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We show that a lattice Schrödinger operator � + v acting in C
Z
d
does not have l2 eigen-

functions if its potential v(·) admits fast local approximation by periodic functions. A

special case of this result states that if v(x) = V(α1x1, . . . ,αdxd), where V(·) is a (1, . . . , 1)-

periodic function on R
d satisfying the Hölder condition and (α1, . . . ,αd) ∈ R

d is a vector

admitting fast rational approximation, then the operator � + v has no eigenfunctions

in l2(Zd). The one-dimensional case of this statement has been known since 1970s, and

the question whether its multidimensional generalization was possible remained open

since then.

1 Introduction

The goal of this paper is to show that the lattice Schrödinger operator H = � + v acting

in C
Z
d
as follows:

(Hu)(x) =
∑

s∈Zd : ‖s‖1=1

u(x + s) + v(x)u(x), x ∈ Z
d, (1)
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2 A. Y. Gordon and A. Nemirovski

does not have l2 eigenfunctions if its potential v : Z
d → C can be approximated with

high accuracy by periodic functions on a suitable increasing sequence of finite sets.

This result can be applied, in particular, to operators with potentials of the form

v(x) = V(α1x1, . . . ,αdxd), x ∈ Z
d, (2)

where V : R
d → C is a (1, . . . , 1)-periodic function and αi’s are irrational numbers. One

of the main results of this paper (Theorem 4.1) states: given a function V satisfying

the Hölder condition, there is an explicit ϑ > 0 with the property that if real numbers

α1, . . . ,αd satisfy the inequality |||ν1α1|||+ · · ·+ |||νdαd||| < ϑν1...νd (||| · ||| is the distance from a

real number to the nearest integer) for all d-tuples ν = (ν1, . . . , νd) from some infinite set

T ⊂ N
d such that limT �ν→∞ min{ν1, . . . , νd} = ∞, then the operator � + v with v(·) given

by (2) has no eigenfunctions in l2(Zd).

The one-dimensional case of this result, for real-valued potentials, was essen-

tially established in [2] (that paper dealt with the equation −y ′′ + v(x)y = λy on R, but

the adaptation to the discrete case was immediate). Since then, the question whether

a multidimensional generalization of that one-dimensional fact was possible remained

open.

An intermediate step in this direction was made in a recent paper [3], where,

under conditions similar to those of Theorem 4.1, the absence of l1 eigenfunctions

was established (see also Krüger’s preprint [4], where a slightly stronger condition was

imposed on αi’s).

Both Theorem 4.1, giving the final answer to the above question, and its l1 coun-

terpart contrast the result of Bourgain [1], according to which for a fixed real analytic

function V on T
d satisfying a mild non-degeneracy condition, the operator � + λv with

v(·) given by (2) exhibits Anderson localization (that is, the set of all exponentially

decaying eigenfunctions is complete in l2(Zd)) for all α = (α1, . . . ,αd) ∈ T
d \ �λ, where

mes�λ → 0 as λ → ∞.

The main method of this paper is a strengthening of the method used in [3], thus

there are many similarities with [3]. We provide detailed arguments in order to make

the present paper self-contained.

The remaining part of the paper is organized as follows. In Section 2we establish

inequalities of the form |u(q)|2 ≤ C
∑

x∈K |u(q + x)|2, where u(·) is an arbitrary solu-

tion of a periodic linear homogeneous lattice equation and K is a certain finite subset

of the group of periods not containing 0. These inequalities generalize the inequality

|y(0)| ≤ 2 maxr=±1,±2 |y(rT)| [2] that holds for any solution y(·) of the equation y(j−1)+y
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Quasi-Periodic Lattice Operators with Liouville Frequencies 3

(j + 1) + v(j)y(j) = λy(j) if v(j + T) ≡ v(j), j ∈ Z. In Section 3 we use the results of

Section 2 to prove the absence of l2 eigenfunctions for a Schrödinger operator whose

potential admits fast periodic approximation on a suitable increasing sequence of finite

sets. In Section 4 we consider a special case: that of a quasi-periodic potential with

Liouville frequencies.

