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We discuss a general approach to building non-asymptotic confidence bounds for Stochastic Optimization
problems. Our principal contribution is the observation that a Sample Average Approximation of a prob-
lem supplies upper and lower bounds for the optimal value of the problem which are essentially better than
the quality of the corresponding optimal solutions. At the same time, such bounds are more reliable than
‘standard’ confidence bounds obtained through the asymptotic approach. We also discuss bounding the
optimal value of MinMax Stochastic Optimization and stochastically constrained problems. We conclude
with a simulation study illustrating the numerical behaviour of the proposed bounds.

Keywords: Sample Average Approximation; confidence interval; MinMax Stochastic Optimization;
stochastically constrained problems

AMS Subject Classification: 90C15; 90C90; 90C30

1. Introduction
Consider the following Stochastic Programming (SP) problem:

Opt = min[f (x) = E{F(x,§)}, x € X], (1)

where X is a nonempty bounded closed convex set of a Euclidean space E, £ is a random vec-
tor with probability distribution P on E C R¥ and F : X x E — R. There are two competing
approaches for solving (1) when a sample £V = (£, ...,&y) of realizations of £ (or a device
to sample from the distribution P) is available — Sample Average Approximation (SAA) and the
Stochastic Approximation (SA). The basic idea of the SAA method is to build an approximation

of the ‘true’ problem (1) by replacing the expectation f(x) with its SAA

1 N
foe €)= 53 P &), xeX.
=1
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The resulting optimization problem has been extensively studied theoretically and numerically
(see, e.g. [9,12,13,26,27,30], among many others). In particular, it was shown that the SAA
method (coupled with a deterministic algorithm for minimizing the SAA) is often efficient for
solving large classes of stochastic programs. The alternative SA approach was also extensively
studied since the pioneering work by Robbins and Monro [21]. Though possessing better the-
oretical accuracy estimates, SA was long time believed to underperform numerically. It was
recently demonstrated (cf. [2,14,28]) that a proper modification of the SA approach, based on
the ideas behind the Mirror Descent algorithm [15] can be competitive and can even significantly
outperform the SAA method on a large class of convex stochastic programs.

Note that in order to qualify the accuracy of approximate solutions (e.g. to build efficient stop-
ping criteria) delivered by the stochastic algorithm of choice, one needs to construct lower and
upper bounds for the optimal value Opt of problem (1) from stochastically sampled observa-
tions. Furthermore, the question of computing reliable upper and, especially, lower bounds for
the optimal value is of interest in many applications. Such bounds allow statistical decisions
(e.g. computing confidence intervals, testing statistical hypotheses) about the optimal value. For
instance, using the approach to regret minimization, developed in [3,17], they may be used to
construct risk-averse strategies for multi-armed bandits, and so on.

An important methodological feature of the SAA approach is its asymptotic framework which
explains how to provide asymptotic estimates of the accuracy of the obtained solution by com-
puting asymptotic upper and lower bounds for the optimal value of the ‘true’ problem (see, e.g.
[4,8,13,18-20,24], and references therein).

However, as is always the case with techniques which are validated asymptotically, some
important questions, such as ‘true’ reliability of bounds, cannot be answered by the asymp-
totic analysis. Note that the non-asymptotic accuracy of optimal solutions of the SAA problem
was recently analysed (see, e.g. [7,19,20,23,26,27]), yet, to the best of our knowledge, the lit-
erature does not provide any non-asymptotic construction of lower and upper bounds for the
optimal value of (1) by SAA. On the other hand, non-asymptotic lower and upper bounds for
the objective value by SA method were built in [5,11].

Our objective in this work is to fill this gap, by building reliable finite-time evaluations of
the optimal value of (1), which are also good enough to be of practical interest. Our basic
methodological observation is Proposition 1 which states that the SAA of problem (1) comes
with a ‘built-in’ non-asymptotic lower and upper estimation of the ‘true’ objective value. The
accuracy of these estimations is essentially higher than the available theoretical estimation of
the quality of the optimal solution of the SAA. Indeed, when solving a high-dimensional SAA
problem, the (theoretical bound of) inaccuracy of the optimal solution becomes a function of
dimension. In particular, when the set X is a unit Euclidean ball of R”, the accuracy of the SAA
optimal solution may be by factor O(n) worse than the corresponding accuracy of the SA solution
[14]. In contrast to this, the optimal value of the SAA problem supplies an approximation of the
‘true’ optimal value of accuracy which is (almost) independent of problem’s dimension and may
be used to construct non-trivial non-asymptotic confidence bounds for the true optimal value.
This fact is surprising, because the bad theoretical accuracy bound for optimal solutions of SAA
reflects their actual behaviour on some problem instances (see Proposition 2 and the discussion
in Section 2.1.3).

The paper is organized as follows.

We present the construction of lower and upper confidence bounds for the optimal value of a
stochastic problem in Section 2. Specifically, in Section 2.1, we develop confidence bounds for
the optimal value of problem (1). Then in Section 2.2, we build lower and upper bounds for
the optimal value of MinMax Stochastic Optimization and show how the confidence bounds can
be constructed for an e-underestimation of the optimal value of a (stochastically) constrained
Stochastic Optimization problem.
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Finally, several simulation experiments illustrating the properties of the bounds built in
Section 2 are presented in Section 3. Proofs of theoretical statements are collected in the
appendix.

2. Confidence bounds via Sample Average Approximation

2.1 Problem without stochastic constraints
2.1.1 Situation

In the sequel, we fix a Euclidean space E. We denote by B the closed unit ball of the norm
|l - II, and by || - ||.. the norm conjugate to || - ||:

Iylls = max (x,y).
lIxll<1

Let us now assume that we are given a function w () which is continuously differentiable on By,
and strongly convex with respect to || - ||, with parameter of strong convexity equal to one, i.e.
such that and for every x,y € B,

(Vo) = Vo) =) = llx =yl
with w(0) = 0 and Vw(0) = 0 (in other words, w (+) is a distance-generating function compatible

with || - ||). We denote
Q = max /2w (x). 2)

xiflxfl<1

Let, further,

e X be a convex compact subset of E,
e R = Ry, [X] be the smallest radius of a || - ||-ball containing X,
e P be a Borel probability distribution on R¥, E be the support of P, and

Fx,y): X xE—>R

be a Borel function which is convex in x € X for P-almost all y € E, and is P-summable for
every x € X, so that the function

f@® =E(Fx,&):X >R
is well defined and convex.

We denote
L(x,§) = max{llg — hll«: g € 9. F(x,§),h € If (0)}.

The outlined data give rise to the stochastic program
Opt = min[f (x) = E{F(x.))]

and its Sample Average Approximation

N
1
Ny _ Ny ._
OptN(é ) - I:y)? [fN('xﬁé ) — N ;F(-x> SI):| ) (3)
where £V = (&,...,&y), and &, &, ... are drawn independently from P. Our immediate goal

is to understand how well the optimal value Opty (") of SAA approximates the true optimal
value Opt.



1036 V. Guigues et al.

2.1.2  Confidence bounds

Our main result is as follows.

PROPOSITION 1 In the situation of Section 2.1.1, let us assume that f is differentiable on X and
that for some positive My, M, and all x € X one has

(a) E[eFOHTO M) < (b) E[eX®O/M] <e. (4)

Define
M M Q[ + s2] + 2A1M,R
auN) = M0 g b(us Ny = KT IR ST 4 2HMR
VN

JN

where Q is as in (2), and let T, = 0.557409 ... be the smallest positive real such that €' <
1+ en" forallt € R. Then for all N € Z1 and . € [0,2/T,.N]

Prob{Opty (6") > Opt + a(u, N)} < e/, 5)
and forallN € Z, i € [0,2/T.N], s > 1 and . > 0,
Prob{Opty (§") < Opt — b(i, 5, A, N)} < e N6~ 4 g7/t | o=4/4n. (6)
We have the following obvious corollary to this result.

COROLLARY 1  Under the assumptions of Proposition 1, let

Low®** (11, N) = Opty (§V) — a(uu1,N),
Up** (142, 5, A, N) = Opty (V) + b(1a, s, A, N).

