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Abstract

The Thesis is devoted to investigating the problem of computing the norm |[A|gpr =

nﬁaﬁc |Az||F of a linear mapping = — Ax acting from a finite-dimensional normed space
zeE:||z||g<L1

(E,|| - ||g) to a finite-dimensional normed space (F,|| - ||r). This problem is important and
interesting by its own right and especially due to its role in Robust Optimization. We mainly
focus on the case where (E, |- ||g) = (R", || - ||lp) and (F,]- ||r) = (R™, |- ||), so that A can be
identified with an m x n matrix; the associated norm ||A||g r is denoted by || A||pr. There are
three simple cases ((p=1,1 <r < 00), (r=00,1 <p < 00), p=1r=2) where || - ||, is easy to
compute. We conjecture that these are the only 3 cases where P, is not NP-hard, and prove
that P, is NP-hard in the case when 1 <7 < p < oco. We further focus on building efficiently
computable upper bounds on ||-|,,. Our first result in this direction is a refinement of Nesterov’s
theorems (see [21] and Chapter 13.2 in [22]) stating that in the case of 1 <r <2 <p < o0 a
natural semidefinite relaxation upper bound ¥, ,.(A) on ||A||,, is tight within the absolute con-
stant factor # ~ 2.29 (which can be reduced to \/7/2 =~ 1.25 when p = 2 or when r = 2).

2

We develop aﬂnO\?el technique for quantifying the quality of the bound ¥, , and demonstrate
that this bound in a wide range of values of p,r,n, m is essentially less conservative than it is
suggested by Nesterov’s results. We prove also that the bound W, , coincides with ||A|,, in
the case when A has nonnegative entries. Next, we develop a simple interpolation technique
allowing to extend the efficiently computable upper bound ¥, .(A) on ||A||,, from its original
domain 1 < r < 2 < p < oo to the entire range 1 < p,r < oo of values of p,r, and show
that the extended bound is tight within a factor depending on p,n,r,m and never exceeding
0(1) (max(m,n))%. Our analysis demonstrates that this factor does not exceed 9.48 for all
p, 7, provided that m,n < 100,000. Finally, we apply our interpolation technique to bound from
above the norm of a linear mapping A acting from (R",|| - ||,) to the space S, of symmetric
matrices equipped with the standard matrix norm — a situation which is of significant interest
for Robust Semidefinite Programming. We demonstrate that for “well-structured”, in certain
precise sense, mappings A the norm in question admits efficiently computable upper bound tight
within the factor O(1)n'/4,

vii



Chapter 1

Introduction

In this chapter, we formulate and motivate the goals of our research, outline the relevant back-
ground and present the summary of our results.

1.1 Matrix Norm problem: setting and motivation

1.1.1 Matrix Norm problem.

In the Thesis, we focus on the Matrix Norm problem as follows:

Let E, H be finite-dimensional real vector spaces equipped with norms || - ||z, || - ||z,
respectively, and let L(E, H) be the space of linear mappings from E to H; from the
algebraic viewpoint, L(F, H) is just the space of m x n real matrices, where m and
n are the dimensions of H, F, respectively. Norms || - ||z, || - ||z on E and H induce
the norm || - ||,z on the space L(E, H):

|Alpg = max |[|Az|/g.
z:||z|| g <1

The Matrix Norm problem is to compute ||A| g given A.

Computing [|A| g g is the problem of maximizing a convex function fa(x) = ||Ax| g over a
convex solid {z : ||z||[g < 1}, so that no universal efficient (i.e., polynomial time) solution
algorithms for the problem are known. Whether such an algorithm exists, it depends on a
particular choice of the underlying norms || - ||z, || - ||z, and we shall discuss this issue in length
later; for the time being, it suffices to say that, except for few particular cases, the Matrix Norm
problem is NP-hard. When the latter is the case, we intend to look for the “second best” option,
that is, for an approximating algorithm for ||A||g g — a polynomial time algorithm which, given
on input A, |- ||, || - || &, computes efficiently an upper bound Vg (A) on ||Al| g, z. The quality
of such an algorithm is quantified by its tightness factor v which, by definition, is the smallest
constant ¢ such that the inequality

Alle.r < VEH(A) <c|A|lpH

holds true for all A € £(F, H). It is clear that the tightness factor is always > 1; the closer it is
to 1, the better is the underlying approximation algorithm.

Our interest in Matrix Norm problem comes mainly from the role the problem plays in Robust
Optimization — a novel optimization methodology aimed at handling optimization problems with
uncertain data.




1.1.2 Robust Optimization and Matrix Norm problem
Robust Optimization: the paradigm

The data in numerous real-world optimization problems are not known exactly. It turns out that
data uncertainty, even a small one (usually simply ignored when solving optimization problems)
can make the “nominal” optimal solution (the one corresponding to the nominal data) completely
meaningless from the practical viewpoint. Indeed, there are cases (see examples in [2, 5, 7, 1])
when quite small data perturbations can make the nominal solution severely infeasible and thus
— practically meaningless. The Robust Optimization methodology originating from [2, 3, 16, 17]
and rapidly developing since then (see, e.g., [4, 5, 6, 7, 1, 8,9, 10, 11, 12, 13, 14] and references
therein) is aimed at overcoming this difficulty. Here an “uncertain optimization problem” is
defined as a family

P = {min {f(z) : F(z,() <0}: U}

of optimization programs — instances — with common decision vector x € R, common objective
f (m)l) and the data ¢ varying in a given uncertainty set U. A point x € R™ is called a robust
feasible solution of P, if z is feasible for all instances, i.e., if

F(z,0) <0 Y(euU.

Finally, the robust optimal solution of uncertain optimization problem P is defined as the robust
feasible solution with the smallest possible value of the objective, i.e., as the usual optimal
solution to the optimization problem

min {f(2)  F(2,0) <0V € U) (RO)

Discussions and examples presented in [2, 4, 16, 17, 3, 5] demonstrate that in many cases the
robust optimal solution is the most natural candidate to the role of “optimal solution to an
uncertain optimization problem”.

There is, however, a significant a priory difficulty with the Robust Optimization methodol-
ogy. By definition, the robust optimal solution is the usual optimal solution to the semi-infinite
(that is, with infinitely many constraints) optimization problem (RC), called the Robust Coun-
terpart (RC) of the uncertain problem P, and a semi-infinite optimization program can be
“computationally intractable” even when the objective and all realizations of the constraints are
“quite nice”. Although in some important cases (e.g., the one of uncertain Linear Programming)
the RC can be converted equivalently into a computationally tractable optimization program,
there are important cases (e.g., uncertain Semidefinite Programming) when all instances of P
are “easy”, while the RC of P is NP-hard. In these cases, the Robust Counterpart methodology
proposes replacing the RC of the problem by its “computationally tractable” approximations.
We are about to demonstrate that the problem of recognizing whether the RC of an uncertain
optimization program is computationally tractable, same as the problem of building a “reason-
ably good” tractable approximation of the RC when the RC itself is intractable, are closely
related to the Matrix Norm problem.

DExtensions to the case when the objective also is affected by the data and thus varies from instance to
instance are quite straightforward.



Robust Optimization and matrix norms
In many important applications of Robust Optimization the situation is as follows:
1. The constraint F'(z,() < 0 expresses the fact that the image of x under an affine mapping
x — Be(x) = Bex + be

should belong to a given cone K (nonnegative orthant in the case of Linear Programming,
the cone of positive semidefinite matrices in the case of Semidefinite Programming, etc.)

2. Bg¢,be affinely depend on the data (:

L
[Be,bc] = [B™ 6"+ > G[BY b (1.1.1)
(=1

here [B™,b"] is the “nominal data”, and ¢ if the “perturbation vector”.
3. The uncertainty set I is a symmetric w.r.t. the origin convex solid in E = R¥, or, which

is the same,
U=U,={¢c E=R":|[(|r < p},

where ||(]| £ is a given norm in the space of perturbations and p > 0 is a given “perturbation
level”.

The most interesting cases here are:

e |||l ="l (“interval uncertainty” — every entry in the perturbation vector varies
in a given interval centered at the origin);

e |||z = |I']l2 (“ellipsoidal uncertainty” —a natural way to model random perturbations,
see [4, 3]).

4. The objective f(x) is a simple convex function (usually just a linear one).

With these assumptions, the Robust Counterpart (RC) of the uncertain problem in question
is a semi-infinite convex optimization problem with efficiently computable objective. It is well-
known that all we need in order to solve such a problem efficiently is the possibility to solve
efficiently the associated Analysis problem:

(Anal): Given candidate solution x, check whether x is robust feasible, i.e., whether

Be(x) e K V¢ eU.

Note that (Anal) is nothing but the problem of checking whether the image U, of the uncertainty
set U under the affine mapping

L
(= A (Q) =D ¢[Ble + b+ B + "
é:zl £ T

AxC

(the mapping depends on z as on a parameter) is contained in the cone K. Since U, is symmetric
w.r.t. az, it is the same — to ask whether U/, is contained in K and to ask whether the image of
U under the linear mapping ¢ — A,( is contained in the symmetric w.r.t. the origin compact
convex set Q, = (K — a;) N (a; — K). Now, the question

3



Whether the image of the set U = {( : ||C||lg < p} under a given linear mapping
¢ — A( is contained in a given central-symmetric w.r.t. the origin convex compact
set Q c RM?

is nothing but the question of computing the norm ||A|| g i of the matrix A (where || - || is the

norm with the unit ball Q): AU C Q if and only if ||Al|g.x < p~!. It follows that results on

efficient computation/bounding of matrix norms can be straightforwardly used to solve efficiently

Robust Counterparts/Approximate Robust Counterparts of uncertain optimization programs.
To illustrate this point, consider two generic examples.

Example 1: Robust approximation in | - ||,. Recall that the standard || - ||s-norm, 1 <
s < oo, on R™ is defined as

n 1/s
> s s) , 1<s<x
(@1, ey ) ls = (¢:1| . (1.1.2)
max |z, s =00
7

For a linear mapping from £ = R"™ to R™, that is, for a m x n matrix A and assuming that F,
H are equipped with || - ||p, || - ||, respectively, the corresponding norm of the mapping A is

1Az, = [|Allp,r = max {[|Az]|, : € R, [lx], < 1}. (1.1.3)

Consider the following well-known problem:

Given mxn matrix B, m-vector b andr € [1, o], find the best possible approximation
of b by a linear combination of the columns of B, i.e., solve the convex optimization
problem

min {r:||Bx = b|, <7}. (1.1.4)

This problem arises in numerous applications; in these applications, the “values of interest” for
r usually are r = oo (Tschebyshev approximation), » = 2 (Least Squares) and r = 1 (|| - ||1-
approximation). Now, in many important applications (like synthesis of filters and arrays of
antennae, see [19, 7]), the decision variables in (1.1.4) are characteristics of certain physical
devices. In reality these characteristics somehow drift around their computed values rather than
remain exactly equal to these values. Examples in [7] demonstrate that even small “imple-
mentation errors” of this type can destroy completely the quality of the usual optimal solution
to (1.1.4). Thus, in many applications of (1.1.4) there is a necessity to “immunize” the so-
lution against implementation errors. Assuming the most natural multiplicative model of the
implementation errors:

T — T; = (1 + Cz)xz, ’Cz‘ < p, (1.1.5)

a natural way to immunize a solution against these errors is to pass from (1.1.4) to the problem

min {7 : [|[Bx —bl|, <7, ||BDiag{l + (1,...,1 4+ Cu}x — Bafl, <07 V(¢ [[Clloe <p)}, (1.1.6)

where 6 is the “safety parameter” of order of 1 (say, # = 0.1). The role of the semi-infinite
constraint in (1.1.6) is to impose an upper bound on how the implementation errors can affect
the quality of approximation; with this constraint, for a feasible solution (x,7) perturbations

4



(1.1.5) cannot make the quantity ||BZ — b||, larger than (1 + ) times the “nominal quality” 7
of the solution.
The Analysis problem associated with (1.1.6) is, essentially, to verify, given x, 7, whether

|B(In + Diag{C})z — Bx[l, <07 V(¢ € R": [|([l < p),

where Diag{a}, a € R", is the diagonal matrix with diagonal entries ay,...,ay, and I, is the
unit n X n matrix. In other words, we need to check whether
. 0

”BDlag{x}Hoo,r < ;7'; (117)
We see that to solve efficiently the problem of interest (1.1.6) is the same as to be able to compute
efficiently the ||| oo r-norm of the m x n matrix A = BDiag{z}. It is known (see Section 1.3.3 for
detailed explanation and references) that computing ||Al/ , is easy when r = oo (Tschebyshev
approximation) and is NP-hard when r = 2 (the Least Squares case); however, in the latter case

there exists an efficiently computable upper bound Wy 2(A) on ||Al|s,2 which coincides with
| Alloo,2 up to the factor \/m/2 ~ 1.25; this bound is

Uyo(A) = max { Tr(AXAT): X =0, X; <1,i=1,...,n

resr (1.1.8)
. m Diag{u} ‘ A o
p— l . . >_
uef%BeR{z [V+i§1 M] ' l AT I, |~ 0

where S™ is the space of symmetric n x n matrices, Tr(B) is the trace of a square matrix B, and
X > 0 means that X a is symmetric positive semidefinite matrix.

Replacing in the Analysis problem the “computationally intractable” matrix norm || - ||sc2
with its efficiently computable approximation Wu,o(-), we arrive at an efficiently solvable ap-
proximation of the (Least Squares version of) problem (1.1.6):

min {7‘ :||Bx — b||l2 < 7, || BDiag{z}||c0,2 < %7’} (116])
: Diag{u} | BDiag{z}
. — < <98 —
Jnin {7’ |Bx —bl|l2 < 7,v+ % pi < 257, [ Diagle} BT | v, =0 (I1[0))

Here the NP-hard problem (I[p]) is equivalent to the Least Squares version of (1.1.6), while
problem (II[f]) is a computationally tractable approximation of (I[f]) (and thus — of the problem
of interest (1.1.6)). The quality of the approximation is as follows: a feasible solution to (II[f])
is feasible for (I[f]), and “nearly vice versa”: a feasible solution to (I[li%]) is feasible for (II[0]).
Recalling the role of the safety parameter 6, we see that from the modelling viewpoint, a 25%
change in the value of the parameter makes no essential difference; consequently, problem (I1[6)]),
for all practical purposes, is a quite satisfactory substitution of the problem of interest.

We see that although the Matrix Norm problem, especially in its simplest “|| - ||, ,”-setting,
looks “purely academic”, the related results admit immediate practical applications. This is

even more so for more “specialized” settings of the problem, as is seen from the following

Example 2. Uncertain Semidefinite Programming. Consider an uncertain semidefinite
program

{mxin {cTa: : Bo[¢] + zn:ijj[C] = 0} ¢l < p} ; (1.1.9)
j=1

5



in this problem, B;[(], j = 0,1,...,n, are symmetric matrices affinely depending on the per-
turbation vector ¢ € R¥, and P > @ means that the matrices P,Q are symmetric and their
difference P — @) is positive semidefinite. The most interesting cases of (1.1.9) are those of
p = oo (“interval uncertainty”) and p = 2 (“ellipsoidal uncertainty”, which in many cases is a
natural model of random perturbations, see [4]). Taking into account the extremely important
role played by Semidefinite Programming in Control, Structural Design, Signal Processing, etc.,
problem (1.1.9) is of definite applied interest.
The Analysis problem associated with the Robust Counterpart of (1.1.9) is the problem

Given m x m symmetric matrices Cy, C1, ..., Cr, check whether the implication
L
I, <p =Y GCe=Co
/=1

takes place.