In the rest of the paper we use the following notation. Given a set X ⊂ Z
d,

we denote the set X \ {0} by X ∗. The cardinality of a finite set X is denoted by |X |. The
dimensiond of the latticeZ

d is assumed to be≥ 2 (except for Lemma2.1 andTheorem2.1,

where d may be equal to one).

2 Periodic Operators

Lemma 2.1. Let � be a subgroup of Z
d and H a �-periodic linear operator in C

Z
d
(�-

periodicity means that, letting (Tγu)(x) = u(x + γ ), we have TγH = HTγ for all γ ∈ �.)

Suppose F ⊂ � and Y ⊂ Z
d are such finite sets and λ ∈ C is such a number that

(a) if u(·) is a solution of the equation

Hu = λu (3)

and u|Y = 0, then u|F = 0;

(b) |F | > |Y |.
Then for any solution u(·) of (3)

|u(0)|2 ≤
( |F |

|Y | − 1
)−1 ∑

x∈(F−F)∗
|u(x)|2. (4)

�

Proof. Let N denote the vector space of all solutions of (3), and let M = N |Y . It follows

from (a) that for each x ∈ F the value of a solution u ∈ N at x is uniquely determined by

u|Y ; therefore, u(x) is a linear functional on M .

Set k = |F |, n = |Y |, and m = dimM . Since m ≤ n, the assumption (b) implies

that k > m. We will need the following statement.

Lemma 2.2. Let Qi, i = 1, . . . ,k, be positive semidefinite Hermitian forms on an m-

dimensional complex vector space L. If k > m, then there is l ∈ {1, . . . ,k} such that

Ql(x) ≤
(
k

m
− 1

)−1 ∑
1≤j≤k
j 
=l

Qj(x) for all x ∈ L. (5)

�

 by guest on June 25, 2016
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


4 A. Y. Gordon and A. Nemirovski

Proof of Lemma 2.2. Let

Q(x) =
∑
1≤j≤k

Qj(x), x ∈ L.

We may assume that the Hermitian form Q(·) is positive definite—otherwise, we can

replace L with the quotient vector space L̃ = L/Z, where Z = {x ∈ L : Q(x) = 0}; this will

only reduce the constant factor in (5).

The Hermitian form Q makes L a complex Euclidean space; let e1, . . . , em be its

orthonormal basis, andAj (j = 1, . . . ,k) be thematrix of the formQj relative to that basis.

The Hermitian matrices Aj are positive semidefinite (notation: Aj ≥ 0), their sum being

the identity matrix I . Hence, the sum of their traces ism, and there is l ∈ {1, . . . ,k} such
that trAl ≤ m/k. Therefore, the largest eigenvalue of Al does not exceed m/k so that

Al ≤ (m/k)I ; in other words, Al ≤ (m/k)
∑

1≤j≤k Aj, or

(
1 − m

k

)
Al ≤ m

k

∑
1≤j≤k
j 
=l

Aj,

which is equivalent to (5). �

End of proof of Lemma 2.1. For each x ∈ F , |u(x)|2 is a positive semidefinite Hermitian

form on the m-dimensional space M . We have k = |F | > m, and by Lemma 2.2 there is

a ∈ F such that for all solutions u(·) of the equation (3) we have

|u(a)|2 ≤
(
k

m
− 1

)−1 ∑
x∈F\{a}

|u(x)|2. (6)

Since the operatorH is �-periodic, the vector spaceN of solutions of (3) is invari-

ant under translations by elements of �. Therefore, (6) implies that for all solutions u(·)
of (3)

|u(0)|2 ≤
(
k

m
− 1

)−1 ∑
x∈(F−a)\{0}

|u(x)|2,

from which (4) follows. �

Theorem 2.1. Let � be a subgroup of Z
d, and H a �-periodic linear operator in CZ

d
. Let

F ⊂ � and Y ⊂ Z
d be two finite sets with the following properties:
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Quasi-Periodic Lattice Operators with Liouville Frequencies 5

(a) for any q ∈ Z
d and any solution u(·) of the equation (3) such that u|Y+q = 0, we also

have u|F+q = 0;

(b) |F | > |Y |.
Then for any solution u(·) of (3) and any q ∈ Z

d

|u(q)|2 ≤
( |F |

|Y | − 1
)−1 ∑

x∈(F−F)∗
|u(q+ x)|2. (7)