Then forallN € Zy, s > 1, . >0, p1, s € [0,2/7.N]
Prob{Opt € [Low®** (11, N), Up*** (2,5, A, N)]} = 1 — B,

where Bl= B(u1, 12,5, A, N)] = e M/t 4 e/t 4 NG =D 4 e=W/4% Iy other words, for
the choice of |1, 2,5, A and N such that 0 < B < 1, the segment [LowS*®, UpS*%] is the
confidence interval for Opt of level 1 — B.

2.1.3 Discussion
The result of Proposition 1 merits some comments.

(1) Confidence bounds of Proposition 1 and Corollary 1 involve constants M, and M5, defined
in (4). Valid upper bounds on these constants are crucial to obtain sound confidence bounds.
To the best of our knowledge, there is no generic procedure which allows us to construct
such estimates. Nevertheless, it is possible to build ‘reasonably good’ bounds for M| and M,
in specific problem settings. For instance, we provide such bounds for the examples used to
illustrate the results of this section in the numerical experiments of Section 3 (see Appendix 2
for details of the calculations).
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‘As is’, Proposition 1 requires f(-) to be differentiable. This purely technical assumption is
in fact not restrictive at all. Indeed, we can associate with (1) its ‘smoothed’ approximation

gg)? [fe(x) :=/_ EFs(x, [v;%’])P(dé)p(v)dv}, Fe(x,[v;€]) = F(x + €v,§),

where p(-) is, say, the density of the uniform distribution U on the unit ball By, in E.
Assuming that bounds (4(a)) and (4(b)) hold for all x from an open set X containing
X, it is immediately seen that f; is, for values of € small enough, a continuously differen-
tiable function on X which converges, uniformly on X, to f as € — +0. Given a possibility
to sample from the distribution P, we can sample from the distribution P™ := P x U on
E't = E x E, and thus can build the SAA of the problem min,cy f. (x). When ¢ is small,
this smoothed problem satisfies the assumptions of Proposition 1, the parameters M;, M,
remaining unchanged, and its optimal value can be made as close to Opt as we wish by an
appropriate choice of €. As a result, by passing from the SAA of the original problem to
the SAA of the smoothed one, € being small, we ensure, ‘at no cost,” smoothness of the
objective, and thus — applicability of the large deviation bounds stated in Proposition 1.

The standard theoretical results on the SAA of a Stochastic Optimization problem (1), see,
e.g. [14,25] and references therein, are aimed at quantifying the sample size N = N(€,n)
which, with overwhelming probability, ensures that an optimal solution x(§") to the SAA
of the problem of interest satisfies the relation f (x(§"V)) < Opt + ¢, for a given € > 0. The
corresponding bounds on N are similar, but not identical, to the bounds in Proposition 1. Let
us consider, for instance, the simplest case of ‘Euclidean geometry’ where |x|| = ||x||, =
V& x), w(x) = 1 ]lx]|?, and X is the unit || - [|o-ball. In this case, Proposition 1 states that
for a given € > 0, the sample size N for which Opt(£%) is, with probability at least 1 — o,
e-close to Opt, can be upper bounded for small enough € and « by

(M + M>)* In(1/a)
2

N, :=C

(here C is a positive absolute constant).! It should be stressed that both the bound itself
and the range of ‘small enough’ values of €, « for which this bound is valid are indepen-
dent of the dimension n of the decision vector x. In contrast to this, available estimation
of the complexity N(e,n) relies upon uniform convergence arguments and is affected by
problem’s dimension: up to logarithmic terms, N (e,n) = nN, (cf. the discussion in [23,27]).
This phenomenon — linear dependence on the problem’s dimension n of the SAA sample
size yielding, with high probability, an e-optimal solution to a stochastic problem — is not an
artefact stemming from an imperfect theoretical analysis of the SAA but reflects the actual
performance of SAA on some instances. Indeed, we have the following.

PrOPOSITION 2 Foranyn > 3, and R,L > 0 one can point out a convex Lipschitz continuous
Sunction f with Lipschitz constant L on the Euclidean ball B.|,(R) of radius R for | - ||2,
and an integrand F(x, &) convex in x such that E¢{F (x,§)} = f (x), |[F'(x, &) —f/(x)||§ <L
a.s., for all x € By.|,(R), and such that with probability at least 1 — e~ there is an optimal
solution x(€V) to the SAA

1 N
min |:fN(x, %‘N) = ﬁ ZF()C,E,') DX E B||.2(R)] )
i=1

sampled over N < n i.i.d. realizations of &, satisfying

F(x(EV)) — Opt > ¢oLR, (7)
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where ¢ is a positive absolute constant.

Note that for large-scale problems, the presence of the factor n in the sample size bound is
a definite and serious drawback of SAA. A nice fact about the SAA approach, as expressed
by Proposition 1, is that as far as reliable e-approximation of the optimal value (rather than
building an e-solution) is concerned, the performance of the SAA approach, at least in the
case of favourable geometry, is not affected by the problem’s dimension. It should be stressed
that the crucial role in Proposition 1 is played by convexity which allows us to express the
quality to which the SAA reproduces the optimal value in (1) in terms of how well fy (x, £V)
reproduces the first-order information on f at a single point x,, € Argminy f, see the proof of
Proposition 1. In a ‘favourable geometry’ situation, e.g. in the Euclidean geometry case, the
corresponding sample size is not affected by problem’s dimension. In contrast to this, to yield
reliably an e-solution, the SAA requires, in general, fy (x, £V) to be e-close to f uniformly
on X with overwhelming probability; and the corresponding sample size, even in the case of
Euclidean geometry, grows with problem’s dimension.

Note that (at least in the case of Euclidean geometry) without additional, as compared to
those in Proposition 1, restrictions on F' and/or the distribution P, the quality of the SAA
estimate Opty (§€V) of Opt (and thus, the quality of the confidence interval for it provided by
Corollary 1) is, within an absolute constant factor, the best allowed by the laws of Statistics.
Namely, we have the following lower bound for the widths of the confidence intervals for
the optimal value valid already for a class of linear stochastic problems.

ProposITION 3 Foranyn > 1, My > M, > 0, one can point out a family of linear Stochas-
tic Optimization problems, i.e. linear functions f on the unit Euclidean ball B).;, of R" and
corresponding integrands F(x,§) linear in x such that E¢{F(x,§)} = f(x), satisfying the
assumptions of Proposition 1 and Corollary 1, and such that the width of the confidence
interval for Opt = minxeBH_Hz f(x) of confidence level > 1 — a cannot be less than

M,
VN’

where qnr(B) is the B-quantile of the standard normal distribution, and y > 0 is given by
the relation

W=2ygn(1—a) (®)

Ecnonfexp{y?s°}} = expfl},
or, equivalently, y? = %(1 —exp{—2}).

In Table 1, we provide the ratios Ry of the widths of the confidence intervals, as given by
Corollary 1 and their lower bounds for some combinations of risks « and parameters M, M,
and V.

Constrained case

Now consider a convex stochastic problem of the form

Opt = min [fo(x) = /HFo(x,E)P(dE) s filx) = /HFi(x,S)P(dé) =0, 1=i= m} €))

where, similarly to the above, X is a convex compact set in a Euclidean space E, P is a Borel
probability distribution on R¥, E is the support of P, and

Fi(x,8): X xE—->R, 0<i<m,
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Table 1. Ratios Rw of the widths of the confidence intervals as given by Corollary 1 and their lower bounds from
Proposition 3.

a=0.1 My =M, =1 My =10, My =1 My =100, My =1

N 10 100 1000 10 100 1000 10 100 1000
Rw 8.086 7.803 7.775 3.772 3.744 3.741 3.341 3.338 3.337
a =0.01

Rw 5.586 5.362 5.340 2.666 2.644 2.642 2.374 2.372 2.372
a = 0.001

Rw 4.908 4.689 4.667 2.368 2.346 2.344 2.114 2.112 2.112

are Borel functions convex in x and P-summable in & for every x, implying that the functions f;,
0 <i < m, are convex. As in the previous section, we assume that E is equipped with a norm

Il - I, the conjugate norm being || - ||, and a compatible with || - || distance-generating function
for the unit ball By of the norm.
We put

L(x.) = max (llg = hll. : g € BFi(x. ). h € ().

Assuming that we can sample from the distribution P, and given a sample size N, we can build
Sample Average Approximations (SAA’s) of functions f;, 0 < i < m:

1 N
ﬁmmﬁzﬁgﬂmm

Here, as above, &1, &,, ... are drawn, independently of each other from P and EN = (&,...,&).
Same as above, we want to use these SAA’s of the objective and the constraints of (9) to infer
conclusions on the optimal value of the problem of interest (9).

