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Abstract In this paper our focus is on analysis and design of linear and poly-
hedral signal recoveries robust with respect to the deterministic uncertainty in
the observation matrix. This can be seen as a “deterministic counterpart” of
the work [I] where the case of random uncertainty was studied. We investigate
the performance of estimates robust w.r.t. deterministic norm-bounded matrix
uncertainty, derive efficiently computable bounds for the estimation risk and
discuss the construction of “presumably good” estimates.
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1 Introduction

In this paper we consider the estimation problem as follows. We are given an
observation w € R™,

w=Anz+¢ (1)
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where £ € R™ is zero mean random noise and A[n] € R™*™ is affine in
perturbation n € RY sensing matrix. We assume that unknown signal « belongs
to a given convex set X C R™ and that perturbation vector n € R? in
(“uncertainty”, for short) is deterministic and runs through a given uncertainty
set U C RY,

Al = A+ D), Dlnj =" nads € R™" (2)

where A, Ay, ..., A4 are given matrices. Our objective is to build an estimate
of the linear image w = Bx of x, B € R”*"™, which is robust with respect to
uncertainty 7.

Estimation from observations under uncertain-but-bounded pertur-
bation of observation matrix can be seen as an extension of the problem of
solving systems of equations affected by uncertainty which has received signifi-
cant attention in the literature (cf., e.g., [IOLTTLIBLTILR2TL22123] and references
therein). It is also closely related to the problem of system identification in
the case when observations of system’s states are subjected to uncertain-but-
bounded perturbation [6l8}9L12]T6L17,18I20,24].

As applied to the estimation problem above, linear estimate Wil (w) of w is
of the form @l (w) = HTw where contrast matriz H € R™* is the estimate
parameter. A polyhedral estimate @gly (w) is specified by a contrast matrix
H € R™M according to

w %\H(w) € Arggin {||HT(w — Ax)||oo} , @g)ly(w) := BZ(w). (3)
re

In this paper, our goal is to investigate design of robust linear and polyhedral
estimates under deterministic uncertainty in the sensing matrix. We extend
the approach developed in [I] where robust estimates of both types were an-
alyzed in the case of stochastic uncertainty 1 to the situation in which 7 is
uncertain-but-bounded. The approach reduces to deriving a tight efficiently
computable upper bound on the estimate’s risk and then “building” the esti-
mate by minimizing this bound with respect to the estimate parameter H.
Our contributions are as follows.

— We analyse the e-risk (the maximum, over signals from X, of the radii
of (1 — €)-confidence || - [|-balls) in Section [2| and build presumably good
linear estimates in the case of structured norm-bounded uncertainty (cf.
[2, Chapter 7] and references therein), thus extending the corresponding
results of [12].

In our analysis, similarly to [I], we assume that the signal set X’ is an
ellitope [13,14]E| and the norm || - || quantifying the recovery error is the
maximum of a finite collection of Euclidean norms.

— In our context, analysis and design of polyhedral estimates under uncertain-
but-bounded perturbations in the sensing matrix appears to be the most
difficult; our very limited results on this subject form the subject of Section

Bl

1 Ellitopes are defined in Section [2f an immediate example is a bounded intersection of
centered at the origin elliptic cylinders




Title Suppressed Due to Excessive Length 3

Notation and assumptions. We denote by || - || the norm on R” used to mea-
sure the estimation error. In what follows, || - || is the maximum of Euclidean
seminorms

= T > =
[l max vVul'Riu Re>0,0=1,..,L, Z@RZ = 0.

We denote by ¢y (z) = SUp, cy 2Ty the support function of a set Y C RF.
Throughout the paper, we assume that observation noise & (its distribution
P, may depend on z) is zero-mean sub-Gaussian, ¢ ~ SG(0,021), i.e., for all
te R™"max e X,

T 2
Eeop, {e"¢} <exp (F1113) (4)

We define the e-risk of an estimate w +— w(w): we consider uniform over z € X
and n € U e-risk

Risk.[#|X] = sup inf {p . Probep, {|@(Aln]a + €) — Bx|| > p} < e}.
rzeX ,neld

2 Design of presumably good linear estimate

Let us assume that the signal set X is a basic ellitope. By definition [I3}[14], a
basic ellitope in R"™ is a set of the form

X={zeR": HeT: Tz <ty k<K} (5)

where T}, € ST, Tj, = 0, >, T > 0, and T C Rf is a convex compact set
with a nonempty interior which is monotone: whenever 0 < ¢’ <t € T one has

teT.

