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Abstract The standard algorithms for solving large-scale convex—concave saddle
point problems, or, more generally, variational inequalities with monotone operators,
are proximal type algorithms which at every iteration need to compute a prox-mapping,
that is, to minimize over problem’s domain X the sum of a linear form and the specific
convex distance-generating function underlying the algorithms in question. (Relative)
computational simplicity of prox-mappings, which is the standard requirement when
implementing proximal algorithms, clearly implies the possibility to equip X with a
relatively computationally cheap Linear Minimization Oracle (LMO) able to minimize
over X linear forms. There are, however, important situations where a cheap LMO
indeed is available, but where no proximal setup with easy-to-compute prox-mappings
is known. This fact motivates our goal in this paper, which is to develop techniques for
solving variational inequalities with monotone operators on domains given by LMO.
The techniques we discuss can be viewed as a substantial extension of the proposed
in Cox et al. (Math Program Ser B 148(1-2):143-180, 2014) method of nonsmooth
convex minimization over an LMO-represented domain.
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1 Introduction

The majority of First order methods (FOM’s) for large-scale convex minimization
(and all known to us FOM’s for large-scale convex-concave saddle point problems
and variational inequalities with monotone operators) are of proximal type: at a step
of the algorithm, one needs to compute prox-mapping—to minimize over problem’s
domain the sum of a linear function and a specific for the algorithm strongly convex
distance generating function (d.-g.f.), in the simplest case, just squared Euclidean
norm. As a result, the practical scope of proximal algorithms is restricted to proximal-
friendly domains—those allowing for d.-g.f.’s with not too expensive computation-
ally prox-mappings. What follows is motivated by the desire to develop FOM’s for
solving convex—concave saddle point problems on bounded domains with “difficult
geometry”’—those for which no d.-g.f.’s resulting in nonexpensive prox-mappings (and
thus no “implementable” proximal methods) are known. In what follows, we relax the
assumption on problem’s domain to be proximal-friendly to the weaker assumption to
admit computationally nonexpensive Linear Minimization Oracle (LMO)—a routine
capable to minimize a linear function over the domain. This indeed is a relaxation:
to minimize within a desired, whatever high, accuracy a linear form over a bounded
proximal-friendly domain is the same as to minimize over the domain the sum of large
multiple of the form and the d.-g.f. Thus, proximal friendliness implies existence of a
nonexpensive LMO, but not vice versa. For example, when the domain is the ball B,
of nuclear norm in R"*”, computing prox-mapping, for all known proximal setups,
requires full singular value decomposition of an n x n matrix, which can be pro-
hibitively time consuming when r is large. In contrast to this, minimizing a linear
form over B, only requires finding the leading singular vectors of an n X n matrix,
which is much easier than full-fledged singular value decomposition.

Recently, there was significant interest in solving convex minimization problems on
domains given by LMO’s. The emphasis in this line of research is on smooth/smooth
norm-regularized convex minimization [11,13,14,16,17,31], where the main “work-
ing horse” is the classical Conditional Gradient (a.k.a. Frank-Wolfe) algorithm orig-
inating from [12] and intensively studied in 1970’s (see [9,10,28] and references
therein). Essentially, Conditional Gradient is the only traditional convex optimiza-
tion technique capable to handle convex minimization problems on LMO-represented
domains. Inits standard form, Conditional Gradient algorithm, to the best of our knowlI-
edge, is not applicable beyond the smooth minimization setting; we are not aware of any
attempt to apply this algorithm even to the simplest—bilinear—saddle point problems.
The approach proposed in this paper is different and is inspired by our recent paper
[7], where a method for nonsmooth convex minimization over an LMO-represented
convex domain was developed. The latter method utilizes Fenchel-type representa-
tions of the objective in order to pass from the problem of interest to its special dual.
In many important cases the domain of the dual problem is proximal-friendly, so that
the dual problem can be solved by proximal FOM’s. We then use the machinery of
accuracy certificates originating from [26] allowing to recover a good solution to the
problem of interest from the information accumulated when solving the dual problem.
In this paper we follow the same strategy in the context of variational inequalities
(v.i.’s) with monotone operators (this covers, in particular, convex—concave saddle
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point problems). Specifically, we introduce the notion of a Fenchel-type representa-
tion of a monotone operator, allowing to associate with the v.i. of interest its dual,
which is again a v.i. with monotone operator with the values readily given by the rep-
resentation and the LMO representing the domain of the original v.i.. Then we solve
the dual v.i. (e.g., by a proximal-type algorithm) and use the machinery of accuracy
certificates to recover a good solution to the v.i. of interest from the information gath-
ered when solving the dual v.i. Note that by themselves extensions of Fenchel duality
beyond the scope of convex functions is not new; it originates with the seminal papers
of Rockafellar [29] on conjugate saddle functions and of Mosco [22] on dual varia-
tional inequalities; for further developments, see [4,8,30] and references therein. To
the best of our knowledge, the notion of Fenchel-type representation and based upon
this notion algorithmic constructions proposed in this paper are new.

The main body of the paper is organized as follows. Section 2 outlines the
background of convex—concave saddle point problems, variational inequalities with
monotone operators and accuracy certificates. In Sect.3, we introduce the notion of
a Fenchel-type representation of a monotone operator and the induced by this notion
concept of v.i. dual to a given v.i. This section also contains a simple fully algo-
rithmic “calculus” of Fenchel-type representations of monotone operators: it turns out
that basic monotonicity-preserving operations with these operators (summation, affine
substitution of argument, etc.) as applied to operands given by Fenchel-type represen-
tations yield similar representation for the result of the operation. As a consequence,
our abilities to operate numerically with Fenchel-type representations of monotone
operators are comparable with our abilities to evaluate the operators themselves. Sec-
tion4 contains our main result—Theorem 1. It shows how information collected when
solving the dual v.i. to some accuracy, can be used to build an approximate solution of
the same accuracy to the primal v.i. In Sect.4 we present a self-contained description
of two well known proximal type algorithms for v.i.’s with monotone operators—
Mirror Descent (MD) and Mirror Prox (MP)—which indeed are capable to collect
the required information. Section5 is devoted to some modifications of our approach.
In the concluding Sect.6, we illustrate the proposed approach by applying it to the
“matrix completion problem with spectral norm fit”—to the problem

min ||.Al/l — b||2’2,
weRnxn,
llullnuc <1

where [|x||nue = 2, 0i(x) is the nuclear norm, o (x) being the singular spectrum of

X, ||xll2,2 = max; o;(x) is the spectral norm, and u — Au is a linear mapping from
Ran tO Rm xXm

2 Preliminaries
2.1 Variational inequalities and related accuracy measures

Let Y be a nonempty closed convex set in Euclidean space Ey and H(-) : ¥ — E,
be a monotone operator:

@ Springer



A. Juditsky, A. Nemirovski

(Hy)—HQ),y=y)=0 ¥y, y €Y.
The variational inequality (v.i.) associated with (H (-), Y) is
find y, €Y :(H(@),z2—y:x) >0 VzeVY; VI(H,Y)

(every) ys € Y satisfying the target relation in VI(H, Y) is called a weak solution to
the v.i.; when Y is convex and compact, and H (-) is monotone on Y, weak solutions
always exist. A strong solution to v.i. is a point y, € Y such that (H (y4),y — y«) >0
for all y € Y; from the monotonicity of H (-) it follows that a strong solution is a weak
one as well. Note that when H (-) is monotone and continuous on Y (this is the only
case we will be interested in), weak solutions are exactly the strong solutions.!

The accuracy measure naturally quantifying the inaccuracy of a candidate solution
y € Y to VI(H, Y) is the dual gap function

&i(y|H,Y) =sup(H(z),y — z);

zeY

this (clearly nonnegative for y € Y) quantity is zero if and only if y is a weak solution
to the v.i.

We will be interested also in the saddle point case where Y = V x W is the direct
product of nonempty convex compact subsets V C E, and W C E,, of Euclidean
spaces E,, Ey,, and H(-) is associated with Lipschitz continuous function f (v, w) :
Y=V xW — Rconvexinv € V and concave inw € W:

H(y = [v; w]) = [Hy(v, w); Hy(v, w)] with Hy(v, w) € 9, f (v, w),
Hy,(v, w) € dy[—f (v, w)].