Our first observation is that in the constrained case, one can hardly expect a reliable and tight
approximation to Opt to be obtainable from noisy information. The reason is that in the general
constrained case, even the special one where F; (and thus f;) are affine in x, the optimal value is
highly unstable: arbitrarily small perturbations of the data (e.g. the coefficients of affine functions
F; in the special case or parameters of distribution P) can result in large changes in the optimal
value. As a result, with noisy observations of the data, one could hardly expect to get a good
estimate of Opt via a sample of instance-independent size. The standard remedy is to impose an
priori upper bound on the magnitude of optimal Lagrange multipliers for the problem of interest,
e.g. by imposing the assumption that this problem is strictly feasible, with the level of strict
feasibility

= —minmax|[fi (x),...,fn(x)] (10)
xeX
lower bounded by a known in advance positive quantity. Since in many cases an priori lower

bound on ¢ is unavailable, we intend in the sequel to utilize an alternative approach, specifically,
as follows. Let us associate with (9) the univariate (max-)function

®(r) = minmax(fo(x) — r.fi(x),....fu (D]

Clearly, @ is a continuous convex nonincreasing function of r € R such that ®(r) — oo as
r — —oo. This function has a zero if and only if (9) is feasible, and Opt is nothing but the
smallest zero of .
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DEFINITION | Given € > 0, a real p e-underestimates Opt if p < Optand ®(p) < €.

Note that ®(p) < e implies that

p = Opt(e) := ngp[fo(x) —€e:filx) <€, 1 <i<m]

Thus, p e-underestimates Opt if and only if p is in-between the optimal value of the problem of
interest (9) and the problem obtained from (9) by ‘optimistic’ e-perturbation of the objective and
the constraints.

Remark 1 Let p e-underestimate Opt. When (9) is feasible and the magnitude (absolute value)
¥ of the left derivative of ®(-) taken at Opt is positive, from convexity of ® it follows that

Opt—§§p<0pt.

Thus, unless ¢ is small, p is an O(€)-tight lower bound on Opt. Note that when (9) is strictly
feasible, ¥ indeed is positive, and it can be bounded away from zero. Indeed, we have the
following:

LEMMA 1 Let ¥ be the magnitude of the left derivative of ® at Opt and assume that » given by
(10) is positive. Then

9 >

where V = max — Opt.
Vi ma Jo(x) p

In respect to the constrained problem (9), our main result is as follows:

PROPOSITION 4 In the just described situation, assume that f;, 0 < i < m, are differentiable on
X, and that for some positive My, M, one has fori =0,1,...,mand all x € X:

E[eF&H /M < o Rl H/M] < ¢

Assume also that (9) is feasible, and that for N € Z,, s > 1, and ,,ju € [0,2+/T.N], € and B
satisfy

Q
€ > 2N UMy + MoR | S[1+ 571+ 4|,
’ an
B = Bl s i) = &™) e F U L 4 D)

where Q2 is given by (2), and t, is given in Proposition 1. Then the random quantity

Opty (&™) = minlfoy (v, £") — uMIN™2 ¢ fiy (e, &%) — uMINT2 <0, 1 < i < m]
XE
e-underestimates Opt with probability > 1 — .

MinMax Stochastic Optimization. The proof of Proposition 4 also yields the following result
which is of interest by its own right.
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PROPOSITION 5 In the notation and under assumptions of Proposition 4, consider the minimax
problem

Opt = mi}l{l max[fi (x), . .., fn(®)] (12)

along with its Sample Average Approximation
Opty (§") = minmax[fiy (&%), ... foun (6, E™)].
Then for every N € Z,., s> 1 and i, ju € [0,2+4/T,N] one has
Prob{Opty (V) > Opt + uM N~} < me /4% (13)

and

N Q 2 —1/2
Prob 1 Opty (§7) < Opt — | uM; + 2M, E[1+S 1420 [N
< e—;LZ/4‘E* + z[e—N(SZ—l) + e—lz/4‘r*]. (14)

An attractive feature of bounds (13) and (14) is that they are only weakly affected by the
number m of components in the minimax problem (12).

3. Numerical experiments

The goal of the experiments of this section is to illustrate numerically the ideas developed above.

3.1 Confidence intervals for problems without stochastic constraints

Here we consider three risk-averse optimization problems of the form (1) and we compare the
properties of three confidence intervals for Opt computed for the confidence level 1 — o = 0.9:

(1) the asymptotic confidence interval

Cale) = [fm —av (1-3) % v +ax (1-3) %] . (1)

Here ng and 8221\/ are estimations of expectation £ (x(£")) of F(x(&"), ') and of its variance,
taken over the distribution of independent from £V random vector & (here x(£") is the
SAA (3) optimal solution built using the N-sample £V). They are computed using a second
sample £V of £ of size N independent of &V:

N N
fv = }VZF(x(sN),sz), Gy = }VZF@@N),&V — faw (16)
=1 =1
(for a justification, see [25]).

(2) The (non-asymptotic) confidence interval Cgyp () is built using the offline accuracy certifi-
cates for the Stochastic Mirror Descent algorithm, cf. Section 3.2 and Theorem 2 of [11].
The non-Euclidean algorithm with entropy distance-generating function provided the best
results in these experiments and was used for comparison.
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(3) The (non-asymptotic) confidence interval, denoted Csaa (@), is based on the bounds of Propo-
sition 1. Specifically, we use the lower 1 — a/2-confidence bound Low®** of Corollary 1.
To construct the upper bound, we proceed as follows: first we compute the optimal solution
x(£N) of the SAA using a simulation sample £V of size N; then we compute an estimation
ng of the objective value using the independent sample £ as in (16). Finally, we build the
upper confidence bound

A % In[4a—!
Up' = fon + 2M, %,

where t* and M are as in Proposition 1 (cf. the bound (5)). Finally, the upper bound %SAA
computed as the minimum of Up’ and the upper bound UpS** by Corollary 1, tuned for the
confidence level 1 — /4, was used.”

For the sake of completeness, we provide in Appendix 2 detailed computation of the constants
involved for the three optimization problems considered in this section. SAA formulations of
these problems were solved numerically using Mosek optimization toolbox [1].

3.1.1 Quadratic risk minimization

Consider the following instance of problem (1): let X be the standard simplex in R": X = {x €
R": x; >0, Y I, x; = 1}, E is a part of the unit box {§ = [§1;...;&,]1 € R" 1 [|§]|oo < 1},

FOg) = ko x+ S E% £ = kon"x+ STV
with iy > 0 and pu = E{£), V = E{£&"}.
In our experiments, ko = 0.1, «; = 0.9, and & has independent Bernoulli entries: Prob(&; =
1) = 6;, Prob(§; = —1) = 1 — 6;, with 6; drawn uniformly over [0, 1]. This implies that

w201, vy = |EIEE(E) = 00— D@0~ 1) fori)
E{¢’} =1 fori =j.
For several problem and sample sizes, we present in Table 2 the empirical ‘coverage probabili-
ties” of the ‘asymptotic’ confidence interval C, () (i.e. the ratio of realizations for which C,(«)
covers the true optimal value) for « = 0.1 and ‘target coverage probability’ 1 — « = 0.9, com-
puted over 500 realizations (the coverage probabilities of the two non-asymptotic confidence
intervals are equal to one for all parameter combinations). We observe that empirical coverage
probabilities degrade when the problem size n increases (and, as expected, they tend to increase
with the sample size). For instance, these probabilities are much smaller than the target level,
unless the size N of the simulation sample is much larger than problem dimension n. On the

Table 2. Quadratic risk minimization.

Problem size n

Sample size N 2 10 20 100
20 0.94 0.68 0.59 0.10
100 0.95 0.87 0.70 0.46
10,000 0.94 0.95 0.91 0.85

Note: Estimated coverage probabilities of the asymptotic confidence intervals C,(0.1).
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Table 3. Quadratic risk minimization.