Observe that the error of the linear estimate @ (w) = HT w satisfies
l@(Allz + &) = B|| < [|[H"¢|| + max |[B - H" Alz|

+ max [[H Dlnjz| (6)

Design of a presumably good linear estimate Zy(w) consists in minimizing
over H the sum of tight efficiently computable upper bounds on the terms in
the right-hand side of @ The bounds on the first and the second term were
already established in [T}, Section 2.1]. Namely, we have

Prob {||HT§ > 1+ \/21n(L/6)]0rg1<az<\/Tr(HRgHT)} <e Vee (0,1]
and max |[B — HT Alz|| < t,(H) where
TE
v(H) = rlr}iAn{A +o7(p): =0,

AL 1R}’ [B - HT 4]
UB—HTATR)?| ST

.
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(cf. (35) and (36) in the proof of Proposition 2.1 of [I]). What is missing is a
tight upper bound on
H)= H'D .
s() = max |H"Dinje|

In the rest of this section we focus on building efficiently computable upper
bound on s(H) which is convex in H; the synthesis of the contrast H is then
conducted by minimizing with respect to H the resulting upper bound on the
estimation risk.

We assume from now on that I/ is a convex compact set in certain R?. In
this case s(H) is what in [I2] was called the robust norm

IZ[H]llx = max [IZ]|lx, [Z]lx = max || Zz]]
€Z[H] zeX

of the uncertain v x n matrix
Z[H] ={Z = H" D[y : n e U},

i.e., the maximum, over instances Z € Z[H], of operator norms of the linear
mappings x — Zx induced by the norm with the unit ball X on the argument
space and the norm || - || on the image space.

It is well known that aside of a very restricted family of special cases, robust
norms do not allow for efficient computation. We are about to list known to
us generic cases when these norms admit efficiently computable upper bounds
which are tight within logarithmic factors.

2.1 Scenario uncertainty

This is the case where the nuisance set & = Conv{n',...,n°} is given as a con-
vex hull of moderate number of scenarios n°. In this case, §(H) the maximum
of operator norms:

_ T s
s(H) = maxmax [ B Dl ||

1/2 s
:SS%%§L||MSZ[H]“X,27 Msg[H] :Rl/ HTD[U ]’

where, for Q@ € R"*", ||Q|x2 = max |Qx]|2 is the operator norm of the linear
zTE

mapping ¢ — Qz : R" — RY induced by the norm || - ||x with the unit
ball X on the argument space, and the Euclidean norm | - ||z on the image
space. Note that this norm is efficiently computable in the ellipsoid case where
X={zeR": 27Tz <1} with T = 0 (that is, for K =1, Ty =T, T = [0,1]
in )—one has |Qlx,2 = HQT_1/2||2,2. When X is a general ellitope, norm
Il 2 is difficult to compute. However, it admits a tight efficiently computable
convex in @ upper bound: it is shown in [I2] Theorem 3.1] that function

. ) A, 10
00t1Q] = nin {3+ o) > 0. [ 124 20T - o}
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satisfies ||@Q|lx2 < Opt[Q] < 2.4y/In(4K)||Q||x,2. As a result, under the cir-
cumstances,

s(H) = JJnax Optg[H],

. bW : 1R, HT D]
OptSH:mln{)\g—i—(ﬁT 6. ZZO, Lot 2 1% =05,
(lH) = mnin ) - u DT HR, | Sty T

is a tight within the factor 2.44/In(4K) efficiently computable convex in H
upper bound on s(H).
2.2 Box and structured norm-bounded uncertainty

In the case of structured norm-bounded uncertainty function D[n] in the model
is of the form

q
Dinl = Y""_ PInaQa [Po € RI™,Qq € RIXY)

U={n=(m,.n9)} =U1 X ... x Uy, (7)
{na = 5Ipa : |5‘ S 1} - Rpaxpav QDz :paa « S an
U. — [’scalar perturbation blocks”]
¢ {7704 € RpPoXe ||77a||2,2 < 1} ,qs < a<g.

[”general perturbation blocks”]

The special case of where ¢5 = ¢, that is,
q
U= {1 ERT: [n] <1} & Al = A+ Dl = A+ 3" 1aAa

is referred to as box uncertainty. In this section we operate with structured
norm-bounded uncertainty , assuming w.l.o.g. that all P, and Q. are
nonzero. The main result here (for underlying rationale and proof, see Sec-

tion |A.2)) is as follows:
Proposition 2.1 Let X C R" be an ellitope: X = PY, where
V={yeRN:3teT : y"Thy<tr,k<K}

is a basic ellitope. Given the data of structured norm-bounded uncertainty (@,
consider the efficiently computable convex function

S(H) = max Opt, (H),

Opt, (H) = i {l cu>0,0>0,A>0
pt,(H) o s+ or()]: u>0,v> >

U, |—Ay[HP
Sl
et

—Ly[H]| AT,

thSqu

} =0,t<q—gs
Pag+t

Vt—/\tP RtTRtPEO,tﬁq—qS
IU’IV - ESUS - ZtUt t O’ Ekvak - Zs‘/s - Ztvt t O
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where
Au[H] = R)/HTPTQ,, 1< s < g,
LuylH] = Py HR)?) Ry = Quey1, 1<t < q— s

Then
s(H) <5(H) < »(K)max[¥(2k), 7/2]s(H),

where £ = maxmin(p,, ¢o] (k =0 when ¢s =0),
a<qgs

o= {1 K=1,
T /RK), K > 1,

and ¥(k) is a universal function of integer k > 0 specified in such that
3(0) =0, 9(1) =1, 9(2) =7/2, ¥(3) =1.7348..., d(k) < %W\/E, k>1.

