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Accuracy Guarantees for /1-Recovery

Anatoli Juditsky and Arkadi Nemirovski

Abstract—We discuss two new methods of recovery of sparse sig-
nals from noisy observation based on {1 -minimization. While they
are closely related to the well-known techniques such as Lasso and
Dantzig Selector, these estimators come with efficiently verifiable
guaranties of performance. By optimizing these bounds with re-
spect to the method parameters we are able to construct the estima-
tors which possess better statistical properties than the commonly
used ones. We link our performance estimations to the well known
results of Compressive Sensing and justify our proposed approach
with an oracle inequality which links the properties of the recovery
algorithms and the best estimation performance when the signal
support is known. We also show how the estimates can be com-
puted using the Non-Euclidean Basis Pursuit algorithm.

Index Terms—Linear estimation, nonparametric estimation by
convex optimization, oracle inequalities, sparse recovery.

I. INTRODUCTION

ECENTLY, several methods of estimation and selection

which refer to the £;-minimization received much atten-
tion in the statistical literature. For instance, Lasso estimator,
which is the /;-penalized least-squares method is probably the
most studied (a theoretical analysis of the Lasso estimator is
provided in, e.g., [2]-[4], [19]-[21], [17], [18], see also the ref-
erences cited therein). Another, closely related to the Lasso, sta-
tistical estimator is the Dantzig Selector [7], [2], [16], [17]. To
be more precise, let us consider the estimation problem as fol-
lows. Assume that an observation

y=Ar+oc£€R™ (D

is available, where + € R"™ is an unknown signal and
A € R™*™ is a known sensing matrix. We suppose that
o& is a Gaussian disturbance with ¢ ~ N(0,71,) (..,
& = (&,....,&)7T, where &; are independent normal r.v.’s
with zero mean and unit variance), and ¢ > 0 is a known deter-
ministic noise level. Our focus is on the recovery of unknown
signal x.

The Dantzig Selector estimator Zpg of the signal z is defined
as follows [7]:

Ips(y) € Aregg}jn{llvlll AT (Av = y)llo < p}
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where p = O(oV/Inn) is the algorithm’s parameter. Since Zpg
is obtained as a solution of an linear program, it is very attrac-
tive by its low computational cost. Accuracy bounds for this
estimator are readily available. For instance, a well known re-
sult about this estimator (cf. [7, Theorem 1.1]) is that if p =

O(o+/In(n/c)) then

lZps(y) — zll2 < Koy/slog(ne?)

with probability 1 — ¢ if @) the signal x is s-sparse, i.e., has at
most s non-vanishing components, and b) the sensing matrix
A with unit columns possesses the Restricted Isometry Prop-
erty RIP(8, k) with parameters 0 < § < 1+1\/§ and k > 3s.1
Further, in this case one has K = C(1 — §)~!, where C is a
moderate absolute constant. This result is quite impressive, in
part due to the fact (see, e.g., [5], [6]) that there exist m x n
random matrices, with m < n, which possess the RIP with
probability close to 1, ¢ close to zero and the value of k as
large as O (m In"Y(n/ m)). Similar performance guarantees are
known for Lasso recovery

Zlasso(y) € Argmin{||v||1 + »||Av — y||§}
vER™

with properly chosen penalty parameter ». The available accu-
racy bounds for Lasso and Dantzig Selector rely upon the Re-
stricted Isometry Property or less restrictive assumptions about
the sensing matrix, such as Restricted Eigenvalue [2] or Com-
patibility [3] conditions (a complete overview of those and sev-
eral other assumptions with description of how they relate to
each other is provided in [19]). However, these assumptions
cannot be verified efficiently. The latter implies that there is cur-
rently no way to provide any guaranties (e.g., confidence sets)
of the performance of the proposed procedures. A notable ex-
ception from this rule is the Mutual Incoherence assumption
(see, e.g., [10]-[12] and [21] for the case of, respectively, de-
terministic and random observation noise) which can be used to
compute the accuracy bounds for recovery algorithms: a matrix
A with columns of unit £5-norm and mutual incoherence p(A)
possesses RIP (8, k) with 6 = (m — 1)u(A).2 Unfortunately,

IRecall that RIP (6, k), called also uniform uncertainty principle, means that
for any v € R™ with at most k£ nonzero entries,

(1 =o)lvll2 < [JAv] < (14 9)l[v]l

This property essentially requires that every set of columns of A with cardinality
less than k approximately behaves like an orthonormal system.

2The mutual incoherence j1(A) of a sensing matrix A = [Ay,...,A,]is
computed according to
AT 4,
A)= :
() = max

Obviously, the mutual incoherence can be easily computed even for large
matrices.
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the latter relation implies that y1(A) should be very small to cer-
tify the possibility of accurate /; -recovery of non-trivial sparse
signals, so that performance guarantees based on mutual inco-
herence are very conservative. This “theoretical observation™ is
supported by numerical experiments—the practical guarantees
which may be obtained using the mutual incoherence are gener-
ally quite poor even for the problems with nice theoretical prop-
erties (cf. [14], [15]).

Recently the authors have proposed a new approach for ef-
ficient computing of upper and lower bounds on the “level of
goodness” of a sensing matrix A, i.e., the maximal s such that
the /1 -recovery of all signals with no more than s non-vanishing
components is accurate in the case where the measurement noise
vanishes (see [14]). In the present paper we aim to use the re-
lated verifiable sufficient conditions of “goodness” of a sensing
matrix A to provide efficiently computable bounds for the error
of ¢; recovery procedures in the case when the observations are
affected by random noise.

The main body of the paper is organized as follows:

1) We start with Section II-A where we formulate the sparse
recovery problem and introduce our core assumption—a verifi-
able condition H, () linking matrix A € R™*™ and a con-
trast matrix H € R™*™_ In Sections II-B, II-C we present two
recovery routines with contrast matrices:

* regular recovery:

Freg(y) € Argmind[lol]y : [HT (Av — y)lloe < p}
veR™
e penalized recovery:

Fpen(y) € Argmin{[jolls + Os||H" (Av — y)lloc }
vER™

(s is our guess for the number of nonzero entries in the true
signal, # > 0 is the penalty parameter)
along with their performance guarantees under condition
H, (k) with K < 1/2, that is, explicit upper bounds on the
confidence levels of the recovery errors || — z||,,. The novelty
here is that our bounds are of the form

Prob{||# — z||, < O(s'/Pa\/In(n/e)) for every

s—sparse signal x and all1 <p<oo} >1—€ (2)

(with hidden factors in O( - ) independent of ¢, ), and are valid
in the entire range 1 < p < oo of values of p. Note that similar
error bounds for Dantzig Selector and Lasso are only known
for 1 < p < 2, whatever be the assumptions on “essentially
nonsquare” matrix A.

2) Our interest in condition H () stems from the fact that
this condition, in contrast to the majority of the known sufficient
conditions for the validity of /1 -based sparse recovery (e.g., Re-
stricted Isometry/Eigenvalue/Compatibility), is efficiently veri-
fiable. Moreover, it turns out that one can efficiently optimize
the error bounds of the associated with this verifiable condition
regular/penalized recovery routines over the contrast matrix H.
The related issues are considered in Section III. In Section IV
we provide some additional justification of the condition H, in
particular, by linking it with the Mutual Incoherence and Re-
stricted Isometry properties. This, in particular, implies that the

1

condition H . (#) with, say, » = 3 associated with randomly
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selected m x n matrices A is feasible, with probability ap-
proaching 1 as m, n grow, for s as large as O(1/m/In(n)). We
also establish limits of performance of the condition, specifi-
cally, show that unless A is nearly square, H; o (x) with k <
1/2 can be feasible only when s < O(1)y/m, meaning that the
tractability of the condition has a heavy price: when designing
and validating /; minimization based sparse recovery routines,
this condition can be useful only in a severely restricted range
of the sparsity parameter s.

3) In Section V, we show that the condition H; (k) is the
strongest (and seemingly the only verifiable one) in a natural
family of conditions H ,(x) linking a sensing and a contrast
matrix; here s is the number of nonzeros in the sparse signal to
be recovered ¢ € [1, 00]. We demonstrate that when a contrast
matrix H satisfies H, ,(x) with k < 1/2, the associated reg-
ular and penalized ¢; recoveries admit error bounds similar to
(2), but now in the restricted range 1 < p < ¢ of values of p. We
demonstrate also that feasibility of H, ,(x) with £ < 1/2 im-
plies instructive (although slightly worse than those in (2)) error
bounds for the Dantzig Selector and Lasso recovering routines.

4) In Section VI, we present numerical results on compar-
ison of regular/penalized /1 recovery with the Dantzig Selector
and Lasso algorithms. The conclusion suggested by these pre-
liminary numerical results is that when the former procedures
are applicable (i.e., when the techniques of Section III allow
to build a “not too large” contrast matrix satisfying the condi-
tion H, (k) with, say, k = 1/3), our procedures outperform
significantly the Dantzig Selector and work exactly as well as
the Lasso algorithm with “ideal” (unrealistic in actual applica-
tions) choice of the regularization parameter3.

5) In the concluding Section VII, we present a “Non-Eu-
clidean Matching Pursuit algorithm” (similar to the one pre-
sented in [15]) with the same performance characteristics as
those of regular/penalized /; recoveries; this algorithm, how-
ever, does not require optimization and can be considered as a
computationally cheap alternative to /; recoveries, especially in
the case when one needs to process a series of recovery prob-
lems with common sensing matrix.

All proofs are placed in the Appendix.

II. ACCURACY BOUNDS FOR /1-RECOVERY ROUTINES

A. Problem Statement

a) Notation: Foravectorx € R"and 1 < s < n, we
denote x° the vector obtained from z by setting to O all but the s
largest in magnitude entries of z. Ties, if any, could be resolved
arbitrarily; for the sake of definiteness assume that among en-
tries of equal magnitudes, those with smaller indexes have pri-
ority (e.g., with z = [1;2;2; 3] one has 2 = [0;2;0; 3)). ||z|s.»
stands for the usual £,-norm of z* (so that ||z||s,cc = [|Z]|co)-
We say that a vector z is s-sparse if it has at most s nonzero
entries. Finally, for a set I C {1,...,n}, we denote by J its
complement {1,...,n}\I; given z € R", we denote by z the
vector obtained from x by zeroing the entries with indices out-
side of I, sothat x = 7 + ;.

3With “theoretically optimal,” rather than “ideal,” choice of the regulariza-
tion parameter in Lasso, this algorithm is essentially worse than our algorithms
utilizing the contrast matrix.
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Givenanormv(-) on R™ and amatrix H = [hq,...,hn] €
R™N we set v(H) = néaj\)f(y(ht)

b) The Problem: We consider an observation y € R™
y=Az+u+ o€ (3)

where z € R™ is an unknown signal and A € R™*" is the
sensing matrix. We suppose that 0§ is a Gaussian disturbance,
where ¢ ~ N(0,1,,) (ie., & = (&1, ..., &,)T with independent
normal random variables £; with zero mean and unit variance),
o > 0 being known, and u is a nuisance parameter known to
belong to a given uncertainty set U C R™ which we will sup-
pose to be convex, compact and symmetric w.r.t. the origin. Our
goal is to recover x from y, provided that z is “nearly s-sparse.”
Specifically, we consider the sets

X(s,v)={z e R": [z —2°|| < v}

of signals which admit s-sparse approximation of || - ||1 -accuracy
v.Given p, 1 < p < 00, and a confidence level 1 —¢, € € (0, 1),
we quantify a recovery routine—a Borel function R™ 3 y +—
#(y) € R"—by its worst-case, over z € X (s,v), confidence
interval, taken w.r.t. || - ||,-norm of the error. Specifically, we
define the risks of a recovery routine as

Risk, (Z(-) |€e, 0,5, v)=inf{é : Prob{¢:3z € X(s,v),u € U:

|&2(Az + o€ +u) — x|, > 6} <€} (4)

Equivalently: Risk,(Z(-)|¢€,0,s,v) < ¢ if and only if there
exists a set = of “good” realizations of £ with Prob{{ € E} >
1 — € such that whenever ¢ € E, one has ||2(Az + o€ + u) —
z|lp < b forallx € X(s,v)andallu € U.