M, problem size n M, problem size n
|Cale)] [Ca(e)]
Sample size N 2 10 20 100 200 2 10 20 100 200
100 6.37 9.18 10.18 29.50 47.43 30.57 65.87 78.5 274.63 474.68
1000 3.27 4.33 4.52 13.92 22.46 15.52 32.56 36.98 134.67 232.32
10,000 3.15 4.37 4.40 13.44 21.96 15.46 32.40 35.87 131.70 227.56

Note: Average ratio of the widths of the non-asymptotic and asymptotic confidence intervals.

other hand, not surprisingly, the non-asymptotic bounds yield confidence intervals much larger
than the asymptotic confidence interval. We report in Table 3 the mean ratio of the widths of
non-asymptotic — Csaa(e) and Csyp(a) — and asymptotic confidence intervals C,(c).> These
ratios increase significantly with problem size (in part because the asymptotic interval becomes
indeed too short), and we observe that the confidence interval Cgpaa (o) based on SAA remains
much smaller than the interval Csyp () yielded by Stochastic Approximation.

3.1.2  Gaussian VaR optimization

We consider the instance of problem (1) where X C R” is the standard simplex, & has normal
distribution A'(0, £) on R"” with X;; < omax, and F(x,€) = ko& x + k1 |ETx|, with k; > 0, so
that f (x) = k14/2/7 v xTZx. Observe that in the present situation, minimizing f (x) is equivalent
to maximizing the s-quantile of the distribution of £Tx (Value-at-Risk VaR(e)) with ¢ = 1 —
W (k14/2/) where W (-) is the standard normal CDF.

We generated instances of the problem of different sizes with ko = 0.9, x; = 0.1, and diagonal
matrix ¥ with diagonal entries drawn uniformly over [1, 6] (o = \/6).

We reproduce the experiments of the previous section in this setting, namely, for several prob-
lem and sample sizes, we compute empirical ‘coverage probabilities’ of the confidence intervals
over 500 realizations. We report the results for the ‘asymptotic’ confidence interval C,(«) in
Table 4 for ‘target coverage probability’ 1 — « = 0.9 (same as above, coverage probabilities of
non-asymptotic intervals are equal to one for all parameter combinations). We especially observe
extremely low coverage probabilities for n =100 and N =20 or N = 100.

In Table 5, the average ratios of the widths of non-asymptotic and asymptotic confidence
intervals are provided for the same experiment. Same as in the experiments described in the
previous section, these ratios increase with problem size, and the confidence intervals by SMD
are much more conservative than those by SAA.

Table 4. Gaussian VaR optimization.

Problem size n

Sample size N 2 10 20 100
20 0.95 0.73 0.53 0.05
100 0.9 0.78 0.48 0.006
10,000 0.92 0.91 0.92 0.68
100,000 0.94 0.92 0.92 0.92

Note: Estimated coverage probabilities of asymptotic confidence intervals.
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Table 5. Gaussian VaR optimization.

[Csaa ()] [Csmp (@)

————— for problem size n ————— for problem size n
Cal] Catc)) "
Sample size N 2 10 20 100 200 2 10 20 100 200
20 4.42 6.15 6.11 6.27 6.35 40.16 112.38 133.80 183.61 205.66
100 5.04 9.11 10.79 12.87 13.44 46.41 172.00 244.68 397.01 458.85
10,000 5.27 12.17 16.29 26.65 30.28 49.15 237.79 386.31 974.32 1088.90

Note: Average ratio of the widths of the non-asymptotic and asymptotic confidence intervals.

3.1.3 CVaR optimization

We consider here the following CVaR optimization problem: given ¢ > 0, find

Opt, = minkoE(&"x'}) + k;CVaR (§'x) ¥ eR" ) ¥ =1, ¥

i=1

IV

0, (17)

where the support E of £ is a part of the unitbox {§ = [£;;...;&,] € R" : ||§]l0o

IA

1}, and where

CVaR, (X)) = min {x) + Efe '[£"Y — x0]1 1)

is the Conditional Value-at-Risk of level 0 < & < 1, see [22]. Observing that |€Tx'| < 1 a.s.,
the above problem is clearly of the form (1) with X = {x = [xo;x};...;x,] € R™ [xo| <
1, x,...,x, >0, %" x;=1}and

T,/ 1 T ./
F(x,&) = ko§ x + 1 <x0+g[§ x —xO]+)-

We consider random instances of the problem with «o,x; € [0,1], and & with indepen-
dent Bernoulli entries: Prob(§; = 1) = 6;, Prob(§; = —1) =1 —6,;, with 6;, i = 1,...,n drawn
uniformly from [0, 1].

We compare the non-asymptotic confidence interval Csaa(a) for Opt, to the asymptotic
confidence interval C,(«) with confidence level 1 —« = 0.9. We consider two sets of prob-
lem parameters: (ko, k1, &) = (0, 1,0.5) and (ko, k1, &) = (0.1,0.9,0.1). * The empirical coverage
probabilities for the asymptotic confidence interval are reported in Table 6. As in other experi-
ments, the coverage probability is still below the target probability 1 — o« = 0.9 when the sample
size is not much larger than the problem size. For SAA, the coverage probabilities are equal to
one for all parameter combinations.

We report in Table 7 the average ratio of the widths of non-asymptotic and asymptotic confi-
dence intervals. Note that the Lipschitz constant of F (-, £) is proportional to 1/& when ¢ is small.

Table 6. CVaR optimization.

¢ = 0.1, problem size n + 1 e = 0.5, problem size n + 1
Sample size N 3 11 21 101 3 11 21 101
100 0.96 0.74 0.85 0.78 0.87 0.79 0.82 0.70
1000 0.95 0.88 0.86 0.67 0.90 0.87 0.81 0.90
10,000 0.92 0.93 0.91 0.94 0.98 0.88 0.91 0.95

Note: Estimated coverage probabilities of asymptotic confidence intervals.
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Table 7. CVaR optimization.

& = 0.5, problem size n + 1 & = 0.1, problem size n+ 1
Sample size N 3 11 21 101 201 3 11 21 101 201
100 5.89 3.95 4.59 15.54 14.74 293.47 27.61 9.14 14.32 14.44
1000 6.48 5.36 5.38 14.27 22.97 294.16 27.04 8.72 34.43 37.42
10,000 4.30 4.62 6.30 8.74 8.77 293.92 2691 8.66 31.70 34.18

Note: Average ratio |Csaa («)]/|Cq(@)| of the widths of the non-asymptotic and asymptotic confidence intervals.

This explains the fact that for small values of e, the ratio of the widths of the proposed non-
asymptotic and asymptotic confidence intervals grows up significantly, especially for problem
sizen+1=3.

The experiments of this section show that when the sample size is not much larger than the
problem dimension, the asymptotic computations fail to provide the confidence set of the pre-
scribed risk. In such case the proposed approach, though conservative, seems to be the only
option available for constructing a reliable confidence interval.

3.2 Lower bounding the optimal value of a minimax problem

We illustrate here the application of Proposition 5 to lower bounding the optimal value of the
MinMax problem (12). To this end we consider the toy problem

Opt = minmax | fi(x), i=1,....3, x=[wv]. veR ueR". > u=1,u>0[, (18)
i=1

where

@) =v+E{e  ETu v+ x1. A0 =EEW + xo, A0 = x5 — E{gTul,

¢ and y being some given parameters. The SAA of the problem reads

Opt(£Y) = min max [f,-,N(x,sN), i=1,....,3, x=[u;v]lve R, ueR", § =1, u> 0} ,
X
i=1
(19)
with

1 N
five &%) =v+ =) [g u— v+,
=1

1 N 1 N
fon(x,EY) = v ;s? utxa fHaEY) = x5 — v ;sf .

One can try to build an ‘asymptotic’ lower bound for Opt as follows (note that here we are not
concerned with the theoretical validity of this construction): given the optimal solution x(£V)
to SAA (19) and an independent sample £V, compute empirical estimations f;,y and 632,\, of

expectation and variance of F;(x(¢"), ), as explained in Section 3.1, then compute the lower
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Figure 1. Optimal value Opt of the stochastic program (18) along with lower bound derived from the results of
Proposition 5 and ‘asymptotic’ lower bound %(SN ). The results for ¢ = 0.5 on plot (a), for ¢ = 0.1 on plot (b).

bound ‘of asymptotic risk @’ according to

A o;
Opi(") = max, {f,-,m —av (1-3) ﬁ} .