Here, for a convex function g : G — R defined on a convex set G, and for u € G,
aglx) =1{h:gx)+ hT(y —x) < g(y) Yy € G} is the taken at x subdifferential of
the function which coincides with g on G and is +oo outside of G. It is well-known
that when g is Lipschitz continuous, dg(x) is nonempty for every x € G, so that the
above H does exist, although is not uniquely defined by f. When f is continuously
differentiable, we can set H,(v, w) = V, f (v, w), Hy,(v, w) = —V, f(v, w), and
this is the option we use, in the smooth case, in the sequel.
We can associate with the saddle point case two optimization problems

Opt(P) = minyey [ (v) = sup,ey (v, w)] (P)
Opi(D) = maxyew [ £(w) = infuey (v, w)] (D)’

under our assumptions (V, W are convex and compact, f is continuous convex—
concave) these problems are solvable with equal optimal values. We associate with a

! In literature on v.i.’s, a variational inequality where a weak solution is sought is often called Minty’s
v.i., and one where a strong solution is sought—Stampacchia’s v.i. Equivalence of the notions of weak
and strong solutions in the case of continuous monotone operator is the finite dimensional version of the
classical Minty’s Lemma (1967), see [6].
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pair (v, w) € V x W the saddle point inaccuracy

€sad (W, WIf, V, W) = f(v) = f(w) = [f(v) = Opt(P)] + [Opt(D) — f(w)].

2.2 Accuracy certificates

Given Y, H, let us call a collection CN = {vieY, A, =0, H(yt)}ﬁ\’:1 with >, &, =
1, an N -step accuracy certificate. For Z C Y, we call the quantity

N
Res (CN|Z) sup Z)»z H(y), ye — )
YeZ 1y

the resolution of the certificate CV w.r.t. Z.
Let us make two observations coming back to [26]:

Lemma 1 Let Y be a closed convex set in Euclidean space Ey, H(-) be a monotone
operator on' Y, and CN = {y; € Y,1; > 0, H(y,)}ﬁ\’:1 be an accuracy certificate.
Setting

N
V= Z Aty
=1
we have y € Y, and for every nonempty closed convex subset Y' of Y it holds
eaGIH, ') < Res (CV]Y). )
In the saddle point case we have also
et (P11, V. W) < Res (CV]Y). @)

Proof For z € Y' we have

(H(@2),z— 2 hyi) = Zkz (H(z),z—y:) [since z)‘t =1]
t
ZA, (H (), z — y) [since H is monotone and A; > 0]

v

\%

—Res (CN1Y’)  [by definition of resolution].

Thus, (H(z), y —z) < Res (CV|Y’) forall z € Y/, and (1) follows. In the saddle point
case, setting y; = [v;; we], y = [v; w], forevery y = [v; w] € Y = V x W we have

Res(CNlY) > Zt M{(H(y1), vy —y) [by definition of resolution]

= >k [(Hy(vr, ), v — v) + (Huy (v, ), wy — w)]
t

@ Springer



A. Juditsky, A. Nemirovski

> D" h AL o we) = £, w)l+ Lf W, w) = £ (o, w)ll

[l;y origin of H and since f(v, w) is convex in v and concave inw]
= > Mlf (@ w) = [, w)]
> ft(ﬁ, w) — f(v, W) [sincefis convex — concave].

Since the resulting inequality holds true forallv € V,w € W, we get f (V) — f (w) <
Res(CV|Y), and (2) follows. o

Lemma 1 can be partially inverted in the case of skew-symmetric operator H (-), that
is,

H(y) =a+ Sy 3

with skew-symmetric (S = —S$*)? linear operator S. A skew-symmetric H (-) clearly
satisfies the identity

(H(y),y =Y)=(HQG), y=¥), v,y €Ey,

(since for a skew-symmetric S it holds (Sx, x) = 0).

Lemma 2 Let Y be a convex compact set in Euclidean space Ey, H(y) =a+ Sy be
skew-symmetric, and let CN = {y, € Y, 1, > 0, H ()’t)}, | be an accuracy certificate.
Then fory = >, Ay it holds

evi(31H, Y) = Res (CN |Y) . o

Proof We already know that €y (Y| H, Y) < Res (C Ny Y). To prove the inverse inequal-
ity, note that for every y € Y we have

ei(VIH, Y)=(H(), Yy —y) = (H©),Y — )
[since H is skew-symmetric]
=(a,y—y) = (SV,9) + (83, )

= (a.5—y) = (59.9) = D Ml{a. yi —y)—(Syr. y)]
[due to S* = —9] t
[due toy=> 1y, and > x,=1]
t t

2 From now on, for a linear mapping x + Bx : E — F, where E, F are Euclidean spaces, B* denotes
the conjugate of B, that is, a linear mapping y +> B*y : F — E uniquely defined by the identity
(Bx,y) = (x,B*y)forallx e E, y € F.
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= ZA[[(Q,yt _y> + <Syt3 Yt — y)]
1

= > M(H@Go), v — ).
t

[due to $*=—8]

Thus, >, A (H(y1), it — y) < €i(J|H,Y) for all y € Y, so that Res (CN|Y) <
ei(IH, Y). o

Corollary 1 Assume we are in the saddle point case, so that Y =V x W is a direct
product of two convex compact sets, and the monotone operator H (-) is associated
with a convex—concave function f (v, w). Assume also that f is bilinear: f (v, w) =
{(a, v) + (b, w) + (w, Av), so that H(-) is affine and skew-symmetric. Then for every
y € Y it holds

€sad(V|f. V. W) < &i(y[H, Y). (&)

Proof Consider accuracy certificate C! = {y; = y, A1 = 1, H(y;)}; for this cer-
tificate, y as defined in Lemma?2 is just y. Therefore, by Lemma2, Res(C'|Y) =
€vi(y|H, Y). This equality combines with Lemma 1 to imply (5). O

3 Representations of monotone operators
3.1 Outline

To explain the origin of the developments to follow, let us summarize the approach
to solving convex minimization problems on domains given by LMOs, developed in
[7]. The principal ingredient of this approach is a Fenchel-type representation of a
convex function f : X — R defined on a convex subset X of Euclidean space E; by
definition, such a representation is

J(x) =maxycy [(x, Ay +a) = ¥ (y)], (6)

where Y is a convex subset of Euclidean space F and ¢ : ¥ — R is convex. Assuming
for the sake of simplicity that X, Y are compact and v is continuously differentiable
on Y, representation (6) allows to associate with the primal problem

Opt(P) = mi}r(1 f(x) (P)
its dual
Opt(D) = max [f*(y) = min(x, Ay +a) — ww} (D)
yeY xeX

with the same optimal value. Observe that the first order information on the (concave)
objective of (D) is readily given by the first order information on ¥ and the information
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provided by an LMO for X. As a result, we can solve (D) by, say, a proximal type
FOM, provided that Y is proximal-friendly. The crucial in this approach question is
how to recover a good approximate solution to the problem of interest (P) from the
information collected when solving (D). This question is addressed via the machinery
of accuracy certificates [7,26].

In the sequel, we intend to apply a similar scheme to the situation where the role of
(P) is played by a variational inequality with monotone operator on a convex compact
domain X given by an LMO. Our immediate task is to outline informally what a
Fenchel-type representation of a monotone operator is and how we intend to use such
a representation. To this end note that (P) and (D) can be reduced to variational
inequalities with monotone operators, specifically

e the “primal” v.i. stemming from (P). The domain of this v.i. is X, and the operator
is f/(x) = Ay(x) + a, where y(x) is a maximizer of the function (x, Ay) — ¥ (y)
over y € Y, or, which is the same, a (strong) solution to the v.i. given by the domain
Y and the monotone operator y > G(y) — A*x, where G(y) = ¥/ (y);

e the “dual” v.i. stemming from (D). The domain of this v.i. is ¥, and the operator
is y > G(y) — A*x(y), where x(y) is a minimizer of (x, Ay + a) over x € X.

Observe that both operators in question are described in terms of a monotone operator
G on Y and affine mapping y — Ay +a : F — E;in the above construction G was
the gradient field of i, but the construction of the primal and the dual v.i.’s makes sense
whenever G is a monotone operator on Y satisfying minimal regularity assumptions.
The idea of the approach we are about to develop is as follows: in order to solve a v.i.
with a monotone operator ¢ and domain X given by an LMO,

(A) Werepresent ® in the form of ®(x) = Ay(x)-+a, where y(x) is a strong solution to

the v.i. on Y given by the operator G (y) — A*x, G being an appropriate monotone
operator on Y.
It can be shown that a desired representation always exists, but by itself existence
does not help much—we need the representation to be suitable for numerical
treatment, to be available in a “closed computation-friendly form.” We show that
“computation-friendly” representations of monotone operators admit a kind of
Sully algorithmic calculus which, for all basic monotonicity-preserving opera-
tions, allows to get straightforwardly a desired representation of the result of
an operation from the representations of the operands. In view of this calculus,
“closed analytic form” representations, allowing to compute efficiently the val-
ues of monotone operators, automatically lead to required computation-friendly
representations.

