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a b s t r a c t
A natural way to handle optimization problem with data affected by stochastic uncertainty is to pass to a
chance constrained version of the problem, where candidate solutions should satisfy the randomly perturbed constraints with probability at least 1  . While being attractive from modeling viewpoint,
chance constrained problems ‘‘as they are’’ are, in general, computationally intractable. In this survey
paper, we overview several simulation-based and simulation-free computationally tractable approximations of chance constrained convex programs, primarily, those of chance constrained linear, conic quadratic and semideﬁnite programming.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
A typical optimization problem can be represented as

minff ðxÞ : Fðx; fÞ 6 0g;
x

ð1Þ

where x 2 Rn is the decision vector, f 2 Rd is problem’s data, and
F(x, f) is a vector-valued mapping taking values in certain Rm; note
that we do not restrict generality by assuming the objective to be
‘‘standard’’ – not affected by the data.
From now on, we restrict ourselves with convex problems (1),
meaning that f(x), same as all components of F(x, f) for every ﬁxed
f, are efﬁciently computable convex and continuous functions of x.
In applications more often than not the data is uncertain – not
known exactly when the problem is being solved. If there are reasons to model the uncertain data as random vector with a known
distribution P, the standard way to treat the uncertainty is to pass
to the chance constrained version of the problem

minff ðxÞ : ProbfP fFðx; fÞ 6 0g P 1  g;
x

ð2Þ

where   1 is a given tolerance. In many situations f does have
stochastic nature, but the probability distribution of f is not known
exactly; all we know is that this distribution belongs to a given family P of probability distributions on Rd. In thus case, the natural way
to treat the data uncertainty is to pass to the ambiguously chance
constrained version

minff ðxÞ : ProbfP fFðx; fÞ 6 0g P 1   8P 2 Pg
x

ð3Þ

of (1).
The chance constraint based approach to modeling data uncertainty in Optimization was proposed as early as in 1958 by Charnes
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et al. [11] and was extended further by Miller and Wagner [20] and
Prékopa [24]. There is a huge literature devoted to this topic (see
[15,23,25–27,13,28,12,17,19,29] and references therein). While
being quite natural, this approach, unfortunately, has a somehow
restricted ﬁeld of applications, since a chance constraint, even as
simple looking as

n
o
Xd
qP ðxÞ :¼ ProbfP w0 ðxÞ þ
f w ðxÞ 6 0 P 1  ;
i¼1 i i

ð4Þ

where the functions w0(x), . . . , wd(x) are afﬁne in x, is in general
computationally intractable. The reason is twofold:
 the feasible set of (4) can be nonconvex, which makes problematic subsequent optimization over this set;
 even when convex, the feasible set of (4) can be intractable,
since the left hand side of the constraint can be difﬁcult to
compute.
This, e.g., is the case when f is uniformly distributed in the unit
box. Here the feasible set of (4) is convex whenever  6 1/21;
however, it was shown by Khachiyan [18] that
n unlessPP = NP,
one cannot compute the volume of the set f : w0 þ di¼1 fi wi
6 0g within accuracy d > 0 in time polynomial in ln(1/d) and
the total bit size of the coefﬁcients w0, . . . , wd (assumed to be integer). Thus, even with f  Uniform([0, 1]d), the constraint (4) is difﬁcult to handle when  is small.
Essentially, the only generic case when the outlined difﬁculties
do not arise is the case of chance constraint (4) with Gaussian distribution P. Whenever chance constraint

ProbfP ff : Fðx; fÞ 6 0g P 1   8P 2 P

ð5Þ

1
This is so whenever P possesses a logarithmically concave and symmetric w.r.t.
some point density [19].
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‘‘as it is’’ is computationally intractable, a natural course of actions
is to replace this intractable constraint with its safe tractable approximation deﬁned as a system S of efﬁciently computable convex constraints in variables x and perhaps additional slack variables u such
that the projection of the feasible set of the system on the space of
x-variables is contained in the feasible set of (5) (‘‘safety’’). Given
such an approximation, we can replace the intractable problem of
interest (3) with the its computationally tractable approximation

minff ðxÞ : ðx; uÞ satisfies Sg;
x;u

ð6Þ

due to the origin of the latter problem, the x-component of a feasible solution to the approximation is feasible for the problem of
interest.
In this paper we survey some recent results on tractable
approximations of chance constrained convex problems, with
emphasis on ‘‘well structured’’ chance constraints, primarily, on
chance constrained versions of linear, conic quadratic and semidefinite inequalities with the ‘‘natural data’’ afﬁnely depending on f.
The main body of the paper is organized as follows. We start with
the most general simulation-based approach (‘‘scenario approximation,’’ Section 2) which allows to handle arbitrary chance constrained convex problems, provided that  is not too small and P
is a singleton. We then switch to chance constrained versions of
‘‘well structured’’ convex constraints – linear (Section 3) and conic
quadratic and semideﬁnite (Section 4) and to simulation-free ‘‘analytical’’ safe tractable approximations of these constraints capable
to handle arbitrarily small values of  and/or only partial knowledge of the probability distribution of uncertain data. Finally, in
Section 5 we revisit simulation-based approximation schemes,
now – in the case of well-structured constraints, and demonstrate
that here one can get rid, to some extent, of the limitations (‘‘not
too small , no ambiguity’’) of the plain scenario-based approach.

Then

!
Prob !
fx ð fN Þ is either undefined; or is feasible for ð2Þg
fN P...P
P 1  b:
The outlined result is really striking: all what matters is the convexity of f and F in x; there are no restrictions on how the data is
distributed and on how it enters the constraints; the sample size
is nearly independent of the ‘‘unreliability’’ b, while the dependence on , N = O(1), is the best possible under circumstances.
At the same time, the scenario approach as presented so far has
two intrinsic limitations:
 ﬁrst, the (in general, unimprovable) dependence N = O(1) of
the ‘‘reliable’’ sample size on  makes the approach prohibitively time consuming when  is really small, like 105 or less.
While ‘‘really small’’ values of  are of no interest in decision
making applications (e.g., in Finance), they become a must in
engineering;
 second, it is unclear how to apply the scenario approach to
ambiguously chance constrained problems; given that in applications, especially of the decision making origin, a precise, or
nearly so, knowledge of P is an exception rather than a rule, this
indeed is a serious drawback. While there are ways to adjust
somehow the scenario approach to the ambiguously chance
constrained case, the known so far results in this direction
[17], with all due respect to their technical aspects, are by far
less general than Theorem 2.1.
The main focus of this paper is on simulation-free ‘‘analytical’’
approximations of chance constraints. These approximation impose strong structural restrictions on the chance constraint in
question: the latter should be of the form

2. Scenario approximations

ProbfP fAðx; fÞ 2 Kg P 1   8P 2 P;

Consider chance constrained problem (2) (or, which is the same,
problem (3) with a singleton P ¼ fPg) and assume that we can
sample from the distribution P. In this case, one can associate with
(2) its scenario approximation

where A(x, f) is afﬁne in x, f being ﬁxed, and is afﬁne in f, x being
ﬁxed, and K is either a non-negative orthant, or the direct product
of ﬁnitely many Lorentz cones, or a semideﬁnite cone. In other
words, we intend to focus on chance constrained linear, conic quadratic and semideﬁnite problems with the ‘‘natural data’’ afﬁnely
parameterized by random vector f with partially known distribution. Given that linear, conic quadratic and semideﬁnite programming cover nearly all applications of convex optimization, this
‘‘restricted scope’’ still is wide enough. At the same time, it turns
out that the conic chance constraints – those of the form (9) – under
favorable circumstances admit simulation-free safe tractable
approximations which allow to handle, at the same computational
effort, arbitrarily small values of , and are well suited for handling
the case of partially known P.

minn ff ðxÞ : Fðx; ft Þ 6 0; 1 6 t 6 Ng;
x2R

ð7Þ

where the scenarios ft, 1 6 t 6 N, are, independently of each other,
sampled from the distribution P. Under our standing assumption
of convexity, all problems of the form (7) are convex with efﬁciently
computable objective and constraints, and thus are computationally
tractable. Nevertheless, the (random!) approximation (7) not necessarily is safe, and one can easily present examples where the feasible set of (7), independently of the value of N, with probability 1
contains points which are infeasible for the chance constrained
problem of interest (2). Note, however, that our typical goal is to
use the optimal solution to (7) as a suboptimal solution to the problem of interest. Whenever this is the case, we are interested in a
property which is weaker that safety: all we need is the feasibility,
in terms of the ‘‘true’’ chance constrained problem, of the optimal
solution to (7). The issue of when the latter property takes place
was resolved by de Farias and Van Roy [12] and by Calaﬁore and
Campi [7–9]. Here is the relevant result from [9] (see also [10]):
!
Theorem 2.1. Assume that for every scenario sample fN ¼ ðf1 ;
N
. . . ; f Þ, the scenario approximation (7) is either solvable with a
!
unique optimal solution x ð fN Þ, or infeasible. Given b 2 (0, 1), let the
sample size N satisfy the relation

N P N :¼ Ceilð2n1 logð12=Þ þ 21 logð2=bÞ þ 2nÞ;