When verifying this implication, one can assume w.l.o.g. that Cp is positive definite (otherwise
the implication definitely is not valid, provided that certain linear combination of the matrices
Cy is of full rank). When Cj > 0, the implication is equivalent to

L
Ky <p= —T1=3GC =1, Cr=Cy Py, (1.1.10)
(=1

Now consider the linear mapping

L
(> AC=D) GG

(=1
acting from the space E = R’ equipped with the norm || - |z = || - ||, to the space H = S" of
symmetric n x n matrices equipped with the standard matrix norm ||B||g = ||B|l2.2 = 01(B),

where 01(B) > ... > o, (B) are the singular values of an m x n matrix B. It is immediately seen
that implication (1.1.10) is equivalent to the relation

1
[Allp,2,2) = Al 2,m < >

so that to process the (approximate) Robust Counterparts of uncertain semidefinite problem
(1.1.9) is, essentially, the same as to compute/to approximate the norm ||Al|, 22) of a linear
operator acting from (R, || -||,) to (S™, ] - ||l2.2). It is known ([3, 8], [6]) that although it can be
NP-hard to compute the norm || - ||, 29y exactly (it is the case, e.g., when p = 2), there exist
nontrivial efficiently computable upper bounds on the norm, and thus there exist nontrivial
approximate Robust Counterparts of uncertain semidefinite programs (1.1.9).

1.2 Basic facts on matrix norms
Here we list the well-known facts on matrix norms to be used in the sequel.

6



1.2.1 Norms on Euclidean spaces

Let E be a Euclidean space (that is, a finite-dimensional linear space over reals equipped with
an inner product (-,-)). Recall that a norm on E is a real-valued function | - || on E with the
following properties:

|z|| > 0Vz € E;||z|| =0 < = =0 [positivity]

|Az]| = [A||lz||V(z € E, X € R) [homogeneity and symmetry]

I+ o1l < llzll + Iyl ¥(zy € B)  [oriangle inequality]
It is well-known that every norm on F is a convex function. Every norm || - || on F induces the
conjugate norm || - ||*:

1€]]" = max {(¢,x) : z € E, [[zf| <1},
and the norm conjugate to || - ||* is the original norm || - ||. From the definition of conjugation it
follows that
V(z,y e E): [z,y)| < llz[llyll- (1.2.1)

Particular norms of primary interest for us are as follows:

I. Norms | - ||s on R"™. As always, R" is the space of n-dimensional real column vectors
n
equipped with the standard inner product (a,b) = a’b= 3" a;b;. For s € [1, 0], the norm || - ||
i=1
on R™ is given by (1.1.2). The basic properties of the norms of the family are as follows:
@ (1 =0l se= 52 [+ =1]
(b) Y(z,y e R",s€[1,00]) : |zTy| < |zsllylls. [Holder Inequality] (1.2.2)
(€) 1<s<r<oo= |z|s<|z|, <n:r|z|sVe € R

It is convenient to parameterize the norms | - |5 by the parameter a = 1 varying in [0, 1]. With
this parameterization, (1.2.2) becomes
U= 1r)™ = -l )-
Besides this, we have the following
Proposition 1.1 Let 0 # a € R™. Then the function
f(@)=n(la ) : [0.1] = R (1.2.3)
is convez, nondecreasing and Lipschitz continuous on [0, 1] with Lipschitz constant Inn.

Proof of this well-known fact is as follows. Monotonicity and Lipschitz continuity, with constant
In(n), of f(-) are readily given by (1.2.2.c). To prove convexity, we may w.l.o.g. assume that
a; #0 forall t <n. Now let 0 < o < <1 andlet vy =Aa+ (1 —\)G, where A\ € (0,1); we
should prove that f(v) < Af(a) + (1 — A) f(0); since f, as we already know, is continuous on
[0, 1], it suffices to prove the latter inequality in the case of & > 0. Assuming a > 0, and setting
=5, v = ﬁ, so that i%—% =1 and p,v € [1,00], we have

a=x

) = i (Slal) =9t (Slail - Jel 5

< vln ((%: \aiﬁ“)i (%: |ai]1wkl’> 11/) [by Holder inequality]
= 3 (Slail¥) + 2 (Slal? ) = Af(@) + - 0f0),



as claimed. m

Spectral norms on the spaces of matrices R™*™. Let R™*™ be the space of m X n real
m n

matrices equipped with the inner product (X,Y) = Tr(XY7T) = 3 Xi;Yij. The spectral
i=1j=1
s-norms | - | on R™*™ 1 < s < o0, are defined by the relation

[ Xls = [lo(X)lls,
where 01(X) > 092(X) > ... > 0,(X) are the singular values of X. It is well-known that
these functions indeed are norms; their basic properties are similar to those of the | - ||s-norms,
specifically,
) (1) =l e s =557 [l L =1]
b) V(X,Y e R™" s e [l,00]): [(X,Y)| <|X|s]Y s,

-~ —

1<s<r<oo=||X|s <||X]r < (min[m, n])é_% | X||s VX € R™*™, (1.2.4)
V(X € R™*" s € [1,00]) : | X|s = |XT]s
0#AeR™"™ = In|A|1 is convex, nondecreasing and Lipschitz continuous,

N N N N N
® 2}
~—

Q

with constant In(min[m,n]), on [0, 1]

When deriving (1.2.4.c-e) from (1.2.2.c) and Proposition 1.1, one should take into account that
the number of nonzero singular values of an m x n matrix does not exceed min[m, n], and that
the vectors of singular values of A and AT differ from each other by adding/deleting zero entries.

1.2.2 Induced norms of linear mappings

Let E, H be two Euclidean spaces equipped with respective inner products (-,}g, (-,-)g. We
can associate with the pair F, H the space L(FE, H) of linear mappings from E to H; this is also
a finite-dimensional linear space. After we equip £ and H with bases, the elements of L(F, H)
can be identified with matrices of the size dim H x dim F, i.e., with elements of R""", where
m = dim H and n = dim E. When E and H are the arithmetic spaces R", R" with the standard
inner products 'y, these spaces are from the very beginning equipped with “canonical” bases,
and in this case we can say that L(E, H) is the space of m x n matrices R"™".

A pair of norms || - |z on £ and || - ||z on H induces a norm on L(E, H), specifically, the
norm
FAT 2.1 206 ([ A2l = 1] < 1} (1.2.5)

Equivalently: ||A||g,n is the smallest constant C' such that

[Az[l g1 < Cllzlle Ve € E.

[l 2

When the norms || - ||g, ||cdot||g are clear from the context, we will shorten the notation
IA gl to [[AllE, . We shall be especially interested in the norms || - [[,, on R™*" =
L(R™,R™) induced in the outlined manner by the pair of norms || - ||, on R and || - ||, on R™;
these norms are given by relation (1.1.3).

Induced norms and conjugation

An important for the sequel property of induced norms is the relation between the induced
norms of a linear mapping and its conjugate.



Conjugate of a linear mapping A € L(FE, H) is the mapping A* given by the identity
(h,Aeygr = (A*h,e)g V(e € E,h € H). (1.2.6)

It is well-known that this identity, for every given A, indeed defines a unique linear mapping
A*; the mapping A — A* is a one-to-one linear mapping of L(F, H) onto L(H, E) which is
self-inverse: (A*)* = A. When identifying linear mappings from F to H by their matrices in
orthonormal bases {e;}, {h;} of E, H, the matrix representing A* in the pair of bases ({h;}, {e;})
is the transpose of the matrix representing A in the pair of bases ({e;}, {h;}). In particular, when
E =R", H=R", so that L(E, H) is exactly R™*" the conjugation becomes the mapping
A — AT - RMXn _, RNXM

Relation between induced norms of a mapping A € L(F, H) and its conjugate A* €
L(H, FE) is given by the following

Proposition 1.2 Let E, H be Euclidean spaces equipped with norms |- || g, |- ||m, and let |- |,
|l - |I5; be the norms conjugate to these norms. For every A € L(E,H) one has
I g = _max (b, Ae)p. (1.2.7)

ecE:|e||lg<1
. *
hEH.HhHHSI

In particular,

A€ LB H) = [ANe e = 1A T 005 (1.2.8)
and
V(A€ R™™ pre[1,00): |Allpr = AT llrpes Pr = —— 7y = ——, (1.2.9)
p—1 r—1
or, equivalently,
AeR™" a,0€0,1] = HAH%,% = ||ATHﬁ,ﬁ (1.2.10)
Proof of this well-known fact is immediate: since || - ||z = (|| - ||3;)*, we have

= : * < .
lAellzr = max {(h, Ae)s : [|h]5 <1}

this relation combines with ||Al[\.. 11 = meax{HAeHH lelle <1} to imply (1.2.7). (1.2.8)

immediately follows from (1.2.7) and the identity (|| - [|*)* = || - ||

”A*HH‘”%“'% = hefg\l}%\}%gl (e, A*h)g [by (1.2.8) as applied to A*]
ecE:(|le[H)*=llelp<1
= max (h, Ae)y [by definition of A%
hem:|hl3 <1
ecE:|e||g<1
= ANz by (1.2.7)]
Finally, (1.2.10) is given by (1.2.8) due to (|| - [|1)* = || - H%, see (1.2.3). m

1.2.3 Induced norms and quadratic maximization

Relation (1.2.7) demonstrates that computing induced norm of a linear mapping A € L(F, H)
is equivalent to solving the problem of bilinear maximization:

Al = Jax {(h Ac)a < Ikl < 1, lelle < 1) (1.2.11)

All known algorithms for approximating induced norms are based on further reducing (1.2.11)
to a problem of quadratic maximization.



Reducing (1.2.11) to quadratic maximization

Let L = H x E be the product of Euclidean spaces E, H, so that vectors from L are ordered
pairs (h,e) with h € H, e € E and naturally defined linear operations, and the inner product
on L is

<(h7 e)? (h/, 6/)>L = <h’ h/>H + <ev eI>E

Given norms || - ||g, || - ||# on E and H, we associate with them the norm

1(h, €)= max[[|A][7, [le]|£]

on L. Finally, with a linear mapping A € L(E, H) we associate the mapping S[A] € L(L, L)
given by
S[A](h,e) = (Ae, A*h).

Note that when identifying F with R", n = dim F and H with R™, m = dim H, by choosing
orthonormal bases {e;} in E, {h;} in H, we can equip L with the orthonormal basis {(h;,0)} U
{(0,¢;)}, thus identifying L with R™*", £(E, H) with R™*™ and £(L, L) with R{m+n)x(m+n),
With these identifications, A € L(FE,H) becomes an m X n matrix, and S[A] becomes the

A
symmetric matrix [ﬂ—] .

The quadratic maximization representation of || - is given by the following

I

Proposition 1.3 One has

AL,

-1l &

_ %I}g{@,sm}m Al < 1} (1.2.12)

Proof of this well-known fact is immediate: setting u = (h,e) and taking into account the
definition of || - || and S[A], the left hand side in (1.2.12) becomes

1 * bl < <
! ee%l%’éH“h Ae) + (A*h,e)g : ||hls < 1, ||el|z < 1}
) =(h,Ae)p

= 1 W< <
5 max {2(h, Ae), - ||B]I% < 1, |lellg < 1}

= 1Al s,

-1l 7>

where the concluding equality is given by (1.2.11). =

There are also two particular cases when computing the induced norm can be reduced to
maximizing a nonnegative quadratic form over a solid symmetric w.r.t. the origin; we shall see
that these cases are especially well suited for approximating the norm. The cases in question
are as follows:

A. |- |lz is a Euclidean norm | - || on H = R™. In this case we have

Alliliiog1, = max ||Aello = max max (e, A*Ae)p. 1.2.13
1Al 1e = oo el = pmax | vi4 \/|e||E<1 /e (1.2.13)

Note that the resulting mapping A*A € L(F, E) is symmetric positive semidefinite.
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B. || ||z is the Euclidean norm || - || on F = R". In this case we invoke (1.2.10) to get

FAN gtz = NAT TN 12
whence, as we have already seen,
Al it = h, AA*h) g, 1.2.14
AT 12 - \/h:r;ll'?gl( ) (1.2.14)

and the mapping AA* € L(H, H) is symmetric positive semidefinite.

1.3 Solvability status of the Matrix Norm problem: known re-
sults

The goal of this Section is to summarize known results on the solvability status of the Matrix
Norm problem. We restrict ourselves with the case when the problem of interest is to compute
|Allp,r, where A is an m x n real matrix and p,r € [1,00] (see (1.1.3)), which is the problem
we primarily focus on in the Thesis. When speaking about solvability status of the problem, we
treat p,r as fixed parameters and m,n, A € R™*" as the data specifying an instance; in other
words, we consider a two-parametric family P, ., p,7 € [1,00], of generic problems, where the
instances of P, , are specified by the data m,n, A € R™*", and an instance of P, , given by a
particular data (m,n, A) requires to compute ||Al|,,. The questions we are interested in are

(a) what are the “easy” (polynomially solvable, computationally tractable) members of our
2-parametric family of generic problems and what are the “difficult” (NP-hard) ones,
and

(b) how well can one approximate, in an efficient way, || A||, in the case when P, is difficult.
Our local goal is to outline known results on (a) and (b). It should be stressed that here we
consider the problems Pp,r in “full generality”, that is, without imposing restrictions on the
data like entry-wise nonnegativity of A or specific sparsity pattern in A. We remark also that
since we are speaking about problems with real data, in the sequel the notions of polynomial-
time solvability /NP-hardness are understood in the sense of Real Arithmetic Complexity Theory
(see, e.g., [1], Chapter 5, or Chapter 2).

1.3.1 When P,, is known to be easy

To the best of our knowledge, the only cases when P, is known to be polynomially solvable
are the following 3:

1. p = 1. In this case, ||Al,, = max |Aj||r, where A; is j-th column of A. This is a
<i<n

particular case of the following immediate observation:

(*) For A € LOR™, H), |Allj1. 110 = max |A7|| gz, where A7 is the image of
<j<n

Jj-th standard basic orth e; in R™ under the mapping A.

Indeed, [[Al[|.,,-|; is the maximum of the convex function ||Ax||y over the unit ball of
the || - ||1-norm; since the latter set is the convex hull of the vectors +e;, j = 1,...,n, the
maximum is achieved at one of these points.

11



2. r = co. In this case, |Al|p, = max |A;l|p,, where AT are the rows of A and p, = .
T I<i<m P

This case is “symmetric” to the first one, due to the following simple observation:

(!) The “computability status” of problem P, , is exactly the same as the com-
putability status of problem Py, ,,

which is an immediate consequence of the identity (1.2.8):

VA€ L(E H) = | Al 11 = A gz 0100

as a result, (*) implies that

(**) For A € £(E,Rm), ||AH||||E,H||oo = 1I<nzag’5n HAZH*E7 where Al is the image of

i-th standard basic orth e; in R™ under the mapping A*.
In the sequel, we refer to the problems P,, and P, ,, as to symmetric to each other.