In Figure 1, we present the simulation results for the case of £ € R” with independent Bernoulli
components: Prob(§; = 1) = 6;, Prob(§; = —1) = 1 — 6;, with 6; randomly drawn over [0, 1].
Parameters y;, i = 1,2, 3, are chosen in such a way that f}, f>, and f3 are equal at the minimizer
of (18). More precisely, the results of 100 simulations of the problem with n=2 and N = 128 are
presented in Figure 1 for the value of CVaR parameter ¢ = 0.5 and ¢ = 0.1. Note that in this case
the risk of the lower bound Opt(£%) is significantly larger than the prescribed risk &€ = 0.1 already
for small problem dimension — the ‘asymptotic’ lower bound failed in 33 of 100 realizations in
the experiment with ¢ = 0.5, and in 36 of 100 realizations in the experiment with ¢ = 0.1.

3.3 Optimal value of a stochastically constrained problem

An SAA of a stochastically constrained problem, even with a single linear constraint, can eas-
ily become unstable when the constraint is ‘stiff’. As a simple illustration, let us consider a
stochastically (linearly) constrained problem

Opt, =min |f(x) : iX) <0, x=[w;v], veR ueR", Y uy=1u=0|,  (20)
i=1
where
fo) =v+E{e ' [Tu—v]y) and fi(x) = x — E{£"u},

and € and yx are problem parameters. The SAA of the problem is

Opt, (¢") = min | fox(): fin(@) <0, veR ueR, Y u=1,u=0/, @D
x=[u;v i
where
N

1 1 &
fon &) =vt = [gu— vl and fiyeng) =x - ) &
=1

t=1



Optimization Methods & Software 1047

8 T T T T 0.5 T T T T T
T
—-—-—--Opt(p) | i | — — — - p constraint
P opt(rho,eN) | | 0.45 i‘ i b === 1 x(p,Vy value
! (. E) i g — uTx(pe6,6N) value
“ — — — - Opt(p-6) i | Hl i } T i
6F | | Opt(tho-5.¢") | | 04 i N ! P
| . i P
{ | TR I N i P h
i i 0.35F i i g P T T
5r i i i i HE T i
Pl i [ i i R
0-3*T'{H‘lr*"ﬂH’73*T{*ﬂ"h‘rﬁ"l%*ﬂ*ﬁﬁ*ﬁf*
4t i R
LR M A R R AT R T
L P v i [
3 fij oo R ‘; A [
L il i i il Y : 3 |
: o2y i RN R A I TR
o AT [ R N
! [ { | P ;
L N H i H P!
2 015 i — oo
’ ‘ ‘ ‘ ‘ o1 ‘ ‘ ‘ il
0 20 40 60 80 100 0 20 40 60 80 100

(a) (b)

Figure 2. Plot (a): optimal value Opt of the stochastic program (20) with constraint right-hand side x and x — §, along
with corresponding optimal values of the SAA. Plot (b): ‘true value’ of the linear form . Tx(£V) at the SAA solution.

Consider now a toy example of the problem with u € R?, & ~ N(u, ) with u = [0.1;0.5] and
¥ = diag([1;4]). Let N=128, x = 0.3, and ¢ = 0.1. One can expect that in this case the opti-
mal value Opt, (V) of the SAA is unstable (in fact, problem (21) is infeasible with probability
Prob{(1/N) Zﬁvzl &2 < x} = Prob{2N (0, 1)/+/N < —02} =0.128...). We compare the solu-
tion to (21) with the SAA in which the right-hand side x of the stochastic constraint is replaced
with y — & where § = gnr(1 — s/n)(crmax/\/ﬁ) = 0.5815..., omax = max; 2;;. In Figure 2 we
present the simulation results of 100 independent realizations of the above problem. As expected,
the SAA (21) is unstable; the problem turned infeasible in 22% of realizations. The SAA with
the relaxed constraint exhibits much better stability.
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Notes
1. For example, for o < % and € < M| + 4M; we have an immediate (though rough) bound

4n (M) + 4M) In(d/r)
- . .

¢ €

2. Itis worth to mention that in our experiments the upper bound UpS** was too conservative and was systematically
‘outperformed’ by the upper bound Up'.

3. Note that asymptotic estimation 6y of the noise variance often degenerates. To avoid division by zero problems,
we only kept the realizations where asymptotic confidence intervals cover the true optimal value.

4. Value ¢ = 0.1 is a typical choice in risk-averse portfolio optimization setting. On the other hand, CVaR minimiza-
tion for € = 0.5 corresponds to median regression, an important special case of quantile regression model, see
[10].

5. For details, see, e.g. [16, Theorem 2.1]



1048 V. Guigues et al.

6. Infact, in the numerical experiments we have used a slightly better bound M> which can be defined as follows. Let
ty, 0 < t,, < omax be the unique solution of the equation

2.2
nZI” Omax

M) = ——5—5— =
- 2[%0%”
(observe that fzn(~) is monotone on ]0, 1/ 20max[, S0 1, can be computed using bisection). The same reasoning as

in the proof of Lemma A.2 results in the bound

+ 2
My = (ol D) K]O'max\/;. ©2)

In

For instance, in the experiments of Section 3.1.2, for omax = /6 and n € {2, 10,20, 100}, the values of 1/t, (resp.
of its upper bound omax+/2(2 + Inn)) were 4.97,6.46,7.05,8.27 (resp. 5.68,7.19,7.74,8.90).
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Appendix 1. Proofs

A.1 Preliminaries: large deviations of vector-valued martingales
The result to follow is a slightly simplified and refined version of the bounds on probability of large deviations for
vector-valued martingales developed in [6,14].

Let || - || be a norm on Euclidean space E, || - ||+ be the conjugate norm, and B)j. be the unit ball of the norm. Further,
let @ be a continuously differentiable distance-generating function for B compatible with the norm || - || and attaining

its minimum on By at the origin: @' (0) = 0, with »(0) = 0 and = max,|y<1 v2[@®)].
LEMMA A.1 Letdy,dy, ... be a scalar martingale-difference such that for some o > 0 it holds
E{e/? |dy,. .. dij) <e as.t=1,2,...

Then

N A0 <n < 2JTN
Prob{ S d>a0VN <€ ) D=tV (A1)
=1 e /3, A > 24/TN,

Dy
where T, is defined in Proposition 1.

Proof Assuming without loss of generality that o =1 observe that under lemma’s assumptions we have
E{e”‘gzdf2 |dy,...,di—1} < ewt? whenever 7,02 < 1 where 1, is defined in Proposition 1, and therefore for almost all
d=' = (dy,...,d—1) we have for 0 <0 < 1/./7

E{eed, |dz—1} < E{0d, +er*92d,2 ‘dt—l} _ E{er*ezd} [d") < 61*92. (A2)
Thus, for 0 < 0 < 1/./T:, we have E{e?PV} < =N and Vi > 0

Prob{Dy > AN} < e0°N-20VN

When minimizing the resulting probability bound over 0 < 6 < 1/,/7,, we get the inequality (A1) for & € [0,2+4/7.N]:
Prob{Dy > A+/N} < e /4% The corresponding bound for A > 2./7.N is given by exactly the same reasoning as
above in which (A2) is substituted with the inequality

E{eed, |dz71} ~ E{c392/8+24,2/3 ‘dr—l} - e392/8+2/3 < e392/4

when 0 > 1/.,/T,. | ]

PrROPOSITION A.1  Let (x1)i=12,..., X: € E, be a martingale-difference such that for some o > 0 it holds

E{euxf”i/"2 [ Xls- oo xic1} <e as.t=12,... (A3)

Then for every s > 1, we have

N 2 2
QN —N(s°—1) —A7 4Ty
Prob{ 3w >o*|: f[1+s2]+/\ﬁ“§=e te A (A4)
=1 *

2 e NG =D + e_kz/*?, A > 21N,
where 7, is defined in Proposition 1 and 2 is given by (2).
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Proof By homogeneity, it suffices to consider the case when o = 1, which we assume from now on.
19, Let y > 0. We denote

Vi) = wW) — o) — (' @), u—x) [u,xe Byl

and consider the recurrence
x1 =0, g = argmin[Vy, () — (¥ x, 1)1
YEB||
Observe that x; is a deterministic function of x'~!
mapping (see. e.g. [14, Lemma 2.1]),