�

Proof. For q ∈ Z
d, let Hq = TqHT−q. The operator Hq and the sets F and Y satisfy the

conditions of Lemma 2.1. Putting uq = Tqu, where u is a solution of Hu = λu, we have

Hquq = λuq and, by Lemma 2.1,

|uq(0)|2 ≤
( |F |

|Y | − 1
)−1 ∑

x∈(F−F)∗
|uq(x)|2,

which is equivalent to (7). �

Let H = � + v be the lattice Schrödinger operator (1) in l2(Zd), d ≥ 2, with a

�-periodic potential v(·). We will assume now that � is a subgroup of Z
d generated by

d linearly independent vectors f1, . . . , fd, where fj =
(
f (i)
j

)d
i=1

∈ Z
d, j = 1, . . . ,d:

� =
⎧⎨⎩

d∑
j=1

mjfj : mj ∈ Z, j = 1, . . . ,d

⎫⎬⎭ .

Denote by A� the fundamental region of the lattice � in R
d:

A� =
⎧⎨⎩

d∑
j=1

θjfj : 0 ≤ θj < 1, j = 1. . . . ,d

⎫⎬⎭
and by V� its volume:

V� = Vol(A�) =
∣∣∣∣det [f (i)

j

]d
i,j=1

∣∣∣∣ .
Theorem 2.2. For any ε > 0 there is Cε > 0 such that if u : Z

d → C is a solution of the

equation

(� + v)u = λu (8)
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6 A. Y. Gordon and A. Nemirovski

with a �-periodic potential v, then for any point q ∈ Z
d

|u(q)|2 ≤ Cε

∑
x∈�∗ : ‖x‖∞≤(2d+ε)V�

|u(q+ x)|2. (9)

�

Proof. Fix an integer n ≥ 3 and consider the following subset of Z
d:

C0 = {0, 1, . . . ,n− 1}d.

For z ∈ Z
d, let Cz = C0 + z and

Fz = � ∩ Cz.

The lattice � has “density”

lim
N�r→∞

|{x ∈ � : ‖x‖∞ ≤ r}|
(2r + 1)d

= 1

V�

,

and since Z
d = ⊔

z∈nZd(C0 + z), we have supz∈nZd |Fz| ≥ |C0|/V� = nd/V�. The integer |Fz|
takes only finitely many values, so there is z ∈ nZ

d such that

|Fz| ≥ nd

V�

. (10)

Let, furthermore, Y0 = C0 \ S0, where S0 = {1, . . . ,n− 2}d−1 × {2, . . . ,n− 1}, and

Yz = Y0 + z.

Due to the structure of the operator�+v, any solutionu of the equation (8) that vanishes

on the set Y0 also vanishes on C0. Given q ∈ Z
d, the same is true for the sets Yz + q =

Y0 + (z + q) and Cz + q = C0 + (z + q). And since Fz + q ⊂ Cz + q, it follows that for any

solution u(·) of the equation (8) such that u|Yz+q = 0 we also have u|Fz+q = 0.

Wewant to use Theorem2.1with F = Fz andY = Yz. Its condition (a) is, therefore,

fulfilled, and to apply the theorem we need that condition (b) be fulfilled as well, that is,

the ratio |Yz|/|Fz| should be < 1.

In view of the equality |Yz| = |Y0| = nd − (n− 2)d and inequality (10),

|Yz|
|Fz| ≤ V�

(
1 −

(
1 − 2

n

)d
)

<
2dV�

n
. (11)
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Quasi-Periodic Lattice Operators with Liouville Frequencies 7

So far the integer n (n ≥ 3) has been arbitrary. We set now

n = n� = �(2d+ ε)V�� (12)

(�a� is the largest integer ≤ a). The second inequality in (11), together with (12), implies

that the quantity V�

(
1− (1− 2

n�

)d)
, which depends only on V�, is < 1 for all values of V�.

Moreover, its upper limit, as V� → ∞, is < 1. Consequently, there is δε > 0 such that,

setting n = n�, we have |Yz|/|Fz| ≤ (1+ δε)
−1 for any � and an arbitrary z satisfying (10).