ð8Þ

ð9Þ

3. Approximating scalar chance constraints
In the simplest case of K ¼ Rm
þ the chance constraint (9) reads

n
o
Xd
‘
ProbfP w‘0 ðxÞ þ
f
w
ðxÞ
6
0;
1
6
‘
6
m
i
i
i¼1
P 1   8P 2 P

ð!Þ
w‘i ðxÞ.

with afﬁne in x scalar functions
This constraint can be safely
approximated by the system of scalar chance constraints

n
o
Xd
‘
ProbfP w‘0 ðxÞ þ
f
w
ðxÞ
6
0
P 1  ‘
i
i
i¼1
16‘6m

8P 2 P;
ðÞ

P

with ‘ P 0 satisfying ‘ ‘ 6  (e.g., ‘ = /m for all ‘). Thus, with
some conservatism added, safe tractable approximation of a chance
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constrained system of scalar linear inequalities reduces to a much
simpler task of safe tractable approximation of a single chance constrained scalar linear inequality. In this section we focus on this latter problem, the scalar chance constrained inequality in question
being written down in the equivalent form

generator c(s) = max[1 + s, 0].2 When P ¼ fPg is a singleton and
C CP, the associated constraint (13) can be easily rewritten as

n
o
Xd
pP ðwÞ :¼ ProbfP f : fw :¼ w0 þ
f w > 0 6  8P 2 P: ð10Þ
i¼1 i i

The left hand side here is the famous conditional value of fw at risk ,
see [16,28]. Unfortunately, the CVaR-approximation not always is
computationally tractable. Indeed, seemingly the only case where
CVaR(fw) admits a closed form analytical expression is the one
where P is a known distribution supported on a ﬁnite set of moderate cardinality; the ‘‘ambiguous case’’ extension of this observation
is that when all distributions from P are supported on a common
set of moderate cardinality and the convex hull of P (which now
is a ﬁnite-dimensional convex set) is computationally tractable,
the generator max[1 + s, 0] leads to a computationally tractable safe
convex approximation of (10). Beyond this favorable case, the CVaR
approximation, even for a singleton P, can be intractable, since with
non-discrete multivariate P, a closed form analytic expression for
CVaR typically is out of question, while computing CVaR via Monte
Carlo simulation becomes completely impractical when  is ‘‘really
small.’’

Note that we lose nothing when assuming that w0, w1, . . . , wd are
decision variables rather than afﬁne functions of the decision variables x.
‘‘Solvable case.’’ Essentially, the only generic situation when
(10) is tractable is one where P is comprised of Gaussian distributions N ðl; RÞ on Rd with the ‘‘parameter’’ (l, R = [rij]) running
through a computationally tractable closed convex set
Z  Rd  Snþ , where Snþ is the cone of positive semideﬁnite n  n
matrices. Assuming  6 1/2, (10) is equivalent to the convex
constraint
(
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ)
Xd
X
FðwÞ :¼ w0 þ max
l
w
þ
ErfInvð

Þ
r w w 6 0; ð11Þ
i
i
i;j¼1 ij i j
i
ðl;R¼½rij Þ2Z



1
CVaR ðfw Þ :¼ min b þ EfP fmax½fw  b; 0 g 6 0:
b



ð14Þ

where ErfInv is the inverse error function:

1
pﬃﬃﬃﬃﬃﬃﬃ
2p

Z

1

expfr 2 =2gdr ¼ s;

0 < s < 1:

ð12Þ

ErfInvðsÞ

The function F clearly is convex and efﬁciently computable (the latter – since the value of F at a point is the maximum of an efﬁciently
computable concave function over a computationally tractable convex set), so that (11) is a computationally tractable convex
constraint.
In the sequel, we focus on the non-Gaussian case where (10) indeed needs approximation.
3.1. Generator-based approximation scheme
Following [22,2], we present here a conceptually simple safe
convex approximation scheme for (10).
Let c(s) be a generator – a convex function on the axis such that
c(1) :¼ lims?1c(s) = 0 and c(0) P 1, so that c( ) is an upper
bound on the step function ‘‘0 on {s 6 0}, 1 on {s > 0}’’. It follows
that if P is a probability distribution on the axis, then, setting
CP(w) = EfP{c(fw)}, we get a convex function of w such that
CP(w/a) P pP(w) for all w and all a > 0. Therefore if C(w) is a convex upper bound of the (convex, by its origin), function
CP ðwÞ :¼ supP2P CP ðwÞ, then the implication

a > 0; Gðw; aÞ :¼ a½Cðw=aÞ   6 0 ) pP ðwÞ 6 

ð!Þ

takes place. The function G(w, a) is convex in w, a in the domain
a > 0, so that the convex constraints G(w, a) 6 0,a > 0 form a safe
convex approximation of (10). With minimal effort, this observation
can be converted to the following
P

Proposition 1 ([22,2]). For every convex upper bound C( ) on C ð Þ,
the function H(w) = infa>0a(C(a1w)  ) is convex, and the convex
constraint

HðwÞ 6 0

ð13Þ

is a safe convex approximation of the ambiguous chance constraint
(10). This approximation is tractable, provided that C is efﬁciently
computable.
3.1.1. The least conservative approximation: CVaR
We have deﬁned a family, parameterized by a generator c( ), of
safe convex approximations of (10). It is easy to see [22,2] that the
least conservative approximation in this family is yielded by the

3.1.2. Tractable case: Bernstein approximation
The most general safe tractable approximation of (10) is the
Bernstein approximation originating from [23] and further improved in [22,2]. This scheme is applicable when the following
two assumptions hold:
B.1. The entries fi, 1 6 i 6 d, of f are independent with distributions Pi known to belong to given families P i of probability
distributions on the axis. Thus, P ¼ fP 1 
 Pd : Pi 2 P i ; 1
6 i 6 dg;
B.2. We have at our disposal efﬁciently computable convex
upper bounds Ui(t) on the (convex by their origin) worstcase, over P i 2 P i , logarithmic moment-generating functions
UP i ðtÞ ¼ supPi 2P i lnðEsPi fexpftsggÞ.
Remark 3.1. Note that if f is given by ‘‘factor model’’ f = Ag + a
with deterministic A, a and random g with independent entries
gj (‘‘the factors’’), one loses nothing by treating as the uncertain
data g rather than f, thus ensuring B.1.
Choosing exp{s} as the generator c(s) and applying the above construction ‘‘in the logarithmic scale’’, one arrives at the following
Proposition 2 ([22,2]). Let B.1–2 take place. Then the function

h
i
Xd
HðwÞ ¼ inf w0 þ a i¼1 Ui ðwi =aÞ þ a lnð1=Þ
a>0

is convex and efﬁciently computable, and the constraint

HðwÞ 6 0

ð15Þ

is a safe tractable approximation of the ambiguous chance constraint
(10).
The functions UP i ð Þ are readily available for a wide variety of
families P i of ‘‘light tail’’ univariate probability distributions, e.g.,
those given by bounds on support, the ﬁrst and the second moments, requirements of unimodality and symmetry, etc., see examples in [22,2]. Whenever it is the case, the Bernstein approximation
in its least conservative form (i.e., with Ui ¼ UP i ) is easy to use. The
actual bottleneck in applying this scheme is the independence
assumption B.1.

2
Same as by c(s) = max[1 + bs, 0], b > 0, since generators c(s) and c(bs), b > 0, yield
the same constraint (13).

710

A. Nemirovski / European Journal of Operational Research 219 (2012) 707–718

Example 1. Let fi be independent, supported on given (ﬁnite)
segments and with expectations belonging to given segments.
Applying scaling, the situation reduces to the case when fi are
supported on [1, 1] with expectations from the segments
  þ
li ; li  ½1; 1 . Here


Ui ðtÞ :¼ UP i ðtÞ ¼ lnðcoshðtÞ þ max li sinhðtÞ; lþi sinhðtÞ Þ

 1
6 max lþi t; li t þ t2 :
2

w0 þ



ð16Þ

Consequently, every one of the convex constraints

d


 
P 
ðaÞ w0 þ inf a
ln coshðwai Þ þ max li sinh wai ; lþi sinh wai
a>0

i¼1

þ lnð1=Þ 6 0;
ðbÞ w0 þ

d
P

max

i¼1



l


i wi ;

l

þ
i wi



sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ P
w2i 6 0
þ 2 lnð1=Þ
i¼1

ð17Þ
is a safe tractable approximation of (10).
3.1.3. Bridging Bernstein and CVaR approximations
Under favorable circumstances, one can ‘‘bridge’’ the Bernstein
and the CVaR approximations of (10), keeping the approximation
tractable and reducing its conservatism as compared to the one
of the ‘‘plain’’ Bernstein approximation. Speciﬁcally, assume that
fi are independent with known distributions Pi such that the funcR
tions Gi ðtÞ ¼ expftsgdPi ðsÞ, regarded as functions of complex variable t, are efﬁciently computable. In this case one can compute

P
efﬁciently the quantity GðwÞ ¼ EfP1  Pd c w0 þ i wi fi
for
PL
every exponential polynomial cðsÞ ¼ ‘¼1 c‘ expfx‘ sg with complex
coefﬁcients c‘, x‘. We now can select as c( ) an exponential polynomial which is a generator (i.e., is convex on the real axis and satisﬁes c(1) = 0, c(0) P 1) and, in addition, is close to the ‘‘best
possible’’ generator max[1 + s, 0] on a large enough segment, and
use this generator in the approximation scheme from the beginning of Section
3.1. Since the associated function CP ðwÞ :¼ EfP1 