¢) Norm v(-): Given e and o > 0, let us denote

v(v) = Ve g u(v) = sup uTv + oy 2In(n/e)||v|l2.  (5)

u€eU

Since U is convex, closed and symmetric with respect to the
origin, v( - ) is a norm. Let v, be the norm on R™ conjugate to
v:

vi(u) = muax{vTu :v(v) < 1}

d) Conditions and Let

H('Y) Hs,OO(FJ)"

following condition on a matrix H = [hq, ..., h,] € R™*™:

H(v): forallz € R™ and 1 < i < n one has

lz;| < |hiTA:v| + v llz||1- (6)

Now let s be a positive integer and = > 0. Given A € R™*", we
say that a matrix H = [hy, ..., h,] € R™*™ satisfies condition
H; (k)4 if

Vo € R™ : ||2]|oo < ||HT Ao + s 6||2||1 (7

4The reason for this cumbersome, at the first glance, notation will become
clear later, in Section V.
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The conditions we have introduced are closely related to each
other:

Lemma 1: If H satisfies H(y), then H satisfies
H, oo (s]|V|loo), and “nearly vice versa:” given H € R™*"
satisfying H, o.(x), one can build efficiently a matrix
H'" € R™*" satisfying H(y) with v = £[I;...;1] (ie.,
£ = $||7||>o) and such that the columns of H' are convex com-
binations of the columns of H and —H, so that v(H') < v(H)

for every norm v(-) on R™.

B. Regular {1 Recovery

In this section, we discuss the properties of the regular ¢1-re-
covery Tyeg = Treg(y) given by

dreg(y) € Argmin {||v]|1 : |h] (Av —y)| < pi, 1 < i< n}
veR™

(®)
where y is as in (3), h;, 2 = 1,...,n, are some vectors in
R™ and p; > 0,¢ = 1,...,n. We refer to the matrix H =
[h1,. .., hy] as to the contrast matrix underlying the recovering

procedure.
The starting point of our developments is the following.

Proposition 1: Given an m X n sensing matrix A, noise in-
tensity o, uncertainty set &/ and a tolerance ¢ € (0, 1), let the
matrix H = [hy, ..., h,] from (8) satisfy the condition H(~)
for some v € R}, and let p; in (8) satisfy the relation

pi>vi:=v(h),i=1,....n ©)

where v( - ) is given by (5). Then there exists a set = C R™,
Prob{¢ € E} > 1 — ¢, of “good” realizations of £ such that:

(i) Whenever ¢ € =, for every x € R", every u € U and
every subset I C {1,..., n} such that

’ ’

1 1=Z%<%

i€l

(10)

the regular {-recovery ., given by (8) satisfies

i 2 +2pr +2
(a’) ||xr0g(Al‘ + o€+ u) — x||1 < ||~TJ||1 oI I/];
=2y

(0) | lires(Ax + 0 +u) =], | <
pi + Vi + Yill&reg(y) — |1
2||$J||1 + 2PI + 21/I

sz+1/z+'7z 71SZSTL
L —=2v;
(11)
where pr = > . piandvr = )0 v
(ii) In particular, when setting

ps = lllprs- - - pnllls,1s 2 = llw(ha);- - s v(hn)]lls 1,

¥s = Iy 5Ynllls1, A = p1 = max;p;,

v(H) = vy = max;v(h;), ¥ = 41 = max;~; (12)
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and assuming 4, < 3, foreveryz € R", £ € Eand u € U, it
holds

lreg(Az + 06 + u) — 2|y < 2le=rllutpetr.
< 2“?3«991 + 9gltvH).

125, 7,
[#reg(Az + 0€ +u) — 2[00

o lz—z®] [1+2s%—25][p+v(H)]
<2, 1-25,

13)

(iii) Finally, assuming s§ < 1/2, forevery £ € =, z € R"
and u € U, one has

. [z = 2°[lx p+v(H)
re, A - <2 ~ ~ 3
#reg (A + 06 + ) = oy < 20— ok 4 25570
. _ —z° )+ v(H)
o P s N R a70:0)
#eeg (A + 06 +u) = aloe <57 b+ B
(14)

The following result is an immediate corollary of Proposition 1:

Lemma 2: Under the premise of Proposition 1, assume that
45 < 4. Thenforall1 < p < coand v > 0:

Risk, (Zres( )| €, 0,5,V <LAU+AS+I9S%
il eso) € ok potnlh

-

p—

X [y 4[5 = Aslp + v(H)] +A0s + psl] 7
(for notation, see (12)). Further, if s§ < 1/2, we have also
I<p<oo=

Risky (#reg(+) | €,0,5,0) < 29 [s7 0 + p+ v(H)].
(16)

The next statement is similar to the cases of k := s < 1/2in
Proposition 1 and Lemma 2; the difference is that now we as-
sume that H satisfies H o (), which, by Lemma 1, is a weaker
requirement on H than to satisfy H(~y) with s§ = s||v[|cc = &-

Proposition 2: Given an m X n sensing matrix A, noise inten-
sity o, uncertainty set{ and a tolerance € € (0, 1), let the matrix
H = [h1,...,hy] from (8) satisfy the condition H, (k) for
some £ < 1/2, and let p; in (8) satisfy the relation (9). Then
there exists a set = C R™, Prob{¢ € E} > 1 — ¢, of “good”
realizations of ¢ such that whenever ¢ € =, for every x € R"
and every v € U one has

T z—x°||1 p+v(H
reg (Aw + o€ +u) — 21 < 2l 172n|| ] + 28’7{—%,@)%
||.1A7reg(Ax + o'f + U,) _ x”OO < g1 lz—2z* 1 + f)-l—l/(H).

1—2k 1—2k
(17)
In particular,
I1<p<Loo=
Risky (Zreg(-) | €0, 5,0) < 20 (s~ Lo 4+ v(H)].
(18)

C. Penalized {1 Recovery

Now consider the penalized {1-recovery ey, as follows:

Bpen(y) € Argmin{]fv]l + Os|H (Av =)} (19)
vER™
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where y is as in (3), and an integer s < n, a positive 6, and a
matrix H are parameters of the construction.

Proposition 3: Given an m X n sensing matrix A, an integer
s < n,amatrix H = [hy,...,h,] € R™*"™ and positive reals
vi, 1 < i < n, satisfying the condition H(), and a § > 0,
assume that

. 1
Yo = Illsn < 5

20
2 (20)
and
(1-4)"t <0< ()" en
Further, let ¢ > 0, € € (0,1), and let
Vi=Veou(hi),i=1,...,n,v(H) = max v;. (22)

Consider the penalized recovery Zpen(-) associated with
H, s, 0. There exists aset = C R™, Prob{{ € 2} > 1 — ¢, of
“good” realizations of £ such that

(1) Whenever ¢ € E, for every signal z € R"™ and every
u € U one has

N 2{|lx—=x°||1 +2s0v(H
(a) |:xpen(A:1: + 08+ u) — )y < bkt Gl

(0)  [&pen(Az + o€ + u)) — 2|

P
< (& +7) lpen(Az + 0 + ) — 2l + 20(H)
1 ~ r—x°
<2 (E + 7) min[@(lll—'ys)—”ll,l—eﬁs]
14563
+2v(H) [min[e(l—’ys)—’yl,l—ﬁ’ys] + 1}

(23)

where, as in Lemma 2, 4 = max ;.
K3

(ii) When # = 2 and 7 <
u€Uand € =:

one has for every z € R",

1
2s”
(@) ||Epen(Az + o€ +u) — 2|1
r—x° v(H
< 2”1—25'l/|1 + 451—(25):,
(0)  [[Zpen(Az + o€ + 1)) — 2|~

S 28_1 ||T:;;g1 + 4

(24)

v(H)
1-2s%

whence for every v > 0and 1 < p < o0:

1

.1 ([ 257 _
RISkp(xpen('>|€7U787/U> S m[s 1’U+2V(H)]
(25)

The next statement is in the same relation to Proposition 3 as
Proposition 2 is to Proposition 1 and Lemma 2.

Proposition 4: Given an'm X n sensing matrix A, noise inten-
sity o, uncertainty set{ and a tolerance € € (0, 1), let the matrix
H = [hy,...,hy] from (19) satisfy the condition H, (%) for
some £ < 1/2, and let § = 2. Then there exists a set = C R™,
Prob{¢ € Z} > 1 — ¢, of “good” realizations of { such that
whenever ¢ € E, for every z € R"™ and every u € U one has

|Zpen(Az + o€ + u) — 2|1
< 2”921_7302!‘1 + 4s
|Zpen(Az + o€ +u) — 2|00

—1llz—z"|Ix v(H)
< 2s o T 475

v(H)
1-2k°

(26)
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In particular

1<p<oo=

RiSkp(«f%pen( . ) | €,0,5, U) S 12—SQH

=

(s7'v+2v(H)).
27)

Note that under the premise of Proposition 2, the smallest pos-
sible values of p; are the quantities v;, which results in p =
v(H); with this choice of p;, the risk bound for the regular re-
covery, as given by the right hand side in (18), coincides within
factor 2 with the risk bound for the penalized recovery with
6 = 2 as given by (27); both bounds assume that H satisfies
H, .. (k) with K < 1/2 and imply that
I<p<oo=

1 (28)

Risk, (2(-) | €, 0, 8,v) < 2755 (s~ v + 2v(H)).

When v = 0, the latter bound admits a quite transparent inter-
pretation: everything is as if we were observing the sum of an
unknown s-dimensional signal and an observation error of the
uniform norm O(1)v(H).

III. EFFICIENT CONSTRUCTION OF THE CONTRAST MATRIX H

In what follows, we fix A, the “environment parameters”
€, 0, U and the “level of sparsity” s of signals = we intend
to recover, and are interested in building the contrast matrix
H = [hy,..., hy] resulting in as small as possible error bound
(28). All we need to this end is to answer the following question
(where we should specify the norm (- ) as ve o (- )):

(7 Let ¢( - ) be a norm on R™, and s be a positive in-
teger. What is the domain G4 of pairs (w, k) € Rﬁ_ such
that k < 1/2 and there exists matrix H = [hy, ..., hy] €
R™*™ satisfying the condition H, () and the relation
©(H) := max(h;) < w? How to find such an H, pro-

vided it exists?
Invoking Lemma 1, we can reformulate this question as follows:

(?7) Let ©( ) and s be as in (?). Given (w,r) € R2,
how to find vectors h; € R™, 1 < i < n, satisfying

(a): o(h;) < w;

() |oi| < W7 Az| + s~ wlle)i Ve e R P

for every 1, or to detect correctly that no such collection of
vectors exists?

Indeed, by Lemma 1, if H’ satisfies H, o (x) and p(H')

<w
then there exists H = [h1,. .., hy] such that h; satisfy (P;.b
for all 4 and o(H) < ¢(H') < w, so that h; satisfy (P;.a

~—

for all ¢ as well. Vice versa, if h; satisfy (P;), 1 < i < n,
then the matrix H = [h1, ..., h,] clearly satisfies H, o (%),
and p(H) < w.