Note that the “box uncertainty” version of Proposition Was derived in [12].

2.3 Robust estimation of linear forms

Until now, we imposed no restrictions on the matrix B. We are about to
demonstrate that when we aim at recovering the value of a given linear form
bTx of signal x € X, i.e., when B is a row vector:

Bz =b"z beR"], (8)

we can handle much wider family of uncertainty sets &/ than those considered
so far. Specifically, assume on the top of that U is a spectratope (as is the
case, e.g., with structured norm-bounded uncertainty) — a set of the form

U={n=QuveV},V={veRM:3se8:S2[v] < sy, { <L}, )
Se[v] = Zj‘ilvisif, St c Qde

where S C Rf_ is a convex compact monotone (cf. definition of ellitope) set
with a nonempty interior and Sy[v] = 0, ¢ < L, implies v = 0. Let X be a
spectratope as well:

X={x=Pyyel}, Y={yeRN:FHeT Ty <tils, k< K}, (10)
Tily) = Yoy, T9%, T9F € 8,

The contrast matrix H underlying a candidate linear estimate becomes a vec-

tor h € R™, the associated linear estimate being @y, (w) = h”w. In our present

situation v = 1 we lose nothing when setting || - || = | - |. Representing D[n] as

> iMaAa, we get

tp(h) = max ’hTZanaAax

— T —mTA. 3T
Lmax = max 7 A[hlz, A[h] = [h" Ay;.. h Ayl

neu,xeXx
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In other words, t,(h) is the operator norm ||A[h]||x 1, of the linear mapping
2 — A[h]z induced by the norm || - [|x with the unit ball X on the argument
space and the norm with the unit ball /,—the polar of the spectratope /—on
the image space. Denote

A[A] = [Tr(Ay); . Tr(Ag )], Ay € ST,

ANY] = [Te(V1);...; Te(YL)], Yy € S%,

and for Y € S% and X € S/+

R[Y] = [Te(YVS7S7)] T X] = [Te(XTHT9%)]

i,j<M’ i,j<N*

Invoking [I2, Theorem 7], we arrive at

Proposition 2.2 In the case of (@ and (@, efficiently computable convex
function

T(h) = min {567 (A4]) + és(AT])] : (11)

A={A, eS8l k<K}T={TyeS¥ <L}

[ZeRz ’*[TZH QT A[hP ] -0
PTATIRIQ [, T, M4l —

is a reasonably tight upper bound on ty(h):

L

ty(h) <T(h) <3 (Zf_lfk) < <Z£_1d4)tb(h)
where 5(J) = 1/2In(5.7).

3 Design of the robust polyhedral estimate

On a close inspection, the strategy for designing a presumably good polyhedral

estimate developed in [I, Section 3] for the case of random uncertainty works in

the case of uncertain-but-bounded perturbations A[n] = A—|—Z Nala, N €U,
«

———
Din]
provided that the constraints on the columns A of the contrast matrices are

replaced with the constraint
Probe {|h7¢| > 1/2} < §/2, (12a)
‘qul[hTAax]na <1/2V¥(z € X, €U). (12b)

Recalling that hT¢ is sub-Gaussian, h7¢ ~ SG(0, 02| h||%), and assuming that

U and X are the spectratopes @, , invoking Proposition an efficiently
verifiable sufficient condition for A to satisfy the constraints (12)) is

|hll2 < 20+/2In(2/6) and T(R) < 1/2 (13)
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(see ([11)). It follows that in order to build an efficiently computable upper
bound for the e-risk of a polyhedral estimate associated with a given m x ML
contrast matrix H = [Hy, .., Hy], Hp € R™*M it suffices to check whether the
columns of H satisfy constraints with § = e¢/M L. If the answer is positive,
one can upper-bound the risk utilizing the following spectratopic version of [1l
Proposition 2.3]:

Proposition 3.1 In the situation of this section, let € € (0,1), and let H =
[Hi, ..., Hy] be mx M L matriz with L blocks Hy € R™ M such that all columns
of H satisfy with § = ¢/M L. Consider optimization problem

p.[H] =2 min {p: v >0, = {rfest k<K}, (<L (14)
e, T8 vt p
Ao+ ¢TI + 50 0f <p < L
Al | 1R)*BP

<L
LPTBT R} |PT AT HyDiag{v'YHT AP + ¥, T (Y1) | ~
where
AT = [Te(27)s s Te(T)]
and
TV = [e(VT*TM)] oy for Ve ST,
Then

Risk. [0 |X] < p [H].

