4+6x> " | w1 >28+x1 — T

3xr1 +x0 <6
e In order for x = [x1; x>] tOo be in the projection of Y
onto the z-space, x should satisfy the black inequality
and make every green lower bound on wi to be <
every red upper bound on wj.
= T he projection of Y on the z-space is given by the
system of linear inequalities

3z1 +x2 < 6,
—5421+06x < 9—2x1 4 9,
—5—|—ZC1 —|—6CB2 S 1 —5x1—l—6x2,

S+x1 —Txo < 9—2x1 4 x9,
8+x1 —Txo < 1—5x1+4 62>
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Y ={[z;w] : Pr+ Qw < r}, w = [wy; ...; wm] ()

Elimination step: eliminating a single slack variable.
Given set (%), assume that m > 0, and let YT
be the projection of Y on the space of variables
Ly, WYy eeeyWi—1 -

Y+={[:c;w1;...;wm_1] Cdwy  Pr4+Quw <7} (1)

To prove that YT is polyhedral, we use exactly the
same approach as in Example:

e We split the inequalities p/z 4+ ¢lw <7, 1 <3 < T
defining Y into three groups:

e black — the coefficient at wy, is O

e red — the coefficient at wm iIs >0

e green — the coefficient at wy, is <0
Then

Y = {[z;w] € R"T™:
a,b-ch + b;-r[’wl; v wm—1] < ¢, 1 is black
Wy, < aZT:C + bZ-T[wl; ) Wm—1] + ¢, 1 is red
Wiy, > a;-[‘a: - b;jw[wl; i Wm—1] + ¢, 1S green}

vyt = {[:c; W1 Wy 1]
al'x 4+ bl [w1;...;wm_1] < ¢, i is black
aZa: + bg[wl; e Wi —1] + cu

>alz+ bl [wyr .. wy_1] +
whenever 4 is red

and v is green}

— YT is polyhedral.
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e \We have seen that the projection

YT = {lx; w1;...; wpm—1] : Fwm : [x;w1;...;wm] € Y}

of the polyhedral set Y = {[z,w] : Pz + Quw <r} is
polyhedral. Iterating the process, we conclude that
the set X = {z: Jw : [x,w] € Y} is polyhedral, Q.E.D.

& Given an LO program
_ T,.. .
Opt_mxax{c a:.A:cgb}, @)

observe that the set of values of the objective at fea-
Sible solutions can be represented as

T ={teR:3z: Az <b,cle—t=0}
={t€R:Elaf:Aacgb,cTacgt,chzt}

that is, T is polyhedrally representable. By Theorem,
T is polyhedral, that is, 1' can be represented by a
finite system of linear inequalities in variable t only. It
immediately follows that if'T" is nonempty and is bounded
from above, T has the largest element. Thus, we have
proved

Corollary. A feasible and bounded LO program admits an
optimal solution and thus is solvable.
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T ={tcR:3z: Az <b,clz—t=0}
={tER:EIx:Aa;gb,chgt,chZt}

& Fourier-Motzkin Elimination Scheme suggests a fi-
nite algorithm for solving an LO program, where we
e first, apply the scheme to get a representation of T
by a finite system S of linear inequalities in variable ¢,
e second, analyze S to find out whether the solution
set is nonempty and bounded from above, and when
it is the case, to find out the optimal value Opt € T
of the program,

e third, use the Fourier-Motzkin elimination scheme
in the backward fashion to find x such that Az < b
and c¢l'z = Opt, thus recovering an optimal solution
to the problem of interest.

Bad news: The resulting algorithm is completely im-
practical, since the number of inequalities we should
handle at a step usually rapidly grows with the step
number and can become astronomically large when
eliminating just tens of variables.
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Polyhedrally Representable Functions

& Definition: The domain Dom f of a function f(x) is the
set of all points x where the value of f is well defined.

e In general, description of Domf is a part of the de-
scription of f.

e When f(x) is given by analytical expression, Domf
by default is the set of all values of x where the expres-
sion makes sense.

For example, by default

e f(x) =+/x = Domf ={x €R:x >0} (honnegative
ray)

e f(x) =sin(x) = Domf =R (real axis)

o f(x1,....,2n) = \/:13%—|——|—:c% = Domf = R" (n-
dimensional space)
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& Definition: Let f be a real-valued function with Dom f C
Epi{f} ={[x;t] e R" xR :x € Domf,t > f(x)}.

R™. The epigraph of f is the set

f(z)]

e magenta domain: epigraph of f — set of pairs [z;t>f(x)]

e bold magenta curve: graph of f — set of pairs [z;t
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Epigraph of real-valued function f(-) with domain
Domf C R" is the set

Epi{f} ={[z;t] e R" xR : 2z € Domf,t > f(x)}.

Definition. A polyhedral representation of Epi{f} is
called a polyhedral representation of f. Function f is
called polyhedrally representable, if it admits a polyhe-
dral representation.
Quiz: Among the functions below, which are polyhe-
drally representable?

f(x) 09
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& Observation: A Lebesque set
{x € Domf : f(x)<a}
of a polyhedrally representable function is polyhedral, with a
p.r. readily given by a p.r. of Epi{ f}:
Epi{f} ={lz;t] : Fw: Pr+itp+ Quw <r} =

{:U: fc(i)Dfr:f } ={x:Jw: Px+ap+ Quw < r}.
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Examples:

e The function f(z) = 1r2a<xl[oz,iTa: + B;] is polyhedrally
_Z_

representable:

Epi{f} ={[z:t]:ala+ 8, —t<0,1<i<I}

e Extension: Let D = {x : Az < b} be a polyhedral set

in R™. A function f with the domain D given in D as

f(x) = 1n<1a<xj[ozz-T:B + ;] is polyhedrally representable:
_7’_

ey R T R
Epi{fi={[z;t] iz € D,t > 1r2ia§xlozz- T+ 3;} =

{[z;t] Az < b, o)z —t+B,<0,1<i<ITI}.

In fact, every polyhedrally representable function f is of the
form stated in Extension.
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Calculus of Polyhedral Representations

& In principle, speaking about polyhedral representa-
tions of sets and functions, we could restrict ourselves
with representations which do not exploit slack vari-
ables, specifically,

e for sets — with representations of the form

X ={z e R": Az < b};
e for functions — with representations of the form
Epi{f} = {[z;t] : Az < b,t > max ol z + §;}
1<i<I
& However, ‘‘general” — involving slack variables —
polyhedral representations of sets and functions are
much more flexible and can be much more “compact”

that the straightforward — without slack variables —
representations.
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Examples:
e The function f(z) = ||z||1 = X |z - R" = R
admits the p.r.
—w; < x; < wy,
Epi{f} = <{[z;t] : Jw € R": 1<1<n
diw; <t
which requires n slack variables and 2n + 1 linear in-
equality constraints. In contrast to this, the straight-
forward — without slack variables — representation
of f

- _ Cq1 - Z?’;l €x; <t
Epitf) = {[x, t: V(ep = %1, ...,en, = £1)
requires 2" inequality constraints.
e The set X, = {x ¢ R": ) ; max[z;,0] <1} admits
the p.r.

Xn={x€eR":3w:0 < w, xigini,Zwig 1}
i
which requires n slack variables and 2n + 1 inequality
constraints.

Quiz: How to represent X3 by linear constraints in
variables x1, x>, x3 only?
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n={r € R":>" ; max[z;,0] <1}

Fact: Every straightforward — without slack variables
— p.r. of X, requires at least 2" —1 linear constraints.
A representation of X,, by 2™ — 1 constraints in z-
variables is

Xn:{:cERnIZ$Z'§ 1, (Z)#IC{l,...,n}}
el
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& Polyhedral representations admit a kind of sim-
ple and “fully algorithmic’” calculus which, essentially,
demonstrates that all convexity-preserving operations
with polyhedral sets produce polyhedral results, and
a p.r. of the result is readily given by p.r.'s of the
operands.
® Role of Convexity: A set X C R" is called convex,
if whenever two points x,y belong to X, the entire
segment [x,y] linking these points belongs to X.
e Segment [z,y] with endpoints z,vy is built of the
points

2N =z4+ANy—z] =02 -Nz+ Ay, 0< A< 1
we can reach when shifting x by a fraction X € [0, 1]
of the vector y — x:

= Analytically, convexity of a set X C R"™ means that
V(iz,y € X, A€ [0,1]) :
r+AMy—z)=(1-Nor+ye X"
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Quiz: Here are two closed contours in 2D plane:

contour A contour B

Fill the table

Set convex [Y/N]

contour A
domain inside A,
A included
domain inside A,
A excluded
what is outside
of A, A included

contour B
domain inside B,
B included
domain inside B,
B excluded
what is outside
of B, B included
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& A function f: Domf — R is called convex, if its epi-
graph Epi{f} is a convex set, or, equivalently, if the

domain Domf of f is a convex set, and
xz,y € Domf, \ € [0, 1]

=f((1 =Nz +Ay) < (1 =) f(z) + Af(y).
e Geometrically: Convexity of f means that Domf is

convex, and for every pair a € Domf, b € Domf, the
restriction of f on the segment [a, b] is dominated by the se-
cant — the linear function on [a, b] with the same values at the
endpoints as those of f

-
NUTRERNY
AN} Al

convex function nonconvex function

& Function f is called concave, if — f Is convex.

2.68



Fact: A polyhedral set X = {x : Ax < b} is convex. In
particular, a polyhedrally representable function is convex.
Indeed,
Ar < b, Ay <b,A>0,1—-X>0
A1l =Nz < (1 =X
Ay < b
= A[(1 —XNz+ \y] <b
Consequences:
e lack of convexity makes impossible polyhedral
representation of a set/function,
e consequently, operations with functions/sets al-
lowed by “calculus of polyhedral representability’” we
intend to develop should be convexity-preserving op-

erations.
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Calculus of Polyhedral Sets

& Raw materials: X = {z ¢ R” : o’z < b} (when a # 0,
or, which is the same, when the set is nonempty and
differs from the entire space, such a set is called half-

space)

N

Half-plane alz := [2: 4] [z1; 20] < 1

e boundary line is given by equality [2; 4] [z1; zo]=1
e vector a = [2; 4] is the outward normal to the bound-
ary line of the half-plane

Quiz: Where the boundary of the half-plane intersects
the coordinate axes?
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& Calculus rules:

S.1. Taking finite intersections: If the sets X; C R",
1 <1 < k, are polyhedral, so is their intersection, and a p.r.
of the intersection is readily given by p.r.’s of the operands.
Indeed, if

X;={zeR":Jw': Pz 4+ Qu' <r},i=1,..k,

then
k .
R 1l k. Prx+ Q' <y
Z.Lle,L—{x.Elw—[w ow'] 1<i<hk [

which is a polyhedral representation of ﬂXz'-
1
Warning: Taking the union of sets does not preserve convex-

ity
= The union of several polyhedral sets is, in general, non-
polyhedral (and even non-convex)
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S.2. Taking direct products. Given k sets X, C R",
their direct product X1 x ... x X, is the set in R+ +7
comprised of all block-vectors = = [z1;...:2F] with
blocks z! belonging to X;, i =1, ..., k.

Example: The direct product of £ segments [—1,1] on
the axis is the unit k-dimensional box {z € RF : —1 <
Xy S 1, 1= 1, ,k}

If the sets X; C R", 1 < ¢ < k, are polyhedral, so is their
direct product, and a p.r. of the product is readily given by p.r.’s
of the operands.

Indeed, if

X;={z' eR%: ' : Pz’ + Qu' <nr;},i=1,..k,
then

X1 X ... X X
— {w = [z1; .. 2% Jw = [wl; .. wF]

Pzt 4+ Qu' < ry, }
1<:<k )
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S.3. Taking affine image. If X C R" is a polyhedral set
andy = Ax+b : R"™ — R"™ [s an affine mapping, then the set
Y =AX+b:={y=Az+b:x € X} CR"™ is polyhedral,
with p.r. readily given by the mapping and a p.r. of X.
Indeed, if X ={z: 3w : Px+ Qw < r}, then

Y ={y:3dz,w]: Pr+ Qw < r,y= Az + b}

B | . 1. Pr+Quw <,
_{y.ﬂ[az,w]- y_Ag;gb,Aa:—yS_b}

Since Y admits a p.r., Y is polyhedral.

2.73



S.4. Taking inverse affine image. If X C R" is polyhe-
dral, and x = Ay + b : R™ — R" js an affine mapping, then
the setY = {y e R™ : Ay + b € X} C R™ is polyhedral,
with p.r. readily given by the mapping and a p.r. of X.
Indeed, if X ={z: Jw: Pxr+ Qw < r}, then

Y = {y:3w: PlAy+b] + Qu < r}
= {y: Jw : [PAly + Quw < r — Pb}.
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S.5. Taking arithmetic sum: Ifthesets X; C R", 1 <<
k, are polyhedral, so is their arithmetic sum X1 + ... + X, :=
{lr=x1+ ...+ :x; € X;,1 <1<k}, and ap.r. of the
sum is readily given by p.r.’s of the operands.

Indeed, the arithmetic sum of X, ..., X is the image of
X1 %...x X under the linear mapping [z1;...; 2] — 214+
..+ :z:k, and both operations preserve polyhedrality.
Here is an explicit p.r. for the sum: if X; = {x: Fw?
Pz + Q' <r;}, 1 <i<k, then

X1+ ...+ X | |
Pix' + Qw" <y,
=z 3zt 2k wl Wk 1 <:<k, ;,
xzz,]le x"

and it remains to replace the vector equality in the
right hand side by a system of two opposite vector
inequalities.
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Calculus of Polyhedrally Representable
Functions

& Preliminaries: Arithmetics of partially defined func-
tions.

e a scalar function f of n variables is specified by in-
dicating its domain Dom f— the set where the function
is well defined, and by the description of f as a real-
valued function in the domain.

When speaking about convex functions f, itis very con-
venient to think of f as of a function defined everywhere on R"
and taking real values in Dom f and the value +oc outside of
Domf.

With this convention, f becomes an everywhere defined func-
tion on R™ taking values in R U {4-oc0}, and Dom f becomes
the set where f takes real values.
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& In order to allow for basic operations with partially
defined functions, like their addition or comparison,
we augment our convention with the following agree-
ments on the arithmetics of the “extended real axis”
R U {4o0}:

e Addition: for a real a, a + (+00) = (+o0) 4+ (F+0) =
~+00.

e Multiplication by a nonnegative real \: X\ - (+o00) = +o0
when A > 0, and 0 (4o0) = 0.

e Comparison: for a real a, a < +o0o (and thus a < 400
as well), and of course +oco < +c0.

Note: Our arithmetic is incomplete — operations like
(4+00) — (4o0) and (=1) - (+o0) remain undefined.
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& Raw materials: 7(z) = o’z + b (affine functions)
Epi{a’z +b} = {[z;t] :a'z+b—t <0}

& Calculus rules:
F.1. Taking linear combinations with positive coeffi-

cients. If f; : R® —- RU {+o0} are p.rf’s and \; > O,
1 < i <k, then f(z) = XF_1 N\ifi(x) is a p.r.f.,, with a p.r.
readily given by those of the operands.
Indeed, if

{[z;t] -t > fi(2)} |

= {lz;t] : W' : Pz +tp; + Qw' <7}, 1 < i <k,
then

{[z;t] 1t > Nifi(x)}

_ 1. 2 fi(z),1 <i <k,
— [$1t] . Eltl""’tk ) Zi)\iti <t

= |z t| : Ftq, ..., ¢ wl. ... wk:
[ ] 1,9 bk RREE

Pz + t;p; + Qw < 1y,
1§i§k,}

DAt <t
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F.2. Direct summation. Iff; : R™ - RU {40}, 1 <i <
k, are p.r.t.’s, then so is their direct sum

k
f(lzh 2 = Y fi(@h) R T% 5 RU {400}

i=1
and a p.r. for this function is readily given by p.r.’s of the
operands.
Indeed, if

{lz;t] 1 t > f;(a)} |
= {[z% t] : 3w': Pz' +tp; + Qiw' < r;}, 1 <i <k,

then
{[z1; .2kt > 8 fi(a)}

( t; > fi(zk),
= [zl akit] T, .t 1<i<Kk,

it <t

= I[acl; Loakit] 3y, e, wl L wE

Pzt 4 t;p; + Qiw' < 7, }

1<i<k,
it <t
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F.3. Taking maximum. Iff; : R" — RU{+4o0} are p.r.f’s,
so is their maximum f(x) = max|[fi(x),..., fr(x)], with a
p.r. readily given by those of the operands.

Indeed, if

{[z;t] 1t > fi(2)} |
= {[z;t] : Fw' : P +tp; + Qw" < r;}, 1 <1i <k,

then

{[z;t] : t > max; fi(z)} |
_ {[az;t] ul,.ub: PO QS }
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F.4. Affine substitution of argument. Ifa function f(x) :
R™ - RU{+oo}isap.rf andz = Ay+0b: R™ — R" s an
affine mapping, then the function g(y) = f(Ay +b) : R™ —
R U {+4o0} is a p.r.f., with a p.r. readily given by the mapping
and ap.r. of f.
Indeed, if

{[z;t] 1t > f(2)}

= {[z;t] : Fw : Pr+tp + Quw < r},
then

{[yst] 1t > f(Ay +b)}

= {[y;t] : Jw : P[Ay 4+ b] +tp + Qw < r}
= {ly;t] : Fw : [PAly + tp + Qw < r — Pb}.
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F.5. Theorem on superposition. Let
e fi(x) : R" - RU{+4o0} be p.r.f’s, and let
o F(y) : R™ — RU{+oc0} be a p.r.f. which is nondecreasing
w.r.t. every one of the variables y1, ..., ym. Then the superpo-
sition

o) — { F(f1(2), ., fm(@)), fi(w) < +oo¥i

+ o0, otherwise

of F and f1, ..., fm is a p.r.f., with a p.r. readily given by those
of f; and F'.
Indeed, let

{[z;t] 1t > fi(2)} |

= {[z; t] : Fw": Pix + tp + Q;w" < r;},
{ly;t] -t > F(y)}

= {[y;t] : 3w : Py +tp+ Quw < r}.

Then
{[ei1] 1t > g(2)}
y; > fi(x),
=z t] iy, s ym 1<i<m,
(*) \ F(ylvaym) S t

1 <1< m,

Py+itp+Quw<r
where (*) is due to the monotonicity of F'.

Pz + y;p; + Qiw* < 1y, }
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Note: if some of f;, say, fi,..., fi, are affine, then the
Superposition Theorem remains valid when we require
the monotonicity of F' w.r.t. the variables yi41,...,ym
only; a p.r. of the superposition in this case reads

{[z;t] -t >g(x)}
— {[aj;t] : Hyk+1---,ym :

F(fl(x)a"'7fk(x)7yk—|-17"'7ym) <t

= {[x;t] CFyq, e ym, wETL ™ w
yi = fi(z), 1 <i <k,
Pix + yip; + Qiw* < 1y,
E+1<i<m, [
Py+itp+ Quw <r

and the linear equalities y; = f;(x), 1 <1i <k, can be
replaced by pairs of opposite linear inequalities.
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Fast Polyhedral Approximation
of the Second Order Cone

& Fact: The canonical polyhedral representation X =
{x € R™: Az < b} of the projection

X={z:3w: Px+Quw <r}

of a polyhedral set XT = {[z:w] : Pz + Quw < r}
given by a moderate number of linear inequalities in
variables x,w can require a huge number of linear in-
equalities in variables x.

Question: Can we use this phenomenon in order to
approximate to high accuracy a non-polyhedral set
X C R"™ by projecting onto R"™ a higher-dimensional
polyhedral and simple (given by a moderate number of
linear inequalities) set X 7
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& The outlined possibility does exist when X is the
Lorentz (a.k.a. Second Order, a.k.a. Ice-cream) cone —
the epigraph of the Euclidean norm:

L't = {[z;t] e R xR : ¢ > ||z 2}

“lce-cream” cone L3
Note: Cross-sections of L7 T1 by planes t = const = R
are Euclidean balls

By ={z € R": ||lz]|» < R}
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Theorem: For every n and everye, 0 < € < 1/2, one can
point out a polyhedral set LT given by an explicit system of
homogeneous linear inequalities in variables x € R", t € R,
w € Rk:

L+={[m;t;w]:P;U—|—tp—|—Qw§O} (N

such that

e the number of inequalities in the system (= 0.7nIn(1/¢))
and the dimension of the slack vector w (= 2n1n(1/¢e)) do not
exceed O(1)nIn(1/e)

e the projection

L={[z;t] : Jw: Pz + tp + Quw < 0}

of LT on the space of x, t-variables is in-between the Second
Order Cone and (1 + ¢)-extension of this cone:

L+l o= {[z;t] e R*T1 : |jz|o <t} C L
C LT = {[z;t] e R*TL : ||z]ln < (1 + et}
In particular, we have

B%C{LEZEI’LUIPQ?-I-}?—I—Q’LUSO}CB%_FE
By ={z cR":|zfl2 <7}
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Note: When ¢ = 1.e-17, a usual computer does not
distinguish between r =1 and »r = 1 + €. Thus, forall
practical purposes, the n-dimensional Euclidean ball ad-
Mmits polyhedral representation with ~ 79n slack vari-
ables and ~ 28n linear inequality constraints.
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& With fast polyhedral approximation of the cone
LTl = {[z;¢] € R*T1 : ||z|l» < t}, Conic Quadratic Op-
timization programs

mgx{cTa: Az —billa <clz+d;, 1<i< m} (CQI)

“for all practical purposes’ become LO programs.
Note that numerous highly nonlinear optimization
problems, like

minimize ¢!’z subject to
Ax = b
x>0
8 1/3 1/7 2/7 3/7 1/5,2/5_1/5
<,z |xz-3) <z x5 + 227w xg
2

512 > 12 5 T 1/3 3 5/8
L1 5’32 Loy X 35’34

Tl T4 3 ~ 5]

r3 g
exp{xl} -+ 2 eXD{QJ?Q — I3 —+ 4564}
+3exp{xrs + 26 + x7 +2g} < 12
can be in a systematic fashion converted to/rapidly ap-
proximated by problems of the form (CQI) and thus

“for all practical purposes”’ are just LO programs.
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Building Fast Polyhedral Approximation

& Goal: To nearly represent by linear inequalities the
set

LTl = {[xq; .. a0 t] \/:c% + .otz <t
that is, to find a polyhedrally represented set

[ = {[x = [z1;...;xn; t] : Fw : Px 4+ tp + Qw < 0}
such that

"t c Lt
L?’_I_l = {[x1;...;zn; t] : \/a:% T ac,,% < (1+e)t}

e ¢ > (0: given tolerance.
& Observation: /i suffices to solve our problem whenn = 2.
Reason: Inequality \/x%—l——l—x% < t can be repre-
sented by a system of similar inequalities with 3 vari-
ables in each.
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Example: To represent the set
LS = {[z;t] € R®: /o + a3 + ..+ 22 < t},

by a system of constraints of the form /p? + ¢2 < r,
we

& add to z,t variable w1 and write down the system

\/:Uﬁ -+ :1:% < wi, \/x% -+ :I:% + x%—l—w% <t
e the system does represent L® — the projection of its solution set

on the space of x,t-variables is exactly L°

e the ‘“sizes” (# of variables involved) of the constraints in the
system are < 5, while the size of the constraint in the original
description of L® was 6.

® add to =z,t,wy variable w, and write down the sys-
tem

Vg + 23 < wi, /23 +wl < wa /2l + 23+ ws <t

This system still represents L°, and the maximal size of its con-
straints is 4.
& add to x,t,wq,wo variable w3 and write down the
system

Vg + 28 < wi, /23 + wi Swa, /23 +wh < ws, Ve +ws <t
T his system represents L6, and all its constraints are
of the form /p? + ¢2 < r. We are done.
Note: The above recipe clearly extends from the 6-
dimensional case to the general one. Representing
L"t1 via constraints of the form /p? + ¢? < r requires
n — 2 slack variables and n — 1 constraints.
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Quiz: The number of steps in the above construc-
tion is n — 2. Find an alternative which represents
L™ by n — 1 constraints of the form /p?2+ ¢2 < t
and requires n — 2 slack variables, but takes at most
Ceil(logs(n)) — 1 steps.
& Conclusion: In order to find a tight polyhedral ap-
proximation of

LTl = {[xq; .. an; t] \/a:% + ...+ 2 <t}
we can
e represent the constraint \/x% + ...+ 22 <t by asys

tem of inequalities of the form /p2 4+ ¢2 < r
e replace every one of the resulting constraints by its

tight polyhedral approximation.
Note: We should account for “accumulation of er-
rors.” This is an easy task...
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Fast polyhedral approximation of
L3 = {[p; q; ] yp VP2 +¢2 <}

“Ice-cream’” cone L3

& Given variables p, qg,r, we choose a positive integer
K, and consider K + 1 points Py,..., P41 on the 2D
plane as follows.
e The first points P; = [uq; v1] satisfies
uy > |pf, v1 2 |

which can be represented by a system of 4 linear con-
straints in variables p,q,uq1, v1.
e The relation between P, = [ug,v;] and Pyyq =
[uk_|_1; Uk—l—l] is as follows.

e we rotate P clockwise by the angle ¢, = 5770,
thus getting a point Q.

e we reflect Q. w.r.t. the u-axis, thus getting point
Q)

e we impose on Py 1 = [ugy1;vip41] the restriction
to belong to the vertical line passing through @, and
Q). and to be not lower than Qj and Q).
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APy

u

Q)

® Note: Relations between P, = [ug;v;] and Py =
[up41; vp+1] amount to a system of linear constraints

Uk+1

Vk+1

Vk+1

'V

>

cos(pg)uy, + sin(og) vy

right hand side: u-coordinate of Q; and Q)

—sin(¢p)uy + cos(og)vy

right hand side: v-coordinate of Qy

Sin(@y)ur, — COS(Pg) vy,
right hand side: v-coordinate of Q)

in variables Uk, Vs Wt-15 V41 -
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& Let us write down all built so far constraints on
original and slack variables

uy > p

uy > —p

v1 2> ¢q

v2 2 —q
Up+1 = COS(¢r)ur + Sin(or) vy
Vg1 > —Sin(ér)ur + cos(dr) v
Vg1 > Sin(¢r)ur — cos(or) vy

k=1,.... K

and augment this system by the requirement for Py 1
to be close to the segment [0, r] of the wu-axis:
O<ugy1 <7 0<vgyq < tan(og)-r
Observation 1: When p, q,» can be augmented by properly
selected u’s and v's to satisfy the above constraints, we have

VP2 + a2 < /14 tan2(pg)

Indeed, by the above constraints on p, g,r and the slack variables,

the points P, = [uy; vi] satisfy

Ilp;glll2 < [[Pill2 < .o < [[Pr+all2 = \/U%{H + 02, <ry/1+ tan?(¢x).
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uyp > p

uy > —p

v1 > ¢

v2 2> —q
Up+1 = COS(¢r)ur + Sin(op) vy
Vg1 > —Sin(¢r)ur + Cos(Pr)vx
Vg1 > Sin(¢r)ur — cos(oy) vy

| k=1, .. K

0<ugq1<r 0<wvgq: < tan(¢g) - -r

Observation 2: When /p? + ¢2 < r, p,q,r indeed can be
augmented by u's and v’s to satisfy our constraints.

This combines with Observation 1 to imply that the
projection of the polyhedral set given by our constraints onto
the space of p, q,r variables is in-between the L3 and L3K,
with

o = 1+ tan?(¢g) — 1
2
\/1 + tan? (2;“) — 1< 5o

= To make 6 < €, we need just O(1)In(1/e) slack vari-
ables and linear constraints!
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Ui Z p,u1 Z —p

V1 > q,v2 2 —(q
Up4+1 = COS(@r)ur + Sin( o) v (%)
Vi+1 > — Sin(gbk)uk + COS(qbk)vk k=1,....K
V41 > SiN(@p)ur — COS(r) vk

0 <ug41<r 0<wvgy < tan(eg)-r

Observation 2: When /p? + ¢2 < r, p,q,r indeed can be
augmented by u’s and v’s to satisfy (x).

& To justify Observation 2, let us augment p, g with
u's and v's which “rigidly” satisfy the magenta con-
straints, specifically, let us set u1 = |p|, v1 = |q|, and
let P41 be the “highest” of the points Qp, Q}:

|
T

= Qk Prt1|= Q)
/Q

Pk

Then
r>\p?+q¢°=|[pdlle= Pl = ... = [|Pk+1ll2
and the angle between Py, 1 and the nonnegative ray of the
u-axis does not exceed ¢y, = it
= P41 = [ug41,vK41] indeed satisfies
0< UK 41 <rand 0 < VK41 < tan(gbK) - T.
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¢ To justify the claim on the angles, observe that
with our “rigid” construction of Py, ..., P41,

e P lives in the first quadrant, and P> is obtained
from P; by rotating clockwise by the angle ¢1 = n/4
(and, perhaps, reflecting the result w.r.t. the wu-axis
to bring it to the first quadrant).

After rotation, the angle between the point and the u-
axis does not exceed w /4, and reflection, if any, keeps
this angle intact

= P lives in the first quadrant and makes angle at most
$1 = w/4 with the u-axis

= P3, which is obtained from P> by rotating clock-
wise by the angle ¢» = n/8 (and, perhaps, reflecting
the result w.r.t. w-axis to bring it to the first quad-
rant), lives in the first quadrant and makes the angle at most
¢ = /8 with the u-axis

= e = P41 lives in the first quadrant and makes angle
at most ¢ = ﬁ with the u-axis.
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& The simplest way to build a polyhedral approxima-
tion of the Lorentz cone is to take the tangent planes
along a "fine” finite grid of generators and to use, as
the approximation, the resulting polyhedral cone:

This approach is a complete failure: the number of
tangent planes required to get an 0.5-approximation
of L™ is at least

N = \/27(m — 2) exp{m/6},
which is > 429,481,377 for m = 100.
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& Approximating sets by projections of higher-dimensional
polyhedral sets we can dramatically reduce the ‘size”
of approximation. For example,

e When approximating the unit 2D circle by a projection of a
higher-dimensional polytope P, we can get approximations as
follows:

e with P given by 12 inequalities in 10 variables
— accuracy 5.e-3, as good as circumscribed polygon
with 16 sides

e with P given by 18 inequalities in 13 variables
— accuracy 3.e-4, as good as circumscribed polygon
with 127 sides

e with P given by 30 inequalities in 19 variables
— accuracy 7.e-8, as good as circumscribed polygon
with 8,192 sides

e with P given by 54 inequalities in 31 variables —
accuracy 4.e-15, as good as circumscribed polygon
with 34,200,933 sides
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& Polyhedral approximation of L™ is basically the
same as polyhedral approximation of m-dimensional
Euclidean ball
m={z eR™: |z]2 < 1}.

There is a less sophisticated way to approximate Eu-
clidean balls by projections of polyhedral sets:
Theorem [Lindenstrauss-Johnson]: For two positive inte-
gers N,n with N > 10n, random n-dimensional projection of

N -dimensional unit box — the set
B={xER”:EIy€RN::U=Ay, —1<y1,..yny <1}

[A: drawn at random from Gaussian distribution]
with probability approaching one as N,n grow, is in-between

two n-dimensional Euclidean balls with the ratio of radii
(1 + O(y/n/N)).

This result has tremendous theoretical implications. However,
— no individual matrices A yielding “nearly round” B are known
(pity! these matrices would be ideally suited for Compressed
Sensing)

Note: Our fast polyhedral approximation is explicit!

— to make B an e-approximation of B,, you need N = O(1/e’)n
Note: With fast polyhedral approximation, you need much
smaller N: N =0(In(1/e))n
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Geometry of a Polyhedral Set

& An LO program max {ch Az < b} is the problem
xR

of maximizing a linear objective over a polyhedral set
X ={x € R" . Ax < b} — the solution set of a finite
system of nonstrict linear inequalities
= Understanding geometry of polyhedral sets is the key to
LO theory and algorithms.
& Our ultimate goal is to understand the following
fundamental
Theorem. A nonempty polyhedral set

X ={xeR": Az < b}
admits a representation of the form

' A >O0Vi )
M N M
X:<$:Z)\ZU1+Z,LL]TJ '21)\7;:1 > (D
=1 j=1 = ,

where v; € R", 1 <+ < M andr; € R", 1 < j5 < N are
properly chosen “generators.”

Vice versa, every set X representable in the form of (1) is
polyhedral.

3.1



3.2

a): a polyhedral set

b): {2221 AU A 2 072?:1 A =1}
c): A{X5—=q myrj ;> 0}
d): The set a) is the sum of sets b) and ¢)

Note: shown are the boundaries of the sets.



0# X ={z cR": Az < b}

i > 0Vi
X = {x=z§”1/\m+z;mw: S on=1 } (1)
p; > 0V
& X ={zeR": Az < b} is an "outer” description of
a polyhedral set X: it says what should be cut off R™
to get X.
& (V) is an “inner” description of a polyhedral set X:
it explains how can we get all points of X, starting
with two finite sets of vectors in R™.
O Taken together, these two descriptions offer a pow-
erful “toolbox” for investigating polyhedral sets. For
example,
e To see that the intersection of two polyhedral sub-
sets X, Y in R" is polyhedral, we can use their outer
descriptions:
X ={{x: Az <b},Y ={z: Bx <c}
= XNY ={x: Az <b,Bxr <c}
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0# X ={z € R": Az < b}

)
' A >O0Vi )
M N M
X = {221 Avi + 25 pyry _Zl ANi=1 0 ()
1=
pj =0V

\

e To see that the image Y ={y=Pxz+p:xz e X} of
a polyhedral set X C R"™ under an affine mapping =z —
Pz + p:R"™ — R™, we can use the inner descriptions:

X is given by (1)

( A; > 0VE )
M N M
=Y =< > N(Pv;+p)+ > /uLjPTjI Yo =1
i=1 =1 i=1
\ pg > 0Vy )
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Preliminaries: Linear Subspaces

& Definition: A linear subspace in R™ is a nonempty subset
L of R™ which is closed w.r.t. taking linear combinations of its
elements:

;€ LNERLILSi<I=Y_ Nr,eL
& Examples:
o L =R"
o L ={0}
o L={xeR":2zq1 =0}
o L={zcR": Az = 0}
e Given a set X C R", let Lin(X) be set of all finite
linear combinations of vectors from X. This set — the
linear span of X — is a linear subspace which contains
X, and this is the intersection of all linear subspaces
containing X.
Convention: A sum of vectors from R" with empty
set of terms is well defined and is the zero vector. In
particular, Lin(()) = {0}.
® Note: The last two examples are ‘“universal:” Every
linear subspace L in R™ can be represented as L = Lin(X)
for a properly chosen finite set X C R", same as can be
represented as . = {x : Ax = 0} for a properly chosen
matrix A.
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Quiz: Consider the set

L={[:131;332;5E3] €R3Z$1—|—£B2—|—5E3:O}

e /s L a linear subspace? If “yes,” how to represent L as a
linear span of finitely many vectors?
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Quiz: Consider the set

LZ{[:Bl;aZQ;CE:g] ER3Z$1—|—ZBQ—|—CIZ3:O}

e /s L a linear subspace? If “yes,” how to represent L as a
linear span of finitely many vectors?

e L is a linear subspace (as the solution set of a system
of homogeneous linear equations).

e Vectors from L are exactly the vectors in R3 with
x3 = —(x1 + o) = Vectors from L are exactly vectors of
the form

[x1; 22, — (1 + 22)] = 21[1,0; —=1] + 25[0; 1; —1]
= L = Lin{[1;0; —-1],[0;1; —1]}.
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& Bases and dimension of a linear subspace
& Let L be a linear subspace in R".
& For properly chosen x1,...,xm, We have
L=Lin({z1,...,xm}) = {Zyél )\Z'CBZ'};
whenever this is the case, we say that x1, ..., zm linearly
span L.
Quiz: Let L = {[:El; o, 2133] . x1 + To + 3 = O}.
e /s it frue that L is spanned by the two vectors
[1;0;-1],[0;1;-1] ?
e /s it frue that L is spanned by the three vectors
[1,0;-1],[0;1;,-1];[-1;0;1] ?
e /s ittrue that L is spanned by the 3 vectors
[1;0;0], [0;1;0], [0;0;1] ?
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Quiz: Let L = {[2131; o, :Ij3] L1+ xo + 213 = O}.

e /s it frue that L is spanned by the two vectors
[1,0;-1],[0;1;-1] ?

Yes: we have seen in the previous Quiz that L =

Lin{[1;0; —-1],[0; 1; —1]}.

e /s it frue that L is spanned by the three vectors
[1,0;-1],[0;1;-1];[-1;0;1] ?

Yes. All three vectors belong to L, so that linear span

of the vectors cannot be larger than L. And since the

linear span of already the first two vectors is the entire

L, the span of all three vectors cannot be smaller than

L.

e /s it true that L is spanned by the 3 vectors
[1;0;0],[0;1;0], [0;0;1] ?

No. If linear span of vectors belongs to L, all these

vectors should belong to L, which is not the case.

In fact, Lin{[1;0;0],[0;1;0],[0;0;1]} = R3:

[x1; x0; 23] = 1 - [1;0;0] + 2 - [0; 1;0] 4+ z3 - [0; 0; 1].
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& Vectors x1,...,zm € R™ are called linearly indepen-
dent, if every nontrivial (not all coefficients are zeros)
linear combination of x4, ..., xm IS @ nonzero vector.
Equivalently: x1, ..., zy, are linearly independent, if the coef-
ficients in a linear combination
are uniquely defined by the value x of this combination.

Quiz:

e Are the two vectors [1;0; —1], [0; 1; —1] linearly indepen-
dent?

e Are the three vectors [1;0; —1], [0; 1; —1]; [-1;0; 1] lin-
early independent?

e Are the 3 vectors [1;0; 0], [O; 1; 0], [0; 0; 1] linearly inde-
pendent ?
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Quiz:

e Are the two vectors [1;0; —1], [0; 1; —1] linearly indepen-

dent?

Yes:

A1[1;0; 1]+ A2[0;1; —=1] =0 & [A1; Ao —A1 = A2] =0
S A1 =X =0

e Are the three vectors [1;0; —1], [0;1; —1]; [-1;0; 1] lin-

early independent?

No. As we know, the third of the vectors is linear

combination of the first two:

[-1;0;1] = (~1)-[1;0;,-1] + O_-[0; 1; —1]

A1 A2
whence
(-1)-[1;0;,-1]+. 0_-[0;1;-1] + (~1)-[-1;0;1] =0,
A1 A2 A3

while not all of \;'s are zero.

e Are the 3 vectors [1;0; 0], [O; 1; 0], [0; O; 1] linearly inde-
pendent ?

Yes.:

A1[1;0;0] + A2[0;1;0] + A3[0;0; 1] =0 & [A1; A2; A3] =0
S A=A =XA3=0
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& Vectors zq,...,zm from L are called a linear basis
of L, if they are linearly independent and linearly span
L.

Equivalently: =x4,...,z, from a linear subspace L form a
linear basis of L, if every x € L is a linear combination of
x1, ..., tm and the coefficients of this linear combination are
uniquely defined by x.

Example: By the above Quizzes, the two vectors

[1;0;-1],[0;1; —1]

form a linear basis of the linear space
L ={[x1; 20, 23] : 1 + 2 + 23 = 0}.
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& Let L be a linear subspace in R".

Facts:

O L admits bases, and all these bases have the same cardl-
nality, called the dimension dim L of L

O Let x4, ..., zm be a collection of vectors from L. The
following properties of x1, ..., xm are equivalent to each
other:

e \ectors xq, ..., xym form a maximal w.r.t. inclusion linearly
independent setin L (i.e., they are linearly independent,
but extending the collection by a vector from L always
yields a linearly dependent collection)

e \ectors xz1,...,xzm are linearly independent and m =
dim L

e \ectors x1,...,xm form a minimal w.r.t. inclusion set
which linearly spans L (i.e., x1,...,zm linearly span L,
and this property is lost when eliminating from the
collection one of its members)

e \ectors x1,...,xm linearly span L and m = dim L

® r1,...,xm form a basis in L
In addition,

e Every collection of linearly independent vectors from L
can be extended to a basis of L

e from every collection of vectors from L which linearly
spans L one can extract a basis of L.
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& Examples:
e dim{0} = 0, and the only basis of {0} is the empty
collection.
e dimR"” = n. When n > 0, there are infinitely many
bases in R", e.g., one comprised of standard basic orths
e; = [0;...;0;1;0;...;0] ("1" in 4-th position), 1 <i <
n.
o L={zcR": 21y =0}=dimL =n—1}. An example
of a basis in L is eo,e3,...,en.
Facts:
O The smaller is linear subspace, the less is dimension: if
LCL' are linear subspaces in R™, then dim L<dim L', with
equality taking place iff L = L/.
= Whenever L is a linear subspace in R"™, we have {0} C
L C R"™ whenceO <dmL <n
O In every representation of a linear subspace as
L ={x e R": Az = 0},

the number of rows in A is at leastn — dim L.

This number is equal to n — dim L iff the rows of A are
linearly independent.
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Quiz: What is the dimension of the linear subspace
L={wER3:azl—|—x2—|—x3=O} ?
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Quiz: What is the dimension of the linear subspace
L={zeR3:2;+ 20+ 23=0}

?

Answer: The dimension is 2.

e First explanation: We have seen that the two vectors

[1;0;—1], [0;1;—1] form a basis in L

e Second explanation: L is cut off R3 by a system of

homogeneous linear equations (single nontrivial — not

all coefficients are zero — equation xq 4+ x> + x3 = 0).

The number of linearly independent equations in the

systemisl = dmL=3—-1=2.
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“Calculus” of linear subspaces
¢ [taking intersection] When L1, L are linear subspaces
inR™, so is the set L1 N L».

Extension: The intersection () Lo of an arbitrary
aceA
family {La}aoeq Of linear subspaces of R" is a linear

subspace.
O [summation] When L4, Lo are linear subspaces in R",
SO Is their arithmetic sum
Ll—I—LQZ{CC:u—f—’UIuELl,UGLQ}.

Note “dimension formula:”

dim L 4+ dim Lo = dim (L1 + L») 4+ dim (L1 N L)
O [taking orthogonal complement] When L is a linear
subspace in R"™, so is its orthogonal complement

Lt ={yeR":ylz=0vVze e L}.

Note:
o (L1 =1L
e L+Lt-=R" LNLt={0}= dmL+dmLt=n
o L = {x: Az = 0} if and only if the (transposes of)
the rows in A linearly span L+
et c R" = Il (x1 € L,xr € LL) . x = x1 + xo, and for

these z1, x5 one has 21z = x{a:l + x%wg.
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¢ [taking direct product] When L1 C R"1 and L, C R"2
are linear subspaces, the direct product (or direct sum) of L1
and L» — the set
L1 X Lo = {[xl;LEQ] c R71tN2 x1 € L1,x0 € LQ}
is a linear subspace in R"11t"2 and
dim (L]_ X LQ) = dim L1 + dim Lo.

O [taking image under linear mapping] When L is a lin-
ear subspace in R" and x — Px : R" — R™ js a linear
mapping, the image

PL={y=Px:x € L}
of L under the mapping is a linear subspace in R™.
O [taking inverse image under linear mapping] When L
is a linear subspace inR™ and x — Px : R™ — R" is a linear
mapping, the inverse image

P~H(L)={y:Pye L}
of L under the mapping is a linear subspace in R™.
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Quiz: Consider the set in R?

[ 1

) ) Y2
Y = s dx
{y : 3z s

| Y4

A. Is Y a polyhedral set?

1
—1
0
0

1
o)
—1
0

B. Is Y a linear subspace?

C. If Y is a linear subspace, then point out
— a set of vectors spanning Y

— dimY

— a basis in Y
— a representation of Y as a solution set of ho-
mogeneous system of linear equations

ROORr

Orr PO

R OrO

— the orthogonal complement to Y
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Quiz: Consider the set in R%

) A T
17 T L 1 1 0 0 07/ a2
w1t 0 0o 1 1 o0 T3
Y={y:3: ys | O -1 0 -1 0 1 va |7
w | | 0 0 -1 0 -1 —-1]] s

L6

A. Is Y a polyhedral set? Yes, it is given by polyhedral
representation
B. Is Y a linear subspace? Yes, as the image of R® under
linear mapping
C. If Y is a linear subspace, then point out

— a set of vectors spanning Y For example, all 6
columns of A

— dimY dimY = 3:
e [he dimension could be at most 4. The sum of
entries in every column of A is O = the sum of entries
inevery yeY is0 = dimY < 3.
But: Y contains 3 linearly independent vectors (e.g.,
the first 3 columns of A) = dimY >3

— a basis in Y For example, the first three columns in
A

— a representation of Y as a solution set of ho-
mogeneous system of linear equations

Y ={y €R*:y1 +yo+vy3+ys =0} (%)
— Y1 is the line
R-[1,1,1;1] = {[y1: 2, ¥3: ¥4l - y1 = y2 = y3 = ya}

spanned by the vector of coefficients in (x)
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Preliminaries: Affine Subspaces

& Definition: An affine subspace (or affine plane, or simply
plane) in R™ is a nonempty subset M of R™ which can be
obtained from a linear subspace L. C R" by a shift:

M=a+L={z=a+y:y €L} ()

Note: In a representation (%),
e [, Uus uniquely defined by M:
L=M-M={x=u—v:uve M}.

L is called the linear subspace which is parallel to M;
e o can be chosen as an arbitrary element of M, and
only as an element from M.

& Equivalently: An affine subspace inR"™ is a nonempty sub-
set M of R™ which is closed with respect to taking affine com-
binations (linear combinations with coefficients sum-
ming up to 1) ofits elements:

I I
{xiEM,AZ‘ER,ZAizl}i Z)\Z’ZEZ'EM
=1 i=1

3.21



& Examples:

e M = R™. The parallel linear subspace is R"

e M = {a} (singleton). The parallel linear subspace is
{0}

e M ={a+A[b—a] : A€ER}={(1—-XNa—+ Xb: X eER}

#0
— (straight) line passing through two distinct points

a,b e R"™,

The parallel linear subspace is the linear span
R[b — a] of b — a.
Fact: A nonempty subset M C R" is an affine subspace if
and only if with any pair of distinct points a, b from M, M con-
tains the entire line

C={(1—XNa-+ Xb:XeR}

spanned by a, b.
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Examples of affine subspaces (continued):
o ) AM = {x € R™: Ax = b}.

The parallel linear subspace is {x : Az = 0}.
e Given a nonempty set X C R", let Aff(X) be the
set of all finite affine combinations of vectors from X.
This set — the affine span (or affine hull) of X — is an
affine subspace, contains X, and is the intersection of
all affine subspaces containing X.

The parallel linear subspace is Lin(X —a), where a
IS an arbitrary point from X.
® Note: The last two examples are ‘“universal:” Every
affine subspace M inRR™ can be represented as M = Aff(X)
for a properly chosen finite and nonempty set X C R", same
as can be represented as M = {x : Ax = b} for a properly
chosen matrix A and vector B such that the system Ax = b
is solvable.
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& Affine bases and dimension. Let M be an affine sub-
space in R™, and L be the parallel linear subspace.

& By definition, the affine dimension (or simply dimension)
dim M of M is the (linear) dimension dim L of the lin-
ear subspace L to which M is parallel.

& We say that vectors xg,xzq...,zm, m > 0, from M

e are affinely independent, if no nontrivial (not all coef-
ficients are zeros) linear combination of these vectors
with zero sum of coefficients is the zero vector
Equivalently: xq, ...,z are affinely independent if and
only if the coefficients in an affine combination = =

m
>, Ajx; are uniquely defined by the value z of this
i=0

combination.
e affinely span M, if

M = Aff({zg, ...,zm}) = {z;n:o Ny D g A = 1}
e form an affine basis in M, if xq,...,xm are affinely inde-
pendent and affinely span M.
Equivalently: xg, x4, ..., xm from an affine subspace M form
an affine basis in M, if every x € M Is an affine combination
of xg, x1, ..., xm and the coefficients of this affine combination
are uniquely defined by x.
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& Facts: Let M be an affine subspace in R", L be
the parallel linear subspace, and let zqg,zq,...,zm be a
collection of vectors from M. Then

O The collection xq, x1, ..., xm IS an affine basis in M if and
only if xg € M and the vectors x1 — xg, x> — xQ, ..., Tm — XQ
form a (linear) basis in L

O The following properties of the collection zq,...,xm
are equivalent to each other:

e \ectors xq,x1, ..., xm form a maximal w.r.t. inclusion set
affinely independent setin M (i.e., they are affinely inde-
pendent, but extending the collection by a vector from
M always yields an affinely dependent collection)

e \ectors xqg, x1, ..., xm are affinely independent and m =
dim M

e \ectors xq,x1, ..., xm form a minimal w.r.t. inclusion col-
lection which affinely spans M (i.e., xzg,x1, ..., xm affinely
span M, and this property is lost when eliminating
from the collection one of its members)

e Vectors xq,x1, ..., xm affinely span M and m = dim L

® 9,21, ..., Ty form an affine basis in M
In addition,

e Every collection of affinely independent vectors from M
can be extended to an affine basis of M

e From every collection of vectors from M which affinely
spans M one can extract an affine basis of M .
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Examples:
e dim{a} = 0, and the only affine basis of {a} is
ro = a.
e dimMR"™ = n. When n > 0, there are infinitely many
affine bases in R"™, e.g., one comprised of the zero
vector and the n standard basic orths.
o M ={z cR": 2y =1} = dmM =n—-—1. An
example of an affine basis in M is
e1,e1 + e, e1 +e3,...,e1 + éen.

Extension: ) is an affine subspace in R™ of dimension
n — 1 iff M can be represented as

M={zeR":alz =05}
with a = 0. Such a set is called hyperplane.
& Note: A hyperplane M = {z : alz = b} (a # 0)
splits R™ into two half-spaces

I_I_|_={a::aT:EZb},I_I_={:13:aT:c§b}

and is the common boundary of these half-spaces.
e A polyhedral set is the intersection of a finite
(perhaps empty) family of half-spaces.
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Hyperplane in 2D (just line!) x1 + 22> = 1 (bold line)
dashed half-space (half-plane):

M. = {[azl; xo] w1+ 220 < 1}
Complement to dashed half-space together with complement’s
boundary:

Ny = {[331;332] cx1 + 20 > 1}
a = [1;2] is the outward normal to the boundary of I_
and the inward normal to the boundary of It



d Let ¢ € R™ be a nonzero vector. Consider the family
of hyperplanes

M={zecR?:clz=t}, —co<t< oo
e Hyperplanes of the family are parallel to each other:
when ¢ # t/, M, does not intersect My
e Hyperplanes of the family are shifts of the linear
subspace {z : ¢!z = 0} (orthogonal complement to
the line R - ¢ linearly spanned by c¢)
e Ina LO program max,{c'z : Az < b} we want to find the
largest t for which the hyperplane {z : ¢!z = t} intersects
the feasible set of the problem. The intersection of this
“extreme” hyperplane with the feasible set is the set

of optimal solutions:

Blue domain: feasible set.
Dashed lines: hyperplanes I1; for various values of ¢

Bold line: the “extreme” hyperplane vielding optimal solution
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& Facts:
O The less is affine subspace, the smaller is dimension:
McM' are affine subspaces in R"® = dim M<dim M,
with equality taking place iff M = M’.
= Whenever M is an affine subspace in R™, we have
O<dmM<n
O In every representation of an affine subspace as

M = {x € R": Ax = b},
the number of rows in A is at least n — dim M. This
number is equal to n —dim M iff the rows of A are
linearly independent.
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Quiz: Consider the set in R?

1

1] 17 [ 1 1 1 0 0 07/

— . . Y2 _ 2 —1 0 0 1 1 0 xr3
Y={y:Jz: s | =137 o -1 0 -1 o 1 T4
w |l 4] | o 0 -1 0 -1 —-1]/| zs

_x6

A. Is Y a polyhedral set?
B. Is Y an affine subspace?
C. If Y is an affine subspace, then point out
— a shift vector a and the parallel linear subspace
L
— a set of vectors affinely spanning Y
— dimY
— an affine basis in Y
— a representation of Y as a solution set of a
system of linear equations
D. Is Y a linear subspace?
E. Is Y a hyperplane?
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Quiz: Consider the set in R? ) o

" y1 ] 117 T 1 1 1 0 0 07/ a

o oyl 2 -1 0 O 1 1 0] =3

Y=tz 21 =13|1T| 0 -1 0 -1 0 1|z

| ys | ' 4] | 0O 0 -1 0 -1 —-1]/| z5

_x6_

A. Is Y a polyhedral set? — Yes —Y is given by polyhedral
representation

B. Is Y an affine subspace? — Yes — Y is the image of
RS under affine mapping
C. If Y is an affine subspace, then point out

— a shift vector and the parallel linear subspace L

— For example,
-1
0 — 2 L = Linear span of columns Col;[A] of A
| 3| = {yeR*:y1+y>+y3+ys =0}
4

— a set of vectors affinely spanning Y — For exam-
ple, {xg = a,z; = a+ Col;[A],1 < j <6}

— dimY — dimY =dimL = 3 (dimL was found
in the previous quiz)

— an affine basis in Y — Forexample, {xqg = a,r; =
a+wuj,j =1,2,3}, where uj, j = 1,2,3, is a linear basis
in L. (we have computed one in the previous quiz). A
sample affine basis inY is

1 2 27 2
2 1 2 2
3113|123
4| | 4] 4] | 3]
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. point out
— a representation of Y as a solution set of
a system of linear equations — A representation is
Y = {ly1;v2:y3:v4] - y1 +y2 +y3 + ya = 10},
since’ Y =[1;2;3;4]+ L and
L={yeR*:y1+y2+y3+ya =0}
D. Is Y a linear subspace? — No, Y does not contain
the origin
E. Is Y a hyperplane? — Yes
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“Calculus” of affine subspaces

O [taking intersection] When M4, M» are affine subspaces
in R™ and M1 N M> # 0, the set M1 N M> is an affine sub-
space as well.