(B) We use the representation from A to build the “dual” v.i. with domain ¥ and
the operator ®(y) = G(y) — A*x(y), with exactly the same x(y) as above, that
is, x(y) € Argmin ,y(x, Ay + a). We shall see that ® is monotone, and that
usually there is a significant freedom in choosing Y; in particular, we typically
can choose Y to be proximal-friendly. The latter is the case, e.g., when @ is affine,
see Remark 2.

(C) We solve the dual v.i. by an algorithm, like MD or MP, which produce neces-
sary accuracy certificates. We will see—and this is our main result—that such
a certificate CV can be converted straightforwardly into a feasible solution xV
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to the v.i. of interest such that ey;(x |, X) < Res(CN |Y). As a result, if the
certificates in question are good, meaning that the resolution of C as a function
of N obeys the standard efficiency estimates of the algorithm used to solve the
dual v.i., we solve the v.i. of interest with the same efficiency estimate as the one
for the dual v.i. It remains to note that most of the existing first order algorithms
for solving v.i.’s with monotone operators (various versions of polynomial time
cutting plane algorithms, like the Ellipsoid method, Subgradient/MD, and differ-
ent bundle-level versions of MD) indeed produce good accuracy certificates, see
[7,26].

3.2 The construction
3.2.1 Situation

Consider the situation where we are given

e an affine mapping
y—= Ay+a:F - E,

where E, F are Euclidean spaces;
e anonempty closed convex set Y C F;
e acontinuous monotone operator

Gy :Y—>F

which is good w.r.t. A,Y, goodness meaning that the variational inequality
VI(G(-) — A*x,Y) has a strong solution for every x € E. Note that when Y
is convex compact, every continuous monotone operator on Y is good, whatever
be A;

e anonempty convex compact set X in E.

These data give rise to two operators: “primal” ¢ : X — E which is monotone, and
“dual” W : Y — F which is antimonotone (that is, —W¥ is monotone).

3.2.2 Primal monotone operator
The primal operator ® : E — E is defined by
P (x) = Ay(x) +a, (N
where y(-) : E — F is a mapping satisfying
y(x) €Y, (A*x = G(y(x)), y(x) —y) =0, Vy € Y. (®)

Observe that mappings y(x) satisfying (8) do exist: given x, we can take as y(x)
(any) strong solution to the variational inequality given by the monotone operator
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G(y) — A*x and the domain Y. Note that y(-) is not necessarily uniquely defined by
the data A, G(-), Y, so that y(-) should be considered as additional to A, a, G(-), Y
data element participating in the description (7) of &.

Now, with x’, x” € E, setting y(x") = y/, y(x”) = y”, sothat y/, y” € Y, we have

(@) = B, =2 = (AY = A2 = x) = =y AT =A%)
= (' =y A+ (7 =y AT
=/ =y AN =GO+ O =y, A X =GO
HGG), Y =Y+ (GO Y =)
= =y AX =GO+ O =), A = G())
>0 due to y'=y(x) >0 due to y"=y(x")

+(GOHH =GO,y —=y"y =0.

>0 since G is monotone

Thus, ®(x) is monotone. We call (7) a representation of the monotone operator ®,
and the data F, A, a, y(-), G(-), Y — the data of the representation. We also say that
these data represent ®.

Given a convex domain X C E and a monotone operator ® on this domain, we say
that data F, A, a, y(-), G(-), Y of the above type represent ® on X, if the monotone
operator & represented by these data coincides with ® on X; note that in this case the
same data represent the restriction of ® on any convex subset of X.

3.2.3 Dual operator

Operator ¥ : Y — F is given by
V() =A%) -Gy :x()eX, (Ay+a,x(y) —x) <0, Vxe X (9)

(in words: W(y) = A*x(y) — G(y), where x(y) minimizes (Ay + a, x) over x € X).
This operator clearly is antimonotone, as the sum of two antimonotone operators
—G(y) and A*x(y); antimonotonicity of the latter operator stems from the fact that it
is obtained from the antimonotone operator 1/ (z) — a section of the superdifferential
Argmin , .y (z, x) of aconcave function — by affine substitution of variables: A*x(y) =
A*Y(Ay + a), and this substitution preserves antimonotonicity.

Remark 1 Note that computing the value of W at a point y reduces to computing
G(y), Ay + a, a single call to the Linear Minimization Oracle for X to get x(y), and
computing A*x(y).

3.3 Calculus of representations
3.3.1 Multiplication by nonnegative constants

Let F, A, a, y(-), G(), Y represent a monotone operator ® : £ — E:
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®(x) = Ay(x)+a:ykx) €Y and (A*x — G(y(x)), y(x) —y) >0 VyeY.
For A > 0, we clearly have
A®(x) = [AAly(x) + [Aa] : ([AA]"x — [AG(y(x)], y(x) —y) = 0Vy € Y,

that is, a representation of A® is given by F, AA, Aa, y(-), AG(-), Y; note that the
operator AG clearly is good w.r.t. AA, Y, since G is good w.r.t. A, Y.

3.3.2 Summation

Let Fi, A;,a;, yi(-), Gi(-),Y;, 1 < i < m, represent monotone operators ®;(x) :
E — E:

Q;(x)=A;yi(x) +a; : yi(x)eY; and (A7x—G;(yi(x)), yi(x)—y;) =0 Vy; € V;.
Then

> Oix) =[A1, .. Al ) oy O]+ [ar + -+ -+ am],

yl(x) =) s ymX))] €Y =Y X - X Yy,
([A1L . A" x=[G11(x); .5 G (Y G, [y1(X); -5 ym(X)]
=y yml) = 2(AFx = Gi(i (), yi(x) = yi) Z 0 Vy =[y1; s yml €Y,

1

so that the data

F:Fl X"'Xme A:[Al,.,.’Am], a:al—i—..._i_am’
X)) =)y, GO) =161 -5 Gu(m)], Y =Y X - x Yy

represent . @; (x). Note that the operator G (-) clearly is good since G1, . .., G, are
so.

3.3.3 Affine substitution of argument

Let F, A,a,y(-),G(:), Y represent & : E — E, let H be a Euclidean space and
h +— Qh + g be an affine mapping from H to E. We have

&(h) := Q*P(Qh +q) = OQ*(Ay(Qh +q) +a) :

y(Qh+q) €Y and (A*[Qh +q]l—G(y(Qh+q)),y(Qh+q) —y)=0VyeY
= with A = Q*A,a = Q*a, G(y) = G(y) — A*q, y(h) = y(Qh + q) we have
®(h) = AF(h) +@:5(h) € Y and (A*h — G(F(h)),5(h) — y) = 0 Vy € Y,

that is, F, Z a,y(), 6(-), Y represent . Note that G clearly is good since G is so.
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3.3.4 Direct sum

Let F;, A, ai, yi (), Gi(+), Y;, | < i < m, represent monotone operators ®; (x;) :
E; — E;. Denoting by Diag{A1, ..., A, } the block-diagonal matrix with diagonal
blocks Ay, ..., A,,, we have

O(x = [x1; ... Xm]) = [P1(x1); - o5 P ()]
= Diag{Ay, ..., Ap}ly(x) +[a1;...;am] :
y@) =i YmGm)] €Y =Y X --- X Yy, and
(Diag{A7, ..., Ay }x1s i x] = [G1O1(x1D): -5 G (Y (X)),
yx) = [yis oo yml)
=2 (Afx = Gi(yi(xi), yi(xi) = yi) =0 Vy=[yi:...:yml €7,

so that

F=F x---xF,, A=Diag{Ay,...,An},

a=/lay;...;anl,
y(x) =[y1(x1); .3 Ym (xm)],
Gy =1y 5 9m) =[G1(D; - Guym)], Y =Y X --- X Yy

represent & : Ey x --- X E,, - E| x --- x E,,. Note that G clearly is good since
Gy, ...,Gy are so.

3.3.5 Representing affine monotone operators

Consider an affine monotone operator on a Euclidean space E:

dx)=Sx+4+a:E— E (10)
[S:{x,Sx) >0Vx € E]

Its Fenchel-type representation on a convex compact set X C FE is readily given by
thedata F = E, A = S, G(y) = S*y : F — F (this operator indeed is monotone),
y(x) = x and Y being either the entire F, or (any) compact convex subset of £ = F
which contains X; note that G clearly is good w.r.t. A, F, same as is good w.r.t.
A, Y when Y is compact. To check that the just defined F, A, a, y(-), G(-), Y indeed
represent @ on X, observe that when x € X, y(x) = x belongs to Y D X and clearly
satisfies the relation 0 < (A*x — G(y(x)), y(x) —y) > Oforall y € Y (see (7)), since
A*x — G(y(x)) = S*x — §*x = 0. Besides this, for x € X we have

Ay(x) +a=8Sx+a=P(x),

as required for a representation. The dual antimonotone operator associated with this
representation of ® on X is

Y (y) = S*[x(y) — y]. x(y) € Argmin (x, Sy + a). (1)

xeX
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Remark 2 With the above representation of an affine monotone operator, the only
restriction on Y, aside from convexity, is to contain X . In particular, when X is compact,
Y can definitely be chosen to be compact and “proximal-friendly” — it suffices, e.g.,
to take as Y an Euclidean ball containing X.