By Theorem 2.1,

|u(q)|2 ≤
( |Fz|

|Yz| − 1
)−1 ∑

x∈(Fz−Fz)∗
|u(q+ x)|2 ≤ δ−1

ε

∑
x∈�∗ : ‖x‖∞<n�

|u(q+ x)|2. (13)

The second inequality uses the fact that

Fz − Fz = (� ∩ (C0 + z)) − (� ∩ (C0 + z)) ⊂ � ∩ ((C0 + z) − (C0 + z)) = {x ∈ � : ‖x‖∞ < n�}.

Inequalities (13) imply that (9) holds with Cε = δ−1
ε . �

Corollary 2.1. If u(·) is a solution of (� + v)u = λu, where the function v(·) on Z
d is

(τ1, . . . , τd)-periodic (τ1, . . . , τd ∈ N), then for any ε > 0 and any q ∈ Z
d

|u(q)|2 ≤ Cε

∑
x∈�∗

τ : ‖x‖∞≤(2d+ε)τ1...τd

|u(q+ x)|2,

where Cε is the same as in Theorem 2.2 and

�τ = {(j1τ1, . . . , jdτd) : j1, . . . , jd ∈ Z}. (14)

�

3 Operators Approximable by Periodic Ones

Theorem 3.1. Let H = � + v, where v(·) is a bounded complex-valued function on Z
d,

and let θ be a constant satisfying the inequalities

0 < θ < (2‖v‖∞ + 4d− 1)−1. (15)
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8 A. Y. Gordon and A. Nemirovski

Suppose for some fixed ε > 0 and each τ = (τ1, . . . , τd) in an infinite set T ⊂ N
d such that

lim
T �τ→∞ τi = ∞, i = 1, . . . ,d, (16)

there is a (τ1, . . . , τd)-periodic function vτ (·) satisfying the inequality

max
‖x‖∞≤(2d+ε)τ1...τd

|vτ (x) − v(x)| < θ 2dτ1...τd . (17)

Then the equation Hu = λu with any λ ∈ C does not have nontrivial l2 solutions. �

Proof. Fix D ∈ R such that

2‖v‖∞ + 4d− 1 < D < θ−1 (18)

(this is possible due to (15)). Then reduce, if necessary, the given positive ε so that

D2d+ε < θ−2d (19)

(inequality (17) will still hold for all τ ∈ T ).

For any τ ∈ T , let

mτ = �(2d+ ε)τ1 . . . τd�.

Inequality (17) can be rewritten in the form

ρτ ≡ max
x∈Qτ

|vτ (x) − v(x)| < θ 2dτ1...τd , (20)

where

Qτ = {x ∈ Z
d : ‖x‖∞ ≤ mτ }.

Suppose u : Z
d → C is a solution of the equation (� + v)u = λu such that

‖u‖2 ≤ 1. (21)

Pick any τ ∈ T so there is a τ -periodic function vτ (·) satisfying (20). Define a subset Zτ

of Qτ as follows:

Zτ = {x ∈ Qτ : xd ∈ {−1, 0} or |xi| = mτ for some i ∈ {1, . . . ,d− 1}}.
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Quasi-Periodic Lattice Operators with Liouville Frequencies 9

Denote by Qo
τ the “interior”of the cube Qτ :

Qo
τ = {x ∈ Z

d : ‖x‖∞ ≤ mτ − 1}

and by uτ (·) the unique function on Qτ such that

(i) (�uτ )(x) + vτ (x)uτ (x) = λuτ (x) for all x ∈ Qo
τ ;

(ii) uτ |Zτ = u|Zτ .

The function

wτ (x) = uτ (x) − u(x), x ∈ Qτ ,

satisfies the equations wτ |Zτ = 0 and

(�wτ )(x) + (v(x) − λ)wτ (x) + rτ (x)u(x) + rτ (x)wτ (x) = 0, x ∈ Qo
τ ,

where

rτ (x) = vτ (x) − v(x).