The answer to (??) is given by the following

Lemma 3: Given k > 0, w > 0, and a positive integer s, let
v = k/s. For every i < n, the following three properties are
equivalent to each other:
(i) There exists h = h; satisfying (P;);
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(i1) The optimal value in the optimization problem

Opt;(7) = min {e(h): |ATh - eilloo <7} (P7)
where ¢; is ¢-th standard basic orth in R", is < w;
(iii) One has

Vo € R™ : |z;| < wps(Ax) + v||z||1 (29)

where ¢, (u) = max u?

p(v)<1
to ().
Whenever one (and then—all) of these properties take place,

problem (P;") is solvable, and its optimal solution h; satisfies
(Pi)-

v is the norm on R™ conjugate

A. Optimal Contrasts for Regular and Penalized Recoveries

As an immediate consequence of Lemma 3, we get the fol-
lowing description of the domain (G4 associated with the norm

‘P() = VEJ,M('):

(a) Gs= {(w,k)>0:58 >y, w>wds tk)},
where
(b) v« = max min||ATh — ¢;||

1<i<n h
max max {z; : ||z|y <1, Az = 0},
1 xr

(€ w(v)

Opt.
jpax Op i(7)

(30)

where ¢(-) in (P;) is specified as v, (). Note that the
second equality in (b) is given by Linear Programming duality.
Indeed, by (b), v« is the smallest y for which all problems (P;"),
i =1,...,n, are feasible, and thus, by Lemma 3, (v, x) € G5
ifand only if K/s > 7. and w > w.(k/s).

Note that the quantity 7. depends solely of A, while w.(-)
depends on ¢, 0,U, as on parameters, but is independent of s.

The outlined results suggest the following scheme of building
the contrast matrix H:

e we compute v, by solving n Linear Programming prob-
lems in (30.b); if svy. > %, then G does not contain
points (w, k) with £ < 1/2, so that our recovery rou-
tines are not applicable (or, at least, we cannot justify them
theoretically);

e when sv. < %, the set G5 is nonempty, and its Pareto
frontier (the set of pairs (w,x) € R2 such that (w, k) >
(W', k) € G5 is possible if and only if w’ = w) is the curve
(Wi (7),87), 1= <7 < % We choose a “working point”
on this curve, that is, a point 7 € [, i] and compute
w« () by solving the convex optimization programs (P;"),
; s m, with ¢(-) specified as ve o 1( ). wa(7) is

nothing but the maximum, over ¢, of the optimal values of
these problems, and the optimal solutions /; to the prob-
lems induce the matrix H = H (%) = [h1, ..., h,] which
satisfies H, o (s7) and has v(H) < w,(¥). By reasoning
which led us to (?7?),

v(H(7))
= wy(y) = ming {v(H') : H satisfies Hy - (s7)}

that is, H = H(7) is the best for our purposes contrast
matrices satisfying H, . (s7). With this contrast matrix,
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the error bound (28) for regular/penalized ¢; recoveries (in
the former, p; = v;(h;), in the latter, § = 2) read

1<p<Loo=

] . 1 B a3n
Risk,(z(-)|€,0,s,v) < 21_825:/(8_111 + 2w (7).

The outlined strategy does not explain how to choose ¥. This
issue could be resolved, e.g., as follows. We choose an upper
bound on the sensitivity of the risk (31) to v, i.e., to the || -||1 -de-
viation of a signal to be recovered from the set of s-sparse sig-
nals. This sensitivity is proportional to ﬁ, so that an upper
bound on the sensitivity translates into an upper bound v+ < %
on 4. We can now choose 4 by minimizing the remaining term
in the risk bound over v € [v., "], which amounts to solving
the optimization problem

max{7 : Tw.(7) <1—-257,7 <v<yt}

Observing that w,( - ) is, by its origin, a convex function, we can
solve the resulting problem efficiently by bisection in 7. A step
of this bisection requires solving a univariate convex feasibility
problem with efficiently computable constraint and thus is easy,
at least for moderate values of n.

IV. RANGE OF FEASIBILITY OF CONDITION Hsm(m)

We address the crucial question of what can be said about the
magnitude of the quantity w,( ), see (30) and the risk bound
(31). One way to answer it is just to compute the (efficiently
computable!) quantity w, () for a desired value of v. Yet it is
natural to know theoretical upper bounds on w, in some “refer-
ence” situations. Below, we provide three results of this type.

At this point, it makes sense to express in the notation that
wsx(7y) depends, as on parameters, on the sensing matrix A and
the “environment parameters” €, o, U, so that in this section we
write w. (v | 4, €,0,U) instead of w. (7).

A. Bounding w.( ) via Mutual Incoherence

Recall that for an m x n sensing matrix A = [A4,..., A,]
with no zero columns, its mutual incoherence is defined as

AT 4y

uld) =, o AT A

Compressed Sensing literature contains numerous mutual-in-
coherence-related results (see, e.g., [10]-[12] and references
therein). To the best of our knowledge, all these results state
that if s is a positive integer and A is a sensing matrix such that
% < %, then /4 -based sparse recovery is well suited for
recovering s-sparse signals (e.g., recovers them exactly when
there is no observation noise, admit explicit error bounds when
there is noise and/or the signal is only nearly s-sparse, etc.). To
the best of our knowledge, all these results, up to the values
of absolute constant factors in error bounds, are covered by
the risk bounds (31) combined with the following immediate
observation:
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Observation 1: Whenever A = [Aq,...,A,]isan m x n
matrix with no zero columns and s is a positive integer, the ma-
trix

H(A) = [A1 JAT Ay, As) AT A5, ... A, JATA,]

1
p(A)+1

: o sp(A)
satisfies the condition H, (;t(A)+1 .

Verification is immediate: the diagonal entries in the matrix Z =
T — 1 (A ;

I — H A are equal tO’}j =1 m = m, while the

magnitudes of the off-diagonal entries in Z do not exceed -.

Therefore

zeR" =

V|lzll > IIZiEIIOTo = |z = H" Az||oo > ||7]lcc — |H" Az ]|
& [lzflee < [[H Azfloo +v[|2]l1

& H satisfies H, oo (57).

Observe that the Euclidean norms of the columns in H(A)
-1
do not exceed [mjn ||A1-||2} , whence v(H(A)) <

oy/21In(n/e)
rU) + ST

tation from Section III, our observations can be summarized as
follows:

, where (/) = max]||ul|2. In the no-
ueU

Corollary 1: For every m X n matrix A with no zero

columns, one has v, < v := “é‘r(l;l_i)_l and wy (v | A,e,0,U) <

v(H(A)) <rlUU) + SAVALLGVA particular

mini ||AZ||2

\/21
5 < Miw* 1 Ae,oU ST(U)-I-U,in(n/E).
3u 3s min; || 4;]|2

It should be added that as m, n grow in such a way that In(n) <
O(1) Inm, realizations A of “typical” random m X n matrices
(e.g., those with independent N (0,1/m) entries or with in-
dependent entries taking values +1/,/m) with overwhelming
probability satisfy u(A) < O(1)4/In(n)/m and || A;|]2 < 0.9
for all 7. By Corollary 1, it follows that for these A the condi-
tion H, o (k) with, say, & = 1/3 can be satisfied for s as large
as O(1)y/m/1u(n) merely by the choice H = H(A), which
ensures that v(H) < O(1)[r(Ud) + o/2In(n/€)]; in partic-

ular, in the indicated range of values of s one has w*(ls) <

3
Oo)[r(U) + o+/21n(n/e)].
B. The Case of a Satisfying the Restricted Isometry Property

Proposition 5: Let A satisfy RIP (8, k) with some 6 € (0, 1)
and with & > 1. Then there exists matrix H (A) which, for every
positive integer s, satisfies the condition Hy o (sv(6, k)), with

V26

TR = =T

(32)

and is such that v (H (A)) < [r(U)+0+/2In(n/e)]/vV/1 = 6.1In
particular

sgl;g\/k—lj

A e, 0U) < = [T(U) —l—aVZln(n/e)} :
(33)

= o

wa(

w
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C. Oracle Inequality

Here, we assume that A € R™*" possesses the following
property (where S is a positive integer and ¢ > 0):

O(S,w): Foreveryi € {1,...,n} and every S-element
subset I 3 ¢ of {1,...,n} there exists a routine R; r for
recovering z; from a noisy observation

y=Az+u+oe, [e~N(0,1,),u€l
of unknown signal © € R", known to be supported on [
such that for every such signal and every v € U one has

Prob{|R;1(Az + u+ oe) — ;| > w} <e.

We intend to demonstrate that in this situation for all s in cer-
tain range (which extends as .S grows and w decreases) the uni-
form error of the regular and the penalized recoveries associ-
ated with properly selected contrast matrix is, with probability
> 1 — ¢, “close” to w. The precise statement is as follows:

Proposition 6: Given A and the “environment parameters”
€ < 1/16, o, U, assume that A satisfies the condition O(S,~)
with certain .S, . Then for every integer s from the range

v/251n(1
1<s< 071“(/6) (34)
4wl Al
(here || - || is the standard matrix norm, the largest singular
value) there exists a contrast matrix H satisfying the condition
H, (%) and such that v(H) < 24/1+1In(n)/In(1/e)w, so

that in the outlined range of values of H one has w, () <
2y/1 + In(n)/In(1/€)w, and the associated with H error bound

(31) for regular/penalized ¢; recovery is

1 Inn v
iskp (2 - <1657 |wy 14+ —— 2.
Risk, (2(-) e, 0,5,v) < 16s |f4) + (/0 + 4s‘|

(35)

Proposition 6 justifies to some extent, our approach; it says that
if there exists a routine which recovers S-sparse signals with a
priori known sparsity pattern within certain accuracy (measured
component-wise), then our recovering routines exhibit “close”
performance without any knowledge of the sparsity pattern, al-
beit in a smaller range of values of the sparsity parameter.

D. Condition H «(k): Limits of Performance

Recall that when recovering s-sparse signals, the condition
H, (k) helps only when k < 1/2. Unfortunately, with these ,
the condition is feasible in a severely restricted range of values
of s. Specifically, from [15, Proposition 5.1] and Lemma 1 it
immediately follows that:

() If A € R™*" is not “nearly square,” that is, if n. >
2(2y/m + 1), then the condition H o (k) with s < 1/2
can not be satisfied when s is “large”, namely, when s >

2v2m + 1.
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Note that from the discussion at the end of Section IV-A we
know that the “O(y/m) limit of performance” of the condition
H, .. () stated in (*) is “nearly sharp:"—when s < O(1)/mn,
the condition Hs,oo(%) associated with a typical randomly gen-
erated m X n sensing matrix A is feasible and can be satisfies
with a contrast matrix H with quite moderate v(H).

(*) says that unless A is nearly square, the condition H (- )
can validate /; sparse recovery only in a severely restricted
range s < O(y/m) of values of the sparsity parameter. This
is in sharp contrast with unverifiable sufficient conditions for
“goodness” of /; recovery, like RIP: it is well known that
when m,n grow, realizations of “typical” random m X n
matrices, like those mentioned at the end of Section IV-A,
with overwhelming probability possess RIP (0.1, 2s) with s as
large as O(m/ In(2n/m)). As a result, “unverifiable” sufficient
conditions, like RIP, can justify the validity of ¢; recovery
routines in a much wider (and in fact—the widest possible)
range of values of the sparsity parameter s than the “fully
computationally tractable” condition H, o.(-). This being
said, note that this comparison is not completely fair. Indeed,
aside of its tractability, the condition H; o (k) with £ < 1/2
ensures the error bounds (31) in the entire range 1 < p < 00 of
values of p, which perhaps is not the case with conditions like
RIP. Specifically, consider the “no nuisance” case f = {0},
and let A satisfy RIP(0.1,25) for certain S. It is well known
(see, e.g., the next section) that in this case the Dantzig Selector
recovery ensures for every s < S and every s-sparse signal
that

Tps — x|, < O(1)o 1nn651/7’,1§p§2
I llp

with probability > 1 — e. However, we are not aware of similar
bounds (under whatever conditions) for “large” s and p > 2.
For comparison: in the case in question, for “small” s, namely,
s < O(1)V/S, we have wy(35) < O(1)a+/In(n/e) (by Propo-
sition 5), whence for regular and penalized /; recoveries with
appropriately chosen contrast matrix (which can be built effi-
ciently!) one has for all s-sparse z

Il = zll, < O(W)o/In(n/e)s?  Vp € [1,o]

with probability > 1—e (see (31)). We wonder whether a similar
(perhaps, with extra logarithmic factors) bound can be obtained
forlarge s (e.g., s > m%”) for a whatever ¢; recovery routine
and a whatever essentially nonsquare (say, m < n/2) m x n
sensing matrix A with columns of Euclidean length < O(1).