3.3.6 Representing gradient fields

Let f(x) be a convex function given by Fenchel-type representation

f(x) =max {(x, Ay +a) — ¥ (»)}, (12)
yeY

where Y is a convex compact set in Euclidean space F,and ¥ (-) : F' — Risa continu-

ously differentiable convex function. Denoting by y(x) a maximizer of (x, Ay) —v¥ (y)
over y, observe that

P(x) :=Ay(x) +a

is a subgradient field of f, and that this monotone operator is given by a representation
with the data F', A, a, y(-), G(:) := V¥ (-), Y; G is good since Y is compact.

4 Main result

Consider the situation described in Sect. 3.2. Thus, we are given Euclidean space E,
a convex compact set X C E and a monotone operator ® : E — FE represented
according to (7), the data being F, A,a, y(-), G(-),Y. We denote by ¥ : ¥ — F
the dual (antimonotone) operator induced by the data X, A, a, y(-), G(-), see (9). Our
goal is to solve variational inequality given by &, X, and our main observation is that
a good accuracy certificate for the variational inequality given by (—W, Y) induces an
equally good solution to the variational inequality

find x, € X : (P(2),72—x4) = 0Vz € X, VI(®, X)

given by (®, X). The exact statement is as follows.

Theorem 1 Let X C E be a convex compact set and ® : X — E be a monotone
operator represented on X, in the sense of Sect.3.2.2, by data F, A, a, y(-), G(:), Y.
Let also ¥ : Y — F be the antimonotone operator as defined by the data
Xv Av a, )’()7 G()’ see (9) Let! ﬁnally)

CN =y, e, =V O
be an accuracy certificate associated with the monotone operator [—\V] and Y . Setting

xr = x(yr)
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[these points are byproducts of computing V(y;), 1 <t < N, see (9)] and

N
}\: Z)\.txt (E X),
t=1

we ensure that

€ (X]®, X) < Res (CN|Y(X)), Y(X) = (y(x):x € X} C Y. (13)

When ®(x) = a + Sx, x € X, with skew-symmetric S, we have also

Res({x;, A, @(x)}Y | X) < Res (cN|Y(X)) . (14)

In view of Theorem 1, given a representation of the monotone operator & partic-
ipating in the v.i. of interest VI(®, X), we can reduce solving the v.i. to solving the
dual v.i. VI(—W, Y) by an algorithm producing good accuracy certificates. Below we
discuss in details the situation when the latter algorithm is either MD [18, Chapter 5],
or MP ([25], see also [18, Chapter 6] and [27]).

Theorem 1 can be extended to the situation where the relations (9), defining the dual
operator W hold only approximately. We present here the following slight extension
of the main result:

Theorem 2 Let X C E be a convex compact set and ® : X — E be a monotone
operator represented on X, in the sense of Sect. 3.2.2, by data F, A, a, y(-), G(), Y.
Given a positive integer N, sequences y; € Y, x; € X, 1 <t < N, and nonnegative
reals Ay, 1 <t < N, summing up to 1, let us set

e=Res({ys, A, G(yt)—A*xt}fV:l |Y(X))=SUPzeY(X) ZZV:1 M(G(y)—A*xs, y1—2),

Y(X):={y(x) :xeX} C Y],

(15)
and
N
}\: Zktx, (E X)
t=1
Then
N
€i(®1®, X) < e+ sup > A(Ay +a,x —x). (16)
xeX =1

Proofs of Theorems 1 and 2 are given in Sect.7.1.
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4.1 Mirror Descent and Mirror Prox algorithms
4.1.1 Preliminaries

Saddle Point MD and MP are algorithms for solving convex—concave saddle point
problems and variational inequalities with monotone operators.? The algorithms are
of proximal type, meaning that in order to apply the algorithm to a v.i. VI(H, Y'), where
Y is a nonempty closed convex set in Euclidean space Ey and H () is a monotone

operator on Y, one needs to equip £, with anorm | - ||, and Y —with a continuously
differentiable distance generating function (d.-g.f.) o(-) : ¥ — R compatible with
Il - ]I, meaning that w is strongly convex, modulus 1, w.r.t. || - ||. We call || - ||, @ (-)

proximal setup for Y. This setup gives rise to

e w-center y, = argmin .y (y) of ¥,
e Bregman distance

1
V(@) = 0@ =0 = (@ 0),2-y) = Sl - yI?

where the concluding inequality is due to strong convexity of w,
e w-size of a nonempty subset Y’ C Y

QY] = \/2 |:max o(y") — min a)(y):|.
y'ey’ yeY

Due to the definition of y,,, we have Vy (y) < %Qz[Y/ ] for all y € Y’, implying
that ||y — y,|l < Q[Y']forall y € Y.

Given y € Y, the prox-mapping with center y is defined as

Prox, (§) = argmin [Vy(z) + (&, z)] = argmin [w(z) +(E - (), z)] Ey—> Y.

zeY zeY

4.1.2 The algorithms

Let Y be a nonempty closed convex set in Euclidean space Ey, H = {H,(-) : ¥ —
E,}?°, be a sequence of vector fields, and || - ||, @(-) be a proximal setup for Y. As
applied to (M, Y), MD is the recurrence

Y1 = Yo (17)
Vi = Yep1 = Proxy, (ve Hy(31)), t = 1,2, ...

MP is the recurrence

Y1 = Yo, (18)
Ye > zp = Proxy, (v  Hy (y1)) > yry1 = Proxy, (v Hy (z0)), t = 1,2, ...

3 MD algorithm originates from [23,24]; its modern proximal form was developed in [1]. MP was proposed
in [25]. For the most present exposition of the algorithms, see [18, Chapters 5,6] and [27].
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In both MD and MP, y; > 0 are stepsizes. The most important to us properties of these
recurrences are as follows.

Proposition 1 For N = 1,2, ..., consider the accuracy certificate
N -1 N

ch = [yz ev, i =y [Z%} : Hz(yr)] ,

=1 =1

associated with (17). Then for every Y' C Y one has

QY+ XN 21 H ()12

Res(CN|Y') < , (19)
2 vazl Vi
where || - ||« is the norm conjugate to || - ||: [|€]l« = max)c<i1 (&, X).
In particular, if
ViyeY,t): IHWlx =M (20)
with some finite M > 0, then, given Y' C Y, N and setting
(a) ] 1<t<N (b) ey 1<t<N, (21
a) Yyt = , L=1T =N, or VM= ————————, L =T =N,
MJN I Hy (3)ll«v/N
one has
QIY'|M
Res(CN|Y") < ﬁ. (22)
VN
Proposition 2 For N = 1,2, ..., consider the accuracy certificate
N -1 N
CN = [Zl € Y’ )"{V = Vi [ZVT:| ) HI(ZI)] )
=1 1=l
associated with (18). Then, setting
di = yi(Hi(21), 2t — Y1) — Vy;(lerl)’ (23)
we have for every Y' C Y
1o2ry/ N
QNY'T+D>.,1,d
Res(CV|Y') < 2 [ ]N 2 i (24)
2121 Vi
1 2 _ 2 o2
dr < 5 Y I He(ze) = He (ol — lye — 217 ] (25)
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where || - ||« is the norm conjugate to || - ||. In particular, if
Y(y,y €Y, t): |H(y) — HO)Il« < Llly =Yl + M (26)

with some finite L > 0, M > 0, then given Y’ C Y, N and setting

1m. [1 Q[Y/]} {<t<N o7
=—F—mn|—, —— |, l =T =N,
"=/ L MJN

one has

2ry/ /
Res(CV|Y") < Lmax [Q V1L Sy ]M] (28)

V2 N N

To make the text self-contained, we provide the proofs of these known results in
the appendix.

