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Foreword

In this book, Nesterov and Nemirovskii describe the first unified theory of
polynomial-time interior-point methods. Their approach provides a simple and
elegant framework in which all known polynomial-time interior-point methods
can be explained and analyzed. Perhaps more important for applications, their
approach yields polynomial-time interior-point methods for a very wide variety
of problems beyond the traditional linear and quadratic programs.

The book contains new and important results in the general theory of con-
vex programming, e.g., their "conic" problem formulation in which duality
theory is completely symmetric. For each algorithm described, the authors
carefully derive precise bounds on the computational effort required to solve
a given family of problems to a given precision. In several cases they obtain
better problem complexity estimates than were previously known.

The detailed proofs and lack of "numerical examples" might suggest that
the book is of limited value to the reader interested in the practical aspects
of convex optimization, but nothing could be further from the truth. An
entire chapter is devoted to potential reduction methods precisely because of
their great efficiency in practice (indeed, some of these algorithms are worse
than path-following methods from the complexity theorist's point of view).
Although it is not reported in this book, several of the new algorithms described
(e.g., the projective method) have been implemented, tested on "real world"
problems, and found to be extremely efficient in practice.

Nesterov and Nemirovskii's work has profound implications for the appli-
cations of convex programming. In many fields of engineering we find con-
vex problems that are not linear or quadratic programs, but are of the form
readily handled by their methods. For example, convex problems involving
matrix inequalities arise in control system engineering. Before Nesterov and
Nemirovskii's work, we could observe that such problems can be solved in
polynomial time (by, e.g., the ellipsoid method) and therefore are, at least in
a theoretical sense, tractable. The methods described in this book make these
problems tractable in practice.

Karmakar's contribution was to demonstrate the first algorithm that solves
linear programs in polynomial time and with practical efficiency. Similarly, it
is one of Nesterov and Nemirovskii's contributions to describe algorithms that
solve, in polynomial time and with practical efficiency, an extremely wide class
of convex problems beyond linear and quadratic programs.

Stephen Boyd Stanford, California
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Preface

The purpose of this book is to present the general theory of interior-point
polynomial-time methods for convex programming. Since the publication of
Karmarkar's famous paper in 1984, the area has been intensively developed
by many researchers, who have focused on linear and quadratic programming.
This monograph has given us the opportunity to present in one volume all of
the major theoretical contributions to the theory of complexity for interior-
point methods in optimization. Our aim is to demonstrate that all known
polynomial-time interior-point methods can be explained on the basis of gen-
eral theory, which allows these methods to extend into a wide variety of non-
linear convex problems. We also have presented for the first time a definition
and analysis of the self-concordant barrier function for a compact convex body.

The abilities of the theory are demonstrated by developing new polynomial-
time interior-point methods for many important classes of problems: quadrat -
ically constrained quadratic programming, geometrical programming, approx-
imation in Lp norms, finding extremal ellipsoids, and solving problems in
structural design. Problems of special interest covered by the approach are
those with positive semidefinite matrices as variables. These problems include
numerous applications in modern control theory, combinatorial optimization,
graph theory, and computer science.

This book has been written for those interested in optimization in gen-
eral, including theory, algorithms, and applications. Mathematicians working
in numerical analysis and control theory will be interested, as will computer
scientists who are developing theory for computation of solutions of problems
by digital computers. We hope that mechanical and electrical engineers who
solve convex optimization problems will find this a useful reference.

Explicit algorithms for the aforementioned problems, along with detailed
theoretical complexity analysis, form the main contents of this book. We hope
that the theory presented herein will lead to additional significant applications.

ix
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Chapter 1

Introduction

1.1 Subject

The introduction of polynomial-time interior-point methods is one of the most
remarkable events in the development of mathematical programming in the
1980s. The first method of this family was suggested for linear programming in
the landmark paper of Karmarkar (see [Ka 84]). An excellent complexity result
of this paper, as well as the claim that the performance of the new method on
real-world problems is significantly better than the one of the simplex method,
made this work a sensation and subsequently inspired very intensive and fruit-
ful studies.

Until now, the activity in the field of interior-point methods focuses mainly
on linear programming. At the same time, we find that the nature of the
methods, is in fact, independent of the specific properties of LP problems, so
that these methods can be extended onto more general convex programs. The
aim of this book is twofold:

• To present a general approach to the design of polynomial-time interior-
point methods for nonlinear convex problems, and

• To illustrate the abilities of the approach by a number of important ex-
amples (quadratically constrained quadratic programming, geometrical
programming, approximation in Lp norm, minimization of eigenvalues,
among others).

1.2 Essence of the approach

After the seminal paper of Renegar (see [Re 86]), it became absolutely clear
that the new polynomial-time algorithms belong to the traditional class of
interior penalty methods studied in the classical monograph of Fiacco and
McCormick (see [FMcC 68]). To solve a convex problem

by an interior penalty method, it is first necessary to form a barrier function
for the feasible domain

1



2 INTRODUCTION

of the problem, i.e., smooth and strongly convex on the interior of the domain
function F tending to infinity along each sequence of interior points converg-
ing to a boundary point of Gf. Given such a barrier, one approximates the
constrained problem (/) by the family of unconstrained problems, e.g., by the
barrier-generated family

where t > 0 is the penalty parameter. Under extremely mild restrictions, the
solutions x(t) to (ft) tend to the optimal set of (/) as t tends to oo. The
classical scheme suggests following the trajectory x(t) along certain sequence
ti —> oo of values of the penalty. By applying to (ft) a method for uncon-
strained minimization, one forms "tight" approximations to x(ti), and these
approximations are regarded as approximate solutions to (/). This scheme
leads to barrier methods.

Another "unconstrained approximation" of the constrained problem (/) is
given by the family

where t > f* (/* is the optimal value in (/)) and </> is a barrier for the nonneg-
ative half-axis. As t —> /* + 0, the solutions xc(t) to the problems (/t

c) tend
to the optimal set of (/), and one can follow the path xc(t) along a sequence
ti —»• /* + 0 by applying to (/t

c) a method for unconstrained minimization.
The latter scheme originating from Huard (see, e.g., [BH 66]) leads to what is
called methods of centers.

Note that the above schemes possess two main "degrees of freedom": First,
it is possible to use various barriers; second, one can implement any method
for unconstrained minimization. Regarding the first issue, the classical recom-
mendation, at least in the case of smooth convex constraints, is to use barriers
that are compositions of constraints,

where ^(s) is a barrier for the nonnegative half-axis, e.g.,

Regarding choice of the method for unconstrained minimization, there were
almost no firm theoretical priorities; the computational experience was in fa-
vor of the Newton method, but this recommendation had no theoretical back-
ground.

Such a background was first given by Renegar in [Re 86]. Renegar demon-
strated that in the case of a linear programming problem (/) (all f i , i =



ESSENCE OF THE APPROACH 3

1,... ,m(/), are linear), the method of centers associated with the standard
logarithmic barrier

for the feasible polytope Gf of the problem and with

allows us to decrease the residual ti — /* at a linear rate at the cost of a single
step of the Newton method as applied to (/t

c). Under appropriate choice of
the weight LJ at the term ln(i — /o(x)) (namely, w = O(m(/))), one can force
the residual ti — f* to decrease as e x p { — O ( l ) i / m 1 / f 2 ( f ) } . Thus, to improve the
accuracy of the current approximate solution by an absolute constant factor, it
suffices to perform O(m1'2(/)) Newton steps, which requires a polynomial in
the size (n(/),m(/)) of the problem number of arithmetic operations; in other
words, the method proves to be polynomial. Similar results for the barrier
method associated with the same logarithmic barrier for a linear programming
problem were established by Gonzaga [Go 87].

We see that the central role in the modern interior-point methods for linear
programming is played by the standard logarithmic barrier for the feasible
polytope of the problem. To extend the methods onto nonlinear problems, one
should understand the properties of the barrier responsible for polynomiality
of the associated interior-point methods. Our general approach originates in
[Ns 88b], [Ns 88c], [Ns 89]. It is as follows: Among all various properties of
the logarithmic barrier, only two are responsible for all nice features of the
associated with F interior-point methods. These two properties are (i) the
Lipschitz continuity of the Hessian F" of the barrier with respect to the local
Euclidean metric defined by the Hessian itself as

for all x from the interior of G and all h e R"; and (ii) the Lipschitz continuity
of the barrier itself with respect to the same local Euclidean structure

for the same as above x and h.
Now (i) and (ii) do not explicitly involve the polyhedral structure of the

feasible domain G of the problem; given an arbitrary closed convex domain G,
we can consider a interior penalty function for G with these properties (such
a function will be called a self-concordant barrier for G). The essence of the
theory is that, given a self-concordant barrier F for a closed convex domain G,
we can associate with this barrier interior point methods for minimizing linear
objectives over G in the same way as is done in the case of the standard log-
arithmic barrier for a polytope. Moreover, all polynomial-time interior-point
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methods known for LP admit the above extension. To improve the accuracy
of a given approximate solution by an absolute constant factor, the resulting
methods require the amount of steps that depends only on the parameter of
the barrier, i.e., on certain combination of the above consti and const2, while
each of the steps is basically a step of the Newton minimization method as
applied to F.

Note that the problem of minimizing a linear objective over a closed convex
domain is universal for convex programming: Each convex program can be re-
formulated in this form. It follows that the possibility to solve convex programs
with the aid of interior-point methods is limited only by our ability to point
out self-concordant barriers for the resulting feasible domains. The result is
that such a barrier always exists (with the parameter being absolute constant
times the dimension of the domain); unfortunately, to obtain nice complexity
results, we need a barrier with moderate arithmetic cost of computing the gra-
dient and the Hessian, which is not always the case. Nevertheless, in many
cases we can to point out "computable" self-concordant barriers, so that we
can develop efficient methods for a wide variety of nonlinear convex problems
of an appropriate analytical structure.

Thus, we see that there exist not only heuristic, but also theoretical reasons
for implementing the Newton minimization method in the classical schemes of
the barrier method and the method of centers. Moreover, we understand how
to use the freedom in choice of the barrier: It should be self-concordant, and
we are interested in this intrinsic property, in contrast to the traditional rec-
ommendations where we are offered a number of possibilities for constructing
the barrier but have no priorities for choosing one of them.

1.3 Motivation

In our opinion, the main advantage of interior-point machinery is that, in many
important cases, it allows us to utilize the knowledge of the analytical structure
of the problem under consideration to develop an efficient algorithm. Consider
a family A of solvable optimization problems of the type (/) with convex finite
(say, on the whole Rn(-^) objective and constraints.

Assume that we have fixed analytical structure of the functionals involved
into our problems, so that each problem instance (/) belonging to A can be
identified by a finite-dimensional real vector D(/) ("the set of coefficients of
the instance"). Typical examples here are the classes of linear programming
problems, linearly/quadratically constrained convex quadratic problems, and
so forth. Assume that, when solving (/), the set of data D(/) form the input
to the algorithm, and we desire to solve (/) to a prescribed accuracy e, i.e., to
find an approximate solution x£ satisfying the relations

where /* is the optimal value in (/).
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An algorithm that transforms the input (D(/),e) into an e-solution to (/)
in a finite number of operations of precise real arithmetic will be called poly-
nomial, if the total amount of these operations for all (/) e A and all e > 0
is bounded from above by p(m(/), n(/),dim{D(/)}) ln(V(/)/e), where p is a
polynomial. Here V(f) is certain scale parameter, which can depend on the
magnitudes of coefficients involved into (/) (a reasonable choice of the pa-
rameter is specific for the family under consideration). The ratio e/V(f) can
be regarded as the relative accuracy, so that ln(V(/)/e) is something like the
amount of accuracy digits in an e-solution. Thus, a polynomial-time algorithm
is a procedure in which the arithmetic cost "per accuracy digit" does not ex-
ceed a polynomial of the problem size (m(/),n(/), dim{D(/)}). Fob/normality
usually is treated as theoretical equivalent to the unformal notion "an effective
computational procedure," and the efficiency of a polynomial-time algorithm,
from the theoretical viewpoint, is defined by the corresponding "cost per digit"
p(m(/),n(/),dim{D(/)}).

The concept of a polynomial-time algorithm was introduced by Edmonds
[Ed 65] and Cobham [Co 65] (see also Aho et al. [AHU 76], Garey and Johnson
[GJ 79], and Karp [Kr 72], [Kr 75]). This initial concept was oriented onto
discrete problems; in the case of continuous problems with real data, it seems
to be more convenient to deal with the above (relaxed) version of this concept.

Note that polynomial-time algorithms do exist in a sense, for "all" convex
problems. Indeed, there are procedures (e.g., the ellipsoid method; see [NY 79])
that solve all convex problems (/) to relative (in a reasonable scale) accuracy e
at the cost of O(p(n, m) ln(n/e)) arithmetic operations and O(q(n, m) ln(n/e))
computations of the values and subgradients of the objective and the con-
straints, where p and q are polynomials (for the ellipsoid method, p(n, m) =
n3(m + n), q(n,m) = n2). Now, if our class of problems A is such that,
given the data D(/), we can compute the above values and subgradients at a
given point x in polynomial in m(f), n(f), dim{D(/)} number of arithmetic
operations, then the above procedure proves to be polynomial on A.

A conceptual drawback of the latter scheme is that, although from the
very beginning we possess complete information about the problem instance,
we make only "local" conclusions from this "global" information; in fact, in
this scheme, we ignore our knowledge of the analytical structure of the prob-
lem under consideration (more accurately, this information is used only when
computing the values and the subgradients of fi). At the same time, the
interior-point machinery is now the only known way to utilize the knowledge
of analytical structure to improve—sometimes significantly—the theoretical
efficiency of polynomial-time algorithms. Indeed, as already mentioned, the
efficiency of a polynomial-time interior-point method is denned first by the pa-
rameter of the underlying barrier and second by the arithmetic cost at which
one can form and solve the corresponding Newton systems; both these quan-
tities depend more on the analytical structure of the objective and constraints
than on the dimensions m(f) and n(f) of the problem.
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1.4 Overview of the contents

Chapter 2 forms the technical basis of the book. Here we introduce and study
our main notions of self-concordant functions and barriers.

Chapter 3 is devoted to the path-following interior-point methods. In their
basic form, these methods allow us to minimize a linear objective / over a
bounded closed convex domain G, provided that we are given a self-concordant
barrier for the domain and a starting point belonging to the interior of the
domain. In a path-following method, the barrier and the objective generate
certain penalty-type family of functions and, consequently, the trajectory of
minimizers of these functions; this trajectory converges to the optimal set of
the problem. The idea of the method is to follow this path of minimizers:
Given a strictly feasible approximate solution close, in a sense, to the point of
the path corresponding to a current value of the penalty parameter, we vary
the parameter in the desired direction and then compute the Newton iterate
of the current approximate solution to restore the initial closeness between
the updated approximate solution and the new point of the path. Of course,
this scheme is quite traditional, and, generally speaking, it does not result in
polynomial-time procedure. The latter feature is provided by self-concordance
of the functions comprising the family.

We demonstrate that path-following methods known for LP (i.e., for the
case when G is a polytope) can be easily explained and extended onto the case
of general convex domains G. We prove that the efficiency ("cost per digit")
of these methods is 0(i?1//2), where i? is the parameter of the barrier (for the
standard logarithmic barrier for an m-facet polytope one has *& = m).

In Chapter 4 we extend onto the general convex case the potential reduction
interior-point methods for LP problems; we mean the method of Karmarkar
[Ka 84], the projective method [Nm 87], the primal-dual method of Todd and
Ye [TY 87], and Ye [Ye 88a], [Ye 89]. The efficiency of the resulting method
is O(&} (for the generalized method of Karmarkar and the projective method)
or O(i91/2) (the generalized primal-dual method), where 1? denotes the param-
eter of the underlying self-concordant barrier. Thus, the potential reduction
methods, theoretically, have no advantages as compared to the path-following
algorithms. Prom the computational viewpoint, however, these methods are
much more attractive. The reason is that, for a potential reduction method,
one can point out an explicit Lyapunov's function, and the accuracy of a fea-
sible approximate solution can be expressed in terms of the potential (the less
the potential, the better the approximate solution). At each strictly feasible
solution, the theory prescribes a direction and a stepsize, which allows us to
obtain a new strictly feasible solution with the value of the potential being
"considerably" less than that at the previous approximate solution. To ensure
the theoretical efficiency estimate, it suffices to perform this theoretical step,
but we are not forbidden to achieve a deeper decreasing of the potential, say,
with the aid of one-dimensional minimization of the potential in the direction
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prescribed by the theory. In real-world problems, these "large steps" signifi-
cantly accelerate the method. In contrast to this, in a path-following method,
we should maintain closeness to the corresponding trajectory, which, at least
theoretically, is an obstacle for "large steps."

To extend potential reduction interior-point methods onto the general con-
vex case, we use a special reformulation of a convex programming problem, the
so-called conic setting of it (where we should minimize a linear functional over
the intersection of an affine subspace and a closed convex cone). An important
role in the extension is played by duality, which for conic problems attains
very symmetric form and looks quite similar to the usual LP duality. Another
advantage of the "conic format" of convex programs, which is especially im-
portant to the design of polynomial-time methods, is that this format allows us
to exploit the widest group of transformations preserving convexity of feasible
domains; we mean the projective transformations (to subject a conic problem
to such a transformation is basically the same as to intersect the cone with
another affine subspace).

As already mentioned, to solve a convex problem by an interior-point
method, we should first reduce the problem to one of minimizing a linear
objective over convex domain (which is quite straightforward) and, second,
point out a "computable" self-concordant barrier for this domain (which is the
crucial point for the approach). As shown in Chapter 2, every n-dimensional
closed convex domain admits a self-concordant barrier with the parameter of
order of n; unfortunately, the corresponding "universal barrier" is given by a
multivariate integral and therefore cannot be treated as "computable." Nev-
ertheless, the result is that there exists a kind of calculus of "computable"
self-concordant barriers, which forms the subject of Chapter 5. We first point
out "simple" self-concordant barriers for a number of standard domains aris-
ing in convex programming (epigraphs of standard functions on the axis, level
sets of convex quadratic forms, the epigraph of the Euclidean norm, the cone
of positive semidefinite matrices, and so forth). Second, we demonstrate that
all standard (preserving convexity) operations with convex domains (taking
images/inverse images under affine mappings and projective transformations,
intersection, taking direct products, and so forth) admit simple rules for com-
bining self-concordant barriers for the operands into a self-concordant barrier
for the resulting domain. This calculus involves "rational linear algebra" tools
only and, as applied to our "raw materials"—concrete self-concordant barriers
for "standard" convex sets—allows us to form "computable" self-concordant
barriers for a wide variety of convex domains arising in convex programming.

In Chapter 6 we illustrate the abilities of the developed technique. Namely,
we present polynomial-time interior-point algorithms for a number of classes of
nonlinear convex programs, including quadratically constrained quadratic pro-
gramming, geometrical programming (in exponential form), approximation in
Lp-norm, and minimization of the operator norm of a matrix linearly depend-
ing on the control vector. An especially interesting application is semidefinite
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programming, i.e., minimization of a linear functional of a symmetric matrix
subjected to positive semidefiniteness restriction and a number of linear equal-
ity constraints. Note that, first, semidefinite programming is a nice field for
interior-point methods (all path-following and potential reduction methods can
be easily implemented for this class); second, semidefinite programming cov-
ers many important problems arising in various areas, from control theory to
combinatorial optimization (e.g., the problem of minimizing the largest eigen-
value or the sum of k largest eigenvalues of a symmetric matrix). We conclude
Chapter 6 with developing polynomial-time interior-point algorithms for two
geometrical problems concerning extremal ellipsoids (the problems are to in-
scribe the maximum volume ellipsoid into a given polytope and to cover a given
finite set in Rn by the ellipsoid of minimum volume). The first of these is espe-
cially interesting for nonsmooth convex optimization (it arises as an auxiliary
problem in the inscribed ellipsoid method (see Khaciyan et al. [KhTE 88])).

Chapter 7 is devoted to variational inequalities with monotone operators.
Here we extend the notion of self-concordance onto monotone operators and
develop a polynomial-time path-following method for inequalities involving op-
erators "compatible," in a sense, with a self-concordant barrier for the feasible
domain of the inequality. Although the compatibility condition is a rather se-
vere restriction, it is automatically satisfied for linear monotone operators, as
well as for some interesting nonlinear operators (e.g., the operator arising, un-
der some natural assumptions, in the pure exchange model of Arrow-Debreu).

In Chapter 8 we consider possibilities for acceleration of the path-following
algorithms as applied to linearly constrained convex quadratic (in particular,
LP) problems. Until now, the only known acceleration strategies were more
or less straightforward modifications of the Karmarkar speed-up (see [Ka 84])
based on recursive updatings of approximate inverses to the matrices arising
at the sequential Newton-type steps of the procedure under consideration. We
describe four more strategies: Three are based on following the path with the
aid of (prescaled) multistep methods for smooth optimization; in the fourth
strategy, to find an approximate solution of a Newton system, we use the
prescaled conjugate gradient method. All our strategies lead to the same worst-
case complexity estimates as the known ones, but the new strategies seem to
be more flexible and therefore can be expected to be more efficient in practice.

We conclude the exposition with Bibliography Comments. It seems to
be impossible to give a detailed survey of the activity in the very intensively
developing area of polynomial-time interior-point methods. Therefore we have
restricted ourselves only with the papers closely related to the monograph.
We realize that the "level of completeness" of our comments is far from being
perfect and apologize in advance for possible lacunae.

The methods presented in the book are new, and we believe that they are
promising for practical computations. The very preliminary experience we now
possess supports this hope, but it in no sense is sufficient to make definite con-
clusions. Therefore our decision was to completely omit any numerical results.
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Of course, we realize that it is computational experience, not theoretical re-
sults alone, that proves practical potential of an algorithm, and we hope that,
by the methods presented in this book, this experience can soon be gained.

1.5 How to read this book

Basically, there are two ways of reading this book, depending on whether
the reader is interested in the interior-point theory itself or its applications to
concrete optimization problems. The theoretical aspect is detailed in Chapters
2-5, while applications of variational inequalities, in addition to the theory, can
be found in Chapter 7 (it is possible to exclude Chapters 4 and 5 here). For
specific explications of the theory of linear and linearly constrained quadratic
programming, refer to Chapter 8.

Chapters 2 and 3 deal in general theory rather than in concrete applications;
the reader interested in applications is expected to be familiar with the main
concepts and results found there (with the exception of §2.5 and possible §2.4),
but not necessarily with the proofs. Note that, for some applications (e.g., ge-
ometrical programming, approximation in Lp-norm, and finding extremal el-
lipsoids) , only path-following methods are developed, and, consequently, those
interested in these applications may move from chapter 3 directly to Chap-
ter 6. Quadratically constrained quadratic problems, especially semidefinite
programming with applications to control theory, can be found in §2.4 and
Chapter 4 (at the level of concepts and schemes). If one wishes to deal with
concrete applications that are not explicitly presented in this book and would
like to attempt to develop new interior-point methods, refer to Chapter 5 for
the techniques of constructing self-concordant barriers.
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Chapter 2

Self-concordant functions and Newton
method

All interior-point algorithms heavily exploit the classical Newton minimization
method as applied to "unconstrained smooth approximations" of the problem
under consideration. To be successful, this scheme requires approximations
that can be effectively minimized by the Newton method. The approach pre-
sented in this book deals with a special class of functions used in these approx-
imations, namely, self-concordant functions and barriers.

In this chapter, which forms the technical basis for the book, we introduce
and study the notions of a self-concordant function (§2.1) and a self-concordant
barrier (§2.3). We demonstrate (§2.2) that self-concordant functions form a
nice field for the Newton method, which allows us to develop general theory
of polynomial-time path-following algorithms (Chapter 3); as demonstrated
by the general existence theorem (§2.5), the related methods in principle can
be used to solve an arbitrary convex problem. Section 2.4 is devoted to the
Legendre transformation of self-concordant functions and barriers. The re-
sults of this section form the background for potential reduction methods
(Chapter 4).

2.1 Self-concordant functions

To motivate the notion of self-concordance, let us start with analyzing the
traditional situation in which, given some strongly convex function F : Rn —>
R, one desires to minimize it by the Newton method. In its classical form, the
method generates the iterates

It is well-known that, under mild regularity assumptions, this scheme locally
converges quadratically. The typical result here is as follows: If F is strongly
convex with some constant m, i.e.,

and F" is Lipschitz continuous with constant L, i.e.,

11
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then

In particular, in the region defined by the inequality

the method converges quadratically.
Note that the above sufficient condition for quadratic convergence of the

Newton method involves an Euclidean structure on Rn; one should choose such
a structure to define the Hessian matrix and consequently the constants m and
L. Thus, the description of the region of quadratic convergence depends on an
ad hoc choice of Euclidean structure, which, generally speaking, has nothing
in common with F. The resulting uncertainty contradicts the affine-invariant
nature of the Newton method.

Now note that the second-order differential of F induces an infinitesimal
Euclidean metric on Rn, intrinsically connected with F. The result is that the
Lipschitz continuity of F" with respect to this metric implies very interesting
results on the behaviour of the Newton method as applied to F. This property
is called self-concordance. The precise definition is as follows.

Definition 2.1.1 Let E be a finite-dimensional real vector space, Q be an open
nonempty convex subset of E, F : Q —> R be a function, a > 0. F is called
self-concordant on Q with the parameter value a (a-self-concordant; notation:
F € Sa(Q, E)), if F e C3 is a convex function on Q, and, for all x € Q and
all h £ E, the following inequality holds:

(DkF(x}[h\,..., hk] henceforth denotes the value of the kth differential of F
taken at x along the collection of directions hi,..., hk).

An a-self-concordant on Q function F is called strongly a-self-concordant
(notation: F € S^(Q,E)) if the sets {x 6 Q \ F(x) < t} are closed in E for
each t € R.

Remark 2.1.1 Note that a self-concordant on Q function F is strongly self-
concordant on Q if and only if Q is the "natural domain" of F, i.e., if and
only if F(xi) tends to infinity along every sequence {xi G Q} converging to a
boundary point of Q.

Self-concordance is an affine-invariant property; see the following proposi-
tion.

Proposition 2.1.1 (i) Stability with respect to affine substitutions. Let F €
Sa(Q,E) (F € Sa(Q,E)), let x = A(y) = Ay + b be an affine transformation
from a finite-dimensional real vector space E+ into E such that Q+ = {y \
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A(y) € Q} + 0, and let F+(y) = F(A(y)) : Q+ -> R. Tfeen F+ e Sa(Q
+, E+)

(respectively, F+ e S+(Q+,£+)).
(ii) Stability under summation. Let Fi e Sai(Qi,E), pi > 0, z = 1,2, Q =

Qi C1Q2 / 0, F(x) = PiFi(z)+p2F2(:r) : Q —> R «rcd /e< a = min{pia1,p2O2}-
Then F € Sa(Q, E). If under the above assumptions either Fi e S+ (Qi, E), i =
1,2, orFi eS+(Qi,F) andQi C Q2, then F £ S+(Q,E).

(ui) Stability with respect to direct products. Le^ F\(x) e 5a(Qi,£^i),
F2(y) G Sa(Q2,£2). Then F,(x) + F2(y) € Sa(Qi x Q2,£?i x £2). //Fi(ar) €
S+CQi.Ei), F2d/) e S+(Q2,E2), then F,(x) + F2(y] e 5+(Qi x Qa.Fi x £2).

The proof is quite straightforward.
Let F be self-concordant on Q with the parameter value a and let a; 6 Q.

The second-order differential D2F(x) defines the Euclidean seminorm on E as
follows:

An r-neighbourhood of x in this seminorm, i.e., the set

will be called Dikin's ellipsoid of F centered at x of the radius r.
The following statement is a finite-difference version of the differential in-

equality (2.1.1); this statement is used in what follows as the main technical
tool.

Theorem 2.1.1 Let F be a-self-concordant on Q and let x e Q. Then
(i) For each y € Q such that r =\\x — y \\X,F< 1 we have, for all h e E,

(ii) // F is strongly self-concordant, then every Dikin's ellipsoid of F cen-
tered at x of the radius r < 1 is contained in Q, namely,

Proof, (i) Denote

Let s e 6 be such that x(s) e Q and let h e E. Let A = [0, s] and let the
functions if}(p) and </>(p) be defined for p e A as
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Prom (2.1.1) it follows (see §8.4.3) that, for each triple of vectors hi e E, i =
1,2,3, we have

The latter relation implies that

Prom the first relation in (2.1.3), we have either tl>(p) = 0, p € A, and therefore,
by virtue of the second relation in (2.1.3), </>(s) = 0(0), or V>(p) > 0 on A.1

In the second case, we have | W>-1/2(p))p |< a"1/2, p e A, which implies
that

In the latter case, by virtue of ̂ (0) = a || y — x ||2 F= ar2, we obtain

since t/'-1/2(0) > pa"1/2 for p € A C S. Consequently, the second relation in
(2.1.3) can be written as

Thus, either 0 = 0 on A, or <j> is positive on A, and in the latter case we have

which, by the definition of 0, leads to (2.1.2). Evidently, (2.1.2) also holds in
the cases where VKp) = 0, p € A, and 0(p) — 0(0), p e A. Thereby (i) is
proved.

(ii) We should prove that, if y E E is such that r =|| y — x \\X,F< 1, then
y e Q. Let e, x(s), 6 be defined in the same manner as above and let

It suffices to prove that a = l/r (1/0 = oo). Assume that the latter relation
does not hold, so that ar < 1. Applying (i) to the points y = x(s), 0 < s < a
(these points do belong to Q), we conclude that the function g(s) = F(x(s))

JWe have used the well-known consequence of the uniqueness theorem for linear differential
equations: If an absolute continuous real-valued function / defined on a segment A C R
satisfies the inequality | f ' ( t ) \< g(t) \ f ( t ) |, where g is summable, then either / = 0
identically on A or / does not take zero value on this segment.
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has a bounded second derivative for 0 < s < a and hence itself is bounded for
these s. Since F e S+(Q,E), this leads to

Since Q is open, we have x(s) e Q for some s > a. The latter inclusion in the
case of or < 1 contradicts the definition of a, and thereby (ii) is proved. 

Corollary 2.1.1 Let F be self-concordant on Q. Then the subspace

does not depend on x 6 Q.

Proof. Let us fix h <E E. The set Xh = {x € Q \ D2F(x)[h,h] = 0} is closed
in Q by virtue of the continuity of D2F(x)[h, h] in x and is open in Q by virtue
of (2.1.2). Hence this set is either empty, or coincides with Q. D

The subspace mentioned in Corollary 2.1.1 will be called the recessive sub-
space of F and will be denoted Ep. We call F nondegenerate, if Ep = {0}.

2.2 Damped Newton method

In this section, we describe the behaviour of the Newton method as applied to
a self-concordant function.

2.2.1 Newton decrement

Let us start with introducing a convenient accuracy measure—the Newton
decrement X(F,x). Let F be a-self-concordant on Q. We define \(F, x), x € Q
as

(if the set on the right is empty, then A(F, x) = oo by definition). The quantity
A(F, x) can be interpreted as follows. Consider the quadratic approximation

of the function F at the point x. Then we clearly have

or, which is the same,
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In the case of nondegenerate F (i.e., EF = {0}), the Newton decrement can
be expressed in terms of the gradient vector, and the Hessian of F taken with
respect to (any) Euclidean structure of E as

It is worth noting that A(F, x) is, up to a constant factor, the norm of the
linear form DF(x) in the metric induced by D2F(x).

Proposition 2.2.1 For any F e Sa(Q,E), either \(F,x) = oo for all x € Q,
or X(F,x) is a finite continuous function on Q. This latter case occurs if and
only ifDF(x)[h] = 0 for all x € Q and all h € EF.

Proof. Let x € Q. It is clear that

Assume that \(F,x) < oo for chosen x and let h € EF- For if)(y) = DF(y)[h],
we have Dif)(y)[e] = D2F(y)[h,e] = 0, so that ty is constant on Q; since
i/)(x) - 0, we have V = 0- Thus, if \(F,x) < oo, then DF(y)\h] = 0 for all
h € Ep and all y 6 E, so that

where EF is a subspace complement to Ep in E. The quadratic form D2F(y)
[/i, h] is positive definite on the subspace EF; therefore the statement follows
from the C3-smoothness of F. D

2.2.2 Preliminary results

Now we are ready to analyze the behaviour of the Newton method as applied
to a self-concordant function.

Let F be a-self-concordant on Q, let x € Q, and let A(F, x) < oo. Then the
form $i(y) is below bounded in y E E and therefore attains its minimum over
y. Let x*(F, x) be some minimizer of this form and let e(F, x) = x*(F, x) — x.
We clearly have

The point x*(F, x) is called the Newton iterate of x. In the nondegenerate
case, as it should be,

The following result describes the behaviour of the quantities A(F, •) and F(-)
on the segment [x, x*(F,x)].
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Theorem 2.2.1 Let F € Sa(Q,E), x € Q, and \(F,x) < oo. Let

be such that the points x(s) = x + se(F, x) belong to Q for all s € A = [0,a).

Then for all s E A we have

where A = A(F,x).

Proof. Let e = e(F,x). Note that by (2.2.6) A =|| e \\X>F. Since a < I/A, we
have by virtue of Theorem 2.1.1(1), for all s 6 A and h e E,

whence for s € A

It follows that

or, in view of (2.2.5),
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Now, by definition of \(F,x) combined with (2.2.13) and (2.2.10) we have

which, combined with (2.2.1), implies (2.2.8) (note that by definition a < 1
and therefore (1 — s) > 0).

Let /(s) = F(x(s)) - F(x). Relation (2.2.13) with h = e and relation
(2.2.5) lead to

Hence

which implies (2.2.9). D
The following modification of the above theorem sometimes is more conve-

nient.

Theorem 2.2.2 Let F e Sa(Q,E), x € Q, and X(F,x) < 1. Let one of the
sets

be closed in E. Then
(i) F attains its minimum over Q : X* = Argmin Q F ^ 0;
(ii) If\(F,x) < A* = 2 - 31/2 = 0.2679..., then x*(F,x) € Q and
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(iii) For each y € Q such that A(F, J/) < g and for each x# €. X*, we have

where w(A) = !-(!- 3A)1/3;
(iv) For each y e Q such that 62(F,y) = 2<r1{F(y) - ming F} < 4/9, we

have

Proof. 1°. Let a(A) = min{l, (1 - A)/A(3 - A)}, AA = [0,cr(A)], and

for 0 < A < 1. It is easy to show that in view of choice of cr(A) the function
<j>\(s) decreases on A^, and the function V>A(S) is nonnegative on A>. Let
X = Xxr\Yx and u e X. Then A = A(F,ti) < A(F,z) < 1. Let

By virtue of (2.2.8), (2.2.9), for 0 < s < s', we have

The sets Xx and Yx are closed in Q (since A(F, •) and F(-) are continuous on
Q), and one of the sets is closed in E\ hence X is closed in E. By (2.2.19)
u + se(F,u) G X, 0 < s < s', and by virtue of closedness of X in E we
have u + s'e(F,u) G X. For continuity reasons, it follows that (2.2.19) holds
for s = s'. Thus, u + s'e(F,u) e X C Q. Since Q is open, the inclusion
u + s'e(F,u) E Q is possible only if s' = cr(A) (see the definition of s'). Thus,
we obtain

and

2°. Assume that u e X is such that A(F, it) < 2-31/2. Then <r(A(F, u)) = 1,
whence u*(u) = x*(F,u) <E Q, and, by (2.2.20),

which leads to (2.2.14).
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3°. Consider the following process:

(the process is well defined by the arguments of 1°, namely, Xj € X C Q for all
i > 0). This is the Newton method as applied to F starting at x with special
choice of step length. We shall prove that, for all sufficiently large i, we have
a(X(F,Xi)) = 1, which means that for those i (2.2.22) is the standard Newton
process.

Let \i = \(F,Xi). Then, by virtue of (2.2.20), (2.2.21),

which implies that \i —» 0, i —»• oo (recall that <f>\(s), as a function of s,
decreases on the segment A\ and equals 1 at s = 0). In particular, for all
sufficiently large i, we have Aj < A*, or cr(Aj) = 1, as claimed. Let i* = min{t |
Aj < A*}. Then for i > i* we have, by virtue of (2.2.14),

Note that the behaviour of Aj depends solely on AQ = A(F, x) (this quantity
must be less than 1), and Aj quadratically converges to 0 by virtue of (2.2.24).

4°. Let us now prove (i). We can assume that Aj > 0, i > 0, since otherwise
(i) is evident. Let EF be a subspace complement to Ep in E. Let

Then Vi is a compact set, because D2F(x)[-, •] is positive definite on EF. Let

for e = ±1. Assume that an integer i > 2 is such that, for Sj = lOAj, we have

(since \i > 0 and Aj -> 0, (2.2.25) holds for all sufficiently large i). Let us
verify that, for the above value of i, the following inclusion holds:

Indeed, let e 6 EF satisfy D'2F(xi)[e, e] = a and let
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By virtue of Theorem 2.1.1, for all s € [0, ae] and h e E we have

which leads to

Therefore

and, by Cauchy's inequality,

Hence

which, in view of (2.2.1) and (2.2.25), leads to

Let f ( s ) = F ( x ( s , e ) ) — F(xi). Then, for 0 < s < cre, we have

so that, in view of Theorem 2.1.l(i),
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Since /'(O) = DF(xi)[e], this leads to

By virtue of | DF(xi)[e] |< Aia
1/2(D2F(xi)[e, e])1/2 = aAj, we now have

where or* = mm{si,(Te}. By virtue of (2.2.25) and (2.2.23), relations (2.2.27)
and (2.2.28) imply that x(s,e) & X for 0 < s < a*. Since X is closed in E, we
have x(a*,e) € X. Since Q is open, it follows from the definition of a* that
the latter inclusion holds only if ae > Sj. This implies (2.2.26) because e is an
arbitrary vector from EF satisfying D2F(xi)[e, e] = a.

Note that the points belonging to the (relative) boundary dVi of Vi can be
represented as Xi + s^e, e € EF', D2F(xi)[e, e] = a. Thus, taking into account
(2.2.28) and (2.2.25), we obtain F(u) > Ffa), u e dVi. Hence there exists a
point x* € Vi such that DF(x*)[h] = 0 for all h £ EF. By virtue of Proposition
2.2.1, under the assumptions of the theorem, we have DF(u)[h] = 0 for all
u € Q and h € EF- Hence DF(x*) = 0, and (i) is thereby proved.

5°. Let us prove (iii). Let

We have

Let a = min{l,u}-1}. Since (d/ds){-DF(y(8))[e]} = D2F(y(s))[e,e], by
virtue of Theorem 2.2.1 we obtain

and therefore

0 < s < a. The latter inequality combined with (2.2.29) implies that

If (jj > 1, then a = uj'1 and (2.2.30) holds for s = or1. It follows that A > ±,
which contradicts the assumptions of (iii). Hence u; < 1, so that a = 1, and
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(2.2.30) implies w(3 - 3a> + w2) < 3A. In the latter inequality, the left-hand
side is monotone in uj > 0, so that

(ijj(\) is the unique root of the equation o;(3 - 3w + w2) = 3A). By definition
of a;, (2.2.31) is equivalent to (2.2.17). Now let

Then g(0) = </(0) = 0, and, taking into account Theorem 2.2.1, we obtain

Therefore

Combining this relation with (2.2.31), we obtain (2.2.15). Furthermore, by
virtue of (2.2.31) and Theorem 2.1.1, we have

which, combined with (2.2.31), implies (2.2.16). Thereby (iii) is proved.
6°. Let us prove (iv). Let x* e Argmin F and let y e Q be such that

Let

By virtue of Theorem 2.1.1, we have f " ( s ) > au2(l — ws)2, 0 < s < a. Since
/'(O) = 0, it follows that
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If u > 1, then <7 = u;"1, and we obtain 62 = 2a~lf(l) > | > f, which is
a contradiction. Therefore u < 1, whence a = 1, and the above inequality
implies that

Hence

For 0 < s < 1 and h 6 E, we have, by virtue of Theorem 2.2.1,

whence, in view of DF(x*)[h] = 0, we obtain

By virtue of Theorem 2.1.1, we also have D2F(y)[h, h] > (l-w)2D2F(o;,)[/i, h].
The above inequalities imply that A(F, y) < o;(l — w)~2, which, combined with
(2.2.33), implies (2.2.18). 

2.2.3 Newton method: Summary

The following theorem provides us with complete description of the behaviour
of the Newton method.

Theorem 2.2.3 Let F € Sa(Q,E),x € Q and let the set X = {y e Q \
F(y] < F(x)} be closed in E. Then

(i) F is below bounded on Q if and only if it attains its minimum over Q.
If \(F,x) < I , then F attains its minimum over Q;

(ii) Let \(F,x) < oo, A* = 2 - 31/2 = 0.2679... and A' € [A*, 1).
Consider the Newton iteration starting at x,

where
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The iterations are well defined (i.e., for all i we have Xi £ X,\i = A(F, £j) < oo
and e(F,Xi) is well defined), and the following relations hold:

Moreover,

Proof. 1°. Let A(F, x) < oo. Let J be the set of all integers j > 0 that
satisfy the following conditions:

(lj) Process (2.2.34) is well defined for 0 < i < j; i.e., for all
these i, we have x^ £ X, A; < oo, and e(F, Xj) are well defined;

(2j) For 0 < i < j, the implications (2.2.38)-(2.2.39) are true.

Let us prove that J = {j > 0}. First, let us show that 0 € J. Indeed,
(2o) is evident, and to prove (!Q) we only must establish that e(F,x) is well
defined. This, however, follows immediately from Proposition 2.2.1 and the
above assumption that X(F, u) is finite for u = x.

It remains to prove the implication j; € J =>• j + 1 € J. Let j € J. Then
Xj € X, and ej = e(F,Xj) is well denned.

Assume that A-, > A'. Let

Then a < min^A"1}. Using Theorem 2.2.1 (see (2.2.9)) and the inequality

we have in the case under consideration

for 0 < s < a. Thus, x(s) E X, 0 < s < a, and since X is closed we have
x(<r) e X. By the definition of a, the latter inclusion necessitates a = a'(\j),
which in turn implies that £j+i € X. Hence, in view of (lj) and the above
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remarks on \(F,u) and e(F,u), we are led to (lj+i). Since Xj+\ e X, relation
(2.2.41), by the continuity arguments, holds for s — a = cr'(Aj). In view of
(2j), this implies that (2j+i). Thus, in the case under consideration, we have
j + 1 e J.

Now let \j < A'. Following the argument of item 1° of the proof of Theorem
2.2.2 with u = x = Xj (the assumptions of the theorem are satisfied since XXj

is closed in E together with X in view of Xj € X) and making use of the
fact that cr'(X) = cr(A) for A < A', we obtain Xj+i 6 X, which combined with
(lj) leads to (lj+i). Relations (2.2.36), when applied to the above u, imply
(2.2.38)-(2.2.39) for i = j. These latter relations, combined with (2j), lead to
(2j+i). Thus, j + 1 e J.

2°. Now we are able to prove (ii). All statements in (ii), excluding (2.2.40),
follow immediately from the system of implications {(lj), (2j) \ j > 0}. Let
us verify (2.2.40). Assume that Aj < 1/3. The set

is closed in E together with X, since Xi 6 X. Therefore (2.2.40) follows from
Theorem 2.2.2.(iii), where we set x =- Xi, y = Xi.

3°. It remains to prove (i). Under the assumptions of the theorem, the set
{y 6 Q | F(y) < F(x')} is closed in E for each x' e X, so that, by Theorem
2.2.2.(i), the implication

(2.2.42) (3x' 6 X : \(F, x') < 1) =» F attains its minimum over Q

holds. Therefore, to prove (i), it suffices to show that, if F is bounded from
below, then \(F, x) < oo, and the premise in (2.2.42) is true.

The first statement follows immediately from the fact that, in the case of
X(F,x) = oo, there exists h € E such that D2F(u) [h, h] — 0 for all u € Q,
while DF(x)[h] < 0. This means that, on the intersection of Q and the ray
{x + th | t > 0}, the function F linearly decreases. Since X is closed and Q
is open, the above ray is contained in Q, and F is not below bounded on Q.
This contradicts the assumption.

Thus, in the case of a below bounded function F, we have A(F, x) < oo.
Consider process (2.2.34). By virtue of (ii) and in view of (2.2.38), the first
stage of this process does terminate, i.e., xj € X and A(F, Xj) < A' < 1 for
some j. Thus, the premise in (2.2.42) holds. 

When proving (2.2.38), we never used the assumption that A' > A» and, in
fact, have established the following.

Proposition 2.2.2 Let F € S+(Q,E) be such that X(F,x) < oo for some
(and then, in view of Proposition 2.2.1, for all) x 6 Q. Let u e Q. Then the
point
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belongs to Q, and

Comments. Let F be a-self-concordant and below bounded on Q and
let x 6 Q. Assume that the set {y 6 Q \ F(y) < F(x)} is closed in E. By
Theorem 2.2.3, F attains its minimum over Q and AO = A(F, x) < oo, while the
above-described Newton iterations converge (in the objective) to the minimizer
of F over Q.

Moreover, A; —>• 0, i —> oo. Theorem 2.2.3 shows that the Newton process
can be divided into three sequential stages, each corresponding to one of the
following three conditions on the iteration number i:

At the first stage, F decreases at each iteration by a quantity that is not smaller
than a{A' — ln(l + A')} = oA*; the number of iterations at this stage, i*(l), is
not greater than

At the second stage, the quantities Aj decrease, and the quantities (1 - Aj)
increase as a geometric progression with the ratio K = (5 — A')/4; the number
of iterations at this stage, i,(2) — z*(l), is not greater than

At the third stage, the quantities Aj decrease quadratically. It is important
that the behaviour of Aj at the second stage depends on A' only, while at the
third stage it does not depend on any parameter of the objects involved.

The inequality A(F, x) < 1, which under the assumptions of Theorem 2.2.3
ensures the below boundedness of F, cannot be weakened. This is demon-
strated by the example

where A(F, x) = 1.

2.2.4 Behaviour of a strongly self-concordant function on its
Lebesgue set

The results on self-concordant functions established so far demonstrate that
such a function in its Dikin ellipsoid of a reasonable (less than 1) radius is fairly
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well approximated by its second-order Taylor expansion, which is the reason for
nice behaviour of the Newton minimization method as applied to the function.
Now, what happens outside the ellipsoid? In a "large" neighbourhood of a
point, the behaviour of a self-concordant function F may be bad—it can go to
infinity at a finite distance. Nevertheless, it turns out—and this is important
for our further goals—that this is, in a sense, the only bad thing that can
happen. Namely, if F is below bounded, then its behaviour on any Lebesgue
set {x | F(x) < b} resembles its behaviour on the ellipsoid. We are about to
represent the related properties; to simplify notation, we restrict ourselves to
strongly 1-self-concordant functions, as it always will be the case in our coming
applications.

Let Q be an open convex subset in E and F be a strongly 1-self-concordant
below bounded function on Q. Since F is strongly self-concordant, its Lebesgue
sets

are closed in E for any b > 0; this observation and the below boundedness of
F imply that F attains its minimum on Q (Theorem 2.2.3(1)). Let x(F) be a
minimizer of F over Q. The results on the behaviour of F on T\> are as follows,

(i) Boundedness of the Lebesgue set in the "central metric." For any x E T}>,
we have

where x"1 is the function inverse to

This is an immediate corollary of the following lower bound, which is useful
in its own right.

Proposition 2.2.3 Let f e Si(Q,E) and x € Q. Then, for every y & Q, we
have

Proof. Taking restriction of / on the line passing through x and y, we imme-
diately reduce the situation to the following one: Q is an interval on the axis,
x = 0, y > 0, and / is 1-self-concordant on Q. Assume first that /"(O) = 0;
then (2.2.44) is nothing but convexity of /. Now assume that /"(O) > 0; then,
without loss of generality, we may restrict ourselves to the case of /"(O) = 1
(this requires nothing but scaling of the argument), so that || z \\xj is simply
| z | and, in particular, || y \\xj= y |= y- Now, in view of Theorem 2.2.1(i),
from /"(O) = 1 it follows that '/"(*) > (1 - i)2 for all * € Q, 0 < t < 1, while,
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from convexity of /, it follows that f " ( t ) > 0, t € Q, t > I. Thus,

as claimed. 
Note that the final estimate 36 + | in (2.2.43) in the case of small 6 (less

than x(l) — \) can be improved (in this range of values of b the quantity
X"1 is given by another expression), but this is not the issue in which we are
interested now.

(ii) Boundedness of the Newton decrement. For any x 6 jFb, we have

where ̂ -1 is the function inverse to

Indeed, since F E S^(Q,E) is below bounded on Q, its Newton decre-
ment is finite (Proposition 2.2.1; the case of A(F, •) = oo is excluded, since
X(F,x(F)) = 0). Now, since A(F,z) < oo, Proposition 2.2.2 tells us that
an appropriate step from x keeps the point in Q and reduces F by at least
tp(\(F,x)), so that il>(\(F, x)) < b, as claimed.

(iii) Compatibility of Hessians. For any x € .F&, we have

where

Indeed, let Wl/2 = [y € E \ D2F(x)[y - x,y - x] < \} be the Dikin ellip-
soid of F centered at x of radius \. Since F is strongly self-concordant on Q,
this ellipsoid is contained in Q, and in this ellipsoid we have D^F(y)[h, h] <
4D2F(x)[h, h] (both claims follow from Theorem 2.2.1). We immediately con-
clude that

whence F(y) < mhiQ F + b+ ^ +ip~l(b)/2, y € W\/i (we have considered that
\(F, x) < ̂ (b) and that | DF(x)[y -x}\< X(F, x) \\y-x \\X}F by definition
of \(F,x)). Thus,
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whence, in view of (i), || • ||x(F),F-diameter of Wi/% does not exceed a~l/2(b),
and we come to the left inequality in (2.2.46).

To prove the right inequality, let us act as follows. Consider the Newton-
type process

In view of Proposition 2.2.2, this process is well defined, keeps the iterates in
Ft,, and decreases F at the ith step by at least ip(\i), Aj = X(F, Xj). Let i* be
the first i such that A, < 0.06. Then

We have || Xi — Xj+i ||ii,F= Aj/(l + Aj) (since || e(F, u) ||UJF clearly equals
A(F,u)). In view of Theorem 2.2.1,

and, in view of (2.2.46), we have Aj < i(>~l(b) (recall that Xi 6 J-b), whence

It follows that

whence

On the other hand, relation A(F, Xj.) < 0.06 in view of the first inequality in
(2.2.17) ensures that

whence, again in view of Theorem 2.2.1,

Thus,

as claimed in the right inequality in (2.2.46). 
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Remark 2.2.1 Unpleasant exponential type of the second inequality in (2.2.46)
is inavoidable. Indeed, consider a below bounded l-strongly self-concordant
function

Here x(F) = 1 and exp(—ft) € Fb for b > 0, so that the best upper bound for the
ratio f " ( t ) / f " ( x ( F ) } = t~2 on J-\, is at least exp(26) and is therefore actually
exponential in b.

The last property we present is a "quantitive" version of the sufficient
condition for below boundedness (see Theorem 2.2.3(i)).

(iv) Let x € Q be such that A(F, x) < 1. Then

To establish (2.2.47), consider the Newton-type process (2.2.34)-(2.2.36) start-
ing at x and set A' = A(F, x)

where

As we know from (2.2.39), (2.2.39), the process is well defined, keeps the it-
erates in Q, and decreases Aj's. Consider the stage of the process comprised
of iterations with Aj > A*, let the corresponding iteration numbers be 0, ...,i*.
Let us bound from above the quantity by which the objective is reduced at the
stage in question. Since F is convex, we have

whence

On the other hand, in view of (2.2.39), we have

Let /i be the group comprised of all i < i* with pi < 2po- If there are indices
i : i < i* that are not covered by /i, let i(2) be the first of them and let /2 be
comprised of all indices i : i(2) < i < i* with pi < 2pj(2)- If there are indices
in 1,..., i* that are not covered by I\ and /2, then let z(3) be the first of them
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and let /s be comprised of all indices i : z(3) < i < i* such that pi < 2p^3\,
and so on. After a finite number of steps, the set {1, ...,i*} will be partitioned
into groups /,-, j = 1,..., k, in such a way that

and Pi(j+i) > 2pj(j). From the latter relation, it follows that

Furthermore, from (2.2.49), we conclude that the number lj of indices in Ij
does not exceed 8/cC* so that £^e/. Pi ̂  16 (indeed, we have at most 8p^\
terms, at most 2pi(j) each). Thus,

(2.2.51)

Now, \(F,Xi*+i) < A* = 0.2679... < £, and therefore Theorem 2.2.2(iii) tells
us that

which, combined with (2.2.51), leads to (2.2.47). 

2.3 Self-concordant barriers

2.3.1 Definition of a self-concordant barrier

Recall that a self-concordant function is a smooth convex function with the
second-order differential being Lipschitz continuous with respect to the local
Euclidean metric defined by this differential. The functions that, in addition,
are themselves Lipschitz continuous with respect to the above local metric,
are of special interest to us. The latter requirement means precisely that
the Newton decrement of the function is bounded from above. We call these
functions self-concordant barriers. As we shall see later, these barriers play
the central role in the interior point machinery. In this section, we introduce
the notion of a self-concordant barrier and study the basic properties of these
barriers.

As already mentioned, a self-concordant barrier F should satisfy the fol-
lowing relations:
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Thus, generally speaking, there are two Lipschitz constants, consti and const2,
responsible for the barrier. Note that a scaling F —> cF updates these constants
as follows:

consti —*• c"1'2 consti, const2 —> c1'2 const2.

In particular, we can enforce one of the constants to be equal to a prescribed
value; from a technical viewpoint, it is convenient to provide consti = 2. We
now give the precise definition.

Definition 2.3.1 Let G be a closed convex domain in a finite-dimensional
real vector space E and let $ > 0. A function F : intG —> R is called
a $-self-concordant barrier for G (notation: F e B(G,$)) if F is l-strongly
self-concordant on int G and

The value •& is called the parameter of the barrier F.

Example 0. The function F(x) = const is a 0-self-concordant barrier
for R".

Example 1. The function F(i) = — I n t is a 1-self-concordant barrier for
the nonnegative half-axis.

Remark 2.3.1 As we shall see later, F(x) = const is the only possible self-
concordant barrier for the whole Rn (see Corollary 2.3.1, below), and this is
the only possible self-concordant barrier with the parameter less than I: If a
closed convex domain G C Rn differs from the whole space and F is a fl-self-
concordant barrier for G, then i? > 1 (see Corollary 2.3.3, below). Henceforth,
we always (unless the opposite is explicitly indicated) deal with barriers for
proper subsets o/Rn; so the reader should note that the value of the parameter
in question is > 1.

The following statement is almost evident (compare with Proposition 2.1.1).

Proposition 2.3.1 (i) Stability under affine substitutions of argument. Let
G be a closed convex domain in E, F be a $-self-concordant barrier for G, and
let x — A(y) = Ay + b be an affine transformation from a space E+ into E
such that A(E+) f| int G / 0. Let

Then F+ is a $-self-concordant barrier for G+.
(ii) Stability with respect to summation. Let Gi, 1 < i < m be closed

convex domains in E and let F{ be $i-self-concordant barriers for Gi. Assume
m

that the set G+ — f| Gi has a nonempty interior. Then the function
i=l

is a (X)£Li $i)-self-concordant barrier for G+.
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(iii) Stability with respect to direct products. Let F\(x) be a $i-self-
concordant barrier for G\ C E\ and F^y] be. a $2-self-concordant barrier for
G<z C EI. Then Fi(x)+F-2(y) is a (tfi+flz)-self-concordant barrier for G\ xG?.

Example 2 (the standard logarithmic barrier for a polyhedral set). As we
have already seen, the function (— Ini) is a 1-self-concordant barrier for the ray
{t > 0}. Prom Proposition 2.3.1(i), it follows that the function — ln(6 — aTx)
is a 1-self-concordant barrier for the half-space {x € Rn | aTx < b}. Now,
from Proposition 2.3.1(ii), it follows that, if G is a convex polytope {x 6 Rn |
ajx < bj, 1 < i < m} and the linear inequalities denning G satisfy the Slater
condition, then the function

is an m-self-concordant barrier for G. This standard logarithmic barrier for a
polytope underlies the pioneer interior-point methods for linear programming.

In what follows (Chapter 5), we shall present a number of self-concordant
barriers for various standard domains arising in nonlinear convex programming.

2.3.2 Basic properties

Self-concordant barriers possess a number of properties that are heavily ex-
ploited by the interior-point machinery. The following statement summarizes
most important of them. Denote by

the Minkowsky function of G whose pole is at y. Recall that

denotes the Dikin ellipsoid of F centered at x of the radius r.

Proposition 2.3.2 Let G be a closed convex domain in E and F be a 'd-self-
concordant barrier for G. Then

(i) Let x, y € int G. Then
(1.1) The unit Dikin ellipsoid W\(x) belongs to G;
(1.2) The following inequalities hold:
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Moreover, if z e dG and irz(x) < (i?1/2 + 1)~2, then

(ii) G = G + Ep (cf. Corollary 2.1.1) and F is constant along the directions
parallel to Ep.

Moreover, F is bounded from below on int G if and only if the image of G
in the factor-space E/Ep is bounded.

If F is bounded from below, then it attains its minimum over int G at any
point of the set Xp that is a translation of Ep : Xp = x(F) + Ep, where x(F)
is (any) minimizer of F, and the (1 + 3$)-enlargement of the Dikin ellipsoid
Wi(x(F)) contains G

so that the diameter of the unit Dikin ellipsoid Wi(x) in a direction h is at
least twice and at most 2(1 4- 3i?) times the smaller of the distances from x to
the boundary of G in the directions ±h.

(iv) The function

is convex on int G.

Proof, (i) Relation (i.l) follows from Theorem 2.1.1(ii). It remains to verify
(i.2). Let

Let

By Proposition 2.3.1(i), we have 0 G B(clA, $). It is possible that 0 is a
constant function; then relations (2.3.1)-(2.3.3) for x and y under consideration
are evident. Moreover, in this case, x — y€ Ep; thus, either x = y, or the whole
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line (x,y) is contained in Wi(z) and therefore in G ((i) is already proved!). In
both cases, we have %(#) = 0, so that (2.3.4) holds.

Now assume that (j) is not a constant function. Since <j> is a barrier for
clA, we have <p"(t] > 0 (Corollary 2.1.1) and (fi'(i))2/'#''(t) < 0, t € A, or
<j)"(t) > t?-1^*))2. Let i/}(t) = 4>'(t) and assume that ^(t0) > 0 for some
io G A. By the comparison theorem for differential equations as applied to

(note that rf = i?"1!?2, f](to) = il>(to)), we have ip(t) > ri(t) for each t > to such
that V and 77 are well denned at t. Thus, T — to < ^/^(*o)- We obtain the
following result:

Let us verify (2.3.1). This relation is evident in the case of DF(x)[x—y] < 0.
Assume that DF(x)[x — y] > 0. Since DF(x)[x - y] = <£'(!) = V>(1), we have
T - 1 < 0/^(1), so that (2.3.1) holds. It is clear that (2.3.1) holds also for
y&dG.

Now let us prove (2.3.3). Relation (2.3.1) as applied to the barrier <f> for
cl A leads to inequality <t>'(t) < i9/(T - t) for 0 < t < T < oo. Thus,

which implies (2.3.3). If T = oo, or if %(x) = 0 (which is the same), we have,
by applying (2.3.1) to 0, <£'(*) < 0, t 6 A, so that (2.3.3) is evident.

Now let us prove (2.3.2). Since <£ is convex, we have <£'(t)><//(0),0<t<T,
and, as it was already proved, in the case of T < oo, we have 4>'(i) < $/(T ~ *)•
Thus,

j.

or DF(y)[x - y] < •&. If T = oo, then, by (2.3.1), <£'(*) < 0, t> 0, so, in this
case again, DF(y)[x — y] < •d. The inequality obtained differs from (2.3.2) only
in notation.

Let us prove (2.3.4). The function (j> is a barrier for cl A; thus, in the case of
T < oo, the relation 0 < t< T implies, by (i.l), the inequality t+(^"(i))"1/2 < T,
or the inequality <j>"(t) >(T- t)~2. Thus,
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which is required in (2.3.4). In the case of T — oo, we have Try(x) = 0, and
(2.3.4) is an immediate consequence of the convexity of F.

Let us prove (2.3.5). The situation in an evident way can be reduced to
the case of Ep — {0}. Let us introduce a scalar product on E as (h, s) =
D2F(y)[h,s] and let || • || be the corresponding norm. Let us identify the
first- and second-order differentials with the gradients and the Hessians. We
have F"(y) = /; thus, the open unit ball V centered at y is contained in intG
((i.l)). Let y' be the point on the ray [y, x) such that x lies between y and y'
and let V' be the image of V under the dilatation with the center at y' and
the coefficient a =\\ x — y' \\ / \\ y — y' \\. Then V' C intG is an open ball
centered at x with radius a. Let a' be such that 0 < a' < a, h be the unit
normalization of F'(x) and let z = x — a'h. Then z € intG and 7r2(x) < ^,
which, by (2.3.1), gives (F'(x),x - z) < tf, or || F'(x) ||< i)/a'. The quantity
•&/01 tends to •&/(! - Ky(x)) along an appropriately chosen sequence of values
of y' and a'; thus, || F'(x) \\< -&/(! - -ny(x)). The latter inequality, by virtue
of choice of the scalar product, is (2.3.5).

Let us prove (2.3.6). Since Wi(y) C G, the set

which is a union of the images of int W\ (y) under dilatations with the centers
in int G, is contained in int G. It suffices to prove (2.3.6) under the assumption
that D2F(x)[h, h] = 1; moreover, we can assume that DF(x)[h] > 0 (otherwise,
we can replace h by — h). Under the notation

we have T > 1 ((i.l)) and <£'(£) > (1 - t)2, 0 < t < 1 (the latter relation
holds by virtue of Theorem 2.2.1 and the equality D2F(x)[h, h] = 1). These
relations combined with the inequality </>(0) > 0 lead to the inequality <£(t) >
t(3 -3t + t2)/3, 0 < t < 1, or to the relation

By (2.3.1), the latter inequality means that nx(x(t)) > a(t)/($ + a(t)). Taking
limit as t tends to 1, we obtain irx(x + h) > (1 + 3i9)-1, so that the point
x -\- (I + W}h does not belong to intG and hence does not belong to V. The
latter statement means that

which is required in (2.3.6).
Let us prove (2.3.7). Let A = {t \ z + t(x - z) e int G}. Then
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Let (j>(t) = F(z + t(x - z}}. Then <j>(t) is a barrier for cl A, so that <f>"(t) >
t~2, t e A ((i.l)). When 1< t < T, we have, by (2.3.1),

(we set l/(T - t) = 0 when T = oo). Thus,

or

If T < oo, then we can take in the above inequality t = (1 + i91/2)~17rJ1(x)
(under the premise of (2.3.7) this value of t is > 1), which leads to

In the case of T — oo, the latter relation follows from the above inequality as
t -> oo. Thus,

Thereby (i) is proved.
(ii) The fact that F is constant along the intersections of int G with Ep + x,

x e int G, is evident because A(F, •) < oo; since F tends to oo as the argu-
ment approaches a boundary point of G, the sets x+Ep, with x 6 int G are con-
tained in intG. To prove the remaining statements of (ii), we can assume
that Ep = {0} (otherwise, we can consider the restriction of F onto the inter-
section of G and a subspace complement to Ep). Since in the case of Ep = {0}
the function F is strongly convex, it is clear that in the case of bounded G
the function F attains its minimum over intG at a unique point. Now as-
sume that G is unbounded; let us prove then that F is unbounded from below.
Indeed, intG contains a ray L = [y,x), y,x 6 intG. By (2.3.1), we have
DF(z)\x — y] < 0,2 e L] if nx(y) = 0, then intG contains the ray [x ,y) ;
hence DF(z)[y - x] < 0,z <E L, or D2F(z)[y - x\ = 0. The latter relation
contradicts the assumption that Ep =- {0}. Thus, nx(y) > 0, and hence, for
zt = y + t(x-y),we have lim^oo7T2t(y) = 1. By (2.3.4), we have

(since DF(zt)[y — zt] > 0 by the above arguments), which implies that

It remains to verify (2.3.8). The left inclusion follows from (i.l). To prove
the right inclusion, it suffices to show that, if x(F) is the minimizer of F over
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intG and h € E is such that D2F(x(F))[h, h] = 1, then the point x(F) +
ph, p = 1 + 3$, does not belong to intG. Let x(t) = x(F) + th and let
<t>(t) = DF(x(t))[h}\ then 0(0) = 0. Then, by choice of h and Theorem 2.2.1,
we have <£'(*) > (1 - t)2, so that </>(t) > t(3 - 3i +i2)/3, 0 < t < 1. At the
same time, by (2.3.1), we have

These results imply that

which leads to the right inclusion in (2.3.8). Thereby (ii) is proved.
Let us prove (iii). The left inequality in (iii) follows from (i.l). To prove the

right inequality, it suffices to consider the case of D2F(x)[h, h] = l,DF(x)[h] >0
and to verify that the point x + (1 + 3$)/i does not belong to int G. The latter
statement can be proved in the same way as used in the proof of the right
inclusion in (2.3.8).

To prove (iv), it suffices to note that

Corollary 2.3.1 Let F be a fi-self-concordant barrier for a closed convex do-
main G C E and let h be an element of the recessive cone ofG, i.e., x+th € G
for all x €. G and all t > 0. Then, for all x 6 int G, we have

In particular, if int G contains a line XQ + Hh, then F is constant along this
line.

Proof. For x € int G, let L = {t \ x + th <E G}. Then L is a ray of the form
[—a, oo), where oo > a > 0, and the function f ( t ) = F(x + th), — a < t < oo, is
a $-self-concordant barrier for L (Proposition 2.3.1(i)). We should prove that

It is possible that /"(O) = 0. In this case, Ej = R, and therefore (see Proposi-
tion 2.3.2(ii)) L = R and / is constant, so that the statement is evident. Now
let /"(O) > 0, so that Ef = {0}. In view of Proposition 2.3.2(ii), / does not at-
tain its minimum over int L. At the same time, (2.3.2) means that /'(0)r < $
for all T from the interval (—a, oo), and therefore /'(O) < 0. To complete the
proof, it suffices to note that A(/, 0) = (/'(0))2//"(0) > 1, since otherwise /
would attain its minimum on intL (Theorem 2.2.3(i)). 
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2.3.3 Logarithmically homogeneous barriers

Now let us introduce a special class of self-concordant barriers for convex cones.
This class is closely related to potential reduction interior-point methods (see
Chapter 4).

Definition 2.3.2 Let K be a closed convex and proper (i.e., K •=£ E,) cone
with a nonempty interior in a finite-dimensional real vector space E, let i? > 1,
and let F : int K —> R be a function. F is called ^-logarithmically homoge-
neous barrier for K (notation: F € B$(K)) if F is a C?-smooth convex function
on int K such that F(XI) —> oo for each sequence \Xi € int K} that converges
to a boundary point of K, and, for each x € int K and each t > 0, we have

If F € B#(K) and F is l-self-concordant on mtK, then F is called tf-normal
barrier for K (notation: F € NB#(K)).

Example 3. The standard logarithmic barrier (see Example 2) for the
nonnegative orthant R"

is an n-normal barrier for this cone.
The following statement is evident (compare with Proposition 2.3.1).

Proposition 2.3.3 (i) Stability with respect to linear homogeneous substi-
tutions of argument. Let K C E, F € B$(K) and let A : H —> E be a
linear homogeneous mapping from a finite-dimensional linear space H into
E such that A(H)r\irAK ^ 0 and A~l(K) ^ H. Then the set A~l(K) is a
closed and proper convex cone with a nonempty interior in H, and the function
*(u) = F(Au) : intA-1^) -» R belongs to B^(A~l(K}}. If F e NB#(K),
then also $ € NBt(A~l(K)).

(ii) Stability with respect to summation. Let KI C E, I < i < m be such
that the cone K = DELi ̂ i has a nonempty interior and let Fi € B^f(Ki), 1 <
i < m. Then the function F(x) — Y^=ifi(x) '• int/f —» R belongs to
B#(K], i? = ££i0i- IfFi e NB^(Ki) for all i, then also F 6 NB*(K).

(iii) Stability with respect to direct products. Let K\ and K^ be closed
convex cones with nonempty interiors in the spaces E\, E%, respectively, K\ ̂
E!, KI £ E2. Let Fi e B#f(Ki), i = 1,2. Then F1(x) + F2(y) € B#1+dy(K! x
K2), and, if Fi € NB^(Ki), i = 1,2, then also F1(x) + F2(y) € NB^1+^(Ki x
K2).

A logarithmically homogeneous barrier satisfies a number of useful identi-
ties.
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Proposition 2.3.4 Let F be a 1!)-logarithmically homogeneous barrier for a
cone K. Then for each x € int K, h 6 E and each t > 0,

Proof. Differentiation of (2.3.10) in x leads to (2.3.11), and differentiation of
(2.3.10) in t at the point t = 1 leads to (2.3.13). Differentiation of (2.3.13) in x
in the direction h leads to (2.3.12); substituting h — x into (2.3.12), we obtain
(2.3.14).

It remains to prove (2.3.15). We have

(we have used (2.3.12) and (2.3.14)). 

Corollary 2.3.2 A ^-normal barrier for K is a '&-self-concordant barrier
forK.

This is an immediate consequence of the definitions and relation
(2.3.15). 

Proposition 2.3.5 Let K C E be a closed convex cone and let F be a •&-
logarithmically homogeneous barrier for K. Let E(K) be the maximal subspace
of E contained in K. Then F is constant at each set of the form x+E(K), x €
int K. If F is normal, then also D2F(x)[h, h] ± 0 for each h € E\E(K).

Proof. Let h € E(K) and x e intK. We wish to prove that L>F[x][/i] = 0.
Otherwise, we can assume that DF(x)[h] > 0 (replacing, if necessary, h by
—h). Let </)(s) = DF(x + sh)[h]. Since the line {x + sh} belongs to intK (the
definition of E(K}}, the function <f> is well defined and continuously differen-
tiable on the half-axis {s > 0}. We have 0(0) > 0 and

(the definition of A(F, •)). By (2.3.15), we conclude from the above inequality
that 0'(s) > tf-V2(s), whence 0(s) > 0(0) > 0, s > 0, and (^(s))' < -iT1,
or 0"x(s) < 0^(0) — i?~1s, s > 0; the resulting relation
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is impossible. Thus, DF(x)[h\ = 0, x e hit A", h € E(K), and F is constant
along ar + £(#).

It remains to prove that, if F 6 NB#(K), then £>2F(z)[/i,/i] > 0 for each
x &'mtK and each /i € E\E(K). Since F is a tf-self-concordant barrier for K
(Corollary 2.3.1), the statement under consideration follows from Proposition
2.3.2(ii). 

2.3.4 Bounds on the parameter of a self-concordant barrier

It will be demonstrated (and this is the essence of the book) that it is possible
to associate a self-concordant barrier for a closed convex domain with a number
of interior-point methods minimizing linear and convex quadratic forms over
the domain. The result is that the parameter of the barrier is responsible for
the rate of convergence of these methods (the less the parameter, the better
convergence). Therefore, we are interested in possible values of the parameter.
As we demonstrate, for an n-dimensional domain, there always exists an O(n)-
self-concordant barrier, and, generally speaking, the parameter cannot be less
than n. The latter statement will be proved immediately; the former one,
i.e., the existence, for an arbitrary closed convex domain in Rn, an O(n)-self-
concordant barrier, is the subject of §2.5.

The lower bound for the value of the parameter is given by the following
proposition.

Proposition 2.3.6 Lei G be a convex polytope in R" such that certain bound-
ary point of G belongs exactly to k of (n — I)-dimensional facets of G, with
the normals to these facets being linearly independent. Then the value of the
parameter $ of any $-self-concordant barrier F for G cannot be less than k.
In particular, the n-dimensional nonnegative orthant, simplex, and cube do not
admit barriers with the parameter less than n.

Proof. Under an appropriate choice of the coordinates, we can assume that
the boundary point mentioned in the statement is 0 and that in a neighborhood
of this point G is defined by inequalities Xj < 0, 1 < i < k. Let

(ej are the unit vectors of the axes). Then, for all sufficiently small t > 0, the
points x(t) belong to int G, the points xW (t) belong to dG and irx(i)(t\ (x(t)) —> 0
as t —> 0. The latter fact, by virtue of (2.3.7), implies that
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hence

(the latter inequality holds by (2.3.2)). 

Corollary 2.3.3 // G C R™ is a closed convex domain that differs from Rn

and F is a fl-self-concordant barrier for G, then i? > 1.

Proof. Since G is a closed convex domain that differs from Rn, its inverse
image under certain affine embedding A : R —> R" such that >4(R) intersects
intG is the nonnegative ray {t > 0}. Prom Proposition 2.3.1(i), it follows that
(j)(t) = F(A(t)) is a $-self-concordant barrier for the latter ray, so that $ > 1
in view of Proposition 2.3.6. 

2.4 Self-concordance and Legendre transformation

In what follows, we demonstrate that the Legendre transformation of a strongly
self-concordant function is strongly self-concordant with the same parameter
value. Similarly, the Legendre transformation of a normal barrier for a cone is
a normal barrier with the same parameter value for the anti-dual cone. The
latter fact will be heavily exploited in Chapter 4 in connection with potential
reduction interior-point methods.

2.4.1 Legendre transformation of a strongly self-concordant
function

Let E be a finite-dimensional real vector space and E* be the space conjugate
to E. The value of a form s G E* at a vector x (E E will be denoted by (s, x).
If F is a C2-smooth convex function defined on a convex domain G C E,
then F'(x) and F"(x) for x E G will denote the element of E* and the linear
mapping from E into E*, respectively, uniquely defined by the relations

Note that, since F is convex, F" is symmetric positive-semidefinite,

Note also that, if F" nondegenerate, then

Let a > 0. A pair (Q, F) comprised of a nonempty open convex set Q C
E and a nondegenerate (i.e., with a nondegenerate Hessian) strongly a-self-
concordant on Q function F will be called an (a, E) -pair. The Legendre trans-
formation of an (a, £)-pair (Q, F) is defined as the pair (Q,F)* = (Q*,F*),
where
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Theorem 2.4.1 Let (Q,F) be an (a,E)-pair and (Q*,F*) be its Legendre
transformation. Then (Q*,E*) is an (a,E*)-pair and

Q* = {£ € E* | the function F^(x) = F(x) - {£, x) is below bounded on Q}.

Moreover, (Q*, F*)* = (Q, F) (as usually, the space (E*)* is identified with E).

Proof. Let

Q' = {£ € E* | the function F^(x) = F(x) — (£,x) is below bounded on Q}.

We will prove that Q' = Q*. Since the inclusion Q* C Q' is evident, we have
to establish the inverse inclusion. Let £ 6 Q', so that F^(x) is below bounded
on Q. It is clear that a linear form is a'-self-concordant on E for each a' > 0,
so that F£ € S+(Q,E) (see Proposition 2.1.1(ii)). Since this function is below
bounded on Q, it attains its minimum at a point of this set (Theorem 2.2.3(i)),
which means that £ £ $>(Q)-

Since D2F(x) is nondegenerate for x € Q, Q* is open, while Q' is clearly
a convex set. Thus, the set Q* is nonempty, open, and convex. In view of
well-known properties of the Legendre transformation, it follows that, if F is
a convex function on Q from C3 such that D2F is nondegenerate, then F* has
the same properties with respect to Q*.

To show that F* is self-concordant with the parameter value a, we fix a
point x G Q and note that, for all e, h € E, we have

and

(($>'(x)h)'h denotes the derivative of $'(x)/i with respect to x in the direc-
tion h; similar notation is used in the remaining formulas).