3. p=r =2. It is well-known that in this case ||A||,, is the maximal singular value of A,
and the singular values are efficiently computable.
Note that the case in question is “self-symmetric”: when p = r = 2, the problem P, ,,
(which is always equivalent to Py ) is just Pp, itself.

In the sequel, we refer to the just listed problems P, as to “trivial”, and the remaining problems
Pp.r (those which are not known to be polynomially solvable) as to “nontrivial” ones.

1.3.2 When P,, is known to be difficult

To the best of our knowledge, the only cases when P, , is known to be difficult are the following
3:

1. p=oo,r=1;
2. p=o00,7r = 2;
3. p=2,r=1.

The key case here is the first one, and this case is difficult even when A is restricted to be
symmetric positive semidefinite. Indeed, from Proposition 1.2 we know that for every A € R™*"

one has

[Allooy = max  5y" Az (1.3.1)
oo <Lliglloo <1

When A is restricted to be symmetric and positive semidefinite, this bilinear maximization
problem is known to be equivalent to the quadratic maximization problem due to the relation

A€S" Ax0=||Alpp = max z’ Az (1.3.2)

[zl <1

The latter well-known relation can be verified as follows: by Proposition 1.2 we always have

1A

T Az

= max Y
PP«

’ lllp<1,llyllp<1
When A is symmetric, we have

1 1
yT Az = 2T Az —w” Aw, 2 = 5(;10 +y),w= 5(:5 —y);

12



when z,y run through the unit || - ||,-ball, z,w do not leave the same ball, whence

lAlp.p. = [T Az—w? Aw] < max 2T Az— min w’ Aw.

max y  Axr < max
lzllp<1,llyll,<1 121l <1,[Jw]l»<1 llz]lp<1 lwllp<1
When A is further restricted to be positive semidefinite, the latter inequality becomes

”A”p,p* < Hnﬁax ZTA27
z

p<1
while for every square matrix A it holds ||A||, p. = max yTAr < max 2T Az. Thus,
lzllp<1,llyll,<1 lI=ll,<1
for symmetric positive semidefinite A we indeed have | A||, p. = Hnﬁax 2T Az.
z|[p<1

Relation (1.3.1) says that problem P is at least as difficult as the problem of maximizing a
positive semidefinite quadratic form over the unit box. This latter problem, in turn, is at least
as difficult as the well-known MAXCUT problem

MAXCUT: Given a complete n-node graph with nonnegative integer weights of the
arcs, partition the nodes into two sets in a way which maximizes the total weight of
arcs starting in one of the sets and ending in the other one of them.

Indeed, denoting by a;; = aj;; 1 < 4,5 < n, i # j, the weight of arc (7,j), and setting a;; = 0, it
is easily seen (see, e.g., [1]) that MAXCUT is equivalent to the quadratic maximization problem

1 T 1 —aij, 1F]
— max T X Y . ) — 1
4 ||zfjse<1 > T %am i=j >

and that the resulting matrix L is symmetric positive semidefinite.

We see that the generic problem of computing ||Al|~,1 for a symmetric positive semidefinite
matrix A is at least as difficult as MAXCUT, and the latter problem indeed is quite difficult:
it is NP-hard to solve this problem; more than this, it is NP-hard to approximate its optimal
value within a once for ever fixed relative accuracy, like 0.04, and the latter remains NP-hard
even when instead of deterministic algorithms we are allowed to use randomized ones (see [22],
Chapter 13). The conclusion is that the problem of computing || - ||ec,1 is NP-hard already in the
case when A is restricted to be symmetric positive semidefinite, and even when an approximation
of relative accuracy 0.04 is sought.

“Computational intractability” of computing ||Al|s,1 for symmetric positive semidefinite A
implies the same property for the problems Py, 2 and Pz 1 — the second and the third difficult
cases of P, in the above list. Indeed, given a positive semidefinite matrix A, we can efficiently
represent is as A = BT B, even with additional restriction for B to be lower /upper triangular or
to be symmetric positive semidefinite. By (1.2.13) we have

14]loo1 = [1B1% 3

thus, if P2 were computationally tractable, so would be the problem of computing || A||oc,1
for 0 < A € S", which, as we know, is not the case. Moreover, from the above remarks it
follows that the problem of computing || B||~ 2 is intractable already when B is restricted to be
lower /upper triangular or symmetric positive semidefinite, and even when an approximation of
once for ever fixed small relative accuracy, like 0.02, is sought. Finally, problem P21 has exactly
the same “computational status” as P2 “by symmetry” (that is, by observation (!) in Section
1.3.1).

13



1.3.3 Known approximation results for P,,

All known approximation results for nontrivial problems P, . are straightforward consequences
of the results os Yu. Nesterov ([21], [22], Chapter 13.2) on convex relaxations of quadratic
maximization problems and are as follows:

1. Problem Py 2 (and symmetric to it problem Ps ;):

Proposition 1.4 For A € R™*", the efficiently computable quantity

Uooo(A) = ;f{},,n{ +Z lDlag{u}

‘ vi,

- 0} (1.3.3)
is an upper bound on ||Alloc2 = |AT |21, and this bound is tight within the factor \/7/2:

[Alloo.2 < Woo2(A) < y/7/2[|Al|co,2- (1.3.4)
This is a straightforward consequence of the following fact:

Theorem 1.1 [Nesterov’s 7/2 Theorem, [21]] Let Q be an n X n symmetric positive
semidefinite matriz. Then the efficiently computable quantity

N(Q) = m)z{xx{Tr(QX) :XeS"X>0,X;<1,i=1,..,n}

) ) (1.3.5)
= min {Z pi = Diag{p} = Q}
7
is an upper bound on the quantity ||Ql/cc1 = ”n‘z‘laxleQx and this bound is tight within
the factor m/2:
max zlQz < N(Q) < T max 2T Q. (1.3.6)

[[2]loo <1 T 2 |zfle<t

Nesterov’s /2 Theorem was originally proved via the “random hyperplane” technique
originating from the famous MAXCUT-related paper [18] of Goemans and Williamson;
it can be also obtained from a more general Matrix Cube Theorem [8]. It can be easily
seen that the quantity ¥ 2(A) is nothing but /N(AT A); since ||Allcc2 = v/l ATAl|o.1,
(1.3.4) follows from (1.3.6) (where we set Q = AT A) by taking square roots of N(Q) and
Q|01 = maxleQ

l[#]loo <

2. Problems Py, with1 <r <2 <p < oc.

Proposition 1.5 Let A € R™ ™ and let 1 < r < 2 < p < oco. Then the efficiently
computable quantity

1 . Diag{u} | A7
= — ~ 3.
‘IJPJ“(A) 9 ueRIrIL{}/%Rm {HMH + ”VHf A ‘ Diag{y} =0 (1 3 7)
is an upper bound on ||Al|pr, and this bound is tight within the factor 2\/51 5 = 2.2936...:
= 3
1
[A]lpr < ¥pr(4) < o5 2 5 1 Allp.r- (1.3.8)
§
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In addition, in the case of r = 2 one has
[Allp2 < Wp2(A) < vp — 1| Allp,2. (1.3.9)

This is an immediate consequence of Nesterov’s Theorems 13.2.4 and 13.2.5 in [22], Chapter
13.2. Note that (1.3.9) is better than (1.3.8) when p > 2 is close to 2; moreover, when
p — 2+ 0, the tightness factor of the bound W, ,, as stated by (1.3.9), approaches 1
uniformly in the sizes m,n of A, which is in full accordance with the fact that || A 22 is
efficiently computable.

1.4 Overview of the results

The main results of the Thesis are as follows.

NP-hardness of P,, with p > r. It is natural to conjecture that the 3 situations listed in
Section 1.3.1 are the only cases when P, , is polynomially solvable. While we have no proof of
this conjecture in its full generality, we do prove that it holds true when p > r. This “negative”
result is derived in Chapter 2.

Improved approximation results for P,, when 1 <r <2 <p. In Chapter 3, we refine
Nesterov’s results stated in Proposition 1.5. Our major result here (Theorem 3.2) states that
in the case of 1 <7 <2 < p < oo the efficiently computable upper bound ¥, ,.(A) on ||A

p,T
A e R™*™ given by (1.3.7), satisfies the relations
. [X(p,n) T(T*,m)} p r
Allpr <Y, (4) < A . = e = , 14.1
4l < e () < min | 22 ZE D ) pe= L= L (1)
@(p’n7/r.’m)

where

1/s IR 1/s
o) = (1 expl-/23ar) " = va ("CEN)
Y(s,k) = minfa(s),/2In(k+1)]
and I'(s) is the Euler function.
Note that the tightness factor of the bound ¥, .(A), as given by (1.4.1), is, in appropriate
range of values of p,r, m,n, better than the one given by (1.3.8), (1.3.9) (for detailed analysis,

see Section 3.2.3). The technique, originating from [1], underlying Theorem 3.2, while still using
randomization, differs from the “random hyperplane” technique underlying Nesterov’s results.

Exactness of the bound for a nonnegative matrix A. Along with the outlined results
on tightness factor of the bound V¥, .(A) for “general” A, we show that in the particular case of
a nonnegative A, the bound coincides with [|Al|,, (Theorem 3.3).

Approximation results for P,, with “general” p,r. All aforementioned approximation
results for P,, deal with the “good case” — the one when 1 < r <2 < p < oo. In Chapter 4
we “interpolate” these approximations to the entire range 1 < p,r < oo of the values of p,r.
In contrast to the “good case”, where the quality of approximation is independent of p,r and
the sizes of A (see (1.3.8)), the tightness factor of the interpolated approximations grows with
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the sizes m,n of A. This growth, however, is “moderate”: the tightness factor is never worse
than O(1) (max[m,n])%, which corresponds to the cases of p = %,r =4 and p = %,r = %,
see Section 4.2.3. To get an impression of these results, note that the tightness factor of our
efficiently computable upper bound on ||A||,, is < 2.5 for m x n matrices with m,n < 100 and

is < 9.5 for matrices with as many as 100,000 rows and columns.

Approximation results for ||A]j, .- The results we have mentioned deal with problems
Pp,r. In Chapter 5, we consider the problem of computing the induced norm of a linear mapping

xHAx:ijAj:R”HSm
j=1

in the case when the argument space R" is equipped with || - ||,, and the image space S is
equipped with the standard spectral norm | - | (cf. Example 2 in Section 1.1.2). Our main
result here is in developing an efficiently computable upper bound ¥,(.A) on [[Al|j., such
that

7||<>o

p—1

FAN e < Wp(A) <np® (min[9(u),n]) 7 1A},

Ifoo

J
po= max Rank(47), (1.4.2)
where J(k) is certain universal function such that

MU:lﬁ@):%ﬁ@)gMﬂdeZB (1.4.3)

(Theorem 5.2). Note that aside of the trivial case p = 1 (covered by observation (*) in Section
1.3.1), the only known results on approximating [lAll|.|,,- ... deal with the cases of p = 2 and
p = oo ([6], Theorem 6.2.2) and p = oo (Matrix Cube Theorem, [8]). The results of [6] state
that certain efficiently computable upper bounds ®3(A), ¥oo (A) on [lA).,, resp., [ A|,
satisfy the inequalities

@) Ao < P2(A) < y/min[m, n] [ A (1.4.4)
) Ao < VoolA) < vVmnllAj o a

The quality bound (1.4.4.b) was improved significantly in [8], where it is shown that

A oo oo < Poo(A) < O()[[A) ),

[loo = = oo ?

(1.4.5)

with p and 9(-) given by (1.4.2) and (1.4.3). Note that in the case of u << min[n, m?/n] (which
is typical in the situation of Example 2, Section 1.1.2), the tightness factor of our bound ¥ (.A),
as stated by (1.4.2), is much better than the tightness factor of the bound ®5(A) given by
(1.4.4.a). When p = oo, (1.4.2) recovers (1.4.4.b). Note that both ¥,(A) and (1.4.2) are given
by interpolation, similar to the one developed in Chapter 4, between the case of p = oo, covered
by the Matrix Cube Theorem, and the trivial case of p = 1.
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Chapter 2

Complexity of the Matrix Norm
problem

In this Chapter, we demonstrate that the problem of computing the matrix norm |[|A|,, =

max  ||Az||, of an m x n matrix A is NP-hard, provided that oo > p > r > 1.
zeR™:||z||p<1

2.1 NP-Hardness: preliminaries

In this Section, we present the “complexity framework” to be used in the sequel; this framework
is borrowed from [1], Chapter 5.
2.1.1 Generic optimization problems: instances, data vectors and sizes

A generic optimization problem P is a collection of instances — optimization programs of the
form

(p) : max {f(p)(x) rx € X(p) C R"(p)}
where n(p) is the design dimension of instance (p), X(;) is the feasible set of the instance, and
fp (@) : Xy — R is instance’s objective.
It is assumed that an instance of P is identified by a finite-dimensional real data vector
Data(p); the dimension of this vector is called the size of the instance:

Size(p) = dim Data(p).

For example, the problem of computing || - ||, -norm of a real m x n matrix A can
be considered as a generic optimization problem P, , with instances of the form

(p):  max{f(2) = Azl : 2 € X = {z € R” : |Ja]|, < 1}};
here the data vector is
Da‘ta‘(p) = (mu n? A117 A217 sy Amlu A127 cey Amzu AR} A1n7 cey Ann)a

and the size of instance is
Size(p) = 2 + mn.
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To avoid unnecessary for our purposes technical elaborations, we assume from now on that
all instances of P have nonempty, closed and bounded feasible sets, and that the objectives
are continuous on these sets (which implies solvability of every instance). Note that these
requirements are met by matrix norm problems P, ;.

2.1.2 e-solutions

In what follows, we adjust the definitions from [1], Chapter 5, to the case of generic problems
with simple feasible sets of the instances (as it is the case for our problem of interest Py, ).
Specifically, given a generic optimization problem P and ¢ > 0, we call a vector z. € R™?) an
e-solution of an instance (p) € P if x is feasible for the instance (i.e., . € X(;)) and

_ i < e.
f(p) (xe) xren)g;) f(p) (l‘) >¢€

The quantity

(2.1.1)

i 2
Digits(p, ¢) = In (Slze<p> + | Data(p)|ls + ¢ )

€

is called the number of accuracy digits in an e-solution to an instance (p) € P. Note that
this quantity grows as In(1/€¢) when ¢ — +0, in full accordance with the intuition on what
“the number of accuracy digits” should be; the specific numerator in (2.1.1) (which becomes
irrelevant when € is small) is motivated by technical reasons.

2.1.3 Model of computations, solution algorithms, complexity and polyno-
mial time solvability

We assume that instances of P are solved on a Real Arithmetic computer — an idealized computer
capable to store reals and to operate with them, specifically, capable to perform precisely four
arithmetic operations, comparisons and computation of elementary functions like sin, /> €Xp
with real operands; every operation of this type (“an elementary operation”) takes unit time.
Now, a solution algorithm A for P is a code for Real Arithmetic computer with the following
properties. When solving an instance (p) € P, the computer gets on input the data vector
Data(p) of the instance and required accuracy € > 0 and starts to execute code A on these
data. The code should ensure that after finitely many elementary operations the computation
terminates, and an e-solution to the instance is returned. The complexity C4(p, €) of finding an
e-solution to an instance (p) € P by solution algorithm A is, by definition, the running time (the
number of elementary operations) of executing A on the data Data(p),e. A solution algorithm
A is called polynomial time, if this complexity is bounded by a polynomial in the size of (p) and
the number of accuracy digits in the resulting solution:

Ca(p,€) < C4Size®(p)Digits®(p,e) V((p) € P,e > 0).