Extension: /f nonempty, the intersection (\ M, of an arbi-
acA
trary family {Ma}.c 4 Of affine subspaces in R" is an affine

subspace.

The parallel linear subspace is (\,c_4 La, Where L., are the
linear subspaces parallel to M.
O [summation] When M., M» are affine subspaces in R",
SO0 is their arithmetic sum

M+ My={x=u+v:uée Mi,veE Mp}.

The linear subspace parallel to M1+ M»> is L1+ Lo, where
the linear subspaces L; are parallel to M;, i = 1,2
¢ [taking direct product] When My C R"™1 and M»> C R™2
are affine subspaces, the direct product (or direct sum) of M1
and M- — the set

My X Moy = {[2131; xo] € R71+N2 x1 € M1,z € Mo}
is an affine subspace in Rn1+72

The parallel linear subspace is L1 x Lo, where linear sub-
spaces L; C R™ are parallel to M;, 1 = 1, 2.

3.33



¢ [taking image under affine mapping] When M is an
affine subspace in R™ and x — Px + p : R" — R™ js an
affine mapping, the image
PM4+p={y=Px+p:xe M}
of M under the mapping is an affine subspace in R™,
The parallel linear subspace is
PL={y=Px:x € L},
where L is the linear subspace parallel to M .
O [taking inverse image under affine mapping] When
M is an affine subspace inR", x — Px+p : R™ — R" is an
affine mapping and the inverse image
Y ={y:Py+pc M}
of M under the mapping is nonempty, Y Is an affine subspace
in R™,
The parallel linear subspace is
P~Y(L) ={y: Py e L},
where L is the linear subspace parallel to M .
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Convex Sets and Functions

& Definitions:

M A set X C R"™ is called convex, if along with every
two points x,y it contains the entire segment linking
the points:

r,y e X,Ae€[0,1] = (1 —Nx+ \y € X.

O Equivalently: X € R"™ is convex, if X is closed w.r.t.
taking all convex combinations of its elements (i.e., linear
combinations with nonnegative coefficients summing up to 1):

VkE>1:21,..,2,€ X, >0,..,0 >0,20 N =1
k
= >, A\ix; € X
=1

7:_

Indeed, computing k-term convex combination reduces to com-
puting £k — 1 two-term ones:

$1-|— ZE2-|— CE3+—£U4

1—105131 + 1% [%wz + gws + %964}

= d5o1+ 15 [3o2 + 5 [Zaa + 4]
Assuming that all 2-term convex combinations of points from X
belong to X, the magenta representation of the red expression
shows that the value of the red expression belongs to X.
Example of a convex set: A polyhedral set X = {xz € R™ :
Ax < b} is convex. In particular, linear and affine subspaces
are convex sets.
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& A function f(x) : R® - RU {+o0} is called convex, if
its epigraph
Epi{f} ={lz;7] : 7> f(2)}

IS convex.
O Equivalently: f is convex, if

z,y € R" \ € [0, 1]
= f((A =Nz +2y) <A - N)f(z) + A f(y)
¢ Equivalently: f is convex, if f satisfies the Jensen’s
Inequality:

VkE>1:2q,.,2, ER" A1 >0,.,0,>0,28 )\ =1
k
=/ (Sl Aiwi) < X Aif (#)
1=

Example: A piecewise linear function

Ty 4+b], Px<
fay = | el Prsp
—+ o0, otherwise

IS convex.
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& Convex hull: For a nonempty set X C R”, its convex
hull is the set comprised of all convex combinations of
elements of X:

UL oz, eX, 1<i<meN

Conv(X) = {az — Z; i A > OW,D =1 }
By definition, Conv(0) = 0.
Fact: The convex hull of X is convex, contains X and is the
intersection of all convex sets containing X and thus is the
smallest, w.r.t. inclusion, convex set containing X .
Note: a convex combination is an affine one, and an
affine combination is a linear one, whence

X CR" = Conv(X) C Lin(X)
D =X CR"= Conv(X) C Aff(X) C Lin(X)
Example: Convex hulls of a 3- and an 8-point sets
(red dots) on the 2D plane:
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& Dimension of a nonempty set X € R":

O When X is a linear subspace, dim X is the linear
dimension of X (the cardinality of (any) linear basis
in X)

O When X is an affine subspace, dim X is the linear
dimension of the linear subspace parallel to X (that is, the
cardinality of (any) affine basis of X minus 1)

O When X is an arbitrary nonempty subset of R",
dim X is the dimension of the affine hull Aff(X) of X.
Note: Some sets X are in the scope of more than one
of these three definitions. For these sets, all applicable
definitions result in the same value of dim X.
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Calculus of Convex Sets

& [taking intersection] If X1, X» are convex sets in R",
SO is their intersection X1 N X». In fact, the intersection

N Xa
. aceA . _
of a whatever family of convex subsets in R™ is convex.

Warning: The union of convex sets is, in general, non-
convex!
& [taking arithmetic sum] If X1, X» are convex sets in R",
So is the set
X1+ Xo={r=xz1+z22: 21 € X1,20 € Xp}.
& [taking affine image]: If X is a convex setin R", A is
anm X n matrix, and b € R, then the set
AX +b:={Az+b:x € X} CR™

(the image of X under the affine mapping z — Ax—+b:
R™ — R™) js a convex set in R™.
& [taking inverse affine image] If X is a convex setin R",
A isann x k matrix, and b € R™, then the set

{yeRF: Ay +be X}
(the inverse image of X under the affine mapping
y— Ay + b : RF - R™) js a convex set in R-.
& [taking direct product] Ifthe sets X, C R"i, 1 <4 <k,
are convex, so is their direct product

X1 X oo X X i={[z}; ;2% 127 € X;,1 <i <k} CRut T,
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Calculus of Convex Functions

& [taking linear combinations with positive coeffi-
cients] If functions f; : R™ — R U {4oc0} are convex and
A; > 0,1 <1 <k, then the function
f(z) = Sy Aifi(2)

IS convex.
& [direct summation] If functions f; : R™ — R U {400},
1 < ¢ < k, are convex, so Is their direct sum

f([zt; s 2k]) =S8 fi(a?)  RMTT% 5 RU {400}

& [taking supremum] The supremum f(x) = suEl fa(x)
oc
of a whatever (nonempty) family { fo } .c_4 Of convex functions

IS convex.
& [affine substitution of argument] If a function f(x) :
R"™ - RU{+4+oc} isconvex andx = Ay + b : R™ — R" s
an affine mapping, then the function

g(y) = f(Ay +b) : R™ — R U {400}
is convex.
& [projective transformation] If a function f(x) : R" —

R U {+o0} is convex, so is its projective transformation

o _ | af(x/a), a>0and z/a € Domf
gy = lziel) = { ~+ o0, otherwise
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& [partial minimization] If a function
f([u;v]) i R™ x R™ — RU {4+o0}
is convex, then the function
g(u) = iI;l)f f(u,v) : R™ — RU{+o0} U {—00}
Is convex on every convex set on which g does not take the
value —oo.
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& Theorem on superposition: Let
filx) :R" > RU {40}
be convex functions, and let
F(y) :R™ - RU{+o0}
be a convex function which is nondecreasing w.r.t. every one
of the variables y1, ..., ym. Then the superposition

o(2) = { F(f1(2), s fm(@)), fie) < +o0,1<i<m
~+ o0, otherwise

of F and f1, ..., fm IS convex.

Note: Monotonicity of the outer function F' is essential!

For example,

e f(x) =exp{x} and F(y) = —y are convex functions,

but g(x) = F(f(x)) = —exp{z} is nonconvex!

Note: If some of f;'s, say, fi,..., fr, are affine, then

the conclusion of Theorem on superposition remains

valid when we require the monotonicity of F w.r.t.

Yk+15--Ym only.
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Cones

& Definition: A set X C R" is called a cone, if X is
nonempty, convex and is homogeneous, that is,

re X A>20=> e X

Geometrically: A cone is a convex set comprised of
rays emanating from the origin.

Equivalently: A set X C R"™ is a cone, if X is nonempty and
is closed w.r.t. addition of its elements and multiplication of its
elements by nonnegative reals:

z,ye X, A\ u>0= X r+uy € X

Equivalently: A set X C R"™ s a cone, if X is nonempty
and is closed w.r.t. taking conic combinations of its elements
(that is, linear combinations with nonnegative coefficients):

m
Vm:iz; € X, >0,1<i<m= > \z; € X.

i=1
Examples:
e Every linear subspace in R" (i.e., every solution set
of a homogeneous system of linear equations with n
variables) is a cone
e The solution set X = {z € R": Az < 0} of a homo-
geneous system of linear inequalities is a cone. Such
a cone is called polyhedral.
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Quiz: By our definition, a polyhedral cone is the so-
lution set of homogeneous system Ax < 0O of linear
inequalities.

Is it exactly the same as to say that X is a cone and
X is polyhedral?
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Quiz: By our definition, a polyhedral cone is the so-
lution set of homogeneous system Ax < 0 of linear
inequalities.
Is it exactly the same as to say that X is a cone and
X is polyhedral?
Yes! If a polyhedral set X = {x : Ax < b} is a cone,
then X = {z : Az < 0}, that is, X is a polyhedral
cone.
Indeed, when X = {x : Ax < b} is a cone, then 0 € X
and therefore b > 0, so that the polyhedral cone

X ={x: Az <0}
is contained in X. On the other hand, for every x € X,
we have Altx] < b for all ¢t > 0 (since X is a cone)
— t[Az] < b for all positive t,
= Ax <0,
so that X is contained in X.
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& Conic hull: For a nonempty set X C R", its conic hull
Cone (X)) is defined as the set of all conic combinations of
elements of X :

XZ0
= Cone (X) — {CEZZ)\ZQUZ

By definition, Cone () = {0}.

Fact: Cone (X) is a cone, contains X and is the intersection

of all cones containing X, and thus is the smallest, w.r.t. in-
clusion, cone containing X.

Example: The conic hull of the set X = {eq, ..., en} of all ba-

sic orths inR™ is the nonnegative orthantR’} = {z € R" : x > O}.
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Calculus of Cones

& [taking intersection] If X1, X> are cones in R™, so is
their intersection X1 N X».

In fact, the intersection (\ X of a whatever family { Xa}aocA
acA
of cones in R™ s a cone.

& [taking arithmetic sum] If X1, X> are cones in R", so
istheset X1+ Xo={x=x1+x0: 21 € X1,20 € X}
& [taking linear image] If X is a cone in R™ and A is an
m X n matrix, then the set
AX ={Ax:xz € X} CR™
(the image of X under the linear mapping =z — Az :
R™ — R™) s a cone in R™,
& [taking inverse linear image] If X is a cone in R™ and
A Is ann x k matrix, then the set
{y e RF: Ay € X}

(the inverse image of X under the linear mapping
y — Ay : RF = R") js a cone in R¥.
& [taking direct products] If X; C R™ are cones, 1 < i <
k, so is the direct product

X1 X oo X X i={[z}; ;2" 12t € X;,1 <i <k} C Rut
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& [passing to the dual cone] If X isaconeinR"™, sois its
dual cone defined as

Xe={yeR":yl'e>0Vee X}
Examples:
e T he cone dual to a linear subspace L is the orthog-
onal complement L+ of L
e [ he cone dual to the nonnegative orthant IR%Q‘_ IS the
nonnegative orthant itself:

(]Rfi_)*:={y€R”:yT$ZOVaBZO}={yE]R”:yZO}.

e 2D cones bounded by blue rays are dual to cones
bounded by red rays:
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Quiz: Let aq,...,am € R, and let
K = Coned{aq,...,am} := {2?1:1 Aa; oA > O}
be the conic hull of a1,...,am.
e Is K a polyhedral cone?
e What is the cone Ky dual to K7
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Quiz: Let aq,...,am € R"?, and let
K = Cone{ay,....,am} = {Z’{”zl Ay oA > O}

be the conic hull of a1, ...,am.
e Is K a polyhedral cone? — Yes! K admits immediate
polyhedral representation:

K:{ajZH)\ICU:Z;-nzl)\iai & )\ZO}
— K is polyhedral = K is a polyhedral cone
e What is the cone K4 dual to K? — This is the cone

Ki={zcR":alz>0,i=1,..,m}

Indeed, a vector x has nonnegative inner products with
all conic combinations of aq,...,am Iff x has nonneg-
ative inner products with every one of the vectors

al, ..., aAm.
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Useful Fact: Caratheodory Theorem

Theorem. Letxzq,...,zny € R" andm = dim{xq,...,zn}.
Then every point x which is a convex combination of x1, ..., x

can be represented as a convex combination of at most m—+ 1
of the points x4, ..., .

lllustration:

What we see: The 2D polygon X bounded by the blue
contour is the convex hull of the set of red points.
The dimension of the polygon is m = 2.

e Splitting the polygon into triangles, we see that
every point from X is a convex combination of 3 = m + 1 of
the red points (and even of a triple of red points which
form vertices of X).
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Quiz:

e In the nature, there are 26 “pure” types of tea,
denoted A, B,..., Z; all other types are mixtures of
these “pure’” types. In the market, 111 blends of pure
types, rather than the pure types of tea themselves,
are sold.

e John prefers a specific blend of tea which is not sold
in the market; from experience, he found that in order
to get this blend, he can buy 93 of the 111 market
blends and mix them in certain proportion.

e An OR student pointed out that to get his favorite
blend, John could mix appropriately just 27 properly
selected market blends. Another OR student found
that just 26 of market blends are enough.

e John does not believe the students, since no one of
them asked what exactly is his favorite blend. Is John
right?

3.52



Quiz:
e In the nature, there are 26 “pure” types of tea, de-
noted A, B,..., Z. In the market, 111 blends of these
types are sold.
e John knows that his favorite blend can be obtained
by mixing in appropriate proportion 93 of the 111 mar-
ket blends. Is it true that the same blend can be ob-
tained by mixing

e 27 market blends?

e 26 market blends?

Both answers are true. Let us speak about unit weight
portions of tea blends. Then
e a blend can be identified with 26-dimensional vector
x=|x4g;.. x7]
where x> is the weight of pure tea 7 in the unit weight
portion of the blend. The 26 entries in x are nonneg-
ative and sum up to 1;
e denoting the marked blends by z!,...,z111 and the
favorite blend of John by x, we know that
T =Y 1IN

with nonnegative coefficients ;. Comparing the
weights of both sides, we conclude that >}111 )\, =1
— Z is a convex combination of z!, ... z111
— [by Caratheodory and due to dim z* = 26] Z is a con-
vex combination of just 26 4+ 1 = 27 of the market blends,
thus the first student is right.
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e The vectors z!,...,2111 have unit sums of entries
thus belong to the hyperplane

M =A{[xp;,...;xz] ixqa+..+2x7z=1}
which has dimension 25
= The dimension of the set {z!,z2,...,z111} is at most
m = 25
= By Caratheodory, © is a convex combination of just
m + 1 = 26 vectors from {z1,...,z111} thus the second
student also is right.
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Proof of Caratheodory Theorem

o Let M = Aff{zq,...,xx}, SO that dm M = m. By
shifting M (which does not affect the statement we
intend to prove) we can make M a m-dimensional
linear subspace in R"™. Representing points from the
linear subspace M by their m-dimensional vectors of
coordinates in a basis of M, we can identify M and R™,
and this identification does not affect the statement
we intend to prove. Thus, assume w.l.o.g. that m =

n.
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o Let =z = Zf\f:luixi be a representation of = as a
convex combination of xzq,...,zx with as small number of
nonzero coefficients as possible. Reordering x1, ...,z and
omitting terms with zero coefficients, assume w.l.0.g.
that = = M yz;, so that pu; >0, 1 <i < M, and
SSM ;= 1. It suffices to show that M <n+ 1. Let,
on the contrary, M >n + 1.
e Consider the system of linear equations in variables
51, ceey 5M:
SM 8z =0, M, 6 =0

This is a homogeneous system of n+1 linear equations
in M > n -+ 1 variables, and thus it has a nontrivial
solution 41, ...,07. Setting p;(t) = p; + t5;, we have

Vtix= M, Mi(t)%z_f\il pi(t) = 1.
e Since ¢ is nontrivial and > ;9;, = 0, the set I = {7 :
9; < 0} is nonempty. Let = r;nelln 1;/16;]. Then all u;(t)

are > 0, at least one of u;(t) is zero, and

z =M (D, Y0 p () = 1.
We get a representation of x as a convex combination
of xz; with less than M nonzero coefficients, which is

impossible. []
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Useful Fact: Helley Theorem

Theorem. Let A4, ..., Ax be convex sets in R™ which belong
to an affine subspace M of dimension m. Assume that every
m -+ 1 sets of the collection have a point in common. Then all
N sets have a point in common.

lllustration:

e If in a system of 2013 segments on the real axis,
every 2 segments intersect, all 2013 segments have a
point in common (easy!)

e If in 2 system of 2013 triangles on the 2D plane,
every triple of triangles have a point in common, all
2013 triangles have a point in common (777)
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Quiz: The daily functioning of a plant is described by
the linear constraints

(a) Az < feRO
(b) Bz > deR2013 ("
(¢) Czx < ¢eR2000

e 1. decision vector

o f € RLY: vector of resources

e d. vector of demands

e There are N demand scenarios d*. In the evening
of day ¢t — 1, the manager knows that the demand
of day t will be one of the N scenarios, but he does
not know which one. The manager should arrange a
vector of resources f for the next day, at a pricecy > 0
per unit of resource f,, in order to make the next day
production problem feasible.

e It is known that every one of the demand scenarios
can be ‘“served” by $1 purchase of resources.

(?) How much should the manager invest in resources to
make the next day problem feasible when

e N=1e N=2 e N=10 e N=11

o N=12 e¢ N = 2013 7
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(o) : Az < f e RO (b)) : Bx>dec R0, (¢):Cx <ceR?000

Quiz answer: With N scenarios, $ min[N,11] is
enough!

Indeed, the vector of resources f & IR{}|_O appears only
in the constraints (a)

= surplus of resources makes no harm

— with N scenarios d*, $ N in resources is enough:
every d' can be “served” by $ 1 purchase of appropri-
ate resource vector fi > 0, thus it suffices to buy the
vector f1 + ...+ N which costs $ N and is > f¢ for
every 1 =1, ...,n.

To see than $ 11 is enough, let F; be the set of all re-
source vectors f which cost at most $11 and allow to
“serve” demand d' € D.

A. F; ¢ R10 is convex (and even polyhedral): it admits
polyhedral representation
FE={feR9:3z:Ce<c¢c,Bx>d, Az < f,f>0,5,2, cofe <11}
B. Every 11 sets F;,..., F;;; of the family Fi,.., F;
have a point in common. Indeed, scenario d*s can
be “served”’ by $ 1 vector f>0

— every one of the scenarios d'1,...,d"11 can be served
by the $ 11 vector of resources f = f1 4 ... 4 71l

— | belongs to every one of F; ..., I},
e By Helley, A and B imply that all the sets Fy,..., Fiy
have a point f in common. f costs at most $ 11 (the
description of F;) and allows to ‘“serve” every one of
the demands dt,...,d¥v.
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Proof of Helley Theorem.

e Same as in the proof of Caratheodory Theorem, we
can assume w.l.0.g. that m = n.

e We need the following fact:

Theorem [Radon] Lefxq, ...,z be points inR™. IfFN > n + 2,
we can split the index set {1, ..., N} into two nonempty non-
overlapping subsets I, J such that

Conv{z;:ie€l}nConv{z; i€ J} #0.

From Radon to Helley: Let us prove Helley's theorem
by indiction in N. There is nothing to prove when
N < n+4+1. Thus, assume that N > n + 2 and that
the statement holds true for all collections of N — 1
sets, and let us prove that the statement holds true
for N-element collections of sets as well.
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Proof of Helley Theorem (continued)

e Given Aq,..., Ay, we define the N sets
B,=A1NA>N..NA,_1N Ai—l—l N...NAp.

By inductive hypothesis, all B; are nonempty. Choos-

ing a point z; € B;, we get N>n -+ 2 points z;,

1 <7< N.

e By Radon Theorem, after appropriate reordering of

the sets Aq,..., Ax, we can assume that for certain

k, Conv{zy,...,zp} N Conv{zyy1,...,xn} # 0. We claim

that ifb ¢ Conv{zy,...,zx} N Conv{zyyq,...,zN}, thenb

belongs to all A;, which would complete the inductive

step.

To support our claim, note that

— when i« < k, x; € B; C A; forall j =k+1,...,N,

that is, i < k = x, € ﬂé\f:k_HAj. Since the latter set is

convex and b is a convex combination of zq,...,x;, we

get be N, 1A

— when i >k, z; € B; C A; for all 1 < j <k, that is,

i >k =z € ﬁ;?:lAj. Similarly to the above, it follows

that b e Nf_; A;.

Thus, our claim is correct.
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Proof of Radon Theorem

Let z1,....,2y € R and N > n 4+ 2. We want to
prove that we can split the set of indexes {1,...,N}
into non-overlapping nonempty sets I,J such that
Conv{z; i e I} nConv{z; :i € J} = .

Indeed, consider the system of n +1 < N homoge-
neous linear equations in n 4 1 variables o1, ...,y

N N
Z 52'5132' — O, Z 51' = 0. (>|<)

This system has a nontrivial solution §. Let us set
I ={i:6; >0}, J={i: 65 <0} Since § # 0 and
>N 18 =0, both I, J are nonempty, do not intersect
and p =3 c70; = Ses[—6;] > 0. (x) implies that

5 _g.
E —ZZEZ' — E [ Z] wf,; D
ic] M icg M
\ / A\

cConv{z;:icl}y  eConviz;icJ}
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Useful Fact: Homogeneous Farkas Lemma

& Question: When a homogeneous linear inequality
alz >0 (%)

iS @ consequence of a system of homogeneous linear
inequalities

alx>0,i=1,..m (M

i.e., when (%) is satisfied at every solution to (1)?
Observation: If a is a conic combination of aq, ..., am:

X\ >0:a=) \a,, (+)
i

then (%) is a consequence of ().
Indeed, (4) implies that

al'z = Z )\Z-a,iT:c Ve,
i
and thus for every z with a!z > 0Vi one has alz > 0.

& Homogeneous Farkas Lemma: (x) is a consequence of
(1) if and only if a is a conic combination of a1, ..., am.
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& Equivalently: Given vectors aq,...,am € R"™, let

K = Cone{ay,...,am} ={>; Nja; : A > 0}
be the conic hull of the vectors. Given a vector a,
e it is easy to certify that a € Cone {a1,...,am}: a certificate
is a collection of weights \; > O such that > ; \;a; = a;
e it is easy to certify that aZCone{aq, ..., am }: a certificate is
a vector d such that a! d > 0Vi anda’'d < 0.
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Proof of HFL: All we need to prove is that Ifa is not a
conic combination of a1, ..., am, then there exists d such that
ald<0andald>0,i=1,..m.

Fact: As we know from one of the quizzes, the cone
K = Cone{aq,...,am} is a polyhedral set and thus is a
polyhedral cone

— K can be represented as

K={z:djz>0,1<j<M}

oaq, € K = dJTaZ- >0 foralli=1,...m, j=1,... M
oagK:>d£a<Oforsomej*§M.

= Setting d = d;,, we get a/d > 0 for all i < m, and
al'd <0, Q.E.D.
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& Corollary A: The cone dual to a polyhedral cone
K={deR":ald>0,1<i<m}
is the polyhedral cone Cone{a,...,am}.
Indeed,
a € Ky
& ald >0 for all d with ald >0,i=1,...,m
< inequality a’'d > 0 in variable d is consequence
of the system of inequalities a!d > 0,1 <i<m
< a € Cone{aq,...,am} [by HFL],
and we have seen that Cone{aq,...,am} is a polyhedral
cone.
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& Observation: The polyhedral cone

K={deR":ald>0,1<i<m}
Is dual to the polyhedral cone Cone {a1, ...,am}.
This is evident.

& Corollary B: Every polyhedral cone K is of the form
Cone {finite set}.

Indeed, by Observation K is dual to a polyhe-

dral cone. Representing this cone in the form

{d:bl'd>0,1<4i< M} and applying Corollary A, we

get K = Cone{by,....,by}.

& Bottom Line: Polyhedral cones, which by definition are
solution sets of finite systems of homogeneous linear inequal-
ities, are exactly the same as conic hulls of finite collections of
vectors.
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& Corollary C: The dual K. of a polyhedral cone K is a
polyhedral cone, and K is the dual of its dual cone: (K«)x =
K
Indeed,
e by Corollary A, K. is a polyhedral cone;
e By Corollary B, K can be represented as
K = Cone{by,....,bps}.

By Observation,

Ki={d:bld>0,1<i< M},
and therefore by Corollary A,

(Kx)« = Coned{by,...,bp},

that is, (K«)« = K.
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Quiz: X = {x € R™: Az < b} is a polyhedral set. Let
us set

XT ={[z;t] e R*T1:¢>0 & Az < tb}
A: Is XT a polyhedral cone? How to recover X C R"
given X+ c Rrtl 2
B: By description of X+, the t-coordinate of every
point from Xt is nonnegative. Is it true that when a
point from X T differs from the origin, its t-coordinate
IS positive?
C: Now let X be nonempty and bounded, and let [z;{]
be a nonzero point from X71. Is it true that ¢ > 07
D: Let X be nonempty and bounded. Is it true that
X is the convex hull of a finite set?
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Quiz: X = {zx € R": Az < b} is a polyhedral set. Let
us set

Xt ={[z;t] eR*"T1:¢>0 & Az < tb}
A: Is X1t a polyhedral cone? How to recover X C R"
given XT c R**t1 72 — Yes, Xt is a polyhedral cone -
it is given by a finite system of nonstrict homogeneous
linear inequalities. Besides,

X={z:[z;1] e X}

Geometrically: X is the cross-section of X1 by the

hyperplane {t = 1}.

— X7 contains points with ¢t = 1 iff X # 0.

B: By description of X“‘, the t-coordinate of every

point from X is nonnegative. Is it true that when a

point from X T differs from the origin, its t-coordinate

IS positive? — Not necessarily. For example, when
X ={zeR:z <0},

we have

Xt

{[z;t] eR?:t>0,2<t-0=0}
{[z;t] e R?: 2 <0,t> 0},

— X7t has plenty nonzero points with zero t-coordinate.
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X={zx: Az <b}, XT={[z;t]:t>0,Ax <tb}
X={z:[z;1] e XT}.

C: Let X be nonempty and bounded, and let [z;t] be
a nonzero point from Xt. Is it true that t > 07 —
Yes!. Indeed, let 0 # [z;¢] € XT; we should verify
that ¢t > 0. Assuming the opposite, our point is [x; O]
with x = 0 and Ax < 0. Since X is nonempty, there
exists x with Az < b
= Alx + sx] <b for all s >0
= Theray {z+4sx : s> 0} belongs to X. Since x # 0,
this ray is unbounded, which is a desired contradic-
tion — X is bounded and therefore cannot contain
unbounded set!
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X ={z: Az <b}, XT={[z;t]:¢t>0,Azx < tb}
X={z:[z;1] e X1}

If X = ( and X is bounded, every nonzero [z;t] € XT hast >0
D: Let X be nonempty and bounded. Is it true that
X is the convex hull of a finite set? — Yes!
e Xt isa polyhedral cone and as such is of the form
Cone {al, ...,am}.
e Since X1 =% {0}, not all a; are zero vectors. Re-
moving from the collection aq,...,am zero vectors, if
any, we do not affect the conic hull of the collection
= We can assume that X1 = Cone{aq,...am} with
nonzero a; = [x;; t;].
e Since 0 # [z;;t;] € XT, we have by above ¢; > 0
= the vectors a; = [z; = =;/t;; 1] are well defined, and
clearly XT = Cone{aq,...,am} = Cone {ay,...,am}.
e Since a; = [7;; 1] belong to X1, we have z; € X,
1 <i<m
e Now let z € X, so that [z; 1] € XT = Cone{ay, ..., am}
= [x; 1] = X% Nz, 1] for some \; >0 = >, N =1
= every x € X is a convex combination of x; € X,
i=1,...m = X = Conv{z1,...,Tm}
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Understanding Structure of a Polyhedral Set

& Situation: We consider a polyhedral set
_ a{ _

X={zeR": Az <b},A=| - --- | € RMX"

oL (X)

eX={reR":alz<b, ieT=1{1,..,m}}.

Standing assumption: X # .

® Faces of X. Let us pick a subset I C Z and replace
in (X) the inequality constraints a!z <b;, i € I with
their equality versions aZ-Ta: =0b;,2 € I. The resulting
set

XIZ{QJGRn:a;-Fa:SbZ-,iEI\I, a;-r:vai,iEI}

if nonempty, is called a face of X.
Examples:
e X is a face of itself: X = X.
o Let A, = Conv{0,eq,...,en} = {z € R* : =z >
0, f o < 1}
= Z={1,.,n+1}withalz:= -2, <0=:b;, 1 <i<
n, and ag_'_lx =%, < 1 =Iby41
Every subset I C 7 different from 1 defines a face. For
example, I = {1,n + 1} defines the face

{reR” 27y =0,2; > 0,0 > 2,5 ;x; = 1}.
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& Why Conv{0O,eq,eo,...;ent={zeR*":2>0,>;x; <1}7?
We have

MO0+ A e1 4o+ dnen = [A1; . Al
When (Ag, A1, ..., An) run through the set of all nonneg-
ative collections of (n 4 1) reals summing up to 1, the
vectors [Aq;...; A\n] fill exactly the set of nonnegative
vectors from R"™ with sum of entries < 1.
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Quiz: What are the faces of 3D simplex
Az ={[z;y;2] 1 2>0,y>0,2>0,z+y+2<1} 7

4

X

A3z = Conv{O, XY, 7}

N < =< O
|

|
OO R O
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Quiz: What are the faces of 3D simplex
Az ={[z;y;2] :2>0,y>0,2>0,z+y+2z<1} 7

z

X

e 3-dimensional faces are the entire simplex

e 2-dimensional faces are four triangles:
x>0 x=0: triangle AOY Z
y>0—y=0: triangle AOXZ
z> 0 z=0: triangle AOXY
r+y+z<1l—ax+y+2=1: triangle AXY 7

e 1-dimensional faces are 6 segments:
{r >0,y >0}~ {z =0,y =0}: edge OZ
{r>0,2>0}— {2z =0,z=0}: edge OY
{y >0,2>0}+— {y=0,2=0}: edge OX
{r>0,zr+y+2<1}—={r=0,24+y+2=1}: edge YZ
{y>0,z+y+2<1}—{y=0,z4+y+2=1}: edge XZ
{z>0,z4+y+2<1}—{2=0,z+y+2z=1}: edge XY
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e O-dimensional faces are 4 points:
{x>0,y>0,2>0}— {r =0,y =0,z =0}:
vertex O
{t+y+2<1,2>0y>0}—»{z+y+2z=12=0,y =0}
vertex Z
{e4+y+2<1,y>0,2>20}—{x4+y+2=1,y =0,z = 0}:
vertex X
{t4+y+2<1,2>20,2>0}—{z+y+2=1,2=0,z = 0}:
vertex Y
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Quiz: How many faces has

e 1D box (segment) {reR:0< <1} 7

e 2D box (square) {r e RZ2: 0 < z1,20 < 117

e 3D box (cube) {zx e R3:0< xq, 0,23 <1} 7

e n-dimensional box {r e R" : 0 < xq,...,xn <1} 7
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Quiz: How many faces has n-dimensional box
{xeR*":0<x,...,2n <1} 7

Answer: 37,
Explanation: To get a face, we should in every pair
of bounds 0 <x; <1 (n pairs) “make some of the
bounds active’ — convert them from inequalities into
equalities.
To get a nonempty resulting set, at most one of the
bounds in a pair can be made active
= in every pair of bounds 0 < x; < 1, there are 3
options to make some of the bounds active:

(a) no active bound

(b) lower bound active: z; =0

(c) upper bound active: z; =1
= with 3 options per every one of the n pairs of
bounds, the total # of options is 3.
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Xz{xER“:aiTbei, iEIz{l,...,m}}

Facts:
e A face

0#X;={zcR":alx<bji €T,alx=0b;icl}

of X is a nonempty polyhedral set

e A face of a face of X can be represented as a face of X

o if X7 and X are faces of X and their intersection is
nonempty, this intersection is a face of X :

@#XIHXI/jXIﬂXI/:XIU[/.

& A face X is called proper, if X; # X.
Fact: A face X of X is proper if and only if
dimX; <dimX
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Proof:

One direction is evident. Now assume that X; is a
proper face, and let us prove that dim X; < dim X.

o Since X # X, there exists ix € I such that a] z # b;,
on X and thus on M = AfF(X)

— The set My = {z € M : al r = b; } contains X
(and thus is an affine subspace containing Aff(X7;)),
and is & M.

= Aff(X;)SM, whence

dim X; = dim Aff(X;)<dim M = dim X. ]
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Extreme Points of a Polyhedral Set

X:{CUERnIa;-FbeZ‘, iEIZ{l,...,m}}

Definition. A point v € X Is called an extreme point, or a
vertex of X, if it can be represented as a face of X :

dI C 1
Xri={zeR":alz<b, i€Z,alz=10b,i€ecl}={v}.

()

Geometric characterization of extreme points: A point
v € X Is a vertex of X iff v is not the midpoint of a nontrivial
segment contained in X :

vitheX =h=0. (H
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Proof:

vthe€ X =h=0. ")

I CZ:
Xri={zeR":alz<b, i€Z,alx=10,i€cl}={v}.

(%)
e Let v be a vertex, so that (x) takes place for certain
I, and let A be such that v+ h € X; we should prove
that h = 0. We have Vi € [

{b; >al'(v—h) =b;—al'h & b; > al (v+ h) = b; + alh}

= alh=0=al[v+h] =b.
Thus, v+ h € X; = {v}, whence h = 0. We have
proved that (%) implies (!).
e Let us prove that (!) implies (). Indeed, let v € X

be such that (!) takes place; we should prove that (x)
holds true for certain I. Let

I={iEI:az~Tv=bi},

so that v € X;. It suffices to prove that X; = {v}. Let,

on the opposite, 30 # e v+ e € X;. Then a! (v+e) =

bi =alv for all i € I, that is, ale = 0Vi € I, that is,
aZ-T(vj:te) =b; V(i eI, t>0).

When i € Z\I, we have al v < b; and thus a; (vtte) < b,

provided t > 0 is small enough.
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= There existst > 0: al (v+te) < b;Vi € Z, thatisv+Te €
X, which is a desired contradiction. []



Quiz: Who is who? Which of the depicted points are

extreme points of the blue polyhedral set?
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Algebraic characterization of extreme points: A pointv &
X ={zx eR":alz <b,i e Z={1,..,m}}isa vertex
of X iff among the inequalities a;-r;v < b; which are active at v
(i.e., alv=b;) there are n with linearly independent a;:

Rank{a; i€ Iy} =n, Iy ={i €T :alv=>b} )
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Proof:
veX ={xeR":qulz<b;,iec T}
IUZ{iEZ:aZ-TUZbZ-} (H
We should prove that v € X is an extreme point of X
iIff among the vectors a;, ¢ € I, there are n linearly
independent.
e Let v be a vertex of X; we should prove that among
the vectors a;, © € I, there are n linearly independent.
Assuming that this is not the case, the linear system
a,Z-Te = 0, 2 € I, in variables e has a nonzero solution e.
We have
1€ Iy, = CL,LT[U + te] = b; Vt,
1 E I\Iv = a?v < b;
= aiT[v + te] < b; for all small enough t > 0
whence 37 > 0 : al [v+ife] <b;Vi € Z, that isvtie € X,
which is impossible due to te £ O. ]

e Now assume that among the vectors a;, © € Iy, there

are n linearly independent. We should prove that v is
a vertex of X, that is, that the relation v+ h € X
implies h = 0. Indeed, when v+ h € X, we should
have

Vi € Iy : b; > al[v;+h] =b; £alh

= alh =0 Vi€ I.
Thus, h € R" is orthogonal to n linearly independent
vectors from R", whence h = 0. []
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& Fact: The set Ext(X) of extreme points of a polyhedral
set is finite.

Indeed, there could be no more extreme points than
faces.

& Observation: /f X is a polyhedral set and X is a face of
X, then Ext(X;) C Ext(X).

Indeed, extreme points are singleton faces, and a face
of a face of X can be represented as a face of X itself.
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O Note: Geometric characterization of extreme points
allows to define this notion for every convex set X: A
point x € X Is called extreme, ifxr + h € X = h =20

O Fact: Let X be convex andx € X. Thenx € Ext(X) iff
In every representation

m
1=1

of x as a convex combination of points x; € X with positive
coefficients one has

T] =T =..=Tm =<

¢ Fact: Foraconvexset X andx € X, x € Ext(X) iff the
set X\{x} is convex.
¢ Fact: Forevery X C R"

Ext(Conv(X)) C X
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Quiz: What are extreme points of the set
ikZ{xERn:ngigl,ZwiZk}

1
[k € N,0 < k <n]
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Quiz: What are extreme points of the set
A:k:{xER”:ngigl,inzk}

keNO<k<n] 7

Description: These are exactly Boolean (i.e., with en-
tries 0 and 1) vectors from A, , i.e., Boolean n-
dimensional vectors with exactly k£ entries equal to 1.
In particular, the extreme points of the standard “flat”
simplex A7) ={z €R" 12 >0,,};z; = 1} are exactly
the n standard basic orths.
Indeed,
e If x is a Boolean vector from A:k, then the set of
active at = bounds 0 < x; < 1 is of cardinality n, and
the corresponding vectors of coefficients are linearly
independent
= x € Ext(A:k)
o If z € Ext(A:k), then among the active at x con-
straints defining A,, ;. there should be n linearly in-
dependent. One of these active constraints is the
equality

>ixi =k ,
and the remaining n — 1 should be among the bounds
0 <z, <1, implying that n—1 entries in x are Boolean.
Since the sum of all entries (k) is integer, the remain-
ing entry also is integer, and since it is in [0, 1], it is
Boolean as well.
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Quiz: What are extreme points of the set
An’kz{xGR”:ngigl,ingk}
i
[k € N,0 < k <n]
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Quiz: What are extreme points of the set
App={reR":0<z;<1,) z; <k}

keNO<k<n] 7

Description: These are exactly Boolean (i.e., with
entries 0 and 1) vectors from An,k, i.e., Boolean n-
dimensional vectors with at most k£ entries equal to 1.
In particular,
— the extreme points of Ay p ={z € R" : 0 < z; <
1Vi} (unit box) are all 2™ n-dimensional Boolean vec-
tors;
— the extreme points of the “full-dimensional”’” sim-
plex Ap1 ={z€R":2>0,>;z; <1} are the n basic
orths and the origin.
Indeed,
e If x is a Boolean vector from A, ;, then the set of
active at x bounds 0 < x; < 1 is of cardinality n, and
the corresponding vectors of coefficients are linearly
independent
— I &€ EXt(An’k)
o If x € Ext(A, ), then among the active at x con-
straints defining A, ;. there should be n linearly inde-
pendent. There are two options:
— all n active constraints are among the bounds
0<x; <1 = xis Boolean
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— one of the active constraints is ‘“sum of all entries
is < k" (thatis, >, z; = k), and remaining n — 1 are
among the bounds 0 < z; < 1. We have seen that in
this case z is Boolean.



Example: Ann x n matrix A is called double stochastic, if
the entries are nonnegative and all the row and the column
sums are equal to 1. The set of double-stochastic matrices is
a polyhedral set in R™*™:

zij > 0Vi, ]
Np =z =[z;];; e R""*": Y0 x5 = 1W:
;?’:1 Lgj — 1Vs

What are the extreme points of My, ?
Quiz: Which of the matrices below are doubly stochas-

tic?
01 0 1/3 1/3 1/3 2/3 —-1/3 2/3
1 00 1/3 1/3 1/3 -1/3  2/3  2/3
0O 0 1 1/3 1/3 1/3 2/3 2/3 —-1/3
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Ann xn matrix A is called double stochastic, if the entries are
nonnegative and all the row and the column sums are equal
to 1. The set of double-stochastic matrices is a polyhedral set
in RT™X":

Np =z =[x;];; e R Yl gz =1V)

?:1 r;; = 1Vi

What are the extreme points of I, ?
& Birkhoff’s Theorem The vertices of I, are exactly the
n X n permutation matrices (exactly one nonzero entry, equal
to 1, in every row and every column).
Proof:
e A permutation matrix P can be viewed as 0/1 vector
of dimension n? and as such is an extreme point of
the box

{lzij] 10 <z <1}

which contains I1,,. Therefore P is an extreme point
of I, since by geometric characterization of extreme
points, an extreme point x of a convex set is an extreme point
of every smaller convex set to which x belongs.
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Birkhoff’s Theorem The vertices of the set

My, =< x = [ww]z,j c RXn . 2?21 Tijj = 1V

?:1 Lig — 1Vs

of double-stochastic n x n matrices are exactly the n x n per-
mutation matrices (exactly one nonzero entry, equal to 1, in
every row and every column).
e We can drop in the description of N, (any) one of
linear equations, since if all but one among the 2n row
and column sums of an n X n matrix are equal to 1,
all 2n row and column sums are equal to 1.
= We lose nothing when assuming that 1, is given
by n? bounds 0 < x; ; and 2n — 1 linear equations.
e Let P be an extreme point of I,; we want to prove
that 1, is a permutation matrix. By algebraic char-
acterization of extreme points, atleastn? — (2n—1) =
(n —1)2 > (n — 2)n entries in P should be zeros.
= P has a column with at least n — 1 zero entries
— E|’L>|<,j* : Pz*j* =1
= P belongs to the face {x € My, : z;, j, = 1} of My (which
we get when converting the bounds z; ;, > 0, ¢ =+ 1x,
and z;, ; > 0, j # jx, into equalities)
= Extreme point P of Ny, belongs to the face {P € My, :
P;,;, = 1} of My, and thus is an extreme point of the face
= the matrix obtained from P by eliminating i«-th row and
jx-th column is an extreme point in the set N,,_1. Iterating
the reasoning, we conclude that P is a permutation
matrix.
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Recessive Directions and Recessive Cone

X ={x € R": Az < b} is nonempty

& Definition. A vector d € R" is called a recessive
direction of X, if X contains a ray directed by d:

dre X :x+tde X Vt > 0.

& Observation: d is a recessive direction of X iff Ad < 0.
& Corollary: Recessive directions of X form a polyhedral
cone, namely, the cone Rec(X) = {d: Ad < 0}, called
the recessive cone of X.

Whenever x € X and d € Rec(X), one has x +td € X
for all ¢t > 0. In particular,

X 4+ Rec(X) = X.

& Observation: The larger is a polyhedral set, the larger is
its recessive cone:

X C Y are polyhedral = Rec(X) C Rec(Y).
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Quiz: what are the recessive cones of the following

polyhedral sets X:

e X ={zeR%2:0< 1,20 <1}

e X =R} ={zcR":2 >0}

o X ={xeR":21 =0}

( —1<z;+a,<1, )

o X ={2zcR3: —-1<ar4+23<1, }

\ —1<z3+21 <1

( 1<z +x2<1, )
-1 <z r3 <1,

e X=qeert: 2T

—1<x4+2x21 <1
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Quiz: what are the recessive cones of the following

polyhedral sets X:

e X ={zeR?2:0<x1,z0 <1} Rec(X) = {0}

e X =R% ={z €R":z >0} Rec(X) = R;f

e X ={zcR": 21 =0}

Rec(X) = X, as for every linear subspace or cone!
—1 <z +2p <1,

e X ={zcR3: —-1<ar,4+23<1,
—1<z3+4+z1 <1

{ 0 <14 22<0, }
Rec(X) = reER3: 0<zo+23<0,
O0<z3+21<0
= {xER325131:—:1:2,:1322—:1:3,:133=—x1}
= {zeR3:20=—x1,23 = —2,21 = —x3}
= {[0;0;0]}
( —1<z;4+22<1,)

1 <ap4a3<1,
—1<az4z4<1,
1 <as4z <1

o X ={zx cR*:

/

\
As above,
Rec(X) ={xcR*: 20 = —x1,03 = —X2,T4 = —X3,T1 = —T4}

R-[1;-1;1; —1]
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Recessive Subspace of a Polyhedral Set

X ={x € R": Az < b} is nonempty

& Observation: Directions d of lines contained in X are ex-
actly the vectors from the recessive subspace

L =KerA :={d: Ad =0} = Rec(X) Nn[—Rec(X)]
of X, and X = X + KerA. In particular,

X = X + KerA,
X = Xn[Kerd]l = {z € R" : Az < b,z € [KerA]L)}

Note: X is polyhedral and does not contain lines.

. . Tl —2T2
— " —z1 42

VANZAY

|
N =
Hf_/

/ X
Thin red line: L = KerA=R-[2;1]

Black line: L+

Bold red segment: X = X N L+
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Pointed Polyhedral Cones & Extreme Rays
K ={x: Ax <0}

& Definition. Polyhedral cone K is called pointed, if it does
not contain lines. Equivalently: K ispointediff KN{—K} =
{0}.

Equivalently: K is pointed iff KerA = {0}.

& Definition An extreme ray of K is a face of K which is a
nontrivial ray (i.e., the set Ryd = {td : t > O} associated
with a nonzero vector d, called a generator of the ray).

& Geometric characterization:A vector d € K is a gener-
ator of an extreme ray of a pointed polyhedral cone K (in
short: d is an extreme direction of K) iffd is nonzero
and whenever d is a sum of two vectors from K, both vectors

are nonnegative multiples of d:
d=dy +dp,dy,do € K =
dtq1 > 0,to > 0 : dq = t1d,d> = tod.
Example: K = IR{’[’E_. This cone is pointed, and its ex-

treme directions are positive multiples of basic orths
e;. T here are n extreme rays — nonnegative rays of
coordinate axes R; =R -¢;, 1 <1 < n.

& Observation: d is an extreme direction of K iff some (and
then — all) positive multiples of d are extreme directions of K .
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2
|

{x € R": Az < 0}
{xERn:a;f:cgo,z'ez={1,...,m}}

& Algebraic characterization of extreme directions: A
vector d € K Is an extreme direction of a pointed polyhedral
cone K iffd is nonzero and among the homogeneous inequal-
ities a;-rx < O which are active atd (i.e., are satisfied at d
as equalities) there are n — 1 inequalities with linearly inde-
pendent a; s.
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Proof:
Let 0#de K, I={ic€Z:ald=0}.
o Let the set {a; : ¢ € I} contain n — 1 linearly inde-
pendent vectors, say, ai,...,a,_1. Let us prove that
then d is an extreme direction of K. Indeed, the set
L={z:alz=0,1<i<n-1}D K]

iIs a one-dimensional linear subspace in R™. Since
O#* de L, we have L = Rd. Since d € K, the ray
R4 d is contained in Kj;: Ryd C K. Since Ky C L, all
vectors from Kj; are real multiples of d. Since K is
pointed, no negative multiples of d belong to Kj.

= Ky= Ryd and d # 0, i.e., Ky is an extreme ray
of K, and d is a generator of this ray. []
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Proof (continued)
e Let d be an extreme direction of K, that is, R d is
a face of K, and let us prove that the set {a; : 7 € I}
contains n — 1 linearly independent vectors.
Assuming the opposite, the solution set L of the ho-
mogeneous system of linear equations

a;-rac =0,2€1
is of dimension > 2 and thus contains a vector A which
is not proportional to d. When ¢ ¢ I, we have ade <0
and thus a! (d+ th) < 0 when |t is small enough.
= JF>0:|t|<t=al[d+th]<0VieZ
— the face K; of K (which is the smallest face of K
containing d)contains two non-proportional nonzero vectors
d,d + th, and thus is strictly larger than R d.
— R, .d is not a face of K, which is a desired contra-

diction. L]
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K ={xreR": Az < 0}.

Observations:

o If K possesses extreme rays, then K is nontrivial (K #
{0}) and pointed (K N [—K] = {0}).

In fact, the inverse is also true.

e The set of extreme rays of K is finite.

Indeed, there are no more extreme rays than faces.
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Base of a Cone
K ={x e R": Az < 0}.

& Definition. A set B of the form
B={zeK: fle=1} (%)

is called a base of K, if it is nonempty and intersects with
every (nontrivial) ray in K :

VO#A#de K 3t >0:td e B.
Example: The set

is a base of RY .
& Observation: Sef (x) is a base of K iff K # {0} and f

makes strictly positive inner products with all nonzero vectors
from K :

O#xEK:>fT:U>O.
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3D cone K and its base B (pentagon)
Note: extreme rays of K are generated by extreme points of B

& Facts:

e K possesses a base iff K = {0} and K is pointed.

e K possesses a base B iff K possesses extreme rays, and
there is one-to-one correspondence between extreme rays of
K and extreme points of B: extreme directions of K are ex-
actly positive multiples of extreme points of B.

e The recessive cone of a base B of K is trivial: Rec(B) =

{0}.
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Towards the Main Theorem:
First Step

Theorem. Let
X ={xeR": Az < b}

be a nonempty polyhedral set which does not contain lines.
Then

(i) The setV = Ext{X} of extreme points of X is nonempty
and finite:

V = {’U]_, ...,’UN}

(if) The set R of extreme rays of the recessive cone Rec(X)
of X is finite:

R = {7“1, ...,’I“M}

(1ii) One has
X = Conv(V) 4+ Cone (R)
\; > 0Vi
=z =Y v+ Zﬁ-wzl piri s YN =1
pi =0V
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Main Lemma: Let
X={zeR":alz<b,1<i<m}

be a nonempty polyhedral set which does not contain lines.
Then the set V. = Ext{X} of extreme points of X is
nonempty and finite, and

X = Conv(V) 4+ Rec(X).
Note: We already know that Ext(X) is finite.
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Proof: Induction in m = dim X.
Base m = O is evident: here

X = {a}, V = {a}, Rec(X) = {0}.
Inductive step m = m + 1: Let the statement be true
for polyhedral sets of dimension < m, and let dim X =
m-+1, M = Aff(X), L be the linear subspace parallel
to M.
e Take a point x € X and a nonzero direction e € L
(it exists, since dmM =dimL=m-+1 > 0).
e Since X does not contain lines, either e, or —e, Or
both are not recessive directions of X. Swapping, if
necessary, e and —e, assume that —e ¢ Rec(X).
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& Case A: ¢, in contrast to —e¢, is a recessive direction of
X.

e Let us move from z along the direction —e.

— since e € L, we all the time will stay in Aff(X)

— since —e iS not a recessive direction of X, eventu-
ally we will be about to leave X. When it happens, our
position =’ will belong to a proper face X' of X :

v € Conv(Ext(X’)) C Conv(Ext(X))
' € v+ Rec(X') C v+ Rec(X)
= for some A >0

= At
€ Conv(Ext(X)) € Rec(X)

e Dimension of a proper face X’ of X is less than
dim X
— We can apply inductive hypothesis to X’ and z’ to
conclude that Ext(X’) # 0, whence Ext(X) D Ext(X’)
also is nonempty. Besides this,

z' € Conv(Ext(X")) 4+ Rec(X’) c Conv(Ext(X)) + Rec(X)

= For some \ > O,
€ Rec(X)

x4+ /)/\E
[Conv(Ext(X)) + Rec(X)] 4+ Rec(X)
Conv(Ext(X)) + Rec(X).

x

ml
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& Case B: ¢, same as —e¢, is not a recessive direction of
X.

e As in Case A, we move from x along the direction
—e until hitting a proper face X’ of X at a point «/.
e Since e is not a recessive direction of X, when moving
from z along the direction e, we eventually hit a proper
face X" of X at a point z”.

v € Conv(Ext(X’)) € Conv(Ext(X))

w € Conv(Ext(X")) Cc Conv(Ext(X))

x' € v+ Rec(X') C v+ Rec(X)

" € w~+ Rec(X") C w+ Rec(X)

= z € Conv{z’, 2"} C Conv{v,w} 4+ Rec(X)
C Conv(Ext(X)) + Rec(X)

e Same as above, Ext(X) D Ext(X’") # 0,
z’ € Conv(Ext(X)) + Rec(X)
and
z' € Conv(Ext(X)) + Rec(X)
e Since = is a convex combination of z/, 2’ and
Conv(Ext(X)) + Rec(X) is a convex set, we get
T € Conv(Ext(X)) + Rec(X)
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& Summary: We have proved that Ext(X) is nonempty
and finite, and that every point x € X belongs to
Conv(Ext(X)) 4+ Rec(X),
that is,
X C Conv(Ext(X)) + Rec(X).
Since Conv(Ext(X)) € X and X 4+ Rec(X) = X, we
have also
X D Conv(Ext(X)) + Rec(X)
= X = Conv(Ext(X)) 4+ Rec(X).
Induction is complete. []

Important observation: Our reasoning is constructive: it

gives rise to an algorithm which, given a description
X = {x : Ax < b} of a polyhedral set, not containing
lines, in R™ and a point x € X, builds a representation
of x as a convex combination of extreme points of
X plus a recessive direction of X. “As it is” the
algorithm induced by the reasoning is not efficient:
the number of arithmetic operations needed to find a
desired representation is, in general, not polynomial in
the sizes m,n of A. The algorithm, however, can be
converted to an efficient algorithm, where the number
of a.0. is polynomial in m,n.
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Corollaries of Main Lemma:

A. Let X be a nonempty polyhedral set which does not

contain lines. If X is has a trivial recessive cone, then
X = Conv(Ext(X)).