= (X1,---» X—1), and that by the standard properties of proximal

N 2 N
v
V@ eBpp iy Y (X —x) < Volu) — m,(u)+—2||xtu* < 292 5 antu2
=1

t=1

Thus

oo <zx,,u> 2Ly z 2 +z<x,,x,
[I-1l

‘W—"“—/—"

nN N
Setting y = Q/\/ﬁ, we arrive at
N \/7
N N
< 1 7] . AS
1213X<Z >_ [+N +ov (AS)
Invoking (A3), we get
E{e™} <eV
(recall that o = 1), whence
Vs>0: Prob{ny > s2N} < min[l,eV(1=)], (A6)

29 When invoking (A3) and taking into account that x; is a deterministic function of x' !

X € By, we get

such that ||x/|] < 1 (since

E{(xnx) | x'™ =0, Ble%| 1) <e. (A7)

Applying Lemma A.1 to the random sequence d; = (s, x;), t = 1,2,... (which is legitimate, with o set to 1, by (A7)),
we get

e 0 <1 < 2N,

Prob{¢y > AVN} < A8
tew e ‘2/3, A > 2/T«N. (A8)
In view of (A6) and (AS8), relation (AS) implies the bound (A4) of the proposition. | |
A.2  Proof of Proposition 1
Let x, be an optimal solution to (SP), and let 7 = Vf (x,), so that by optimality conditions
(hy,x —x4) >0, VxeX. (A9)

19, Setting §(§) = F(xy, &) — f(x,), invoking (4.a) and applying Lemma A.1 to the random sequence d; = §(§;) and
o = M; (which is legitimate by (4.a)), we get

N
1
VOV € Zy, € [0.2y/TND) ¢ Prob i 38 > uMNT2 Y < e (A10)

=1

Since clearly

1 N
Opty (6") = fiv(x, £¥) = Opt+ = > 8(60),
=1

we get

Prob{Opty (6V) > Opt + uMN~/2) < e #*/4%, (A11)
20Tt is immediately seen that under the assumptions of Proposition 1, for every measurable vector-valued function
8(§) € 0¢F (x4, &) we have

= /ﬁg(S)P(dS) (A12)
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Observe that hy (V) = (1/N) Zf/:l g(&;) is a subgradient of fy (x, &Ny at the point x,. Consequently, for all x € X,

IO Y)Y > fy O, ) + (v (EY), x — x)
> [ () + (hox = x )T+ (e EY) = F )] + (v EY) = hyx — x4)]
JEIT I "%

>Opt by(49)

N N
1 1
> Opt+ - D S 8(E) — I = hyEV)lllv — ]l = Opt+ > 7 8(&) = 2llh — hy ™).

=1 =1
(the concluding inequality is due to x, x, € X and thus ||x — x.|| < 2R by definition of R). It follows that

1 N
Opiy (£") = Opt + - >~ 6(6) — 20k — V) LR. (A13)

=1
Applying Lemma A.1 to the random sequence d; = —§(&,) we, similarly to the above, get

N
1
V(N € [0.2y/TND) < Prob y 3 8E) < —uMiNTI2 Y < e (A14)
=1
Further, setting A(§) = g(§) — Vf(x,), the random vectors x; = A(§),t = 1,2,..., are i.i.d., zero mean (by (A12)),
and satisfy the relation
EfeltZ/My < ¢
by (4(b)); besides this, hy (V) — h = (1/N) Z?’Zl X:- Applying Proposition A.1, we get

VYINeZy, s> 1, A e[0,2\/1.N]) :
Q 2
Prob {||h _ hN(SN)”* > M, |:E[1 +S2] +)"i| Nfl/Z} < e~ NG =D +e—k2/r*.

This combines with (A13), and (A14) to imply (6).

A.3 Proof of Proposition 2

Due to similarity reasons, it suffices to prove the proposition for L=R = 1. Let B, be the unit Euclidean ball of R",
and let foraunity € R" and 0 < 6 < 7/2, h, g be the spherical cap of By, with ‘center’ v and angle 6. In other words, if
§ = 2sin’ (0/2) is the ‘elevation’ of the cap h, ¢ then h,p = {x € B, : vIx > 1 — 8}. Observe that for any 9 > 460 we
can straightforwardly build the system Dy of vectors in the n-dimensional unit sphere "~ ! in such a way that the angle
between every two distinct vectors of the system is > 26, so that the spherical caps &, g with v € Dy are mutually disjoint,
while the spherical caps &,y cover S,,—. If we denote by A,_; () the area of the spherical cap of angle ¥ < /2, then
Card(Dg)A,—1 () > s,_1(1), where s,,_1(r) = 2n”/2r”*1/l"(n/2) is the area of the n-dimensional sphere of radius r.
Note that A,,_; (1) satisfies

n—1

D3 ¥ ¥
0
A1 (9) =/ sn,z(sint)dz=s,,,2(1)/ sin”*ztdtgsn,z(l)/ 72 dr = 5,2(1) o
0 0 0 n—

We conclude that
sp—1(D(n—1)
- >
Spa(Don=1 —
forn > 2. From now on we fix & = 1/8 and when choosing ¥ arbitrarily close to 46 = %, we conclude that for any n > 2
one can build Dy such that Card(Dg) > 2".
Now consider the following construction: for v € Dg, let g,»(-) : B|.|, — R be defined according to g, ¢ (x) = wix —

(1 —8)]4+, where 6 =2 sin? (8/2) = 0.0078023 ... is the elevation of &, ¢. Let us put

Card(Dy) > 39"

f@ =" o),

veDy

and consider the optimization problem Opt = min[f (x) : x € By, ]. Since g, s is affine on £, s and vanishes elsewhere
on By, and ||v||> = 1, we conclude that f is Lipschitz continuous on By, with Lipschitz constant 1. Let now

Fx,8) =) 268,00,

veDy
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where &,, v € Dy are i.i.d. Bernoulli random variables with Prob{&, = 0} = Prob{§, = 1} = % Note that E¢ {F(x, &)} =
S @) Vx € By, Further, for x € /9, B¢ {F(x,£)? — ()2} = g2, (x) < 6%, and

IF (&) — f/ 113 = 126, — Dgh @13 < L.

Let us now consider the SAA fy (x, V) of f,

N N
oY) = % D FE) =) % D Engne ), (A15)
=1 veDy =1
ey
&, t=1,...,N, being independent realizations of &, and the problem of computing
Opty (£Y) = min[fy (x, ") : x € By, 1. (A16)

Note that for a given v € Dy, Prob{Zf’:] &y=0}= 27N Due to the independence of &,, we have

N
Prob (Zs,,v >0, e De} = (1 =27 M)EP) < (=27 < &2/ < exp(—1),

=1

for N < n. We conclude that for N < n, with probability > 1 — e~ !, at least one of the summands in the right-hand side
of (AlS5), let it be g{-}fg (x), is identically zero on By.|,. The optimal value OptN(SN) of (A16) being zero, the point

x(EN) = ¥ is clearly a minimizer of fy (x, V) on B, yet f (x(§")) = 8, i.e. (7) holds with ¢y = §.

A.4  Proof of Proposition 3
19, Let us consider a family of stochastic optimization problems as follows. Let || - || = || - [l and let X be the unit
| - l2-ball in R™. Given a unit vector & in R”, positive reals o, s and §, d, and setting & = [n; ] ~ N(0, I), consider two
integrands:

Fox,§) =anh'x+s¢, Fi(x,§) = Gh+onh) x+ (s¢ — d),
so that

fot) :=Ee{Fo(x,£)} =0, fi(x) :=Ee{F1(x,6)} =8h"x—d.
Let us now check that Fp and F verify the assumptions of Proposition 1. In the notation of Proposition 1, we have for
F

L(x,&) = ||[8h + onh] — éhll2 = onl,
whence, setting M, = o/y with y? = %(1 —e?),

E{exp(L(x,§)*/M}} = exp(1}.
Similarly, setting M| = /o2 + 52/, we have

E¢{exp{(on + s¢)*/M{}} = exp{1},

so that, for every z € [—1, 1],
E¢ {exp{(onz + 5¢)* /M7 }} < exp(1)}.
When x € R" and ||x||2 < 1, we have F (x, &) — fi (x) = onhTx + s¢, therefore

Ee {exp{(F1(x, &) — fi(0)2/M?)} < exp{1}.

We conclude that F' = F| satisfies the assumptions of Proposition 1 with

My =vo2+s2]y, My=o/y.

It is immediately seen that F = F| satisfies the assumptions of Proposition 1 with the same M;, M.

20, Now, with X = {x € R" : |[x|| < 1}, the optimal values in the problems of minimizing over X the functions f;
and f] are, respectively,

Opty =0, Opt; =—-8§—d.