V. EXTENSIONS

We are about to demonstrate that the pivot element of the
preceding sections—the condition H, o (x)—is the strongest
(and seemingly the only verifiable one) in a natural parametric
series of conditions on a contrast matrix H; every one of these
conditions validates the regular and the penalized /; recoveries
associated with H in certain restricted range of values of p in
the error bounds (31).
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A. Conditions H, 4(k)

Let us fix an m X n sensing matrix A. Given a positive integer
s <m,aq € [l,00] and areal k > 0, let us say that an m X n
contrast matrix H satisfies condition H ,(k), if

1

Vo € R™: ||#]|ay < 57 ||HT Azl oo + 557 |z]1 (36
where ||z]|s.q = ||2°]|, and x*, as always, is the vector obtained
from z by zeroing all but the s largest in magnitude entries.
Observe that:

* what used to be denoted H, ., (x) before, is exactly what
is called H o (%) now;

o if H satisfies H; ,(k), H satisfies H, o (x) for all
¢ € l,q] (since for s-sparse vector z° we have
[27llg < 5977 |2 ]|s.q)-

Less immediate observations are as follows:

e Let A be an m X n matrix and let s < n be a positive
integer. We say that A is s-good if for all s-sparse z € R"
the ¢;-recovery

% € Argmin{||v||; : Av =y}
v

= Az. It
% is inti-

is exact in the case of noiseless observation y
turns out that feasibility of H, 1 (k) with k <
mately related to s-goodness of A:

Lemma 4: A is s-good if and only if there exist k < % and
H e R™*™ satisfying H, 1 (k).
* The Restricted Isometry Property implies feasibility of
H, »(x) with small x:

Lemma 5: Let A satisfy RIP(6,2s) with 6 < %. Then the
matrix H = 1A satisfies the condition H »(x) with k =
8 1
2 < i
=5 < 2

B. Regular and Penalized {1 Recoveries With Contrast
Matrices Satisfying Hy ,()

Our immediate goal is to obtain the following extension of
the main results of Section II, specifically, Propositions 2, 4:

Proposition 7: Assume we are given an 1 X n sensing matrix
A = [a1,...,a,], an integer s < m, k < 1/2, a contrast
matrix H = [hy,...,h,] € R™*",and ¢ € [1, 0o] such that H
satisfies the condition H, ,(x). Denote v; = v 51(h;), where
the norm v, ,y4( - ) is defined in (5), and v(H) = max; v;. Let
also noise intensity o, uncertainty set{ and tolerance ¢ € (0,1)
be given.

(1) Consider the regular recovery (8) with the contrast matrix
H and the parameters p; satisfying the relations

pi>vi,1<i<n

and let ) = max p;. Then
K2

I<p<q=

. ~ 1 54v(H)+s v
Risk, (Zreg(-) |€,0,5,v) < (3s)7 %.

(37
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(ii) Consider the penalized recovery (19) with the contrast
matrix H and § = 2. Then

I<p<q=

. A l !
Risk, (Zpen(-) | €, 0, 8,0) < 353 2UETs_ v,

(38)

C. Error Bounds for Lasso and Dantzig Selector Under
Condition H, 4(k)

We are about to demonstrate that the feasibility of condition
H, (k) with k < % implies some consequences for the perfor-
mance of Lasso and Dantzig Selector when recovering s-sparse
signals in || - ||, norms, 1 < p < g¢. This might look strange
at the first glance, since neither Lasso nor Dantzig Selector use
contrast matrices. The surprise, however, is eliminated by the
following observation:

(1) Let H satisfy H, ,(r) and let \ be the maximum of
the Euclidean norms of columns in H. Then

Vo € R : ||zllsq < Asv||Azlls + rsv |zl (39)
The fact that a condition like (39) with k < 1/2 plays a cru-
cial role in the performance analysis of Lasso and Dantzig Se-
lector is neither surprising nor too novel. For example, the stan-
dard error bounds for the latter algorithms under the RIP as-
sumption are in fact based on the validity of (39) with A =
O(1) for ¢ = 2 (see Lemma 5). Another example is given
by the Restricted Eigenvalue [2] and the Compatibility condi-
tions [3], [19]. Specifically, the Restricted Eigenvalue condition
RE(s, p, #) (s is positive integer, p > 1, » > 0 states that

1
[l2%]l2 < ~ || Az[l2 whenever pljz*[|1 2 [|lz — 2°[|2

whence [|z%|]; < §||A:v||2 whenever (p + 1)||z°[|1 > ||z|]1,
so that
$1/2
Ve e R" : ||z][s1 < 7||Aa:||2 +

l|l]1- (40)

1+p
Further, the Compatibility condition of [19] is nothing but (40)
with p = 3. We see that both Restricted Eigenvalue and Com-
patibility conditions imply (39) with ¢ = 1, A = (3/5)* and
certain £ < 1/2.

We are about to present a simple result on the performance
of Lasso and Dantzig Selector algorithms in the case when A
satisfies the condition (39). The result is as follows:

Proposition 8: Let m X n matrix A = [ay,...,a,] satisfy
(39) with & < 1 and some ¢ € [1,00], and let 3 = max l|aill2.
Let also the “environment parameters” o > 0, ¢ € (0,1) be
given, and let there be no nuisance: « = {0}.

(i) Consider the Dantzig Selector recovery

@ps(y) € Argmin {[[vfly : [|AT(Av = y)]lec < p}

where

(41)

p>p0:=o0fy2n(n/e).
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Then
I1<p<q=
Risk,(Zps(-) € 0,8,v) < 21(?:52)ﬁ [% + 5711)} .

(ii) Consider the Lasso recovery
jlaSSO(y) € Arg;}min {H””l + ”HAU - y”%}
and let » satisfy the relation
2k + 20 < 1,

where p is given by (41). Then

I<p<q=
Risk, (Z1asso( - ) | €, 0, 8,v) < % [253‘2 + s_lv} .
(43)
In particular, with
Yy 1—2k (44)
4o
one has
I<p<q=
Risk, (Z1asso( *) | €, 0, 8,0) < f_’si [?Q_g;: + s_lv] .
(45)

a) Discussion: Let us compare the error bounds given by
Propositions 7, 8. Assume that there is no nuisance (U = {0})
and A is such that the condition H, ,(%) is satisfied by certain
matrix H, the maximum of Euclidean norms of the columns of
H being A Assuming that the penalized recovery uses 0 = 2,

and the regular recovery uses p = v(H) = Ao\/2In(n/c)), the
associated risk bounds as given by Proposition 7 become

Risk,(Z(-) | €, 0,5,v)

1Tx -1 (46)
<O(1)s» [/\O’ 2In(n/e) + s ’U:| ,1<p<q.
Note that these bounds admit a transparent interpretation: in the
range 1 < p < ¢ an s-sparse signal is recovered as if we were
identifying correctly its support and estimating the entries with
the uniform error O(1)Ac+/21n(n/e).

Now, as we have already explained, the existence of a matrix
H satisfying H, ,($) with columns in H being of Euclidean
lengths < A implies validity of (39) with x = i. Assuming
that in Dantzig Selector one uses p = p, and that » in Lasso is
chosen according to (44), the error bounds for Dantzig Selector
and Lasso as given by Proposition 8 become

Risk,(2() |€,0,s,v)
< 0(1)8%[[/3;\]8;\0 2In(n/e)+s ], 1 <p<gq.
(47

Observe that ﬂ;\ > O(1) (look what happens with (39) when
z is the ¢-th basic orth). We see that the bounds (47) are worse
than the bounds (46), primarily due to the presence of the factor
s in the first bracketed term in (47). At this point it is unclear
whether this drawback is an artifact caused by poor analysis
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of the Dantzig Selector and Lasso algorithms or it indeed
“reflects reality.” Some related numerical results presented in
Section VI-A suggest that the latter option could be the actual
one.

Moreover, consider an example of the recovery problem with
a 2 x 2 matrix A with unit columns and singular values 1 and
e. It can be easily seen that if = is aligned with the second right
singular vector of A (corresponding to the singular value ), the
error of the Dantzig Selector may be as large as O(¢~2¢), while
the error of “H -conscious” recovery will be O(¢~1o) up to the
logarithmic factor in € (indeed, choosing H = A~ results in
A = e~ 1). This toy example suggests that the extra A factor in
the bound (47), at least for Dantzig Selector, is not only due to
our clumsy analysis.

This being said, it should be stressed that the comparison of
regularized/penalised ¢; recoveries with Dantzig Selector and
Lasso based solely on above the error bounds is somehow biased
against Dantzig Selector and Lasso. Indeed, in order for reg-
ular/penalized /; recoveries to enjoy their “good” error bounds,
we should specify the required contrast matrix, which is not the
case for Lasso and Dantzig Selector: the bounds (47) require
only existence of such a matrix5. Besides this, there is at least
one case where error bounds for Dantzig Selector are as good as
(46), specifically, the case when A possesses, say, RIP(0.1, 2s).
Indeed, in this case, by Lemma 5, the matrix H = O(1)A
satisfies HS’Q(%), meaning that Dantzig Selector with properly
chosen p is nothing but the regular recovery with contrast ma-
trix H and as such obeys the bounds (46) with ¢ = 2.

It is time to point out that the above discussion is somehow
scholastic: when ¢ < oo and s is nontrivial, we do not know
how to verify efficiently the fact that the condition H (k) is
satisfied by a given H, not speaking about efficient synthesis
of H satisfying this condition. One should not think that these
tractability issues concern only our algorithms which need a
good contrast matrix. In fact, all conditions which allow to val-
idate Dantzig Selector and Lasso beyond the scope of the “fully
tractable” condition H; o (k) are, to the best of our knowledge,
unverifiable—they cannot be checked efficiently, and thus we
never can be sure that Lasso and Dantzig Selector (or any other
known computationally efficient technique for sparse recovery)
indeed work well for a given sensing matrix. As we have seen
in Section III, the situation improves dramatically when passing
from unverifiable conditions H, ,(k), ¢ < o0, to the efficiently
verifiable condition H, - (k), although in a severely restricted
range of values of s.