B. If K is a nontrivial pointed polyhedral cone, then the set
of extreme rays of K is nonempty and finite, and ifr1, ...,/
are generators of the extreme rays of K, then

K = Cone{ry,...,7p1}-

Proof of B: Let B be a base of K, so that B is a
nonempty polyhedral set with Rec(B) = {0}. By A,
Ext(B) is nonempty, finite and B = Conv(Ext(B)),
whence K = Cone (Ext(B)) (since every nontrivial ray
in K intersects B). It remains to note that a ray in
K is extreme iff its intersection with B is an extreme
point of B.

& Augmenting Main Lemma with Corollary B, we get
the Theorem.
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& We have seen that if X is a nonempty polyhedral set
not containing lines, then X admits a representation

X = Conv(V) 4+ Cone {R} (*)

where

e V =V, is the nonempty finite set of all extreme
points of X,

e R = R. is a finite set comprised of generators of
the extreme rays of Rec(X) (this set can be empty).

& It is easily seen that this representation is “min-
imal:"  Whenever X is represented in the form of (x) with
finite sets V', R,

— V' contains all extreme points of X

— R contains generators of all extreme rays of Rec(X).
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Structure of a Polyhedral Set

Main Theorem (i) Every nonempty polyhedral set X C R™
can be represented as

X = Conv(V) 4+ Cone (R) (%)

where V' C R™ is a nonempty finite set, and R C R" is a finite
set.

(if) Vice versa, if a set X given by representation (x) with
a nonempty finite set V. and finite set R, X is a nonempty
polyhedral set.

Proof. (i): We know that (i) holds true when X does
not contain lines. We know also that every nonempty
polyhedral set X can be represented as

X = 5(\+ L, L = Lin{f17 --'afk}7

where X is a nonempty polyhedral set which does not
contain lines. In particular,

—~

X = Conv{vy,...,on} + Cone{ry,....,rps}
= X = Conv{vi,...,on}
+Cone {T]_, s 1 — 1 - RO —fK}
Note: In every representation (x) of X, Cone(R) =
Rec(X).
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(ii): Let
X = COnV{Ul, ...,UN} + Cone {7"1, ..,’I“M} C R™ (*)
[N >1,M > 0]

To prove that X is a polyhedral set, note that (%)
induces a polyhedral representation of X:

T = D AU D Ty
X={z:I\p: ¢ A>0>; =1 }
p =0

and every polyhedrally representable set is polyhedral.
[]
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Quiz: Let X be a nonempty polyhedral set, and Y be
its image under affine mapping =z — y = Ax + b.
What are the relations between extreme points of X
and Y 7

e [s it always true that the image y = Ax + b of an extreme
point x of X is an extreme point of Y ?

e /s it always true that if y is an extreme point of Y and X does
not contain lines, then y = Ax + b for some extreme point x
of X?

e /s it always true that if y is an extreme point of Y, then
y = Axz + b forsome x € Ext(X) ?
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Quiz: Let X be a nonempty polyhedral set, and Y be its image
under affine mapping x — y = Ax + b.

e Is it always true that the imagey = Ax+b of x € Ext(X) is an extreme
point of Y ?

No!

e /s it always true that if y is an extreme point of Y and X does not contain
lines, theny = Ax + b for some x € Ext(X) ?

Yes! Indeed, X does not contain lines

= X = Conv{wvi,...,vxy}+Cone{ry,...,ry} With vy, ..., vy being ex-
treme points of X

= Y = {Conv{Av; + b, ..., Avy + b} + Cone {Ari, ..., Arys}

— if Y contains lines, it has no extreme points, and the claim is
true by trivial reasons.

— if Y does not contain lines, then Y = Conv(Ext(Y))+Rec(Y),
and in this representation, Ext(Y) is the smallest finite set V such
that Y = Conv(V) 4+ Rec(Y)

= {Av1 + 0, ..., Avy + b} contains Ext(Y'), as claimed.
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e /s it always true that if y is an extreme point of Y, theny = Ax + b for
some extreme point x of X ?

No! The 2D vertical strip X = {[z1 : z2] : =1 < x; < 1} contains
lines and thus has no extreme points. However, the projection Y
of X onto the zi-axis is the segment [—1, 1] which has extreme
points.
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Immediate Corollaries

Corollary I. A nonempty polyhedral set X possesses extreme
points iff X does not contain lines. In addition, the set of ex-
treme points of X is finite.

Indeed, if X does not contain lines, X has extreme
points and their number is finite by Main Lemma.
When X contains lines, every point of X belongs to
a line contained in X, and thus X has no extreme
points.
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Corollary Il. (i) A nonempty polyhedral set X is bounded iff
its recessive cone is trivial: Rec(X) = {0}, and in this case
X is the convex hull of the (nonempty and finite) set of its ex-
treme points:
0 # Ext(X) is finite and X = Conv(Ext(X)).

(i) The convex hull of a nonempty finite set V' is a bounded
polyhedral set, and Ext(Conv(X)) C V.

Corollary lll. (i) A cone K is polyhedral iff it is the conic hull

of a finite set:
K ={x € R": Bx <0}
< dR={r1,....,7yy} CR": K = Cone (R)
Note: this we already knew.

(1) When K is a nontrivial and pointed polyhedral cone, one
can take as R the set of generators of the extreme rays of K.
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Proof of Corollary li:
(i): If Rec(X) = {0}, then X does not contain lines
and therefore () = Ext(X) is finite and

X = Conv(Ext(X)) + Rec(X)
Conv(Ext(X)) + {0} (%)
Conv(Ext(X)),
and thus X is bounded as the convex hull of a finite
set.
Vice versa, if X is bounded, then X clearly does not
contain nontrivial rays and thus Rec(X) = {0}.
(if): By Main Theorem (ii),

X = Conv({v1,...,vm})
IS a polyhedral set, and this set clearly is bounded. Be-
sides this, X = Conv(V) always implies that Ext(X) C
V. ]
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Application examples:
e Every vector x from the set

" ZCZ<]<7}

{x eR":0<z; <1, 1§i§n,zi:1 <
(k is an integer) is a convex combination of Boolean vectors
from this set.

e Every double-stochastic matrix is a convex combination of

permutation matrices.

Indeed, both sets clearly are bounded = they are con-
vex hulls of their extreme points.

Besides, we know that the extreme points of the first
set are exactly Boolean vectors from this set, and the
extreme points of the second set are exactly n x n
permutation matrices.
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Applications in LO

& Theorem. Consider a LO program

Opt = max{c x . Ax < b}
and let the feasible set X = {x : Az < b} be nonempty and
thus representable as

X = Conv{vy,...,un} + Cone{ry,....,rp} (%)
[N >1,M > 0]
Then
() The program is solvable iff c has nonpositive inner prod-
ucts with allr;, 1 < 5 < M.
(if) If X does not contain lines and the program is bounded,
then among its optimal solutions there are extreme points of

)

Indeed, by (x) we have

i.e., the best (with the largest clv;) of the points v1, ..., vx is
an optimal solution.

It remains to note that when X does not contain lines,
we can set {vz} L = Ext(X).
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Application to Knapsack problem. A knapsack can store k
items. You have n > k items, j-th of value c; > 0. How to
select items to be placed into the knapsack in order to get the
most valuable selection?

Solution: Assuming for a moment that we can put to
the knapsack fractions of items, let z; be the fraction
of item 5 we put to the knapsack. The most valuable
selection then is given by an optimal solution to the
LO program

maX{Zc]:U] ; ;<1 ij }

J
T he feasible set is nonempty, polyhedral and bounded,
and all extreme points are Boolean vectors from this
set

— There is a Boolean optimal solution.

In fact, the optimal solution is evident: we should put
to the knapsack k£ most valuable of the items.

3.125



Application to Assignment problem. There are n jobs and
n workers. Every job takes one man-hour. The profit of as-
signing worker ¢ with job j is c;;. How to assign workers with
jobs in such a way that every worker gets exactly one job, ev-
ery job is carried out by exactly one worker, and the total profit
of the assignment is as large as possible?

Solution: Assuming for a moment that a worker can
distribute his time between several jobs and denoting
T the fraction of activity of worker 7 spent on job j,
we get a relaxed problem

1,] J 1
T he feasible set is polyhedral, nonempty and bounded
= Program is solvable, and among the optimal solu-
tions there are extreme points of the set of double
stochastic matrices, i.e., permutation matrices

= Relaxation is exact!
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Systems of Linear Inequalities and Duality

& We still do not know how to answer some most
basic questions about polyhedral sets, e.qg.:
& How to recognize that a polyhedral set
X ={zxeR": Az < b}
is/is not empty?
& How to recognize that a polyhedral set
X={xcR": Az < b}
Is/is not bounded?
& How to recognize that two polyhedral sets
X={zeR": Az <b}and X' = {z : Alz < ¥’}
are/are not distinct?
& How to recognize that a given LO program is feasible/bound-
ed/solvable?

Our current goal is to find answers to these and sim-
ilar questions, and these answers come from Linear
Programming Duality Theorem which is the second (or
even the first ?) main theoretical result in LO.
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Theorem on Alternative

& Consider a system of m strict and nonstrict linear
inequalities in variables z € R":

a.Tx{ <bj, i€l (S)

e a, cR" b, eR, 1 <7< m,
eI C{l,...m}, I ={1,...m}\I.
Note: (S) is a universal form of a finite system of lin-
ear inequalities in n variables.
& Main questions on (S) [operational form]:
e How to find a solution to the system if one exists?
e How to find out that (S) is infeasible?
& Main questions on (S) [descriptive form]:
e How to certify that (S) is solvable?
e How to certify that (S) is infeasible?
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b, 1 €1
e i)
& The simplest certificate for solvability of (S) is a
solution: plug a candidate certificate into the system
and check that the inequalities are satisfied.
Example: The vector x = [10;10; 10] is a solvability
certificate for the system

—xr1 —Tp —x3 < —29
T1 T2 < 20

ry +az < 20
T +z3 < 20

— when plugging it into the system, we get valid nu-
merical inequalities.

But: How to certify that (S) has no solution? E.g., how to
certify that the system

—xr1 —xo —x3 < —30
r1 +x2 < 20
ro T3z < 20

T1 +z3 < 20

has no solutions?7?7?
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de{ S S )
& How to certify that (S) has no solutions?

& Arecipe: Take a weighted sum, with nonnegative weights,
of the inequalities from the system, thus getting strict or non-
strict scalar linear inequality which, due its origin, is a conse-
quence of the system — it must be satisfied at every solution
to (S). If the resulting inequality has no solutions at all, then

(S) is unsolvable.

Example: To certify that the system

2X | —x1 —xp —x3 < —30
1X 1 —|—:U2 < 20
1x o “+x3 < 20
1x 1 +x3 < 20

has no solutions, take the weighted sum of the in-
equalities with the weights marked in red, thus arriving
at the inequality

0-21+0 -20+0-23 <O.

This is a contradictory inequality which is a conse-
quence of the system

= weights A\ = [2; 1; 1; 1] certify insolvability.
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bj, 1€l
o
A recipe for certifying insolvability:
e Assign inequalities of (S) with weights \; > 0 and sum
them up, thus arriving at the inequality
[ Niag) e 7 g Ay
7=" <" when Y,crA\i >0 (H
7="<"when },c1A\i=0
e If (1) has no solutions, (S) is insolvable.
& Observation: Inequality (') has no solution iff
> 2 1 Na; = 0 and, in addition,
> ™ \b;<O wheny icr A\ >0
o> o \ib;<Owhen) ;cr A =0

& VWe have arrived at
Proposition: Given system (S), let us associate with it two
systems of linear inequalities in variables \1, ..., A\m:

(), > 0Vi (X, > 0We
) 2ty Aja; =0 ) 2t Aja; =0
(I) 2 Zgnz]_ )\ibi <0 ’ (H) 2 Z;n:l )‘ibi <0
[ 2icrAi >0 LA =0,2€1

If at least one of the systems (1), (I1) has a solution, then (S)
has no solutions.
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General Theorem on Alternative: Consider, along with
system of linear inequalities

T <b;, 1€l
in variables x € R", two systems of linear inequalities in vari-
ables A € R™:
(X, > 0Vi (N, > 0Vi
) X! Na; =0 ) X! Na; =0
I): i=1 """ 1) : i=1 "M%
Dy S <o 0 W) $\a <o
L Dicr N >0 LA =0,2€1

System (S) has no solutions if and only if at least one of the
systems (1), (II) has a solution.
Remark: Strict inequalities in (S) in fact do not par-
ticipate in (II). As a result, (II) has a solution iff the
“nonstrict” subsystem

a;-ra:gbi, el (S
of (S) has no solutions.
Remark: GTA says that a finite system of linear in-
equalities has no solutions if and only if (one of two)
other systems of linear inequalities has a solution.
Such a solution can be considered as a certificate of
insolvability of (S): (S) is insolvable if and only if such
an insolvability certificate exists.
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Proof of GTA
Jel P el ©

<b;, 1€l
(X > 0Vi (\; > 0Vi
C) Yimq Aia; =0 C) X Aja; =0
My S ap <o W) S\, <o
| 2_ic1Ai >0 L Ai=0,iel

e In one direction: “If (I) or (II) has a solution, then
(S) has no solutions” the statement is already proved.
e Now assume that (S) has no solutions, and let us
prove that one of the systems (I), (II) has a solution.
Consider the system of homogeneous linear inequali-
ties in variables x,t, €:

~

cx —bit +e < 0,0€1
a;-ra;' —b;t < 0,i¢e1
—t +¢e¢ < O
—e < O

We claim that this system has no solutions. Indeed, as-
suming that the system has a solution z,%,€, we have
e > 0, whence

I>0&alz<bilyicl & alZ<bt<0,i€l,

= ¢ = x/t is well defined and solves unsolvable system
(S), which is impossible.
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Proof of GTA (continued)
Situation: System

alx —bit +e < 0,i€l
alx —bt < 0,i€1
—t +e¢ < O
—e < O

has no solutions, or, equivalently, the homogeneous
linear inequality

—e>0
IS @ consequence of the system of homogeneous linear
inequalities

—alx +bit —e > 0,i€l
—alx bt > 0iel
t —e > O

in variables x,t,e. By Homoge_neous Farkas Lemma,
there exist y; > 0, 1 << m, pu > 0 such that
m m
> pia; =08& > pubi+p=08& Y uy+p=1
i—=1 i=1 il
When p > 0, setting \; = u;/p, we get

A >0, Z;n:l Aa; = 0, Z?anl Aiby = —1,
= when > ;.7 A\; > 0, X solves (I), otherwise )\ solves
(II).
When p = 0, setting \; = u;, we get
A 20,25 a0, =0, 2 Ab; =0, 2 ier A = 1,
and X\ solves (I). O]
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& GTA is equivalent to the following

Principle: A finite system of linear inequalities has no solution
iff one can get, as a legitimate (i.e., compatible with the
common rules of operating with inequalities) weighted
sum of inequalities from the system, a contradictory inequality,
i.e., either inequality 0Tz < —1, or the inequality 0Tz < 0.
The advantage of this Principle is that it does not
require converting the system into the standard form.
For example, to see that the system of linear con-
straints

r1 +2xo0 < 5
2r1 +3xp > 3
35131 —|—4£C2 = 1

has no solutions, it suffices to take the weighted sum
of these constraints with the weights —1,2,—1, thus
arriving at the contradictory inequality

O-z1+0-2o>0
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& Specifying the system in question and applying
GTA, we can obtain various particular cases of GTA,
e.g., as follows:
Inhomogeneous Farkas Lemma: A nonstrict linear inequal-
ity
al's < o (M
is a consequence of a solvable system of nonstrict linear in-
equalities
a?mﬁbi,lgigm (S)
if and only if (1) can be obtained by taking weighted sum, with
nonnegative coefficients, of the inequalities from the system
and the identically true inequality 0Lz < 1: (S) implies (1)
Iff there exist nonnegative weights A\g, A1, ..., A, such
that
Ao [1—0%z] 4+ > Ailb; — aZTa:] =a—alz,
or, which is the same, iff there exist nonnegative
AQs A1, ---y Am SUCh that

m
_Zl Aia; = a, > Aibj + Ao = «
1=
or, which again is the same, iff there exist nonnegative

A1, ..., A\m Such that
Y Na; = a, Y by < a
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Proof of Inhomogeneous Farkas Lemma a
al's < o (H

e If (I) can be obtained as a weighted sum, with non-
negative coefficients, of the inequalities from (S) and
the inequality 01z < 1, then (1) clearly is a corollary
of (S) independently of whether (S) is or is not solv-
able.

Now let (S) be solvable and (!) be a consequence of
(S); we want to prove that (!) is a combination, with
nonnegative weights, of the constraints from (S) and
the constraint 01z < 1. Since (!) is a consequence of
(S), the system

—aT:I;<—oz,a,Z-T:C§b7;1§i§m (M)

has no solutions, whence, by GTA, a legitimate
weighted sum of the inequalities from the system is
contradictory, that is, there exist u > 0, A\; > O:

—pa ~+ 3210 1 Aja; =0, 0 77 30 4 Aib; — po

??: 1 211, ILL>O (”)
n>n7 M:O
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Proof of Inhomogeneous Farkas Lemma (continued)
Situation: the system

—alz < —a,alz<b;1<i<m (M)

has no solutions, whence there exist 4 > 0, A > 0 such
that
—Ha —I— z;n:l )\Z-az- — O, (O s Zgl )‘ibi — U

77:{”2”,u>0 (M
o ">" u=0

Claim: p > O. Indeed, otherwise the inequality

—al'z < —a does not participate in the weighted sum

of the constraints from (M) which is a contradictory

inequality

— (5) can be led to a contradiction by taking weighted

sum of the constraints

— (5) is infeasible, which is a contradiction with the

premise of Inhomogeneous Farkas Lemma.

e When p > 0, setting \; = p;/u, we get from (1)

m
Z)\Z‘CLZ‘ZCL& ZAibi—agO. []
{ 1=1
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Why GTA is a deep fact?

& Consider the system of four linear inequalities in
variables wu, v:

—1<u<l, —-1<0v<1
and let us derive its consequence as follows:
—1<u<l -1 <v<1
= 2 < 1,1}2 <1
= u? 4+ v? <2
= utv=1-u+1-v< \/12—|—12\/u2—|—v2
= u+t+v< V2V/2 =2
This derivation is of a nonstrict linear inequality which
IS @ consequence of a system of a solvable system of
nonstrict linear inequalities is “highly nonlinear.” A
statement which says that every derivation of this type
can be replaced by just taking weighted sum of the
original inequalities and the trivial inequality 01z < 1
IS a deep statement indeed!
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& For every system S of inequalities, linear or nonlin-
ear alike, taking weighted sums of inequalities of the
system and trivial — identically true — inequalities al-
ways results in a consequence of §

= In one direction, GTA always is true.

However the other direction in GTA heavily exploits
the fact that the inequalities of the original system
and a consequence we are looking for are linear. Al-
ready for quadratic inequalities, the statement similar
to GTA fails to be true. For example, the quadratic
inequality

2 <1 ()

is a consequence of the system of linear (and thus
quadratic) inequalities

—-1<z<1 (%)

Nevertheless, (1) cannot be represented as a weighted
sum of the inequalities from (x) and identically true
linear and quadratic inequalities, like

0-2<1,2°>0,2°-2x+1>0,...
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Answering Questions

& How to certify that a polyhedral set

X ={zxeR": Az < b}
is empty/nonempty?
# A certificate for X to be nonempty is a solution x to
the system Ax < b.
& A certificate for X to be empty is a solution X to
the system )\ > 0, AT\ = 0,07\ < 0.
e In both cases, X possesses the property in question
iff it can be certified as explained above (“the certifi-
cation scheme is complete”).
Note: All certification schemes to follow are complete!
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Examples:
e The vector z = [1;...; 1] € R" certifies that the poly-
hedral set

X= {zeR" ' z1+22<2,z0+23<2,...,2y, + 1 < 2,
—x1 — ... —xp < —n}

IS honempty.
e The vector A\ = [1:1;...:1;2] € R*T1 > 0 certifies
that the polyhedral set

X= {zeR":z1+x2<2,z0+23<2,...,2, + 21 <2,
—x1 — ... —xp < —n — 0.01}

iIs empty. Indeed, summing up the n 4+ 1 constraints
defining X = {z : Az < b} with weights )\;, we get the
contradictory inequality

952(:131—|—...—|—:cn)—2[a:1—|—...—|—:vnl
[ATA]T =0

<2 2(n—|—001)_—002
bTA:—O.02<O
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& How to certify that a linear inequality ¢!+ < d is violated
somewhere on a polyhedral set

X ={z € R": Az < b},
that is, the inequality is not a consequence of the system
Ax < b?
A certificate is 7 such that Az <b and ¢I'z > d.
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& How to certify that a linear inequality ¢L'x < d is satisfied
everywhere on a polyhedral set

X ={z e R": Az < b},
that is, the inequality is a consequence of the system Ax < b?
& The situation in question arises in two cases:
A. X is empty, the target inequality is an arbitrary
one
B. X is nonempty, the target inequality is a conse-
quence of the system Az < b
Consequently, to certify the fact in question means
— either to certify that X is empty, the certificate
being X such that A > 0,47\ =0,bI'\ < 0,
— or to certify that X is nonempty by pointing out a
solution z to the system Az < b and to certify the fact
that ¢!z < d is a consequence of the solvable system
Ax < b by pointing out a A which satisfies the system
A >0, AT\ = ¢, b') < d (we have used Inhomogeneous
Farkas Lemma).
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Note: In the second case, we can omit the necessity to
certify that X # 0, since the existence of )\ satisfying
A > 0,ATN = ¢, b1\ < d always is sufficient for ¢f'z < d
to be a consequence of Ax < b.
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Example:
e To certify that the linear inequality

ch:=x1—|—...—|—a:n§d:=n—o.01

IS violated somewhere on the polyhedral set

X {freR":z14+220<2,z04+23<2,...,2p + 21 <2}

{x : Az < b}

it suffices to note that « = [1;...;1] € X and n =
d'e>d=n—0.01
e [0 certify that the linear inequality

CT:U:=331—|—...—|—:cn§d:=n

IS satisfied everywhere on the above X, it suffices to
note that when taking weighted sum of inequalities
defining X, the weights being 1/2, we get the target
inequality.

Equivalently: for A = [1/2;...;1/2] € R™ it holds A >
0,AIN=1[1;..;1]=cblX=n<d
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& How to certify that a polyhedral set

X ={zxeR": Az < b}
does not contain a polyhedral set

Y ={zeR":Cx <d}?

e A certificate is a point z such that Cz < d (i.e.,
x € Y) and x does not solve the system Az <b (i.e.,
e X).

& How to certify that a polyhedral set

X ={x e R": Az < b}
contains a polyhedral set

Y ={xeR":Czx <d}7?
This situation arises in two cases:
— Y = (), X is arbitrary. To certify that this
iIs the case, it suffices to point out A such that
A>0,CTN=0,d"'X<0
— Y is nonempty and every one of the m linear in-
equalities a,L-Tx < b; defining X is satisfied everywhere
on Y. To certify that this is the case, it suffices to
point out 7, AL, ..., \" such that

CTz<d & N>0,CT\; = a;,d" X <b;, 1 <i<m.

Note: Same as above, we can omit the necessity to
point out =x.
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Examples.
e To certify that the set

Y = {zeR3: 2<z1+20<2,-2< a4+ 23 <2,
—2<z3+x1 <2}

IS not contained in the box
X={zeR?: |z <2,1<i<3}

it suffices to note that the vector x = [3; —1; —1] be-
longs to Y and does not belong to X.
e [0 certify that the above Y is contained in

X' ={zeR3: |z <3,1<i<3}

note that summing up the 6 inequalities
1+ x2<2, —r1—22< 2,20+ 23 < 2,—x0 — 3 < 2,
3+ x1 <2, —r3—x1 <2

defining Y with the nonnegative weights

AM=1,X=0,X3=0,=1,A=1,2=0
we get
[z1 +22] + [-220 — 23] + [23 + 1] <6 =21 <3
— with the nonnegative weights
AM=0,2=1,A3=1,24=0,A5=0,2=1
we get
[—21 —x2] + [ro+ 23] + [—23 —21] <6 = —21 <3
The inequalities —3 < x5, 23 < 3 can be obtained sim-
ilarly = Y C X/,
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& How to certify that a polyhedral set
X ={zxeR": Az < b}
iIs bounded/unbounded?
e X is bounded iff for properly chosen R it holds

XCXp={z |z <R, 1<i<nj

To certify this means

— either to certify that X is empty, the certificate
being \: A >0,AT)X =01\ <0,

— or to point out real R and vectors A’ﬁt such that
Ay >0, AT\ = +e;,b! Ny, < R for all i. Since R can
be chosen arbitrary large, the latter amounts to point-
ing out vectors My such that M\, >0, AT\ = +e;,
1=1,...,n.

e X is unbounded iff X is nonempty and the recessive
cone Rec(X) = {x : Ax < 0} is nontrivial. To certify
that this is the case, it suffices to point out x satisfy-
ing Az < b and d satisfying d # 0, Ad < 0.

Note: When X = {z € R" : Ax < b} is known to be nonempty,
its boundedness/unboundedness is independent of the partic-
ular value of b!

4.23



Examples:
e [0 certify that the set

X = {z€eR3: 2<az14+220<2,-2< 25+ 23<2,

—2<x3+ 71 <2}

IS bounded, it suffices to certify that it belongs to the
box {x € R3 : |z;] < 3,1 < i < 3}, which was already
done.
e [0 certify that the set

X = {zeR*: 2<p14+22<2,-2< a2+ 23 <2,
—2< a3+ 24 <2, -2< x4+ 21 <2}

iIs unbounded, it suffices to note that the vector
T = [0;0;0;0] belongs to X, and the vector d =
[1; —1;1; —1] when plugged into the inequalities defin-
ing X makes the bodies of the inequalities zero and
thus is a recessive direction of X.
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Certificates in LO

& Consider LO program in the form

Pz < p (£)
Opt =max{clz:{ Qz > q (9) (P)
v Rxr = r (e)

& How to certify that (P) is feasible/infeasible?

e To certify that (P) is feasible, it suffices to point
out a feasible solution x to the program.

e To certify that (P) is infeasible, it suffices to point
out aggregation weights Ay, Ay, Ae such that

PIXy+ Q"N+ R'Ac=0
PP+ g g+ rTAe <O
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Px < p (£)
Opt=maxi{clz:{ Qz > q (9) (P)
’ Rx = r (e)

& How to certify that (P) is bounded/unbounded?
e (P) is bounded if either (P) is infeasible, or (P)
is feasible and there exists a such that the inequality
Ly < a is consequence of the system of constraints.
Consequently, to certify that (P) is bounded, we
should
— either point out an infeasibility certificate )\, >
0, Mg <0, : PIA, 4+ QT Ng+ RN = 0,0 Mg+ ¢t Ny +
ri'\e < 0 for (P),
— or point out a feasible solution z and a, Ay, Ag, Ae
such that

Ae>0,2g <0 & PN +QIN+ RN =c

& p!'N\p+ ' Ng+ 11N < a

which, since a can be arbitrary, amounts to

Ae>0,2 <0, PN +QIN,+RIN.=¢

Note: We can skip the necessity to certify that (P) is
feasible.
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Px < p (€)
Opt =maxi{clz:{ Qz > q (9) (P)
! Rr = r (e)

e (P) is unbounded iff (P) is feasible and there is a
recessive direction d such that ¢fd >0

— to certify that (P) is unbounded, we should point
out a feasible solution ¥ to (P) and a vector d such
that

Pd<0,Qd>0,Rd=0,c'd> 0.

Note: /f(P) is known to be feasible, its boundedness/unbounded-
ness is independent of a particular value of [p; q; r].
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Pz < p (£
Opt =maxi{clz:{ Qz > q (9) (P)
’ Rxr = r (e)

& How to certify that Opt > a for a givena € R?

A certificate is a feasible solution z with ¢!z > a.

& How to certify that Opt < a fora givena € R?

Opt < a iff the linear inequality ¢!z < a is a conse-
quence of the system of constraints. To certify this,

we should
— either point out an infeasibility certificate Ay, Ag, Ae:
Ay > 0,2g <0,
PIX;+ QT g+ RT'Ac =0,
PP e + ¢ Ag + 7T A < 0O
for (P),
— Or point out Ay, Ag, Ae such that
Ao > 0,0 <0,
PIXg+ QT Ag+ R A = ¢,
P+ g+rTAe<a
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Px < p (¥)
Opt=maxi{clz:{ Qz > q (9) (P)
’ Rr = r (e)

& How to certify that x is an optimal solution to (P) ?
e 7 is optimal solution iff it is feasible and Opt < ¢! 7.

The latter amounts to existence of Ay, Ay, Ac such that
(b)
Mg <0 & PTX,+ QT g+ RTAe=c
& p' N+’ Ng+rire=c"z
(c)
e Multiplying both sides in (b) by zZ and subtracting

the result from (¢), we get

(
% > 0

29 =9 =0
M To—Pal+ 2] To— Qa4+ Tr — Rzl = 0
N~ N~
>0 <0

which is possible iff (A\y);[p; — (Px);] = 0 for all ¢ and
()\g)j[Qj — (Qf)]] = 0O for all 7.
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Px < p (£)
Opt =max{clz:{ Qz > q (9) (P)
’ Rxr = r (e)

& We have arrived at the Karush-Kuhn-Tucker Optimality
Conditions in LO:

A feasible solution x to (P) is optimal iff the con-
straints of (P) can be assigned with vectors of La-
grange multipliers Ay, Aq, Ae in such a way that
e [signs of multipliers] Lagrange multipliers as-
sociated with <-constraints are nonnegative, and La-
grange multipliers associated with >-constraints are
nonpositive,
e [complementary slackness| Lagrange multipli-
ers associated with non-active at x constraints are
zero, and
e [KKT equation] One has

PIX,+ QTN+ RN =c
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Example. To certify that the feasible solution
r=1[1;...;1] € R?
to the LO program

max {xl + ...+ x,:
r1+x22<2, x2+x23<2 .., xp+x1<2
x1+x22> -2, T2t+232>-2 ,...; Tpt+x12>-2

is optimal, it suffices to assign the constraints with

Lagrange multipliers A\, = [1/2;1/2;...;1/2], Ay =
[0;...; 0] and to note that

Ar> 0,2, <0
- -
11
T T — 11 T A . .
P 4+ QTA, = ) A =ci=[1;..;1]
1
i 1 1]

and complementary slackness takes place.
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& Application: Faces of polyhedral set revisited. Re-
call that a face of a nonempty polyhedral set
X={zeR":alz<b,1<i<m}

IS @ nonempty set of the form

X;={x € R": aZTa; = b;,1 € I,az-Tx <bj,1¢& 1}
This definition is not geometric.
Geometric characterization of faces:
(i) Let ¢’z be a linear function bounded from above on X.
Then the set

Argmaxy ¢’z := {z € X : 'z = maxcla'}
r'eX

is a face of X. In particular, if the maximizer of ¢!z over X
exists and is unique, it is an extreme point of X .

(ii) Vice versa, every face of X admits a representation as
Argmax,cx c!'x for properly chosen c. In particular, every
vertex of X is the unique maximizer, over X, of some linear
function.
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Proof:
(i): Let ¢!z be bounded from above on X. Then the
set X, = Argmax,cy c!z is nonempty. Let z. € X,.
By KKT Optimality conditions, there exist A > 0 such
that
YoiAa; = ¢, CL,ITZIZ‘ < b, = N\, =0.
Let I, = {z: X\; > 0}. We claim that X, = X; . In-
deed,
—z e X7, = e [>icr, Na; L
= Yier, Mg © = Yicr, bs
= > icl. Aia?x* = clay,
= x € X, := Argmaxc!y, and
yeX

—zeXe=cd(ze—2)=0
= > icl, )\i(aiTx* — aiT:I:) =0
= Yier, Ai(bi —ajz) =0

>0 <b;
=alz=bViel.=ze€ X,
(if): Let X7 be a face of X, and let us set c =3 ;cra;.

Same as above, it is immediately seen that X; =

Argmax,c x ¢l x.

4.33



LO Duality

& Consider an LO program
Opt(P) = max {CT:IZ c Ax < b} (P)

The dual problem stems from the desire to bound
from above the optimal value of the primal problem
(P), To this end, we use our aggregation technique,
specifically,
e assign the constraints a?a; < b; with nonnegative aggrega-
tion weights \; (“Lagrange multipliers”) and sum them up
with these weights, thus getting the inequality

[ATA] T2 <bf'X (D
Note: by construction, this inequality is a consequence
of the system of constraints in (P) and thus is satis-
fied at every feasible solution to (P).
o We may be lucky to get in the left hand side of (1) exactly
the objective c¢l'x:

AT\ =c.

In this case, (!) says that b\ is an upper bound on ¢!z
everywhere in the feasible domain of (P), and thus b1 A >
Opt(P).
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Opt(P) = max {CT:L' Az < b} (P)

& We arrive at the problem of finding the best — the small-
est — upper bound on Opt(P) achievable with our bounding
scheme. This new problem is

Opt(D) = min {bTA AT N = ¢, \ > o} . (D)
It is called the problem dual to (P).
& Note: Our “bounding principle” can be applied to
every LO program, independently of its format. For
example, as applied to the primal LO program

( ( )
Px \S/ p (£)
A¢
Opt(P) = Max s R Qu \/\Z/ 7 (9) ’ (P)
g
Rr = r (e)
\ \ Ae y,
it leads to the dual problem in the form of
Opt(D) = min {pT)\g +q A+
[>\£;>\ga)\e] (D)
PIX,+ Q" g+ RN =c

e Pay attention to the specific notation: the signs <, >, =
of constraints in (P) are marked by the associated vectors of
Lagrange multipliers Ay, Ag, Ae.
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| 1V IA

Rzx r (e)

Opt(D) = min {pT)\g + gty +ri e
[Aci AgsAc] (D)
A >0,2,<0
PIXi+ Q"N+ R A =c

LO Duality Theorem: Consider a primal LO program (P)
along with its dual program (D). Then

(i) [Primal-dual symmetry] The duality is symmetric: (D) is
an LO program, and the program dual to (D) is (equivalent
to) the primal problem (P).

(ii) [Weak duality] We always have Opt(D) > Opt(P).
Attention!: the latter inequality holds true when (P) is a max-
imization problem. In general, Weak Duality says that the op-
timal value in the minimization problem of a primal-dual pair is
> the optimal value in the maximization problem of the pair.
(1ii) [Strong duality] The following 3 properties are equivalent
to each other:

e one of the problems is feasible and bounded

e both problems are solvable

e both problems are feasible

and whenever these equivalent to each other properties take
place, we have

Pz p ()
Opt(P) = max {cTa: ; { Qx g (g9) } (P)

Opt(P) = Opt(D).
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Pz < p (¢
Opt(P) =max<cclz: ¢ Qr > ¢ (g) (P)
’ Rxr = r (e)
Opt(D) = min {pTAg + gt g+ 7T
[AciAg ] (D)
Ae > 0,2, <0
{ PTA + QTAy + RTA, = ¢ }

Proof of Primal-Dual Symmetry: We rewrite (D) in ex-

actly the same form as (P), that is, as
_ T T Ty .
Opt(D) = [Ag;n’;g,);e] { PTA—q Ag—1" Ae
Ag < 0,0 >0
PIXg+ QM N\g+ RN =c
and apply the reC|pe for building the dual, resulting in
( 2y > 0,24 <0 )
Pxe + g — —Pp

min ¢’ xe &« >
[xp;2g;2e] Qe + Ly — —(
\ \ RCBe — - Tr /
whence, setting ze = —z and eliminating z4 and e,

the problem dual to dual becomes
ma:in {—ch  Pxr <p Qxr <q, Rxr = r}
which is equivalent to (P). ]
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Pr < p (£)
Opt(P) =maxqcclz:¢ Qr > q (g9) (P)
v Rxr = r (e)
Opt(D) = min {pTAg + gty + 7T
[AZ;A.rn)‘e] (D)
Ae > 0,2, <0
{ PTX\ 4 Q™A+ RTA. = ¢ }

Proof of Weak Duality Opt(D) > Opt(P): by construc-
tion of the dual.
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Proof of Strong Duality

Pz < p (£)
Opt(P) =maxqc'z:< Qr > q (g9) (P)
’ Rxr = r (e)
Opt(D) = min ] {pTAg + gty +ri e
A >0, <0 (D)
PTAr+ QTAg + RTA. = c

Main Lemma: Let one of the problems (P), (D) be feasible
and bounded. Then both problems are solvable with equal op-
timal values.

Proof of Main Lemma: By Primal-Dual Symmetry, we can assume
w.l.0.g. that the feasible and bounded problem is (P). By what
we already know, (P) is solvable. Let us prove that (D) is solv-
able, and the optimal values are equal to each other.

e Observe that the linear inequality ¢’z < Opt(P) is a conse-
quence of the (solvable!) system of constraints of (P). By
Inhomogeneous Farkas Lemma

A > 0,0, <0, A :
PT + QAg + RTAc = ¢ & p" ¢ + ¢" Ay + 172 < Opt(P).

= )\ is feasible for (D) with the value of dual objective <Opt(P). By
Weak Duality, this value should be >Opt(P)
= the dual objective at \ equals to Opt(P)
= M is dual optimal and Opt(D) = Opt(P). ]
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Proof of Strong Duality (continued)

Main Lemma =- Strong Duality:

e By Main Lemma, if one of the problems (P), (D) is
feasible and bounded, then both problems are solvable
with equal optimal values

e If both problems are solvable, then both are feasible
e If both problems are feasible, then both are bounded
by Weak Duality, and thus one of them (in fact, both
of them) is feasible and bounded.
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Immediate Consequences

Pz < p (¥)
Opt(P) =maxqclz: < Qz > ¢ (g) (P)
v Rxr = r (e)
Opt(D) = min {pT/\g -+ qTAg + rT),
[Aei g5 ] (D)
Ao > 0,0, <O
{ PTX\ 4 Q™A+ RTA. = ¢ }

Theorem Whenever at least one of the problems (P), (D)
is feasible, we have

Opt(P) = Opt(D).
Indeed, assuming w.l.o0.g. that the feasible problem is
(P), observe that
— if (P) is bounded, Opt(P) = Opt(D) by Duality
Theorem.
— if (P) is unbounded, Opt(P) = +inf and (D) is
infeasible by Weak Duality, meaning that Opt(D) =
+o00 as well.

4.41



Immediate Consequences (continued)

Pz < p (£)
Opt(P) =max<cclz: ¢ Qr > q (g9) (P)
’ Rxr = r (e)
Opt(D) = min {pT)\g + gty + 7T
[AiAg ] (D)
Ae > 0,2, <0
{ PTA + QTAy + RTA, = ¢ }

& Optimality Conditions in LO: Letxz and X = [Ay; Ag; Ael
be a pair of feasible solutions to (P) and (D). This pair is
comprised of optimal solutions to the respective problems

e [zero duality gap] if and only if the duality gap, as evalu-
ated at this pair, vanishes:

DualityGap(z,\) = [p'A\+q' g +rTAe] —clx

= 0

e [complementary slackness] if and only if the products of
all Lagrange multipliers \; and the residuals in the correspond-

ing primal constrains are zero:

Vi : [Mlilp — Px]; = 0 & Vj : [Agljlg — Qx]; = O.
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Proof

We are in the situation when both problems are fea-
sible and thus both are solvable with equal optimal
values. Therefore

DualityGap(z,A) = [[p" A+ ¢" Xy + rTA] — Opt(D)]
+ [Opt(P) — CTCC}

For a primal-dual pair of feasible solutions the ex-
pressions in the magenta and the red brackets are
nonnegative
= Duality Gap, as evaluated at a primal-dual feasible pair,
IS nonnegative and can vanish iff both the expressions in the
magenta and the red brackets vanish, that is, iff x is primal
optimal and X is dual optimal.

e Observe that
DualityGap(z, \) = [p" e + ¢ Ny + 1A — clx
= [p" X+ ¢ Ny +rTA] — [PTAN + QT Ay + RTA ]
= A/ [p — Pz] + A[[q — Qz] + X[ [r — Rx]
= D _i[Adilp — Pzl + > [Ngljla — Qz];
Al terms in the resulting sums are nonnegative
= Duality Gap vanishes iff the complementary slackness
holds true.
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Geometry of a Primal-Dual Pair of LO Programs

& Consider a primal-dual pair of LO programs

Opt(P) = max {CT:U Az < b} (P)

Opt(D) = min {pTx: ATx=c, x>0} (D)

Standing Assumption: The system of linear equations in
(D) is solvable, so that

I AN = —¢
& Observation: We have for every z
—[ATX) Tz = =21 [Ax]
M- Az]-X1b
= (P) is equivalent to the problem
ST .

mmax{A [b— Az] : b— Az > o}.

& Passing to the new variable (“primal slack’)
£E=0b— Ax,

the primal problem becomes
max{XT{f >0, e Mp = b—l—Lp}

3
[[,p = ImA:z{gzﬂx:,g:Ax}}

M p : primal feasible affine plane

CT33
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Opt(P) = max {cTw c Ax < b} (P)

Opt(D) = min {pTx; ATx=c, x>0} (D)

Given X : ATX = —¢, the primal problem is equivalent
to

Opt(P) = mgx{/‘\Tg L £>0,6 € Mp :b+cp}
[cp = ImA, Opt(P) = Opt(P) + 7\Tb}

while the dual problem is

(P)

Opt(D)zmAin{bTA:AZO,AEMDz—X—I—LD}

Lp = KerAT, Opt(D) = Opt(D)|
(D)
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Given ) : ATX = —¢, the primal problem is equivalent
to

Opt(P) = mgax{XTf 1 £>0,£ € Mp = b—I—Lp}
[,cp = ImA, Opt(P) = Opt(P) + XTb}

while the dual problem is

(P)

Opt(D) = min {bT)\ ' A>0,AE Mp = —X+LD}
[ﬁD — KerAT  Opt(D) = Opt(D)}
(D)

& (P) and (D) are (equivalent to) problems of optimizing lin-
ear objectives over intersections of the primal and dual affine
planes with the nonnegative orthant

& The primal and dual affine planes are shifts of linear sub-
spaces which are orthogonal complements to each other

& The objective in the primal problem (P) is the minus shift
vector in the dual problem (D), and the objective in the dual
problem (D) is the shift vector in the primal problem (P).

& feasible primal-dual solutions x,\ to the original problems
(P), (D) generate feasible solutions ¢ = b — Ax, X\ to prob-

lems (P), (D), and
I\ —cly = DualltyGap(a; A) =&
[since c’'x = [ATA]Tz, whence bT )\ — cla = \T[b — Ax] = \T€]
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& We arrive at perfectly symmetric geometric pic-
ture:

& Geometrically, a primal-dual pair of LO problems is given
by two affine planes M p, M p in some R"; these planes are
shifts of linear subspaces L p, L, which are orthogonal com-
plements of each other.

& The feasible sets of the problems are intersections of the
respective affine planes with the nonnegative orthant, and to
solve the problems means to find in these feasible sets a pair
of orthogonal to each other vectors.

O By LO Duality Theorem, solution does exists iff both
primal and dual feasible sets are nonempty.

& In the geometric setting, the objectives and the op-
timization “are not immediately seen.” In fact, the
objectives can be selected as follows:

e In the primal maximization problem, the objective
can be selected as any point from the affine plane
—Mp (pay attention to "-"1);

e In the dual minimization problem, the objective can
be selected as any point from the affine plane Mp.
Different selections of objectives result in equivalent
problems: two possible selections of the primal objec-
tive functions on the primal feasible plane differ by a
constant, and similarly for the selections of dual objec-
tives.
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Geometry of primal-dual pair of LO programs:

Blue area: feasible set of (P) — intersection of the 2D primal
feasible plane Mp with the nonnegative orthant Ri.
Red segment: feasible set of (D) — intersection of the 1D dual

feasible plane Mp with the nonnegative orthant Ri.

Blue dot: primal optimal solution &*.

Red dot: dual optimal solution Aj.

Pay attention to orthogonality of the primal solution (which is
on the z-axis) and the dual solution (which is in the zy-plane).
& "‘Extremal nature” of the primal-dual pair is ex-
pressed by the fact that orthogonality of two vec-
tors from nonnegative orthant is indeed ‘“something ex-
tremal.”
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The Cost Function of an LO program, |

& Consider an LO program

Opt(b) = mxax{cT:c Az < b}. (P[b])

Note: we treat the data A,c as fixed, and b as vary-
ing, and are interested in the properties of the optimal
value Opt(b) as a function of b.

& Fact: When b is such that (P[b]) is feasible, the prop-
erty of problem to be/not to be bounded is independent of the

value of b.

Indeed, a feasible problem (P[b]) is unbounded iff
there exists d: Ad < 0,¢l'd > 0, and this fact is in-
dependent of the particular value of b.

Standing Assumption: There exists b such that P([b])
is feasible and bounded

= P([b]) is bounded whenever it is feasible.
Theorem Under Assumption, —Opt(b) is a polyhedrally rep-

resentable function with the polyhedral representation
{[b;7] - —Opt(d) <7}
= {[b;7] : Fz: Az < b, —clz < 7}.
The function Opt(b) is monotone in b:
b < b’ = Opt(t) < Opt(d’).
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Opt(b) = max {ch Az < b}. (P[b])

& Additional information can be obtained from Dual-
ity. The problem dual to (P[b]) is

m/\in{bT)\ : /\zo,Aszc}. (D[b])

By LO Duality Theorem, under our Standing Assump-
tion (D]b)) is feasible for every b, and

Opt(b) = min (A :x>04Tx=c}. (%)

Observation: Let b be such that Opt(b) > —oo, so that
(DIb)) is solvable, and let A be an optimal solution to (D[b]).
Then X is a supergradient of Opt(b) atb = b, meaning that

Vb : Opt(b) < Opt(d) + A'[b—1]. (M

Indeed, by (%) we have Opt(b) = XD and Opt(h) <
X'y, that is,
Opt(b) < Mo+ X'[b—8] = Opt(d) + M —17]. O
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Opt(h) = mgx{ch Az < b} (P[b])

= min {bT)\ : )\ZO,ATA:c} (D[b])

Opt(b) > —oc0, A € Arg}\min{ETA A>0,ATN = ¢}
= Opt(b) < Opt(b) +A[b—b] (1)

—Opt(b) is a polyhedrally representable and thus
Opt(b) is a piecewise linear function with the full-
dimensional domain:

Dom Opt(:) = {b: Jx : Ax < b}.
Representing the feasible set A={\:X>0,A4A"\=¢} of
(D[b]) as

N = Conv({\1,...,An}) + Cone ({r1,...,7ps})

we get
DomOpt(b) = {b:blr; >0,1 <5< M},

b € Dom Opt(b) = Opt(b) = min Al'b
1<i<N
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Opt(b) = mgx{ch Az < b} (P[b])

= min {bTA 2> 0, AT\ = c} (D[b])
Opt(b) > —oo, X € Argmin{bIA: X >0, A1) = ¢}
A\

= Opt(b) < Opt(b) +Ab—b] (1)

DomOpt(b) = {b:blr; >0,1 <5< M},

b € Dom Opt(b) = Opt(b) = min Al'b
1<i<N

= Under our Standing Assumption,

e Dom Opt(-) is a full-dimensional polyhedral cone,

o Assuming w.l.o.g. that \; = X; when i # j, the finitely
many hyperplanes {b : \I'b = A?b}, 1 <i<j <N, split
this cone into finitely many cells, and in the interior of every
cell Opt(d) is a linear function of b.

e By (1), when b is in the interior of a cell, the optimal solution
A(b) to (D][b)) is unique, and X(b) = VOPpt(b).
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Law of Diminishing Marginal Returns

& Consider a function of the form
Opt(8) = max{c'z: Pz <p,q'z < B} (Pp)

Interpretation: = is a production plan, ¢!z is the price
of resources required by xz, B is our investment in the
resources, Opt(3) is the maximal return for an invest-
ment (.

& As above, for B such that (PB) is feasible, the prob-
lem is either always bounded, or is always unbounded.
Assume that the first is the case. Then

e The domain Dom Opt(:) of Opt(-) is a nonempty
ray 8 < 8 < oo with 8 > —o0, and

e Opt(B) is nondecreasing and concave.

Monotonicity and concavity imply that if

B < B1 < B2 < B3,
then

Opt(f2) — Opt(B1) Opt(S3) — Opt(H2)
Bo — b1 - B3 — B2 ’
that is, the reward for an extra $1 in the investment can only
decrease (or remain the same) as the investment grows.

In Economics, this is called the law of diminishing marginal
returns.
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The Cost Function of an LO program, Il

& Consider an LO program
Opt(c) = max {cTa; Az < b}. (P[c])

Note: we treat the data A,b as fixed, and ¢ as vary-
ing, and are interested in the properties of Opt(c) as
a function of c.

Standing Assumption: (P[-]) is feasible (this fact is in-
dependent of the value of ¢).

Theorem Under Assumption, Opt(c) is a polyhedrally repre-
sentable function with the polyhedral representation

{lc; 7] - Opt(c) < 7}
= {le;7] : I A >0, ATA = ¢, bTA < 7).

Proof. Since (P]c]) is feasible, by LO Duality The-
orem the program is solvable if and only if the dual
program

m)\in{bT)\ A>0,AT N = ¢} (D[c])
is feasible, and in this case the optimal values of the
problems are equal

= 17 > Opt(e) iff (D[c]) has a feasible solution with
the value of the objective < 7. []
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Opt(c) = max {cTa; Az < b}. (P[c])

Theorem Let ¢ be such that Opt(c) < oo, and x be an
optimal solution to (P|c]). Then x is a subgradient of Opt(-)
at the point c:

Ve : Opt(e) > Opt(e) + zl[c — ¢. )
Proof: We have Opt(c) > ¢!z =z + [c— iz =
Opt(¢e) + zl[c — . []

& Representing
{x : Az < b} = Conv({v1,...,vn}) + Cone ({r1,...,7:}),

we see that
e DomOpt(:) = {c: rfc <0,1<j< M} is a polyhe-
dral cone, and

Dom Opt(- Opt(c) = max vie.
°ecc pt(-) = Opt(c) ,Dax, Vi €

In particular, if Dom Opt(-) is full-dimensional and v; are
distinct from each other, everywhere in Dom Opt(-) outside
finitely many hyperplanes {c : v{ ¢ = vjc}, 1 <i <j < N,
the optimal solution x = x(c) to (Plc]) is unique and x(c) =
VOpt(e).
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& Let X = {z € R": Ax < b} be a nonempty polyhedral
set. The function

Opt(c) = maxclz : R" — RU {400}
reX

has a name - it is called the support function of X.
Along with already investigated properties of the sup-
port function, an important one is as follows:

& The support function of a nonempty polyhedral set X ‘re-
members” X : if

Opt(c) = maxel z,
reX

then
X ={z eR": 'z < Opt(c) Ve}.
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Proof

Let XT = {z € R": ¢l'z < Opt(c) Ve}. We clearly have
XcXt. To prove the inverse inclusion, let x & X+;
we want to prove that z € X. To this end let us
represent X = {z € R" : alz < b;, 1 <i < m}. For
every ¢, we have

al'z < Opt(a;) < b;,

and thus z € X. L]
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Quiz: What are the support functions of
e Unit box {x € R": |||/ := max; |z;| <1} 7
o Unit || -[[1 ball {z € R" ! [[z|ly 1= > |z <1} 7
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Antagonistic Games

& Consider the situation as follows. Given are
e two nonempty sets X C R, A C R™
e real-valued cost function ¢(x,A) : X x A - R
These data define a game of two players, A (you) and
B (me). A selects a point z € X, and B selects a
point A € A. As a result of these choices I (B) pay to
you (A) the sum ¢(x, \).
Naturally, I am interested to minimize my payment,
and you are interested to maximize it.
How should we act ?
& |. Assume that you make your selection first, and I
know your choice when making my selection. When
you select z € X, you should be ready to get as low
as
¢(z) = Iinfrepg(z, A),

and your natural policy is to maximize your worst-case
profit by selecting as x an optimal solution to the primal prob-
lem

OPt(P) = supsex |#(x) 1= infrepd(z, V)]  (P)
& Il. Now assume that I make my selection first, and
you know it when making your selection. When se-
lecting A, I should be ready to pay as much as

$(\) = supzexd(z, N),

and my natural policy is to minimize my worst-case loss
by selecting as \ an optimal solution to the dual problem

Opt(D) = infrcp [$(N) :=sup,exd(z, )| (D)
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Opt(P)
Opt(D)

subzex |¢(z) i= infrepd(z,N)| (P)
infren [6(N) 1= sup,exd(z,\)| (D)

e Intuitively, the situation when I make my selection
first and you know it when making your selection is
worse for me than the one when you select your choice
first and I know it when making my selection

= We can guess that

Opt(P) := supA I/Qf o (x, A)<A|m/‘\ suqu(x A) =: Opt(D)
C C
This guess /gelndeed frue, and is called Weak Duality.