Remarks. When taken together, Propositions and allow to compute
efficiently an upper bound on the e-risk of the polyhedral estimate associated
with a given m x ML contrast matrix H: when the columns of H satisfy
with § = ¢/M L, this bound is p4[H], otherwise it is, say, +00. The outlined
methodology can be applied to any pair of spectratopes X and ). However,
to design a presumably good polyhedral estimate, we need to optimize the
risk bound obtained in H, and this seems to be difficult because the bound,
same as its “random perturbation” counterpart derived in [I, Proposition 3.1],
is nonconvex in H. At present, we know only one generic situation where the
synthesis problem admits “presumably good” solution—the case where both X’
and U are ellipsoids. Applying appropriate one-to-one linear transformations
to perturbation 7 and signal z, the latter situation can be reduced to that
with

X ={zeR": |z <1}, U={neR7:[nfz <1}, (15)

which we assume till the end of this section. In this case reduces to
2]z < [204/210(2/6)] 7" and [ A[h][|22 < 1/2 (16)

where
Alh] = [RT Ay R Ag; . BT A).
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As a result, can be processed in the same fashion as corresponding
constraints in [I Sections 3.3 and 3.4] to yield a computationally efficient
scheme for building a presumably good, in the case of , polyhedral esti-
mate. This scheme is the same as that described at the end of [II, Section 3.6]
with just one difference: the quantity x(d) in the first semidefinite constraint
of optimization problems (30) and (31) which define the upper bounds of the
estimation risk should now be replaced with constant 2. For instance, when
denoting by Opt the optimal value of the modified in the just explained way
problem (30) in [II, Section 3.6], the e-risk of the polyhedral estimate yielded
by an optimal solution to the problem is upper-bounded by 2./xOpt, with
x=4ln(dm(m+n+q+1)).

Acknowledgements This work was supported by Multidisciplinary Institute in Artificial
intelligence MIAI @ Grenoble Alpes (ANR-19-P3IA-0003).

A Proofs

A.1 Proof of Proposition [3.]

The proof follows that of [Il Proposition 2.3]. All we need to prove is that if H satisfies the
premise of the proposition and \p, T4, v¢, p is a feasible solution to , then the inequality

Riske[@]],, |X] < 2p (17)

holds. Indeed, let us fix ¢ € X and n € U. Since the columns of H satisfy , the Pp-
probability of the event

Zom ={€: |[HT DIz + €l <1}
is at least 1 — ML = 1 —e. Let us fix observation w = Az + D[n]z + £ with { € Z; ;. Then
1H T [w — Az]lloc = | HT [Dln)z + €)oo <1, (18)

implying that the optimal value in the optimization problem min, ey |HT [Au — wl|oo is
at most 1. Consequently, setting Z = ZH (w), we have Z € X and ||HT[AZ — w]||ec < 1,
see . These observations combine with and the inclusion z € X to imply that for
z = 5[z —7] we have z € X and |HT 2|0 < 1. Recalling what X is we conclude that z = Py

with Tlg[y} S trly, ,k < K for some t € T and

|Hf APy|loo = |H{ Az|lco <1, £< L. (19)
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Now let uw € R¥ with |lu|l2 < 1. Semidefinite constraints in imply that
uTR)/?Bz = u"R)/*BPy < u" A\ Lu +y" [PATHgDiag{UZ}HZTAP + Zlej’*[T,f]] y
= Aeulut 37 v [HY APy)] +y vy
N—_————

<1 by (19)

SA+ DD D wiy (T
k i,j<N

=X+ Zjvf + > Te(TETE[Y))
k
<A+ Zjvf + ZtkTr(T,f) [due to T = 0 and T2[y] = tily, ]
k
<X+ v+ eTT]) <p (20)

where the concluding inequality follows from the constraints of . holds true for all
u with ||lul]|2 < 1, and we conclude that for x € X and n € U and § € Z; ,, (recall that the
latter inclusion takes place with Py-probability > 1 — €) we have

IR,”*B[z" (Az + Dlnlz + €) — a]|l2 < 2p, £ < L.
Recalling what || - || is, we get

W(z € X,n €U) : Probe.p, {|Ble — 3" (Az + Dinle + )| > 20]| < e,

that is, Riske[@;,, |X] < 2p. The latter relation holds true whenever p can be extended to
a feasible solution to , and follows. O