Finally, P is called polynomially solvable (“computationally tractable”), if P admits a polyno-
mial time solution algorithm.

There are good reasons to treat the notion of polynomial solvability of a generic optimization
problem as a good formalization of the informal property of being “efficiently solvable”.
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2.2 Computationally intractable optimization problems

Treating polynomial time solvability of a generic optimization problem as a synonym of “com-
putational tractability” of the problem, we were supposed to qualify a generic problem as “com-
putationally intractable” is it does not admit a polynomial time solution algorithm. However, at
the present level of our knowledge, no examples of natural generic optimization problems which
are provably intractable are known, and at present “computational intractability” of a generic
continuous optimization problem P means a weaker fact, specifically, NP-hardness of P. The
latter notion takes its origin in Combinatorial Optimization, and we start with outlining it.

2.2.1 Combinatorial Complexity Theory: problem classes NP and P

In Combinatorial Optimization, we are interested in solving generic problems with instances of
the form
given a, check whether there exists x such that P(a,z) =1,

where
e ¢ is a finite binary word — the data of the instance;
e candidate solutions x are finite binary words;

e P(a,x) is a characteristic for the generic problem in question predicate — function defined
on all pairs of finite binary words and taking values 0, 1.

A generic combinatorial problem P is said to belong to class NP, if

1. The associated predicate P(a,x) is polynomially computable — there exists a Turing ma-
chine which, given on input finite binary words a, x, computes P(a,z) in time polynomial
in the length length(a) + length(x) of the input; here length(s) is the number of binary
digits in a finite binary word s.

Instead of Turing machine, we could speak about a computer capable to store
finite binary words and carry out standard logical operations with bits. Note
that such a computer is capable to carry out arithmetic operations with ratio-
nal numbers (represented as pairs of integers — numerators and denominators of
fractions representing the rationals). The major difference with the Real Arith-
metic computer, where every arithmetic operation takes unit time, is that now
an arithmetic operation with rational operands takes time polynomial in the
“lengths” of the operands.

2. The lengths of meaningful candidate solutions are polynomially bounded in terms of the
length of the data. In other words, we can associate with P a positive integer x such that

P(a,z) = 1 = length(z) < x(1 + length(a))X. (2.2.1)

Note that there is a conceptually very simple way to solve instances of a NP-generic problem
P. Indeed, given data a of an instance, we could take one by one all finite binary words =
satisfying (2.2.1) and compute P(a,z). As a result, we either find a solution to the instance,
or arrive at a correct conclusion that the instance has no solutions at all; the latter happens
when all x satisfying (2.2.1) are checked, and no solution is found. This “brute force” approach
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is, however, impractical, since the number candidate solutions satisfying (2.2.1) is exponential
in length(a), and so is the running time of the outlined procedure. What we would like to
have, is a polynomial time solution algorithm for P — a code for a Turing machine (or the
outlined computer with bitwise operations) which, as applied to the data a of an instance of P,
in polynomial in length(a) time returns a solution to the instance or reports correctly that no
solution exists. NP-combinatorial problems which admit polynomial time solution algorithms
are called CCT-polynomially solvable (“CCT” stands for “Combinatorial Complexity Theory”),
and their class is denoted by P. There are good reasons to think that polynomial solvability of
a combinatorial problem is “theoretical equivalent” of the informal property of the problem to
be efficiently solvable.

2.2.2 NP-hard combinatorial problems

One of the major results of Combinatorial Complexity Theory establishes existence of universal
(“NP-complete”) problems — generic NP-problems P such that polynomial solvability of P would
imply polynomial solvability of every NP-problem and thus — the equality P=NP. Whether the
latter equality indeed takes place, it is the major open question in Computer Science; the
conjecture is that the quality does not take place, so that there indeed exist “computationally
intractable” generic problems in NP. The reason for this conjecture is, that quite a lot among
NP-complete problems there are of definite practical interest (like Travelling Salesman, Boolean
Programming, numerous Scheduling problems, etc.); although over the years these numerous
problems were attacked by thousands of top-rate researchers, no efficient solution algorithms for
these problems were found. After it was discovered that all these problems are equivalent to
each other as far as efficient solvability is concerned, the huge total research effort invested in
these problems makes the very existence of polynomial time algorithms for them highly unlikely.
As a result, at the present level of our knowledge NP-complete problems and NP-hard ones
(those at least as complicated as NP-complete problems) are thought of to be computationally
intractable.

2.2.3 Difficult problems of Continuous Optimization

“Real Arithmetic Complexity Theory” — the one based upon Real Arithmetic model of com-
putation — borrows the results on NP-completeness in order to conclude that certain generic
problems of continuous optimization are computationally intractable “modulo the conjecture
that P#NP”. Since the “P#NP” conjecture is a common belief, such a conclusion usually is
worded merely as computational intractability (or NP-hardness) of the corresponding continu-
ous problems. The underlying reasoning is as follows. Consider a generic optimization problem
P and assume that the objectives of instances from P are everywhere defined and polynomially
computable (that is, for every (p) € P and every = € R™P), the real fp)(z) can be computed
in polynomial in Size(p) number of operations of Real Arithmetics). Assume that there exists a
NP-combinatorial problem Q with the following properties:

1. Q is NP-complete;
2. Q can be reduced to P in the following sense:

There exists a polynomial time (in the sense of Combinatorial Complexity
Theory!) algorithm M which, given on input the data vector Data(q) of an
instance (q) € Q, converts it into a triple Data(p[q]), €(q), u(q) comprised of the
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data vector of an instance (p[q]) € P, positive rational ¢(q) and rational u(q)
such that (p[q]) is solvable and

— if (q) is unsolvable, then the value of the objective of (plg]) at every
€(q)-solution to this problem is < u(q) — €(q);

— if (q) is solvable, then the value of the objective of (p[q]) at every €e(q)-
solution to this problem is > u(q) + €(q).

We claim that in the case in question we have all reasons to qualify P as a “computationally
intractable” problem. Assume, to the contrary, that P admits a polynomial time solution
algorithm B, and let us look what happens if we apply this algorithm to solve (p[g]) within
accuracy €(q). Since (p[g]) is solvable, the method must produce an €(g)-solution Z to (p[q]).
With additional “polynomial time effort” we may compute the value of the objective of (p[qg]) at T
(recall that the objectives of instances from P are assumed to be polynomially computable). Now
we can compare the resulting value of the objective with p(q); by the definition of reducibility,
if this value is < u(q), then ¢ is unsolvable, otherwise ¢ is solvable. Thus, we get a correct “Real
Arithmetic” solvability test for Q. What is the (Real Arithmetic) running time of this test?
By definition of a Real Arithmetic polynomial time algorithm, it is bounded by a polynomial of

s(q) = Size(plq]) and

d(q) = Digits((pla]). () = In (Size(p[q]) + [Datalplo)ls + 62@) .

€(q)

Now note that if £ = length(Data(q)), then the total number of bits in Data(p[g]) and in €(q) is
bounded by a polynomial of ¢ (since the transformation Data(q) — (Data(plq]), €(q), pu(q)) takes
CCT-polynomial time). It follows that both s(¢q) and d(q) are bounded by polynomials in ¢, so
that our “Real Arithmetic” solvability test for Q takes a number of arithmetic operations which
is polynomial in length(Data(q)).

Recall that Q was assumed to be an NP-complete generic problem, so that it would be
“highly improbable” to find a CCT-polynomial time solvability test for this problem, while we
have managed to build such a test, with the only (but important!) difference that our test is
a Real Arithmetic one — it uses “incomparable more powerful” elementary operations. Well,
a “reasonable” Real Arithmetic algorithm — one which can be used in actual computations —
must be tolerant to “small rounding errors”. Specifically, such an algorithm, as applied to
a pair ((p),€) should be capable to “say” to the computer: “I need to work with reals with
such and such number of binary digits before and after the dot, and I need all elementary
operations with these reals to be precise within the same number of accuracy digits”, and the
algorithm should preserve its performance and accuracy guarantees, provided that the computer
meets the indicated requirement. Moreover, for a “reasonable” Real Arithmetic algorithm the
aforementioned “number of digits before and after the dot” must be polynomial in Size(p) and
Digits(p,e) V). With these assumptions, our polynomial time Real Arithmetic solvability test
can be easily converted into a CCT-polynomial time solvability test for @, which — once again —
hardly could exist. Thus, a Real Arithmetic polynomial time algorithm for P hardly could exist
as well.

U In fact, this property normally is included into the very definition of a Real Arithmetic polynomial time
algorithm; we prefer to skip these boring technicalities and to work with a simplified definition.
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2.3 NP-hardness of the Matrix Norm Problem

2.3.1 The strategy

We are about the apply the scheme presented in Section 2.2.3 in order to demonstrate that the
problem P, , of computing ||Al|,, is NP-hard, provided that co > p > r > 1. Specifically, we
intend to reduce to P, the following NP-complete problem

Stones: Given n positive integers a; (“weights of the stones”), check whether the

Zaj:cj =0
J

has a solution with z; € {—1,1}, j =1, ...,n (“whether the stones can be partitioned
into two groups of equal weights”).

equation

The data in this problem is given by the collection (n,ay, ..., a,); the problem clearly is in NP,
and it is well known that it is NP-complete.

Our plan is as follows: given the data n,a = (ay, ..., a,) of the Stones problem, we associate
with these data and with § > 0 the symmetric n x n matrix

As =1 — daa”.

Observe that
[As5llpr = max{[|Aszl, - |[zfl, <1} = n/PCUT(Ay)

2.3.1
C(4s) = m{gmx{|A5x||7T" |l < nl/p}‘ (2.3.1)

Efficient computability of || As||p, is clearly exactly the same as efficient computability of C(Ay),
so that all we need is to verify that the latter problem is difficult. To this end, observe that if
the instance Stones(a) of Stones corresponding to data a is “positive”, that is, the equation

>_ajz; has a solution Z with entries £1, then
J

C(45) > |4zl = |z ~ 6" all} = p(a) = n.
=0

We shall prove that when § = §(a) > 0 is chosen properly, then

A.1. If Stones(a) is “negative” (i.e., the corresponding equation in variables +1 has no
solution), then

C(As) < p(a) —€e(a) (2.3.2)

with positive rational €(a);

A.2. Both é(a) and €(a) can be obtained from the data a of the Stones by a CCT-polynomial
time algorithm.
Taken together, A.1 and A.2 say that the NP-complete problem Stones admits polynomial time
reduction, as defined in Section 2.2.3, to P,,, so that the latter problem is computationally
intractable.

2.3.2 Demonstrating A.1

Claim A.1 relates to the case when a is an integral vector such that a’z # 0 whenever z is a
vector with coordinates +1; till the end of this Section, we assume that a satisfies this condition.
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Step 1. Let us set

S = {zeR": |z, < nl/p};
X, = {zeR":z;e{-1;1},j=1,...,n} C Sy; (2.3.3)
XY = {z eS|z —1] <~}

Lemma 2.1 Let
0(r) = r(r — 1) max[(1/2)" 2, (3/2)" 2]

and let
(@ 0<y < min[r= (), (2lal) ", (16]al3n%2) 1], (23.4)
(b)) 0<4é < min (4n3/2||aH%)_1,(169(7’)”‘1”%”3)_1]‘ -
Then r

Proof. Let z € X,  be a point with coordinates 1 such that |z; — Z;| <~, j =1,...,n, and
let y; = Z;x;, so that |z;| = y; =1+ v; with |y;] <. We have

[6(a"@)ay| < Sllali3llzll2 < Sllal3n®’?,

where the concluding inequality is readily given by the fact that z € S,,, whence |z;| < n for all
j and, in particular,
]2 < /2. (2.3.6)

Invoking (2.3.4.b), we get [6(aTx)a;| < 1/4, while 5/4 > y; > 3/4 by (2.3.4.a).
On the segment [1/2,3/2] the function g(s) = s" is twice continuously differentiable with the
second derivative not exceeding 0(r) = r(r — 1) max[(1/2)"~2, (3/2)" 2], whence

(As2)j|" = |z — d(a" 2)as|" = ly; — 6(a” x)a;z;|" = (y; — da"wa;z;)"
< y; — r&aijy;*l@ + %9(T)52(GTIE)2CL]2~
< yi - réalza;z; + {r5|aT:U||aij§71fj — x| + %G(T)CSQ((ZT%')QG?} (2.3.7)
= | Adzll; < lally - ré(aT2)? + 3 [rolaTallally; " - sl + 30(r)6*(aTx)%a] .
j

Since y; € [1 —,14+ 7] C [1/2,3/2], we have
i =yl <yt =1y =1 <O oy < 29,

where the concluding inequality is given by (2.3.4.a). Therefore the concluding inequality in
(2.3.7) implies that

1
14szll} < ll2]l7 = ro(a”2)* + 2ronla”zllalloo + 50(r)0%|a" x| |lall3. (2.3.8)

Now observe that a’Z is an integer different from 0, that is, |a’Z| > 1. At the same time,
|z; — ;| <~ for all j, whence

(2.3.9)

N | =

a"a] > a7 — y]lal >
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(we have used (2.3.4.a)). Further,

.
2ry|a”z|allo < 2rylall3 2 < 2ry]lal3n®? < <3 (2.3.10)

(we have used (2.3.4.a) and (2.3.6)) and

1 1 1
F0mdla’*lall3 < S0(r)dllallz]lzll3 < S6(r)dlallan

5 (2.3.11)

OO\*S

(we have used (2.3.4.b) and (2.3.6)). Combining (2.3.8) — (2.3.11), we arrive at (2.3.5). =

Step 2. Now let us prove the following simple fact (which is the only component in the proof
of NP-hardness of P, , where the assumption p > r is used):

Lemma 2.2 Let

(@) v € (0,1/2),
6) & € [0.nal3" (2:342)
and let x € Sp\X,). Then
k(1—k)n" 2227 2P~
|y < n— 2  P<oo (2.3.13)
11—, p=o
vp,r(7)
and consequently
|Asz|l; < n—wvp,r(y)+ r(2n?)""'n"/?||al|46. (2.3.14)

Proof. Let us first prove (2.3.13).

(2.3.13), case of p < oo: Assuming that p < oo, let y; = |z;|P, Kk = r/p. Observe that

(a) Zyj < n,
J
(b) k € (0,1)
(¢) Fju:lys —1] > 277y (2.3.15)
(@) el = T

Indeed, (a) is readily given by = € S, (b) follows from the fact that 1 < r < p < oo, (d) is
evident. To prove (c), note that since x ¢ X, there exists j, such that ||z, | — 1| > ~, that is,
yj, = |z, [P = (1 4+ A)P, where A = |z;,| — 1 satisfies A > —1 and |A] > 7. If A > 0, we have
yj, —1 > (14+v)? —1 > pv, which is even more than is required in (¢). When A < 0, we have
1—y, =1—(14+A)P>1—(1—7)P>p(l —v)P 'y, where the concluding inequality is given
by the fact that the function s? is convex on the ray s > 0, so that s? +psP1(1 —s) < 17 =1
for all s. Since v € (0,1/2), we conclude that when A < 0, we have 1 —y;, > p(1 — 1/2)P~ 14,
and (c) follows.
Setting A; = y; — 1, we have by (d):

x|l = Z 14+ Aj) Z [1+I<;A (12)( — &) 2A2
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with properly chosen ¢; € (0,1), whence, taking into account that 0 < y; < n due to z € S,
and that x € (0,1),

Kk(l—k)nr—2
L N ]
k(1 — K)n"2
Z<yj—1>]— PR
J

= n+kK —_—
J

<0by (2.3.15.0) > rlomnt- 22207292 4 (9 3 45 o)

n(lfn)n“’222’2p72
n — 3 5

IN

as required in (2.3.13).