Taking the derivatives of these identities along the directions h and e, we
obtain
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Hence, for all x E Q and h E E, we have

As (x,h) runs throughout Q x E, ($(x),$'(x)h) runs throughout
Q*xE*; therefore (2.4.1) means that F* E Sa(Q*,E*). It remains to show that
F*(£i) -* °° f°r each sequence {& E intQ*} converging to a point £ E dQ*.
To do this, assume that {-F*{£i)} is bounded from above. Then the functions
F^(x) are uniformly in i bounded from below, and the same is true for F%.
The latter fact, by virtue of the equality Q' = Q*, leads to £ € Q*, which
is a contradiction (since Q* is open and £ E dQ*). Thus, F* E S+(Q*,E*),
which, in view of the above results, means that (Q*,F*) is an (a, J5*)-pair.
The equality (Q*,F*)* = (Q,F) follows immediately from the above results
and the standard properties of the Legendre transformation. 
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2.4.2 Legendre transformation of a self-concordant barrier

Now let us describe the Legendre transformations of self-concordant barriers.
For this purpose, let us introduce some notation. For a closed convex domain
G C E, let 7£(G) be the recessive cone of G

Also, let

be the cone anti-dual to K(G). Note that, if G does not contain any straight
line, then 7£*(G) is a closed convex cone with a nonempty interior in E*.

Theorem 2.4.2 Let G be a closed convex domain in E that does not contain
any straight line and let F be a ^-self-concordant barrier for G. Then the
Legendre transformation F* of F is defined precisely on the interior ofR*(G)
and satisfies the following relations:

(a) F* is strongly 1-self-concordant on miK*(G) and D2F*(s) is nonde-
generate, s € int7£*(G);

(b) sup{D2F*(s)[s,s] | s e intft*(G)} < tf;
(c) The support function of G

satisfies the inequality

Proof. Since G does not contain straight lines, D2F(x) is nondegenerate,
x e intG (see Proposition 2.3.2(ii)). Therefore (intG, F) is a (l,£r)-pair, so
that its Legendre transformation is an (l,.E*)-pair (Theorem 2.4.1). Let us
prove that the domain G* of F* is precisely the interior of 7?.*(G). As we
have seen in Theorem 2.4.1, G* is the image of int G under the transformation
x -> DF(x). If x € int G and h e U(G), then x + th e intG, t > 0, and
therefore DF(x)[h] < 0 (see (2.3.2)). Thus, G* is contained in ft*(G), and
since G* is open, G* C int 72.*(G). Let us verify the inverse inclusion. Assume
that s € int7?.*(G). In view of Theorem 2.4.1, to prove that s E G*, it suffices
to establish that the function f ( x ) = (s, x} — F(x) is above bounded on int G.
Let | • | be some Euclidean norm on E. Since s E int7?,*(G), we have for some
a>0:

Assume that there exists a sequence {xi € int G} such that /(xj) —> oo, i —> oo.
In particular,
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(recall that F is a barrier). Let y be some point of intG. In view of (2.3.3),
we have

From (2.4.3) and (2.4.4) it follows that (a,a*) < -(a/2) | xt \ for all large
enough i. At the same time, since y is an interior point of G, we clearly have
KXi(y) < I — c\ Xi ~* for some positive c and all large enough i. Thus, (2.4.5)
implies that

for all large enough i, so that /(xj) —> —oo, i —> oo. The latter relation
contradicts the origin of {xi}.

Thus, G* = mtn*(G). This combined with Theorem 2.4.1 proves the
statement concerning the domain of F* and (a).

Let us prove (b). By virtue of the standard properties of the Legendre
transformation, we have (F*)"(F'(x)) = (F'^x))"1, x e intG, so that

(see (2.4.1)). Since F'(intG) = intft*(G), (b) follows.
It remains to prove (c). In view of the standard properties of the Legendre

transformation, we have, for s € int7?.*(G),

From the first relation in (2.4.6) and the definition of the support function, it
follows that DF*(ts)[s]'< S(s). On the other hand, (2.4.6) implies that, for
x € G, we have

(the latter inequality follows from (2.3.2)). Thus,

and (c) follows. 
The arguments used in the proof of (a) and (b) admit a straightforward

inversion, which leads to the following result.

Theorem 2.4.3 Let K be a closed convex cone with a nonempty interior in E*
and let F* be strongly l-self-concordant on mtK function with nondegenerate
second-order differential such that "d = sup{D2F*(s)[s, s] s 6 intK} < oo.
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Then there exists a closed convex domain G C E that does not contain any
straight line and a ft-self-concordant barrier F for G such that K = K*(G) and
F* is the Legendre transformation of F. G is uniquely defined by its support
function S(s) = sup{(s,a;) | x 6 G}, which can be found from the relation

2.4.3 Legendre transformation of a self-concordant logarithmically
homogeneous barrier

This transformation proves to be a barrier of the same type, as it is demon-
strated by the following theorem.

Theorem 2.4.4 Let K be a closed convex pointed (i.e., K (*\(—K) = {0}) cone
with a nonempty interior in E and let F be a &-logarithmically homogeneous
self-concordant barrier for K. Then the Legendre transformation F* of F is
a $-logarithmically homogeneous self-concordant barrier for the cone 7£*(.K")
anti-dual to K.

Proof. Since K is a pointed cone, it does not contain any straight line. There-
fore, from Theorem 2.4.2 it follows that F* 6 S?(int K*(K), E*), and, to prove
the theorem, it suffices to verify that F* is ^-logarithmically homogeneous as
follows:

We have

Prom the definition of the Legendre transformation F* of a function F, it
follows that F(x) + F*(x) — (s,x) > 0, and the infinum of the right-hand side
of the latter inequality over x, as well as over s, equals zero. In the case when
F is a self-concordant logarithmically homogeneous barrier for a cone, we can
establish another inequality of this type.

Proposition 2.4.1 Let K be a closed convex pointed cone with a nonempty
interior in E, let F be a $-logarithmically homogeneous self-concordant barrier
for K, let K~ = fi*(K) be the cone anti-dual to K, and let F* be the Legendre
transformation of K. Let

Then

and the above inequality is an equality if and only if s = tF'(x) for some t > 0.



SELF-CONCORDANCE AND LEGENDRE TRANSFORMATION 49

Proof. Relation (2.4.7) is evident, since F* and F are ^-logarithmically ho-
mogeneous (Theorem 2.4.3). Let us fix SQ € intK~,XQ e intK, and let p =
-(SQ,XO). The function f(s) = F(x0) +F*(s) + ti\np : mtK~ -> R is strictly
convex. Since F* is logarithmically homogeneous, we have f'(ts) = t^1f'(s)
(see (2.3.11)), and since F* is the Legendre transformation of F, we have
(F*)'(F'(XQ)} = XQ. Combining these two observations, we conclude that the
derivative of / at the point S(XQ) = (p/r&)(F}'(xo) 6 intX equals (9/p)xQ\ see
below:

In addition, in view of (2.3.13), we have

Equations (2.4.9) and (2.4.10) mean that S(XQ) is the minimizer of /(•) over
the set {s e hit K~ \ — (s, XQ} > p} as follows:

Moreover, since / is strictly convex, the above minimizer is unique. Now note
that SQ satisfies the premise in (2.4.11) (the origin of p), so that

and the equality in (2.4.12) implies that

We also have

(we have considered that F* is •&-logarithmically homogeneous). In turn,
since F* is the Legendre transformation of F, we have F(XQ) + F*(F'(xo)) =
(F'(XQ),XO), and the latter quantity, in view of (2.3.13), equals —19. Thus,
/(s(z0)) = tflntf-??. Now (2.4.12) can be rewritten as V(SQ,XO) > fllntf-d,
and (2.4.8) is proved. Prom the above remarks it follows that the equal-
ity in (2.4.8) implies that s = tF'(x) for some t > 0. Conversely, if
s — tF'(x), t > 0, then the above calculations immediately prove that (2.4.8)
is an equality. 
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2.5 Universal barrier

In this section, we demonstrate that an arbitrary n-dimensional closed convex
domain admits an O(n)-self-concordant barrier. This barrier is given by cer-
tain universal construction and, for this reason, will be called universal. In
fact, the universal barrier usually is too complicated to be used in interior-
point algorithms, so that what follows should be regarded as nothing but an
existence theorem. At the same time, this existence theorem is very important
theoretically, since it means that the approach we are developing in principle
can be applied to any convex problem.

Theorem 2.5.1 There exists an absolute constant C such that each closed
convex domain G in Rn admits a (Cn)-self-concordant barrier. If G does not
contain any one-dimensional affine subspace of E, then we can take as the
above barrier the function

where O(l) is an appropriately chosen absolute constant;

is the polar of G with respect to the point x\ and \ • \ denotes the Lebesgue
n-dimensional measure.

Remark 2.5.1 Note that, ifG in the above theorem is a cone, then the barrier
defined in the theorem is logarithmically homogeneous.

Proof. Without loss of generality, we can restrict ourselves to the case when
G does not contain any straight line.

1°. For x e intG, the polar G*(x) clearly is a bounded closed convex
domain (note that int G* (x) ^ 0 since G does not contain lines and that the
boundedness of G*(x) follows from the inclusion x € int G). Hence the function

is well defined and positive on int G. If Xi G int G and Xi —>• x £ dG, then all
of the sets G*(xi) contain certain fixed open nonempty set (since the sequence
{xi} is bounded), and, at the same time, these sets are not uniformly bounded
(since limxj 6 dG). Since G*(-) is a convex set, we have f ( x i ) —» oo. Thus,
the function

is well defined on intG and tends to oo as the argument belonging to intG
approaches a point from dG.

2°. Let S be the unit sphere in Rn and let
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be the support function of G. For x € int G, we have

whence

(/ denotes the integral over the unit sphere in R"; dS(<j>) means the element
of the Lebesgue area; of course, (+00)~n = 0). It is clear that / (and hence
$) is (7°°-smooth on int G; moreover,

(we have used the description of G*(x) in terms of rx(</))). A straightforward
computation leads to the following expressions (where x € int G and /o does
not depend on h):

Let us fix x € int G and h € R" such that || h ((2= 1 and let

where mesn_i denotes the (n — l)-dimensional Lebesgue measure. Then,
clearly,

hence r/(£) > 0, t € A, and f r)n~l (t)dt — 1. Note that the function rj(t) is
concave on the segment A (the latter is the Brunn-Minkowsky theorem; see
[GR 60].

We see that the differentials of 4> can be expressed in terms of the quantities
I^h)!^1. These quantities can be thought of as the moments of certain random
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variable £ (taking values in A with the probability density rfl~1(t)). Let us
express the initial moments in terms of central moments; i.e., let us denote (£
means the averaging operator)

A straightforward computation leads to

Thus, $ is convex and

Considering the results of 1°, we see that, to prove the theorem, it suffices
to verify that $ is self-concordant with an appropriate absolute constant as
the parameter value. In other words, it suffices to prove the inequality

The latter inequality, in turn, would follow from the inequality

3°. Thus, we have reduced our problem to the problem as follows. We
are given a segment 8 = [—a, b] C R, a, b > 0 and a continuous concave
nonnegative function il>(t) on 8 such that

Let
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We should prove that, under an appropriate choice of an absolute constant
O(l), we have 9 < O(l)cr3. This inequality is evident in the case of n = 1; so
let us assume that n > 1.

First, let

Note that

Thus, our problem can be reduced to the case when a,b,ij} satisfy (2.5.2),
(2.5.3) and the condition

under these assumptions, we wish to prove that

It is convenient to introduce the body

Taking the volume of the unit ball in R""1 as the unit of volume in this space,
we have the facts that G* is a convex compact body of unit volume (see (2.5.3)),
and the center of gravity of this body is at the origin (see (2.5.2)).

Without loss of generality, we can assume that

Thus, it suffices to evaluate from above the quantity 9*.
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Each hyperplane passing through the gravity center of a convex compact
body of unit volume divides this body into parts with the volumes of the parts
being more than 1/e [GR 60]. In particular,

Let T be such that

In view of (2.5.4), (2.5.6), and (2.5.7), we have ("the Tchebyshev inequality")

(henceforth, all the constant factors in O(-) are absolute constants). Therefore
(2.5.4) implies that

Now let us introduce a linear function (/)(t) and a positive real h satisfying
the relations

i.e., let us replace the part of G* situated to the right of the hyperplane t = T by
the cone of the same volume and of the same intersection with this hyperplane.
It is clear that the graph of (j) is a secant of the graph of ift, and the t-coordinates
of the intersection points of these graphs are T and T' > T. In addition, h > b.
Note that

where 7 is a function with the zero value of the integral over the segment [T, h],
such that 7 is nonnegative on [T, s] and nonpositive on [s, h] for an appropriate
s (we have considered the convexity of ip and the linearity of </)). In view of
these properties, we have

Thus,
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(see (2.5.9)). Thus, it suffices to prove that 0** < O(l).
Let us verify that h < nr. Indeed, consider the cone

The part of this cone situated between the hyperplanes t = 0 and t — r
contains similarly defined part of G*, and the part K' of the cone K, which is
situated to the right of the hyperplane t = T, has the same volume V as the
corresponding part of G*. Therefore

(the latter equality holds by virtue of the definition of V'), which implies that
h < nr. Thus, we have

and

where S = tpn~l(r}. We have

Since V' < 1 and r < 0(1), it suffices to verify that the expression denoted
by I'll ~ ['b does not exceed O(n~1} (this will lead to the desired estimate
0** < 0(1)). A straightforward computation, which takes into account the
relation 0 < 77 < 1, leads to

hence [-]i — [-J2 is of the desired order. 
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Chapter 3

Path-following interior-point methods

In this chapter, we develop a general approach to the design of polynomial-
time interior-point methods. In the previous chapter, we demonstrated that,
to effectively minimize a (strongly) self-concordant function, we can use the
Newton minimization method. In what follows, we explain how to exploit this
observation to solve a general type convex programming problem. The general
strategy is as follows.

A. Consider a minimization problem in the form

where / is a convex function and G is a closed convex subset of E. It is well
known that, without loss of generality, we can assume / to be linear. Of course,
we can think of G as being full-dimensional (otherwise, we could replace E by
the affine span of G). Thus, from the theoretical viewpoint, we can restrict
ourselves to standard problems only, i.e., to problems (/) generated by a linear
/(•) and a closed convex domain G.

B. The linear objective involved into a standard problem (/) is, of course,
self-concordant. Nevertheless, we cannot minimize it straightforwardly with
the aid of the Newton method, since the objective is not strongly self-concordant
on G, while our machinery works only for strongly self-concordant functions.
To overcome this difficulty, we can use the (quite traditional) penalty approach;
i.e., we can regularize the objective to obtain a strongly self-concordant func-
tion that converges in a proper sense to the objective when the parameter
responsible for the regularization is varied in an appropriate manner. In other
words, we can associate with (/) a parameterized family of problems

such that the trajectory x*(t) of minimizers of Ft converges to the set of so-
lutions of (/) as the penalty parameter t tends, say, to +00. Then we can
try to approximate the trajectory x*(t) in an appropriate manner along some
sequence of parameter values tending to +00, which gives approximate solu-
tions. The approximation of the trajectory usually is formed according to the
path-following scheme: Given, for the current value t of the penalty parame-
ter, a "close" to x*(t) approximation x ( t ) , we replace t by a larger parameter
value t' and regard x(t) as an approximation of a new minimizer x*(t'). Then

57
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we improve this latter approximation by some numerical optimization method
to restore the closeness of the improved approximation x(t'} to the new point
x*(t') of the trajectory.

In this chapter, we study the above scheme under the assumption that
the family under consideration consists of self-concordant functions and that
current approximations are improved by the Newton method. In §3.1 we in-
dicate conditions on the family that ensure the polynomiality of the resulting
method. The remaining sections are devoted to four path-following methods
associated with concrete families satisfying the conditions described in §3.1.
Namely, §3.2 contains the results on the barrier-generated family and barrier-
generated path-following method; the path-following method of centers and
the underlying family are studied in §3.3. Sections 3.4 and 3.5 present one ad-
ditional family and two additional methods (the dual and the primale parallel
trajectories methods).

3.1 Self-concordant families

In this section, we describe rather general conditions on a family that allow us
to relate the rate of varying the penalty parameter and the amount of Newton
steps sufficient to maintain closeness to the trajectory £*(•). The conditions
might look rather technical; nevertheless, they can be easily implemented in
all our applications and, in these particular cases, save a lot of highly technical
considerations. We therefore believe that the patience of the reader following
the analysis of a general self-concordant family will be more than compensated
by reducing his total effort.

3.1.1 Definition and basic properties

Definition 3.1.1 Let E be a finite-dimensional real vector space,

be a family of functions defined on nonempty open convex subsets Qt C E, A be
an open nonempty interval on the real axis, and Q* = {(t, x) € J5* = R x Rn |
t G A, x 6 Qt}. Let a(t), 7(4), //(£), £(t), r)(i) be continuous positive scalar
functions on A, where a, 7, fj, are assumed continuously differentiate, and let
K € (0, A*).1 The family T is called self-concordant with the parameters a, 7,
A4? £> ^j K (notation: f 6 £A(a,7, ^,£,77, K)), if the following conditions hold:

(5.1) Convexity and regularity. Q* is an open subset of E*; Ft(x) is con-
vex in x, continuous in (t,x) e Q* and has three derivatives in x, D1Ft(x),
continuous in (t, x) e Q* for i = 1,2,3 and continuously differentiate in t for
i = l,2;

(5.2) Self-concordance of members. For any t € A, the function Ft : Qt —>
R is self-concordant with the parameter value a(t);

1 Recall that A, = 2 - \/3.
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(S.3) Compatibility of neighbours. The set X^(K) = {(t, x) € Q* | A (Ft, x) <

«}
is closed in E& = A x E, and there exists a neighbourhood (in A x E) of
this set X+(K) such that, for each (t,x) € X+(K) and h € E, the following
inequalities hold:

(henceforth, D and {•}[ mean the derivatives in x and t, respectively).
The family f is called strongly self-concordant with the parameters a, 7, p.,

£,77 (notation: T £. S^(a,7,/^Ci7?)) if it satisfies conditions (S.I), (S.2), and
the following:

(E+.3) Inequalities (3.1.1) and (3.1.2) hold for each (t,x) 6 Q* and h e E,
and the set X*(a) = {(t,x) e Q* | Ft(x) < a} is closed in A x E for each
a € R.

Note that the essence of the definition is in inequalities (3.1.1) and (3.1.2);
these inequalities, roughly speaking, state that the first- and the second-
order derivative of Ft in x, taken along a direction h of the unit local length
{D2Ft(x)[h, h]}1/2, vary with t at a rate that is "almost proportional" to the
derivative itself.

Let us outline the basic properties of self-concordant families.

Proposition 3.1.1 Let T — {Qt,Ft,E}t£& be a family. Then the following
assertions are true:

(i) Strong self-concordance of a family implies its self-concordance,

(ii) Stability with respect to affine substitutions of "spatial" argument.
Let x = A(y) — Ay + b be an affine transformation of a finite-dimensional
real vector space E+ into E, Qf = {y € E+ \ Ay + b € Qt} and Ff(y) =
Ft(Ay + b) : Q? —> R. Then the following implications hold:

(iii) Stability with respect to summation. Let



60 PATH-FOLLOWING INTERIOR-POINT METHODS

Let Q£ = Qt[}Ql 7^ 0 for each t € A. Let a+ be a positive continuously
differentiable function on A such that

and let

Then the family

belongs to S£(a+,7,/i,£+,T7+).

Proof, (i) It suffices to prove that, if K € (0, A*), then -X*(«) is closed in E&.
For t € A, the function Ft(-), regarded as a function of x e Qt, clearly belongs
to S+w(Qt,E); therefore, by Theorem 2.2.2 (see (2.2.15)), we have

where tp(t) = inf{Ft(y) \ y € Qt} and #(K) < oo depends on K only. The
function (f> is upper semicontinuous by virtue of (S.I) and hence is bounded
from above on each compact set A+ c A. It follows that

for some a e R. Thus there exists a set Y(A+, K), contained in Q* and closed
in E&, such that X(A+,«) C y(A+,«). By (S.I), the set X*(K) is closed in
A+ x E, and therefore X(A+,/t) is closed in Q*. The latter fact is true for
each compact set A+ contained in the interval A, and hence X*(K) is closed
in EA-

(ii) Under the conditions of (ii.l), as well as those of (ii.2), F+ clearly
satisfies (S.I) and (S.2). To verify (S.3), or, respectively, (S+.3), consider the
mapping

Evidently, this mapping is continuous. We have

Therefore, under the assumptions of (ii.2), the sets X+(a] are closed in E^ for
each a € R. It clearly follows that, if T satisfies (3.1.1) and (3.1.2) for some
( t , x ) € Qt, then the corresponding inequalities hold for F+ at all points ( t , y )
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such that n(t,y) = (t,x). Implication (ii.2) is thereby proved. To prove (ii.l)
following the same line of argument, it remains to show that, for any K, the
equality

is true. The inclusion X+(K) D TT~I(X*(K)) is straightforward. To prove the
inverse inclusion, we note that, if (t, y) e X+(K), then

As h runs throughout E+, Ah runs throughout E, since A is an onto mapping.
Thus, we have 7r(i, y) e X*(K). (ii) is proved.

(iii) All the conditions that must be satisfied by F+,a+,7,n,£+,r]+ ac-
cording to (S.I), (£.2), (E+.3) are evident, excluding the closedness of the
sets

in E&. To prove that X±(a) is closed in E&, assume that (ij, Xi) € X+(a) and

Then (t, x) does not belong to at least one of the sets Q*, Q* (otherwise, (t, x)
belongs to Q+, and F+ is continuous on this set). If (t, x) 0 Q*, then Fti(xi) —>
oo for i —> oo, owing to the closedness of the sets {(T, u) e Q* FT(u) < const}
in E&, and, if (t,x) 6 Q*, then {Fti(xi}} is bounded from below by virtue of
the continuity of F on Q*. By the same reasons, {F£(xi)} either is bounded
or tends to +00. Since at least one of the sequences {Ft^Xi)}, {F*.(xi)} tends
to +00 and since both of these sequences are bounded from below, we have
F£(xi) ~^ °°> which contradicts the inclusion (tj,Xj) € X+(a), 

3.1.2 Metric of self-concordant family

Our final goal is to relate the rate of varying the penalty parameter t in the
path-following scheme and the number of Newton steps sufficient to restore
closeness to the trajectory after a step in t. We are sure about the family
consisting of self-concordant functions and we know the main result concern-
ing the Newton method, applied to such a function in terms of the Newton
decrement, converging quadratically with objective-independent rate from any
point where the Newton decrement is less than an appropriate absolute con-
stant. Thus, the simplest way to control the number of Newton steps in x
per step in t is to maintain a fixed upper bound for the Newton decrement
of the new function of the family at the previous approximation. It turns out
that we can associate with a self-concordant family an explicit metric p on the
parameter space A with the following property: When p-distance between two
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values, t and t', of the penalty is small, then the Newton decrements of Ft and
Ft> at a point x are close to each other. Thus, the simplest way to control the
magnitudes of the Newton decrements is to perform steps in t of small enough
/9-length.

In this section, we introduce the metric p and, in the next, we establish the
relation between the /o-length of a step in t and the associated variation of the
Newton decrement.

Assume that T = {Qt, Ft, E}t£^ € EA(O, 7, p, £, n, K). We set

and introduce the following metrics on A depending on a parameter v > 0:

The following result, which can be proved by a straightforward computation,
shows that the property of self-concordance and the metrics associated with a
family are invariant with respect to scalings and monotone (nonlinear) substi-
tutions of the parameter.

Proposition 3.1.2 Let T = {Qt,Ft,E}te& e £ A (a, 7, /x,£, ??,/«). Let A+ be
an open interval on the real axis, p(t) be a continuously differentiate positive
function on A, and TT(T) be a continuously differentiate one-to-one mapping
from A+ onto A. Denote

and, for all v > 0, T, T' G A+, we have

3.1.3 Main property of self-concordant families

Theorem 3.1.1 Let F = {Qt, Ft, E}t£& € SA(O;, 7,/i, ^,r?,/«). Assume that
(t,x) e Q* satisfies the inequality \(Ft,x) < K and that t' e A satisfies

Then (t',x) e Q*, and
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Proof. 1°. Let 6 = {T \ r 6 A, (r,x) € X+(K)} (the set X+(K) was
introduced in item (S.3) of Definition 3.1.1). Then 6 is open in A and contains
t. Let us denote by 8* the connection component of t in 6.

2°. Let us fix some h £ E and consider the following two functions of
T & 6*:

By (S.3), we have (with (•)' denoting the derivative in r)

By (3.1.9), we have either b(r) = 0, T € 8* (case I/J, or 6(r) does not at-
tain the zero value on 6* (case ILj). In case I/i, by virtue of (3.1.8) and the
inequality

we have a(r) = 0, T e 6*.
3°. Now assume that II/j is the case. Set

Let t" e 8* satisfy

(3.1.10)

Denote by t* the point of the segment [£,*"], nearest to t", at which <^> equals
zero, if such a point exists; otherwise, let t* = t. Let 8+ be the segment with
the endpoints t* and t". We have

For T € <5+, the function <t>(r) is continuous, and, for T € 8$ , it is continuously
differentiable and does not attain zero value.

For T € <!>Q~, we have

where

Since T € 8*, we have (r,i) 6 ^+(«0 and, by (3.1.1) and (3.1.2), we obtain
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Thus, for T e 60", we have

Let <f>* = max{0(r) | r € 6+}. By (3.1.12),

Let ^_ = min{^(r) | r e 6+}, V+ = max^r) | r e 6+}. Then, by (3.1.13)
and the continuity of (f> on 8+, we have

where

Thus,

By (3.1.15), we have p\+pz< 1, so that e^pa < 1, which, by (3.1.14), leads
to

This inequality, by virtue of (3.1.15) and the first relation in (3.1.11), implies
(j>* < K.

In view of the definition of t*, the latter inequality means that the impli-
cation

holds in case Hh- By the continuity argument, this proves the implication

Taking into account the definition of <£, we obtain from (3.1.16) that

Relation (3.1.17) has been proved in case ///,; in case Ih (where, as we have
seen, DFt»(x)[h] = 0, t" e 8*), it is evident. Thus, we have

4°. To complete the proof, it suffices to show that t' € 6*; it allows us to
take t" = t' in (3.1.18). If t' $.8*, then there exists t+, which lies between t and
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t' and is a boundary point of the interval 6*. Assume that ti lies in 6* between t
and t+ and tend to t+ as i —»• oo. Each tj satisfies the premise in (3.1.18) (since
ti lies between t and t' and belongs to 6*); hence, by virtue of (3.1.18), the
inclusions (ti, x) 6 X*(K) hold. As i —> oo, the points (ti, x) converge to (t+, x).
The latter point belongs to E&, since t lies between t+ £ A and t' € A and
hence itself belongs to A. Since X*(K) is closed in E&, we have (t+, x) € X*(K).
Hence, for all T € A that are close enough to t+, the points (T,X) belong to
X+(K); so all these r belong to 6. This contradicts the assumption that t+ is
a boundary point of 6*. 

Combining Theorem 3.1.1 with the results on Newton's method from §2.2,
we obtain the following result.

Corollary 3.1.1 Let T = {Qt, Ft, £}teA e SA(«, 7, p, £, r), K), let (t0, z_i) €
Q* be a point such that

and let K+ = «2(1 — «)~2. Assume that {ti € A}j>o satisfies the relations

Let

be the Newton iterate of Xi-i, the Newton method being applied to F^.
Then Xi are well defined and belong to Qt{, and

for all i > 0.

Thus, given a sufficiently close approximation, x_i, to a Ft0-center of Qt0

(that is, to a minimizer of Fto), we can follow the path x*(t) formed by the
minimizers of Ft, using a fixed-length steps in t and a single Newton step in
x per each step in t (the length of £-steps is measured in terms of the metric
associated with the family).

In the next sections of this chapter, we describe several self-concordant
families and the corresponding polynomial-time algorithms.

3.2 Barrier-generated path-following method

In this section, we present a barrier method for the problem
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3.2.1 Barrier-generated family

Barrier method is a path-following method associated with the family

where F a self-concordant barrier for the feasible region G.
To provide self-concordance of the latter family, we impose certain restric-

tions on / (as we see, these restrictions are satisfied at least by linear and
convex quadratic objectives, so that our approach covers all standard prob-
lems).

Definition 3.2.1 Let G be a closed convex domain in E, let F be a ^-self-
concordant barrier for G, and let i? > 1, ft > 0. A function f : G —> RU{+oo}
is called (3-compatible with F (notation: f 6 C(F,(3)) if f is lower semicontin-
uous convex function on G, which is finite and C3-smooth on intG and such
that, for all x € int G and h € E, the following inequality holds:

The following statement quite straightforwardly follows from the definitions
(compare with Proposition 2.3.1).

Proposition 3.2.1 Let G be a closed convex domain in E and let F be a
•d-self-concordant barrier for G. Then

(i) /3-compatibility is stable with respect to affine substitutions of argu-
ment. Let A(y) = Ay + b be an affine mapping from E+ into E such that
A(E+)r\mtG ± 0 and let G+ = A~l(G), f e C(F,p), F+(y) = F(A(y)) :
intG+ -> R, /+(y) - f(A(y)) : intG+ -> R. Then F+ e B(G+,tf) and
f+eC(F+,0);

(ii) A convex quadratic function is 0-compatible with the barrier. If f is a
convex quadratic form on E, then f e C(F, 0),

Barrier is O(Incompatible with itself. F 6 C(F,2/33/2) (F is extended
onto G by setting F(x) = +00 for x € #G),

The sum of functions compatible with a barrier is also compatible with it.
Iffi € C(f,ft), Pi > 0, i = 1,2, thenpifr +p2h € C(F,max{/?i,/32});

(iii) /^-compatibility is stable with respect to summation of barriers. Let
Gi be closed convex domains in E and let Fi € B(Gi,$i), 1 < i < m be such
that G+ = fl^Li Q nas a nonempty interior. Then a function from C(Fi,f3i)
being reduced onto G+ is /3-compatible with the barrier F+ = 53£li &i for G+ •

The following fact underlies our further considerations.

Proposition 3.2.2 Let G be a closed convex domain, let F be a •d-self-
concordant barrier for G, and let f be (3-compatible with F. Denote A = (0, oo)
and consider the family
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The family T is strongly self-concordant with the parameters

Inparticular,

and

Proof. Let us verify that, under the choice of the parameters described in
(3.2.2), relations (S.I), (S.2), and (S+.3) hold. Relation (E.I) is evident. To
prove (£.2), let us note that, by virtue of F £ S^(mtG,E), we have, for
x 6 int G, h 6 E,

For given x and h, let

Then, in view of / 6 C(F,0), we have

This relation, by (3.2.4), implies that

and the latter relation combined with (3.2.2) leads to the inequality required
in (S.2).
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It remains to verify (S+.3). The closedness of the sets {(t, x) \ t €
A, Ft(x) < a} in E& is an immediate consequence of the inclusion F €
S*(intG, E) and the fact that / is below bounded on each bounded subset
of intG. Let us prove that, for x €: intG, h 6 E, relations (3.1.1), (3.1.2)
hold. By F € 8(G,tf) C 5jf(intG,£), we have

which is required in (3.1.1). Furthermore,

which leads to (3.1.2). D

3.2.2 Barrier method

Let us fix a bounded closed convex domain G in £?, a a9-self-concordant barrier
F for G and 0 > 0. Our purpose is to describe a method solving (/) under
the assumption that the objective / is /3-compatible with F.

The method is based on the following ideas.
(A) The trajectory of minimizers

i.e., of the points with \(Ft, x) = 0, clearly converges to the solution set of (/),
and the error s(t) = f(x*(t)) — mine / is bounded from above by the quantity
i?/i. Indeed, we have f'(x*(t)) = -t^1 F'(x*(t)) (evident) and (F'(x},y- x} <
•&, yeG, x e intG (see (2.3.2)), so that (f'(x*(t}),x*(t) - y) < tf/i. Since /
is convex, it follows that e(t) < •djt.

Thus, a point of the trajectory x*(-) associated with large t is a good
approximate solution to (/). As we see below (Proposition 3.2.4), a point
x close enough to x*(t), namely, such that \(Ft,x) < 6 with small enough
absolute constant S (say, 8 = 0.01) is also a good approximate solution to (/):
It turns out that, for the above x, we have f ( x ) — mine / < Ifi/t. Thus, it is
reasonable to follow the trajectory x*(t) as t increases.

(B) Theorem 3.1.1 and Proposition 3.2.2 demonstrate that we can follow
the trajectory x*(t) along a sequence of values of t increasing at the ratio
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wherein O(l) is an appropriate absolute constant. Namely, given a pair (x,t)
with x close enough to x*(t), i.e., such that \(Ft,x) < 0.01 and replacing
t by t' = nt, we obtain "an intermediate" pair (x,t'), which is not too far
from x*(t'): A(F t/,z) < 0.02 (see Theorem 3.1.1 and Proposition 3.2.2). To
restore the initial accuracy 0.01 of approximation of x*(t'), it suffices to apply
the Newton minimization method to Ft>. By virtue of Theorem 2.2.2(ii), the
Newton iterate x' of x satisfies the inequality \(Fti,x') < 0.01, and we are in
the same position as before, but with larger value of t.

In view of (A), the above procedure produces approximations, £j, to the
solution of (/), such that

where (xo,to) is the initial pair that should satisfy the relation

(C) It remains to explain how to find a pair satisfying the latter relation.
Note that, if XQ is the minimizer x(F) of F and to = 0, then A(Fo, XQ) = 0, and
therefore X(Ft,x) is small for all x close to x(F) and all small enough positive
t. Thus, it suffices to approximate the F-center x(F) of G. It can be done
by the same path-following technique, provided that we are given an interior
point w of G. Namely, consider the family

which also is self-concordant. The trajectory of minimizers of the latter family
passes through w (the corresponding t is equal to 1) and converges to x(F) as
t —>• 0. We can follow the trajectory starting with the pair (w, 1) in the manner
described in (A), but now decreasing the parameter at the ratio K instead of
increasing it. It can be proved (see Proposition 3.2.3, below) that, after a finite
number of steps (which is of order of i?1/2, with the constant factor depending
on w), we obtain a point that, for an appropriately chosen to > 0, can be used
as the above XQ (another possibility for initialization of the main stage is to use
primal-dual conic reformulation of the initial problem; see §§4.3.1 and 4.3.5).

Now let us present the detailed description of the method.
Let the functions A+(A) and C(A) be defined as

(recall that w(A) = !-(!- 3A)1/3; see Theorem 2.2.2).
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Since G is bounded, D2F(x)[-, •] is a nondegenerate inner product on E
(Proposition 2.3.2(ii)); this product is denoted by (h,e)x^F, and the corre-
sponding norm, same as in Chapter 2, by || • \\X,F- In these notations we omit
the subscript x in the case when x = x(F] is the minimizer of F over int G.
Note that this minimizer does exist and is unique (see Proposition 2.3.2(ii)).

Given a norm || • || on a finite-dimensional linear space E, we denote by
|| y ||* the conjugate norm of a linear functional (y, •) on E, below:

The barrier method is specified by the parameters Aj, AI, A2, A^, AS, such
that

and by a starting point

The method consists of two stages, the preliminary stage and the main
stage.

3.2.3 Preliminary stage

This stage results in an approximation u of x(F) such that A(F, u) < Aa- To
find such an w, the method follows the trajectory of minimizers of the family

as t —» 0; herein

Clearly, g is 0-compatible with F, so that the family J^ is strongly self-
concordant (Proposition 3.2.2). It is important that the trajectory of minimiz-
ers associated with the family passes through the point w (the corresponding
t equals to 1). Note that, for this family, we have

The desired approximation is constructed as follows. We set
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so that

and then compute the points Xj according to the relations

(recall that x*(H, x) denotes the Newton iterate of x, the Newton minimization
method being applied to H; see §2.2).

Process (3.2.12) is terminated at the first moment i = i* at which the
relation

holds. The result of the preliminary stage is the point

Proposition 3.2.3 (i) The preliminary stage is well defined; i.e., all Xi are
well defined and belong to intG, —1 < i < i*. Furthermore, i* < oo, and the
following relations hold:

(ii) The vector u obtained at the preliminary stage satisfies the relations

(recall that Wr(x) = {y \ D2F(x}[y — x,y — x] < r2} is the Dikin's ellipsoid
ofF);

(Hi) The number i* of the iterations at the preliminary stage satisfies the
inequality

(recall that x(F) is the minimizer of F over intG and that TTU(-) is the
Minkowsky function of G with the pole at u).

Proof. 1°. Let us prove (3.2.15) and (3.2.16) by induction. By the definitions
of g and to, we have A(Fj0 ,x_i) = 0, so that (Jo) holds. Assume that Xj_i
are well defined and belong to int G and that relations (Ij), 0 < z < fc and (Jj),
0 < i < k hold. Relation (Ife), by virtue of AI e (0, A*) and Theorem 2.2.2(ii)
(the theorem is applied with F = F( , x = £fc-i), implies that x\. is well
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defined and (Jfc) holds. Furthermore, by (3.2.14), (3.2.11), Proposition 3.2.2
and Theorem 3.1.1 (applied with K = AI, x = x^, t = t^, t' = tfc+i, F. = F. ),
relation (Ifc+i) also holds. The induction is completed.

2°. Let us prove that i* < oo and that (iii) holds. Let us fix i < i* — 1
and denote F^} by $. Then $ 6 Sf (hit G, E) and A($, xt) < \( < A* < | by
virtue of (LJ. In view of (3.2.17), we have

(we have considered (3.2.5), (3.2.6)). By Theorem 2.1.1 and Proposition
2.3.2(1.1), we have

or, in view of (d/dt)F(x(F) + te) \t=o= 0,

and hence

(recall that, for a norm || • || on E, \\ y \\* denotes the conjugate norm of a
linear functional y : E —> R). By virtue of (2.3.5), we have

and hence we obtain

Let us verify that

Indeed, otherwise for x € dWi/i(x(F)}, by virtue of (3.2.23), we would have

and (3.2.20) would lead to Xi € W-i/2(x(F}}. Hence by Theorem 2.1.1 we would
have
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or

which contradicts the assumption that i < i* — 1.
The established lower bound for £,, i < i*, combined with (3.2.10), leads

to (3.2.19).
It remains to note that (3.2.17) is equivalent to (3.2.13); relation (3.2.17),

by (2.2.17), (3.2.6), implies (3.2.18). D
Note that the logarithmic term in (3.2.19) involves the quantity (1 —

irx(F)(w))i which is responsible for the quality of the starting point (the less
it is; i.e., the "closer" to the boundary w is, the worse the efficiency estimate
(3.2.19)). Note that this quantity can be evaluated via the asymmetry coeffi-
cient of G with respect to w. This coefficient a(G : w) is, by definition, the
largest a such that every chord of G passing through w is divided by this point
in the ratio not less than a,

Evidently, 1 — irx(w) > a(G : w) for each x € G, so that (3.2.19) implies the
estimate

3.2.4 Main stage

The main stage consists in minimizing the function /. At this stage, we follow
the trajectory of minimizers of the family

along a sequence ij —» oo. Note that this family is strongly self-concordant
(Proposition 3.2.2) with the parameters

Let

We assume that Df(u) / 0, since otherwise u is a solution to (/). We set
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so that

and then compute the points Xj given by

These points Xi are regarded as approximate solutions produced by the barrier
method.

Proposition 3.2.4 (i) The main stage is well defined, i.e., Xi, i > —1, are
well defined and belong to int G, and the following inequalities hold:

(ii) For every i>0, we have

where x* is a minimizer of f over G and

(3.2.33) VF(f) = sup{/(x) | x e W1/2(x(F))} - inf{/(x) | x e Wl/2(x(F))}.

Proof. 1°. By (3.2.5), we have A3(l-t-/3)-1 > A2 > A(F,ti) (the latter relation
is a consequence of (3.2.17)), so that to > 0. Let us verify that

Indeed, by (3.2.18), we have it 6 Wr
1/3(x(F))-, thus, by Theorem 2.1.1,

Hence the ellipsoid Wi/9(u] is contained in Wi/2(x(F)), which leads to
II Df(u) ||;iF< 9Vp(/), and (3.2.34) follows.

2°. Let us prove (I.), (J.} by induction. We have
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(the latter equality holds in view of (3.2.26)), so that (!Q) holds. Assume that
A; > 0 is such that relations (Ti) hold for 0 < i < k and that relations (Ji)
hold for 0 < i < k. Relation (Zfc), by Theorem 2.2.2(ii), implies that x^ is well
defined, belongs to intG, and that (Jk) holds. Furthermore, relation (jTJt),
combined with Theorem 3.1.1 and (3.2.28), leads to (Zfc+i). Thereby (i) is
proved.

3°. Let us prove (ii). Let us fix i and denote ti by t, F^ by $, Xj by z.
In view of (Ji), we have A($,z) < \'3 < 1; moreover, $ 6 5^"(intG,E) with
a = (1 + /3)~2. The function $ attains its minimum over int G (Theorem 2.2.2)
at certain point v, and (2.2.15), (2.2.17), and (3.2.6) imply that

Let us verify that

Indeed, by virtue of the second relation in (3.2.35) and Theorem 2.1.1(ii), the
point z' = v + (v — z) belongs to int G, and (2.3.2), as applied to x = v, y — z',
implies (3.2.36).

Let x* be the minimizer of / over G (the minimizer does exist, since G is
bounded and / is lower semicontinuous on G). We have

furthermore, by definition of v, we have

so that

(the latter inequality holds by virtue of (2.3.2)). At the same time, by (3.2.35),
we have

(the latter inequality holds by virtue of (3.2.36)). The above inequalities imply
that

Relations (3.2.37) and (3.2.34) prove (3.2.32). 



76 PATH-FOLLOWING INTERIOR-POINT METHODS

3.2.5 Efficiency estimate

As a straightforward consequence of the results stated by Proposition 3.2.3 and
Proposition 3.2.4, we come to the following main proposition (for simplicity,
we restrict ourselves to the case of quadratic /).

Theorem 3.2.1 Let G be a bounded closed convex domain in E, let F be a
•&-self-concordant barrier for G, and let f be a convex quadratic form (i.e., a
0-compatible with F function). Also, let w € intG and let AI, A'1; A2, AS,
A^j satisfy (3.2.5), (3.2.6) for /3 = 0. Let the barrier method specified by the
parameters (3 = 0, AI, A'1; AQ, AS, Ag and by the starting point w be applied
to problem (f). Then, for each £ € (0,1), the total number of iterations of
the preliminary and the main stages N(e) required to obtain an approximate
solution x£ E int G such that

satisfies the inequality

(the constant factor 0(1) depends only on the parameters AI, AJ, A2, AS, A^).
Each of the iterations reduces to a single Newton step, as applied to a convex

combination of f and F (or that of F and a linear form).

A theoretically good (approximately optimal for large i?) choice of the pa-
rameters AI, A', A2, AS, A' in the case of /3 = 0 is

Under this choice, for sufficiently large i9, the principal term in the asymptotic
(e -> 0) representation of the right-hand side of (3.2.38) is 7.36??1/2ln(l/£).

3.2.6 Large-step strategy

Consider the case of a standard problem

G being a closed and bounded convex domain in E = Rn, and let F be a $-self-
concordant barrier for G. All we are interested in when solving the problem
by an associated with F path-following method is maintaining closeness to the
path, i.e., to guarantee the inequality of the type

along a sequence {ti} of values of the penalty parameter t varying in certain
ratio K; here the path tolerance A is a given (and not too large) absolute
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constant, and Ft(x) = td1x + F(x) (d = c at the main stage, and — d is the
gradient of F at the starting point at the preliminary stage). Now "not too
large A" in our previous context was defined, along with other parameters of
the method, by (3.2.5), (3.2.6); since we now deal with linear objective only,
in what follows, it is sufficient to assume that A < 1. The above considerations
demonstrate that, under proper choice of absolute constant A, we can ensure
theratio

by a single Newton step per a step in t. In the large-scale case ($ is large),
(3.2.41) results in "small" steps in t, and the method will certainly be slow.
Prom a practical viewpoint, it seems more attractive to use a larger rate of
varying the penalty parameter, say, to choose K > 1 as an absolute constant,
and to use several Newton steps in x per a step in t. In this section, we
demonstrate that the worst-case number of Newton steps per step in t in
this scheme is bounded from above by O($) with the constant factor in O(-)
depending on K and A only.

Proposition 3.2.5 Let F be a •&-self-concordant barrier for a closed and
bounded convex domain G, let A € (0,1), let d be a vector, and let K > 0.
Consider the family

and let u e int G and t > 0 be such that

Set

and let Xi be defined as

Let i* be the smallest value of i for which

Then

with O(l) depending on A only.

Proof. Let

so that
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Lemma 3.2.1 We have

Proof.Let

Since Q is bounded, F" is nondegenerate (Proposition 2.3.2(iii)), whence, by
the implicit function theorem as applied to (3.2.47), x(r) is continuously dif-
ferentiable and

We have

(the latter equality follows from (3.2.47)), whence

and

(we sequentially used (3.2.49) and (3.2.47)). Since F is a t?-self-concordant
barrier, we conclude that

which, combined with (3.2.50) and evident relation f ( t ) = 0, implies relation
(3.2.48).

Prom (3.2.43) and items (iv) and (i) of §2.2.4, it follows that

(here and henceforth in the proof, all O(l) depend on A only), whence

where || • ||*/(x F is the norm conjugate to || • \x(t),Fi
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By definition of the Newton decrement, we have

We have 0 = VF(x(t)) + td, and, at the same time,

whence

Furthermore, from (3.2.43) and item (iv) of §2.2.4, it follows that

Relations (3.2.51)-(3.2.54) imply that

which, combined with (3.2.48), implies that

Now, from Proposition 2.2.2, it follows that, while (3.2.46) is not satisfied,
iterations (3.2.45) decrease FT at least by O(l), so that (3.2.55) means that
the number of these iterations before termination is bounded from above by

Now consider the method for solving (3.2.39) in which the penalty param-
eter t is varied in a ratio K, K — 1 |> 1 + i91//2 and a step in t is accompanied
by the number of steps (3.2.45) sufficient to restore closeness to the trajectory
(i.e., to provide (3.2.40)). Following the same line of argument as in the proofs
of Proposition 3.2.3 and Proposition 3.2.4, we can derive from Proposition 3.2.5
that the method finds an e-solution to (3.2.39) at the total cost of no more
than

Newton steps. The constant factor in the latter O(-) depends on K and A only
in such a way that, if K = litf"1/2, then (9(1) is of order of tf"1/2, and (3.2.56)
becomes the same as (3.2.38); if « and A < 1 are absolute constants, then this
factor is an absolute constant. Thus, from the viewpoint of the worst-case
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behavior, the "optimistic" strategy, where K is chosen as an absolute constant,
is O(t?1//2) times worse than the strategy with "small" rate (3.2.41) of updating
the penalty. Nevertheless, the results corresponding to the case of "large" rate
of updating t are useful: They demonstrate that the corresponding strategy still
results in a procedure with polynomial worst-case behaviour (i.e., in procedure
converging with an objective-independent linear rate). On the other hand, this
strategy seems to be more flexible than the basic (and optimal in the worst
case) strategy (3.2.41). Indeed, we could hope that standard technique like
line search in the Newton direction would restore the closeness to the path at
a significantly less than O($) number of Newton steps, so that the total effort
would be less than that one that is for sure required by the basic strategy.

3.3 Method of centers

In this section, we describe another path-following method generated by a •&-
self-concordant barrier F for a closed convex bounded domain G in E. In what
follows, we assume that / is a convex quadratic form (so that the method can
solve at least all standard problems).

The method is associated with the following family. Let us choose a con-
stant C > 1 and set

Thus, we have defined the family

Note that the path of minimizers for this family is the same path as for the
.F-generated barrier family from the previous section, but the parameterization
of the path differs from that one considered in §3.2.

It turns out that the family is self-concordant, as demonstrated in the
following theorem.

Theorem 3.3.1For each A € (0, A*) and K' € (A, A*), and for a, 7, ^, £ 77, K
chosen as

where2

2Recall that w(A) = 1 - (1 - 3A)1/3.
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the family F*(F, /) is self-concordant with the above parameters.
In particular, we have

and

Moreover, the following implication holds:

Proof. Let us verify that relations (E.I), (E.2), (E.3) hold. Relation (E.I) is
evident.

Let us verify that the function

for each t E A is, as a function of x, a 1-self-concordant barrier for the set
Rt = {x 6 E | /(x) < t}. This is an immediate corollary of the following
result.

Lemma 3.3.1 Let s be a convex quadratic form on E such that the set
Q = {x | s(x) < 0} is nonempty. Then the function

is a l-self-concordant barrier for the set cl Q.

Proof of lemma. We should prove that S is strongly 1-self-concordant on Q
and A(5, x) < 1. Clearly, S is C°° smooth and tends to infinity along every
sequence of points of Q converging to a boundary point of this set; so it remains
to verify 1-self-concordance of S and to evaluate the Newton decrement. For
x € Q, h E E, we have
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thus, under the notation q = —s~1(x)Ds(x)[h],p — (—s~l(x)D'2s(x))1/'2 (recall
that s(-) is negative on Q), we obtain

and the desired relations between the derivatives of S follows immediately from
the evident inequalities

(the resulting inequality in the case of <? = 0, when the latter computation is
not valid, evidently is also true) and q2 < p2 + q2. 

Now we can continue the proof of the theorem.
Since £ > 1 and ft is a 1-self-concordant barrier for Rt, the function

£/t is a ^-self-concordant barrier for the latter set. Therefore, by virtue of
Proposition 2.3.1(ii), Ft is a i9*-self-concordant barrier for Rt. In particular,
Ft € Si(Qt,E), as it is required in (£.2) for a chosen in accordance with
(3.3.1).

Let us verify (S.3). Let

(we henceforth use the notation from §3.1.1). It is clear that X+(K) is a
neighbourhood of-X*(/e) in Q*.

Let us verify that the set A"*(K) is closed in E&. Indeed, let (t,, Xi) 6 X*(n)
and (ti,Xi) l^° (t,x), where t e A. By Theorem 2.2.2(iii) and in view of the
fact that FT is strongly 1-self-concordant on QT, we have

for certain constant c, where

The function 4> clearly is bounded along the sequence {ti} (since this sequence
converges to a point from A), so that {Ft^Xi)} is bounded. The latter fact, in
view of definition of FT, implies the inclusion x e Qt, or (t,x) e Q*. We see
that the closure of X«(/c) in E& is contained in Q*; since X*(K) is evidently
closed in Q*, X*(K) is closed in E&.

It remains to verify that, under the choice of the parameters in accordance
with (3.3.1), relations (3.1.1), (3.1.2) hold for our X +(K).
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Let us fix (t,x) € X+(K). Then

Let

(the existence and the uniqueness of x* follow from Proposition 2.3.2(ii), since
Qt is bounded and Ft is strongly 1-self-concordant on Qt; note that, by the
same reason, D^Ft is nondegenerate on Qt). Let us introduce an Euclidean
structure on E by the inner product

Denote the corresponding norm by || • ||. Let W be the open unit ball centered
at x*. By Proposition 2.3.2(ii) and since Ft is a $*-self-concordant barrier for
cl Qt, we have

Furthermore, in view of (3.3.6) and Theorem 2.2.2(iii), we have (/3 = U(K') < 1)

whence, by Theorem 2.1.1,

In view of (3.3.6) and (3.3.9), we have

(V denotes the gradient with respect to the Euclidean structure (•, •)). Let u*
be the minimizer of / on cl Qt (or, which is the same, on G). Then, taking
into account (3.3.7) and (3.3.6), we obtain

Thus,

or

Thereby (3.3.5) is proved.
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Furthermore, we have

which, combined with (3.3.1) and (3.3.12), implies (3.1.1) (we have taken into
account that ft € B({x \ f(x) < t}, 1)).

By the same arguments, we have

which, in view of (3.3.1) and (3.3.12), implies (3.1.2). 
Now we can present the generated by F method of centers for problem (/)

with convex quadratic /. We restrict ourselves to the description of the main
stage of the method.

Let us fix constants A, A' such that

Assume that we are given to £ A and x-\ € Qt0 satisfying

Let us define a sequence of points Xi and numbers ti € A as follows:
• Given tj and o^-i such that

we find a point Xi satisfying the relations

i

Note that, under condition (Ij), the Newton iterate of Xj_i (the Newton method
is applied to F^), i.e., the point Xi = x*(Ft^Xi-i) satisfies (J») (see Theorem
2.2.2(ii));

• After Xi is found, we define U+i in accordance with the equation

(since x.i € Qt^ it is clear that ti > f ( x i ) \ thus, tj+i is well defined).
The following lemma demonstrates that the method is well defined.



METHOD OF CENTERS 85

Lemma 3.3.2 Relation (Jj) implies the inclusion ti+± 6 A, relation (/i+i)
and the inequality

where

Proof. We have t^ > /(xj) > t*, so that tj+i e A. We also have

which, by (3.3.17) and Theorem 3.3.1, leads to

The latter relation, by Theorem 3.1.1, implies (Ii+i).
To verify (3.3.18), we note that (3.3.17) and (3.3.5) imply that

so that

which leads to the second inequality in (3.3.18). The first inequality in (3.3.18)
follows from the inclusion in (Ii+i). D

Relation (3.3.18) leads to the accuracy estimate for the method

The value of v depends on A, A', and £ only. Assume that A and A' are
absolute constants satisfying (3.3.13). Then, maximizing v over (, we obtain

with absolute constant factors in both of the O(-). Thus, the rate of con-
vergence of the method under consideration is the same as that one of the
associated with F barrier method.

A reasonable choice of the parameters for the method is

For large •$, this leads to
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To initialize the method of centers, we need a pair (to,x-i) such that
x-i 6 Qt0 and X(Ft0,x-i) < A. To find such a pair, we can first approximate
the F-center of G, for example, with the aid of the preliminary stage of the
barrier method. The stage is terminated when a point x with A(F, x) < A/2
is found. This point can be taken as x-\. Then, clearly, \(Ft, £_i) < A for all
sufficiently large t, which allows us to choose an appropriate tf,.

As we already have mentioned, the path of minimizers of the family T* as-
sociated with the method of centers is, geometrically, the same path as in the
previous section; nevertheless, the method of centers and the barrier-generated
method use different parameterizations of the path and form different approx-
imations to it.

3.4 Dual parallel trajectories method

The method we describe here is associated with the homogeneous self-concor-
dant family. To define the family, let us introduce a special class of self-
concordant functions.

Let E* be the space conjugate to E. Let £(£"*, i?), & > 1 be the set of all
1-self-concordant on the whole E* functions F* such that

(3.4.1) t?*(F*) = sup{D2F*(0)[& <j)} | 4> € E*} < 0.

As we have seen in §2.4, functions of that type with nondegenerate second-
order derivative are precisely the Legendre transformations of i9-self-concordant
barriers for bounded closed convex domains in E.

The following statement is evident.

Proposition 3.4.1 Let F* G C(E*, r?j), pi>l,i = l, 2. Let x(0) be an affine
form on E* and let $ = Aif) be a homogeneous linear transformation from H*
intoE*. Then

Let EQ be a hyperplane in E*, codim EQ — 1; let b € E*\E$, A = (0, oo)
and F* € £(£"", $). This data define a family of functions on EQ,

Proposition 3.4.2 For every collection of data {$>!, F* <=£(E*,tf), Ef,, b}
and, for each K e (0, A,), the family F**(F*, EQ, b) is self-concordant with the
parameters

In particular, ̂ (F**,t) = 1 and



DUAL PARALLEL TRAJECTORIES METHOD 87

Proof. Relation (S.I) is evident; relation (E.2) immediately follows from
the inclusion F* <E Si(E*,E*) and Proposition 2.1.1(1). Let us verify (S.3);
namely, let us prove that (3.1.1) and (3.1.2) hold for X+(K) = Q» = A x E£.
Indeed, let us fix ̂  6 Eg, t € A and let 0 = tip + tb. Then, for ( e Eft, we
have

Furthermore,

Inequalities (3.1.1) and (3.1.2) are proved. 
Now we describe the dual parallel trajectories method.
Let G be a bounded closed convex domain in Rm and let F be a ^-self-

concordant barrier for G. Assume that we know the F-center of the G (i.e.,
the minimizer of F on intG); to simplify the description, let the center be 0.
Let A, Rank A = n be an n x m matrix and let b 6 R™. The dual parallel
trajectories method solves problems of the type

If G is a polytope, then (3.4.5) is an LP problem. Note that the assumption
F'(0) — 0 is not a severe restriction, which is demonstrated by the following
example:

where G = {x € Rm || x \\^< 1}, tf = m and F(x) = - £™: ln(l - x?) (the
parameter of this barrier does equal to m; see Lemma 3.3.1 and Proposition
2.3.1). Note that (3.4.6) is, in a natural sense, a "universal" format for LP
problems.

Without loss of generality, we can assume that
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(because the system Ax = rb can be replaced by an equivalent system with
the rows of the matrix being orthonormal with respect to the scalar product
eT(F"(0))-1ti).

Define the function on R" x hit G,

and let

F+ is obtained from the Legendre transformation of the barrier F by a
homogeneous linear transformation of argument, so that

and D2F+ is nondegenerate. Note that, in the case of problem (3.4.6), F+ has
an explicit representation,

where aj, 1 < i < m are the columns of A.
Denote the minimizer of L((t>, x) over x € int G by X((j>) (this point is well

defined). For problem (3.4.6), we have

Let FT (<£) = F+((j)) - TbT(j> for r > 0. We use the following result.

Lemma 3.4.1 Let E+ = Rn, t > 0, (f> e Ef = {<£ € Rn | 4>Tb = tbTb} and
let Ft be the restriction of F+ onto Ef. Also, let A0 = X(Ft,4>] < 5 be such
that, for C0 = ^(A^)(l - o^A,/,))"1 and £</, = ^(1 - C/>)~2, we have £$ < 1.
Then

(i) The solution, T^, to the problem

is well defined and positive, and X(FT</>, 4>) = 1;
(ii) The projection, X*(^>) of the point X(4>] onto the plane E' = {x 6 Rm |

Ax = T^b}, orthogonal with respect to the Euclidean structure on Rm induced
by the inner product (h^e}^ = D2F(X((j)))[h,e], belongs to G;

(iii) The inequality

holds, where t* is the optimal value of problem (3.4.5).
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Proof. Note that DF+(0) = 0 (since DF(Q) = 0) and that F+ is strongly
convex (Theorem 2.4.2; recall that A is a matrix of full row rank). Hence
F+((f>) tends to oo as || </> ||—»• oo, and the minimizers $ of Ft are well denned.
It is clear that

for some r*(t) > 0 and that the function r*(t) increases on the positive half-
axis.

Denote $ by #*, r*(t) by r*, and let $(V>) = FT*(ip).
(i) Let us provide E+ with the scalar product (u,v) = D2$(</>*) [it, v] and let

|| • || be the corresponding norm, $'(tt), $"(M) be the corresponding gradient
and Hessian of $, respectively. By (3.4.10) and by virtue of the arguments from
the beginning of the proof, 3> is strongly 1-self-concordant on E+. Applying
Theorem 2.2.2(iii) to the restriction 2 of the function $ onto E* and taking
into account that A(E, 0) = A^> < |, we obtain || 0 — 0* ||< £^. Since C<^ < 1,
we have

(Theorem 2.1.1). Moreover, $'(0*) = 0; thus,

Applying Theorem 2.1.1, we obtain

By assumption of the lemma, the latter quantity is less or equal 1; thus, T$ is
well denned and positive. Moreover, we have

The latter equality in (i) is evident. Thereby (i) is proved.
(ii) Let F*(-} be the Legendre transformation of F; thus, F+(^)) = F*(ATtJj).

Let

Replacing first- and second-order differentials by gradients and Hessians with
respect to the standard Euclidean structure, we obtain, in view of the standard
properties of the Legendre transformation,
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Let x* be the projection involved into (ii). Then

for certain u* € R", and

The latter inequality in (3.4.15), as applied to u = u*, leads to

In view of F"(x)(x — x*) = ATu*, we obtain

whence (x — x*)TF"(x)(x — x*) < I. Thus, the ellipsoid

contains x*. This ellipsoid is contained in G (Proposition 2.3.2(ii.l)); hence
x* € G. Statement (ii) is proved.

(iii) By the standard duality arguments, X((j)*) = x* belongs to the set

and minimizes F over this set, so that

Let y* be a solution to (3.4.5) and let

Then the premise in (3.4.16) holds for w = y* — u*, which leads to

(the latter inequality holds by (2.3.2) and since F is a $-self-concordant barrier
for G). The equality in (3.4.16), combined with the evident relation

and with (3.4.17), implies that (t*-r* (t}}bT $* < tf, whence, in view of </>* <E Ef
(or, which is the same, in view of bT<p* = tbTb),

This inequality, combined with (3.4.14), proves (iii). 
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The above results lead to the following method for (3.4.5). Let us choose
A > 0 such that

and let to be the solution of the equation

belonging to (0 ,1/6) .
Set (/)-]_ = t0b G E+ = Rn and let

(recall that A+(A) = A2/(l - A)2). After &_! e E£ is found, we find ft <E E£,
the Newton iterate of </>j_i (the Newton method is applied to the restriction of
F+ onto E£), and we then define

Then the next iteration is performed. The approximate solution to (3.4.5)
produced at ith iteration is

(this pair is feasible for (3.4.5); see Lemma 3.4.1(ii)).
By virtue of the above-stated properties of the family Jr**(F+, EQ , b) (see

Proposition 3.4.2 and (3.4.4)), our standard arguments prove the implication

Therefore, by Lemma 3.4.1, we have

where

Let us verify that the premise in (3.4.21) is true.
Indeed, we clearly have A ( F f ( ) , 0 _ i ) < A(F+ , < £ _ i ) . We have
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which implies D2F+(0)[b,b] = 62. Thus, by Theorem 2.1.1, we have, for 0 <
tS < 1,

which, combined with the relation DF+(0) = 0, leads to

for each £ or, by virtue of Theorem 2.1.1, to

The latter inequality means that X(F+,tb) < tS(l — t6)~2. This, by virtue of
the choice of to, leads to the relation A(Fto, </>_i) < A(F+, </>_i) < A. Thus, the
premise in (3.4.21) does hold.

To obtain the efficiency estimate for the above method, it remains to eval-
uate £1. Let us prove that

Indeed, since ^(^"(O))-1^ = /„, the point w = (F"(0))-1ATb is the
nearest to 0 point of the plane {x \ Ax = b} (in the Euclidean metric on Rm

induced by the inner product (h, e) — hTF"(Q)e). The ellipsoid W = {x €
Rm | xTF"(0)x < 1} is contained in G (Theorem 2.1.1(ii)), which implies that

Besides this, t0 > A/(26) = A/(2 || 6 ||2) (evidently); hence

Now we obtain from (3.4.21) the following estimate for the relative accuracy
Of Xi\

The optimal choice of A is

under this choice, for each e € (0,1), the inequality £i < e holds for all i such
that
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Note that the implementation of the dual parallel trajectories method re-
quires an explicit representation of the Legendre transformation of F. This
requirement is satisfied for LP problems in format (3.4.6).

The arithmetic cost per iteration for the above method as applied to (3.4.6)
is O(mn2). A Karmarkar's type speed-up for the method that, in the case
of problem (3.4.6), reduces the average (over iterations) arithmetic cost to
O(m1/2n2 + mn) is described in [Ns 88a], [Ns 89].

3.5 Primal parallel trajectories method

Consider the following standard problem with linear objective (it is more con-
venient to deal with its maximization formulation instead of the minimization
one):

where G is a bounded closed convex domain in Rn. Assume that we are given
a tf-self-concordant barrier F for G and that we know the F-center of G (i.e.,
the minimizer of F on intG); let this center be 0, that is,

(henceforth, F', F" are the gradient and Hessian of F with respect to the
standard Euclidean structure on R"). Without loss of generality, assume that

In the barrier path-following method, we follow the path of minimizers

in the method of centers, we also follow this path but use another parame-
terization of it. It is important that, in both methods, we use, in a sense,
piecewise-constant (i.e., zero-order) approximations of the path. It is natural
to follow the path using the first-order information on it. Note that the path
is defined by the relation VFS(-) = 0, i.e., by the equation

Since G is bounded, F" is nondegenerate, and the implicit function theorem
implies that the path is differentiable and satisfies the differential equation

In particular, the derivative of the objective CTX along the path is positive,
and we can use the value of the objective at a point of the path as our new
parameter,
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where

and t varies between 0 (the value of the objective at the F-center of G\ see
(3.5.2)) and **, where

is the optimal value in (3.5.1). As we just have seen, the derivative (x^)'(t)
of the path x^(-) at a point t, 0 < t < t* is proportional to the direction
[F"(x#(t))}^1 c and should satisfy the identity

(the definition of the parameterization), whence

Let us follow the path x#(t] using the first-order information. Assume that
we are given, for the current value t of the parameter, a "close" to x&(t) point
x(t). Then the vector $(x(£)) is "close" to the derivative of the path at t.
Having chosen a new value t+ of the parameter, we can regard the point

as a natural approximation to the point x#(t+}. Since the errors of approxi-
mation may accumulate, we cannot iterate this process straightforwardly and
need some correction technique. The simplest way to perform the correction is
to accompany each predictor step (t,x(i)) —> (t+,x+(t+)) by a corrector step,
which should restore closeness of the updated x to x#(t+). The derivative of
F at x&(t+) is proportional to c and cTx#(t+) = i+, so that x#(t) is the mini-
mizer of F on the intersection (int G) f]{x \ CTX = t+}. Therefore the simplest
way to restore the closeness to the path is to minimize the restriction of F
onto the above intersection by a number of Newton steps. In what follows, we
describe a method of this type, which requires a single Newton correction step
per every predictor step—the primal parallel trajectories method. Note that
the idea of the method is close to that one of the predictor-corrector methods
developed for LP by Mizuno, Todd, and Ye [MTY 89] and Mehrotra [Mh 89].

The primal parallel trajectories method for problem (3.5.1) is defined by
parameters AI, A2 such that

(recall that A+(A) = A2(l - A)~2).
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The method is as follows.
1. Initialization. Let

where

2. The ith step. Let Xi-\ € intG be the previous approximate solution.
Denote the set {y € intG | cT(y — x) — 0} by E(x) and the restriction of F
onto E(x) by Fx(y). Let (the corrector step) x* E E(xi-\) be the Newton
iterate of x;_i (the Newton method is applied to F X i _ l ( - ) ; it is shown that
xl e intG). After x/" is found, we define (the predictor step) Xj as

(it will be shown that Xj G int G). The ith step is completed.
Let A = (0,f) (recall that t* > 0 by (3.5.2)) and let G* = {x e G | CTX >

0}. For each t 6 A, the set Gt = {x € G | crx = t} is nonempty. The
restriction Ft of F onto the relative interior of Gt, by virtue of Proposition
2.3.1(i), is a $-self-concordant barrier for Gt (the latter set is regarded as a
full-dimensional subset of the corresponding hyperplane). Since Gt is bounded,
Ft attains its minimum over the relative interior of Gt at the unique point x* (t)
(Proposition 2.3.2(ii)). By definition of x&(t), we have

for certain (t) (s(t) > 0 by (3.5.2)). The (73-smoothness of F and the nonde-
generacy of D2F imply that x#(t) and s(t) are (72-smooth on A.

The main result on the primal parallel trajectories method is as follows.

Proposition 3.5.1 The primal parallel trajectories method is well defined: For
all i, the points Xi~\, x^ and Xi are well defined and belong to int G. Moreover,
for each i > 0, we have

where
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Furthermore, the relative accuracy ofith iterate satisfies the inequality

where 7 depends on AI, A2 only and where x* is a solution to (3.5.1).

Proof. Let us establish some properties of x&(i). Taking the derivative with
respect to t in (3.5.7) and in the identity cTx#(t) = i, we obtain

Let us choose r € A and let

Equation (3.5.13) implies

Moreover, by Theorem 2.1.1 and in view of (3.5.14), we have

By Theorem 2.1.1, the set {y € R" 11 | y - x#(t) \\t< 1} is contained in intG,
which, combined with (3.5.15), proves the implication

(we have taken into account (3.5.13) and the implication

(see Theorem 2.1.1)).
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Now let us prove (It) - (Lj). Let

We wish to prove that J = {i > 0}; it suffices to verify that 0 e J and that

Let us first prove that 0 e J, i.e., that x_i e intG, i_i > 0, and (Jo)
holds. By (3.5.5), we have eTF"(0)e = 1, whence re € intG for 0 < r < 1,
and || F'(re) \\Q< r(l — r)^1 (in view of Theorem 2.1.1 and the relation
F'(0) = 0) or

whence A(F, roe) < X\. It is clear that \(Ft_1,Toe) < A(F,roe), which implies
(Jo). Furthermore,

which, by virtue of the evident inequality TO > Ai/2, implies that

In particular, t-i > 0. Thus, 0 E J.
Now let i 6 J; let us prove then that i + 1 e J. First, in view of AI < A*

and the fact that Fti_1 is a barrier for the set G^.j, (Jj) implies (see Theorem
2.2.3) the relation

("rint" denotes the relative interior). Furthermore, let

Then

whence, in view of Theorem 2.1.1(ii) and the inclusion A2 €E (0,1), Xj € intG.
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Wehave

In particular, ti > <i_i, and (Ii+i) holds.
By virtue of (3.5.18) and Theorem 2.2.2(iii), we have

whence, by Theorem 2.1.1,

(see (3.5.14)). Therefore (3.5.20) implies

Since A2 < \, relations (3.5.21) and (3.5.16) imply the relations

whence, since s evidently increases,

Since

we obtain

The latter relation is (Kj).
Furthermore, let x* be the solution to (3.5.1). Then we have

(we have used (2.3.2)), which implies (Lj).
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To prove the inclusion i + 1 e J, it remains to verify (Jt+i)- Let cTh = 0
and let

Then

(we have taken into account Theorem 2.1.1 and the relation e^F"(x(0))ei = 1).
By (3.5.18), the relation cTh = 0 implies

so that

(see Theorem 2.1.1). The inequality obtained means that

which, by virtue of (3.5.4), leads to (Jj+i). The proposition is proved. 
We see that the rate of convergence of the primal parallel trajectories

method is the same as the rate of convergence of our previous methods: It
needs no more than O(&1^ ln(2i?/e)) iterations to produce an approximation
Xi such that e, < e e (0,1); the constant factor in O(-) depends on AI, X% only.

A reasonable choice of the parameters is AI = 0.266, A2 = 0.096. Under
this choice, (3.5.12) leads to
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Chapter 4

Potential reduction interior-point methods

In the previous chapter, we described a number of polynomial-time interior-
point methods based on following certain path. Below, we present another
family of polynomial-time interior-point methods based on explicit Lyapunov's
functions. Namely, in what follows, we generalize onto nonlinear convex prob-
lems three potential reduction methods initially developed for LP, specifically,
the famous method of Karmarkar [Ka 84], the similar projective method [Nm
87], and the primal-dual method of Todd and Ye [TY 87], [Ye 88a], [Ye 89].

Prom a theoretical viewpoint, potential reduction interior-point methods
have no advantages as compared to the path-following procedures. As we have
seen, a path-following method associated with a i?-self-concordant barrier for
a bounded convex domain minimizes a linear function over this domain to
an accuracy e in O($1//2 ln($/e)) Newton-type steps; the efficiency estimate
of the generalized primal-dual method is the same, and the estimates for the
generalized method of Karmarkar and the projective method are even worse
(0(i91n(i?/e))). Nevertheless, the potential reduction methods are very im-
portant because of the following reason. The accuracy attained by such a
method can be estimated in terms of the amount at which the corresponding
Lyapunov's function (the potential) is reduced during the solution process. At
each step of a potential reduction method, the theory prescribes the direction
and the stepsize, which ensure certain decreasing of the potential, but we are
not forbidden to look for deeper decreasing; say, we can minimize the potential
in the above direction with the aid of line search (this is called "large steps").
It is well known that, in the case of LP problems, large steps considerably
improve behaviour of the interior-point methods. In contrast, a path-following
method must maintain closeness to the corresponding path, and it is not clear
how to provide this requirement for large steps without violation of the theo-
retical efficiency estimates (cf. §3.2.6).

It turns out that, to apply most of the potential reduction methods, we
should properly reformulate the problem, i.e., transform it into the so-called
conic form (where we should minimize a linear objective over the intersection
of a closed convex cone and an affine subspace). This universal form of a
convex programming problem is introduced and studied in §4.1. Section 4.2 is
devoted to duality for conic problems; the specifics of conic formulation allows
us to develop quite symmetric duality theory for conic problems, which can

101
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be regarded as a very natural extension of the standard linear programming
duality. This duality can be also regarded as a particular case of general duality
theory for problems with "nonnegativity constraints" defined by a convex cone
in a Banach space (see, e.g., [ET 76]); the specifics of the presented duality
results are caused by linearity of the objective and the equality constraints
involved into the problem under consideration. Sections 4.3-4.5 contain the
descriptions of the (generalized) method of Karmarkar, the projective method,
and the primal-dual method, respectively.

4.1 Conic formulation of convex program

4.1.1 Motivations

A usual linear programming problem can be written as

where y € Rm, K = R" is the standard cone {x > 0} in Rn, and F is an
affine mapping from Rm into R"; as always, (d, y) denotes the value of a linear
form d at a vector y. The standard formulation of a nonlinear optimization
problem has basically the same form, but with a nonlinear mapping F (the
objective, of course, always can be chosen to be linear). Thus, in the usual
formulation of a nonlinear optimization problem, we deal with the standard
"polyhedral" notion of nonnegativity (K is the nonnegative orthant) and a
nonlinear manifold F(Rm). At the same time, we can transform (*), (**) into
a nonlinear problem by replacing the nonnegative orthant with a nonpolyhedral
cone and preserving the linearity of F.

Assume that, in (*), (**), F is an affine mapping and K is a closed convex
cone in a finite-dimensional linear space E, int K ^ 0. We also assume K to
be pointed (i.e., K(~]{—K} = {0}). Note that, in (*), (**), we can choose
as the unknown the vector x = F(y) instead of y itself; it suffices to add the
constraint x £ L = F(Rm) and to express the objective in terms of x instead
of y. The latter can be done if and only if d is constant along the kernel of the
homogeneous part of F; if it is not the case, then (*), (**) is either inconsistent,
or below unbounded. Thus, at least every solvable problem (*), (**) with an
affine F can be rewritten as

where K is a pointed closed convex cone with a nonempty interior in F/, c
belongs to the space E* conjugate to F/, b e F/, and L is a subspace of E.

Under these assumptions on the data involved, we call (P) a conic problem.
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4.1.2 Conic and standard problems

A conic problem, of course, is a special convex programming problem. In turn,
each convex problem can be rewritten in the conic form. It clearly suffices to
transform into the conic form a standard convex problem (see Chapter 3), i.e.,
the problem

minimize

where G is a closed convex domain in Rn. Without loss of generality, we can
assume that G does not contain straight lines (otherwise, the problem either
is below unbounded, or we can reduce it to an equivalent standard problem
with the feasible domain not containing straight lines; it suffices to replace G
with its cross section by an appropriate subspace of E).

Let us embed R" into E - Rn+1 as the affine hyperplane {x^n+l^> = 1}
and let K be the closed conic hull of the image of G,

Clearly, K is a pointed closed cone with a nonempty interior, and G is the
intersection of K and the hyperplane (L + 6), L = {x € E x^"+1' = 0},
6 = (0, ...,0,1)T (more rigorously, G is the inverse image of this intersection
under the above embedding F : Rn —> Rn+1). The initial objective c' can be
thought of as a linear functional c on Rn+1 independent on the last coordinate;
the conic problem defined by c, K and L clearly is equivalent to the initial
problem.

Of course, the above reduction is, in fact, the result of a very liberal usage
of the (unformal) notion of equivalence between optimization problems. Prom
the algorithmic viewpoint, the possibility to "explicitly" reduce a given convex
problem to a conic problem depends on the form in which the initial problem
is represented. This question is discussed in more detail in Chapters 5 and 6.

4.2 Duality for conic problems

4.2.1 Dual problem

Assume for a moment that (P) is solvable and let x* be an optimal solution to
the problem. Assume also that at this solution the Kuhn-Tucker optimality
condition holds, so that we can add to the objective a linear functional y
constant along L+b in such a way that the resulting linear functional s* = c+y
is nonnegative on the set K - x*. What can we say about s* ? First, since K
is a cone, the inequality

implies s* E K*, where
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is the cone dual to K (under our assumptions on K and E, this cone is a
pointed closed convex cone with a nonempty interior in E*). Second, (4.2.1)
holds for x = 0, so that {s*,x*} < 0, and since x* G K and s* € K*, we have
(s*,x*) > 0 as well. It follows that (s*,x*) = 0.