(?) What is natural behavior of the players when they are
making their selections simultaneously, knowing only “‘game’s
data” X, N\, o(-,-), but not knowing the selection of the adver-
sary?
& A natural answer is offered by the notion of Nash
Equilibrium: A pair of choices z. € X, A« € A such
that whenever one of the players sticks to x. (or to \«), the
other cannot gain when deviating from ). (respectively, x.):
V(z € X, A €M) 1 (s, A) = (@4, Ax) = (@, Ax)

Points (z«, Ax) € X x /\ with this property are called saddle
points (max inx € X, minin X € N\) of ¢(xz, \).
& Theorem. Saddle points exist iff both (P) and (D) are
solvable with equal optimal values: Opt(P) = Opt(D). In
this case, saddle points are exactly points (x«, Ax) comprised
of optimal solutions to (P) and (D), and for every such point
it holds

d(x5, \x) = Opt(P) = Opt(D)
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Example: Lagrange Duality in LO

& Consider a primal-dual pair LO programs
Opt(P) = max {ch : { br = p gg } (P)

Opt(D) = [T-ixn] {pT)\g + rT),

N >0 (D)
PT™ \ + R\ =c

and let us associate with the primal problem (P) its Lagrange
function
L(z,\) = cla — )\ET[P:E — p|] — Xe[Rx — 7]
with x (primal variable) varying in X = R"™ and the Lagrange
multipliers X = [Ay; \e] varying in
A= {[\; A 1 Ay > 0}
(?) What are the primal and the dual problems associated with
X, /\ and the cost function L ?
What are the saddle points?
& We have
L(z) :=infys00, [Tz + AT p - Pa] + AT [r — Ra]]
= Tz +inf)y,~0 [)\ET[p - Paz]] +inf)y, [)\eT[r - Ra:]]
. CTCC, Pr<pand Rx =r
o { —00, otherwise
L(X\p, Ae) :=supy [CT:U + X\l p — Px] + XL [r — Rw]}
= sup, |[c — PTA, — RIA] s + pTy 4+ rTACT
_ { pIAp+rThe, PTA)+ RTXe = ¢
o0, otherwise
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r

Opt(P) = r;we?%i( {cTa: ; { Zi i P ((g } (P)

Opt(D) = [rAn_iAn] {pT)\g +rt e :

A >0 (D)
PT™ \,+ R")\.=c

= “Largange game” on the domains
X =R" A= {[)\g;)\e] : )\g > O}
with cost function
L(z,\) =l — )\ET[Pm — p|l — Ae[Rx — 7]
T _
L(z) = { ccx, Pr<pandRx =r

/

) —00, Otherwise
pIxp+riXe, PN+ RNe=c¢c
—~+ o0, otherwise

Conclusion: The primal and the dual problems associated

with our “Lagrange game”

Opt(P) maxg L(x) (P)

Opt(D) Miny—xxJen L) (D)
are nothing but (P) and (D) (in slight disquise). = Lagrange
game has saddle points if and only if (P) and (D) are solv-
able with equal optimal values which, by Duality Theorem,
takes place iff both (P) and (D) are solvable, same as iff
one of the problems (P), (D) is solvable. Whenever this is
the case, saddle points of the Lagrange game are exactly the
primal-dual optimal pairs of (P), (D).

z()\fa >‘€) —
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_ ) Pr < p (¥)
Opt(P) = max {CT:E.{ Py — (e) } (P)

T eRn T

Opt(D) = min {pTAg +rT . :

[>\/,>\(]
N> 0 (D)
PTX\;+ R")\. = c

& Let (P), (D) be solvable, so that the primal-dual optimal
solutions (z*, \* = [A\}; \{]) are exactly the saddle points of
the Lagrange function

L(z,)) = cla— )\g[Pa; —p] = A\ [Rx — 7]

= allc— PI'XN)— RTX]+plx, +rl )
(min in X = [Ay; Ae] with Ay > 0, max inx € R").
Question: When (z*, \* = [\}; \]) is a saddle point of the
Lagrange function?
Answer: We should have
o )\; >0
e L(x,\*) as a function of x € R™ should attain its maximum
in x at x*, which is the case iff the KKT equation
PIXs+ RN = ¢
takes place
e L(x*,\) as a function of \ = [Ay; A\e] with Ay > 0 should
attain its minimum at \*, which is the case iff
Rx* = r, Px* < p and [AZ]T[P:U* —p] = 0.

O We have recovered KKT optimality conditions in LO!
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Polyhedral Games

& ‘Lagrange game’ is a very special case of polyhedral
game, where both X and A are polyhedral sets and the
cost function is bilinear, that is, of the form

d(x,\) =ple + gt X+ M Ra
(?) What can be said on saddle points of a general polyhedral
game
Mlet X ={zeR": Az <bland A={A e R™: CX < d}.
Standing assumption: Both X and N\ are nonempty and
bounded.
& Fact: Under Standing assumption, a polyhedral game re-
duces to LO and has saddle points.
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X={z: A2z <b},A={\:0OX<d},¢(z,\) =plx+¢" X+ 'Rz

Explanation: We have

¢(z) = infr.conca [PT2 + ¢' A + AT Ra]

= plz 4+ miny {[¢ + Rz]"X : CX < d}

= plx — max, {[—q — Rz]" A :CX < d}

= plz — miny, {dTw cw > 0,CTw+q+ Rx = O}

[Duality; note that {\: CTX\ < d} # 0]

=pTx—|—man{—dTw cw > 0,CTw+q+ Rxr = O}
= Problem (P) of maximizing ¢(x) over z € X is nothing but
the LO program

Maxg ., { pla —dlw: Axé/b,wZO,CTw—l—Rx\zf/\_/—q ("
z>0 -
both (P) and (!) are solvable/unsolvable simultaneously, and
optimal solutions to (P) are exactly the x-components of opti-
mal solutions to (!).
Note: A = {\: CX < d} is nonempty and bounded, whence ¢ is a
finite everywhere polyhedral function. Taking into account that

X is nonempty and bounded, the problem (P) of maximizing Q
over X is solvable, whence (!) is solvable as well.
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e By completely similar reasoning, problem (D) of minimizing over

X\ € A the function ¢()\) = sup ¢(z, \) is nothing but the LO program
reX

miny . {sz—I—qT)\ ; C)\gd,ZZO,—ATz—I—RTAz—p} (M
It is immediately seen that (!!) is the dual of solvable problem
)
= (1), (') are solvable with equal optimal values
= (P) and (D) are solvable with equal optimal values
= Saddle points exist and are of the form (x*, \*), where x* is a com-
ponent of an optimal solution to (!), and \* is a component of an optimal
solution to (!)).
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Application: von Neumann Lemma

$ Let X = {x € R": Az < b} be a nonempty and bounded
polyhedral set, let
filx) = r?:c +s;,i=1,....m
be a finite collection of affine functions on X.
Consider the maximin problem
Opt = Max,cx [f(:v) = Z._r{\iﬂmfz-(af)]
Observation: The problem is nothing but the primal problem

(P) associated with the polyhedral game where
—{xER”'Aw<bf/\—{>\€Rm')\>O > =1},

¢(x, )\):Z)‘ﬁ(x) Z)‘[T T + si]
Indeed,

6@) = min { SAA@) A Z0.SA=1] = min fi(2) = F(2)

e By the above, the resultlng game has a saddle point
x*, \*, implying that for some \* € A,

maX,ex > Af fi(z)= ¢(\*) = Opt(D)

= Opt(P) = maxex f(z) = Maxyex |Min1<icm fi(2)]
In words: Maximum of the minimum of several affine func-
tions taken over a bounded and nonempty polyhedral domain
in the space of arguments, is the same as the maximum over
the same domain of a properly selected convex combination
of these functions.

Really surprising — any convex combination of a fi-
nite collection of functions is, at every point, > the

smallest of these functions!
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von Neumann Lemma, illustration:

-

-h

[y

-h

N\

What we see: Four affine functions f; on X = [0, 1]
(thin magenta lines) and their minimim (bold ma-

genta).

The maximum over X of the minimum of f; is the
same as the maximum over X of appropriate convex
combination of f, and f3 (blue horizontal line).
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Matrix Games and Mixed Strategies

& Consider a game with finite set {1,...,m} of your
choices and finite set {1,...,n} of my choices. In this
case the cost function ¢ can be identified with m x n
matrix M = [M;; = ¢(i,7)]. The resulting matrix game
is as follows:

Two players — you and me — are given an m x n matrix M. You
select a row, | select a column; when you select row i, and [ -
column j, your win (and my loss) is M;;.

& In a matrix game, saddle points are pairs (%,5) such
that the entry M;J of the game matrix M is the largest
in its column and the smallest in its row, like element
My> 3 in the matrix

(1 2 3 4]
M=|9 7 7 8
9 10 4 12

However: Existence of a saddle point in a matrix is a
“rare commodity.” For example, the matrix

~[10
w=g 9

has no saddle point.

Quiz: Assume an n x n game matrix is selected at random,
with entries assigned the values 0 and 1 with probability 0.5
independently across the entries. What is the probability p(n)

for the game to have a saddle point?
n | 2 | 4 | 8 |16 32|
p(n) | 0.875 | ~0.4547 | ~0.060 | | |
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Quiz: Assume an n x n game matrix is selected at random,
with entries assigned the values 0 and 1 with probability 0.5
independently across the entries. What is the probability p(n)
for the game to have a saddle point?
A simple upper bound on p(n) is 2n?2/2™ (why?) result-
ing in
n | 2 | 4 | 8 | 16 | 32 |
p(n) | 0.875 | =0.4547 | ~0.060 | <0.008 | <4.8e-7 |
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(?) What to do if a matrix game does not have a saddle point?
Partial answer [von Neumann and Morgenstern, late
1940's]: pass to mixed strategies.
& Imagine players are playing the game round by
round and are interested in their average outcomes
over large time horizon. In this case, they could use
randomized strategies as follows
e YOoUu select a probability distribution  on the set
{1,...,m} of your choices; z is just a nonnegative m-
dimensional vector with unit sum of entries:
di=1Ti =1

In every round, you draw your choice = € {1,...,m}
from this distribution, so that the probability to se-
lect 1 is =1, the probability to select 2 is xo, etc.
o likewise, I select a probability distribution on the set
{1,...,n} of my choices — a nonnegative n-dimensional
vector A\ with entries summing up to 1, and in every
round draw my choice from {1,...,n} at random ac-
cording to this distribution.
& With the outlined mixed strategies, the probability in
a particular round the choices to be (i,35) is z;);, and
your expected win (my expected loss) will be

Z;’n:]_ Z?:]_ MZJCIZZ)\] — xTM)\
You are interested to maximize your expected win over
x, and I am interested to minimize it over A\.
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& \We arrive at matrix game in mixed strategies given by
X={zeR":2>0,>;,z, =1},
/\:{AER”:)\EO,Zj)\jzl},
qﬁ(az, )\) — wTMA — Zi,j Mijxi)‘j

Note: Matrix game in fixed strategies is a game with

polyhedral, nonempty and bounded X, A and with a

bilinear cost function

= In mixed strategies, Nash equilibrium (a.k.a. saddle point)

always exists!

Informal Comment: In a ‘“you or him'" situation, it is

crucial to keep your intended actions secret from your

adversary. Mixed strategy is the ultimate implemen-
tation of this principle: you yourself do not know what you
will do tomorrow!
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Quiz: Bankrupt the Banker!

e Alicubi is a small African country. The currency
there is Alicubi dollars (AD’s).
& Advertizement (Alicubi Evening News, January 7,
2014)
If you are smart, you definitely will earn at least AD 99
by playing 12 rounds of the game Bankrupt the Banker!
Terms and conditions:
e At the beginning, 4 playing cards of 4 different suits
are shuffled and placed in line in front of you, backs up.
Their order is never changed later.
e In every round, you point at a card in the row.
The banker
--— takes the pointed card and looks at its suit
--— tells you your win in the round,
-—-— returns the card to its place, still back up.
e Your win in the round is determined by the suit of the card
you have selected and Banker’s decision in the round.
The list of legitimate Banker’s decisions and the dependence
of your win on card’s suit and Banker’s decision remain the
same in all rounds.
e Rules of the game guarantee that if you are smart enough,
your total win in 12 rounds will be at least AD 99.
& Assuming the advertizement truthful, are you ready
to play? How would you play?
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& Explanation: When translating the advertizement
from natural language to Math, it reads as follows:

e In the nature there exists a matrix M = [M;;]; ; with
4 rows indexed by the 4 suits, and N columns indexed
by Banker’'s decisions.

In a round where you select card with suit : and Banker
selects decision 3, you win is Mij.

e All you know about M is that M has 4 rows and
that there exists a policy specifying your selections in
such a way that independently of the results of initial shut-
fling and of Banker's behavior, your total win in 12 rounds will
be at least 99.

The problem is to find this policy.
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The solution. Let a; = min M;; be your guaranteed
1<j<N

win when selecting card of suit ¢, and let a™ = 1n<1_a<x4 a;
_Z_

be your maximin win.
Proposition. (i) No policy can guarantee you total win in 12
rounds larger than

S = [a1 + as + a3 + as] + 8a*
(1) Total win at least S is guaranteed by the policy as follows:
— initially, assign every card with the estimate +4oc;
— in course of the game, update estimates of the
card as follow: the current estimate of a card is the minimum
of the wins you got when selecting this card in the past; if this
card was never used before, keep its estimate at its initial value
~+o0;
— in every round, select the card with the largest
current estimate.
Conclusion: Since the advertizement is truthful, you
are in the case of S > 99
= Apply policy from (ii) and enjoy your AD 99 !
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Proof:

(1): Let the Banker be greedy, so that when you se-
lect card with suit ¢, your win is exactly a;. Assume
w.l.0.9. that a1 < ap < a3z < ag, SO that a* = aa.

e \When selecting the card in the first round, you have
no specific information. Whatever card you decide to
select, the initial shuffling can be such that the suit
of this card will be 1 (the worst, as far as guaranteed
win is concerned)

= Your guaranteed win in the first round cannot be larger than
ai.-

e Assume the shuffling indeed made the suit of your
first selection equal to 1, so that you won ai in the
first round. In the second round, you could select the
same card again, or select another card. In the sec-
ond case, the initial shuffling can be such that your
second selection is the second worst card (with suit
i =2).

= Your guaranteed total win in the first two rounds is at most
max[2a1, a1 + CL2] = a1 + ao.
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e Iterating this reasoning, we conclude that your guar-
anteed total win in the first 4 rounds is at most a1 + a> +
a3z + a4. Since greedy Banker never pays you more that
a® = aq = max|aq,an,an,asl], you guaranteed total win is
at most
S=a1+a>+ a3+ as+ (12 —4)a*
(1)): With the policy described in Proposition,
e A card which once yielded win < a* will never be used in
the future
Indeed, since the win on card #s happened to be < a*,
the estimate of this card is < a*, and you always have
a card with estimate > a* (namely, card with suit 4)
e If card #s once brought you win < ax, this win is at least
a;,, where is is the suit of card #s.
= Your win will be < a* in at most three rounds, and the total
win over these rounds is at least a1 + a»> + a3z = Your total
win is at least
a1 +a>x+ a3+ (12 —-3)a* =a1+a>+azs+as+ (12 — 4)a*
Note: In the game we played,
a1l =ap =a3 = —267,a4 = 100
= S =3.-(-267)4+9-100 =99
However: with Greedy Banker and just 4 (instead of
3) “bad choices,” your total win will be
4.(—-267)+8-100 = —268
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Conclusions:

e Jo earn and to learn are, in general, two different goals!

If your goal is to guarantee a positive win in round
# 12 (or # 2013), this goal is inachievable: Banker
could cheat you by paying all the time, say, AD 100
whatever be your choice, and become greedy only in
the “critical” round.

Whether you learn something or nothing, it depends
on Banker: but you earn as if you were learning some-
thing!

e Cheating is expensive: to keep you ignorant, Banker should
pay you extras!
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Applications of Duality in Robust LO

& Data uncertainty: Sources
Typically, the data of real world LOs

max {ch c Ax < b} [A = [a;;] : m X n] (LO)

IS not known exactly when the problem is being solved.
The most common reasons for data uncertainty are:
e Some of data entries (future demands, returns, etc.)
do not exist when the problem is solved and hence are
replaced with their forecasts. These data entries are
subject to prediction errors

e Some of the data (parameters of technological
devices/processes, contents associated with raw ma-
terials, etc.) cannot be measured exactly, and their
true values drift around the measured “nominal’ val-
ues. These data are subject to measurement errors
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e Some of the decision variables (intensities with
which we intend to use various technological pro-
cesses, parameters of physical devices we are design-
ing, etc.) cannot be implemented exactly as com-
puted. The resulting implementation errors are equiva-
lent to appropriate artificial data uncertainties.

A typical implementation error can be modeled
as x; — (1 + &;)x; + n;, and effect of these
errors on a linear constraint

n
> ajjx; < b
i=1

is as If there were no implementation errors,

but the data a;; 9ot the multiplicative pertur-
bations:

a;; = a;;(1+&;5)
and the data b; got the perturbation
bi — b; — X2 mja;.
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Data uncertainty: Dangers.

In the traditional LO methodology, a small data un-
certainty (say, 0.1% or less) is just ignored: the prob-
lem is solved as if the given (“nominal”) data were
exact, and the resulting nominal optimal solution is
what is recommended for use.

Rationale: we hope that small data uncertainties will
not affect too badly the feasibility/optimality proper-
ties of the nominal solution when plugged into the
“true’” problem.

Fact: The above hope can be by far too optimistic, and the
nominal solution can be practically meaningless.
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& Example: Antenna Design

& [Physics:] Directional density of energy transmitted by an
monochromatic antenna placed at the origin is proportional
to | D(5)|2, where the antenna’s diagram D(6) is a complex-
valued function of 3-D direction (unit 3-D vector) ¢.

& [Physics:] For an antenna array — a complex an-
tenna comprised of a number of antenna elements,
the diagram is

D() =Y 2;D;(5) (+)

e D;(-): diagrams of elements

e ;. complex weights — design parameters responsible

for how the elements in the array are invoked.

& Antenna Design problem: Given diagrams
D1(:), s Dn(-)

and a target diagram D..(-), find complex weights x; which

make the synthesized diagram () as close as possible to the

target diagram D« (-).

O When D,(-), D«(-) and the weights are real and

the “closeness’ is quantified by the maximal deviation

along a finite grid I of directions, Antenna Design

becomes the LO problem

min. {T 7 < Du(8) = Y D;(8) < T V6 € r} |
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& Example: Consider planar antenna array comprised
of 10 elements (circle surrounded by 9 rings of equal

areas) in the plane XY (Earth’s surface”), and our
goal is to send most of the energy “up,” along the
129 cone around the Z-axis:

e Diagram of a ring {z = 0,a < /22 + y2 < b}:
b [2m
Doy(0) =2 [ [f rcos (2rrA~1 cos(0) cos(¢)) dé | dr,
a LO

e (. altitude angle e \: wavelength

@

10 elements,
equal areas,
outer radius 1 m

Diagrams of the
elements vs the
altitude angle 6,

A =50 cm
e Nominal design problem:
10
Te — I’Tﬂliiﬂ {7’ =T S D*(Q@) — Z QZJDJ(QZ) S T,
TEe 10,7’ ]:1 .
1 <i<240}, 6; = ;&

Target (blue) and nominal
optimal (magenta) diagrams,
7+ = 0.0589
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But: The design variables are characteristics of phys-
ical devices and as such they cannot be implemented
exactly as computed. What happens when there are im-
plementation errors:

w;aCt = (1+ ej)ac;-:omp, e; ~ Uniform([—p, p]

with small p?

B s e wm W W O I BT Y I I e s )

“Dream and reality,” nominal optimal design: samples of 100
actual diagrams (red) for different uncertainty levels. Blue: the

target diagram

Dream Reality

P = 0 p = 0.0001 | p = 0.001 p = 0.01

value mean mean mean
I ﬂ?'t%'fgtg{‘ce 0.059 5.671 56.84 506.5
con?gg{ggtion 85.1% 16.4% 16.5% 14.9%

Quality of nominal antenna design: dream and reality. Data

over 100 samples of actuation errors per each uncertainty level.

& Conclusion: Nominal optimal design is completely mean-
ingless...
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NETLIB Case Study: Diagnosis

& NETLIB is a collection of about 100 not very large
LPs, mostly of real-world origin. To motivate the
methodology of our ‘‘case study’, here is constraint

7 372 of the NETLIB problem PILOT4:

alz = —15.79081xgo6 — 8.598819x557 — 1.88789xg508 — 1.362417x529
—1.526049xg30 — 0.031883xg49 — 28.725555x850 — 10.792065x3851
—0.19004xg50> — 2.757176xg53 — 12.290832xg854 + 717.562256x355
—0.05786533856 — 3.78541733857 — 78.30661&7858 — 122.163055213859
—6.46609:1:‘860 — 0.4837133861 - 0.61526493862 — 1.353783$863
—84.644257xg64 — 122.459045x565 — 43.15593x566 — 1.7125922x57¢0
—0.401597xg71 + w330 — 0.946049x595 — 0.946049x916

> b =23.387405

The related nonzero coordinates in the optimal solu-

tion z* of the problem, as reported by CPLEX, are:
5"526 = 255.6112787181108 3%27 = 6240.488912232100
Tiog = 3624.613324098961 x5,, = 18.20205065283259
Ti,o = 174397.0389573037 x5, = 14250.00176680900
gy, = 25910.00731692178  xg5, = 104958.3199274139

This solution makes the constraint an equality within
machine precision.
& Most of the coefficients in the constraint are “ugly
reals’” like -15.79081 or -84.644257. We can be sure
that these coefficients characterize technological de-
vices/processes, and as such hardly are known to high
accuracy.
= “ugly coefficients” can be assumed uncertain and
coinciding with the "true” data within accuracy of 3-4
digits.

The only exception is the coefficient 1 of xggg,
which perhaps reflects the structure of the problem
and is exact.
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alx —15.79081xg26 — 8.598819x5>7 — 1.88789x508 — 1.362417xg29
—1.526049xg30 — 0.031883x549 — 28.725555x850 — 10.792065x851
—0.19004xzg50 — 2.757176xg53 — 12.290832x854 + 717.562256x555
—0.05786533856 — 3.78541733857 — 78.30661%858 — 122.16305533859
—6.46609%860 — 0.4837113861 — 0-615264$862 — 1-353783$863
—84.644257xg64 — 122.459045x565 — 43.15593x866 — 1.712592x3570
—0.401597xg71 + 880 — 0.946049xg895 — 0.946049x916

> b= 23.387405

& Assume that the uncertain entries of a are 0.1%-
accurate approximations of unknown entries in the
“true” data a. How does data uncertainty affect the
validity of the constraint as evaluated at the nominal so-
lution =*?

e The worst case, over all 0.1%-perturbations of un-
certain data, violation of the constraint is as large as
450% of the right hand sidel

e With random and independent of each other 0.1% per-
turbations of the uncertain coefficients, the statistics
of the “relative constraint violation”

vV — max[b—baT:z:*,O] % 100%
also is disastrous:
Prob{V > 0} | Prob{V > 150%} | Mean(V)
0.50 0.18 125%
Relative violation of constraint # 372 in PILOT4
(1,000-element sample of 0.1% perturbations)
& We see that quite small (just 0.1%) perturbations of “obvi-
ously uncertain” data coefficients can make the “nominal” opti-
mal solution x* heavily infeasible and thus — practically mean-
ingless.

4.86




& In Case Study, we choose a ‘“perturbation level”
p € {1%,0.1%,0.01%}, and, for every one of the
NETLIB problems, measure the “reliability index” of the
nominal solution at this perturbation level:

e \We compute the optimal solution z* of the pro-
gram

e For every one of the inequality constraints

al'x <b

— we split the left hand side coefficients a;j into “cer-
tain” (rational fractions p/q with |g| < 100) and “un-
certain” (all the rest). Let J be the set of all uncertain
coefficients of the constraint.
— we compute the reliability index of the constraint

max[alz*+p, /> .. ;7 a?(x*)2—b,0]
m\éx[iei]] ] X 100%

Note: the reliability index is of order of typical violation (mea-
sured in percents of the right hand side) of the con-
straint, as evaluated at x*, under independent random pertur-
bations, of relative magnitude p, of the uncertain coefficients.

e We treat the nominal solution as unreliable, and
the problem - as bad, the level of perturbations being
p, if the worst, over the inequality constraints, relia-
bility index is worse than 5%.
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& The results of the Diagnosis phase of Case Study are as fol-

lows.

e From the total of 90 NETLIB problems processed,

— in 27 problems the nominal solution turned out to be unreli-
able at the largest (p = 1%) level of uncertainty;

— 19 of these 27 problems were already bad at the 0.01%-level
of uncertainty

—in 13 problems, 0.01% perturbations of the uncertain data can
make the nominal solution more than 50%-infeasible for some

of the constraints.

Problem Size® p=0.01% p=0.1%
#bad? | Index® #bad | Index
80BAU3B 2263 x 9799 37 84 177 842
25FV47 822 x 1571 14 16 28 162
ADLITTLE 57 X 97 2 6
AFIRO 28 x 32 1 5
CAPRI 272 x 353 10 39
CYCLE 1904 x 2857 2 110 5 1,100
D2Q06C 2172 x 5167 107 1,150 134 11,500
FINNIS 408 x 614 12 10 63 104
GREENBEA 2393 x 5405 13 116 30 1,160
KB2 44 x 41 5 27 6 268
MAROS 847 x 1443 3 ) 38 57
PEROLD 626 x 1376 6 34 26 339
PILOT 1442 x 3652 16 50 185 498
PILOT4 411 x 1000 42 210,000 63 2,100,000
PILOT87 2031 x 4883 86 130 433 1,300
PILOTJA 941 x 1988 4 46 20 463
PILOTNOV O76 x 2172 4 69 13 694
PILOTWE 723 X 2789 61 12,200 69 122,000
SCFXM1 331 x 457 1 95 3 946
SCFXM2 661 x 914 2 95 6 946
SCFXM3 9901 x 1371 3 95 9 946
SHARE1B 118 x 225 1 257 1 2,570

@) # of linear constraints (excluding the box ones) plus 1

and # of variables

b) 4 of constraints with index > 5%
) The worst, over the constraints, reliability index, in %
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& Conclusions:

& In real-world applications of Linear Programming one can-
not ignore the possibility that a small uncertainty in the data
(intrinsic for the majority of real-world LP programs)
can make the usual optimal solution of the problem completely
meaningless from practical viewpoint.

Consequently,

& In applications of LP, there exists a real need of a technique
capable of detecting cases when data uncertainty can heavily
affect the quality of the nominal solution, and in these cases
to generate a “reliable” solution, one which is immune against
uncertainty.

Robust LO is aimed at meeting this need.
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Robust LO: Paradigm

& In Robust LO, one considers an uncertain LO problem
P = {m:?x {CT:C Az < b} (¢, A,b) € Z/l},

— a family of all usual LO instances of common sizes
m (number of constraints) and n (number of vari-
ables) with the data (¢, A,b) running through a given
uncertainty setUd C R7 x R'#™™ x R

& VWe consider the situation where

e The solution should be built before the “true” data reveals
itself and thus cannot depend on the true data. All we know
when building the solution is the uncertainty set U/ to
which the true data belongs.

e The constraints are hard: we cannot tolerate their violation.
& In the outlined ‘decision environment,” the only
meaningful candidate solutions x are the robust feasible
ones — those which remain feasible whatever be a realization
of the data from the uncertainty set:

x € R™ is robust feasible for P
< Ax < bV(c,A,b) e U

¢ We characterize the objective at a candidate solu-
tion x by the guaranteed value

t(z) = min{clz : (¢, A,b) € U}

of the objective.
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P = {mgx{cT:c Az < b} (¢, A, b) EU},

¢ Finally, we associate with the uncertain problem P
its Robust Counterpart

ROpt(P)
= max{t:t < clz, Az <bV(c, A,b) € U] (RC)
X

Y

where one seeks for the best (with the largest guaran-
feed value of the objective) robust feasible solution to
P.

The optimal solution to the RC is treated as the
best among “immunized against uncertainty” solu-
tions and is recommended for actual use.

Basic question: Unless the uncertainty setU is finite, the RC
is not an LO program, since it has infinitely many linear con-
straints. Can we convert (RC) into an explicit LO program?
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P = {mgx{ch Az < b} - (¢, A, b) eu}
= max {t t<cle, Az <bV(c, A,b) € Z/l} (RC)

Observation: The RC remains intact when the uncertainty
setU is replaced with its convex hull.

Theorem: The RC of an uncertain LO program with nonempty
polyhedrally representable uncertainty set is equivalent to an
LO program. Given a polyhedral representation of U, the LO
reformulation of the RC is easy to get.
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P = {max{cTa; Az < b} : (¢, A, b) EM}
= max {t t < clx, Ax < bV(c, A,b) € U} (RO)

Proof of Theorem. Let

U={C=(c,A,b) eRYN :Jw: P(+ Quw <}
be a polyhedral representation of the uncertainty set.
Setting y = [x; t], the constraints of (RC) become

gi(¢) —pl(Qy<0VCeU,0<i<m (C;)
with p;(+), ¢;(-) affine in (. We have

¢i(¢) — p} (Qy =7l (W) —0:(y),

with 6,(y), m;(y) affine in y. Thus, i-th constraint in
(RC) reads

max {rT(y)¢: PCH Qu <r} = rpgazl/{xw;—r(y)c < 0;(y).

Since U # (), by the LO Duality we have
max {WT(y)C ' PC+ Qui <1}

- mln {rTni :mi >0, PTn = m(y), QTni = 0}
= y satisfies (C ) if and only if there exists n; such that
ni > 0, Py = mi(y), Q" mi = 0,7"n; < 0:(y) (R:)
= (RC) is equivalent to the LO program of maximizing
el'y = t in variables y,no,n1, ..., nm under the linear con-
straints (R;), 0 < i < m.
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& Example: The Robust Counterpart of uncertain LO
with interval uncertainty.

uobj = {ci|¢j— c?| <dcj,3=1,..,n}
U, = {(air,,, -aim, bi) : laij — ag;| < daij, |bi — b7 < 5b;}

is the LO program

( %:c?a:j — %:5cjyj >t \
maXt: Za?x] —+ Z5azjy] <b;, — 51)? 0
.yt 5 Y ]

. Y S x5 Sy ,
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How it works? — Antenna Example

min {T =7 < De(0)) — X308, 1;Dj(0) <7, £=1, ..., L}
)

ngin{T:Aa:—l—Ta—I—bEO} (LO)

,T

e T he influence of “implementation errors”

ri— (14 ¢)z;
with |e;] < p € [0, 1] is as if there were no implementa-
tion errors, but the part A of the constraint matrix was
uncertain and known “up to multiplication by a diag-
onal matrix with diagonal entries from [1 —p,1 + p]":

U= {A = AnomDiag{l -+ €1, ...y 1 -+ 610} : |€]’ < ,0}

(V)

Note that as far as a particular constraint is concerned, the

uncertainty is an interval one with 6 A;; = p|A;;|. The remain-

ing coefficients (and the objective) are certain.

& To improve reliability of our design, we replace the

uncertain LO program (LO), (U) with its robust coun-

terpart, which is nothing but an explicit LO program.
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How it Works: Antenna Design (continued)

min{T:—TgD*(ei)—Z] 12D (6;) < T, 1<z<[}

T,

zj—~ (1+e€)zj, —p<e<p

U

min

T,L

{ 23 YR SRy o7 () R S V7 2 | }
T J 1<:< 1T
D.(0;) — > x;Di(0:)+p > ||| D;j(6:)| < 7

& Solving the Robust Counterpart at uncertainty level
p = 0.01, we arrive at robust design. The robust op-
timal value is 0.0815 (39% more than the nominal
optimal value 0.0589).

N
N/

o 10 20 0 Y 50 60 70 80 %0 o 10 20 0 Y 50 60 ki a0 %0 ) 10 20 0 w0 50 60 m 80 %0

Robust optimal design: samples of 100 actual diagrams (red).

Reality
5 =0.01 =01
- lloo max = 0.081 max = 0.216
distance —_ A — A
to target mean = 0.077 mean = 0.113
energy min = 70.3% min = 52.2%
concentration mean = 72.3% mean = 70.8%

Robust optimal design, data over 100 samples of actuation errors.
® For nominal design with p = 0.001, the average || - |~-distance to target is

56.8, and average energy concentration is 16.5%.
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& Why the “nominal design” is that unreliable?

e The basic diagrams Dj(-) are ‘“‘nearly linearly depen-
dent” . As a result, the nominal problem is “ill-posed”
— it possesses a huge domain comprised of “nearly op-

timal” solutions. Indeed, look what are the optimal
values in the nominal Antenna Design LO with added

box constraints |z;| < L on the variables:

L 1 10 102 103 104 10° 10°
Opt_Val || 0.0945 | 0.0800 | 0.0736 | 0.0696 | 0.0639 | 0.0607 | 0.0595

The “exactly optimal” solution to the nominal prob-
lem is very large, and therefore even small relative im-
plementation errors may completely destroy the de-
sign.

e In the robust counterpart, magnitudes of candidate
solutions are penalized, and RC implements a smart
trade-off between the optimality and the magnitude
(i.e., the stability) of the solution.

] 1 2 3 4 5 6

J 7 8 o) 10
z''om 2e3 | -1e4 | 6e4 | -1eb | 1eb | 2e4 | -1eb le6 | -7e4 | 1e4

J
azg.ob -0.3 | 50 | -34 | -5.1 | 69 | 5.5 53 | -7.5 | -8.9 13
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How it works? NETLIB Case Study

& When applying the RO methodology to the bad
NETLIB problems, assuming interval uncertainty of (rel-
ative) magnitude p € {1%,0.1%,0.01%} in “ugly coef-
ficients” of inequality constraints (no uncertainty in equa-
tions'), it turns out that

e Reliable solutions do exist, except for 4 cases corre-
sponding to the highest (p = 1%) perturbation level.
e The ‘“price of immunization” in terms of the ob-
jective value is surprisingly low: when p < 0.1%, it
never exceeds 1% and it is less than 0.1% in 13 of
23 cases. Thus, passing to the robust solutions, we gain a
lot in the ability of the solution to withstand data uncertainty,
while losing nearly nothing in optimality.
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Objective at robust solution

Nominal
Problem optimal p=0.1% p=1%
value

80BAU3B 987224.2 1009229 (2.2%)
25FV47 5501.846 5502.191 (0.0%) 5505.653 (0.1%)
ADLITTLE 225495.0 228061.3 (1.1%)
AFIRO -464.7531 -464.7500 (0.0%) -464.2613 (0.1%)
BNL2 1811.237 1811.237 (0.0%) 1811.338 (0.0%)
BRANDY 1518.511 1518.581 (0.0%)
CAPRI 1912.621 1912.738 (0.0%) 1913.958 (0.1%)
CYCLE 1913.958 1913.958 (0.0%) 1913.958 (0.0%)
D2Q06C 122784.2 122893.8 (0.1%) Infeasible

E226 -18.75193 -18.75173 (0.0%)
FFFFF800 555679.6 555715.2 (0.0%)
FINNIS 172791.1 173269.4 (0.3%) 178448.7 (3.3%)
GREENBEA || -72555250 ~72192920 (0.5%) -68869430 (5.1%)
KB2 -1749.900 -1749.638 (0.0%) -1746.613 (0.2%)
MAROS -58063.74 -58011.14 (0.1%) -57312.23 (1.3%)
NESM 14076040 14172030 (0.7%)
PEROLD -9380.755 -9362.653 (0.2%) Infeasible

PILOT -557.4875 -555.3021 (0.4%) Infeasible

PILOT4 -64195.51 -63584.16 (1.0%) -58113.67 (9.5%)
PILOT87 301.7109 302.2191 (0.2%) Infeasible

PILOTJA -6113.136 -6104.153 (0.2%) -5943.937 (2.8%)
PILOTNOV || -4497.276 ~4488.072 (0.2%) ~4405.665 (2.0%)
PILOTWE -2720108 -2713356 (0.3%) -2651786 (2.5%)
SCFXM1 18416.76 18420.66 (0.0%) 18470.51 (0.3%)
SCFXM2 36660.26 36666.86 (0.0%) 36764.43 (0.3%)
SCFXM3 54901.25 54910.49 (0.0%) 55055.51 (0.3%)
SHARE1B -76589.32 -76589.32 (0.0%) -76589.29 (0.0%)

Objective values at nominal and robust solutions to bad
NETLIB problems.
Percent in (-): Excess of robust optimal value over the
nominal optimal value
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Quiz: Alicubi is a small country in Africa. All n = 128
types of diary products consumed by the population
are supplied by a single company Diary Co which fre-
quently and abruptly changes the prices of its prod-
ucts. There is, however, Consumer Protection Law
stating that whenever buying m = 5 distinct from
each other diary products, in unit amount each, the
total cost cannot exceed 5 Alicubi dollars (AD).

Mr. Nemo wants to order diaries. His utility function

to be maximized is

u = 2?21 PiXy
e p;, > 0: per unit “utility” of diary # ¢ e x;: order for diary # 1
and he wants to maximize the utility by selecting or-

der x = [x7;...; x12g8] under the constraints that

e x>0

e Whatever be the diary prices (obeying the Consumer
Protection Law) at the time of order’'s delivery, Mr.
Nemo's AD 1 will be enough to pay the bill.

(?) How Mr. Nemo should act?
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& Mr. Nemo should solve the Robust Optimization
problem
max {pTa:' x> 0,clz<1Vee Z/lm} [n = 128]
TeRM
where U,, is the set of all price vectors obeying the
Consumer Protection Law:
Um = {c € R™: c>0,¢cj, +¢cj,+...+¢5, <m
forall 1 <j1 <jo<..<jm<n}
[m = 5]
e The uncertainty set is polyhedral = Mr. Nemo’s prob-
lem can be converted to LO
But: U/, is given by a huge number of linear inequal-
ities. Can we find a “compact” polyhedral representation of
Um ?
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Umn = {c e R" : c>0,¢j, +¢cj,+...+¢c5, <m
forall 1 <ji1 <jo<..<jgm<n}
[m = 5]
(?) Can we find a “compact” polyhedral representation of Uy,
?
Observation: U/, = {c > 0:elc <m for all e € £}
o £ the set of all Boolean vectors from R™ with m
nonzero entries
h As we know, & is exactly the set of all extreme
points of the polytope
Y ={yeR":0<y; <1Vj, 1, y; =m}
= Um IS the set

N

*

cER”:;nax cly:—y < O,y < [1;...;1], -=m\<m

N—

~~
= {CER’}I_ : m}i,g{mw—l—zjvj cwl[l; 1]+ v—u=c,u>0,v>0}<m
[we have passed to the dual of (x)]

= {c SIS min{mw + Zjvj cw[l; ;1] Fv>c,v >0 m

UV, W

— {ce]R’}'_ : Elfv,w:cgw[l;...;l]—I—U,UEO,Zjvj—i—mwgm}
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e Mr. Nemo's problem becomes

maxg pl
s.t. >0
( c—v—wl[l;..1] < 0 ]
i
MaXepw{ale:{ €S0 —v. S0 < 1
T S
[1;...; 1]Tv+mw§/m
\ \ J
qg—r =z, g+s=1¢t[1;...;1]
& minyamt g [1;..; 1]Tq = mt <1
q7r787t

g>0,r>0,5>0
& min{ST_igiq2a020 <M 1< <nf <1

q m

36]3(]25137(]2072ij§17C]j§2k%71§j§n

m

3q:¢>2,9>0, " 1¢=1,¢<; 1<j<n

m’

&
&
or, which is the same,
ma.;:lx{zglzl pjxr; 0 <x; < %‘v’j, Z?:l r; <1}
e Since p; > 0 for all j, a robustly optimal order is to
request -- = L units of every one of the m = 5 most useful
for Mr. Nemo (with the largest p;) diaries and zero amounts
of all other diaries. The robust optimal value in Mr. Nemo’s

problem is the average of the 5 largest p;’s.
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Affinely Adjustable Robust Counterpart

& The rationale behind the Robust Optimization
paradigm as applied to LO is based on two assump-
tions:

A. Constraints of an uncertain LO program is a “must”: a
meaningful solution should satisfy all realizations of the con-
straints allowed by the uncertainty set.

B. All decision variables should be defined before the true
data become known and thus should be independent of the
frue data.

& In many cases, Assumption B is too conservative:
e In dynamical decision-making, only part of deci-
sion variables correspond to “here and now'’ decisions,
while the remaining variables represent “wait and see”
decisions to be made when part of the true data will
be already revealed.

(1) “Wait and see” decision variables may — and should! —
depend on the corresponding part of the true data.

e Some of decision variables do not represent actual
decisions at all; they are artificial “analysis variables”
introduced to convert the problem into the LO form.
(1) Analysis variables may — and should! — depend on the
entire true data.

4.104



Example: Consider the problem of the best || - [|1-
approximation

rg)itn {t ; ZL: 1b; — %:aijxﬂ < t} : (P)

When the data are certain, this problem is equivalent
to the LP program

min {t > oy <ty —y; <bj— ) ajixy < in} . (LP)
£U7y7 /l: j

With uncertain data, the Robust Counterpart of (P)
becomes the semi-infinite problem

I’T:g’itﬂ {t ) ; 1b; — §az]x]| < tV(bi,CLZ‘j) c Z/[},
or, which is the same, the problem

' ; iy Qi ; ; i <t, —y < b — iiTi < Yi g,
rg’ltn{t V(bi,aij) €U Ty Zy_t yi < b Zagwgy}

J

while the RC of (LP) is the much more conservative
problem

[ . . iy Qi g . @'<,—i<i_ i i S Yi -
rg,ltn{t Jy @ V(bi,ai;) €U Zy_t v < b Zajxjy}

J
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Adjustable Robust Counterpart of an Uncertain LO

& Consider an uncertain LO. Assume w.l.0.g. that the
data of LO are affinely parameterized by a “pertur-
bation vector” ¢ running through a given perturbation
set Z.

£P = {max{cl[¢lz : A[¢le —b[¢] <0} : ¢ € 2}
<;[¢1, Al bil¢] « affine in (]

& Assume that every decision variable may depend
on a given “portion” of the true data. Since the latter
is affine in ¢, this assumption says that z; may depend
on Pjg, where Pj are given matrices.

e P, =0 = x, Is non-adjustable: x; represents an inde-
pendent of the true data “here and now' decision;

e P; # 0 = =z, Is adjustable: x; represents a “wait and
see’ decision or an analysis variable which may adjust

itself — fully or partially, depending on Pj — to the true
data.

4.106



LP = {mgx{cT[C]x - AlC]z — b[¢] < o} (€ z}
¢;[¢], Agj[¢l, bil¢] : affine in (]

& Under circumstances, a natural Robust Counter-
part of LP is the problem

Findt and functions ¢;(-) such that the decision rules
x; = ¢;(P;¢) make all the constraints feasible for all
perturbations { € Z, while minimizing the guaran-
teed value t of the objective:

/

> cilcloi(Pi¢) >tVC e 2 ’

. J
AT S (PO A I — bl <0V € 2 |
L |
(ARC)
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& Bad news: The Adjustable Robust Counterpart
[ 2elCle(Pi0) >tV e 2
max <{t: Z
t{6;()} > i (PiO)A;[C] =b[¢] <0V(Ce Z
J

\

V.

(ARC)
of uncertain LP is an infinite-dimensional optimization
program and as such typically is absolutely intractable:
How could we represent efficiently general-type func-
tions of many variables, not speaking about how to
optimize with respect to these functions?

& Partial Remedy (???): Let us restrict the decision
rules z; = ¢,;(P;(¢) to be easily representable — specif-
ically, affine — functions:

¢;(Pi¢) = pj + vi PiC.
With this dramatic simplification, (ARC) becomes a
finite-dimensional (still semi-infinite) optimization problem
in new non-adjustable variables p.;, v

7

> e[l + v Pi¢) > V¢ € 2
- J
e | S+ v POAIC - bl <0%C € 2
\ (AARC)

0
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& We have associated with uncertain LO
LP = {mgx {CT[g]x - A[¢]z — b[¢] < o} Y= z}

;[¢], Ay;[¢1, il - affine in ¢

and the ‘“information matrices” Pi,..., P, the Affinely
Adjustable Robust Counterpart

(Tl + P >tV e 2
max ({t: T
t{p;v;t > (pj +v; PiQ)A;[¢] —b[¢] <0VCe Z
\ J )
(AARC)

0

& Relatively good news:

e AARC is by far more flexible than the usual (non-
adjustable) RC of LP.

e As compared to ARC, AARC has much more
chances to be computationally tractable:

— In the case of simple recourse, where the coefficients
of adjustable variables are certain, AARC has the
same tractability properties as RC:

If the perturbation set Z is given by polyhedral representation,
(AARCQC) can be straightforwardly converted into an explicit
LO program.

— In the general case, (AARC) may be computation-
ally intractable; however, under mild assumptions on
the perturbation set, (AARC) admits “tight” compu-
tationally tractable approximation.
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& Example: simple Inventory model. There is a single-
product inventory system with
e a single warehouse which should at any time store
at least Vi,jn and at most Vimax units of the product;
e uncertain demands d; of periodst =1, ...,7 known to
vary within given bounds:

di € [df(1—0),df(1+6)],t=1,..,T

e 0 € [0,1]: uncertainty level

No backlogged demand is allowed!
e / factories from which the warehouse can be replen-
ished:
— at the beginning of period ¢, you may order Pt
units of product from factory 2. Your orders should
satisfy the constraints

0 <p;; < P;(t) [bounds on capacities per period]
> pti < Q [bounds on cumulative capacities]
t

— an order is executed with no delay
— order p;; costs you c;(t)p;;.
e T he goal: to minimize the total cost of the orders.
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& With certain demand, the problem can be modeled as
the LO program

min c;(t : total cost
pt,i,:igl,tST,g ’L( )pta@ [ ]

v, 2<t<T+1
S.t.

o o o _ state equations
Rt ;pt,@ =dt=1..7 [ (v1 is given) ]

Vinin < vt < Vmax, 2 <t <T -+ 1 [bounds on states]

0<pt; <P(t),i<I,t<T [bounds on orders]
: cumulative bounds
;ptﬂ SQpisd [ on orders ]

& With uncertain demand, it is natural to assume that
the orders p,; may depend on the demands of the
preceding periods 1,...,t — 1. The analysis variables v
are allowed to depend on the entire actual data. In
fact, it suffices to allow for v; to depend on dq,...,d;_1.
® Applying the AARC methodology, we make p; ; and
vy affine functions of past demands:
pri = ¢+ X ¢dr

1<7r<¢t

v+ Y ldr

1<7<¢t
e ¢’s and)’s are our new decision variables...

Ut
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ming, . Ut}Zcz(t)pm S.t.

Ut41 — Ut — Zptz—dtat—]- o

Vin SvtSVmax,QStST‘Fl
O0<pi <P(t),i<I,t<T
Yopi < Qi1 < I

t

bti — ¢21—|‘ Z sz,sz

1<7<t

P+ > Pids

1<7r<t

Ut

& The AARC is the following semi-infinite LO in non-

adjustable decision variables ¢'s and 's:

Zc’l(t) [¢tz+ Z ¢tzd] <C

t,i 1<7r<t

— t—1
Bt X vt - [+ S rd | - S [eh+ S ara| =

t—1
Vmin S [¢? + Z @thdT] S Vmax
T=1

t—1
0< [cb?,i + X qsz,idT] < Pi()
=1
t—1
2 [aﬁ& +2 ¢;idT] < Qi

e T he constraints should be valid for all values of
“free” indexes and all demand trajectories d = {d;}]_,
from the “demand uncertainty box”

D={d:dj(1-0)<d; <d;j(140),1<t<T}.
& The AARC can be straightforwardly converted to a usual LP
and easily solved.
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& In the numerical illustration to follow:
e the planning horizon is T' = 24

e there are I = 3 factories with per period capacities

P;(t) = 567 and cumulative capacities Q;
e the nominal demand dj is seasonal:

di = 1000 (1 + 0.55sin (T))
e the ordering costs also are seasonal:
/// \\\
g ///* *\y\\ \\\ /
_ o (m(t—1) _
ci(t) =c¢; (1 +0.5sin(—557%)),c1 =1,c0=

e v1 = Vinin = 500, Vinax = 2000
e demand uncertainty 8 = 20%
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& Results:

e Opt(AARC) = 35542,

Note: The non-adjustable RC is infeasible already at
5% uncertainty levell

e With uniformly distributed in the range +20% de-
mand perturbations, the average, over 100 simula-
tions, AARC management cost is 35121.

Note: Over the same 100 simulations, the average
“utopian” management cost (optimal for a priori known
demand trajectories) is 33958, i.e., is by just 3.5% (1)
less than the average AARC management cost.
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& Comparison with Dynamic Programming. When ap-
plicable, DP is the technique for dynamical decision-
making under uncertainty — in (worst-case-oriented)
DP, one solves the Adjustable Robust Counterpart of
uncertain LO, with no ad hoc simplifications like “let us re-
strict ourselves with affine decision rules.”

& Unfortunately, DP suffers from “curse of dimension-
ality” — with DP, the computational effort blows up
rapidly as the state dimension of the dynamical pro-
cess grows. Usually state dimension 4 is already *“too
big"” .

Note: There is no “curse of dimensionality” in AARC!
Quiz: What is state dimension in our toy inventory model?
However: Reducing the number of factories to 1, in-
creasing the per period capacity of the remaining fac-
tory to 1800 and making its cumulative capacity +oo,
we reduce the state dimension to 1 and make DP eas-
iy implementable. With this setup,

e the DP (that is, the “absolutely best” ) optimal value
is 31270

e the AARC optimal value is 31514 — just by 0.8%
worse!
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ALGORITHMS OF LINEAR OPTIMIZATION

& The existing algorithmic “working horses” of LO
fall into two major categories:

& Pivoting methods, primarily the Simplex-type algo-
rithms which heavily exploit the polyhedral structure of
LO programs, in particular, move along the vertices
of the feasible set.

& Interior Point algorithms, primarily the Primal-
Dual Path-Following Methods, much less *“polyhedrally
oriented” than the pivoting algorithms and, in par-
ticular, traveling along interior points of the feasible
set of LO rather than along its vertices. In fact, IPM’'s
have a much wider scope of applications than LO.
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& Theoretically speaking (and modulo rounding er-
rors), pivoting algorithms solve LO programs exactly
in finitely many arithmetic operations. The operation
count, however, can be astronomically large already
for small LO’'s.

In contrast to the disastrously bad theoretical worst-
case-oriented performance estimates, Simplex-type al-
gorithms seem to be extremely efficient in practice. In 1940's
— early 1990’'s these algorithms were, essentially, the
only LO solution techniques.

& Interior Point algorithms, discovered in 1980's, en-
tered LO practice in 1990’s. These methods combine
high practical performance (quite competitive with
the one of pivoting algorithms) with nice theoretical
worst-case-oriented efficiency guarantees.
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Simplex Method — Executive Summary

S.l. Simplex method works with an LO problem in the
standard form

Opt(P) = maxy {ch cAx =0b, x > O} (P)
Standing Assumption:
e A is anm x n matrix with linearly independent rows.
= The system of linear equations Ax = b has a solution (not
necessary nonnegative).
Note: This assumption is not restrictive: checking
whether a system of linear equations is solvable is an
easy task of Linear Algebra. When this is the case,
it is equally easy to eliminate from A, one by one,
rows which are linear combinations of the remaining
rows, and this does not affect the solution set of the
system.
Terminology: The set {z : Ax = b} of solutions to the
system of primal equations will be called the primal
feasible plane.
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_ T,. . _
Opt(P) = maxg{c z: Az = b, 58\2/0 (P)
Ae Ag
S.2. The problem dual to (P) reads
Opt(D) = min {bTAc: Ag+ ATAc = ¢, Ay <0} (D)

A:[Ag;/\e]
Terminology: The set {\ = [\gs;X\e] : A\g = ¢ — AT )}
of solutions to the system of dual equations will be
called the dual feasible plane. It always is nonempty.
Fact: Under Standing Assumption, primal and dual feasible
sets do not contain lines. (why?) = If (P), (D) are solv-
able, among the optimal solutions z*, A* there are
those which are extreme points of the respective fea-
Sible sets.
Fact: By Optimality Conditions, a pair

(z, A = [Ag; Ae])

of feasible solutions to (P), (D) is comprised of opti-
mal solutions to the respective problems iff the solu-
tions are complementary:

()\g)jfljj — O, ] — 1, ceey 1.

Intermediate Summary:

e In order to find optimal solutions to (P), (D), we
need to ensure primal-dual feasibility and complementarity.
e When achieving this goal, we can work with candi-
dates to the role of extreme point solutions. The key
role in the description of these candidates is played by
the notion of a basis of A.
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Opt(P)
Opt(D)

MmaxXy {CT:C CAr=10b,x > O} (P)
Minys=pa] {67 Xe - Ag + AT = ¢, 2y <0} (D)

Definition: A subset J of m distinct from each other indexes
of columns in the m x n matrix A is called basis, if these m
columns A;, j € J, are linearly independent or, which is the
same, the m x m submatrix

AJ — [Ajl’ AjQ’ cees Ajm]

[J = {Jj1,--, Jm}, Aj is j-th column of A]
is invertible.
Simple facts: For every basis J of A, there exists
— exactly one solution z” to the system Az = b of primal
equations for which all nonbasic — with indexes not from J —
entries are zeros. T his solution is called basic primal so-
lution associated with basis J.
The basic part of =/ is [A ]~ 1b.
— exactly one solution AV = [\/; \/] to the system N\, =
c — AT\, of dual equations for which all basic entries in \q
are zero. This solution is called basic dual solution as-
sociated with basis J, and its Agj-component is called
vector of reduced costs associated with J.
A is given by A = [Al]7te;, A = c—ATX/, where ¢; is comprised
of basic entries of ¢ (those with indexes from J).
& Important observation: Basic primal and dual solu-
tions associated with the same basis always are com-
plementary.
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Opt(P)
Opt(D)

Mmaxg {cTa: cAr =0b, x > O} (P)
Miny=pn] {67 Xe : Ag + AT = ¢, 2y <0} (D)

S.lIl. Crucial fact: Under Standing Assumptions, the extreme
points of the primal and the dual feasible sets are ‘parameter-
ized” by bases of A:

e extreme points of the primal feasible set are exactly basic
primal solutions which happen to be primal feasible (i.e., non-
negative);

e extreme points of the dual feasible set are exactly basic dual
solutions which happen to be dual feasible (i.e., to have non-
positive reduced costs).
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Opt(P)
Opt(D)

Mmaxg {ch cAr =0b, x > O} (P)
Miny=pa] {67 Xe - Ag + ATAe = ¢, 2y <0} (D)

S.IV. Simplex strategy:

& In the Primal Simplex method, we build a sequence
of feasible basic primal solutions along with sequence of
(perhaps infeasible) basic dual solutions associated
with the same bases (and thus complementary to our
primal solutions).

e The consecutive bases we build are neighbouring:
each time we drop out one “old” basic index and make
pbasic one “old” nonbasic index.

e [ he process terminates when

— either the current basic dual solution becomes fea-
sible = we get a pair of complementary primal-dual
feasible (and thus optimal) solutions

— or unboundedness of (P) (i.e., infeasibility of (D))
Is discovered.
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Opt(P)
Opt(D)

Mmaxg {cTa: cAr =0b, x > O} (P)
Miny=p,n] {67 Xe : Ag + ATAe = ¢, Xy <0} (D)

Simplex strategy (continued):

& In the Dual Simplex method, we build a sequence of
feasible basic dual solutions along with sequence of (per-
haps infeasible) basic primal solutions associated with
the same bases (and thus complementary to our dual
solutions).

e The consecutive bases we build are neighbouring.

e [ he process terminates when

— either the current basic primal solution becomes
feasible = we end up with a pair of primal-dual feasi-
ble complementary (and thus optimal) solutions

— or unboundedness of (D) (and thus infeasibility of
(P)) is discovered.
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Implementing the Strategy: Primal Simplex

& At the beginning of a step, we have at our disposal
e Current basis J

e associated with J feasible basic primal solution z

& We start the step with computing the associated
with J basic dual solution X, in particular, the vector
of reduced costs ).