4.2 Intermediate summary

Theorem 1 combines with Proposition 1 to imply the following claim:

Corollary 2 In the situation of Theorem 1, let y1, ..., yn be the trajectory of N-step
MD as applied to the stationary sequence H = {H;(-) = —W(:)}2, of vector fields,
and let xy = x(y;),t = 1, ..., N. Then, setting »; = ZNy’ .1 <t <N, we ensure
=1Vt
that
N

evi | Do hex @, X | < Res | (v =W}, 1Y (X)
=1 oN
x

_ QYOOI+ 3 IOl 29
B 23w
In particular, assuming

M = sup [[W(y) [«
yey

finite and specifying y;, 1 <t < N, according to (21) with Y' = Y (X), we ensure

that

QY (X)IM
VN

When ®(x) = Sx + a, x € X, with a skew-symmetric S, €y;(x|®, X) in the latter
relation can be replaced with Res({x;, A, <1>()c[)}f\7:1 | X).

i (X]P, X) < Res(CV|Y (X)) < (30)

In the sequel, we shall refer to the implementation of our approach presented in
Corollary 2 as to our basic scheme.
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5 Modified algorithmic scheme

In this section, we present some modifications of the proposed approach as applied
to the case of v.i. VI(®, X) with LMO-represented convex compact domain X and
monotone operator @ satisfying some additional conditions to be specified below.
While the worst-case complexity bounds for the modified scheme are similar to the
ones stated in Corollary 2, there are reasons to believe that in practice the modified
scheme could outperform the basic one.

5.1 Situation

In this section, we consider the case when ® is a monotone operator represented on
X by a Fenchel-type representation with data

F, A a, G(), y(1), Y, (31)

where G (-) is Lipschitz continuous. Thus,

1. F is a Euclidean space, y — Ay + a is an affine mapping from F to E, X is a
nonempty compact convex set in E, Y is a closed convex set in F;
2. y+ G(y) : Y — F is a monotone mapping such that

Y,y €Y): IG) —GO)Il« < Llly — y'll. (32)
for some L < o0;

3. x > y(x) : E — Y issuchthat (G(y(x)) — A*x,z — y(x)) > Oforallz € Y
andallx € E,and ®(x) = Ay(x) +a,x € X.

Remark The above assumptions are satisfied is the case of affine monotone operator
d(x)=Sx+a:E— E [S:(Sx,x)>0Vx € E]

given by the affine Fenchel-type representation as follows. Given S, a, we specify an
Euclidean space F and linear mappings

y—>Ay:F—>E, y—»Gy:F—-F, x— Bx:E — F,
in such a way that the mapping y +— Gy is monotone and
(a) GB = A*, (b) AB=S (33)

(for example, one can set F = E, A = §, G = S* and define B as the identity
mapping; note that the mapping y — Gy = S*y is monotone along with ®). Given
just outlined F, A, B, G, let us set
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y(x)=Bx, G(y) =Gy, Y =F

It is immediately seen from (33) that the data F, A, a, G(y) := Gy, y(x) := Bx, Y
represent ® on X, and, of course, G (-) is Lipschitz continuous.

5.2 Hybrid Mirror Prox algorithm
5.2.1 Construction

In the situation of Sect.5.1 we aim to get an approximate solution to VI($, X) by
applying MP to a properly built sequence H = {H;(-)} of vector fields on F. Let us
fix a proximal setup || - ||, @(-) for Y, and a constant L = L satisfying (32). In the
sequel, we set

—1
y=Lg. (34)

Instead of choosing H;(-) = —W(-) as required in the basic scheme, the fields H;(-)
are built recursively, according to the Mirror Prox recurrence

Y1 = Yo
vir—>x €X— Hi(")=G(:) — A*x; > (35)
zr = Proxy, (y Hi(y:)) > yi+1 = Proxy, (y H;(z¢))

with somehow “on-line” chosen x;. Note that independently of the choice of x; € X,
we have

IH: () = H()lls < Llly =yl ¥y, ) €Y.
As aresult, (34) and (35) ensure [see (55) and (56)] that
VzeY :y(Hi(z), 20 — 2) < Vy,(2) = Vy,,, (2). (36)
We are about to show that with properly updated x;’s, (36) yields nice convergence

results.
Functions fy(-). Given y € Y, let us set

Fy(x) =vyla, x) + max [(z, y[A*x = G]) = Vy(2)] (37)

Since w(-) is strongly convex on Y, the function f) (-) is well defined on E; f is convex
as the supremum of a family of affine functions of x. Moreover, it is well known that
in fact fy () possesses Lipschitz continuous gradient. Specifically, let || - || ¢ be a norm
on E, || - || £.« be the norm conjugate to || - || g, and let L 4 be the operator norm of the

4 We could also take as Y a convex compact subset of F' containing Bx and define y(x) as Bx forx € X
and as (any) strong solution to the VI(G(-) — A*x, Y) when x ¢ X.

@ Springer



A. Juditsky, A. Nemirovski

linear mapping y — Ay : F — E from the norm || - || on F to the norm || - ||[g « on
E, so that

IAYIE« < Lallyll Vy € F, [|A*x]lx < Lallxlle Vx € E, (38)
or, what is the same,
(Ay,x) = Laliyllixlle Y(y € F,x € E).
Lemma 3 Function fy(-) is continuously differentiable with the gradient
Vfy(x) = y AProx,(y[G(y) — A*x]) + ya, 39)
and this gradient is Lipschitz continuous:
IV £y () = V& Ex < (La/Le) Ix —x"|g ¥x'. 5" € E. (40)

For proof, see Sect.7.4.

Updating x;’s, preliminaries Observe, first, that when summing up inequalities (36),
we get for Y(X) = {y(x) :x € X} C Y:

_ Vy, (2) 1
Res ({Zt, M=N L Ht(Zt)}?]:HY(X)) = Z:)I/l([;() ;—N < 2)/_N92[Y(X)]
_ QY(X0)]Lg Al
=T @

(recall that y; = y,,). Second, forany x; € X,1 <t < N,wehavex = % Z;\l:] X; €

X . Further, invoking (16) with A, = N1 1<r<N,and Z; in the role of y; (which
2

by (41) allows to set € = %), we get

€i(X]1P, X) = max(P(x), ¥ — x)
xeX

LeQ2[Y(X)] 1 <N

E T +maxX€X NZ[:[<AZ[ +a’xl’ _x> (42)
N

Lo2[Y (X)] Lg
— N + max —- ;(ny, (x1), xp — x),
where the last equality is due to (39) along with the fact that z, = Prox,, (y[G(y;) —
A*x;]) withy = Lél, see (35). Note that so far our conclusions were independent on
how x;, € X are selected.

Relation (42) implies that when x; is a minimizer of fy () on X, we have
(Vfy,(x1), x; —x) < 0 forall x € X, and with this “ideal” for our purposes choice of
X, (42)would imply

LeQ*Y (X)]

€i(X]®@, X) < N
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which is an O(1/N) efficiency estimate, much better that the O (1/+/N)-efficiency
estimate (30).

Updating x,’s by Conditional Gradient algorithm. Of course, we cannot simply specify
X; as a point from Argmin y fy, (x), since this would require solving precisely at every
step of the MP recurrence (35) a large-scale convex optimization problem. What we
indeed intend to do, is to solve this problem approximately. Specifically, given y; (so
that fy, (-) is identified), we can apply the classical Conditional Gradient Algorithm
(CGA) (which, as was explained in Introduction, is, basically, the only traditional
algorithm capable to minimize a smooth convex function over an LMO-represented
convex compact set) in order to generate an approximate solution x; to the problem
miny fy, (x) satisfying, for some prescribed € > 0, the relation

8 :=max(V fy, (x;),x, —x) < €. 43)
xeX

By (42), this course of actions implies the efficiency estimate

2
LeQ7[Y(X)] 4 Lge

€i(X] P, X) < N (44)
5.2.2 Complexity analysis
Let us equip E with a norm || - || g, the conjugate norm being || - || g «. Let, further,

RE (X) be the radius of the smallest || - || g-ball which contains X. Taking into account
(40) and applying the standard results on CGA (see Sect.7.5), for every € > 0 it takes

at most
L% R%.(X
o(1) %() +1
Lie

CGA steps to generate a point x; with §, < €; here and below O (1)’s are some absolute
2
constants. Specifying € as %/\EX)]’ (44) becomes

2
@D, X) < w

while the computational effort to generate X is dominated by the necessity to generate
X1, ..., Xxn, which amounts to the total of

2 p2 2
N(N)zom[M N}

LEQ2[Y (X)]
CGA steps. The computational effort per step is dominated by the necessity to compute
the vector ¢ = V f,(x), given y € Y, x € E, and to minimize the linear form (g, u)

over u € X.In particular, for every € € (0, LeQ?[Y(X)]), to ensure € x|®, X) <e,
the total number of CGA steps can be upper-bounded by
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2 2
o [(LARE(X)Q[Y(XM) | Lo® iY(X)]} .

€

We see that in terms of the theoretical upper bound on the number of calls to the
LMO for X needed to get an e-solution, our current scheme has no advantages as
compared to the MD-based approach analyzed in Corollary 2—in both cases, the
bound is proportional to € ~2. We, however, may hope that in practice the outlined
MP-based scheme can be better than our basic MD-based one, provided that we apply
CGA in a “smart” way, for instance, when using CGA with memory, see [15].