P
. . .  P d c w0 þ i wi fi is efﬁciently computable:

CP ðwÞ ¼

X

c
‘ ‘

expfx‘ w0 g

d
Y

Gi ðx‘ wi Þ;

i¼1

the resulting safe convex approximation of (10) is tractable. For a
natural implementation of this scheme, see [2, Section 4.3.6]. Note
that the outlined approach is not well suited for the ambiguous
case. Indeed, assuming that fi are independent with distributions
Pi varying in given families P i , implementation of our scheme would
require the ability to compute efﬁciently the function

CP ðwÞ ¼ sup

X

P i 2P i ;
16i6d

c expfx‘ w0 g
‘ ‘

d Z
Y

Given scalar linear inequality in variables w:

fw
i¼1 i i

60

ð18Þ

with uncertain data f, Stochastic Programming treats the uncertainty f as stochastic with probability distribution P known to

fw
i¼1 i i

6 0 8f 2 Z;

ð19Þ

feasible solutions of the RC are called robust feasible solutions to
(18).
As it was already explained, chance constraint (10) typically is
computationally intractable (although in good situations admits
safe tractable approximations), while the RC (19) of (18) is computationally tractable, provided Z is so. A natural question is: are
there any links between the chance constrained version (10) of
the uncertain linear constraint (18) and the RC of this uncertain
constraint? It turns out that such a link exists, and this is exactly
what safe tractable approximations of (10) are about. Speciﬁcally,
observe that the feasible set W⁄ of (10) (a) is conic (that is, tw 2 W⁄
whenever t P 0 and w 2 W⁄), (b) is closed, and (c) under extremely
mild regularity assumptions contains the point e = [1; 0; . . . ; 0] in
its interior.3 Let us call a safe convex approximation of (10) normal, if
its feasible set W in the w-space inherits the properties (a)–(c) of the
‘‘true’’ feasible set W⁄. Since our approximation is convex, W is convex, which combines with (a)–(c) to imply that W is a proper (i.e.,
W – Rd+1)
closed
convex
cone
containing
the
vector
e = [1; 0; . . . ; 0] in its interior. From these properties it easily follows that setting Z ¼ fz 2 Rd : ½1; z T w 6 0 8w 2 Wg, one gets a nonempty convex compact set such that W ¼ f½w0 ; w1 ; . . . ; wd : w0 þ
Pd
i¼1 wi zi 6 0 8z 2 Zg. We arrive at the following
Proposition 3 [2, Chapter 4]. Every normal approximation of
chance constraint (10) is of the Robust Counterpart form: its feasible
set W is nothing but the set of all robust feasible solutions to (18), the
uncertainty set being the just deﬁned convex compact set Z. The latter
set is computationally tractable, provided that the normal approximation in question is tractable.
Note that under mild regularity assumptions, the generator-based
safe convex approximation of (10) from the beginning of Section
3.1 is normal. Invoking [2, Lemma B.1.1, Theorem B.1.2], this is
the case for approximation (13), provided that the underlying convex function C( ) is lower semicontinuous, ﬁnite in a neighborhood
of the origin, and C(te) ? 0 as t ? 1. Assuming, in addition, that C
is ﬁnite everywhere and is given by a Fenchel-type representation:

CðwÞ ¼ maxfwT ½Bu þ b  g  ðuÞg;
u

where g⁄( ) is a lower semicontinuous convex function with
bounded level sets, the set Z :¼ fz ¼ Bu þ b : g  ðuÞ 6 g  Rdþ1 is
a convex compact set, and the approximation (13) is equivalent to
the Robust Counterpart
i¼0

i¼1

3.2. Relation to Robust Optimization

w0 þ

Xd

Xd

expfx‘ wi sgdPi ðsÞ;

which seems to be impossible in general. However, for the most
interesting families P i – those given by the requirement that Pi
are supported in given segments with expectations satisfying
known upper and lower bounds (cf. Example 1), CP can be computed efﬁciently, see [2, Section 4.3.6].

Xd

belong to a given family P, and associates with (18) the chance constraint (10). In contrast to this, Robust Optimization assumes the
uncertain data f to run through a given convex compact uncertainty
set Z and associates with the uncertain constraint (18) its Robust
Counterpart (RC)

zi wi 6 0 8z 2 Z

ð20Þ

of the uncertainty-affected inequality (18), the uncertainty set
being Z.4
Example 2 (Robust Counterpart representation of CVaR approximation). Let P in (10) be a singleton {P}, let the distribution P be
supported on a ﬁnite set {f1, . . . , fN}, and let P{fj} = pj. In this case, the
Robust Counterpart form of the CVaR safe approximation of (10) is (see
[2, Proposition 4.3.3])
3
To ensure (c), it sufﬁces to assume that all distributions from P admit for every
d > 0 common bounded (1  d)-support, or, equivalently, that
supP2P Pff : kfk > Rg ! 0 as R ? 1.
4
Note that in (18), the only certain coefﬁcient in (10) – the coefﬁcient 1 at w0 – is
treated as uncertain; this aesthetic drawback can be easily cured, see [2, Section
4.3.2].
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w0 þ

Xd

fw
i¼1 i i

nXN

Z Budget ¼ ½fz : l 6 z 6 lþ g þ fz : kzk1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ \
6 2d lnð1=Þg
fz : kzk1 6 1g

6 0 8f 2 Z ¼
u fj : 0 6 uj
j¼1 j
o
X
u ¼1 :
6 pj = 8j;
j j

ð23Þ

(cf. [3]). The associated safe tractable approximation of (10) is given
by the polyhedral constraint
The RC form of Bernstein approximation. Similarly to the general
generator-based case, under assumptions B.1–2, the Bernstein
approximation of (10) is normal, provided that the functions Ui
are convex, lower semicontinuous and ﬁnite in a neighborhood of
the origin [2, Lemma B.1.1]. Assuming, in addition, that Ui( ) are ﬁP
nite everywhere and the function Uðw1 ; . . . ; wd Þ ¼ di¼1 Ui ðwi Þ admits a Fenchel-type representation U(w1, . . . , wd) = supu{[w1; . . .
; wd]T[Bu + b]  g⁄(u)} with lower semicontinuous convex function
g⁄( ) possessing bounded level sets, the Bernstein approximation
of (10) can be represented in the Robust Counterpart form

w0 þ

Xd

zw
i¼1 i i

d
P

d
P
zi wi 6 0 8z 2 Z Brn ¼ z : /i ðzi Þ 6 2 lnð1=Þ ;
i¼1
i¼1




8
1þzi
1zi
>
ð1 þ zi Þ ln 1þl þ ð1  zi Þ ln 1
1 6 zi 6 li ;
 ;
>
l
>
i
i
>
>
< 0;
li 6 zi 6 lþi ;
/i ðzi Þ ¼




>
1þz
1z
>
> 12 ð1 þ zi Þ ln 1þlþi þ ð1  zi Þ ln 1lþi ; lþi 6 zi 6 1;
>
i
i
>
:
þ1;
jzi j > 1:

ð21Þ
2

It is easily seen that /i ðzi Þ P mins2½l ;lþ jzi  sj , meaning that the
i
i
above Bernstein uncertainty set Z Brn is contained in the Ball-Box
uncertainty set

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ \
Z BallBox ¼ ½fz : l 6 z 6 lþ g þ fz : kzk2 6 2 lnð1=Þg
fz
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Z Ball

: kzk1 6 1g

ð22Þ

(cf. ‘‘Ball-Box uncertainty’’ from [1]); the explicit form of the corresponding safe tractable approximation of (10) is given by the convex inequality

w0 þ

Xd

max
i¼1





Xd

max
i¼1





qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

li u; lþi u þ 2d lnð1=Þkuk1

þ ku  ½w1 ; . . . ; wd k1 6 0
in variables w and slack variables u 2 Rd; this constraint can be
straightforwardly converted to a system of linear inequalities in w
and additional variables. Finally, we can extend the Bernstein
uncertainty set to the embedding box Z Box ¼ fz : kzk1 6 1g, thus
ending up with the trivial, especially simple, safe tractable
approximation

w0 þ k½w1 ; . . . : wd k1 6 0

6 0 8z 2 Z ¼ fBu þ b : g  ðuÞ 6 lnð1=Þg;

see [2, Theorem 4.2.5].
Illustration: Example 1 revisited. Consider the ambiguous
chance constraint (10), and let P be as in Example 1. By this example, the best under circumstances Bernstein approximation of (10)
is given by the efﬁciently computable convex inequality (17.a). The
Robust Counterpart form of this approximation is (see [2, Example
4.2.8])

w0 þ

w0 þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

li u; lþi u þ 2 lnð1=Þkuk2 þ ku  ½w1 ; . . . ; wd k1

60
in original decision variables w0, . . . , wd and slack variables u1, . . . , ud.
This approximation of (10), while being slightly more conservative
than (21), can be straightforwardly converted to a system of conic
quadratic inequalities and thus is computationally simpler than
the Bernstein approximation (17.a). We can further extend the
ball-box uncertainty set to gain in computational simplicity of the
approximation at the price of certain growth in its conservatism.
One way to do so is to extend the ball-box uncertainty set to the ball
uncertainty Z Ball , see (22); the explicit form of the associated
approximation is nothing but (17.b). Another way to simplify the
ball-box approximation
isﬃ to extend in (22) the Euclidean ball
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fz 2 Rd : kzk2 6 p2
lnð1=