Suppose that there exists a procedure which, under the assumptions of Proposition 1 with some fixed M, M>, is able,
given N observations of V. F(-, &), F(-,&), to cover Opt, with confidence 1 — «, by an interval of width W. Note
that when W < |Opt, |, the same procedure can distinguish between the hypotheses stating that the observed first-order
information on f comes from Fy or from Fy, with risk (the maximal probability of rejecting the true hypothesis) . On
the other hand, when F = F( or F = F, our observations are deterministic functions of the samples wy, . ..,wy drawn
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from the two-dimensional normal distribution A/ ([8] , [“02 Ag :|) for F = Fy, and N ([g] s ["02 S% ]) for F = Fy. It is
well known that deciding between such hypotheses with risk < « is possible only if

82 d? 2

—+ = > ——gnv(—-a).
02+S2—W‘W( o)

We arrive at the following lower bound on W, given My, M>, with My > M, > 0:

W= sd: [ 2wl =M —w =W
max : — —a)p = —a)=W.
T 60, d>0 szzz )/Z(Ml2 —MZZ) - WqN VN w o

A.5 Proof of Lemma 1

Without loss of generality we may assume that Opt = 0. Let X be such that fj(x) < —3¢, | <i < m. Given § > 0, there
exists xs € X such that fy(xs) + 8 < ®(—=8) and fi(xs) < ®(=6), 1 <i < m;note that &(—5) > O dueto —6 < 0 = Opt.
The point

D(—5) P

T =) et a(—)?
belongs to X and is feasible for (9), since for i > 1 one has

d(-9) _ > O(—68) s« 2®(—38) _
0= eVt e = T e Tt ey 0
As aresult,
_ D(=6) _ > d(=8§)V P
0=0pt < fo(x) < %+®(_8)f0(x)+ %+®(_8)fo(xa) =< et D(—8) + et D= [@(=d) — 3]

The resulting inequality implies (®(—38) — ®(0))/§ = ®(—8)/8 > »¢/(3c+ V); when passing to the limit as § — +0,
we get ¥ > 3¢/(V + ).

A.6 Proof of Proposition 4

Let us fix parameters N, s, A, u satisfying the assumptions of the proposition, let €, § be associated with these parameters
according to (11). We denote

Jon G gY) = fon(x, 8Y) — uMNTI2,
fin &) = fin V) —udi N7V 1 <i<m,
and set
Oy (rEY) = min max[fon (v, £Y) — 1 fin (L EY), L v (L EV)]L

Then @y (r, V) is a convex nonincreasing function of r € R such that
Opty (V) = min{r : dy(r, V) <0}.

Finally, let 7 be the smallest r such that ®(r) < €. Since (9) is feasible and ®(r) — oo as r — —oo, 7 is a well-defined
real which is < Opt (since Opt is the smallest root of ®) and satisfies (7)) = €.
Let us set

E=(": oyO0pt,Y) <0y n{EY : Dy EY) > 0.

Q]
(1]

1 2

Since @y (r,£V) is a nonincreasing function of r and Opty (€N) is the smallest root of @y (-,&VN), for £V £ we have
7 < Opty &) < Opt. The left inequality here implies that ® (Opty (V) < € (recall that @ is nonincreasing and @ (r) =
€). The bottom line is that when £V € &, Opty () e-underestimates Opt. Consequently, all we need to prove is that
N ¢ & with probability at most 8.
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19, Let x, be an optimal solution to (9). Same as in the proof of Proposition 1, for every i, 0 < i < m, we have (see

(A10))
Prob{fin (v &) > fi(rs) + uMIN~/2) < e /4
whence for the event
E =&V fin 0o EV) < fiv) + uMINT2 0 < i < m)
it holds
Prob{e" ¢ &} < (m + De /4% (A17)

By the origin of x, we have fy(x,) < Opt and f;(x,) < 0, 1 <i < m. Therefore, for £¥ € &’ it holdsfo’N (x4, &Ny < Opt
and fi y (s, £¥) < 0,1 < i < m, that is,

Dy (0pt, Y) < max[fon (e, EY) — OpLFiy (6 EY), - fuy (ea EN)] 0,
implying that €Y € E;. We conclude that 2’ C &1, and, by (A17),
Prob{e" ¢ E1} < (m + De /4, (A18)

20, We have € = ®(F) = miney max[fo(x) — 7,f1(x), ..., fm(x)], whence by von Neumann’s Lemma there exist
nonnegative y; > 0,0 < i < m, summing up to 1, such that

€ = min[€(x) = 3o(o(x) =)+ Y_yifi(0)]

i=1

=nin | [ [lFoces) =71+ 7 )] Pge)

xeX

L(x§)

Under the assumptions of the proposition, the integrand F satisfies all assumptions of Proposition 1. Setting
X
g = - ;w, &)
i=

and applying Proposition 1 we get

Prob { &V : min £y (x, V) < min £00) —[My + (201 + §2] + 2AIMRIN /2
XE. XE.

———
=€

< e NP1 4 o—u?fhne 4 —i2 /4T

Now, in view of

ey EY) = dolfon (6 V) = Fl+ Y Adin (6 V) +uMiNT2,
i=1

Iy @EN)
and due to the evident relation minyey &y (x, V) < Oy (7, EV), we get

Prob{®y (7, £Y) < € — [uM + [QU] + 571 + 2AIMaRIN Y2 — My N~}
. N —1/2 Q 2
< Prob ml)?ZN(x,S ) <e—2N uMi + MrR E[l—i—s]—i—k
XE
< e—p2/4u + emeLU + e—}nz/lh'*.

By (11), we have
Q 2 —1/2
€ — 2| uMy + MaR 2[1+s]+}» N > 0,

and we arrive at ) ) , s
Prob{s" ¢ 82) = Prob{®y(7,6") < 0) < e /4 o7V g em /AT
The latter bound combines with (A18) to imply the desired relation

Prob{g" ¢ B) < e #/4% e NEID Lo A gy 4 1yeH A = g,
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Appendix 2. Evaluating approximation parameters

For the sake of completeness, we provide here the straightforward derivations of the parameter estimates used to build
the bounds in the numerical section.

A.7 Notation

Let P be a Borel probability distribution on R¥ and let E be the support of P. Consider the space C of all Borel functions
g(-) : E — R such that ngp{exp{gz(é)/Mz}} < oo for some M = M (g). For g € C, we set

wlgl = inf(M > 0: Ez-plexp{e”(€)/M*}} < exp{l}}. (A19)

It is well known [29] that C is a linear subspace in the space of real-valued Borel functions on E and 7[-] is a semi-norm
on this (Orlicz) space. Besides, for a constant g(-) = a we have 7 [g] = |al, and |g(-)| < |h(:)| with & € C and Borel g
implies g € C and 7 [g] < 7 [h].

Given a convex compact set X C R”, anorm || - || on R”, and a continuously differentiable distance-generating func-
tion w(-) for the unit ball B).; which is compatible with this norm, let R be the radius of the smallest || - [|-ball containing
X. Given a Borel function F(x,&) : R* x E — R which is convex in x € R” and P-summable in & for every x, let

f) =E{Fx&}: X > R

We set
Migo = sup |F(x,§) —f)],
xeX kel
Ml,exp =suprw[F(x,-) — f(xX)],
xeX
L(x,§) = sup llg = Al

gENF (x.§),hedf (x)

M, = supm[L(x,-)].
xeX
Note that adding to F'(x, §) a differentiable function g of x: F(x, &) — F(x,&) + g(x) does not affect the quantities M| o,
M exp, and M.
Our goal is to compute upper bounds on M1 o, M1 exp, and M> in the different settings of Section 3.1.1.