(2.3.13), case of p = co: Setting y; = ||, we have 0 < y; < 1 due to z € Sy; besides this,
there exists j. such that y;, <1 —~ due to z ¢ X;/. We now have

lz]l7 = Zyj <-D+0-9)"<n-[1-1-9)],
as required in (2.3.13). Relation (2.3.13) is proven.

(2.3.14):  We have || Asz||, = ||z —d(a”z)all < [zl +dla" ]|z, < [l +dllal2]|z]2]], <
z||, + dlla 2n7/ 2 where the concluding inequality is given by the facts that |z;| < n for all j
g q y1sg Yy J J

due to x € S,,. Thus,
A5zl < l|2llr + Sllallan™? & ||z, < n*. (2.3.16)

Invoking (2.3.12.b), we conclude that || Asx||, < 2n? and ||z, < n?. On the segment 0 < ¢t < 2n?
the function f(t) = t" is Lipschitz continuous with constant 7(2n2?)"~!, so that (2.3.16) implies
that

145z} < ;4 r(20%) 0"/ |a]|2,

which combines with (2.3.13) to imply (2.3.14). =
Step 3. Now we can complete the derivation of A.1. Let us set
v = ~(a) = min [1/2,707(r), (2lfal|) ", (16]a|3n?2) 7] (2:3.17)

(see (2.3.4)). Further, let 6 = §(a) be a rational number of the form 2% with integer k& such
that

j min [QTTQHZI;:(?;C;)/L||QH2, (4n®/2(al|3) 1, (166(r) a]l3n*) 1| < 3(a)

< min |52 (4n¥/2]a]3) 7, (160(r) |af|4n?) ']

2r(2n2)r=1n7/2||a||2’

(2.3.18)

(see (2.3.4) and (2.3.14)). By Lemma 2.1, for z € S,, N X} we have
|Aszl; < — 76,
4
while by Lemma 2.2 for x € S,\ X, we have

1
145z ]l7 < n = Svps(y(a)).
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It follows that when Stones(a) is “negative”, we have

. r 1
C(Ag) = mgx{nAég;H: el < nl/p} < n—min {45(@, Svr(a(a))]. (2.3.19)
)

Choosing e(a) = 27%(%) with integer k(a) in such a way that w(a)/4 < e(a) < w(a), we arrive at
Al

2.3.3 Demonstrating A.2

From the description of §(a) and €(a) as presented in the previous Section it is clear that both the
quantities are rational numbers of the form 27% with integer k € [floor(logy(s))—1, floor(logy(s))],
where s is given by an explicit easy-to-compute in Real Arithmetic model of computation formula
involving a, p, r and n = dima. Note also that from formulae for the quantities s underlying
§(a) and €(a) it follows that 1 > s > c(n|laljoo) ™ with ¢ > 0 and d > 0 depending solely on
p,r. Since by evident reasons n is at most the binary length length(a) of the data of Stones(a)
(indeed, every one of n entries in the vector a requires at least one bit to be represented), we
get 1 > s > élength™2(a) with & > 0 depending solely on p, r. From these observations it is
immediately seen that given a, one can compute the quantities s underlying d(a) and €(a) within
relative accuracy 0.25 in the number N(a) of bit operations which is polynomial in length(a);
after the corresponding s is computed within relative accuracy 0.25, we can immediately recover
d(a) and €(a) in polynomial in length(a) number of bit-wise operations. After the rational d(a)
is computed, it clearly takes polynomial in length(a) number of bit-wise operations to build the
entries of the rational matrix As,) =1—19 (a)aa®. A.2 is proven, and thus NP-hardness of P,
in the case of co > p > r > 1 is demonstrated.
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Chapter 3

Approximating ||A||,, in the case of
1<r<2<p<o0

In this Chapter, we refine the results of Nesterov, stated in Proposition 1.5, on approximating
| Allp,» in the “good case”, where 1 <r <2 <p < c0.

3.1 Semidefinite Relaxation bound on ||A||,,

3.1.1 Derivation of the bound

Nesterov’s upper bound ¥, .(A) on || Al (see (1.3.7) is readily given by the standard Semidef-
inite Relaxation scheme. The derivation is as follows.

Notation. For a kxk matrix M, let dg(M) denote the k-dimensional column vector comprised
of the diagonal entries of M. For a vector y € RF, let |y| be the vector with the coordinates
lyi|, and [y]?, be the vector with the coordinates y2. Finally, let |y||s for 0 < s < 1 be defined
by exactly the same formula

1/s
ol = (Z w)

as in the case of s € [1,00); note that |ly||s is not a norm when 0 < s < 1; the only property of
norm which fails to be true in this case is the triangle inequality. Moreover, it is immediately
seen that the function ||y||s, 0 < s < 1, is concave in the domain y > 0.

27



The construction. Let A € R™*", and let AZ-T betherowsof A,i=1,....m. For1 <p,r < o0
we have by the definition of the induced norm:

|Allpr = max{]Az], : [l=]l, <1}
= max { /422, : 2], <1}

[since clearly ||y = H[?J]ZHQ]
1

= max{(i (AiTxa:TAOQ)T 2y /lldg(@a®)|lz < 1}
r i=1
since |zl = /125 = \/lldg(zaT) ]
TYATY [ » - T
ma { | /[aa(A(eaT) AT : dg(ea”) | < 1}
= max { ||dg(AXAT)||% : ||dg(X)H§ <1,X = 2z’ for some z € R"} (a)

Xesn
< mgx{,/|de(AXAT)|; : X € 8" X = 0, |[dg(ea) 5 < 1} (b)

where the concluding < comes from the fact that a matrix of the form z2” always is symmetric
positive semidefinite, so that passing from maximization in (a) to the one in (b), we can only
increase the optimal value. We arrive at the inequality

Al < Wpr(A4) = max { | /Ildg(AXAT)[; - X € 8, |[dg(X)|lp < 1},87 = {X €8 : X = 0}.

(3.1.1)
By construction, the resulting inequality is valid for all p,r € [1,00]. Now consider the “good
case” where 1 < r < 2 < p < oo. Then the optimization problem in (3.1.1) is efficiently
solvable. Indeed, since p > 2, the feasible set of the problem is cut off the “computationally
tractable” convex set S’ by explicit convex constraint ||dg(X )Hg Further, since r < 2, the

objective in our maximization problem is an explicit concave function of X = 0 (since [lyl|z,
and then also  /||y||z, is a concave function of y > 0. As a result, the problem can be solved to

any desired accuracy € > 0 at the arithmetic cost (that is, number of elementary operations of
exact Real Arithmetic) which is polynomial in the sizes m,n of A and the “number of accuracy
digits” In(mne~! >~ |Aij]) by, e.g., the Ellipsoid method (see, e.g., general theory presented in

Z7J
[1], Chapter 5).

3.1.2 Processing the bound

Definition of the bound ¥, .(A) as given by (3.1.1) looks different from the definition (1.3.7) of
the similarly denoted quantity in Chapter 1. We are about to prove that both definitions are
equivalent to each other.

Theorem 3.1 Let A€ R™*", and let 1 <r <2 <p <n. Then the quantity ¥, ,(A) given by
(3.1.1) can be represented as

1 . Diag{u} | A7
_ = ,oo -
‘IJP,T(A) 9 “}Vn {H:LLHPP2 |’l/”727T : A ‘ Dlag{V} =0p. (312)

Proof. 1°. It is easily seen that both sides in (3.1.2) are continuous in r,p in the domain
1 <r<2<p< oo, so that it suffices to prove the relation when 1 <7 <2 < p < 0.
We start with the following

28



Lemma 3.1 Let s € (2,00), and let s, = 25, s, = 25. Then for every nonnegative vector

s—27 s
d € R™ one has
d.
inf LA 0, Mss €1 = ||d]] 2= 3.1.3
in {;)\Z Ay < } 1]l = (3.1.3)
Proof. The optimization problem in (3.1) is convex, so that every Karush-Kuhn-Tucker point
of the problem is its optimal solution. Assuming w.l.o.g. that d; > 0 for all i and rewriting the
nonlinear constraint equivalently as 3> A\;* < 1, a KKT point A should satisfy the relations
i

di s+—1

5= '75+)\.

A L

where v > 0 is the Lagrange multiplier of the nonlinear constraint. From these equations v > 0,

so that the nonlinear constraint is active at every KKT point. Thus, at a KKT point we should
1

have \; = 9d;*+1 with 6 > 0 such that 3° AT = 1. It follows that

) T
0=>_d

and )
ds++1

Ai = i

-
s —_—
ds++l s++1
24;
7

Reversing our computations, we see that the latter formulas indeed define a KKT point, and
thus — an optimal solution to the optimization problem in (3.1.3). The resulting optimal value

1S
s++1

s

1—% 1 % +
S — S
i i s+

20 We now have

(Tp,r(A))?
= m)z(xx{”dg(AXAT)H% : X €8", X = 0, [[dg(X)] 5 <1} [by (1.1.6)]
_ : (AXAT);; : _
= max gl(f > [Lemma 3.1 with s = 5]

= s 7
dg(x)llp <1 IAll_r_ <1
2 2—r

whence, invoking the von Neumann Lemma,

2 _ : TA—1) _ : TA—1
(W)= pinf o omex Tr(AXATAT) = et omax o Tr(X[ATATLA)
IMz_<1 dgeolp <t Nz <t gy <t
- 2 - 2
(3.1.4)

S

Lemma 3.2 Let B € 8", let Q be a k x n matriz of rank n, and let s € [1,00], s, = ;*5. Then

max {Tr(X B) : X = 0, | dg(QXQT)|ls <1} :r@ﬂMM¢QﬁmﬁGQtB}

= min {[ic]l.. : Q"Ding{(}Q = B.C > 0}.
(3.1.5)
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Proof. Since @Q is of rank n, both sides in the first equality in (3.1.5) are continuous in s, so that
it suffices to prove this equality in the case of s € (1,00). When ( is such that Q7 Diag{¢}Q = B,
then for every X = 0 with [|dg(QXQ")|s < 1 one has

Tr(XQ"Diag{¢}Q) = Tr(QX Q" Diag{(}) = ("dg(QX Q")

Tr(XB) <
< [ldg(@X QM) IslI¢ls. < 1IC

Sx

(we have used the Holder inequality). Thus, the value ||[mul|s, of the objective of the optimization
problem in the right hand side of the first equality in (3.1.5), let this problem be called (P),
is > the objective of the left hand side problem in the same equality at every feasible solution
X to the latter problem, so that the right hand side in the first equality in (3.1.5) is < the
left hand side. To prove the inverse inequality, note that if X, is an optimal solution to the
(clearly solvable due to Rank(Q)) = n) optimization problem in the left hand side of (3.1.5), then
Tr(X.B) > 0 and therefore we may assume w.l.o.g. that ||dg(QX.Q7)||s = 1. By optimality
conditions, there exist w > 0 such that the matrix

G=Vx|  [-TXB) + wlds(@X QM) € 8"

X=X
satisfies the relation
(G, X — Xy)gn =Tr(G(X — X)) >0VX = 0.

Setting X = X, +Y with Y > 0, we see that Tr(GY) > 0 whenever Y > 0, whence G > 0; in
particular, Tr(GX.) > 0 due to X, > 0. Setting X = 0, we get —Tr(GX,) > 0, while, as we
have just seen, Tr(GX,) > 0. We see that

G =0 & Tr(GX,) = 0. (3.1.6)

By origin of G, we have
G = —B + 0Q"Diag{¢.}Q, (3.1.7)

where (, is the gradient of || - ||s at the point dg(QX.QT) > 0; it follows that (, satisfies

G >0, [|Gells, = 1, ¢Tdg(QX.QT) = ||dg(QX.QT)||s = 1. (3.1.8)

From (3.1.7) and the first relation in (3.1.6) it follows that

Q" Diag{w(.}Q = B,

while the second relation in (3.1.6) combines with (3.1.7) to imply the first equality in the
following chain:

Tr(X,.B) = wTr(XQ” Diag{¢.}Q) = 0Tr(|[QX.Q"|Diag{¢.}) = w¢Tdg(QX.QT) = o,

where the second and the third equalities are evident and the fourth one is given by (3.1.8).
Thus, the left hand side in (3.1.5) is equal to w. Now, by (3.1.8) ¢ = w(, is a feasible solution to
the minimization problem, let it be called (P), in the right hand side of (3.1.5), and the value
of the objective at this solution, by the same (3.1.8), equal to 6, that is, to the left hand side
of (3.1.5). Since the (P) is a minimization problem, the left hand side in (3.1.5) is > the right

hand side one. We have seen that the opposite inequality also holds true, thus, the first equality
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in (3.1.5) is true and w(, is an optimal solution to (P). This solution is nonnegative by (3.1.8),
which implies the second equality in (3.1.5). =

30. In view of Lemma 3.2 (where one sets Q = I,,, B = ATA™'A and s = p/2), relation
(3.1.4) implies that

2 = = i TA—1
(Tpr(A)? = = | inf = max Tr (X[ATA-14])
Il <1 Hdg<X)Hps1

woitf rggg{l\(l\ _»_:Diag{C} = AAT'A }

[Ix1I T <1
. Diag{¢} ‘ AT
= - r <
)\>1({1§20 {’CH [ A ‘ Diag{)\} - Ov H)‘”27T = 1 y

where the concluding equality is given by the Schur Complement Lemma;:

P T
A symmetric block matrix [?‘QT] with R > 0 is positive semidefinite iff the
We have arrived at the relation

matrix P — QTR™1Q is so.
B Diag{¢}| A"
(U (A))? = AsL 4>0 {HCH [ A | Diag{\} 1} '

The optimal value in the right hand side problem clearly is the same as in the problem where
the constraint [|A| = <1 is replaced with [[A[| .- =1, so that

A>0,(>0

ia, T
(@, (A)2 = inf {||§||pp2 : [ D i{C} Dijg{” ] =0, Al = 1}. (3.1.9)

We are about to prove that the latter relation implies our target equality (3.1.2). To this end,
note that the optimization problem in the right hand side of (3.1.2) clearly has the same optimal
value Opt(P) as the optimization problem

min {HMH Ty [Diai{“} A ]zo}. (P)

(1>0,0>0 ‘ Diag{v}

Now, if (u,v) is a feasible solution to (P), then, by the Schur Complement Lemma, so is the
“scaled solution” (60~ 'u,8v), where § > 0. It follows that the feasible set of (P) is exactly the
set of all scalings of “normalized” feasible solutions to the problem, that is, feasible solutions
(¢, N) = = 1. In other words,

Diag{(} | A7 ] = HAHT:Q}

Opt(P)
B -1

T 650 égg /\>0{9 HCH”% o A | Diag{\}
Diag{(} ‘ AT

. . : -1 :
= o e +o] s [P

. Diag{¢} ‘ AT
N czlor,l/\f>0 V HCH l A ‘ Diag{\} 1 =

= Q\PILT (A)a
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where the concluding equality is given by (3.1.9). The resulting equality is nothing but %Opt(P),
since, as we remember, the right hand side in (3.1.2) equals to %Opt(P). "

Remark 3.1 An important feature of the representation (3.1.2) is that the Matrixz Inequality
constraint in the right hand side of (3.1.2) is affine in (u,v, A). As a result, not only the bound
U, (A) is efficiently computable, it also can be optimized efficiently in A. Specifically, assume
that A = Alu| depends affinely on design parameters u varying in a set U given by an explicit
system of convex inequalities (S). Then the problem of minimizing ¥, .(Alu]) over uw € U is an
explicit convexr optimization problem

T

|- l Diag{u} | A"[u]
Alu) ‘ Diag{v}

. 1
min {2 [z, + vz - 0,u eu}.