Þg to the larger and simpler set, the ‘1-ball
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fz 2 Rd : kzk1 6 2d lnð1=Þg, thus arriving at the budgeted uncertainty set

of (10); this approximation ignores all a priori information on the
distribution of the uncertain data, except for the domain information kfk1 6 1.
Discussion. The outlined results on the Robust Counterpart representation of safe normal approximations of the ambiguous
chance constraint (10) can be summarized as follows: in order to
immunize a candidate solution w = [w0; . . . ; wd] to the uncertaintyaffected scalar linear inequality (18) against ‘‘nearly all’’ (namely,
up to probability e) realizations of random data f  P 2 P, it sufﬁces
to immunize w against all realizations of f from a properly chosen convex compact uncertainty set Z. By itself, this statement is nearly
trivial. Indeed, assuming (and this is a really weak assumption)
that the distributions from P for every  > 0 admit a common
bounded (1  )-support Z, the above claim would clearly take
place when choosing as Z the closed convex hull of Z. A non-evident, although simple, fact is that when applicable, the Bernstein
approximation typically results in uncertainty sets Z which are much
smaller than common (1  e)-supports of all distributions from P, at
least when d is large. To illustrate this point, consider the situation
of Example 1 when the expectations of fi are known exactly, say,
li ¼ 0 for all i. Here P contains all product-type distributions with
zero means supported on the unit box B = [1, 1]d; when  < 1/2,
every common (1  )-support Z of the distributions from B is,
essentially, ‘‘as p
large
as the unit box,’’ e.g., the Euclidean diameter
ﬃﬃﬃ
Z is at least Oð dÞ, and the volume – at least O(2d). In contrast to
this, the Ball-Box uncertainty set (22) is the intersection of B and
the centered
at
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ the origin Euclidean ball of the radius
rðÞ ¼ 2 lnð1=Þ which, for all meaningful , is just a moderate
constant (say, r(108) 6.07); when d is large, this intersection,
both in terms of its diameter and in terms of its volume, is ‘‘incomparably less’’ than any common (1  )-support of distributions
from P. For example, when d > r2() and P 2 P is the uniform distribution on the vertices of the unit box, Z BallBox does not contain
a single realization of f  P. Similar conclusions hold true for all
other uncertainty sets we have presented in connection with
Example 1 (except, of course, the set Z Box ). The bottom line is that
interplay of linearity of (18) with independence of entries in f allows in the large scale case to build a Robust Counterpart type safe
tractable approximation of (10) by using a small, as compared to
the support of f, uncertainty set Z. The geometry of this set depends on P and can be rather nontrivial, and approximating chance
constraints of the form (10) is the major source of ‘‘unexpected’’
uncertainty sets in Robust Optimization.
Illustration. To give an impression of what can be achieved
with the outlined techniques, consider the chance constrained
‘‘optimization problem’’
(

(

s ðÞ ¼ min
s : ProbfP s þ
s

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 X256
2563

)

)

if 6 0 P 1   8P 2 P ;
i¼1 i

ð24Þ
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where P is the family of all product-type distributions with zero
mean marginals supported on [1, 1] (cf. Example 1). In other
words, given independent zero mean random variables f1, . . . , f256
taking values in [1, 1], we want to bound from above the maximal,
over the distributions of f compatible with just stated a priori inforP
mation, upper -quantile s⁄() of the random variable b
f ¼ i wi fi
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
with wi ¼ i 3=d ; 1 6 i 6 d ¼ 256 (so that k[w1; . . . ; wd]k2 1).
Table 1 contains the optimal values of optimization problems which
we get when replacing the chance constraint in (24) by its safe tractable approximations listed above. Note that the situation is so simple that the least conservative generator-based approximation – the
CVaR one – becomes tractable. Indeed, it is easily seen that whatever
be a generator c( ), the maximum over P 2 P of the expectation
P
EfP cðs þ i wi fi Þ is achieved when P = P⁄ is the uniform distribution on the vertices of the unit box (i.e., when fi take, independently of
each other, values ±1 with probabilities 1/2). In other words, as far as
our generator-based approximation scheme is concerned, we lose
nothing when passing from P to the singleton P⁄, thus getting rid of
the ambiguity of the chance constraint in question. Now, with f  P⁄,
P
the distribution of the random variable b
f k ¼ k ifi is easy to comi¼1

pute numerically; indeed, this variable takes only integral values
form the segment [k(k + 1)/2, k(k + 1)/2], and the corresponding
probabilities can be computed by a simple recurrence in k. As a result,
we can compute both the upper -quantiles s⁄() of b
f d (they are lower
bounds on s⁄()) and the CVaR-upper bounds on these quantiles;
these quantities are displayed in the table.
The data in the table show that all safe convex approximations,
except, perhaps, for the Budgeted one, possess moderate conservatism which decreases as 1   approaches 1. Pay attention to the
closeness between the least conservative, within our approach,
CVaR approximation and its ‘‘tractable counterpart’’ – the bridged
Bernstein-CVaR approximation.
3.3. Beyond the scope of afﬁnely perturbed chance constraints with
independent perturbations
The safe tractable approximations of scalar linear chance constraints presented so far are restricted to the case when the random data f enters the body of the constraint afﬁnely, and the
entries fi in f are independent. Now consider a more general case
where the independence assumption is removed and, in addition,
the uncertain data enters the body of the (still scalar and linear
in the decision variables) chance constraint quadratically. A generic form of such a chance constraint is
"
#

ProbfP fTrðWZ½f Þ 6 0g P 1   8P 2 P;

Z½f ¼

1

fT

f

ffT

;
ð25Þ

d

where f 2 R , and the symmetric matrix W is afﬁne in the decision
variables; we lose nothing by assuming that W itself is the decision
variable.
The approach we are about to present originates from [5,4],
while the presentation itself is a slightly reﬁned version of [2, Section 4.5]. We start with the description of P. Speciﬁcally, we assume that our a priori information on the distribution P of the
uncertain data can be summarized as follows:
P.1 We know that the marginals Pi of P belong to given families
P i of probability distributions on the axis;
P.2 The matrix VP = EfP{Z[f]} of the ﬁrst and the second
moments of P is known to belong to a given convex closed
subset V of the positive semideﬁnite cone;
P.3 P is supported on a set S given by a ﬁnite system of quadratic
constraints:

S ¼ ff : TrðA‘ Z½f Þ 6 0; 1 6 ‘ 6 Lg:
We believe that the above assumptions model well enough a
priori information on uncertain data in typical applications of decision-making origin.
The approach, which we in the sequel refer to as Lagrangian
approximation, is of the same spirit as the one developed in Section
3.1. Assume that given W, we have a systematic way to generate
pairs (c( ) : Rd ? R, h > 0) such that (I) c( ) P 0 in S, (II) c( ) P h in
the part of S where Tr (WZ[f]) P 0, and (c) we have at our disposal
a functional C[c] such that C½c P C ½c :¼ supP2P EfP fcðfÞg. Then
the condition

C½c 6 h
clearly is sufﬁcient for the validity of (25), and we can further optimize this sufﬁcient condition over the pairs c, h produced by our
hypothetic mechanism. The question is, how to build the required
mechanism, and here is an answer. Let us start with building C[ ].
Under our assumptions on P, the most natural family of functions
c( ) for which one can bound from above C⁄[c], is comprised of
functions of the form

cðfÞ ¼ TrðQZ½f Þ þ
d+1

with Q 2 S

Xd

c

ðf Þ
i¼1 i i

ð26Þ

. For such a c, one can set

C½c ¼ sup TrðQVÞ þ

Xd
i¼1

V2V

Z

sup
Pi 2P i

ci ðfi ÞdPi ðfi Þ:

Further, the simplest way to ensure (I) is to use Lagrangian relaxation, speciﬁcally, to require from the function c( ) given by (26) to
be such that with properly chosen l‘ P 0 one has

TrðQZ½f Þ þ

Xd

c

ðf Þ
i¼1 i i

þ

XL
‘¼1

l‘ TrðA‘ Z½f Þ P 0 8f 2 Rd :

In turn, the simplest way to ensure the latter relation is to impose
on ci(fi) the restrictions

ðaÞ ci ðfi Þ P pi f2i þ 2qi fi þ r i 8fi 2 R;
 P
P 
ðbÞ TrðQZ½f Þ þ di¼1 pi f2i þ 2qi fi þ r i þ L‘¼1 l‘ TrðA‘ Z½f Þ P 0

8f 2 R d ;
ð27Þ
note that (b) reduces to Linear Matrix Inequality (LMI)

Qþ

P

q



qT

i ri

þ

Diagfpg

XL
‘¼1

l‘ A‘  0

ð28Þ

in
variables
p ¼ ½p1 ; . . . ; pd ; q ¼ ½q1 ; . . . ; qd ; r ¼ ½r 1 ; . . . ; r d ; Q ;
fl‘ P 0gL‘¼1 . Similarly, a sufﬁcient condition for (II) is the existence
of p0 , q0 , r0 2 Rd and nonnegative m‘ such that