By representing any x ∈ Z
d in the form x = (j,k), where j ∈ Z

d−1 and k ∈ Z, we

transform the previous equation into

wτ (j,k + 1) +wτ (j,k − 1) +
∑

s∈Zd−1 : ‖s‖1=1

wτ (j + s,k) + (v(j,k) − λ)wτ (j,k)

+ rτ (j,k)u(j,k) + rτ (j,k)wτ (j,k) = 0, (j,k) ∈ Qo
τ . (22)

Setting

στ (k) =
⎛⎝ ∑

x∈Qτ : xd=k
|wτ (x)|2

⎞⎠1/2

≡
⎛⎝ ∑

j∈Zd−1 : ‖j‖∞≤mτ −1

|wτ (j,k)|2
⎞⎠1/2

, −mτ ≤ k ≤ mτ ,

we obtain from (22), using the Minkowski inequality:

στ (k ± 1) ≤ στ (k ∓ 1) + Bτ στ (k) + ρτ , −mτ + 1 ≤ k ≤ mτ − 1, (23)

where

Bτ = 2(d− 1) + ‖v‖∞ + |λ| + ρτ (24)
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10 A. Y. Gordon and A. Nemirovski

(we use the facts that |rτ (j,k)| ≤ ρτ for all (j,k) ∈ Qτ and
∑

j∈Zd−1 |u(j,k)|2 ≤ 1 for all k ∈ Z,

due to (20) and (21), respectively).

Note that |λ| does not exceed the norm of the operator H = � + v, which is

≤2d+ ‖v‖∞. Therefore,

Bτ ≤ 4d+ 2‖v‖∞ − 2 + ρτ , τ ∈ T .

In view of the first inequality in (18) and inequality (20), we have

Bτ < D− 1 (25)

for all but finitely many τ ∈ T . By removing this finite set from T , we may assume that

(25) holds for all τ ∈ T .

Inequalities (23) and (25) imply that

στ (k ± 1) ≤ στ (k ∓ 1) + (D− 1)στ (k) + ρτ , −mτ + 1 ≤ k ≤ mτ − 1.

It follows by induction (using the equalities στ (−1) = στ (0) = 0) that

στ (k) ≤ D|k|−1ρτ , −mτ ≤ k ≤ mτ .

Consequently,

∑
|k|≤mτ

σ 2
τ (k) ≤ D2mτ ρ2

τ ,

or, equivalently,

(∑
x∈Qτ

|uτ (x) − u(x)|2
)1/2

≤ Dmτ ρτ , (26)

which holds for all τ ∈ T .

The function uτ (·) is defined on the cube Qτ and satisfies the equation �uτ (x) +
vτ (x)uτ (x) = λuτ (x) onQo

τ . According to the lemma below, this function has an extension

to Z
d that satisfies the same equation for all x ∈ Z

d.

We will denote the convex hull of a set X ⊂ R
d by Conv(X); a set G ⊂ Z

d will be

called z-convex if Conv(G) ∩ Z
d = G. Given y ∈ Z

d, the set St(y) = {x ∈ Z
d : ‖x − y‖1 ≤ 1}
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Quasi-Periodic Lattice Operators with Liouville Frequencies 11

will be called the star centered at y. For G ⊂ Z
d, we will denote by Go the set {y ∈

G : St(y) ⊂ G}.

Lemma 3.1. Let G be a finite z-convex subset of Z
d; suppose v : Z

d → C and u : G → C

are such functions that

�u(x) + v(x)u(x) = λu(x) (27)

for all x ∈ Go. Then u(·) can be extended to Z
d so that the resulting function satisfies

(27) for all x ∈ Z
d. �

Proof. Let us enumerate the points of G arbitrarily: y1, . . . ,yN , where N = |G|, then
enumerate the points of the set Z

d \ G: yN+1,yN+2, . . . in such a way that the set Gn =
{y1, . . . ,yn} is z-convex for any n ≥ N . (One way to do so is to always choose yn (n > N ) at

the smallest possible Euclidean distance from the set Conv(Gn−1).) Then we determine

the values u(yn), n > N , recursively as follows. If there is a star, say St(w), containing

yn and contained in Gn−1 �{yn} (note that in this casew ∈ Gn−1 and there is only one such

star, due to the z-convexity of Gn−1), then we define u(yn) so that equation (27) holds for

x = w; otherwise, we define u(yn) arbitrarily. �

Due to the lemma,we can consideruτ (·) as a function defined onZ
d and satisfying

equation (�+vτ )uτ = λuτ on the entire lattice Z
d. The function vτ (·) is �τ -periodic, where

the lattice �τ is defined by (14).