Last, the functional s* — c is constant along L + b, or, which is the same,
s* — c belongs to the subspace L1- C E* formed by the functional vanishing
on L. Thus, s* is a feasible solution to the problem

Moreover, s* clearly is the optimal solution to this problem (since the objective
of the problem is nonnegative on K* and equals zero at s*). Note that, if we
replace the objective x* of the latter problem with an arbitrary x E (L + b},
say, with 6, the point s* remains optimal for the perturbed problem, since the
quantity (s,x* — x} clearly is constant when s varies along (L1- + c), provided
that x€ (L + b).

Thus, any s* given by the Kuhn-Tucker optimality condition at x* must
belong to the optimal set of the problem

as well as must satisfy the complementary slackness relation (s*,x*) = 0.
Note that the resulting problem is again a conic problem.
The above considerations motivate the following definition.

Definition 4.2.1 Let E be a finite-dimensional space and K be a closed convex
pointed cone in E with a nonempty interior, also let b € E and c e E*. The
data E, K, L, b, c define a pair of conic problems

and

wherein K* C E* is the cone dual to K and LL C E* is the annulator of L.
(P) and (D) are called, respectively, primal and dual problems associated

with the above data.

Note that, in the polyhedral case (K is the standard (dim E)-facet cone
in E), the pair (P), (D) is, in fact, the standard primal-dual pair of linear
programming problems.

In what follows, we try to extend onto our general conic case the standard
relations between the primal and the dual LP problems.

First, our duality is symmetric: (P) can be thought of as the problem
dual to (D) (of course, we use the canonical isomorphism (E*)* = E, so that
(K*)* = K and (£~L)~L = L). Thus, our duality is quite symmetric, similar
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to the LP duality; the dual problem remembers everything about the primal
problem. Note that the standard Lagrange duality for convex (nonlinear)
programming does not possess such a symmetry. For example, for the primal
problem of the type

where /j, i > 0, are, say, strongly convex functions, the dual problem is

and it is difficult to extract the primal problem from the dual one.

4.2.2 Duality relations

In what follows, we fix a primal-dual conic pair (P), (D). Our aim is to study
the relations between properties of the problems comprising the pair. We
denote by P* the optimal value in the primal problem (P* = +00, if the set
D(P) of primal feasible solutions is empty; otherwise, P* = inf{{c, x) \ x €
£)(P)}); the set of feasible dual solutions and the corresponding optimal value
are denoted by Z)(D), D*, respectively.

Preliminary results. Let us start with the following simple statement.

Lemma 4.2.1 For every pair of primal and dual feasible solutions x € D(P),
s 6 -D(D), we have

in particular, if both of the problems are consistent (D(P) ^ 0, -D(D) ^ 0),
then

Proof. We have (c, x) + (s,b) — (c,b) — ( s , x ) = (c — s,x — b), so that, to
establish the equality in (4.2.2), it suffices to prove that (c — s, x — b) = 0.
Since x is primal feasible, x — b e L, so that each functional from lA vanishes
at x — b. In particular, (c — s, x - b) = 0, by virtue of c — s € L1 (recall that
s is dual feasible). Inequality (4.2.2) follows from x € K, s € K*. Equation
(4.2.3) is an immediate corollary of (4.2.2). 

Corollary 4.2.1 Assume that x* is primal feasible and s* is dual feasible.
Then the following two conditions are equivalent (s*,x*) =0 (complementary
slackness), (c, b) = (c,x*) + (s,b*) (zero duality gap), and each of them is
sufficient for x* and s* to be primal and dual optimal, respectively.



106 POTENTIAL REDUCTION INTERIOR-POINT METHODS

The above statements motivate the following definitions. Let us say that
a primal-dual pair of conic problems is normal (= possesses property (N)) if
both of the problems are solvable and, for their optimal values, the equality

holds. The pair is said to be weakly normal (= possessing property (WN)) if
both of the problems are consistent and (4.2.4) holds.

Dual problem and the cost function for the perturbed primal problem. As in
the standard duality theory, we can describe the feasible solutions to the dual
problem (D) in terms of support functional to the optimal value of the primal
problem regarded as a function of b. Let

be the set of all b € E such that the primal problem (P(6)) defined by the data
c, K, L, b is feasible; B clearly is convex, and int B ^ 0 (recall that int K ^ 0).
Let

Also, let D*(6) be the optimal value in the problem (D(6)) dual to (P(6)).
The function P*(b) clearly possesses the following properties:

(i) P*(fe) is convex;
(ii) For each b G B, we have 6 + L C B, and P*(6) is constant along b + L\

(iii) For each b E B and each u e K, we have b + u € B and P*(6 + u) <
P*(6) + (c,t*>.

Proposition 4.2.1 A functional s e E* is dual feasible if and only if there
exists 0 — 0(s) 6 R such that

I f b € B and c — s is the support on B functional to P*(-) at b, then s solves
(D(b)) and(WN) holds for the pair ((P(b)), (D(b))). Conversely, i/(WN) holds
for the latter pair and s solves (D(&)), then c — s is a support (on B) functional
to P*(-) at b.

Proof. If s is dual feasible, then (4.2.5) holds with ft = 0 for each b € B by
virtue of (4.2.2). Conversely, assume that s satisfies (4.2.5). In view of (iii),
we have P*(fc) < P*(0) + (c,6), 6 6 -ft', which, combined with (4.2.5), implies
0 - P*(0) < (s,6), b e K, so that s 6 K*. Furthermore, P*(6) = P*(0), b e L
(see (ii)), which, combined with (4.2.5), leads to (c — s, b} = 0, b € L, so that
c — s € L^. Thus, s is dual feasible.

Now assume that c — s is a support functional to P*(-) at b € B, so that
(4.2.5) holds with /? = P*(6) - (c-s,b). Since P*(-) admits a support func-
tional, this function is below bounded on bounded subsets of B. We always
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have 0 6 B, and clearly P*(0) is either zero or —oo. The second alterna-
tive in our case is excluded, so that P*(0) = 0. Relation (4.2.5) with the
above (3 and with b = 0 therefore leads to P*(6) — (c — s,b) < 0, so that
P*(ft) + (s,b) < (c,b). Since, as we have already proved, s is dual feasible, it
follows that P*(6) + D*(6) < P*(6) + <s, 5} < (c, b). By virtue of (4.2.3), all the
inequalities in this chain are equalities, so that s is dual optimal and (WN)
holds for the pair ((P(6)), (D(6))).

It remains to prove that, if (WN) holds for the pair ((P(6)), (D(5))) and s
solves (D(b)), then c — s is a support functional to P*(6) at b. Prom (4.2.2), it
follows immediately that P*(b) > (c — s, b) — (c — s, b — 6) + (c — s, b}. Since
(s,b) = D*(6) = (c,b} — P*(b) (we have taken into account (WN)), we obtain
P*(&) > (c- s,b -b} + P*(6), and c — s proves to be a support functional to
P* at 6. 

Relations between properties of primal and dual problems. Let H be a vector
space and let T be a conic problem on H defined by the data r (the objective),
Q (the cone), and the feasible plane (M + d), where M is the corresponding
linear subspace of H. Introduce the following predicates:

• (F): Feasibility (D(T) ^ 0);

• (B): Boundedness of the feasible set (D(T) is bounded, e.g., empty);

• (SB): Boundedness of the solution set (the set of optimal solutions to (T)
is nonempty and bounded);

• (R): Recessity (Mf]<2 ^ {0});

• (BO): Boundedness of the objective (the objective is below bounded on
L>(T), e.g., due to £>(T) = 0);

• (I): Existence of a feasible interior point (D(J) intersects intQ);

• (S): Solvability ((T) is solvable).

Recall that we have fixed a primal-dual pair (P), (D) of conic problems. In what
follows, the properties of the primal and the dual problems are marked with the
subscripts p and d, respectively; e.g., (Sp) is the abbreviation for the assertion
"the primal problem is solvable." Our aim is to establish some relations between
the introduced properties of the primal and the dual problems. Note that, in
what follows, the assertions are arranged into "symmetric" pairs (the symmetry
is based on the above-mentioned symmetry between the primal and the dual
problems, and it suffices to prove only the first statement in each pair).

(1) (Fp) => (BO,); (Fd) => (BOP).
This is an immediate corollary of (4.2.2).
(2) (Fp) and (Bp) => (Sp); (Fd) and (Bd) => (Sd).
It is clear, due to the compactness arguments. 
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Remark 4.2.1 In the linear programming case (K is a polyhedral cone), item
(2) can be essentially strengthened: (Fp) and (BOP) =>• (N); this strong state-
ment cannot be extended onto nonlinear case, as it is could be demonstrated by
simple examples.

The following statements are more encouraging.
(3) (Fp) and (Bp) =* (Fd) and (BOd); (Fd) and (Bd) => (Fp) and (BOP).
In fact, the premise in the first implication implies even (WN); this is

demonstrated in item (7).
Implication (Fp) and (Bp) => (BOd) is a consequence of item (1). To

complete the proof of (3), let us first establish the following implication.
(4)i( ip)^(Rd); i ( id)^(Rp).
The premise in the first implication means that the affine subspace (L + b)

does not intersect the open nonempty convex set int K. Therefore these two
sets can be separated by a nonzero linear functional s,

In particular, s is below bounded on K and consequently belongs to K* and
is above bounded on L, or, s € I/-1, which is the same. Thus, 0 ̂  s e LL f| K*,
and (Rd) follows. D

Now we can complete the proof of item (3). Assume that the primal prob-
lem is consistent and that its feasible set is bounded. We wish to prove that,
under these assumptions, the dual problem is consistent. Otherwise, ] (Id), and
consequently (see (4)) (Rp) would take place. That means that £ e Kf\L for
certain £ ̂  0. The latter relation, combined with (Fp), implies unboundedness
of the primal feasible set, which contradicts the premise in (3).

Remark 4.2.2 In connection with implication (3) it is worth noting that, in
the case of linear programming, this implication can be strengthened: (Fp) and
(Bp) => (Sd) (since, in the case o/LP we have (Fp) and (Bp) => (Sp) «=> (Sd)).
In the nonlinear case, it seems to be difficult to strengthen (3), since it can
happen that (Fp) and (Bp) and (],Sd).

The following result seems to be closest to the LP Duality Theorem.
(5) (Ip) and (BOp) => (Sd) and (WN); (Id) and (BOd) =* (Sp) and (WN).
Under the premise of the first implication, the function P*(-) is finite at

the point b and b 6 int B. Since E is finite-dimensional and P*(-) is convex
on the convex set B, it follows that the function is finite and continuous at
least on int B and that it admits support functional at b. It remains to use
Proposition 4.2.1. 

To make the references more convenient, let us present (5) in "verbal" form.

Theorem 4.2.1 (Duality Theorem) Let (P), (D) be a primal-dual pair of
conic problems defined by the data K, L, c, b and let the pair be such that the
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primal feasible set intersects int K and the objective of the primal problem is
below bounded on the primal feasible set. Then the dual problem is solvable,
and the optimal values of the primal problem P* (min or inf of the primal
objective over the primal feasible set) and the dual one D* satisfy the relation

("zero duality gap").
If, in addition, the dual feasible set intersects int K*, then both of the prob-

lems are solvable, (4.2.6) holds, and a pair of feasible primal and dual solutions
(x*, s*) is comprised of optimal solutions to the problems if and only if

("complementary slackness condition").

The first part of the theorem is item (5). The second part is an immediate
consequence of the first part and (4.2.2). D

(6) (Sp) and (Ip) => (N); (Sd) and (Lj) =» (N).
This is an immediate corollary of (5).
Note that the premise in (6) is precisely the standard assumption that jus-

tifies the use of the Kuhn-Tucker optimality condition in the above motivation
of the "conic" duality.

The following statement extends implication (3).
(7) (SBP) => (WN); (SBd) => (WN).
Before proving this implication, we should mention that its conclusion,

generally speaking, cannot be strengthened to (N).
To prove the first implication in (7), assume that the set X* of optimal

solutions of the primal problem is bounded and nonempty and let XQ € X*
and xi e int K. Without loss of generality, we can take b — XQ. Indeed, this
substitution does not vary the primal problem and updates only the objective
of the dual problem. The new objective at the dual feasible set is the old one
plus a constant. Clearly, the initial and the updated primal-dual pairs either
both possess, or both do not possess, property (WN).

For £ e (0,1), let (P^), (D£) be the primal-dual pair defined by the same
data as (P), (D), excluding the value of b, the latter quantity now being replaced
by X(E) = XQ + ex\. Note that (Po), (Do) clearly is the initial pair, while,
for e > 0, problem (Pg) possesses property (I) (since x(e) is a feasible interior
solution to the problem). Let us prove that, for all small enough e > 0, problem
(Pe) is solvable. Otherwise, we could find a sequence {ei > 0} tending to 0 and
such that each of the problems (P£i) would admit an unbounded minimizing
sequence with the first element z(ej), so that we could find a sequence {xi e
K}, || Xi \\—>• oo, i —> oo, with x^ being a feasible solution of (P£i) such
that (c,Xi) < ( c , x ( s i ) ) . Without loss of generality, we can assume that x$ =
ti&i + X(EI), ti —> oo, where ei —>e^0asz—> oo. For each positive t and
all large enough z, the points x(ei) + tei belong to K, together with x(ei) and
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Xi, and therefore the point XQ + te also belongs to K. Since Xi and x(ei) are
feasible solutions of (Pe<), we have &i € L and, consequently, e e L. Last,
(c,Xi} < (c,x(ei)) implies (c,ei) < 0, and therefore (c, e) < 0. We see that the
ray {xo + te \ t > 0} is feasible for (P), and the objective is nonincreasing along
this ray. It follows that this ray is contained in the set of optimal solutions to
(P), which contradicts the boundedness of the latter set. Note that we have
proved something more strong than the solvability of (Pe) for all small enough
e; in fact, we have established that there exist a bounded set Q and a positive
£Q) such that all the sets

for e < £Q are contained in Q. Prom the latter statement, it immediately follows
that, if P* is the optimal value in (Pg), then liminf e_>+o P* > P*- Also, since

we conclude that P* —>• P* as e —> 0.
For all small enough e > 0, problems (Pe) possess property (I) (since x(e) 6

int/f, e > 0) and, as we already have proved, property (S). By virtue of item
(6), it follows that, for the above e, problems (De) are solvable, and their
solutions s(e) satisfy the relation

The feasible sets of all the problems (De), e > 0 coincide, so that all s(e)
are feasible for (D). Since x(e) — XQ 6 K and s(e) € K*, we have (S(E),XQ) <
(s(e),a;(e)), and (4.2.8) implies D* < (s(e),x0) < (c,x(e)) - P*. The right-
hand side of the latter inequality tends to (c, XQ) — P* as e —»• +0, which results
in D* + P* < (c,XQ). Since we have reduced the situation to the case where
XQ = &, the concluding relation combined with (4.2.2) proves that the pair
((P),(D)) possesses property (WN). 

To conclude this section, let us note that, in the nonlinear case, even solv-
ability of the both primal and dual problems does not ensure (N).

4.3 Karmarkar method for nonlinear problems

4.3.1 Formulation of the problem. Assumptions

Consider a conic problem (P). For our purposes, it is convenient to represent
the feasible plane (L + b), which is an affine subspace, as an intersection of
a linear subspace M in E and an affine hyperplane not passing through the
origin. Of course, it can be done quite straightforwardly, provided that (L + b)
does not contain the origin. The case when the latter condition is not satisfied
can be excluded, since, in this case, the feasible set K(~}(L + b) is a cone, so
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that the problem is either below unbounded or has trivial optimal solution 0.
Thus, in this section (as well as in the next), we deal with the problem

where c, e £ E*, K is a closed convex pointed cone in E with a nonempty
interior and M is a linear subspace in E. In the case of K = R", (4.3.1) is
precisely the Karmarkar format of an LP problem.

Assume that we are given a $-self-concordant logarithmically homogeneous
barrier F for the cone K. This is the only representation of K used by the
below method.

In the case of K = R" , we could take as F the standard logarithmic barrier

for the nonnegative orthant (& = n; see §2.3, Example 2).
In what follows, we describe the (generalized) method of Karmarkar for

(4.3.1). This method, as in the LP case, requires the following three additional
assumptions about the problem:

(K.I) The feasible set Ke = {x <E Kf\M \ (e,x) = 1} is bounded and
intersects int K;

(K.2) An interior feasible solution, XQ (E rmtKe, is known (as usual,
"rint" denotes the relative interior);

(K.3) It is known that the optimal value of the objective is 0.
Note that (K.3), in fact, is no more than the assumption that we know

the optimal value of the objective; indeed, if this value is /*, then, replacing
the objective c by c — f*e, we obtain an equivalent problem with zero optimal
value.

Note also that, under assumptions (K.1)-(K.3), we could solve (4.3.1) with
the aid of a path-following method from Chapter 3, with the preliminary stage
of the latter method being eliminated. Indeed, let us replace the functional e
involved into (4.3.1) by the functional e' = — tf~1F'(xo). The resulting problem
can be rewritten as

subject to

The restriction F# of F onto the (relative) interior of G is a $-self-concordant
barrier for G, and XQ is the minimizer of F#, so that we can immediately apply
to (4.3.3) the main stage of the path-following method associated with F#. On
the other hand, it is easily seen that the optimal value in (4.3.3), the same as
in (4.3.1), is zero, and the transformation x —> (e, x)"1 x maps strictly feasible
solutions to (4.3.1) into strictly feasible solutions to (4.3.1) of the same (up to
a constant factor depending on the problem) accuracy.
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4.3.2 Generalized Karmarkar method

The method is associated with the potential function

note that, since F is logarithmically homogeneous of the degree $, we have

Let us show that the accuracy of a strictly feasible (i.e., feasible and belong-
ing to int K) solution x can be evaluated via the quantity V(xo)-V(x). Indeed,
since the feasible set Ke of the problem is bounded and the restriction of F
onto Ke is a self-concordant barrier for this set (see Proposition 2.3.l(i)), F is
below bounded on the relative interior of Ke (Proposition 2.3.2(ii)). Therefore
the quantity

is finite. We have

so that we have proved the following result.

Proposition 4.3.1 Let x be a strictly feasible solution to (4.3.1). Then

Note that the inequality in Proposition 4.3.1 is an accuracy estimate, since
the optimal value of the objective is zero.

Proposition 4.3.1 demonstrates that an updating rule that transforms a
given strictly feasible solution into a new solution of the same type with by
an absolute constant less the value of the potential, being iterated, reduces
the errors (c, Xi) of the successively updated solutions in the ratio 1 — O(d~l).
The idea of this rule is as follows. Let x be a strictly feasible solution to be
updated. Consider the hyperplane N tangent at x to the corresponding level
set of the barrier and let S be the intersection of this plane with M f| K. S
is a convex set, and the reduction of F onto the relative interior S' of S is a
i?-self-concordant barrier for S (Proposition 2.3.1(i)). Let us try to find a point
x' in S' with the value of the potential being "considerably" less than at x. To
this end, consider the function
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i.e., the result of linearization of the logarithmic term of the potential at x; we
regard $ as a function defined on S'. Since the logarithmic term is concave, we
have F(u) < $(u), while F(x) = $(x). We see that, to decrease F, it suffices
to decrease «J>. On the other hand, $ is the sum of a self-concordant barrier
and a linear function, and therefore it is strongly 1-self-concordant on 5". Let
us demonstrate that the Newton decrement A($, x) of $ at x is not small, so
that, to decrease $ "substantially," it suffices to perform, starting from x, a
step of the Newton-type process described in Proposition 2.2.2. Indeed, F has
zero derivative at x in each direction from S — x (the origin of S), so that

To prove that A(<&, x) is not small, note that K contains the ray {tx* \ t > 0},
where x* 6 M\{0} is such that (c,x*) = 0 (indeed, in view of (K.3), we can
take as x* the optimal solution to (4.3.1)). This ray intersects S. Indeed, F
attains its minimum over the intersection of N and K at x (the origin of N)
and is a self-concordant barrier for this set (Proposition 2.3.1(i)), so that this
intersection is bounded (Proposition 2.3.2(ii)). It means that N intersects with
all rays {ty \ t > 0}, y € ^\{0} and, in particular, with the ray {tx* \ t > 0}.
Since the latter ray is also contained in M, it intersects S.

Since, as we have seen, x is the F ^/-center of 5, the latter set is contained
in the ellipsoid

(see (2.3.8)). The linear functional cx = i9 (c, x)~ c equals $ at x and equals
0 at certain point u* e S, namely, at the point where the ray {tx* | t > 0}
intersects S. Thus, on the (1 + 3$)-enlargement, W — x, of the ellipsoid

involved into (4.3.7), cx varies by at least 2$; hence, on W it varies at least by
2tf(l + 3*?)-1, and we conclude that

Now let x' be the iterate of x with respect to the Newton-type process
described in Proposition 2.2.2 associated with a = 1, so that

From (4.3.8) and Proposition 2.2.2, it follows that
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(the first inequality in (4.3.10) follows from 
Thus, we have found a point x' 6 5' with the value of the potential being

"considerably" less than at x. Note that x' € mi,Kf]M, since 5' is con-
tained in the latter set. Thus, the only possibility for x' not to be a strictly
feasible solution to (4.3.1) is to violate the normalizing constraint (e, •) = 1.
Let us believe for a moment that (e,x') > 0 (we prove this later). Let us
take x+ — (c,x'}~ x' as the desired updating of x. This point belongs to
(int K) f| M, since x' belongs to the latter set, (c, x'} > 0, and evidently satis-
fies the normalizing constraint. At the same time, in view of (4.3.5), we have
V(x+) = V(x') and, in view of (4.3.10), we obtain

It remains to verify that (e, x') is positive. Assume that it is nonpositive;
since x is feasible, we have (e, x) = 1, so that there exists 0 E (0,1] such that
7(t) = (e,x + t(x' — x ) ) is positive for 0 < t < 0 and is zero for t = 9. Note
that the segment [x, x'] is contained in (int K) f) M. It follows that the (clearly
unbounded) curve 7~1(t)(x + t(x' — x)), 0 < t < 6 is contained in the feasible
set of (4.3.1), which is impossible in view of (K.I).

The analytical description of the method is as follows. At ith step of the
method (i > 1), the previous approximate solution Xj_i € iuAKe (XQ is the
point mentioned in (K.2)) is transformed into a new strictly feasible solution
Xi according to the following rules:

(/C.I) Compute

and set

(/C.2) Compute the Newton direction of the functional Cj in the sub-
space Li with respect to the Euclidean structure defined by D2F(xi_i), namely,
set

(£.3) Find x'! <E (xf_i + Lj) f|(int K) such that
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and set

The ith step is completed.

Remark 4.3.1 (1) As we have seen, x\ £ mtK, so that an admissible choice
of x'l is x'l = x'jj the version based on this choice is called basic.

(2) The simplest way to perform "large steps " is to choose x" by minimizing
the potential in the direction £,:

4.3.3 Rate of convergence

The convergence properties of the above method can be derived immediately
from Proposition 4.3.1, (4.3.11), and (4.3.12) and are as follows.

Theorem 4.3.1 Assume that (K.1)-(K.3) are satisfied. Then the generalized
Karmarkar method associated with a ft-self-concordant logarithmically homo-
geneous barrier for K produces a sequence {x{} of strictly feasible solutions to
(4.3.1), and the relative accuracy of these solutions can be estimated as

where

The factor R(XQ) is responsible for the quality of the initial approximate
solution XQ. Note that, in the basic version of the Karmarkar method for an
LP problem (the latter is precisely the above method associated with K = R™ ,
the n-self-concordant barrier (4.3.2)), e = (1,..., 1)T, and XQ = n~le), we have
R(XQ) = 1.

4.3.4 Karmarkar method and projective transformations

Let us present another interpretation of the above method (for the LP case, it
was found by Bayer and Lagarias; see [BL 91]). For simplicity, let us restrict
ourselves to the "large-step" version. From the description of the updating
rule, it follows immediately that, in fact, the input and the output of the rule
are not strictly feasible solutions, but strictly feasible rays, i.e., rays of the type
{tu | t > 0} associated with u £ (int K) f| M. These rays are in a one-to-one
correspondence with strictly feasible solutions (such a solution evidently defines
a strictly feasible ray, and, as we have seen, the boundedness of the feasible set
implies that each strictly feasible ray intersects the "normalizing hyperplane"
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{x | (e, x) = 1} and therefore corresponds to a strictly feasible solution). The
potential is constant along the rays and therefore can be thought of as the
function defined on the space of rays. The updating rule looks as follows:
Given a strictly feasible ray £ = {tx \ t > 0}, we consider the two-dimensional
angle U, which is the intersection of K and the two-dimensional subspace M£
passing through £ and the one-dimensional subspace

where u is some point of £ (since F is logarithmically homogeneous, the sub-
space does not depend on choice of u € £). Then we minimize V over the
rays from the relative interior of U, and this gives us a new strictly feasible
ray £+(£), which is the result of the updating. In the initial description of
the updating rule, we represent £ by a point v € £ and choose as the rep-
resentative of a ray 7 C rint U the point at which 7 intersects the interval
A = {u € nntU | (F(v),u — v}= ()}, so that to minimize V over U is the
same as to minimize this function over A. Now note that we could choose
representatives of rays 7 € rint U in many other ways, e.g., as points at which
these rays intersect the level hyperplane

of the objective. Thus, minimizing V over the rays belonging to rint U is the
same as minimizing this function over the interval A' = C f) rint U. On this
interval, however, V coincides with F. Let w be the point at which £ intersects
A'. It is not difficult to verify that the direction of A' is precisely the Newton
direction of F in the affine subspace M(~}C (the direction is taken at to),

(to verify the latter relation, it suffices to use the fact that the Newton direction
of F at w with respect to whole E is collinear to w; see (2.3.12)).

Thus, we can describe the updating rule as follows. Let us identify strictly
feasible rays and their intersections with the hyperplane C; thus, the set of
strictly feasible rays corresponds to the relative interior of the closed convex
set T = C H M H K. The restriction of the potential onto rint T coincides with
the restriction of the barrier onto the set and therefore is a self-concordant
barrier for T. The method of Karmarkar is simply the Newton minimization
method as applied to F |rint.: At each step, the Newton direction at the current
point is found, and then F is minimized in this direction (recall that we consider
the method with large steps). The fact that V = F decreases "substantially"
at each step is an immediate corollary of the fact that T is unbounded (in turn,
the latter property is implied by the fact that the optimal value of the objective
is 0). Since T is unbounded and V = F is a self-concordant barrier for T, this
function is below unbounded on rintT (see Proposition 2.3.2(ii); recall that T
is contained in K and therefore does not contain straight lines). Since V is



KARMARKAR METHOD FOR NONLINEAR PROBLEMS 117

below unbounded, we have X(V, x) > 1 for all x 6 rint T (see Theorem 2.2.3(1)).
The latter inequality, in view of Proposition 2.2.2, implies that each Newton
step decreases V by at least (1 — In 2).

The summary of the above explanation of the method is the following. In
the initial problem, we are given a bounded closed convex feasible domain G
and a hyperplane II, which is known to be support to G (II is the level hy-
perplane of the objective corresponding to its optimal value). The problem is
to find a close to II point in G. To solve this problem, in Karmarkar method,
we perform the projective transformation that moves II to infinity; this trans-
formation maps G onto an unbounded closed convex domain G+ (in our conic
representation, G is Ke and G+ is T), and in the transformed space the prob-
lem is to find a point of G+ far enough from the origin. To this purpose,
we minimize by the Newton method a self-concordant barrier for G+ (in our
representation, this barrier is the reduction of F onto rint T). Each step of the
method decreases the barrier by an absolute constant, and, since the barrier is
below bounded on each bounded subset of int G+, the corresponding sequence
does go to infinity at a rate that ensures the polynomiality of the method.

4.3.5 Case of unknown optimal value

Prom the viewpoint of applications, it might be difficult to provide (K.2) (to
point out an initial strictly feasible solution) and especially (K.3) (to point out
the optimal value of the objective). It is known how to avoid these difficulties
in the case of LP; the same tricks can be used in the general conic case. Let
us discuss two possibilities of this type.

Primal-dual reformulation of the problem. First, we may simultaneously
solve the primal and the dual problems, i.e., to add to the initial (primal)
conic problem

the dual problem

Under the assumption that the feasible set of the primal problem is bounded
and intersects int K, this pair of problems in view of the duality theorem
(Theorem 4.2.1) is equivalent to the conic problem in the space E x E*,

in the sense that optimal solutions to the latter problem are precisely the pairs
comprised of optimal solutions to the primal and to the dual problem. It is
important for us that the Duality Theorem also states that, under the above
assumption, (PD) is solvable and the optimal value of the problem equals (c, b).
Thus, duality reduces the initial problem to an equivalent conic problem with
known optimal value of the objective, so that, for the resulting problem, there
are no difficulties with (K.3).
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Of course, to solve (PD) with the aid of the method of Karmarkar, we need a
logarithmically homogeneous self-concordant barrier for the cone K x K*. The
latter requirement can be easily satisfied if we know a ^-logarithmically homo-
geneous barrier F for K and the Legendre transformation F* of this barrier.
Indeed, by virtue of Theorem 2.4.4, F* is a ^-logarithmically homogeneous self-
concordant barrier for the cone (—K*) anti-dual to K, so that F+(s) = F*(—s)
is the barrier of the same type for K*, and, of course, F(x) + F+(s) is a (2$)-
logarithmically homogeneous self-concordant barrier for K x K*.

The only difficulty now is to provide (K.2) for (PD). This can be done
with the aid of the same Phase 0 as in the LP case. Namely, to find a strictly
feasible solution to a conic problem (C) with the feasible set Q f\(M + d) (Q is
the cone in certain finite-dimensional space H; M is a linear subspace of H),
we can choose a point ZQ € int Q and form the auxiliary conic problem

If the initial problem is consistent, then clearly the optimal value in the lat-
ter problem is 0, while the point (l,zo) is a strictly feasible solution to it.
If we know a ^-logarithmically homogeneous self-concordant barrier $ for Q,
then the function — hit + $(z) is a (y + l)-logarithmically homogeneous self-
concordant barrier for R_|_ x Q (Proposition 2.3.1(iii) combined with Example
1 of §2.3), and the latter problem can be solved by the basic version of the
method. We can terminate the iterations at the first moment when the open
ellipsoid W = {u \ (3>"(z)(u — z),u — z) < 1} associated with ^-component of
current approximate solution intersects M + d. Indeed, this ellipsoid is con-
tained in iutQ (Theorem 2.1.1(ii)), and therefore each point of the intersection
(M + d) n W can be taken as the desired strictly feasible solution to (C).

4.3.6 Sliding objective approach

Now let us describe the purely primal technique that allows us to avoid (K.3).
The advantage of this technique is that we do not require any knowledge of a
barrier for the dual cone. As far as (K.2) is concerned, we assume that this
condition is satisfied (otherwise, we could apply to (4.3.1) the above Phase 0).
Thus, we assume that (K.I) and (K.2) are satisfied, and, instead of (K.3), we
introduce a more realistic assumption

(K.3') We are given an a priori lower bound a for the optimal value of
the objective.

Of course, we can also assume that the objective is not constant on the
feasible set of (4.3.1).

Under these assumptions, we can modify the method as follows. At the ith
step of the method, we have the current objective
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such that the optimal value of this linear functional on the feasible set of (4.3.1)
is nonnegative. At the first step, the latter property can be provided by the
choice to = a (see (K.3')).

The current objective generates the current potential

Let (P(d)) denote the problem that is obtained from (4.3.1) by replacing the
objective by d and let x+ = IC(d; x) denote the updating of a strictly feasible
solution x into a new strictly feasible solution x+ defined by rules (JC.l)-(/C.3)
as applied to problem (P(d)). From the above analysis of a step, it follows that
the updating is well defined, provided that the optimal value of the objective
is nonnegative.

At the iih step, we first try to update Xi-\ with the aid of K.(c(i — 1), •). In
particular, we compute the quantity \i = A(ZJ_I, c(i — 1)), which, as we know,
is the Newton decrement (at £j-i) of the function

regarded as a function defined on rint 5,, where

It may happen that

in this case, we set

and go to the next step. In the opposite case, we choose the largest T — TJ > 0
satisfying the relations

It is easily seen that TJ is well defined and

Indeed, let T* be the minimal value of the current objective c(i — 1) on the
feasible set of (4.3.1). Note that this value is nonnegative (by virtue of our
assumption about c(i — 1)). The optimal value of the objective c(i — 1) — r*e
on the feasible set of (4.3.1) is zero, and this objective is not constant on the
latter set, so that (c(i — 1) — T*e,Xi-i) > 0 and \(xi-i,c(i — 1) — r*e) > \ (see
(4.3.8)). At the same time, if r > T* is such that (c(i — 1) — re ,Xj_ i ) > 0 and
the optimal value of the objective c(i — 1) — re on the feasible set of (4.3.1)
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is negative, then the arguments used in the proof of (4.3.8) demonstrate that
A(xj_i,c(i — 1) — re) > \. Thus, the maximal r satisfying (4.3.17) does exist,
satisfies (4.3.18), and belongs to [0, r*].

After n is chosen, we set

and go to the next step. Note that, in view of TJ e [0, r*], the optimal value of
c(i) on the feasible set of (4.3.1) still is nonnegative.

Let us verify that, for the modified method, the accuracy estimate similar
to (4.3.13) holds, namely,

where

and c* denotes the optimal value in (4.3.1).
Let us verify first that

Indeed, we have

since the only property (additional to the nonnegativity of the optimal value of
the objective) used in the proof of (4.3.11) was the relation that in our notation
is now A(XJ_I, c(i)) > |, and the modified method does maintain this relation.
Furthermore, either V^_i(-) = Vi(-), and then (4.3.21) is equivalent to (4.3.22),
or c(i) — c(i — 1) — ne with positive TJ. In the latter case,

(we considered that Xi-\ is feasible, so that (e, Xj_i) — 1), and (4.3.21) follows
from (4.3.22).

Prom (4.3.21), it follows (compare with the proof of Proposition 4.3.1) that

and this relation, combined with (c(i),Xj) = (c,Xi) — U (since c(i) = c — tie)
and to = cr, implies that
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Since c(i) is nonnegative on the feasible set of (4.3.1) and since for feasible
solutions x we have (c(i),x) = (c,x) — ti, we have t{ < c*. Thus, (4.3.23)
implies the first inequality in (4.3.20). The second inequality in (4.3.20) follows
from (4.3.21). Thus, (4.3.20) is proved.

To conclude our description of the sliding objective version of the Kar-
markar method, note that it is difficult to expect it to be very good in prac-
tice, since the updating rule for c(-) is based on the worst-case analysis and
therefore contradicts the spirit of large steps.

4.4 Projective method and linear-fractional problems

In this section, we describe another potential reduction interior-point method
for (4.3.1), the so called (generalized) projective method. An advantage of
this method as compared to the method of Karmarkar is that the new method
does not require assumptions like (K.2) and (K.3). Besides this, the projective
method can be easily extended from problem (4.3.1) the generalized linear-
fractional problem.

4.4.1 Formulation of the problem. Assumptions

The generalized linear-fractional problem is as follows. Let P and Q be closed
convex cones in Rfc and R', respectively, and let A, B, C be affine mappings
from Rn into Rfc (A and B) and into R' (C). These data define the problem

Let us indicate some interesting particular cases.
(i) When P = R+ and B(v) = 1, then (4.4.1)-(4.4.3) is the problem of

minimizing the linear form A(v) over v e R" under the constraint C(v) € Q;
i.e., this is a conic problem associated with the cone Q; we refer to this case
as to linear.

(ii) When P = R+ and Q = R'+ , then P is the usual linear-fractional prob-
lem with the objective A(v)/B(v) and linear constraints (4.4.3) and {B(v) >
0}.

(iii) When P = R+, P is an optimization problem with the quasiconvex
objective

and convex constraints (4.4.3) and {£;(«) > 0, i — 1, ...,k}.

subject to
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(iv) When P is the cone of positive semidefinite matrices in the space of
symmetric ro x m matrices, P becomes the problem of minimizing A under the
constraints {B(v) > 0, A(v) < \B(v)} and (4.4.3) ("< " is understood here
in the operator sense). This problem is of interest for control theory; some
related applications are discussed in §5.4.

Preliminary remarks and notation. To proceed, it is convenient to slightly
transform the problem under consideration. It is better to deal with linear
(i.e., affine and homogeneous) mappings A, B, C than with affine ones. To this
purpose, let us add to the control vector v one extra variable t and represent
A(v), B(v), C(v) as A(v,l), B(v,l), <7(c,l), where A, B, C are linear. This
transforms P into a similar problem involving the new control vector v = (v,t)
and the additional constraint t = 1. Since we deal only with the transformed
problem, we can forget about our initial v, .A, B, C and omit bars in the
notation for our new data. Thus, we henceforth formulate our problem as

subject to

herein v € Rn, P and Q are convex cones in Rfe and R/, respectively; A and
B are linear homogeneous mappings from Rn into R*; C is a similar mapping
from Rn into R' and e 6 Rn. Henceforth {•,•) denotes the standard scalar
product in the corresponding R(").

Let us denote

so that K is a convex cone in E, and let

be the cone dual to K. Also, let R(X) for every A € R be the linear mapping
from Rn into E defined by

also, let

Assumptions. In what follows, we assume that the following statements are
true.
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(P.I) P and Q are closed convex pointed cones with nonempty interiors
(note that then K and K* also are closed convex pointed cones with nonempty
interiors).

(P.2) P is solvable, and, for a certain optimal solution v* to P, we have
Bv* >p 0 (we write a >M b, M being a cone, if and only if a - b € int M, and
Q >M b, if and only if a — b € M).

(P.3) There exists z* € Rn such that

Our last assumption about P (it is not so crucial, but simplifies exposition)
is the following statement.

(P.4) Ker R(\) = {0} for all A € R.
Note that, in the case when P represents problem (4.3.1) (see §4.4.1 item

(i)), assumptions (P.I) (P.3) mean exactly that (4.3.1) is strictly feasible (i.e.,
the feasible plane intersects the interior of K) and solvable.

These were assumptions about P. Now we present the assumptions about
our a priori information in the following problem.

(1.1) We are given two bounds A and A such that

A* being the optimal value in P.
(1.2) We are given an oracle that, at any input, x € E reports whether

x 6 int K.
(1.3) We are given a ^-logarithmically homogeneous self-concordant

barrier F* for the cone K* dual to K.
Note that the only description of P and Q used by the method that we

develop is the one given by (1.2) and (1.3).

4.4.2 Description of the method

The idea of the method is as follows. Let e be a small positive real. Prom
(P.1)-(P.4), it is easily seen that there exists v = v(e) such that (e,v) > 0,
Bv >P 0 and R(X)v >K 0 for all A > A* + e. We associate with v "the
potential"

here A > A* + e and s € intK*. Since Bv >p 0, the potential is monotone
in A; aside from this, from $-logarithmical homogeneity of F*, we can easily
derive that the potential is below bounded in s e intK* and A > A* + e,

Our method is based on a strategy for updating a given pair (s, A), s e
int K*, A > A* into a new pair (s', A') = U(s, A) with the following properties:
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(a) s' EmtK*; X' < A;
(j3) If A' > A* + e, then Ve(s', A') is "significantly" (at least by an absolute

constant) less than V£(s, A);
(7) The updating is organized in such a way that, if it results in A' < A,

then a byproduct of the updating is a feasible solution to P with the value of
the objective equal to A'.

It should be stressed that, although the properties of the updating are
related to the potential, the updating itself does not use neither v(e) nor e and
is therefore independent of the potential.

Our method is to iterate the updating U, starting with a pair (s, A), where
s is an arbitrary point from int K*. From (a) and (/?), it follows that, until
the current value of A remains greater of equal A* + e, the potential associated
with e decreases at a step at least by an absolute constant. Since the potential
is below bounded, we conclude that, in a finite number of steps (not exceeding
O(V£(s, A) — r(e))), the current A becomes less than A* + E. On the other
hand, (7) claims that, if the current value of A is less than A, then we already
have found a solution to P within accuracy (A — A*). These observations
imply convergence of the method; evaluating r(e) and Ve(s, A), we come to the
efficiency estimate.

It remains to explain the nature of the updating U. Let

i

be the Legendre transformation of F* and let F(x) = F(—x). As we know (see
Theorem 2.4.4 and Proposition 2.4.1), F is a i?-logarithmically homogeneous
self-concordant barrier for K, and, if s € intK*, then the point

belongs to int K; besides this, if r < 1, then the Dikin's ellipsoid of the barrier F

where

is contained in intK (Proposition 2.3.2(i.l)). Consider the set

and let V(X) = R(X)v(X) be the point of this set closest to x in the norm
II ' IU,F.

It may happen (case I) that || V(X) — x \\X,F> 0.99. It turns out that in
this case the direction
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is a descent direction for V£(-, A) at the point s, provided that A > A* +e, and,
under the latter assumption, an appropriate step s' = s + pC, in this direction
keeps the point in intK* and decreases Ve at least by an absolute constant.
Note that, to choose p, we should not know the potential, same as we should
not bother about whether A > A* + e or not. After s is updated, we set A' = A;
note that the result of our updating satisfies (a)-(7).

Now consider the case opposite to /, i.e., when || V(\) —x \\X,F< 0.99. Since
the ellipsoids Qr(s) are contained in mtK for r < 1, the relation
|| x — V(X') || $< 1 implies that V(X') € intK, so that we can immediately
find a feasible solution z\< to P with the value of the objective equal to A'.
Namely, if (e, u(A')) > 0, then we can take

If (e,v(X')) = 0, then it is possible to find S > 0 such that R(\')(v(\') + Se) €
int K, and we can take

No other possibilities can occur, since by construction (e,v(X')) > 0.
Our observations demonstrate that the relation || V(X') — x \\X,F< 1 f°r

sure is not satisfied if A' < A*. On the other hand, in the relevant case, we
have

Thus, bisection in A' e [A, A] allows us to find A' < A such that

This A' is the A-component of the updated pair; note that z\> is the feasible
solution to "P required by (7). It remains to form s' and to ensure (a?) and (/3).
To this end, let us note that the pair (s, A') satisfies the requirements of case
/, so that the updating s —> s' corresponding to this case ensures the relation

const being a positive absolute constant. Since Ve(s, •) is monotone, the latter
relation implies (a) and (/3).

The method we describe produces sequences Si € E, Xi 6 R, and z\ 6
R" U{*} sucn that AI > A2 > ..., and the following predicate is maintained:

To initialize the method, we choose SQ as an arbitrary point of int K* and
set

note that this ensures (Lo).
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At zth iteration of the method, we transform (si_i,Ai_i) into (SJ,AJ,ZJ) .
This transformation looks as follows (italicized text describes the rules, and
the comments are in the standard font).

1°. Set

and go to 2°.

Remark 4.4.1 As we know (Theorem 2.4.4, Propositions 2.3.5 and 2.3.2(i.l)),

(so that $j is well defined), and the inclusions

hold.

be the closest to Xi point of E+(X) (see §4.4.1), the distance being measured
with respect to the Euclidean structure £j defined by the scalar product

It is easily seen that Vi(X) can be found as follows. First, compute the
£j-closest to Xi point Hi(X) in E(X) as follows:

where

Second, check whether (e,/ij(A)) > 0. If so, set Vi(X) = /ij(A), and conse-
quently Vi(X) = Hi(X). Otherwise, choose Vi(X) as the point of the half-space
{(e, •) > 0} closest to hi(X) in the Euclidean metric denned by the scalar
product (4>i(X)x,y) on R",

and set V5(A) = R(X)Vi(X).
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We are ready to describe the second operation of iih iteration.
2°. Compute Vi(\i-i) and check whether Vi(\i~i) €. intK.
If no (case Ij), set Aj = AJ_I, Zi = Zi-\ and go to 4°.
// yes (case Hi), go to 3°.
3°. (1) Applying dichotomy in X G [A, Aj_i], find \i G [A, Aj_i] such that

3°. (2) Choose Vi <E Rn such that

set

and go to 4°.
Rule 3° needs justification. We should prove, first, that 3°. (1) leads to

the required Aj after a finite number of dichotomy steps and, second, we must
explain how to find Vi required in 3°. (2).

Let us start with the first of these two issues. In view of 2°, we should
perform 3° only if

Vi(Xi^)£mtK.

Also, if Vi(Aj-i) ^ WQ 99, then Aj_i can be chosen as the required AJ, and there
is no problem with 3°. (1). It remains to consider the case when

Note that

Indeed, otherwise, every v € Rn close enough to Vi(\) would satisfy the in-
clusion R(X)v e int.ftr, and, since /e,Vj(A)\ > 0 (by construction), we could

choose the above "close enough to Vi(X)" v in the half-space {(e,-} > 0}, so
that (e, v) > 0 and R(X)v € mtK, which means that the pair (A, (e, v)~l v) is
feasible for P. The latter is impossible, since A < A*. Thus, (4.4.22) does hold.

Now note that (see Remark 5.1)

In view of (P.4), the curve V{(A), A € [A, A,_i] is continuous; as A varies from
Aj_i to A, this curve passes from a point belonging to W$ 99 (see (4.4.21)) to a
point outside intK (see (4.4.22)), and therefore (see (4.4.23)), the dichotomy
in A after a finite number of steps results in a point A' e W$_QQQ\WQ 99; in view
of (4.4.23), this A' can be taken as the desired Ai.

Thus, 3°. (1) is justified.
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3°. (2) is almost evident: Since Vi(Aj) = R(\i)vi(\i) 6 (int A")\Wg-99 and
0 < (e,Vi(\i)), to obtain u, required in 3°. (2), it suffices to set, say,

with small enough e^ > 0.

Remark 4.4.2 Note that we have only proved that our dichotomy is finite, but
did not evaluate the required number of steps. Of course, dichotomy is a fast
process, so that, in practice, we should not bother much about its laboriousness;
nevertheless, theoretically, our scheme should be regarded as presenting a "con-
ceptual" polynomial-time method, rather than a method that is actually poly-
nomial. We do not investigate the problem of how long dichotomy could be
in a general linear-fractional case; let us simply indicate that, in the linear
case (see §4.4.1, item (i)), we can avoid necessity in dichotomy at all. Indeed,
it is easily seen that, to find the required \i, it suffices to minimize a linear-
fractional function over the ellipsoid under the constraint that the denomina-
tor is nonnegative. In the case in question, we have P = R+, A(v) = aTv,
B(v) = eTv. Assume (as it is normally the case) that the barrier F* is of
the form F*(t, T,O~) = — In t — In r + E*(a), where t, T, and a are projections
of s € K* = R+ x R+ x Q* onto the direct factors and S* is a logarithmi-
cally homogeneous self-concordant barrier for Q*. Then the positive definite
quadratic form xT3>x is a sum of two other positive definite forms, the first of
them depending on the projection of x onto P x P = R+ x R+ and the second,
yT$y, depending only on the projection y of x onto Q. It is easily seen that
we then can set

\i — min{A | XeTv > aTv, eTv > 0 for some v such that vTCT$Cv < 0.999}.

The optimal value in the latter problem, if it exists, is given by simple explicit
formulae, and it turns out that under assumptions (P.1)-(P.3), the solution
does exist. Thus, in the linear case our method is actually polynomial.

Remark 4.4.3 Note that in the case //, (i.e., when 3° is applied) (\i,Zi) is
strictly feasible to P (i.e., Zi € Rn, (e, Zi} = 1 and R(\i)zi € int.ft'), so that
we have

In the case of Ii, we have (\i,Zi) = (Aj_i,2j_i), and (4.4.24) follows from
(Mi-i). Thus, (Mi) always holds.

Our last rule is as follows.
4°. (1) Set
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4°. (2) Choose t{ > 0 such that

where

and set

ith iteration is completed.
Rule 4° needs justification, just as rule 3° did. We should prove that TTJ is

well defined at T^, i.e., that

so that (4.4.29) can be satisfied simply by the choice t; = r,.

Lemma 4.4.1 We have

Proof. The two equalities in (4.4.33) immediately follow from (4.4.26); the
third equality in (4.4.33) is the definition of pi. To prove the inequality in
(4.4.33), note that, in the case of /«, we have Vi(\i) = Vi(Aj-i) ^ int K, which,
in view of (4.4.13), implies that

as it is required in (4.4.33). In the case of Hi, we have

(see rule 3°. (1)), which again results in (&,&)» > (0.99)2. Thus, (4.4.33) does
hold.

Equation (4.4.34) is an immediate corollary of (4.4.33) and the definition
of TV. 
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Now we are ready to prove that TJ € Aj. Indeed, from (4.4.34), it follows
that

(see (4.4.14)), so that T e intK* in view of (4.4.14), and therefore TJ 6 A* (see
(4.4.30)).

Thus, 4° is justified. Since ti € A» by construction, the point Sj = Sj_i — t^
belongs to int K* (see the definition of Aj), which, combined with (M$), proves
(Li). Thus, our iteration is well defined and maintains (L^).

4.4.3 Rate of convergence

Since Bx* € int P, the following two constants are well defined:

Let

note that

Also, let

note that, in view of (P.2) and (P.3), we have

Let us define the quantity L(SQ) by the relation

Let us define ze, 0 < e < 1 by the relation

Let us also write



PROJECTIVE METHOD AND LINEAR-FRACTIONAL PROBLEMS 131

Lemma 4.4.2 For every e e (0,1) and for all X > A* + e, we have

and

In particular,

Proof. Let us fix e e (0,1) and A > A* + e. (4.4.45) is evident. To prove
(4.4.46), note that

Since x* is feasible for P, we have (\*B — A)x* >p 0, and therefore (see

Furthermore, in view of (4.4.37) and (4.4.38),

and

Relations (4.4.48)-(4.4.51) imply that

(we considered that A — A* > e and the definition of 7(-))-
Now, by similar reasoning,

Since Cx* >p 0, we also have

Equations (4.4.52)-(4.4.54) mean precisely that (4.4.46) holds. 
The main result on the above method is as follows.
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Theorem 4.4.1 Let

then, for all i, we have

Furthermore, let i be such that

(in view of (4.4.56) the latter relation is satisfied when i >\$K~I ln(L(so)/7(l)) [
and let £i e (0,1) be defined by the relation

then

and

In particular, for all i satisfying (4.4.57) and the relation

the point Zi belongs to Rn, and (\i, Zi) is a feasible solution to P with the
accuracy (in terms of the objective ofP) no worse than E{.

Thus, to solve P to an accuracy e e (0,1), it suffices to perform no more
than

iterations of the method, 0(1) being an absolute constant.

Proof. 1°. Let us prove (4.4.56). Since F* is ^-logarithmically homogeneous
self-concordant barrier for K*, the function TTJ is strongly self-concordant on
A* with the parameter of self-concordance equal to 1. Furthermore, in view of
(F*)'(si_i) = — Xi (the origin of £j), we have
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Since V^(Aj) is the ^-closest to Xi point of E+(\i) and the latter set is a cone,
we have (V$(Aj) — Xj, Vi(\i}}i = 0, so that (4.4.62) implies that

(the latter equality follows from (4.4.33)).
Furthermore,

(see (4.4.33)). In particular, the Newton decrement A(TTJ,O) of TTJ at 0 equals
to pi. It follows that Ti is precisely the iterate of 0 with respect to the Newton-
type process described in Proposition 2.2.2 (where we should set a = 1), and,
in view of the latter proposition, we have

(we used (4.4.33)), which, in view of (4.4.29), implies (4.4.56).
2°. Let us fix i satisfying (4.4.57); then e$ is well defined and belongs to

(0,1). Moreover, we clearly have 7(e) > £7(1), 0 < e < 1, whence

which, combined with (4.4.56), immediately implies (4.4.59). In view of (4.4.9),
to complete the proof of the theorem, it remains to establish (4.4.60).

Assume that (4.4.60) does not hold, so that

From the description of the method, it follows immediately that Aj do not
increase, so that (4.4.66) implies that

Henceforth, let j take values in {0,1, ...,i}.
Let z = z£i and let

in view of Lemma 4.4.2 and the relation \j > Aj > A* + EJ, we have

Now set

and let us prove that
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Indeed, we have

Furthermore,

and Bz >p 0 (since Bz is the second component of Zj and Zj >K 0, see
(4.4.69)). Also, since \j < \j-i, we conclude that Zj-\ — Zj >K 0, whence,
in view of Sj_i € intK*, (sj_i,Zj_i) > (sj_i,Zj). Therefore (4.4.72) implies
that

Now we have

Since Zj € E+(\j] (see (4.4.69)), the points Vj(\j}+tZj belong to E+(\j), t >
0, and, since Vj(\j) is the £,-closest to Xj point in E+(\j), we conclude that
(V^Xj) - Xj, Zj)j > 0. Thus, (Cj,Zj) > 0, and, since tj > 0 (see 4°.(2)), we
obtain

so that (4.4.73) results in

as required in (4.4.71).
3°. Relation (4.4.71) implies i/i < v§ — £)j=18j, or, which is the same,

In view of the first relation in (4.4.69) combined with s* € int K*, we have

so that

(the last inequality in (4.4.75) follows from Proposition 2.4.1).
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Furthermore, since ZQ = R(\)z£i, we have (see (4.4.43))

which, combined with (4.4.75) and (4.4.74), results in

The resulting inequality contradicts the definition of e», and this contradiction
demonstrates that (4.4.66) is impossible. Thus, (4.4.60) is proved. 

4.4.4 Concluding remarks

Large-step strategy. There are two possibilities to include into the method a
"large-step" strategy. First, when implementing rule 3°. (1), we could take as
Aj not an arbitrary A € [A, Aj_i] satisfying (4.4.18), but as "close" to min{A €
[A, \i-\\ | Vi(\) $ int K}. Moreover, it is easily seen that all we require of rule
3° is to find A < A;_i and v, (e,v) > 0, such that

such a A can be chosen as Aj, and the vector (e, v)~ v can be chosen as the
approximate solution z; (compare with (4.4.20)). Rule 3° in its basic version
provides us with certain A = A, v = v satisfying (4.4.76), and, after these
quantities are found, we can try to improve the pair (A,w), i.e., to replace it
by a pair (\i,Vi) satisfying (4.4.76) with At < A. The less \i is, the better the
approximate solution to P found at the ith iteration, and the larger pi is, i.e.,
the larger the (lower estimate of the) contribution 6i of the iteration into the
right-hand side of (4.4.59) is. The second possibility to implement large steps
is to find ti in the 4°. (2) via minimization of TTJ(^) over t € Aj.

"Inner" dichotomy versus the "outer" one. An unpleasant feature of the
projective method for the linear-fractional problem is the necessity to perform,
even in the basic version of the method, the "inner" dichotomy in A (see rule
3°. (2)); we can eliminate this necessity only in the linear case (see Remark
4.4.2). As far as a generalized linear-fractional problem is concerned, we should
note that, although this problem, generally speaking, is quasiconvex (see §4.4.1
item (iii)), we can immediately reduce it to a "small" series of convex problems.
Indeed, checking whether a given A is greater than the optimal value to P and
finding a feasible solution (v, A) to P is the same as finding whether the usual
conic problem with trivial objective

is feasible and finding a feasible solution to P\. To solve P, we could perform
"outer" dichotomy in A and use, say, the method of Karmarkar or the primal-
dual method (see the next section) to analyse the arising auxiliary problems
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P\. What are the advantages of the inner dichotomy used in the projective
method as compared to the strategy based on the outer dichotomy?

To understand the cost of the inner dichotomy used in projective method,
we should consider the following. Our point is that the inner dichotomy, in
contrast to the outer one, in many important cases is almost costless, since the
computational effort required by this dichotomy is dominated by other compu-
tations required at an iteration of a potential reduction interior point method
(like the projective method we are now studying, the method of Karmarkar
from the previous section, and the primal-dual method that is our subject in
the next section). Consider, for example, the problem mentioned in §4.4.1 item
(iv), i.e., the case of trivial Q and P being the cone of positive semidefinite
m x ?7i matrices, and let n be the dimension of the control vector v. In the case
in question, E is the space of (2m) x (2m) block-diagonal symmetric matrices
with two mxm diagonal blocks; K is the cone comprised by positive semidef-
inite matrices from E. We provide E with the standard Euclidean structure
(A,B) = Tr{AB}; then K* = K. As we see in Chapter 5, the cone K* = K
admits 2m-logarithmically homogeneous self-concordant barrier

we perform complexity analysis of an (zth) iteration of the projective method
associated with this barrier. Let M be the amount of the dichotomy steps at
this iteration.

In the case under consideration, we have

Thus, our general scheme leads to the following computations (the quantities in
angle brackets indicate the arithmetic cost of the corresponding computation).

Rule 1°. This rule requires computing Xj = (sj-i)^1 (O(m3)). Note that, in
our general scheme, the next instruction was "compute the matrix (F*)"(sj_i)
and its inverse"; to implement it literally (i.e., to compute and store O(m2) x
O(m2) matrices), it would require at least O(m4) operations. Fortunately,
what, in fact, is meant in 1° is to "provide the possibility to multiply a given
Y e E by *f = (F*)"(*t-i) and $> = [ty]-1." In view of (4.4.77), to this
purpose, it suffices to know Sj_i and ccj and to compute H^y and $iY for a
given Y it takes O(m3) operations.

Rules 2°, 3°. The effort required to compute Vi(X) and V^(A) is dominated
by the following operations:

• computing the n x n matrix <^>i(A);

• given <f>i(X), computing its inverse (O(n3));

• a single multiplication of a Y e E by RT(X), (0(m2n)), and a single
multiplication of a y E Rn by -R(A), (O(m2n)).
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It takes additionally O(m3) operations to check whether V;(A) 6 intK and
whether V(X) € W».

Now, to compute <fo(A) for a single A, it requires N — O(m3n + m2n2)
operations (we should multiply each of n columns Rj of R(X) by $j, i.e.,
compute n matrices Si-iRjSt-i, j = l,...,n, which takes O(m3n) operations,
and then compute scalar products of each of the results with each of Rj,
which takes O(m2n2) operations more). However (now is the crucial point),
to compute &(•) at a series of k values of A, it takes less than kN operations,
namely, no more than 3N + (k — 3)0(n2). Indeed, (j>i(\) is quadratic in A.
Therefore, we can compute and store the values of this matrix for three values
of A, say, A = 0,1,2, (O(m3n + m2n2)), and, after that, it takes only O(n2)
operations to compute </>i(A) for any other A.

Rule 4°. The arithmetic cost of this rule (at least for the choice ti = Ti) is
clearly O(m3).

It follows that the arithmetic cost of an iteration with M dichotomy steps
is

(the first left-hand side term represents all expenses for 1° and 4°, the second
is the cost of computing <fo(A) for A = 0,1,2, and the factor at M in the third
term is the cost of computing Uj(A), V^(A) and checking whether Vi(X) belongs
to int K and W1}. We see that, if n <C m2, then the term M x O(n3+m2n+m3)
is dominated by the term 0(m3n -f m2n2) in a large enough range of values of
M, so that, in this case, the built-in dichotomy is basically costless.

Note that the case of the usual linear-fractional programming (§4.4.1, item
(ii)) is even more preferable for the inner dichotomy. Indeed, in this case,
4>i(X) is a 3-rank correction of, say, <f>i(Q), and it takes only O(ln) operations
to compute 4>i(X) and [(^(A)]"1 after 0j(0) and [^(O)]"1 are computed, where
/ = dimQ.

4.5 Primal-dual potential reduction method

From the theoretical viewpoint, a disadvantage of the generalized method of
Karmarkar and projective method, as well as that one of their initial LP ver-
sions, is that the efficiency estimate of the methods is proportional to the
parameter of the underlying barrier, while, for the path-following methods,
the estimate is proportional to the square root of the parameter. Below, we
present the primal-dual potential reduction method, which is free from this
shortcoming. The method extends onto the general conic case the algorithm
developed by Todd and Ye (see [TY 87], [Ye 88a], [Ye 89]) for LP problems.
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4.5.1 Formulation of the problem. Assumptions

Let us fix a primal-dual pair of conic problems

where, as usual, K is a closed convex pointed cone in E with a nonempty
interior, K* C E* is the dual cone, L C E is a linear subspace, and LL C E*
is the annulator of L. For brevity, let us denote

M = L + b (the primal feasible plane),

P = M P| K (the primal feasible set),

P' = rint P (the set of primal strictly feasible solutions),

and, similarly,

A pair (x, s) comprised of strictly feasible primal and dual solutions (i.e.,
of x € P', s £ D') is called a strictly feasible primal-dual pair.

We henceforth make the following regularity assumption:

(PD): ((P), (D)) admits strictly feasible primal-dual pairs.

In terms of §4.2, (PD) means that, for our problems, (Ip) and (Id) hold. In
view of implications (1) and (5) from §4.2, (PD) implies that both primal and
dual problems are solvable and that their optimal values P* and D* satisfy the
duality relation
(4.5.1)

Note also, that to ensure (PD), it suffices to assume that, say, the primal
feasible set is bounded and intersects int-K" (assumption (K.I) from §4.3). In-
deed, the latter assumption, in terms of §4.2, is (Ip) and (Bp), while (PD) is
precisely (Ip) and (Lj); to prove the implication (Ip) and (Bp) =>• (Ip) and (1^),
it suffices to note that ],(Lj) would imply (Rj,); see §4.2, property (2), which,
combined with (Fp), clearly would imply ],(Bp).

Note that, from (4.5.1), it follows (see (4.2.2)) that, for each pair (x, s) of
feasible primal and dual solutions, we have

where

are the primal and the dual accuracies.
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The only representation of the cones K, K* used in the primal-dual method
is the knowledge (i.e., the possibility to compute the values and first- and
second-order derivatives) of a ^-logarithmically homogeneous self-concordant
barrier F for the primal cone K together with the Legendre transformation
F* of F. As we know (Theorem 2.4.4), F* is ^-logarithmically homogeneous
self-concordant barrier for the cone (—K*) anti-dual to K, so that the function
F+(s) = F*(—s) : intK* —> R is a barrier of the same type for the dual cone
K*. We assume that we are given F and F+.

To simplify our considerations, we also assume that we know an initial
strictly feasible primal-dual pair (x°, s°) (to find such a pair, we can use, say,
the preliminary stage of the barrier path-following method, and the projective
method, and so forth).

4.5.2 Primal-dual potential function

The potential underlying the method depends on a parameter 7 > 0 (which is
chosen as an absolute constant later) and is as follows:

Also, let

so that

It turns out that the relative value of the duality gap v(-, •) at a strictly
feasible primal-dual pair (x,s) (and, consequently, the accuracy of x and s
as approximate solutions to the corresponding problems) can be estimated in
terms of the potential, as it is shown in the following result.

Proposition 4.5.1 Let ( x , s ) be a strictly feasible primal-dual pair and let
(x°, s°) be the initial strictly feasible primal-dual pair. Then

where

Proof. By definition of F*(-, •) and by virtue of (4.5.2), we have

This inequality implies the statement under consideration, since

(see Proposition 2.4.1; note that U(x,s) = V(—s,x), V being the function
involved into Proposition 2.4.1). 
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4.5.3 Basic primal-dual procedure

The above statement means that, to approximate the pair of optimal primal
and dual solutions, it suffices to decrease at an appropriate rate the value of
the potential function. In the method under consideration, this is ensured
by a procedure that updates a given strictly feasible primal-dual pair into
another pair of the same type with the potential at the updated pair being
by an absolute constant less than at the initial pair. This procedure "P£>(7,6)
depends on 7 (which is responsible for the potential) and on certain positive
parameter 6, which is specified (as an absolute constant) later.

The procedure TT> (7, <!>), as applied to a pair of strictly feasible primal
and dual solutions (z, s), transforms it into the pair (x', s') = PV(j,8)[(x, s)]
of the same type in accordance with the following rules:

PT>. (1) Set

form the function

and find the Newton direction, £, of v \p> at x,

Also, let A be the Newton decrement of v\p> at x,

VT>. (2) If

then set

and terminate; otherwise set

and terminate.

Proposition 4.5.2 Under assumption (PD) for each 7 > 0 and all 6 > 0
satisfying the relation

(this relation is satisfied for all small enough positive 6) and for each pair (x, s)
of strictly feasible solutions to (P) and (D), the pair (x',s'} = VT>(y, S)[(x, s)]
is strictly feasible, and
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Proof. Let us fix S satisfying (C) and a strictly feasible primal-dual pair (z, s).
1°. Assume first that (4.5.5) is the case. Then s' = s is a strictly feasible

dual solution. Furthermore, A = X(v \p>,x), and x' is exactly the image of x
with respect to the updating described in Proposition 2.2.2 (this updating is
applied to v |p/). By virtue of Proposition 2.2.2, x' & P', and

Since In(-) is concave and r is precisely the derivative of (& + 'yd1'2) In (s, u) in
it at x, we have

so that (4.5.7) implies that

Thus, in the case of (4.5.5), (xf, s') is strictly dual feasible, and (4.5.6) holds.
2°. Now consider the case when

Then x' = x is strictly primal feasible. To prove that s' is strictly dual feasible,
denote s* = —F'(x); then, under the notation

we have

We have s* G int K* (see Theorem 2.4.4). To prove that s' is strictly dual
feasible, let us first prove that

We have

(we considered that F+(—u) is the Legendre transformation of F, so that
(F+)"(-F'(w)) = (F"(w))-\ w e mtK, while s* = -F'(x)). Thus, (4.5.11)
follows from the definition of A and (4.5.9).

Since 6 is less than 1, (4.5.11) means that s" belongs to the open ellipsoid
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which, in view of Proposition 2.3.2, item (i.l), is contained in intK*. Thus
s" £ int K*, and, since K* is a cone, s' € int K* as well.

3°. Now let us prove that s' e M*. By definition, we have s" = —F'(x) -
F"(x)£; by definition of £, the linear functional

vanishes at the linear subspace L, so that / = — s" + r € L^-. We have s' — c -
TTS" — c — (T — /)?r — c — (TTT — c) — TT/. We have TTT = s (the definitions of 7
and r), so that s' — c = (s — c) — irf 6 L1 (recall that s is dual feasible, am
/ 6 LL}. Thus, s' does belong to M*, and since we already have seen tha
s' € intX*, s' is strictly dual feasible.

Thus, (x', s') is a strictly feasible primal-dual pair.
4°. Now let us evaluate the quantity u = Vt(x',s') — V*(x, s). We have

(note that F+ is ^-logarithmically homogeneous and s' = TTS").
Furthermore,

so that

where

(we considered that (-F'(x),x) = 0; see (2.3.12)). Thus,

so that

Furthermore, by virtue of s" = s* — F"(x)£, we have F+(s") = </>(!), where
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Note that, due to (4.5.11) and Theorem 2.1.1 (applied to 1-strongly self-
concordant function F+), we have

so that

From the origin of F+, it follows that (F+) ' (—F' (x ) ) = —x, so that our com-
putation leads to

(we considered that || s" — s* \\1*< S2; see (4.5.11)).
Prom Proposition 2.4.1, it follows that U(x, —F'(x)) = $ln$ — i9, or, due

to the definition of U(; •), F+(-F'(x)) + F(x) +t?ln{-F'(x),x> = tflntf - ti.
At the same time, (2.3.12) means that (—F'(x),x) = r?, and we obtain

Thus, (4.5.13) implies

(we considered that 77 = (F"(x)£,x)). Now (4.5.12) implies that



144 POTENTIAL REDUCTION INTERIOR-POINT METHODS

(the latter inequality follows from (2.4.8)). Since ln(l — ry/tf) < —77/1?, it follows
that

5°. To complete the proof, it remains to evaluate 77. We have

We have (F"(z)&0 = ^ (the definition of A) and (F"(x)x,x) = 0 ((2.3.14)),
so that | 77 |< fo?1/2. The latter inequality, combined with (4.5.15) and the
relations p = 71?1/2, i3 > 1 implies that

Thus, in the case of (4.5.9), inequality (4.5.6) also holds. 

4.5.4 Rate of convergence

The method in its basic version simply iterates the above updating, namely,
forms the sequence of strictly feasible primal-dual pairs

where (XQ, SQ) = (x°, s°) is the initial pair mentioned in §4.5.1, and 7, 6 are
positive absolute constants that should satisfy (C).

At the ith iteration of a "large-step" version of the method, we first compute
an intermediate strictly feasible primal-dual pair

and then, using an appropriate line search, transform this intermediate pair
into a strictly feasible primal-dual pair (xi, s») in such a way that

(some possibilities for the latter transformation are discussed below).
From Propositions 4.5.1 and 4.5.2, we immediately obtain the following

rate-of-convergence statement.

Theorem 4.5.1 Let a primal-dual pair (P), (D) satisfy (PD) and let (xi,Si)
be the trajectory of the primal-dual method as applied to the pair; control pa-
rameters 7, 6 of the method are assumed to satisfy (C). Then the duality gap
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of the ith pair can be estimated as follows:

where

and

As far as the theoretical estimate (4.5.16) is concerned, rational choice of
7, 6 (i.e., that one minimizing K = 7~1©(7,(5)) is

which results in K = 0.045.

4.5.5 Large-step strategy

Note that the basic version PT> of the primal-dual method, in fact, does not
require knowledge of F+, so that we can implement it if only F is known.
Of course, in the latter case, it is impossible to use the main advantage of
a potential reduction method, we mean "large steps." Recall that all we are
interested in is updating a current strictly feasible primal-dual pair into another
pair of the same type with the value of the potential V* being at least by an
absolute additive constant less than at the initial pair. Since we are interested
in decreasing the potential by the maximum possible amount, we can try to
achieve a larger decreasing, say, with the aid of minimization of V* in the
direction prescribed by PT>; that is what is understood as "large step."

For procedure PT>, the most natural scheme of large steps seems to be the
following. PT> as applied to (x, s) determines a pair of directions; the first one
is the direction £ = (1 + A)"1^ in the primal space E, and the second one is

in the dual space E*. These directions belong to L, L-1-, respectively, and PT)
sometimes prescribes to update (x, s) as x' = x + £, s' = s and sometimes
as x' = x, s' = s + rj, which ensures at least an absolute constant decreasing
of the potential. By virtue of the primal-dual symmetry, the latter is also
ensured by the updating PT>*, which is "symmetric," in the natural sense,
to PT>; let us denote the primal and dual directions defined by PT>* by rf
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and £*, respectively. Thus, given a strictly feasible primal-dual pair (x, s), we
can compute four directions in E x E*, namely, (C)0), (r/*,0), (0,17), (0, £*)
with the following properties: The directions belong to L x ZA, and there
are at least two possibilities (the first is given by PT>; the second is given
by PT>*} to decrease "significantly" the potential by translating (x, s) in an
appropriately chosen direction from the above collection. This observation,
being interpreted in spirit of "large steps," makes it reasonable to update a
given pair by minimizing the potential over the intersection of (int K) x (int K*)
and the four-dimensional affine plane passing through the pair parallel to the
above four directions.



Chapter 5

How to construct self-concordant barriers

In the previous chapters, we presented a number of polynomial-time interior-
point methods for standard and conic settings of convex programming prob-
lems. To apply such a method to certain convex program, we should act as
follows.

(A) First, we should reformulate it in the standard form

or in the conic form

associated with a closed convex domain G C E, respectively, a closed convex
pointed cone K C E with a nonempty interior.

Note that, at least from the theoretical viewpoint, there are no difficulties
with (A).

(B) Second, we should find a self-concordant barrier F for G (the case of
problem (/)) or a logarithmically homogeneous self-concordant barrier F for
K (the case of problem (P)); in the latter case we sometimes are interested not
only in F, but also in its Legendre transformation F*. Of course, we should do
our best to choose the barrier with the smallest possible value of the parameter.

As far as (B) is concerned, there is theoretically no problem: The theorem
on universal barrier (Theorem 2.5.1) states that an n-dimensional closed con-
vex domain (cone) always admits a O(n)-self-concordant (O(n)-logarithmically
homogeneous self-concordant) barrier. The universal barrier is, however, use-
less from the computational viewpoint. Indeed, to implement an interior-point
method associated with a barrier, we need "an explicit" representation of the
barrier, which allows us to compute at a reasonable cost the values of the bar-
rier and its first- and second-order derivatives. The universal barrier, generally
speaking, does not fit this requirement, excluding a very restricted number of
simple domains for which it can be presented in a "computable" form. Recall
that as of yet we have mentioned only two examples of "computable" barriers,
i.e., the standard logarithmic barrier for a convex polytope (§2.3, Example 2)
and the barrier for the Lebesgue set of a convex quadratic form (Lemma 3.3.1).
Of course, even these two examples allow us to cover linear programming prob-
lems and (convex) quadratically constrained quadratic problems; nevertheless,

147
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it would be highly desirable to extend the set of "computable" self-concordant
barriers. This is our subject in the present chapter.

Below, we develop a kind of barrier calculus. This calculus includes the
following two parts:

(i) A list of ad hoc computable barriers for a spectrum of concrete con-
vex domains and cones, which are of especial interest for convex program-
ming (§§5.3, 5.4). This spectrum includes epigraphs of the standard univariate
functions (the power function, the exponent, powers of the Euclidean norm,
fractional-quadratic functions, and so on), the second-order cone, and the cone
of positive semidefinite matrices, and so forth;

(ii) A set of composition rules that allow us to form a computable self-
concordant barrier for a domain that is the result of certain standard operation
with convex sets (like taking inverse image, intersection, projection, and so
forth), provided that we are given self-concordant barriers for the operands,
i.e., the sets involved into the operation (§§5.1, 5.2, 5.5).

Combining barriers mentioned in (i) with rules from (ii), we obtain a very
wide spectrum of computable self-concordant barriers and, consequently, pro-
vide the possibility to solve in polynomial time various convex programs of
appropriate analytical structure (see Chapter 6).

5.1 Operations with convex sets and barriers

It turns out that each standard operation II with convex domains (cones) that
preserves convexity induces "an explicit" operation II* with self-concordant
barriers for the operands; the result of the latter operation is a self-concordant
barrier for the result of II. Since II* is "explicit," the resulting barrier is "com-
putable," provided that the initial barriers possess this property.

Below, we list the standard operations II and present the corresponding
n*.

5.1.1 Simple combination rules

Inverse images under affine mappings. We have (see Propositions 2.3.1(i) and
2.3.3(i)) the following result.

Proposition 5.1.1 Let G be a closed convex domain in E, let F be a fi-self-
concordant barrier for G, and let A : E+ —> E be an affine mapping such that
A(E+) D int G ̂  0. Then the function

is a $-self-concordant barrier for the closed convex domain A~l(G) C E+.
If, in addition, G is a cone, F is $-logarithmically homogeneous, and A

is homogeneous, then F+ is a $-logarithmically homogeneous self-concordant
barrier for the closed convex cone A~l(G).
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Direct products. We have (see Propositions 2.3.1(iii) and 2.3.3(iii)) the
following result.

Proposition 5.1.2 Let d be closed convex domains in Ei and let FJ(XJ) be
$i-self-concordant barriers for Gi, 1 < i < m. Then the function

is a (EiLi $i)-self-concordant barrier for the domain G\ x • • • x Gm C EI x
• • • x Em.

If, in addition, Gi are cones and Fi are i$i-logarithmicatty homogeneous,
1 < i < m, then F is a (Y%L\ "&i)-logarithmically homogeneous self-concordant
barrier for the cone GI x • - - x Gm C EI x • • • x Em.

Intersections. We have (see Propositions 2.3.1(ii) and 2.3.3(ii)) the follow-
ing result.

Proposition 5.1.3 Let Gi be closed convex domains in E and let Fi(xi) be
"&i-self-concordant barriers for Gi, 1 < i < m. Assume that the setG = Di^i Gi
has a nonempty interior. Then the function

*s a (^i^i'&^-self-concordant barrier for the domain G C E.
If, in addition, Gi are cones and Fi are •&i-logarithmically homogeneous,

1 < i < m, then F is a (X^i &i)-logarithmically homogeneous self-concordant
barrier for the cone G C E.

Conic hulls and projective transformations. Let G be a closed convex do-
main in E. As we remember (see §4.1), to reformulate a standard problem
associated with G in a conic form, it suffices to identify E with the hyperplane

in a (dim.E + l)-dimensional space and then introduce as the cone involved
into (P) the conic hull

of G. It is easily seen that

while the image of G under the above embedding E —> II is the intersection of
P and K(G), as follows:

Now assume that we know a $-self-concordant barrier for G. How can we
transform it into a logarithmically homogeneous self-concordant barrier for
K(G)1 The answer is given by the following result.
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Proposition 5.1.4 Let G be a closed convex domain in E and let F be a
fj,-self-concordant barrier for G. Then, for an appropriate absolute constant 0
(we can take 0 = 20), the function

is a (202//) — logarithmically homogeneous self-concordant barrier for the conic
hullK(G] ofG.