ðaÞ ci ðfi Þ P p0i f2i þ 2q0i fi þ r 0i 8fi 2 R;
d 
L
 P
P
ðbÞ TrðQZ½f Þ þ
p0i f2i þ 2q0i fi þ r 0i þ
m‘ TrðA‘ Z½f Þ  TrðWZ½f Þ
i¼1

‘¼1

P h 8f 2 R d
ð29Þ
with (b) reducing to the LMI

2P
Q þ4

i

r0i  h
q0

½q0

T

Diagfp0 g

3
5þ

L
X

m‘ A‘  W  0

ð30Þ

‘¼1

in variables W; p0 ; q0 ; r 0 2 Rd ; Q ; fmi P 0gLi¼1 and h > 0. Finally, observe that under the restrictions (27.a), (29.a), the best – resulting in
the smallest possible C[c] – choice of ci( ) is





ci ðfi Þ ¼ max pi f2i þ 2qi fi þ ri ; p0i f2i þ 2q0i fi þ r0i :
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Table 1
Lower bound s⁄() and upper bounds on s⁄() given by various approximation schemes. Percents: excess of the bound over s⁄().
Bounding scheme


1.0e1

5.0e2

1.0e2

5.0e3

1.0e3

1.0e4

1.0e5

1.0e6

1.0e7

s⁄()

1.286

1.650

2.330

2.578

3.088

3.706

4.239

4.712

5.140

CVaR

1.759
37%

2.067
25%

2.666
14%

2.891
12%

3.360
9%

3.940
6%

4.446
5%

4.899
4%

5.312
3%

Bridged

1.771
38%

2.078
26%

2.676
15%

2.901
13%

3.370
9%

3.950
7%

4.456
5%

4.911
4%

5.325
4%

Bernstein

2.146
67%

2.446
48%

3.027
30%

3.244
26%

3.698
20%

4.258
15%

4.747
12%

5.186
10%

5.586
9%

Ball-Box

2.152
67%

2.455
49%

3.044
31%

3.265
27%

3.728
21%

4.305
16%

4.813
14%

5.272
12%

5.694
11%

Ball

2.152
67%

2.455
49%

3.044
31%

3.265
27%

3.728
21%

4.305
16%

4.813
14%

5.272
12%

5.694
11%

Budgeted

3.475
170%

3.924
138%

4.768
105%

5.076
97%

5.703
85%

6.451
74%

7.081
67%

7.627
62%

8.108
58%

We have arrived at the following result:
Proposition 4. Let ðSÞ be the system of constraints in variables
W; p; q; r; p0 ; q0 ; r 0 2 Rd ; Q 2 Sdþ1 ; fm‘ 2 RgL‘¼1 ; h 2 R,
fl‘ 2 RgL‘¼1 comprised of the LMIs (28), (30) augmented by the
constraints

l‘ P 0 8‘; m‘ P 0 8‘; h > 0

ð31Þ

and

sup TrðQVÞ þ
V2V

Xd

sup
i¼1
P i 2P i

Z


max pi f2i þ 2qi fi þ ri ; p0i f2i


þ 2q0i fi þ r 0i dPi 6 h:

ð32Þ

ðSÞ is a safe convex approximation of the chance constraint (25), P
being given by P:1–P:3. This approximation is tractable, provided that
the suprema in (32) are efﬁciently computable.
Note that the strict inequality h > 0 in (31) can be expressed by


h 1
the nonstrict LMI
 0, where k is an additional variable.
1 k
Illustration. Consider the situation as follows: there are d = 15
assets with yearly returns ri = 1 + li + rifi, where li is the expected
proﬁt of ith return, ri is the return’s variability, and fi is random
factor with zero mean supported on [1, 1]. The quantities li, ri
used in our illustration are shown on the left plot on Fig. 1. The goal
is to distribute $1 between the assets in order to maximize the value-at-1% risk (the lower 1%-quantile) of the yearly proﬁt. This is
the ambiguously chance constrained problem

(
Opt ¼ max t : ProbfP
t;x

(
15
X

li xi þ

i¼1

P 0:99 8P 2 P; x P 0;

15
X
i¼1

15
X

)
fi ri xi P t
)

xi ¼ 1 :

ð33Þ

i¼1

Consider three hypotheses A, B, C about P. In all of them, fi are
zero mean and supported on [1, 1], so that the domain information is given by the quadratic inequalities f2i 6 1; 1 6 i 6 15; this
is exactly what is stated by C. In addition, A says that fi are independent, and B says that the covariance matrix of f is proportional
to the unit matrix. Thus, the sets V associated with the hypotheses
n
o n
are, respectively, V 2 Sdþ1
: V ii 6 V 00 ¼ 1; V ij ¼ 0; i – j ; V 2 Sdþ1
þ
þ
n
¼ V dd ; V ij ¼ 0; i – jg, and
V 2 Sdþ1
: 1 ¼ V 00 P V 11 ¼ V 22 ¼
þ
: V ii 6 V 00 ¼ 1; V 0j ¼ 0; 1 6 j 6 dg, where Skþ is the cone of positive
semideﬁnite symmetric k  k matrices. Solving the associated safe
tractable approximations of the problem, speciﬁcally, the Bernstein

approximation in the case of A, and the Lagrangian approximations
in the cases of B, C, we arrive at the results displayed in Table 2 and
on Fig. 1.
Note that in our illustration, the (identical to each other) singleasset portfolios yielded by the Lagrangian approximation under
hypotheses B, C are exactly optimal under circumstances. Indeed,
on a close inspection, there exists a distribution P⁄ compatible with
hypothesis B (and therefore – with C as well) such that the probability of ‘‘crisis,’’ where all fi simultaneously are equal to 1, is
P0.01. It follows that under hypotheses B, C, the worst-case, over
P 2 P, proﬁt at 1% risk of any portfolio cannot be better than the
proﬁt of this portfolio in the case of crisis, and the latter quantity
is maximized by the single-asset portfolio depicted on Fig. 1. Note
that the Lagrangian approximation turns out to be ‘‘intelligent enough’’ to discover this phenomenon and to infer its consequences.
A couple of other instructive observations is as follows:
 the diversiﬁed portfolio yielded by the Bernstein approximation
in the case of crisis exhibits negative proﬁt, meaning that under
hypotheses B, C its worst-case proﬁt at 1% risk is negative;
 assume that the yearly returns are observed on a year-by-year
basis, and the year-by-year realizations of f are independent
and identically distributed. It turns out that it takes over
60 years to distinguish, with reliability 0.99, between hypothesis A and the ‘‘bad’’ distribution P⁄ via the historical data.
To put these observations into proper perspective, note that it is extremely time-consuming to identify, to reasonable accuracy and
with reasonable reliability, a multi-dimensional distribution directly from historical data, so that in applications one usually postulates certain parametric form of the distribution with a
relatively small number of parameters to be estimated from the historical data. When dimf is large, the requirement on the distribution to admit a low-dimensional parameterization usually results
in postulating some kind of independence. While in some applications (e.g., in telecommunications) this independence in many cases
can be justiﬁed via the ‘‘physics’’ of the uncertain data, in Finance
and other decision-making applications postulating independence
typically is an ‘‘act of faith’’ which is difﬁcult to justify experimentally, and we believe a decision-maker should be well aware of the
dangers related to these ‘‘acts of faith.’’
3.3.1. A modiﬁcation
When building safe tractable approximation of (10), one, essentially, is interestedn in efﬁcient bounding
from above the quantity
o
P
pðwÞ ¼ supP2P EfP f ðw0 þ di¼1 fi wi Þ for a very speciﬁc function
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Fig. 1. Data and results for portfolio allocation.

Table 2
Optimal values in various approximations of (33).
Hypothesis

Approximation

Guaranteed proﬁt-at-1%-risk

A
B, C

Bernstein
Lagrangian

0.0552
0.0101

f(s), namely, equal to 0 when s 6 0 and equal to 1 when s > 0. There
are situations when we are interested in bounding similar quantity
for other functions f, speciﬁcally, piecewise linear convex function
f(s) = max16j6J[ai + bis], see, e.g., [14]. Here again one can use Lagrange relaxation, which in fact is able to cope with a more general
problem of bounding from above the quantity

f ðW; fÞ ¼ max TrðW j Z½f Þ;

W½W ¼ sup EfP ff ðW; fÞg;

Xd h
i¼1

lij P 0; 8i; j;

ðbÞ

max TrðQVÞ þ
V2V

d
P

sup

R

i¼1 P i 2P i

h
i
max pji f2i þ 2qji fi þ r ji dPi ðfi Þ 6 t:
16j6J

ð37Þ
The constraints in the system are convex; they are efﬁciently computable, provided that the suprema in (37.b) are efﬁciently computable,
and whenever W, t can be extended to a feasible solution to S, one
has W[W] 6 t. In particular, when the suprema in (37.b) are efﬁciently
computable, the efﬁciently computable quantity
t;Q ;p;q;r;l

here the matrices Wj 2 Sd+1 are afﬁne in the decision variables and
W = [W1, . . . , WJ]. Speciﬁcally, with the assumptions P.1–3 in force,
observe that if, for a given W, a matrix Q 2 Sd+1 and vectors pj, qj,
rj 2 Rd, 1 6 j 6 J are such that the relations