VI. NUMERICAL EXAMPLES
We present here a small simulation study.

A. Regular/Penalized Recovery versus Lasso: No-Nuisance
Case

To illustrate the discussion in Section V-C, we compare nu-
merical performance of Lasso and penalized recovery in the ob-
servation model (1) without nuisance:

y=Aw+ot, €~ N0, L),
5And even less than that, since feasibility of H, ,(x) is just a sufficient con-

dition for the validity of (39), the condition which indeed underlies Proposition
8.
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TABLE I
LASSO VERSUS PENALIZED ¢; RECOVERY. CHOICE OF
u: *—*“IDEAL” CHOICE; ' —THEORETICAL CHOICE

Iz — zllp
|Recovery | o | > p=1 |p:2|p:oo
Penalized N/A 2.1e-4 | 6.5e-5 | 3.8e-5
Lasso l.e-4 | 3.74e-3" | 2.1e-4 | 5.2e-4 | 3.9e-5
Lasso 4.01e-27 | 1.6e-3 | 5.2¢-4 | 2.0e-4
Penalized N/A 2.2e-5 | 6.0e-6 | 2.7e-6
Lasso l.e-5 | 4.78e-4™ | 3.1e-5 | 8.1e-6 | 3.4e-6
Lasso 4.01e-37 | 1.8e-4 | 5.8¢-5 | 2.1e-5
Penalized N/A 2.1e-6 | 6.2e-7 | 2.5e-7
Lasso l.e-6 | 1.10e-4™ | 8.8¢-6 | 1.6e-6 | 5.9e-7
Lasso 4.01e-47 | 1.8e-5 | 5.4e-6 | 1.9e-6

where o > 0 is known. The sensing matrix A is specified by
selecting at random m = 120 rows of the 128 x 128 Hadamard
matrix®, and “suppressing” the first of the selected rows by mul-
tiplying it by 1.e-3. The resulting 120 x 128 sensing matrix has
orthogonal rows; 119 of its 120 singular values are equal to 81/2,
and the remaining singular value is 0.008v/2.

We have processed A as explained in Section III (a reader is
referred to this section for the description of entities involved).”
We started with computing ., which turned out to be 0.0287,
meaning that the level of s-goodness of A is at least 17. In
our experiment, we aimed at recovering signals with at most
s = 10 nonzero entries and with no nuisance (U = {0}).
The synthesis of the corresponding “optimal” contrast matrix
H = H, as outlined in Section III results in ¥ = 0.294,
w«(J) = 0.08994/21In(n/e). Note that we are in the case of
U = {0}, and in this case the optimal H is independent of the
values of ¢ and e.

We compare the penalized ¢, -recovery with the contrast ma-
trix H, and # = 2 with the Lasso recovery on randomly gener-
ated signals z with ten nonzero entries. We consider two choices
of the penalty s in Lasso: the “theoretically optimal” choice
(44) and the “ideal” choice, where we scanned the “fine grid”
(1.05)% k = 0,£1, 42, ... of values of » and selected the value
for which the Lasso recovery was at the smallest || - ||1-distance
from the true signal. The confidence parameter € in (44) was set
to 0.01.

The results of a typical experiment are presented in Table 1.
We see that as compared to the penalized ¢; recovery, the ac-
curacy of Lasso with the theoretically optimal choice of the
penalty is nearly 10 times worse. With the “ideal” (unrealistic!)
choice of penalty, Lasso is never better than the penalized ¢; re-
covery, and for the smallest value of ¢ is nearly four times worse
than the latter routine.

6The k-th Hadamard matrix H* is given by the recurrence H® = 1, H?+! =
[H?; H?; H?, — HP].Ttis a2* X 2* matrix with orthogonal rows and all entries
equal to £1.

"It is worth to mention that when A is comprised of (perhaps, scaled) rows of
an Hadamard matrix (and in fact, of scaled rows of any other Fourier transform
matrix associated with a finite Abelian group) the synthesis described in Sec-
tion IIT simplifies dramatically due to the fact that all problems (P;") turn out to
be equivalent to each other, and their optimal solutions are obtained from each
other by simple linear transformations. As a result, we can work with a single
problem (Py') instead of working with 7 of them.
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B. The Nuisance Case

In the second experiment we study the behavior of recovery
procedures in the situation when an “input nuisance” is present:

y=A(z+v)+0¢

where x € R™ is an unknown sparse signal, v € V with known
VY C R", o is known and £ € R™ is standard normal { ~
N(0, I,,); in terms of (3), u = Av and Y = AV. We compare
the performance of the regular and penalized recoveries to that
of the Lasso and Dantzig Selector algorithms. To handle the
nuisance, the latter methods were modified as follows: instead
of the standard Lasso estimator we use the estimator

Zlasso(y) € Argmin min {||a:||1 + #||A(z +v) — y||§}
z€R™ veEY

where the penalization coefficient s is chosen according to [2,
Theorem 4.1]; in turn, the Dantzig Selector is substituted by

Tps(y)

€ Argmin min {||:1:||1 :

[AT (A(z +v) = y)li| < 0, }
zeR™ vEV

1<t1<m
(43)

with g; = o4/21In(n/e€)||A;||2, where A; are the columns of A
and e is given (in what follows € = 0.01).

We present below the simulation results for two setups with
n = 256:

1) Gaussian setup: a 161 x 256 sensing matrix Agauss With
independent N (0, 1) entries is generated, then its columns
are normalized. The nuisance set V = V(L) C R?% is as
follows:

[vit1 — 2v; +v;—1| < L,
ve RS 2<i<255

U2:U1:0

V(L) =

where L is a known parameter; in other words, we observe
the sum of a sparse signal and “smooth background.”

2) Convolution setup: a 240 x 256 sensing matrix Acopny 1S
constructed as follows: consider a signal = “living” on Z?
and supported on the 16 x 16 grid I' = {(i,j) € Z? :
0 < i,j < 15}. We subject such a signal to discrete time
convolution with a kernel supported on the set {(¢,7) €
72 . -7 <45 < 7}, and then restrict the result on the
16x15¢grid 'y = {(i,j) € I' : 1 < j < 15}. This
way we obtain a linear mapping z + Acopyz @ R?6 —
R?%0. The nuisance set V = V(L) C R?*° is composed of
zero-mean signals v on I' which satisfy

|[D2u]7,_]| S L7

where D is the discrete (periodic) homogeneous Laplace
operator:

1
[Duli; = 3 [U”Tl o e T el 4%;’] ;
1<i,j < 16,
with ¢ = 7 mod 16, j = j mod 16.

In the simulations, we acted as follows: given the sensing ma-
trix A, the nuisance set i/ = AV and the values of s and o,
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Fig. 1. Mean recovery error as a function of the nuisance magnitude L. Gaussian setup parameters: o = 0.1, s = 2, p = 0.1, ||z||; = 10.
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Fig. 2. Mean recovery error as a function of the noise StD o . Gaussian setup parameters: L = 0.01, s = 2, g = 0.1, ||=||1 = 10.

we compute the contrast matrix H by choosing a “reasonable”
value ¥ > ~, of v and specifying H as the matrix satisfying
H, .. (s7) and such that v(H) = w.(¥), see Section III. Then
N samples of random signal z, random nuisance v € V, and
random perturbation ¢ were generated, and the corresponding
observations were processed by every one of the algorithms we
are comparing8. The plots below present the average, over these
N = 100 experiments, /., and /1 recovery errors. All recovery
procedures were using Mosek optimization software [1].

We start with Gaussian setup in which the signal = has s =
2 non-vanishing components, randomly drawn, with ||z|; =
10. For the penalized and the regular recovery algorithms the
contrast matrix H was computed using 4 = 0.1. On Fig. 1,

8Randomness of the sparse signal x is important. Using the techniques of
[14], one can verify that in the convolution setup there are signals with only
three non-vanishing components which cannot be recovered by £; minimization
even in the noiseless case V = {0}, ¢ = 0. In other words, the s-goodness
characteristic of the corresponding matrix A is equal to 2.

we plot the average recovery error as a function of the value
of the parameter L of the nuisance set V, for fixed o0 = 0.1,
and on Fig. 2—as a function of ¢ for fixed L = 0.01. In the
next experiment, we fix the “environmental parameters” o, L
and vary the number s of nonzero entries in the signal = (of
norm ||z||; = 5s). On Fig. 3, we present the recovery error as a
function of s.

We run the same simulations in the convolution setup. The
contrast matrix H for the penalized and the regular recoveries
is computed using 7y = 0.2. On Fig. 4, we plot the average
recovery error as a function of the “size” L of the nuisance set
V for fixed ¢ = 0.1, on Fig. 5—as a function of ¢ for fixed
L = 0.01, and on Fig. 6—as a function of s.

We observe quite different behavior of the recovery proce-
dures in our two setups. In the Gaussian setup the nuisance
signal v € V does not mask the true signal z, and the perfor-
mance of the Lasso and Dantzig Selector is quite good in this
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Fig. 3. Mean recovery error as a function of the number s of nonzero entries in the signal. Gaussian setup parameters: L = 0.01,0 = 0.1,5 = 0.1, ||z]|; = bs.
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Fig. 7. Typical signal/worst Lasso nuisance. Gaussian setup with parameters: L = 0.05,0 = 0.1, s = 2, ||z||s = 10,7 = 0.1.

case. The situation changes dramatically in the convolution
setup, where the performance of the Lasso and Dantzig Selector
degrades rapidly when the parameter L of the nuisance set in-
creases.” The conclusion suggested by the outlined numerical
results is that the penalized /1 recovery, while sometimes losing
slightly to Lasso, in some of the experiments outperforms
significantly all other algorithms we are comparing.

VII. NON-EUCLIDEAN MATCHING PURSUIT ALGORITHM

The Matching Pursuit algorithm for sparse recovery is moti-
vated by the desire to provide a reduced complexity alternative
to the algorithms using ¢;-minimization. Several implementa-
tions of Matching Pursuit has been proposed in the Compressive
Sensing literature (see, e.g., [11], [10], [12]). They are based
on successive Euclidean projections of the signal and the cor-
responding performance results rely upon the bounds on mu-

9The error plot for these estimators on Fig. 4 flatters for higher values of L
simply because they always underestimate the signal, and the error of recovery
is always less than the corresponding norm of the signal.

tual incoherence parameter u(A) of the sensing matrix. We are
about to show how the construction of Section III can be used
to design a specific version of the Matching Pursuit algorithm
which we refer to as Non-Euclidean Matching Pursuit (NEMP)
algorithm. The NEMP algorithm can be an interesting option
if the /;-recovery is to be used repeatedly on the observations
obtained with the same sensing matrix A; the numerical com-
plexity of the pursuit algorithm for a given matrix A may only
be a fraction of that of the recovery, especially when used on
high-dimensional data.

Suppose that we have in our disposal ¥ > 0 such that the
condition H(J[1;. .., 1]) is feasible; invoking Lemma 3, in this
case we can find efficiently a contrast matrix H = [hq, ..., hy]
such that

1= H Alijl <7, v(H) = w.(7) (49)
where, as always, v(H) = maxwv(h;) with v(h) = ve ou(h)
given by (5). '
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signal x

signal image Az

Fig. 8. Typical signal/recovery in Convolution setup. Parameters: L = 0.025, 0 = 0.1, s = 2,

Consider a signal 2z € R" such that ||z — z°||; < v, where,
as usual, z° is the vector obtained from = by replacing all but
the s largest in magnitude entries in = with zeros, and let y be
an observation as in (3).

Suppose that s7 < 1, and let v > 0 be given. Consider the
following iterative procedure:

Algorithm 1:

1) Initialization: Set v(%) = 0,

|H yllsq + sv(H) +v
apg = .

1—s%
2) Step k, .k = 1,2,...;Givenv*~1 € R" and a_1 > 0,
compute
a) u=HT(y— Av*~1) and vector A € R" with the
entries
A; = sign(w;)[|ui| — Jag—1 —v(H)]y, 1<i<n
(here [a]+ = max]0, a]).
b) Set v®) = v =D + A and
ap = 2syag—1 + 2sv(H) + v. (50)

and loop to step k + 1.
3) The approximate solution found after k iterations is v(¥).
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observation y

][, = 10,5 = 0.2.

Proposition 9: Assume that sy < 1 and an v > 0 is given.
Then there exists a set = C R™, Prob{{ € E} > 1 — ¢, of
“good” realizations of ¢ such that whenever ¢ € =, for every
x € R™ satisfying ||z — 2°||y < v and every u € U, the
approximate solution v(*) and the value o, after the k-th step
of Algorithm 1 satisfy

(ar) for alld vi(k) € Conv{0;z;}
(b)) |lz —v®]|; < g and
lz = vV lo < 290 + 204(7).