ONTRY

Similarly, an upper bound ¥, ,(A) <t on U, (A) defines a computationally tractable convex
set in the space of pairs (A,t), so that one can optimize efficiently convex objectives under this
constraint.

Remark 3.2 Theorem 3.1 demonstrates that the bound ¥, .(A) is “enough intelligent” to rec-

ognize the identity

p r
N = 71" =
reper P p—1 -1

1Allpr = [|A"

(cf. (1.2.9). Indeed, when 1 < r <2 < p < o0, we have 1 < p, <2 < r, < oo as well, and
(3.1.2) as applied to A and AT results in
= 0} (*)

. -Diag{,u}‘ A
T = l Tk Px . .
Voo (AT) = min g3 [llozy + e+ | gy | 20 ()

Upr(A) = ming g [lul e, + 7]

vV

Diag{u} | A"
A ‘ Diag{v}

Since the symmetric block matrices PlQ and R ) P e S*, R e S’ are rotations
Q R Q P ) ) )
of each other: ]
T
P ‘ Q" _ ‘ 1 R |Q I,
Q| R Iy | QTP || I

, Diag{u} | A7 , : . | Diag{v}| A
>_
a matrix of the form [ ‘ Diag (v} is 7= 0 if and only if the matrix T ‘ Diag {11}
1s so. Taking into account that 23’;* = p—%, 'r:i2 = 57—, we see that problems (x) and (xx) differ

only in the notation, so that

Uyr(A) = 0, . (AT). (3.1.10)

3.2 Quality of the bound

We are about to present one of the major results of our Thesis which quantifies the quality of
the bound ¥, .(A).
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3.2.1 The idea

The idea underlying our derivation originates from [1] and is very simple. The bound ¥,,,.(A)
as given by (3.1.1) is the optimal value in an optimization problem with a symmetric positive
semidefinite n x n matrix X in the role of the design variable. Treating an optimal solution X,
of the problem as the covariance matrix of a Gaussian n-dimensional random vector  with zero
mean, let us look at the quantities

Qair) = E{]|A¢|2). (3.2.1)

qa(r) = B{ll<IZ},

where E stands for expectation. Assuming X, # 0 (this is the only nontrivial case) and setting

Upr(A) =1/ Qal(r)/qa(p), (3.2.2)

we get,

Ec {J1ACI2 = v}, (AIICIZ} =0,

so that there exists a realization { # 0 of ¢ such that ||AC|2 — 1/112,’T(A)Ha|]2, > 0, whence
|Allpr > ¥pr(A). Thus, the quantity ¢, ,(A) is a lower bound on ||Al|, . As we shall see, this
lower bound on ||Al|,, is “not too far” from the upper bound ¥, ,(A) on the same quantity, so
that U, .(A) is a “not too bad” upper bound on ||A][,,.

3.2.2 The main result

To implement the outlined plan as applied to a given matrix A € R™*" we may w.l.o.g. assume
that A # 0 (indeed, in the case of A = 0 we clearly have ¥, .(A) = 0, so that in this case the
upper bound on ||A||,, definitely is precise.

Preliminaries. As we have already mentioned, the optimization problem in (3.1.1), that is,
the problem

[¥,.,.(A) =] Opt(P)= m)z{mx{ ldg(AX AT)||; : X € 8", X = 0, [dg(X)[z <1} (3:23)

clearly is solvable. We denote by X, an optimal solution to the problem. Since A # 0, we clearly
have Opt > 0, so that X, # 0. In the sequel, we denote by ¢ a Gaussian n-dimensional random
vector with zero mean and the covariance matrix X, and set n = A(. Note that 7 is a Gaussian
m-~dimensional random vector with zero mean and the covariance matrix

E{m"} = B{A((TAT} = AE{¢¢"}AT = AX. A",

We set
o; = (X*)jj7 ji=1..n [:> Cj NN(O,O’?)}

Pi = 4/ (AX*AT)M, = 1, e, m [:> N ~ N(O,plz)] .
Finally, for s > 0 let

) 1/s s+1 1/s
a(s) = (/ Itls\/z—ﬂexp{—ﬁ/?}dt) =2 (P{/;r)) ,0 <5< o0, (3.2.4)
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[e9]
where I'(t) = [ 2'~!exp{—t}dt is the Euler I'-function. Note that a(s) is a continuous nonde-
0

creasing function of s € (0,00) such that a(1) = \/g, a(2) =1 and a(s) = (1 +0(1))y/s/e as
§ — 00.

Bounding ¢4(p) from above. 1) Assuming 2 < p < oo, we have

E{||<]7}

_ E{(zmg-’
J

q4(p)

[N
/N
=
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QQ@

2(p)lldg(X0)|l2 [since o = (X.);]

2(p) [since X, is feasible for (3.2.3)]

IA
2. R

We arrive at the relation

ga(p) < a®(p), 1 <p < oc. (3.2.5)

2) We can write (; = 0;¢&; with £ ~ N(0,1). Then

" ; 0 \7 2
qa(p) = E { <j21 Gﬁ-’\&jlp) } <E { <j21 0?) <1%a§xn|£j) }

(?(XQ;%) ’ E{ max 532} [since 032- = (X4)j5l

1<j<n

E{ max EJQ} [since X, is feasible for (3.2.3)]
1<j<n

IN

It is well known that if &, i = 1,...,n, are N(0,1) random variables, perhaps dependent, then

2
E{lr%ljaécn £ <2n(n+1).

Thus,

A€R™" = qa(p) < T*(p,n), T(p,n) = min [O‘(p)’ \/m] ' (326)
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Bounding Q4(r) from below. We have
Qa(r) = E{|nl?}

- ={(z) }

> <E {Z |ni|" ) [by Jensen’s Inequality, since ¢+ is convex in ¢ > 0]
2

— (Z pra’(r) [since n; ~ N(0, p?)]
= a?(r)Opt?(P) [since X, is optimal for (P)]
whence

Qa(r) = o (r)Opt*(P). (3.2.7)

The result. From (3.2.6) and (3.2.7) it follows that

U (A) = Qa0 aa(p) > T 0pi(P), (329

In fact, we have proved the following
Theorem 3.2 Let 1 <r <2<p<oo and A€ R™*". Then

T(p,n) Y(ry,m)
a(r) 7 alps)
O(p,n,r,m)

. P r
|Allpr < ¥, r(A) < min [ } Allrs e =~ r = (3.2.9)

where a(+) is given by (3.2.4) and

T(s, k) = min {a(s), \/2In(k + 1)} .

Proof. The left inequality in (3.2.9) states that ¥, ,.(A) is an upper bound on ||A||,,, which
indeed is the case. We have seen that v, .(A) is a lower bound on ||A||,,, whence (3.2.8) implies
that U, ,.(A) < %HA pr- Applying this inequality to AT, 7, p, in the role of A, p,r, respec-

tively, we get Uy, ,, (A7) < Xl | AT pr = AT || p. (see

(1.2.9)) and that ¥, (A) = ¥, ,,, (AT) (see (3.1.10)), we conclude that ¥, ,(4) < L= |4

r..p.- Taking into account that || A

p,r*
We have proved the right inequality in (3.2.9). =
3.2.3 Discussion

In light of Theorem 3.2, the quality of the efficiently computable upper bound ¥,, ,.(A) on ||A
1<r<2<p<oo, Ae R™", can be described as follows.

P,

1. Recall that a(s) grows with s > 0 and Y (s, k) grows with s. It follows that the tightness
factor ©(p,n,r,m) of the bound grows with p € [2,00] and decreases with r € [1,2], so
that it is never worse than in the case of p = oo, r = 1. Even in this worst case the
tightness factor is not that bad — it increases pretty slowly with m and n:

O(p,n,r,m) < O(co,n,1,m) = \/77 In(min[m + 1, n + 1]) (3.2.10)
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Remark 3.3 In fact there is no quality deterioration at all as m,n — oo, since by Nes-
terov’s result (Proposition 1.5) we have

1

Yerl < m
T 3

————
=0,=2.2936...

[[Alp,r

for all m,n. In view of this inequality, (3.2.9) can in fact be strengthened to

Y(p,n) Y(re,m)
a(r) 7 alp)

o~

@(p7n7r7m)

4]

pr < ¥pr(A) < min

r
7@* HAHp,rv Px = pf y T =

(3.2.11)
and O(p,n,m,r) clearly is bounded in the domain 1 <r <2 < p < co uniformly in m,n.

2. When either p is bounded away from oo, or r is bounded away from 1, the tightness factor
O is uniformly bounded in the remaining parameters:

r

[2 <] min {p, 1] <o <oo=0O(p,n,r,m)<yro. (3.2.12)

3. When p — 2+0,r — 2 —0, the tightness factor O(p,n,r,m) tends to 1 uniformly in m,n,
and ©(2,n,2,m) = 1, so that Uy 5(A) = ||Al|2,2 for all A.

Comparison with known results on the quality of the bound. As it was explained in
Chapter 1, Section 1.3.3, known results on the quality of the bound ¥, ,(A) deal with three
situations:

A. p =o00,r =2 (and the symmetric situation p = 2,7 = 1), where Proposition 1.4 states
that

Ve o(A) < \/7/2 Allooz: (3.2.13)

B. General “good case” 1 <r <2 < p < oo, where Proposition 1.5 states that

Vpr(A) < 64]]A

i (3.2.14)

C. The case of 2 < p < 00, = 2, where Proposition 1.5 states, in addition to (3.2.14), that

,2(4) < /o= 1 Allp- (3.2.15)

Case A: Observe that ©(p,n,r,m) < Y(r.,m)/a(p.) < ary)/a(ps), whence

O(p,n,2,m) < a(2)/a(ps) = 1/a(ps) (A).

when p grows from 2 to oo, a(p,) decreases from a(2) = 1 to a(1) = /2/x, so that the right
hand side in (A) grows from 1 to \/7/2. Thus, Theorem 3.2 recovers Nesterov’s result (3.2.13)
and, moreover, extends it from the case of p = oo, r = 2, to the case of p € [2,00],r = 2, with
the right hand side in (A) being the less the less is p.

Case B: While technique underlying Theorem 3.2 is unable to recover (3.2.14), this Theorem
still improves the latter relation in a reasonably large range of values of p,r, namely, when p
or r are not too far from 2. Specifically, we have seen that as p — 2 + 0, the tightness factor
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©(p,n,r,m) converges to 1 uniformly in the remaining parameters, and similarly for r — 2 — 0.
In contrast to this, the tightness factor of the bound ¥, ,.(A) as given by (3.2.14) is independent
of p,r.

Case C: Since O(p,n,2,m) < a(p)/a(2) = a(p), Theorem 3.2 states that

p=2=¥,5(A) < alp)||Allp2-
When p > 2, the ratio a(p)/+/p — 1, while being bounded away from 0, is < 1:

1

0.95

09

0.85

0.8

0.75

0.65

06 I I I I I I I I I
0 10 20 30 40 50 90 100

60 70 80
Ratio a(p)/v/p—1vs. p > 2

Thus, in the case in question Theorem 3.2 slightly improves (3.2.15), and that improvement is
uniform in m,n.

3.2.4 Evaluating tightness of the bound

Theorem 3.2 presents a guaranteed upper bound O(p,n,r,m) on the ratio ©,,.(4) =
U, (A)/||A|lp,r; the actual ratio depends on A, and a natural question is how one could evaluate
this ratio for a given A. Here one can use the same idea which led us to Theorem 3.2, specifically,
to generate a given large number N, say, N = 100 or N = 1000, realizations ¢!, ¢ = 1,..., N,
of the random vector ¢ considered in Section 3.2.1, that is, the Gaussian random vector in R"
with zero mean and covariance matrix X, which is an optimal solution optimal solution to the
optimization problem in (3.1.1) (in actual computations, of course, X, will be a high-accuracy
approximation to this optimal solution). Since every one of the ratios p, = || ACY||,/[|¢"l, is a
lower bound on ||A]|p,r, so is the (random) quantity

N
pr = maxpy,

whence the quantity
0N (A4) = Uy, (4)/p"

is a valid (random) upper bound on the ratio ©(A) = ¥, ,.(A)/||A||p to be evaluated; OV (A)
is the “quality guarantee” yielded by the outlined randomized algorithm. From the reasoning
which led us to Theorem 3.2 we known that

E{|lAC|2 - ©2(p,n,r,m)|¢[2} <0,
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so that with NV large, it is highly improbable that all the ratios p; will be larger than ©(p, n,r, m).
In other words, we have all reasons to expect that the quality guarantee ©~ (A) will be typically
better (that is, less) than the theoretical quality guarantee O (p,n,r, m).

Note that this construction is very similar to the famous MAXCUT-related “random hyper-
plane” technique of Goemans and Williamson [18]. The latter technique is designed for the case
of p = 0o, r = 1 and uses, instead of the ratios py, the ratios

pe = [|ACI2/11¢ oo = 1AL 2,

where EZ is the vector with the coordinates sign(Cf).

There are several ways to improve the practical behaviour of the outlined randomized bound-
ing scheme for ©),,(A), namely, as follows:

1) We can look both on the ratios py and p; and use, as the lower bound on || A||, ,,
the quantity

= max max|py, ).

Moreover, we could further enrich the family of “test vectors” z (those which we use
to compute the lower bounds ||Az||,/||2|/, on ||A|lp), including in the family all the
vectors [¢{]* with coordinates sign((f j)\(f\a, where a runs through a finite grid on
[0,1], say, the grid {0,0.1,0.2,...,1}. Note that o = 1 results in [¢/]* = ¢, while
o = 0 results in [¢1]* = ('

2) We can use our randomized scheme to bound from below both [|A]|,, and
|AT|,, p. (here, as always, s, = -%;), and to take, as the resulting lower bound
on ||Al[p,r, the best (the largest) of the results yielded by these two computations.
Although the quantities to be bounded from below in these two computations are
identical, the computations themselves are completely different, and it may happen
that the second of them yields much better results than the first.

With the outlined modifications, our randomized scheme for bounding [|A]|,, from below
seems to demonstrate that the ratio ¥, ,.(A)/||A||p,» usually is much closer to 1 than its theoret-
ical upper bound ©(p,n,r,m) (or even improved bound (:)(p,n, r,m), see (3.2.11)). To get an
impression of this phenomenon, we present here the histogram of the (observed upper bound on
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the) ratio ¥oo 1(A4)/||Al|oo,1 in a sample of 100 randomly generated 10 x 10 matrices:

30

0

1 1.02 1.04 1.06 1.08 11 112 114 116 118

Histogram of upper bounds on Wo, 1(A)/||Al|c,1 for 100 randomly generated 10 x 10 matrices

We see that observed ratios are much better than their theoretical upper bounds

~

0(00,10,1,10) = 2.7446..., ©(c0,10,1,10) = 2.2936...