TrðQZ½f Þ þ

ðaÞ

Opt½W ¼ min ft : W; t; Q; p; q; r; l satisfy Sg

16j6J

P2P

Proposition 5. Consider the system S of constraints in the variables
W = [W1, . . . , Wd], t and slack variables Q 2 Sd+1, {pj, qj, rj 2 Rd : 1 6
j 6 J}, {lij : 1 6 i 6 d, 1 6 j 6 J} comprised of LMIs (36) augmented by
the constraints

i
pji f2i þ 2qji fi þ r ji P TrðW j Z½f Þ 8f 2 S

ðIj Þ

ð38Þ

is a convex in W upper bound on W[W].
Illustration. Consider a special case of the above situation
where all we know about f are the marginal distributions Pi of fi
with well deﬁned ﬁrst order moments; in this case, P i ¼ fP i g are
d
singletons, and we lose nothing when setting V ¼ Sdþ1
þ ; S ¼ R .
Let a piecewise linear convex function on the axis:

f ðsÞ ¼ max½aj þ bj s
16j6J

take place for 1 6 j 6 J, then the function

cðfÞ ¼ TrðQZ½f Þ þ

Xd

max

i¼1 16j6J

h

pji f2i

þ

2qji fi

þ

rji

i

be given, and let our goal be to bound from above the quantity

ð34Þ

FðW; Q ; p; q; rÞ ¼ sup TrðQVÞ þ

Xd

V2V



max
16j6J

h

Q þ4

i

r ji

qj

½qj

T

Diagfpj g

Xd

fw:
i¼1 i i

This is a special case of the problem we have considered, corresponding to

pji f2i

i¼1

þ

2

sup
P i 2P i

2qji fi

þ

rji

i

dPi ðfi Þ

ð35Þ

is an upper bound on W[W]. Using Lagrange relaxation, a sufﬁcient
condition for the validity of (Ij), 1 6 j 6 J, is the existence of nonnegative lj‘ such that

2P

fw ¼ w0 þ

P2P

upper-bounds f(W, f) when f 2 S, and therefore the quantity

Z

WðwÞ ¼ sup EfP ff ðfw Þg;

3
5W þ
j

L
X

lj‘ A‘  0; 1 6 j 6 J:

ð36Þ

6
6
6
Wj ¼ 6
6
4

1
bw
2 j 1

...

1
bw
2 j d

1
bw
2 j 1

..
.
1
bw
2 j d

3
7
7
7
7:
7
5

In this case, system S from Proposition 5, where we set
pji ¼ 0; Q ¼ 0, reads

ðaÞ 2qji ¼ bj wi ; 1 6 i 6 d; q 6 j 6 J;

‘¼1

We have arrived at the result as follows:

aj þ bj w0

ðbÞ

d R
P
i¼1

h
i
max 2qji fi þ r ji dPi ðfi Þ 6 t
16j6J

d
P
i¼1

r ji P aj þ bj w0 ;
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so that the upper bound (38) on supP2P EfP ff ðfw Þg implies that

Opt½w ¼ min
j

fr i g

Xd Z
i¼1

h

i

max bj wi fi þ r ji dPi ðfi Þ :
16j6J

X

r j ¼ aj þ bj w0 ; 1 6 j 6 J
i i

o

4.1. Main result

ð39Þ

is an upper bound on W(w). A surprising fact is that in the situation
in question (i.e., when P is comprised of all probability distributions
with given marginals P1, . . . , Pd), the upper bound Opt [w] on W(w) is
equal to W(w) [2, Poposition 4.5.4]. This result offers an alternative
(and simpler) proof for the following remarkable fact established by
Dhaene et al. [14]: if f is a convex function on the axis and g1, . . . , gd
are scalar random variables with distributions P1, . . . , Pd possessing ﬁrst
order moments, then supP2P EgP ff ðg1 þ . . . þ gd Þg; P being the family
of all distributions on Rd with marginals P1, . . . , Pd, is achieved when
g1, . . . , gd are comonotone, that is, are deterministic monotone transformation of a single random variable uniformly distributed on [0, 1].

Next we pass to approximating systems of chance constrained
systems of conic quadratic and semideﬁnite inequalities, that is,
chance constrained conic inequalities

n

ð40Þ

d

where x 2 R ; f 2 R ; P is a family of probability distributions on
Rd, A(x, f) is vector-valued function afﬁne in x for f ﬁxed and afﬁne
in f for x ﬁxed, and K is either a direct product of Lorenz cones

(
L k‘ ¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ)
Xk‘
k‘
y 2 R : y1 P
y2
i¼2 i

over ‘ = 1, . . . , L, or a positive semideﬁnite cone Sm
þ – the set of all
m  m positive semideﬁnite matrices ‘‘living’’ in the Euclidean
space Sm of m  m symmetric matrices.
It is well known that a vector y 2 Rk belongs to the Lorentz cone
2
3
y1 y2 . . . yk
6 y2 y1
7
6
7
Lk if and only if the ‘‘arrow matrix’’ 6 .
7 is positive
.
..
4 ..
5
yk
y1
semideﬁnite. It follows that the chance constrained system of conic
quadratic inequalities (i.e., the case of K ¼ Lk1  . . .  LkL ) reduces
to chance constrained LMI (i.e., to the case when K is a semideﬁnite
cone). By this reason, we from now on focus solely on chance constrained LMIs. In the LMI case, the mapping A(x, f) can be written as
P
W 0 þ di¼1 fi W i , where W0, . . . , Wd are matrices from certain Sm afﬁnely depending on the decision variables x, and we lose nothing
when assuming that these matrices are themselves our decision
variables. Thus, we are interested in approximating a chance constrained LMI

n
o
Xd
ProbfP W 0 þ
f
W
8P 2 P
i  0 P 1
i
i¼1

Guessing the approximation. Assume that  < 1/2 and that the
distribution P of f belongs to P and is symmetric w.r.t. the origin. In
this case, feasibility of W for (41) implies that W0  0. Assuming
slightly more, namely, that W0  0, (41) is equivalent to

n
o
Xd
ProbfP I þ
f
B
i  0 P 1  ;
i
i¼1

Bi ¼ W 01=2 W i W 1=2
;
0

ð42Þ

whence also

(
ProbfP I 

d
X
i¼1

)
fi Bi  I


(
)

X


P 1  2 () ProbfP 
fi Bi  6 1

 i

P 1  2;

ð43Þ

where k k is the usual matrix norm (maximal singular value). It follows that

4. Approximating chance constrained conic quadratic and
linear matrix inequalities

ProbfP ff : Aðx; fÞ 2 Kg P 1   8P 2 P;

bounded case, with properly scaled g in the role of f. Similarly,
the case of f  N ðl; RÞ clearly reduces to the Gaussian case.

ð41Þ

in decision variables W = [W0, . . . , Wd] 2 [Sm]d+1. In the sequel, we assume that P is comprised of all probability distributions on Rd such
that
L.1 f1, . . . , fd are independent, and
L.2 either fi have zero means and are supported on [1, 1]
(‘‘bounded case’’), or fi  N 0; r2i with 0 6 ri 6 1 (‘‘Gaussian case’’).
Note that the ‘‘factor model’’ f = Bg + b with independent zero mean
and bounded almost surely entries in g clearly reduces to the

#
( "
)
d
X
2
ProbfP k
fi Bi ek2 6 1 P 1  2 8ðe : kek2 6 1Þ:
i¼1

It is natural to guess that when  is small and fi are independent
zero mean ‘‘light tail’’ random variables, the latter relation should
imply that

P

P
2
2
2
i EfP ffi gkBi ek2 ¼ EfP fk
i fi Bi ek2 g
P
2
2
()
i EfP ffi gBi  Oð1ÞIm

6 Oð1Þ;

8ðe : kek2 6 1Þ;
ð!Þ

(from now on, O(1) stands for properly chosen positive absolute
constants). On a close inspection, this guess indeed is true when
P ¼ N ð0; Id Þ or P is the uniform distribution on the vertices of the
unit box, the ‘‘small enough’’  in both cases being O(1). We conclude that in the case of L.1–2, the condition

Xd

B2
i¼1 i

 Oð1ÞIm

ð44Þ

with properly chosen O(1) is necessary for the validity of (43). Now, if
Bi were deterministic reals rather than deterministic symmetric
matrices, the condition like (44), but with somehow reduced right
hand side, namely, the condition

Xd

B2
i¼1 i

2

6 ! ðÞ

with !() going slowly to +1 as  ? +0, would be sufﬁcient for the
validity of (42), provided L.1–2 take place.5 One could hope that
similar fact holds true in the matrix case as well.
Main result. A simple corollary of nontrivial facts of functional
analysis due to Lust-Picard, Pisier, Buhholz (see [30] and references
therein) is that the hope we have expressed can indeed be justiﬁed.
Theorem 4.1 [2, Theorems 10.1.1, 10.1.2, Proposition B.5.2]. Let
0 <  < 1/4, let the distribution P of f satisfy L.1–2, and let B1, . . . , Bd
be deterministic matrices from Sm such that
d
P
i¼1

B2i  !2 ðm; ÞIm ;

8 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ < 4 ln 4 ;
bounded case;
3
!ðm; Þ ¼ 4 lnðmaxðm; 3ÞÞ þ
: ErfInvðÞ  ErfInvð1=4Þ; Gaussian case:
ð45Þ

Then
5

By Hoeffding Inequality, in the bounded case it sufﬁces p
toﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
set !ðÞﬃ ¼
while in the Gaussian case one can take !ðÞ ¼ ErfInvðÞ 6 2 lnð1=Þ.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 lnð1=Þ,
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n
o
Xd
ProbfP I þ
f
B

0
P 1  :
i
i
i¼1

ð46Þ

In particular, the LMI

2

W0
6 !ðm; ÞW 1
6
6
..
6
4
.