Proof. F+ clearly is C3-smooth on K1 and satisfies (2.3.10) with •& = 20 V
It remains to prove that F+ is strongly 1-self-concordant on K'.

1°. Let us prove that F+ is 1-self-concordant. To this purpose, let us fix
z = (x,t) E K' and let w = (h, —s) 6 E+. Let us compute the derivatives up
to the order 3 of F+ at the point z in the direction w. For r 6 R, we have,
under the notation a = t~ls, £ = t~lx € int G, 77 = t~lh, LJ = cr£ + r],

where

Let

then

Therefore

where

Since F is a ^-self-concordant barrier for G, we have

Thus, if v = /i1/2, p — Iz/"1^!, then p < 1^2 and
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We see that F is convex. Now (5.1.3)-(5.1.5) lead to the relation

so that
(5.1.6)

for 0 > 20 (of course, the appropriate value of 6 can be lowered by more
accurate evaluations). Thus, F+ is self-concordant on K'.

2°. It remains to verify that F+(xi,ti) —> oo for each sequence {(xi,ti) 6
K'} converging to a boundary point (x,£) of K(G). Of course, we can assume
that the sequence {F+(xi,ti)} converges to a point in the extended real axis.
If t > 0, then the points Ui = t~[Xi converge to a boundary point of G, so that
F^1^) tends to oo (since F € Sf (intG, E)), and therefore F+(xi,ti) —> oo.
Now let t = 0. Let w be an interior point of G. Then, by virtue of (2.3.3), we
have F(ui) > F(w) + //ln(l - irUi(w)), where vrUi is the Minkowsky function of
G with the pole at U{. Let || • || be a norm on E. Clearly,

for certain c(w) > 0; since x, converge, we have || Ui — w \\< Ct^1 for certain
constant C. Thus,

since tj tend to 0. 

Corollary 5.1.1 Let G be a closed convex domain in E, let F be a $-self-con-
cordant barrier for G, and let A(x) = ((a, x) + f3)~l(Ax + b) be a protective
transformation of E such that (a,x) + 0 is positive on intG. Let

be the image of G under this transformation. Then the function

is a (If)"2 $}-self-concordant barrier for G+, 0 being the same absolute constant
as in Proposition 5.1.4.
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Proof. Let B(x) =• ((cr, x) + 8}~l(Cx + d) be the transformation inverse to A',
without loss of generality, we can assume that (a, x) + 6 is positive on int G+.
Let K(G) C E x R be the conic hull of G. Consider the affine mapping

Let us verify that

Indeed,

Now, in view of Proposition 5.1.4, the function $(x, t) = 02(F(t~lx) —
2$Int) is a 202$-self-concordant barrier for K(G), so that its superposition
with Q, i.e., the function

is a 2#2i?-self-concordant barrier for cl Q~l(intK(G)) = G+ (see Proposition
5.1.1). The latter function, up to an additive constant, is F+. D

The next pair of operations with convex sets—projection and summation—
imply computationally not so simple transformations of barriers and are mainly
of theoretical interest.

Images under affine mappings. We have the following result.

Proposition 5.1.5 Let G be a closed convex domain in E, let F be a ^-self-
concordant barrier for G, and let A : E —> E+ be an affine transformation
such that

Then G+ = A(G) is a closed convex domain in E+, and the function

is well defined and is a $-self-concordant barrier for G+.
If, in addition to the above assumptions, G is a cone, A is homogeneous,

and F is •&-logarithmically homogeneous, then G+ also is a cone, and F+ is
$-logarithmically homogeneous.

Proof. 1°. In view of A(E) = E+, the set G' = *4(intG) is open (and, of
course, convex), and, clearly, G' C G+ C cl G'. Let us verify that G+ = cl G'
(so that G+ is a closed convex domain). From boundedness of the sets
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for u e G+, in view of the standard convexity arguments, it follows immediately
that the multivalued mapping S(-) is locally bounded: For any bounded Q C
G+, the set \Ju^QS(u) is also bounded. The latter statement, in view of the
standard compactness reasons, implies that G+ is closed.

2°. For u € G' (= intG+), the set S(u) is a bounded closed convex set
that intersects intG; thus, by Proposition 5.1.1, the restriction of F onto the
relative interior of S(u) is a $-self-concordant barrier for the set S(u] (regarded
as a closed convex domain in its affine hull). In view of Proposition 2.3.2 (ii),
F attains its minimum over the relative interior of S(u) at a certain point x(u)
(recall that S(u) is bounded). Thus, F+ is well defined.

3°. Let us verify that F+ is a barrier, i.e., that F+(ui) —> oo along every
sequence {ui € G'} converging to a boundary point of G+. Since S is locally
bounded, for such a sequence {u,}, the sequence {x(ui}} also is bounded; all
limit points of the latter sequence belong to the boundary of G (since otherwise
{ui} would converge to an interior point of G+). Since F is a barrier for G,
we have F+(ui) = F(X(U{)) —> oo.

4°. It remains to prove that F+ is strongly 1-self-concordant and that
A(F+,u)<t f 1 / 2 , ueG'.

Let us first show that we can reduce the situation to the case when G does
not contain straight lines. Without loss of generality, assume that A(x) = Ax
is homogeneous. Assume that G contains straight lines and let EQ be the
subspace {h\ G + Rh = G}. Note that (5.1.7) implies that E0C\Ker A = {0},
so that we can find a subspace E\ D Ker A in E such that E = EQ x E\. Let
G\ = Gfl-E'i; then GI is a closed convex domain in E\. Since Ker A C EI,
we have E+ — (AEb) x (AEi), and the above representation of G implies that
G+ = (AEo) x GI~, where G^ = A(G\). Note that F is constant along the
affine planes x + EQ, x e rint GI (we used Proposition 2.3.2(ii)); therefore F+

is constant along the planes u + AEo, u 6 rintG^, and, to prove that F+ is
a $-self-concordant barrier for G+, it suffices to prove the latter statement for
the restriction of F+ onto rint G^. The pair (Gj~, F+

 rint G+) is obtained from
(Gi, F |r intG+) with the aid of the same construction as the one transforming
(G, F) into (G+, F+), and, when proving the statement, we can from the very
beginning replace E with E\,G with GI, and F with its restriction onto the
relative interior of GI . Thus, we can suppose that G does not contain straight
lines.

Let us fix UQ 6 G' and let XQ = X(UQ). After appropriate translations of the
origins in E and E+, we can assume that no = 0 € E+ and XQ = 0 e E; since
u = A(x(u)), it means that A is homogeneous: A(x) = Ax. Let us provide
E with the Euclidean structure £ associated with the inner product (p, q) =
D2F(0)[p, q] (this is a nondegenerate scalar product in view of Proposition
2.3.2(ii); recall that G does not contain straight lines) and let EQ = Ker A, E\
be the ^-orthogonal complement to EQ. Also, let •n be the £-orthoprojector of
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E onto EI ; note that there exists a linear isomorphism r : E\ —> E+ such that

Let us denote a point of E as x = (v, w), where v € EI, w € EQ and let
fvi fwi denote the partial derivatives of a mapping / with respect to v and w;
we also write f"w instead of (fw)'v, and so on. Under this notation, we have

where the function w(v) defined in a neighborhood of 0 in EI and taking values
in EQ is given by the equation

note that this equation is satisfied by the pair (v,w) = (0,0) (since we have
assumed that UQ = 0, XQ = 0), and its left-hand side $(v,w) is C2-smooth and
satisfies the relation 3*^(0,0) = Id#0, so that the equation does define (locally)
a C2-smooth function w(v), w(0) = 0.

Note that the identity F^(v^w(v)) = 0 implies

Let

so that in view of (5.1.9) one has (locally)

Let us compute the derivatives of H at v — 0 in a direction h e E\,

(we have taken into account (5.1.10)). Since w(-) is C2-smooth and F is C3-
smooth, DH(v) is C2-smooth, so that H is C3-smooth.

Furthermore,

(we have used (5.1.11)).
Last,
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Now set v = 0 and recall that w(0) = 0 and F^(0,0) = 0 (the latter
relation holds, since EQ and E\ are orthogonal to each other with respect to
the Euclidean structure denned by D2F(0,0)). We obtain

(we considered that F"w(0,0) = 0 implies that w'(Q) = 0 (see (5.1.11)) and
that the last term in the right-hand side of (5.1.13) vanishes at v — 0).

Since F is a $-self-concordant barrier, it follows that

Since locally F+(u) = H(T~IU] (see (5.1.12)) and T is a linear isomorphism
of E\ and E+, the latter inequalities imply that

for all p € E+. Since no is an arbitrary point of G' — int G+, we conclude that
F+ is strongly 1-self-concordant on G' and that A(F+,u) < #1/2, ueG'.

The concluding statement concerning the "conic" case is evident. 
Arithmetic summation. We have the following result.

Proposition 5.1.6 Let Gi be dosed bounded convex domains in E and let FI
be *di-self-concordant barriers for Gi, 1 < i < m. Denote by F* the Legendre
transformations of Fi and let F+ be the Legendre transformation of the function
£™! F/. Then F+ is a (YSL\ ^-self-concordant barrier for the set

Proof of the statement follows immediately from Theorems 2.4.2 and 2.4.3.
Note that we can also prove this fact using Proposition 5.1.5 and the following
representation of the function F+:

5.1.2 Inverse image under nonlinear mappings

Let G be a closed convex domain in E, Q be an open convex subset in a linear
finite-dimensional space E+ and let A : H —> E be a continuous not necessarily
linear mapping. We would like to transform a self-concordant barrier for G
into a similar barrier for the inverse image G+ = ^4-1(G) of G under the
mapping A. Of course, it is necessary to make some assumptions about A,
since generally G+ may be nonconvex. We start with describing mappings
which for sure provide convexity of G+.
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A. Mappings concave with respect to a cone

Let E, E+ be finite-dimensional vector spaces, K be a closed convex cone in
E, and H be a convex set in E+. A mapping A : H —*• K is called concave
with respect to K (K-concave for short) if it is continuous on H and for all
x, y € H and all t € [0,1] the vector

belongs to K.
The cone K defines a partial ordering on E: a >K b if and only if a — b € K.

The definition of .fiT-concavity of A means simply that

Of course, the usual concave real-valued functions are precisely the R+-concave
mappings.

Our first statement claims that convexity of the inverse image A~l(G) of
a convex set G is ensured by concavity of A with respect to the recessive cone

ofG.

Lemma 5.1.1 Let H be an open convex set in E+, let G be a closed convex
domain in E, and let a mapping A : H —> E be concave with respect to the re-
cessive coneTl(G) ofG. Assume thatA(H) intersects int G. Then the setG+ =
cl A~1(iDtG) is a closed convex domain in E+, and intG+ = .A"1 (intG).

Proof. Since A is continuous and its image intersects int G, the set H+ =
.A"1 (intG) is nonempty and open in E+. Let us verify that this set is convex.
Let x,y € H+, t € [0,1]. We have

The vector {}i belongs to intG, since intG is convex and x,y € A~l(mtG),
and the vector {J2 belongs to 7£(G), since A is concave with respect to the latter
cone. Therefore {}i + {}2 € intG (an immediate corollary of the definition of
ft(G)), and tx + (1 - t)y € H+.

Since H+ is an open and nonempty convex set in E+, its closure G+ is a
closed convex domain in E+ and int G+ = H+. 

The following statement is quite standard.

Lemma 5.1.2 Let H be an open convex set in E+ and let K be a convex
cone in E. A C2-smooth mapping A : H —> E is K-concave if and only if
(-D2A(u)[h,h]) € K for all u e H, he E+, and, if A is K-concave, then
A(x + h) <K A(x) + DA(x)[h], x,x + h<EH.
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Proof. For a C2-smooth A and x,y € H, we have, under the notation z =
tx + (l- t)y,

If (—D^A(u)[h , h]) always belongs to K, then the right-hand side of the latter
equality clearly belongs to K, which proves the if-part. To prove the remaining
part of the statement, it suffices to set in the above equality t = ^, x =
u + eh, y = u — eh and to look at the principal term as e —> +0.

Now let A be K -concave and let x, x + h E H. We have

since, as we already know, — D2A(x + th)[h,h] e K, we have r G K, whence

as claimed. 
Examples of concave mappings.
Example 1. As we just have indicated, the usual concave real-valued

function is the same as an R+ -concave mapping taking values in R. Convexity
of a real-valued function is the same as its R_-concavity.

Example 2. An affine mapping A clearly is concave with respect to any
cone K in the image space.

Example 3. Let Sm be the space of symmetric m x m matrices, let S^ be
the cone of positive semidefinite matrices from 5m, and let Lp^q be the space
of p x q matrices.

Example 3.1. The mappings

and

are S^-concave (an immediate consequence of Lemma 5.1.2).
Example 3.2. The mapping

is 5^-concave.
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Indeed, wehave

Example 3.3. The mapping

is 5+-concave.
Proof. A clearly is continuous on 5+, so that, to prove S+-concavity of A
on 5+, it suffices to verify that A is S^-concave on intS^. Furthermore, A
is C°°-smooth on intS+ since locally A can be represented by the Cauchy
integral

v

7 being an appropriate curve in the half-plane Re z > 0. To establish concavity,
let us use Lemma 5.1.2. We have

whence

which, in turn, leads to

The latter relation is the Lyapunov equation with respect to D2A(x)[h, h]; since
A(x) is positive definite and symmetric, the unique solution to this equation
is

and we see that — D2A(x)[h, h] € 5 ,̂ as claimed. 

B. Concave mappings compatible with a convex domain. The main
result

Our aim is to associate with a mapping A a rule for updating self-concordant
barriers F for G into similar barriers for G+ = A^1(G). It turns out that the
simplest rule F —> F o A, which is good for affine A, can be naturally extended
onto certain class of nonlinear A. Let us start with necessary definitions.

Definition 5.1.1 Let (3 be a nonnegative real; letE, E+ be finite-dimensional
linear spaces; let K be a closed convex cone in E; let F be a closed convex
domain in E+. A mapping A : int F —* E is called (K, @)-compatible with the
domain F, if
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(i) A is C3-smooth on intF;
(ii) A is concave with respect to K;

(m) For all z € intF, h 6 E+, such that z ± h € F, we have

Note that (iii) is equivalent to

(indeed, if the premise in (iii) is satisfied by (z, h), it is also satisfied by (z, —h)).

Definition 5.1.2 Let f3 be a nonnegative real; let E, E+ be finite-dimensional
linear spaces; let K be a closed convex cone in E; let T be a closed convex
domain in E+; and let II be a self-concordant barrier for F. A mapping A :
intF —» E is called (K,j3)-compatible with the barrier H, if

(i) A is C3-smooth on intF;
(ii) A is concave with respect to K;

(iii) For all z € intF, h 6 E+, we have

D*A(z)[h,h,h] <K -3{3D2A(z)[h,h]{D2U(z)[h,h}}1/2.

Similarly to above, (iii) is equivalent to

Remark 5.1.1 We already have dealt with the particular case of real-valued
mappings compatible with self-concordant barriers, which were called "functions
compatible with barriers" (Definition 3.2.1). A function f : intG —> R, which
is /3-compatible with a barrier F for G in the sense of Definition 3.2.1, is
a mapping into R, which is (R-,31/2/?)-compatible with F in the sense of
Definition 5.1.2.

Remark 5.1.2 The above properties—compatibility with a domain and com-
patibility with a barrier for the domain—are closely related: A mapping A :
intF —* E, which is (K,/3)-compatible with F is also (K, (3)-compatible with
any self-concordant barrier for T. Conversely, if A is (K, (3)-compatible with a
9-self-concordant barrier H for F, then A is (K, (30 + 1)(3)-compatible with F.

First implication: Let A be (K, /3)-compatible with F and H be a self-
concordant barrier for F and let z e int F and h € E+ be such that
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Then the points z ± h belong to the unit Dikin ellipsoid of II centered at z
and therefore belong to F (Proposition 2.3.2(i)). In view of Definition 5.1.1,
item (iii), it follows that the inequality required in Definition 5.1.2, item (iii)
is satisfied for all h such that D2U(z)[h, h] < I and hence for all h (since both
sides of the inequality are of the same homogeneity degree with respect to h).
Thus, A satisfies Definition 5.1.2.

Second implication: Let A be (K, /3)-compatible with a ^-self-concordant
barrier II for G and let z € intF and h € E+ be such that z ± h 6 F.
From Proposition 2.3.2(iii), it follows that {D2Ii(z)[h,h]}l/<2 < 30+ 1, so that
Definition 5.1.2, item (iii) implies the required inequality D^A(z)[h, h, h] <K

-3/3(30+l)D2.A(z)[M].
Examples of mappings compatible with their domains.
Example 1. An affine mapping is (K, 0)-compatible with any closed con-

vex domain in the space of argument for any cone K in the image space.
Example 2. Let A(z) : E+ —> E be a quadratic mapping, i.e., a mapping

with the coordinates of the image represented as

((- , -} is an inner product on E+, Qj are linear operators on E+, bj 6 E+ and
Cj € R). Assume that A is concave with respect to K. Then A evidently is
(K, 0)-compatible with F = E+.

Example 3. A (R+,/3)-compatible with R+ function is a usual concave
and C3-smooth real-valued function / : (0, oo) —* R such that

(evident). In particular, we have the following examples.
Example 3.1. tp is (R+, (2 - p)/3)-compatible with R+, 0 < p < 1;
Example 3.2. Ini is (R+,2/3)-compatible with R+.
Example 4. The mapping A(x} = —x~l : int.S+ —> Sm (see §5.1.2.A,

Example 3.2) is (S+, Incompatible with S+.
Indeed, we already know that A(x) = —x~l is 5^-concave. Furthermore,

we have

so that

where Q = or1/2far1/2. If x±h € 5+, then clearly -J <5+ Q <s+ J, / being
the unit matrix, whence Q3 <q+ Q2, and therefore A is positive-semidefinite.

3-m,
The following simple lemma allows us to extend the list of examples.
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Lemma 5.1.3 (i) // A : int F —> E is (K,0)-compatible with F and K' D K
is a closed convex cone in E, then A is (K',0)-compatible with F.

(ii) Stability with respect to summation, multiplication by positive reals
and to restriction. If Ai : intl\ —> E are (K, fa)-compatible with closed convex
domains I\ C E+, i = 1,2 and i/F = FI f|F2 possesses a nonempty interior,
then a combination

of Ai with nonnegative coefficients is (K, max{0i, (3?})-compatible with F.
(iii) Stability with respect to affine substitutions of argument. // A :

intF —> E is (K,f3)-compatible with a closed convex domain F C E+ and
B is an affine mapping into E+ with the image intersecting intF, then the
mapping A°B is (K, fl)-compatible with the closed convex domain B-1(F).

(iv) Stability with respect to direct product. If Ai : intF, —> Ei are
(Ki, /3i)-compatible with Fj, i = 1,2, then the mapping (x, y) —> (A\(x), A^y)) :
int(Fi x F2) —> EI x EI is (K\ x K2,max.{@i, fa})-compatible with FI x F2.

Proof. The proof is quite straightforward.
In fact, statement (iii) of the lemma can be significantly strengthened; it is

done in §5.1.2.0.
Of course, statements similar to those of Lemma 5.1.3 hold for mappings

compatible with barriers.

Lemma 5.1.4 (i) If A : int F —> E is (K,/3)-compatible with a self-concordant
barrier II for T and K' D K is a closed convex cone in £, then A is (K',0)-
compatible with II.

(ii) Stability with respect to summation, multiplication by positive re-
als and to restriction. If Ai : int F^ —» E are (K, fa)-compatible with self-
concordant barriers IL, for closed convex domains Fj C E+, i = 1,2 and if
F = FI p| F2 possesses a nonempty interior, then a combination

of Ai with nonnegative coefficients is (K, max.{(3\, fa})-compatible with the self-
concordant barrier HI + 112 for F.

(iii) Stability with respect to affine substitutions of argument. // A :
intF —> E is (K,/3)-compatible with a self-concordant barrier II for a closed
convex domain F C E+ and B is an affine mapping into E+ with the im-
age intersecting int F, then the mapping A o B is (K, (3) -compatible with the
self-concordant barrier II o B for the closed convex domain B-1(F).

(iv) Stability with respect to direct product. // Ai : int F^ —>• Ei are
(Ki, fa)-compatible with self-cocnordant barriers Ftj for Fj, i = 1,2, then the
mapping

is (Ki xK2,max.{0i,(32})-compatible with the barrier HI(x)+Il2(jy) /orFi xF2-
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Proof. The proof again is quite straightforward.
Now let us formulate and prove the central result on mappings compatible

with (barriers for) their domains; as we see in §§5.3, 5.4, this statement plays
the key role in constructing explicit self-concordant barriers.

Proposition 5.1.7 Let G be a closed convex domain in E, let F be a $-self-
concordant barrier for G, let F be a closed convex domain in E+, let H be
a v-self-concordant barrier for F (in contrast to our usual practice, now we
regard a function II = const as a 0-self-concordant barrier for the whole space,
i.e., for F = E+), and let A : intF —> E be a mapping. Assume that A is
(K(G), (3)-compatible with II or with F, where 7i(G) is the recessive cone o/G,
and that A(int, F) intersects int G.

Then the set

is a closed convex domain in E+, and the function

is a (max2{/3, !}($ +i/))-self-concordant barrier for G+.

Comment. We see that the simplest rule F —» F o A for updating barriers
when passing from G to the inverse image of G under affine mappings A can
be easily extended onto nonlinear mappings, which are (7?.(G),/3)-compatible
with their domains. For the latter case, the updating rule is

where II is a self-concordant barrier for the domain of A. In the case of affine
(or 7£((?)-concave quadratic) A, we can set /3 = 0, II = 0, which results in the
initial rule F —> F o A.
Proof of proposition. In view of Remark 5.1.2, it suffices to consider the
case when A is (K(G), /3)-compatible with II.

1°. Since A is concave with respect to K(G) (see Definition 5.1.1, item (ii)),
the set G+ is a closed convex domain in view of Lemma 5.1.1.

To prove that ^ is a self-concordant barrier with the announced value of
the parameter, let us compute the derivatives of ̂  at a point x € int F such
that y = A(x) € int G in a direction h 6 E+. Under the notation

we have
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Now, we have

(Corollary 2.3.1), and

(Lemma 5.1.2 combined with the concavity of A with respect to ~R.(G)). Fur-
thermore, in view of Definition 5.1.2, item (iii), we have

Besides this, since F and II are self-concordant barriers, we have

2°. From (5.1.17), (5.1.18), it follows that

so that the quantity

is well defined. In view of Cauchy's inequality and (5.1.22), we have

Furthermore, the linear functional DF(y) [•] is nonpositive on the cone Tl(G}
(see (5.1.17)), so that (5.1.19) implies that

In view of (5.1.20)-(5.1.24) we can conclude from (5.1.14)-(5.1.16) that

(the concluding inequality in (5.1.27) follows from 7 = max{/3,1}).
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Prom (5.1.25) and (5.1.26), it follows that

Now let us verify that

In view of (5.1.26), (5.1.27), to prove (5.1.29), it suffices to establish that

for all nonnegative r, s, p, or, which is the same, to prove that

for all nonnegative r, s, p with r2 + s2 -f p2 = 1.
We have

(we considered that the unconstrained maximum of i(3 — t2) equals to 2), so
that (5.1.30) and therefore (5.1.29) are proved.

4°. Thus, * satisfies (5.1.28), (5.1.29) for all x € intG+ and all h € E+-
to complete the proof, it suffices to verify that, if Xj € int G+ converge to a
boundary point x of G"1", then ^(xi) —» oo.

Let yi = A(xi). Assume first that x € intF. Then j/j converge to certain
y € G (since A is continuous on intF), and y £ int G (since otherwise x would
belong to intG+). Since F is a barrier for G, we have F(yi) —> oo,II(a;j) —+
n(x), so that *(xj) —» oo, as required.

Now let x € dr. It suffices to lead to a contradiction the assumption that
{^(xj)} is bounded. Let it be the case. Since x € e?F, we have H(xi) —>• oo,
so that the only possibility for {ty(xj)} to be bounded is F(yi) —> —oo. Let
Ep be the recessive subspace of F and let TT be the canonical epimorphism
of E onto P = E/Ep; as we know (see Proposition 2.3.2(iii)), G = vr(G) is a
closed convex domain in P, G = 7r~1(G) and F(-) = F(?r(-)) for certain ^-self-
concordant barrier F for G. Let Zi = TT (?/;); from the correspondence between
(G, F) and (G, F) and the fact that F(yi) —»• —oo, it follows that Zi € int G and
F(zi) —> —oo. Since F is convex on int G, it is below bounded on any bounded
subset of intG, so that the relation F(zi) —> —oo implies that || z$ ||—» oo.
Without loss of generality, we can asisume that the vectors hi = Zi/ \\ Zi \\
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converge to certain vector h; of course, h / 0 and h € 7£(G). On the other
hand, since A is 7?.(G)-concave, we have (see Lemma 5.1.2)

We conclude that

Now, since Xj converge to x, the sequence {n(yi) + ir(DA(xi)[xi - a?i])} is
bounded, whence h = limj_,oo(—n(ri)/\\ Zi ||), so that —h € K(G).

Thus, ±h € T^-(G) and h / 0, so that G contains a line. It follows that h 6
Ep (Corollary 2.3.1), and therefore EF ^ {0}, which is the desired contradic-
tion (see the construction of F).

It is time now to enrich the list of examples of mappings compatible with
their domains by one more example, which, combined with Proposition 5.1.7,
leads to a number of important barriers (for applications, see §5.4).

Examples of mappings compatible with their domains (contin-
ued).

Example 5. Let E be a linear space with a closed convex cone K, let
E' be a Euclidean space with the inner product ( • , • } , and let T be a closed
convex domain in certain linear space E". Let A(i), t e E" be a symmetric
linear operator on £" affinely depending on i,

where ij,z = l , . . . , f c = dim E" are the coordinates of t in certain basis and Ai
are symmetric operators on E1.

Also, let Q(x',x") be a bilinear symmetric mapping from E' into E, i.e., a
mapping with the coordinates of the image represented as j/j = (QjXr, x") , j —
1,. . . , / = dim.E, where the coordinate operators Qj are linear symmetric op-
erators on E'.

Assume that
(A.i) Q is a convex with respect to K mapping, i.e., Q(x,x) € K, x G E';

(A.ii) A(t) is positive definite for t e hit T;
(A.iii) for any t £ E" the bilinear vector-valued function Q(A(t)x',x") of

x', x" is symmetric in x', x".
Note that (A.iii) is equivalent to the assumption that, for all i, the operator

A(t) commutates with all coordinate operators Qj.
The above data generate the following quadratic-fractional mapping:

Proposition 5.1.8 (i) In the above situation, under assumptions (A.i)-(A.iii)
the mapping A is (K, 1)-compatible with F = E x E' x T.
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(ii) In particular, if G C E is a closed convex domain with H(G} Z> K, F
is a ^-self-concordant barrier for G, and $ is a v-self-concordant barrier for
T, then the function

is a ($ + v}-self-concordant barrier for the closed convex domain

Proof. 1°. (i): Of course, A satisfies Definition 5.1.1, item (i). Let us com-
pute the derivatives of A at a point X = (y,x,t) € intF in a direction
S = (77, £, r) e E+. In what follows, we fix coordinates in E, and subscript
i marks ith coordinate of a vector from E; A'(T) denotes the derivative of the
affine mapping A(-) in a direction r.

We have

As it was already indicated (see the comment to (A.iii)), all values of A(-)
commutate with Qj, whence A'(T) also commutates with Qi. It follows that

so that (5.1.32) can be rewritten as

Prom the latter relation, it follows that
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and, again considering that A(t) and A'(r} commutate with Qj, we obtain

Thus, under notation

we have

2°. Mini-Lemma 1. Let B be a positive-semidefinite symmetric operator
on E' commutating with all coordinate operators Qi of Q. Then Q(Bs, s) € K
for all s£E'.
Proof. Since B commutates with all Qi, the operator S1/2 also possesses this
property, whence

so that

and the latter vector belongs to K in view of assumption (A.i).
Relation (5.1.35), in view of Mini-Lemma 1 and Lemma 5.1.2, implies that

A satisfies Definition 5.1.1, item (ii), i.e., is concave with respect to K on intF.
3°. It remains to verify item (hi) of Definition 5.1.1. To this end, assume

that X ± E € F.
3°.l. Let us verify that the operators

(which clearly are symmetric) are positive-semidefinite.
Indeed, the points X ± E belong to F, so that the points t ±T belong

to T. The affine mapping A(-) takes positive-semidefinite values on the latter
set; it follows that A(t) ± A'(T) is positive-semidefinite, so that the operators
A~l(t){A(t) ± A'(T)}A~i(t) also are positive-semidefinite, as claimed.

3°.2. Since B+ and B~ are positive-semidefinite and commutate with Qi
(because A(i), A'(T) do), Mini-Lemma 1 implies that

or (see (5.1.35), (5.1.36))
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so that

and A satisfies Definition 5.1.1, item (hi) with /3 = 1. Thus, A is (K, 1)-
compatible with F, and (i) is proved.

Part (ii) is an immediate corollary of (i) and Proposition 5.1.7 (we should
apply Proposition 5.1.7 to H(y, x, t) = <&(<) and consider that A(T) is the whole
E and therefore intersects intG). 

C. Compatibility of superpositions

A superposition of the usual concave real-valued functions on the axis, gener-
ally speaking, is not concave; to ensure the latter property, we should impose
the monotonicity of the outer function. The resulting statement can be imme-
diately extended onto vector-valued mappings: If / : E+ —> E is K-concave
and g : E —> E~ is Q-concave (K and Q are convex cones in E, E~, respec-
tively), and, in addition, g is (K, Q)-monotone,

then g o f is Q-concave. Surprisingly, it turns out that the latter assumptions
that ensure concavity of the superposition also ensure compatibility ofgof with
the domain of the superposition, provided that / and g possess this property.

Proposition 5.1.9 Let F be a closed convex domain in E+, let G be a closed
convex domain in E, and let K be a closed convex cone in E. Also, let Q be a
closed convex cone in E~. Let f : int F —> E and Q : int G —>• E~ be mappings.
Assume that

(i) T is (K, a]-compatible with F;
(ii) Q is (Q,7)-compatible with G\

(iii) Q is (K,Q)-monotone on intG :

(iv) K C K(G).
Assume also that the set

is nonempty. Then the set H is an open convex domain in E+, the set

is a closed convex domain in E+, and the superposition S(x) = Q(J:(x)) :
intG"1" —* E" is (Q,@)-compatible with G+, where
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Proof. 1°. In view of Lemma 5.1.1 and (iv), the set H is an open convex
nonempty subset of E+, so that G+ is a closed convex domain in E+ and
H = intG+.

2°. The mapping S clearly is C3-smooth on H = intG+, so that («S, G+)
satisfies item (i) of Definition 5.1.1.

3°. Let x € H and h € E+. Let us denote

We have

Since J- is K-concave, we have

(Lemma 5.1.2 and (iv)). Furthermore, from (K, Q)-monotonicity of Q it im-
mediately follows that

Besides this, Q is Q-concave, so that

Prom (5.1.39) and (5.1.40), it follows that

while from (5.1.41) it follows that

Relations (5.1.37), (5.1.42), and (5.1.43) imply that

so that S is Q-concave on intG+ (Lemma 5.1.2), i.e., S satisfies item (ii) of
Definition 5.1.1.

4°. It remains to verify that S satisfies item (iii) of Definition 5.1.1, i.e.,
that
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provided that x ± h £ G+. Thus, we henceforth assume that the pair (x, h)
under consideration possesses the latter property. Note then that x ± h € F,
whence, in view of (i),

This relation, combined with (5.1.40), implies that

Thus, the first of three terms comprising D3S(x)[h, h, h] is bounded from
above (in the sense of <Q) by constant times the vector — D2S(x)[h, h] (see
(5.1.38), (5.1.42), (5.1.43)).

To find a similar bound for the term D2Q(f) [/',/"], let us use "Cauchy's
inequality": For any A > 0, we have (see (5.1.41))

whence

The first of two terms of the right-hand side of (5.1.47) can be immediately
bounded from above by — D2S(x)[h, h], and our goal is to bound via the latter
vector the vector D2g(f)[f", /"].

4°.l. Let us verifythat

Indeed, / is .fiT-concave and x ± th <E intG+, 0 < t < 1, so that, in view of
Lemma 5.1.2,

since K C Tl(G), we conclude that / ± tf € intG, 0 < t < 1, and (5.1.48)
follows.

In view of (5.1.48) and (ii), we have

4°.2. Let us prove that

4°.3. Let
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we claim that

note that (5.1.51), combined with the fact that f ( t ) € G, 0 < t < 1 (the latter
is ensured by x € intG+, x + h e G+) and (iv), implies the first inclusion in
(5.1.50) (we should pass to limit as t —> 1 - 0).

To prove (5.1.51) is the same as proving that every function </>(£) = (0, /(£)},
0 being a linear functional on E+ that is nonnegative on K, satisfies the in-
equality

Note that, if u = x + th, e = (I — t)h, then u 6 int F and u ± e e F, so that (i)
implies D3.F(«)[e, e, e] <# —3aD2F(u)[e,e], whence

or

or
(5.1.53)

Besides this, .fiT-concavity of T implies that f"(t) <K 0, whence

Let us derive from (5.1.53), (5.1.54) that

Indeed, in the case of </>"(0) = 0, relation (5.1.55) follows from (5.1.54). Now
let 0"(0) ^ 0, so that, in view of (5.1.54), 0"(0) < 0. Let A be the largest of
those half-intervals [0,T), T < 1, on which 0" < 0. For t e A, we have (see
(5.1.53))

whence

or, taking into account (5.1.54), <j>"(t) < (1 -~t)3a(/)"(Q), t e A. From the latter
inequality and the definition of A, it follows that A = [0,1), and (5.1.55) is
proved.
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Two sequential integrations of (5.1.55) imply that

as required in (5.1.52). Thus, we have proved (5.1.51) and, consequently, the
first inclusion in (5.1.50). In other words, we have proved that

whenever x 6 intG+ and h € E+ are such that x ± h e G+; if a pair (z, h)
satisfies the latter premise, than the pair (x, — h) also does, so that

and, in fact, we have proved the entire (5.1.50).
4°.4. Prom (5.1.50), it follows that the middle of the segment with the

endpoints involved into (5.1.50), i.e., the point / + (3a + 2)"1/" belongs to G,

On the other hand, from (5.1.39), it follows that

From (5.1.56) and (5.1.57), we conclude that, if

then y(t) € int G and y(t) ± e(t) € G. In view of (ii), we have

or, which is the same, that

In other words,if

then

besides this, from Q-concavity of Q, it follows that
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Following the line of argument from 4°.3, we can conclude from (5.1.58),
(5.1.59) that

Relation (5.1.60) implies that

Since ^(t) = DG(f + te)[e], e£K (see (5.1.56) and (5.1.39)) and Q is (K,Q)-
monotone, we have g'(t) >Q 0, so that (5.1.61) and (5.1.56) imply that

whence

Note also that

(see (5.1.39) and (5.1.40)).
5°. Prom (5.1.62) and (5.1.47), it follows that, for any A > 0 and any t > 0,

wehave

From (5.1.64), (5.1.46), (5.1.49), and (5.1.38), it follows that for any A, t > 0,
we have
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whence, in view of (5.1.42), (5.1.43), and (5.1.37), for any A, t > 0, we have

(5.1.66)

Inequality (5.1.66) implies that S satisfies item (iii) of Definition 5.1.1 with

A straightforward computation of /3 leads to

as claimed.

5.2 Barrier calculus

The technique developed so far for constructing barriers can be essentially
strengthened by the following simple observation. Assume that we wish to
solve a standard problem

and, for this purpose, we are looking for a "computable" barrier for the cor-
responding closed convex domain G C E. It may happen that we cannot find
such a barrier, but we can point out another closed convex domain G+ C E+,
an affine mapping TT : E+ —> E such that Tr(G+) = G, and a computable
barrier F+ for G+. In this case, it suffices to replace (/) with the equivalent
problem

and to solve the latter problem by an interior-point method associated with
F+.

Of course, similar idea can be used to transform (/) into a conic problem.
Although the above trick is very simple and traditional (it is common to

simplify a problem by introducing appropriate additional variables), it turns
out to be very important, and it is reasonable to study this in detail, as is done
below.
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5.2.1 Coverings and conic representations

The above considerations motivate the following definition.

Definition 5.2.1 Let G be a closed convex domain in E, let I > 0 be an
integer, and let $ > 1.

(i) A (•$, l)-covering for G is, by definition, a collection

comprised of a linear space E+, dimE+ = dimE1 + I; a closed convex domain
G+ C E+; a "d-self-concordant barrier F+ forG+; an affine mapping TT : E+ —>
E such that 7r(G+) = G. The quantities I and •& are called the codimension and
the parameter o/F, respectively.

(ii) A ft-conic representation of G is, by definition, a collection

where K+ is a closed convex cone with a nonempty interior in a finite-dimen-
sional linear space E+, TT is an affine mapping from finite-dimensional linear
space H into E+ with ir(H) (~}mt K+ ^ 0, 7 is an affine epimorphism of H
onto E such that G = ^(ir~l(K+)), and F+ is a $-logarithmically homogeneous
self-concordant barrier for K+.

Thus, regarding (i), finding a covering for G is the same as representing G
as a projection of a closed convex domain G+ in a "larger" space and pointing
out a self-concordant barrier for the latter domain.

Regarding (ii), a conic representation of G is a covering of a special type:
The associated G+ should be represented as an inverse image of a cone K+

under an affine mapping, and we should know a logarithmically self-concordant
barrier for K+.

Usually, since convex domains occurring in convex optimization are defined
by functional inequalities, we are especially interested in coverings for epigraphs
of convex functions.

Definition 5.2.2 Let G be a closed convex domain in E and let f be a lower
semicontinuous convex function defined on G and taking values in the extended
real axis R(J{+oo} such that f is finite on the interior of G. The pair (G,/)
is called a functional element (f.e.) on E. The epigraph of an f . e . (G,/) is
defined as the set

(note that it is a closed convex domain in E+). A (tf, I)-covering (a -d-conic
representation) of the epigraph is called a ($, I)-covering (respectively, a •d-
conic representation) of the f . e . (G,/).

An f . e . (G,/) is called ($, I)-regular if it admits a (d, I}-covering.

In what follows, we do not distinguish between a continuous convex function
</> : E —> R and the corresponding f.e. (E, 0), so we can speak about ($, J)~
regular functions.
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5.2.2 Calculus for coverings

The calculus that we develop is a straightforward extension of the results stated
in the previous section.

Proposition 5.2.1 (images) LetT = (E+, G+, F+, TT) be a (tf, I)-covering for
a closed convex domain G C E and let a : E —» E\ be an affine transformation
such that the set G\ = o~(G) also is a closed convex domain. Then

is a ($, I 4- (dim£7 — dimEI))-covering for G\.
Under the same assumptions on a, if K = (E+,K+,F+;H,Tt,'y) is a i9-

conic representation ofG, then

is a •&-conic representation for G\.

Proof. This is an immediate consequence of the definitions.
In what follows, Ker A for an affine mapping A denotes the kernel of the

homogeneous part of the mapping.

Proposition 5.2.2 (inverse images) Let F = (E+, G+, F+, TT) be a (&,l)-
covering for a closed convex domain G C E and let a : E\ —» E be an
affine transformation such that a(Ei){*\intG ^ 0. Let G\ = a~l(G). Then
G\ is a closed convex domain in E\, and F induces a (•&, I)-covering FI =
(£'*,G*,F*,7r*) for G\. This covering is as follows:

Under the same assumptions on a, a •&-conic representation K = (E+, K+,
F+; H, IT, 7) of G induces a i9-conic representation K* = (E+,K+,F+]H&,
7r^,7*) of G\. This representation is as follows:

where T is a llpartial inverse" to a, i.e., an affine mapping from Im a into E\
such that O-(T(V)} = v.
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Remark 5.2.1 Rigorously speaking, the relation for, say, E^1 defines not a
linear, but an affine space, and, to obtain a linear space, we should somehow
choose the origin. A similar situation occurs in some of the below statements.

Proof of Proposition 5.2.2. G# evidently is closed and convex. Since G+

is a closed convex domain in E+ and Im a intersects the set int7r(G+) =
7r(intG~f), there exist t/o €E intG+ and SQ € E\ such that 7r(t/o) = O~(SQ). The
point (yo, so) evidently is an interior point of G*, so that G# is a closed convex
domain in E&.

Let us verify that F# is a i9-self-concordant barrier for G#. G* is the inverse
image of G+ under the mapping r(y,s) = y : E# —> E+, and T(E#) B yo,
where J/Q is the above point from intG+. Thus, r(E#) intersects intG+, so
that F+ possesses the desired property in view of Proposition 5.1.1.

Now let us prove that 7r#(G#) = G\. If s € GI, then a(s) € G (the
definition of GI), and therefore o~(s) = TT(J/) for some y £ G+ (since F is a
covering for G). Prom the definitions of G* and TT#, it follows that (y, s) E G*
and Tr#(y,s) — s. Thus, 7r#(G#) D GI. Conversely, if (y,s) € G*, then, by
virtue of definitions of TT# and G*, we have s = n^(y,s), o~(s) = n(y) €
7r(G+) = G, so that s e GI = ff-^G). Thus, 7r#(G#) C GI, so that 7r#(G#) =
GI.

Now, for a point ( y , s ) e E1* the relation 7r*(y, s) = 0 6 EI holds if and
only if s = 0 and TT(J/) = cr(0), so that the dimension of the inverse image
(?r*)^1(s) of a point s € E\ coincides with the dimension of the inverse image
TT""I(X) of a point x £ E, whence the codimension of F* equals to /.

The statement concerning conic representations can be proved by similar
reasoning. D

Corollary 5.2.1 Let (G, /) be a functional element on E and let A : E' —> E
be an affine mapping such that A(E') intersects intG. Then a (&, I)-covering
for (G, /) induces a ($, /)-covering for the functional element (A~l(G), / o A),
and a "D-conic representation of (G, /) induces a tf-conic representation of the
f.e.(A~l(G)JoA).

Indeed, G(A~1(G),f o A) is the inverse image of G(G,/) under the affine
mapping (£, u) —> (t, A(u)), and the image of this mapping intersects int G(G, /).

Proposition 5.2.3 (direct products) Let F; = (Ef ,Gf ,F?,iti} be (&i,li)-
coverings for closed convex domains Gi belonging to the spaces Ei, 1 < i < m
and let G — G\ x • • • x Gm C E = E\ x • • • x Em. Then the coverings Tl induce
a (YT=ifii->YT=\li}-coverin9 r = (E+,G+,F+,K) for G. This covering is as
follows:
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•&i-conic representations Kj = (E^,K^,F^;Hi,7Ti,'ji) of the above Gi in-
duce a (X^Li fli)-conic representation K = (E+,K+,F+;H,w,'y) ofG, which
is as follows:

Proof. This is an immediate consequence of definitions and Proposition 5.1.2.

Proposition 5.2.4 (intersections) Let Tj = (E+,Gf,Ff,Ki) be (tfi,Z»)-
coverings for closed convex domains Gi C E, 1 < i < m and let G = n£=i Gi
possess a nonempty interior. Then the. coverings Fj induce a (Si^i ^i> Si^i ^i)-
covering T = (G+, E+, F+, TT) for G. The covering is as follows:

Under the same assumptions about {Gi}, 'di-conic representations

of Gi induce a (^2iLi'&i)-conic representation

of G, which is as follows:



BARRIER CALCULUS 179

Proof. G+ clearly is a closed convex domain in E+. Indeed, each point x €
intG can be represented as TTi(xi) for some Xi £ intG^1", and (xi, . . . ,xm)
evidently is an interior point of G+, so that this set has a nonempty interior;
closedness and convexity of G+ are evident. The same reasoning implies that,
if T is the natural embedding of E+ into E&, then G+ is the inverse r-image
of G^~ x • • • x G+ and that r(E+] intersects the interior of the latter set; in
view of Propositions 5.1.2 and 5.1.1, these observations imply that F+ is a
(Hi^i ??i)-self-concordant barrier for G+.

Relations 7r(G+) = G and ££Li k = dim£l+ - dim£ are evident. The
statement about conic representation of G is quite straightforward. 

Corollary 5.2.2 Let (Gj,/i) be functional elements on E, 1 < i < m, such
that

Then a collection of (^k)-coverings ($i-conic representations) of functional
elements (Gi, fa) induces a (S£Li $i, ££Li k)-covering (a (££Li $i)-conic rep-
resentation, respectively) of the functional element

Proof. Indeed, 
The following simple statement is evident.

Proposition 5.2.5 Let (G, /) be a functional element on E and let F = (E+,
G+, F+, TT) be a ($, l)-covering for this f.e. Let a > 0 and let $(•) be an affine
function on E. Then F induces a ($, I)-covering F# = (E+, G+, F+, it') for
the f.e. ( G , f + ( - ) = af(-) + </>(•))• The corresponding mapping TT' is defined as
follows: Let TT(X) = (T(X),(T(X)), T(X) e R, cr(x) e E. Then

A •d-conic representation K = (E+, K+,F+; H, 7r,7) of (G, f) induces a
•Q-conic representation K* = (E+,K+,F+;H,Tr,'y') of the f.e. (G,/+), where
y is defined as a o T, cr(t, x) = (at + (j)(x), x) : R x E —> R x E.

The following simple statement is rather useful.

Proposition 5.2.6 Let (G, /) be a functional element on E and let

be a ($, I)-covering for this f.e. Assume that the set G'Q = {u € G | f ( u ) < 0}
is nonempty and let GO = {u e G | f ( u ) < 0}. Then F induces a ($ +1, / +1)-
covering F^ = (E+, G*, F*, TT') for the set GQ. This covering is as follows.
Let TT(Z) = ( r ( x ) , a ( x ) ) , T(X) € R, a(x) € E. Then
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Under the same assumptions about G and f , a •Q-conic representation

of the f . e . (G, /) induces a ($ + l)-conic representation

of the set GO, defined as follows. Since 7 : H -> R x E, we can write

We set

Proof. Since / is lower semicontinuous and convex and G'0 / 0, GO is a closed
convex domain in E, and G'0 intersects intG. If u € G0, then we can choose
t € (f(u), 0), so that the point (t, u) belongs to int G(G, /), and therefore there
exists x € intG+ such that TT(X) = (t,u). Since t < 0, x is an interior point
of G*, so that G* is a closed convex domain in E+. Furthermore, G* is the
intersection of G+ and the half-space II = {x 6 E+ \ T(X) < 0}. The function
— m ( — T ( X ) ) is a 1-self-concordant barrier for II (see §2.3, Example 2), and,
since int G* ̂  0, F# is a (i9+l)-self-concordant barrier for G* (see Proposition
5.1.3). The relation 7r'(G*) = GO and the fact that the codimension of F* is
(/ + 1) are evident.

The statement about conic representation is quite straightforward. 
Note that the above transformations of barriers are "simple" in the sense

that they are straightforward and involve "rational" linear algebra techniques
only. The progress with respect to the results of §5.1 is in Proposition 5.2.1:
A "computable" covering for a domain immediately implies similar coverings
for its images under affine transformations, which is not the case for barriers
(see Proposition 5.1.5).
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5.2.3 Legendre transformation

Let (G, /) be a functional element on E and let E* be the space conjugate to
E. Consider the Legendre transformation of /, i.e., the function

where Dom{/} denotes the subset of G formed by the points at which / is
finite. Clearly, /* is a convex lower semicontinuous function taking values in
the extended axis. The domain Dom{/*} of this function (the set of all £ such
that /*(£) < 00} is convex and nonempty (it clearly contains the set of all
subgradients of / at the interior points of G), and the set G* = cl Dom{/*} is
closed, convex, and nonempty. Thus, we have obtained the functional element
(G*, /*) on the affine span E# of Dom{/*}; this element is called the Legendre
transformation of (G, /).

Our aim now is to demonstrate how a i?-self-concordant barrier for the
epigraph of (G, /) can be transformed into a self-concordant barrier for the
epigraph of (G*,/*).

To this purpose, consider the conic hull of the epigraph G(G, /) of the
element (G,/), i.e., the cone

This is a closed convex cone in E+ with a nonempty interior, and the intersec-
tion of the cone with the hyperplane L = {s = 1} is exactly G(G, /).

Now let us look at the dual cone K*. A functional (cr, T, £) 6 (E+)* =
R x R x E* (((a, T, £), (s, t, x)) = as + rt + (£, x)) is nonnegative on K if and
only if the implication

holds or, similarly, if and only if the implication

is true. Thus,

Consider the intersection H of K* and the hyperplane {T = 1}. This inter-
section is, in fact, the set {(a, f) e R x E* \ a > sup{—t - (£,x) (t,x) e
G(G,/)}}, and, since
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we conclude that H = {(cr,f) | a > /*(-£)}, so that H is the image of
G(G*,/*) under a linear authomorphism.

Thus, the epigraph of the Legendre transformation of (G, /) is, up to a
simple linear authomorphism, the intersection of the cone dual to K and an
appropriate affine hyperplane not containing the origin; such a hyperplane,
of course, intersects the relative interior of K*. Therefore, to point out a
self-concordant barrier for G(G*,/*), it suffices to find a logarithmically ho-
mogeneous self-concordant barrier for K* or a similar barrier for the cone
(—K*) anti-dual to K. In turn, we can take as the latter barrier the Legendre
transformation of a logarithmically homogeneous self-concordant barrier for K
(Theorem 2.4.4). We know how to update a $-self-concordant barrier for the
epigraph of (G, /) into an 0(l)i?-logarithmically homogeneous self-concordant
barrier for the conic hull K of this epigraph (Proposition 5.1.4). Thus, to
update a i?-self-concordant barrier F for the epigraph of a given functional ele-
ment (G, f) into an O(l)i?-self-concordant barrier for the epigraph of(G*,/*),
we are required to compute the Legendre transformation of the (slightly mod-
ified) function F.

5.2.4 Superposition theorem

The theorem that we establish is the main result of our barrier calculus.
Let (Gi,0i) be functional elements on E, 1 < i < m and let (G, </>) be a

functional element on R7™.
Consider the following pair of sets of assumptions. The first set is shown

below:
(Li) fa are finite and continuous on Gj, 1 < i < m and (f> is finite and

continuous on G;
(I.ii) The set U — Di^i ̂ i has a nonempty interior U', and the image

Q of U under the mapping x —> (<£i(z), . . . , (j>m(x)} is contained in G.
(I.iii) G D Q + R", and </> is monotone on the latter set,

The second set of assumptions is the following:
(ILi) If a sequence {U € G} is such that || ti ||2—> oo and ti > t for

some t € Rm and all i, then <j>(ti) —> oo;
(Il.ii) the set U = H£Li Gi has a nonempty interior (/', and, for every

x G U such that <j>i(x) < oo, i = l , . . . ,m, the vector ((j)i(x),... ,<f>m(x)) is
contained in G, while the image of U' under the above mapping is contained
in int G;

(Il.iii) This is the same as (I.iii).
We call the collection {(Gi, 0i) , . . . , (Gm, <j)m), (G, <p)} regular superposition

data, if it satisfies either (I.i)-(I.iii), or (Il.i)-(II.iii).
Under assumptions (I.i)-(I.iii), the function
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clearly is well defined, convex, and continuous on U.
Under assumptions (Il.i)-(II.iii), we also can define the above superposi-

tion, namely, as follows: If x e U is such that <j>i(x),... ,</>m(x) are finite,
then

otherwise, / equals to +00.

Lemma 5.2.1 Under assumptions (Il.i)-(II.iii), the pair ([/, /) is a functional
element.

Proof. We should verify that (a) U is a closed convex domain and / : U —>
RU{+oo} is convex; (b) / is finite on int U; (c) / is lower semicontinuous on
U.

(a) The fact that U is closed convex domain is evident. To prove that / is
convex, it suffices to verify that, if x, y £ U and w = ax + (1 — a)y for certain
a <E [0,1], then f(w) < af(x) + (1 - a)f(y) (0 • (+00) = +00). In the case
when some of the functions <fo are infinite at x or at y, the above inequality
is evident, since then either f ( x ) = +00, or f(y) = +00 (the definition of
/). If all the functions <fo are finite at x and at y, then the vector $(u) =
((/>i(u),..., (j)m(u}} is well defined at u = x and at u = y and therefore is well
defined at w, and $(w) < a$(x) + (1 — a)$(y) (recall that (j>i are convex).
In particular, all three points $(x),$(y), $(u;) belong to G (see (Il.ii)), and
the inequality f(w) < af(x) + (1 - a)f(y) immediately follows from $(«;) <
Q$(X) + (1 - a)$(y) and (Il.iii).

(b) This part immediately follows from (Il.ii).
(c) It suffices to lead to a contradiction the assumption that, for certain se-

quence of points Xi € U converging to a point x, the sequence /(xj) converges to
certain a < /(x) (here —oo < a < +00). Under this assumption, a < oo for all
large enough i, so that we can assume that the vectors yi — (4>i(xi),..., </>m(xi))
are well defined for all i and that 4> is finite and even above bounded along the
sequence {yi} (otherwise, a = oo).

Since <j>j is convex on Gj and finite on int Gj, (j)3 is below bounded on each
bounded subset of G3. In particular, there exists a vector t such that yi > t
for all i. Also, since </> is above bounded along {yi}, from (II.i) it follows that
the sequence {j/j} is bounded. Therefore, without loss of generality, we may
assume that {yi} converges to certain y € G.

Now f(xi) —- (f)(yi), and, since yi —> y and </» is lower semicontinuous, we
have

Furthermore, 0j are lower semicontinuous, and yi = ((j>\(xi),..., <j>m.(xi))\ since
Xi —* x, yi —> y as i —> oo, we conclude that all <pj are finite at x and that
((/>i(x),... ,(j)m(x)) < y. Now, from the definition of / and (Il.iii), it follows
that /(x) < 4>(y), and, as it was already proved, </>(y) < a. Thus, /(x) < a,
which is the desired contradiction. 
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Theorem 5.2.1 Assume that

are regular superposition data.
(i) Let FJ = (Ef, G^, F^~, TTi) be (&i,li)-coverings for functional elements

(Gi,<&) on E, 1 < i < m and let T = (£+,G+,F+,7r) be a (&, I)-covering
for the functional element (G, 0) on Rm. Then the coverings ri , . . . ,rm ,F
induce a (£™ t ̂  + i?, Y!?=\ k + l + m)-covering P* = (E*, G*, F*, TT#) /or
</ie functional element

This covering is as follows. TTJ maps E^~ onto R x E,

Similarly, TT maps E+ onto R x Rm,

We set

(ii) Let KJ = (Ef, Kf, F^-Hi, TT*, 7i) 6e •di-conic representations o/(G,, 0j),
i = 1,..., m and Ze^ K = (E+, K+, F+;H, TT, 7) he a fl-conic representation of
(G, </>). T/iese representations induce a (]Ci^i ^i + ft)-conic representation

for the functional element (C7, f ( x ) = < />(</>i (x) , . . . ,(/)m(x))). JTws represen-
tation is as follows. The mappings 71,..., 7m, 7 map HI,..., Hm, H onto
R x E,. . . , R x E, R x Rm, respectively, so that these mappings can be rep-
resented as 7i(-) = (ri(-),(Ti(-)), TJ e R, <7j € £, i = l , . . . ,m, and 7(-) =
(r(-),<r(-)), r(-) € R, ff(-) 6 Rm. We set
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Proof, (i) Let u' £ intf/ and let t\ > 0,(u'), 1 < i < m. Then (^X) £
int G(Gj, <j)i) and therefore there exist x\ £ int G+ such that TT^X^) = (tj, w'), 1 <
i < m. Besides this, in view of (I.ii)-(I.iii) (or (Il.ii)-(II.iii)), we have ( i^ , . . . , t'm)
int G. Let t' > <f}(t(,..., tJJ; then (£', £ ' l 5 . . . , ̂ ) £ int G(G, <£), so that there ex-
ists x' £ int G+ such that TT(X') = (t', ̂ , . . . , t'm). The point (x ' j , . . . , x'm, x', t1}
clearly belongs to intG#, so that the latter set (which evidently is closed and
convex) is a closed convex domain in E#. A byproduct of our reasoning is the
fact that the image of the natural embedding u : E# —> E^ x • • • x E^ x E+ in-
tersects int D, where D = G]*~ x • • • x G+ x G+ (the above intersection contains
the point (x '1 ? . . . , x'm, x')).

The function S(xi,...,xm,x) = F?(XI) + • • • + F+(xm) + F+(x) is a
(Si^i t^i + $)-self-concordant barrier for D (Proposition 5.1.2); we clearly have
G# = u>~l(D), and, since uj(E#) intersects intD, the function 5ou; (i.e., F&)
is a (X)Hi fii + ^)-self-concordant barrier for G*.

Now let us prove that 7r#(G#) = G(f/, /). Let (t, u) 6 G((7, /). Then u <E Gi;

1 < i < m, the values ij = ^(tt) are well defined, and (U,u) £ G(Gj,</>j). The
latter relation means that there exists Xi € G^~ such that TTJ(XJ) = (tj,n). In
view of (I.ii)-(I.iii) (or (Il.ii)-(II.iii)), the vector z = (t\,,.., tm)T belongs to G,
and, since (i, u) G G(C/, /), we have (t, z) £ G(G, </>), so that there exists x e G+
such that ?r(x) = (i, z). Now the point (xi , . . . ,xm,x) clearly belongs to G*
and is such that TT#(XI, . . . ,xm, x) = (t, u). Thus, 7r#(G#) contains G(C/, /).
To prove the inverse inclusion, let (x i , . . . ,xm,x) € G*. Then x, 6 G^~, so
that the points (Tj(xi),cri(x,)) belong to G(Gj,<fo) , and tt = <TI(XI) = • • • =
<7m(xm) (the definition of E&). It follows that u G [7 and tj = TJ(XJ) >
4>i(u). Furthermore, from (x i , . . . ,xm ,x) £ G*, it also follows that ?r(x) =
( t , z ) £ G(G,<p) and z = (ti,..., tm)T. The latter fact, combined with (I.iii)
(= (Il.iii)) and the relation ( £ i , . . . , £ m ) > (0i(n) , . . . , </>m(u)), implies that
t > <t>(z) > 0(^>i(n), . . . ,( /)m(n)) = /(u), so that TT#(XI, . . . ,xm ,x) = ( t , u ) £
G(C/,/). Thus, K#(G#) = G(UJ).

It remains to compute the codimension of F*. Let us fix a point w° =
(x? , . . . , x^, x°) £ E#. Prom the definition of TT*, it follows that TT*(XI, . . . , xm,
x) = 7r^(u)°) if and only if r(x°) = r(x) and TT^X^) = (crz(x), CTJ(X^)). It follows
that dim((7r#)-1(w°)) = S2=i li + m + l.

(ii) Let us prove that ^#([it*]-1 (K#}) = G(UJ). Let ( t , v ) £ G(f/,/), so
that (ti = <t>i(v\v) £ G(Gi,^i), i = l , . . . ,m , and (t,(*i, . . . , t m ) ) € G(G,0).
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These relations mean that there exist Ui € [^i}~l(K^~), i = 1,..., m, and x 6
7r~a(A"+), such that (ti,v) = 7*(14), i = 1,... ,m, and (t, (*i, . . . ,tm)) = 7(14).
We clearly have «* = (MI, . . . ,um,u) e ##,7r#(u#) € /£"# and 7#(u#) =
(M)- Thus, 7#([7r#]-1(K#)) D G(tf,/).

Conversely, let «* = («i,... ,wm ,u) 6 ff* be such that 7T#(ti#) e /i"*
and let us verify that 7*(u*) € G(U,f). In view of the definition of H&,
the points (tj ,Vj) = ^i(ui), i = 1, . . . ,m, have the same v-component: «i =
• • • = vm = v, and, besides this, we have o(u) = (ti, . . . ,tm). Since TT*(U*) €
A"*, the zth of the above points (ti,v) belongs to G(G»,0i), while the point
7(«) EE (t,<r(u)) belongs to G(G,</>). Thus, v e fl™ i Gi = U,ti> ^(u), t =
l, . . . ,m, andt > </>(o-(w)) = < />( t a , . . . ,tm). Since (Gi, < / > i ) , . . . , (Gm,(/»m), (G,0)
are regular superposition data, it follows that £ > /(t>), so that (£, u) € G(C7, /).
It remains to note that, by construction, (t, v) = 7*(it*), and the desired
inclusion 7#(w#) € G(U,f) is proved.

To prove that K# is a (££1 $i+'$)-conic representation of ([/, /), it suffices
to verify, in addition to the already stated relation

that
(1) K& is a closed convex cone with a nonempty interior in E#;

(2) the image of TT* intersects mtK^;

(3) 7* maps H* onto R x E;

(4) F* is a (££Li $i+$)-logarithmically homogeneous self-concordant bar-
rier for K&. We omit these quite straightforward verifications.

Let us present a simple application of the superposition theorem.

Corollary 5.2.3 Let oti > 0, and let (Gj, fa) be functional elements on E, 1 <
i <m, such that int (f]£Li Gi) ̂  0. Then a collection o/(i?j, li)-coverings (a col-
lection of'&i-conic representations) of (Gi, fi) induces a (]C£Li ^i +1> Si^i k +
m)-covering (respectively, (52iLi fii+ty-conic representation) for the functional
element (ft^GiiEiLiCXifi)•

Indeed, the resulting functional element is a superposition of the initial el-
ements and the functional element (Rm, <j>(ti,..., tm) = Y^=i &&)• These su-
perposition data clearly satisfy (Il.i)-(II.iii) and therefore are regular, and the
external function admits a (1,0)-covering (the function F(t, < i , . . . , tm) = — In
(t — </>(ti,... ,tm)) is a 1-self-concordant barrier for its epigraph, see §2.3,
Example 2), as well as an 1-conic representation (the latter is defined as
K = (E+ = R,tf+ = R+,F+(«) = -lnt;H = Wn+1,Tr(t,t1,... ,tm) =
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5.2.5 How to solve convex problems with regular components

It is now time to explain the role that the above "calculus" plays in the interior-
point methods. Assume that we to solve a problem

where G is a closed convex domain in E and fa, 0 < i < m correspond to
functional elements ( G i , f i ) , Gi D G. Assume that the constraints satisfy the
Slater condition: The set {u € intG /j(x) < 0, 1 < i < m} is nonempty.

There are two typical ways to apply the interior-point machinery to (I).
First, we can try to reduce the problem to an equivalent standard problem
and to take care of providing the resulting feasible set with a "computable"
self-concordant barrier. Second, we can look for an equivalent conic prob-
lem, again keeping in mind the necessity to provide the corresponding cone
with a logarithmically homogeneous self-concordant barrier. Let us study the
corresponding possibilities.

A. To reduce (I) to a standard problem. We first should look for
coverings for the involved data. Assume that we were successful and have found
($i,/i)-coverings I\ — ( E f , Gf,F^,iTi) for the functional elements (Gj,/i),
0 < i < m, as well as a ($, Z)-covering F = (E+, G+, F+, TT) for G. Then we can
transform (X) into an equivalent standard problem and provide the feasible set
of the latter problem with a self-concordant barrier, namely, as follows.

First step. We reformulate (I) as

where

Second step. Note that F induces a (&, Z)-covering F* for G (since G is the
inverse image of G under the natural projection of R x E onto E, see Proposi-

— -44-
tion 5.2.2); FQ is a (i9o,/o)-covering for GO; FJ induce (di + 1, /j)-coverings T^
for Gi, 1 < i < m (see Propositions 5.2.6 and 5.2.2 and consider that {fa}
satisfy the Slater condition). At the second step, we construct the induced
coverings.

Third step. Since (I) satisfies the Slater condition, G* is a closed con-
vex domain, so that the coverings r^,Fo,Fj , . . . , F# induce a (•&, Z)-covering
f = (E, G, F, TT) (see Proposition 5.2.4) for the set G*, where ?? = $+££lo i?i +
m, 1 = 1 + Y^iLok- At the third step, we compute the latter covering. Note
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that TT(-) can be represented as TT(X) = (T(X),CT(X)), T(X) € R, a(x) e E.
Clearly, (J) (and therefore (J)) is equivalent to the standard problem

and F is a i?-self-concordant barrier for the feasible domain of the latter prob-
lem, so that we can apply to it our interior-point methods.

Note that the updatings required at the second and the third steps are
explicit and use "rational" linear algebra routines only.

B. To reduce (J) to a conic problem. We might first reduce it to
an equivalent standard problem (S) (see above) and then transform (S) into
an equivalent conic problem (P), according to the general scheme described in
§4.1. Recall that a t?-self-concordant barrier F for the feasible domain of (S)
can be "explicitly" transformed into an O(&)-logarithmically homogeneous self-
concordant barrier F* for the cone involved into (P) (see Proposition 5.1.4).
Nevertheless, the above scheme sometimes is not the best one, since usually it
is difficult to find an explicit representation for the Legendre transformation of
F&, and consequently it is difficult to apply to (P) those of potential reduction
methods that require knowledge of both the primal and the dual barriers. This
is the reason for the below reduction scheme, which, in a sense, is compatible
with the Legendre transformation.

The scheme is as follows. First, we look for conic representations for the
functional elements (Gj,/j), i = 0 , . . . ,m and for a conic representation of
G. Assume that we were lucky and have found $j-conic representations Kj =
(Ei~,Kf,Fi~;Hi,iTi,'yi) of (Gj,/j), as well as a $-conic representation K =
(E+, K+, F+; H, TT, 7) of G; assume also that all the cones Kf, K+ are pointed.

The mappings 7i take values in R x E; let

where TJ(-) e R and ai(-) e E. Note that 7(-) also takes values in E.
Now consider the following problem:
(P*) Minimize TQ(UQ) by choice of

under restrictions

Note that K is a closed convex pointed cone with a nonempty interior in the
space E* = E£ x • • • x E+ x E+ x Rm.

Prom the definition of a conic representation, it follows immediately that
(P*) is equivalent to (I) (if a point (uo,...,um,u) is feasible to (P*), then
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x = 7(14) (= ao(u0) = • • • = crm(um)) is feasible for (I) and TO(UO) > /o(z));
conversely, for each feasible solution x of (X), there exists a feasible solution
(uo,...,um,u) of (P*) such that OQ(UQ) = ••• = am(um) = i(u) = x and
TO(UO) = /o(^))- At the same time, (P*) is, in fact, a conic problem. Indeed,
let M be the affine space formed by (UQ, . . . , um, u) satisfying the linear system
of equations (5.2.2) and let N be the image of M under the affine mapping
II. Then (P*) is a problem of minimizing an affine functional TO over the in-
tersection of the cone K and an affine subspace N. The only difference with
the definition of a conic problem is that the objective is expressed via certain
parameterization of a vector from N, not via this vector directly. The latter dif-
ficulty can be immediately eliminated. Indeed, let L be (any) level subspace of
II \M (all these subspaces are translations of each other). If TO(-) is not constant
on L, then (P*) is either inconsistent or below unbounded (in fact, it is below
unbounded, since (J) is assumed to be feasible). Thus, in the case under con-
sideration, (I) is unsolvable, so that this case can be omitted. In the case when
TO(-) is constant along the level subspaces of II \M, we evidently can find a lin-
ear functional (e, •) on the space E& such that TQ(UQ) = (e, H(UQ, . . . , um, u)) +
const, (UQ, . . . , um, u) € M, and the following conic problem:

(P) Minimize (e,w) subject to w € K f ] N is equivalent to (I).
Now the function

Zi E int Kf, i = 0 , . . . , m, 2 6 int K+, t € int R^, is a (£™ 0 i?i + 1? + m)-
logarithmically homogeneous self-concordant barrier for the cone K (Proposi-
tion 5.1.2 combined with Example 2 from §2.3). It is easily seen that the Slater
condition in (I) implies that the feasible subspace of (P) intersects int K, which
is the main assumption on the problem required by the potential reduction in-
terior point methods.

Now what about the Legendre transformation of the barrier F#? The
main advantage of our now scheme is that there is no difficulties with this dual
barrier, provided that, from the very beginning, we are given not only barriers
Ff, F+, but also their Legendre transformations F*, F*. Indeed, the cone
dual to K is the direct product of the cones dual to the initial cones and the
cone dual to R7f (the latter cone is R^ itself), and the Legendre transformation
of F* is simply

C, £ -int(^f)*, ( € -int/f", s e -intR™.
The above schemes motivate our interest to coverings and conic represen-

tations: for concrete aDolications of the schemes, see the next chapter.
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5.3 Barriers for two-dimensional sets

It is now time to provide the above "equipment" for constructing barriers with
"raw materials," i.e., with a list of barriers for concrete convex domains arising
in convex programming. In this section, we present a number of barriers for
two-dimensional sets (mainly, for the epigraphs of univariate convex functions:
the power function, the exponent and the logarithm, the entropy). These
barriers are useful at least in the following two situations:

(1) When interested in convex problems involving separable functionals,
according to the general scheme of §5.2.5, we need coverings for functions of
the type /(x) = fi((ci,x)) + • • • -I- /fc({cfc,x}), where fa are convex functions
on the axis. Corollary 5.2.3 demonstrates that, to point out a covering for /,
it suffices to find coverings for all /j;

(2) When applying barrier calculus to obtain a barrier for a complicated
function defined by a formula, we need coverings for operations involved into
the formula and, in particular, for R —> R updatings (like taking square or
exponent).

Of course, from the computational viewpoint, there is no serious difficulties
with the universal barrier for a two-dimensional convex domain, so that we
could avoid any concrete two-dimensional considerations at all. This would,
however, be not the best way. Thus, let us list a number of "explicit" two-
dimensional barriers.

5.3.1 Power functions and the entropy function

Proposition 5.3.1 Let £(t) be a nondecreasing C -smooth concave function
on (0, oo) such that the quantity

is finite. Then the function

is a 2max2{a£, 1}-self-concordant barrier for the set

In particular, the epigraphs of the power functions, i.e., the sets

admit 2-self-concordant barriers
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Proof. "General" part. The mapping t -> ((*) : (intR+) -> R is (R+,0^)-
compatible with R+ (§5.1.2.B, Example 3), and the identity mapping x —> x :
R -> R is ({0},0)-compatible with R (§5.1.2.B, Example 1). Therefore the
mapping

is (K, a^)-compatible with R+ x R, where K = R+ x {0} (Lemma 5.1.3(iv)).
Now G+ is the inverse image of the half-plane G = {(T, x) \ T > x} un-
der the mapping A, and the recessive cone of this half-plane contains K. In
view of Proposition 5.1.7 as applied to the standard 1-self-concordant barriers
F(T,X) = — ln(r — x) for G and <l>(t, a;) = — Ini for the domain of A, the
function

is a 2max2{a£, 1 }-self-concordant barrier for G+, as claimed.
"Particular" part. It suffices to apply the "general" part to the function

C(<) = *1/p. 

Proposition 5.3.2 Let f ( x ) be a C3-smooth convex function on (0, oo) such
that the quantity

is finite. Then the function

is a 2max2{a^, \\-self-concordant barrier for the set

In particular, the epigraphs

of the decreasing power functions xp admit 2-self-concordant barriers

and the epigraph

of the entropy function :rln(a;) admits the 2-self-concordant barrier
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Proof. "General" part. The mapping —/(x) : intR._|_ —» R is (R_|_,a/)-
compatible with R+ (§5.1.2.B, Example 3), and the identity mapping t —> t
is ({0},0)-compatible with R. Therefore the mapping A(t,x) = (t,—f(x)) :
R x (intR+) —>• R2 is (K, a/)-compatible with R x R+, where K = {0} x R+

(Lemma 5.1.3(iv)). Now G+ is the inverse image of the half-plane G = {(t,y) \
t + y > 0} under the mapping A, and the recessive cone of this half-plane
contains K. In view of Proposition 5.1.7 as applied to the standard 1-self-
concordant barriers F(t,y) = — ln(t + y) for G and $(t,x) = — Inx for the
domain of A, the function

is a 2max2{a/, l}-self-concordant barrier for G"1", as claimed.
"Particular" part. In the case of p 6 (—1,0), it suffices to apply the

"general" part to f ( x ) = xp (a/ = 3~1(2 - p) < 1). The case of p < -1 can
be immediately reduced to the previous one, since, for t, x > 0 and p < 0, we
have {t > xp} <& {x > tl/p}. In the case of the entropy function, it suffices
to apply the "general" part to f ( x ) = xlnx (ctf = |). 

5.3.2 The exponent and the logarithm

Proposition 5.3.3 The function

is a 2-self-concordant barrier for the epigraph

of the exponent, and the function

is a 2-self-concordant barrier for the epigraph

of the function — In x.

Proof. The first statement follows from Proposition 5.1.3 as applied to £(t) =
hit (Q!£ = |). The second statement is an immediate corollary of the first one,
in view of {(t,x) \ t>ex} = {(t,x) \ hit > x}. 

5.4 Barriers for multidimensional domains

Below, we present barriers for some multidimensional convex domains (a poly-
tope, a piecewise-quadratic bounded set, the second-order cone, the cone of
symmetric positive-semidefinite matrices, the epigraph of the matrix norm).
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5.4.1 Polytope

The standard logarithmic barrier for a polytope is given by Example 2, §2.3.

Proposition 5.4.1 Let

be a polytope defined by a set of linear constraints satisfying the Slater condi-
tion. Then the function

is an m-self-concordant barrier for G. If G is a cone (i.e., hi = 0, 1 < i < m),
then F is m-logarithmically homogeneous. If G = R+, so that —ai are the
standard orths of Rm and bi = 0, then the Legendre transformation of F is,
up to an additive constant, the function F*(s) = F(—s).

5.4.2 Piecewise-quadratically bounded domains

The barriers for quadractically constrained domains are given by the the fol-
lowing statement.

Proposition 5.4.2 Let

where all fa are convex quadratic forms and let the collection of these forms
satisfy the Slater condition. Then the function

is an m-self-concordant barrier for G.

Proof. This is an immediate corollary of Lemma 3.3.1 and Proposition 5.1.3.
Let us present another proof based on Proposition 5.1.7. Let / be a convex
quadratic form on E such that the set {x \ f(x)< 0} is nonempty. Then the
mapping x —> —f(x) is (R-|_,0)-compatible with E (§5.1.2.B, Example 2), so
that Proposition 5.1.7 as applied to the standard barrier F(s) = — ln(s) for
R+ and the trivial (identically zero) barrier for E implies that the function
— ln(—/(x)) is a 1-self-concordant barrier for the set cl{x | f ( x ) < 0}, i.e., for
the set {x f(x) < 0}. Now the statement under consideration follows from
Proposition 5.1.3 (barrier for an intersection). 
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5.4.3 Second-order cone

Let K be a second-order pointed cone in Rn+1; under an appropriate choice of
the coordinates, K can be represented as the epigraph of the Euclidean norm,

Note that the standard Euclidean structure on Rn+1 allows us to identify Rn+1

and (Rn+1)*, and, under this identification, K coincides with its dual cone.

Proposition 5.4.3 The function

is a 2-logarithmically homogeneous self-concordant barrier for cone (5.4.3), and
the Legendre transformation of B coincides, up to an additive constant, with
the function B*(i, x) = B(—t, — x).

Proof. Let us use Proposition 5.1.8. Let

and let A(t} be the operator of multiplication by t on E': A(t)u = tu.
The above data clearly satisfy assumptions (A.i)-(A.iii) of §5.1.2.B, so that

Proposition 5.1.8, as applied to the standard barriers F(s) = $(s) = — Ins for
the half-axes G and T, implies that the function

is a 2-self-concordant barrier for the set

We see that K is the inverse image of G+ under the linear mapping

and Proposition 5.1.1 as applied to ^ implies that B is a 2-self-concordant
barrier for K. The 2-logarithmic homogeneity of the barrier is evident, and an
immediate computation demonstrates that the Legendre transformation of B
coincides, up to an additive constant, with B(—i, — x). 
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5.4.4 Epigraphs of functions of the Euclidean norm

Proposition 5.4.4 Let G be a closed convex domain in R2 such that (u, t) 6
G implies (v,t) € G for allv <u (in other words, such that 7£(G) contains the
vector (—l,0) r) and let F be a $-self-concordant barrier for G. Assume that
G contains a point with a positive first coordinate. Then the function

is a ft-self-concordant barrier for the closed convex domain

If G contains a point with both coordinates being positive, then the function

is a (d + 1)-self-concordant barrier for the closed convex domain

In particular, let (,(t) be a nondecreasing concave function on (0, oo), which
is C3- smooth and is positive for large enough t and satisfies the condition

Then the function

is a 2 max2{1, a^}-self-concordant barrier for the set

and the function

is a (2 max2{1,0;,;} + 1) -self-concordant barrier for the set

For example, if p > 2, then the functions
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are 2-self-concordant barriers for the epigraphs

of the powers of the Euclidean norm, and if 1 < p < 2, then the functions

are ^-self-concordant barriers for the above epigraphs.