3.3 Exactness of the bound for nonnegative matrices

There is a simple and important case where the upper bound ¥, ,.(A) on ||Al|,, in fact coincides
with ||A||,,» — this is the case when all entries in A are nonnegative or, slightly more generally,
when there exist diagonal matrices L, R with diagonal entries £1 such that the entries in LARhe
are nonnegative.

Theorem 3.3 Let 1 <r <2 < p < oo, let A € R™™, and let there exist diagonal matrices
L eS™, R e S™ with diagonal entries £1 such that the entries in LAR are nonnegative. Then

Uy (4) = | Al (33.1)

Proof. Let A = LAR, so that A is a matrix with nonnegative entries; note that A = LAR,
since L? = I,,,, R?> = I,,. Let also X, be an optimal solution to the optimization problem in
(3.1.1), so that

(a) [ldg(X.)]]
)  Upe(A

1
JIdg(AX.AT)||; = /I dg(LARX, RATL)|
= \/||dg(ARX*RA||%.

(SIS

~—
I

(3.3.2)

r
2

Let x € R" be the vector with the coordinates z; = \/(X4)i, ¢ = 1,...,n; note that ||z||, <1
by (3.3.2.a) says that ||z, < 1. Note that since the matrix ¥ = RX,R is > 0, we have
Zi; = Y] < VYuY;; = /(X4)ii(Xs)j; = xix;. Taking in account that A is nonnegative, we

conclude that
0 < dg(AY AT) < dg(AZAT) < dg(AzzT AT) = [Axz)?,
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and thus

1Az, = /| dg(AzaT A7)z > \ /| Dg(AY AT)||z = W, (A),

setting y = Rz and taking into account that R, L are diagonal matrices with diagonal entries
+1, |yll, < 1 and ||Ayl|, = ||[LAR][Rz]|, = ||LAz|, = ||Az||, > ¥,,(A). Thus, we have built
a vector y with |ly||, < 1 such that [|Ay|, > ¥, ,(A), whence ||A|,, > ¥,,(A). Since the
opposite inequality is always true, we conclude that ¥, .(A4) = ||A

where the concluding equality is (3.3.2.b). Thus, ||z|, < 1 and ||Az|, > ¥,,(A), whence,

‘pvr' u

Remark 3.4 In fact, for a matriz A of the structure considered in Theorem 3.3, the norm
|Allp,r is efficiently computable in the range 1 < r < p < oo of values of p,r which is wider, as
far as finite r,p are concerned, than the range considered in Theorem 8.3. Specifically, in the
notation from the proof of Theorem, we clearly have || A|p, = || Apr and A;j = |Ai;|; thus, when
computing the norm of A, we can assume w.l.o.g. that A;; > 0. In this case we clearly have
|Az||, > ||Alx|||,, where |z| is the vector with the coordinates |z;|; note that ||x|, = |||x||l,. In
other words,

T
1
1A, = mox [lAfzllr = max (Z Az‘j“f) :
fzle= j

uj=|az;[P>0) u; <17
Since p > r and A;; > 0, the function
s
1
5 (S0
i J

us concave on the domain u > 0, and therefore it can be efficiently mazimized over the simplex
{u>0,>u; <1}; thus, ||Allp, is efficiently computable (as the optimal value in an efficiently
J

solvable convex optimization problem).
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Chapter 4

Approximating ||A||,, in the entire
range of p.r

Recall that the approximation results for the problem P, , presented so far deal with certain
sub-region R in the entire range R+ = {(p,r) : 1 <r,p < oo} of the parameters p,r. In this
Chapter, we “interpolate” these results from R to Ry. To avoid trivialities, from now on we
assume that the matrix A in question is nonzero.

4.1 Developing tools

It is convenient for us to pass from the parameters p,r defining the induced norm ||A||,, of an
m x n real matrix A to the parameters o = 1/p, = 1/r; with this parameterization, the entire
range of the values of the norm parameters becomes the unit square S = {(«, ) : 0 < o, 5 < 1}.
Given a nonzero m X n matrix A, we set

da(0,B) = In ] 1 . (4.1.1)

Well-known properties of this function to be heavily exploited in the sequel are summarized in
the following

Proposition 4.1 Let A € R™*", A #£0. Then
(i) Function ¢a(«a, 3) are well defined and continuous on the square S;
(ii) One has
dala,) = gar(1—B,1 - a); (4.1.2)

(iii) Function ¢a(a, ) is

(iii.1) Convex, nondecreasing and Lipschitz continuous, with constant Inn, in € [0,1] for
every o € [0,1];

(iii.2) Convez, nonincreasing and Lipschitz continuous, with constant Inm, in « € [0, 1] for
every 3 € [0, 1].

Proof. (i) is evident. (ii) is nothing but the identity (1.2.10). To prove (iii.1), note that by
definition of the norm one has

max
x|z L <1
«@
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where, by definition, In(0) = —oco. We see that for « fixed, ¥ 4(«, ) is the maximum of a family
of functions f,(3). Every one of these functions is either = —oo (this is the case when Az = 0),
or is a nondecreasing Lipschitz continuous, with constant Inn, convex function of 5 € [0,1]
(see Proposition 1.1). Since the supremum of a family of convex nondecreasing functions with
common Lipschitz constant L is convex, monotone and Lipschitz continuous with constant L,
(iii.1) follows. Finally, (iii.2) follows from (iii.1) by virtue of (4.1.2). m

Our main “instrument” in the sequel will be the following simple observation.

Lemma 4.1 Let f(x) be a monotone convex and Lipschitz continuous, with constant L, function
on a segment [a,b], a < b, and let ¢ = Xa + (1 — X\)b with A € (0,1). Then

Af(a) + (1= N)f(0) — L(b — a)M(1 — A) < Af(a) + (1 — \) £ (b). (4.1.3)

Proof. The right inequality in (4.1.3) is given by the convexity of f. Let us prove the right
inequality. Denoting by f’(a) the right derivative of f at a and by f/(b) the left derivative of f
at b and taking into account that f is convex on [a, b], we have

fle) = fla)+ f(a)(c—a) = f(a) + (1 = A)f'(a)(b - a),
fle) = fb)+ f'(b)(c—b) = f(b) = Af'(b)(b - a).

Multiplying the first inequality by A, the second - by 1 — A and summing up the results, we get

fle) = Af(a) + (1 =X f(0) + A1 = N (b = a)[f'(a) = f(D)]-

Since f is monotone, both f’(a) and f/(b) are of the same sign, so that [f'(a) — f'(b)] >
—max|[|f'(a)|,|f'(b)|]]. Since f is Lipschitz continuous with constant L on [a,b], we further
have max||f'(a)], | /()] < L. Thus, () > [\f(a) + (1 — A\ f()] — LA(1 = \)(b—a). =

4.2 Interpolating the norm bound

4.2.1 Preliminaries

For the time being, we already have built an efficiently computable upper bound ] Ala, B) on
the norm ||A||;7% of an m X n matrix A on a part of the square S = {(«, ) : 0 < o, 5 < 1}.

This upper bound is defined as follows (see Fig. 4.1 to which we shall many times refer in the
sequel).

A. On the segment {o = 1,0 < 8 < 1} (red segment BC on Fig. 4.1) the bound ¥ 4(a, 3) is
given by

Va(a,0) = lréljagxn ||AJ||%7 (4.2.1)
where A; is j-th column of matrix A. This segment corresponds to the first of the cases, listed
in Section 1.3.1, where [|A]|.. is efficiently computable, and the bound W 4(1, 3) is exactly the
corresponding norm [|A|[, L of A (see Section 1.3.1). Consequently, on the segment in question

the quality of the bound is as good as it could be:

Va(L,8)/1All 1 =01, n,8,m) = 1. (4.2.2)

1
B
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Figure 4.1: Partition of the domain & = {(a,3) : 0 < o, 3 < 1} (square ABCD, « along the
X-axis, (# along the Y-axis, M = (1/2,1/2))

B. On the segment {0 < o < 1,3 = 0} (red segment AB on Fig. 4.1) the bound ¥ 4(a, 3) is
given by

T a(0,0) = max 4] 1, (4.2.3)

where (A9 is i-th row of A. This segment corresponds to the second of the cases, listed in
Section 1.3.1, where ||A]|.. is efficiently computable, and the bound W4(a,0) is exactly the
corresponding norm ||A||1 . Here again the bound is as good as it could be:

Ua(e,0)/[|4] 2 o = Q(a,n,0,m) = 1. (4.2.4)

C. In the square {0 < a <1/2,1/2 < <1} (blue square SMRD on Fig. 4.1) the bound is

V(e B) = W1 1(A), (4.2.5)

1
e

wl

see (3.1.1), (3.1.2), (3.1.10). This square corresponds to the “good case” 1 <r = % <2<p=

é < oo considered in Chapter 3, and in this square the quality of the bound can be quantified
according to Remark 3.3:

1 <Q(a,n,B3,m) =06(1/a,n,1/8,m) < 2.2936... (4.2.6)

Wa(a, 8)/|Al

Q~

(see (3.2.11) and Theorem 3.2). In the square in question, the tightness factor ﬁ, while being
bounded from above by the absolute constant ©,, depends on «, 3, m,n and is > 1, except for
the case of @« = 8 = 1/2 (red point M on Fig. 4.2), where the bound is exact; the latter point
corresponds to the third of the situations, listed in Section 1.3.1, where || A]|... is easy to compute.
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4.2.2 Interpolating the norm bound

Relations (4.2.1), (4.2.3), (4.2.5) define certain efficiently computable upper bound ¥ 4(«, 3) on
the norm || A 1 1 on certain part S, of the unit square S (blue and red areas on Fig. 4.1). Our

current goals are
(a) to extend W4(+,-) to the remaining part of S in such a way that the extended function
U 4 (e, ) still is an efficiently computable upper bound on || A1 4 everywhere on S;

(b) To evaluate the quality of the extension, that is, to build an upper bound Q(a, n, 3,m)

on the quantity sup Ua(a,S)/||A|L 1 (note that in S, the quantity € has been already
AeRmxn o’
defined, see (4.2.2), (4.2.4), (4.2.6).

We can simplify somehow our task by noting that the identity

1ALy = AT o 2
-5

-«

=

1
o

allows us to restrict our attention to the part S_ = {0 < o, < 1,a+ 5 < 1} (triangle ABD on
Fig. 4.1). Indeed, after both @A(a, () and Q(a, n, 3, m) are extended onto this triangle, we can
further extend these quantities from S_ to the entire S by setting for (a, §) € S; =€ S\S- =
{0<o,6<,a+ 3> 1}

\/I}A(Oé,,@) = (I)AT(l - 3,1— a)
Q(a,n,ﬂ,m) = Q1 -8,m1—a,n). (4.2.7)

Formally speaking, (4.2.7) redefines T A(+,-) and Qona part of S4, specifically, on the segment
{a=1,0 < <1} (red segment BC on Fig. 4.1) and the triangle {0 < a <1/2< g <1,a+8 >
1} (blue triangle MRD on Fig. 4.1) which belong to the “original” domain of definition S, of the
quantities in question. In fact, there is no collision at all, since U4 and Q as defined in Section
4.2.1 possess the required symmetry due to the relations

~ r
\I/p,r(A) = w’r‘:l’p%l(A)’ @(p7n7707 m) = ®(m7m7 ]fl

(see (3.1.10), (3.2.11), (3.2.9)) and

,n),1<r<2<p<oco

(I\’A(]-aﬁ) = \/I}A(l - /870)7 Q(lana/@7m) = Q(l - ﬂvmaovn) =1

(see (4.2.1), (4.2.3), (4.2.2), (4.2.4)).

In view of the outlined remarks, it suffices to achieve goals (a), (b) in the domain S_ of
values of «, 8, that is, in the triangle ABD on Fig. 4.1.

We shall extend \TJA(-, s Q(, n,-,m) from S, to the triangle S_ in two stages: first, to the
square {0 < o, 3 < 1/2} (square APMS on Fig. 4.1) and then to the triangle {1/2 < a < 1,0 <
B <1/2,a+ (3 <1} (triangle PBM on Fig. 4.1).

Extending \TJA, Q to the square APMS

Let («, 3) be a point of the square APMS where the quantities \Tl, Q are not defined yet, that
is, let
a€[0,1/2], B €(0,1/2) (4.2.8)

(point U on Fig. 4.1). Setting
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we have 3= A0+ (1 —\) % 3. Applying item (iii.2) of Proposition 4.1, the function ¢4 (e, s) =
In(||Al|1 1, regarded as a function of s, is convex, monotone and Lipschitz continuous. with

constant Inm, on the segment [1,1/2]. Applying Lemma 4.1, we conclude that

Inm

wA(Oé,ﬁ) < ATﬁA(Oé, 0) + (1 - )\)1/1,4(06’ 1/2) < wA(O‘HB) + T)\(l - A)7
or, which is the same,

1-283 28 _
1Al < (I41o)  (I4llzy)" <mP0=2)4)

11
a’pB

(4.2.9)

11

a’B

Now recall that the quantities ||Al|o,0 and ||A]|1 1 admit efficiently computable upper bounds
a’2

U4, 0), Uy(a, 1/2); the first of these bounds is exact (Q(e, 0) = 1), while the second is tight
within the factor Q(a,n,1/2,m) < \/7/2. Therefore the first inequality in (4.2.9) implies that

0<a,B<1/2= A1 < Pala,B) = Ty (0,085 (0, 1/2), (4.2.10)

@l

)

Q=

and N R
UL (a,0)0% (a,1/2)

~ ~ 1-2 2
Q12 (0, m, 0,m) @ (o, m, 1/2.m) (Al ) (1Al )
0'2%(a,n,0,m) 0% (a, n,1/2,m)mP1=29)| 4|

=1

IN A

)

wl=

1
a?

where the concluding < is given by the second inequality in (4.2.9). Thus, when 0 < o, 8 < 1/2,
we have

(e, B)/I1AllL 1 < Q(a,n, B,m) = mPA=29028 (a,n,1/2,m). (4.2.11)
Note that (4.2.10) extends the quantity T Ala, B), previously defined only on the top and the
bottom sides of the square APMS, to the entire square, and this extension ensures the require-
ment (a). Indeed, (4.2.10) says that ¥ 4(c, 8) is an upper bound on ||A||é713 everywhere in the

11
a’pB

square {9 <a,pB<1 /2}, and this bound clearly is efficiently computable along with our “old”
bounds ¥ 4(«,0) and W4(a,1/2), 0 <a <1/2. R
Similarly, (4.2.11) extends the upper bound Q(«, n, 3, m) on the ratio ¥ 4 («, ﬁ)/||AH;’% from

the top and the bottom sides of the square APMS to the entire square. Since §2ﬁ(a, n,1/2,m) <

\/7/2, we have

0ol

. 3
0<a,f<1/2=Q(a,n,B,m)< (g) mP1=20) < (4.2.12)

|
3

Note that both \T/A(a, B) and ﬁ(a, n, 3, m) are continuous in «, § on their new domain.