Q It may happen that X is dual feasible: Ay <0 = we
have a complementary pair of primal-dual feasible (and thus —
primal-dual optimal) solutions z, \ and terminate.

Otherwise we proceed with the step.
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Opt(P)
Opt(D)

MmaxXy {CT:C CAr=10b,x > O} (P)
Minys=pa] {67 Xe - Ag + AT = ¢, 2y <0} (D)

Situation: We have at our disposal basis J, associated feasible
basic primal solution z, and associated vector )\, of reduced costs
with some of the reduced costs positive.
& We select index jx of a positive reduced cost, and
try to pass to a better feasible primal solution.
Note: j. is nonbasic (basic reduced costs are zeros!)
Note: When replacing the original costs ¢ with the vec-
tor of reduced costs Xg, we get an equivalent problem:
on the entire primal feasible plane, the objective is just
shifted by a constant.
Indeed, 5\9 differs from ¢ by a linear combination of
rows a; of A, and the linear forms a;-rx are constant
on the primal feasible plane.
e Let us try to replace the j«-th entry in z (which
is zero) with some t > 0, compensating this change by
updating basic entries in x in order to satisfy the primal equa-
tions. We get a ray {x(t) : t > 0} in the primal feasible
plane such that

basic part z7(¢) of x(¢) is affine in ¢

a;j*(t) =1

z;(t) = 0 for all nonbasic j different from j.
Note: When moving along the ray {x(t) : t > 0} and in-
creasing t, the primal objective strictly grows:

l'(z(t) —2(0)) = A (@(t) — x(0)) = (Ag);. ¢

——

>0
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Opt(P)
Opt(D)

MmaXy {CT:B cAr =10b, x > O} (P)
Miny=p] {67 Xe : Ag + ATAe = ¢, Xy <0} (D)

Situation: We have at our disposal basis J, associated feasible
basic primal solution z, associated reduced costs J),, index j, of a
positive reduced cost, and an “improving ray” {z(t) : t > 0} with
the following properties:

e the ray lies in the primal feasible plane and emanates from z;
e when moving along the ray, the primal objective grows,;

e along the ray:

— j«-th coordinate of z(¢t) is t,

— basic coordinates in z(t) affinely depend on ¢,

— all other coordinates in x(t) stay zeros.

A. It may happen that as ¢ grows, all basic coordi-
nates in x(¢t) stay nonnegative = we have discovered
a primal feasible ray along which the primal objective goes to
+o00 = (P) is unbounded, (D) is infeasible, we terminate.
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Opt(P)
Opt(D)

max, {cTa: Ar =b, x > O} (P)
Miny=p ] {67 Xe - Ag + ATAe = ¢, 2y <0} (D)

Situation: We have at our disposal basis J, associated feasible
basic primal solution z, associated reduced costs ),, index j. of
positive reduced cost, and an “improving ray” z(t) with the fol-
lowing properties:

e the ray lies in the primal feasible plane and emanates from z;
e when moving along the ray, the primal objective strictly in-
creases;

e along the ray:

— j«-th coordinate of z(¢) is t,

— basic coordinates in z(t) affinely depend on ¢,

— all other coordinates in xz(t) stay zeros.

B. It may happen that as ¢ grows, some basic coor-
dinates in z(¢) (all nonnegative at ¢t = 0!) eventually
become negative.

e We identify the largest ¢t = t for which all basic co-
ordinates in x(t¢) still are nonnegative. When ¢t = ¢,
one of the basic coordinates of x(t), let its index be
ix, 'is about to become negative” — z; (£) = 0 and
z; (t) < 0 when t > t.
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e We take

o JT = [J\{ix}] U {jx} as our new basis — “is leaves
the basis, j« enters the basis” (it can be shown that
Jt indeed is a basis),

e (%) as the basic solution associated with Jt (it
indeed is so!),
compute the basic dual solution associated with JT
and pass to the next step.
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Note: When passing to the next step, we

— strictly improve the primal objective, ift > 0 (which def-
initely is the case when all basic entries in x are posi-
tive; such a basic solution x is called nondegenerate)
— keep the basic solution and the value of the objective in-
tact, ift = 0. This may happen only when Z is degen-
erate.

In all cases, the basis does change.

Conclusion: [f all feasible basic primal solutions are nonde-
generate, no one of them can be visited twice (since the
primal objective strictly grows at every step)

= We terminate with primal and dual optimal solutions (or
with certificate of primal unboundedness) after finitely many
steps

Indeed, there are finitely many feasible basic primal
solutions, and no one of them can be visited twice.
However: When the problem admits degenerate feasi-
ble basic primal solutions, the method can “loop for-
ever'' — after several steps in which the primal feasible
basic solution remains intact, and only basis changes,
we can come back to the basis we started with and
then “loop forever.”
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Remedies:

e In problems with ‘“real data,” chances to meet de-
generacy are nonexistent.

e In problems of combinatorial origin, where the en-
tries in A are moderate integers, the chances to meet
degeneracy could be high, but actual cycling is a very
rare phenomenon. Thus, cycling is not a practical is-
sue.

e It often happens that there are several candidates
to be entered to/discarded from the basis. It turns
out that properly selected rules for ‘resolving ties”
provably eliminate cycling.
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How to Find Initial Feasible Primal Basic Solution?
Opt(P) = max, {cTa: cAx =b, x> O} (P)

& In order to start Primal Simplex, we need an initial

basis associated with a feasible basic solution to (P).

The standard way to achieve this goal is to run Phase

0 as follows.

e Multiplying, if necessary, the equations of (P) by

—1, we can ensure that b > 0.

e Consider auxiliary LO program in variables z, s:
minx,s{szzlsi cAr+s=b,x>0,s > O}

Note:

e Problem is in the standard form, and a feasible basic

solution to it is readily available: the basis is com-

prised of the indexes of s-variables, and the basic part

of the basic solution is just b.

e The optimal value in the problem is either 0 (mean-

ing that (P) is feasible), or is strictly positive (mean-

ing that (P) is infeasible).

= Solving the auxiliary problem by Primal Simplex, we find

out whether (P) is feasible, and if it is the case, at the optimal

solution x=*, s* we have s* = 0, meaning that x* is a basic

feasible solution to (P). We can now solve (P) starting with

this feasible basic solution and corresponding basis.
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“Column Generation”
Opt(P) = max, {ch Ax = b, z > O} (P)

& When solving an m x n standard form maximization
LO by Primal Simplex, computational effort per step
reduces to

A. Identifying, given current basis J, the index jx of
“bad” — positive — reduced cost, if any exists;

B. Updating the basis J and the associated basic so-
lution, provided positive reduced cost was found.
Note: The only part of A which participates in a step is com-
prised of the “old” basic columns A;, j € J, and the column
This is in sharp contrast with computing the vector of
reduced costs — this computation requires to process
every one of the columns of A.
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Opt(P) = max, {cTrI; cAx =0b, x > O} (P)

& Given basis J and feasible basic solution, we want
A. To identify the index j« of a positive reduced cost,
or to conclude that no such cost exists;

B. To update the basis and the basic feasible solution,
provided a positive reduced cost was found.

& With good implementation, task B requires at most
O(m?) arithmetic operations; this cost is not affected
by the magnitude of n. B is “doable” when m is “mod-
erate” (with modern hardware, tens of thousands and
perhaps even millions, but not billions or billions of
billions)

O In contrast to this, computing the entire vector of re-
duced costs takes something like O(mn) arithmetic opera-
tions. For problem in standard form, n > m (why?),
and in typical applications n > m. What to do when n
Is huge, so that computing the entire vector of reduced costs
becomes prohibitively time consuming?

Note: In some applications, n is that large, that we
just cannot store the matrix A, or even a single n-
dimensional vector.
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Opt(P) = max, {CT:B Az =0, x> O} (P)

& Observation. In applications, huge n usually means
that the constraint matrix A is given by a specific
“short description” rather than by the standard list-
ing of nonzero entries and their indexes (for a huge
matrix, where can we take data to fill such a list, un-
less the matrix is “well organized” 7)

& The idea of column generation is to use ‘“short de-
scription” of columns of a “well-organized” A in order
to identify the column with positive reduced cost (or
to conclude that no such column exists), thus avoid-
ing computing the entire vector of reduced costs.
Implementation of this idea is “problem specific’ — it
depends on what is the “short description” of A.
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Opt(P) = max, {CT:I: Az =0, x> O} (P)

& Given basis J, the vector of reduced costs is
Ag = ¢ — AlTAT17te;, where c; is the basic part of
C.
= (Ag)j = ¢j — eTAj, where e = [A;]_1CJ and A; is
7-th column of A.
Note: Computing e requires to operate with basic columns of
A and basic entries of c only!
& After e is computed, identifying the index of a pos-
itive reduced cost, if any, reduces to solving the dis-
crete optimization problem

max; [cj - eTAj} (H
When A admits a good description, utilizing this description
could result in a much more efficient algorithm for solving (!)

than the exhaustive search through all the columns A ;!
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Example: Cutting Stock problem. We should produce
metal rectangle plates of m types. A plate of type j
must have width w; and height hj, and we need b; of
these plates, 1 <53 < m.

e Plates are cut off a band with height H and infinite
width. How to arrange the plates on the band in order to
minimize the waste?

& We can group the plates according to their width
and solve the problem for every one of the groups,
thus reducing it to the case when all the plates
have common width w and distinct from each other
heights; this is called the Cutting Stock problem. In this
case, we can split the band into vertical rectangles of
width w and decide what should be “plate patterns” in
every rectangle — how many plates of type 1= 1,2, ...
we place on the rectangle.

3 plate patterns in 3 vertical rectangles, Red: waste
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& Let us arrange heights h; of plates of types
1= 1,2,...,m into m-dimensional vector h, and iden-
tify a plate pattern with m-dimensional vector p =
[p1;...; pm], where p; is the number of plates of type i
in the pattern.
Example: Assume we have m = 3 types of plates with
heights h; = 10, ho, = 20, hz = 30. In this case,
h = [10;20; 30]. Pattern p = [1;2; 1] describes verti-
cal rectangle from which we cut
— 1 plate of height Ay = 10
— 2 plates of height ho = 20
— 1 plate of height Az = 30.
Note: The total height of plates in pattern p is

p1h1 + poho + ... + pmhm = hlp
= Feasible patterns are nonnegative integer vectors p satis-
fying hlp < H
Example (continued): In our Example, pattern p =
[1;2; 1] to be feasible requires the height of the band
to be at least

1-104+2-204+1-30 =hlp=80
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h Let n be the number of all feasible plate patterns,
let A;, j =1,...,n, be the list of all these patterns; we
think of Aq,..., Ap as of the columns of m x n matrix
A=1[Aq,..., Ay]
Quiz: Let there be m = 3 types of plates with heights
h1 = 10, ho = 20, h3 = 30,

and let H = 85. Which of the following vectors are
columns of A 7 _

[ 3| 8 [ 4] [ 1] [0 |
o | 1 ° 1 ° 1 o | 1 o | 1
_1_ 1 _1_ _2_ _2_
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e L et our decision variables x; be the numbers of rect-
angles where patterns A; will be used.

e The total yield of plates of type i is (Ax);, and we
should have Ax = b

e T he waste in a rectangle where we use plate pattern
A] is H — hTAJ

— T he total waste is

= Our problem (in maximization form: maximize mi-
nus waste) becomes

maXg 4 35 [hTAj —H]z; . Az =0b,2>0 (%)

€
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& Our problem becomes

maxg { Y[R Aj — Hlzj: Ax=b,2>0p (%)

pe
Note: We skip the ngtural requirement that = should
be integer. This can be justified when

— we are speaking about mass production and can
expect that in the optimal solution, nonzero z;'s will
be large, and their rounding will not make much harm,
or

— we are solving the problem with integrality con-
straints on z;, and (!) is the relaxation of the “true”
problem generated by the master branch and bound
algorithm.
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maXg | > ; [hTAj — H]z; : Ax=10,22>0 (%)

~~

J

& When h; are small as compared to H, n could be
astronomically large. However, the problem of identi-
fying the largest reduced cost:

max; [C‘7 — BTA]']

_ T T
—man [\h Aj—H—e AJ

7

Cj
= maxp{[h —ellp—H:p>0,hip<Hnpis integer}
IS a knapsack type problem which can be solved effi-
ciently by Dynamic Programming.
Quiz: Let m =20, h =1[1;2;...;20], H = 100. In your
opinion, how large is the number n of all feasible plate
patterns?
100,000
1,000, 000
10,000, 000
100,000, 000
1,000, 000,000

® o o o
VAN VAN VANN VAR VAN
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Answer: n = 928,321,174
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Dual Simplex Method

Opt(P)
Opt(D)

Mmaxg {CTCU cAr =0b, x > O} (P)
Miny=p,n] {67 Xe - Ag + ATAe = ¢, 2y <0} (D)

& In the Dual Simplex method, we build a sequence of
feasible basic dual solutions along with sequence of (per-
haps infeasible) basic primal solutions associated with
the same bases (and thus complementary to our dual
solutions).

e T he consecutive bases we build are neighbouring.

e [ he process terminates when

— either the current basic primal solution becomes
feasible = we end up with a pair of primal-dual feasi-
ble complementary (and thus optimal) solutions

— or unboundedness of (D) (and thus infeasibility of
(P)) is discovered.

Question: Due to primal-dual symmetry, Dual Simplex looks
exactly the same as Primal Simplex, with swapped primal and
dual problems. Why a separate algorithm is necessary?
Answer: Geometrically, primal-dual symmetry indeed is
perfect, but algorithmically it is not. Algorithm works
with an analytical description of a problem, and not with
the problem as a geometrical entity! And analytically,
(P) and (D) are in different formats...

= Algorithmic description of Primal Simplex cannot be ‘liter-
ally translated” into the description of Dual Simplex...
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Opt(P)
Opt(D)

MmaxXy {CT:C cAr =0b,x > O} (P)
Minys=p o] {67 Xe - Ag + ATAc = ¢, 2y <0} (D)

& At the beginning of a step of Dual Simplex, we have
at our disposal

e basis J

e feasible basic dual solution A = [Ag; A¢] associated
with the basis.

& We start the step with computing the basic primal
solution x associated with J.

¢ It may happen that x is primal feasible: x > 0 = we
have a complementary pair of primal-dual feasible (and thus —
primal-dual optimal) solutions z, A and terminate.

Otherwise we proceed with the step.
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Opt(P)
Opt(D)

MmaxXy {CT:C CAr=10b,x > O} (P)
Minys=pa] {67 Xe - Ag + AT = ¢, 2y <0} (D)

Situation: We have at our disposal basis J, associated dual feasi-
ble basic solution A = [\,; Ac], and associated with J basic primal
solution x with not all entries in £ nonnegative.
& We select index j4« of a negative entry in x, and try
to pass to a better feasible dual solution.
Note: j. is basic (nonbasic entries in x are zeros!)
Note: When replacing the dual objective bl with
the objective —:ETAg, we get an equivalent problem:
on the entire dual feasible plane, the dual objective is
just shifted by a constant.
Indeed, on the dual feasible plane we have
Tl [AT ] =2l c— 3TN

which, due to Az = b, reads —z! )\, = bl \¢ + const.
e Let us try to replace j«-th entry in Ay (which is zero)
with some t < 0, compensating this change by updating
nonbasic entries in A\, and updating \. in order to satisfy the
dual equations. We get a ray {\(t) = [Ag(2); Xe(t)] 1 £ <
O} in the dual feasible plane such that

nonbasic part AJ(t) of Ay(t) is affine in ¢

(Ag(t));, =t

(Ag(t)); =0 for all basic j different from js
Note: When moving along the ray {\(t) : t < 0O} and de-
creasing t, the dual objective strictly decreases:

b7 (Ae(t) = Ae(0)) = [-Z]T (Ag(t) — Xg(0)) = ~7j, t
~——

>0
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Opt(P)
Opt(D)

max, {ch CAr=b, x > O} (P)
Minys=p ] {67 Xe - Ag + ATAe = ¢, 2y <0} (D)

Situation: We have at our disposal basis J, associated feasible
basic dual solution A = [)\,; A.], associated basic primal solu-
tion x, index j. of negative entry in x and an “improving ray”
{\(t) : t <0} with the following properties:

e the ray lies in the dual feasible plane and emanates from X;

e when moving along the ray, the dual objective strictly de-
creases;

e along the ray:

— j«-th coordinate of A\,(t) is ¢,

— nonbasic coordinates of \,(t) affinely depend on ¢,

— all other coordinates in \,(t) stay zeros.

A. It may happen that as t < 0 decreases, all nonbasic
coordinates in A\y(t) stay nonpositive = we have discov-
ered a dual feasible ray along which the dual objective goes to
—oo = (D) is unbounded, (P) is infeasible, we terminate.
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Opt(P) Mmaxg {CT:C CAr=10b,x > O} (P)
Opt(D) Minys=pa] {67 Xe - Ag + AT = ¢, 2y <0} (D)
Situation: We have at our disposal basis J, associated feasible
basic dual solution A = [)\,; ], associated basic primal solu-
tion z, index j, of negative entry in x and an “improving ray"”

{\(t) : t <0} with the following properties:
e the ray lies in the dual feasible plane and emanates from \:
e when moving along the ray, the dual objective strictly de-
creases,
e along the ray:
— j«-th coordinate of A\ (%) is ¢,
— nonbasic coordinates of \,(t) affinely depend on t,
— all other coordinates in \,(t) stay zeros.
B. It may happen that as ¢ < O decreases, some nonba-
sic coordinates Aq4(t) (all nonpositive at t = 0!) even-
tually become positive.
e We identify the largest t =t < 0 for which all non-
basic coordinates in A4(¢) still are nonpositive. When
t = t, one of the nonbasic coordinates in A\y(t), let
its index be i, ‘is about to become positive” -—
(Ag(?))s, = 0 and (Ag(t));, > 0 when ¢t < t.
e \We take

o JT = [J\{jx}] U {ix} as our new basis — “j. leaves
the basis, i« enters the basis” (it can be shown that
JT1 indeed is a basis),

e \(?) as the feasible basic dual solution associated
with J1 (it indeed is so!),
compute the basic primal solution associated with J+
and pass to the next step.
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Note: When passing to the next step, we

— strictly improve the dual objective, ift < O (which defi-
nitely is the case when all nonbasic entries in )\, are
negative; such a basic dual solution X is called nonde-
generate)

— keep the basic dual solution and the value of the dual ob-
jective intact, ift = 0. This may happen only when X\ is
degenerate.

In all cases, the basis does change.

Conclusion: Ifall basic feasible dual solutions are nondegen-
erate, no one of them can be visited twice (since the dual
objective strictly decreases at every step)

= We terminate with primal and dual optimal solutions (or with
certificate of dual unboundedness) after finitely many steps
Indeed, there are finitely many basic feasible dual so-
lutions, and no one of them can be visited twice.
However: When the problem admits degenerate dual
solutions, the method can “loop forever” — after sev-
eral steps in which the dual feasible basic solution
remains intact, and only basis changes, we can come
back to the basis we started with and then “loop for-
ever."
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Part ll: General Convex Optimization
e Convex sets, functions and problems

e Lagrange Duality and Optimality Conditions
e Ellipsoid Method



Convex Optimization Program

& A Convex Optimization problem is an extension of
a LO problem

Opt = min {ch ; a,LTx —0;<0,1<3i< m} (LO)
reR?

obtained by replacing the linear objective 'z by a con-
vex objective f(x), and the affine constraints a?a:—bi <
O — with convex constraints ¢;(z) < 0, 1 = 1,...,m,
“convexity’ of constraint g;(x) < 0 being a shortcut
for “the left hand side g;(x) of the constraint is a convex func-
fion.” It makes sense also to add to the formulation
of the problem the domain constraint x € X, where X is
a given convex set.
= Convex Optimization problem is a Mathematical Program-
ming problem

Optzmen)}ican{f(w);gi(m) <0,i=1,..,m} (P)
where the objective f, and the left hand sides g;(x) of the
constraints g;(x) < O are convex functions, and the domain
X C R™ is convex.
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Opt = xeggicnw{f(a:); gi(z) <0,i=1,...m}  (P)

Note: Usually, the domain X of (P) itself is given by
a bunch of convex constraints

— Adding the constraints describing X to the list of
“functional constraints” g¢g;(z) < 0, we can “get rid"”
of the domain — to make X = R".

However: ‘“can’” is not the same as “should.” In some
cases, presence of the domain is convenient, and we
keep it in the problem.
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Review of Elementary Calculus

& In the LO part of our course, our “working horse”
was elementary Linear Algebra.
Just formulating facts about Convex Programming re-
quires (minimal!) portion of Analysis. Review of this
portion is as follows:
& A sequence of vectors x4 € R", t = 1,2, ..., Iis called con-
verging to a vector x, if for every positive r, all x;, for all large
enough values of t are at the distance at mostr of x:
Vr > 03t = t(r) : ||xt — Z||p < r whenevert > t(r)
In this situation, x is called the limit of the sequence, denoted
byr = lim; oo xy, Orby oy — x ast — oo’..
Note:
e A sequence x1,xo,... Of vectors converges to x iff
the sequence of reals ||z — x||p converges to O:
T=Ilimiy00xr < |lzt—1Z|[2 >0ast—
e A sequence which has a limit is called converging. A
converging sequence has exactly one limit.
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& Let X be asetin R"
& X is called closed, if it contains the limits of all converging
sequences of its elements:

ifrx, e X,t=1,2,...and z; > x as t — oo, then z € X
Facts: When adding to X the limits of all converg-
ing sequences of the members of X, we get a closed
set called the closure of X and denoted clX. A set is
closed iff it coincides with its closure.
Informally: clX /s the set of all points x which can be approx-
imated to whatever high accuracy by points from X.
& A point x is called an interior point of X (notation: = €
int X), if a ball of some positive radius centered at x is con-
tained to X :
{xeint X} < {FIr>0:B(zx) ={y:||lz—y|p <r} C X}
Informally: The fact that x € int X means that x € X and
this inclusion is robust: all points close enough to x belong to
X as well. Equivalently: x € int X iff x cannot be approxi-
mated to high enough accuracy by points outside of X.
e The set of all interior points of X is called the interior of X,
denoted int X
e X /s called open if every point of X Is its interior point:
X =intX
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& We always have int X C X C clX. For open sets, the left
of these inclusions is equality. For closed sets, the right of
these inclusions is equality.

e The complement of the interior in the closure is called the
boundary of X, denoted 0X :

OX = (cIX)\(intX) ={z:zxeclX & x£int X}
Informally: The boundary of X is the set of all points x which
can be approximated to whatever high accuracy both by points
from X and points from outside of X .
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Quiz: What can be said about closedness, openess, closure,
interior, and boundary of the following sets in R™:

o X =1

o X =R"

e X =[0,1] :=={z:0<z<1}CR

e X =(0,1] ={z:0<z<1}CR

e X =(0,1) ;={x:0<z<1}CR
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Quiz: What can be said about closedness, openess, closure,
interior, and boundary of the following sets in R™:

o X = ()

0 is both closed and open and thus coincides with its
interior, its closure and its boundary: all these sets
are empty!

o X =R"

R™ is both closed and open (and thus coincides with
its interior and its closure); the boundary of R" is
empty.

Note: () and R" are the only subsets of R™ which are both
open and closed!

e X =[0,1] :=={x:0<z<1}CR

X is closed and is not open; clX = X = [0,1], int X =
(0,1) ={x:0<x< 1}, 0X ={0,1}.

e X =(0,1] ={zxz:0<z<1}CR

X is neither closed nor open, clX = [0,1], intX =
(0,1), 0X ={0,1}

e X ={z:0<x<1}CR

X is open and not closed, clX = [0,1], int X = X =
(0,1), 0X ={0,1}
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Elementary Calculus of Closedness and Openess

& Facts: When speaking about subsets of common ‘“uni-
verse”R",
e closed sets are exactly the complements of open sets:

X is closed iff (R™\ X) is open
e intersection of whatever family of closed sets is closed
e union of whatever family of open sets is open
e finite unions of closed sets are closed
e finite intersections of open sets are open.
e the closure of a set X is the intersection of all closed sets
containing X, and thus is the smallest closed set containing
X —whenever a closed setY contains X, Y contains clX as
well.
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Continuity

& Let X be a subset of R” and f(x) be a real-valued func-
tion defined on X.
& f is called continuous on X atapointx € X, if for every se-
quence x; of points from X converging to z, f(x+) converges
to f(x) ast — oo
Informally: f is continuous on X at a pointx € X, if f(x)
approximates f(x) to a whatever high desired accuracy, pro-
vided that x € X Is close enough to x.
Formally: f is continuous on X atx € X, iff for every e > O
there exists § = §(e) > O such that

if © € X satisfies ||z — z|[2 < 9, then |f(z) — f(Z)] < e.
& f is called continuous on X, if it is continuous on X at every

point of X :
f is continuous on X

)

whenever r = limi—- x; With z, ; from X,
it holds f(x) = limi_o f(xt)
In words: f is continuous on X iff along every se-

quence x; of points of X converging, as ¢« — oo, to a
point x € X, the values f(x;) of f converge to f(Z).
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How to Recognize Continuity

Fact: Elementary functions of one variable, like constants,
exp{x}, =P, sin(x), In(x), are continuous on their natural
domains.
This is established by “bare hands’ — by case-by-case
verifying the definition of continuity.
Fact: Continuity of more complicated functions is established
via “calculus of continuity” — general statements which state
that such and such operations with functions preserve conti-
nuity.
& Basic rules of “calculus of continuity” are as fol-
lows:
& Stability of continuity w.r.t. arithmetic operations:
if f1, fo are real-valued functions on X C R", x € X,
and all f; are continuous on X at x, then

e linear combinations afi(xz) 4+ bfo(x) of functions
f; with constant coefficients a, b are continuous on X
at x

e the product f1(z)fo(x) is continuous on X at x

e if fo(x) # 0, then the ratio f1(x)/f>(x) is contin-
uous on X at x
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& Theorem on superposition: Let

— f1, ..., fm be real-valued functions on X C R", x € X, and
let all f; be continuous on X at x,

— F' be a real-valued function on’Y C R™.

Assume that

@) f(x) ;= [f1(x);...; fm(x)] € Y wheneverx €¢ X

(b) F' is continuous on'Y at the pointy = f(x)

Then the function g(x) = F(f(x)) is continuous on X at the
point x.
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Closedness/Openess and Continuity

Fact: Let X C R"™ be nonempty and closed, and f be a
real-valued continuous function on X. Then
e [he subsets of X given by nonstrict (in)equalities involving
d {x € X : f(x) < a} [alebesque setof f]

{x € X : f(x) =a} [alevelsetoff]

{z e X: f(z) > a}
where a is a real, are closed.
In particular: All polyhedral sets are closed
Note: Replacing nonstrict inequalities with strict ones,
we may get non-closed sets (which could be non-
open).
e X, in addition to closedness and nonemptiness, is bounded,
then f is bounded on X and attains its maximum and its min-
imum on X.
e If f, in addition to continuity on X, is coercive, meaning that

every Lebesque set of f is bounded, or, equivalently, that
f(xy) — oo ast — oo whenever x; € X

are such that ||x¢|| — oo ast — oo,
then f attains its minimum on X .

Fact: Let X C R™ be nonempty and open, and f be a
real-valued continuous function on X. Then the subsets of X
given by strict inequalities involving f:
{x e X : f(x) <a}
{x € X : f(x) > a}
where a is a real, are open.
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Convex Sets: Second Acquaintance
Calculus of Convex Sets

& Calculus of convex sets is very similar to calculus
of polyhedrally representable sets. Specifically:

S.1. Taking intersections: [Ifthe sets Xo C R", o € A
(where A can be infinite), are convex sets, so is their in-

tersection (| Xa
acA
Note: In “calculus of polyhedral representations,” sim-

ilar rule was restricted to finite index sets A.
S.2. Taking direct products. The direct product of K con-
vex sets X C R"k —the set

X ={[z; .. ;28] 2F € X;,1 <k < K} C RmT-Tnk
IS convex.
S.3. Taking affine image. If X C R" is a convex set and
y = Ax + b : R" — R™ js an affine mapping, then the set
Y =AX4+b:={y=Azx+b:x € X} CR" jsconvex.
S.4. Taking inverse affine image. If X C R™ is a convex
setand x = Ay + b : R™ — R" js an affine mapping, then
thesetY = {y e R™: Ay + b e X} C R™ js convex.
S.5. Taking arithmetic sum: [f the sets X; C R",
1 <1 <k, are convex, so is their arithmetic sum
X1+ ..+ Xy ={e=z1+ ... F a1 z; € X;,1 <1<k}
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Topological Properties of Convex Sets

Facts: Let X be a convex setin R™. Then
e the interior and the closure of X are convex
e [f nonempty, the interior “well approximates” the closure:
whenever x € int X and x € clX, the vectors

(1 —-MNz+ Xzr, 0 < X<1
belong to int X. In particular, every point from clX can be
approximated within whatever accuracy by a point fromint X,
& The second of the above statements is void when
int X = 0 (which well may happen for a nonempty
convex X). There are many other situations when
the presence of interior (or the fact that a point in
consideration belongs to the interior of the domain in
question) is important.
How to “compensate” for potential emptiness of the interior?
Remedy: relative interior — interior taken w.r.t. the
affine hull of the set.
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& Definition: Let X be a nonempty subset in R™ and Aff(X)
be the affine hull of X. We say that a point x € X is relatively
interior point of X , if all close enough to x points from Aff(X)
belong to X, that is, if

Ir > 0: |ly —z||o < r and y € Aff(X) imply y € X.
e [ he set of all relatively interior points of X is called
the relative interior ri X of X .
Facts: Let X be a nonempty convex set in R™. Then
e the relative interior of X is nonempty and convex, and
e the relative interior “well approximates” the closure: when-
everx € ri X and x € clX, the vectors

(1 —-XNxz+ Xzx, 0 <A<l

belong to ri X. In particular, every point from clX can be ap-
proximated within whatever accuracy by a point from ri X.
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Main Facts about Convex Sets

& Basic facts about polyhedral sets (which are con-
vex and closed) extend, with some losses, to general
closed convex sets.

Facts: O Every polyhedral set X is intersection of
finitely many sets of the form {z : alz <b;}, 1 <i <
M.

O Every closed convex set X Is intersection of a sequence of
sets of the form {z : alz < b;},i =1,2,....

Facts: © If r is a recessive direction of polyhe-
dral set X, meaning that for some z € X, the ray
{x +tr : t > 0} is contained in X, then for every
x € X, theray {z +tr:t >0} is contained in X.

All recessive directions of a polyhedral set X form a
polyhedral cone Rec(X), and X 4+ Rec(X) = X.

O Ifr is a recessive direction of closed convex set X, meaning
that for some x € X, theray{x 4+ tr : t > O} is contained in
X, then foreveryx € X, theray {x+tr :t > 0} is contained
in X.

All recessive directions of a closed convex set X form a closed
convex cone Rec(X), and X + Rec(X) = X.
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Facts: © A nonempty polyhedral set is bounded iff its
recessive cone is trivial: Rec(X) = {0}.

O A closed convex set is bounded iff its recessive cone
is trivial: Rec(X) = {0}.

Facts: © A nonempty polyhedral set X is the sum of
a polyhedral set X not containing lines and the linear
subspace Rec(X) N [—Rec(X)]

O A nonempty closed convex set X is the sum of a closed
convex set X not containing lines and the linear subspace
Rec(X) N [—-Rec(X)]
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Facts: © Let X be a nonempty polyhedral set which
does not contain lines. Then

e X has extreme points, and the set Ext(X) of these
points is finite: Ext(z) = {v1,...,un}.

e T he recessive cone of X is the conic hull of finitely
many vectors rq,...,ry: Rec(X) = Cone{rqy,...,7p}-

e \We have
X = Conv(Ext(X)) + Rec(X)

= Conv{vy,...,on}+ Cone{ry,...,7p}
e In particular, a nonempty bounded polyhedral set is

the convex hull of the finite set Ext(X).

O Let X be a nonempty closed convex set which does not
contain lines. Then

e X has extreme points (perhaps, infinitely many)

e We have X = Conv(Ext(X)) 4+ Rec(X)

e In particular, a nonempty closed convex and bounded set X
is the convex hull of the set Ext(X).
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Facts: © Let K be a polyhedral cone.

e K admits a base B — a set of the form {x € K :
f'z = 1} which intersects all nontrivial rays from K
— iff K is nontrivial and pointed. This is exactly the
case when K has extreme rays.

e [ he recessive cone of a base B of K is trivial.

e The number of extreme rays, if any, of K is finite,
and these rays are exactly the rays spanned by the
extreme points of a base B of K.

o If K is pointed, the number of extreme rays of K is
finite, and K is the conic hull of the generators of all
extreme rays of K.

O Let K be a closed convex cone.

e K admits a base B — a set of the form {z € K : fl'z = 1}
which intersects all nontrivial rays from K — iff K is nontrivial
and pointed.

This is exactly the case when K has extreme rays.

e The recessive cone of a base B of K is trivial.

e The extreme rays of K are exactly the rays spanned by the
extreme points of a base B of K.

e If K is pointed, then K is the conic hull of the generators of
all extreme rays of K .
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Facts: © Let K be a polyhedral cone. Then the cone
Ky dual to K also is polyhedral, and the cone dual to
the dual is K itself.

O Let K be a closed convex cone. Then the cone dual to K
also is a closed convex cone, and the cone dual to the dual is
K itself.
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& While the above results on closed convex sets re-
semble their polyhedral prototypes, the proofs are
more technical.
& In retrospect, all polyhedral results stem from
Fourier-Motzkin elimination, which is a purely poly-
hedral fact: the projection of a closed convex set,
while being convex, not necessarily is closed!
& The key tool in extending the above results from
polyhedral to “closed convex'’' case is the notion of
separation by linear form and associated Separation Theo-
rem.
Definition. Let S, T' be nonempty sets in R™. we say that a
linear form o'« separates S and T, if, for some real a, the sets
are on the different sides of the hyperplane {z : flz = a}
and not both of them belong to this hyperplane, or, which is
the same, if

supyesfle < infyepfla

infoesfle < supgerfla
Separation Theorem: Two nonempty convex sets S, T in R"™

can be separated by a linear form iff their relative interiors do
not intersect.

e As many most useful theorems in Math, this state-
ment at the first glance seems completely esoteric.
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Convex Functions: Second Acquaintance

® Recall that a convex function f(x) on R" is, in
general, only partially defined; this is a function on R"
which takes real values and value +oco and possesses
the following equivalent to each other properties:

(a) The epigraph
Epi{f} = {[z;t] eR" xR f(z) <t}
IS @ convex set
(b) Convexity inequality
V(z,y e R",A € [0,1]) : f((1 =Nz +Ay) < (1 =N f(z) +Af(y)

& ThesetDomf = {x : f(z) < oo} where f takes real val-

ues is called the domain of f.
e In (b), we use our standard conventions:

e a+ (+00) = +o0 for all a € RU {+o0}

e O X (4+00) =0 and a x (+00) = +oc0 whenever a
IS a positive real
Operations like (—o0) 4+ (400) or a x (4o0) with neg-
ative reals a, which in fact will never arise in our con-
text, are undefined.

6.22



Calculus of Convex Functions

& Calculus of convex functions is very similar to cal-
culus of polyhedrally representable functions. Specif-
ically:

F.1. Taking linear combinations with positive coef-
ficients. If f; : R® — R U {400} are convex functions and
A >0,1<i<k, then f(x) = XF_ 1 N\ fi(z) is convex.

F.2. Direct summation. [f f; : R% — R U {4},
1 < i < k, are convex functions, then so is their direct sum

k
F(lat 2™ = Y fi@)) s R A RU (oo}
i=1

F.3. Taking supremum. [lffy, :R*" - RU{+oc0},aa € A
(A can be infinite!) are convex functions, so is their supre-
mum

f(x) = subsea fal).
F.4. Affine substitution of argument. If function

f(z) :R*" - RU{+oc}
is convex and x = Ay + b . R™ — R" s an affine mapping,
then the function

g(y) = f(Ay +b) : R™ — RU {+o0}

IS convex.
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F.5. Partial minimization. Let function
f(z,y) " RE X RIP — RU{+o00}
be convex, and let

g(x) = Inf f(z,y) : RE = {~o0} URU {400}

For every convex set () such that g > —oo at every point of @,
the restriction of g on () — the function

_ ) 9(z), z€Q
gQ(“”)—{Jroo, r ¢ Q

IS convex.
F.6. Projective transformation. Let a function f(x) :
R™ — R U {+o0} be convex. Then the function

9(z,0) = { 2f(a/e), o>

Is convex.
Example: f(z) = z2 is convex
2
_ _ :E . . .
= g(z,a) = af(zr/a) = 7~ is convex in the domain
a > 0.
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F.7. Theorem on Superposition. Let

e f;(x) : R"™ - RU{+4o0} be convex functions,

o '(y) : R™ — R U {+o0} be a convex function, such that
F(y1,...,ym) is monotonically nondecreasing in every one of
Y1, ..., Ym. Then the superposition

+ o0, otherwise
of F and f1, ..., fm IS a convex function.
Note: if some of f;, say, f1, ..., fr., are affine, then the Super-
position Theorem remains valid when we require the mono-
tonicity of I w.r.t. the variables yyi4 1, ..., ym only.
Note: One can slightly relax the monotonicity re-
quirement. Specifically, assume that for some convex set
Q@ C R™,
— f(x), when finite, (i.e., all f;(x) are reals) belongs to
Q, and
— F' is monotone on Q only: whenevery > v’ and vy, vy’ € Q,
we have F(y) > F(v').
Then the superposition F( f1(x), ..., fr(x)) is convex.
Here again, if fq1,..., fi, are affine, the monotonicity on
() can be further relaxed to the following property:
whenever y > ' are such that y,y’ € Q and y; = yg for
7 <k, one has F(y) > F(v).
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lllustration: Let fq,..., fin be nonnegative convex func-
tions, and let F(y1,...,ym) = 2" ,y?. Is the function
9(z) = F(f1(x), .., fm(x)) = Sy f2(x) convex?

e “Plain” Theorem on superposition is not applicable,
since F', while convex, is not monotone.

e However, on the nonnegative orthant Q@ = {y > 0}, F
IS monotone, and since all f; are nonnegative, the condi-
tions of the ‘“relaxed” Theorem on Superposition are
met, proving that g is convex.

Note: nonnegativity of f; in this illustration is impor-
tant. The square of an arbitrary convex function can
be nonconvex. For example, f(z) = 22 — 1 is convex,
and its square is ponconvex!

Left: 22 —1 Right: (22— 1)
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What does the definition of convexity actually mean?

& T he Convexity inequality

A1 =Nz+2y) < (1 -N)f(x) +Af(y), 0 <A< 1
is automatically satisfied when X =0 and A = 1, same
as is automatically satisfied in x and/or y is not in the
domain of f, same as it is automatically satisfied when
r=y.
= Thus, the Convexity inequality says something only
when x,y € Dom(f), %=y and 0 < A < 1.
What does it say in this case?
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e First, it says that whenever O < A < 1, the point

z=(1—Xx -+ My is in the domain of f = Domf is

Convex.

e Second, when 0 < A <1, z=(1—-—XNz+ Ay is a

(relative) interior point of the segment [x,y], and
ly—alo:lly—zlla:lz—allo=1:(1—A): A

whence
f(z) < =Nf(z) + Af(y) (%)
o 1(2) -~ f@) < X (@) - f@)
lz—zl|2
o 1@~ F) @

lz—zll2 = [ly—=zl2

f(z) @A =XN)f(x)+Af(y) ()
< A -2y - fx)) < fly) — f(2)

Similarly,

ly—=z]l2
ly—2z|l>
o TW-1@) o f)-f()

ly—zllo = fly—=[2
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Conclusion: [ is convex iff for every three distinct points

x,y,z such that xr,y € Domf and =z € |[x,y], we have

z € bomf and
f(2)=f(@) ~ fw)—fx) ~ [(y)—f(2) ("

lz—zll> = ly—zla —_ [ly—z[>
In words: When moving along [x; y], among the three aver-

age rates at which f changes

(a) “at the beginning” (x — z),

(b) “at average” (x — y), and

(c) “at the end” (z — y),

the first is the smallest, and the third is the largest.

Note: From 3 inequalities in (1):
f(2)=f(z) ~ fy)—f(z)
2=zl = Jly—a2
f)—fx) ~ f(y)—f(z)
ly—zll2 = Jly—=z|2
f(2)=f(x) ~ f(y)—f(2)
2=zl = lly—zll2
every single one implies the other two.
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Conclusions:
A. Convexity of a function f : R™ — R U {400} is one-
dimensional property: f is convex iff Domf is a convex set,
and for every line segment [z, y] € Dom f the restriction of f
on the segment [x, y| — the univariate function

gA) = f((L =Nz + Ay) = f(z+ Ay — =])
is convex on [0, 1].
B. For a univariate real-valued differentiable function g
on [0, 1], average rate of change when moving from
atob 0<a<b<l1,isthe derivative of g at certain
point of (a,b) (Lagrange’'s Theorem). With minimal
effort, from our story about average rates it follows
that a differentiable on [0, 1] univariate function g is convex
iff its derivative is monotonically nondecreasing on [0, 1].
This can be easily extended to the claim that A con-
tinuous function on a one-dimensional convex set and differ-
entiable on the interior of this set, is convex on the set iff its
derivative is nondecreasing on the interior of the set.
C. Recalling what is a necessary and sufficient condition
for monotonicity of a smooth univariate function, we
arrive at the following claim: A univariate function g which
IS continuous on a convex one-dimensional set A and twice
differentiable on int A is convex on A iff g"(\) > 0 for all
A €int A.
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D. Combining C and A, we arrive at the following sim-
ple and extremely useful result:

Let f : R — RU {400} be a function such that

e Domf is convex,

e f is continuous on Dom f, and

e for every x € ri Dom f, and every direction h € Domf — x,
the second order directional derivative taken at x along the dl-
rection h — the quantity d>\2‘ \—0 f(x + \h) — exists.

f is convex iff all these second order directional derivatives
are nonnegative.

& Recall that at the beginning of the course we have
developed “calculus” of convex functions and convex
sets. We know, e.g., that the operations

e taking linear combinations with nonnegative con-
stant coefficients,

e taking pointwise supremum of a whatever family of
functions,

e affine substitution of argument in a function,

as applied to convex functions, produce convex results.
= fo justify convexity of a function, it suffices to show that
it is obtained from known to be convex ‘raw materials” by
convexity-preserving operations.
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& The question is, where to take “raw materials.” In
the LO part of the course, we need only one kind of

“raw material” — affine functions.
In the general case, most of “raw materials” are
yielded by D.

& “‘Modulo calculus of convex functions” most of the
materials we need are just univariate functions. Ap-
plying elementary calculus and C, we conclude, e.g.,
that the following univariate functions are convex on
the indicated domains:

e for every nonnegative integer p, 2P is convex on the
entire R

e fOr every real p > 1, the function |z|P is convex on
R, and P — on R4 = [0, c0)

e when 0 < p < 1, the function —zP is convex on RT
(i.e., the function zP is concave on R1)

e when p < 0, the function xP is convex on (0, co)

e the exponent exp{z} is convex on the entire R, and

the function In(1/x) is convex on (0, 0c0)
e the entropy f(x) = { gl;x_, 0 © >0 iS convex on

[0, 00)
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& Usually, ‘“calculus of convexity” along with “uni-
variate convex raw materials’ is enough to establish
convexity of actually convex multivariate functions.
& In relatively rare cases, convexity of useful multivari-
ate functions should be established by “bare hands”
— directly via D.

Example: The function f(x) = In(e*1l + ... + e*) s con-

Vex.
Indeed,
inf @+ An) = Ze;ijﬁih
o ) = R e
g d)xQ‘)\ of (& +Ah) = Sipih? — [ pihil?, pi = Zfzxj'

Note: p, are nonnegative and sum up to 1

= dAQ‘)\ Of(a:—l—)\h) is the variance of random variable
taking values hq, ..., hy, with probabilities p1, ..., pn, and
the variance always is nonnegative.

Corollary: When c¢; > 0O, the function

g(y) = In (2; c;exp{al’y})

IS convex.
Indeed, g(y) = In (zi exp{Inc; + a;fy}) is obtained
from the convex function In (3, e%) by affine substi-
tution of argument, and this operation preserves con-
vexity.
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Quiz: Which of the following functions are convex?
o In(e2* 13y 4 Dey—7)

In(e""f2 + eyQ)

In(e‘”"2 + eyQ)

In(e®” + 2e—37%)

[
[
[
o In(ef‘”2 + e—wz)
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Quiz: Which of the following functions are convex?

o In(e271T3Y 4 2e¥~7) — Convex along with In(e%1 4 e?2)
(affine substitution of argument)

o In(eﬂC2 -+ eyz) — Convex along with In(e*1 4 e%2) and
22, y2 (Theorem on Superposition; note that In(e*1 +
e?’2) is nondecreasing in z1 and xz»)

S In(e“’“2 + eyQ) — Non-convex: l|look what happens
when y = 0: £ f(z,0) = jmil and the derivative is not
nondecreasing in x!

o In(e?” 4+ 2¢—37%) — Non-convex: 4 f(z) = ‘x<§z?i”;_‘3§ex2),
and the derivative is not nondecreasing around z =0
o In(emz—l—e_mQ) — Convex: The function In(e®4e~9%)
is convex and nondecreasing in the domain s > 0, and

z2 is convex and nonnegative
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Interesting convex functions: norms

& A real-valued function |[|z| : R™ — R is called norm,
if

e [homogeneity] [[Az|| = A||z|| for all z € R™ and all
nonnegative real A
e [symmetry] ||xz]| = || — x| for all x

e [positivity] ||z|| is positive unless z = 0 (]|0|| = 0 by
homogeneity)

e [triangle inequality] ||« + y|| < ||x]| + ||y]| for all x,y
Fact: A homogeneous real-valued function p(-) is convex iff
it satisfies the triangle inequallity.

Indeed, when p is homogeneous, Convexity Inequality

reads
p((1 =XNu—+Iv) < (1—=XNp(u)+ Ap(v)

= p((1 —Mu) 4+ p(Av)
and thus is nothing but triangle inequality.

Fact: Every two norms || - ||, || - ||’ on R™ are within constant
factor of each other: for some 6 > 0O, it holds

Ollzll < |zl < 0~ 1||z| for all
In particular, all norms define the same notion of convergence:
|zy—x|| — 0, ast — oo, is exactly the same as ||x—x|[o — O
ast — oo.
This property characterises finite-dimensional linear
spaces R™.

6.36



& The standard norms on R"™ are the /¢, norms
lzllp = (S |2i[P) /P

Here 1 < p < oco. When p = oo, the right hand side,
by definition, is max; |z;| (which is also limp oo ||2||p)-
Note: |[z|1 = > |=i], ||zl = /> ;27 is the standard
Euclidean norm, ||z||coc = max; |z;|.
& || - ||p clearly is homogeneous, symmetric, and posi-
tive outside the origin. Triangle inequality (equivalent
to convexity) stems from the
Holder Inequality: Forp € [1, ], let p« € [1, c0] be given
by% +pl* =1 (e.g., 14 = 00,2+ = 2,00+ = 1). Then

forall z,y € R™: 1y < ||z||plyllp,
and the inequality is tight: for every x,

|z|lp = maxy{zly : [|yllp. < 1}
e Tightness says that ||z||p is the supremum of a family
of linear functions of x and thus is convex by calculus
of convexity.
Note: When p = 2, p«» = 2 as well, and HdOlder Inequal-
ity becomes the Cauchy Inequality:

ey < lzl2]lyll2.
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& A function f : R" —- RU {+4oc0} produces Lebesque
sets {x : f(x) < a} where a is a real. The Lebesque sets

of a convex function f always are convex:
f(z) <a,f(y) <a,A€[0,1], fis convex

U
SUL =Nz +Ay) <X =Nf(z) +Af(y) <A -ANa+Ara=a
e The Lebesque set {x : ||z|| < 1} of a norm is called

the unit ball of the norm.
Here are the unit balls of several £)-norms on R?:

From inside outside: p =1,3/2,2,3,00
e In every dimension, ||x||p decreases as p grows
= unit ball of || - ||, extends as p grows.
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Jensen’s Inequality

e Convexity implies the Jensen’s Inequality: The value of a
convex function h : R"™ — RU{+4oc} at a convex combination
of points is < the convex combination, with the same weights,
of the values of h at these points:

Vim,z; e R, \; > 0,1 <:<m, with Y; \; =1):
h(32; Mizi) < 305 Ah(x;)
For example, for a random variable & taking real values
ai,...,ayn With probabilities p1, ..., py, its variance

2
Var(¢} = B{€2} - [E{e})% = Y pia? - {Z p]

Is always nonnegative. This is just Jensen’s inequality
with 22 in the role of f(z), a; in the role of z; and p,
in the role of \;.
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Continuity of a Convex Function

& Fact: Convex function is continuous on its domain at every
relative interior point of the domain. In particular, a real-valued
convex function on R™ always is continuous on the entire R™.
In fact, we can say much more:
& Let f be convex, andY be a closed and bounded subset
of the relative interior of Dom f. Within'Y, change in f is at
most proportional to the change in the argument: for some
L=L(Y) < oo, we have

|f(z) — f(y)] < Lllz — y||2 for all z,y € Y
Scientifically: With f and Y as above, f is Lipschitz
continuous on Y.
e At boundary points of its domain, a convex function
can be discontinuous: it can “jump up,” as is the case
with the function

0, <0
f(z) = 1, z=0
G000, >0
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Gradient Inequality

& Fact: Let f be a convex function on R", and x € Dom f
be a point where f is differentiable. Then the linearization of
f, taken at x, underestimates f:

f(x) > f(x) +(Vf(x),z — ) for all x
e The inequality clearly holds true when f(z) = 40,
as well as when z = z. When f(x) < co and z # T,

for all A € (0,1) it holds
fEANz=2)—f (@) o f(2)—f (@)
Ne=zlo = =2l |
as A — +0, the left hand side in this inequality tends

to <V*|’(g)f_;ﬁ2_i>, and the right hand side remains intact.

Passing to limit as A — +0, we get

(Vi(@)a—T) o f(2)—f(@)
- =

—Z||o T—I||2

as claimed.

Note: Gradient Inequality is the source of many useful
inequalities, like

op>1,2>—1= (1+z)? > 1+pz (f = (14+2)?,Z = 0)
op>0,x>—1:>m21—pa: (f(:c)zm,a_cz
0)

ec">14z (f(x) =e%,z=0)
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Subgradients of Convex Functions

d Let f be a convex function. If x € Domf and f
is differentiable at x, then Vf(z) is the “slope” (the
vector of coefficients) of an affine function
h(z) = f(Z) +(Vf(Z),z — T)

which everywhere underestimates f and coincides with f at
the point x.
However: It may happen that such an “exact at =z
affine lower bound on f" exists at a point x where f
is not differentiable.
Example: f(z) = x| : R = R is convex and differen-
tiable outside of * = 0O, and is not differentiable at
xr = 0. However, there are many affine lower bounds
on f which are exact at z = 0: whenever |g| < 1, we
have

Vo . f(x) = |z| > gz = f(0) + g(xz —0)
and slopes g of these lower bounds fill the entire seg-
ment [—1, 1].
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& As far as a convex function f is concerned, the
slopes of exact at x affine lower bounds on f(-) are, in
many respects, quite satisfactory surrogates of V f(x).
These slopes have name: they are called subgradients
of f at x.
Definition: /et f be a convex function onR"™, andx € Dom
A vector g € R" is called subgradient of f at x, if

va i f(z) > f(Z) + (g,x — T).
The set of all subgradients of f at x is called the sub-
differential of f at x, denoted 9f(x).
Note: By Gradient inequality, ifV f(x) exists, thenV f(x)
Is a subgradient of f at x.
& The main property of subgradients is that they
“nearly always’ exist:
Fact: Let f be a convex function on R"™ and x belong to
relative interior of Dom f. Then f admits a subgrdient at x:
of(z) =0
e At a point x from the relative boundary of Domf,
df(x) can be empty even when Domf is closed and f
is continuous on Domf. For example, the convex uni-
variate function f(z) = —+/x with the domain [0, o)
admits no subgradients at xr = 0.