6 Illustration
6.1 The problem

We apply our construction to the following problem (“matrix completion with spectral
norm fit”):

Opt(P) = min [/ @) := [ Av = bll2,2] (45)

vERPVX:v]puc <1

where R”*? is the space of p x ¢ real matrices, ||x|lnuc = >; 07 (x) is the nuclear
norm on this space (sum of the singular values o;(x) of x), ||x]2,2 = max; 0;(x) is
the spectral norm of x (which is exactly the conjugate of the nuclear norm), and A is a
linear mapping from RP»*49v to RP>*9>, Note that a more interesting for applications
problem (cf. [2,3,20]) would be

Opt = min {”U”nuc A = bll22 55}2
veRPvXqv

applying the approach from [19], this problem can be reduced to a “small series” of
problems (45). We are interested in the “large-scale” case, where the sizes of p,, g, of
v are large enough to make the full singular value decomposition of a p, x g, matrix
prohibitively time consuming, what seemingly rules out the possibility to solve (45)
by proximal type First Order algorithms. We assume, at the same time, that computing
the leading singular vectors and the leading singular value of a p,, x g, or a py X gqp
matrix (which, computationally, is by far easier task than finding full singular value
decomposition) still can be carried out in reasonable time.

6.1.1 Processing the problem
We rewrite (45) as a bilinear saddle point problem

Opt(P) = 1121\1/1 max (w, [Av — b])Fro
—_———
f.w) (46)
V={ve RPN |vfae <1}, W={weRP*P:|w|h <1}
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(fromnow on (-, -)Fro Stands for Frobenius inner product, and || - ||pro — for the Frobenius
norm on the space(s) of matrices). The domain X of the problem is the direct product
of two unit nuclear norm balls; minimizing a linear form over this domain reduces to
minimizing, given & and 7, the linear forms Tr(vET), Tr(wnT) over {v € RP*%v :
v llnue < 1}, tesp., {w € RP2X% : ||w||he < 1}, which, in turn, reduces to computing

the leading singular vectors and singular values of & and 7.
The monotone operator associated with (46) is affine and skew-symmetric:
D (v, w) = [Vy f(v, w); =Vy f(v, w)] = [-A*w; _Av]
+[0; b] : RPV*% x RPP*9 — E.
——— —
E

From now on we assume that A is of spectral norm at most 1, i.e.,

[AVlEro < [VllFro, Vv

(this always can be achieved by scaling).
Representing ® We can represent the restriction of ® on X by the data
F = RPvX9v « RPv*9v
Ay+a=1[& An+b]l, y=1[&n] € F (§ € RV 5 e RPV XD,
G(&:n) =[-n:&l: F—>F (47)
——
)7
Y={y=[:nleF: [[§lfo =1 lnleo=1}

Indeed, in the notation from Sect.3.2, for x = [v; w] € X = {[v; w] € RPv*% x
RPo*9 : |v|lpue < 1, |wllnue < 1}, the solution y(x) = [£(x); n(x)] to the linear
system A*x = G(y) is givenby n(x) = —v, £(x) = A*w, so that both components of
y(x) are of Frobenius norm < 1 (recall that spectral norm of A is < 1), and therefore

y(x) € Y. Besides this,

Ay(x = [v;w]) +a = [E(x); An(x) + D] = [A"w; b — Av] = ®(v, w).

We conclude that when x = [v; w] € X, the just defined y(x) meets all requirements
from (7), and thus the data F, A, a, y(-), G(-), Y given by (47) indeed represent the
monotone operator ¢ on X.

The dual operator ¥ given by the data F, A, a, y(-), G(-), Y is

y

——
V(D) =A% (y) — GO = [v(y) +n; A'w(y) — &, (48)
v(y) € Argmin (v, &), w(y) € Argmin (w, An + b).

lvllnue <1 lwll<1

Proximal setup We use the Euclidean proximal setup for Y, i.e., we equip the space F/
embedding Y with the Frobenius norm and take, as the d.-g.f. for Y, the function
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1
1) = 3 [ 1610 + nllE ] : F = RP x RPZE R,

resulting in Q[Y] = +/2. Furthermore, from (48) and the fact that the spectral norm
of A is bounded by 1 it follows that the monotone operator O(y) = —W(y) : ¥ — F
satisfies (20) with M = 2+/2 and (26) with L = 0 and M = 4+/2.

Remark Theorem 1 combines with Corollary 1 to imply that when converting an accu-
racy certificate CV for the dual v.i. VI(—W, Y) into a feasible solution X* to the primal
v.i. VI(®, X), we ensure that

€ad BV | f, V, W) < Res(CY[Y (X)) < Res(CN|Y), (49)
with f, V, W given by (46). In other words, in the representation XV = [0 ; wV],
is a feasible solution to problem (45) (which is the primal problem associated with
(46)), and @Y is a feasible solution to the problem

— ; _ b= I A* _
Opt(D) = max min(w, Av — b) = max { f(w) := —[A"w[22 = (b, w) .

(which is the dual problem associated with (46)) with the sum of non-optimalities,
in terms of respective objectives, < Res(CN |Y). Computing i (w) (which, together

with computing f (D), takes a single call to LMO for X), we get a lower bound on
Opt(P) = Opt(D) which certifies that f (1) — Opt(P) < Res(CV|Y).

6.2 Numerical illustration

Here we report on some numerical experiments with problem (45). In these experi-
ments, we used p, = gp =: m, py = q, =: n, with n = 2m, and the mapping A
given by

k
Av = ZﬁivriT, (50)
i=1

with generated at random m x n factors ¢;, r; scaled to get || All« ~ 1. In all our
experiments, we used k = 2. Matrix b in (45) was built as follows: we generated at
random n x n matrix ¥ with ||0||puc less than (and close to) 1 and Rank(v) ~ +/n, and
took b = Av + 8, with randomly generated m x m matrix & of spectral norm about
0.01.

6.2.1 Experiments with the MD-based scheme
Implementing the MD-based scheme In the first series of experiments, the dual v.i.
VI(—W, Y) is solved by the MD algorithm with N = 512 steps for all but the largest

instance, where N = 257 is used. The MD is applied to the stationary sequence
Hi/()=-V(),t=1,2,..., of vector fields. The stepsizes y; are proportional, with
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coefficient of order of 1, to those given by (21.b) with || - | = || - I« = || - |IFro and
Q[Y] = +/2;7 the coefficient was tuned empirically in pilot runs on small instances
and is never changed afterwards. We also use two straightforward “tricks™:

e Instead of considering one accuracy certificate, CY = {y;, )\fv =1/N, —\Il(yt)}ﬁ\/:1 ,
we build a “bunch” of certificates

v

) _\Ij(yf)] i

C;, = [yla )"l =
I=p

v—pu+1

where 1 runs through a grid in {1, ..., N} (in this implementation, a 16-element
equidistant grid), and v € {u, w41, ..., N} runs through another equidistant grid
(e.g., for the largest problem instance, the grid {1, 9, 17, ..., 257}). We compute the
resolutions of these certificates and identify the best (with the smallest resolution)
certificate obtained so far. Every 8 steps, the best certificate is used to compute the
current approximate solution to (46) along with the saddle point inaccuracy of this
solution.

e When applying MD to problem (46), the “dual iterates” y; = [&;; n;] and the “pri-
mal iterates” x; := x(y;) = [vs; w;] are pairs of matrices, with n X n matrices
&, n:, v and m x m matrices w; (recall that we are in the case of p, = ¢, = n,
Py = qp» = m). Itis easily seen that with A given by (50), the matrices &, n;, v; are
linear combinations of rank 1 matrices a,-ﬂiT, 1 <i < (k+ Dt, and w; are linear
combinations of rank 1 matrices SieiT , 1 <i <t, with on-line computable vectors
a;, Bi, 8i, €. Every step of MD adds k + 1 new «- and k + 1 new SB-vectors, and
a pair of new §- and e-vectors. Our matrix iterates were represented by the vectors
of coefficients in the above rank 1 decompositions (let us call this representation
incremental), so that the computations performed at a step of MD, including com-
puting the leading singular vectors by straightforward power iterations, are as if
the standard representations of matrices were used, but all these matrices were of
the size (at most) n x [(k + 1)N], and not n X n and m x m, as they actually are.
In our experiments, for k = 2 and N < 512, this incremental representation of
iterates yields meaningful computational savings (e.g., by factor of 6 forn = 8192)
as compared to the plain representation of iterates by 2D arrays.