Proof. "General" part. The mapping x —> XTX : Rn —> R clearly is (R_,0)-
compatible with R™ (§5.1.2.B, Example 2), while the mapping t —> t is ({0}, 0)-
compatible with R (§5.1.2.B, Example 1). It follows that the mapping

is (K, 0)-compatible with R x Rn, where K is the cone R_ x {0} in R2 (i.e., K
is the ray generated by the vector (—1,0)T). By assumption, the recessive cone
of G contains K, and the image of A intersects int G. Therefore, Proposition
5.1.7 implies that B^^(t,x) is a ??-self-concordant barrier for the set G^.

Furthermore, let

and let A(t) be the operator of multiplication by t on E'\ A(t)x = tx. The above
data clearly satisfy assumptions (A.i)-(A.iii) from §5.1.2.B, and the recessive
cone of G contains K. In view of Proposition 5.1.8(ii) as applied to the self-
concordant barriers F for G and $(s) = — hi(s) for T, the function

is a ($ + l)-self-concordant barrier for the set

The set G^ clearly is the inverse image of G+ under the linear mapping

and the image of this mapping intersects intG+ (since G contains a point
with both coordinates being positive), and Proposition 5.1.1 as applied to \&
and this mapping implies that G% is a closed convex domain; G^(t,x) is a
($ + l)-self-concordant barrier for this domain, as claimed.



BARRIERS FOR MULTIDIMENSIONAL DOMAINS 197

"Particular" part. This is an immediate consequence of the "general" part
and Proposition 5.3.1. Note that the barriers for the sets

and, in particular, those for the epigraphs of || • \\% for p > 2 are of the type
B^1), and the barriers for the sets

(in particular, for the epigraphs of || • ||2 for p < 2) are of the type B^2\ 

5.4.5 Cone of positive-semidefinite symmetric matrices

Let Sn denote the space of symmetric nxn matrices with real entries; as usual,
Sn is provided with the inner product (x,y) = Tr{xy}, Tr being the trace. Let
S£ be the cone of positive-semidefinite matrices from Sn- Note that the above
Euclidean structure allows us to identify the conjugate to Sn space S£ with
5n, and, under this identification, the cone S+ coincides with its dual cone.

Proposition 5.4.5 The function

is an n-logarithmically homogeneous self-concordant barrier for the cone 5+,
and its Legendre transformation coincides, up to an additive constant, with the
function F*(x) = F(—x).

Proof. The function F clearly is C°°-smooth on int S+ and tends to oo as the
argument approaches a point from dS^- Besides this, F is n-logarithmically
homogeneous. Thus, in view of Corollary 2.3.2, to prove the statement, it
suffices to verify the inclusion

For x € int S£, h € Sn we have
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Let h* = x-1/2^-1/2; then

In other words, if {z^} denote the eigenvalues of the (symmetric) matrix h*,
then

which leads to (5.4.9). 

Remark 5.4.1 Note that (5.4.8) is the best possible self-concordant barrier
for S£. Indeed, an appropriate cross section of S£ is R"; therefore, from
Propositions 5,1.1 and 2.3.5, it follows that the value of the parameter of a
self-concordant barrier for S£ cannot be less than n.

Remark 5.4.2 The barrier — lnDet(a;) can be not only guessed, but also de-
rived from Proposition 5.1.8. Indeed, a symmetric n x n matrix

(t is (n — 1) x (n — 1)) is positive-definite if and only ift is symmetric positive-
definite and y > xTt~lx, so that

Proposition 5.1.8(ii) states that, if Fn-\ is a ft n-±-self-concordant barrier for
S*_i, then the function

is a $n-self-concordant barrier for S^, $n
 = $n-i + 1- Since S^ = R+, we

can start this recurrence for barriers for S+ with F\(t) = — hit, $1 = 1, and
an immediate induction leads to Fn(x) = — InDet(x), x e intS+.

5.4.6 Epigraph of the matrix norm

Let Ln,m denote the space of n x m matrices with real entries. We provide Ln,m
with the standard inner product (x,y) = Tr{xyT}. Also, let || x \\ denote the
standard operator norm of a matrix x associated with the standard Euclidean
norms on Rm and R",
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Note that Proposition 5.4.5 gives a (m + n)-logarithmically homogeneous
self-concordant barrier for the epigraph

of the function || • ||. Indeed, G clearly is the inverse image of the cone S^+m

under the linear mapping

where Ik denotes the unit k x k matrix, and, in view of Proposition 5.1.1, the su-
perposition of barrier (5.4.8) and this mapping is the (m + n)-self-concordant
barrier for G. Our goal now is to demonstrate that G admits a better loga-
rithmically homogeneous self-concordant barrier, namely, with the parameter
min{ra, m} + 1.

Proposition 5.4.6 (i) The epigraph (5.4.10) of the matrix norm admits an
(n + I)-logarithmically homogeneous self-concordant barrier, namely,

as well as an (m + I)-logarithmically homogeneous self-concordant barrier,
namely,

(ii) The epigraph

of the squared matrix norm admits self-concordant barriers

with the parameters n, m, respectively.

Proof, (i) The proof of this part immediately follows from Proposition 5.1.8.
Indeed, let us set

and let A(i), t € E" be the operator of multiplication by t on E'.
The above data clearly satisfy assumptions (A.i)-(A.iii) of §5.1.2.B, and,

in view of Proposition 5.1.8(ii), the barriers F(z) = — InDet(z) for 5+ (see
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Proposition 5.4.5) and 3>(i) = —hit for T induce the (n + l)-self-concordant
barrier

for the set

It is clearly seen that the epigraph of the matrix norm is the inverse image
of G+ under the affine mapping (t,x) —»• (tln,x,t), so that Proposition 5.1.1
allows us to conclude that (5.4.11) is an (n + l)-self-concordant barrier for the
epigraph of the matrix norm.

To prove that (5.4.12) is an (m + l)-self-concordant barrier for the set
(5.4.10), we can use similar reasoning, starting with E = Sm, K = G = S+
and Q(x,u] = ^(XTU + UTX).

(ii) Note that G* is the inverse image of the cone 5+ of positive-semidefinite
symmetric n x n matrices under the mapping A(t, x) = (tln — XXT), which
clearly is concave with respect to 71(3%) = S+. Therefore the first statement
in (ii) is an immediate consequence of Propositions 5.1.7 and 5.4.5. To prove
the second statement, it suffices to replace the above quadratic mapping by
A(t, x) = tlm - XTX.

5.4.7 Epigraphs of fractional-quadratic functions

The general fractional-quadratic function of an n-dimensional vector x and a
symmetric n x n matrix X, (f>(x, X) = xTX~lx, is convex in (x, X) on the set
of all pairs (x, X) with positive-definite X, and the epigraph G of the lower
semicontinuous closure of this function is exactly the set

i.e., it is an inverse image of the cone S^+l of positive-semidefinite symmetric
(n + 1) x (n + 1) matrices under an affine mapping. Therefore Propositions
5.1.1 and 5.4.5 imply that the function

is an (n + l)-self-concordant barrier for G.
In some applications (e.g., in the problem of truss topology design, see

[B-TN 92]), we are interested in the epigraphs of more specific quadratic-
fractional functions, namely,
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where X ( t ) = XQ + Xrfi + • • • + X^tk is an affine function of a nonnegative
t € Rfe and Xi, i = 0 , . . . , k are positive-semidefinite symmetric n x n matrices
with a positive-definite sum. The corresponding epigraph is

A self-concordant barrier for Gf could be derived from barrier (5.4.13) with
the aid of the barrier calculus,

(we have taken into account that / is the restriction onto the nonnegative or-
thant R+ of the superposition of (j> and the affine substitution t —> X(t); the
first two terms of the right-hand side form the barrier for the superposition
(Proposition 5.1.1), and the third term — £^=1ln£i is responsible for the re-
striction of this superposition onto the nonnegative orthant; see Propositions
5.1.3 and 5.4.1). The parameter of the barrier (5.4.16) is (n + 1 + k). Note
that, in this barrier, positive semidefiniteness of X(t) is penalized twice: ex-
plicitly (the term — \nDetX(t)) and implicitly (the term — 5Zi=im*i); recall
that the matrix coefficients Xi are assumed to be positive-semidefinite with
positive-definite sum, so that positivity of t implies positive definiteness of
X(t). It turns out that this redundancy can be eliminated: We can omit the
term — InDet X(t), which reduces the parameter of the barrier to k + 1 and
significantly simplifies the barrier from the computational viewpoint. This is
a particular case of the following statement.

Proposition 5.4.7 (see [B-TN 92]) Let q, n, k be a triple of positive integers
and let Xi(t), i = 1 , . . . , q, be affine functions of t e Rfe taking values in the
space Sn of symmetric n x n matrices, such that Xi(t] is positive-definite for
t > 0. Let

be the quadratic-fractional functions associated withXi(-). Then the "epigraph"
of the vector-valued function ( f i ( x l , t ) , . . . , fq(xq, t)), i.e., the set

where

admits a (q + k)-self-concordant barrier
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Proof. For a direct proof, see [B-TN 92]; below, we present a simple proof
based on Proposition 5.1.8. Set

and let, for x = (x1 , . . . , x9), u = (u1,..., uq) £ (Rn)9

The above data clearly satisfy assumptions (A.i)-(A.iii) of §5.1.2.B, and the
inverse image of G under the mapping

i.e., the set

is precisely the set G+ mentioned in the statement we are proving. It remains
to note that (5.4.17) is precisely the barrier associated, by virtue of Proposition
5.1.8(ii), with the standard logarithmic barriers F(y) = — £)?=! Inj/i for G and
*(*) = -£?=! In fc for T. 

5.5 Volumetric barrier

The problem

The problem we study is as follows. The standard logarithmic barrier F
(see (5.4.1)) for a n-dimensional polytope defined by m linear inequalities
has the parameter value equal to m. At the same time, we know that every
71-dimensional closed convex domain admits an O(n)-self-concordant barrier
(Theorem 2.5.1); unfortunately, the latter barrier, as a rule, is too complicated
and cannot be used in practical computations. Thus, in the case of m 3> n,
which is the usual situation for real-world LP problems, barrier (5.4.1) is far
from being optimal: The efficiency estimate of the related interior-point meth-
ods turns out to depend on the larger size of a problem instead of its smaller
size. Of course, it would be very important to find a "computable" O(n)-self-
concordant barrier for a n-dimensional polytope.

This problem still is unsolved, but recently Vaidya managed to make a
breakthrough in this direction. He developed two new barriers for the n-
dimensional polytope G defined by m linear inequalities: the volumetric barrier
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and the combined volumetric barrier

F being the standard logarithmic barrier for G. It turns out that the param-
eters of these barriers are O(n^/m) and O(^/nm), respectively. Note that the
cost at which we can compute the gradients and the Hessians of these barriers
is of the same order as that for F.

In this section, we generalize these barriers as follows. Note that the
standard logarithmic barrier (5.4.1) for G can be obtained from the m-self-
concordant barrier F*(y) = — X^imyi f°r the nonnegative m-dimensional
orthant; to obtain F, we represent G as the inverse image of R™ under an ap-
propriate embedding r : R™ —> Rm and set F = F* or. Now F*, in turn, is the
result of the same construction as applied to the embedding p : Rm —> 5m (an
m-dimensional vector is regarded as a diagonal m x m-matrix) and the stan-
dard m-self-concordant barrier (see Proposition 5.4.6) F+(£) = — lnDet£ for
the cone 5+ of positive-semidefinite symmetric m x m matrices: F* = F+ o p,
so that

It turns out that each barrier of the latter type, i.e., the superposition of the
standard barrier F+ for the cone 5^ of symmetric positive-semidefinite m x m
matrices and an affine embedding of Rn into <S+, generates volumetric and
combined volumetric barriers with the same as in the case studied by Vaidya
values of the parameters. The advantage of this generalization is that the
corresponding family of n-dimensional convex domains, i.e., the family Fn>m of
inverse images of S^ under affine embeddings, is much wider than the family of
n-dimensional polytopes and contains some nonpolyhedral domains important
for convex programming.

We demonstrate that an affine mapping a : R" —> Sm such that er(Rn)
intersects hit 5^ generates an 0(1) (mn) ̂ -self-concordant barrier for the ra-
dimensional closed convex domain G = a~l (5^). It suffices to establish this
result for homogeneous embeddings v\ indeed, the reduction to the case when
a is an embedding is evident. Now, if a(x) = Ax + b is an embedding and
b (E Im A, then an appropriate translation of the origin in R" makes a ho-
mogeneous; if b 0 Im A, we can regard R" as the hyperplane II = {(t, x) €
R x Rn | t = 1} in Rn+1 = R x R" and extend a to a homogeneous affine
embedding a+(t, x) = Ax + bt. If we could associate with the latter mapping an
O(l)(mn)1/2-self-concordant barrier H for G+ = (<r+)~1(S+), we would take
as the desired barrier for G the restriction of H onto G = G+ f| H.

Of course, we are interested in the case of m > n only, since a always
generates the m-self-concordant barrier F+ o a for G.
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The main result

Theorem 5.5.1 Let A be a linear homogeneous mapping from Rn into the
space Sm of symmetric m x m matrices, m > n, such that Ker A = {0} and
the image of A intersects the interior of the cone 5+ of positive-semidefinite
symmetric m x m matrices. Let

be the standard m-logarithmically homogeneous self-concordant barrier for 5+.
Let

(5.5.2)

Then, under an appropriate choice of absolute constants 0(1), the function
0(l)9(x),

(the generalized volumetric barrier) is an O(l)m1/2n—, and the function
0(l)S(z),

(the generalized combined volumetric barrier) is an 0(1)^/nm-logarithmically
homogeneous self-concordant barrier for the cone K.

Application example. Let fi(x), 1 < i < m be convex quadratic forms
on Rn and let Rank {fa} be the rank of the Hessian of fi. Assume also that the
family {fi} satisfies the Slater condition: There exists x e Rn such that fi(x) <
0, 1 < t < TO. We know (Proposition 5.4.2) that under these assumptions the
set

admits an ra-self-concordant "computable" barrier. Let us demonstrate that
G also admits a computable 0(l){n££Li[Rank{/i} + l]}1/2-self-concordant
barrier. Note that, in the case of small Rank{/j}/n and large m, the param-
eter of the latter barrier can be much better than that of the first barrier.
Note also that Vaidya's combined volumetric barrier corresponds to the case
ofRank{/i} = 0.

A convex quadratic form / of rank fc, under an appropriate choice of an
affine transformation Af : Rn —»• Rfc+1, can be represented as

The set {z E Rfc+1 | (j)k(z) < 0} can be represented as the inverse image of
S£+l under the affine mapping T^ as follows:
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Thus, there exists an affine mapping Bf (= IR^ / o Af) from Rn into Sk+i
such that

Note that a point x with f(x) < 0 under the mapping Bf corresponds to an
interior point of S£+i.

Now, given the family {/j}, we can define an affine mapping T from Rn

into SM, where M = X^jRank-f/j} + 1}, as follows: T(x) is the block-
diagonal matrix with m diagonal blocks B f 1 ( x ) , . . . , B f m ( x ) .  N o w  t h e  s e t  G
can be represented as T~l(S^). Note that the Slater condition implies that
T(Rn) intersects intS^.

Now we are precisely in the situation of this section: G is represented as
an inverse image of S^ under the affine mapping T, and this representation
implies the corresponding combined volumetric barrier with the desired value
of the parameter.
Proof of Theorem 5.5.1. 1°. Let us start with some notation. In what
follows, lowercase italics denote elements of Rn, uppercase italics denote mxm
and n x n matrices, handwritten letters denote linear transformations of Sm,
and lowercase Greek letters are used for reals. All 0(1) are absolute constants
(and, in particular, do not depend on n and m); if it is necessary to distinguish
between these constants, we use subscripts (so that, say, 05(1) denotes the
fifth absolute constant involved in our reasoning).

If A, B are m x m matrices, not necessarily symmetric, then SA denotes
the linear mapping

TA denotes the mapping

and VA,B denotes the mapping

Sm is regarded as an Euclidean space with the standard inner product
(X,Y) = Tr{XY}; \\ X ||2= Tr1/2{J£2} denotes the corresponding norm of
X 6 Sm. Rn is provided with the usual inner product ( x , y ) = xry.

2°. For ye'mtK,he R™ we have

In particular, $"(y) is nondegenerate (since Ker A = {0}), so that ^ and $
are C°°-smooth on int K.

3°. From (5.5.5), it follows that D23>(ty)[h,h] = t~2D2^(y)[h,h], t > 0, so
that ^ is 2n-logarithmically homogeneous (and $ is clearly m-logarithmically
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homogeneous). It follows that O is 2nv/m-logarithmically homogeneous and
E is 3v^m-logarithmically homogeneous. Let us prove that, if j/j e int K and
lim^oo yi = y is a boundary point of K, then Q(yi) and H(J/J) tend to oo as
i —»• oo. Since $ is a logarithmically homogeneous self-concordant barrier for
K (Proposition 5.1.1 combined with Proposition 5.4.6), $(j/i) —> oo, i —>• oo,
so that it suffices to verify that the same property holds for \&.

Since $ is a self-concordant barrier for K, the ellipsoids

are contained in K (Proposition 2.3.2(i.l)); since Ker A = {0}, K is a pointed
cone, so, from the boundedness of {yi}, it follows that all the ellipsoids Wi are
uniformly in i bounded. Since y £ int K, y does not belong to the interior
of every Wi and since the centers of Wi converge to y, that means that the
(smallest) thickness of Wi tends to 0 as z —> oo. The latter fact combined with
the uniform boundedness of Wi means that mesn Wi —» 0, i —> oo, so that

as claimed.
The logarithmical homogeneity of 6 and E and the fact that these functions

tend to oo as the argument belonging to int K approaches a boundary point
of K signify that all we need to prove the theorem is to demonstrate that, for
appropriate absolute constants 0i(l) and 02(1) and all y € int If, h € R", we
have

(this would imply convexity of @ and S) and

which would mean that the functions are self-concordant with the parameters
of order of 1.

4°. Let us fix x € int K. Set

Let

and let 6, E be the functions associated with $, $ in the same way as 9, H
are associated with $, ty. Then we clearly have
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whence

so that

Since $ is a self-concordant barrier for a pointed cone, P is nondegenerate. We
see that establishing (5.5.7), (5.5.8) is the same as establishing the relations
obtained from (5.5.7), (5.5.8) by replacing 6 <— 9, H *— E, x <— x (of course,
the constants Oi(l), 02(1) should not depend on x). Note that

To simplify notation, let us forget about the initial data without bars and
let us omit bars in the notation for our new data (so that, say, our present
A is the old .-4); this should not cause any difficulties, since we are no longer
interested in the old data.

Thus, it suffices to establish (5.5.7), (5.5.8) under the additional assumption
that

Note that, in view of (5.5.5), the latter relation means that

5°. Let us fix h € Rn and let H = Ah. Then

where {/j} is an orthonormal basis of eigenvectors of H, and A^ are the corre-
sponding eigenvalues. The matrices

1 < j' < i < fn form an orthonormal basis in Sm, and these matrices are
eigenvectors of SHk, THk, so that these operators on Sm commutate and are
symmetric. For an operator B on Sm that has as its eigenvectors the matrices
Eij, let \ij(B) denote the corresponding eigenvalues.

Note that

so that Tfjz is positive-semidefinite.
6°. Let us compute the derivatives of $ and V& at x. Denote
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then (5.5.5) can be rewritten as

where

from (5.5.12), it follows that

Since *(y) = lnDet<5(y), we have

Last, from (5.5.13), it followsthat

Relations (5.5.21)-(5.5.23), in view of (5.5.9) imply that

Prom (5.5.14)-(5.5.16), it follows now that
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Finally, (5.5.28)^(5.5.31) and (5.5.18)-(5.5.20) imply that

In view of (5.5.10), AAT is an orthoprojector in Sm, and the operator 7# is
symmetric on Sm (see 5°), so that the operator AT(Tfj)2A - ATTnAATTnA
in Rn is symmetric positive-semidefinite; it follows that

so that

Note that f3 > 0 (see 5°); in particular, fy is convex. Furthermore, (5.5.18)-
(5.5.20) and (5.5.28)-(5.5.31) imply that

(5.5.33)
We also have (see (5.5.5), (5.5.9), (5.5.10))

7°. From (5.5.33), it follows that

Note that A, B, C are symmetric n x n matrices (see 5°).
7°.l. Let us verify that

Indeed, as we have already mentioned,
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(the inequalities involving symmetric matrices are, as usual, understood in the
operator sense: V > 0 means that V is positive-semidefinite). Furthermore,
AijCfo) = A* + Xj, so that Ay((Ttf)2) = (A* + A,-)2 < 2(A? + A?) = 2Aij(TH2),
whence 0 < (Tjj)2 < 27^2, which, combined with (5.5.42), immediately implies
(5.5.41).

7°.2. Prom (5.5.41) and the inequality Tr{Q3} |< Tr3/2{Q2} (which
clearly holds for an arbitrary symmetric matrix), it immediately follows that

7°.3. We have Ay(«S#) = \i\j, whence -THi < 2SH <TH2,so that

Let {gi} be the orthonormal basis in R" formed by eigenvectors of the sym-
metric matrix A: Agi = //j0j and let Biq, Ciq be the elements of B, C,
respectively, in this basis. Then | Tr{>lB} |=| ^i-i^iBu |, and, in view
of (5.5.44), | BH \< Cu, whence EF=i I Bu \< ^{c} = ft- lt follows that
I E?=iMBll \< /3maxj I W |< /3Tr^2{A2} < 2l/2/33/2 (see (5.5.41)). Thus,

7°.4. Now, as in 7°.3, we have

so that

7°.5. Now let us evaluate 64 and £5. Let X^ € Sm denote the ith column
of A : X^ = Aet, where {ej}"=1 is the standard orthonormal basis in Rn. Let
XJJ = (fj)TxWfk .  N o t e  t h a t
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while

Let us denote

n m m

(5.5.49) « = £££|A2 (4?)2;
i=ij=ifc=i

then

Furthermore, from (5.5.47), it follows that

(we considered that X^1' are symmetric). Thus, 6' < 6, and



212 HOW TO CONSTRUCT SELF-CONCORDANT BARB

Note also that

Denote

Then (5.5.50)-(5.5.52) can be rewritten as

8°. Let us prove that

Indeed, in view of (5.5.10), we have || Az \\2= (zTz)1^2, z E Rn, whence

at the same time,
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and (5.5.55) follows.
9°. The summary of (5.5.40), (5.5.43)^(5.5.46), (5.5.54), (5.5.44), and

(5.5.34) is as follows. We have established that, for some nonnegative rjt and
<7fc such that

wehave

(of course, the factor 100 can be reduced, but now we are not interested in the
values of absolute constants). We should prove the pair of inequalities (5.5.7),
(5.5.8), i.e., the relations

where Oi(l) and 02(1) should be absolute constants (i.e., they cannot depend
on any data involved into (5.5.56)-(5.5.60)).

Now we derive (5.5.61), (5.5.62) from (5.5.56)-(5.5.60); the reader can dis-
regard all our preceding considerations.

10°. It is easily seen that, to derive (5.5.61), (5.5.62) from (5.5.56)-(5.5.60),
it suffices to verify that, for all nonnegative T^ and <7fc satisfying (5.5.56), the
following inequalities hold:

where Os(l) should be an absolute constant.
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Of course, it suffices to consider the case when all Tk are positive; besides
this, we can assume that all these reals differ from each other. In view of the
homogeneity of (5.5.64) and (5.5.56) with respect to {T^}, it suffices to consider
the case when 

so that (see(5.5.56))

Let us fix 6 6 [0,1] and consider the function

Proving (5.5.63), (5.5.64) is the same as proving that the values of the functions
fo(-) and 0n/m(-) at the point u* = (a\ - 7?,. . . , a^ - T^)T E R™ (the latter
inclusion follows from (5.5.66)) satisfy the relations

and

To prove these relations, let us evaluate the maximal value of <(>g(-) over R™.
First, </>g is continuous on the latter set and clearly tends to 0 as || u \\2 tends
to oo; thus, fa attains its maximum over R™ at certain u+ = u+(0). From the
necessary optimality conditions, we conclude that the following relations hold:

We have

where u > 0and

According to our assumption that all rjt are positive and differ from each
other, we conclude from (5.5.70)-(5.5.72) that the only possible cases are the
following:

I. u+ = 0;
II. All but one u£ are zeros, the index of the remaining coordinate of u+

is the index of the largest r^, and the latter, i.e., the largest, Tk equals to O.
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10°. 1. Let us start with case II. Without loss of generality, let T\ be the
largest of {r^}. It is easily seen that the equality T\ = fi implies the relation

In view of (5.5.65), we have EfcU^4 > (1 - T?)2/(m - 1). Thus, (5.5.73)
implies that

10°.2. Now assume that I is the case, so that

Without loss of generality, let T\ be the maximum of {r^}. Then

so that <(>o(u+) < Ti2{£™=1 T% + 0} l. Besides this, as in 10°.1, we have

and we see that (5.5.74) holds in case I same as it holds in case II.
10°.3. It remains to derive from (5.5.74) the desired relations (5.5.68),

(5.5.69). Maximizing the right-hand side of (5.5.74) in t = rf, we come to

which, combined with (5.5.74), immediately implies (5.5.68), (5.5.69). 
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Chapter 6

Applications in convex optimization

In this chapter, we present applications of the interior-point machinery to
concrete convex optimization problems of appropriate analytical structure:
quadratically constrained convex quadratic programming, geometrical pro-
gramming, approximation in || • ||p, minimization of the operator norm of
a matrix, optimization over the cone of positive-semidefinite matrices, finding
extremal ellipsoids. Below, we do not deal with the most popular and impor-
tant application areas of the interior-point methods, meaning linear program-
ming and linearly constrained quadratic programming. The reason is that
these classes are covered by the class of quadratically constrained quadratic
problems. The specific for LP and LCQP issues of the Karmarkar-type accel-
eration, which allows us to reduce the (average) arithmetic cost of an iteration,
are considered in Chapter 8.

6.1 Preliminary remarks

In what follows, we start with a problem in the usual form

(/) minimize fo(x) subject to fi(x) < 0, i = 1 , . . . , m, x 6 G,

where G is a "simple" convex set (e.g., a Euclidean ball) in a finite-dimensional
real vector space E, and fix the analytical structure of the objective and the
constraints; then we point out an equivalent standard and/or conic prob-
lem and the corresponding barriers, which allows us to solve the problem by
the associated interior-point methods. For brevity, we restrict ourselves to
the barrier-generated path-following methods for standard problems and the
primal-dual potential reduction method for conic problems, with the emphasis
on the complexity of the implementation. Namely, we point out the parame-
ter $ of the resulting barrier (which is responsible for the rate of convergence
of the method; recall that, for both of the above methods, it requires us to
perform O($1//2) Newton-type steps to improve the accuracy of the current
approximate solution by an absolute constant factor) and the arithmetic cost
of a step (i.e., the number of operations of exact real arithmetics).

Recall that, to solve the problem by a path-following method, we need an
initial strictly feasible solution to the equivalent standard problem; similarly,
to apply the primal-dual method, it is required to know an initial pair of

217
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strictly feasible primal and dual solutions. There are many ways to find, under
mild restrictions on (/), these strictly feasible solutions by applying the same
interior-point methods to appropriate auxiliary problems (where no difficulties
with initialization occur). Of course, to perform complete complexity analysis,
we should consider the cost at which we can solve the auxiliary problems,
but detailed study of these issues would be too time-consuming. To simplify
our considerations, we present complete complexity analysis only for the path-
following method combined with a special initialization scheme based on the
"regularization of the constraints." This scheme is as follows.

Assume that (i) the set G involved into (/) is a bounded and closed convex
domain, and we are given a i9-self-concordant barrier F for G and an interior
point x+ of G such that asymmetry of G with respect to x+ is not worse than
a given 6 > 0,

(ii) We are given a constant V such that

(iii) The functions fi are represented by functional elements (Gj, fi) (see
§5.2.1), Gi D G, and we know i^-self-concordant barriers Fi for the epigraphs
of these functional elements, i = 0 , . . . , m.

Besides this, we assume that (/) is consistent (and therefore, in view of (i),
(iii) is solvable).

Let e € (0, V). Let us define an e-solution to (/) as a point x such that

where /* is the optimal value of the objective in (/).
The constraint regularization scheme for finding an e-solution to (/) (e is

given in advance) is as follows. Set

and

Consider the problem
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Let us prove that each point x G G satisfying the relation

is an e-solution to (/). Indeed, let x* be an optimal solution to (/). Then, in
view of (ii), we have mine f£ < fe(x*} = fi(e)(/* + V). Thus, if x e G satisfies
(6.1.1), then

and

whence

We see that, to find an e-solution to (/), it suffices to provide (6.1.1). This
can be done as follows. Consider the standard problem

where
G+ = {(t,x) e R x E | x e G, f£(x) < t < 2V}.

Prom (ii), it follows that fe(x) < V, x E G, so that (/e
+) is equivalent to (/£).

Now the function

is a $+-self-concordant barrier for the bounded closed convex domain G+,
where

(see Propositions 5.1.3 and 5.4.1).
It remains to note that we can easily point out an interior point of G+.

Indeed, let

since x+ e intG and fe(x
+) < V, we have w 6 intG+. Let us verify that the

asymmetry of G+ with respect to w is not worse than 6+ = min{|, 6}. Indeed,
if (t, x) e G+, then t > fs(x) > 0 (the latter relation follows immediately from
(ii)) and t < 2V, so that the point (t(s),x(s)) = w + s{w — (t,x)} satisfies
the relation V < t(s) < 2V for all s e [0, ̂ ]. For 0 < s < 6, we also have
x(s] G G (see (i)), so that, for 0 < s < imu{^,6}, we have x(s) e G and
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MX) < t(s) < 2V (recall that fs(x) < V,x € G). Thus, for s = 6+, the point
w + s{w — (t, x)} does belong to G+ whenever (t, x) 6 G+.

Thus, we can solve (//) by the two-stage path-following method associated
with the barrier F+ and the starting point w (see §3.2). Prom Theorem 3.2.1,
it follows that, to solve (f^) to the accuracy given by (6.1.1) (which results in
an e-solution to (/)), it requires to perform no more than

steps of the preliminary and the main stages, where O(l) is an absolute con-
stant.

To complete the complexity analysis of the path-following method, it suf-
fices to combine the latter efficiency estimate (expressed in terms of the amount
of steps) with the evaluation of the arithmetic cost of a step.

Now we are ready to present concrete application examples. In all of these,
it is assumed that the problem under consideration is solvable and that we are
given the constant V involved into (ii).

6.2 Quadratically constrained quadratic problems

Let the functional involved into (/) be the following convex quadratic forms:

where Ai are positive-semidefinite symmetric n x n matrices, bi € Rn, and let
G = {x 6 Rn | || x ||2< R} be an Euclidean ball.

6.2.1 Path-following approach

To apply the scheme described in §6.1, let us note that, in the case under
consideration, (i) is valid with

(see Proposition 5.4.2) and

To provide (ii), it suffices to set

(see Proposition 5.4.2).
Thus, the barrier associated with problem (/e

+) is
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the corresponding parameter is $+ = m + 3, which implies (assuming that
m > 0) that an e-solution to (/) can be found in no more than

steps of the preliminary and the main stages (henceforth, all O(l) denote
appropriate absolute constants).

The arithmetic cost of a step clearly does not exceed (9(1)(mn2 + n3) (it
costs O(mn2) operations to form the Newton system and O(n3) operations to
solve it), so that the total arithmetic cost of an e-solution to (/) is

6.2.2 Potential reduction approach

Quadratically constrained quadratic problems form a nice field for the potential
reduction methods, since these problems can be naturally reformulated in the
conic form. Indeed, let us first replace (/) with the equivalent problem

where

are convex quadratic forms of the argument (t, x) 6 Rn+1.
Now let us construct conic representations for the Lebesgue sets of the

constraints. Given a convex quadratic form

let us find a decomposition A = DTD of the matrix A, D being an r x s matrix
(the smallest possible value of r is Rank A); note that such a decomposition
costs O(s3) arithmetic operations.

Consider the affine mapping

It is easily seen that g(y) < 0 if and only if B(y) € K%+2, where K^ is the
standard m-dimensional second-order cone

If the set {y \ g(y) < 0} is nonempty, then the image of the affine mapping
B intersects int K^+^, so that B defines a conic representation of the Lebesgue
set {y | g(y) < 0} of g.
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Thus, given the quadratic forms go,...,gm+i involved into (/'), we can
find (at the total arithmetic cost O(l)mn3) m + 2 affine mappings Bi(t, x), i =
0 , . . . , m + 1, from Rn+1 into the spaces Rri+2, r* = Rank g", such that

Now let

Then K is a closed pointed convex cone in E with a nonempty interior, and
the feasible set of (/') can be represented as {(t,x) \ B(t,x) € K}. Note that
the linear functional </>(<, x) — t is constant along Ker B (since (/) is assumed
to be solvable), so that there exists a linear functional c on E such that

Note that c can be found at the arithmetic cost O(l)mn3.
We see that (/') (and therefore (/)) is equivalent to the conic problem

and it costs O(l)mn3 arithmetic operations to transform the initial data into
an explicit representation of the data involved into (/#). Note also that, if (/)
satisfies the Slater condition, then (/*) admits strictly feasible solutions.

Now there are no problems with solving (/#) by a potential reduction
method. Indeed, let

where u(i) denotes the projection of u e E = Yl^Q1 Rri+2 onto the ith di-
rect factor and {u(i)}j denotes the jth coordinate of this projection. Prom
Proposition 5.4.3 combined with Proposition 5.1.2, it follows that F is a i?-
logarithmically homogeneous self-concordant barrier for the cone K, where
$ = 2(m + 2). It is easily seen that the cone dual to K is K itself (of course, we
provide E with the standard Euclidean structure, which allows us to identify E
and E*), and the Legendre transformation of F is, up to an additive constant
(which is of no interest), F(—s), so that F can be used as both the primal and
the dual barrier required by the potential reduction methods.

Thus, we can solve (/) by applying to (/*), say, the primal-dual method
associated with the barrier F, and, to improve the current primal-dual gap
by an absolute constant factor, it suffices to perform O(l)rri1(/2 steps of the
method.
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Now let us evaluate the arithmetic cost of a step. Prom the description of
the method, it is easily seen that this cost does not exceed O(l)(mn2 + n3),
provided that, at the beginning of the solution process, we compute and store
the matrices B?Bi, i = 0 , . . . , m + 1, where Bi are the homogeneous parts of
the affine mappings Bi. Thus, the total arithmetic cost of the preprocessing
(i.e., of computing the data for (/*) and the matrices B? Bi) is O(l)mn3,
while the arithmetic cost at which we can reduce the initial primal-dual gap
by a factor of the form 2~~L is

6.2.3 Conic problems involving second-order cones

Let // = ( m i , . . . , rrik) be a collection of positive integers; such a collection is
called a structure. For a structure ^, let

and let

By K^, we denote the direct product K^ x • • • x K^ of second-order cones
(6.2.1) of the dimensions mi , . . . , m^ this is a closed convex pointed cone with
a nonempty interior, and the cone dual to it is K^ itself. Conic problems

(L is a linear subspace in RM, b G RM) are called quadratic ((/-problems for
short). Usually, we deal with slightly different representation of (Q), namely,
with the formulation

where A is an affine mapping from R™ into RM (compare with §6.2.2). Similarly
to §6.2.2, (Q') can be easily rewritten as (Q), provided that (Q') is solvable.

As we just have indicated, the function

/ \

x(i) being the projection of x e RM = Rmi x • • • x Rmfc onto the ith direct
factor Rmi, is a 2 | fj, (-logarithmically homogeneous self-concordant barrier for
K^ and the Legendre transformation F*(s) of F coincides with F(—s) within
an additive constant. As applied to (Q'), the potential reduction methods
associated with F improve the accuracy of a given solution by an absolute
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constant factor in no more than O(l) p, I1/" iterations, where v — 1 for the
method of Karmarkar and the projective method and v = 2 for the primal-
dual method. It is easily seen that the arithmetic cost of an iteration does not
exceed the quantity

provided that we henceforth compute and memorize k matrices A?Ai, Ai being
the ith block of the homogeneous part of A(-) (i.e., the block corresponding to
the zth direct factor Rmi in the image space of .4); the arithmetic cost of this
preprocessing is 0(1) | /j, \ n2.

Problems that can be reformulated as quadratic ones. Consider a convex
programming problem

where G is a closed convex domain in Rn and /*, i = 0 , . . . , m, are convex
functions represented by functional elements (Gj, fa) (see §5.2.1) with G C Gj.

The question we now consider is when (/) can be reduced to a q-problem.
We have just seen that this property is shared by quadratically constrained
quadratic problems, but the latter class, in fact, is "significantly smaller" than
the whole class of ^-problems. Indeed, the simplest problem

is, of course, a (/-problem, since the corresponding feasible set—the interior of
a branch of a hyperbola—can be easily represented as the inverse image of the
three-dimensional second-order cone under an appropriate embedding of R2

into R3; at the same time, this problem, from the standard viewpoint, is not
a convex quadratically constrained problem, since the constraint 1 — xy < 0
involves a nonconvex quadratic functional.

The natural description of the class of g-reducible problems is as follows:
To reduce problem (/) to a (/-problem, it suffices to know second-order conic
representations (SO-representations) of G and of the f.e. (Gj, /j), i = 1,..., m,
i.e., conic representations of the data involving the cones of the type K?.\-
Indeed, given these representations, i.e., affine mappings

and

such that
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we can apply to (/) the scheme from §5.2.5.B; this scheme leads to an equivalent
conic reformulation of (/). The latter reformulation is

where

The mapping

transforms a feasible solution to (Q/) into a feasible solution to the problem

(the latter problem clearly is equivalent to (/)), and every feasible solution to
(/') can be obtained as the image of a feasible solution to the former problem.

In connection with the above observation, it is worth noting that the class of
convex domains (functional elements) that admit SO-representations is closed
with respect to the calculus of conic representations described in §5.2 and, in
particular, with respect to superpositions (Theorem 5.2.1, as applied to SO-
representations of the initial functional elements, leads to an SO-representation
of the superposition).

Examples ofSO-representable functions. Let us give a number of examples
of SO-representable functions; these are the functions that can occur as the
objective and the constraints in problems reducible to quadratic problems.

1. Linear functional. A linear functional f(y) = aTy + b admits an SO-re-
presentation with // = {!}. It suffices to note that

2. Quadratic functional. A convex quadratic form / of n variables admits
an SO-representation with // = {Rank{/"} + 2}; this representation is

where (compare with §6.2.2)

D being a Rank {/"} x n matrix such that DTD = A.
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3. Maximum. The function max{yi,..., yi} admits an SO-representation
with

{(t,y) | t > max{yi,..., w}} = A~l(K*), A(t,y) = (t-yi,...,t- yi).

4. Euclidean norm. The function ||j/||2, y € R™ admits the trivial SO-
representation with /z = {n + 1},

5. Geometrical mean. Let g be a positive integer and let n = 2q. Consider
the function f(yi,..., yn) = — (yi • • • yn)l^n '• R+ —* R- Let us describe an
SO-representation of this function. Let the vector of additional variables s be
comprised of n — 1 variables Sjj, i = 0 , . . . , q — 1, j = 1,..., 2* and let

Define an affine mapping A(t; y, s) taking values in R^ as follows. A is com-
prised of (n — 1) components with three-dimensional images and a single com-
ponent with one-dimensional image. The three-dimensional components are
enumerated by the pairs (i, j ) , i = 0 , . . . , q — 1, j = 1,..., 2l; the component
(q — 1, j) is of the form

this three-dimensional vector belongs to K?3i if and only if ?/2j-i and y%j are
both nonnegative and | Sq-ij |< ^/yzj-iyij-

The component (i, j) with z < q — 1 is

it belongs to Kj^ if and only if its "parents" Si+i,2j-i and Si+i^j are both
nonnegative and | Sjj |< ^/Si+i^j-iSj+i^j- The (unique) one-dimensional
component of A(-) is t + SQ,I.

It is clear that A(t\ y, s) belongs to K^ if and only if the relations

hold.
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Given y\,... ,yn,t, we can find Sij satisfying the above inequalities if and
only if all ys are nonnegative and t > f ( y ) , so that the constraint {3s :
A(t;y,s) 6 K%} is equivalent to {y > 0, t > f(y)}- The image of A clearly
intersects int K^, so that we have constructed the desired representation.

6. Fractional-quadratic function. What follows originates from the refer-
ence [B-TN 92]. Let Ai, i = 0 , . . . , k be positive-semidefinite / x / symmetric
matrices with a positive-definite sum and let

where Si denotes the space of symmetric / x / matrices. Since the sum of Ai is
positive-definite, A(s) is positive-definite for positive s, so that the following
fractional-quadratic function is well defined:

Extending / from Q onto G = cl Q as a lower semicontinuous function taking
values in the extended axis R(J{+oo}, we obtain a functional element (G, /);
problems involving constraints and objective of the above fractional-quadratic
type arise in some applications, e.g., to Truss Topology Design [B-TN 92]). It
is easily seen that the element (G, /) can be expressed as

Let us construct an SO-representation of the f.e. (G, /).
Let Di beriXl matrices r, = Rank {Ai}, such that Df Di = Ai, i = 0 , . . . , k,

and let us define a linear space H and a structure ^ as

Let us define the affine mapping 7 from H into R x R/ x Rfc and vr from H
into R^ as follows:

where
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We claim that H, IT, 7 define a conic representation of the epigraph of
(G,/), i.e., that

and that Im n intersects int K%. The latter statement is evident. To prove
(6.2.5), denote the right-hand side of this relation by Q and note that, by
construction, Q is the set of all z = (yo,..., j/fc, x, s, T, t) satisfying the system
of equations and inequalities as follows:

where SQ =1,

Equation (6.2.6) is the definition of H, relations (6.2.7) express the inclusions
TTi(z) € K?i+2, and (6.2.8) is the same as the relation 7Tfc+i(z) 6 K\.

To prove (6.2.5), note that in view of (6.2.4) (t, x, s) € G(G, f) if and only
if s > 0 and the quadratic form of u € fil2xTu — uTA(s)u does not exceed t,
or, which is the same, if and only if

and the linear system with respect to u

is solvable and for some (equivalently, for any) solution to this

system we have

Let (t, x, s) e G(G, /) and let it be a solution to the corresponding system
(6.2.9). Let us set

(henceforth, SQ = 1).
Relation (6.2.9) means that

so that ( y o , . - - , y k , x ) satisfies (6.2.6); multiplying (6.2.12) by UT and taking
into account (6.2.11), we obtain
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(henceforth a/0 = +00 for a > 0 and a/0 = 0 for a = 0), so that the reals

extend the vector s to a collection satisfying (6.2.7); in view of (6.2.10), the
above TJ satisfy (6.2.8). We conclude that the vector z = (yo,..., yk, x, s, T, t)
is feasible for (6.2.6)-(6.2.8), since, by construction, j(z) = (t,x,s), we have
proved that the left-hand side of (6.2.5) is contained in the right-hand side Q.

To prove (6.2.5), it remains to establish the inclusion Q C G(G, /). Let

so that z satisfies (6.2.6)-(6.2.8). We should prove then that (t, x, s) e G(G, /).
Let us first note that from (6.2.7) it follows s > 0, so that (x, s) 6 G. Further-
more, let / be the set of indices of nonzero Sj, i = 0 , . . . , k; from (6.2.7), it
follows that yi = 0, i $ I. Consider the auxiliary problem

this problem is feasible. A feasible solution is given by Vi = y^, i € /, and the
objective at the latter solution is < t (see (6.2.7), (6.2.8)). It follows that the
problem is solvable, and, for its optimal solution y*, i € /, we have

Now optimality conditions for (6.2.13) imply that, for some u € R.',

From the latter relation and the fact that y* are feasible for (6.2.13), it follows
that

multiplying the latter equation by UT, we obtain XTU = ^,i£i(y*)Ty*/Si, and
(6.2.14) implies that the latter quantity is < t, so that (t, x, s) € G(G, /) (see
the description of the latter set given by (*)). Thus, (6.2.5) is proved.

6.3 More of structured nonlinear problems

6.3.1 Geometrical programming problem (exponential form)

The class of geometrical programming problems corresponds to the case when
the functionals /j, i = 0 , . . . , m involved into (/) are of the form
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where a(i, j) are vectors from Rn and all the coefficients c$j are positive; as in
the previous section, we assume that G — {x \ \\ x \\2< R} is an Euclidean ball
(with minor modifications, what follows is also valid for, say, a polytope G).

To apply to (/) the scheme from §6.1, it is reasonable to reformulate the
problem as follows. Let

and let k be the number of elements in A (i.e., the number of different exponen-
tuals a(i,j) involved into the problem). Let aa, 1 < s < k be the sth element
of A with respect to some ordering, let s(i,j) be defined by the relation

and let cs be the largest of those coefficients Cij for which s(i,j) = s. Set
Vij = Cij/cs(ij), so that 0 < aij < 1.

Adding k new variables TI, . . . , r^, we can rewrite (/) in the equivalent form

./ —

subject to

where

First, let us verify that (/#) is equivalent to (/). It suffices to prove that,
if a; € G, then cs exp{af x} < V+ for all s. Indeed, since, by the definition of
V, fi(x) <V, x 6 G, we have Cy exp{a^,.^x} < V — di < V+ for all i and j,
and the desired inequalities do hold.

Second, now we are in the situation required by the scheme from §6.1.
Indeed, G* clearly is bounded, and the point

is the symmetry center of G* (so that we can set in (i) 8 = 1). Prom Propo-
sitions 5.1.3, 5.4.1, and 5.4.2, it follows that the function
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is a $-self-concordant barrier for G# required in (i), where •& = 2k + 1. Fur-
thermore, for (T,X) 6 C?#, we clearly have

as is required in (ii). It remains to provide (hi), i.e., to point out ^-self-
concordant barriers Fi for the epigraphs of the functions gi. In view of Propo-
sition 5.4.1, we can take

from Proposition 5.3.3, it follows that we can also take

Thus, to find an e-solution to (/), we can apply to (/*) the scheme from
§6.1. The barrier F+ associated with the resulting problem ((/*)+) is as
follows:

where

The parameter of the barrier is tf+ = 4fc + m + 3.
Prom the results of §6.1, it follows that an e-solution to (/), 0 < e < V&

can be found in no more than

steps of the preliminary and the main stages of the barrier-generated path-
following method associated with F+.

Let us evaluate the arithmetic cost of a step. The computational effort at a
step is dominated by solving the Newton system with the (n+k+l)x(n+k+l)
matrix (the Hessian of F+), and the right-hand side is comprised of a fixed
vector and the gradient of F+. It is easily seen that the right-hand side can
be computed in O(l)(m + n)k operations. Furthermore, from (6.3.1) it follows
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that, to multiply a given vector by the Hessian of F+, it requires no more than
O(\)k(m + n) operations. Thus, the system can be solved by the conjugate
gradient method in O(l)k(m+n)(n+k) operations, so that the total arithmetic
cost of an e-solution to (/) does not exceed the quantity

6.3.2 Approximation in Lp-norm

The problem of approximation in Lp-norm can be formulated as follows: Given
an affine subspace L in Rfc and a vector b from Rfc, find the element of L
closest to b with respect to the norm || • ||p . We study a slightly more general
problem, in which the approximation is subject to some additional (for the
sake of simplicity, quadratic) constraints. In other words, we consider problem
(/) under the assumptions that

and all /i(x), i = 1,..., m are convex quadratic forms. As usual, G is supposed
to be the ball {|| x ||2< R}.

Similarly to above, to apply the scheme from §6.1, we should reformulate
the problem. Namely, introducing fc-dimensional vector r = (TI, . . . , Tfc)T of
additional variables, we can rewrite (/) as the problem

subjectto

which is clearly equivalent to (/).
Let us indicate the data required by the scheme of §6.1 as applied to (/*).

First, the set G* admits a (k + 2)-self-concordant barrier

and the asymmetry coefficient of this set with respect to the point
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so that (i) is satisfied with i? = A; + 2 and 6 = l/(k + 1). Part (ii) clearly holds
for (/*) with the same constant V as in (/). It remains to provide the barriers
required in (iii). By Proposition 5.3.1, the function

is a 4-self-concordant barrier for the set {(t,u) € R2 | t>\u \p}. Thus, we can
take

(see Proposition 5.4.1),

(see Proposition 5.4.2).
Thus, to find an e-solution to (/), we can apply to (/*) the scheme from

§6.1. The barrier F+ associated with the resulting problem ((/^)<f) is as
follows:

where

The parameter of the barrier is i?+ = 5fc + m + 4.
Prom the results of §6.1, it follows that an e-solution to (/), 0 < e < V can

be found in no more than

steps of the preliminary and the main stages of the barrier-generated path-
following method associated with F+.

It is easily seen that the arithmetic cost of a step does not exceed O(l)((m+
fc)n2 + (k + n)3)- Thus, the arithmetic cost of an e-solution to (/) does not
exceed the quantity
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Note that the approach used in §§6.3 and 6.3.2 can, in fact, be applied to
any convex problem (/) with the functionals of the type

where <j>ij(t) are convex univariate functions, provided that we can point out
explicit self-concordant barriers for the epigraphs of faj. As was mentioned
in §5.3, it is not too difficult to find the latter barriers, since even the uni-
versal barrier for a two-dimensional closed convex domain can be regarded as
"computable."

6.3.3 Minimization of the matrix norm

The problem we study is as follows: Given an affine function A(x) taking values
in the space L^i of real A; x / matrices, minimize the operator norm || A(x) ||
of it. Here the operator norm of a k x I matrix A is defined as

or, which is the same, as the maximal eigenvalue of the matrix | A \= (ATA)1/2.
In addition, we will restrict x by a number of (for simplicity, quadratic) con-
straints. Thus, we are considering problem (/) in the case when

where the elements of A(x) are affine functions of x, and all fa are convex
quadratic forms, i — 1,..., m. As usual, we take G = {x \ \\ x \\z< R}. Without
loss of generality, we can assume that k < I (otherwise, we could replace A(x)
with AT(x)}.

Let us apply the scheme from §6.1, provided that we are given the constant
V involved into (ii). The function

is an 1-self-concordant barrier for G (Proposition 5.4.2), and G is symmetric
with respect to x+ = 0 (S = 1). According to Proposition 5.4.6, the function

is a (k + l)-self-concordant barrier for the epigraph {£ >|| A(x) ||} of the
objective; here /& denotes the unit k x k matrix. In view of Proposition 5.4.2,
the functions
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are 1-self-concordant barriers for the epigraphs of the constraints. Thus, we
can apply to (/) the scheme of §6.1. The resulting barrier is

and its parameter is i?+ = k + m + 3. Therefore, to find an e-solution to (/),
it suffices to perform

steps of the barrier-generated path-following method associated with F+.
The arithmetic cost of a step evidently does not exceed O(n2(m + n) +

nkl(n + k)) operations, so that the arithmetic cost of an e-solution to (/) is

6.4 Semidefinite programming

Under the wording "semidefinite programming," we understand conic prob-
lems on the cone of positive-semidefinite symmetric matrices. As we see, this
class of problems is a very nice field for the interior-point machinery. First,
many important convex problems can be naturally reformulated as the prob-
lems from the above class. Second, there are no difficulties with fine primal
and dual logarithmically homogeneous self-concordant barriers for the corre-
sponding cones, so that, to solve the problems, we can use the most attractive
potential reduction interior-point methods.

6.4.1 Preliminary remarks

Recall that a structure fj, = (m\,... , m^) is a collection of positive integers
and that, for a structure p,, we set /is = (m\,... ,ms

k), \ ju = ]Cj=i mi- Let
(j, be a structure and let S^ denote the space of all symmetric block-diagonal

H x ^ | matrices with k diagonal blocks of the row sizes m i , . . . , m / f e . The
space is provided with the scalar product (x,y) = Tr{xy}. By S+, we denote
the cone in 5M formed by all positive-semidefinite matrices from SM; this is a
closed convex pointed cone with a nonempty interior, and the cone dual to it
is S+ itself. The function

is a | n |-logarithmically homogeneous self-concordant barrier for S+ (see
Proposition 5.4.5), and it is easily seen that the Legendre transformation F*(s)
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of F coincides with F(—s) within an additive constant

Thus, to solve a conic problem on S+, i.e., the problem of the form

(L is a linear subspace of 5M, b e 5M), we can use each of the associated
with F potential reduction methods described in Chapter 4. The amount of
steps of the methods that are required to improve the accuracy by an absolute
constant factor is 0(1) | // I1'", where v = 1 for the method of Karmarkar and
the projective method and v = 2 for the primal-dual method.

Usually, we deal with slightly different representation of (P), namely, with
the formulation (compare with §6.2.3)

where A is an affine mapping from Rn into 5M. Note that (P') can be easily
rewritten as (P), provided that (P') is solvable. In what follows, we refer to
(P) (or, which is the same, to (P')) as to a pd-problem of structure fi.

As already mentioned, to improve the accuracy of the current approxi-
mate solution to (P') by an absolute constant factor, it suffices to perform
O(l) | p, I1/" steps of a potential reduction interior-point method. What is the
arithmetic cost of a step? This quantity is dominated by the computational ef-
fort of finding the Newton direction of a given linear functional reduced to the
feasible plane of (P'), i.e., by the cost at which, given d 6 S/j, and x 6 intS+,
we can minimize the quadratic form

over £ e Rn, where A is the matrix involved into A. If aj € S^, i = 1,..., n,
denote the columns of A; then the elements of the nxn matrix Q = ATF"(x)A
are Qij = Tr{x~1aja:~1a,,}, so that, to form Q, it costs O(l) | //3 | operations
to compute x~l, O(l)n \ /x3 | operations more to compute all the matrices
x~ldiX~l, i = 1,... , n, and then O(l)n2 | /i2 | operations to compute all Qij.
Since minimizing p is the same as computing Q~lATd, the arithmetic cost of
a step is

Of course this cost can be reduced, if the Oj are, say, sparse enough.

6.4.2 Positive-definite representable functions

Consider a convex programming problem
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where G is a closed convex domain in R™ and /j, z = 0 , . . . ,m are convex
functions represented by functional elements (Gj,/j) (see §5.2.1) with G C Gj.
Similarly to the case of quadratic problems (see §6.2.3), to reduce (/) to (P'),
it suffices to find positive-semidefinite representations (PD-representations) of
G and of the f.e. (Gj, fi), i = 1,..., m, i.e., conic representations of the above
data involving the cones of the type S+.

Similarly to the quadratic case, the class of convex domains (functional
elements) that admit PD-representations is closed with respect to the calculus
of conic representations described in §5.2 and, in particular, with respect to
superpositions (Theorem 5.2.1, as applied to positive-definite conic represen-
tations of the initial functional elements, leads to a positive-semidefinite conic
representation of the superposition).

In what follows, we present some concrete applications; in particular, we
give a number of important examples of positive-semidefinite representable
functions. These functions can be involved into (/) as the objective and the
constraints.

6.4.3 Examples of PD-representable functions

1. Euclidean norm. The function || y \\2,y € Rn admits a PD-representation
with IL — {n + 1},

(as usual, Ii denotes the I x I unit matrix).
The above statement means precisely that the second-order cone K^+1 can

be represented as an intersection of the cone of positive-semidefinite symmet-
ric matrices 5r/n+1i and an appropriate linear subspace passing through the
origin and intersecting intSt,^. It follows that any function that admits a
second-order representation (see §6.2.3) also admits a PD-representation. This
observation underlies part of the below examples.

2. Linear functional. A linear functional /(y) = aTy + b admits a PD-
representation with n = {!}. It suffices to note that

3. Quadratic functional. A convex quadratic form f of n variables admits
a PD-representation with \i = {Rank /" + 2}. Indeed, the epigraph of / is
of the form {(t, y) \ g ( t , y ) < 0}, where g ( t , y ) is a convex quadratic form of
( t , y ) and the set Q = { ( t , y ) \ g ( t , y ) < 0} is nonempty. As we have seen
in §6.2.2, there exists (and can be effectively found) an affine mapping C(t,y)
from R x Rn into Rr+2, r = Rank g" = Rank /", such that the image of C
intersects intK^+2 (see (6.2.1)) and
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In turn, the cone K^+2 can be represented as the inverse image of St+2\ under
a linear mapping B (see §6.4.3.1). Thus,

and this is the desired PD-representation of the epigraph of /, since the map-
ping B presented in §6.4.3.1 is such that the image of the mapping B o C
intersects int St,+2i.

4. Maximum. The function max{i/i,... ,yi} admits a PD-representation
with

as follows:

{(t,y)\ t>max{yi,...,yi}} = A~1(S+), A(t,y) = Diag{<-yi,... ,t-yi}.

5. Matrix norm. The matrix norm || y || on the space LM o f p x q matrices
admits a PD-representation with p, = {p + q},

6. Maximal eigenvalue. The maximal eigenvalue Amax(y) of a symmetric
px p matrix y admits a PD-representation with fj, = {p},

7. The sum of k largest eigenvalues. Let y denote a symmetric p x p
matrix and let Ai(y) > A2(y) > • • • > Ap(y) be the eigenvalues of y written in
the descent order. For 1 < A; < p, set

This function admits the following PD-representation with p, — {l,p,p}:

where

(blank spaces correspond to zero entries).
Let us verify that the above mapping does represent a^. In other words, we

should prove that, first, t > (Jk(y) if and only if there exist real s and z € 5{p}
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such that z > 0, z — y + slp > 0 and at the same time t — ks — Tr{2} > 0 and,
second, that the image of A intersects int S+.

"//" part. Recall that, if n, and v are symmetric and u — v is positive-
semidefinite, then the eigenvalues of u are not less that those of v, both of the
sequences being considered in the descent order (this statement immediately
follows from Weil's characterization of eigenvalues,

where E runs over the family of all z-dimensional subspaces of Rp and S(E)
denotes the unit || • Ha-sphere in E). Now assume that, for a given ( t , y ) , the
above s and z do exist. That means that y < z + s/p, whence, in view of
the previous remark, <7fc(y) < &k(z + slp) = &k(z) + sk. Since z > 0, we have
(Tk(z) < Tr{z}, so that ak(y) < Tr{z} + sk<t.

" Only if" part. Let t > crk(y). Set s = Ajt(y); the k largest eigenvalues of the
matrix y—slp are nonnegative, while the remaining are nonpositive. We clearly
can represent this matrix as z—w, where both z and w are positive-semidefinite,
the k largest eigenvalues of z being the same as those of y — slp and the
remaining p — k eigenvalues of z being equal to 0. Now w = z — y + slp > 0 and
Tr{2:} = crfc(z) = crfc(t/ — slp) = (Tk(y) — sk <t — sk, so that A(t, s, y, z) e S+

To verify that Im A intersects S+, note that A(t, s, y, z) is positive-definite
when, say, t = lOp, s = 0, y = 0, z = Ip.

8. Geometrical mean. Let q be a positive integer and let n = 1q. Consider
the function

We already know that this function is SO-representable (see §6.2.3.5), and
therefore it is PD-representable (see §6.4.3.1). In fact, the SO-representation
given in §6.2.3.5 is a PD-representation as well. Indeed, this representation
involves a direct product of R+ and three-dimensional second-order cones,
and a three-dimensional second-order cone

is nothing but the cone of symmetric positive-semidefinite 2 x 2 matrices; the
isomorphism is given by the mapping

9. Determinant of a symmetric positive-semidefinite matrix. Let n > 2
be integer and let Vn(y) = Dety : S^i —> R. It is well known that for I > n

the function Vn (y) is concave. Set v =\ log2nL (the smallest integer not less
than Iog2n), k = k(n) = 2", so that n < k < 2n and let vn(y) = Vn (y).
To construct a PD-representation of ( — v n ) , we introduce k(k + l)/2 additional
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variables o~ij, 1 < j < i < k and k — 1 more additional variables r\ let a'
be the collection comprised of <7i,i ,<72,2,-• • >crfc,fc- Also, let V(y) be a fc x k
block-diagonal matrix with y being n x n diagonal block and Ik-n being the
(k — ri) x (fc — n) diagonal block. Consider the affine mapping

where A (a) denotes the lower triangular matrix with the nonzero entries <TJJ
and the fc x fc block B(t,cr',T) "represents" the relation t > -(ai,i...<Tk,k)l/k,
i.e., (see §6.4.3.8)

Note that A(-) takes values in the space of symmetric (4fc — 1) x (4fc — 1)
matrices.

We claim that the set

is positive-semidefinite}

coincides with the epigraph of (—i>n), so that A defines the desired PD-represen-
tation of (-vn). Indeed, the block of A comprised of Ik, A, AT, and Y(y) is
positive-semidefinite if and only if a is such that A(a)AT(cr) < Y(y). Com-
bining the latter observation with the above property of B, we conclude that
if, given (t, y), we can find (<r, r) in such a way that A(t; y, CT, T) is positive-
semidefinite, then y is positive-semidefinite and t > —vn(y). In other words,
Q is contained in the epigraph of (—vn)- Conversely, if (t, y) satisfies the
latter relations, then we can define a in such a way that a^i are nonneg-
ative and Y(y) = A(<r)AT(cr), so that Dety = (<ri,i...ffk,k)2 and therefore
t > —(<7i)i...CTfc;fc)1/fc. The latter relation, by construction of B, means that
there exists T such that B(t, a', T) is positive-semidefinite, so that A(t; y, a, T)
is positive-semidefinite. Thus, Q contains the epigraph of (—v n ] , which, com-
bined with the (already proved) opposite inclusion, means that Q coincides
with the epigraph of (—vn)- The fact that Im A intersects intS^ is evident.

10. General fractional-quadratic function. Let

passing to the lower semicontinuous closure of this function, we obtain the
functional element (G = R" x 5+, /), where, as it is easily seen,

(compare with §6.2.3.6). We can verify immediately that the functional el-
ement (G, f) (we dealt with this "general fractional-quadratic function" in
§5.4.7) admits the following PD-representation:
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Recall that the restriction of / onto the cone

generated by positive-semidefinite symmetric AQ, ..., A/f with positive-definite
sum admits the SO-representation given in item 6 of §6.2.3.

6.4.4 Applications

1. Linearly and quadratically constrained problems. As we have already
seen, a convex quadratic form / admits a PD-representation of the structure
{r + 2}, r being the rank of /. Thus, the scheme of §5.2.5.B allows us to find a
pc/-reformulation of any quadratically constrained convex quadratic problem.
The size | \i | of the resulting structure p, equals to S£o{r« + 2}, where m
denotes the number of constraints and TJ is rank of the ith constraint (for
i = 0, rank of the objective). Of course, the parameter | fj, \ of the resulting
barrier is worse than the one (namely, 2(m + 1)) corresponding to the conic
reformulation of a quadratically constrained problem (see §6.2.2).

2. Minimization of the matrix norm. Although this problem has already
been studied (see §6.3.3), it is reasonable to note that the epigraph of the
matrix norm on the space L^j of fc x Z matrices admits a PD-representation
(see §6.4.3.5), so that the problem studied in §6.3.3 can also be reformulated
as a pd-problem.

3. Minimization of the largest eigenvalue of a symmetric matrix. Lovasz
capacity number of a graph. Let A(y) = AQ + /L?=i -^tJ/t be an affine function
of y € Rp taking values in S^ and let \max(A) be the largest eigenvalue
of a symmetric matrix A. Assume that we desire to minimize the function
Xmax(A(y)) over y. The PD-representation of Amax(-) (see §6.4.3.6) immediately
implies the pd-reformulation of the latter problem,

minimize f ( u ) = t by choice of u = ( t , y ) s.t. tlq — A(y) e St -,.

The problem of minimizing the largest eigenvalue of a symmetric matrix
linearly depending on the control vector occurs, for example, in connection
with computation of the Lovasz capacity number of a graph. Let F be a graph
with the set of vertices V = {1,2,..., TV} and the set of arcs E. Consider the
following characteristics of F:

a(F)—the maximal cardinality of independent subsets of V, i.e., the subsets
in which no pairs of vertices are connected by an arc in F;

cr(F)—the Shannon capacity number of F, defined as follows. Regard V as
an alphabet and let Ffc be the graph with the set of vertices being the set of
all fc-letter words in the alphabet; a pair of these words is adjacent in Ffc if
and only if, for each i < k, the ith letters of these words (vertices of F) are

( W*adjacent in F. By definition, 6(T) = lim^oo (a^F*)) ;
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x(F)—the size of minimal vertex coloring in the complement to F graph F'
(the minimal number of sets in partitioning the nodes of F' under the require-
ment that no vertices of different sets are adjacent in F').

The characteristics a(F) and %(F) are very important for many combina-
torial problems; unfortunately, to compute them for an arbitrary graph, it is
an NP-hard problem. It is also very difficult to compute the Shannon ca-
pacity number (it is easily seen that it is an upper bound for a(F)). Lovasz
[Lo 79] suggested a nontrivial upper bound 0(F) for cr(F), which can be ef-
fectively computed. One of equivalent definitions of 0(T) is as follows. Let
us set into correspondence to each (indirected) arc 7 of the graph F its own
control variable yy and consider the following function A(y) of the variables
y = {y7, 7 6 E}, taking values in the space of symmetric N x JV matrices:
The ijth entry of A(y) is 1 if either i = j or the vertices i and j are not
adjacent; otherwise, they are linked by an arc 7, and the ijih entry of A(y) is,
by definition, y7. Now, by definition,

Lovasz proves that

Thus, the quantity #(F) that can be computed by solving the associated
pd-problem is a bound (and, in many interesting cases, very "strong") one for
important characteristic numbers of a graph.

4. Dual bounds in Boolean programming. Consider a quadratic program-
ming problem with equality constraints

where all the functions /j, 0 < i < q are quadratic forms.
This is a nonconvex and a very difficult problem; indeed, each mathemati-

cal programming problem with polynomial objective and constraints is easily
reduced to (QE) (to represent, say, the monomial x\x% via quadratic equali-
ties, it suffices to introduce variables £1,2, £1,3, £2,2, ^i,3;2,2, and constraints
£1,2 = %\, #1,3 = £1X1,2, £2,2 = zi> £i,3;2,2 = £1,3X2,2 (= Zix2))- Boolean con-
straint x e {0; 1} also can be represented via the quadratic equality x1 = x.
Thus, (QE) covers "almost everything."

In many cases (say, in the branch-and-bound algorithms as applied to
(QE)), it is important to evaluate from below the optimal value QE* of (QE)
(as usual, QE* = +00, if (QE) is not consistent; otherwise, QE* is the infimum
of the objective values over the feasible set of (QE)). Shor [ShD 85] suggested
a lower bound for QE* based on the duality theory, namely the following.

Consider the following Lagrange function for (QE):
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Herein b(y), A(y), d(y) are linear in y functions taking values, respectively, in
R', By}, and R. It is clear that the quantity

for each y does not exceed QE*, so that the quantity

is a lower bound for QE*.
The advantage of this lower bound is that, to compute it, it suffices to

solve a convex problem (even a pd one), and therefore this bound can be found
effectively. At the same time, for many real world problems, this bound is
reported to be "strong" enough.

Let us present a pd-reformulation of the problem of maximizing (j>. Set
(j, = {/+!} and define the function a(t, y) = Au+b, u = (t, y) (t is an additional
scalar variable), taking values in the space of (/+!) x (/+!) symmetric matrices
as follows:

It is easily seen (compare with §6.4.3.10) that the matrix a(t,y) is positive
semidefinite if and only if t < (f>(y). Therefore computing 0* is the same as
solving the following problem

where n = {I + 1}.
5. Inscribing the maximal ellipsoid into a convex polytope. This problem

(studied in detail in §6.5, although not as a pd-problem) is as follows. Given
a convex polytope

we should find an ellipsoid

of the maximal volume contained in Q. The control variables here are B (which
should be a positive-definite symmetric n x n matrix) and u € R".

We assume that Q is bounded with a nonempty interior and that a, are
nonzeros. Under these assumptions, the problem evidently is solvable.

To find a pd-reformulation of the problem, note that an ellipsoid W(B, u)
defined by a positive-semidefinite matrix B is contained in Q if and only if
(B, u) satisfies the set of constraints
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instead of maximizing the volume of W(B, u), i.e., of Det B, we can minimize
the function

As we already know (§6.4.3.1), the Euclidean norm of a vector admits a PD-
representation: There exists an affine mapping

such that

In particular, the affine mapping

represents the constraint

(i.e., a pair comprised of an n x n matrix B and a vector u e Rn satisfies the
latter constraint if and only if Bi(B,u) 6 5t+1|). In §6.4.3.9, it was explained
that an appropriate affine mapping C(t;B,a, T) taking values in the space of
symmetric (4k — 1) x (4A; — 1) matrices (a and r are additional vectors of vari-
ables of the dimensions k(k +1)/2, k — 1, respectively) represents the epigraph
of the function Vn(-} in the sense that B is symmetric positive-semidefinite
and t > Vn(B) if and only if there exist a and r such that C(t]B,a, T) is
positive-semidefinite.

Now let

and let A(t; B, u, a, r) be the affine mapping from the space of corresponding
variables (t € R, B € S{n},u e Rn,cr e Rfc(fc+1)/2,r £ R*-1) into S^ defined
as follows: The unique (4fc — 1) x (4fc — 1) diagonal block of A(t\ B, u, a, T)
is C(t; B, a,r), and the remaining m of (n + 1) x (n + 1) diagonal blocks are
Bi(B,u). From the above remarks, it follows immediately that the problem

minimize t by choice of (t, B, u, a, T) s.t. A(t; B, u, a, T) € SJ"

is the desired pd-reformulation of the problem of finding the maximal volume
ellipsoid inscribed into the polytope Q.

6. Applications in control theory. Semidefinite programming has many ap-
plications in modern control theory (see [BB 90], [BBr 91], [BBK 89],
[BG 92], [BY 89], [DPZ 91], [Do 82], [FN 91], [FT 86], [FT 88], [FT 91],
[FTD 91], [GB 86], [KR 91], and especially [BGFB 93]). Let us present an
example arising from Lyapunov stability analysis of systems subject to uncer-
tainty (see Boyd and El Ghaoui [BG 92]). In many cases, such a system can
be described by a differential inclusion
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defined by a given multivalued mapping X ( x ) (x e Rn, X ( x ) C Rn). The
problem is to bound from above asymptotic behaviour of the trajectories of
(6.4.1). To this purpose, we might look for a quadratic Lyapunov function
xTLx for the inclusion, L being a positive definite symmetric matrix. If

for certain A and all x 6 R™, y e X ( x ) , then clearly

for all solutions to (6.4.1).
We henceforth restrict ourselves to the case when

for certain given matrices Xi (this assumption is satisfied in many applications
in control theory). Then, checking whether (6.4.2) is satisfied for a given A is
the same as checking whether the system of "linear matrix inequalities"

with the unknown L e Sn is solvable. The latter problem is, of course, a
pd-problem with trivial objective.

A more interesting question is to find the best (with the smallest possible
A) quadratic Lyapunov function for (6.4.1). This is, of course, the same as
solving the following generalized linear-fractional problem (see §4.4) involving
the cone of positive-semidefinite matrices:

where B(L) is the block-diagonal matrix with k (n x n) diagonal blocks, each
of them being L, A(L) is the block-diagonal matrix with the diagonal blocks
X? L + LXi, i = 1, . . . , fc, and C(L) = L — In. To solve the resulting problem,
we can use the projective method (§4.4) or reduce it via dichotomy to a "small"
series of the usual pd-problems of the type (6.4.4).

Concluding remarks

We have presented a number of interesting convex problems that admit a
pd-reformulation. For some of them (minimizing the largest eigenvalue, Shor's
bounding), pd-formulation seems to be very natural, while, for some
others (e.g., for quadratically constrained quadratic programs), pd-formulation
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might look too sophisticated. Nevertheless, we note some advantages of a pd-
reformulation.

A. Possibility to use the generalized combined volumetric barrier. An
important (at least from the theoretical viewpoint) consequence of the pd-
representation (P') of a convex problem is the possibility to provide the feasible
set of (P') with the generalized combined volumetric barrier (§5.5). Recall that
the value of the parameter of the latter barrier is O(l)(n \ p I)1/2, and this
quantity can be essentially less than the values associated with the standard
barriers. For example, the parameter of the "standard" barrier — Y^Li m(~/»)
for the domain G in Rn defined by m convex quadratic constraints /» < 0 is m.
The parameter of the barrier induced by the standard conic representation of
G (see §3.2) is 2m. The parameter of the standard barrier associated with the
pd-conic representation of G is M = ̂ ^{Rank {/$} +1}, which, of course, is
worse than m. The parameter O(l)(Mn)1/2 of the combined volumetric barrier
induced by the latter representation, however, can be much smaller that m.

B. Nice anticipated behaviour of the potential reduction methods. In many
experiments with "large-step" versions of the Karmarkar method as applied
to LP problems, it was found that the number N of Newton steps required
to solve an LP problem to a fixed accuracy is "almost independent" on the
(larger) size of the problem m: The dependence looks like N = O(lnm).
Recall that the theoretical upper bound is essentially worse: N < O(m). Our
own experiments with the projective method as applied to pd-problems also
demonstrate that the number of steps is almost independent of the size of
the problem. Although no rigorous justification of this phenomenon is known,
there is certain plausible explanation of it, which appears as follows. Consider
a step of, say, the Karmarkar method as applied to (P) (see §6.4.1) and let x
be the strictly feasible solution that is updated at the step into a new solution
x'. Let us perform scaling, i.e., instead of variables x taking values in the space
Sp,, let us use variables £ = x~1//2xx-1/2. It is easily seen that the step of
the method of Karmarkar in the £-variables looks precisely as it looked in the
initial variables, excluding the fact that the current strictly feasible solution
now is the unit matrix / (and, of course, the feasible plane and the objective
now should be subject to certain transformation).

The step looks as follows. We are given a positive-semidefinite matrix a €
Sfj, (the updated objective divided by its value at /) and a linear subspace L in
Sp, (L is the updated homogeneous feasible subspace of the problem intersected
with the null space of the gradient of the barrier at /). It is known that

(a) Tr{<r} = 1;
(b) L is contained in the subspace formed by matrices with zero trace;
(c) The set (/ + L) f| S+ contains a matrix £* with Tr{£V} = 0 (£* is the

updated optimal solution to the problem; recall that, in Karmarkar's setting,
the optimal value is zero).

At the step, we compute the orthoprojection x of cr onto L (with respect
to the Euclidean structure on S^ defined by the Hessian of the barrier F(£) =
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— ln(Det£) at /; this is simply the standard Euclidean structure on 5^), and
then we minimize the potential

by choice of t > 0 subject to the constraint that I — tx should be positive-
definite. The next strictly feasible solution to (P) is an appropriate normaliza-
tion of the matrix / — t*x, where t* is the minimizer of the potential v. The
amount A by which the Karmarkar potential function is decreased at the step
is precisely v(0) - v(t*).

As we have mentioned, (a, /) = 1, and, since x IS the orthoprojection of a
onto L, we have (a, x} = (X) x} • Thus,

where s = (si , . . . , sm) is the vector comprised of the eigenvalues of x- What
we know about s is

(a) £™ i Si = 0 (see (b)) and
(/?) || s ||oo> 1/m (indeed, in view of (c), we have (£*,cr) = 0 for certain

positive-semidefinite £* = / — 8, 6 €. L. Since (a, /) — 1 (see (a)), it follows
that (6, a} = 1. Since S e L and x is the orthoprojection of a onto L, we have
(S,X) = (8,0) = 1. Thus, (x,/-O = 1 or, in view of (a), (x,?) = -1.
The latter relation, in view of positive semidefiniteness of £* and the relation
Tr£* = m (see (c) and (b)) implies (/3).