!ðm; ÞW 1 . . . !ðm; ÞW d

!ðm; ÞW d

..

.

n
o
Xd
3
Prob w0 þ cðÞ i¼1 gi wi 2 Q P ;
4

3
7
7
70
7
5

W0

Theorem 5.1. Let Q  Rm be a closed convex set, w0, w1, . . . , wd be
deterministic vectors from Rm, and let f; g 2 Rd be such that f  cg
and g  N ð0; RÞ. When e 6 0.01, the relation

ð47Þ

W0

in variables W = [W0, W1, . . . , Wd] is a safe tractable approximation of
chance constrained LMI (41).
Note that the ‘‘In particular’’ part of Theorem stems from the fact
that with W0  0, and Bi ¼ W 1=2
W i W 1=2
, matrix inequality (45)
0
0
is equivalent to the LMI (47). The latter relation, being sufﬁcient
for the validity of (41) in the case of W0  0, by continuity argument
remains so when W0  0.
5. Scenario approximation revisited: Gaussian majorization
In this section, we, following [21] and [2, Section 10.3], show
that under favorable circumstances one can overcome, to some extent, the drawbacks of the scenario approximation as presented in
Section 2, that is, its impracticality in the case of ‘‘really small’’ 
and difﬁculties with the ambiguous case.
5.1. Gaussian majorization
Preliminaries: convex dominance. Let Rm be the family of all
probability distributions on Rm with zero mean. With slight abuse
of terminology, we say that a random vector n belongs to Rm if the
distribution of n is in Rm . Given random vectors n, g belonging to
Rm , the respective distributions being P, Q, we say that (the distribution P of) n is convexly dominated by (the distribution Q of) g, if
E{f(n)} 6 E{f(g)} for every convex function f : Rm ? R with linear
growth: jf(x)j 6 af + bfkxk2 for all x. We write down this fact as
nc gð () gc nÞ, or as Pc Q ð () Q c PÞ. Convex dominance possesses a number of useful properties, in particular, as follows (for
justiﬁcation, see, e.g., [21,2]):
 c is a partial order on Rm .
 If P1 ; . . . ; P k ; Q 1 ; . . . ; Q k 2 Rm , and Pi  cQi for every i, then
P
P
i ki P i c
i ki Q i for all nonnegative ki with unit sum.
 If n 2 Rm and t P 1 is deterministic, then tn  cn.
 Let P 1 ; Q 1 2 Rr ; P2 ; Q 2 2 Rs be such that Pi  cQi, i = 1, 2. Then
P1  P2  cQ1  Q2. In particular, if 2k random vectors
ni ; gi 2 Rmi ; 1 6 i 6 k, are independent and ni  cgi for every i,
then [n1; . . . ; nk]  c[g1; . . . ; gk].
 If n1 ; . . . ; nk ; g1 ; . . . ; gk 2 Rm are independent random variables,
0
ni  cgi for every i, and Si 2 Rm m are deterministic matrices,
P
P
then i Si ni c i Si gi .
 Let n 2 R1 be supported on [1, 1] and g  N ð0; p=2Þ. Then
g  cn.
 If n has unimodal w.r.t. 0 distribution and is supported on
[1, 1] and g  N ð0; 2=pÞ, then g  cn.
 Assume that n 2 Rm is supported in the unit cube {u : kuk1 6 1}
and is ‘‘absolutely symmetrically distributed,’’ meaning that if J
is a diagonal matrix with diagonal entries ±1, then Jn has the
same distribution as n. Let also g  N ð0; ðp=2ÞIm Þ. Then n  cg.
 Let n; g 2 Rm ; n  N ð0; RÞ; g  N ð0; HÞ with R  H. Then
n  cg.
Gaussian Majorization. Our working horse in the rest of this section is the following concentration result readily given by [21,2,
Theorem 10.3.3] (these results, in turn, are simple consequences
of the results of Borell [6]):

9
5

cðÞ ¼ ErfInvðÞ;

ð48Þ

implies that

n
o
Xd
Prob w0 þ
f w 2 Q P 1  :
i¼1 i i

ð49Þ

5.2. Applications
Chance constrained LMI beyond the scope of assumptions
L.1–2. One application of Gaussian Majorization is as follows. Consider chance constrained LMI (41) and, instead of assumptions L.1–
2, assume that all distributions from P are convexly dominated by
a known Gaussian distribution. This is a weaker assumption which
allows, e.g., for certain dependence between the entries in f. Now,
with appropriate linear scaling of f, we can assume the dominating
Gaussian distribution to be the standard one, N ð0; Id Þ. By Theorem
5.1, every feasible solution W to the chance constrained LMI

n
o
Xd
ProbgN ð0;Id Þ W 0 þ cðÞ i¼1 gi W i  0 P 3=4

ð50Þ

is a feasible solution to the chance constraint of interest (41). It follows that a safe tractable approximation of (50) given by Theorem
4.1 (this theorem is applicable, since the uncertain data in (50) obey
the standard Gaussian distribution), or whatever else safe tractable
approximation of (50), is a safe tractable approximation of the
chance constraint of interest (41) as well.
Analysis problem. Consider the situation as follows: we are given a chance constraint

pP ðxÞ :¼ ProbfFðx; fÞ 2 Q g P 1   8P 2 P;

ð51Þ

m

where Q  R is a closed convex set, along with a candidate solution x, and want to certify that 
x is feasible for (51). How could
we handle this task when the probabilities in question are difﬁcult
to compute? When P ¼ fPg is a singleton, the standard way to fulﬁl
our task is to choose a conﬁdence level 1  b and to use Monte Carlo
simulation in order to get a (depending on the sample and thus random) estimate b
p of pP ðxÞ such that ‘‘up to probability 6 1  b of bad
sampling’’ it holds b
p  pP ðxÞ 6 0 for some chosen in advance 0 < ,
say, 0 = /2. Now, if b
p P 1  ð  0 Þ, we, with conﬁdence 1  b, can
conclude that x satisﬁes (51). This approach, however, requires
samples of the length of order of 1, and thus becomes impractical
when  is ‘‘really small;’’ besides this, the approach does not work in
the ambiguous case. The question is, what to do when the outlined
‘‘crude’’ Monte Carlo approach is either impractical, or inapplicable.
In the case of ‘‘well structured constraints,’’ a (partial) answer is as
follows. Assume that F(x, f) is afﬁne in f:

Fðx; fÞ ¼ w0 ðxÞ þ

Xd

f w ðxÞ
i¼1 i i

and that all distributions from P have common expectation, which
we w.l.o.g. assume to be 0. Further, assume that we can point out a
Gaussian distribution N ð0; RÞ on Rd which convexly dominates all
distributions P 2 P.
Whatever restrictive, these assumptions indeed are satisﬁed in
many applications. For example, assume that F is afﬁne in f and
all distributions from P are either (a) product type zero mean
ones supported on the unit cube, or (b) supported on the unit
cube and absolutely symmetric, or (c) zero mean Gaussian distributions with uniformly bounded covariance matrices. Under
these assumptions all distributions from P indeed are convexly
dominated by an appropriate zero mean Gaussian distribution
(which can be found using relevant items from the above list).

717

A. Nemirovski / European Journal of Operational Research 219 (2012) 707–718

Under the above assumptions, we can use crude Monte Carlo simulation to certify, with a desired conﬁdence 1  b, the validity of the
condition

n
o
Xd
3
ProbgN ð0;RÞ w0 ðxÞ þ cðÞ i¼1 gi wi ðxÞ P ;
4

ð52Þ

with c() given by (48). All we need here is to sample from the distribution N ð0; RÞ, with the sample size depending solely on b (and
‘‘small’’ – O(1) ln(b1)). When crude Monte Carlo simulation says
that (52) does take place, we can use Theorem 5.1 to conclude, with
conﬁdence P1  b, that x is feasible for (51). Note that the outlined
approach is nothing but a kind of importance sampling, the difference being that in the usual importance sampling, one wants to estimate probability of certain event by sampling from a reference
distribution, while we use the same technique to bound from above
this probability. In applications we are aiming at, the former goal, in
contrast to the latter one, would be completely unrealistic. For
example, the distributions of two zero mean Gaussian vectors n,
g = 9n in R100 are ‘‘nearly mutually singular’’ (speciﬁcally, admit
non-overlapping (1  d)-supports with d as small as 1.e43), so that
it seems completely unrealistic to estimate Prob{n R Q} by sampling
g and taking the empirical expectation of the corresponding importance sampling ratio. At the same time, taking into account that
9
ErfInvð106 Þ < 9, Theorem 5.1 says that if Prob{g R Q} 6 1/4 (which
5
we can certify reliably by a short-sample simulation) and Q is closed
and convex, then Prob{n R Q} 6 106, although we have no idea
whether the latter probability is 106 or 1016.
The outlined approach has various applications in chance constrained optimization; for example, one can use it to certify ‘‘true
feasibility’’ of a candidate solution to a chance constrained problem
when this candidate solution is yielded by an unsafe approximation of this problem.
‘‘Short sample’’ scenario approximations. Consider afﬁnely
perturbed chance constrained problem
n
n
o
o
Xd
min f ðxÞ : ProbfP w0 ðxÞ þ
f wi ðxÞ 2 Q P 1   8P 2 P ; ð53Þ
i¼1 i