Typical results of our preliminary experiments are presented in Table 1. There C* stands
for the best certificate found in course of ¢ steps, and Gap(C') denotes the saddle point
inaccuracy of the solution to (46) induced by this certificate (so that Gap(C") is a valid
upper bound on the inaccuracy, in terms of the objective, to which the problem of
interest (45) was solved in course of ¢ steps). The comments are as follows:

1. The computational results demonstrate “nearly linear”, and not quadratic, growth
of running time with m, n; this is due to the incremental representation of iterates.
2. When evaluating the “convergence patterns” presented in the table, one should
keep in mind that we are dealing with a method with slow O (1/+/N) convergence

5 As we have already mentioned, with our proximal setup, the w-size of ¥ is < \/5, and (20) is satisfied
with M = 2/2.
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rate, and from this perspective, 50-fold reduction in resolution in 512 steps is not
that bad.

3. A natural alternative to the proposed approach would be to solve the saddle point
problem (46) “as itis,” by applying to the associated primal v.i. (where the domain
is the product of two nuclear norm balls and the operator is Lipschitz continuous
and even skew symmetric) a proximal type saddle point algorithm and computing
the required prox-mappings via full singular value decompositions. The state-of-
the-art MP algorithm when applied to this problem exhibits O (1/N) convergence
rate;® yet, every step of this method would require 2 SVD’s of n x n, and 2
SVD’s of m x m matrices. As applied to the primal v.i., MD exhibits O (1/+/N)
convergence rate, but the steps are cheaper—we need one SVD of n x n, and one
SVD of an m x m matrix, and we are unaware of a proximal type algorithm for the
primal v.i. with cheaper iterations. For the sizes m, n, k we are interested in, the
computational effort required by the outlined SVD’s is, for all practical purposes,
the same as the overall effort per step. Taking into account the actual SVD cpu
times on the platform used in our experiments, the overall running times presented
in Table 1, i.e., times required by 512 steps of MD as applied to the dual v.i., allow
for the following iteration counts N for MP as applied to the primal v.i.:

n [1024]2048[4096(8192
N[406]| 72 [ 17 | 4 |

and for twice larger iteration counts for MD. From our experience, for n = 1024
(and perhaps for n = 2048 as well), MP algorithm as applied to the primal v.i.
would yield solutions of better quality than those obtained with our approach.
It, however, would hardly be the case, for both MP and MD, when n = 4096,
and definitely would not be the case for n = 8192. Finally, with n = 16384,
CPU time used by the 257-step MD as applied to the dual v.i. is hardly enough to
complete just one iteration of MD as applied to the primal v.i. We believe these
data demonstrate that the approach developed in this paper has certain practical
potential.

6.2.2 Experiments with the MP-based scheme

In this section we briefly report on the results obtained with the modified MP-based
scheme presented in Sect.5. Same as above, we use the test problems and represen-
tation (47) of the monotone operator of interest (with the only difference that now
Y = F), and the Euclidean proximal setup. Using the Euclidean setup on ¥ = F
makes prox-mappings and functions fy(-), defined in (37), extremely simple:

Prox(e.,([d€; dn)) = [§ — d&;n —dn] [&,dE, n,dn e RPD)

1
frx) = 5<y —y[Gy — A*x],y — y[Gy — A*x]) + y(a, x)

6 For the primal v.i., (26) holds true for some L > 0 and M = 0. Moreover, with properly selected proximal
setup for (45) the complexity bound (28) becomes Res(CN 1Y) < O(1)y/In(n)In(m)/N.
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|
3 [IIS +yn+y A wlE, +Iln—vE+ J/U||}2:ro] + 7 {b, W)Ero
[&;nl, x = [v; w].

y

When choosing || - || to be the Frobenius norm,

2 2
I [v; wllle = lIxllg,« =/ Wilg, + lwll
* Fro Fro

and taking into account fhat the spectral norm of A is < 1, it is immediately seen that
the quantities Lg, L4 and y introduced in Sect.5.2, can be set to 1, and what was
called R (X) in Sect.5.2.2, can be set to /2. As a result, by the complexity analysis of
Sect.5.2.2, in order to find an e-solution to the problem of interest, we need O(1)e~!
iterations of the recurrence (35), with O (1)e~! CGA steps of minimizing fy, (-) over
X per iteration, that is, the total of at most 0(1)6’2 callstothe LMOfor X =V x W.
In fact, in our implementation € is not fixed in advance; instead, we fix the total number
N = 256 of calls to LMO, and terminate CGA at iteration ¢ of the recurrence (35)
when either a solution x; € x with §; < 0.1/¢ is achieved, or the number of CGA
steps reaches a prescribed limit (set to 32 in the experiment to be reported).

Same as in the first series of experiments, “incremental” representation of matrix
iterates is used in the experiments with the MP-based scheme. In these experiments
we also use a special post-processing of the solution we explain next.
Post-processing Recall that in the situation in question the step #i of the CGA at
iteration #t of the MP-based recurrence produces a pair [v; ;; w; ;] of rank 1 n x n and
m x m matrices of unit spectral norm—the minimizers of the linear form (V f, (x;,;), x)
over x € X; here x;; is i-th step of CGA minimization of fy,(-) over X. As a result,
upon termination, we have at our disposal N = 256 pairs of rank one matrices [v;; w;],
1 < j < N, known to belong to X. Note that the approximate solution x, as defined
in Sect.5.2.1, is a certain convex combination of these matrices. A natural way to get
a better solution is to solve the optimization problem

. N N
Opt = min [f(/\) =l Av—blho:v=3" Ajuj. >, Ikl < 1} NG

Indeed, note that the v-components of feasible solutions to this problem are of nuclear
norm < 1, i.e., are feasible solutions to the problem of interest (45), and that in terms
of the objective of (45), the v-component of an optimal solution to (51) can be only
better than the v-component of X. On the other hand, (51) is a low-dimensional convex
optimization problem on a simple domain, and the first order information on f can
be obtained, at a relatively low cost, by Power Method, so that (51) is well suited for
solving by proximal first order algorithms, e.g., the Bundle Level algorithm [21] we
use in our experiments.

Numerical illustration Here we present just one (in fact, quite representative) numer-
ical example. In this example n = 4096 and m = 2048 (i.e., in (45) the variable matrix
u is of size 4096 x 4096, and the data matrix b is of size 2048 x 2048); the map-
ping A is given by (50) with k = 2. The data are generated in the same way as in
the experiments described in Sect.6.2.1 except for the fact that we used b = Au to
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ensure zero optimal value in (45). As a result, the value of the objective of (45) at an
approximate solution coincides with the inaccuracy of this solution in terms of the
objective of (45). In the experiment we report on here, the objective of (45) evaluated
at the initial — zero — solution, i.e., ||b||2,2, is equal to 0.751. After the total of 256 calls
to the LMO for X [just 11 steps of recurrence (35)] and post-processing which took
24% of the overall CPU time, the value of the objective is reduced to 0.013—by factor
57.3. For comparison, when processing the same instance by the basic MD scheme,
augmented by the just outlined post-processing, after 256 MD iterations (i.e., after
the same as above 256 calls to the LMO), the value of the objective at the resulting
feasible solution to (45) was 0.071, meaning the progress in accuracy by factor 10.6
(5 times worse than the progress in accuracy for the MP-based scheme). Keeping the
instance intact and increasing the number of MD iterations in the basic scheme from
256 to 512, the objective at the approximate solution yielded by the post-processing
reduces from 0.071 to 0.047, which still is 3.6 times worse than that achieved with the
MP-based scheme after 256 calls to LMO.

7 Proofs
7.1 Proof of Theorems 1 and 2

We start with proving Theorem 2. In the notation of the theorem, we have

Vxe X :dkx) =Ayx) +a,
(@): yx) €Y, (52)
®): (y(x) =y, A*x =G(y(x))) = 0Vy €Y.

Forx € X,lety = y(x),andlety = >, A;y;, sothat y,y € ¥ by (52.a). Since G is
monotone, for all € {1, ..., N} we have

Y=y 6G()—-G)) =0
= (.G = . GM) + (3, Gy)) = (e, G(yn)) Vi
= (3,GM) = 22 [y, GO + (3. GO1) — (v, GO
t

[since A, > 0 and > A, = 1],
t

and we conclude that

=

(3.GM = (5,.GH)) = z (Y. Gy)) = (e, G- (53)

We now have

(D(F), & — D i)
t
= (AT +a, % — D hx) = (5, A*T = D MAK) + (@, 8= D hexi)
t t t

= (7. A5 = G) + (5. G() — D MA*x) + (@, %~ D duxy)
t t
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> (3, A= G(D) + (7, GG) = D 1A x) + (a, ¥ = D hexi)
t t

[by (52.b) with y =y and due to y = y(x)]
= (3, A"%) + (G (), J) — (G (), ] = (¥, Z)»zA*xz) +{a,x — Z)»zxz)
t t

> (5, A" %) + DM [T, GOn) = 0 GOON = (3, D A x,)
t t
+la, & = D x) [by (53)]
t
=D il AR + D2 [(5, GO0 — (3, GO0) — (3, A%xp) + (a, & — x1)]
[sitnce y= Z)»,y, ;nd ZA, =1]
t t
= D> M Ay & = x) + (Aye xi) + (5. GOw) — (31, G())
t

—(3, A%x;) + (a, ¥ — x)]
= Z/\t [V, A%x0) + (3, G()) = (31, G(v)) = (3, A%xi)]
!