Note that if 257 < 1 then also sy < 1 and Proposition 9
holds true. Furthermore, by (50) the sequence v, converges ex-
ponentially fast to the limit qoo 1= 2224w,

1-2s%
Hv(k) - xH < ap = (257) a0 — @oe] + eo-

1
Along with the second inequality of (by) this implies the
bounds:
Hv(“ - xH < 201 + 2w, (F) < %
1 p=1
and, since [z, < [lal|F [l#]l2F for 1 < p < oo,

< 57 ((259) [ — ctoo] + oo

o — g
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The bottom line here is as follows:

Corollary 2: Let ¥ < 1/(2s) be such that the condition
H(7[1;...;1]) is feasible, so that we can find efficiently a con-
trast matrix H satisfying (49). With Algorithm 1 associated with
H and some v > 0, one ensures that for every t = 1,2, ..., the
approximate solution v(*) found after ¢ iterations satisfies

I<p<Loo=
_ —1
Riskp(v(t) le,0,5,v) < 57 {W%

_ Wy (¥ sTH(I|H s1tv Wy (7 s v
+(28’y)t |: M+ I(an? Ylls,itv) 2 Yi)?t”y ]}

[cf. 31)].
To put this result in proper perspective, note that the mutual
incoherence based condition
A 1
nA)

1+ p(A)  2s

underlying typical convergence results for the Matching Pursuit
algorithms as applied to recovery of s-sparse signals (see, e.g.,
[11], [10], [12]) definitely is sufficient for convergence of the
NEMP algorithm with ¥ = %, see Section IV-A. It fol-
lows that the scope of NEMP is at least as wide as that of “the-
oretically valid” Matching Pursuit algorithms known from the
literature; in the situation in question Corollary 2 recovers some
results from [10]-[12].

APPENDIX A
PROOFS FOR SECTION II

A. Proof of Lemma 1
The first claim is evident. Now let H = [k, ..., h,] satisfy

H; (x), and let hp4; = —h;, 1 < ¢ < n. Then for every
i < nandevery x € R™ with ||z]|; < 1 we have

S| HT Axll = = +
S S

max

AERZ™Y " Ai=1 i=1

2n T

or, which is the same

T
min max [E + [Z% )\ihl} Ax —x;| > 0.
zflzli<laer2y" A=1| S i=1
By von Neumann lemma, this is the same as
K 2n T
max min [; + [Zizl/\ihi} Az —z;| >0

AeRi”:Zi Ai=1z:|z[[1 <1

and the outer max clearly is achieved, meaning that there exists
AL >0, Z?Zl A4 = 1, such that with b = Z?Zl Alh;j one has

B W] Az — 2 >0 Vi |z <1
S

so that for every x with ||z||; < 1 onehas £+ |[h}]T Az | —z; >
0; applying the latter inequality to —z in the role of z, we get
£+ |[hf]" Az| > |2;| whenever ||z||; < 1, whence, of course,
E|\|lz]l1 +|[h]" Az| > |=;| for all z. We conclude that the matrix
H' = [h},..., h}] satisfies H(%[1;...;1]). It remains to note
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that by construction the columns of H’ are convex combinations
of the columns of H and — H, and that building H' reduces to
solving n matrix games and thus can be carried out efficiently.

|

B. Proof of Proposition 1
Let

== {g; WTy| < V2In(nfe)|hills 1 < i < n}

so that Prob{¢ € E} > 1 —e. Letusfix§{ € E,aset ] =
{1,...,n}\J C {1,...,n} satisfying (10), a signal z € R"
and a realization u € U of the nuisance, and let 2 be the value
of the estimate (8) at the observation y = Az + u + o&. We
are about to verify that £ satisfies (11), which, of course, will
complete the proof.

Observe that because of £ € =, we have

|1 (A = y)| = | (u+ o8]

h?u'| + o+/2In(n/€)||hill2 = v(hi) = v,

1<i<n.

< maxy ey

and thus z is a feasible solution to the optimization problem in
(8) and thus ||z||; > ||Z||1. Setting z = & — x, we now have
[Z5ll = 2l = llErlh < ol =zl < flells = [lerll +
lzrlh = laslls + 2zl whenee 1251y < sl + [zl <
2||z sl + ||zr]]1- It follows that

Now, p; > v; by (9), whence |hl (y — Az)| < p; for all 4,

121l < 2llz1lly + 2]l ]l (51)

Further, [hTA(% — z)| < |WT(Ad — y)| + |hT(Az — )|
Since Z is feasible for the optimization problem in (8), we have
|hWT (A% — y)| < pi, and we have already seen that |h] (Az —
y)| < v;, hence

|hZTAZ| < pitv (52)

for all 1 < ¢ < n. Applying (6), we now get

Zie] |2i] < Zie] HhTAZl +%‘||Z||l]
Sicr(pi+vi) + [Zicrvi] llzell + [1zs1]1]
pr +vr+r(llzrll + 1127 ]l1]

pr+vr + 2z [[lz1ls + [|77]4]

(B34t

IN A

where the concluding < is given by (51). Taking into account
that v; < %, we get

pr + v+ 2v1||z sl

2 <
R

Invoking (51) once again, we finally get
lzrlls + [[zslls < 2[|z7lly + 2[|s ]2

+rr+2
< potvrtledl g, ),

1[I

and we arrive at (11.a).
To prove (11.b), we apply (6) to z = & — z, thus getting

|zi] <

hif Az| +ill2])1-

As we have already seen, |h] Az| < p; + v;, and the first “<”
in (11.0) follows; the second “<” in (11.b) is then readily given



JUDITSKY AND NEMIROVSKI: ACCURACY GUARANTEES FOR /1 -RECOVERY

by (11.a). Now (ii) and (iii) are immediate consequences of (11)
and the fact that 7, < s7. [ ]

C. Proof of Lemma 2

In what follows, we use the notation from Proposition 1. For
x € X (s,v), denoting by I the support of z*, we have

||.CE]||1 S’U7 PrI Sﬁs Ssﬁ7 I/Isﬁs SSV(H) VISZA/S <8’Y

? —=

Assuming ¥, < %, for £ € = (which happens with probability
> 1 —¢€), (14) implies that for all v € U it holds

oreg(y) =l < =5l + o 4]
%
and
. R LU+ ps + Us
res(y) = wlloo < - w(H) 4+ 27— 2

~~

Q

which combines with the standard bound
L p=1
2llp < ll2[17 [12]los

to imply (15). When s7 < %, we clearly have

P < Halv+s(p+v(H),
Q < p+v(H)+ g [v+s(p+v(H))]
= Ssliv+ sl +vHE)]
and (16) follows due to ||i,e () — 7|, = PF Q"7 . n

D. Proof of Proposition 2

The proof is obtained by minor modifications from the one of
Proposition 1. Same as in the latter proof, let = = {¢ : |hTy| <
v2In(n/e)||hi|l2 1 < i < n}, where h; are the columns of H,
sothatProb{¢ € E} > 1—e.Letusfix{ € E,2 €e R",u € U,
letn =o0+u,y= Az 41, & = Zreg(y), 2 = & — x. Finally,
let I be the support of z°.

Due to £ € =, we have

hi (Az —y)| = |h] (u+ o€)|
< max,/ ey |h;TU,/| + a\/21n(n/e)||hi||2 = l/(hq) =v;

1<i<n

whence, by (9), = is a feasible solution to the optimization
problem in (8) and thus ||z||; > ||Z||1. The latter, exactly as in
the proof of Proposition (1), implies the validity of (51):

121l < 2[zzll + 2)|z 1)1 (53)

Besides this, the same reasoning as in the proof of Proposition
1 results in (52), whence
IHT Az|l o < p+ v(H). (54)

Applying (7) to z, we get

N

sllzlloo < s||HT Az||oo + £l|2]11

llzrllh <
< s(p+v(H))+ k|2l
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which combines with (53) to imply that

<
el < =

2s(p+v(H)) +2)xsll1]  (55)
which is nothing but the first relation in (17). Applying to z (7)
once again, we get

lzlloc < 1HT Azlloo + 57 6ll2]11

which combines with (55) to imply the second relation in (17).
Relation (17) combines with the Moment inequality to imply
(18). [ ]

E. Proof of Proposition 3

a) (i): Given o, ¢, let, same as in the proof of Proposition
1,2 = {&: |hF¢l < /2In(n/e)||hill2, 1 < i < n}, so that
Prob{¢ € 2} > 1 —e. Letus fix§ € Z, u € Y and a signal
x € R™, and let us prove that for these data (23) takes place; this
clearly will prove (i). Letus sety = Az + o0&+ u, & = Tpen(Yy),
z=a—x,n=u+ of. Letalso I be the support of z*.

Observe that by the origin of &, we have

2|1 + 8| HT[AZ — y]loe < ||l2]l1 + sO| HT [Az — y]||oo
= ||zl + 501 H | oo,
(56)
and
|HT[A% — yllloe = [HT[Az + Az — y]||oc
> ||HT Azlloo = [[HT[Az = ylloo = [|HT Az]| oo — [[HT ]| co-

Combining the resulting inequality with (56), we get

12]]1 + sO| HT Azlloo < [|2[|1 + 256]H " nl]oo

< ol + 2560(H) (57)

where the concluding < is due to ¢ € = combined with (22).
Further,

lz + zlli = |lzr + 21l + |lz5 + 251
llzrllr = llzrlls + llzsll = Nzl

[1]]1

v

which combines with (57) to imply that

lerlls = 1zl + 2l = sl + 6] HT Az]loc
< llzlly + 2560(H)

or, which is the same
llzslls = llzzlls + sO|HT Az]|oo < 2||25||1 + 250v(H). (58)
By (6), we have
Vi s |zi] < |HT Azlloe + 7ill2lla (59)
whence ||27]]1 < s||[HT Az||oo + As||2]]1 and therefore

(1 =AMzl = Asllzsll = sl HT Az]l < 0.

Multiplying the latter inequality by # and summing up with (58),
we get

[0(1 —4s) = 1flzrll1 + (1 = 045)||zs |l
<2||lzs|l1 + 2s0v(H).
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In view of condition (21), the coefficients in the left hand side
are positive, and (23.a) follows.
To prove (23.b), note that from (57) it follows that

1 . 1
1T Azlloo < Slllzll = 1]11] + 20(H) < Izl + 2v(H)
which combines with (59) to imply that
1 N
lllee < ll2lls + 20(H) + Y[zl

Recalling that z = & — x and invoking (23.a), (23.b) follows.

b) (ii)—(iii): (24) is an immediate consequence of (23) due
to 4s < s%. Assuming that x € X (s,v) and § = 2 and taking

into account that 45 < s%, we obtain from (24) that uniformly
onf¢ € Zandu € U

_ 2v + 4sv(H)
||$rcg(y) - x||1 < [W}
—_—
P
Fregly) — s < [ 2000+ ()
el = 1-2s4 '
Q

Using, as in the proof of Lemma 2, the standard bound

p—1
P

1 po1 N
Izl < llzll7 llzlls < P?Q
we come to (25). [ ]

FE. Proof of Proposition 4

The proof is obtained by minor modifications from the one of
Proposition 1. Same as in the latter proof, let = = {¢ : |hT¢] <
v2In(n/e)||hill2, 1 <i < n},sothat Prob{é € E} > 1 — .

Letus fix £ € Z, u € U and a signal z € R"™. Let us set
y=Azx + 0l +u, & = Epen(y), 2 =2 —x,n=u+ of. Let
also I be the support of z°.

Observe that by the origin of Z and due to § = 2 we have

2, + sellHT(;l:% — oo < llzll1 + s8I HT (Az — 1)]|oo
= ||lz[[1 + 2s||H" 100
(60)

and

[HT[AZ = y]|loo 1HT[Az + Az — 3]l
1H? Azlloo — | HT [Az — y]|loo

IHT Azloo = [|H ]| oo -

vl

Combining the resulting inequality with (60), we get
1211+ 2| HT Azl < lzlls +4s[[H nl]oo

< x|y + 4sv(H).