N P Ceilð5n lnðnÞ þ 4 lnðb1 ÞÞ

ð54Þ

(note that the right hand side is independent of e). Then the probability
of the event

!
H ¼ f gN : the optimal solution to
!
ðP½ gN Þ is well defined and is infeasible for ð53Þg
does not exceed b.
Proof 1. The proof follows, with minor modiﬁcations, the original
proof of Theorem 2.1 due to Calaﬁore and Campi. Let I be the family of all subsets of {1, . . . , N} of cardinality n + 1. For
!
I ¼ ft 1 < t2 < . . . < t nþ1 g 2 I , let gN;I ¼ ðgt1 ; gt2 ; . . . ; gtnþ1 Þ, and let
!
f ðgN;I Þ 2 R [ fþ1g be the optimal value of the scenario problem
!
ðP½gN;I Þ given by the scenarios gt1 ; . . . ; gtnþ1 . When the latter prob!
lem is feasible, let x ðgN;I Þ be the (unique, by assumption) optimal
!
!
solution to this problem; when PðgN;I Þ is infeasible, we set x ðgN;I Þ
!
n
to a ﬁctitious value ⁄ R R . Similarly, let f ð gN Þ be the optimal value
!
!
of ðP½ gN Þ, and x ð gN Þ be the optimal solution to this problem, if
the problem is feasible, and be ⁄ otherwise.
!
!
Let us ﬁx gN . We claim that x :¼ x ð gN Þ is either ⁄, or one of
!
the points xI :¼ x ðgN;I Þ; I 2 I .
Indeed, there is nothing to verify when x⁄ = ⁄. Now assume that
!
x⁄ – ⁄. Then x⁄ is feasible for every problem
ðP½gN;I Þ; I 2 I , so

that for every I 2 I one has xI –  and f xI 6 f ðx Þ. Taking into
account that the optimal solution to a scenario problem is
!
unique and that x⁄ is feasible for every problem ðP½gN;I Þ, all
we need in order to prove that x⁄ is one of the points xI is to verify that at least one of the inequalities f ðxI Þ 6 f ðx Þ; I 2 I , is an
equality. Assume that this is not the case, so that there exists
d > 0 such that f ðx Þ > f ðxI Þ þ d for all I 2 I , and let us lead this
assumption to a contradiction. To this end, let
Xd
X t ¼ fx 2 X : f ðxÞ 6 f ðx Þ  d; w0 ðxÞ þ c i¼1 gti wi ðxÞ 2 Q g; 1 6 t 6 N:

x2X

where X  Rn is closed and convex, f(x):X ? R is convex and continuous function with bounded level sets {x 2 X : f(x) 6 a},
w0(x), . . . , wd(x) are afﬁne in x vector-valued functions taking values
in certain Rm, Q is a closed and convex subset of Rm, and P, as always, is certain family of probability distributions on Rd. Assume
that
D: All distributions from P are convexly dominated by a given
Gaussian distribution N ð0; RÞ.
Let us associate with (53) its scenario approximation

min f ðxÞ : w0 ðxÞ þ c
x2X

d
P
i¼1

gti wi ðxÞ 2 Q ; 1 6 t 6 N ;

!
ðP½ gN Þ

c ¼ cðÞ ¼ 95 ErfInvðÞ;
!
where gN ¼ ðg1 ; . . . ; gN Þ, and g1, . . . , gN are, independently of each
other, sampled from the distribution N ð0; RÞ. The difference with
scenario approximations from Section 2 is that now we are sampling from the distribution N ð0; RÞ rather than from the true distribution of f, and, in addition, ‘‘amplify’’ the simulated data
perturbations by factor c. Note that since f has bounded level sets,
!
!
ðP½ gN Þ, depending on gN , is either infeasible, or solvable. We have
the following analogy of the result of Calaﬁore and Campi (Theorem
2.1):
Theorem 5.2. In addition to assumption D, assume that whenever
!
scenario approximation ðP½ gN Þ is feasible (and thus solvable), the
optimal solution to the approximation is unique (e.g., f is strictly
convex). Let a conﬁdence level 1  b, b 2 (0, 0.1), be given, and let

By construction, X1, . . . , XN are closed convex sets which in fact
are bounded (since f has bounded level sets). In addition, every
n + 1 of the sets Xt, t = 1, . . . , N, have a point in common: when
1 6 t1 < t2 <
< tn+1 6 N, a common point of X t1 ; . . . ; X tnþ1 is
1 ;...;t nþ1 g . By Helley Theorem, it follows
nothing but the point xft

that all the sets X1, . . . , XN have a point in common, let it be 
x.
Recalling the deﬁnition of X t ; 
x is a feasible solution to
!
ðP½ gN Þ and f ð
xÞ 6 f ðx Þ  d < f ðx Þ, which is impossible; we
have arrived at a desired contradiction.
!
Now we can complete the proof. Since x ð gN Þ is either ⁄, or one of
!
the points x ðgN;I Þ; I 2 I , all we need in order to prove that
ProbfHg 6 b is that

!
!
p :¼ Probf gN : 9I 2 I : x ðgN;I Þ is infeasible for ð53Þ
!
and is feasible for ðP½ gN Þg 6 b:

ð55Þ

Given I ¼ ft1 < t 2 < . . . < t nþ1 g 2 I , let us set

pI :¼ ProbfHI g;
!
!
!
HI ¼ f gN : x ðgN;I Þ is infeasible for ð53Þ and is feasible for ðP½ gN Þg;
S
!
!
note that H  I2I HI . If gN 2 HI , then xI :¼ x ðgN;I Þ –  (since
!
I
otherwise x would be infeasible for ðP½ gN Þ) and

n

Xd

p :¼ ProbgN ð0;RÞ w0 ðxI Þ þ c

o

3
4

g w ðxI Þ 2 Q < ;
i¼1 i i 

ð56Þ

since otherwise xI would be feasible for (53) by Theorem 5.1. On the
!
!
other hand, when gN 2 HI ; xI is feasible for ðP½ gN Þ, so that the
Pd t
I
event E I deﬁned as ‘‘w0 ðx Þ þ c i¼1 gi wi ðxI Þ 2 Q for all
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t 2 J :¼ {1, . . . , N}nI’’ takes place. Now, xI is uniquely deﬁned by
gt1 ; . . . ; gtnþ1 , and the conditional, given gt1 ; . . . ; gtnþ1 such that xI satisﬁes (56), probability of E I is <(3/4)N(n+1) (since g1, . . . , gN are independent). We conclude that pI 6 (3/4)Nn1, whence, by the union


N
bound, p 6
ð3=4ÞNn1 . Invoking (54), we conclude that
nþ1
p 6 b. h
Note that the ‘‘safe’’ sample size as given by the right hand side of
(54) is independent of  (and nearly linear in n and ln(b1)), which
is a huge difference as compared to (8).
5.3. Scenario approximation of a chance constrained LMI
Theorems 2.1 and 5.2 provide sufﬁcient conditions for ‘‘true feasibility’’ (i.e., feasibility in the chance constrained problem of interest), with probability P1  b, of the optimal solution to the
scenario approximation; these theorems, however, say nothing
on whether the entire feasible set of the approximation is, with
probability close to 1, feasible for the chance constrained problem
of interest. It turns out that in the case of a chance constrained LMI,
the latter can be ensured as well. Speciﬁcally, consider the chance
constrained LMI (41) and assume that
D0 : All distributions from P are convexly dominated by the standard Gaussian distribution N ð0; Id Þ.
Note that whenever D holds true, appropriate linear scaling of f
brings the situation into the scope of D0 . The result to follow is a
slightly reﬁned version of the ‘‘Gaussian case’’ of [21, Theorem
11]; it can be proved in a fashion completely similar to the one of
the prototype theorem, see [21]:
Theorem 5.3. Given chance constrained LMI (41) with  6 0.01,
Wi 2 Sm and P satisfying D0 , consider the scenario approximation

W 0 þ cðÞ

Xd

t
Wi
i¼1 i

g

 0; 1 6 t 6 N;

!
ðC½ gN Þ

!
of (41), where c() is given by (48), gN ¼ ðg1 ; . . . ; gN Þ, and g1, . . . , gN
are, independently of each other, sampled from the distribution
N ð0; Id Þ, and let

!
!
W  ½ gN ¼ fW ¼ ½W 0 ; . . . ; W d : W is feasible for ðC½ gN Þ& W 0  0g:
Assume, further, that a conﬁdence level 1  b, 0 < b 6 0.1, is given, and
let

N P C 1 ðm2 d lnðC 2 d lnð1 ÞÞ þ lnðb1 ÞÞ

ð57Þ

with properly chosen absolute constants C1, C2. Then

!
!
Probf gN : W  ½ gN is not contained in the feasible set of ð41Þg
6 b:
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