Now, for 0 < t <\\ s ||^j1, we have

(we have considered (a)). The minimizer of 7 on 0 < t <\\ s \\^ is the point
T — m/(l + m\\ s ||oo), and

(the latter inequality follows from (/9)). Since v(0) — 0 and V(T) < 7(1"), we
conclude that a large step in the method of Karmarkar decreases the potential
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at least by the quantity

here s is a certain nonzero vector from Rm (depending on the data and the
step) with zero mean of the coordinates.

The worst-case efficiency estimate for the method of Karmarkar follows
from the fact that A(s) is always > K (evident). At the same time, the "typical"
value of the ratio (|| s ||2 / || s \\<x>)2 for a n-dimensional vector s is much
larger than the worst-case value 1. For example, let s be a random vector
taking values in the space of m-dimensional vectors with zero mean and let
the distribution of the direction of s be uniform on the corresponding sphere.
Then "typical" value of (|| s ||2 / || s H^)2 is O(m(lnm)~1) (more precisely,
the probability of the event {(|| s \\z / \\ s ||oo)2 > O(l)m(lnm)""1} under
an appropriate choice of an absolute constant O(l) tends to 1 as m —* oo).
If the decreasing of the potential at each step of the method of Karmarkar
were of the above "typical" order m/(lnm), then, to improve the accuracy of
the current approximate solution by an absolute constant factor, it would be
sufficient to perform O(lnm) steps (instead of O(m) steps prescribed by the
worst-case analysis). Of course, it seems to be impossible to prove something
rigorous here: The directions s occurring at the sequential steps of the method
heavily depend on each other, and there is no hope to provide the directional
symmetry of all of them by a consistent choice of a probabilistic distribution
on the set of problem instances.

Nevertheless, in view of the above analysis of the "anticipated behaviour"
of the Karmarkar method as applied to (P), the aforementioned empiric phe-
nomenon does not seem too surprising. Note that the anticipated behaviour
of the protective method as applied to pd-problems is the same as that of the
method of Karmarkar.

6.5 Extremal ellipsoids

6.5.1 Inscribed ellipsoids: Geometric formulation of the problem

In this section, we study in detail the following geometric problem mentioned
in §6.4.4.5:

"P(K) : Given a poly tope
K = {x € Rn | af x <bi,I<i< m},
find the ellipsoid of maximal volume contained in K.

This problem arises in connection with the inscribed ellipsoid method (IEM)
(see Khachiyan, Tarasov, and Erlikh [KhTE 88]) for convex nondifferentiable
optimization. The method minimizes a convex function /, say, over an n-
dimensional cube to a relative accuracy v in O(nln(n/i/)) steps (= evaluations
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of / and /'). Note that this number of steps cannot be reduced (for each v < ^)
more than by an absolute constant factor (for precise formulation of the latter
statement, see [NYu 79]). Each step of the IEM requires finding an e-solution
to the above geometrical problem (it is necessary to find an inscribed ellipsoid
of the volume not less than

{maximum volume of the inscribed ellipsoids} e~e,

£ being an appropriate absolute constant). In [KhTE 88], the latter problem is
solved by the ellipsoid method, which requires nearly O(m8) arithmetic oper-
ations per step. It turns out that the barrier method from Chapter 2 reduces
this amount to O(m4 '5lnm). In this section, we describe the implementation
of the barrier method.

We study "P(K) under the following assumptions.
(I) K is presented by the list of corresponding linear inequalities;

(II) K is bounded with a nonempty interior, and Oj / 0, 1 < i < m\
(III) K contains the unit Euclidean ball V centered at 0 and is contained

in the concentric ball W of a given radius 72..
Note that all these assumptions axe satisfied in the case of IEM, where,

without loss of generality, we can take 72. = lOn and maintain with the aid of
a simple restart strategy the inequality m < O(nlnn).

6.5.2 Algebraic formulation of the problem

We can reformulate P(K) as follows. Let Ln be the space of real n x n matrices
and L+ be the domain in Ln formed by matrices of positive determinant. Each
ellipsoid in R" can be represented as

where u e Rn is the center of the ellipsoid and B G I/+.
Note that, under an appropriate choice of the volume unit, the volume | • |

of an ellipsoid W(B, u) is

and the inclusion W(B,u) c K holds if and only if (B,u] satisfies the system
of inequalities

(am denotes the collection of vectors a^, 1 < i < m, and bm denotes the
collection of numbers bi, 1 < i <m).

Let
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Problem P(K) can be reformulated as follows:

P(K) : minimize V(B, u) by choice of (B, u) e L+ x Rn

s.t. constraints Q(am,bm).

An ellipsoid W(B,u) is called e-optimal if it is contained in K and its
volume is not less than V*e~£, where V* is the maximal volume of ellipsoids
contained in K.

^(K) as a convex programming problem. The quantities B and u in the
representation of an ellipsoid in the form W(B, u) are not uniquely denned. If
U is an orthogonal n x n matrix, then

Hence we can assume the B-component of the variable z = (JB, u) involved in
P(K.) to be symmetric positive-definite. This additional restriction leads to a
convex programming problem. In fact, there are many convex programming
problems equivalent to P(K). Let us describe these.

Let Sn be the space of symmetric real n x n matrices and S° be the interior
of the cone S+ of positive-semidefinite n x n matrices.

Let A 6 L+ and let AQ(am,6m) denote the following system of inequalities
with unknowns (B, u) G Ln x Rn :

Consider the problem

P(A,K) : minimize V(z) by choice of z = (B,u) e S+ x Rn

Problems 'P(K) and ^(A, K) are clearly consistent. Let the optimal values
of their objectives be u*, u^, respectively, and let

for a P(A, K)-feasible point z.

Lemma 6.5.1 Let A € L+. // z = (B,u) is P(A,K)-feasible, then Az =
(A5,«) is P(K)-feasible and

Proof. Az clearly is feasible for 'P(K). To verify (6.5.1), note that
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does not depend on z. Thus, each point that is feasible for ̂ (A, K) corresponds
to a point that is feasible for P(K), the values of the objectives at the points
being equal to each other within a constant term (— InDet A). In particular,

To prove (6.5.1), it suffices to show that the latter inequality is an equality.
Let (B*,u*) be the solution to P(K). The polar factorization of the matrix
(A~1B*) allows us to represent B* as B* = A.BU, U being orthogonal and
B being symmetric positive-definite. Since (B*,u*) satisfies the constraints
Q(am,bm), the point z+ = (B,u*) satisfies the constraints AQ(am,6m), so
that z+ is feasible for ^(A, K). Since U is orthogonal, we have

thus v* — v^ > —InDetA. This inequality, combined with (6.5.2), proves the
lemma. 

The lemma shows that solving P(K.) is the same as solving any of the
convex programming problems 7>(A,K).

6.5.3 Path-following method

Let us discuss how to solve "P(A, K) by the path-following barrier-generated
method. Let E = Sn x R™. This space is provided by the standard Euclidean
structure, given by the scalar product

Let G(A) denote the following closure of the feasible region of "P(A, K) :

It is clear that G(A) is a bounded closed convex domain in E and that the
function

_L

(z = (B,u)) is a $-self-concordant barrier for G(A), where

(see Propositions 5.4.3, and 5.4.5; since K is a compact set, we have n < m).
Note that V(-) is 1-compatible with this barrier (Proposition 3.2.1(ii)). By
condition (III), the point z = ((l/2)/n,0) is a good starting point for "P(A, K);
thus, the problem can be solved by the basic barrier method associated with
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the barrier FA. It can be verified that, to find an e-solution to the problem, it
suffices to perform no more than

steps of the preliminary and the main stages of the method. Each of these steps
requires us to form and to solve some linear system with dim.E (< O(m2))
equations and unknowns. It is easy to show that the standard implementation
of a step costs no more than O(m6) arithmetic operations (in fact, O(m5)
operations if the conjugate gradient method is applied, since the matrix of
the resulting system is sparse). Thus, the straightforward application of the
barrier method to P(K-} finds an e-solution at the cost O(m5'5 ln(72.m/e)). Our
aim now is to demonstrate that the intrinsic symmetry of the problem allows
us to reduce the cost by a factor of O(m).

The idea of the speed-up can be easily described for the main stage, where
we must compute the Newton directions for the functions F^(z) — (2+t)V(z) +
$^(z). This computation (at a "general" point z) costs O(m5) operations (for
simplicity, we replace the powers of n by the same powers of m > n). At a
"special" z, namely, at z = (/„, tt), however, the computation costs only O(ra4)
operations. So we would prefer to deal only with "special" points. Namely,
assume we have performed i iterations of the main stage and have a value
U of the penalty parameter and an approximate solution (Bi,Ui), which is
^(K)-feasible.

Consider the problem P(Bi,K). Since (Bi,Ui) is 77(K)-feasible, the point
(In,Ui) is /P(Bj,K)-feasible. Let us compute the Newton iterate (B'^Ui+i)
of (In,Ui) (the Newton method is applied to the function F^). Then let us
increase the value of the penalty parameter in the same manner as in the
basic barrier method. Thereby we find a new approximate solution (Bi+\ =
BiB'^Ui+i) to "P(K) and a new value, ti+\, of the penalty parameter. Now we
can perform the next iteration, and so on. Note that the described procedure
needs justification, because now we have no convex programming problem to
which we can apply the barrier method. The main idea of the justification is
the following. Similarly to the case of the basic barrier method, our aim is to
prove that the procedure maintains the relation

(of course, 0.1 could be replaced by some other constant).
Assume that this relation holds for some i. Our usual arguments, when

applied to P(Bi,K), imply that

The latter inequality in the case of
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implies that

We wish to conclude from the latter relation that

the obstacle is the fact that (6.5.3) and (6.5.4) involve different self-concordant
functions. Let us use the following observation. It is not difficult to show that
there is a nonlinear one-to-one correspondence between the feasible domains
G(A), G(A') of problems 7>(A,K), 7>(A',K) such that the values of V (as
well as the values of $A and $A ) at two points corresponding to each other
coincide (within an additive constant that depends on A, A' only). Therefore
F4

A and FA/ at two points corresponding to each other differ by a constant
which depends on t, A, A' only. It turns out that the point (B(,Ui+i) of the
set G(Bi) corresponds to the point (In,Ui+i) of the set G(Bi+i). By Theorem
2.2.2(iii), relation (6.5.3) means that the value of the function Ft.

 i
1 at the point

(B'^Ui+i) differs from the minimum of this function over G(Bi) by no more
than (0.06)2/2. It follows that the value of F^1 at (/„, ui+i) differs from the
minimum of the latter function over G(Bi+i) by no more than (0.06)2/2. By
Theorem 2.2.2(iv), the latter relation implies (6.5.4).

To use the same trick at the preliminary stage, we need some special effort.
Indeed, at this stage, we deal with families of functions of the type

We wish these functions to be "almost invariant" under the above correspon-
dence between G(A) and G(A'). This condition is satisfied if the {linear form}
depends on u-component of z only, and we should provide the latter prop-
erty. To this purpose, we use the prepreliminary stage, which we include in
the method. At this stage, we are seeking such a point z* that the partial
derivative of the barrier with respect to J5-component at z# is close to zero.
Assume that such a point is found. Then we can take the restriction of the
first-order differential of the barrier onto Rn as the {linear form} and use z#
as the starting point for the preliminary stage. Now, to obtain an appropriate
z&, we set u = 0 and minimize the barrier over the B-component only. This
subproblem proves to be relatively simple, and we manage to solve it (this is
the prepreliminary stage) with the aid of the barrier method at the cost of
O(m3'5 In(m7^)) operations.

Now let us describe the three-stage version of the barrier method for 'P(K).
Let us start with the description of the correspondence between G(A) and
G(A').

Lemma 6.5.2 Let A, A' 6 L+. Consider the mapping Z\t\t, which transforms
a point z — (B, u) 6 Sn x Rn into the point z' = (B1, u) e Sn x Rn such that
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(it is clear that the latter relation, for given A, A', defines a positive-semidefinite
symmetric B' as a function of a positive semidefinite symmetric B).

The mapping ZA,A' is a one-to-one mapping from G(A) onto G(A') : z €
G(A) => z1 € G(A'), such that V(z) - V(z') does not depend on z and $A(^) =
$A'(z'). The inverse of ZA,A' is ZA;,A-

The proof of the lemma is straightforward, and we omit it.
Description of the method. To simplify our considerations, we choose

the parameters of the method as concrete numeric constants.
Prepreliminary stage. At this stage, we deal with the problem

where A* = ajaf and (Q,X) = Tr{QX} is the usual scalar product on 5n.
Let G be the feasible domain of 7*1 (K). It is clear that G is a bounded closed

convex domain and R is a i?'-self-coricordant barrier for G, •&' = 2(n + 2m) <
6m. Let CQ = 0.5/n. By (III), CQ is an interior point of G. At the prepreliminary
stage, we apply the preliminary stage of the basic barrier method associated
with R, GO being the starting point. The parameters A'x ,Ai, A2, A^, AS of the
method are subject to the inequalities (compare with (3.2.5), (3.2.6))

recall that

Let G* be the result of the prepreliminary stage. This point belongs to
int G and satisfies the inequality

Note that the number of iterations required to find G* does not exceed

(Proposition 3.2.3); herein TTR is the Minkowsky function of G with the pole
at the minimizer of R over int G.
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Proposition 6.5.1 We have

The arithmetic cost of the prepreliminary stage does not exceed

Proof. In view of (6.5.6), to verify (6.5.7), we should prove that

for certain absolute constant s.
Recall that K contains the unit ball centered at 0 and is contained in the

ball of the radius 'R, centered at 0; moreover, C is feasible for Pi(K) if and
only if the ellipsoid W(Cl^,0) is contained in K. The above arguments show
that the ball (in Sn) of radius | centered at Co is contained in G and that the
diameter of G does not exceed 4n7?.2 (the latter relation holds since the semi
axes of the ellipsoid U^(C(1/'2,0) for C e G, i.e., the eigenvalues of the matrix
C1/2, do not exceed K). Hence

a>_J_>_o(lL- 16nft2 - (Km)2'

Relation (6.5.8) immediately follows from (6.5.5) and Theorem 2.2.2(iii).
In view of (6.5.8), to prove (6.5.9), it suffices to show that the Newton

minimization step for a function

{a linear function of C} + R(C)

can be performed at the cost O(m3). It is easily seen that the gradient 2H of
the function at a given point C £ int G can be computed at the above cost. A
straightforward computation shows that the Hessian 2W of the function at C
transforms X € Sn into the matrix

where the collection of numbers

can be computed at the cost O(mn2). The Newton displacement X is the
solution to the system WX = H; hence, it can be represented as
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where X{, 1 < i < m are (unknown) scalars. Let us derive the system of linear
equations for these scalars (the solution of the latter system, after substitution
into (6.5.10), gives the desired X). To derive the system, let us substitute
(6.5.10) into the equation WX = H. After some simple transformations, we
obtain the equation

This matrix equation is equivalent to a system (let it be (*)) of m scalar linear
equations with m unknowns Xi. The system is obtained by taking termwise
scalar products of (6.5.11) and the matrices Aj, 1 < j < m. The ijih element
of the matrix of (*) is

and the ith component of the right-hand side vector is

To form the matrix of (*) and the right-hand side vector of the system, it
suffices to compute (i) all the products (Ai,Aj) (O(m?n) operations); (ii) m
matrices CAjC (O(n2m) operations) and all the scalar products of these matri-
ces and matrices Ai (O(m2n) operations more); (iii) the matrix CHC (O(n3)
operations) and its scalar products by matrices Ak (O(n2 m) operations more).

When evaluating the numbers of operations, we considered the fact that
Ai are of rank 1.

After the above quantities are computed, each of the coefficients of system
(*) can be computed at the cost O(m). Thus, system (*) can be formed at
the cost 0(m3); then it can be solved at the cost O(m3). After the system is
solved, the Newton displacement X can be computed at the cost 0(mn2); see
(6.5.10). D

Initialization of the preliminary stage. Having found the positive-definite
symmetric matrix C*, we compute its factorization C* — B*5j, where 5* E
L+ (the cost is O(ra3)). Consider the problem

Pi(5,,K) : minimize P(B] = -21nDetS -

It is not difficult to prove (compare with Lemma 6.5.1) that there exists
a one-to-one correspondence between the feasible sets of the problems "Pi(K)
and Pi(Bf, K) with the following property: If C is a feasible point for the first
problem and B is the corresponding feasible point for the second problem, then
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R(C) = 2P(S)+const. Note that, under our correspondence, C* is transformed
into In.

By the above arguments, (6.5.8) implies the relation P(In) — mine, P <
0.3A2 (A = 0.01), where G* is the feasible domain ofPi(B*,K). Let

be the barrier for the feasible set G(JB*) of problem P(B*,K.) and let z* =
(/ra,0). As we have seen,

Let (-, •}„ denote the scalar product in E defined by the bilinear form D2F*(z*)
[•, •] and let || • ||* be the corresponding norm. By Theorem 2.2.2(iv), relation
(6.5.12) implies that

Moreover, if z** = (X**,Q) is the minimizer of F* on the set G* = {(X, u) 6
G(B,) | u = 0}, then

(Theorem 2.2.2(iii)). By (6.5.13), there exists a linear form

on E (recall that (•, •) is the standard scalar product on E = Sn x R") such
that || V* II*< 0.07 and the restriction of the form onto Sn coincides with the
similar restriction of linear form DF*(z*)[w}.

Let us compute the form tp(w). Consider the linear form

For A € L+ and t > 0, let F^(z] = t<j>(z) + 2V(z) + *A(z) = t$(z) + F^(z) :
intG(A) -> R, so that Ft

A e S?(intG(A),5m x Rn).

Proposition 6.5.2 The form 4>(w) depends only on the u-component ofw£
E, and

Let z+ be the minimizer of F* (•) over int G(B*) and let TT+ (z) be the Minkowsky
function of G(B*) with the pole at z+. Then

The vector <^>** € E can be computed at the cost o/O(m2n2 + m3) operations.
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Proof. The fact that <f> depends only on the w-component of the argument is
evident (recall that the restriction of if) onto Sn coincides with the restriction
onto this subspace of the form DF*(z*)[-] and <j> is the difference of the above
forms).

Furthermore,

and (6.5.15) follows from the relation || ip* ||»< 0.07 (see the definition of ^>).
Moreover,

since F* is a self-concordant barrier with the parameter 0(m); inequality
(6.5.16) is proved.

To verify (6.5.17), note that the pair

is feasible for 7>(.B*,K) if and only if the ellipsoid W(B*B,u) is contained in
K. Let us introduce the norm

(|| • || is the usual operator norm) on E and let BQ = (1/2)(C*)~1/2. Since

is an orthogonal matrix, so that the ellipsoid W(B*Bo,Q) is the Euclidean
ball of the radius ^ centered at 0. By (III), the ^-neighbourhood of the point
ZQ = (-Bo)O) (in the metric defined by p) is contained in G(B#). At the same
time, (III) means that the diameter of G(Bf) in this metric is < O(7£). Hence,

Furthermore, the restriction of F* onto G* = {(5,0) € G(B*)} is an
O(m)-self-concordant barrier for G*, and the minimizer of this barrier over G*
is z** — (X**,0). Hence, the set G* contains the ellipsoid (in Sn)

and is contained in the ellipsoid

(see Proposition 2.3.2(ii)).
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The latter observation, combined with (6.5.14), implies that z* can be
represented as

for certain z 6 G* and a G (0,1), a > O(l/m). In view of convexity of TT+ and
(6.5.18), we have

which is required in (6.5.17).
It remains to evaluate the cost at which (/>** can be computed. Let Q be

the Hessian of F* at the point z*, let q be the gradient of F* at this point, and
let fi be the orthoprojector from E onto Sn. Let x = (X, 0) be the solution to
the system

(Sn is identified with the subspace Sn x {0} in E). It is not difficult to show
that <j>** = Qx — q. Indeed, for w € Sn, we have

If w 6 E is (•, -^-orthogonal to Sn, then (x, w)# = 0 in view of x 6 Sn. Hence
x is (•, -^-orthogonal projection of the gradient of F* at the point z* onto Sn

(the gradient is taken with respect to the Euclidean structure {-, •}„,), or, which
is the same, x = ?/>*. Thus, i/>** = Qx and <j>** = Qx — q.

Let us write the following expressions for the first- and the second-order
differentials of FA at the point (7n, u) :

where A^ = a^af. For given u, A, the collection of scalars di, c^, ri, Si (which
depend on u and A only) can be computed at the cost of O(mn2) operations
(when referring to the costs of computations, we consider the fact that the
matrices Ai are of rank 1). Note that Si > 0.

In particular, we see that the computation of q, as well as the multiplication
of Q by a given vector, can be performed at the cost O(mn2).

To prove that <f>** can be computed at the cost O(m2n2 + m3), it suffices
to show that, at this cost, we can find a symmetric solution X to the matrix
equation



260 APPLICATIONS IN CONVEX OPTIMIZATION

In this equation, J — \ Si^i SiA.TAiA. is a symmetric positive-semidefinite
matrix that can be computed at the cost O(mn2). At the same cost, we can
compute the symmetric matrix V and the collection of scalars on, fa.

1°. To solve (6.5.22), we act as follows. Let us reduce the matrix J by
an orthogonal transformation U to a three-diagonal form; i.e., let us find (at
the cost O(n3)) an orthogonal matrix U and a three-diagonal matrix P such
that UJUT = P. The substitution Y = UXUT transforms (6.5.22) into the
equation

where S = AUT, L = UVUT are matrices that can be computed at the cost
0(n3). We desire to find a symmetric solution to (6.5.23); this solution (at the
cost 0(n3)) can be transformed into the required solution to (6.5.22). Thus,
we must show that (6.5.23) can be solved at the cost O(m2n2 -I- m3).

2°. Let us find the solutions to (m + 1) matrix equations

Since P is a three-diagonal matrix, each of these equations can be solved at
the cost O(n3). Indeed, the equation (with a n x n matrix Z as unknown)

has the unique solution, since the operator P (regarded as a linear operator
in Ln) is symmetric and positive-definite (note that P is symmetric positive-
semidefinite). The subspace of symmetric matrices is invariant with respect to
P. Hence, for a symmetric M, the solution Z to (6.5.24) is symmetric, also. In
particular, Yi are symmetric, 1 < i < m + 1.

3°. Let us show that (6.5.24) can be solved at the cost O(n3).
Matrix equation (6.5.24), regarded as a system with n2 unknowns (the ele-

ments of Z), can be described as follows. The matrix P is symmetric positive-
semidefinite and three-diagonal, as follows:

where ej, 1 < i < n are the standard orths in Rn, CQ = en+i = 0, p,\ = jun+i =
0, 7i > 0. Let li be the columns of M and let Zi = Zei, 0 < i < n + I. Then
(6.5.24) can be written as a system (U) of equations

with unknown vectors 2j, which are subject to restrictions ZQ = zn+\ = 0.
To solve the system, let us act as follows. The indices of nonzero elements
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of the sequence fj,* = {ni,..., ^n+i} can be partitioned into mutually disjoint
sequential groups IT = {sr, sr + 1, . . . , ir}, 1 < r < k, such that

(note that j/o — nn+\ = 0). Let

Let ii,... ,if be the elements of {1,2,... ,n} not belonging to (J I~; I~+^ = {ij}
and I*+j = {ij + 1} for 1 < j < f . We have denned the groups 7~, 7^~, 1 <
j <k + f. Let (W(r)) denote the subsystem of system (U) comprised by equa-
tions (Hi) with indices i belonging to /+. It is easy to prove that subsystem
(K(r)) involves only Z{ with i € I~ (so that these subsystems have no com-
mon unknowns), and system (U) is a "direct product" of subsystems (U(r)),
r = 1 , . . . , k + f . It suffices to prove that subsystem {U(r}} can be solved at
the cost O(n2a(r)), where a(r) is the number of elements in /~.

To avoid cumbersome notation, assume that (K(r)) consists of the equa-
tions (Ui), i = 2 , . . . ,p; thus,

We desire to solve the subsystem at the cost of O(n2p) operations. Let us
act as follows. Let ZQ be the zero and Z\ be the unit n x n matrices and let
the matrix Zi be defined for 2 < i < p as

It is clear that the general solution to the homogeneous system of equations

(where ZQ — 0) is of the form Zi — ZjA, 1 < i < p, where A e Rn. A particular
solution {z*, I < i < p} to the system

can be found recursively, below:

where ZQ = z\ — 0.
Since the matrix P is three-diagonal, to compute all matrices Zj and vectors

z*, I < i < p, it takes totally no more than O(n2p] operations (note that the
matrices Zi are O(p)-diagonal). It is clear that the solution to the subsystem
under consideration is
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where A* is such that the equation (ZYP) is satisfied by the corresponding 2j. In
other words, A* is the solution to the linear system

This system at the cost O(n2) can be reduced to the standard form, and the
matrix of this system is O(p)-diagonal; thus, the cost at which the system can
be solved by the conjugate gradient method does not exceed O(n2p). After A*
is computed, it takes no more than O(np2) operations to compute Zi according
to (6.5.25). Thus, the subsystem under consideration can be solved in O(n2p)
operations, as it was announced at the beginning of 3°.

4°. Let us come back to (6.5.23). By 3°, the total cost at which each of the
Yi, 1 < i < m + 1 can be computed does not exceed O(mn3). It is clear that
the solution to (6.5.23) can be represented as

with appropriate scalars ij. Substitution of (6.5.26) into (6.5.23) leads, by def-
inition of FJ, to the equation for ti of the form

This matrix equality is equivalent to a system (let it be (*)) of m + 1 scalar
linear equations with unknowns ti\ these equations can be obtained by taking
termwise scalar products of (6.5.27) and matrices STAtS, 1 < i < m and L.
Let us compute all quantities of the form

Since Rank Ai = 1, the total cost of this computation is < 0(m2n2). After
these quantities are computed, it takes no more than O(m) operations to com-
pute each of the coefficients of (*). Thus, (*) can be reduced to the standard
form at the total cost O(m?n2 + m3). Solving (*) (O(m3) operations) and then
computing Y in accordance with (6.5.26) (O(mn2) operations more), we find
the desired solution to (6.5.23). The proof is complete. D

Preliminary stage. At this stage, we compute matrices Bi 6 L£, vectors
Ui € int K, and numbers ti > 0, i > 0 as follows:

where (B^i+l\ui+i) = z(i+1> is the Newton iterate of h^ = (/n,Wi) (the New-
ton method is applied to the function F^*(-)), ij+i = tie~M, where
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The preliminary stage is terminated at the first iteration when the relation

holds (the number of this iteration is denoted by i*).
The result of the stage is the point

Proposition 6.5.3 The preliminary stage is well defined, namely,

For all i, 0 < i < i*, the relations

hold.
The number i* of iterations at the preliminary stage satisfies the inequality

Each iteration of the preliminary stage can be performed at the arithmetic
cost of O(m2n2 + m3) operations (this amount includes the cost of the verifi-
cation of the termination condition).

Proof. 1°. Assume that for some i the following relation holds:

Note that A4(0) is clearly true (see (6.5.15)). Let us show that, if M(i)
holds, then M(i + 1) holds. Indeed, the function Fti = F^* is strongly
self-concordant on intG(Bj), so that, by (Ij) and Theorem 2.2.2(ii), we have
z(i+D e G(Bi) and

(thus (Jj) holds).
Proposition 3.2.2 as applied to the strongly self-concordant family
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combined with the fact that 4> is 0-compatible with the barrier FBi (the pa-
rameter value for this barrier is $ = 2(n + in)}, implies that

whence, by Theorem 3.1.1 and by (6.5.33),

By Theorem 2.2.2(iii), the latter relation leads to

By Lemma 6.5.2, the left-hand side in (6.5.34) is equal to

which, combined with (6.5.34) and Theorem 2.2.2(iv), proves (Ii+i). Thereby,
the implication M(i] => M(i + 1) is proved.

2°. Let us prove (6.5.32). Similarly to §6.5.3, let

With the aid of the transformation G(B*) —» G(Bi) described in Lemma 6.5.2,
we set the points Wi € G(B*) into correspondence with the points (In,Ui). In
view of (6.5.34) and Lemma 6.5.2, we have

whence by Theorem 2.2.2(iv)

Let, as in §6.5.3, z+ be the minimizer of F* over mtG(B*) and let

then Wi/2 C intG(J3*) (Theorem 2.1.1(ii)). Moreover,

for w € Wi/2 (Theorem 2.1.1), which implies that
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Let us provide E with the scalar product D2F*(z+)[-, •] and let V and || • ||
denote the corresponding gradient and norm. In view of (6.5.16), (6.5.17), and
Proposition 2.3.2(i.2), we have

which, combined with (6.5.37), implies that

Hence, under an appropriate choice of absolute constants as factors in the
below O(-) we have, by virtue of (6.5.35),

If the premise in (6.5.38) holds for a given i, then

(since the norm induced by the form D2F*(wi)[-, •} is bounded, up to a factor
2, by the norm defined by the form D2F*(z+)[-, •]). In view of (6.5.36), we
have 

In particular, the implication

holds, whence, by Theorem 2.2.2(iii),

and, by Lemma 6.5.2,

so that (see Theorem 2.2.2(iv))

This implication combined with the termination rule of the preliminary stage
(see (6.5.29)) and the updating formula for ti leads to (6.5.32).

3°. It remains to verify that an iteration of the preliminary stage can be
performed in no more than O(m2n2 + ra3) operations. It is clear that the cost
of an iteration is
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where L\ is the cost of computing A(FA, (In, u)) (this computation is required
by the termination rule) and £2 is the cost of computing the Newton displace-
ment for the function Ft

A at the point (In,u). It is clear (see (6.5.21)) that
the gradients of FA and Ft

A at the point (In,u) can be computed at the cost
O(mn2). After these gradients are computed, to compute the above quantities,
it suffices to to solve the equation (with unknowns (X, v) € E]

SEE being given. Thus, the cost of an iteration is

where £ is the cost at which (6.5.41) can be solved. It suffices to prove that
£<0(m2n2 + m3).

In view of (6.5.21), (6.5.41) can be rewritten as a system consisting of the
matrix and the vector equations

where Ai = ajaf. The collection of scalars Sj > 0, Cj, T-J, dj, the vector h € R™,
and the symmetric matrix H (these quantities depend on u and A only) for
given u, A can be computed at the cost O(mn2).

Let us act as in the proof of Proposition 6.5.2: First, compute the symmet-
ric matrix

(O(mn2) operations), then transform W by an orthogonal transformation to
a three-diagonal form (O(n3) operations) and rewrite (6.5.42), (6.5.43) as

where R, S, and G are certain known matrices (they can be computed at the
cost O(n3); R is symmetric positive-semidefinite and three-diagonal). Note
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that the solution (V,v) to system (6.5.44), (6.5.45) can be transformed at the
cost O(n3) into the solution (X,v) to (6.5.42), (6.5.43).

To solve (6.5.44), (6.5.45), we compute the solutions Yj, l<i<m + lto
the matrix equations

(see the proof of Proposition 6.5.2; the total cost of these computations is
0(m2re2 + m3)). Then we represent the y-component of the desired solution
as

the scalars TJ being our new unknowns. Substituting this representation into
(6.5.44) and taking termwise scalar products of the resulting equation and
each of the matrices STAiS, 1 < i < m, G, we obtain a linear system of scalar
equations of the form

where r = (TI, . . . , Tm+i)T and v are the unknowns and the matrices A, B, C, D
are of sizes (m + 1) x (m + 1), (m + 1) x n, n x (m + 1), n x n, respectively ((*)
corresponds to (6.5.44); (**) corresponds to (6.5.45)). By the same arguments
as in the proof of Proposition 6.5.2, the quantities A, B, C, D, p, q can be
computed at the cost O(m2n2). Thus, it costs no more than O(m2n2 + m3)
to form (*)-(**), to solve this system, and to transform its solution into the
solution to (6.5.44), (6.5.45). 

Main stage. At this stage, we produce matrices Ci € L^, vectors Vi 6 int K
and numbers ti > 0, i > 0, as follows:

where (C^+1\Vi+i) = •w/H~1) is the Newton iterate of the point h^ = (In,Vi);
the Newton method is applied to

where, as above,
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Proposition 6.5.4 The main stage is well defined: For all i > 0, we have

For all i > 0, the relations

hold.
Each iteration of the main stage can be performed at the arithmetic cost of

O(m2n2 + m3) operations.
For each i, the ellipsoid W(Ci, Vi) is contained in K and

where \ W \= mesn W and (C##,i>##) is a solution to P(K).

Proof. The families

associated with a C £ L+ are strongly self-concordant families generated by
(n + 2m)-self-concordant barriers V(w) + $c(w) for the sets G(C) and by the
1-compatible with these barriers function V(w). By the termination rule for
the preliminary stage (see (6.5.29)), we have

Clearly,

Thus, in view of to = 1> (Ko) h°lcls. in view of the same arguments as in
the proof of Proposition 6.5.3, (Ko) implies that the iterations of the main
stage are well defined and that relations (Kj), (L^) are valid for each i. The
cost of an iteration can be evaluated in the same manner as in the proof of
Proposition 6.5.3. It remains to verify (6.5.48). This inequality, by Lemma
6.5.2, is equivalent to

the latter inequality follows from (Kj) by virtue of arguments similar to these
used in the proof of Proposition 3.2.4. 

The main result. The above propositions can be summarized in the follow-
ing theorem.
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Theorem 6.5.1 Assume that conditions (I)-(III) are satisfied. Then the de-
scribed method finds an e-optimal ellipsoid (for all e £ (0,1)) in no more than
O(m1/2 In(m7?./e)) iterations of all three stages. The total arithmetic cost of
these iterations does not exceed

The theorem is a straightforward consequence of Propositions 6.5.1-6.5.4.
Recall that, in the case of the IEM, we can take K < lOn, m < O(nlnn).

6.5.4 The minimum volume ellipsoid that contains a given set

A close to 'P(K) problem is to find the minimum volume ellipsoid containing
a given finite set. The latter problem can be solved by the above techniques;
here, we describe the corresponding results. Let F be a given m-element set in
Rn and K be the convex hull of F; we wish to find the ellipsoid of minimum
volume containing F. This problem is referred to as 7^(F).

We use the following traditional trick. Let us regard Rn as an affine hy-
perplane A in R"+1 defined by the equation xn+i = 1; thus, F C A C Rn+1.
Consider the problem

^0+i(F) : find (n + 1)-dimensional ellipsoid of minimal volume

centered at 0 and containing F.

If W D F is feasible for 7^°+1(F), then W defines a n-dimensional ellipsoid
jyn^ feasible for Tn(T). It is not difficult to show that this correspondence
transforms the solution to Tn+\(T) into the solution to ^(F). Moreover, if
W is an e-optimal solution to T^+1(T) (i.e., it is feasible for this problem
and meSn-i-iVF < exp{e}F**, V** being the optimal value of the objective
in 7^)

+1(F)), then W = W{~]A is an e-optimal solution to Tn(T). It costs no
more than O(n3) operations to transform the standard description of W into
the standard description of W'. Thus, we can restrict ourselves to problem

#n(r).
The algebraic reformulation of 7^+1(F) is as follows:

T* : given a subset F = {xi 1 < i < m} C R"+1, minimize

V(B) = - InDet B by choice of B <E L++1 subject to

Let Q denote the feasible set of the latter problem. Each B e Q defines
an ellipsoid H^-B^O), which is feasible for 7^+1(F). To find an e-solution
to 7^+1(r), we must find an e-solution to T*, i.e., B e Q such that V(B) —
infg V <e.

The optimal value of the objective of T* clearly is the same as for the
problem T**, which is obtained from T* by replacing the restriction B e L^+1
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by the restriction B e Sn. The substitution B2 = C transforms T** into the
problem

If C is an e-solution to T*** and C = BTB (B € L++1), then B is an
(e/2)-solution to T*. Given C, we can compute B in O(n3) operations.

Assume that the following condition holds:
(IV) The convex hull K of the set F contains the unit ball centered at 0

and is contained in the concentric ball of a given radius K (both of the balls
are balls in Rra).

It is not difficult to show, that under this assumption, we can add to T***
n + I extra constraints of the type Cjj < c72.2m4, 1 < j < n + 1, without
changing the optimal value of the objective; herein c > | is an appropriate
absolute constant. We come to the problem

(we have increased the list of matrices Xi to include our new constraints). It
remains to find an e-solution to T#.

The feasible set G# of the latter problem admits an O(m)-self-concordant
barrier

and the objective is 1-compatible with this barrier. The point CQ = 0.25K~2

/n+i belongs to intG#, and it is easy to show that

(see (IV)), where TT+ is the Minkowsky function of G* with the pole at the
minimizer of F over intG*. Thus, problem T# can be solved by the basic
barrier method (with Co taken as the starting point). The total number of
iterations required to find an e-solution to this problem (and hence to the
original one) does not exceed N(e) = O(m1//2ln(7?.m/£)). The arithmetic cost
of an iteration does not exceed O(m3) (compare with Proposition 6.5.1). Thus,
we can find an e-solution to Tn(T) at the total cost of

Remark 6.5.1 The advantage of problem Tn as compared to P is that the
first of these problems can be reduced to a problem with linear constraints

operations.



EXTREMAL ELLIPSOIDS 271

(see T#), which is not the case for P. Recently, Khachiyan and Todd [KhT 90]
proved that, to find an e-solution to P(K), we can form a "small" sequence
of auxiliary problems of the same analytical structure as Tn. The sequence is
comprised o/O((lnl/e)(lnln7^)) problems that should be solved to an accuracy
of order of e, and the basic barrier method solves each of them at the cost of
O(m3'5 In(m7?./e)) operations. Thus, the total arithmetic cost of finding an
e-solution to P(K] proves to be O(m3-5(ln(m72/e))ln(l/e)lnlnft), which, for
a fixed e, is approximately O(m) times better than our estimate for P.
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Chapter 7

Variational inequalities with monotone
operators

In this chapter, we develop interior-point methods for variational inequalities
involving monotone operators. This is, in a sense, the most general formula-
tion of an extremum problem of convex structure: Variational inequalities with
monotone operators cover not only the usual convex minimization problems,
but also saddle-point problems for convex-concave games, Nash equilibriums,
and so forth. The order of exposition is as follows. Section 7.1 contains an
introduction to the problem and motivate the approach we use. In §7.2 we
study self-concordant monotone operators and the related results on the New-
ton method (the theory is quite similar to that one developed in Chapter 1).
In §7.3 we present the path-following method for variational inequalities with
monotone operators compatible with a self-concordant barrier for the domain
of the inequality, and the concluding §7.4 is devoted to the particular case of
inequalities with linear operators.

7.1 Preliminary remarks

7.1.1 Variational inequalities

Recall the formulation of a variational inequality with a monotone operator.
Let E be a finite-dimensional real vector space and let E* be its conjugate. Let
5 be a multivalued mapping defined on certain set DomlS1} C E and taking
values in E*; more precisely, S sets into correspondence to a point x €E Dom{5}
a nonempty subset S(x) C E*. The set

is called the graph of S. If S is single-valued (i.e., S(x) consists of a single point
for every x 6 Dom{5}), then the (unique) point of the set S(x), x e DomfS1}
is also denoted by S(x).

The mapping S is called monotone if

A monotone mapping 5 is called maximal monotone if its graph cannot be
extended without violation of the monotonicity property: For every (z,u) $
G(S), there exists (z,£) € G(S) such that (u - f, z - x) < 0.

273
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A pair (G, S) is called a monotone element on E if G is a closed convex
domain in E and S is a monotone operator with int G C Dom{5} C G.

Let (G, 5) be a monotone element. The corresponding variational inequal-
ity V(G, S) is the following problem:

find x € Dom{5} such that (£, y — x) > 0 or certain £ £ S(x)

and all y e G.

Prom monotonicity, it follows that every solution x to V(G, S) satisfies the
relation

A point x £ G satisfying the latter relation is called a weak solution to the
variational inequality V(G, S). Thus, every solution to V(G, S) is a weak solu-
tion to the inequality as well. Under mild assumptions, the inverse statement
is also valid.

Proposition 7.1.1 Let (G, S) be a monotone element on E and let x be a
weak solution to V(G, 5).

(i) If S is a single-valued continuous mapping defined on G, then x is a
solution toV(G,S).

(ii) Let S' be a maximal monotone operator and let S be the restriction of
S' onto G: Dom{5} = Dom{S"} (")<?, S(y) = S'(y), y 6 DomlS}. Then x is
a solution to V(G, S).

Proof. First, consider the case when 5 is single-valued and continuous oper-
ator defined on G. Since x* is a weak solution, for y € G and 0 < t < 1, we
have

and, in view of the continuity of 5, we conclude that (S(x*),y — x*} > 0, so
that x* is a solution.

Now let S be the restriction onto G of a maximal monotone operator 5'.
Consider the following operator g with Dom{<7) = G:

It is well known that this operator is maximal monotone. Now the interiors
of the domains of the maximal monotone operators 5" and g have a nonempty
intersection, so that the sum of these operators (the operator S(x) = {£ + r) |
£ 6 S'(x), T) 6 g(x)} with the domain Dom{iS"}nDom{<7}) is also maxi-
mal monotone (Rockafeller's theorem; see, e.g., [GTr 89]). The domain of
this operator coincides with Dom{5}. Furthermore, x* is a weak solution to
V(G,5), so that (rj,y - x*} > 0, (y,rj) € G(5), whence (77 + £,y - x*) >
0> (y?7?) € 6(5),(y,£) e G(g), and we conclude that (x,y — x*) > 0 when-
ever (y, x) € G(5). The latter relation means precisely that, adding the pair
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(a;*, 0) to the graph of S, we do not violate the monotonicity; since S is maximal
monotone, it follows that (x*,0) € G(5). Thus, x* € Dom{S'}C\G = Dom{5}
and Q = t* + n* for certain £* e S'(x*) = S(x*), if 6 $(z*). Prom the defini-
tion of g, it immediately follows that (£*, y — x*) = - (rf ,y — x*) > 0, y € G,
so that x* is a solution to V(G, S). D

An advantage of the notion of a weak solution is that, under minimal
assumptions, such a solution does exist.

Proposition 7.1.2 Let (G,S) be a monotone element and let G be bounded.
Then V(G, 5) admits weak solutions.

Proof. Let us set into correspondence to a finite subset / C G(5) the set

Let us prove that X(f) is nonempty. Denote / = {(yi,rji), i = 1,... ,m} and
assume that X(f) is empty. Since / is finite and G is a convex compact set,
the emptiness of X(f) implies the existence of scalars Aj > 0, Y^Li ^» = 1»
such that the linear function g(x) = Y%Li ^i {%> Vi ~ x) 1S negative on G,

Let x* = YZLi Ai2/iJ then x* e G. Let z € intG and x(t) = x* + t(z -
x*), 0 < t < 1; then x(t) e intG C Dom{5}, t e (0,1]. Let r?t € S(x(t)). We
have

We have established that tu(t) > 6 > 0 for all t € (0,1], where u(t) =
(rit,z — x*). This is impossible, however, since u is nondecreasing on (0,1]
due to the monotonicity of 5. This is the desired contradiction.

Thus, X(f) is nonempty for each /. The set X(f) is clearly compact,
and the family of sets X ( - ) is nested, so that their intersection is nonempty;
however, the latter intersection evidently is the set of all weak solutions to
V(G,S). 

7.1.2 Problems reducible to inequalities with monotone operators

It is well known that many interesting problems arising in convex program-
ming, game theory, and so forth can be reduced to variational inequalities with
monotone operators. Let us list the simplest examples.

1. Minimization of a convex function. Let (G, /) be a functional element on
E, i.e., a pair comprised of a closed convex domain H C E and a convex lower
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semicontinuous function / mapping G into the extended real axis RlJ{+oo}
and such that / is finite on int G. It is well known that the subdifferential

(this mapping is defined at the set of all x such that f ( x ) < oo and the right-
hand side is nonempty) is maximal monotone on its domain, and the latter
domain contains int G; recall that the elements of df(x) are called support at
x on G functionals to /. Thus, if G' C G is a closed convex domain, then the
pair comprised of G1 and of the restriction of df onto G' is a monotone element;
the solutions (= weak solutions) of the corresponding variational inequality are
precisely the minimizers of / over G'.

2. Convex-concave games. Let G be a closed convex domain in E, let Q
be a closed convex domain in a finite-dimensional real vector space H, and let
/(x, y) be a (say, continuous) function defined on G x Q, convex in x € G for
every y e Q and concave in y € Q for each x € G. The mapping (x,y) —>
6 f ( x , y ) = d x f ( x , y )  x  ( — d y f ( x , y ) }  p u t t i n g  i n t o  c o r r e s p o n d e n c e  t o  a  p o i n t
(x, y) € G x Q the set of all pairs (£,77) e E* x H* such that £ is a support
at x on G functional to /(-,y) and 77 is a support at y on Q functional to
(—f(x, •)) (the domain of the mapping is comprised of those (x, y) at which
the corresponding sets of support functionals both are nonempty). It is well
known that the pair (G x Q, Sf) is a monotone element, and, if G' C G, Q' C Q
are closed convex domains, then the weak solutions to the variational inequality
V(G' x Q',8f \G'xQ') are precisely the saddle points of / on G' x Q', i.e., the
points (x*,y*) e G' x Q' such that

The set of these saddle points is nonempty if and only if the following convex
problems are solvable:

the set of weak solutions to V(G' x Q', 6f Ic'xQ') is simply the direct product
of the sets of solutions to these two problems.

3. Nash equilibrium. Let Gj be closed convex domains in finite-dimensional
real vector spaces E^ 1 < i < m and let fi(xi,..., xm) be continuous functions
defined on G = GI x • • • x Gm; we assume that /, is convex in Zj and concave
in x1 = (x i , . . . , rrj_i, X j + i , . . . , xm), i = 1,..., m and that the sum of these
functions is convex on G. Under this assumption, the operator

6(xi,..., xm) = {(£1,..., £m) | & is a support at Xi on G;

functional to the function / j (x i , . . . , x^_i, •, X j + i , . . . , xm), i = 1, . . . , m}
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defined on the set of those x = (x i , . . . , xm), where the right-hand side set is
nonempty, is monotone, and the pair (G, 6) is a monotone element. Let G\ be
closed convex domains contained in Gi, i = 1,.. . , m. The weak solutions to the
variational inequality V(G', 6 \Q>), G' — G\ x • • • x G'm are precisely the Nash
equilibriums defined as follows. Consider m players, the iih of them choosing
Xi € G\. The penalty paid by the ith player in the situation when the choices
of the players comprise a collection of choices x € G' is fi(x). The set of choices
x* e G' is an equilibrium if each of the players cannot decrease his penalty by
his separate actions, i.e., if x* is a minimizer of / i (xf , . . . , x*_lt -, x*+1,..., x^)
over Q for all i = 1,... ,m. Note that the saddle-point problem (see §7.1.2.2)
is a particular case of this situation when f i = f and /2 = —/.

4. Complementarity problem. This problem is closely related to optimality
conditions in constrained optimization and is as follows:

given a mapping S : R" -> R™, find x e R" : S(x) > 0, (5(x), x} = 0.

If S is continuous, then the latter problem is precisely the problem of find-
ing solutions (= weak solutions) to the variational inequality V(R",S). If S
is monotone, then (R™,5) is a monotone element. Also, when the comple-
mentarity problem expresses optimality conditions in a convex optimization
problem, then S proves to be monotone.

7.1.3 Overview of the contents

It is known that polynomial-time methods for general convex problems (like
the ellipsoid method, inscribed ellipsoid method, and so forth) can be extended
onto variational inequalities with monotone operators (see [Nm 81]). In what
follows, we extend the interior-point methods developed for convex program-
ming onto variational inequalities with monotone operators. The order of
exposition is as follows.

(i) We introduce a class of strongly self-concordant monotone operators and
study the convergence of the Newton method at the corresponding variational
inequalities. The basic example of a self-concordant monotone mapping is the
derivative of a 1-self-concordant function /. Such a derivative is a C2-smooth
single-valued mapping S from an open convex domain Q = Dom{/} C E into
E* satisfying (for all x € Q and all hi, h?., h$ € E) the relation

this is precisely the definition of a self-concordant monotone mapping S :
Q —> E*. Note that, in the definition of a self-concordant function, the above
inequality was postulated only for the triples (/ii,/i2?^s) with hi = h% = ^3,
and the fact that this inequality then holds for all triples could be proved
(done in Appendix 1). The proof is based on symmetry of the three-linear
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form S"'(x)[-, -, •] in the case of S = f. Since now 5" should not be symmetric,
we are forced to postulate the above inequality for all triples.

It turns out that the Newton method as applied to the equation S(x) =
0 (this equation is the "unconstrained" version of the variational inequality
associated with S) involving a self-concordant monotone operator possesses
the same convergence properties as in the case when S is the derivative of a
self-concordant function. The corresponding results form the contents of §7.2.

(ii) To develop the barrier-generated path-following method for variational
inequalities, we introduce the notion of a (single-valued) monotone mapping
compatible with a self-concordant barrier for a closed convex domain. This
property generalizes the main feature of the first-order derivative of a function
compatible with the barrier. It turns out to be possible to solve an inequality
involving such a mapping by the path-following method associated with the
barrier. This method is presented and studied in §7.3.

Until now, everything appeared similar to the optimization case. In the
latter case, the next step was to reduce a given convex optimization problem
to a problem with the objective that is definitely compatible with any barrier,
i.e., to a problem with a linear (or a quadratic) objective. There were no
difficulties in this reduction, so that we could claim that each convex program-
ming problem can be solved with the aid of a barrier-generated path-following
method, provided that we can find a self-concordant barrier for the feasible do-
main of the standard reformulation of the initial problem. We know that such
a barrier always exists and, in many important cases, we are clever enough to
find a "computable" self-concordant barrier; we even possess a kind of calculus
for these barriers.

What happens in the case of monotone variational inequalities? In a sense,
everything is the same. We have no difficulties with an inequality involving
linear monotone operator and not too complicated G: To such an inequality,
the path-following method can be applied directly. As we see, in principle, each
monotone variational inequality can be reduced to an inequality involving a
linear monotone operator, so that, in principle, each inequality can be solved
with the aid of the interior point machinery. A drawback is that now the
"feasible domain of the standard reformulation of the initial inequality" is
more complicated than in the optimization case, so that we often cannot find
a computable barrier for the latter domain. Nevertheless, we develop a kind of
calculus that gives us some tools to find the desired barriers at least in simple
situations (e.g., when the initial operator is the sum of a linear monotone
operator and the derivative of a convex function, provided that we know a
covering for the latter function). This calculus is developed in §7.4.

7.2 Self-concordant monotone operators and Newton method

Let E be a finite-dimensional real vector space and let E* be the conjugate
space. A linear operator A : E —> E* generates a bilinear form
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where, as usual, (46, x) denotes the value of a functional </> € E* at a vector
x € E. The operator A* conjugate to A acts from (E*)* into E*; since (E*)*
can be canonically identified with E, we can regard A* as an operator from
E into E*. In particular, the operator (A + A*)/2 is well denned; the bilinear
form

clearly is symmetric, and the associated quadratic form

coincides with the quadratic form (Ah, h) generated by A.
Let Q C E be an open nonempty convex set. Assume that S is a C2-smooth

single-valued monotone operator on Q. The first derivative S'(x) for every x
is a linear mapping from E into E*, and therefore it defines a bilinear form
(S'(x)h, e) : E x E —>• R. From monotonicity, it clearly follows that

thus, the symmetric operator

is positive semidefinite; i.e., it generates a symmetric bilinear form with non-
negative values on the diagonal of E x E. In particular, S at every x E Q
defines the (possibly, degenerate) scalar product

on E and a Euclidean seminorm

The second derivative S"(x) can be naturally identified with a three-linear
form on E defined as

Definition 7.2.1 A single-valued monotone operator S : Q —> E* is called
self-concordant (notation: S e S(Q)) if it is C2 smooth and if the following
relation holds for all x € Q and all hi € E, i — 1, 2, 3 :

An operator S 6 S(Q) is called strongly self-concordant on Q (notation: S G
S+(Q)) if the sequence of operators S(xi) is unbounded whenever Xj € Q form
a sequence converging to a boundary point of Q.
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For S € S(Q) and x € Q, let

Wr(S, x) = {y € E 1 1 | y - x \\s,x< r}, W?(S, x) = int Wr(S, x).

The following statement is a "finite-difference" reformulation of Definition
7.2.1 (cf. §2.1).

Proposition 7.2.1 Let S be a self-concordant on Q monotone operator. Then
(i) The space £(S,x) does not depend on x € Q,

and S' is constant on every set of the form (x + £(S)) HQ- If S ^s strongly
self-concordant on Q, then also

(ii) If x E Q, then, for every y e Qf]Wi(S,x) and all h,h' 6 E, we have

If S is strongly self-concordant on Q, then also

Proof, (i) Let h € £(S,x), so that the function

satisfies the relation <j>(x) = 0. We have

Thus,

the latter inequality, combined with the relation <f>(x) — 0, immediately leads
to (j) = 0. This identity means that £(S,x) C £(S,y),y € Q. Since x is an
arbitrary point of Q, the latter relation implies (7.2.2).

To prove that S'(y) = S'(x) for any pair x, y G Q satisfying y — x € £(S),
let us fix these x and y; denote e = y — x and let hi,h% G E. Set f ( t ) =
(S'(x + t(y-x))hi,h2) : [0,1] ̂ R. We have |/'(t)| = \S"(x + te)[e,hi,h2]\ <
2 || e ||s,z+te|| hi ||s,a;+te|| /i2 ||s,x+te= 0 (the latter equality holds, since e 6
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£(S}). Thus, (S'(x + te)hi^h-2) does not depend on t, and therefore S'(y) =
S'(x).

To complete the proof of (i), it remains to verify that, in the case of 5 €
<S+(Q), we have Q + £(S) C Q. Let x € Q and y 6 x + £(S). If y & Q, ther
there exists a bounded sequence t, G R such that Xi = x + ti(y — x) € Q
and Xi converge to a boundary point of Q. Since 5 € S+(Q), the sequence
{S(xi)} must be unbounded; but, according to the already-proved part of (i)
S'(xi) — S'(x) and therefore 5(xj) = S(x), which is impossible. Thus, y 6 Q
Part (i) is proved.

(ii) Given x, y G Q, \\ y — x \\s,x< 1, consider the function

where e = y — x. This is a C1 function, and we have

The inequality

implies that either </>(£) = 0, 0 < t < 1 or

since </!>(0) =|| e |||x, in the latter case, we conclude that

Of course, (7.2.6) also holds true in the case of (f>(t) = 0.
Now let hi € E, i = 1,2 be such that || hi ||s,i< 1- Let

Then

It follows that either fa = 0, or fi > 0 and

(see (7.2.6)). In the latter case, we have
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or

Of course, (7.2.7) also holds in the case of fa = 0. Note that (7.2.7) contains
the second relation in (7.2.4).

Now let

We have

so that

as required in the first relation of (7.2.4).
From (7.2.4), it follows that the set of operators {S(y) \ y € W°(5,z) flQ}

is bounded for each r < 1. In the case of 5 € S+(Q), this observation immedi-
ately leads to (7.2.5). D

The following simple statement is rather useful.

Proposition 7.2.2 (i) Stability of self-concordance with respect to affine sub-
stitutions of argument. Let S be self-concordant on Q and let x = A(y) = Ay+b
be an affine mapping of a finite-dimensional space E+ into E with the image in-
tersecting Q. Then the set Q+ = A~l(Q) is an open nonempty convex subset of
E+ and the operator S+(y) = A*S(A(y)) : Q+ —>• (E+)* is self-concordant on
Q+. If S is strongly self-concordant on Q, then S+ is strongly self-concordant
onQ+.

(ii) Stability of self-concordance with respect to summation. Let Si be self-
concordant on Qi C E, i = 1,..., k and let Q = C\i=i Qi ^ $• If ai > 1» * =
1,..., k, then the operator

is self-concordant on Q. If Si are strongly self-concordant on Qi, i = 1,..., A;,
then also S is strongly self-concordant onQ.IfQi^Q, i = 1,..., k and S\ is
strongly self-concordant on Q, then S also is strongly self-concordant on Q.
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(iii) Self-concordance of the derivative of a self-concordant function. Let
f be a l-self-concordant function on Q. Then the operator S = f is self-
concordant on Q. If f is strongly l-self-concordant on Q, then S is strongly
self-concordant on Q.

Proof, (i) The only statement that is not a straightforward consequence of
Definition 7.2.1 is the claim that the strict self-concordance of S implies that
one of S+. If 5 is strongly self-concordant on Q, then Wi(S, x) C Q for every
x € Q; it immediately follows that W?(S+,y) 6 Q+ for every y € Q+. Thus, a
sequence of points with bounded 5+(-) cannot converge to a boundary point
of Q+, so that S+ does belong to S+(Q+).

Parts (ii) and (iii) are immediate consequences of Definition 7.2.1. 
Let S € S(Q) and let 5~L(Sr) be the annulator of £(S) as follows:

This subspace of E* can be naturally identified with the space conjugate to
E/£(S). Note that (-,-)s,x is

5 i
n feet, a nondegenerate scalar product on the

latter space, as well as || • \\s,x is an Euclidean norm on this space. This norm
defines the conjugate norm || • ||gx on the space (E/£(S))*, i.e., on 51(5).
Note that, in the case of nondegenerate S' (i.e., when £(S) = {0}), we have

We call an operator S € S(Q) regular (notation: S 6 T^(Q)) if S(x) e
£-"-(5) for all x e Q. By U+(Q}, we denote the subset of K(Q) formed by
strongly self-concordant operators from the above set.

Proposition 7.2.3 Let S e K(Q), x € Q and TJ 6 f±(5'). Then the linear
operators S'(x) and S(x) map E onto S±(S), Ker S'(x) = Ker S(x) = 5(5),
and

In particular, the equation

is solvable, and every solution h to it satisfies the relation

Besides this, S is constant on each set of the form (x + £ ( S ) ) f } Q .

Proof. Since (S(y),h) =0,y^Q, h e £(S), we have
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so that Im S'(x) C £^(8). If e € Ker S'(x), then (5'(x)e,e) = (5(z)e,e) = 0,
so that e 6 £(S). Thus, Ker S'(x) C £(S). The above inclusions lead to the
relations

so that Ker S'(x) = £(5), Im S'(x) = £x(5). In particular, (7.2.8) is solvable.
We also have

(the definitions of || • ||s)X and || • Hs^), so that || S'(x)e Hs^H e \\s,x • The
latter relation immediately implies (7.2.9). It remains to prove that Ker S(x) =
£(S), Im S(x) = £-"-(£) and that || S(x)e ||s;X=|| e ||SiZ . We have

(Proposition 7.2.l(i)); the latter relation, combined with (5(z))* = S(x), im-
plies that

The relation (S(x)h,h) =\\ h \\^x means precisely that 
Since Ker S'(-) = £(S), S is constant on the sets 

The above proposition can be inverted: If S € S(Q), Im S'(x) c £~L(S), x e
Q, and S(XQ) e £^(8) for some XQ, then also S e ~R-(Q). Indeed, let us fix
h e £(S) and let f(x) = (S(x),h). We have Df(x)[e] = (ff(x)eth) = 0, so
that f ( x ) is constant; since f(xo) = 0, we conclude that f ( x ) = 0. Thus,
(S(x),h) = 0, h 6 5(5), so that 5 is regular.

Given a self-concordant on Q operator S, we can associate with the operator
the equation

In the remaining part of this section, we focus on the properties of the Newton
method as applied to the above equation. To describe these properties, it is
convenient to measure accuracy of an approximate solution x to (7.2.10) via
the quantity ("Newton's decrement of 5 at x "), as follows:

Note that, in the case of 5 = /', / being a 1-self-concordant function, v(S, x) =
A(/, x) is the Newton decrement of / at x; see §2.2.

It is clear that v(S, x) > 0 and x € Q is a solution to (7.2.10) if and only
if v(S,x) = 0. The relation v(S,x] < oo means precisely that S(x) € £^(S),
and, in the latter case, we clearly have
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Proposition 7.2.4 Let S £ H(Q). Then the function v(S,x) is finite contin-
uous function on Q.

It is an immediate corollary of (7.2.11).

Remark 7.2.1 If S <E S+(Q) andQ is bounded, then£(S) = {0} (see (7.2.3));
it follows that, in the case of S 6 S+(Q) and bounded Q, we have Tl+(Q) =
S+(Q), and the function ^(5, •) is finite and continuous on Q.

Let 5 e ~R-(Q}. In view of Proposition 7.2.3, the Newton equation

is solvable for every x 6 Q, so that there exists a function e(S, x) : Q —> E
such that

The value of e at every x is uniquely defined, up to addition of an element
from £(S) (see Proposition 7.2.3), and

Let us introduce the function

defined on the set

Let

It is easily seen that w*(A) is well defined, continuous on the set {A > 0}, and
that

Furthermore, for A > 0, let a (A) be the minimizer of w(X, s) with respect
to s running over the set {s 0 < s < l,sA < 1} and let <r(0) = 1. We can
prove straightforwardly that there exists an absolute constant K > 1 such that

Thus,

The following statement is the basis for further consideration.
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Theorem 7.2.1 Let S <E K+(Q).
(i) For x 6 Q the Newton-type iterate of x, namely, the point

belongs to Q and

(ii) Equation (7.2.10) is solvable if and only if there exists an x € Q with
v(S,x) < 1. If this is the case, then the sequence of the Newton-type iterates

associated with an arbitrary XQ 6 Q satisfying the relation v(S, XQ) < 1 con-
verges to the solution of the equation S(x) = 0 in the sense that

Besides this, if x E Q satisfies the relation

then

for every solution x* to (7.2.10).
(iii) Let the image of Q in the factor-space E/£(S] be bounded. Then

(7.2.10) is solvable, and the set of solutions to the equation is of the form
x* + 8(S).

Proof, (i) Let us fix x € Q and denote

We have || e \\s,x< A (see (7.2.12)), and, since u; = a\ < 1 (the definition of
cr(A)), we obtain x+ = x — ae G Q (see Proposition 7.2.1(ii)). Let h = x — x+ =
ae, so that || h \\s,x< w> and let g E E be such that || g \\s,x< 1- Let

We have

Furthermore, S'(x)h = aS(x) (the definition of h) and
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(see (7.2.4)). Thus,

It follows that

or, which is the same,

Since g is an arbitrary vector with || g \\s,x< 1> it follows that

Prom the second relation in (7.2.4), it follows that

Therefore, for every ry e £^(8), we have

Thus, (7.2.21) implies that

To simplify notation, set A+ =|| S(x+] ||gx+; since A = v(S,x] — \\ S(x] ||JX,
relation (7.2.22) can be rewritten as
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The right-hand side of (7.2.23) is precisely w(X;cr); since a = <r(A), (7.2.23)
implies (7.2.18). Part (i) is proved.

(ii) If (7.2.10) is solvable and x* is a solution to this equation, then S(x*) =
0, and therefore f(S, x*) = 0. Now let XQ € Q be such that f(5, XQ) < 1 and
let

According to (i), A* = v(S,Xi) satisfy the relation Aj < w*(Aj_i). The latter
quantity is < Aj_i < 1 in the case of Aj_i > 0; in the opposite case, Xj =
Xi-i, j > i — 1 is a solution to (7.2.10). Since w*(-) is continuous, we have
Aj —» 0, i —» oo. It remains to prove that (7.2.10) is solvable. Let £'(S) be a
complement to £(S) in E, so that £'(S)f\e(S) = {0} and £'(S] + £(S) = E.
Recall that the vectors e(5, x) are defined up to the addition of an element of
£(S}; in particular, we can choose them to belong to £'(S). Assume that this is
the case. Since Aj converge to 0, there exists i = IQ such that p, = AJO < (S/t)"1.
Since w*(X) < /cA2, we conclude that the quantities fa = Aj +i, i > 0 satisfy
the relation /^ < 5~V- For i > 0, we have

This inequality combined with (7.2.4) implies that

for alH > 0 such that Xi0+i_i € W®(S, Xj0). Thus, if

then

Note that //j_i < 5~i+1fj, < 5~lK~l. We claim that Pi < \ for all i. Indeed,
-Po = 0 < ̂ ; if PJ < 1, j < t, then also PJ < Hj-i(l - Pj-i)"1 = 2K~l5~j, j <
1, so that Pi < E}=12«;-15^ < |. Thus, Pi<\, i > 0, and therefore

so that, in fact, Pi < 2.5^. We also have proved that JZiPi < °°- Since
XiQ+i — Xi0 6 £'(S) (our choice of e(S, •}) and || • ^s,xio is a norm on £'(S), the
sequence Xio+i converges to a point XOQ satisfying the relation || XOG—Xj0 \\s,Xi <
2.5/i < \. In particular, XQO 6 Wi/2(S, Xj0). The latter set is contained in Q
(Proposition 7.2.1(ii)), so that Xoo € Q. Since v(S, •) is continuous on Q and
v(S,Xi) —> 0, we have v(S,XQO) = 0, so that XQO is a solution to (7.2.10). The
first statement in (ii) is proved.
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To complete the proof of (ii), note that, in the case of XQ = x, where x is
the point involved into (7.2.19), in the above considerations, we can set IQ = 0,
which implies that there exists a solution to (7.2.10), XQO, such that

Prom (7.2.4), it follows that

To prove (7.2.20), it suffices to establish that, if x* is a solution to (7.2.10),
possibly not coinciding with XOQ, then |] x — x^ Hs^^HI x — x* \\s,x*- Indeed,
since S is monotone and x*, XQO are solutions to (7.2.10), 5 vanishes on the
segment with the endpoints x* and XOQ, so that S'(x*)e = 0, e = x^, — x*. The
latter relation means that e e £(5"), so that || e ||s)2;* = 0 and || • ||s,Xoo=|l • \\s,x*
(the latter relation follows from Proposition 7.2.l(i)). Thus, || x —Xoo Hs.i^HI
x - x* \\s,x* •

(in) Prom Proposition 7.2.l(i), it follows that Q = Q + £(S), while Propo-
sition 7.2.3 implies that S is constant along translations of £(S). These obser-
vations allow us to immediately reduce the statement under consideration to
the case when £(S) = {0}. Thus, it is enough to prove (iii) in the case when
Q is bounded and £(S) = {0}. Let || • || be a fixed Euclidean norm on E, let
XQ €E Q, and let R > 0 be such that Q is contained in the || • ||-ball of the radius
R centered at XQ. Let B be the unit || • ||-sphere and let r(£) : B —> {t > 0} be
denned as

For £ 6 B and 0 < t < 1, we have

Furthermore,

so that thevector

belongs to WI/%(S,XQ + sr(£)£) and therefore belongs to Q. It follows that

so that
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Thus,

We clearly have </(£,£) —» oo, t —* 1 — 0, uniformly in £ e B. Thus, || 5(xo +
MOO II*"* °° uniformly i n £ e . B a s t — > 1 — 0, where || • ||* is the norm
dual to || • || . It follows that || S(xi) ||*—»• oo along each sequence Xi 6 Q
converging to a boundary point of Q. This observation, in turn, means that
the set Argmin {|| S(x) ||* | x 6 Q} is nonempty. Let x* be a point of the latter
set. Note that Ker S"(x*) = £(S) (Proposition 7.2.3), and, since £(S) = {0},
S'(x*} is nondegenerate; therefore the only possibility for x* to be a minimizer
of || S(x) ||* is to be a solution to (7.2.10). Thus, (7.2.10) is solvable. 

7.3 Path-following method

In what follows, we focus on the problem of solving variational inequalities with
monotone operators. Let G be a closed convex subset of a finite-dimensional
real vector space E with a nonempty interior G', and let S : G' —> E* be a C2-
smooth single-valued monotone operator. We can associate with the monotone
element (G, S) the problem of finding a (weak) solution to the variational
inequality defined by (G, S) :

Since G is bounded, the problem is solvable (Proposition 7.1.2), and the solu-
tion set to it, V*(S, G), clearly is closed and convex.

Below, G' denotes the interior of G.

7.3.1 Operators compatible with a self-concordant barrier

Let F be a i?-self-concordant barrier for a closed convex domain G C E. Since
the three-linear functional D^F(x)[hi, h%, hs] is symmetric, from the fact that
F is strongly 1-self-concordant on int G, it follows that

hi € -E, i = 1,2,3, and, since F is a $-self-concordant barrier, we also have

Thus, the monotone operator S(o;) = F'(x) is self-concordant on G'. Re-
lation (7.3.3) means that i/(S,x) < $1//2, a; 6 G'. Prom the properties of
self-concordant barriers established in §2.3, it also follows that S is strongly
self-concordant.

Let us start with the following definition (cf. §3.2).



PATH-FOLLOWING METHOD 291

Definition 7.3.1 Let F be a $-self-concordant barrier for G and let (3 > 0.
A C2-smooth monotone operator S : G' —> E* is called 13-compatible with F
(notation: S e Cg(G,F)) if, first, the inequality

holds for every x € G' and all hi,h2, hs G E and, second, the inclusion

holds (recall that Ep — Ker F"(x) does not depend on x E G' and (Ep)^ is
the annulator of Ep).
Proposition 7.3.1 (i) Cp(G,F) is a cone: If Si, S2 € Cp(G,F), ai,az > 0,
then also aiSi + a2S2 6 Cp(G,F); if/3' > (3, then C0(G,F} C C^/(G,F).

If Si e Cft(Gi,Fi), i = 1,2, andint(GinG2) + 0' then

(ii) If S is a linear monotone mapping taking values in (Ep)^, then S E
C0(G,F).

(iu) If A(y) = Ay + b is an affine mapping from a finite-dimensional space
E+ into E such that A(E+)(~}Gf + 0, F+(y) = F(A(y}} : miA~l(G] -> R
and S e Cp(G,F), then A*S(A(-)) € Cfi(A-i(G),F+).
Proof, (i) To prove that Cp(G,F) is a cone, note first that aS € Cp(G,F)
whenever a > 0 and S 6 Cp(G, F) (evident). It remains to prove that Si+ $2 £
Cp(G,F] whenever Si, 52 € Cp(G,F}. Indeed, S^ + 62 clearly takes values in
(Ep)^, and all we must establish is that the sum satisfies (7.3.4). We have

In view of the latter relation, to prove that 5i + £2 € Cp(G, F), it suffices to
verify that
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negative). We must prove that

We can restrict ourselves to the case of of + ftf = 1, i = 1,2,3 (it suffices to
perform the updating (oj, bi) -+ (oj(o? + fef )~1/3, 6,(a? + 6f )~1/3)). We have

so that

Thus, Cp(G,F) is a cone. The inclusion C0(G,F) C Cp(G,F) and the last
statement in (i) are evident.

Items (ii) and (iii) are straightforward consequences of definitions. 

Proposition 7.3.2 Let S G Cp(G,F) and let t > 0. Set

Then St € ft+(G') and £(St) = EF.

Proof. Let us verify first that St 6 S(G'}. Let x € G' and /i* € E, i = 1,2,3.
We have (see (7.3.2))

We must prove that the right-hand side of the latter inequality is not greater
than

Due to homogeneity with respect to hi, we clearly can restrict ourselves to the
case of (F"(x)hi, hi) = 1. Thus, it suffices to verify that

Let and (these quantities are non-
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where Pi = {(S'(x)hi, hi}}. The inequality is evident in the case of pip^Ps = 0.
Now let pi > 0, i = 1,2,3. Substitution pi = exp{s,} transforms the inequality
under consideration into

since nf=i{^exP(si} + 1} is convex and symmetric in s — (si, $2,83), we have

Thus, proving our inequality is the same as proving that 2(1 + /?)(! 4- tp)3/2 >
33/2i/3p4-2 for all £, p > 0. The latter inequality can be proved straightforwardly.

Thus, Si 6 S(G'). Since F' 6 S+(G') and (S'(-)M) > 0, the inclusion
St 6 <S(G') implies St e <S+(G'). It remains to prove that St is regular and
that £(St) = EF.

Since F is a self-concordant barrier, F'(x) € (Ep)^', since S(x) € (Ep)'i

(the definition of compatibility), we have St(x) € (F^)1- If h € SF, then
(St(x),ti) = 0,x e G', so that (5f(x)e,/i) = 0,e € E. We conclude that

lst(x)h,h\ = Q,h€ EF, so that £(&) D SF; at the same time, St(x) - (1 +

/3)2F"(x) is symmetric positive semidefinite, whence -E^ D £(St)- Thus, 5t is
regular and £(St) = Ep. 

7.3.2 Barrier-generated family

Let F be a $-self-concordant barrier for G and let S be a /5-compatible with
the barrier monotone operator. We henceforth assume that G is bounded. To
solve the variational inequality generated by 5", we can act as follows: Consider
the family

according to Proposition 7.3.2, this family is comprised of strongly self-concor-
dant monotone mappings with the property

(the latter equality follows from the fact that F is a self-concordant barrier for
bounded G; see Proposition 2.3.2).

From Theorem 7.2.1, it follows that the equations

have uniquely defined solutions x*(t) 6 G' for all t > 0. It is clear that, for
large i, equation (St) "is close" to the variational inequality V(G, 5), so that
we can expect that the trajectory x*(t) converges, in a natural sense, to the
set of solutions to V(G, 5). The following statement demonstrates what type
of convergence we can ensure.
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Proposition 7.3.3 Let S € Cp(G, F) and let G be bounded. Then

Proof. We have 5t(x*(t)) = 0 or S(x*(t)) = -t'1 F'(x* (t)). Since F is a tf-self-
concordant barrier, we have (F'(x),y — x} < $, x 6 G', y 6 G (see (2.3.2)),
which immediately implies (7.3.7). 

Note that (weak) solutions to V(G, S) are precisely the points of G at which
the (clearly nonnegative) function

equals zero; thus, e(S, x) can be taken as a natural accuracy measure for the
points of G regarded as approximate solutions to the variational inequality.
Note that the monotonicity of S implies that if

then

thus, £+(S, •) is even "more strong" accuracy measure than s(S, •).
Now note that (7.3.7) means precisely that

so that Proposition 7.3.3 gives us an upper bound for the naturally measured
error of x*(t) regarded as an approximate solution to V(G, S).

7.3.3 Updating rule

The method we describe (cf. §3.2) forms a sequence of approximations x(t) to
the points x*(t) along an increasing in certain ratio sequence t = ti of values
oft . The approximations are \-tight; i.e., the predicate

holds at the pairs (ti,x(ti)), where A is an arbitrary constant in the interval
(0,1/(25K)) (the choice of A determines the rate at which ti are varied). The
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method is based on the following updating rule:

N(A) : given (t, x) with t > 0 and x satisfying the predicate
P(S, t, A;x), choose

and set

where e(5T,x) is the Newton direction of ST at x(i.e., the solution
to the Newton equation S'T(x)u — ST(x)).

The following statement demonstrates that this updating rule maintains
the predicate P(5, t, A; x); note that now we do not assume that G is bounded.

Proposition 7.3.4 Let S <E C()(G,F) and lett>0, A € (0, l/(25/c)). Assume
that x satisfies P(5, t, A; x) and that t+ > 0 is such that

Then x satisfies the predicate P(5, f+ ,5A;x), and the Newton iterate x+ =
x — e(St+,x) of x is well defined and satisfies the predicate P(S, t+, A;x+).

Proof. We have

(evident), and £(St) = £(St+) = Ep (see Proposition 7.3.2), so that

Let x satisfy P(S,t,\;x), so that || tS(x) + F'(x) \\*St,x< (1 +/?)~2A. As we
have seen (Proposition 7.3.2), S(x), F'(x) e (Ep}L, and the above inequality
implies that

At the same time,

(evident), and || F'(x) \\*Fi,^x< 'i?1^2 (the definition of a ^-self-concordant
barrier). We conclude that || tS(x) \\*SttX< (l+/?)~2A+(l+/3)-1t?1/2. Therefore
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It follows that

which, combined with (7.3.11), leads to

The right-hand side in the latter relation is < 5A(1 + /3)~2 by virtue of
(7.3.10), so that P(S,t+,5\;x) is true. Since P(S,t+,5A;o;) is true and St+ €
K+(G') (see Proposition 7.3.2), from Theorem 7.2.1, it follows that x+ is well
defined, belongs to G', and v(St+,x+) < «(5A)2 < A (we considered that

7.3.4 Initialization

To follow the path x*(t) with the aid of the above updating rule N(A), we
must initialize the procedure, i.e., to find an initial pair (to,#o), to > 0> such
that the predicate P(S,t, A;z) holds true at t = to, £ = XQ. To find such a
pair, we can use the same approach as in the case of the barrier-generated
path-following method from §3.2, namely, we can approximate the minimizer
x(F) of the barrier F. Recall that G is assumed to be bounded. We know
(see Proposition 2.3.2(ii)) that, under the latter assumption, x(F) is uniquely
defined; we clearly have v(F',x(F)) = 0. Now let XQ be close enough to x(F),
namely, let

Define to as

Thenclearly

so that (to,xo) is the desired pair satisfying P(S, to, A;XO).
Thus, to initialize the above process, it suffices to find an approximation XQ

to x(F) satisfying (7.3.12). In §3.2.3, it was shown that such an approximation
can be found with the aid of the same path-following technique, provided that
we are given a starting point w 6 int G. It suffices to introduce the constant
monotone operator T(x) = —F'(w) (which, of course, is 0-compatible with F)
and to consider the family
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The corresponding trajectory x*(t) is denned by the equation

and passes through w: x*(l) = w. We can follow it as t —> 0 with the aid of
the updating rule

starting with (t°,x°) = (l,w); in view of Proposition 7.3.4, this procedure is
well defined and the predicate P (T,t,A/(3(l +/?)); x) holds true for ( t , x ) =
(tl,xl). We terminate the above process at the moment when the relation
v(F', xl) < (l+/3)~1A/2 is satisfied; the resulting xl can be chosen as the above
XQ. According to Proposition 3.2.3, the number M of steps of the described
procedure satisfies the relation

where O(l) is an absolute constant and

is the asymmetry coefficient of G with respect to w.