(61)
Here, the concluding < is due to £ € = combined with the
definition of v(H). Further

[+ 2l = ller + 21l + |lz7 + 271
lerlls = N2zl + [zl = [lslly

111

AV

which combines with (??) to imply that

Nzl = lzrlls + 25l = llzsll + 25| HT Azl
<l + 4sv(H)
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or, which is the same

25l = lzrlly + 25| HT Azlloo < 2l|wglly + 4sv(H).

(62)
By (7), we have

K
2lle < 1HT A2lloc + < I2]11

(63)

whence ||z7||1 < s||HT Az||o + ||2]|1 and therefore
(1= M)zl = sllzslls = sl HT Azl < 0.

Multiplying the latter inequality by 2 and summing up with (62),
we get

(1 —=2k)]|z|l1 < 2||zs]]1 + 4sv(H)

and the first relation in (26). The second relation in (26)
is readily given by the first one combined with (7). We
have proved that (26) holds true whenever ¢ € Z; since
Prob{¢ € 2} > 1 — ¢, (27) follows. [

APPENDIX B
PROOFS FOR SECTIONS III, IV

A. Proof of Lemma 3
(i)=(iii): If h; satisfies (P;), then for every = we have

jwi] < | Az| + 9zl < weu(Az) + ]2l

where the first and the second inequalities are given by (P;.b)
and (P;.a), respectively. O

(iii)=-(ii): Assume that (iii) takes place; then, by homogeneity,
w«(Ax) + vy > x; for every z with ||z||; < 1, or, which is the
same, the optimal value in the conic problem

min {w.(Az) — z; : |||y <1}

is > —~. The problem clearly is strictly feasible and bounded,
so that by Conic Duality Theorem the dual problem is solvable
with the same optimal value. Now, the dual problem reads

max{—s ¢(h) < o, gl <5, ATh +9 = ei}
and the fact that it is solvable with the optimal value > —vy
means that there exist h, g such that o(h) < w, ||g|loc < 7
and ATh+ g = e;, whence h is a feasible solution to (P]') with
the value of the objective < w. O
(i)=(i): If (P}) is feasible, it clearly is solvable; thus, in the
case of (ii) there exists h with p(h) < w and || ATh — €;||eo <
«. From the latter inequality, it follows that |e}'z — hT Az| <
v||z||1 for every x, so that |x;| — |hT Ax| < v||z||; for all z. We
see that h satisfies (P;), and thus (i) takes place. This reasoning
shows also that whenever (P;") is feasible with optimal value
< w, it is solvable, and its optimal solution satisfies (P;). ™

B. Proof of Proposition 5

Lety = v(6,k), A = r(U) + 0+/21n(n/e), so that what we

need to prove is that there exists a matrix H satisfying H ()
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and such that v(H) < A. Invoking Lemma 3, all we need to this
end is to show that

Ve e R": A (Az) + v||z]|1- (64)

1
OO<7
lell <

Now, we clearly have
v(h) < mab){(uTh + ov/2In(n/e)||h|l2 < A||h]|2
-

for all h, whence ¢.(n) > A~1||n||2 for all 7). Therefore, all we
need in order to justify (64) is to prove that

1
Vs € R" i |2||oo € ——=||Az||2 + 7]||z]|1. 65
lelle < —sllAcllz + kel (©9)
Let z € R"™. Setting s = floor(k/2), let vectors z', ... x4

be obtained from z by the procedure as follows: 2! is obtained
by zeroing all but the s largest in magnitude entries of z; 22 is
obtained by the same procedure from x — x', 23 is obtained by
the same procedure from x — x' — 2%, and so on, until the step
q where we get v = 2 + ... + 2% We clearly have |27 || o <

s, 2< 5 < q, whence also llz7]]2 < s71/2 )27 71|y,
2 < j < g, since the vectors 27 are s-sparse. Setting || Az|]2 =
« and |Azt|]2 = 3, we have

aff = ||Az|s||Azt||s > (Az)T Azt ,
= [2YTAT Ax? +Z§:2[ o7 AT Az’
> =305 bl 2]l 2

where the last > is given by the following well-known fact: [8]:

(N IfAisRIP(8, k) and u, v are supported on a common
set of indices I of cardinality k and are orthogonal, then
[u” AT Av| < 6|ull2]|v]l2.

It follows that

aff > (2 — ozt Zq_z [Eza[P
> 3= 672l la Y0, 127
> 37 =672l ||<v||1-
Hence
Sll (Il ll2 6|zl
3 S (0% + _— S 6] + - - =
f Nl S1-0)

where the second inequality is due to the fact that ||z!]|2/3 <

1/+/1 — 6 by RIP. Thus

[[]o 2|2 < £

V1-56
Sllzlls

Vis T a-a)vs
\/f‘j + vllzll1

<
<
<

where the concluding inequality is due to s > (k — 1)/2 and
v = (8, k). Recalling that a = || Az||2, (65) follows. ]

C. Proof of Proposition 6

Proof: We start with analysis of O(S,w). Let ¢ €
{1,...,n}, and let I > ¢ be a subset of {1,...,n} of cardi-
nality S. Let R(®) be the linear space of all vectors from R"
supported on I, and let Xz = {z € RO : |z]. < R}.
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Assume that we are given a noisy observation y = Az +u+ o
of asignal z = (z,u) € (Xg,U), and that we want to recover
from this observation the linear form z; of the signal. From
O(S,w) it follows that there exists a recovering routine such
that for every z € X and v € U the probability of recovering
error to be > w is < e. Assuming € < 1/16 and applying the
celebrated result of Donoho [9], there exists a linear estimate

Ly such that for every 2 € Xpg and u € U the probability
for the error of this estimate to be >1.22w is <e. Moreover
(cf. Proposition 4.2 of [13]), one can pick ¢ g such that for all
r € Xp,uel

{ Prob {¢%[u + o0& + Arz] — z; > 1.22w}

< €/2 (a)
Prob {¢%[u+ o€ + Apz] —2; < —1.22w} <

/2 (b)

where Aj is the matrix obtained from A by zeroing columns
with indexes not belonging to I. Let p(R) = max |¢%u| and
r(R) = [|[AT¢r — ei||2, where ¢; is the i-th basic orth (so
that 7; = el'z). Specifying Z as the vector from X such that
#T (AT ¢r —e;) = Rr(R), and 4 as the vector from ¢ such that
¢%u = p(R) (the required z, @ clearly exist) and applying (a) to

the pair (z,u) = (Z, @), and (b) to the pair (z,u) = (—Z), —a),
we get
Prob {o¢%¢ > 1.22w — Rr(R) — p(R)} < €/2,
Prob{aqﬁ &< —1.22w+ Rr(R } < €/2

Hence, denoting by erfinv(e) the value of the inverse error func-
tion at e, we obtain

erfinv ( ) ol|lor|lz < 1.22w — Rr(R) — p(R).

It follows that as R — oo, ¢ remains bounded and r(R) =
lle; — AT ¢ Rl||2 — 0. Thus, there exists a sequence Ry — +0o0,
of values of R such that ¢, goes to a limit ¢ as k — oo, and
this limit satisfies the relations

erfinv ( > allpll2 < 1.22w, and AT ¢ = e;.

Taking into account that erfinv (§) > 0.92
1/16, we arrive at the following result:

In(1/€) when e <

Lemma 6: Under assumption O(S,w), for every ¢ < n and
every S-elementsubset I 3 iof {1,...,n} thereexists € R™
such that ¢Ta; = 1, ¢Ta; = Oforall j € I, j # i (here
ai,...,ay are the columns of A), and

mealj(|uT¢| +o/In(1/6)||¢ll2 < V2w. (66)
We claim that in this case for all z € R™, it holds that
;Y
w||A
lolloe < ov(dz) + — AL )

ay/25In(1/e€)

Taking this claim for granted, and invoking Lemma 3, we im-
mediately arrive at the desired conclusion. Indeed, given s sat-
isfying (34), we have ﬁ > 4, so that (67) implies that

Ve R":

1
o < wr(A — ,
lelloo < @v.(42) + ]l
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whence, by Lemma 3, there exists H satisfying the condition
H, (%) and such that v(H) < , which is exactly what
Proposition 6 states.

It remains to prove (67). Let us fix + € R", and let I be set
of indices of the S largest in magnitude entries in 2. Denoting
by J the complement of [ in {1,...,n}, we have |7/ <
S~z r||1, whence
711527l 7”2

lesll <
< STl sl <

Sl
(68)

1
2

Let i, € I be the index of the largest in magnitude entry of .
By Lemma 6 there exists ¢ € R satisfying (66) and such that
#Ta;, = sign(x;,), pTa; = 0 fori € I\{i.}. We have

W) = Veou($) = maxu”$ + o /TRl

< V2[1+In(n)/In(1/€)] maxu®$ + o \/In(1/e)] |2
<2y/1+1In(n)/In(1/e)w,

(69)

where the concluding < is given by (66). Now

V(). (Ax) ¢pTAx = T Az + T Ax s
@i, |+ ¢" Azy = [|2]lo0 + ¢T Azs
2/loe — ll@ll2]| Az r[l2

#lloe = lIll2Alllz1l2
lzlleo = 3I1AINS ™2l ll2 |12

VIVIV I IV

with the concluding < given by (68). The resulting inequality,
L. V2w :
Tn v1f:w of (69) and the bound ||¢||2 < Py eYE) given by (66)
implies (67). [ |

APPENDIX C
PROOFS FOR SECTION V

A. Proof of Lemma 4

Recall (cf., e.g., [14, Theorem 2.1]) that a necessary and suf-
ficient condition for an m X n matrix A to be s-good is the
nullspace property as follows: there exists £ < 1/2 such that

lolox < sllely Yz € R™ Az=0).  (0)
Assume that this condition is satisfied, and let v € R"™ be a
vector with s nonzero coordinates, equal to £1. (70) says that
the optimal value in the Linear Programming problem

max{u’z : Az = 0,||z||; < 1}
xr
is at most k; passing to the dual problem, we conclude that there

exist h,, and g, such that ATh, + g, = w and ||gu]|~ < &,
whence for every z € R™ it holds

u'es =27 AThy, + gFx < ||hull1]| Az oo + &||2]]1-
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Since the set U of the outlined vectors u is finite, the quantity
L = max||h,]| is finite, and
uelU

)]s, = maxulz < L||Az||oo + &l|z||1 Y2
uelU

meaning that the condition H, (k) holds true for H =
[LIp, 0 xn—m]. Vice versa, the existence of k < 1/2 and H
satisfying H, ,(x) clearly implies the validity of (70) with the
same « and this implies the s-goodness of A. ]

B. Proof of Lemma 5

Let A satisfy RIP(6,2s) with 6 < 1; we want to prove that
then the matrix ﬁA satisfies the condition H o( 1f_5 ). Indeed,
let z € R™. Let vectors z', 22, ..., 27 be obtained from x
as follows: z! is obtained by zeroing all but the s largest in
magnitude entries of - and keeping the latter entries intact, then
x2 is obtained by applying the same procedure to 2z — -, and so
on. We stop at step ¢ where we get z = ' + ... + 29. Observe
that [|27||oc < {277 "||1, whence also [|27 |2 < [|lz7~1||1s71/2
(since 7 is s-sparse). We now have
Vsllzt 2| AT Az oo > [l 11| AT Azlo ,
[#1TAT Az = [21]T AT Azt + E;I.:Q[ml]TATA:L‘J
(1= Ollz"lI3 = & 3255 llz"ll2ll27[l2 (+)

(1= )[|2[3 — 65~/ S0y flaflolla? =" s
(1= 8)ll2?[13 = 65~ /2|2 2],

implying that

IV IV IV IV

1 )
el = lle'lle < 75147 Aalloo + el
(in the above chain, step (*) is valid due to [z!]T AT Azt >
(1 = 8)||zt||2 (since A is RIP(6,2s)) and the statement (1), see
the proof of Proposition 5). The concluding inequality in the
chain says that 125 A satisfies H, »(125). ]

C. Proof of Proposition 7

We present here the proof of (i), which is a straightforward
modification of the proof of Proposition 2. The proof of (ii) can
be obtained by equally straightforward modification of the proof
of Proposition 4.