A .2 Robust norm of uncertain matrix with structured norm-bounded
uncertainty

A.2.1 Situation and goal

Let matrices As € R™*"™ s < S, and Ly € RPt*™ R, € R%*X"™ t < T, be given. These
data specify uncertain m X n matrix

A={A= ZSJSAS + ZthAth (10s] < 1Vs < 8, || Adll2,e <1VES T} (21)
Given ellitopes

X={Py:yecY}CcR", Y={ye RN & HeT:yTThy <ty k <K},

22
B:={Qz:2€ Z}CR™ Z={2€RM :35€S: 2782 < s, <L}, (22)
we want to upper-bound the robust norm
A = A ,
IAllx,5 = max [ Allx,5
of uncertain matrix A induced by the norm || - ||x with the unit ball X in the argument

space and the norm || - ||g with the unit ball B which is the polar of Bs in the image space.
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A.2.2 Main result

Proposition A.1 Given uncertain matric and ellitopes @), consider convex opti-
mization problem

Opt= min  3[és(p) + 7 (v)]
US,V;,il{,Vt
subject to
p=20,v>20,A2>20
Us |-QTA,P
—
[*PTASTQ\ . =0 (23a)

[%} =0, VI = \PTRTR,P >0 (23b)
Do peSe—=) Us—» U'=0 (23¢)
Zk’uka - ZSV; - Ztvt =0 (23d)
The problem is strictly feasible and solvable, and
lAllx,5 < Opt < (K)»(L) max [#(2x), 7/2] || Al x, (24)

where

— the function 9(k) of nonnegative integer k is given by 3(0) =0 and k > 1,
I(k) = [mina {(2‘11')’]“/2 I loaru? 4+ ... + akui|87“T“/2du, aeRF ol = 1” - . (25)

— & =max Rank(As) when S > 1, otherwise k = 0;
S

— (") is given by
J=1,

17
() = { 5 /I(2J), J > 1. (26)

Remarks. The rationale behind is as follows. Checking that the X', B-norm of uncer-
tain m X m matrix is < a € R is the same as to verify that for all 6; € [—1,1], A :
[[A¢2,2 <1
Do dsulAco+ 37 WL ARw < alfuls. [lo]l 2 V(u € R™ v € R™),
S
or, which is the same due to what B, and X are, that for all §s € [—1,1], Az : ||A¢|l2,2 <1

> 0:2TQT APy + Y ZTQTLT AR Py <allzllzllyly V(= € RM,y e RY). (27)

A simple certificate for is a collection of positive semidefinite matrices Us, Vs, Ut, V¢,
U,V such that for all z€ RM, y € RN and all s < S, t < T it holds

22T [QT AsPly < 2TUsz + yT Vsy, (28a)
2:TQTLT AR Py < 2TU 2 4+ yTVly Y(A: : || Atll2,2 < 1), (28b)
t
ZSUS + ZtU <U, (28c)
t
Do Vet VIRV, (28d)
max 27 Uz 4+ maxyT Vy < 2a. (28e)

z€EZ yey
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Now, (28a) clearly is the same as (23a). It is known (this fact originates from [7]) that
(28b) is the same as existence of A¢ > 0 such that (23b)) holds. Finally, existence of u > 0

such that > ,p¢S; = U and v > 0 such that Y, vpT = V (see (23c) and (23d))) implies
due to the structure of Z and Y that max.cz z' Uz < ¢s(p) and maxyecy y' Vy < 7 (v).
The bottom line is that a feasible solution to implies the existence of a certificate

(U, U Ve Vs S SESTU =37 jeSe, V=3 onTi}

for relation with a = %W’S(H) + ¢ (v)].
Proof of Proposition 1°. Strict feasibility and solvability of the problem are imme-
diate consequences of >_,S; >~ 0 and >, T} > 0.

Let us prove the first inequality in . All we need to show is that if

[a] u,v, A, Us, Vs, U, V? is feasible for (23),

[b] = Py with yT Ty < 7, k < K, for some 7 € T and u = Qz for some z such that
278z < ¢p, £ < L, for some ¢ € S, and

[c] 85, A¢ satisfy |0s] < 1, ||A¢ll2,2 <1,

then v 1= uT' [} 6sAs + S, LT A Rile < L[ds(p) + ¢7(v)]. Assuming [a—], we have

N = ZsészTQTAsPy + thTQTLtT AR Py
Ct
T [ZSUS] s+ LyT [ZSVs] y+ Y L@zl lGellz by and due to |ds] < 1]

sulasnr[s
[due to and ||A¢|l2,2 < 1]
= %ZT {ZSUS] z+ %yT [ZSVS] Y+ Zt\/(ZTUtz)()\tyTPTRtTRth).