+ D M(Ayi+a, % —x)
1
=D M(Ax = GOy =5+ D Ay +a.F —x) = —e
t

+ D MlAy +a, ¥ —x)
1
[by(15) due toy = y(¥) € Y(X)].

The bottom line is that
N
(@), T — %) <€+ D A{Ay +a,x —X)Vi€X,
t=1
as stated in (16). Theorem 2 is proved.

To prove Theorem 1,let y; € ¥, 1 <t < N, and Ay, ..., Ay be from the premise
of the theorem, and let x;, | <t < N, be specified as x; = x(y;), so that x; is the
minimizer of the linear form (Ay, + a, x) over x € X. Due to the latter choice, we
have Zf\;l A{Ayi+a,x; —x) < Oforallx € X, while € as defined by (15) is nothing
but Res({yr, A, —\If(x,)}f\’:1 |Y (X)). Thus, (16) in the case in question implies that

N
Ve X (D), D hx, — X) < Res({yy, A, —W ()}, Y (X)),
=1
and (13) follows. Relation (14) is an immediate corollary of (13) and Lemma 2 as
applied to X in the role of Y, ® in the role of H(-), and {x;, A, <I>()c,)}£\’:1 in the role
of CN. m|
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7.2 Proof of Proposition 1

Observe that the optimality conditions in the optimization problem specifying v =
Prox, (§) imply that

-+ W), z—0v)>0, Vze7,
or
(v —2) < (') =0 (y),z—v) = (Vj(v),z —v), ¥z €Y,
which, using a remarkable identity [5]
(Vi(), z = v) = Vy(2) = Vy(2) = Vy (),
can be rewritten equivalently as
v="Prox,(§) = (§,v—2) < Vy(2) — Vy(z) = Vy(v) Vz € Y. (54)
Setting y = y;, & = v, H;(y;), which results in v = y;4 1, we get
VzeY :yi(H (), yiv1 —2) < Vy, (2) = Vy (@) = Vy, (41D
whence,

VzeY iy (Hi(yr), yr — 2)

IA

Vy, (2)— Vit (Z)+[Vt(Ht V) Yt — Yet1) — Vy, (yt+1)]

<V H OOy =yt =3 1 ye=yeg1 12

1
V(@) = Vi @ + 5771 H G0 13-

IA

Summing up these inequalities over + = 1, ..., N and taking into account that for
z €Y', wehave V) (2) < %QZ[Y’] and that V., (z) = 0, we get (19). O

7.3 Proof of Proposition 2

Applying (54) to y = y;, &€ = y; H;(z;), which results in v = y,; 11, we get
VzelY 1y (Hi(z), yip1 —2) < Vy, (@) = Vy . 1 (@) = Vy, (es1)s

whence, by the definition (23) of d;,

Vz €Y : v (Hi(21), 2r — 2) < Vy,(2) — Vy,, (2) + ;. (55)
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Summing up the resulting inequalities over ¢t = 1, ..., N and taking into account that
Vy,(2) < $Q2[Y/|forall z € Y and Vy,, (2) > 0, we get

n 162ry/ N
QYT+ D> ., d
VzeY': E Afv(Ht(z,),zt —z)< 2 5 2z L
t=1 Zt=1 Vi

The right hand side in the latter inequality is independent of z € Y. Taking supremum
of the left hand side over z € Y’, we arrive at (24).

Moreover, invoking (54) with y = y;, § = y, H;(y,) and specifying z as y,+1, we
get

VilH (o), 2t — yev1) < Vy, r4+1) — Vo, 1) — Vy, (20),
whence

di = yi(Hi(24), 2t — Yi41) — Vy, Ve41) S VelH ()5 20 — Yit1)
+ Ve (H(ze) — Hy (31), 20 — Yer1) — Vi, Ve 41)
Vo, (e+1) — Vo, (20) + ve (H (2¢) — Hy (1), 26 — Yr41)

IA

1 , 1 ) (56)
= villHi o) = Hiollllze = yeerll = Sllze = yepd I = Sy = 2l
1
< 5 [PAIH ) = HOoI2 = Iy = 202,
as required in (25). O
7.4 Proof of Lemma 3
1°. We start with the following standard fact:
Lemmad4 Let Y be a nonempty closed convex set in Euclidean space F, || - || be a
norm on F, and w(-) be a continuously differentiable function on Y which is strongly
convex, modulus I, w.rt. || - ||. Given b € F and y € Y, let us set
g (&) = rglea;<[<z,w’(y) —§) —w@]: F—>R,
Prox, (&) = argmax [(z, o' (y) — &) — w(z)] )
zeY
The function gy is convex with Lipschitz continuous gradient V g, (§) = — Prox, (§):
IVey (&) — Vey DI < 15 — &'l V&, &, (57)

where || - ||« is the norm conjugate to || - ||
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Indeed, since w is strongly convex and continuously differentiable on Y, Prox, (-) is
well defined, and from optimality conditions it holds

(o' (Proxy(§)) + & — ' (y), Prox,(§) —z) <0Vz €Y. (58)

Consequently, gy (-) is well defined; this function clearly is convex, and the vector
— Prox, (£) clearly is a subgradient of g, at &. If now &', £” € F, then, setting 7’ =
Prox, (&), z” = Prox,(¢") and invoking (58), we get

(@@ ) +E - (3,7 =) <0, (=) ="+ (y),7 =7") <0
whence, summing the inequalities up,
€ —&.7-7) < (@) - @) =) = -l ="
implying that ||z’ —z”|| < ||’ — £”||«. Thus, a subgradient field — Prox, (-) of g, (-) is

Lipschitz continuous with constant 1 from || - || into | - ||, whence g, is continuously
differentiable and (57) takes place. O

29, To derive Lemma 3 from Lemma 4, note that fy(x) is obtained from g (-) by affine
substitution of variables and adding linear form:

fyx) = gy(Y[G(y) — A*x]) + y{a, x)+o(y) — (@' (y), y).

whence V £, (x) = =y AVg,(y[G(y) — A*x]) +ya = y AProx, (y[G(y) — A*x]) +
ya, as required in (39), and

IV £ () = VD E s
=yA[Vey(¥[G(Y) — A*x')) = Vg, (Y [G(y) — A*x"D] llg.+
< (yLA)IVey(Y[G(y) — A*x']) — Vg, (y[G(y) — A*x" ]|
< (YLD)IYIG() — A*x'1 = y[G(y) — A*x"]|ls
<YLY —x"g = (La/Le)* X —x"|lg

[we have used (57) and equivalences in (38)], as required in (40). O

7.5 Review of Conditional Gradient algorithm

The required description of CGA and its complexity analysis are as follows.
As applied to minimizing a smooth — with Lipschitz continuous gradient

IVf@) =V @ < Lllu—u'lg, Yu,u' € X,
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convex function f overaconvex compactset X C E,the generic CGA is the recurrence
of the form

up € X
usp1 € X satisfies f(usp1) < flus + yslufy —ugl), s =1,2,...

Vs = s27. uf € Argmin oy (f' (). u).

The standard results on this recurrence (see, e.g., proof of Theorem 1 in [15]) state
that if f, = miny f, then

(@) €141 := fup1) — fx <& — o + 2/3R2)/t2, r=1,2,..

& 1= ma);ueX(Vf(u,), Uy —u); (59)
b) e < 28 1=23,...

where R is the smallest of the radii of || - || g-balls containing X. From (59.a) it follows
that

y:8r < €7 — €741 +2£R2y3, t=1,2,...;

summing up these inequalities over t = ¢, + 1, ..., 2f, where t > 1, we get

2t 2t
. 2 2
[3151,2 ST} ,E:t yr <€ +2LR ;:t Vi

which combines with (59.5) to imply that

1 2t 1
rH2m LR?
min 8, < 0(1)51%”2—’”2 <o(H)=—.
<2t 2t . 1 t
=t T

It follows that given € < L£R?, it takes at most O(I)LTR2 steps of CGA to generate a
point u€ € X with max,cx(V f(u€), u¢ —u) <e.
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