Thus, suppose we are under the premise of (i), and let = be de-
fined exactly as in the proof of Proposition 1, so that Prob{¢ €
E} > 1—eand |(c€ + w)Thi| < veou(hi) < v(H) for all
(eZ,uelandalli. Letusfixz € R", § € Eandu € U, let
1 be the set of indices of the s largest in magnitude entries in z,
andletn = o+ u,y = Az + 1, & = Treg(y), and z = T — .

Since ¢ € Zand u € U, we have |h] (Az —y)| < v; < p; for
all 2, whence =z is a feasible solution to the optimization problem
defining z, whence, exactly as in the proof of Proposition 1

(@) Mzl <2zl + 2],

(b) \WfAz|  <pi+vi,1<i<n

= ||[HTAz||oo <p+0.
Now, H satisfies the condition H, ,(x) and thus satisfies the
condition H, ; (x). Applying the latter condition, we get

2zl < sl HT Azlloo + 5|21
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Invoking (71), we conclude that

Il < 28 HT Azl + 26]12lls + 2]z
A~ (71)
< 25[p+@ + s lesll] + 26l
thus
lelh < —25 [+ D+ s Vsl (72)
ZlIl1 S 1—2r pP w S ryll1]-

Next, H satisfies H 4(x), whence ||z]|sq < ||HTAz||o +
%||z||1- Therefore, we get from (71)

l2llsg < sTlHT Azlloo + rs7™|2]1
D —1
< s [p+ 0]+ 2ms v LEetlza ]l .
L ptotans ay|
< @ B_%%__QE%;T;Ei_L
< gybretsHaslh

—2k

All we need in order to extract (i) from (71) and (73) is to verify
that

_ 40+ g

1<p<q = [l2ll, < (35)770, 6 T n

The desired inequality holds true when p = 1 [see (71)], thus,
invoking the Holder inequality, all we need is to verify that

2], < (3s)Y/96. (74)
When ¢ = oo, (74) is implied by (73), so let us assume that
q < oo. Let X be the (s 4+ 1)-st largest of the magnitudes of
entries in z. By (73), we have A5 < ||2|? , < 569, and A < 6.
Hence, setting 2/ = z — 2°, we get

12711 < X771l < 677 2]l < 67 256

where the concluding inequality is given by (71). Thus, ||| <
2504, while ||2°]|2 < 507 by (73). We see that ||z||2 < [|2°]|2 +
[|2[|2 < 3569, as required in (74). ]

D. Proof of Proposition 8

a) (i): LetZ = {£ € R™ : |¢Ta;] < p,1 < i < n},s0
that Prob{¢ € E} > 1 —e.Letus fix{ € Zand z € R", and
lety = Az + o€, & = &ps(y). We have || AT (Az — y)||oo =
|ATo¢]le < 0 < p, so that z is a feasible solution to the
optimization problem specifying Zps(y) and therefore ||Z||; <
||||1- Denoting by I the support of «°, setting z = & — z and
acting exactly as when deriving (51), we arrive at

Il < 2[lz1lx + 2|z 5|1 (75)

Further

|AT Az|| oo AT (A% — y + €)oo
AT o€ |0 + [|AT (A% — y)lloo

pto

INIA I

and therefore

[Az]13 = 2T AT Az < 2]l [ AT Azlloo < (p+ 0)ll2]l1-
(76)
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On the other hand, by (39) we have

_ 1
< ellan <517 lzlleg
< sh|Azlls + sllz]

< 1/2
< sAp+ o)L + szl

|21

Substituting the above bound into (75), we get
I2ll1 < 26ll2]ls + 253(p + 0)'/I|2[112 + 2l|s |1

whence by elementary calculations

_ 255\\/,0—1—9 b 2|zl

Ti= a2 <a+ 02, a b=

1—-2k 1—2k"
(17
Invoking (39) and (76), we have
1z 1_
Izl < sTAAz|l2 + rs7 2]k
1_ ~
< o3 [sAyaFalell + ]
= su7! [—(1_22”) at + K}T2:|
< 8%—1 [1—22na2 + 1—22Rab1/2 (78)
+ fi[a + b1/2]2]
< s%_l [% + #abl/2 + Iib:|
1_
< 542 [a+b1/2]2

where the last inequality of the chain is due to x < % Assuming
for a moment that 1 < ¢ < oo and denoting by p the (s 4 1)-st
largest magnitude of entries in z, we conclude from the latter
inequality that o < 2[a+b'/2]. Hence, when setting 2’ = z —
=%, we obtain (cf. the verification of (74)) || /(|2 < pd=1]|2]|y <
(25)Y~[a + b*/?]?. Invoking (78) one more time we get

3
l2lg < N[l + 112'l1§ < 5(28)"~%[a + /2P0,

The resulting inequality combines with (77) and the Holder in-
equality to imply that for 1 < p < ¢

1 1
3rsr !

2]l < [+ b2 <3vsv a2 +b. (79

Note that the derivation of (79) was carried out under the ad-
ditional assumption that 1 < g < oco. This assumption can now
be removed: when ¢ = 1, (79) is readily given by (77). When
q = oo, A satisfies (39) for ¢ = oo and thus—for every value
of ¢ from [1, 00|, meaning that (79) holds true for every ¢ < oo,
whence (79) holds true for ¢ = oo as well.

Recalling that relation (79) is valid whenever ¢ € = and x €
R" and plugging in the values of a and b, we arrive at (42). (i)
is proved.

b) (ii): Same as above, let = = {¢ : [|al¢] <
v21In(n/€)||aill2, 1 < ¢ < n}, so that Prob{{ ¢ E} < e. Let
us fix x € R™, £ € =, and let I be the support of z°. Let also
Yy = Ax 4+ 0 T = Tlasso(y), 2 = & — x. We have

2]l + #l| Az =I5 < lloll + | Az =y 15 < [l + 0% 2ETE
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or, which is the same due to Az — y = Az — o
[]l1 + #l| A2]3 — 20267 Az < [l2]|1.

It follows that

0 > |2l — llofly + » (|| Az]l3 — 20¢T Az)
= (lzr + zrlls = llzgll1) + (g + 250l = l25]]1)
+n(||Az||% — 20§TAZ)
>zl + llzall = 2lle sl + % (|A2]13 — 2067 Az)
> —llzrlh + llzsll = 2llz sl = 2%0ll2[l + x| Az|3

where the last > is readily given by the fact that || AT 0¢||o < 0
for ¢ € =. We conclude that

lzslle < llztll + 2x0ll2lly — | Az[13 + 2]lzs 11
and therefore
Izl < 2ll2rlls + 2x0ll2ll — #l| A2]3 + 2]z 5]l (80)
Now, we have

1 N
lzzlls < 5775 [l2lls,g < sA|Azll2 + szl

where the concluding inequality is given by (39). Combining
the resulting inequality with (80), we get

2ll1(1 = 25 — 2x0) < 25M[|Az|s — #| Az[|3 + 2|21 |1-

Combining this inequality with (80), we get the first inequality
in the following chain:

Izl < 205+ %0)l|2ll1 + 2l |1
¢ (24222 — ||423)
< 2(k+ no)||zlh + 2l|z gl + 2

and since 2k + 2xp < 1, we arrive at

1 s2)\2

<a:=
Il < a 1 —2(k + #p)

+2||-’17J||1] . (@D

Since 2(k + p#) < 1, the first inequality in (81) is possible only
if

25 2|z 51
|Az|)3 — ==||Az||; - === <0
» n
whence
25\ T
Al < 252 4 sl (82)
4 SA

Invoking (39), we get ||z]|s,q < s$71[35\||Az||2—|—ﬁ||z||1],which
combines with (82) and (81) to imply that

lolleg < 2557 "a. (83)
Denoting by  the (s + 1)-st largest of the magnitudes of entries
in 2z, we conclude from (83) that p < 25~ 1, whence, denoting
2 =z-2,

q—

_ 1 1 _
12lg < T 1205 < (25 Ya) T ||2llf <27 57 a
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(we have used (81)), which combines with (83) to imply that

13
[I2llg < 457 a. (84)
Combining (84), (81) and the Holder inequality, we get
1<p<q=|zl, <4s7 ‘a. (85)

Plugging in the value of a [see (81)] and recalling that (85) takes
place whenever ¢ € Z with Prob{¢ € E} > 1 — ¢, we arrive at
(43). ]

APPENDIX D
PROOF OF PROPOSITION 9

The proof below follows the lines of the proof of Proposi-
tion 7 of [15]. Given e € (0,1), let = = {¢ : |nT¢| <
V2In(n/€)||hill2, 1 <i<n},sothat Prob{{ € E} > 1 —e.
Letus fix £ € E, z € R" such that ||z — 2°||; < v,and u € U.
Forn =y — Az = u + o, by the definition (5) of the norm v
and because of v(h;) < v(H), we have ||[H || < v(H) <
wy (7)-

We intend to prove the relations (ag), (bg) by induction in
k. First, let us show that (ay_1,bs_1) implies (ag, bg). Thus,
assume that (ax_1,bx_1) holds true. Let z(F=1) = g — p(k=1),
By (ax_1), 2*~1) is supported on the support of z. Note that

2D g = g -0k HT (y — Av(kfl))
= (I-HTA) (a:—v(k_l)) - HTy
(I—HTA)z1 — Ty,

Then by (49) forany 1 <7 < n

_ k— _ k—
O EPNC R e
_ k—1 _
< %A )
consequently
_ _ k—
-y = TYOg_1 — Wk (’Y) S Z,E 2 — Uy (86)
< Fag-1 twk(7) =7

so that the segment S; = [u; — 7, u; + ] of the width £ =
2ok -1 + 2w« (¥), covers z}k_l), and the closest to zero point
of this interval is

xS [wi =)y
“‘{ﬁmwlm

u; <0

thatis, A; = A; for all i. Since the segment S; covers zgk_l)
and A; is the closest to 0 point in S;, while the width of S; is at

most £, we clearly have
(a) A, € Conv {0721(1@»71)}
) |2 - A

Since (a—1) is valid, (87.a) implies that

o

(87)

</

= Ufk_l) +A; € [vfk_l) + Conv {O,xi - vfk_l)}}
Conv{0, z;}

N
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and (az) holds. Further, let I be the support of z*. Relation (ay)
clearly implies that |sz) | < |z;|, and we can write due to (87.b)

o =o®lly = ey [oi = [ol" 7 + A |+ Zigr [
< ler 2D - A+ >igr il
< sl+v=q.
Since by (87.b)
|z =v®] = fe—o® -4l

< 4 =25ap-1 + 2w (7)

we conclude that (by) holds true. The induction step is justified.
It remains to show that (ag, bo) holds true. Since (ag) is evi-
dent, all we need is to justify (bg). Let

ay = [|z|1,
and let v = HTy. Same as above (cf. (86)), we have for all 4

|z — wil < Fox + ws (7).

Then
e = Yier|mil + Xigy il

< Yerlluil + 90 +wi(F)] o

< ulls,g + sYou + swi(F) + v
Hence

e < op = Il + 50, (3) + v
1—sy
which implies (by). ]
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