IN
ol

ZT

IN
ol

z+%yT

v+ 3/ (=T UL) (4T PTRT RiPy)
t

Thus, by the second inequality of (23b)),

SRS V) SAA A SRR )
’ [ZSUs] 2+ 39" [ZSVS] v+ 3> TU z+y VY
LT[0+ U a4y [ e+ > VY] 9

(> ez S0z + 37y okTuy| Doy and (@3J)]
[>° s+ 37 veme]  [due to 27802 < 6,y Thy < 7]

3[6s(w) + ¢ (V)] [since s € S,7 € T] (29)

2
IN
ol

z
z

IN
Nl

[NIES

IN
olm

IANIA
— ol

as claimed.

2°. Now, let us prove the second inequality in (24). Observe that
S={0}U{ls;o] 10> 0,5/0 €S}, T={0}U{ltr]:7>0,t/reT},
are regular cones with the duals

S« =A{lg;o]:0 2 ds(=9)}, Tw={lh7]:7 =7 (=h)},
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and (23] can be rewritten as the conic problem

20pt = min a+ (P)
a,B,u,v,
\Us, Vs, Ut VT

subject to

[~usa]@ es,, v gl Bl e, ) > 0,07 > 0,00 > 0

Us |A
Us ‘7QTASP Zs Vs
|:_PTA’£Q‘ Vs EO’SSS

U'|z) )
Ut —QTLtT] Le| Ay ¢ T pT v
=0, V! = XPTRTR:P]” =0,t<T
<t =0, V' -auPi R A 2
5 T
D S =3  Us =3 UT 20, D ok =Y Va=> V'] =0  (30)

(superscripts are the Lagrange multipliers for the corresponding constraints). (P) clearly is
solvable and strictly feasible, so that 20pt is the optimal value of the (solvable!) conic dual
of (P):

_r _
20pt = g X QZSTr(QTASPAS )+ 2ZtTr(QTLtTLt) (D)
o, PL,g, N, L, U, A5, ’
Ts,Vs,As, Ut Ty, A,V
subject to
[Gal €T, B €S, E>00>0,1>0,V' =0,5=0T >0
T7 Z —t|=T
UelAs | o |TEe | »
A Vs Ly| Ay

a=1,[gal€S,B=1,[hpBl €T,
—G¢ + Tx(SSe) + 1y = 0, —hy + Te(TTy) + 0y = 0,
Tr(A:) — Te(Ve PTRT Ry P) 4+ Xt = 0,

Us=5,0:=8V,=T,V' =T

<l

(here and in what follows the constraints should be satisfied for all values of “free indexes”

XY
s<S,t<T,¢< L, k<K). Taking into account that relation {YT%} > 0 is equivalent

to X = 0,Z = 0,and Y = X/2AZ1/2 with ||Alj2,2 < 1, and that [g;1] € S, [h;1] € T is
the same as g € S, h € T, (D) boils down to

S, T,
5,08, A¢

_r _
Opt = Yrﬁnﬁax {X:STr(QTASPA5 )+ ZtTr(QTL?Lt) :

SR

GET,heS, 8=0,T =0, Te(SS) < gy, Te(TTy) < hy,
A, =SPATY? [ Bollae < 1,T) =554, [Be)l22 <1
Tr(Ay) < (T *PTR,T R, PT"?)
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or, which is the same,

Opt= max_ {Z (5 2QTAPTPAL) 4257 (E2QT LI *5]) ()
h
GET heS, 5=0,T =0, Te(55,) < g, T(TTy) < hy,
lAsllz2 <1, [|6¢]l2,2 < 1

Tr(A,) < Te(T/* PTRT R, PT"/?

), At = 0

Note that for A and ¢ such that ||Alj2,2 <1 and ||d]|2,2 < 1 one has
la
THAL) < [Allne = INELAD I, £14] = | 2]
2

and

TI‘(ABTé) = <A7§TB>FrO < ||A||Fr0||6TBHFr0 < HAHFrOHBHF‘ro

(here ||Al|nuc stands for the nuclear norm and A(A) for the vector of eigenvalues of a sym-
metric matrix A). Consequently, for a feasible solution to (D’) it holds

T(S"2QT A PT AT < IS QT APT )1,

and
—1/2 1/2=T
(S QTLTA?5) ) < IS QT LY lkvo Ay lvo-

The latter bound combines with the last constraint in (D’) to imply that

—1/2 1/2< —=1/2 —=1/2
(S 2QT LT A5 ) < 12 Q LT llevol T PT RY || o,

and we conclude that

Opt < max_ {Z

S,9,T,h

—1/2

I RS

Tr(SSg) <Gy t<L } (31)

=0 0.7 €s,
4°. We need the following result:

Lemma A.1 [J Lemma 2.3] (cf. also [3, Lemma 3.4.3]) If the ranks of all matrices

As (and thus—matrices gl/QQTAsPTI/Q) do mot exceed a given Kk > 1, then for w ~
N(0, In4N) one has
51/2

—1/2 —=1/2

E{ |75 QT A PT *wl} > IINL[S 2 QT APT' ) |1 /0(2w),
with 9(-) as described in Proposition [A.1]
Our next result is as follows (cf. [2] Proposition B.4.12])

Lemma A.2 Let € RPX9, B€ R™™9 and £ ~ N(Q,I4). Then

2
Ee {1 4¢1211B¢ll2} = —llAllprollll BllFro-
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Proof. Setting AT A = UDiag{\}U” with orthogonal U and ¢ = UT'¢, we have

B (el Bela} = B { /S0 nloTeR Bl |

The right hand side is concave in A, so that the infimum of this function in A varying in
the simplex >, \; = Tr(AT A) is attained at an extreme point. In other words, there exists
vector a € R? with aTa = ||A||2, such that

E {||A¢]l2l| BEll2} > Be {1aT¢] | Be]l2}

Applying the same argument to ||B&||2-factor, we can now find a vector b € R4, bTh =
|B||2,,, such that

Ee {laT€|1B¢ll2 } > Be {JaT€1107€1} .
It suffices to prove that the concluding quantity is > 2||al|2||bl|2/7. By homogeneity, this
is the same as to prove that if [s;t] ~ N(0, I2), then E{|t||cos(¢)t + sin(¢p)s|} > % for all
¢ € [0,27), which is straightforward (for the justification, see the proof of Proposition 2.3
of [B]). O
The last building block is the following

Lemma A.3 [12, Lemma 6] Let
V:{UERd:EITER:UTRjUSTj,lngJ}CRd
be a basic ellitope, W = 0 be symmetric d X d matriz such that
IreR:Te(WRy) <rj,j < J,
and w ~ N(0,W). Denoting by p(-) the norm on R® with the unit ball V, we have
E{p(w)} < #(J).

with »(-) given by @)

4071\103 we can complete the proof of the second inequality in . Let kK > 1, and let
7,5, h, T be feasible for the optimization problem in (31). Denoting by |-l the norm with
the unit ball Q, for all A € R™*"™ 4 € R™, and v € R"™ we have
T
u' Av < lullg, |Avlls < llulls. |Allx,5lv]lx,

so that for all u € R™ and v € R™

Y

lulls, lvllx || Allx,B > max [ZSeSuTASv—}—ZtuTLzéthv]

€s,les|<1,
S¢,l10¢ll2,2<1

S ol Agol + 37 L eullzl| Revll.

Thus, for all g, S, h, T which are feasible for and £ € RM, nc RN,

—1/2 =3 —1/2 —1 /2
IS 2l 1T Pnlly 1Al x5 > 105 ¢l |1 PT >0l x [ Allx,5 [due to B. = QZ, X = PY]

>3 [€752QT AT Pyl + 3 IL:QS Pela| Re PT 12
=3 Il el Y2(g )

+ 3 124QS ", 0py (6 M2 0g, war, Re PT 16512 (32)

1/2

V20T A, PT
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As a result, for [&;n] ~ N (0, Inr4+n), applying the bounds of Lemmas and

{55y (I, e = (55 17 a1l
>3 B{|l6n" e85 Q" A PT g}
+ 30 B 12:@5" 2, 0p s || |00, ar, B PT Pigs ]| }

020" 2|2 (£ QT ALT ) [+ 2 5T 1LQE ol BT o
S

Besides this, by Lemma@ we have

1/2

E{I5"%¢lz} < (1), E{IT iy} < (k)

due to the fact that g, S,h and T are feasible for A This combines with 1} to imply
that the value »(L)s(K)|Al x,5 is lower bounded with the quantity

max [¥(2k), /2] [Z H)\ ( I/QQTSSPTUZD H1

1/2 =1/2
+3 IS QT LY Il T/ PT R [lpvo |

Invoking the inequality in (31)), we arrive at the second inequality in (24). The above rea-
soning assumed that k > 1, with evident simplifications, it is applicable to the case of Kk =0
as well. 0

A.2.3 Proof of Proposition

We put S = ¢gs and T' = ¢ — ¢s. In the situation of Proposition @ we want to tightly
upper-bound quantity

o(H) = g [|H7 Dl
— T T T
max max {/IATDila]"R[HT Dlfa] |
= H
rglgagHAz[ Ilx,2,

where || - ||x,2 is the operator norm induced by || - ||x on the argument and || - ||2 on the
image space and the uncertain matrix A,[H] is given by