6.43



& Elementary calculus of subgradients is as follows.
A. Let a convex function f be differentiable at x € Domf.
Then Vf(xz) € 0f(x), and ifz € intDomf, then V f(x) is
the only subgradient of f at x.

B. Behavior of subgradients with respect to linear op-
erations and change of variables is very similar to the
one of gradients:

o Let f(x) = X1 1 N fi(x) with nonnegative \; and convex
fi, and let f;, ..., fm admit subgradients g; at a point x. Then
> Nigi € Of (T).

e Let f be a convex function on R"™, and let
x=Ay+b:R™ - R" h(y) = f(Ay + b).
Giveny € R™, letx = Ay + band g € 0f(x). Then

Al'q € Oh(Y).

C. Smoothness not always ‘“survives” passing from
several functions to their maximum, while subgradi-
ents are well suited for this operation:

Let {fa(-)}aca be a family of convex functions on R™, and
f(x) = supyeca fa(x). Givenz € dom f, assume that there
exists a € A such that f(x) = f5(x). Then any subgradient
g of f5(-) atx is a subgradient of { at .

Indeed, f(z) >fa(z) > fa(Z) + (9,2 — ) = f(Z) + (9,2 — T)
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Minima of Convex Functions

& The following simple facts explain why minimizing
convex functions over convex sets is much easier than
nonconvex minimization.
& Facts: Let X be a convex set in R", and f be a convex
function on R™. consider optimization problem
Opt = min f(x)
reX

e Every local minimizer x« of f on X is a global minimizer of
fonX:ifze € [Domf] N X is a local minimizer, meaning
that for some positive r, f(x) > f(x«) whenever x € X and
|z—xx||2 < 7, then x is a global minimizerof f on X : f(x) >
f(xs) forallx € X.

Indeed, let z« be a local minimizer of f on X, to see
that f(x) > f(xz4) for every z € X, it suffices to verify
this inequality when = € [Domf] N X and =z # z«. In

this case, by convexity
(37*+)\[$ CL’*]) f(x*) < f(l’) f(x*)

for all A € (0,1). ||S_lnc”e T« IS Q I(!aéaic*gwln|m|zer of f

on X, the left hand side ratio is nonnegative when \
IS positive and small = the right hand side ratio is
nonnegative = f(x) > f(x«) ]

e [he set of minimizers of f on X is convex.

Indeed, when nonempty, this set is the Lebesque set
{x : f(x) < Opt} (which is convex) intersected with
convex set X.
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Question: Let X be a convex setin R™, f be a convex func-
tion, and let x« € X N Dom f be a point such that f is differ-
entiable at x«. When z« is a global minimizer of f on X ?
Answer: This is the case iff the directional derivative of f,
taken at x« along any direction leading from x. into X, is non-
negative:

Viz e X) : (Vf(zx),z —x4) >0
e In one direction: for every x € X, we should have
g(A) = fzx+ Az —2+)) 2 f(x+) = g(0) when 0 < A <
1, whence 0 < ¢'(0) = (Vf(x«),z — z«). This should
be so for all x € X, implying that (Vf(zx),z — x«) >0
for all x € X.
e In the opposite direction: By Gradient Inequality,
f(x) > f(xx) +(Vf(xs),x —x4) fOr all x, implying that
f(x) > f(xs) when z € X and (Vf(z«),z — x«) > 0 for
all z € X.
Note: Given z € X, the set of all vectors h such that
(h,y — x) > 0 whenever y € X, is called the normal
cone N (x) of X taken at x; this set indeed is a closed
convex cone. This cone is dual to the radial cone

Tx(x) = Cone{X — z}

spanned by the directions leading from z into X.
The above necessary and sufficient optimality condi-
tion reads: In the situation in question, x. is a global mini-
mizerof f on X iff Vf(xz) € Nx(x«).
What this condition actually means, it depends on
what is the normal cone Ny (xzx«).
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xx £7 €77 Argminy f

Examples:
d . cintX. Here
e Radial cone Ty (xx) = R"
= Normal cone Nx(z«) = {0}
= When X is a convex set, f is convex and is differentiable
at a point z« € int X, the point x« is a global minimizer of f
on X Iff

Vf(xx) =0 [Fermat equation]
® x.criX. Here
e Radial cone T'x(x«) is the linear subspace L parallel
to the affine hull Aff(X) of X
= Normal cone Ny (zx) = L+.
= When X is a convex set, f is convex and is differentiable
at a point x« € ri X, the point x« is a global minimizer of f on
X iff V f(xx) is orthogonal to L = Lin(X — zx).
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xx £7 €77 Argminy f

Examples (continued):
A X ={z:alz<b;,1<i<m}isa polyhedral set.
Here
e Radial cone is Tx(xzs) = {h : alh < 0Vi € I(x+)},
where I(xx) is the set of indexes of all constraints
a;.rac < b; which are active at x+ — are satisfied at x4 as
equalities:

I(xs) = {i: CL,LTZE‘* =b;}.
= Normal cone (the dual to the radial one) is
Nx(xz+«) = Cone{—a;:i € I(x+)}
[Homogeneous Farkas Lemma]

= When X = {x : a,L-T:B <b;, 1 <i<m}, fisconvex and
is differentiable at a point . € X N [Domf], the point x« is
a global minimizer of f on X iff there exist nonnegative La-
grange multipliers \; associated with active at x« constraints
az-T:c < b;, i € I(x+) such that

V() + >, Aa;=0.

i€l (xx)
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Setting A\Y = 0 for ¢ € I(x«), our optimality condition
reads:

When X = {x : a;-rzv < b;, 1 <1< m}, fisconvex and
is differentiable at a point . € X N [Domf], the point x« is
a global minimizer of f on X iff there exist nonnegative La-
grange multipliers \; such that

N [b; — aZTac*] = 0Vi [complementary slackness]
Vf(xx) + > Afa; = 0 [KKT equation]

This is exact analogy of the KKT optimality condi-
tion in LO, with Vf(x4) in the role of the vector of
coefficients of the LO objective.
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& One of the beauties of Convex Optimization is the
presence of local conditions for global optimality. In
simple cases, these conditions allow for explicit solv-
ing of convex problems “on paper.”

Examples:

A. Letaq,...,an be given positive reals. What is

Opt = ming {f(as) = ?:1% x> O,Z?zlajj < 1} ?

1,517

To represent the problem as a convex[ brég]ram m)}n f,
we set

X={zreR':z>0,) z; <1}, Domf={z € R": z > 0}
Let us make an educated guess that there exist an op-
timal solution where z; > 0 for all j and } ,;z; = 1.
The optimality condition reads:
For some X > O, it holds Vf(x) + A[1;...;1] = 0 and
>_jrj =1,

a4 .
= —x—é+)\=OV3 and > ix; =1

:>$j=,/04j/)\ and Zj,/ozj/)\=1
f(2) = [ya1 + .. + Van]?
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VA= a1+ ..+ Jom,z; = \/a_1—|—\/az|-\/a_n7

f(x) =[o1 + ... + Van)?

x and A we have found satisfy the optimality condition
which in the convex case is sufficient for global optimality and
thus have found a global optimal solution. There is no
need to justify our educated guess — we are in the situation
when eating indeed is a proof of the pudding!
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B. Given n-dimensional vector y, we want to solve the prob-
lem

Opt = miny {f(:v) = In(3_7_, e"i) — yTx}
We are minimizing smooth convex function over the
entire R™” = minimizers are exactly the solutions to

the Fermat equation Vf(x) = 0, that is,

& =y, 1< <
j=1

e It is seen by naked eye that the necessary condition

for the system to have a solution is y; > O for all = and

> ;y; = 1. This condition is also sufficient: when it is

satisfied, the Fermat equation is satisfied when setting
z; =1In(y;), 1 <j<n

resulting in Opt = — 37y, In(y;).
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Opt = ming {f(a:) = In(3__; %) — yTw}

oy >03y=1=
e optimal solutionisz; = In(y;),j =1,...,n
e optimal value is Opt = — 3>, y;In(y;)

& All we know so far is that when our condition
y>0,%;y; =1

is not satisfied, the problem has no optimal solutions. VWhat

about the optimal value and near-optimal solutions?

With some dedicated effort, it could be seen that

— if y is not nonnegative and/or > yj 7= 1, the prob-

lem is unbounded: Opt = —c0
— if >;y; = 1, y 2 0, but not y > 0, we still have
Opt = —3>;9;In(y;), but there is no optimal solution.

To get a near-optimal solution, it suffices to make
the entries in x corresponding to y; > 0 equal to Iny;,
and make the entries corresponding to y; =0 large in
magnitude negative reals.

Here eating gives only partial proof of the pudding,
but already this partial proof allows to guess what is
the correct answer and how to justify it.
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SWhen a Minimizer of a Convex Function is Unique?

& Sometimes it makes sense to know when the opti-
mal solution to a convex program
Opt = Mingexcrn f(x)  (P)

IS unique.

The standard sufficient condition for uniqueness is strict
convexity of f, defined as follows:

& A convex function f : R™ — R U {+4oco} is called strictly
convex, when f strictly satisfies the Convexity Inequality “in all
nontrivial cases:”
xz,y € Domf, x7y, 0<A<1l = f((1 — Nz + Ay)<(1 =N f(z) + Xf(y).
Fact: /f X is convex subset of R™, f is strictly convex and (P)
is solvable, the optimal solution to (P) is unique.

Indeed, if z/,z" were two distinct optimal solutions,
the point z = %(az’—l—x”) would be feasible and, by strict
convexity, would satisfy f(z) < %(f(x’)—l—f(m”) = Opt,
which is impossible.

& Assuming a convex function f to possess sec-
ond order directional derivatives, taken at every point
x € riDomjf along every direction h € [Domf] — z, the
standard sufficient condition for f to be strictly convex
is that when h #= 0O, these derivatives are strictly pos-
itive: for all (z € r2i Domf,h € [Domf] —x,h # 0) :

dd?)A:Of(a: + A\h) > 0.
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Maxima of Convex Functions

& Fact: Let f be a convex function. Then

o I[f f attains its maximum over Domf at a point x« €
riDomf, then f is constant on Dom f

e fDOMf is closed and does not contain lines and f attains
its maximum on Dom f, then among the maximizers there is
an extreme point of Dom f

e /f Domf is polyhedral and f is bounded from above on
Domf, then f attains its maximum on Domf.
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& Assume we want to maximize a convex function
f which is real valued on a nonempty, bounded and
polyhedral set X, over this set.

Good news: The optimal solution does exist and can be
found among the extreme points of X (i.e., in “finite time”).
For example: it is easy to maximize a convex function
over the standard simplex {z e R" : z > 0, ;1 = 1}
of reasonable dimension.

Very bad news: X may have astronomically many extreme
points, and huge number of them could be local, but not
global, maximizers of f. In general, local information on f
does not allow to understand whether a local maximizer is
global.

While it is relatively easy, starting with a point x € X, to find
an extreme points v of X with f(v) > f(x), it, in general, is
impossible to avoid exhaustive search (usually completely un-
realistic) through all, or a “significant part” of, extreme points
of X.

Conclusion: Convex functions are badly suited for
maximization.

We shall see, however, that convex functions are well
suited for minimization.
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Optimality Conditions in Convex Programming

& Consider an optimization problem

Opt=_min {f(2);gi(z) <0i=1,..m} (P)
Standing Assumption: The problem is convex, meaning that
X is aconvex set, and f, g1, ..., gm are convex functions.
We always assume X to be nonempty, and f, g1, ..., gm to be
real-valued on X.
& The main theoretical questions related to (P) are
A. Is the problem solvable?
B. /s the optimal solution unique?
C. How to characterize an optimal solution — what are optimal-
ity conditions?
& The main practical question is how to find an op-
timal solution, or, more realistically, how to find, in rea-
sonable time, a near-optimal and near-feasible solution?
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A. Is the problem solvable?

B. /s the optimal solution unique?

C. How to characterize an optimal solution — what are optimal-
ity conditions?

& We already know some answers to A and to B:

e The standard answer to A is:

If the feasible set X« = {x € X : g;(z) < 0,1 << m}is
nonempty and closed (closedness definitely takes place
when X is closed, and g1, ..., gm are continuous on X)
and f is continuous and coercive on X, an optimal solution
does exist.

Note: convexity here is irrelevant.

e The standard answer to B is:

If f is strictly convex on its domain, the optimal solution, if it
exists, Is unique.

& What is ahead of us now, is C.
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Lagrange Function and Lagrange Duality

Opt(P) = min {f(2)igi(a) <O,i=1,..m} (P)

& The Lagrange function of problem (P) is the function

L(CIJ,)\) L= f(a:) -+ i )\,&gz(m) c X X RZZ’ — R
1=1

Note: When speaking about the Lagrange function,
e x-argument is restricted to vary in X
e \-argument is restricted to vary in Rz&
— we want the Lagrange multipliers A1, ..., Ay, to be nonnega-
five.
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Opt(P) = minge xcpn {f(2); gi(x) f 0,i=1,..,m}
L(xz,A) == f(z) + 371 Ngi(x) - X X R — R

Note: Essentially, we have already met Lagrange function in the
LO case, where X = R", f is linear, and g1, ..., 9, are affine. “Es-
sentially” reflects the current swap of min and max as compared
to the LO case: in LO, our problem of interest was to maximize,
and now it is to minimize.
Observation: When \ > 0, the Lagrange function underesti-
mates f(-) on the feasible set of (P)
= In the domain \ > 0, the function

L(\) = infuexL(z,\) : R — RU {—o0}
is < Opt(P).
The problem

Opt(D) = maxy>oL(\) (D)

= maXy>ginfyexL(z, \)

is called the Lagrange dual of the primal problem (P).
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Opt(P) = min {f(x);g9i(x) <0,i=1,....m} (P)

z€XCR"
= L@@ ) = @+ Y Agi(@) X xRE 5 R
S L) = ;Q;ZL(az,Zi)l “R7 - RU {—o0}
= Opt(D) = maxL(}), (D)
= maxinfL{z,A)

Note: We have seen that in the LO case, (D) is the
LO dual of (P) (in a slight disguise).
Fact [Weak Duality]: By construction,
Opt(D) < Opt(P).
Note: Convexity is irrelevant here.
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Opt(P) = min {f(x);9i(x) <0,i=1,....m} (P)

zEX CR
= L(w,)) = f@)+ > hgi@) i X x RZ 5 R
L)) = ;Q;L(x,zi)l R7 — RU {—o0}
= Opt(D) = maxL(}), (D)
= maxinfL{z,A)

Fact [Weak Duality]: By construction,

Opt(D) < Opt(P).
Course of actions: We will show that in the convex case,
under mild assumptions Opt(D) = Opt(P), and will
extract from this fact optimality conditions for (P).
& The “mild assumption,” in its simplest form, is
Slater condition: (P) admits a strictly feasible solution ,
meaning that z € X and g;,(x)< 0 foralli =1,...,m.
e A more advanced version of “mild assumption” is
Relaxed Slater condition: () admits a feasible solution
xe€ ri X where all non-affine constraints g;(x) < O are satis-
fied as strict inequalities.
Note: For convex (P), the Relaxed Slater condition is
weaker than the plain Slater condition.
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Lagrange Duality Theorem

Opt(P) = min {f(x);igi(a) S0,i=1,...m} (P)

= L(z, ) = f@)+ % Ngi(e) i X xRT SR

_|_
1=1
= L(\) inf L(x, \) : R — RU{—o0}
= Opt(D)

reX

T§8<L(A), (D)

= max inf L(x, \)
A>0 xeX

& Lagrange Duality Theorem: Under our Standing Assump-
tions (which include convexity of (P)) and Relaxed Slater
condition, (D) is solvable, and

Opt(D) = Opt(P)
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Opt(P) = min {f(x);9i(x) <0,i=1,....m} (P)

re X CRn
= L@@ ) = @+ Y Agi(@) : X xRE 5 R
S L) = ;QEL(a:,Zi)l “R7 - RU {—o0}
= Opt(D) = maxL(}), (D)
= maxinfL{z,A)

& Lagrange Duality Theorem: Under our Standing Assump-
tions (which include convexity of (P)) and Relaxed Slater
condition, (D) is solvable, and

Opt(D) = Opt(P)

lllustration:
e Let (P) be the problem
1
Opt(P) = min = — 1, = 20—x < 0.
PtP) = _min (@) =1 50 z <0}
(P)

Here Opt(P) = infx{ﬁ -z > 20} = 0, but (P) is
unsolvable.

However, problem is convex and satisfies Slater con-
dition. We have

0, A=0

| 1 B

and (D) is solvable with the optimal solution A = 0
and optimal value Opt(D) = 0 = Opt(P).
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e In LDT all assumptions are essential. For example,
the problem

1
Opt(P) = mn{ : :=—2<o} P
pt(P) = min (@i g1(a) 1= a7 < (P)
is convex and solvable with Opt(P) = 0. It, however,
does not satisfy Slater condition.
We have
, A 5 —00, A=0
L(a:)—mxln{a:—l—izc }—{ _2_1” A0
= Opt(D) =0 = Opt(P) (“by chance”), but the dual

problem has no solutions!
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Optimality Conditions in CO, Saddle Point From

Opt(P) = min {f(z)gi(x) <0,i=1,...m} (P)
= L(z.)\) = f(z)+ gl Migi(@) : X X RT = R

Theorem [optimality conditions for (P), saddle point
form] Letzy« € X. Then

(1) If x« can be augmented by \* > 0 to yield a saddle point
(s, \*) Of L(z,\) (mininx € X, max in XA > 0), that is,

Viee X,\>0): L(x,\*) > L(xs,\*) > L(xx, \)

then x. is an optimal solution to (P), and x«, A\« satisfy the
complementary slackness:
Ngi(ze) =0, 1<i<m
(ii) Assume that (P) is convex and satisfies the Relaxed Slater
condition. Then x« is an optimal solution to (P) iff x« can be
augmented, by a properly selected \* > 0, to yield a saddle
point (x«, \*) of the Lagrange function, and x ., \* satisfy the
complementary slackness.
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Opt(P) = min {f(x)ig(x) <0.i=1 ..m} (P)
= Lz, \) = f(z)+ i Nigi(z) X X RT — R

“(i) Ifx. € X can be augmented by \* > 0 to yield a saddle point (., \*)
of L(xz,\) (mininx € X, maxin X > 0), that is,
V(e e X,A>0): L(x,\*) > L(zs,\*) > L(x4,\)

(1) (2)
then x. is an optimal solution to (P), and x.., \. satisfy the complementary

slackness:

Aigi(z) =0, 1<i<m’
Explanation, (i): Let z. € X and A\* > 0 are such that (z., A*) form
a saddle point of L on X x {\A > 0}. Then
e by (2), \* is a maximizer of L(xz«,A) as a function of A > 0.
This function is linear in A, and therefore its maximum in A > 0
can be achieved at \* iff g;(z.) < O for all « and complementary

slackness holds. By complementary slackness,

L(CU*, A*)\i/f(x*)
3
Note: as a byproduct of our reasoning, we get that feasibility of x.

for (P) plus complementary slackness is a necessary and sufficient con-
dition for (2) to hold for all A > O.

Now, if z is a feasible solution to (P), then f(x) > L(x,\*) (since
A* > 0), which combines with (1), (3) to imply that f(z) > f(x«).

The bottom line is that =z, is an optimal solution to (P).
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Opt(P) = min {f();g:(z) <0,i=1,...,m} (P)

= Lz \) = f@)+ 3 hgi(@) : X xRT 5 R
=1
= Opt(D) = maxL(}), (D)
= max infL(z,\) (S)
A>0 zeX

“(ii) Assume that (P) is convex and satisfies the Relaxed Slater condition.
Then xz. € X is an optimal solution to (P) iff z. can be augmented, by a
properly selected \* > O, to yield a saddle point (x., \*) of the Lagrange
function, and x.., \* satisfy the complementary slackness.”

Explanation, (ii): "“If x. can be augmented ... then =z, is an opti-
mal solution to (P) and ..."” was already proved in (i) and when
checking that the complementary slackness is implied by the fact
that (x«, A*) is a saddle point of L on X x {\A > 0}.

Now assume that z. is an optimal solution to (P), and let us
check that then "z, can be augmented...”. Consider the saddle
point problem (S). The associated dual problem is (D), and the

associated primal problem (P’) is

L _{ f(@), gi(x) <OV
Mingex |L(z) := supx>oL(x,A) = +o0, oOtherwise }

= x, IS an optimal solution to (P"), and Opt(P’) = Opt(P).

By Lagrange Duality Theorem, (D) is solvable with an optimal solu-
tion A\* and optimal value Opt(D) = Opt(P).

= () is solvable with optimal solution x., (D) is solvable with optimal
solution \*, and Opt(P’) = Opt(D)

= By what we know about saddle points, (x4, A\*) is a saddle point
of L on X x{\ > 0}. This, as we have seen when proving (i), im-

plies complementary slackness.
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Optimality Conditions in CO, Karush-Kuhn-Tucker Form

Opt(P) = min {f()ig:(x) S0i=1,.,m} (P)
= L(z,\) = f(z)+ én:l Ag;(x) i X X R — R

Theorem [optimality conditions for (P), KKT form]
Let x« be a feasible solution to a convex problem (P), and let
f,a91, ..., gm be differentiable at x«. Then

(i) If x« is a KKT point of (P), meaning that x« can be aug-
mented by a properly selected \* > O to satisfy

& [Complementary slackness]

A;gj(z<) = 0Vj
& [KKT equation]
Vi(xe) + 301 AN Vgi(xx) € Nx(x4)
Nx(xy) = {h: {(h,2’ —x.) > 0Va' € X}: normal cone of X at x.
then (x«, A*) is a saddle point of L(x, \) (min inxz € X, max
in A > 0), whence x« is an optimal solution to (P).

(1)) Assume that, in addition to what stated in the premise of
Theorem, (P) satisfies the Relaxed Slater condition. Then x
is an optimal solution to (P) iff x« is a KKT point of (P).
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Opt(P) = min {f(x)igi(x) <0,i=1,..,m} (P)

= Lz, \) = f(z)+ fjl Nigi(z) X X RT — R

Explanation, (i): If =z, is a KKT point and A* > 0 is the associated
vector of Lagrange multipliers, then
e x. is feasible for (P) by assumption, and x., A\* satisfy comple-
mentary slackness

= L(x«, \) as a function of A\ > 0 attains it maximum at \*.
e The function h(z) = f(x) + >, AMgi(x) is convex and differen-
tiable at z, € X and satisfies Vh(x.) € Nx(x4)

= L(x, \*) as a function of x € X attains its minimum at x.
= (@, \*) is a saddle point of L on X x {\ > 0}

— [previous theorem] z. is an optimal solution to (P).

6.70



Opt(P) = min {f(2)igi(z) <0,i=1,..,m} (P)

= Lz \) = f@)+ > hgi(x) : X xRT 5 R
=1

“(if) Assume that, in addition to what stated in the premise of Theorem,
(P) the Relaxed Slater condition. Then x. is an optimal solution to (P) iff
x. IS a KKT point of (P).”

Explanation, (ii): “If x. is a KKT point ... then z,. is an optimal
solution to (P)" is stated by (i).

All we need to verify is the claim

“If (P) is convex and satisfies Relaxed Slater condition, f, g; are differen-
tiable at x. and x. is an optimal solution to (P), then x. is a KKT point of
(P).”

e By the Saddle Point form of Optimality Conditions, under the
premise of our claim x, can be augmented by A\* to vield a saddle
point (., A*) of L on X x{A > 0} and z*, \* satisfy complementary
slackness. All we need to verify is the validity of KKT equality.

e The function h(z) = f(z) > . Afgi(x) is convex and differentiable
at z, € X. Since (z., \*) is a saddle point of L on X x {\ > 0},
h(x) attains its minimum on X at xz.

= [what we know about minimizing convex function over a
convex set] Vh(xz.) € Nx(x.), which is the KKT equality
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& lllustration: Let 1 < ¢ < co. Given vector u € R"?,
u #+= 0, we want to find

n
Opt(u) = min {f(a:) =ulz:g(z) = >zl < 1}
i=1
Note: f and g are convex and continuously differen-
tiable = any KKT point is a globally optimal solution.
Educated guess: Let us look for a KKT point x where
constraint is active.

0O < A
0 = Vf(z)+ AV]g(x) — 1] [KKT equation]
1 = g(x) [Educated guess]
)
0 < A
0 = wu;+ gisign(z;)|z;|97 1
1 = Z?Z’zl 24|
II 1
Ly — _Slgn(uz>[q>‘] o 1|u2|—1 1,2,...,7?,
_q_
[gA\]r = ¥ |Uz'|q_1
11 1
_ Jugl 91
x; = —sign(u;) 1
D \Ujlq_—lv

I
= | —Opt(u) = |lullp := [¥i[wilPl?, p= ;%5
Note: The result holds true when v = 0 as well.
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& Forallqg € (1,00) andu € R™ we have

_ : 1 1 __
lullp = maxg {ulz : ||zllg <1}, 2+ 1 =1

zlls = (i lzal*)?)
—
A || - ||pisconvex, 1 < p < oo, and Holder inequality

vz, u s ulz < lullpllzllg T+i=1]
holds.
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Solving Convex Problems: Ellipsoid Algorithm

& There is a wide spectrum of algorithms capable
to approximate global solutions of convex problems to
high accuracy in “reasonable” time.
We will start with one of the “universal” algorithms of
this type — the Ellipsoid method imposing only minimal
additional to convexity requirements on the problem.
& The Ellipsoid method is aimed at solving convex
problem in the form
Opt(P) = Mingecxcrn f(x)

where

e f is a real-valued continuous convex function on
X which admits subgradients at every point of X.
f is given by First Order oracle — a procedure (“black
box'") which, given on input a point z € X, returns
the value f(z) and a subgradient f/(z) of f at z.
For example, when f is differentiable, it is enough to
be able to compute the value and the gradient of f
at a point from X.

e X is a closed and bounded convex set in R™ with
nonempty interior.
X is given by Separation oracle — a procedure Sepy
which, given on input a point =z € R", reports whether
x € X, and if it is not the case, returns a separator —
a nonzero vector e € R™ such that

MaXyecx ely <elg.
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OPt(P) = Minyexcprn f()

& Usually, the original description of the feasible do-

main X of the problem is as follows:
X={zeY : g(x)<0,1<i<m}

where

e Y iSs a nonempty convex set admitting a simple
Separation oracle Sepy-.

Example: Let Y be nonempty and given by a list of linear in-
equalities alz < b, 1 <k < K. Here Sepy is as follows:

Given a query point x, we check validity of the inequalities
a;fx < bg. If all of them are satisfied, we claim that =z € Y,
otherwise claim that x € Y, take a violated inequality — one with
al'z > b, — and return a; as the required separator e.

Note: We have maxyeyaly < by < alz, implying that e := qy
separates x and Y and is nonzero (since Y # 0).

e g, . Y — R are convex functions on Y given by
First Order oracles and such that givenx € Y, we can
check whether g;(x) < O for all i, and if it is not the case, we
can find i« = ix(x) such that g; (x) > 0.
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X={zrecY :g(x) <0,1<i<m}

& In the outlined situation, assuming X nonempty,
Separation oracle Sepy for X can be built as follows:
Given query point x € R™, we
— call Sepy to check whether x € Y. If it is not the case, x ¢ X,
and the separator of x and Y separates x and X as well. Thus,
when Sepy reports that x € Y, we are done.
— when Sepy reports that x € Y, we check whether g;(x) <0
for all 7. If it is the case, x € X, and we are done. Otherwise
we claim that =z € X, find a constraint ¢; () < 0 violated at z:
gi.(x) > 0, call First Oracle to compute a subgradient e of g; (-)
at z and return this e as the separator of x and X.
Note: In the latter case, e is nonzero and separates z and X:
since g;.(y) > gi.(z) + e’ (y —x) > el (y — ) and g;.(y) < 0 when
y € X, we have

yeX=el(y—2)<0

It follows that e # 0 (X is nonempty!) and max,cxely < elxz.
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OPt(P) = Minyexcpn f(@) (P)

Assumptions:

e X is convex, closed and bounded set with int X
0 given by Separation oracle Sepy.

e f is convex and continuous function on X given
by First Order oracle Oy.

e [new]| We have an “upper bound” on X — we know
R < oo such that the ball B of radius R centered at the origin
contains X,

(?) How to solve (P) ?
To get an idea, let us start with univariate case.
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Univariate Case: Bisection

& When solving a problem

mxin{f(ac) cx € X = [a,b] C [-R, R]},
by bisection, we recursively update localizers — seg-
ments Ay = [a4, b] containing the optimal set Xypt.
e Initialization: Set A; = [-R, R] [D Xopt]
o Step t: Given A; D Xopt let ¢ be the midpoint of
A;. Calling Separation and First Order oracles at e,
we replace Ay by twice smaller localizer A4 1.

I
t—1 t t—-1 at—l t t—1 at—l Ct t—1

2.a) 2.b) 2.0)

1) | Sepy says that ¢ € X and reports, via separator e,

on which side of ¢ X is.

1.8): At_|_1 = [at,ct]; 1b) At+1 = [Ct,bt]

2) | Sepx says that ¢; € X, and Oy reports, via signf'(c),
on which side of ¢; Xopt iS.

2.8): At_|_1 = [at,ct]; 2.b): At+1 = [Ct,bt]; 2.C): ct € Xopt

& Since the localizers rapidly shrink and X is of positive length, eventually
some of search points will become feasible, and the nonoptimality of the
best found so far feasible search point will rapidly converge to 0 as process
goes on.
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& Bisection admits multidimensional extension, called
Generinc Cutting Plane Algorithm, where one builds a
sequence of ‘“shrinking" localizers G; — closed and
bounded convex domains containing the optimal set
XOpt of (P)

Generic Cutting Plane Algorithm is as follows:

& Initialization Select as (G1 a closed and bounded con-
vex set containing X and thus being a localizer.
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Opt(P) = mingexcrn f(2) (P)

& Stept =1,2,...: Given current localizer Gy,

e Select current search point ¢; € Gy and call Sepa-
ration and First Order oracles to form a cut — to find
et = 0 such that Xgpt C G = {x € Gy : e?w < e?ct}

At € X B:iceX

Black: X; Blue: G;; Magenta: Cutting hyperplane
To this end

— call Sepy, ¢ being the input. If Sepy says that
ct € X and returns a separator, take it as e; (case A
on the picture).
Note: ¢; ¢ X = all points from G;\G; are infeasible
— if ¢4 € Xy, call Oy to compute f(¢), f'(¢). If
f'(¢;) = 0, terminate, otherwise set e; = f'(¢;) (case
B on the picture).
Note: When f'(c;) = O, ¢ is optimal for (P), otherwise
f(z) > f(cp) atall feasible points from G\ G

e By the two “Note” above, Gy is a localizer along
with G;. Select a closed and bounded convex set
Gyip1 D Gy (it also will be a localizer) and pass to step

t+ 1.
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Opt(P) = mingexcrn f() (P)

& Summary: Given current localizer G, selecting a
point ¢ € G¢ and calling the Separation and the First
Order oracles, we can

& in the productive case ¢; € X, find e; such that

ef (x —ct) > 0= f(x) > f(cr)

& in the non-productive case c¢; ¢ X, find e; such that
el (z—c)>0=>z¢ X

= the set Gy = {x € Gy : ef (x — ¢;) < 0} is a localizer

& We can select as the next localizer G 1 any set containing
ét.

& \We define approximate solution z! built in course of
t=1,2,... steps as the best — with the smallest value
of f — of the feasible search points cq,...,¢ built so
far.

If in course of the first ¢t steps no feasible search points
were built, ! is undefined.
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Opt(P) = mingexcrn f(2) (P)

& Analysing Cutting Plane algorithm

e Let VoI(G) be the n-dimensional volume of a closed
and bounded convex set G C R".

Note: For convenience, we use, as the unit of volume,
the volume of n-dimensional unit ball {z € R" : ||z||» <
1}, and not the volume of n-dimensional unit box.

e Let us call the quantity p(G) = [Vol(G)]Y/™ the radius
of G. p(@) is the radius of n-dimensional ball with the
same volume as G, and this quantity can be thought
of as the average linear size of G.

Theorem. Let convex problem (P) satisfying our standing
assumptions be solved by Generic Cutting Plane Algorithm
generating localizers G1, G»,... and ensuring that p(G;) — O
ast — oo. Lett be the first step where p(G;41) < p(X).
Starting with this step, approximate solution =t is well defined
and obeys the “error bound”

f(a") ~ OPt(P) < min [’)([ﬁ;gl)] [m)?Xf —min
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OPt(P) = Minyexcpn f(@) (P)

Explanation: Since int X # (), p(X) is positive, and
since X is closed and bounded, (P) is solvable. Let
xx« be an optimal solution to (P).
e Let us fix e € (0,1) and set X¢ = x4 + (X — x4).
Xe is obtained X by similarity transformation which
keeps xsx intact and “shrinks” X towards x« by fac-
tor €. This transformation multiplies volumes by €™
= p(Xe) = ep(X).
e Let ¢t be such that p(Gy41) < ep(X) = p(Xe). Then
Vol(Gy41) < Vol(Xe¢) = the set X\Gy41 is nonempty
= for some z € X, the point

y=xF+e(z—xx) = (1 —€)ax + €2
does not belong to Gy 1.
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... forsome z € X, the point
y=xx+e(z—a4x) = (1 —€)zsx + €2
does not belong to Gy 1.

e (1 contains X and thus y, and G,y does not con-
tain y, implying that for some + < t, it holds

ely > efcr "

e We definitely have ¢ € X — otherwise e, separates
cr and X >y, and (1) witnesses otherwise.

= cr€X = er=fl(er) = f(@')"‘ezj(y_CT) < f(y)
= [by (D]

fler) < f(y) = fF((L —e)zs +€e2) < (1 —¢€)f(xx) +ef(2)
= fler) = f(w2) Zelf(2) = (@] < ¢ |maxf — min g
Bottom line: /0 < ¢ < 1 and p(G41) < ep(X), then
z! is well defined (since = < t and ¢, is feasible) and

f(zt) — Opt(P) < e m)?xf — m)gn f].
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OPt(P) = Min,excpn f (@) (P)

“Starting with the first step ¢ where p(Gy41) < p(X),
x! is well defined, and

G )
t . t< M p( T_I_l [ _ H 1
f(@") = Op =02 ) | ax/—minJ|
& v

& We are done. Let t > ¢, so that ¢ < 1, and let
e € (¢,1). Then for some t' <t we have
p(Gpy1) < ep(X)

— [by bottom line] =t is well defined and

f(a!') — Opt(P) < eV
— [since f(z!) < f(2t') due to t > #'] zt is well defined
and f(xt) — Opt(P) < eV
= [passing to limit as € — ¢ + 0] z! is well defined and
f(a?) — Opt(P) < &V O
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Opt(P) = mingzexcrn f() (P)

& Corollary: Let (P) be solved by cutting Plane Algorithm
which ensures, for some ¥ € (0, 1), that

p(Gry1) < 9p(Gy)
Then, for every desired accuracy ¢ > 0, finding feasible e-
optimal solution xz. to (P) (i.e., a feasible solution z. sat-
isfying f(xz¢) — Opt < ¢) takes at most

2+

N = In
In(1/4)
steps of the algorithm. Here

p(G1)

p(X)

says how well, in terms of volume, the initial localizer GG ap-
proximates X, and

R =

V=maxf—minf
X X
is the variation of f on X.
Note: R, and V/e are under log, implying that high
accuracy and poor approximation of X by (G71 cost
“nearly nothing.”
What matters, is the factor at the log which is the

larger the closer ¥ < 1 is to 1.
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“Academic” Implementation: Centers of Gravity

& In high dimensions, to ensure progress in volumes of
subsequent localizers in a Cutting Plane algorithm is
not an easy task: we do not know how the cut through
c¢ Will pass, and thus should select ¢; in G in such a
way that whatever be the cut, it cuts off the current lo-
calizer G¢ a "meaningful’ part of its volume.

& The most natural choice of ¢; in Gt is the center of

gravity.
ct = [/ a:dac]/ / ldx
Gt Gt

the expectation of the random vector uniformly dis-
tributed on Gy.

Good news: The Center of Gravity policy with G4 =
G+ results in

0= (1-[4]")"" < 0632. 1/

This results in the complexity bound (# of steps

needed to build e-solution)
N=22nin(R[1+Y|)+1

Note: It can be proved that within absolute constant fac-

tor, like 4, this is the best complexity bound achievable by

whatever algorithm for convex minimization which can “learn”

the objective via First Order oracle only.
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Disastrously bad news: Centers of Gravity are not im-
plementable, unless the dimension n of the problem is
like 2 or 3.
Reason: \We have no control on the shape of lo-
calizers.  When started with a polytope G7 given
by M linear inequalities (e.g., a box), Gy for t > n
can be a more or less arbitrary polytope given by
M + t — 1 linear inequalities. Computing center of gravity
of a general-type high-dimensional polytope is a computation-
ally intractable task — it requires astronomically many compu-
tations already in the dimensions like 5 — 10.
Remedy: Maintain the shape of G+ simple and convenient for
computing centers of gravity, sacrificing, if necessary, the
value of 9.
The most natural implementation of this remedy is
enforcing G; to be ellipsoids. As a result,
e ¢; becomes computable in O(n?) operations (nice!)
e ¥ = [0.632..]1/" ~ exp{—0.367/n} increases to
Y ~ exp{—0.5/n?}, spoiling the complexity bound
N=22nIn(R[1+Y|)+1
to
N =4n2In(R[14+Y])+1
(unpleasant, but survivable...)
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Practical Implementation - Ellipsoid Method

& Ellipsoid in R™ is the image of the unit n-dimensional
ball under one-to-one affine mapping:

E=E(B,c)={z=Bu-+c:ulu<1}
where B is n X n nhonsingular matrix, and ¢ € R".
e c is the center of ellipsoid F = FE(B,c): when
c+heFE, c—heFE as well
e \When multiplying by n X n matrix B, n-dimensional
volumes are multiplied by |Det(B)]
— VoI(E(B,c)) = |Det(B)|, p(E(B,c)) = |Det(B)|/.
Simple fact: Let E(B,c) be ellipsoid in R™ and e € R"™ be a
nonzero vector. The “half-ellipsoid”

E = {x € E(B,c) :elz <ele}

is covered by the e/lipsoid Et = E(B™*,cT) given by

ct = ¢c— n-l-pr’ p = BTe/\/eTBBT

BT =

B+ (5 - ) B,

e E(B™T,cT) is the ellipsoid of the smallest volume containing
the half-ellipsoid E, and the volume of E(BY,ct) is strictly
smaller than the one of E(B, c):

_ p(E(Bt,ct
0= ) < oP{—5a)

e Given B, ¢, e, computing BT, ¢t costs O(nz) arithmetic op-
erations.
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Opt(P) = mingexcrn f(2) (P)

& Ellipsoid method is the Cutting Plane Algorithm
where
e all localizers Gy are ellipsoids:
Gt = E(Bt, ct),

e the search point at step t is ¢¢, and
e G;41 is the smallest volume ellipsoid containing the
half-ellipsoid

Gr={zecGy:elx<ele)
Computationally, at every step of the algorithm we
once call the Separation oracle Sepy, (at most) once
call the First Order oracle Oy and spend O(nz) oper-
ations to update (B, c¢t) into (By41,¢41) by explicit
formulas.
& Complexity bound of the Ellipsoid algorithm is

N=4n2In(R[1+Y%])+1

R =280 v = max f(z) — min f(z)
reX reX

- p(X)”
Pay attention:

e R,V e are under log = large magnitudes in data entries
and high accuracy are not issues

e the factor at the log depends only on the structural param-
eter of the problem (its design dimension n) and is inde-
pendent of the remaining data.
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What is Inside Simple Fact

& Messy formulas describing the updating

(Bt,ct) — (Big1,¢i4-1)
in fact are easy to get.
e Ellipsoid E is the image of the unit ball B under
affine transformation. Affine transformation preserves ra-
tio of volumes
= Finding the smallest volume ellipsoid containing a given
half-ellipsoid E reduces to finding the smallest volume ellip-
soid BT containing half-ball B:

~
r=c+ Bu

E, E and ET B, B and BT

e T he “ball” problem is highly symmetric, and solving
it reduces to a simple exercise in elementary Calculus.
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Why Ellipsoids?

(?) When enforcing the localizers to be of “simple and stable” shape, why
we make them ellipsoids (i.e., affine images of the unit Euclidean ball), and
not something else, say parallelotopes (affine images of the unit box)?
Answer: In a “simple stable shape” version of Cutting Plane
Scheme all localizers are affine images of some fixed n-dimensional
solid C (closed and bounded convex set in R"” with a nonempty in-
terior). To allow for reducing step by step volumes of localizers,
C cannot be arbitrary. What we need is the following property
of C:
One can fix a point c in C in such a way that whatever be a cut
(Ajz{xGC:eTa:SeTc} [e # O]

this cut can be covered by the affine image of C with the volume less than
the one of C:

3B,b:CCBC+b& |Det(B)| <1 (1)
Note: The Ellipsoid method corresponds to unit Euclidean ball
in the role of C and to ¢ = 0, which allows to satisfy (!) with
|Det(B)| < exp{—5-}, finally yielding ¥ < exp{—5-}.
e Solids C with the above property are ‘“rare commodity.” For
example, n-dimensional box does not possess it.
e Another *“good” solid is n-dimensional simplex (this is not
that easy to see!). Here (1) can be satisfied with |Det(B)| <
exp{—0(1/n?)}, finally yielding ¥ = (1 — O(1/n3)).
= From the complexity viewpoint, “simplex” Cutting Plane algorithm is
worse than the Ellipsoid method.
The same is true for handful of other known so far (and quite
exotic) "good solids.”
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Ellipsoid Method: pro’'s & con’s

& Academically speaking, Ellipsoid method is an indispens-
able tool underlying basically all results on efficient solvability
of generic convex problems, most notably, the famous
theorem of L. Khachiyan (1978) on efficient (scientif-
ically: polynomial time, whatever it means) solvability of
Linear Programming with rational data.

& What matters from theoretical perspective, is ‘‘universal-
ity of the algorithm (nearly no assumptions on the
problem except for convexity) and complexity bound
of the form “structural parameter outside of log, all else, in-
cluding required accuracy, under the log.”

& Another theoretical (and to some extent, also prac-
tical) advantage of the Ellipsoid algorithm is that as
far as the representation of the feasible set X is concerned, all
we need is a Separation oracle, and not the list of constraints
describing X. The number of these constraints can
be astronomically large, making impossible to check
feasibility by looking at the constraints one by one;
however, in many important situations the constraints
are “well organized,” allowing to implement Separa-
tion oracle efficiently.
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& Theoretically, the only (and minor!) drawbacks of
the algorithm is the necessity for the feasible set X
to be bounded, with known “upper bound,” and to
possess nonempty interior.
As of now, there is not way to cure the first drawback
without sacrificing universality. The second ‘“draw-
back’ is artifact: given nonempty

X ={x:gi(x) <0,1 <i<m},
we can extend it to

X¢={z:gi(z) <e1<i<m}
thus making the interior nonempty, and minimize the
objective within accuracy € on this larger set, seeking
for e-optimal e-feasible solution instead of e-optimal
and exactly feasible one.
This is quite natural: to find a feasible solution is,
in general, not easier than to find an optimal one.
Thus, either ask for exactly feasible and exactly optimal so-
lution (which beyond LO is unrealistic), or allow for
controlled violation in both feasibility and optimality!
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& From practical perspective, theoretical drawbacks of
the Ellipsoid method become irrelevant: for all prac-
tical purposes, bounds on the magnitude of variables
like 10100 js the same as no bounds at all, and in-
feasibility like 10710 is the same as feasibility. And
since the bounds on the variables and the infeasibility
are under log in the complexity estimate, 10100 and
10~ 10 are not a disaster.

& Practical limitations (rather severe!) of Ellipsoid al-
gorithm stem from method’s sensitivity to problem’s
design dimension n. Theoretically, with ¢, V, R fixed,
the number of steps grows with n as n2, and the effort
per step is atleast O(n?) a.o.

— Theoretically, computational effort grows with n at least as
O(n*),

= n like 1000 and more is beyond the “practical grasp” of the
algorithm.

Note: Nearly all modern applications of Convex Optimization
deal with n in the range of tens and hundreds of thousands!
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& By itself, growth of theoretical complexity with n
as n% is not a big deal: for Simplex method, this
growth is exponential rather than polynomial, and no-
body dies — in reality, Simplex does not work according
to its disastrous theoretical complexity bound.
Ellipsoid algorithm, unfortunately, works more or less
according to its complexity bound.

= Practical scope of Ellipsoid algorithm is restricted to convex
problems with few tens of variables.

However: Low-dimensional convex problems from
time to time do arise in applications. More impor-
tantly, these problems arise “on a permanent basis”
as auxiliary problems within some modern algorithms
aimed at solving extremely large-scale convex problems.
— The scope of practical applications of Ellipsoid algorithm is
nonempty, and within this scope, the algorithm, due to its abil-
ity to produce high-accuracy solutions (and surprising sta-
bility to rounding errors) can be considered as the method
of choice.
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How It Works
Opt=min f(z), X ={z €R":alz—0;<0,1<i<m}

& Real-life problem with n = 10 variables and m =
81,963,927 “well-organized” linear constraints:

LCPU,sec | ¢t | fG&) | f(@')—0pts | p(G)/p(Gr) |
0.01 1 [ 0.000000 6.7e4 1.0e0
0.53 63 | 0.000000 6.7e3 4.2e-1
0.60 176 | 0.000000 6.7€2 8.9e-2
0.61 280 | 0.000000 6.6e1 1.5e-2
0.63 436 | 0.000000 6.6e0 2.5e-3
1.17 895 | -1.615642 6.3e-1 4.2e-5
1.45 1250 | -1.983631 6.1e-2 4.7e-6
1.68 1628 | -2.020759 5.9e-3 4.5e-7
1.88 1992 | -2.024579 5.9e-4 4.5e-8
2.08 2364 | -2.024957 5.9e-5 4.5e-9
2.42 2755 | -2.024996 5.7e-6 4.1e-10
2.66 3033 | -2.024999 9.4e-7 7.6e-11

Note: My implementation of Ellipsoid algorithm uti-
lizes simple tricks described in the beginning of “Op-
tional Project,” including on-line upper bounding of
“optimality gaps” f(z!) — Opt.

& Similar problem with n = 30 variables and

m = 1,462,753,730 “well-organized” linear con-
straints:
| CPU,sec | ¢t | f@') | f(@')—0pt< | p(Gr)/p(G1) |

0.02 1 0.000000 5.9e5 1.0e0
1.56 649 0.000000 5.9e4 5.0e-1
1.95 2258 0.000000 5.9e3 8.1le-2
2.23 4130 0.000000 5.9e2 8.5e-3
5.28 7080 | -19.044887 5.9el 8.6e-4
10.13 10100 | -46.339639 5.7e0 1l.1e-4
15.42 13308 | -49.683777 5.6e-1 1.1e-5
19.65 16627 | -50.034527 5.5e-2 1.0e-6
25.12 19817 | -50.071008 5.4e-3 l.1le-7
31.03 23040 | -50.074601 5.4e-4 1l.1e-8
37.84 26434 | -50.074959 5.4e-5 1.0e-9
45.61 29447 | -50.074996 5.3e-6 1.2e-10
52.35 31983 | -50.074999 1.0e-6 2.0e-11
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Part lll: Conic Optimization
From Linear to Conic Optimization

Conic Duality
Interior Point Methods for Linear
and Semidefinite Optimization



Conic Optimization: Why?

& “Universal” Convex Optimization algorithm, like El-
lipsoids method, are blind (scientifically: “black box
oriented”) — they do not utilize problem’s structure,
aside of convexity, and “learn’” the problem via local
information (values and (sub)gradients of objective
and constraints along search points).

At present level of our knowledge, this implies severe
limitations on the sizes of convex problems amenable
to “universal” algorithms.

Note: A convex program always has a lot of structure
— otherwise how could we know that the problem is
convex?

A good algorithm should utilize a priori knowledge of
problem’s structure in order to accelerate the solution
process.

Example: The LP Simplex Method is fully ad-
justed to the particular structure of an LO
problem. Although by far inferior to the Ellip-
soid method in the worst case, Simplex Method
in reality is capable to solve LO’'s with tens
and hundreds of thousands of variables and
constraints — a task which is by far out of
reach of the theoretically efficient “universal”
black box oriented algorithms.
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From Linear to Conic Optimization



& Before utilizing structure of a convex program, one

should “reveal’ it.

Revealing structure is a highly challenging task: itis

unclear what we are looking for until we find it!

& The most useful, as of now, ‘structure revealing”

form of convex program — Conic Optimization — was

found in early 1990's. The idea behind looks really

striking (if not crazy):

e Traditionally, when passing from a LO problem
min{clz : Az —b < 0} (P)

to a convex one,

e linear objective ¢

tive, and

e affine in x left hand side Ax—b in the vector inequality

constraint Az — b < 0 is replaced with entrywise con-

vex vector-valued function A(zx), yielding the vector

inequality constraint A(x) < 0. In Conic Optimization,

we keep the objective and the left hand side in the vector in-

equality Ax — b < O linear/affine, and “introduce nonlinearity”

in what “< 0” means!

Note: This is not as crazy as it looks. When comparing

numbers, there is only one meaningful notion of <. In-

equality < in (P) is something different: it is specific

“entrywise” inequality between vectors, with “a < 0"

meaning “all entries in vector a are nonpositive.”

On a closed inspection, the entrywise vector inequality “<”

is neither the only possible, nor the only useful way to compare

vectors, so why to stick to the entrywise < 7
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& A Conic Programming optimization program is
Opt = mxin{CTZB : Ax—bGK}, (C)

where K C R" is a reqular cone.
& Regularity of K means that
e K is convex cone:
(z; e K, 0 >0,1<i<p)=>; Mz € K
e Kispointed: ta e K< a=0
e Kisclosed: z; c K,Im, .z, =x=x €K
e K has a nonempty interiorint K:
HzeK,r>0):{z:|lx—Z|r<r}CK
Example: The nonnegative orthant
Rq_?’:{xERm:xiZO, 1 <i<m}
IS a regular cone, and the associated conic problem
(C) is just the usual LO program.
Fact: When passing from LO programs (i.e., conic pro-
grams associated with nonnegative orthants) fo conic
programs associated with properly chosen wider families of
cones, we extend dramatically the scope of applications we
can process, while preserving the major part of LO theory and
preserving our abilities to solve problems efficiently.
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o Let K C R™ be a regular cone. We can associate
with K two relations between vectors of R™:
e ‘nonstrict K-inequality” >y :
a>Kkb&sa—-beK
e ‘strict K-inequality” >y :
a>gbea—-beintK
Example: when K = R"}*, >y is the usual “coordinate-
wise” nonstrict inequality " >" between vectors a,b €
R™:
a>b&sa; >b;, 1 <i1<m
while > is the usual “coordinate-wise” strict inequal-
ity " >" between vectors a,b € R™:
a>b<sa; >b0;,,1<1<m
& K-inequalities share the basic algebraic and topo-
logical properties of the usual coordinate-wise > and
>, for example:
& > is a partial order:
e a > a (reflexivity),
e a > band b>ka = a=0> (anti-symmetry)
e a > band b >k c = a >k c (transitivity)
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& >y is compatible with linear operations:
ea>kbandc>kd=a+c>Kg b+,
ea>Kgband A >0 = Ala >k \b
& > is stable w.r.t. passing to limits:
a; 2K bj,a; =+ a,bj b as i1 =00 = a>Khb

& >y satisfies the usual arithmetic properties, like
ea>kbandc>kd=a+c>gb+d
ea>Kgband A >0 = a>g M\
and is stable w.r.t perturbations: if a >k b, then
a’ >x b whenever o/ is close enough to a and b is
close enough to b.
& Note: Conic program associated with a regular cone K
can be written down as

min {cT:z; Az — b > O}
Note: Every convex program can be equivalently re-
formulated as a conic one.
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Data and Structure of Conic Program

. T .
3521'@% {c x . Ax — b >k O} (CP)

& When asked “what is the data, and what is the
structure in (CP)", everybody will give the same an-
swer:
The structure “sits” in the cone K (and in n), and the data
are the entries inc, A, b.
But: General type convex cone is as “unstructured”
as a general type convex function. Why not to say
that in a convex program of in the MP form

Mingegrn {f(z) 1 g;i(x) <0, 1 <i<m}
the structure “sits” in the convex functions f, g1, ..., gm
(and m,n) — definitely true and absolutely useless!
& Fact: Conic problems associated with just three specific
families of cones cover nearly all (for all practical purposes
— just all) applications of Convex Optimization.
Cones from the three “magic’ families possess trans-
parent structure fully utilized by theoretically (and
practically!) efficient Interior Point methods “tailored”
to these cones.
= Reformulating convex program as a conic program from a
“magic family” allows to process the problem by highly efficient
dedicated algorithms.
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Linear/Conic Quadratic/Semidefinite Optimization

& The three magic families of cones are

e Direct products of nonnegative rays — nonnegative
orthants giving rise to Linear Optimization,

e Direct products of Lorentz cones giving rise to Conic
Quadratic Optimization, a.k.a. Second Order Cone Opti-
mization,

e Direct products of Semidefinite cones giving rise to
Semidefinite Optimization.