A.8 Quadratic risk minimization

In this case
o X={x=[x;..5x5] €R": x,...,x, >0, >0 x; =1},
e Eisapartof the unitbox {§ = [£1;...:6,] € R": [[§]loo < 1},

o F(x,8) = ko x+ (k1/2)(ETx)%, with k1 > 0, and £ (x) = kop x + (k1 /2)x"E{£& T }x, where 1 = E{¢}.
The parameters My, M, R and €2 of construction can be set according to:

1, n=1,
V2, n=2,

I 2e
N nGn)

IF(x, &) = f)] < Iroll(E — ) Tx| + %M(v — &N < kol & — plloo +

M152|xo|+%‘, My =2kl +k1. R=1, Q= (A20)

Indeed, for § € E and x € X, we get
K1
2

(indeed, since V is positive semidefinite with ||V |ls < 1 and ||£]lsc < 1, we have |xT(V — ££T)x| < 1 for all x such
that ||lx||; < 1), and

K1 K1
Ml,exp <Moo < kol(1 + lIitlloo) + 7 < 2|xo| + 3

Further, let us equip R” with the norm || - || = || - |1, so that || - ||« = || - |ls0, and endow the unit ball of the norm
with the distance-generating function

—_

n<l1

1< 2 forn <2
- = P p= =25
©O= 0y ;\m, P11+ 1/ forn>3,"

n=4

0| =

y = (A21)

eln(n)’
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resulting in 2 = /2/py and R = 1. Now letx € X and £ € E, and let g be a subgradient of F(x, £) with respect to
x, and & be a subgradient of f at x. We have

g =Kok +k1EET), h=rkop+KVx,

thus
lig — Al < IiolllE — stlloo +x1lV — £& Tlloo < lic0l(1 4 [Itlloo) + 261
We conclude that
My < |kol(1 + lI1tlloo) + 261 < 2|k0| + 21

A.9 Gaussian VaR optimization

Here the situation is as follows:

e X={=[x;.. 0] eR ixp,... .0, >0, X0 x =1},
e £~N(O,Z)onR", = >0,
o F(x,€) = ko&Tx + k1 |ETx|, with k1 > 0.

We have f (x) = /(2/7)k10y, with 0, = +/xT Zx. In this case one can set 2 and R as in (A20), along with

2¢2
M, = e27_]|KO| + V21 | Omaxs

/2
M = (liol + K1)0maxv/2(2 + Inn) + k10max ;»

2
where oy

= maxi<i<p Zij-
Indeed, we have £Tx ~ A/(0, JXZ), we conclude that f (x) = k1+/2/m0,, whence

IF(x,&) = £l < lolIE x| + k1 [1ETx = V/2/mo| = oullicol Il + k1 l1me] — /2/7]
where 1, = £Tx/o, ~ N(0, 1). By direct computation we get

2¢e?

il =vi= /5= =152...

Next, setting ¥ = 4/2/m we observe that
S / exp{|ls| — 92/2 — s%/2}ds = /oo exp{[s> — 205 + 0> — 5°1/2} ds
V2 0

=9 /oo exp{02/2 — 95} ds = exp{9?/2} < exp(1},
0

implying that

lline = 2/l < V2.

TIF(x, ) = f W] < oxllkolmlinel] + ki llne] = v/2/7 |11 < oxlvlkol + v2k11.

Taking into account that for all x € X 0}2 =xTZx < || Z|oo, We arrive at

Miexp < [lkol + V2611V Z oo = [V]ko| + /261 10max.- (A22)

Letx € X, and let g be a subgradient with respect to x of F(x, &), and & be a subgradient of f(x). We have

As aresult,

g = Kko§ + k1§,

with x = x(x,§) € [-1,1], so that
lgllee < [lxol + x1111€ ]l 0o-

e, JGTE0 7128y, x#£0,
A[vVx'Zx] = {{El/zu’ lull, <1}, x=0.

Note that

Therefore, for all 2 € 9f (x) one has

2 ) 2 »1/2 2 2
llloo < K1y/ = sup IEdleo _ 2 qup IE e _ 2 s 12721 < s10maen| =
T 220 v/xTEx T oyz0  Iyll2 7T l<izn 7
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(here X'~ stands for the ith row of X 1/ 2), and

/2
lg = Alls = lg — hllo =< [lxol + K11lIE oo + K10max ;,

that is,

2
Lx, &) = [Ixol + «1]lI§ lloo +Klnmax\/;~

We conclude that

2
7[L(x, )] = [lxol + «11m [l lloo] + KlUmax\/;-

We now use the following simple result.®

1057

(A23)

LEMMA A2 Let & be a zero-mean Gaussian random vector in R", and let 5> > maxi<j<p E{Eiz}. Then for M >

422+ Inn)

Efelél3/M?y < ¢

Proof Let 1, = max;<;<, |&|. We have the following well-known fact:

Y (r) :== Prob{n, > r} < min{l,ne_’z/zﬁz}.

Therefore, for |1] < (v/25)7!,

5 oo oo
E(e") = — / ey, =1+ / 221”7y, () dr
0 0

21252 Inn N
<e + 2nt rexp | — —
+/21Inn 20
2-2 21252
_ 21262 Inn 2t 21262 Inn _ n
=¢ 22 = 252"
1 —2t°6 1—2t0c

1_212—2 2
(2607 }dr

Note thate™ < 1 —x/2for0 <x < 1. Thus foralln > l and t < (6/2(2 Fnn)~ !,

n2z2&2 elnn/@+Inn)

<
0252 — 1
1—2tc l—m

= 12/ 2+Inn <
1+1Inn

Finally, using the result of the lemma we conclude from (A23) that one can take for M; the expression

/2
(ol + x1)0maxy/ 2(2 + Inn) + k1 Omax

= .

A.10 CVaR optimization

(A24)

Consider the portfolio problem of Section 3.1.3. With some terminology abuse, in what follows, we refer to the special

case n =1 with x; = 1 as to the case of n =0.

o X ={x=[xp;x1;..sx] € R xg| < 1, xp,eo 0, 20, Y0 = 1,
e & be a part of the unit box {§ = [&1;...;&,] € R" : ||E]lco < 1},
o F(x,&) =KoY iy &ixi + k1lxo + (1/€) X1, &ixi — xo)+], with ko, k1 € [0,1].

The parameters My, M, R, and 2 of construction can be set according to:

K1

_ K1 _ e
m b ).
1, n=0,
V2, n=1,
N R i

[ 2e(In(n))?
1+ m, n>3.
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Indeed, denoting &, = £Tx and u; = E(&;}, we have
- 1
fO) =KoY pwixi + 11 |:x0 + —E{[& - x0]+}] )
i=1 €
whence for £ € Eandx € X

D lE - il

i=1

IF(x, &) — £ ()] < Ko + %\[sx —xoly — E{l& — xol 4}l

We have |&,| < 1, whence 0 < [y —xol4 < 14 [—x0]4+ and 0 < E{[& — x0]+} < 1 + [—x0]+. Then,
=2 < —1—[-x0l+ < [& —x0l4+ — E{[&x — x0l4+} < 1+ [—x0l4,
so that
[[&x — xol4 — E{[&x — x0l4}] < 2.
We conclude that
2K K1
Miesp = Mioo = k(1 + nlloo) + =4 =2 (ko + =) (A25)

In what follows, for a vector from R"*!, say, z = [205215- - -3 2nl, We set 2/ = [z15 .. .; 2,1, so that z = [z0;Z']. Let us

define norm || - || on R"*! as
Ixo: X1 = /x5 + I/,

implying that
x0Tl = (/o5 + 1¢'1%.
A distance-generating function  ([xo; x']) for the unit ball of the norm || - || can be taken as
1, n<l,
1 1 & 2 n<?2 ! 2
) — — 2 RTJ B2 < _1l5 n=2,
x0i]) = 5%+ — ;m P i“r U, a3 7)Y
a , 3,
eln(n)

resulting in

L. n=0 1, n=0,

Q= 2 d R= A26
R {ﬁ n>1. (20
py

Letx € X and & € &, and let g = [go; g'] be a subgradient of F(x, &) with respect to x, and & be a subgradient of f
at x. We clearly have

K1 K1 K1
80 =K1 = " X0, g/=K0§+?§Xl, ho=K1—?X2,
where y; € [0, 1]. Next, forn > 2,

If (Dxos X1 — £ (Lxos YD = o™ —y) + %(E{[sTx’ —x0l+} — E{[£TY —xol+ )|
< wolllloolly’ =11 + %Eﬂsw )
< (o + DI =yl
&

It follows that f ([xg;x']) is Lipschitz continuous in X with constant ko + k1 /¢ with respect to || - ||; and we have
Ih oo < ko + Kk1/€. As a result, we obtain for n > 2

lg — hll, = \/Igo —hol? + g’ = |2, < \/(%)2 +4 (Ko + %)2

while ||g — A« < «1/e forn=1.
‘We conclude that

(A27)
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