Let δ = ε/2. Pick any q ∈ Z
d. According to Corollary 2.1,

|uτ (q)| ≤ C1/2
δ

⎛⎝ ∑
x∈q+P∗

τ

|uτ (x)|2
⎞⎠1/2

, (28)

where

Pτ = {x ∈ �τ : ‖x‖∞ ≤ (2d+ δ) τ1 . . . τd}.

Assuming that

‖q‖∞ ≤ δ · τ1 . . . τd
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12 A. Y. Gordon and A. Nemirovski

(which is true for all τ ∈ T with large enough ‖τ‖∞), we have q + Pτ ⊂ Qτ , so that

inequalities (26) and (28), together with the Minkowski inequality, imply that

|u(q)| ≤ |uτ (q)| + |u(q) − uτ (q)|

≤ C1/2
δ

⎛⎝ ∑
x∈q+P∗

τ

|u(x)|2
⎞⎠1/2

+
(
C1/2

δ + 1
)(∑

x∈Qτ

|uτ (x) − u(x)|2
)1/2

≤ C1/2
δ

⎛⎝ ∑
x∈q+P∗

τ

|u(x)|2
⎞⎠1/2

+
(
C1/2

δ + 1
)
Dmτ ρτ (29)

for all τ ∈ T with large enough ‖τ‖∞.

As T � τ → ∞, the first summand on the right converges to 0 due to (21) and (16).

The second summand does not exceed the quantity

(
C1/2

δ + 1
)
D(2d+ε)τ1...τdθ2dτ1...τd =

(
C1/2

δ + 1
) (
D2d+εθ2d

)τ1...τd ,

which, due to (19), goes to 0 as T � τ → ∞. It follows that the right-hand side of (29) goes

to 0 as well. Therefore, u(q) = 0. Since q ∈ Z
d was chosen arbitrarily, this completes the

proof of Theorem 3.1. �

4 Quasi-Periodic Operators

As was said in the Introduction, we denote the distance from a real number a to the

nearest integer by |||a|||.

Theorem 4.1. Let V : R
d → C be a (1, . . . , 1)-periodic function satisfying the Hölder

condition

|V(t1, . . . , td) − V(t′1, . . . , t
′
d)| ≤ M

d∑
i=1

|ti − t′i|β ,

where 0 < β ≤ 1. Suppose η ∈ R is such that

0 < η < (2‖V‖∞ + 4d− 1)−1. (30)

If real numbers α1, . . . ,αd satisfy the inequalities

|||ν1α1||| + · · · + |||νdαd||| < η (2d/β)ν1...νd (31)
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for all d-tuples (ν1, . . . , νd) in an infinite set T ∈ N
d such that

lim
T �ν→∞ νi = ∞, i = 1, . . . ,d,

then the operator � + v with potential

v(x) = V(α1x1, . . . ,αdxd) (32)

has no eigenfunctions in l2(Zd). �

Remark 4.1. The fact that the absence of eigenvalues for operators�+vwithpotentials

(32) is topologically typical, which follows from Theorem 4.1, has been known for a long

time: due to Simon’s result [6, Theorem 1.1], the set of all α = (α1, . . . ,αd) ∈ R
d for

which that operator has no eigenvalues is a Gδ set; this set is dense as it contains all α’s

with rational components (since the corresponding potentials are periodic). However,

the essence of Theorem 4.1 is that it provides an explicit rate of rational approximation

of the frequency vector α that guarantees the absence of eigenvalues. �

Proof. Denote by T the infinite set of those ν = (ν1, . . . , νd) ∈ N
d for which (31) holds.

Given ν ∈ T , there is μ = (μ1, . . . ,μd) ∈ Z
d such that |μi − νiα| = |||νiα||| for each

i = 1, . . . ,d. Let

αν
i = μi

νi
, i = 1, . . . ,d,

and

vν(x1, . . . ,xd) = V(αν
1x1, . . . ,α

ν
dxd).

The function vν(·) is (ν1, . . . , νd)-periodic. In order to apply Theorem 3.1, we need to

estimate (for a fixed ε > 0) the number

ρν = max
‖x‖∞≤(2d+ε) ν1...νd

|vν(x) − v(x)|.