8.8



& Linear Optimization. Let = L£O be the family of
all nonnegative orthants, i.e., all direct products of
nonnegative rays. Conic programs associated with
cones from K are exactly the LO programs
m;n{ch:g?x—biZO,l Sigmj}

+
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& Conic Quadratic Optimization. Lorentz cone L™ of di-
mension m is the regular cone in R given by

L ={zeR™:xy > \/x% ey —I—:Ijgn_l}
This cone is self-dual.
b Let K =COP be the family of all direct products of
LLorentz cones. Conic programs associated with cones
from IC are called conic quadratic programs.
“Mathematical Programming’’ form of a conic quadratic
program is

min {CT$ [P — pillo < qZ-T:L' + 7,1 <1 < m}
@[Pix_pi;é?x_ri]ELmi

Note: According our convention ‘“sum over empty set
is 0", L =R is the nonnegative ray
= All LO programs are Conic Quadratic ones.
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& Semidefinite Optimization.
& Semidefinite cone S?ﬁ of order m ‘“lives” in the space
S™ of real symmetric m x m matrices and is comprised
of positive semidefinite m x m maltrices, i.e., symmetric
m X m matrices A such that d? Ad > 0 for all d.
O Equivalent descriptions of positive semidefiniteness:
A symmetric m x m matrix A Is positive semidefinite (nota-
tion: A > Q) if and only if it possesses any one of the following
properties:
e All eigenvalues of A are nonnegative, that is,

A = UDiag{\}U"
with orthogonal U and nonnegative .
Note: In the representation A = UDiag{\}YU"! with orthogo-
nal U, A = X(A) is the vector of eigenvalues of A taken with
their multiplicities
e A = DI'D for a rectangular matrix D, or, equivalently, A is
the sum of dyadic matrices: A = 3"y d,d}
e All principal minors of A are nonnegative.
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O The semidefinite cone S”jr" is regular and self-dual, pro-
vided that the inner product on the space S™ where
the cone lives is inherited from the natural embedding
S™ into R™M*M:
VA,B € S™ (A, B) =73 ;A;jB;; = Tr(AB)

h Let K = SDP be the family of all direct products of
Semidefinite cones. Conic programs associated with
cones from K are called semidefinite programs. Thus, a
semidefinite program is an optimization program of the

form
min {cTa: Aiw — By = 3" @A — B = 0,1<i< m}

xT

AY. B; : symmetric k; X k; matrices
Note: A collection of symmetric matrices Aq, ..., Am

iIs comprised of positive semidefinite matrices iff the
block-diagonal matrix Diag{A1,..., Am} is = 0O
= an SDO program can be written down as a problem
with a single > constraint (called also a Linear Matrix
Inequality (LMI)):

min {c'z : Az — B := Diag{Aiz — B;,1 <i <m} = 0}.
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& Three generic conic problems — Linear, Conic
Quadratic and Semidefinite Optimization — posses
intrinsic mathematical similarity allowing for deep uni-
fied theoretical and algorithmic developments, includ-
ing design of theoretically and practically efficient poly-
nomial time solution algorithms — [Interior Point Meth-
0ds.

& At the same time, “expressive abilities” of Conic
Quadratic and especially Semidefinite Optimization are in-
comparably stronger than those of Linear Optimization. For
all practical purposes, the entire Convex Programming is
within the grasp of Semidefinite Optimization.
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LO/CQO/SDO Hierarchy

A L' =R, = LO C CQO = Linear Optimization is a
particular case of Conic Quadratic Optimization.

& Fact: Conic Quadratic Optimization is a particular case of
Semidefinite Optimization.

O Explanation: The relation = >;; O is equivalent to
the relation

T, |1 T2 -+ Tk
r1 | Tk
Arrow(x) = 5 X = 0.
| Tp—1 T

AsS a result, a system of conic quadratic constraints
Az-a:—bz- ZLki O, 1 S’Lgm
IS equivalent to the system of LMIs
Arrow(A;x —b;) = 0,1 <i<m.
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Why
r >1% 0 < Arrow(z) = O (H
Schur Complement Lemma: A symmetric block matrix

P Q
Q' R
matrix P — QR 1Q' is > 0.

Proof. \We have

[ P Q ] zomu;v]T[ L ] s o] > 0V[u; )

with positive definite R is > 0 if and only if the

Q" R Q" R
& ul'Pu+ 2u'Qu + v Rv > 0V[u; v]
< VYu o ul Pu 4+ mvin {QuTQU -+ UTRU} >0
SVu:u'Pu—u'QR1QTu >0
& P-QR QT =0 []
& Schur Complement Lemma = (!):

e In one direction: Let =z € L*.  Then either

xr; = 0, whence x = 0 and Arrow(x) » 0, or
xp > 0 and Zf;%i—i < zp, meaning that the matrix
T |T1 - Tg—1
R satisfies the premise of the SCL
Tk—1 Tk

and thus is > 0.
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e In another direction:

let

Lk 1 LE—1
1 I
Lr—1 Lk

=

0.

Then either z;, = 0, and ther_l =0 € L’“, or ;r;k > 0
2
and Zf:_% % <z by the SCL, whence x € Lk,
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& Example of CQO program: Control of Linear Dynami-
cal system. Consider a discrete time linear dynamical
system given by
x(0) = O;
x(t+1) = Az(t)+Bu(@®)+ (@), 0<t<T -1
e x(t): state at time ¢t
e u(t): control at time ¢
e f(t): given external input
Goal: Given time horizon T, bounds on control
|lu(t)||> < 1 for all ¢ and desired destination x4, find a
control which makes z(7T') as close as possible to w«.
The model: From state equations,
o(T) = S{—g AT [Bu(®) 4 f(1)],

so that the problem in question is

in e =Yg AT Bu(t) + f(D]l2 < 7
7,u(0),...,.u(T—-1) HU(t)”Q <1,0<t<T -1
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& Example of SDO program: Relaxation of a Combinato-
rial Problem.

& Numerous NP-hard combinatorial problems can be
posed as problems of quadratic minimization under

quadratic constraints:
Opt(P) = min{fo(zx) : fi(z) <0,1 <i<m}

filx) =" Qiz + 2b/x +¢;, 0 <i <m )
Example: One can model Boolean constraints z; €
{0; 1} as quadratic equality constraints %2 = x; and
then represent them by pairs of quadratic inequalities
;Ug—acz- < 0 and —ac,L-Q—I—af;i <0

— Boolean Programming problems reduce to (P).
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Opt(P) = min{fo(zx) : fi(z) <0,1 <i<m}
T T : (P)
fi(z) = 2" Qix + 2b; x +¢;, 0 <i < m

& In branch-and-bound algorithms, an important role
is played by efficient bounding of Opt(P) from below.

To this end one can use Semidefinite relaxation as fol-
lOWS:
Qi | b; .
e We set I, = N , 0 < i < m, and X[z] =
i 7
wa ‘ T
T ‘ 1

. SO that

T

filz) = Tr(F;X[z]).
— (P) is equivalent to the problem
min {Tr(FoX|[z]) : Tr(FX][z]) <0, 1 <i<m} (P")
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Opt(P) = mwin {fo(z) : fi(x) <0,1<i<m}

fi(z) = 2" Qix + 2b]w + ¢;, 0 < i < m]
& min{Tr(FoX|[z]) : Tr(FX[z]) <0,1<i<m}

—Fi:[%ﬁ]’ogiém] (P")
i bi C;

e The objective and the constraints in (P’) are lin-
ear in X|[x], and the only difficulty is that as x runs
through R", X|[x] runs through a difficult for mini-
mization manifold X c Srt1 given by the following
restrictions:

A. X >0

B. Xoit1pn41=1

C. RankX =1
e Restrictions A, B are simple constraints specifying a
nice convex domain
e Restriction C is the “troublemaker” — it makes the
feasible set of (P) difficult
& In SDO relaxation, we just eliminate the rank constraint C,
thus ending up with the SDO program

. CTr(FX)<0,1<i<m,
Opt(SDO) = XnQSITDrl {Tr(FOX) X %0, Xp1min =1 }

& When passing from (P) = (P’) to the SDO relaxation, we
extend the domain over which we minimize
= Opt(SDO) < Opt(P).

(P)
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What Can Be Expressed via LO/CQOI/SDO ?

& Consider a family K of regular cones such that

e IC is closed w.r.t. taking direct products of cones:
Ki,..KneKk=K{x..xKnekK

e IC is closed w.r.t. passing from a cone to its dual:
Kek = Kiekl

Examples: £O, CQO, S§DO.

Question: When an optimization program

arjréi)r(]f(w) (P)

can be posed as a conic problem associated with a cone from
IC?

Answer: This is the case when the set X and the func-
tion f are KC-representable, i.e., admit representations

of the form
X = {z:Ju:Az+ Bu+ce Ky}

Epi{f} = {lx;7]:7> f(=)}
— {[x;T]:EIwZPa?—FTp-I—Qw‘l'dEKf}
where Kx € I, Ky € K.

8.21



Indeed, if
X = {x:Ju:Azx+ Bu+ce Ky}
Epi{f} = {lz;7]: 72> f(2)}
= {[x;T]:EIw:Px—I—Tp—I—Qw—I—dEKf}
then problem

g%i)rgf(ac) (P)

IS equivalent to

says thit re X

_ %w—l—Bu—l—cEK)g
T fx—l—7p—|—Qw—|—dEKE
says thaErTZf(CIZ)

min
T, T, U, W

and the constraints read

[Az+bu+c;Pr+mp+Qu+d e K. =Kx xK;e K
& /C-representable sets/functions always are convex.
& /C-representable sets/functions admit fully algorithmic cal-
culus completely similar to the one we have developed
in the particular case K = LO.
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& Example of COO-representable function: convex
quadratic form
f(x) =2t AT Az + 2bT2 + ¢
Indeed,
m2 J(@) & 1 —c~2b"al > ||Az|3
1+[r—c—2bl2]|© [1—[7’—02—2bT:13]] > ||A33H%

And 2
o Az 1—[T—c2—2bTx]; 1+[r—§—2bTm] c 1,dimb42

& Examples of SDO-representable functions/sets:
e the maximal eigenvalue Amax(X) of a symmetric
m X m matrix X:

T 2> dmax(X) &7l — X =0

LMI

e the sum of k largest eigenvalues of a symmetric
m X m matrix X
o Detl/m(X), X € 87
e the set P; of (vectors of coefficients of) nonnegative
on a given segment A algebraic polynomials p(x) =

pgr? 4+ pg_12971 + ... 4 p1z + po of degree < d.
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Conic Duality Theorem

& Consider a conic program

Opt(P) = min {CT:U C Ax > b} (P)
As in the LO case, the concept of the dual problem
stems from the desire to find a systematic way to
bound from below the optimal value Opt(P).
® In the LO case K = ]Ri’q_b this mechanism was built
as follows:
e \We observe that for properly chosen vectors of “ag-
gregation weights” X\ (specifically, for \ € Rj_”") the
aggregated constraint M Az > A'b is the consequence
of the vector inequality Az > b and thus AT Az > \Tb
for all feasible solutions x to (P)
e In particular, when admissible vector of aggregation
weights A is such that AT\ = ¢, then the aggregated
constraint reads “c!'z > bl'\ for all feasible =" and thus
bI'\ is a lower bound on Opt(P). The dual problem
iIs the problem of maximizing this bound:

Ty
Opt(D) = m)?x{bTA L ATA=c

A is admissible for aggregation

t
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Opt(P) = min {CT;U C Ax > b} (P)

& The same approach works in the case of a general
cone K. The only issue to be resolved is:
What are admissible weight vectors \ for (P)? When a valid
vector inequality a >k b always implies the inequality \''a >
My 2
Answer: is immediate: the required \'’s are exactly the
vectors from the cone K. dual to K.
Indeed,

o If X\ € K4, then

a>kb=>a—-beK=X(a-b)>0= \a> b,

that is, A is an admissible weight vector.

e If \ is admissible weight vector and a € K, that
is, a >k 0, we should have ATa > AT0 = 0, so that
Ma>0 forallacK, ie, XeKs.
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Opt(P) = min {CT;U C Ax > b} (P)

& We arrive at the following construction:
e Whenever )\ € K, the scalar inequality M Az > \b
is a consequence of the constraint in (P) and thus is
valid everywhere on the feasible set of (P).
e In particular, when X € K is such that A1)\ = ¢,
the quantity b1\ is a lower bound on Opt(P), and the
dual problem is to maximize this bound:

Opt(D) = max {bTA AT = ¢, A >k, o} (D)
As it should be, in the LO case, where K = Rm =
(]R{"_?|})>k = K4, (D) is nothing but the LP dual of (P).
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& Our "aggregation mechanism’” can be applied to

conic problems in a slightly more general format:

— T,. . L Kt Ug, >4 >
Opt(P)—gél)? {c T pr =y } (P)

Here the dual problem is built as follows:

e \We associate with every vector inequality constraint
AKCB ZKE bg

dual variable (*“Lagrange multiplier”) X, >ge 0, SO

that the scalar inequality constraint A Az > X/ b, is

a consequence of Ayx > Kl by and Ay ZKZ O;

e \We associate with the system Px = p a “free” vec-

tor u of Lagrange multipliers of the same dimension

as p, so that the scalar inequality /LTPLU > qu IS a

consequence of the vector equation Px = p;

e We sum up all the scalar inequalities we got, thus

arriving at the scalar inequality

T
Sy AT+ PPl 2> S b+ p (%)
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Opt(P) = min {ch ; (P)

Apx S by, 1< <L
rzeX

Px=1p

Whenever z is feasible for (P) and )\, ZKﬁ 0,1<¢<1L,
we have
[Zle Al + PTM}TSU >3 bEA+pTp (%)

e If we are lucky to get in the left hand side of (%)
the expression ¢!z, that is, if 2, AN, + Plp =c
then the right hand side of (%) is a lower bound on the
objective of (P) everywhere in the feasible domain of
(P) and thus is a lower bound on Opt(P). The dual
problem is to maximize this bound:

Opt(D)

= rr;ix{ZeLq by de +plp: %\%ij{;gp’éf_fgzéﬂl; . } (D)
Note: When all cones K¢ are self-dual (as it is the
case in Linear/Conic Quadratic/Semidefinite Opti-
mization), the dual problem (D) involves exactly the
same cones K! as the primal problem.
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Example: Dual of a Semidefinite program.

Consider a Semidefinite program

J
mln T z?—y‘\ j =By, 1<t<L
Pxr=p

The cones S’i are self-dual, so that the Lagrange mul-
tipliers for the »-constraints are matrices Ay ;O of

the same size as the symmetric data matrices A7, By.
Aggregating the constraints of our SDO program and

recalling that the inner product (A, B) in S¥ is Tr(AB),
the aggregated linear inequality reads

L
Z Z; {Z Tr(AJA) + Z(PTM) ] > Tr(BA) +p" 1
=1

The equality constraints of the dual should say that the left
hand side expression, identically in =z € R", is ¢I'z, that is, the
dual problem reads

L Tr(AIN) + (PTp); = ¢,
max ¢ Y Tr(BA) +p" 1<j<n
U0 b Ne=0,1<(<L
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Symmetry of Conic Duality

. Apr e by, 1 <2< L
P — T : v4 K Iz - - P
Opt(P) gy)r(l{cx Pz = p (P)
Opt(D)
I M2k 0,1 <E<L (D)
— bT)\ T : L
i PO ER S TR S
(=1

& Observe that (D) is, essentially, in the same form
as (P), and thus we can build the dual of (D). To

this end, we rewrite (D) as
—Opt(D)

A >k 0,1<0<L
¢ 2K << } (D)
(=1

L
=—mind =S b\, —plp: &
vy b { ggl ¢t b i z AgAe + PT,LL =cC
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—Opt(D)

T S bRl I 070
_r]\ll/? _e;1b£>\£_p [ S ATA 4+ PTu=c

Denoting by —z the vecg:Tcé)r of Lagrange multipliers for
the equality constraints in (D’), and by & > K, O
(i.e., & > >K! 0) the vectors of Lagrange multipliers

for the ZKfi constraints in (D’) and aggregating the

constraints of (D’) with these weights, we see that
everywhere on the feasible domain of (D’) it holds:
>oolée — Al N+ [Pzl > —cla
e When the left hand side in this inequality as a func-
tion of {\,}, u is identically equal to the objective of
(D", i.e., when
{ §o— Apr = —-by 1 <L< L,
—Px = —p ’
the quantity —clz is a lower bound on Opt(D’) =

—Opt(D), and the problem dual to (D) thus is

A =bp+&,1 <L< L
Mmax,e { —clz: Pz =p
£ 2k 0,1 << L

which is equivalent to (P).
= Conic duality is symmetric!
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Conic Duality Theorem

& A conic program in the form

)7 .5 . Py 2k p
min : =
} {c y . Ry =r, Sy > s }

Qy>na
is called strictly feasible, if there exists a strictly feasi-
ble solution y — a feasible solution where the vector
inequality constraint is satisfied as strict: Qv >n gq.
The program is called essentially strictly feasible, if there
exists a feasible solution y such that Py > p.
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Opt(P) = mxjn {CTCL‘ : Ax > b, Px = p} (P)

Opt(D) = rr;\ax{bT)\—I—pT,u A>k, 0, ATA+ PTp=c} (D)
g0

Conic Duality Theorem

& [Weak Duality] One has Opt(D) < Opt(P).

& [Symmetry] duality is symmetric: (D) is a conic program,
and the program dual to (D) is (equivalent to) (P).

& [Strong Duality] Let one of the problems (P),(D) be es-
sentially strictly feasible and bounded. Then the other problem
is solvable, and Opt(D) = Opt(P).

In particular, if both (P) and (D) are strictly feasible, then
both the problems are solvable with equal optimal values.

8.33



Example: Dual of the SDO relaxation. Recall that given
a (difficult to solve!) quadratic quadratically con-
strained problem

Opt, = min{fo(z) : fi(z) > 0,1 <i<m}

fi(z) = 21 Qw4+ 2bl'x + ¢;
we can bound its optimal value from below by passing

to the semidefinite relaxation of the problem:

Opt, > Opt
( Tr(FX)>0,1<i<m )

X =0, X101 =TrH(GX) =1

o]

| Qi b :
Fz—lb? e , 0< 1< m.

Let us build the dual to (P). Denoting by \; > 0
the Lagrange multipliers for the scalar inequality con-
straints, by A > 0 the Lagrange multiplier for the LMI
X »~ 0, and by u — the Lagrange multiplier for the
equality constraint Xn_|_17n_|_1 = 1, and aggregating
the constraints, we get the aggregated inequality
Tr([C7 ME]1X) 4+ Tr(AX) + pTr(GX) > p
Specializing the Lagrange multipliers to make the left
hand side to be identically equal to Tr(FpX), the dual
problem reads
Opt(D) = ATA?})L {p:Fo=>", NFi+pG+AX>0,A >0}

= min < Tr(FpX) : (P)

7\
-~

\

We can easily eliminate A, thus arriving at

Opt(D) = max {u: XLy \iFy + uG < Fo,A > 0} (D)
{Ai}m
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Geometry of Primal-Dual Pair of Conic Problems

& Consider a primal-dual pair of conic problems in the

form
Opt(P) = min {CTCC . Ax >k b, Pr = p} (P)

Opt(D) = rr;ix {b"X+pTp: A >k 0,ATN+ Plu=c} (D)
& Assumption: The systems of linear constraints in
(P) and (D) are solvable:
Az N\, 0 Pr=p & AIX+ Pln=c¢
& Let us pass in (P) from variable z to the slack
variable ¢ = Ax — b. For x satisfying the equality
constraints Pz = p of (P) we have
e =[ATXN+PTa)Te =X NAx+ " Pr=)\T¢+n"p+ ATh
= (P) is equivalent to
Opt(P) = mgin{XTg EeMpnK}  (P)

Opt(P) — [b" X + p" L]
Lp—[b— Az],
v/

Mp

Lp = {&: EI:U.E—A:U Pz = 0}

& Let us ellmlnate from (D) the variable u. For [A; u]
satisfying the equality constraint AT\ + P1y = ¢ of
(D) we have

bIA+ pTp = TN+ 2TPT = bTA + z7[c — ATA] = [b —_A:E]T/\ + TE

3
= (D) is equivalent to
Opt(D) = max {ETX X e MpNK.,} = O0pt(D) — e (D)

MD:,C,D—F;\, ,CDZ{)\ZELMZATA—FPT,LL:O}
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Opt(P) = min {CT:U . Ax >k b, Pr = p} (P)
Opt(D) = max {b"X+pTp: XA >k 0,ATAN+ PTp=c} (D)
H

& Intermediate Conclusion: The primal-dual pair (C),
(D) of conic problems with feasible equality con-

straints is equivalent to the pair B
Opt(P) = mgin {NT¢ ¢ e MpnN K} = Opt(P) — [b"X+pTa] (P)

Mp=Lp—& Lp={¢:3Tz:¢= Az, Px = 0}

Opt(D) = max {E'XN: X e MpnK.} =O0pt(D) — '€ (D)
MDIED—F;\, ,CD:{)\ZH,MZATA—I—PT,[L:O}
Observation: The linear subspaces Lp and L are or-

thogonal complements of each other.
Observation: Let x be feasible for (P) and [\, u] be
feasible for (D), and let &€ = Ax — b then the primal

slack associated with x. Then
DualityGap(z, A\, ) = cl'x — [b'X 4+ pT' ]
= [ATA+ PTu]"z — [b" X + p' ]
= \'[Az — b] + pu"[Px — p] = \[Az — b] = NTE.
Note: To solve (P), (D) < to minimize the duality gap
over primal feasible x and dual feasible A, u
&< to minimize the inner product of L'\ over ¢ feasible for (P)

and \ feasible for (D).
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& Conclusion: A primal-dual pair of conic problems
Opt(P) = min{c’z : Az >k b, Px = p} (P)

Opt(D) = rT;\iX {bTA + ol A >k 0, AT+ Py = c} (D)
with feasible equality constraints is, geometrically, the problem
as follows:

& We are given

e a reqular cone K in certain RY along with its dual cone K.
e a linear subspace L C RY along with its orthogonal com-
plement L, ¢ RN

e a pair of vectors £, X € RV,

These data define

e Primal feasible set = = [Lp — & NK Cc RY

e Dual feasible set A = [£Lp + ] N K. Cc RY

& We want to find a pair £ € = and X € A with as
small as possible inner product. Whenever = inter-
sects int K and A intersects intK.y, this geometric
problem is solvable, and its optimal value is 0 (Conic
Duality Theorem).
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Opt(P) = min {ch . Ax >k b, Pr = p} (P)
Opt(D) = max {b"X+pTp: XA >k 0,ATAN+ PTp=c} (D)
H

& The data Lp, &, Lp, X of the geometric problem

associated with (P), (D) is as follows:
Lp={{= Ax: Px = 0}
5: any vector of the form Ax — b with Pz =p
Lp=Lp={X:3pu: ATXN+ PTp =0}
A . any vector X such that A"\ 4+ Py = ¢ for some p

e VVectors £ € = are exactly vectors of the form Ax —b

coming from feasible solutions x to (P), and vectors
A from A are exactly the A-components of the feasible
solutions [\; u] to (D).

e &y, X« fOorm an optimal solution to the geometric
problem if and only if £&x = Ax.—b with Pxy. = p, A« Can
be augmented by some s to satisfy AL\, + Pl = ¢
and, in addition, z« is optimal for (P), and [A\s; u«] is
optimal for (D).

8.38



Conic Programming Optimality Conditions:

Let both (P) and (D) be essentially strictly feasible. Then a
pair (x,y) of primal and dual feasible solutions is comprised
of optimal solutions to the respective problems if and only if

e [Zero Duality Gap]
DualityGap(z,y) ;= cla —bly =0

" Indeed,
DualityGap(z,y) = [¢'z — Opt(P)] + [Opt(D) — b’ y]
_ 25 26
and if and only if
e [Complementary Slackness]
[Az — b]ly =0
[ Indeed, ]
Az — bty = (AT Tz —bly=cla—bly
] = DualityGap(z,vy) |
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ma:in {cTa: cAx — b € K} (P)
& min{eTg:fe[E—b]ﬂK}

¢
)
max {bTy y e[t +eln K*}
& myax {bTy Aly =cy >k O} (D)

L=ImA, Ale=c¢,
K.={y:y'¢>0VvtcK}

& Conic Duality, same as the LP one, is

e fully algorithmic: to write down the dual, given the
primal, is a purely mechanical process

e fully symmetric: the dual problem “remembers” the
primal one
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O Cf. Lagrange Duality:

mxin {f(x):g;(x) <0,i=1,....m} (P)

Y

max L(y) (D)

[L(y) = min {f(w) + Zyigq;(w)}]

e Dual “exists in the nature™, but is given implicitly;
its objective, typically, is not available in a closed

form

e Duality is asymmetric: given L(-), we, typically,
cannot recover f and g;...
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& Conic Duality in the case of Magic cones:

8.42

powerful tool to process problem, to some ex-
tent, “on paper”, which in many cases provides
extremely valuable insight and/or allows to end
up with a problem much better suited for numer-
ical processing

is heavily exploited by efficient polynomial time
algorithms for Magic conic problems



lllustration: Semidefinite Relaxation

& Consider a quadratically constrained quadratic pro-
gram

[fi(x) =21 Qi +2b] x4+ ¢;, 0 <i < m] (@r)

Note: (QP) is “as difficult as a problem can be:" e.g.,
the Boolean constraints on variables: z; € {0,1} can
be modeled as quadratic equalities ZE,LQ —x; = 0 and
thus can be modeled as pairs of simple quadratic in-
equalities.

& Question: How to lower-bound Opt?
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Opt = min {fo(x) : fi(x) <0,1<i<m)
rxeR" (QP)
[fz(a:) = 21'Q;x + Qb;-rx +c,0<i< m]

How to lower-bound Opt?
& Answer, I: Semidefinite Relaxation. Associate with x
the symmetric matrix

X[z] = [z; 1][z; 1]T =

ZC$T X

1

and rewrite (QP) equivalently as

. Tr(F,X)<0,1<i<m
Opt = min {Tr(FoX) ; e == }
X X = X|[x] for some z
(QP")

=]

(QP") has just linear in X objective and constraints.
The “domain restriction”

“X = X|[x] for some z"
says that
o X e R(nt)x(n+1) js symmetric positive semidefinite and
Xn+1.n4+1 = 1 (nice convex constraints)
e X jsofrank 1 (highly nonconvex constraint)
Removing the “troublemaking” rank restriction, we
end up with semidefinite relaxation of (QP) — the prob-

lem

. Tr(FX)<0,1<i<M
Opt(SDO) = Mind Tr(FpX) : ¢ — T = =
pr(SD0) = min { Tr(rox) : (L) E O =i =]
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Opt = rggRQ{fo(x) : fi(z) <0,1 <i<m}

P
fi(z) = 2TQi + 2b]x +¢;, 0<i <m) wn
)
Tr(FX)<0,1<i<m
Opt = min {Tr(FoX) v [ aijT ; ] e } |
0. b, (QP")
il U
U

— TTrEX) <0, 1<i<M
Opt(SDO) = min {Tr(FoX) X 5 0, Xt =1 }(SDO)

& Probabilistic Interpretation of (SDP):

Assume that instead of solving (QP) in deterministic
variables x, we are solving the problem in random vec-
fors £ and want to minimize the expected value of the
objective under the restriction that the constraints are
satisfied at average.

Since f; are quadratic, the expectations of the ob-
jective and the constraints are affine functions of the

el ¢

moment matrix
X =E
& 5

which can be an arbitrary symmetric positive semidef-
inite matrix X with X, 1,41 = 1. The ‘randomized”
version of (QP) is exactly (SDO) (check it!)
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& With outlined interpretation, an optimal solution to
(SDO) gives rise to (various) randomized solutions to the
problem of interest.

In good cases, we can extract from these randomized solu-
tions feasible solutions to the problem of interest with reason-
able approximation guarantees in terms of optimality.

We can, e.qg.,

— use X. to generate a sample ¢1,... &N of, say,
N = 100 random solutions to (QP),

— “correct” ¢ to get feasible solutions z! to (QP).
The approach works when the correction is easy, e.g.,
when at some known point  the constraints of (QP) are
satisfied strictly. Here we can take as z! the closest to ¢
feasible solution from the segment [z, £'].

— select from the resulting N feasible solutions ! to
(QP) the best in terms of the objective.

O When applicable, the outlined approach can be
combined with local improvement — N runs of any tradi-
tional algorithm for nonlinear optimization as applied
to (QP), z!,...,zN being the starting points of the
runs.
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& Example: Quadratic Maximization over the box
Opt = maxg{z! Lz : 2?2 < 1,1 <i<n} (QP)
= ODt(SDO) = maxX{Tr(XL) X = 0,X;; < 1\V/i} (SDO)
Note: When L > 0 or L has zero diagonal, Opt and
Opt(SDO) remain intact when the inequality con-
straints are replaced with their equality versions.
& MAXCUT: The combinatorial problem ‘“given n-node
graph with arcs assigned nonnegative weights a;; = a;j,
1 < 1,5 < n, split the nodes into two non-overlapping subsets
to maximize the total weight of the arcs linking nodes from dif-
ferent subsets” is equivalent to (QP) with
Lij — { Zk:aik 73: :Z
—a;; ] F
& Theorem of Goemans and Williamson '94:
Opt < Opt(SDO) <€1.1383 - Opt (H
Note: To approximate Opt within 4% is NP-hard...
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Sketch of the proof of (!): treat an optimal solution X
of (SDO) as the covariance matrix of zero mean Gaus-
sian random vector £ and look at

E{sign[¢]” Lsign[¢]}.
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lllustration: MAXCUT, 1024 nodes, 2614 arcs.

Suboptimal cut, weight > 0.9196 - Opt(SDO) > 0.9196
Slightly better than Goemans-Williamson guarantee:
weight > 0.8785 - Opt(SDO) > 0.8785 - Opt
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Opt = maxg{z! Lz 12?2 < 1,1 <i<n} (QP)
= Opt(SDO) = maxx{Tr(XL): X = 0,X;; <1Vi}(SDO)
& Nesterov’s 7/2 Theorem. Matrix L arising in MAX-
CUT is > 0 (and possesses additional properties).
What can be said about (SDO) under the only re-
striction L > 07
Answer [Nesterov’98]: Opt < Opt(SDO) < 5 - Opt.
lllustration: L: randomly built positive semidefinite
1024 x 1024 matrix. Relaxation combined with local
improvement vields a feasible solution x with

'Lz > 0.7867 - Opt(SDO) > 0.7867 - Opt
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Opt = maxg{z! Lz : 2?2 < 1,1 <i<n} (QP)

& The case of indefinite L: When L is an arbitrary sym-
metric matrix, one has

Opt < Opt(SDO) < 0O(1) In(n)Opt.
This is a particular case of the following result: The
SDP relaxation

Opt(SDO) = m)?x {Tr(XL) : Tr(XQ;) <1,i<m}
of the problem

Opt = maxy {LETLQU 2l Qe <1,i < m}

Qi = OV, 3; Q; > 0]
satisfies Opt < Opt(SDO) < O(1) In(m)Opt.
lllustration, A: Problem (QP) with randomly selected
indefinite 1024 x 1024 matrix L. Relaxation combined

with local improvement vields a feasible solution =x
with

(P)

'Lz > 0.7649 - Opt(SDO) > 0.7649 - Opt
lllustration, B: Problem (P) with randomly selected in-
definite 1024 x 1024 matrix L and 64 randomly se-
lected positive semidefinite matrices @; of rank 64.
Relaxation yields a feasible solution x with

'Lz > 0.9969 - Opt(SDO) > 0.9969 - Opt
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Lagrangian Relaxation

& Recall that for every MP problem
Opt(P) = mei)rg{f(@ 1 gi(z) <0,1<i<m}  (P)
Xr
its Lagrange function

L(xz,\) = f(x) + Z Aigi(x)

underestimates f(x) on the feasible set of (P), pro-
vided
A>0 =

Opt(D) = max | L(\) := inf L(z, )| < Opt(P)
( “Weak Lagrange duality”).
& Whenever L is efficiently computable, Opt(D) is an effi-
ciently computable lower bound on Opt(P).
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& Example:

Om—g%MEQOme<Ol<z<m}(Qm

fi(z) = a2TQuz + 2b] x4 ¢;, 0 < i < m
e Applying Lagrange Relaxation Scheme, we get

L(N\) = infu{fo(z) + >, Xifi(z)}
= inf, {SUT Qo+ > \iQi] 2+ 2 [bo+ >0, Aibi]TfB

+@+ngﬂ}

Simple Fact: z! Px + 2qTac + r > 7 forall x € R™ iff
L
q T — T

e Using S/mple Fact, the Lagrange dual of (QP) becomes

Qo+ZAQz bo+2,\b
Opt(D) = max<{7T: >0, =1 >0
AT BT+ 3 AT ot 3 hici— T

\ i=1 i=1 J
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Opt = min {fo(z) : fi(z) <0,1<i<m} (QF)
[fz(a:) = z1'Q;x + QbZTa? +c;, 0<i< m]

& Note: The SDO relaxations of (QQP) resulting from our two
relaxation schemes read

Opt(SDO) = min {Tr(FoX) ;

2

Tr(Q:X)<0,1<i<M (P)
X E OaXn-f—l,n—l—l =1

B m m 7 )
Qo + > Qi bo + > Aib;

i;l m’i=1 E 0 D

bg —|— 'zl )\Zb? Co —|— Zl CZ'>\7; — T > ( )

A>0

SDP:rrA]axM-:

\

On a closest inspection, they are just semidefinite duals of
each other!

J
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lllustration: Lyapunov Stability Analysis

& Consider an uncertain time varying linear dynamical
system

d
St = A®e(®) (ULS)

e x(t) € R": state at time ¢,
e A(t) € R™ ™. known to take all values in a given
uncertainty set U C R™"*",
& (ULS) is called stable, if all trajectories of the system
converge to 0 as t — oo:
A(t) eU vt >0, Sx(t) = A(t)z(t) = lim z(t) = 0.
t— 00
& Question: How to certify stability?
& Standard sufficient stability condition is the existence
of Lyapunov Stability Certificate — a matrix X > O such that
the function L(z) = ! X« for some o > 0 satisfies
%L(m(t}) < —aL(xz(t)) for all trajectories
and thus goes to 0 exponentially fast along the trajectories:
LL(x(t)) < —aL(z(t)) = 4 [exp{at}L(z(t))] < 0
= exp{at}L(x(t)) < L(x(0)),t >0
= L(x(t)) < exp{—at}L(x(0))
= [le()]13 < 325 exp{—at}|=(0)]13
e For a time-invariant system, this condition is necessary
and sufficient for stability.
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& Question: When o > 0 is such that
diL(:U(t)) < —aL(x(t)) for all trajectories x(t) satisfying
r(t) = A(t)x(t) with A(t) € U forallt ?
O Answer: We should have
4 (a:T(t)Xaf(t)) = (La@)"Xx(®) + 2T ()X La(t)
L' (OHAT () Xx(t) + 2L (1) X Az (t)
2T (1) [AT(t)X + XA(t)} z(t)
< —azl'(®)Xz(t)

T hus,
LL(x(t)) < —aL(xz(t)) for all trajectories
< 2l(t) [AT()X + XAW®)] 2(t) < —az®(t)Xz(t) for all trajectories
& 2'(O)[AT()X + XA(t) + aX]x(t) < 0 for all trajectories
& ATX 4+ XA<L —aX VAU
= X = 0 is LSC for a given o > 0 iff X solves semi-

infinite LMI

ATX + XA < —aX VAeU
= Uncertain linear dynamical system

da(t) = A()x(t), A(t) eU
admits an LSC iff the semi-infinite system of LMI’s

X1, AT X+ XA<—-IVAeclU

in matrix variable X is solvable.
& But: SDP is about finite, and not semi-infinite, systems
of LMI's. Semi-infinite systems of LMI'’s typically are heavily
computationally intractable...
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X1, AT X+ XA<—-IVAeclU )

& Solvable case I: Scenario (a.k.a. polytopic) uncertainty
U = Conv{Aq,...,Ax}. Here (1) is equivalent to the
finite system of LMI’'s

X1, ALX + XA, =2 -1, 1<k<N

# Solvable case ll: Unstructured Norm-Bounded uncertainty
U={A=A+BAC: ||Al22 < p},

® || - [[22: spectral norm of a matrix.
O Example: We close open loop time invariant system
%x(t) — Pux(t) + Bu(t) [state equations]
y(t) = Cux(t) [observed output]

with linear feedback
u(t) = Ky(t),

thus arriving at the closed loop system

d2(t) = [P+ BKClxz(t)
and want to certify stability of the closed loop system
when the feedback matrix K is subject to time-varying
norm-bounded perturbations:

K=Kt eV={K+A:||Al2<p}
This is exactly the same as to certify stability of the
system
da(t) = AWz(t), At) eU ={P+ BKC+BAC}

A
with unstructured norm-bounded uncertainty.
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e Observation: The semi-infinite system of LMI's
X>1& ATX + XAT < —IV(A= A+ BAC : ||Al]22 < p)

is of the generic form
(A) : finite system of LMI's in variables x
semi-infinite LMI
M : Al@)+ LT (@)AR+ R'ATL(xz) = 0V(A : |All22 < p)
A(x), L(x): affine in x
& Fact: [S. Boyd et al, early 90's] Assuming w.l.o.g. that

R # 0, the semi-infinite LMI (!) can be equivalently repre-

sented by the usual LMI
T T
A(z) = ARTR | pLt (x) 0 (D
pL(x) ‘ Al

in variables x, A\, meaning that x satisfies (1) if and only
x can be augmented by properly selected X\ to satisfy

(.
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& Key argument when proving Fact:

S-Lemma: A homogeneous quadratic inequality

z!'Bx >0 (B)
Is a consequence of strictly feasible homogeneous quadratic
inequality

el Az > 0 (A)
if and only if (B) can be obtained by taking weighted sum,
with nonnegative weights, of (A) and identically true homoge-
neous quadratic inequality:

AA>0& C: gcTC’m > 0Vz) : 2! Bx = Al Az 4+ 21 Cx

&C=0
or, which is the same, if and only if

IA > 0: B = M\A.
Immediate corollary: A quadratic inequality
z!'Bx 4+ 2blx +58>0
IS a consequence of strictly feasible quadratic inequality
xl Az + 2alz + o >0

iff

B — A | bl — \al
b— Aa ‘ B8 — A
= We can efficiently optimize a quadratic function over the set
given by a single strictly feasible quadratic constraint.

X >0

=~ 0
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& S-Lemma: A homogeneous quadratic inequality

z!'Bx >0 (B)
IS a consequence of strictly feasible homogeneous quadratic
inequality

LAz >0 (A)
if and only if (B) can be obtained by taking weighted sum,
with nonnegative weights, of (A) and identically true homoge-
neous quadratic inequality:

AA>0&C: g;TCx > 0Vz) e!'Bx = el Az + 21 Cx

&C=0
or, which is the same, if and only if

dIA > 0: B > M\A.

® Note: The “if" part of the claim is evident and
remains true when we replace (A) with a finite system
of quadratic inequalities: Let a system of homogeneous
quadratic inequalities

LAz >0,1<i<m,
and a ‘“target” inequality x! Bz > 0 be given. If the target
inequality can be obtained by taking weighted sum, with non-
negative coefficients, of the inequalities of the system and an
identically true homogeneous quadratic inequality, or, equiv-
alently, If there exist A\; > 0 such that

B = >3 Mg,

then the target inequality is a consequence of the system.
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X >0 B =" NA; (")
= 2T Bx > 0 is a consequence of z7A;2 > 0,1 <i<m

e If instead of homogeneous quadratic inequalities we
were speaking about homogeneous linear ones, simi-
lar sufficient condition for the target inequality to be
a consequence of the system would be also necessary
(Homogeneous sh Lemma).

e The power of S-Lemma is in the claim that when
m = 1, the sufficient condition (!) for the target inequality
+I'Bx > 0 to be a consequence of the system =1 A,z >
0, 1 <1 < m, Is also necessary, provided the ‘system”
zl' Az > 0 is strictly feasible.

The ‘“necessity’” part of S-Lemma fails to be true when
m > 1.
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Proof of the “only if” part of S-Lemma

e Situation: We are given two symmetric matrices A,

B such that
): 3z 1z Az > 0
and
(I): zL' Az > 0 implies z1' Bz > 0
or, equivalently,
(1-1): Opt := ming{z! Bz : 1 Az > 0} > 0
and the constraint 7 Ax > 0O is strictly feasible
e Goal: To prove that
(): AIA>0: B> M)A
or, equivalently, that
(1n'): SDP := minyx {Tr(BX) : Tr(4X) >0, X > 0} > 0.

Equivalence of (lll) and (IIl): By (I), semidefinite pro-
gram in (III") is strictly feasible. Since the program
IS homogeneous, its optimal value is either O, or —cc.
By Conic Duality, the optimal value is finite (i.e., 0)
if and only if the dual problem

maxyy{0: B=A+Y,A>0,Y = 0}
is solvable, which is exactly (III).
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e Given that =/ Az > 0 implies !Bz > 0 we should
prove that

Tr(BX) > 0 whenever Tr(AX) >0and X > 0
e Let X » 0 be such that Tr(AX) > 0, and let us
prove that Tr(BX) > 0.
There exists orthogonal U such that U7 x1/24x1/21 is
diagonal
— For every vector £ with 1 entries:

[Xl/QUﬁ]TA[Xl/QUf] — leUTXl/QAXl/QUlf
diag%nal

Tr(UT X2 AXY2U)
Tr(AX) >0
— For every vector £ with &1 entries:

0 < [xY2ugtBIx1/2U¢] = MUt x1/2BX 12U
— [Taking average over +1 vectors £]
0 < Tr(UTXx1/2Bx1/2U) = Tr(BX)
Thus, Tr(BX) > 0, as claimed.
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Interior Point Methods for LO and SDO

& Interior Point Methods (IPM’'s) are state-of-the-art
theoretically and practically efficient polynomial time
algorithms for solving well-structured convex opti-
mization programs, primarily Linear, Conic Quadratic
and Semidefinite ones.

Modern IPMs were first developed for LO, and the
words “Interior Point” are aimed at stressing the fact
that instead of traveling along the vertices of the fea-
Sible set, as in the Simplex algorithm, the new meth-
ods work in the interior of the feasible domain.

& Basic theory of IPMs remains the same when pass-
ing from LO to SDO

= It makes sense to study this theory in the more
general SDO case.
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Primal-Dual Pair of SDO Programs

& Consider an SDO program in the form

Opt(P) = min {CT:I: Az = ] 1A = B} (P)
where Aj,B are m X m block diagonal symmetric ma-
trices of a given block-diagonal structure v (i.e., with
a given number and given sizes of diagonal blocks).
(P) can be thought of as a conic problem on the self-
dual and regular positive semidefinite cone S’_/|_ in the
space S, of symmetric block diagonal m x m matrices
with block-diagonal structure v.
Note: In the diagonal case (with the block-diagonal
structure in question, all diagonal blocks are of size
1), (P) becomes a LO program with m linear inequal-
ity constraints and n variables.
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Opt(P) = min {cT:c Az =" @Ay - B} (P)

& Standing Assumption A: The mapping =z — Ax has
trivial kernel, or, equivalently, the matrices Aq,..., Ap
are linearly independent.
& The problem dual to (P) is

Opt(D) = r;’leasz< {Tr(BS) : S = 0Tr(A;S) =¢;Vj} (D)
& Standing Assumption B: Both (P) and (D) are
strictly feasible (= both problems are solvable with
equal optimal values).
& Let C € SY satisfy the equality constraint in (D).
Passing in (P) from z to the primal slack X = Ax — b,

we can rewrite (P) equivalently as the problem
Opt(P) = min {Tr(CX) : X € [Lp— B]NS% } (P)
Xes
Lp={X = Az} = Lin{As, ..., A}
while (D) is the problem
Opt(D) = max {Tr(BS):SelLp+Clnsy} (D)

LD:[,Jﬁ:{SiTI’(AjS):O,].San}
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Opt(P) = min {ch DAz =3 @Ay = B} (P)

& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)
Lp =1ImA, Lp = L]

Since (P) and (D) are strictly feasible, both prob-
lems are solvable with equal optimal values, and a pair
of feasible solutions X to (P) and S to (D) is com-
prised of optimal solutions to the respective problems
iff Tr(XS) = 0.

Fact: For positive semidefinite X, S, Tr(XS) = 0 if and only
ifXS=S5SX=0.
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Proof: e Standard Fact of Linear Algebra: For every ma-
trix A > O there exists exactly one matrix B > 0 such that
A = B2; B is denoted Al/2.

e Standard Fact of Linear Algebra: Whenever A, B are ma-
trices such that the product AB makes sense and is a square
matrix, Tr(AB) = Tr(BA).

e Standard Fact of Linear Algebra: Whenever A > 0 and
QAQ!T makes sense, we have QAQ! > 0.

e Standard Facts of LA = Claim:

0= Tr(XS) = Tr(X1/2X1/28) = Tr(X1/25X1/2) = All diagonal
entries in the positive semidefinite matrix X1/28X1/2 are zeros
—~ x1/29x1/2 — 9 — (51/2X1/2)T(51/2X1/2) — 0 = Sl/2x1/2 —
0=

SX = S1/2[§1/2x1/2|x1/2 =0 = XS = (SX)T = 0. O]
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Opt(P) = min {ch DAz =30 @Ay = B} (P)

& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)
Lp =1ImA, Lp = L]

Theorem: Assuming (P), (D) strictly feasible, feasible solu-

tions X for (P) and S for (D) are optimal for the respective
problems if and only if

(“SDO Complementary Slackness").
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Logarithmic Barrier for the Semidefinite Cone S*_
Opt(P) = min {CT:,; Az = w Ay - B} (P)
& Opt(P) = mXin {Tr(CX): X e[Lp—BINSL} (P)
Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)
Lp =1ImA, Lp = Lp]

& A crucial role in building IPMs for (P), (D) is played
by the logarithmic barrier for the positive semidefinite cone:
K(X) = —InDet(X) :intS, — R
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Back to Basic Analysis: Gradient and Hessian

& Consider a smooth (3 times continuously differen-

tiable) function f(x) : D — R defined on an open

subset D of Euclidean space FE.

& T he first order directional derivative of f taken at a point

x € D along a direction h € E is the quantity
Df(x)lh] = G| _f(x+th)

Fact: Forasmooth f, Df(x)[h] is linear in h and thus

Df(z)[h] = (Vf(z),h) Vh
for a uniquely defined vector V f (x) called the gradient of f at
€I.

If £ is R™ with the standard Euclidean structure, then
[Vi@)i= g f(@),1<i<n
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& The second order directional derivative of f taken at a
point x € D along a pair of directions g, h is defined as
D2f(x)lg,h] = &|_ [Df (@ + tg)[h]

Fact: Forasmooth f, D2 f(x)|g, h] is bilinear and symmetric

in g, h, and therefore
D?f(z)[g,h] = (g, V2f(x)h) = (V?f(x)g,h)Vg,h € E
for a uniquely defined linear mapping h — V2f(x)h | E —
E, called the Hessian of f at x.
If E is R™ with the standard Euc//dean structure, then
[V2f ()] = ax 333 f(z)

Fact: Hessian is the derivative of the grad/ent:

Vi(z+h) =V f(z)+ [V2f(@)]h + Ra(h),

[Rz(h)|| < Cal|hlI2 V(R 2 |A]| < pz), pz > O

Fact: Gradient and Hessian define the second order Taylor

expansion

f) = f@) + (y -2, V(@) + 5y — 2, V2 (@)[y — «])
of f at x which is a quadratic function of y with the same gra-
dient and Hessian at x as those of f. This expansion approxi-
mates f around x, specifically,

f(y) — f(y)| < Colly — z||3
V(y |y — x| < pz), pz > 0
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Back to SDO
Opt(P) = min {cT:c Az = w Ay - B} (P)
& Opt(P) = mXin {Tr(CX): X e[Lp—-BInSL} (P)
Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)

[ﬁpZImA, £D=£1J5]
K(X)=—-InDetx:87, '={XeS": X >0} >R

Facts: K (X) is a smooth function on its domain Sj_ L=
{X € S¥: X = 0}. Thefirst- and the second order directional
derivatives of this function taken at a point X € domK along

a direction H ¢ S are given by

K(X+tH) = —-Tr(X'H) [&VK(X)=-X"1]
Cl_oK(X +tH) = Tr(H[XTHX" 1) = Tr([X"Y2HX"1/2]2)
In particular, K is strongly convex:

X € DomK,0# H € S = 4

7|
dt 1t=0

_JK(X +tH) >0
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4| _[~InDet(X +tH)] = %| _ [~ InDet(X[I + ¢tX 'H)]
=4 __[~InDet(X) — InDet(I + tX~1H)]
= £ [—In Det(I + tX1H)]
= _jt —olDet(I +tX~tH)] [chain rule]
= —-Tr(X"1H)
Ll o [FTr(IX +tG1 )| = 4| _ [~ Tr([X[I +tX Gl H)]
Ay [T + ex 16 X))

—Tr ([4],_ O[1+tx—1a]—1]x—1H)
= Tr(X'GX'H)

In particular, when X = 0 and H € S¥, H # 0, we have

d2

o K(X +tH) = Tr(X'HX'H)
—Tr(X 1/2[X 12 x— 1/2]X 1/2H)
= Tr([X~ 12 x- 1/2]X 12 x— 1/2)
= <X_1/2HX_1/2,X_l/QHX_1/2> > 0.
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Additional properties of K (-):

o VK(tX) =—[tX]"1 = —t71Xx1 =t 1VvK(X)

e The mapping X — —VK(X) = X1 maps the do-

main S’_/|__|_ of K onto itself and is self-inverse:
S=-VK(X)& X=-VK(S) & XS=8X=1

e The function K(X) is an interior penalty for the pos-

itive semidefinite cone S:L: whenever points X; €

DomK = S’j_+ converge to a boundary point of SY,

one has K(X,;) — oo as i — 0.
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Primal-Dual Central Path
Opt(P) = min {ch: DAz =30 @Ay = B} (P)
& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)
Opt(D) = max {Tr(BS):SelLp+Clnsy}t (D)
K(X) = —InDet(X)

Let
X={XeLlp—B:X>0}

S={Selp+C:S»0}
be the (nonempty!) sets of strictly feasible solutions
to (P) and (D), respectively. Given path parameter

1 > 0, consider the functions

Pu(X)=Tr(CX)+ uK(X): X =R

D,(S) = —-Tr(BS)+ uK(S) :S =R~
Fact: Forevery i > O, the function P,,(X ) achieves its min-
imum at X at a unique point X« (), and the function D,,(.S)
achieves its minimum on S at a unique point S«(n). These

points are related to each other:
Xu(p) = pS;H(p) & Su(p) = pX (1)
& Xo(p)Si(pn) = Su(p) Xu(p) = pl
Thus, we can associate with (P), (D) the primal-dual central

path — the curve

{ X)), S«(p) } u>o0;
for every . > 0, X«(u) is a strictly feasible solution to (P),

and S« () is a strictly feasible solution to (D).
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Opt(P) = min {ch Aw =Y A B} (P)

& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):SelLp+Clnsy}t (D)
Lp =1ImA, Lp = L]

Proof of the fact: A. Let us prove that the primal-dual
central path is well defined. Let S be a strictly feasible
solution to (D). For every pair of feasible solutions
X, X' to (P) we have

(X - X',8) = <X—X',C>+<X—X’,§:£> = (X - X',C)
€Lr  €Lp=L;
— On the feasible plane of (P), the linear functions
Tr(CX) and Tr(S5X) of X differ by a constant
— To prove the existence of X«(u) is the same as to
prove that the feasible problem
Opt = min [Tr(SX) + uK(X)] (R)

N
_ XeXx
IS solvable.
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Opt = mi

min [Tr(5X) + uK(X)]  (R)

Let X; € X be such that
(Tr(5X;) + pK(X;)] — Opt as i — co.

We claim that a properly selected subsequence {Xz-j}}?ozl
of the sequence {X;} has a limit X > 0.
Claim = Solvability of (R): Since X; — X = 0 as
7 — oo, we have X € X and

Opt = liMjo [ TH(5X;,) + pK(X;)| = [Tr(5X) + pK(X)]
= X is an optimal solution to (R).
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Proof of Claim “Let X; > O be such that

liM; o0 [Tr(5X;) + pK (X;)] < +oo.
Then a properly selected subsequence of { X;}°2 { has a limit
which is = 0.
First step: Let us prove that X; form a bounded se-
quence.
Lemma: LetS = 0. Then there exists c = c¢(S) > 0 such
that Tr(XS) > c||X]|| forall X = O.
Indeed, there exists p > 0 such that S — pU > 0 for all

UeSY, ||U| <1. Therefore for every X = 0 we have
YU, |U|| <1):Tr([S — pU]X) >0
= Tr(SX) > p max Tr(UX) = p||X]||.

U:|U][<1
Now let X, satisfy the premise of our claim. Then
Tr(SX;) + pK(X;) > c(S) I X)) — wIn(]|X5])™).
Since the left hand side sequence is above bounded
and c¢r — puIn(r™) — oo as r — +oo, the sequence || X;||

indeed is bounded.

9.16



“Let X; = O be such that lim;_,o | Tr(5X;) + pK(X;)| < +oo. Then a
properly selected subsequence of { X;}?2, has a limit which is > 0"
Second step: Let us complete the proof of the
claim.  We have seen that the sequence {X;}2,
is bounded, and thus we can select from it a con-
verging subsequence X, . Let X = M) o0 Xy IF
X were a boundary point of S¥, we would have
TI’(S’XZ-J.) + ,uK(XZ-j) — +00,j — 00
which is not the case. Thus, X is an interior point of
Y., that is, X = 0.

The existence of S«(u) is proved similarly, with (D) in
the role of (P).