Remark 7.3.1 The quantity to defined by (7.3.13) admits the lower estimate

Indeed,

since Wi(F',xo) C G; see Proposition 7.2.1(ii).

7.3.5 Accuracy of approximations

We described a rule that allows us to form A-tight approximations to the
trajectory x*(t) along the sequence of values of t increasing in the ratio (1 +
O(1)(A(1 + /3)"1??"1/2)). We also know that x*(t) converges in a proper sense
to the set of (weak) solutions to V(G, S) as t —> oo. We are now interested in
what can be said about the convergence of A-tight approximations to x* (t) to
the solution set as t —»• oo. We give two possible answers to the problem.

A. Let us call a monotone single-valued operator S : G' —> E* semibounded
if the quantity

is finite.
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Proposition 7.3.5 Let S E Cp(G,F] be semibounded and let t > 0, // €
[0, l/(5/e)]. Assume that x satisfies the predicate P(S,t,/j1;x). Then

Proof. Assume that x satisfies P(5.1<,/z;x). By virtue of Theorem 7.2.1(ii),
there exists a solution x* to the equation St(-) = 0, such that

Let y £ G'. We have (S(y),x* — y) < (S(x*),x* —y) (since S is monotone).
As in the proof of Proposition 7.3.3, we have (•$"(#*), x* — y) < $t~l, so that

Now, since || x — x* ||s()X*< 5// < 1 (see (7.3.17)), there exists u e Wi(St,x*)
such that x = 5/xw + (1 — 5^t)x*. By virtue of Proposition 7.2.1(ii), we have
u € G; therefore

(we used (7.3.18)), which immediately leads to (7.3.16). 
The above statement means that, if t is large, if p, is small, and if a: is a //-

tight approximation of the point x*(t), then x is a high-quality approximation
to the solution of V(G, S) with respect to the accuracy measure e(S, •). A
drawback of this result is that the estimate involves fj, as well as t. This is
not too dangerous: We can maintain A-tightness to the trajectory x*(t) with a
"large" A, say, with A = l/(25«), until t becomes large enough and then apply
to St the Newton method described in Theorem 7.2.1 to update the A-tight
approximation into a /z-tight one with small p.. By virtue of Theorem 7.2.1,
the latter updating requires O(lnlnA//z) Newton steps. It is interesting that
we have no difficulties with necessity to find too-tight approximations to the
central path when using another accuracy measure.

B. Let us introduce a new accuracy measure e*(S, x), x e G', as follows.
Let us associate with a; € G' the convex quadratic form

of y € E. The quantity

is nonnegative; under mild restrictions on S, it is closely related to the accuracy
measure e+(5, x), as demonstrated by the following statement.
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Proposition 7.3.6 Let G C E be bounded and let S be a Lipschitz continuous
single-valued monotone operator defined on G' = int G. Let \\ • \\ be a Euclidean
norm on E and let \\-\\* be the conjugate norm on E*. Let

and

Then, for all x 6 G', we have

where

Proof. By definition, e+(S, x) = max{(S(x), x — y) \ y E G}. For a given
x e G', choose y € G such that e = e+(S,x) = (S(x),x — y) and consider the
function f ( t ) = Sx(x + t(y - x ) ) , 0 < t < 1. This is a quadratic function with
the properties

It follows that

or

It turns out that, if x e G" is a A-tight approximation to x*(t), then e*(S,x)
is of order of t~l.

Proposition 7.3.7 Let G be bounded, let S € C/3(G,F), and let x e G', t > 0
and A e [0, l/(25n)} be such that P ( S , t , X ; x ) holds. Then

(7.3.19)

Proof. Let T(y) — S(x) + S(x)(y — x) be the derivative of Sx(y) with respect
to y. Consider the mapping

We clearly have T 6 Cp(G,F) and || Tt(x) \\Tt,x=\\ St(x) ||^x, so that ||
Tt(x) ||yt x< A. The latter relation means that the derivative /' of the function
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satisfies the inequality

Since the derivative T(-) of Sx(-) clearly is 0-compatible with F, the mapping
/' = tT + F' is strongly self-concordant and regular on G' (Proposition 7.3.2).
In view of (7.3.20), Theorem 7.2.1, as applied to /', means that there exists
x* €E G' with the properties

We have

The derivative T(x*) of Sx(-) at the point x* equals to -t~lF'(x*)\ since Sx(-)
is convex, we have

as we already mentioned (see the proof of Proposition 7.3.3), the latter quantity
is < rltf. Thus,

It remains to estimate {-}i. Wehave

The function / clearly is strongly self-concordant on G', and (7.3.20) means
precisely that A(/,x) < (1 + 0)~l\ < l/(25ie); from Theorem 2.2.2(iii), it
follows that f(x) - f(x*) < (1 + /?)~2A2. We evidently have

so that (7.3.22) implies

Since F is convex and \\ F'(x*) \\*F, x* < i?1/2 (the definition of a t9-self-concordant
barrier), we have

Thus,

which, combined with (7.3.24), leads to (7.3.19). 
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7.3.6 Summary

Combining the above considerations, we obtain the following method for solv-
ing variational equations. Let G be a bounded closed convex set with a
nonempty interior in E, let F be a i?-self-concordant barrier for G, and let
S : G —> E* be a Lipschitz continuous single-valued monotone operator ,5-
compatible with F. Assume that we are given a starting point w belonging to
intG. Let

K being the absolute constant from §7.2 (see (7.2.15)).
To solve V(G, S), we can use the following two-stage method:

PRELIMINARYJ3TAGE (input: w; output: xout)

Step:

IF

THEN
goto Step

ELSE
•^out -= X'f

Stop;
ENDIF
MAINJ3TAGE (input: the output xout of the preliminary

stage)

Step:

gotoStep;

Theorem 7.3.1 Let G be a bounded closed convex subset of E, w € intG,
let F be a ft-self-concordant barrier for G, and let S € Cp(G,F) be Lipschitz
continuous. Then the above procedure is well defined, and, for each e > 0, the
total amount of steps of the preliminary and the main stages after which all
values of x generated at the main stage satisfy the inequality

does not exceed the quantity
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where O(l) is an absolute constant,

is the asymmetry coefficient of G with respect to w, and

Besides this, if \\ • \\ is an arbitrary Euclidean norm on E, then (7.3.25)
implies that

where

L||.i|(5) being the Lipschitz constant of S : G —> E* with respect to the norm
|| • || on E and the conjugate norm \\ • \\* on E* and d\\.\\(G) being the diameter
of G with respect to \\ • \\ .

7.3.7 Application example

As an application example for the above approach, consider the following prob-
lem (it is a particular case of the pure exchange model of Arrow-Debreu).
There are m customers and n kinds of goods. The total amount of the fcth
good that can be distributed among the customers is z£ > 0. The iih cus-
tomer possesses Wi money units and is characterized by the utility function
fi(xi,..., xn) depending on the vector of goods bought by the customer. The
distribution of goods is organized as follows. The goods are sold at certain
prices, which form the vector of prices p = (pi,... ,pn) > 0. For a given p, the
iih customer buys the amount of goods z^(p) = (#1 (p), ... ,a4 (p)), which
is the optimal solution to the program

The problem is to find the equilibrium prices, i.e., to find a positive solution
of the equation

or, which is the same, to solve the variational inequality generated by the
operator

on the interior intR™ of the nonnegative n-dimensional orthant.
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Let us restrict ourselves to utility functions of the form

where Cik > 0 and a^ € (0,1).
It is known (see [Po 73], [PM 78]) that, for the above utility function, the

mapping p —> (—x^' (p)) : int R™ —> R" is monotone. As we prove in Appendix
2, it is also compatible with the standard n-self-concordant barrier

for n^:

where

It follows that the mapping S(-) is (maxj /^-compatible with F (Propo-
sition 7.3.1), so that, to find equilibrium prices, we can use the above path-
following method. Recall that the method requires G to be bounded, while
now it is not the case. This difficulty can be easily avoided. Indeed, the solu-
tion p* to our problem clearly satisfies the inequality (p*)Tx* < /i = Y^Li wii
so that p* belongs to the interior of the simplex G = {p > 0 | pTx* < 2/j,}. The
function F+(x) = F(x) — \n(2fj, — pTx*) is an (n + l)-self-concordant barrier
for G, and S is (max, /3j)-compatible with this barrier (Proposition 7.3.l(i)).
Thus, it suffices to solve the variational inequality generated by S on G, and
now there is no difficulty with the unboundedness of the domain.

7.4 Inequalities with linear operators. Reducibility to linear
case

7.4.1 Variational inequalities with linear monotone operators

One of the simplest classes of monotone operators is formed by linear operators

where A : E —> E* satisfies the relation

and a e E*.
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For every closed convex domain G 6 E, the pair (G, 5|c) is, of course, a
monotone element, and solutions to the corresponding variational inequality
are exactly the same as weak solutions to it (see Proposition 7.1.1). The
operator involved into the inequality is 0-compatible with any self-concordant
barrier for G, provided that G does not contain straight lines. Thus, in the
case of bounded G the only difficulty when solving a variational inequality
with a linear monotone operator by a path-following method is to find a self-
concordant barrier for G.

It turns out that, in fact, a variational inequality with a linear monotone
operator can be more or less straightforwardly reduced to a convex program-
ming problem.

To this purpose, consider the intersection G+ of the cone

(this is the conic hull of G) and the affine hyperplane {t = 1} in R x E. Note
that K is a closed convex cone with a nonempty interior in R x E (this cone
is pointed, if G does not contain straight lines). Let

be the linear homogeneous mapping defined as

We have (S+(t,x), (t,x)) = (Ax,x) > 0, so that the mapping S+ is monotone.
If x* is a solution to V(G, S), then the point x* = (l,x*) belongs to G+ and
clearly satisfies the relation

Conversely, if x* = (!,£*) satisfies the latter relation, then, as it is easily
seen, x* is a solution to V(G, S).

Thus, we have proved that a variational inequality with linear monotone
operator can be straightforwardly reformulated as the following conic varia-
tional inequality:

where K is a closed convex cone with a nonempty interior in a finite-dimensional
vector space H; L is a linear subspace in H; b € H] and a : H —> H* is a linear
homogeneous monotone mapping

Note that our reduction scheme ensures regularity of the conic variational
inequality, i.e., the property
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Note also that the above scheme is not the only way to reduce a variational
inequality V(G, S) to a conic variational inequality. In fact, it is easily seen
that any conic representation of G induces (at least in the case when G does
not contain straight lines) a conic reformulation of V(G, S).

7.4.2 Reduction to convex program

Now let us demonstrate that a regular conic variational inequality (P) can
be easily reduced to an equivalent conic optimization problem, namely, to the
problem

where K*, as always, is the cone dual to K and £, b are the linear subspace
and a vector in H x H* defined by the relation

where L± is the annulator of L.
Note that the objective in (P*) is a convex quadratic form.

Proposition 7.4.1 Let (P) be regular; i.e., let L+b intersect mt K. Then (P)
and (P*) are equivalent in the sense that, if (P) is solvable, then (P*) also is
solvable, the optimal value in (P*) is 0, and the solutions to (P) are precisely
the x-components of the solutions to (P*)- Conversely, if (P*) is solvable and
the optimal value in this problem equals 0, then (P) is solvable.

Proof. Assume that (P) is solvable and x* is a solution to (P). Let

K for all small enough t > 0}

be the tangent cone of K at x*. Then the functional Ax* is nonnegative at
the intersection of the closed convex cone Q and the linear subspace L, and
the latter intersection contains points interior to Q (recall that (P) is reg-
ular). From the Dubovitskii Milutin lemma, it follows that there exists a
representation Ax* = s* + y* with s* being nonnegative on Q and y* be-
ing nonnegative on L. The latter means that y* E L^, while s* e K* and
(s*,x*} < 0 (since -x* € Q). In view of x* 6 K, relation (s*,x*} < 0
implies that {«*,£*} = 0. Thus, the pair (x*,s*) is feasible for (P*) and
f ( x * , s * ) = (Ax*,x*)-(Ax* -s*,b). Since Ax* ~s* = y* GL^andb-z* e L,
we have

Thus, (x*,s*) is feasible for (P*) and f ( x * , s * ) = 0.
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On the other hand, if (x, s) is a feasible solution to (P*), then

(we considered that Ax — s € Zr1 and x — b e L). It follows that /(x, s) =
(s,x) > 0 (recall that (x, s) e K x K*}. We see that the objective in (P*) is
nonnegative at the feasible set of the problem, so that the above (x*, s*) is an
optimal solution to (P*}, and the optimal value in (P*) is 0.

We have proved that, if (P*} is solvable, then (P*) is solvable with zero
optimal value, and each optimal solution to (P*) can be represented as x-
component of an optimal solution to (P*). To complete the proof, it suffices
to verify that, if (P*) is solvable with zero optimal value and (x*,s*) is an
optimal solution to (P*}, then x* is a solution to (P). Indeed, we have 0 =
(Ax*, x*) — (Ax* — s*, b) = {Ax*, x*} — (Ax* — s*, x*} (since (x*, s*) is feasible,
Ax* — s* e L1- is orthogonal to the vector x* — b e L), so that (s*,x*) = 0.
Let y e K f ] { L + b}. Then (Ax*,y-x*) = (s*,y-x*) (since Ax* - s* €
L-1-, y - x* e L), so that (Ax*,y-x*} = (s*,y-x*) = (s*,y) > 0 (we
considered that {s*,x*} = 0 and (s*,y) > 0 in view of s* e K*, y e K). Thus,
x* is a solution to (P). O

We have reduced a variational inequality with a linear monotone operator
to (P*)] the latter problem is a conic optimization problem, and therefore
it can be solved by polynomial-time interior-point methods, in particular, by
potential reduction ones. To apply these methods, it suffices to know a •&-
logarithmically homogeneous self-concordant barrier F for the cone K and its
Legendre transformation F*; if it is the case, we can take the function

as a 2??-logarithmically homogeneous self-concordant barrier for the cone K x
K* involved into (P*). Note that the Legendre transformation of this barrier
is <!>(—x, —s), so that F and F* induce both the primal and the dual barrier
for (P*).

7.4.3 Convex representation of a monotone operator

Recall that we can now apply the interior-point machinery to a rather restricted
class of variational inequalities with monotone operators, since the operator
involved should be compatible with a barrier for the corresponding domain
G. The same difficulties occurred in convex optimization: To apply a barrier-
generated path-following method to a convex optimization problem directly,
we should require compatibility of the objective and the barrier for the feasible
domain, which is a severe restriction on the objective. In the optimization
case, however, it was easy to overcome this difficulty: We always could reduce
the problem to an equivalent one with a linear objective, so that, in fact,
the possibility of solving convex programming problems was limited only by
our abilities to point out "computable" self-concordant barriers for convex
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domains. In a sense, the situation with monotone variational inequalities is
similar: As we see, such an inequality admits a "convex representation," i.e.,
can be reduced to an inequality with a linear operator on a modified domain.
Below, we describe the corresponding reduction and develop a kind of calculus
for convex representations (cf. §§5.1, 5.2).

Definition 7.4.1 A convex representation (c.r.) for a monotone element
(G, S) is, by definition, a dosed convex set G+ contained in the set

such that the following two conditions hold:

Let us establish some relations between the introduced notions.

Proposition 7.4.2 Let (G, S) be a monotone element, (i) Convex represen-
tations for (G, S) do exist; the minimal (with respect to inclusion) among them
is

(ii) Let G+ be a convex representation of (G, S) and let V(G, S) admit a
solution. Consider the bilinear game with the cost function

(the player choosing w tries to minimize, and that one choosing y tries to
maximize the function) and let

be the cost function of the first player. Then the saddle set of 7 is nonempty,
and, consequently, the set of solutions to the problem of the first player

also is nonempty; the natural projection of the latter set onto E contains all
solutions to V(G, S) and is contained in the set of all weak solutions to V(G, S).
In particular, in the case when the sets of solutions and weak solutions to
V(G, S) coincide and are nonempty, the optimal set of the first player coincides
with the set of solutions to the variational inequality.

Proof, (i) It is clear that the set G*(G,S) is contained in any convex rep-
resentation for (G,S), so that it suffices to prove that this set is a convex
representation of the element. It evidently contains all the triples
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and, for such a triple, we have

for all y € Dom{5} and all r\ € S(y) (recall that S is monotone). Thus,
the inequality s — {£, y) > (77, x — y) holds for all of the above triples and all
y 6 Dom{5}, 77 € S(y). Since both sides of the inequality are linear in (x, £, s),
it also holds for all triples from the set

and consequently for all triples from G*(G, S). Thus, G*(G, 5) is a conic rep-
resentation for (G, S).

(ii) Let

By definition of a convex representation, we have j(w, y) > n(x\ y, 77) for all
w = (x, £, s) € G+ and all (y, 77) € G(5), so that

Let us prove that a(x) > 0. Indeed, let y G intG; then the points yt =
x + t(y — x) belong to intG C Dom{5} for all t € (0,1], so that there exist
rft € S(yt). Prom the monotonicity of 5, it follows that the function

is nondecreasing on (0,1], and, of course,

(we considered that cr(-) is nondecreasing). Thus, j(w) > 0, w e G+.
Now let x* be a solution to V(G, S). Then there exists £* e S(x*) such

that

We have w* = (x*, £*, {£*, x*)) € G+ (the definition of a convex representation)
and

Thus, */(w*) = 0, and w* is the minimizer of 7 over G+. Moreover, (w*,x*) is
a saddle point of 7, since, for w = (x, £, s) e G+ and y e G, we have

(the first inequality follows from w e G+ and Definition 7.4.1 (b)).
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We have proved that the solutions to V(G, S) are contained in the projec-
tion onto E of the optimal set of 7. In turn, let w* = (x*,£*s*) be a minimizer
of 7 or, which is the same, let 7(0;*, £*, s*) = 0. It follows that

and also, since

(due to (x*,£*,s*) 6 G+), we conclude that (77,0;* — y) < 0, so that x* is a
weak solution to V(G, S). 

The advantage of a convex representation for a monotone element (G, S)
is that, given such a convex representation G+, we can reduce the problem of
solving variational inequality V(G, S) associated with the element to a bilinear
game with the cost function

(see Proposition 7.4.2(ii)). Assume that V(G, S) has a solution; then, as we
have already proved, 7 possesses a nonempty saddle set on G+ x G, and the
x-component of the projection onto E of any saddle point of 7 is a weak
solution to V(G, S). Assume that we would be satisfied by any weak solution
to V(G, S); then it suffices to find a saddle point of 7 (and we know that such
a point exists). Since 7 is a bilinear function, finding a saddle point of it is the
same as solving a variational inequality with an affine monotone operator

where 
R, oy 6 E. We know how to solve the latter problem by path-following and
potential reduction methods, provided that we know coverings (respectively,
conic representations) of G and G+.

Thus, it is important for us to develop a kind of calculus that allows us
to point out "explicit" convex representations of monotone elements. Let us
start with "raw materials" for this calculus.

The following statement is a straightforward consequence of Proposition
7.4.2(1).

Proposition 7.4.3 Let G = E and let S(x) = ax + b be an affine monotone
operator. Then the set

is a convex representation o/(G, S).
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Note that G+ is a closed convex domain in the affine space

and, in fact, it is the epigraph of a convex quadratic form, so that there is no
problem with finding coverings and conic representations for G+.

Our next statement demonstrates how to find a convex representation for
a potential monotone element. Let (G, /) be a functional element on E; then
the operator

(see §7.1.2, item 1) with the domain comprised of all those points x of G
where / is finite and the set df(x) of the support (on G) functional to /
is nonempty, is monotone on its domain, and the latter contains at least the
interior of G; thus, (G, S/) is a monotone element. Consider the Legendre
transformation (G*, /*) of the functional element (G, /). Recall that the latter
pair is defined as follows. G* is the closure of all those £ 6 E* for which the
function {£,#} — f ( x ) is above bounded in x € G, and

Proposition 7.4.4 The set

is a convex representation for the monotone element (G, Sf).

Proof. First, as we know (see §5.2.3), (G*,/*) is a functional element. It
follows that the pairs (G x G*,^(x,0 = /(x)) and (G x G*,^(x,0 = /*(£))
both are functional elements, so that their sum also is a functional element.
Since G+ is precisely the epigraph of the latter element, G+ is closed and
convex.

Now let us prove that G+ contains each triple (z,£, s) with x E Dom{5/},
£ € Sf(x) and s = {£, x) . Indeed, for the above triple, we clearly have x G
Dom{/}, f e Dom{/*} and s = /*(£) +/fa), so that (x,£,s) € G+. It remains
to verify that (x,£,s) € G+ implies that

Indeed, we have x € Dom{/}, £ € Dom{/*} and s > f(x) + /*(£), so *nat

Note that a covering for the f.e. (G, /) induces in "almost explicit" man-
ner a covering for its Legendre transformation (G*,/*) (§5.2.3), and a simple
combination of these coverings (see Corollary 5.2.3) is a covering for G+.
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Now let us demonstrate how to obtain a convex representation of "a com-
bined" monotone element on the basis of convex representations of the elements
involved into the combination. There are five standard operations preserving
monotonicity: multiplying by a positive constant factor, restriction onto a
smaller domain, affine substitution of argument, summation, and taking the
inverse. The induced transformations of convex representations are given by
the statements that follow.

Several transformation rules are evident.

Proposition 7.4.5 Let (G, S) be a monotone element and let G+ be its convex
representation.

(i) Let a > 0. Then the set

is a convex representation of the element (G,aS).
(Note that G$ is the image of G+ under an invertible affine mapping, so

that a covering (a conic representation) of G+ naturally induces a covering
(respectively, a conic representation) ofG&.)

(ii) Let H be a closed convex domain contained in G and let S H be the
multivalued mapping defined by the relations

Then (H, S \H) is a monotone element, and the set

is a convex representation of this element.
(Note that H+ is the intersection of G+ and the direct product of H and a

linear space; therefore a pair of coverings (a pair of conic representations) of
G+ and H induces a covering (respectively, a conic representation) of H+.)

(Hi) Let B(y) = By + b be an affine mapping from a finite-dimensional real
vector space E' into E such that Im B intersects intG. Set G' = B~l(G) and
let S' be the operator defined by the relations

where B* is the operator conjugate to B. Then (G", S') is a monotone element,
and the set

is a convex representation of (Gr, S').
(Note that G' = cl 0(G"), P(x,£,s) = (x,B*£,s), where G" = (B~l(G+)

and B is the affine mapping ( x , £ , s ) —» (B(x),£,s) (which image clearly inter-
sects the relative interior ofG+). Therefore a covering (a conic representation)
of G+ induces a covering (respectively, a conic representation) of G". In turn,
in the case when (3(G") is closed, the latter covering/conic representation in-
duces a covering/conic representation of G'.)
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Now consider summation.

Proposition 7.4.6 Let (G, Si) and (0,82) be monotone elements and let the
operator Si + 82 be defined by the relations

Also, let GI" and G\ be convex representations of (G,Si) and ((7,52), respec-
tively. Then the set

is a convex representation for (G, Si + S^).

The proof is quite straightforward.
Note that G+ = cl{/3(G')}, where G' = B~l(G^ x G£) and the linear

mappings /3 and B are defined by the relations

The image of B clearly intersects the relative interior of G* x G%, so that a
pair of coverings (conic representations) of G^", G% induces a covering (re-
spectively, a conic representation) of G'. This covering/conic representation,
in turn, induces a covering/conic representation of G+, provided that j3(G') is
closed (and therefore coincides with G+). The latter requirement is satisfied
if at least one of the sets G^, G% is bounded.

It remains to consider inversion. Let (G, S) be a monotone element. The
projection Im S of the graph G(G, S) C E x E* onto E* is formed precisely
by those £ for which the inclusion £ € S(x) is solvable; let S~l(£) be set
of solutions to the inclusion. Thus, we have defined a multivalued mapping
S~l that maps a point £ from DomlS"1} = Im 5" into a nonempty subset of
E = (E*)*. It is easily seen that this mapping is monotone, namely,

If 5 is defined unproperly, then the above mapping S~l can be bad, e.g., it can
be defined in a neighbourhood of a point, but not at the point itself. Let us
call a monotone element normal if the set G' = cl Im S is convex and possesses
a nonempty interior, and the latter interior is contained in Im S. In this case,
(G',5"1) clearly is a monotone element on E*- we call it the element inverse
to (G, S). It is well known that, if S is maximal monotone and the affine span
of Im S coincides with E*, then (G, S) is normal.

The following statement demonstrates that a convex representation of a
normal monotone element is, in fact, a convex representation of the inverse
element.
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Proposition 7.4.7 Let (G,S) be a normal monotone element, (G',S~l) be
its inverse and let G+ be a convex representation for (G, 5). Let

Then G++ = Hf}R is a convex representation of(G',S-1). IfG+ = G*(G,S)
is the minimal convex representation of (G,S), then G++ = H.

Proof. Let us prove that G++ is a convex representation of (G',S~l). We
should verify that

(a) G++ is closed convex set contained in G' x (E*)* x R;
(b) G++ contains all triples (£,x, {£, x)) associated with (£,x) e G(S~1);
(c) For every (£,x, s) € G++, we have

for all (77, y) € G(S~l). The verification is as follows:
(a) This part is evident;
(b) If (£,x) e G(S~1), then (x,£) e G(S) and £ e Im S C G'. Since

(x,£) 6 G(S), we have (x,£, (C,^)) € G+ and therefore (£,x, (C,^)) € -ff; since
£ G G', we also have (£,£, {^, x}) € fl, so that (^, x, (£,x)) € G++, and (b) is
proved;

(c) If (£,z,s) e C++ and (77, y) e G(S'-1), then (x,^,s) e G+ and (y,7?) 6
G(5); these inclusions, combined with the fact that G+ is a convex represen-
tation of (G, 5), imply that

which is equivalent to the inequality required by (c).
It remains to prove that, if G+ is the minimal convex representation of

(G, S), then G++ = H or, which is the same, to verify that NCR. The
minimal convex representation is, by definition, the closure of the convex hull
of the set {(x, £, {£, x)) | (x, £) € G(S')}, so that in the case under consideration

and, of course, the projection of this set onto E* is contained in G' (the defi-
nition of the inverse to a normal monotone element). 
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Chapter 8

Acceleration for linear and linearly
constrained quadratic problems

8.1 Introduction and preliminary results

8.1.1 Motivation

In this chapter, we consider the problem

(C.Q):

where A is a positive semidefinite symmetric n x n matrix, a ,ai , . . . ,am e
Rn, b i , . . . , 6m G R. In other words, we deal with a linearly constrained convex
quadratic programming problem.

Henceforth, set

We assume that G is a bounded set with a nonempty interior (hence m > n).
Without loss of generality, we suppose that all a^ are nonzeros. Then

To solve the problem, we can use, say, the barrier-generated path-following
method (see §3.2; the method is referred to as the basic one) associated with
the standard logarithmic barrier

which is an m-self-concordant barrier for G; of course, the objective is 0-
compatible with the barrier. As we know, to improve the accuracy of cur-
rent approximate solution by an absolute constant factor, the method requires
O(l)m1/2 Newton-type steps, and each of these steps costs O(l)mn? arith-
metic operations. It follows that the arithmetic cost of finding an e-solution
to the problem, i.e., a point xs satisfying the relation

I
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is

operations, where a(G : w) is the asymmetry coefficient of G with respect to
the starting point w € G' used by the method.

In what follows, M*(e) always denotes the arithmetic cost (corresponding
to the method under consideration) of finding an e-solution to (CQ).

It is well known that the cost given by (8.1.5) can be reduced. To this
purpose, we can use different strategies and tactics.

Strategy

In a path-following method, we are interested in approximating the path

((j) is either a linear form (the preliminary stage), or the objective involved into
(jCQ) (the main stage)). This path should be approximated along a sequence of
values of t tending to 0 (at the preliminary stage) or to oo (at the main stage),
and the computational effort is dominated by the arithmetic cost at which we
can solve the basic subproblem, i.e., to update a given "good" approximation
to x*(t) into an approximation of the same quality to x*(2t) (or x*(t/2)); of
course, the above constant 2 could be replaced by an arbitrary absolute con-
stant greater than 1. To simplify our explanation, restrict ourselves to the
basic subproblem associated with the main stage, where t should be increased.
A general-type path-following method solves this subproblem by a number of
updatings of the type t —> t+ = nt, where K > 1 is the rate of increasing t. Each
step t H-> t+ is accompanied by an updating x i-» x+, and the only requirement
on x+ is that this point should be good (in a proper sense) approximate min-
imizer of Ft+(-) over G'. The most natural way to form x+ is to minimize Ft+
by certain standard procedure for smooth convex minimization. Let us restrict
ourselves for a moment to one of the standard first-order procedures, e.g., the
gradient descent method. An obstacle for fast convergence of this method is
that, although our objective Ft+ is very smooth, it may happen to be very
ill conditioned with respect to our initial (standard) Euclidean structure on
the space of variables, and the gradient descent method implemented in a
straightforward way may be very time-consuming. To overcome this difficulty,
it is reasonable to precede the gradient descent by an appropriate scaling of
variables, which ensures a reasonable condition number of the Hessian of Ft+
(at least in a neighbourhood of the point x where the procedure starts). This
scaling is equivalent to introducing a new Euclidean structure on Rn with the
aid of a scalar product uTPv, where P should be "compatible" with the Hes-
sian of Ft+ at x; to apply the associated "prescaled" gradient descent method,
we should know the matrix P"1. Note that the simplest way to implement this
scheme leads precisely to the basic method, where we, in fact, perform a single
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step of the prescaled gradient descent method, the scaling being denned by
the Hessian of Ft+ at x (indeed, the step of prescaled (in this way) gradient
descent method is, up to the stepsize, the Newton step). The rate of varying t
in the basic method is chosen according to the requirement that the prescaled
gradient descent method could minimize Ft+ to the desired accuracy in a single
step.

Now it is clear that the strategy underlying the basic method is an "extreme
point" of a whole family of strategies. There is neither a priori reason to restrict
ourselves to the prescaled gradient descent method (there exist more efficient
first-order procedures for smooth convex minimization), nor any necessity to
update a; by a single step of the procedure. In other words, we could try to
vary t at a higher rate than that one used in the basic method and accompany
every step t (-> t+ by a number of steps of a prescaled first-order procedure for
minimizing Ft+(-).

Tactics

As we have already seen, the above strategies require appropriate scaling of the
space of variables: Each step t i—» t+ should be accompanied by computing a
matrix "compatible" with the inverse Hessian of Ft+ at x. In the basic method,
this is done quite straightforwardly: We simply compute the Hessian and its
inverse. Note that this is, in a sense, superfluous: All we need is not the exact
inverse Hessian, but a matrix compatible with this inverse Hessian within a
factor of order of 1. It turns out that appropriate approximate inverse Hessians
can be recursively computed at the lower average (over iterations) arithmetic
cost than the exact ones; this possibility for acceleration was discovered in the
same paper where the first polynomial-time interior-point method for LP was
developed (we mean the landmark paper of Karmarkar [Ka 84]). As applied
to interior-point methods for (CQ) (and LP), this Karmarkar acceleration was
used by most of researchers. Since it is used in all our strategies, it is reasonable
to recall the idea of the Karmarkar acceleration.

Assume that we are generating a sequence of points (ti, x\),..., (tj, x,),...,
(ti > 0, Xi € G') and should compute symmetric positive definite matrices Pi
and P^1 in such a way that

where $ is a given symmetric positive semidefinite matrix and p > 1 is a given
constant. Note that the matrices Ti = t^[F"(xi) are of the form ATD(i)A,
where A is a constant mxn matrix and D(i] is a diagonal mxm matrix with
positive diagonal entries.

Karmarkar's scheme of computing PJ and Pr1 is as follows. We set
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and update the new diagonal matrices D'(i) according to the rules

(note that this rule clearly maintains (*)). Now, for i = 1, we compute Pi and
then P^1 straightforwardly. To transform (Pj,Pj~ ) into (Pj+ijP^), we act
as follows. Let A(t) = D'(i + 1) — D'(i) and let k — ki denote the number of
nonzero diagonal entries in A(z). Consider the A; x k diagonal matrix 8 = 6(i)
with diagonal entries being nonzero diagonal entries of A(z) and let a = a(i)
be the k x n matrix formed by the rows of A corresponding to the nonzero
diagonal entries of A(z). Then

and the above computation costs O(kn2) operations of the standard linear
algebra routines.

Now, in the case of k < n, to update Pj~l into -Fj+\, we can use the
Sherman-Morrison formula

which takes O(fcn2) operations; in the case of k > n, we can invert Pj+i di-
rectly, which takes O(n3) operations. Thus, the cost of updating the pair
(PjjP^1) always does not exceed O(fcn2), while the straightforward computa-
tion of (Pi+i,P^\} takes O(mn2) operations.

As already mentioned, in the case of the basic barrier method, we can
replace exact Newton steps

by approximate steps

where Pj satisfies (*) with an appropriate absolute constant p close to 1 (the
matrix $ involved into (*) is either zero (at the preliminary stage) or the
Hessian of the objective (at the main stage)). Thus, we can use the Karmarkar
scheme for updating Pi in the basic method (the resulting procedure is called
the Karmarkar acceleration of the basic method). It turns out that the average
(over iterations) value of k in the latter method is of order of m1 / 2, so that the
average arithmetic cost of an iteration is O(m1/2n2 + mn) instead of O(mn2)
in the initial version of the basic method. Thus, the total arithmetic cost of
finding an e-solution by the accelerated basic method is
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Note that the arithmetic cost of an e-solution to (CQ) depends, in partic-
ular, on the linear algebra tools used for scaling (i.e., for forming and exact
or approximate inverting of the corresponding Hessians). Bounds (8.1.5) and
(8.1.6) correspond to the traditional linear algebra routines, where the cost of
inverting a k x k matrix is O(k3). However, there are theoretically less costly
ways to perform the above computation, which require no more than 0(fc2+T)
operations for certain 7 < 1 (the best of the currently known values of 7 is
0.376... [CW 86]). Of course, the "advanced" linear algebra techniques reduce
the cost of finding an e-solution to (CQ). In what follows, we fix 7 6 (0,1] and
assume that we can invert a k x k matrix at the cost of O(fc2+7) arithmetic
operations.

Overview

The aim of this chapter is to combine all aforementioned possibilities for accel-
erating the basic barrier method as applied to (CQ), i.e., "large steps in t with
multistep prescaled first-order procedures for updating x" recursive computa-
tion of (approximate) inverse Hessians used for scaling, and "advanced" linear
algebra routines.

Let us outline the contents of the chapter. In §8.2 we establish an important
inequality that, in a sense, bounds from above the rate at which the path £*(•)
associated with problem (CQ) can vary "at large"; this inequality forms the
basis for all our further considerations. In §8.3 we describe three strategies with
"large" steps in t and multistep updating x based on three (prescaled) first-
order procedures, namely, the gradient descent method, the "optimal" method
for smooth convex minimization, and the standard iterative method for solving
the equation VFt+ = 0. In §8.4 we develop the strategy with the same stepsizes
in t as in the basic barrier method and the (approximate) Newton steps in x
computed by a preconditioned (in certain specific way) conjugate gradient
method.

The results are as follows (for simplicity, we now restrict ourselves to the
case of n = O(m)). The arithmetic cost of finding an e-solution to (CQ) for
each of our procedures is of the type

where a(G : w) and e are the same as in (8.1.5) and < ? ( • , • ) is specific for
the procedure under consideration. Our "reference point" is the Karmarkar
acceleration of the basic barrier method

for the three strategies described in §8.3, we have
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and, for the conjugate-gradient-based strategy from §8.4, we have

We see that, in the case where 7 = 1, i.e., for the traditional linear algebra,
all strategies are of the same cost: q.(l,m) = m3 (note that the strategies,
however, differ from each other even in the case of 7 = 1). The "ideal" case
7 = 0 is similar: All q.(0,7) are (sometimes within logarithmic factors) equal
to m5/2. In the case of 0 < 7 < 1, the quality of the third strategy from §8.3
is the same as of the Karmarkar acceleration, and the remaining are better in
order, the conjugate-gradient-based being the best one (for all 7 € (0,1)). For
example, for the best-known value of 7, the reference strategy yields

while, for the conjugate-gradient-based strategy, we have

As we have mentioned, in the case of 7 = 1, all our strategies lead to
the same complexity estimates as the widely used Karmarkar acceleration of
the basic method. Nevertheless, we suppose that these new strategies are of
practical interest even in the context of the standard linear algebra. Indeed,
the basic method seems to work in accordance with its theoretical worst-case
efficiency estimate, while the other strategies appear to be more flexible. We
mean that the performance of the first-order procedures for smooth convex
optimization, as well as the performance of the conjugate gradient method for
solving linear systems, usually is better than that one prescribed by the theo-
retical worst-case analysis, so that we may hope that the proposed acceleration
strategies typically are more efficient that the basic method with Karmarkar's
acceleration.

8.1.2 Preliminary results

The remaining part of this section contains some preliminary results about
advanced linear algebra.

In what follows, we fix 7 e (0,1] such that, for all positive integers k, a
nonsingular k x k matrix can be inverted at the arithmetic cost c7fc

2+7. It is
known that, in this case, the product of two k x k matrices can be computed
at the cost of O7(fc

2+7) arithmetic operations (henceforth, the constant factors
in Oy(-) depend on 7 only, while the constant factors in O(-) are, as always,
absolute constants). The following statement is a straightforward consequence
of these assumptions.
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Lemma 8.1.1 Let

The product of an I x k matrix A and akxr matrix B can be computed at the
cost of O-y(a(l,k,r)) arithmetic operations.

Proof. Let s = min{/,/c,r}. Without loss of generality, we can assume that
/, fc, r are divisible by s. After partitioning the matrices A and B into square
sxs submatrices, we obtain (l/s) x (k/s) and (k/s) x (r/s) matrices A', B' with
elements from the ring £ of real s x s matrices. The multiplication of A' and
B' in the traditional manner costs O(lkrs~^} multiplications and additions of
pairs of elements of £. Each of these £-operations costs no more than O7(s

2+7)
arithmetic operations, which proves the statement. 

Assume that the data in (£Q) are represented in the natural way (by listing
the entries of the matrix and the vectors) and let 0 be a similarly represented
convex quadratic form. Let

Henceforth, /' and /" denote the gradient and the Hessian of a function
/ : G' —» R with respect to the standard Euclidean structure on R".

Let, for x € G', t > 0,

where T> is the set of diagonal m x m matrices with positive diagonal entries.
Let Z be the n x m matrix with the columns a i , . . . , am and let

The nxn matrix M(0,D) is symmetric and positive definite (the latter state-
ment holds in view of the boundedness of G'). We use the notation Mf(x) for
the matrix M(0, Dt(x)); note that, in view of (8.1.7),

For a pair /i, s of positive m-dimensional vectors, let

Henceforth,

The following lemma holds.
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Lemma 8.1.2 (i) Given x 6 G', t > 0, and D € T>, we can compute
(Pif)'(x) at the cost ofO(mn) operations; compute Dt(x) at the cost ofO(mn)
operations; compute the product of M(0, D) and a given vector h € Rn at the
cost of O(mn) operations; compute M((j>,D) at the cost o/O7(mn1+7) opera-
tions.

(ii) Assume that we have computed D, D' € T>, and the matrix L =
[M(<f>, D}}~* and let k be the number of diagonal positions in which the entries
of D and D' do not coincide. Then the matrix [M(0, D')]"1 can be computed
at the cost o/07(m + /[n, k]) operations, where

Proof, (i) The first and the second statements axe evident; the third follows
from the relation

The fourth statement follows from Lemma 8.1.1, since the computation of the
n x m matrix DZT costs O(mn) operations, the multiplication of Z and this
matrix costs 07(mn1+7) operations, and it takes O(n2) operations to add (f>"
to the result.

(ii) If k = 0, then the statement is evident. Let k be a positive integer. It
is clear that

(subscripts denote the numbers of rows and columns), where Vn^ and S^n can
be computed at the cost O(m + nk) operations.

Let k < n. We have

where Ik means the k x k identity matrix. By Lemma 8.1.1, the matrix (Ik 4-
Sk,nVn,k) can be computed at the cost O7(nfc1+7); the resulting matrix can
be inverted at the cost 07(fc

2+7); each of the remaining matrix multiplications
costs no more than <97(ra2fc7), thus (M'n n)~

l can be computed in no more than
O7(n

2fc7) operations.
Now let k > n. We have

The matrix In + (Mntn)~
lVn^S^n can be computed at the cost O(fcn1+7)

(Lemma 8.1.1), the resulting matrix can be inverted at the cost O(n2+7), and
the result can be multiplied by (Mn,n}~1 at the cost 0(n2+7). Thus, (M^n)~

l

can be computed at the cost of O(fcn1+7) operations. 
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8.2 The main inequality

Let us fix a convex quadratic form $ on Rn. For t > 0, denote

(Ff is defined by (8.1.7)).
The following lemma states an important regularity property of the trajec-

tory £*.

Lemma 8.2.1 Let ti, t^> 0. Then

Proof. We have

(note that j[ does not depend on x). Subtracting such an equality corre-
sponding to t = *2 from that one corresponding to t = t\ and multiplying the
resulting equality by (x*(ti) — x*(t-z)), we obtain

whence

which immediately leads to (8.2.3). 

Corollary 8.2.1 Let t\, ti > 0. Assume that x(ti), x(t-z) e G' are such that
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Then

(recall that u>(A) = 1 — (1 — 3A)1/3) with an absolute constant /IQ > 0.

Proof. Let us define m-dimensional vectors and m x m matrices as follows
(below t = ti or t = £2):

We have

andsimilarly
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Thus, Theorem 2.2.2(iii) and (8.2.4) imply that

and

Furthermore, (8.2.3) impliesthat

Since for positive s we have (s - s"1)2 > (s - I)2 + (s~l - I)2, (8.2.10) leads

By (8.2.8), (8.2.9), we have

Therefore,
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Furthermore,

(we considered (8.2.12), (8.2.13)). The same estimate holds for the quantity
\\HW(ttfl*H-W(tl)g--e\\<t.

Thus, (8.2) implies that

We also have

(the latter inequality holds in view of (8.2.11), (8.2.12)). The obtained inequal-
ity combined with (8.2.15) proves (8.2.5). 

8.3 Multistep barrier methods

8.3.1 Notation

Recall that the barrier method, when applied to (£(3), follows the trajectory
(8.2.1), where <p is a linear form (at the preliminary stage) and (f> = if) (at the
main stage). The method computes approximations x(i) to x*(t) along certain
sequence {ti \ i > 0} and maintains the inequality

where A is an appropriate absolute constant. In fact, this inequality is sufficient
for ensuring the efficiency estimate, no matter by which strategy this inequality
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is provided. An example of such a strategy was described in §3.2.2. In what
follows, three more strategies are presented.

Let us introduce the following subproblem P = P(T, y) : Given r > 0 and
y € G' such that

find y' € G' and r' satisfying the relations

and
at the preliminary stage,

at the main stage.

Assume that M is a procedure that solves this subproblem (for each r, y
satisfying (8.3.1)) at the cost of M arithmetic operations. Then we can find
an e-solution of (CQ) in no more than

arithmetic operations. Indeed, it suffices to follow the trajectory (8.2.1) in
accordance with the scheme

(compare with the proofs of Propositions 3.2.3 and 3.2.4).
Thus, we can restrict ourselves to the subproblem P.

Sets Ka(x)

For x e G' and a > 0, let

Let p,\ > 0 be an absolute constant such that

for all s, r > 0 (we can take fj,\ =2).

Lemma 8.3.1 (i) Let x € G", a > 0, t, s > 0. Then
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(ii) There exists an absolute constant //2 > 0 such that, for each i, t' >
0, x, x' € G' and A e (0,0.1) satisfying the conditions

the implications

hold.

Proof, (i) Wehav<

whence

or

The latter relation immediately implies (8.3.6).
(ii) Let

Then, by virtue of (8.2.5), we have

moreover, ^ < O2 < 2. Therefore

It remains to note that 
For a > 0 and q e (0,1), let the function g(t) = g(a,q,t) be defined as
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Also, let

It is clear that the function g(t) is a C2 smooth extension of the func-
tion (—hit) from the segment [qa,a/q] onto R (the second derivative of the
extension is constant for t > a/q and for t < qa).

For u € G', let

The following statement is evident.

Lemma 8.3.2 For each u € Gf, we have

moreover, for each x € Rn, we have

8.3.2 Gradient-descent-based acceleration

Let 2 > p > 1, 2 > 77 > 1, A e (0,0.1]. We will describe a procedure M(p, 77, A),
which solves the subproblem P. This procedure performs a "large" step in t.
The stepsize depends on 7, m, n; in the case of 7 = 1 and n = O(m), the
optimal step is

instead of the usual step

The return to the neighbourhood of the trajectory £*(•) is performed by mini-
mizing Pf, by the gradient descent method. To avoid some difficulties (coming
from the restrictions x € G'), it is convenient to apply the gradient descent
method not to F$, but rather to the function Fu^q, which is defined (and

strongly convex) on the whole space and at the same time coincides with Pf,
in a neighbourhood of x*(t'). The latter property is provided by an appropriate
choice of u and q. Of course, the gradient descent method corresponds not to
the initial Euclidean structure on R" but to the structure defined by a matrix
close to (F})".

The procedure is as follows.
Initialization. Let (3 be the positive root of the equation
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Compute d° = d(tQ,xo) and the matrices

The kth step, k > 0. Assume that, after k — 1 steps of the procedure, we
have formed a point xk € G', a vector dk £ <S, a number tk > 0 and the matrix

suchthat

(for the definition of i/, see (8.1.9)). Note that the initialization rules ensure
(Io), Po).

At the fcth step, we
(a) Set

at the main stage,
at the preliminary stage,

(b) Minimize the function pk+i over x e Rn by the gradient descent method
corresponding to the metric defined by the matrix QjT , i.e., set Xk,o = Xk and
compute

The process is terminated at the earliest step I when the condition

holds;
(c) Set xk+i = xk,i;
(d) Compute

(note that this updating ensures (Jfc+i)) and use Qk to compute Qk+i in ac-
cordance with (Ifc+i)-

This completes the feth step of M(p, rj, A).
If tk+i/to > 2 (at the main stage) or tk+i/to < 1/2 (at the preliminary

stage), then set

and terminate; otherwise, perform the (k + l)th step.
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Theorem 8.3.1 Each of the points Xk, 0 < fc < fe* + l, produced by M(p, 77, A)
belongs to G' and satisfies the relation

and the procedure solves T. Moreover,

I

Let r) satisfy the condition

Then the arithmetic cost of M. (p, rj, A) does not exceed the quantity

In particular, under the choice

where

wehave

Hence, under the choice (8.3.18), we have

Proof. 1°. (8.3.15) immediately follows from (a).
2°. Let us verify (Kfc). For k = 0, this relation holds by virtue of the

initialization rules and (8.3.1). Assume that (K^) holds for some k < k* and
let us prove that (Kfc+i) also holds. Denote Ck = p'£+l(xk). Then, by virtue of
Lemma 8.3.2, we have
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Furthermore, (!&), (Jfc), and the relation |ln(ifc/£fc+i)| = In77 imply that

Consider Rn, as provided with the scalar product

and let || • || be the corresponding norm. Inequalities (8.3.22) and (8.3.23)
mean that p&+\ is a strongly convex function with respect to our Euclidean
structure, and the spectrum of its Hessian belongs to the segment

By definition of ft, process (b) describes the usual gradient descent method as
applied to Pk+i- Thus, by the standard arguments, we have, for all z,

where x£ is the minimizer of Pk+i •
By definition of q and in view of (Kfc) and Lemma 8.3.1, we have x*(tk+i) €

Katq)(xk). Hence Ff coincides with pfc+i in a neighbourhood of x*(tk+i),
which means that x^ = x*(tk+i). By virtue of Corollary 8.2.1, relation (Kfc)
leads to

Therefore (8.3.24) implies that

whence

Let

be the gradient of Pk+i with respect to the above Euclidean structure. Then
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(this is the termination rule in b)). Hence

Moreover, we have (see (8.3.22), (8.3.23))

and (8.3.28) implies that

which, by choice of u and by our standard arguments, leads to (K^+i).
Note that (Kfc«+i) implies (8.3.2). The relation T'/T > 2 (at the main

stage), T'/T < \ (at the preliminary stage) immediately follows from the ter-
mination rule (see d)). Thus, our procedure solves P.

3°. It remains to evaluate the arithmetic cost of the procedure. It is easily
seen that the total cost M' of all computations, excluding computation of the
matrices Qk, does not exceed O(K*l*mn), K* = k* + 1. Now let us evaluate
the total cost M" of computing the matrices. First, Qo can be computed at
the cost < 07(ran1+7) (see Lemma 8.1.2). Now let

Then, by virtue of Lemma 8.1.2,

where

Let

It is clear from (d) that

Furthermore,
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We have (see (8.3.5) and Corollary 8.2.1)

(8.3.32)

Since k* < O ((q - I)"1), (8.3.32) implies that

(the latter inequality holds by (8.3.16)). Hence, (8.3.30) implies that

Thus, (8.3.30)-(8.3.32), (8.3.27), and (8.3.15) imply that

Note that, in the case of the traditional linear algebra techniques (7 = 1),
relations (8.3.20), (8.3.21) become

8.3.3 Acceleration based on the optimal method

It is known that the rate of convergence of the gradient descent method as ap-
plied to strongly convex problems can be improved. Therefore, it is reasonable
to replace in the above scheme the gradient method by the so-called "optimal"
method for smooth convex optimization [Ns 83], [Ns 88d]. Now we describe
the corresponding procedure Ai*(p, rj, A). The parameters of the procedure are
subject to the same restrictions as in §8.3.2. The procedure is as follows.

Initialization. Let (3 be the positive root of the equation
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Compute d° = d(to,xo) and the matrices

The kth step, k > 0. Assume that, after A; — 1 steps of the procedure, we
have formed a point Xk G G', a vector dk e <S, a number tk > 0, and the matrix

such that

(note that the initialization rules ensure (Lo), (Mo)).
At the fcth step, we
(a) Set

( ifcJ?, at the main stage,

tk/f], at the preliminary stage;

(b) Minimize the function pk+i over x € Rn by the "optimal" method for
smooth convex optimization (the method corresponds to the metric denned by
the matrix Q^1), i.e., set z^o = £fc, Afc,o = M, Vk,o = x^, at the zth step of the
minimization process (i > 0), we

1. Compute ait^i > 0 as a root of the equation

2. Set

The process is terminated at the earliest step I when the condition
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holds;
(c) Set xk+i =x f e ) j;
(d) Compute d(tk+i,xk+i) and dk+1 € S,

(note that this updating ensures (Mfc+i)) and use Qk to compute Qk+i in
accordance with (L^+i).

The fcth step of M*(p, 77, A) is completed. If tjt+i Ao > 2 (at the main stage)
or ifc+iAo < \ (at the preliminary stage), then set

and terminate; otherwise, perform the (k + l)th step.

Theorem 8.3.2 Each of the points Xk, 0 < fc < fc*+l produced by M*(p, 77, A),
belongs to G' and satisfies the relation

and the procedure solves 'P.
Moreover,

Let t] satisfy the condition

Then the arithmetic cost of M*(p, 77, A) does not exceed the quantity

where c(\) depends on A only.
In particular, under the choice

where

we have

(8.3.42)
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Hence, under the choice (8.3.40), we have

The proof of this theorem is quite similar to the proof of Theorem 8.3.1; the
only difference is that now we use the results about the rate of convergence of
the "optimal" method for smooth convex minimization (see [Ns 83], [Ns 88d])
instead of similar results for the gradient descent method.

Note that, in the case of n = O(m) and of 7 = 1, the optimal step in t is

instead of t —-> (1 ± O(m~3/7))i, as was the case in §8.3.2.

8.3.4 Fixed-point-based acceleration

Henceforth, we assume that (CQ) is an LP problem, i.e., that the function il>
is linear. This implies that the function 4> involved into P also is linear.

The procedures described in §§8.3.2, 8.3.3 are based on the idea to trans-
form an approximation of x*(tk) into an approximation of x*(tk+i) for some
prescribed tk+\- Our new procedure A4**(p,a, A) is based on another idea:
Roughly speaking, tk+i is as large as possible under the restriction x*(tk+i) €
Ka(xk). Thus, we follow the trajectory until it leaves the domain in which
^t(x) is close to ^tk(xk)- The idea of the procedure is very simple. The point
x*(i) is the fixed point of the mapping

where Qk is (an arbitrary positive-definite) "scaling" matrix. If a is a small
absolute constant and Qk is close enough to (V^Ff (rr/t))™1, then Tt proves to
be a contraction (with respect to an appropriate norm || • ||) on the set

Note that here it is important that (f> is linear, since otherwise V2Ft (£&),
and consequently the contracting properties of Tt would depend on t. Now, if
the fixed point x* (t) of the mapping Tt belongs to a "smaller" neighbourhood
Ka'(%k) °f xk (<*' < a is an appropriate absolute constant), then the sequence
u\+l = Tt(u*), UQ — Xk, due to contracting properties of Tt, does not leave the
"domain of contractness" Ka(xf.} and converges linearly to x*(t). Since the
rate of convergence is high, "a few" steps of the procedure
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allow us either to conclude that x*(t] is "close" to Ka(xk) and to find a good
approximation to this point, or to conclude that x*(t) is "far" from Ka(xk)-
Combining this scheme with dichotomy in £, we can "quickly" (in 0(ln2m)
computations of values of T.) find a good approximation to x*(tk+i), where
tfc+i is something like the largest t for which x*(t) belongs to Ka(xk). Now,
the computational cost of the updating (tk,Xk) —> (tfc+ii^fc+i) is basically the
cost of computing Qk, since, given Qk, we can compute a value of T. in O(mn)
operations, and it suffices to compute only O(ln2 m) of these values; at the
same time, the average cost of updating Qk —» Qk+i even under the Karmarkar
acceleration dominates in order the above O(mraln2m). Thus, here, as in the
Karmarkar-accelerated basic method, "almost all" computations are spent to
update the approximate inverse Hessians. Note that our present strategy is
somewhat similar to the basic one; the only difference is that in the latter
strategy the polyhedral sets Ka are replaced by ellipsoids contained in Ka

(these ellipsoids are defined by the Hessians of the barrier), which allows us to
use a single computation of T. instead of 0(ln2 m) computations of T..

The procedure .M**(p, a, A) is as follows. The parameters of the procedure
are subject to the restrictions

(it is clear that (8.3.44) can be satisfied by an appropriate choice of absolute
constants p,a,X).

For u € G', t > 0, and d e S, let

The following statement is important for us.

Lemma 8.3.3 Assume that p, a, A satisfy (8.3.44). Let u € G', s, t > 0, d 6
S be such that

and

Then
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(i) For given Qd, s,u,x the vector fiU)d)S(x) can be computed at the arith-
metic cost O(mri)\

(ii) The relation

where

holds (|| • || is the usual operator norm corresponding to the standard Euclidean
structure on Rn);

(iii) The implication

holds.

Proof, (i) This part is evident,
(ii) By (8.3.11), we have

thus, for

we have

Furthermore, (8.3.45) implies that

Hence

or

Since

we have

(the latter inequality holds by (8.3.44)). Part (ii) is proved.
(iii) Let a satisfy the premise in (8.3.48). Then, by (8.3.44), we have
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whence, by Lemma 8.3.1(ii) applied with x' = x*(<r), t' = a, x = u, we obtain

The latter inclusion means that 

Now we describe the procedure M**(p, a, A) as applied to P(T, y).
Initialization. Let

Compute d° = d(to,xo) and the matrices

The kth step, k > 0. Assume that, after k — 1 steps of the procedure, we
have formed a point Xk e G', a vector dk € <S, a number tk (T < tk < 2r at the
main stage and T > tk > r/2 at the preliminary stage) and the matrix

such that

(note that the initialization rules ensure (Mo), (No)).
At the kth step, we
(a) Set

at the main stage,

at the preliminary stage,

at the main stage,

at the preliminary stage,
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(b) Set

Set

If i < L, then set i = i + 1 and go to (b); otherwise, set

and go to (c).
(c) Compute d(tk+i,Xk+i) and dk+l & S,

(note that this updating ensures (N^+i)) and use Qk to compute Qk+i in
accordance with (Mfc+i).

The kth step of M**(p, a, A) is completed. If tk+i/to > 2 (at the main
stage) or tk+i/to < 5 (at the preliminary stage), then set

and terminate; otherwise, perform the (k + l)th step.
Comment. Let y(x, d, s) be Nth point of the sequence

Then (a) and (b) describe the usual L-step dichotomy as applied to the problem
(£fc) : Given Xfc, tfc, find the point ( of the segment [In^i/tfc),^^1/^)],

nearest to ] n ( T l / t k ) , such that
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Indeed, i is the number of a dichotomy step. It can be proved that (8.3.52)
holds for £ = ln(ri/tfe), i.e., for s(£) = T\. It is clear that the latter statement
leads to

Note that the choice of 17 and r1 leads to

It is not difficult to derive from (a), (b) and (8.3.54) that either

or

for some t such that y(xk, dk,t} 0 Ka(xk).
Note also that (8.3.54) implies the relations

at the main stage,

at the preliminary stage.

Theorem 8.3.3 Each of the points Xfe, 0 < k < k*+l, produced by M**(p, a, A),
belongs to G' and satisfies the relation

and the procedure solves P. Moreover,

The arithmetic cost of M**(p,a,\) does not exceed the quantity

where c(p, a, A, 7), C(p, a, A, 7) depends on p, a, A, 7 only.

Proof. 1°. Let us prove (O^). (Oo) is true in view of the initialization rules
and (8.3.1). Assume that (O/t) holds for some k < k* and let us prove that
(Ofc+i) also holds. Let us fix i, 1 < i < L and let

Then, for j > 1, we have
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We have (henceforth || • || denotes the usual Euclidean norm on Rn, as well as
the standard operator norm of a linear mapping from Rn into itself)

(Lemma 8.3.3 as applied with u = Xk, d = dk, t = £&, s = ai; the assumptions
of the lemma hold in view of (Ofe), (N&) and since | lu(ai/tk)\ < \ ln(cri/ri)| +
I ln(n/*fc)| < I ln(rVTi)| + In?? < 0.05 + 0.05 = 0.1).

Thus,

In particular, there exists an unique point v*, such that

and, for each v, we have

We also have, for j > 0, || Vj — v* ||< 4~J || VQ — v* ||, whence, in view of N > I ,

or

Of course,

2°. Let us provethat

and

Assume that the premise in (8.3.63) holds. Then we have

(we considered (M^), (N^)). Hence

(the latter relation holds since yw € Ka(xk)). Hence (8.3.61) implies that
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We have R(v*) = v*, or

Since

our inequality implies that

or

We also have, for y e KQ(xk) (see (8.3.6)),

!

or, since p^S'1 < (F*)"(xk) < pS~l,

Thus,

and (8.3.67) implies that

By definition of N and by virtue of 2 > 6, the resulting inequality proves the
conclusion in (8.3.63).

Now let us prove (8.3.64). Assume that

By (8.3.66), we have O^^x*) = **, or S~l/2x* = v*. Thus,

which, combined with (8,3.62), leads to
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or (UN — x*}TS~1(yN — %*) < 4~2Arpma2. The latter inequality, as above, leads
to

or

Hence

or, by virtue of x* £ Ka/2(xk),

and

Relations (8.3.70) and (8.3.71), combined with (8.3.44) and the definition of
N, imply the conclusion of (8.3.64).

3°. Note that, by choice of r?, we have X*(T\) 6 KQ^(xk) (see Lemma
8.3.3(iii)). Thus, (8.3.64) means that y° € Ka(xk) (this was announced in
comment). By virtue of the comment, we have

which, by (8.3.63), implies (Ofc+i).
Thus, (Ok) holds for all jfe, 0 < k < k* + 1.
4°. (Ofc*+i), combined with (8.3.55) and the termination rule, proves that

the procedure solves P.
5°. It remains to evaluate the arithmetic cost of the procedure. By Lemma

8.1.2, the total number of operations excluding computation of the matrices Qk
does not exceed

(the latter inequality holds in view of (8.3.55); henceforth, Ci(p, a, A) denote
quantities depending on /?, a, A only).

Let us evaluate the total number M" of operations needed by computation
of the matrices. As in the situation of Theorem 8.3.1, we have

(the latter inequality holds by (8.3.72)). The resulting inequality combined
with (8.3.72) completes the proof. 
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8.4 Conjugate-gradient-based acceleration

8.4.1 Preliminary remarks

In this section, we present one more acceleration strategy for the basic method.
Here, as in the initial method, steps in t are of the form t —> t+ = (1 ±
O(m~1/2))t, and the updating of x is x —> x+ = x — e(x), where e(x) is an
approximate solution to the Newton system

The difference with the Karmarkar-type accelerated basic method is that, in-
stead of computing e(x) as

where Q is a "close" approximation to the inverse Hessian

for an appropriate absolute constant p close to 1, we solve (*) by a kind of
preconditioned conjugate gradient method (PCG). The reader should be im-
mediately aware that our PCG is not the same as what is usually called "pre-
conditioned conjugate gradient." The standard PCG as applied to a n x n
system Ae = b with a symmetric A makes use of a representation

where AQ is positive definite and can be easily inverted, while k = Rank A\ is
<C n (a typical example: a block-diagonal matrix spoiled by a small amount
of dense columns and rows). To solve such a system, we can reduce it to the
system (/ + AQ ' A\AQ ' )u = AQ ' b and then solve the latter system by
the standard conjugate gradient method; if Ui are the approximate solutions

j /2
formed by the latter method, then ei = AQ u^ are approximate solutions
to the initial system, and the updatings ei —> ej+i require only matrix-vector
multiplications involving known vectors and the matrices AQ, AT*' -^1- On *ne

other hand, the matrix (/ + AQ ' A±AQ ' ) has no more than k eigenvalues
different from 1, so that the standard conjugate gradient method solves the
system with this matrix in no more than k + 1 (instead of the usual ra) steps.
Thus, the essence of the usual PCG is that it solves exactly systems of an
appropriate structure at the cost that is the less the better is the structure of
the system. As far as (£Q) is concerned, to apply this method, it is necessary to
assume that the matrix of linear constraints possesses an appropriate structure,
which generally is not the case.

We exploit another type of preconditioning. Assume that when solving
(*) we know a symmetric matrix Q, which satisfies (**) with certain known p
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(which, in contrast to the Karmarkar acceleration scheme, can now be large).
Then we can reduce (*) to the system Au = b, where

Let us solve the latter system by the standard conjugate gradient method; as
above, the vectors ei = Q~l/2Ui, U{ being the approximate solutions formed
by this method, are approximate solutions to (*), and the updating e, —>• 6j+i
requires only matrix-vector multiplications involving known vectors and the
matrices Q, Q~l, V2F^+(x). Now the rate of convergence of the method can
be controlled, since, in view of (**), the condition number of A does not
exceed p2. Therefore, we can terminate the process when the desired accuracy
is attained.

Of course, to use the above scheme, we should maintain relation (**) along
the sequence of our iterates (t, x) — (tj, Xi). This, as always, can be done with
the aid of the Karmarkar scheme; an important point is that now we can use
large p instead of p close to 1, so that we can save on the updatings of Q
(increasing the effort required by the conjugate gradient method). The initial
Karmarkar acceleration of the basic barrier method is, in a sense, disbalanced:
The average cost of updating Q is O(m2'5), and the cost of computing e after
Q is found is only O(m2) (we mean the case of n — O(m)}. In what follows, we
balance the costs of updating Q and computing e, which results in the lowering
of the total computational effort.

8.4.2 Description of the method

Similarly to the basic barrier method (§3.2), the accelerated method is defined
by the parameters A'l5 AI, AS, A'3, AS, subject to the restrictions

(recall that A+(A) = A2/(l - A)2, w(A) = !-(!- 3A)1/3, £(A) = o;2(A)(l +
w(A))/(l — w(A))) and by a starting point w € int G.

In what follows, we regard A'a, AI, A2, A'3, A3 as absolute constants satisfying
(8.4.1) and (8.4.2).

Let
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Note that n* < m.
Denote

Then, as we know, F is an m-self-concordant barrier for G.
Structure of the method. Similarly to the basic barrier method, the accel-

erated method consists of the preliminary and the main stages. Each of the
stages corresponds to a set comprised of

(a) a convex quadratic form </> denned on Rn = E,
(b) a number K > 0,
(c) an initial value, t$, of the parameter t,
(d) an initial point x_i G G',
(e) a pair of numbers A, A' e (0, A*).
For the preliminary stage, these data are

For the main stage, the data are

(u is the result of the preliminary stage);

(II • \\U,F is the norm in Rn induced by the scalar product D2F(u)[-, •}, and V
is the gradient with respect to the corresponding Euclidean structure);

Each of the two stages corresponds to a family

this family is strongly self-concordant. The metrics associated with the family
are

(Proposition 3.2.1). Moreover, it is clear that, for x € G', t > 0, we have



CG-BASED ACCELERATION 349

At each stage of the accelerated method, we compute approximations, Xi,
of the points

where ti — tonl,i > 0.
Auxiliary constructions. Let us start with some definitions. Let ft, be a

m-dimensional vector with positive entries hi, 1 < / < m. For 1 < Z < m, let

(Z is the set of all integers). The number h\(?i is called the center of the zone
FJ(/I, Z). For a positive vector d € Rm, the vector q^h is defined as a vector
from Rm, which the Zth component equals the center of that one of the zones
{Tj(h,l) | j € Z}, which contains the number d[.

To describe a stage, we should classify its iterations. Let us split the set of
iteration numbers into sequential L-element segments; each of the segments is
in turn split into K sequential M-element groups (see (8.4.3)).

Stage of the accelerated method. Consider one of the two stages. At the ifh
iteration of the stage, we have positive m-dimensional vectors hl~l, d*"1, an
n x n matrix

and a point Xi-\ G G'.
These quantities are updated according to the following rules (in the below

description, the numbers in angle brackets are the arithmetic costs of imple-
mentation of the rules):

I. Computation of hl, <f, Qi.
I.I. (a) Compute

(O(mn), Lemma 8.1.2).
If i is not an initial point of a segment, go to 1.2.
(b) If i is an initial point of a segment, set

and compute the matrix Mf(xi~i) (O7(mn1+7), Lemma 8.1.2).
Compute Qi in accordance with (Ij) (see 8.4.6) (O7(n7+2),the definition

of 7).
At the main stage, go to II.
At the preliminary stage, also compute

(the equality holds by (8.4.7), (I*), (8.4.5), and (8.4.8)).
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If \(F, Xi-i] < \z, then terminate the preliminary stage and define its
result as u = Xi-i> otherwise, go to II (O(mn))

1.2. (a) Compute

(O(m)} and use Qi-i, d+l, dl~l to compute

!

(O~f (m + l[n, fc(z)])), where

by virtue of (Ii-i) and Lemma 8.1.2 (the quantity l[n, k] was defined in Lemma
8.1.2).

If i is not an initial element of a group, set

(hence (Ij) holds) and go to II.
(b) If i is an initial element of a group, set, for 1 < I < m, in the case of

\\n(df/hi-l)\>l,

(henceforth, the subscripts at d and h denote indices of components of the
vectors); in the case of | In^f1//^"1)! < 1,

<0(m)}.
Then use Q+, d+l, <f to compute Qt according to (Ij) and go to II

(O7 (Z[n,p(i)] + m)}, where

by virtue of (8.4.10) and Lemma 8.1.2.
II. Computation of x\.
II. 1. Perform

steps of the process
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Herein,
u., r., s. are vectors from Rn;

b(t, x) is the gradient of Ff at x;
H(t, x) is the Hessian of Ff at x
(the gradient and the Hessian are taken with respect to the standard Eu-

clidean structure on Rn);
Si = M(<j>,-Diag{di}) = Q7\
II.2. Compute

This completes the ith iteration.
Comment to II. Process (8.4.15) is the conjugate gradient method (corre-

sponding to the metric induced by the matrix Si) as applied to the equation

It is easily seen that, under the notation

I

(i is fixed), the sequence {zj} is the trajectory of the standard conjugate gra-
dient method for the minimization of the quadratic form

(the starting point is ZQ — 0). Note that the computations are interrupted
after N(p) steps.

8.4.3 The main result

The main result is as follows.

Theorem 8.4.1 Let the linearly constrained quadratic programming problem
(CQ) satisfy the assumptions from the beginning o/§8.1.1 and let the accelerated
barrier method be applied to the problem, w E G' being the starting point. Then

(i) The amount of segments at the preliminary stage does not exceed the
quantity
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(recall that x(F) is the minimizer of F over (?', irxip\ is the Minkowsky function
of G with the pole at x(F), and a(G : w) is the asymmetry coefficient of G
with respect to w).

(ii) For each e 6 (0,1), the number N(e) of segments of the main stage that
is required to find an approximate solution xe 6 int G such that

where

satisfies the inequality

(iii) The arithmetic cost M of each segment of iterations (at the preliminary
and at the main stages) satisfies the inequality

where

and

In particular, the total arithmetic cost M*(e) of finding xe satisfies the
inequality

Proof. A. Let us start with the following result.

Lemma 8.4.1 For each iteration number i, we have

the matrices Si and Qi are symmetric positive-definite and

therelations

hold.
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Proof. Induction on i (first for the preliminary stage and then for the main
stage).

Base:
(Jo) is evident for the preliminary stage. This relation holds for the main

stage since such a relation holds for the iterations of the preliminary stage.
(LQ) is evident for the preliminary stage (by definition of rf> for the stage).

This relation holds for the main stage by virtue of the termination rule used
at the preliminary stage (see the proof of Proposition 3.2.4).

Step:
To complete the induction, it suffices to prove the implications

Relation (8.4.28) holds by Theorem 3.1.1, (8.4.4), and the definition of K
(see the proofs of Propositions 3.2.3 and 3.2.4).

Let us verify (8.4.26). We have

In the case of (8.4.9), we have cT = cP; in each of the cases (8.4.11)-(8.4.13),
we have

These inequalities, combined with the definition of Si, imply (Kj).
To prove (8.4.27), let us fix i. In what follows, we use notation (8.4.18) and

the abbreviations

Note that Ft € S^(G",Rn) (by Proposition 3.2.2; recall that 0 is a quadratic
form and therefore is 0-compatible with F).

1°. Let z* = H~lb*. By the standard properties of the conjugate gradient
method, we have ZjH*(z* — Zj) = 0 for each j (recall that ZQ = 0), so that

We also have z^H*z* = u*Hu* (n* is the solution to (8.4.17)), or

(we considered (Li) and the relation

Thus, (8.4.29), combined with the equality zjH*Zj — ujHuj, implies that
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so that (see Theorem 2.1.1(ii))

and, in particular, £j € G', as required in (Jj-fi).
2°. Let

and let

for 0 < r < 1.Then

whence (Theorem 2.1.1 combined with (8.4.30) and the inclusion
F teS+(G',Rn))

which leads to

The latter relation, in view of -F/(x) = Hu*, implies that

By Theorem 2.1.1 and (8.4.30), we have

which, combined with (8.4.32), implies that

or

3°. Let Pj be the space of real polynomials on the axis of degree less than
j. Then

where
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or, which is the same,

The latter relation implies that

Thus, for each p 6 Pj we have

where S is the spectrum of the matrix H*. By (8.4.30), we have

Let QJ G Pj be such that

where Tj(s) = ch(j ch-1(s)) is the Tchebyshev polynomial of the degree j. For
p = qj, (8.4.34) leads to

(we considered (K^)), which immediately implies that

The latter inequality, combined with (8.4.33) and the definition of N(p), leads
to the relation

which is required in (M^). 
B. It is not difficult to conclude from (8.4.3) that, if

then
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Relation (8.4.35) immediately implies that, if the numbers i, i' belong to a
common segment of iterations, then

and, if these numbers belong to a common group of iterations, then

The results of Lemma 8.4.1 and relation (8.4.36) prove statements of The-
orems 8.4.1(i) and 8.4.1(ii) (compare with the proofs of Propositions 3.2.3 and
3.2.4).

C. It remains to prove Theorem 8.4.1(iii). Note that (8.4.21) is an immedi-
ate consequence of the preceding statements of the theorem, so that it suffices
to prove (8.4.20).

1°. Let T = {ti \ i > 0}. For t = ti, we write x(t) instead of Xi-\ and Ft
instead of Ff.

Also, let

By Corollary 8.2.1, we have

2°. Let us fix a segment of iterations and let / be the corresponding set of
values of the iteration number i. Denote the sets of values of i for the groups
of the segment / by J j , . . . , JK, respectively. The remarks on the arithmetic
cost of the rules forming the method (see the description of the method) imply
that

I

In view of rules I.I and 1.2, we have

0, i starts a segment,

otherwise;
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[ 0, i does not start a group or starts the group Ji,

otherwise.

3°. First, let us evaluate the numbers k(i), i 6 7. Let i(q) be the initial
element of the group Jq, 1 < q < K. From the description of the method, it
is clear that

Let Iq = {i 6 / | i(q) < i < i(q) + M}. By(8.4.7) and by the definition of
il>i(t), we have

Thus, in view of (8.4.38), (8.4.35), we have

for 1 < q < K and i 6 Iq.
Let us fix q. We call a pair (i, 1) € Iq x {1,2,..., m} an event, if the number

d" does not belong to the zone FO(/II^, /)• Let us prove that, if i € Iq\{i(q)} =
Iq and / e U(i), then either ( i , l ) or (i — 1,1) is an event. Indeed, if, for some
i € /£ and /, neither ( i , l ) nor (i - 1,1) is an event, then d*l~l € r0(/ii(q),/),

which, by (8.4.44), implies that dj"1 = hfq). Since df € To^^l), (8.4.43)

implies that d^ = /ij(q). Thus, dj* = dj"1, and I <£ U(i) (see (8.4.40)). 
The above arguments mean that, for i £ 7°, the quantity k ( i ) does not

exceed the total number of events of the form ( i , l ) or (i — 1,1). If ( i , l ) is an
event, then

while (8.4.12), (8.4.13) imply that

Thus,

(we considered that p > 10). The latter inequality means that the term in
(Pi) corresponding to the value of I under consideration is > O(p1'2). Thus,

otherwise.
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the number of events of the form (i, I) does not exceed O7(?7iA2p~1/'2). The
number of events of the form (i — 1,1) admits a similar upper bound. Thus,

Since UqLi = AO*} (** ig the initial element of the segment /) and k(i*) =
0 (see (8.4.40)), we obtain

(note that mA2p-1/2 < n* by virtue of (8.4.3), so that l[n, k(i)} < (n*)2fc7(i)).
4°. Now let us evaluate the latter sum in the right-hand side of (8.4.39).

The sum is of the form

Note that, by (8.4.41), we have

For 1 < q < K, let sq be m-dimensional vectors with the components
ln(/ij '); let rq be vectors with the components ln(dj '), 1 < I < m. From the
description of the method, it is clear that the evolution of these vectors looks
as follows:

Let us prove that, for q > 2, we have

Indeed, if / £ V*(q), then, in view of h^'1 = h^q~^ (h~ is constant at the
iterations of a group) and, by 1.2.(b), we have
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Thus, by (8.4.14), dj(<7) = d+i(q]. Therefore I # V(q). Hence V(q) C V(q),
which, by virtue of (8.4.41), proves (8.4.50).