If ν ∈ T and ‖x‖∞ ≤ (2d+ ε) ν1 . . . νd, then

|vν(x) − v(x)| = ∣∣V(αν
1x1, . . . ,α

ν
dxd) − V(α1x1, . . . ,αdxd)

∣∣
≤ M

d∑
i=1

∣∣∣∣μi

νi
xi − αixi

∣∣∣∣β

 by guest on June 25, 2016
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


14 A. Y. Gordon and A. Nemirovski

≤ M
d∑
i=1

|xi|β |μi − νiαi|β

≤ M‖x‖β
∞

d∑
i=1

|||νiαi|||β

< Md ((2d+ ε) ν1 . . . νd)
β

(η ν1...νd)
2d (33)

(the last inequality uses (31)).

Pick any θ ∈ R such that

η < θ < (2‖V‖∞ + 4d− 1)−1, (34)

which is possible due to (30). It follows from (33) and the first inequality in (34) that

ρν < θ 2dν1...νd for all but finitely many ν ∈ T . This, together with the second inequality in

(34), shows that the conditions of Theorem 3.1 are fulfilled and, therefore, the equation

(� + v)u = λu does not have nontrivial l2 solutions. �

5 Concluding Remarks

Remark 5.1. Theorem 3.1 can be extended to the case where the potential v(·) is

unbounded. �

Theorem 5.1. Suppose v : Z
d → C is such that

sup
x∈Zd

|v(x)| = ∞

and there exist ε > 0, γ > 0 and an infinite set T ⊂ N
d satisfying (16) such that for any

τ ∈ T there is a (τ1, . . . , τd)-periodic function vτ : Z
d → C with the property that

ρτ < M−(2d+γ )τ1...τd
τ , (35)

where

ρτ = max
x∈Zd : ‖x‖∞≤(2d+ε)τ1...τd

|vτ (x) − v(x)|; Mτ = max
x∈Zd : ‖x‖∞≤(2d+ε)τ1...τd

|v(x)|.

Then the equation (�+v)u = λuwith any λ ∈ C has no nontrivial solutions in l2(Zd). �

The proof follows the same lines as that of Theorem 3.1. The necessary changes

are presented in the Appendix.
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Remark 5.2. The main results of the paper pertain to the lattice Schrödinger operator;

however, themethod that we use can be adapted to other lattice operators, such as �̃+v,

where �̃ is the diagonal Laplacian introduced in [5]:

(�̃u)(x) =
∑

z∈{−1,+1}d
u(x + z), x ∈ Z

d. �

Appendix

Proof of Theorem 5.1. The beginning of the proof is similar to that of Theorem 3.1,

with two changes. First, in the definition (24) of the coefficient Bτ used in (23) we replace

‖v‖∞ with Mτ :

Bτ = 2(d− 1) +Mτ + |λ| + ρτ .

Second, instead of the constant D satisfying inequalities (18) we introduce

Dτ = 2Mτ . (36)

Then (25) gets replaced with the inequality

Bτ < Dτ − 1,

which holds for all but finitely many τ ∈ T .

We then replace D with Dτ in all the subsequent inequalities up to (29), which

now gives

|u(q)| ≤ C1/2
δ

⎛⎝ ∑
x∈q+P∗

τ

|u(x)|2
⎞⎠1/2

+
(
C1/2

δ + 1
)
Dmτ

τ ρτ ; (37)

this inequality holds for all but finitely many τ ∈ T .

By the assumption, u ∈ l2(Zd); therefore, as T � τ → ∞, the first summand on

the right converges to 0. Furthermore, in view of (35) and (36),

Dmτ
τ ρτ < (2Mτ )

(2d+ε)τ1...τdM−(2d+γ )τ1...τd
τ = (

22d+εM ε−γ
τ

)τ1...τd . (38)

The positive constant ε can be made arbitrarily small without violating (35), so we may

assume from the very beginning that 0 < ε < γ . Since ‖v‖∞ = ∞, we have Mτ → ∞
as T � τ → ∞; therefore, the right-hand side of (38) converges to 0. Consequently, the

right-hand side of (37) converges to 0 as well, which completes the proof. �
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