The uniqueness of X.(u) and S«(u) follows from the
fact that these points are minimizers of strongly con-

vex functions.
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B. Let us prove that S«(pn) = uX*_l(p). Indeed, since
X«(u) = 0 is the minimizer of P,(X) = Tr(CX) +
pK(X)on X ={X € [Lp—B]NSY4 | }, the first order di-
rectional derivatives of P,(X) taken at X (u) along di-
rections from Lp should be zero, that is, VP, (Xx(un))
should belong to £Lp = £5. Thus,

C—uX; Y (pw)eLlp=S=uX (W) eC+Lp& S>0

= S & S. Besides this,
VK(S) = -5 = —p ' X.(u) = pVK(S) = —X.(1)
= uVK(S) € —[Lp—B]= uVK(S)—-Be Lp="Lp
= VD,(S) is orthogonal to Lp

= S is the minimizer of D,(-) on S = [/LD—I—C]ﬁSj__I_.
= X5 (p) =S = Si(p). [
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Duality Gap on the Central Path
Opt(P) = min {CT:,; Az = w Ay - B} (P)
& Opt(P) = mXin {Tr(CX): X e[Lp—BINSy} (P)
Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)

Xu(w) € [Lp—BINS,, || B
= { Su(u) € [£p +Cl ST } Xe(u)Silp) =

Observation: On the primal-dual central path, the duality gap
IS

Tr(Xs(u)S«(n)) = Tr(pl) = pm.
Therefore sum of non-optimalities of the strictly feasible solu-
tion X«(n) to (P) and the strictly feasible solution S«(u) to
(D) in terms of the respective objectives is equal to um and
goes to 0 as u — +0.
= Qur ideal goal would be to move along the primal-dual
central path, pushing the path parameter n to 0 and thus
approaching primal-dual optimality, while maintaining primal-
dual feasibility.
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& Our ideal goal is not achievable — how could we
move along a curve? A realistic goal could be to move
in a neighborhood of the primal-dual central path,
staying close to it. A good notion of ‘“closeness to
the path” is given by the proximity measure of a triple
uw>0,Xe X, SeS tothe point (X«(u),S«(1)) on the

path:
dist(X, 8, p) = VTr(X[X ! — p 1S]X[X 1 — p15])

_ \/Tr(Xl/Q[Xl/Q[X—l — prLS)X Y2 [X2[X 1 — S]]

_ \/Tr([Xl/Q[X—l — utLS)X 2 [XY2[X T — 18] X 1/2))

= VTr((XY2[X ! — p~18]X1/2)2)

= VTr([I — p 1X25x1/2]2).
Note: We see that dist(X,S,u) is well defined and
dist(X, S, u) = 0 iff X1/25x1/2 = 41, or, which is the
same,

SX — X—1/2[X1/25X1/2]X1/2 — /LX_1/2X1/2 — Iu17

i.e., iff X = Xu(p) and S = Si(u).

Note: We have

dist(X, S, u) = V/Tr(X[X 1 — p 1SIX[X T — u=18])

=/ Tr([I — p XS] — p1XS))

_ \/Tr([[f — XS - xS

= /Tr([I — p~1SX][I — p15X])

= /Tr(S[S~! — p1X]S[S~! — p~1X]),
= The proximity is defined in a symmetric w.r.t. X,
S fashion.
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Fact: Whenever X € X, S € S and i > O, one has
Tr(XS) < plm + /mdist(X, S, p)]
Indeed, we have seen that
d = dist(X, S, 1) = / Tr([[ — p~1x1/25x1/2)2).
Denoting by )\, the eigenvalues of X1/25X1/2 we have
d? = Tr([I — p~1XY28X1/212) = y,[1 — = 1N]2
= Yl —ptN) < \/m\/zz‘[l — N2
= /md
= >N < plm 4+ /md]
= Tr(XS) = Tr(X1/25x1/2) =5, < pu[m + vmd]
Corollary. Let us say that a triple (X, S, ) is close to
the path, if X € X, S €S, u> 0 and dist(X,S,u) <O0.1.
Whenever (X, S, ) is close to the path, one has
Tr(XS) < 2um,
that is, if (X,S,u) is close to the path, then X is
at most 2um-nonoptimal strictly feasible solution to
(P), and S is at most 2um-nonoptimal strictly feasible
solution to (D).
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How to Trace the Central Path?

& The goal: To follow the central path, staying close
to it and pushing x to O as fast as possible.

& Question. Assume we are given a triple (X, S, 1) close
to the path. How to update it into a triple (X, Sy, uy), also
close to the path, with py < p?

® Conceptual answer: Let us choose puy, 0 < pg < f,
and try to update X,S into Xy = X + AX, S; =
S+ AS in order to make the triple (X4,S84,uq) close

to the path. Our goal is to ensure that
Xy =X+AX € Lp—B & X4 = 0 (a)
S_|_=S—|—AS e Lp+C & S_|_ = 0 (b)
Gy (X4,54) =0 (c)
where G,(X,S) = 0 expresses equivalently the aug-
mented slackness condition XS = ul. For example, we

can take
Gu(X,8)=8—putx~1 or
Gu(X,8) =X — =151 or
Gu(X,S) =XS+SX =2ul, or...
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X, =X+4AX € Lp—-B & X4y = 0 (a)
S+:§—|—AS e Lp+C & S_|_ = 0 (b)
Gy (X4, 54) =0 (c)

& Since X € Lp— B and X > 0, (a) amounts to
AX € Lp, which is a system of linear equations on
AX, and to X + AX > 0. Similarly, (b) amounts to
the system AS € L of linear equations on AS, and
to S+ AS = 0. To handle the troublemaking nonlinear
in AX,AS condition (c), we linearize G, in AX and

AS': o
GM+(X_|_, S+) ~ GM+(X, S)
+8Gu+(X,S) AX +

(X,9)=(X,3) (X,9)=(X,5)
and enforce the linearization, as evaluated at A X, AS, to be

zero. We arrive at the Newton system
{ AX € Lp

AS

0G,., (X,5)
S

AS e Lp (N)
0G,, —

(the value and the partial derivatives of G, (X, S) are
taken at the point (X,S5)).

oG,
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& We arrive at conceptual primal-dual path-following
method where one iterates the updatings

(X, Si, pi) = (Xig1 = Xi + AXi, Siv1 = Si + ASs, pig1)
where p;41 € (0, ;) and AX;, AS; are the solution to
the Newton system

AX; € Lp

AS; € Lp (Nz)
OGL),, OGL),, o i

TEANAX; A+ T AS =~

and G,(f)(X, S) = 0 represents equivalently the aug-
mented complementary slackness condition XS = ul
and the value and the partial derivatives of Gfé)ﬂ are
evaluated at (X;,S;).
& Being initialized at a close to the path triple
(X0, S0, o), this conceptual algorithm should

e be well-defined: (V;) should remain solvable, X;
should remain strictly feasible for (P), S; should re-
main strictly feasible for (D), and

e Maintain closeness to the path: for every 1z,
(X;, S;, u;) should remain close to the path.
Under these limitations, we want to push u; to O as
fast as possible.
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Example: Primal Path-Following Method
Opt(P) = min {ch Az = w Ay - B} (P)
& Opt(P) = min {Tr(CX): X e[Lp—BINSy} (P)
Opt(D) = max {Tr(BS):Se[Lp+ClnsSy} (D)
Lp =1ImA, Lp = L]

& Let us choose
Gu(X,8) =S+ uVK(X) =8 —pux—1
Then the Newton system becomes
AX, e Lp & AX;,= AAzx;
AS, e Lp & A*AS, =0 (N:)
AU = [Tr(A1U0); ...; Tr(A,U)] ¢
(M) ASi + pit1VPK(X)AX, = —[Si + pit1 VK (X;)]
& Substituting A X, = AAx; and applying A* to both

sides in (1), we get

(%) ui+11A*v2I§(Xi)A1Ami = —[A*S, +A*'VEK (X))
H =c
AX;, = AAzx;

Si+1 = pit1 |[VK(X;) — V2K(X;) AAz]
The mappings h — Ah, H — V2K (X;)H have trivial
kernels
= H IS nonsingular
= (INV;) has a unique solution given by
Az =—H"1 | p e+ AVK(X))]
Sit1 = Si + AS; = pi1 [VK(Xi) — VQK(XZ')AAQ%}
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Opt(P) = min {cTa: CAz =370 xi A B} (P)

& Opt(P) = min {Tr(CX): X e [Lp—BINSY} (P)

Opt(D) = msax{Tr(BS) :SelLp+CInsSy}t (D)
[Lp=1mA, Lp = L}

Azi=—H' [p e+ AVK(X))]
Sit1 = Si + AS; = piy1 [VK(X;) — V2K(X;)AAz]

& X, = Az, — B for a (uniquely defined by X;) strictly
feasible solution z; to (P). Setting
F(x) = K(Az — B),
we have A*VK(X;) = VEF(x;), H=V2F(x;)
— The above recurrence can be written solely in terms of x;

and F':
(#) i > i1 < [
Tiv1 = x; — [V2F(2;)] 71 [ 1c + VF(xZ)]
Xit1 = Aziy1 — B
S@'_|_1 = Hi+1 [VK(X@) — VQK(Xi)A[QSi+1 — CBZ]]
Recurrence (#) is called the primal path-following method.
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Opt(P) = min {chc DAz =30 @Ay = B} (P)

& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):SelLp+CInsy}t (D)
Lp =1ImA, Lp = Lp]

& The primal path-following method can be explained
as follows:
e The barrier K(X) = —InDetX induces the barrier
F(x) = K(Ax — B) for the interior P° of the feasible
domain of (P).
e [ he primal central path
Xo(p) = argminy—4,—pso [Tr(CX) + pK(X)]
induces the path
z.(p) € P Xi(p) = Azi(p) + pF ().
Observing that
Tr(Cl[Az — B]) + uK(Ax — B) = ¢’z + pF(x) + const,
we have
(@) = argmingcpo Fj(x), Fu(x) = 'z + pF(x).
e The method works as follows: given x; € P° u; > 0,
we
— replace p; with p;4 1 <
— convert z; into x;41 by applying to the function
Fu;.,1(+) a single step of the Newton minimization method

i Tiq1 — [V2Fu 1 ()] TV, (25)
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Opt(P) = min {cTa; c Ax 1= Zj 1 TjA; = B} (P)

& Opt(P) = mm {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):SelLp+CInsy}t (D)
[ﬁp =ImA, Lp = L}]

Theorem. Let (Xg = Axzg — B, Sp, o) be close to the
primal-dual central path, and let (P) be solved by the Primal
path-following method where the path parameter 1. is updated
according to

Mit+1 = ( \O/l) Hoi- ()
Then the method is well defined and all triples (X; = Ax; —

B, S;, u;) are close to the path.

& With the rule (x) it takes O(y/m) steps to reduce
the path parameter p by an absolute constant factor.
Since the method stays close to the path, the duality
gap Tr(X;S;) of i-th iterate does not exceed 2mu;.
= The number of steps to make the duality gap < e does not
exceed O(1)/mIn (1 -+ Qm%)
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2D feasible set of a toy SDO (K = S3).
“Continuous curve” is the primal central path
Dots are iterates x; of the Primal Path-Following method.

Itr# | Objective Gap Itr# | Objective Gap
1 -0.100000 2.96 7 -1.359870 | 8.4e-4
2 -0.906963 0.51 3 -1.360259 | 2.1e-4
3 -1.212689 0.19 9 -1.360374 | 5.3e-5
4 -1.301082 | 6.9e-2 10 -1.360397 | 1.4e-5
5 -1.349584 | 2.1e-2 11 -1.360404 | 3.8e-6
6 -1.356463 | 4.7e-3 12 -1.360406 | 9.5e-7
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& The Primal path-following method is vielded by
Conceptual Path-Following Scheme when the Aug-
mented Complementary Slackness condition is repre-
sented as

Gu(X,S) =S4+ uVK(X)=0.
Passing to the representation

Gu(X,S) =X+ uVK(S) =0,
we arrive at the Dual path-following method with the same
theoretical properties as those of the primal method.
the Primal and the Dual path-following methods im-
ply the best known so far complexity bounds for LO
and SDO.
& In spite of being “theoretically perfect”, Primal and
Dual path-following methods in practice are inferior as
compared with the methods based on less straight-
forward and more symmetric forms of the Augmented
Complementary Slackness condition.
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& The Augmented Complementary Slackness condi-
tion is
XS=85X =ul (%)
Fact: For X,5¢€SY ,, (%) is equivalent to
XS+ SX =2ul
Indeed, if XS = SX = ul, then clearly XS 4 SX =

2ul. On the other hand,
X,S=0,XS+ SX =2ul
= S+ X 1SX =2uX1
= X 1SX =2uX1-8§
= X 1SX = [ X 1SX]T=XSX!
= X258 = SX?

We see that X2S = SX2. Since X = 0, X is a poly-
nomial of X2 whence X and S commute, whence
XS =8X = ul. ]

Fact: Let Q € SY be nonsingular, and let X,S = O.

Then XS = ul if and only if

QXSQ 1+ 1sxQ =2url
Indeed, it suffices to apply the previous fact to the
matrices X = QXQ >0, S=Q15Q~1 - 0. ]
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& In practical path-following methods, at step 7 the
Augmented Complementary Slackness condition is
written down as

G (X,8) i=QiXSQ;* + Q; 'SXQi — 2pi41] =0
with properly chosen varying from step to step non-
singular matrices @Q; € S”.
Explanation: Let Q € S” be nonsingular. The @Q-scaling
X —= QX(Q is a one-to-one linear mapping of S¥ onto
itself, the inverse being the mapping X — Q- 1xQ 1.
(Q-scaling is a symmetry of the positive semidefinite cone — it
maps the cone onto itselr.

= Given a primal-dual pair of semidefinite programs

Opt(P) = min {Tr(cX): X eLp—BINSY} (P)

Opt(D) = max {Tr(BS): SelLp+C]In Szr} (D)
and a nonsingular matrix Q € S, one can pass in (P)
from variable X to variables X = QX (Q, while passing
in (D) from variable S to variable S = Q" 15SQ~1. The
resulting problems are

Opt(P) = min {Tr(é)?) X €[Lp—B]n S’i} (P)
X

Opt(D) = mgx{Tr(ﬁg) S e[lp+Cln S’;L} (D)
A~ S A~
[  B=QBQ,Lp={QXQ: X € Lp}, ]
C=Q'CcQ 1, Lp={QSQ':SeLp}
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Opt(P) = min {Tr(@)?) X € [Lp— B]n S’jr} (P)
X
Opt(D) = mgx{Tr(Eg) S e[lp+Cln S’jr} (D)
A~ S ~
[  B=QBQ,Lp={QXQ: X €Lp}, ]
C=QlcQ 1 Lp={Q1SQ1:SeLp

P and D are dual to each other, the primal-dual cen-
tral path of this pair is the image of the primal-dual
path of (P), (D) under the primal-dual Q-scaling
(X,8) — (X =QXQ,S=Q715Q™)
Q preserves closeness to the path, etc.
Writing down the Augmented Complementary Slack-
ness condition as
QXSQ 1+ Q 1sXQ =2ul M
we in fact
e pass from (P), (D) to the equivalent primal-dual
pair of problems (P), (D)
e Write down the Augmented Complementary Slack-
ness condition for the latter pair in the simplest
primal-dual symmetric form
XS+ 8X =2ul,
e ‘'scale back” to the original primal-dual variables
X, S, thus arriving at ().
Note: In the LO case SY is comprised of diagonal
matrices, so that (!) is exactly the same as the “un-
scaled” condition XS = ul.
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G (X,8) 1= QiXSQ + Q1SXQi — 2uipa I =0 (1)

With (1), the Newton system becomes
AX € Lp, AS€Lp

QiAXSiQ; T + Q'SIAXQ: + Qi XiASQ; T + Q7 T ASX;Q;
= 2uir1] — QiXiSiQ; !t — Q7 1S X;Q;
& T heoretical analysis of path-following methods sim-

plifies a lot when the scaling (1) is commutative, mean-
ing that the matrices X; = Q;X;Q; and S; = Q; 15,Q; *
commute.

Popular choices of commuting scalings are:

e Q; = S? (“XS-method,” S =1)

e Q; = X, /2 (“SX-method, X =TI)

¢ Q, = ( -1/2(x1/2gx1/2)- 1/2X1/25)1/2

(famous Nesterov-Todd method, S).
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Opt(P) = min {ch CAz =) 0w A B} (P)

& Opt(P) = min {Tr(CX): X e[Lp—BINSL} (P)

Opt(D) = max {Tr(BS):SelLp+CInsy} (D)
Lp=1mA, Lp = L]

Theorem: Let a strictly-feasible primal-dual pair (P), (D)
of semidefinite programs be solved by a primal-dual path-
following method based on commutative scalings. Assume
that the method is initialized by a close to the path triple
(X0, 80,00 = Tr(XpSp)/m) and let the policy for updat-
ing 1 be

pir = (1- %L )
The the trajectory is well defined and stays close to the path.
As a result, every O(y/m) steps of the method reduce
duality gap by an absolute constant factor, and it takes
O(1)y/mIn (1 + @) steps to make the duality gap < e.
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& To improve the practical performance of primal-
dual path-following methods, in actual computations
e the path parameter is updated in a more aggressive

fashion than u ( — 3—%) i
e the method is allowed to travel in a wider neighbor-
hood of the primal-dual central path than the neigh-
borhood given by our “close to the path” restriction
dist(X,S,n) <0.1;
e instead of updating X;41 = X; + AX;, 541 =
S; + AS;, one uses the more flexible updating

Xit1 = X+ AKX, Sipq1 = 5 + oyAS;
with «o; given by appropriate line search.
& The constructions and the complexity results we
have presented are incomplete — they do not take
into account the necessity to come close to the cen-
tral path before starting path-tracing and do not take
care of the case when the pair (P), (D) is not strictly
feasible. All these *“gaps” can be easily closed via the
same path-following technique as applied to appropri-
ate augmented versions of the problem of interest.
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TOPICS

1. What can be expressed by LO? Polyhedral repre-
sentations of sets and functions

(a) definition & examples

(b) calculus

2. Geometry of polyhedral sets
(a) recessive cone
(b) extreme points

(c) extreme rays



3. Certificates in LO

(a) certifying solvability/insolvability of a system of
linear inequalities

(b) certifying properties of polyhedral sets

(c) duality & certifying optimality in LO

4. Optimality conditions in Convex Programming
(a) Lagrange duality

(b) KKT optimality conditions



SUMMARY

Polyhedral representations of sets and functions

& Polyhedral sets. A polyhedral set is the solution set of
a finite system of nonstrict linear inequalities and linear equa-

tions:

T

X=3z€eR": pla g ,1<i<m

NV IA

Note: We can always represent the system of linear
inequalities/equalities specifying a polyhedral set in

the canonical form
{x 1 Ax < b}.



& Ex#1: Which sets below are polyhedral?

1. {x e R": x = 0}

e

r1+ o+ T3
2. {x eR3: 2r1 — x5 + 3
xr1 — xo + 4x3

| 1V IA
w N

x1+xo+23 < 1
3. {z eR3: 261 —xo +x3 > 2
r1 — o+ 4x3 = 3
ryt+trp+a3 <1
4. {x eR3: 201 —xo 4 a3 > 2
x1 — x>+ 4x3 #*F= 3
a:l—l—ajg—l—a?% < 1
5. {z eR3: 2r1 —xo+x3 > 2
x1 —xo+4x3 = 3



& EXxi#1, answers:

1. Polyhedral: {z € R™: x = 0}

x1 + o+ T3
2. Polyhedral: {z € R3: 21 — x5 + z3

xr1 — xo + 4x3

x1+xo+23 < 1
3. {z eR3: 261 —xo +x3 > 2
xr1 —xTo+4x3 = 3
x1+xo+2x3 < 1
4. {x eR3: 201 —xo 4+ a3 > 2
x1 —xp+4x3 #*= 3
vy +ax+a3 <1
5. {z eR3: 2r1 —xo+x3 > 2
x1 —xo+4x3 = 3

| IV IA
wWN -



& Polyhedral representation of a set X C R" is represen-
tation of X in the form

X ={z € R": Ju :Az+Bu < b}
i.e., representation of X as the projection of a polyhe-
dral set in the space of (x,u)-variables onto the plane
of x-variables.
& Fact: Every polyhedrally representable set is polyhedral.
& Fact: Minimizing function f(x) with polyhedrally repre-

sented epigraph
Epi{f} = {lx;7]:7> f(=)}
= {lx;7]:Fu: Pr+1mp+ Qu < q}
over a polyhedrally represented set

X ={z:3Jv:Rx+ Sv <t}
reduces to LO

( “says’” that f(x) <7

min {7 Pr+71p+ Qu < q

T,T,U,V - Rzx+Sv<t
L “says” that z e X




& Ex#2: Recognize below polyhedrally representable sets
and write down their polyhedral representations

(

x1+ 22 + 3
1. X ={2zeR3: 201 — x>+ x3

r1 — T2 + 4x3

| IV IA

1
2
3

x1+ 1
o + 2
3+ 3

max[:z;l, mz] -+ max[mg — X1, m3]
2. X ={ xeR3;: min[2z1, —x2 + 3]
r1 — T2 + 4x3

|| 1V IA

x1+ 1
o + 2
3+ 3

max[xl —I—:IZQ,:E:;]
3. X =Lz eR3: min[2z1, —x> + z3]
min[xl,—azg —|—4£C3]

| 1V IA

1+ 1
To + 2
r3+ 3

min[azl —|—5132,£133]
4. X =<{ xeR3: max[2z1, —xo + 3]
r1 — o + 4x3

1| 1V IA

1+ 1
x>+ 2
3+ 3 )

max[|x1 — £E2|, ‘x3 — 5| -+ CC1]
5. X =<{ x € R3: min[2z1, —x> + x3]
1 — T2 + 4x3

Il 1V IA

1+ 1
x>+ 2
3 + 3 )

max[|x1 — CEQ|, ‘x3 — 5| -+ 561]
6. X = :UE]R3 . min[|2:c1—x2|,|a:3—|—5|]
Tr1 — T2 + 4x3

IRAYAPA




& Ex#2, answers:

x1+x2+23 < x1+1
1. PR. X = ZCER3I 2x1 —xo+x3 > x4+ 2
r1 — T2+ 43 = x3+3
Polyhedral representation: ‘“as is”
( Sul Su2
. 3. ?nax[xl,a:QT—i-?nax[xg — 5131,5133T S
2. PR X =Xz eR>: min[2zy, — 25 + 7] >
\ r1 — T2+ 4z =
Polyhedral representation:
( r1 < u1
2 < up
T2 —T1 < U2
_ 3. . x3 < u2
X =<z e R>:duy,us: w4 us < w41
2r1 > x>+ 2
—To>+x3 > a2+ 2
\ r1 — T2+ 43 = x3+3
max[azl + :CQ,ZU3] < z1+1
3. X = $€R3 . min[2x1,—5132—|—5133] > x4+ 2
min[xl,—$2—|—4$3] = :U3-|—3

1+ 1
o + 2
r3 + 3

~~




min[x1+a:2,az3] S £C1—|—1
4. X =< x € R3 : max[le, —x> + £C3] > x4+ 2
r1 — 22+ 43 = x3+3

( <uy <u,

5. PR. X =«

6.

\
Polyhedral representation:

p

T c R3 . maxﬂxl — ZCQT, |r333 — 5T —I—xl]
' min[23:1,—:c2 —|—:133]
r1 — T2 + 4x3

|| 1V IA

1+ 1
Ty + 2
r3+ 3

\

—u1 < T1—22< 1w
—uzx < wx3—5<wup
up < x1+1
X =<zeR3: Ju,us: w41 < z+1
2r1 > w2+ 2
—T2>+x3 > X2+ 2
\ r1 — T2 +4x3 = 3
max[|z1 — zof,[z3 = 5]] < 1
x € R3: miﬂ[|23}1—$2|,|$3+5|] > 2
r1 — 2o+ 43 = 3

Ve

/



& Ex#3: Try to convert the optimization problems below to
LO’s:

1. min max[zq, |z>|]
rER3

[z1| + max[zo, 23] < 1
min[azl — T, T — a:3] -+ miﬂ[x3 — :132,5] >0

2. maxmin[xzq, —|xs|]
rz€R3

[z1| + max[zo, 23] < 1
min[z; — xo, 22 — 23] + Min[zz — x2,5] > 0

3. max max[zy, —|zso|]
rER3

<t |zil+max[zo,x3] <1

min[a;l — T2,TD — 563] + min[:z:3 — 562,5] >0



& EXx#3, answers:

<T
1. min max|[zq,|zo|]
r€R3
<ui <up
e 2 ~
[z1| 4+ max[zp, x3] < 1
min[zy — xo, 20 — x3] + Min[zz — x9,5] > 0
2‘51 2?2
reduces to
min T
L1,r2,r3,7,U1,u2,V1,V2
S.t.

1 ST,CCQS’T,—QZQST

1 <uy,—x1 Sug,r2 < up,r3 < U
up +up <1

r1—xp > V1,Tp — T3 > V1,T3— T > V2,5 > 1o
vy +v2 >0



2. maxminfxzqy, —|z>|]
x€R3\ ~~ -
>T

Sug <up
~ = r % ~
[z1| 4+ max[zp, x3] < 1
"minfzy —z,25 — 23] + Min[zz —25,5] > 0

2‘51 2\52
reduces to
max T
L1,X2,r3,7,u1,u2,V1,V2
s.t.

Il 27_7_'73227_7:6227-

1 <uyp,—r1 Sug, T2 S up,x3 < U
up +up <1

r1— Xy > V1,Tp — T3 > V1,T3— T > V2,5 > 1o
vy +vp >0

3. maxmax[zy, —|zs|]
z€R3

[z1| + max[zo, 23] < 1
min[xq — 2o, x5 — 3] + Min[xz — 25,5] > 0



& Ex#4: Find polyhedral representation of the set

y1 — Y2 < 2z1 +z3+1 }}

X = R3:16 > min 2o
{aze _yERQ{y1+ P20 oy 4+ Typ<ap—234+5



& Ex#4, answer:

X={:v€R3:EIyGR2: y1 —y2 < 2x1 +2x3+1

y1 + 2y> < 16
21 + Ty < a0 —23+5

Extension: The set
X = {lx; t] : myin{cTy : Ay 4+ Bz < b} <t}
is polyhedrally representable with polyhedral representation
X ={[z;t] : Jy : cly <t Ay+ Bz < b}.

In words: The optimal value in a parametric minimization LO

where the parameters affect only the right hand side vector
and affect it linearly, is a polyhedrally representable function
of the parameters.



& Ex#5: Find polyhedral representation of the set

X={x€R3:

y1+2y2 <5
%%Z( [221 + 322+ 1]y + [r2 — 23+ 5ly2 : —y1 +7y2 <3 ; < 16}
y=>0

& EXxi#5, solution: We want to find a P.R. of the set
of parameters x on which the optimal value in a para-
metric linear problem is < a given number. By Ex#4,
the task would be trivial if the parameters were lin-
early affecting the right hand sides of the constraints,
but instead they affect linearly the coefficients of ob-
jective. What to do?

Passing to the dual problem moves the parameters where we
want them to be!

Opt(x) = max {[2961 + 322 + 1]y1 + [r2 — 3 + 5]y2 :

yeR2

Z2 0 —y1+7Ty2 <3
w y>0
21_22+w1:2$1+3$2+1
— min ¢521+ 322 221+ 720 f w2 =22 —-23+5
Z1,22,W1,W2 21 2 0,22 Z O,wl S O,’lUQ S 0

21 y1+2y2 <5 }

=

X = {z:Opt(x) <16}

521 +32, < 16

z1— 22 +w1 =221+ 322+ 1
221+ 7zo+wr =20 — 23+ 5
21 20,22 >0, w1 <0,w2<0

= xdz,w:



Structure of a polyhedral set
A. Recessive cone

& Polyhedral cone is a nonempty polyhedral set which is a
cone, I.e., Is closed w.r.t. taking sums and nonnegative multi-
ples of its points

Equivalently: Polyhedral cone is a polyhedral set which can
be given by a finite system of homogeneous (all constant
terms are zero) linear equality & nonstrict inequality con-
straints.

Example: The set

K = {ZE c RS : x1+x0 < 0,x0+x3 > 0, x1+x0+2x3 = O}

IS a polyhedral cone.



& Recessive cone of a polyhedral set: a nonempty poly-

hedral set X gives rise to its recessive cone Rec(X)
which is comprised of all d's such that X contains a
ray oriented by vector d. This cone is polyhedral.

Equivalently: Rec(x) ={d:xz€ X, t>0=x+1td € X}.

& Rule: To get a polyhedral description of the recessive cone
of a nonempty polyhedral set X, one takes the linear inequal-
ity/equality constraints defining X and replaces them with their
homogeneous versions.

Example:

X={zxeR3:214+220<5,20+23> 6,21 + 20+ 23 =1} (1)

2
ReC(X):{dER3Id1—|—d2So,d2+d320,d1+d2—|—d320} (2)

& Fact: A nonempty polyhedral set X is bounded if and only
if its recessive cone is trivial (i.e., Rec(X) = {0}).

Example: The set X in (1) clearly is nonempty (it
contains the vector [1;0;0] ), and the cone in (2)
clearly is nontrivial — it contains the direction [d] =
O;do = —1;d3 = 1].

— The set X in (1) is unbounded.



B. Decomposing polyhedral set

& Fact: a nonempty polyhedral set X can be represented as
X = Conv{v!, ..., oM} + Cone {rt, ..., V1.

In such a representation, Cone {rl, ..., rM} = Rec(X).
& Refinement: When X does not contain lines,
o the set {vl,...,vM} contains the set Ext(X) of all ex-
treme points of X, and one can take {v!,...,oM} = Ext(X);
e If Rec(X) is nontrivial (i.e., if X is unbounded), the
set {rl,...,rN} contains generators of all extreme rays of
Rec(X), and one can take {r1,...,vV} to be the set of gen-
erators of extreme rays of Rec(X).



& EX#6: Represent the set
X={zeR m1+a2<5z2+z3> 6,21+ 22+ 23 =1}
in the form Conv{v!, ....vM} + Cone {rl, ..., rV}.

& Solution:

A. X is nonempty (it contains the vector [1;0;0]) and
does not contain lines

Indeed, a nonempty polyhedral set X = {z : Az < b}
contalns a line if and only if the matrix A has nontrivial
nullspace: Ad = O for some nonzero d. In our case,
Ad = 0O reads

di1+d> = 0,d>+d3 =0,d1 + d>+ d3 =0,

and the only solution to this system is d = 0.
1 ..,vM the extreme points of X, and as

— We can take as v+,
ri ...,V - the extreme directions of Rec(X).



X={zeR m1+a2<5z2+z3> 6,21+ 22+ 23 =1}

B. Finding extreme points of X. Rule: Exireme points of a
polyhedral set X C R™ are exactly points ve X where among
the linear constraints specifying X n constraints with linearly
independent vectors of coefficients become active - are satis-
fied as equalities.

In our case, X C R3 is given by 3 linearly independent
constraints

— At an extreme point, all these constraints should
be active

= The extreme point v solves the system of linear
equations v +vp =5,vp +v3 = —6,v1 +vo +v3 =1
— There is exactly one extreme point, vl = [7; —2; —4].



X={reR3:z1+ax2<5x0+23> 6,21+ x>+ 23 =1}

\
Rec(X) ={d€R3:dy +d2<0,d>+d3>0,d1 +dz+d3 =0}

C. Finding extreme directions of Rec(X). Rule: Ex-
treme directions of a pointed (i.e., not containing lines)
polyhedral cone K C R™ are exactly nonzero directions from
K where among the specifying K homogeneous linear con-
straints n — 1 constraints with linearly independent vectors of
coefficients become active - are satisfied as equalities.

In our case, 2 of the 3 constraints defining Rec(X)
should be active. The constraint di +do +d3 = O
definitely is active, so that options are:

C.1: di +do +d3 = 0,dy +do = 0 = d3 = O,
di = —do= the solutions are d(t) = [¢t; —¢;0],t € R
— a nonzero solution from Rec(X) is a positive multi-
ple of the vector [—1;1;0] = An extreme direction is
[—1;1;0].

C.2: di+dy+ d3 =0,dy + d3 = 0. Similar reasoning
yields an extreme direction [0; —1; 1].

Ex#6, answer:

X [7; —2; —4] + Cone {[-1; 1;0],[0; —1; 1]}
{x=1[7T—X;—24+X1 —Xp; =4+ X2] : A >0}



{x eR3 21+ a0 <5,20+ 23> 6,71 + 70+ 23 =1}
[7, -2, —4] + Cone {[-1,;1,;0],[0; —-1;1]}

{:1:=[7—)\1;—2—|—)\1—)\2;—4—|—)\2]:)\ZO}.

Ex#6, Follow-up: Solve the LO’s
1. max2xy 4+ 3xo 4+ 4x3

reX

2. mMin2xy 4+ 3xo 4+ 4x3
reX

3. Maxxzy — 3xp —4x3
reX

4. minxy — 3xo — 4x3
reX

Answer: AnLO
Max

_ {cTa: -z € Conv{v!,...,v™} + Cone {r!, ...,rN}}
min

Is bounded if and only if the objective is not improving when
moving in every one of the directions r1,...,rN, and in this
case, an optimal solution is the best, in terms of the objective,
of the points v, ...,v™. Applying this rule,

1. max 2x1 + 3x> + 4x3 is unbounded ([2;3;4]7rl = -2+ 3> 0)
2. min2z1 + 32 + 4z3 is solvable ([2;3;4]"r! = —-2+4+3 >0 and

zeX

[2:3;4]"r? = —3 + 4 > 0) with optimal solution [7; —2; —4]

3. maxay — 3x> — 4x3 is solvable ([1;-3; —4]"rl = -1 -3 <0
xre

and [1; —3; —4]"r? = 3 — 4 < 0) with optimal solution [7; —2; —4]

4. mi}r{w r1 — 3xo — 423 is unbounded ([1; —3; —4]Trl = -1 —-3< 0).
xre



Certificates in LO

& Consider a finite system S of strict and nonstrict linear
inequalities and linear equations (let us call these rela-
tions linear constraints)

x1 <xo+2x23+5
Example: S: ¢ zo > —12 + x3

1+ x>+ 23 =0
& Legitimate aggregation of constraints from a system S:
e assign equalities in & with arbitrary weights, assign
< and < inequalities in & with nonnegative weights,
and assign > and > inequalities in & with nonpositive
weights
e Mmultiply the constraints in & by their weights and
sum them up, thus arriving at
— < inequality, if all strict inequalities from & got
zero weights
— < inequality, if some of strict inequalities in & got
nonzero weights
Note: By its origin, the resulting scalar linear inequality is
valid at every feasible solution to S
Example (continued): The aggregation

( 5x xz1<zo+23+5
—1x x0>-—-12+4 x3
. — X z1+220+23=0
501 —x0 — Tx1 — Txo — Tx3<522 + 523 + 30+ 12 — 23
X & —2x1 — 1320 — 1123 < 42

IS legitimate, and the resulting linear inequality holds
true everywhere on the feasible set of S.



& Consider a finite system S of strict and nonstrict linear
inequalities and linear equations (let us call these rela-
tions linear constraints)
& General Theorem on Alternative: S has no solutions if
and only if you can lead S to a contradiction by legitimate ag-
gregation of the constraints from S, i.e., if and only if appro-
priate legitimate aggregation of constraints from S is a contra-
dictory — no solutions at all! — inequallity.
e Legitimate aggregation weights which lead S to a contradic-
tion form a certificate of insolvability of S.
x1+xo—2x3 <5
Example: The system —2xr1+ 2o+ 23 <5 is un-
x1 — 22 +x3 < —10
solvable, the certificate being, e.g., [1;1;1]: when
taking weighted sum of constraints from & with
weights 1, 1, 1 (which is a legitimate aggregation for
S), we get a contradictory inequality 0 - 21 +0-25 + 0

& Note: When a system of linear constraints is solvable,

(any) feasible solution is a solvability certificate!
x1+xo—2x3 <5

.x3<

Example: Solvability of the system ¢ —2x1 + 2o+ 23 <5
x1 — 22 +x3 < —9

can be certified by its feasible solution [0; 5; 0]



& Ex#7: Certify solvability/insolvability of the follow-
ing systems of linear constraints

r1 +xo 1

1. ro —+x3 2

L1 —I-QCCQ —|—£Ij3 = 4
Answer: insolvable, certificate [1; 1; —1]

r1 +xo 1

2. o +x3 = 2
r1 +2xo +x3 < 4
Answer: solvable, certificate [0; 1; 1]

r1 +xo 1

3. o +x3 = 2
x1 +2xo +x3 < 3
Answer: solvable, certificate [0; 1; 1]

r1 +xo 1

. ro +x3 = 2

r1 +2xo +x3 < 3
Answer: insolvable, certificate [—-1; —1; 1]



r1 +xo = 1

ro> +xr3 = 2

r1 +2xo +x3 > 3
Answer: insolvable, certificate [1; 1; —1]

r1 +xo 1

x> —+x3 2

1 +2x2 +x3 < 3
Answer: solvable, certificate [O; O; O]

IAIA

r1 +xo < 1
ro +xr3z < 2
r1 +2xo +x3 > 3

Answer: insolvable, certificate [1; 1; —1]



& Variations:

e To certify that a linear < or < constraint /s a conse-
quence of a system S of linear constraints, it suffices
to present a legitimate aggregation of the constraints
of S which is equivalent or stronger than the target con-
straint.

When S is solvable, this sufficient condition is also nec-
essary.

Note: To certify that a linear constraint is not a conse-
quence of a system § of linear constraints, it suffices
to present a feasible solution to § which violates the
target constraint.

Examples:

e T he constraint 1 4+2x>+x3 < 4 is a consequence of
the system of constraints x1 +x> <1 and xo+x3 < 2,
the certificate being [1; 1]: when summing up the con-
straints of the system (which is their legitimate ag-
gregation), we get the constraint z1 4+ 2z, + z3 < 3,
which is stronger than our target constraint.

e The constraint 1 + 3z + x3 < 4 IS not a conse-
quence of the system of constraints =1 4+ x> < 1 and
x> + x3 < 2, certificate being x = [—1;2;0]: z solves
the system and violates the target constraint.



& Ex#8: Certify that a given target linear constraint is/is not
a consequence of a given system S of linear constraints:

( (Target) 1+ 2o+ x3< 4
1.4 r1 +x2 < 1
(S) ro +x3 < 2
x1 +x3 < 3

Answer: (Target) is consequence of (S), certifi-
cate is [1/2;1/2;1/2]: (legitimate!) aggregation
of constraints from S with weights 1/2, 1/2, 1/2
yields the inequality x1 + o + z3 < 3, which is
stronger than (Target)

( (Target) x1+xo+23<3
2. L1 +$2 < 1
(8) : ro +xr3z < 2
1 +x3 < 3

Answer (Target) is not a consequence of (S), cer-
tificate being T = [1; 0; 2]: this point satisfies (S)
and violates (Target).



( (Target) x1+xo+23<3
r1 —+xo < 1
(S) : ro +xr3z < 2
T1 +z3 < 3

Answer (Target) is a consequence of (S), certifi-
cate being [1/2;1/2;1/2]: weighted sum of con-
straints from (S) with weights 1/2, 1/2, 1/2 is
exactly (Target).

( (Target) 1+ 20+ 23<3
r1 —I < 1
(S) ro —x13 < 2
—Iq +zr3 < -3

Answer: (Target) is a consequence of (S), since
(S) is infeasible, certificate of infeasibility being
[1;1;1]: the sum of constraints from (S) is the
contradictory inequality OXxxz14+0Xxzo+0Xxx3 < 0.



& Dual of a LO problem: Given a maximization LO problem

( )

Ar < a

Opt(P) = mMax 4 Tz BT \Z/ b > (P)

the dual LO problem is

Opt(D) = min Ty, 4 b1\ ')\, :
p( ) A:[Aﬂ;Ag;Ae]{a E_I_ g—l_p )

Ag
A }
AN, + BT, + P,
(D)
Explanation: To get (D), we look at all legitimate
aggrergations of the constraints of (P) which result

in inequalities of the form

IRVANAY
siloNe)

'z < const (1)

e the dual feasible \'s are exactly the legitimate ag-
gregation weights meeting these requirements

e the dual objective represents const as a function
of aggregation weights.
& Inequality (1) stemming from a dual feasible solu-
tion holds true on the entire feasible set of (P) = const
is an upper bound on Opt(P). The dual problem is to
minimize this upper bound on Opt.



Example: The dual of the LO

( )

r1 —ID < 1 X A1
ro —x3 > 2 X Ao
max < xqy + 2xo + 33 . —x1 +r3 = —2 XA3
r€R3 r1 +txzo +x3 =2 1 XN\
\ r1 —+xo —I—a:3 < 4 X A5 )
(P)
IS
min Aq + 2Xo — 23 + A\gq + 45
A1 035
s.T.
A1 — A3+ M+ A5 =1 (D)

“ A+ X+ AN+ A5 =2
—A2+ A3+ A+ A5 =3
>‘1207>\2§07>\4§07>\5ZO



& Ex#9: Consider the LO

r1 —I2 < 1 ><)\1
ma>§ x1 + 2x0 + 33 ! ro —x3 > 2 X Ao
xeR —11 +r3 = —2 XA\3
(P)
1. Build the dual problem. Answer:
min A\ 2Xo — 2\
Mg, 122 2
S.t.
A1 — A3 =1
A+ A =2 (D)
—A2+ A3 =3
A1 >0
Ao <0

2. Is (P) feasible? Answer: yes, certificate [1;1; —1]

3. Is (D) feasible? Answer: not, certificate [1;1; 1;0; 0]

4. Is (P) bounded?
Answer: not. The dual to a feasible and bounded
problem is feasible and bounded itself, and both problems
share the same optimal value.



& Problem

1
2
—2

(P)
is feasible and unbounded — we have certified that
the dual is infeasible. For a feasible (P), we can certify
unboundedness directly — by pointing out a recessive
direction of the feasible set along which the objective
in (P) improves.
For our (P), the recessive cone of the feasible set is
{d cdy —dy <0,dp —d3 >0,—dy] +d3 = O}, and a ‘“di-
rect” certificate of unboundedness is, e.g., [1;1;1]:
this vector belongs to the recessive cone and is a di-
rection of improvement of the objective.
Ex#10: How to change the objective in (P) to make the prob-
lem bounded?
Answer: A feasible maximization LO is bounded if
and only if the objective does not improve along any
recessive direction of the feasible set. In our case, the
recessive cone is just the line spanned by the vector
[1;1;1]
= Objectives which make (P) feasible are 3D vectors with
zero sum of entries.

L1 —I2
ma>§ x1 + 2x0 + 3x3 ! ro —I3
r€R —xq —|—CB3

Il IV IA



Optimality Conditions in LO

& Consider a minimization LO problem
Opt(P) = min {CTLU c Ax < b} (P)
along with its dual
Opt(D) = max {-=tIA:ATx+c=0,1>0} (D)

& Question: When a pair of primal feasible solution x. and
dual feasible solution \* is comprised of optimal solutions to
the respective problems?

Answer, LO form: This is the case if and only if complemen-
tary slackness holds:

Ai[Azy — b]; = 0 Vi



& Consider a minimization LO problem
Opt(P) = min {cTa: alz—b;<0,1<i< m} (P)

& Question: When a candidate solution x.. is optimal for (P)
?

Answer, Karush-Kuhn-Tucker form (not mentions the
dual problem explicitly): A candidate solution x« to (P)
is optimal if and only if x« can be augmented with a vector
A* = [AY; ..., A5 ] > 0 of Lagrange multipliers to satisfy

c+ Aja1 + ... + Aam =0 [KKT equation]
aZTx* —b; <0& Xf[aiTac* —b;] =0Vs

[feasibility of z4« & complemnary slackness]
This is exactly the same as to say that (z«, \*) form a
saddle point of the Lagrange function

m
Lz, \) =cl'z + > Ai[a?w — b;]
1=1

on{x € R"} x {0 <\ e R™}, thatis, \* > 0 and

L(x,\*) > L(zs«,\") > L(z«,\) VA > 0Vzx
~ ~
(a) (b)
Note:
e (a) is equivalent to the KKT equation
e (b) is equivalent to feasibility of z« and comple-
mentary slackness.



& Ex#11: Check whether x. = [2; 2; 0] is an optimal solu-
tion to the LO

( r1 —To < 1 )
: _ ro —x3 < 2
Mmin { 1 — 2> + 3 : s (P
x€R3< 1 2to3s Yam < -2 (P)
\ 1 —I3 S 2 y

Solution: To answer positively, we should check that
[2; 2; 0] is feasible for (P) and should find nonnegative
1,--, Ay such that

1 1 0 —1
(KKT) : =2 | + A1 | =1 | +25 1| 4+ [A — Aj] 0| =
1 0 —1 1
(Cshy:  XNfalz.—b]=0,i=1,2,3,4
e We have
alxz, —by = —1; alx. —bo=0; alz. —b3=0; alz.—bs =0 (1)

— x4 IS feasible for (P).

e From (CSI) and (!) we have A\ = 0, which combines
with (KKT) to yield A5 =2, A5 — X} = 1, which allows
toset A\ =0; 05 =2, 05 =1,)\; = 0. We have met
all the requirements of optimality conditions

= x4 IS optimal for (P).



Convex Programming

& Ex#12: Which of the following functions are convex on the
indicated domains?

1. f(x) = 2?21 a;x; i R3 5 R
Answer: convex, as every linear/affine function

2. f(z) =2%4+225+325:R3 >R

Answer: convex, as sum of convex functions z?
with nonnegative coefficients.
Note: To see that mf IS convex, you can refer

e tO nonnegativity of second order directional
derivatives, or

e to Theorem on composition: :czz is the com-
position of convex function y2 on the axis and affine
function x +— x;

3. f(x) :w%—x%—l—x% R3S R
Answer: nonconvex; restriction of the function on
theline {x1 = x3 = 0,xp =t € R} is the nonconvex
function —t?



4. f(z) = (z12023)/3 : {z >0} > R
Answer: nonconvex; restriction of the function on
the ray {z1 = 2o = 1,23 =t > 0} is the noconvex
function ¢1/3

5. f(z) = —(z12023)Y/3 : {z >0} > R
Answer: convex (via computing second order di-
rectional derivatives)
Fact: When pq,...,pn are positive reals and n > 2, the
monomial f(z) = z}*x5?...2}" is concave on the non-
negative orthant, provided p1 + p> + ... + pn < 1, and
IS neither convex nor concave otherwise.

6. f(x) = (:1:1:132:1:3)_% {rx >0} >R
Answer: convex (via computing second order di-
rectional derivatives)
Fact: When pq, ..., pn are positive reals and n > 2, the
monomial f(z) = z1 x5, P2...x, ™ is convex on the pos-
itive orthant.



7o f() = 2in(entz 4 emratn) 4o
3

A(zqzom3) /3 + \/:1;% + :1:% -+ 3:1:% {z >0} >R
Answer: convex by Calculus of Convexity, the “raw
materials” being the functions

e convex function In(e%* 4 e¥) of [u;v] € R?

e convex function ﬁ of [u;v] >0

e concave function (uvw)l/3 of [u;v;w] >0
e convex function |jullz = />;u? (Euclidean
norm)



& Gradient Inequality: Convex function f differentiable at a
point x is above its linearization taken at x:

Ve : f(x) > f(Z) + (¢ —2)TVI(T)

Equivalently: Concave function f differentiable at a point x
is below its linearization taken at x:

Ve : f(x) < f(&) + (¢ —2)TV(T)

& Ex#12: Which of the inequalities to follow are valid every-
where in the indicated domains?

l+pz, p=1
l4+pz, 0<p<1
> 14pzr, p<O
Valid: this is the GI for the function f(z) =

(1 4+ 2)P, £ > —1, taken with x = 0; the function
is convex when p > 1 and p < 0 and is concave
when 0 <p < 1.

1. Forx > —1, one has (1+x)P

VIN IV

2.e'>14 2, z€eR
Valid: this is the GI for f(xz) = e* with x =0



3. In(l4+z) <z, z>-1
Valid: this is the GI for the concave function
f(z)=In(14+=z): {x>—-1} >R withxz=0

4. In(1—|—a:)21“ﬁ, x> —1
Valid: This is the GI for the concave function
f(x) = In(l+=z) : {z > —1} — R written with
=0 and xr = x:

fO) < f(x)+O—2)f(z) ©0<In(1+=z)—

T

1+ =x




5. Arithmetic-Geometric mean: “”1+'7;L'+‘””’” > (21...2n) 1/
whenever x4, ..., xn, are nonnegative
Valid: this is the GI for the concave on the non-
negative orthant function (z1...zn)/" with z =
[1;...;1]:

(z1..20)t/" = f(2) < f(@) + (2 =BTV (@)
=14 inie - 1) 1= ="

6. Extension of the Arithmetic-Geometric mean: when
T, ..., Tn are positive reals summing up to 1 and x; are
nonnegative, one has

s
> mmy > aytalr
1

Valid: this is the GI for the concave on the nonneg-
ative orthant function f(z) = z]!...zf» with z = 1.

7. In(Xh eti) > BEton 4 in(n)
Valid: this is the GI for the convex function f(x) =
In(>; %) with z = 0.



Jensen Inequality

& Jensen Inequality: For a convex function f, whenever
nonnegative \; sum up to 1, one has

FOQoxa') <3 Nif (")

& Corollary: If X = Conv{v!,...,vM} is a nonempty and
bounded polyhedral set and f is a finite on X convex function,
then

max f(z) = max f(v").



Optimality Conditions in Convex Programming

& Consider a Convex Programming program

Opt(P) ={f(z) 1 gi(x) <0, 1 <i<m}  (P)

(f, g; are convex), and let x« be a point where f and all g;
are differentiable. Consider the Karush-Kuhn-Tucker Optimal-
ity condition:

xx can be augmented by nonnegative Lagrange mul-
tiplier \* to satisfy

Vfi(xe) +AVgi(zs) + ... + A, Vagm(xz) =0 [KKT equation]
gi(z:) < 0&Ngi(x,) = 0Vi
[feasibility of x. & complemnary slackness]

e The KKT Optimality condition is sufficient for optimality: if it
is satisfied, then x is an optimal solution to (P).

e If (P) is strictly feasible (a.k.a. “(P) satisfies Slater
condition” ), then the KKT Optimality condition is necessary
for x« to be optimal.



& Adding linear equality constraints: Consider optimiza-
tion problem

Opt(P) = {f(2) : gi(®) <0, 1 <i < m hj(x) = 0,5 < I}
(P)
(f, g; are convex, h; are affine), and let x.. be a point where f

and all g; are differentiable.
Since hj are affine, we can rewrite the problem as a

convex problem with inequality constraints:
Opt(P) = {f(x) : gi(x) <0,1 <i<m,h;(z) <0,h;(z) <0,5 <k}

For the new problem, KKT condition on a solution
Ty reads:
x« can be augmented by nonnegative Lagrange multiplier \* for constraints
. . . . :i: .
gi(x) < 0 and nonnegative Lagrange multipliers p; for the constraints

+h,(xz) < O to satisfy

Vf(ze) + A1Vagi(zs) + ... + X5, Vgm(z«)
+{ul — pIVhr + .+ [ — p]Vhe = 0 [KKT equation]
gi(z.) <0 & Xgi(z.) = 0Vi; hj(z.) =0 & prhj(z.) =0V

redundant
[feasibility of x. and complemnary slackness]

which, setting p; = M}I— — Mj_' boils down to

x, can be augmented by nonnegative Lagrange multipliers X} for
inequality constraints g;(xz) < O and real Lagrange multipliers p.;
for equality constraints h;(x) = O to satisfy

Vf(z:) + AVgi(x) + ... + X, Vam(x)
i Vhi 4 ...+ . Vh, = 0 [KKT equation]

gi(xz+) <0 & MNgi(xs) = OV, hj(xs) = OVj
[feasibility of x, and complemnary slackness]



& Ex#13: Solve optimization problems as follows:

1. Opt = ming {f(a:) = %2?21 01,2-:1:71-2 x>0, = 1},
where a; > 0.
Solution: Making educated guess that there ex-
ists optimal solution zx > 0, so that the Lagrange
multipliers for inequality constraints x; > 0O vanish,
the KK'T condition reads:

JpeR:Vf(z)+ull;..;1]=0, > z;=1

= aix; +p=0,1=1,...,n, >, x;, =

= ;= —pa; T, —pYa; t =1
—1

— 1, = —i— (which indeed is > 0)
i %

= Opt =

N S
—1
2§jaj



2. Opt = ming {10, iz; - 3210, /]| < 1}
Solution: Given a feasible solution x and setting

x; = —|x;|, we get a feasible solution and can only
reduce the value of the objective
= We lose nothing when assuming that z; = —|z;]

for all 7, which converts the problem into

Opt = ming {— 10, ifag| : 10 \/la| < 1}
U
—Opt = maxy {Z}Qlﬂxqj 10zl < 1}
[yl = ;]
—Opt = maxy {x10, 2 : 0 <y, 510, y; < 1

The resulting problem is to maximize a convex func-
tion over bounded polyhedral set
— the solution is achieved at an extreme point of
the feasible set, and these are the origin and the
ten basic orths in R0
— the optimal solution to the concluding problem
IS
y =[0;0;...;0;1] e R0, —_Opt =10
— the optimal solution to the original problem is
r=1[0;0;..;0; —1] e R19, Opt = —10



10
3. Opt = minw{ NS >0, 1 < 1}, where aq,...,a1p
i=1
are positive.
Solution: Since a; > 0 and «x is restricted to be
positive, the problem is convex
= all we need is to find a KKT point, that is,

xx > 0 and \* > 0 satisfying

1 10
(KKT): Va [ZZ’L—I—)\*[Z%—l”:O
r=x, L1=1 ¢ 1=
& —[xai]2+/\*=o,i: ..., 10
" /10
(CSI ) A\ ( Y [xx]; — 1) =0
1=1

From (KKT), \* > 0 and [z«]; = \/a;/\*, whence
from (CSI) Ylz«]; =1
(4

10
= VA= Y v

10 -
= = % opt= X o = Lz \/_]
.le/_ =1
P2