It is clear that

As in 3°, we have

which implies that

or || r" -r-?-1 H!< O7(mA). Since (8.4.48)-(8.4.50) imply that

we obtain

Relations (8.4.51), (8.4.46), (8.4.47), (8.4.39), combined with (8.4.35) and
(8.4.3), prove (8.4.20). 
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Appendix 1

Proposition 9.1.1 Let H [ x i , . . . , X k ] be a symmetric k-linear form on R™
and A[x,y] be a positive-semidefinite quadratic form on Rn. //

then
Ic

Proof. Of course, it suffices to prove the proposition in the case of positive-
definite A (if it is not the case from the very beginning, we can replace A[x, x]
by A£[x, x\ = A[x,x] + exTx and then pass to limit as e —> +0). Thus, we
henceforth assume that A is positive-definite.

The proof is given by induction on k. Base k = 2 is evident. Assume that
the statement holds for a given k = I — 1 > 2 and let us prove that it holds for
k = l.

1°. Consider A[x,y] as a scalar product (we henceforth write (x,y) instead
of A[x,y] and || x \\ instead of (A[x, x])1/2). Since both sides in (9.1.2) are
homogeneous in each Xj, it suffices to prove that

2°. Let us call a collection T = {Ti,..., TJ} of one-dimensional subspaces of
Rn an extremal, if for some (and then for each) choice of unit vectors e^ 6 Tj,
we have |H[ei,... ,ej] | = u. Clearly, extremals exist; let T be the set of all
extremals. Proving (9.1.3) is the same as proving that T contains an extremal
of the type {T, ...,T}.

Lemma 9.1.2 Let {Ti,..., TI} € T and TI ^ T2. Let e* 6 T; be unit vectors,
h = ei+e2, g = ei-e2. Then{Rh,RJi,T3,...,Ti} € T and{Rg,Rq,T3,... ,7j}
eT.

Proof. First, e\ and e? are linearly independent since Ti / T^\ therefore
h ̂  0, q / 0. Let (Qx, y) = H[x,y, 63 , . . . , e{\; then Q is a symmetric matrix.

Since {7\,..., TI} is an extremal, we have
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Therefore, if E+ = {x € R" | Qx = ux}, E~ = {x € Rn | Qx = -ux}
and E = (E+ + E')-1, then at least one of the subspaces E+, E~ is nonzero,
|| Qx ||< J || x ||, x 6 E, where J < u. Rn is the direct sum of E+,E~, and
E. Let x = x+ + x~ 4- x' be the decomposition of x e Rn corresponding to the
decomposition Rn = E+ + E~ + E. Since each of the subspaces E+, E~, and
E is invariant for Q,

(we considered that || ef ||2 + || e~ ||2 + || e( ||2= 1, t = 1,2). We see that all
the inequalities in the above chain are equalities. Therefore we have

moreover, ((e^ej)! =|| e^ |||| e\ || and |(ef ,e^~)| =|| ej~ |||| ej ||, which means
that e\ = ±e^ and ej" = ±e^". Since e\ and 62 are linearly independent, only
two cases are possible:

In case (a), h is proportional to e^, and q is proportional to ejf; therefore

and

The same arguments can be used in case (b). D
3°. Let T* be the subset of T formed by the extremals of the type

for some t and s (depending on the extremal). By virtue of the inductive
assumption, T* is nonempty (in fact, T* contains an extremal of the type
{T,...,T,S}). For

let a(T) denote the angle between T and S and let e € T and / € S be
unit vectors with the angle between them being equal to ot(T). Without loss
of generality, we can assume that t < s (note that reordering of an extremal
leads to an extremal, since H is symmetric). By virtue of Lemma 9.1.2, in the
case of a(7~) ^ 0, the collection

nemirovs
Sticky Note
this should be $e_1^-$

nemirovs
Sticky Note
this should be $e_2^+$
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belongs to T*, and clearly a(T') = a(T)/2. Thus, either T* contains an ex-
tremal T with a(T) = 0, or we can find a sequence {Ti € T*} with a(Tj} —> 0.
In the latter case, the sequence {71} contains a subsequence converging (in
the natural sense) to certain collection T, which clearly belongs to T*, and
a(T) = 0. Thus, T contains an extremal T with a(T) = 0, or, which is the
same, an extremal of the type {T,..., T}. 
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Appendix 2

Notation

We henceforth regard Rn as an Euclidean space with the standard scalar prod-
uct {• , •} , so that the space is identified with its conjugate space. We use the
following notation: If a lowercase letter (like a) denotes a vector from R",
then the same uppercase letter (like A) denotes the diagonal matrix with the
diagonal elements being equal to the corresponding entries of a. e denotes the
n-dimensional vector of ones (and, consequently, E - the unit n x n matrix).
If a; is a (nonnegative) vector and a is a vector, then Xa denotes the diagonal
matrix with the diagonal entries x"1. The nonnegative n-dimensional orthant
is denoted by R", and its interior is denoted by R++-

Let a = (GI, . . . , an)
T be a fixed vector satisfying 0 < GJ < 1, i = 1, . . . , n

and let c = (ci, . . . ,Cn)T be a fixed positive vector. These data define the
concave function

in the above notation,

We study the mapping

Note that x > 0 is (clearly, the unique) solution to the concave program

maximize f ( u ) subject to

it follows that x —> p(x) is a one-to-one mapping of R++ onto itself, so that
the inverse mapping x(p) : R"+ —> R++ is well defined,

Note also that p(-) is C°° smooth.

Antimonotonicity of p(-)

The fact that — p(-) is monotone was proved in [PM 78]. The following state-
ment establishes some useful estimates of p'.
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Lemma 10.1.3 — p(-) is monotone, p'(-) is nonsingular, and

where

Proof. We have (everything is taken atx)

f" is symmetric negative defined diagonal matrix, so that there exists a non-
singular diagonal matrix Q = Q(x) with

whence

Let W = Qp'Q. Then (see (10.1.7))

Denote

so that

Let z, w be orthogonal to each other unit vectors such that (j) = Iz and £ is
a linear combination of z and w. By virtue of the last relation in (10.1.12),
we have £ = l~lz + mw. Let L be the subspace generated by z and w; then
L and LL are invariant with respect to W, W is the identity on L±, and the
restriction of W onto L in the orthogonal basis z, w is the matrix

so that
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For a two-dimensional vector r = (s, t)T we have rTYr = I2s2 — Imst +t2. Let
us prove that (7m)2 < Z2, or, which is the same, m2 < 1. Indeed,

We conclude that

Now,

sothat

Thus,

Similarly,

whence

Relations (10.1.13) and (10.1.14) combined with -p' = XQ'lUQ~l immedi-
ately lead to (10.1.5)-(10.1.7). 

Main result

Since p(x) is a one-to-one C^-smooth mapping of R™ + onto itself and — p1

is positive-definite (although nonsymmetric), the inverse mapping x(-) is also
C^-smooth and antimonotone.

Theorem 10.1.2 The mapping —x'(p) : R"+ —•>• R++ is /3-compatible with
the standard logarithmic barrier

for the nonnegative orthant R™, where
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Remark 10.1.1 From the above statement, it follows immediately that the
mapping

p —> argmin

w being a positive constant, is (3-compatible with F; this is precisely the fact
used in the Application Example] see §6.3.7.

Proof of the theorem. 1°. Let us fix a positive vector p e R™ and a triple of
vectors n, p, r e Rn. Let us compute x'(p) and x"(p)r], 77 € Rn. Let x = x(p),
so that p = p(x], and let A = \(x). We have (derivatives of x(-) are taken at
p, derivatives of p(-) are taken at a;)

henceforth, for a smooth mapping, S : Rn —> Rn S"[n] denotes the derivative
in the direction 77 of the mapping u —» S'(u); this mapping takes values in the
space of n x n matrices, so that the value S"[n] is an n x n matrix linearly
depending on 77.

2°. Now let $ be the Hessian of F at p,

We prove that —x(-) is /3-compatible with the barrier F, or, which is the same,
that

where

Let

3°. Let us prove some lemmas.

Lemma 10.1.4 We have
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Proof. We have

(the second equality holds true by virtue of x' = (p'}~l\ the inequality follows
from (10.1.5)). Thus,

We have

Now, from (10.1.7) and relation p = A/'(x), it follows that

thus,

and

Let

so that



370 APPENDIX 2

Lemma 10.1.5 For all s € Rn, we have

Proof. Let L be the subspace generated by e and 7; then L and L1- are
invariant with respect to the symmetric operator S = E — n~1eeT + 77T. Let
s = s' + s", s' 6 L, s" e L1. We have

The vector 7 clearly is positive and || 7 ||2> 1- If L is one-dimensional, i.e.,
if 7 = ue, then Ssf =\\ 7 ||| s', so that (Ss1, s') >\\ s' \\% . Now let L be two-
dimensional and let v = n"1'2 e and w be the unit vector in L orthogonal to v.
Let a be the angle between 7 and e; since 7 is positive, we have cos a > n"1/2.
Let r' = {s',t>}, r" = (s',w}, so that

Let r' = rcos/3, r" = rsin/3, where ?* =|| s' \\2',, then

The minimum of the latter quantity in (3 is 2r2 sin2 (7r/4 — a/2) > (2n)~V2.
It follows that (Ss, s) > (2n)~1 || s \\% . D

Relations (10.1.22)-(10.1.25) lead to (10.1.20).
Now let us prove (10.1.21). We have

(the second equality holds true by virtue of x' — (p')"1, the inequality follows
from (10.1.5)). The resulting inequality combined with (10.1.23) leads to

Now, from (10.1.7) and relation p = A/'(z), it follows that
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Thus,

and

where

Thus,

Let v = (Ae, Ae), e —Ae.

Lemma 10.1.6 For all s € Rn, we have

Proof. Let L be the subspace generated by e and //; then L and ZA are
invariant with respect to the symmetric operator Y, = E — v~l££T + n^T. Let
s = s' + s", s' e L, s" e LL. We have (Ss, s) = (Ss', s'} + \\ s" ||| . The vector
/x clearly is positive and || // |J2> 1- If L is one-dimensional, i.e., if // = o;e, then
Ss' =|| /j ||2 s', so that



372 APPENDIX 2

Now let L be two-dimensional and let v — v~l/2s and w be the unit vector
in L orthogonal to v. Let 6 be the angle between p, and e; since p, and e are
positive, cos8 is not less than the minimal entry of || e ||JJ e = v~le, so that
cos 8 > n~1/2(amin/amax). Let r' = (s',v), r" = (s',w}, so that

Let r' = r cos/?, r" = rsin/?, where r — \\ s' ||a;, then (Es', s'} = r2{sin2/3 +
cos2(^ — /3)}. The latter quantity is at least

It follows that

Relations (10.1.26)-(10.1.29) lead to (10.1.21). 
4°. We have

Let

then

We have (see(10.1.7))

where
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Let

so that
(10.1.34)

A.We have

where |Y"| denotes the matrix obtaining from a matrix Y by replacing each
entry by its absolute value. By virtue of Holder inequality, we have

At the same time, (10.1.20) and (10.1.34) demonstrate that

while (10.1.21) leads to

It follows (see (10.1.35)-(10.1.39), (10.1.18))that

and

B. We have
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Since A = (CAXae, e)'1, we clearly have
Thus,

Note also that

C. Wehave

the latter inequality follows from (10.1.42) in view of

Thus,
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D. We have (compare with B)

(the latter inequality follows from (10.1.42), (10.1.43)). Thus,

E. We have f"X2e + Xf = CA2Xae. Now,

(we have used (10.1.42), (10.1.43)). Thus,

F. We have (compare with E)

and the latter quantity, as in E, proves to be < 2(1 — dmax^A. Thus,
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G. We have

(see (10.1.42), (10.1.43)). Thus,

(see (10.1.42)). Thus,

I. We have
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(see (10.1.42), (10.1.43)). Thus,

J. We have (H = Diag{h»

(see (10.1.42), (10.1.43)). Thus,

5°. Prom (10.1.30), (10.1.32), (10.1.33), and (10.1.41)-(10.1.51), it follows
that

or, in view of (10.1.40),

by definition of (3, the latter quantity is < 33/2/36, so that (10.1.18) does hold
true. 
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Bibliography comments

What follows is a very brief historical and bibliography comment to the mono-
graph. We attempted to mention all contributions to the subject known to
us, but, since the area of interior-point polynomial-time methods is extremely
popular now and has attracted attention of many researchers, we understand
that the comment is far from being complete. The most complete bibliography
(over 1,200 entries) on interior-point methods was recently created by Dr. E.
Kranich and is available via NETLIB.

1 Historical remarks
1.1 Classical interior-point methods

Polynomial-time interior-point methods are closely related to quite traditional
areas of mathematical programming, meaning the interior penalty function
approach combined with the Newton method for minimizing the resulting
(penalized) objective (see the classical monograph of Fiacco and McCormick
[FMcC 68]). The traditional analysis of this scheme, however, gives no theoret-
ical understanding of the preferable types of penalties and reasonable handling
the penalty parameter (recall that in 1968 almost nobody was interested in the
key for this understanding complexity issues). The logarithmic barrier

for a polytope

was used in the context of linear programming by Frisch in the early 1950s
(see [Frs 56]).

In more specific sense, the "prehistory" of the polynomial-time interior-
point methods originates from the paper of Dikin [Di 67] where the so-called
Dikin method for LP problems was suggested. In this method, a given strictly
feasible solution y to the problem

is updated as follows: We compute the minimizer x' of the objective over the
ellipsoid {z \ (F"(y)(z — y), z — y} < 1} defined by the logarithmic barrier for
G, and the iterate of x is obtained by a step from x in the direction x' — x, the
stepsize being a fixed fraction of the largest stepsize preserving the feasibility of

379
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the shifted point (compare with the first "half-step" in the parallel trajectories
method §2.5). Dikin proved the convergence of this procedure and established
the asymptotic rate of convergence (under the assumption that the problem is
nondegenerate). To our knowledge, there are no polynomial-time results about
this method; simultaneously, it looks similar to the polynomial-time interior-
point algorithms, and it is reported that the practical performance of Dikin's
algorithm is close to, say, that one of Karmarkar's method. Dikin's activity in
this area was completely unknown in the western world and almost unknown
in the USSR until the birth of modern polynomial-time interior-point methods.

1.2 Polynomial-time interior-point methods
The history of the methods begins with the landmark paper of Karmarkar [Ka
84], where the author's method for LP problems was suggested. The excel-
lent complexity result of this paper, as well as the claim that the performance
of the new method considerably overcomes that one of the simplex method,
made this work a sensation and inspired very intensive further studies. Two
years later, Renegar [Re 86] suggested a new (theoretically, even more efficient)
polynomial-time interior-point method for LP, which appeared a quite tradi-
tional method of centers. This paper was especially important for clarifying the
nature of polynomial-time interior-point methods for LP, and it predetermined
further development in the field.

1.2.1 Linear programming
Until now, the activity in the field of interior-point methods focuses mainly on
linear programming. It seems to be impossible to mention most of the contri-
butions to the area done by various researchers; our reference list (although far
from being complete) does give some impression on the activity in the area.
In what follows, we restrict ourselves to the minimal amount of comments
compatible with the contents of the monograph.

Below, n denotes the larger size of an LP (or an LCQP—linearly con-
strained convex quadratic) problem in the canonical form, and L denotes the
total length of the input data (in the case of problems with integer data) or
the quantity ln(l/e), if the problem under consideration is to be solved to the
relative (with respect to an appropriate scale) accuracy e (in the latter case,
the coefficients can be reals). To simplify the estimates, we express them in
terms of the larger size only.

The method of Karmarkar solves an LP problem in O(nL) steps of the
total arithmetic cost O(n4L) (the basic version) or O(n?'5L) (the accelerated
version). Renegar [Re 86] developed the first path-following polynomial-time
method for LP with the efficiency estimate of O(n1//2L) steps (O(n3'5L) oper-
ations totally); independent, earlier similar method of centers were proposed
by Sonnevend (along with results on ellipsoidal approximations and nonlin-
ear applications) [So 85], however without any complexity estimates. Vaidya
[Va 87] accelerated Renegar's method, with the aid of the Karmarkar speed-
up; the resulting complexity estimate (O(nzL) operations) remains the best-
known complexity bound for LP, provided that the traditional linear algebra
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technique is used. The same complexity estimate was independently and si-
multaneously obtained by Gonzaga in the paper [Go 87], where the first barrier
path-following method for LP was developed. This complexity bound is valid
for all the following interior-point methods for LP (all exceptions will be spec-
ified).

Most of the papers connected with the path-following approach are based
on the method of centers. As already mentioned, the barrier path-following
method originates from Gonzaga [Go 87]. The parallel trajectories method for
LP and LCQP was developed by Nesterov [Ns 88b], [Ns 88c],

Primal-dual interior-point methods for LP with the complexity of O(n1/2L)
steps were developed by Kojima, Mizuno, and Yoshise [KMY 87] and Monteiro
and Adler [MA 87a]. Important contributions to this field belong to Carpen-
ter, Choi, Lustig, Monma, Mulvey, and Shanno [CMS 88], [CLMS 90]. The
potential reduction primal-dual O(nl/2L)-step LP method was suggested by
Todd and Ye [TY 87] and then improved by Ye [Ye 88a], [Ye 89].

1.2.2 Linearly constrained quadratic programming
This is the closest to LP class of nonlinear problems: As far as the path-
following methods are concerned, the technique created for LP usually can be
extended without essential difficulties to this class. Polynomial-time methods
for LCQP were developed by Kapoor and Vaidya [KV 86], Ye and Tse [YT 89],
and Mehrotra and Sun [MS 87]. As far as we know, the first O(n1/2L)-step
methods of O(n3L) arithmetic cost for LCQP were suggested by Goldfarb and
Liu [GL 88], Monteiro and Adler [A 87b], and Nesterov [Ns 88b], [Ns88c].

1.2.3 Complementarity problems
A special area in the theory of interior-point methods is formed by studies
devoted to the interior-point and path-following technique for complementar-
ity problems, mainly linear ones (Kojima, Megiddo, Mizuno, Noma, Pardalos,
Ye, and Yoshise [KMgY 88], [KMY 88], [KMgNY 90], [Ye 88b], [YP 89]).
Polynomial-time interior-point methods for nonlinear complementarity prob-
lems were developed by Kojima, Megiddo, Mizuno, and Noma [KMgN 88],
[KMzN 88a], [KMzN 88b], [KMgM 90], [KMgNY 90].

1.2.4 "Anticipated" behaviour of interior-point methods for LP
and LCQP
Another special area is the "anticipated" behavior of the interior-point meth-
ods for LP problems. Computational experience demonstrates that the number
TV of steps of, say, Karmarkar's method on real-world problems is essentially
less than that one prescribed by the worst-case efficiency estimate. While the
latter is proportional to the size n of an LP problem, in practice, TV seems to
be proportional to Inn. Although no rigorous justifications of this phenomenon
are known, there are some arguments that make it not too surprising. Indeed,
assume that the search direction £ defined at a given step by the Karmarkar
algorithm with line search, is random and uniformly distributed in the corre-
sponding subspace (the latter subspace is provided by the Euclidean structure
defined by the second-order differential of the barrier). It can be proved that
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under this assumption the amount at which the Karmarkar potential function
is reduced at the step typically is fi(n/lnn) instead of the worst-case fi(l),
which results in the "anticipated" efficiency estimate of O(L Inn) steps instead
of the worst-case estimate of O(nL) steps (Mizuno, Nemirovsky, Todd, and Ye,
[Nm 87], [To 89], [MTY 90a], [MTY 90b], [Ye 90b]). The main drawback of this
approach is that we cannot point out (and cannot even prove the existence)
of an a priori probabilistic distribution on the set of LP problems of the size
n, which results in a "good" distribution of the search direction at each step.
It is interesting to note that O(L In ̂ -anticipated behavior of potential reduc-
tion interior-point methods is established for the methods with the worst-case
efficiency estimate O(nL) only, while the anticipated behavior of the methods
with O(n1/2L)-worst case efficiency is O(n1/4L) (see [MTY 90a], [MTY 90b]
for a detailed discussion of these issues).

We should also mention the work of Sonnevend, Stoer, and Zhao [SSZ 89],
[SSZ 90], where it is proved that, for some special classes of LP problems,
the worst-case efficiency estimate for path-following methods is better than
O(n1/2L) iterations.

1.2.5 Nonlinear convex problems
There is a number of papers devoted to investigation of trajectories gener-
ated by logarithmic penalty functions (Sonnevend [So 85], who also gives re-
sults on centers of polyhedra; Jarre [Ja 87]; and Mehrotra and Sun [MS 88b])
within general convex context. To our knowledge, there were rather few results
[Ja 87], [Ja 89a], [Ja 89b], [MS 88a], [MS 88b] on polynomial-time interior-point
algorithms for essentially nonlinear problems.

In our opinion, the reason for relatively restricted activity in the field of
polynomial-time interior-point methods for nonlinear convex programs is that
the initial technique developed for LP in the seminal papers of Karmarkar [Ka
84] and Renegar [Re 86] heavily depends on the specific properties of LP.1

To extend interior-point polynomial-time methods on "more nonlinear"
problems, new approaches are needed. The first results here dealt with con-
vex quadratically constrained quadratic programs; path-following methods for
these problems were developed by Jarre [Ja 87] and Mehrotra and Sun [MS
88a]. These authors also extended their approaches to general convex problems
(see [Ja 89a], [Ja 89b], [MS 88b]); below, we give more detailed presentation
of these general results. We should also mention a recent paper of Monteiro
and Adler [MA 90] on separable problems and the papers of Alizadeh [Al
Ola], [Al 91b], [Al 92] and Jarre [Ja 91] on semidefinite programming (com-
pare with §5.4). The approach to explanation and design of interior-point
polynomial-time methods underlying this monograph is based on the concepts
of self-concordant functions and self-concordant barriers introduced by Nes-
terov [Ns 88b], [Ns 88c]. These ideas were developed in a number of papers of
the authors (see [NN 88], [NN 89], {NN 90a], [NN 90b], [NN 90c], [NN 90d],

Note, anyway, that the technique developed for LP can be quite straightforwardly used
for semidefinite programming (see [Al 91a], [Al 91b]).
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[NN 91a], [NN91b]; as far as polynomial path-following methods are concerned,
basically, all applications presented in this monograph were already given in
[NN 88]).

As already mentioned, general interior-point approaches to nonlinear con-
vex problems were also developed by Mehrotra and Sun [MS 88b], Jarre [Ja
89a], [Ja 89b], Monteiro and Adler [MA 90], and Kortanek and Zhu [Z 90], [KZ
91]. Mehrotra and Sun deal with convex problems of the type

with bounded feasible set, and make rather restrictive assumption that the
functions f i , i = 0 , . . . , m, satisfy the curvature condition

for all feasible x, y; here K is certain "curvature constant." Under this assump-
tion, they establish polynomiality of a path-following Renegar-type method
associated with the barrier Y^=i m(~/i)- In fact, the curvature condition is
very close to the notion of strong convexity and shares its main shortcoming:
The numerical value of the curvature constant K usually depends not only on
the analytical structure and sizes of the problem, but also on the diameter of
the feasible domain, on numerical values of coefficients, and so forth.

The approach developed by Jarre [Ja 89a], [Ja 89b] is based on the "relative
Lipschitz condition" (RLC): a convex C2 function / that is negative on an open
convex domain Q and tends to 0 along each sequence converging to a boundary
point of the domain satisfies this condition (with constant M) if

here H(y) is the Hessian of the function Ff(-) = — ln(—/(•)) at y. Jarre demon-
strates that the problem

associated with the constraints fa satisfying the RLC on the domains {fi(x) <
0} can be solved in polynomial time by the path-following method associated
with the barrier F(x) = J2i Ffi(x)- As found by Jarre [Ja 90], the RLC implies
self-concordance: For a C3 function / satisfying the RLC with constant M, the
function Ff proves to be O((M+ l)2)-self-concordant barrier for the Lebesque
set {x | /(x) < 0}. This observation allows us to derive all constructions and
complexity results based on the RLC from those based on the theory of self-
concordance. In our opinion, the main disadvantage of the RLC, as compared
to self-concordance, is that it seems much more difficult to verify the former
property in the case of nonquadratic /. Besides this, the width of the class of
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convex domains that can be represented in terms of functions satisfying the
RLC is not known.

The schemes of Monteiro and Adler [MA 90] and Kortanek and Zhu [Z90],
[KZ 91] deal with convex problems involving linear equality constraints; Mon-
teiro and Adler, in addition, assume the objective to be separable. Under
appropriate assumptions on the objective, the authors prove polynomiality
of the barrier-type path-following methods associated with the natural loga-
rithmic barriers for the epigraph of the objective. As shown by den Hertog
[D-H 92], the assumptions of these papers imply self-concordance of the cor-
responding barriers (at least in the case of C3-smooth objectives), so that the
schemes in question also are covered by the general self-concordance-based
approach.

In all of the above approaches, to find a barrier for the domain {x \ f ( x ) <
0} defined by a smooth convex function, we should take as barrier the function
— ln(—/(a;)); to provide "nice" properties of the barrier, it requires us to impose
certain restrictions on /. It means that the structure of the barrier is a priory
fixed. In this book, we proceed differently. We point out the desired property
of the barrier, prove that, in principle, such a barrier does exist for every
domain, and develop a technique for obtaining "computable" barriers. The
latter approach seems to be more flexible, since we do not restrict ourselves to
barriers of any specific type. For example, we feel free to use the function

as a self-concordant barrier for the second-order cone

It seems rather difficult to find a direct correspondence between the functions /
and F. Of course, an arbitrary ^-self-concordant barrier F can be represented
via the logarithm of a concave function f ( x ) as

with

(/ is concave by Proposition 1.3.2(iv)), but this possibility seems useless for
developing the theory of the interior point methods, same as for constructing
"computable" barriers.

2. What follows are specific bibliography comments to different parts of
the text.

Chapter 1. The basic concepts of self-concordant function and self-concor-
dant barrier were introduced in [Ns 88b], [Ns 88c]. The results presented in
the chapter originate from [NN 89], [NN 90b].
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Chapter 2. The notion of a self-concordant family was introduced in
[NN 89], where on the basis of this notion the authors explained and ex-
tended onto the nonlinear case path-following methods previously developed
for LP and LCQP (the barrier method [Go 87], [Ns 88b], [Ns 88c], the method
of centers [Re4 86] and the primal and dual methods of parallel trajectories
[Ns 88a], [Ns 89]).

As compared to [NN 89], the only new result of Chapter 2 is the complexity
analysis of the barrier-generated path-following method with large-step strat-
egy (see Proposition 2.2.5). The authors were pleased to find that similar result
was independently obtained by den Hertog [D-H 92].

Chapter 3. Duality for convex programs involving "nonnegativity con-
straints" defined by a general-type convex cone in a Banach space is a relatively
old (and, possibly, slightly forgotten by the mathematical programming com-
munity) part of convex analysis (see, e.g., [ET 76]). The corresponding general
results, as applied to the case of conic problems (i.e., finite-dimensional prob-
lems with general-type nonnegativity constraints and affine functional con-
straints), form the contents of §3.2. To our knowledge, in convex analysis,
there was no special interest to conic problems, and consequently to remark-
able symmetric form of the aforementioned duality in this particular case. The
only previous result in spirit of this duality known to us is the dual character-
ization of the Lovasz capacity number #(F) of a graph (see [Lo 79]).

The general approach presented in Chapter 3 regarding explanation and
extension onto the general convex case of the potential reduction interior-point
methods known for LP (the method of Karmarkar [Ka 84], the projective
method [Nm 87], [NN 90a], the primal-dual method of Todd and Ye [TY 87],
[Ye 88a], [Ye 89]), was developed in [NN 90b], [NN 90d]. Interpretation of the
generalized method of Karmarkar in terms of the Newton minimization of a
self-concordant barrier for an unbounded domain (§3.3.4) is motivated by the
devoted to the LP case paper of Bayer and Lagarias [BL 91].

The authors are greatly indebted to Professor Stephen Boyd, who attracted
their attention to the generalized linear-fractional problem and stimulated by
this the research summarized in §3.4.

Chapter 4. The results of this chapter originate from [NN 88], [NN 89],
[NN 90b]. Section 4.1.2 is new. Several interesting self-concordant barriers for
two-dimensional convex sets can be also found in [D-HJRT 92].

An important open question concerning barriers concerns decreasing the
gap between the theoretically best possible value O(n) of the parameter of a
self-concordant barrier for an n-dimensional convex domain G (see Theorem
1.5.1) and the parameters of "computable" barriers for G (for example, in
the case of a polytope G defined by m linear inequalities the parameter of
the standard logarithmic barrier for G is m). A very important result in this
direction was obtained by Vaidya [Va 89]; the generalization presented in §4.5
of this result seems to be new.
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Chapter 5. Most of the results presented here were announced in [NN 88];
complete proofs were given in [NN 89], [NN 90b]. Among these applications,
the most attractive, in our opinion, are those related to quadratically con-
strained quadratic programming and to semidefinite programming. The latter
area is now very popular among those involved into the design of interior-
point methods for nonlinear convex programming (Alizadeh and Jarre [Al 9la],
[Al 91b], [Al 92], [Ja 91]), same as among those interested in applications
of these methods, mainly to various control theory problems (Balakrishnan,
Baratt, Barmish, Boyd, Doyle, El-Ghaoui, Fan, Nekooie, Packard, Tits, Yang,
Zhou, among others; see [BB 90], [BBr 91], [BBK 89], [BG 92], [BY 89],
[DPZ 91], [Do 82], [FN 91], [FT 86], [FT 88], [FT 91], [FTD 91], [GB 86],
[KR 91]); detailed presentation of control theory applications of semidefinite
programming can be found in the monograph of Boyd, El-Ghaoui, Feron, and
Balakrishnan [BGFB 93]. The most of "semidefinite reformulations" of convex
programs presented in §5.4 are quite straightforward; the only exception is the
pd-representation of the function "the sum of k largest eigenvalues of a sym-
metric matrix"; the representation given in §5.4 (it was independently found by
Alizadeh) is based on the "convex-concave" description of the function given
by Overton and Womersley in [OW 91].

As far as generalized linear-fractional problem on the cone of positive
semidefinite matrices is concerned (§5.4.4.7), many applications of this prob-
lem, same as a special interior-point method of analytic centers for it, are given
by Boyd and El-Ghaoui [BG 92].

The problems connected with extremal ellipsoids (§5.5) were, from differ-
ent viewpoints, studied by many authors. We should especially mention the
improvement (by a factor of O(m)) of the complexity bound from Theorem
5.5.1 for the problem of finding the inscribed ellipsoid of the maximum volume
obtained by Khachiyan and Todd in [KhT 90].

Chapter 6. To our knowledge, polynomial-time interior-point methods for
variational inequalities previously were developed mainly for inequalities with
affine operators and only for polyhedral feasible domains (see references in
item 1.2.3). We should also mention the paper of Guler [Gu 90], where some
general properties of the penalty-type paths associated with a nonlinear mono-
tone complementarity problem are investigated. The contents of the chapter
originates from [NN 9la].

Chapter 1. Acceleration of polynomial-type interior-point methods for LP
and LCQP begins in the landmark paper of Karmarkar [Ka 84], where the
first method of this family was suggested. As already mentioned, Vaidya and
Gonzaga were the first to accelerate path-following methods for LP, which
resulted in the best-known—cubic with respect to the size of an LP problem—
efficiency estimate for LP. Karmarkar's type acceleration was used by most of
the researchers dealt with LP and LCQP (see references in item 1.2.1). The
schemes presented in Chapter 7 originate from [NN 89]; see also [NN 91b].



Bibliography

[AB 89]

[AHU 76]

[AKRV 86]

[AKRV 90]

[Al 91a]

[Al 91b]

[Al 92]

[An 86]

[An 89a]

K. M. ANSTREICHER AND R. A. BOSCH, Long steps in a
O(n3L) algorithm for linear programming, Yale School of Man-
agement, New Haven, CT, 1989.

A. V. AHO, J. K. HOPCROFT, AND J. D. ULLMAN, The De-
sign and Analysis of Computer Algorithms, Addison-Wesley,
Reading, MA, 1976.

I. ADLER, N. KARMARKAR, M. G. C. RESENDE, AND G.
VEIGA, An implementation of Karmarkar's algorithm for lin-
ear programming, Report No. ORC 86-8, Operations Research
Center, University of California, Berkeley, CA, 1989; Math.
Programming, 44 (1989), pp. 297-336.

, Data structures and programming techniques for the im-
plementation of Karmarkar's algorithm, ORSA J. Comput., 1
(1990), pp. 84-106.

F. ALIZADEH, Optimization over the positive-semidefinite
cone: interior-point methods and combinatorial applications,
Report, Dedicated to J. B. Rosen on the Occasion of His 70th
Birthday, Math. Programming, submitted.

, Combinatorial Optimization with Interior Point Methods
and Semi-Definite Matrices, Ph.D. thesis, Graduate School of
the University of Minnesota, October 1991.

, Optimization over the positive-semidefinite cone: Inte-
rior point methods and combinatorial optimization, in Ad-
vances in Optimization and Parallel Computing, P. Pardalos,
ed., North-Holland, Amsterdam, 1992.

K. M. ANSTREICHER, A monotonic protective algorithm for
fractional linear programming, Algorithmica, 1 (1986), pp.
483-498.

, A combined Phase l-Phase 2 projective algorithm for
linear programming, Math. Programming, 43 (1989), pp. 209
223.

387



388 BIBLIOGRAPHY

[An 89b] K. M. ANSTREICHER, A combined Phase l-Phase 2 Scaled Po-
tential Algorithm for Linear Programming, CORE Discussion
Paper 8939, CORE Catholic University of Louvan, Belgium,
1989.

[An 89c] , A worst-case step in Karmarkar's algorithm, Math.
Oper. Res., 14 (1989), pp. 294-302.

[An 90] , On Monotonicity in Scaled Potential Algorithm for Lin-
ear Programming, Report, CORE, Catholic University of Lou-
van, Belgium, 1990.

[AW 90] K. M. ANSTREICHER AND P. WATTEYNE, A Family of Search
Directions for Karmarkar's Algorithm, CORE Discussion Pa-
per 9030, CORE Catholic University of Louvan, Belgium,
1990.

[Ba 86] E. R. BARNES, A variation on Karmarkar's algorithm for
solving linear programming problems, Math. Programming, 36
(1986), pp. 174-182.

[BB 90] S. BOYD AND V. BALAKRISHNAN, A regularity result for the
singular values of a transfer matrix and a quadratically con-
verging algorithm for computing its L^-norm, Systems Con-
trol Lett., 15 (1990), pp. 1-7.

[BBK 89] S. BOYD, V. BALAKRISHNAN, AND P. KABAMBA, A bisection
method for computing the HOC norm of a transfer matrix and
related problems, Math. Control Signals Systems, 2 (1989), pp.
278-295.

[BBr 91] S. BOYD AND C. BARATT, Linear Controller Design: Limits
of Performance, Prentice-Hall, Englewood Cliffs, NJ, 1991.

[BDDW 90] P. BOGGS, P. D. DOMICH, J. R. DONALDSON, AND C.
WlTZGALL, Algorithmic enhancements to the method of cen-
ters for linear programming problems, ORSA J. Comput., 1
(1990), pp. 159-171.

[BG 92] S. BOYD AND L. EL-GHAOUI, Method of centers for minimiz-
ing generalized eigenvalues, Linear Algebra Appl., in prepara-
tion.

[BGFB 93] S. BOYD, L. EL GHAOUI, E. FERON, AND V. BALAKRISH-
NAN, Linear Matrix Inequalities in System and Control Theory,
in preparation.

[BH 66] B. TRONG LIEU AND P. HUARD, La methode des centres dans
un espace topologique, Numer. Mat., 8 (1966), pp. 56-67.



BIBLIOGRAPHY 389

[BL 86] D. A. BAYER AND J. C. LAG ARIAS, The nonlinear geometry
of linear programming. I: Affine and protective scaling trajec-
tories; II: Legendre transform coordinates and central trajecto-
ries, AT&T Bell Laboratories, Murray Hill, NJ, 1986; Trans.
Amer. Math. Soc., 314 (1989), pp. 499-581.

[BL 91] , Karmarkar's algorithm and Newton's method, Math.
Programming, 50 (1991), pp. 291-330.

[B-TN 92] A. BEN-TAL AND A. NEMIROVSKII, Interior Point Polynomial
Time Methods for Truss Topology Design, Research Report #
3/92, Faculty of Industrial Engineering and Management, The
Israel Institute of Technology, Haifa 32000, Israel, June 1992.

[BY 89] S. BOYD AND Q. YANG, Structured and simultaneous Lya-
punov functions for system stability problems, Internat. J. Con-
trol, 49 (1989), pp. 2215-2240.

[CLMS 90] T. J. CARPENTER, I. J. LUSTIG, J. M. MULVEY, AND D.
F. SHANNO, A primal-dual interior point method for convex
nonlinear programs, RUTCOR Research Report 25-90, Rut-
gers Center for Operations Research, Rutgers University, New
Brunswick, NJ, 1990.

[CMS 88] C. CHOI, C. L. MONMA, AND D. F. SHANNO, Further devel-
opment of primal-dual interior point methods, Report 60-88,
Rutgers Center for Operations Research, Rutgers University,
New Brunswick, NJ, 1990.

[Co 65] A. COBHAM, The intrinsic computational difficulty of func-
tions, in Proc. 1964 Internat. Congress for Logic, Methodology
and Philosophy of Science, 24-30, Y. Bar-Hillel, ed., North-
Holland, Amsterdam, 1965.

[CW 86] D. COPPERSMITH AND S. WINOGRAD, Matrix Multiplication
via Arithmetic Progression, Dept. of Math. Sci., IBM Thomas
J. Watson Res. Center, Nov. 1986, preprint.

[D-H 92] D. DEN HERTOG, Interior Point Approach to Linear,
Quadratic and Convex Programming—Algorithms and Com-
plexity, Ph.D. thesis, Technishe Universiteit Delft, September
1992.

[D-HJRT 92] D. DEN HERTOG, F. JARRE, C. Roos, AND T. TERLAKY,
A sufficient condition for self-concordance, with application
to some classes of structured convex programming problems,
Math. Programming Ser. B, 1992, to appear.



390 BIBLIOGRAPHY

[Di 67] I. I. DIKIN, Iterative solution of problems of linear and
quadratic programming, Soviet Mat. Dokl., 8 (1967), pp. 674-
675.

[Do 82] J. C. DOYLE, Analysis of feedback systems with structured un-
certainties, IEEE Proc., 129 (1982), pp. 242-250.

[DPZ 91] J. DOYLE, A. PACKARD, AND K. ZHOU, Review of LFTs,
LMIs, and //, in Proc. of the 30th Conference on Decision and
Control, Brighton, England, December 1991.

[Ed 65] J. EDMONDS, Paths, trees and flowers, Canad. J. Math., 17
(1965), pp. 449-467.

[ET 76] I. EKELAND AND R. TEMAM, Convex Analysis and Varia-
tional Problems, North-Holland, Amsterdam, 1976.

[FMcC 68] A. V. FIACCO AND G. P. McCoRMiCK, Nonlinear Program-
ming, John Wiley, New York, 1968.

[FN 91] M. K. H. FAN AND B. NEKOOIE, On minimizing the largest
eigenvalue over an affine family of Hermitian matrices, Linear
Algebra Appl., submitted.

[Fr 88a] R. M. FREUND, Projective transformations for interior point
methods, Part I: Basic theory and linear programming, Work-
ing Paper OR 179-88, Operations Research Center, Mas-
sachusetts Institute of Technology, Cambridge, MA, 1988.

[Fr 88b] , Projective transformations for interior point methods,
Part II: An algorithm for finding the weighted center of a
polyhedral system, Working Paper OR 180-88, Operations Re-
search Center, Massachusetts Institute of Technology, Cam-
bridge, MA, 1988.

[Fr 88c] , Polynomial-time algorithms for linear programming
based only on primal scaling and projected gradients of a po-
tential function, Research Report OR 182-88, Sloan School
of Management, Massachusetts Institute of Technology, Cam-
bridge, MA, 1988.

[Frs 56] R. FRISCH, La resolution des problemes de programme lineaire
par la methods, du potential logarithmique, Cahiers du Semi-
naire D'Econometric, 4 (1956), pp. 7-20.

[FT 86] M. K. H. FAN AND A. TITS, Characterization and efficient
computation of the structured singular value, IEEE Trans. Au-
tomat. Control, AC-31 (1986), pp. 734-743.



BIBLIOGRAPHY 391

[FT 88] M. K. H. FAN AND A. TITS, m-form numerical range and
the computation of the structured singular value, IEEE Trans.
Automat. Control, AC-33 (1988), pp. 284-289.

[FT 91] , A measure of worst-case HOC performance and of largest
acceptable uncertainty, Systems Control Lett., to appear.

[FTD 91] M. K. H. FAN, A. TITS, AND J. DOYLE, Robustness in the
presence of mixed parametric uncertainty and unmodeled dy-
namics, IEEE Trans. Automat. Control, 36 (1991), pp. 25-38.

[Ga 87] D. M. GAY, A variant of Karmarkar's linear programming
algorithm for problems in standard form, Math. Programming,
37 (1987), pp. 81-90.

[GB 86] A. GALMIDI AND D. BARMISH, The constrained Lyapunov
problem and its application to robust output feedback stabiliza-
tion, IEEE Trans. Automat. Control, AC-31 (1986), pp. 410-
419.

[GJ 79] M. R. GAREY AND D. S. JOHNSON, Computers and
Intractability: A Guide to the Theory of NP- Completeness, W.
H. Freeman, San Francisco, 1979.

[GL 88] D. GOLDFARB AND S. Liu, An O(n3L) primal interior point
algorithm for convex quadratic programming, Tech. Report,
Dept. of IEOR, Columbia University, New York, 1988.

[GLS 81] M. GROTSCHEL, L. LOVASZ, AND A. SCHRIJVER, The ellip-
soid method and its consequences in combinatorial optimiza-
tion, Combinatorica, 1 (1981), pp. 125-156.

[GLS 86] , The Ellipsoid Method and Combinatorial Optimization,
Springer-Verlag, Bonn, Germany, 1986.

[GLS 88] , Geometric Algorithms and Combinatorial Optimization,
Springer-Verlag, Bonn, Germany, 1988.

[GMSTW 86] P. E. GILL, W. MURRAY, M. A. SAUNDERS, J. A. TOMLIN,
AND M. H. WRIGHT, On projected Newton barrier methods for
linear programming and an equivalence to Karmarkar's projec-
tive method, Math. Programming, 36 (1986), pp. 183-209.

[Go 87] C. C. GONZAGA, An algorithm for solving linear programming
problems in O(nL) operations, Tech. Report, Dept. of Electri-
cal Engineering and Computer Sciences, Univ. of California,
Berkeley, CA, 1987; in Progress in Mathematical Program-
ming: Interior-Point and Related Methods, N. Megiddo, ed.,
Springer-Verlag, Berlin, New York, 1989, pp. 1-28.



392 BIBLIOGRAPHY

[Go 88] C. C. GONZAGA, Polynomial Affine Algorithms for Linear
Programming, Report ES-139/88, COPPE, Universidade Fed-
eral do Rio de Janeiro, 1988.

[Go 89] , Conical projection algorithm for linear programming,
Math. Programming, 43 (1989), pp. 151-173.

[Gr 60] B. GRUNBAUM, Partitions of mass-distributions and of convex
bodies by hyperplanes, Pacific J. Math., 10 (1960), pp. 1257-
1261.

[GT 89] C. C. GONZAGA AND M. J. TODD, An O(n^2L)-iteration
large-step primal-dual affine algorithm for linear programming,
Tech. Report No. 862, School of Operations Research and In-
dustrial Engineering, Cornell University, Ithaca, NY, 1989.

[GTr 89] E. G. GOLSHTEIN AND N. V. TRETYAKOV, Modified La-
grangeans, Moscow, Nauka, 1989. (In Russian.)

[Gu 90] O. GUTLER, Existence of interior points and interior paths in
nonlinear monotone complementarity problems, Working Pa-
per No. 90-21, College of Business Administration, The Uni-
versity of Iowa, Iowa City, IA, October 1990.

[GV 86] G. DE GHELLINK AND J.-P. VIAL, A polynomial Newton
method for linear programming, Algorithmica, 1 (1986), pp.
425-454.

[GV 87] , An extension of Karmarkar's algorithm for problems in
standard form, Math. Programming, 37 (1987), pp. 81-90.

[II 86] M. IRI AND H. IMAI, Multiplicative barrier function method
for linear programming, Algorithmica, 1 (1986), pp. 455-482.

[Ja 87] F. JARRE, On the convergence of the method of ana-
lytic centers when applied to convex quadratic programs,
Report No. 35, Dec. 1987, Schwerpunktprogramm der
Deutchen Forschungsgemeinschaft-Anwendungsbezogene Op-
timierung und Steuerung, revised Feb. 1988.

[Ja 89a] , The method of analytic centers for smooth convex pro-
grams, dissertation, Institut ftr Angewandte Mathematik und
Statistics, Universitat Wtrzburg, 1989.

[Ja 89b] , On the method of analytic centers for a class of con-
vex programs, in Lecture Notes in Mathematics, vol. 1405,
S. Dolecki, ed., 1989; in Optimization—Fifth French German
Conference Castel Novel 1988.



BIBLIOGRAPHY 393

[Ja 90]

[Ja 91]

[Ka 84]

[KhT 90]

[KhTE 88]

[KMgM 90]

[KMgN 88]

[KMgNY 90]

[KMgY 88]

[KMY 87]

F. JARRE, Interior point methods for convex programming, Re-
port SOL 90-16, Dept. of Operations Research, Stanford Uni-
versity, Stanford, CA, 1990; Appl. Math. Optim., to appear.

, An interior point method for minimizing the maximum
eigenvalue of a linear combination of matrices, Report SOL
91-8, Dept. of Operations Research, Stanford University, Stan-
ford, CA, 1991.

N. KARMARKAR, A new polynomial-time algorithm for linear
programming, Combinatorica, 4 (1984), pp. 373-395.

L. G. KHACHIYAN AND M. J. TODD, On the complexity of
approximating the maximal inscribed ellipsoid for a polytope,
Tech. Report No. 893, School of Operations Research and In-
dustrial Engineering, College of Engineering, Cornell Univer-
sity, Ithaca, NY, 1990.

L. G. KHACHIYAN, S. P. TARASOV, AND A. I. ERLICH, The
inscribed ellipsoid method, Dokl. Akad. Nauk SSSR, Vol. 298,
1988. (Engl. trans. Soviet Math. Dokl.)

M. S. KOJIMA, N. MEGIDDO, AND S. MIZUNO, A general
framework of continuation methods for complementarity prob-
lems, Research Report, IBM Almaden Research Center, San
Jose, CA, 1990.

M. S. KOJIMA, N. MEGIDDO, AND T. NOMA, Homotopy
continuation methods for nonlinear complementarity problems,
Math. Oper. Res., 16 (1991), pp. 754-774.

M. S. KOJIMA, N. MEGIDDO, T. NOMA, AND A. YOSHISE, A
unified approach to interior point algorithms for complemen-
tarity problems, Research Report, RJ 7493 (70008), IBM Al-
maden Research Center, San Jose, CA, 1990.

M. S. KOJIMA, N. MEGIDDO, AND Y. YE, An interior point
potential reduction algorithm for the linear complementarity
problem, Research Report, RJ 6486, IBM Almaden Research
Center, San Jose, CA, 1988.

M. S. KOJIMA, S. MIZUNO, AND A. YOSHISE, A primal-dual
interior point algorithm for linear programming, Report No.
B-193, Department of Information Sciences, Tokyo Institute
of Technology, Tokyo, 1987; in Progress in Mathematical Pro-
gramming: Interior-Point and Related Methods, N. Megiddo,
ed., Springer-Verlag, Berlin, New York, 1989, pp. 29-48.



394

[KMY 88]

[KMY 89]

[KM/N 88a]

[KMzN 88b]

[Kr 72]

[Kr 75]

[KR 91]

[KV 86]

[KZ 91]

[LMC 89]

[LMS 89]

BIBLIOGRAPHY

M. S. KOJIMA, S. MIZUNO, AND A. YOSHISE, An O(n1/2L)
iteration potential reduction algorithm for linear complemen-
tarity problems, Research Reports on Information Sciences B-
217, Dept. of Information Sciences, Tokyo Institute of Tech-
nology, Tokyo, 1988.

, A polynomial time algorithm for linear complementarity
problems, Math. Programming, 44 (1989), pp. 1-26.

M. S. KOJIMA, S. MIZUNO, AND T. NOMA, A new contin-
uation method for complementarity problems with uniform P-
functions, Math. Programming, 43 (1988), pp. 107-113.

, Limiting behavior of trajectories generated by a continua-
tion method for monotone complementarity problems, Research
Report, Department of Information Sciences, Tokyo Institute
of Technology, Tokyo, 1988.

R. M. KARP, Reducibility among combinatorial problems, in
Complexity of Computer Computations, R. E. Miller and J.
W. Thatcher, eds., Plenum Press, New York, 1972.

, On the computational complexity of combinatorial prob-
lems, Networks, 5 (1975), pp. 45-68.

P. P. KHARGONEKHAR AND M. A. ROTEA, Mixed f/2/#oo
control: A convex optimization approach, IEEE Trans. Au-
tomat. Control, 36 (1991), pp. 824-837.

S. KAPOOR AND P. M. VAIDYA, Fast algorithms for convex
quadratic programming and multicommodity flows, in Proc. of
the 18th Annual ACM' Symposium on Theory of Computing,
1986.

K. O. KORTANEK AND J. ZHU, A polynomial barrier algo-
rithm for linearly constrained convex programming problems,
Revised Working Paper Series No. 90-17, College of Business
Administration, The University of Iowa, Iowa City, IA, 1991.

I. J. LUSTIG, J. M. MULVEY, AND T. J. CARPENTER, The
formulation of stochastic programs for interior methods, Tech.
Report SOR-89-16, Department of Civil Engineering and Op-
erations Research, Princeton University, Princeton, NJ, 1989.

I. J LUSTIG, R. MARSTEN, AND D. F. SHANNO, Computa-
tional experience with a primal-dual interior point method for
linear programming, Report SOR-89-17, Department of Civil



BIBLIOGRAPHY 395

Engineering and Operations Research, Princeton University,
Princeton, NJ, 1989.

[LMS 90] I. J LUSTIG, R. MARSTEN, AND D. F. SHANNO, On imple-
mentation Mehrotra's predictor-corrector interior point method
for linear programming, Report SOR-90-3, Department of Civil
Engineering and Operations Research, Princeton University,
Princeton, NJ, 1990.

[Lo 79] L. LOVASZ, On the Shannon capacity of a graph, IEEE Trans.
Inform. Theory, 25 (1979), pp. 355-381.

[LSG 89] I. J. LUSTIG, D. F. SHANNO, AND J. W. GREGORY, The
primal-dual interior point method on the Cray supercomputer,
Department of Civil Engineering and Operations Research,
Princeton University, Princeton, NJ, 1989.

[Lu 88] I. J. LUSTIG, Feasibility issues in an interior point method for
linear programming, Tech. Report SOR 88-9, Department of
Civil Engineering and Operations Research, Princeton Univer-
sity, Princeton, NJ, 1989; Math. Programming, 49 (1991), pp.
145 162.

[MA 87a] R. D. C. MONTEIRO AND I. ADLER, An O(n3) primal-dual
interior point algorithm for linear programming, Report ORC
87-4, Operations Research Center, Dept. of Operations Re-
search, University of California, Berkeley, CA, 1987.

[MA 87b] , An O(n3) primal-dual interior point algorithm for con-
vex quadratic programming, Report ORC 87-15, Operations
Research Center, Dept. of Operations Research, University of
California, Berkeley, CA, 1987.

[MA 89a] , Interior path-following primal-dual algorithms. Part I:
Linear programming, Math. Programming, 44 (1989), pp. 27-
42.

[MA 89b] , Interior path-following primal-dual algorithms. Part
II: Convex quadratic programming, Math. Programming, 44
(1989), pp. 43 66.

[MA 90] , An extension of Karmarkar-type algorithm to a class of
convex separable programming problems with global linear rate
of convergence, Math. Oper. Res., 15 (1990), pp. 408-422.

[MAR 88] R. D. C. MONTEIRO, I. ADLER, AND M. G. C. RESENDE, A
polynomial time primal-dual affine scaling algorithm for linear



396 BIBLIOGRAPHY

[McSMS 89]

[Mg 86]

[Mh 89]

[Mh 90]

[MM 87]

[MS 87]

[MS 88a]

[MS 88b]

and convex quadratic programming and its power series exten-
sion, Tech. Report ESRC 88-8, Engineering Systems Research
Center, University of California, Berkeley, CA, 1988; Math.
Oper. Res., 15 (1990), pp. 191-214.

K. A. McSHANE, C. L. MONMA, AND D. F. SHANNO, An
implementation of a primal-dual interior point method for lin-
ear programming, ORSA J. Comput., 1 (1989), pp. 70-83.

N. MEGIDDO, Pathways to the optimal set in linear program-
ming, Tech. Report RJ 5295, IBM Almaden Research Center,
San Jose, CA, 1986; in Progress in Mathematical Program-
ming: Interior-Point and Related Methods, N. Megiddo, ed.,
Springer-Verlag, Berlin, New York, 1989, pp. 131-158.

S. MEHROTRA, On finding a vertex solution using interior
point methods, Tech. Report 89-17, Department of Industrial
Engineering and Management Sciences, Northwestern Univer-
sity, Evanston, IL, 1989.

, On implementation of a (primal-dual) interior point
method, Tech. Report 90-03, Department of Industrial Engi-
neering and Management Sciences, Northwestern University,
Evanston, IL, 1990.

C. L. MONMA AND A. J. MORTON, Computational experience
with a dual affine variant of Karmarkar's method for linear
programming, Tech. Report, Bell Communications Research,
1989, Oper. Res. Lett., 6 (1987), pp. 225-253.

S. MEHROTRA AND J. SUN, An algorithm for convex quadratic
programming that requires O(n3-5L) arithmetic operations,
Tech. Report 87-24, Dept. of Industrial Engineering and Man-
agement Sciences, Northwestern University, Evanston, IL,
1987; Math. Oper. Res., 15 (1990), pp. 342 363.

, A method of analytic centers for quadratically con-
strained convex quadratic programs, Tech. Report 88-01, Dept.
of Industrial Engineering and Management Sciences, North-
western University, Evanston, IL, 1988; SIAM J. Numer. Anal.,
28 (1991), pp. 529-544.

, An interior point algorithm for solving smooth convex
programs based on Newton's method, Tech. Report 88-08, Dept.
of Industrial Engineering and Management Sciences, North-
western University, Evanston, IL, 1988.



BIBLIOGRAPHY 397

[MSSPB 90]

[MTY 89]

[MTY 90a]

[MTY 90b]

[Mz 89]

[Na 86]

[Na 87]

[Nm 81]

[Nm 87]

[NN 88]

R. E. MARSTEN, M. J. SALTZMAN, D. F. SHANNO, G. S.
PIERCE, AND J. F. BALLINTIJN, Implementation of a dual
affine interior point algorithm for linear programming, ORSA
J. Comput., 1 (1990), pp. 287-297.

S. MlZUNO, M. J. TODD, AND Y. YE, Anticipated behavior
of path-following algorithms for linear programming, Tech. Re-
port No. 878, School of Operations Research and Industrial
Engineering, Cornell University, Ithaca, NY, 1989.

, Anticipated behavior of long-step algorithms for linear
programming, Research Report 24, Department of Industrial
Engineering and Management, Tokyo Institute of Technology,
Tokyo, 1990.

, On adaptive-step primal-dual interior-point algorithms
for linear programming, Tech. Report No. 944, School of Op-
erations Research and Industrial Engineering, Cornell Univer-
sity, Ithaca, NY, 1990.

S. MIZUNO, A new polynomial time method for a linear com-
plementarity problem, Research Report 16, Department of
Industrial Engineering and Management, Tokyo Institute of
Technology, Tokyo, 1989.

J. L. NAZARETH, Homotopy techniques in linear programming,
Algorithmica, 1 (1986), pp. 529-535.

, Pricing criteria in linear programming, Report PAM-
382, Center for Pure and Applied Mathematics, University
of California, Berkeley, CA, 1987; in Progress in Mathemat-
ical Programming: Interior-Point and Related Methods, N.
Megiddo, ed., Springer-Verlag, Berlin, New York, 1989, pp.
105 129.

A. S. NEMIROVSKY, Effective solution methods for variational
inequalities with monotone operators, Ekonomika i Matem.
Metody, 17 (1981), pp. 344-359. (In Russian; English trans.
Matekon: Translations of Russian and East European Math.
Economics.)

, On an algorithm of Karmarkar's type, Izvestija AN
SSSR, Tekhnitcheskaya kibernetika, 1987, No. 1, pp. 105-118.
(In Russian.)

Yu. E. NESTEROV AND A. S. NEMIROVSKY, Polynomial-time
barrier methods in convex programming, Ekonomika i Matem.



398 BIBLIOGRAPHY

[NN 89]

[NN 90a]

[NN 90b]

[NN 90c]

[NN 90d]

[NN 91a]

[NN 91b]

[Ns 83]

[Ns 88a]

[Ns 88b]

Metody, 24 (1988) No. 7, pp. 1084-1091. (In Russian; English
trans. Matekon: Translations of Russian and East European
Math. Economics.)

Yu. E. NESTEROV AND A. S. NEMIROVSKY, Self-concordant
functions and polynomial time methods in convex program-
ming, USSR Acad. Sci. Central Economic & Mathematical
Institute, Moscow, 1989.

, Protective method for convex quadratic knapsack prob-
lem, Tech. Report, Dept. of Math. Sci., IBM Thomas J. Wat-
son Research Center, Yorktown Heights, NY, Jan. 1990.

, Logarithmically homogeneous barriers and polynomial
time interior point methods based on Lyapunov's functions,
USSR Acad. Sci. Central Economic & Mathematical Institute,
Moscow, 1990, preprint.

, Optimization over positive semidefinite matrices, Man-
ual, USSR Acad. Sci. Central Economic &; Mathematical In-
stitute, Moscow, 1990.

, Conic duality and its applications in convex program-
ming, USSR Acad. Sci. Central Economic & Mathematical In-
stitute, Moscow, 1990, preprint; Optim. Software, 1 (1992),
pp. 10-31.

, Path-following polynomial time algorithm for monotone
variational inequalities, USSR Acad. Sci. Central Economic &;
Mathematical Institute, Moscow, 1991, preprint.

, Acceleration and parallelization of the path-following in-
terior point methods for a linearly constrained quad ratic pro-
gramming problem, SIAM J. Optim., 1 (1991), pp. 548-564.

Yu. E. NESTEROV, An O(l/k2)-rate of convergence method
for smooth convex functions minimization, Dokl. Akad. Nauk
SSSR, 269 (1983), pp. 543-547. (In Russian; English trans.
Soviet Math. Dokl.)

, The method for linear programming which requires
O(n3L) operations, Ekonomika i Matem. Metody, 24 (1988),
pp. 174-176. (In Russian; English trans. Matekon: Transla-
tions of Russian and East European Math. Economics.)

, Polynomial time methods in linear and quadratic pro-
gramming, Izvestija AN SSSR, Tekhnitcheskaya kibernetika,
No. 3, 1988, pp. 324-326. (In Russian.)



BIBLIOGRAPHY 399

[Ns 88c] Yu. E. NESTEROV, Polynomial time iterative methods in lin-
ear and quadratic programming, Voprosy kibernetiki, Moscow,
1988, pp. 102-125. (In Russian.)

[Ns 88d] , A general approach to the design of optimal methods for
smooth convex functions minimization, Ekonomika i Matem.
Metody, 24 (1988), pp. 509-517. (In Russian; English trans.
Matekon: Translations of Russian and East European Math.
Economics.)

[Ns 89] , Dual polynomial time algorithms for linear programming,
Kibernetika, No. 1, 1989, pp. 34-54. (In Russian.)

[NY 79] A. S. NEMIROVSKY AND D. B. YUDIN, Informational Com-
plexity and Efficient Methods for Solution of Convex Extremal
Problems, Nauka, 1978. (In Russian; English trans. John Wi-
ley, New York, 1983.)

[OR 70] J. M. ORTEGA AND W. C. RHEINBOLDT, Iterative Solution
of Nonlinear Equations in Several Variables, Academic Press,
New York, 1970.

[Ov 90] M. L. OVERTON, Large scale optimization of eigenvalues,
NYU Computer Science Department Report, # 505, New
York, May 1990.

[OW 91] M. L. OVERTON AND R. S. WOMERSLEY, Optimality con-
ditions and duality theory for minimizing sums of the largest
eigenvalues of symmetric matrices, Tech. Report 566, Com-
puter Science Department, New York University, New York,
1991.

[Po 73] V. M. POLTEROVICH, Economical equilibrium and optimum,
Ekonomika i Matem. Metody, 9 (1973), pp. 835-845. (In Rus-
sian; English trans. Matekon: Translations of Russian and East
European Math. Economics.)

[PM 78] V. M. POLTEROVICH AND I. I. MITJUSHIN, A criterion of
monotonicity of a demand function, Ekonomika i Matem.
Metody, 14 (1978), pp. 122-128. (In Russian; English trans.
Matekon: Translations of Russian and East European Math.
Economics.)

[PZPLB 91] A. PACKARD, K. ZHOU, P. PANDEY, J. LEONHARDSON, AND
G. BALAS, Optimal, constant I/O similarity scaling for full-
information and state-feedback control problems, Department
of Mechanical Engineering, University of California, Berkeley,
CA, Oct. 1991, preprint.



400 BIBLIOGRAPHY

[Re 86] J. RENEGAR, A polynomial time algorithm, based on Newton's
method, for linear programming, Research Report, School of
Operations Research and Industrial Engineering, Cornell Uni-
versity, Ithaca, NY, 1986; Math. Programming, 40 (1988), pp.
59-93.

[RS 88] J. RENEGAR AND M. SHUB, Simplified complexity analysis for
Newton LP methods, Report No. 807, School of Operations Re-
search and Industrial Engineering, Cornell University, Ithaca,
NY, 1988.

[RV 89] C. Roos AND J.-P. VIAL, Long steps with the logarithmic
penalty barrier function in linear programming, Report 89-44,
Department of Mathematics and Computer Science, Delft Uni-
versity of Technology, Delft, the Netherlands, 1989.

[Sh 87] N. Z. SHOR, Quadratic optimization problems, Izvestija AN
SSSR, Tekhnitcheskaya kibernetika, No. 1, 1987. (In Russian.)

[ShD 85] N. Z. SHOR AND A. DAVYDOV, On a method for bounding in
quadratical problems, Kibernetika, No. 2, 1985, pp. 48-54. (In
Russian.)

[So 85] G. SONNEVEND, An analytic center for polyhedrons and new
classes of global algorithms for linear (smooth, convex) pro-
gramming, in Proc. 12th IFIP Conf. on System Modelling
and Optimization, Hungary, Budapest, 1985; Lecture Notes
in Control and Inform. Sci., Vol. 84, Springer-Verlag, Berlin,
New York, 1985.

[SSZ 89] G. SONNEVEND, J. STOER, AND G. ZHAO, On the complex-
ity of following the central path of linear programs by linear
extrapolation, Math. Oper. Res., 63 (1989), pp. 19-31.

[SSZ 90] , On the complexity of following the central path of linear
programs by linear extrapolation II, University of Wurtzburg,
1990, manuscript.

[TB 86] M. J. TODD AND B. P. BURRELL, An extension of Kar-
markar's algorithm for linear programming using dual vari-
ables, Algorithmica, 1 (1986), pp. 409-424.

[To 88a] M. J. TODD, On Anstreicher's combined Phase l-Phase II
protective algorithm for linear programming, Tech. Report No.
776, School of Operations Research and Industrial Engineer-
ing, College of Engineering, Cornell University, Ithaca, NY,
1988.



BIBLIOGRAPHY 401

[To 88b] M. J. TODD, Improved bounds and containing ellipsoids in
Karmarkar's linear programming algorithm, Math. Oper. Res.,
13 (1988), pp. 650-659.

[To 89] , Anticipated behavior of Karmarkar's algorithm, Tech.
Report No. 879, School of Operations Research and Indus-
trial Engineering, College of Engineering, Cornell University,
Ithaca, NY, 1989.

[To 90] , Projected scaled steepest descent in Kojima-Mizuno-
Yoshise 's potential reduction algorithm for the linear comple-
mentarity problem, Tech. Report No. 950, School of Operations
Research and Industrial Engineering, College of Engineering,
Cornell University, Ithaca, NY, 1990.

[TW 89] M. J. TODD AND Y. WANG, On combined Phase I~Phase II
projective methods for linear programming, Tech. Report No.
877, School of Operations Research and Industrial Engineer-
ing, College of Engineering, Cornell University, Ithaca, NY,
1989.

[TY 87] M. J. TODD AND Y. YE, A centered projective algorithm for
linear programming, Tech. Report No. 763, School of Oper-
ations Research and Industrial Engineering, College of Engi-
neering, Cornell University, Ithaca, NY, 1987; Math. Oper.
Res., 15 (1990), pp. 508-529.

[Va 87] P. M. VAIDYA, An algorithm for linear programming which
requires O(((m + n)n2 + (m + n)L5n)L) arithmetic operations,
Tech. Report, AT&T Bell Laboratories, Murray Hill, NJ, 1987;
Math. Programming, 47 (1990), pp. 175 202.

[Va 89] , A new algorithm for minimizing convex functions over
convex sets, Tech. Report, AT&T Bell Laboratories, Murray
Hill, NJ, 1989.

[VMF 86] R. J. VANDERBEI, M. S. MEKETON, AND B. A. FREEDMAN,
A modification of Karmarkar 's linear programming algorithm,
Algorithmica, 1 (1986), pp. 395 407.

[Ye 87] Y. YE, Interior Algorithms for Linear, Quadratic and Lin-
early Constrained Convex Programming, Ph.D. dissertation,
Dept. of Engineering-Economic Systems, Stanford University,
Stanford, CA, 1987.

[Ye 88a] , A class of potential functions for linear programming,
Working Paper Series No. 88-13, Dept. of Management Sci.,
The University of Iowa, Iowa City, IA, September 1988.



402 BIBLIOGRAPHY

[Ye 88b] Y. YE, A further result on the potential reduction algorithm for
the P-matrix linear complementarity problem, Dept. of Man-
agement Sci., The University of Iowa, Iowa City, IA, 1988,
in Advances in Optimization and Parallel Computing, P. M.
Pardalos, ed., North-Holland, Amsterdam, 1992, pp. 310-316.

[Ye 89] , An O(n3L) potential reduction algorithm for linear pro-
gramming, Tech. Report, Department of Management Sci.,
The University of Iowa, Iowa City, IA, 1989.

[Ye 90a] , Line search in potential reduction algorithms for linear
programming, College of Business Administration, The Uni-
versity of Iowa, Iowa City, IA, 1990, manuscript.

[Ye 90b] , Anticipated behavior of affine scaling algorithms for lin-
ear programming, Working Paper Series No. 90-1, College of
Business Administration, The University of Iowa, Iowa City,
IA, January 1990.

[Ye 90c] , Complexity analysis on Karmarkar's algorithm, Working
Paper Series No. 90-5, College of Business Administration, The
University of Iowa, Iowa City, IA, March 1990.

[YK 87] Y. YE AND M. KOJIMA, Recovering optimal dual solutions
in Karmarkar's polynomial algorithm for linear programming,
Math. Programming, 39 (1987), pp. 305-317.

[YP 89] Y. YE AND P. PARDALOS, A class of linear complementarity
problems solvable in polynomial time, Dept. of Management
Sci., The University of Iowa, Iowa City, IA, 1988; Linear Al-
gebra Appl., 152 (1991), pp. 1-10.

[YT 89] Y. YE AND E. TSE, An extension of Karmarkar's protective
algorithm for convex quadratic programming, Math. Program-
ming, 44 (1989), pp. 157-179.

[Z 90] J. ZHU, A path-following algorithm for a class of convex pro-
gramming problems, Working Paper Series No. 90-14, Depart-
ment of Management Sci., The University of Iowa, Iowa City,
IA, 1990.

[ZTD 90] Y. ZHANG, R. A. TAPIA, AND J. E. DENNIS, On the super-
linear and quadratic convergence of primal-dual interior point
linear programming algorithms, Working Paper, Department of
Mathematical Sciences, Rice University, Houston, TX, 1990.



Index

Acceleration for linear and linearly con-
strained quadratic problems

main inequality, 323
strategy, 316
tactics, 317

Advanced linear algebra, 321

Barrier calculus, 148, 174
Barrier-generated family, 2

Legendre transformation, 181
superposition theorem, 182, 184

Boolean programming
dual bounds for, 243

standard form, 57, 103, 147, 188
Coverings, 175

calculus, 176
direct product, 178
images, 176
intersections, 178
inverse images, 176

Curvature condition, 383

Differential inclusion, 245
Dikin's ellipsoid, 13, 34
Dikin's method, 379
Duality theorem, 109

Combination rules for barriers/coverings
arithmetic summation, 155
conic hull, 149
direct products, 149
images under affine mappings, 152
inverse images under affine mappings,

148
inverse images under nonlinear map-

pings, 156
intersections, 149
projective transformation, 143

Combined volumetric barrier, 203, 246
Complementarity problem, 277, 381
Conic duality, 103
Conic representation, 175

second-order, 224
examples, 226

Constraint regularization scheme, 218
Convex-concave games, 276
Convex problem

conic form, 102, 147, 188
complementary slackness relation,

104, 106, 109
dual formulation, 103
dual inequality, 105
duality relations, 105
duality theorem, 109
normal primal-dual pair, 106
primal-dual pair, 104
primal-dual relations, 107
zero duality gap, 106, 109

Eigenvalues minimization problems
largest of, 239, 242
sum of k largest, 239

Extremal ellipsoids
inscribing maximal volume ellipsoid,

244, 249
algebraic formulation, 250
geometric formulation, 249
path-following method for finding,

252, 254, 257, 263, 268, 270
circumscribing minimal volume ellip-

soid, 270

Function
/3-compatible with self-concordant bar-

rier, 66
fractional-quadratic, 227, 241
Lyapunov's, 101
positive-semidefinite representable, 237
potential, 101, 112, 124, 139

Functional element, 176
Legendre transformation of, 181

Linear differential equations
uniqueness theorem, 14

Linear-fractional problems, 121
Logarithmically homogeneous barriers

definition of, 39
Legendre transformation of, 47, 48
main properties of, 40, 41

403



404 INDEX

ix-normal, 40
Lovasz capacity number of graph, 242

damped, 15
stepsize rules, 24, 26

Mappings
compatible with barrier, 160
compatible with convex domain, 159

compatibility of superpositions, 168
examples, 160, 165

concave with respect to cone, 156
examples, 157

maximal monotone, 274
monotone, 273
quadratic-fractional, 166

Methods
barrier-generated, 2, 70
interior penalty function, 1, 379
of centers, 2, 82 See also Path-following

interior-point methods,
Potential reduction interior-point meth-

ods
Monotone element, 274

potential, 310
transformation rules for, 311-313

Monotone operator
compatible with self-concordant bar-

rier
definition of, 291
properties of, 291, 292

convex representation of, 307
linear monotone, 304

Multistep barrier methods
acceleration based on optimal method

for smooth convex optimization
efficiency estimate, 336
scheme, 334

conjugate-gradient-based acceleration
efficiency estimate, 351
scheme, 348

fixed-point-based acceleration
efficiency estimate, 342
scheme, 340

gradient-descent-based acceleration
efficiency estimate, 330
scheme, 329

sets Ka(x), 327

Nash equilibrium, 276
Newton decrement

definition of, 15, 284
properties of, 16

Newton iterate, 16, 284
Newton method

convergence results, 17, 18, 24

Path-following interior-point methods, 57
barrier-generated, 65, 68

efficiency estimate, 75
large-step strategy, 76
main stage, 73
preliminary stage, 70

dual parallel trajectories method, 86,
87

efficiency estimate, 92
scheme, 90, 91

method of centers, 80
efficiency estimate, 84
scheme, 84

primal parallel trajectories method,
93

efficiency estimate, 96, 99
scheme, 95

Path-following scheme, 2, 57
Perturbed primal problem

cost function, 106
properties of, 106

Polynomial-time methods
definition for LP, 3
definition for NLP, 5
historical remarks, 380

Positive-semidefinite representation, 237
of determinant, 240
of Euclidean norm, 238
of fractional-quadratic function, 241
of geometric mean, 240
of matrix norm, 238
of maximal eigenvalue, 239
of quadratic-functional, 238
of sum of k largest eigenvalues, 239

Potential reduction interior-point methods,
101

anticipated behaviour, 248, 381
Karmarkar method, 111

assumptions, 111
potential function for, 112
projective transformation-based ex-

planation of, 116
rate of convergence, 115
scheme, 114
sliding objective approach, 119
unknown optimal value, 117

primal-dual method, 138
assumptions, 138
large-step strategy, 145
potential function, 139
rate of convergence, 144



INDEX 405

scheme, 140
projective method, 121

assumptions, 121, 123
large-step strategy, 135
potential function, 124
rate of convergence, 130, 132
scheme, 126-130

Preconditioned conjugate gradients method,
346

Problems
approximation in Lp-norm, 232
arising in control theory, 245
complementarity, 277, 381
conic involving second-order cone, 223
geometrical programming, 230
inscribing maximal ellipsoid into poly-

tope, 244
minimization of largest eigenvalue, 242
minimization of matrix norm, 234, 242
quadratically constrained quadratic,

220, 241, 381
path-following approach, 220
potential-reduction approach, 221

reducible to inequality with monotone
operator, 275

semidefinite programming, 236
Pure exchange model of Arrow-Debreu,

302

Recessive
cone, 45
subspace, 15

Relative Lipschitz condition, 383

of power function, 191, 192
for piecewise-quadratically bounded

domains, 194
for polytope, 193, 203
for second-order cone, 195
Legendre transformation, 45, 47, 86
main properties, 33, 34, 39
parameter of, 4, 32

Self-concordant families, 58
barrier-generated, 66
center-generated, 80
definition of, 58
homogeneous, 86
metric associated with, 61
properties, 58, 59, 62

Self-concordant function
behaviour on Lebesgue set, 27-29
definition of, 12
Legendre transformation, 43
main properties, 12, 13
strongly, 12

Self-concordant monotone operator
definition of, 280
Newton decrement, 284
Newton method, 286
properties, 280, 282, 283, 285

Semidefinite programming, 236
Standard logarithmic barrier, 2, 315
Symmetric fc-linear form, 361

Uniqueness theorem for linear differential
equations, 14

Universal barrier, 49

Second-order representation, 224
Euclidean norm, 226
geometrical mean, 226
fractional-quadratic function, 227
quadratic functional, 226

Self-concordance, 12
Self-concordant barrier, 3

bounds on parameter, 42, 49
definition of, 32
examples, 33, 40, 81
for cone of positive-semidefinite sym-

metric matrices, 198
for epigraph

of entropy function, 192
of exponent, 193
of fractional-quadratic function, 201
of functions of Euclidean norm, 195
of logarithm, 193
of matrix norm, 199

Variational inequalities, 273
accuracy measure, 294, 299
accuracy of approximation, 298
application example, 302, 365
barrier-generated family of, 294
path-following method for, 290

efficiency estimate, 302
initialization, 296
summary, 301
updating rule, 295

reduction to convex program, 305
regularity, 305
with linear monotone operator, 304

Volumetric barrier, 203


	Interior-Point Polynomial Algorithms in Convex Programming
	SIAM Studies in Applied and Numerical Mathematics
	ISBN 0-89871-319-6
	Contents
	Foreword
	Preface
	Chapter 1 Introduction
	Chapter 2 Self-concordant functions and Newton method
	Chapter 3 Path-following interior-point methods
	Chapter 4 Potential reduction interior-point methods
	Chapter 5 How to construct self-concordant barriers
	Chapter 6 Applications in convex optimization
	Chapter 7 Variational inequalities with monotone operators
	Chapter 8 Acceleration for linear and linearly constrained quadratic problems
	Appendix 1
	Appendix 2
	Bibliography comments
	Bibliography
	Index