- {255:155 Ry*HTPTQ +> 1, Ry*HTPL,, Ay Qs -
—_——— N — N——

=:Ag¢[H] LT, [H] =R
|6s] <1 ,1<s< S
[Asll2,2 <1,1<t<T

It follows that
H) = max ||A¢[H
s(H) X [l A[ ]||X,27
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and Proposition [A]] provides us with the efficiently computable convex in H upper bound
5(H) on s(H):

5(H) = IengagOpte(H),

Opt,(H) = {Slu+ér@]:n=0v>01>0

min
10N Us, Vs ULV
Us ‘_ASK[H]P =0
—PTATH] Vi -
[ Ut —LT[H]] -0
—Lyo[H]|Melpy sy | —
VvVt —MPTRTR.P =0
ply = 3,Us = Y U = 0
SveTl = 3o, Vs =35,V = 0

and tightness factor of this bound does not exceed max[¥(2k), 7 /2] where k = max min[pa, gal-
a<gs
g

A.3 Spectratopic version of Proposition

Proposition admits a “spectratopic version,” in which ellitopes X and Bx given by (22))
are replaced by the pair of spectratopes

X={Py:yeV}CR"Y={yeRN &3t eT: Tuly]®> Jtxl; k< K},
Tk[y] = Z;\le ijjkv Tjk S ka?Zk Tz?[y} - 0 Vy # 0
B.={Qz:2€ Z} CR™, Z={z€RM :3s € S: S2[2] X s¢ly,, L < L},

Selz] = oM, 289k, SikE € 8,37, S2[2] - 0 V2 # 0

(33a)
(33b)

The spectratopic version of the statement reads as follows:

Proposition A.2 Given uncertain matriz and spectratopes and , con-
sider convex optimization problem

Opt = {%[¢s(>\[u]) L or(A)]

min
w0\, Us, Vs, Ut V't
subject to
p={M,eS¥ (<L}, v={T, €SF k<K},A>0

Us |-QTAP
[—PTAEQ\ vt o

ut —QTLtT} t T pT
=0, Vt =\ PTRTRP = 0 34b
B Rk PR BuP 2 (340)

SOSTM) > U =Y U =0 (34c)
L s t
DT =Y Ve—D Vi=0 (34d)
k s t

(34a)

where
A¢] = [Tx(21);..; Te(Zy)] for ¢ = {Z; € SFi,i < I}

and
SHHV] = [Tr(vs“sﬂ)], _,, Jorvest mbu) = [Tr(UTikak)]

1I>

for U € Sfe.
i,j<N
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Problem is strictly feasible and solvable, and

Ml < Opt << (32, fx) s (32, de) max[9(26), 7/2] | Allx,5
where ¥ and k are the same as in Proposition and
s(J) = 2+v/21n(2J).
Proof. For Y € SM and X € SV let us set

M N
SFYI= > vy stsit, TR X = > Xy TR TR,
i,j=1 4,3=1
so that
Sy [22"] = S7lz], Ty lyy™] = T2y (35)
and
Te(VS,[Y]) = Te(S,*[V]Y) for V € 8%, Y € RM,
Te(UT, [X]) = Te(T,*[U]X) for U € ST, X € RV.
The proof of Proposition is obtained from that (below referred to as “the proof”) of
Proposition [A1] by the following modifications:
1. All references to should be replaced with references to (34). Item [b] in 1° of the
proof now reads
[b'] = = Py with T,?[y] 2 mlp,, k < K, for some 7 € T and u = Qz for
some z such that Sl?[z] = celg,, £ < L, for some ¢ € S.
The last three lines in the chain (29) are replaced with

(36)

2 < L[S st 0 + £ 1w 5 )] by @ and @)
L ¢ &
= % D Te(SFlIMe) + Y Te(TR[y)7%) | [by @33) and GG))
L ¢ X
<5 | ST + S Te(T) | [due to (1) and My = 0,7, = 0]
L e "

< 3l¢s(A[u) + ¢7(Alv])] [since ¢ € S,7 € T].
2. Constraints in (P) now read

4 s t

As a result, (31) becomes

S T
=0, = 0.

DT =Y Ve =y v
k s t

Opt < _max_ { > |t QTAPT )| + SIS QT LY lmol T * PT R v -
,9,T, S t

S§-0,9€8,5/[S] Xggla,, ¢ <L
T>0,heT,T;7[T) < hply,, k<K

3. The role of Lemma@ in the proof is now played by the following fact.
Lemma A.4 [12, Lemma 8] Let

V={veR*:3r e R: R}[v] 2r;I,;,1<j<J}CR*
be a basic spectratope, W = 0 be symmetric d X d matriz such that
IreR:RIW] =1l < J,

and w ~ N(0,W). Denoting by p(-) the norm on R?® with the unit ball V, we have

E{p(w)} < < (Zjuj) | o(F) = 2/2T(2F).
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