Extending \TJA, Q to the triangle PBM

As a result of the previous stage, we have extended @A(a, B) to the segment {a =1/2,0 < § < 1}
(segment PM on Fig. 4.1):

(a) 14y < a(1/2,8) = Wi (1/2,0095(1/2,1/2),
() a(/2.0)/AlLby < Q1/2,n8,m)=m =)

IN

(4.2.13)
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(the concluding inequality in (4.2.13.b) is due to (1/2,n,1/2,m) = 1). We now can extend
U4 to the triangle {1/2 < o < 1,0 < 3 < 1/2,a + 8 < 1} (triangle PBM on Fig. 4.1) by
interpolation completely similar to the one used at the previous stage. Specifically, given a
point («, 3) from the triangle (point V on Fig. 4.1) and setting

A=Aa) =2(1-a),

so that )
a:/\-§+(1—)\)~1

and taking into account item (iii.1) of Proposition 4.1 and Lemma 4.1 as applied to the restriction
of ¥4 (s,3) on the segment 1/2 < s <1 (segment V'V” on Fig. 4.1), we get

1A]

A Y Ix(1-x A Y
1 < HAIIQ%IIAII}% <n2M! )IIAIIQ,%IIAII}%- (4.2.14)

11
a’pB

Recalling that we already have in our disposal efficiently computable upper bounds T A(1/2,5)
on HA||27% (see (4.2.13.a)) and W 4(1,3) on ||AH1’% (the latter bound is in fact exact), (4.2.14)
implies that

1/2<a<1,0<8<1/2a+8<1

= [|All L

1
a’fB

~ ~

< Ua(e, B) = (172, 3) 021 (1, B) (4.2.15)

and ot R
UL /29T ,)

- A 2(1—a) 2a—1
Q2(1-9)(1/2 n, B, m) Q21 (1,n, B, m) (HAHQ,}B) (HAHLé)

=1

IN

[we have used (4.2.13.b) and (4.2.2)]
< Q0-0(1/2,m, 5, m)n= o) 4]

11,
a’f

where the concluding < is given by the second inequality in (4.2.14). Thus, when 1/2 < a <1,
0<pF<1/2and a+ 3 <1 we have

Uale, B)/1A] 2 1 < Q(a,m, B,m) = nl!=0C=DQ20=)(1/2 n, 3, m). (4.2.16)

wl=

Relation (4.2.15) extends the quantity T A(a, ), previously defined only on the left and the right
sides of the square PBQM, to the triangle PBM, and this extension ensures the requirement (a).
Indeed, (4.2.15) says that W4 (a, 3) is an upper bound on ||A 1 1 everywhere in the triangle,

and this bound clearly is efficiently computable along with our “old” bounds T A(1/2,5) and
Ua(1,8),0< 6 <1/2. i )
Similarly, (4.2.16) extends the upper bound Q(«, n, 3, m) on the ratio ¥ 4(«, ﬁ)/HAH;,% from

the left and the right sides of the square PBQM to the triangle PBM. Since Q2(1—2) (1/2,n,8,m) <
m?P1=28)1-a) 1y (4.2.13), we have

1/2<a<1,0<8<1/2,a+3<1= Qa,n,3,m) < m?P1-200-a)p(1=e)a=1) = (49 17)

We have finally extended ¥ 4 and Q4 on the entire triangle ABD (and thus, via (4.2.7), on the
entire square S = {0 < o, f < 1}).
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0<a,B<1 0<a,3<1 0<a,3<1

Figure 4.2: Sample graphs of Q(a, n, 3,m) as a function of o, 3 € [0,1]. « along axis AB, 3
along axis AD.

4.2.3 A rough summary
We have defined an efficiently computable upper bound T A(a, B) on the norm || Al 1 3 of an

m X n matrix in the entire range {0 < «, 3 < 1} of the values of o, 3. A rough summary of
our results on the quality of this bound is as follows (for the sake of simplicity, we bound this
quality in terms of the larger size k = max|[m,n] of A). The ratio ¥ 4(c, 3)/[|A| 1 1

— equals to 1 when v = 3 = 1, same as when @ = 1 and when 3 = 0 (red areas on Fig. 4.1);

— is bounded from above by the absolute constant ©, = 2.2936... in the domain {0 < o <
1/2 < 8 < 1} (the blue square on Fig. 4.1);

— is bounded from above by the quantity gk% in the domains 0 < «, 8 < 1/2 and 1/2 <
a, 3 <1 (squares AMPS and MOCR on Fig. 4.1). In the case m = n = k of square matrices,
the “most difficult” situations in these domains (those for which ﬁ(a, k, B, k) grows with k as
O(l)k%) are those of 5 =1/4,0<a <1/2,and of « =3/4,1/2 <3 <1;

— is bounded from above by the quantity k7 in the domain {0 < § < 1/2 < a < 1} (the
square PBQM on Fig. 4.1), where (cf. (4.2.17))

_ Cat+p <, _ 40
7 = max 26(1-28)1—a)+ (1 —a)(2a—1): 0<f<1/2<a<1 (18 0.1953125
In the case m = n = k of square matrices, the “most difficult” situations here (those where
Q(a, k, B, k) grows with k as O(1)kY) are the symmetric to each other cases of o = %, = i

and a = %, 6= 15—6.
Sample graphs of the quantity Q(a, n, 3, m) are presented on Fig. 4.2.
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Chapter 5

Bounding || A|

Dil100

In this Chapter, we build efficiently computable upper bound on the norm [lAlfj.j, .| of & linear
mapping acting from R", | - ||, to the space R™*" of m x n matrices equipped with the matrix
norm [Aloe = [|Afl2,2. From now on, we simplify the notation ||Al[|.|,. |-l t0 [[Allp,c0; to avoid
collisions with similar notation || Al|,4 = [|Al[}.,, 1|, for @ norm of a matrix, we will use script
capital letters to denote elements of L(R", R™*"), while keeping, as always, the Roman capitals

to denote matrices (that is, elements of L(RP, RY)).

5.1 Motivation: Robust Semidefinite Programming

5.1.1 Preliminaries

Recall that Robust Optimization (RO) methodology considers a family P of instances — usual
optimization problems of common structure (including objective) and data of the constraints
running through a given uncertainty set Y. RO and associates with such a family its Robust
Counterpart (RC) — a semiinfinite optimization program where one seeks to minimize the original
(common for all instances) objective over robust feasible solutions — solutions which are feasible
for all instances of P. Even with “nice” — convex and efficiently solvable — instances, the RC of
P has infinitely many (convex) constraints and as such can be intractable. Whether the latter
indeed is the case, it depends on structure of the instances. For structures of primary interest
(uncertain Linear/Convex Quadratic/Semidefinite problems) the situation with the “tractability
status” of RC is as follows.

1. In the simplest case of uncertain Linear Programming, where instances of P are linear
programs min{c’z : Ar > b} with common objective and common number of linear
€T

inequality constraints, and the uncertainty set U is a set in the space of the data [A, b] of the
instances, the RC of P is computationally tractable, provided that U/ is a computationally
tractable convex set (e.g., a set given by finitely many explicit convex constraints) [3, 4,
16, 17];

2. In the case of uncertain Conic Quadratic Programming, when the instances of P are conic
quadratic programs

min {CTSL' Az —bllo < cfx —d;, i =1, ...,m}
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with common objective, common number m of conic quadratic constraints and instance-
independent dimensions of b;, i = 1,...,m and the data £ = {A4;,b;,c;,d;}]", running
through a convex uncertainty set ¢ in the space RY of appropriately chosen dimension N
(equal to the total number of entries in the data), effective solvability of the RC depends
on the geometry of U. Specifically, the RC is computationally tractable when U is an
ellipsoid, and may become computationally intractable for ¢/ as simple as a box in the
space RY of the data.

3. The most difficult case is the one of uncertain Semidefinite Programming, where the in-
stances are of the from

. T _ i .
nin cia: Ai[z] = AV + ;xjAg =0,i=1,...,mp, (5.1.1)

where Ag € S%. It is always assumed that all instances of P have common “structure”
(¢,m,n1,...,ny,), while the remaining data {A] € §*1,j =0, ...,n}™, run through a given
uncertainty set ¢/ in the corresponding data space RV (with N equal to the number of
m
free entries > dim S¥ in the uncertain data).
i=1
In the case of uncertain Semidefinite problem P, the RC, aside of few very spacial cases
[2, 1], is computationally intractable. In particular, the latter is the case already for U as
simple as an ellipsoid [20, 6].

5.1.2 Approximate Robust Counterparts

When the RC of an uncertain problem P is computationally intractable and thus essentially
useless, the RO methodology suggests to use the “second best” — an approximate RC defined as
follows [3]:

Assume, as it usually is the case in applications, that the uncertainty set U of the
uncertain problem in question belongs to a parametric family of the form

Z/{p :§*+pW,

where &, is the “nominal” data, YV is a symmetric w.r.t. the origin convex compact
set in the space RN of the data — the set of data perturbations of magnitude < 1,
and p > 0 is the “uncertainty level”, so that p = 0 corresponds to no uncertainty at
all, and the larger is p, the larger is the uncertainty set. W.l.o.g. we may assume
that the actual uncertainty set U is ;. With this approach, both the uncertain
problem and its robust counterpart become members, corresponding to p = 1, of
parameterized problem families {P = P,},>0, {RC = RC,},>0.

Now, a computationally tractable optimization problem

min {CTZC :S(x,u) < 0} (RC

T,

is called an approximate Robust Counterpart of RCy, if it has the same objective
c’'z as the RC ngld therefore as all the instances of P), and the projection X of the
feasible set of RC onto the space of z-variables is contained in the feasible set A3
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of the “true” Robust Counterpart. In other words, replacing intractable RC with
its tractable approximation, we still are “on the safe side” — the x-components of
feasible solutions to the approximation are robust feasible solutions of P = P;.

The quality of an approximate RC is quantified by its tightness factor — the infinum
0 of those p > 1 for which X (this set is contained X} by the definition of an
approximation) contains the feasible set X, of the RC RC,. Thus, a tight within a
factor 6 approximate RC of P is “at least as conservative” as the true RC of the
problem, and is “at most as conservative” as the true RC of the problem with 6 times
larger uncertainty level. When the tightness factor is moderate, the approximate RC
in question is, from the practical viewpoint, a reasonable substitution of the true RC.

Results on “tight” approximate RC’s are known primarily for uncertain Conic Quadratic pro-
gramming [9]. They state that when the uncertainty space U is the intersection of a finite
number K of concentric ellipsoids in the data space RY:

D={¢=¢6+A6c RN PAC=0,ATS,AE<p? k=1,..,K},
where S; = 0 and > S; = 0, and the right hand side data ¢;, d; in conic quadratic constraints

k
are certain (i.e., that PA{ = 0 implies that Ac; = 0, Ad; for all ; this assumption can be
somehow relaxed), then the RC admits a computationally tractable approximation tight up to
factor O(1)y/In(K + dimz) (which, for all practical purposes, is at most a moderate constant).
There are no similar approximation results for uncertain Semidefinite programming, aside of two
exceptions. The first exception is the results of [8], where U is a special type box (we shall present
these results in full details later). The second exception are the results of [6] corresponding to
the case when U is a general type box or a general type ellipsoid in R™. For both cases, [6]
offers approximate RC’s with tightness factors O(1)/min[N, v|, where v = max v; is the largest

row size of the matrices A?, i =1,...,m. (which is also called the size of the LMI (Linear Matrix
Inequality) AY + > z;A7 = 0).
J

5.1.3 Robust Counterpart of uncertain Linear Matrix Inequality and Norm
bounding

Observe that the RC of uncertain Semidefinite problem P with instances of the form (5.1.1) is a
“constraint-wise” notion: when passing from P to its RC, we preserve the objective and replace
every one of LMIs ‘
A? + Z xjAg =0
J
with its Robust Counterpart

Z%A] = 0V[AY, ..., A" e U;,

where U; is the projection of the uncertainty set U on the subspace of the data of i-th LMI
A;lz] = 0. Now, replacing the RC’s of every one of the uncertain LMIs with their 6-tight
approximate RC’s, we arrive at 0-tight approximate RC of P. Thus, we may focus on the
problem of building an approximate RC

A+ 2 A =0 V[A°, . A eU (5.1.2)
J
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of a single uncertain LMI with 47 € SY.
Assume, as it usually is the case in applications, that the uncertain data [Ag, ..., A,] in (5.1.2)
is affinely parameterized by a perturbation vector ¢ € RF:

k
U={[A" .. A" =AY . AN+ D &lAY, ... A], €€ VY, (5.1.3)

where V is a centered at the origin convex solid (convex compact set with a nonempty interior)
in R*, or, which is the same, V is the unit ball of certain norm || - || on R*:

V={¢eR": ¢ <1}
We are about to demonstrate that

(!) The Analysis problem associated with (5.1.2), that is, the problem of checking
whether a given z is or is not feasible for (5.1.2), is equivalent to the problem of
computing the (|| - ||, | - | )-norm of an appropriate mapping A, : R¥ — 8",

Indeed, when substituting in the left hand side of (5.1.2) representation of uncertain data via
the perturbation vector, (5.1.2) becomes

Z&zAz Ala] Y(€ e R* 1 i¢] < 1), (5.1.4)

where A[x| and Ag[z|, £ = 1,...,k, are affine matrix-valued functions taking values in S” and
readily given by the parameterization of the data via &:

Alx] = ijA*, Aylx Zx]A]
7=1
Now, there is an evident necessary condition
Alz] = 0

for (5.1.4) to be valid at a given point z; moreover, it is easily seen that in fact the restriction
of A[z] onto the linear span of the image spaces of Ay[z], ¢ = 1,..., k, should be positive definite.
In order to avoid unessential technicalities, let us strengthen this assumption to

Alz] > 0, (5.1.5)
and let us ask ourselves when (5.1.4) indeed is valid, given that (5.1.5) holds true. The answer

is immediate: in the case of (5.1.5) relation (5.1.4) hods true if and only if

At = ZA Y2 [2) Agla] AP [2] < L V(S [IE] < 1), (5.1.6)

AI’

or, which is clearly the same, if and only if
I, R AL, V(€] <1). (5.1.7)

The two-sided inequality in the left hand side of < clearly is equivalent to |A;|e < 1, and we
have arrived at the following simple
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Proposition 5.1 Let the set V in (5.1.3) be the unit ball of a norm ||-|| on R¥, and let a design
vector x € R™ be such that (5.1.5) holds true (which is “nearly necessary” for the validity of
(5.1.4)). Then x is feasible for the Robust Counterpart (5.1.4) of the uncertain LMI in question
if and only if

Az 1o < 15

where A, € L(RF,SY) is given by (5.1.6).

Proposition 5.1 reduces the problem of checking whether a given z is feasible for (5.1.4) to
computing the associated norm of the linear mapping A,. When the latter problem is intractable,
but we have in our disposal a tight efficiently computable upper bound W(A) on [[Ag|l|./|,}-|e0
the efficiently verifiable constraint

U(A,) <1 (5.1.8)

is an approximation of the RC (5.1.4) of the uncertain LMI in question (up to the fact that (5.1.8)
not necessarily is a convex constraint on x), and the tightness factor of this approximation is

at least as good as the tightness factor of the upper bound ¥(:) on the norm || - [|j. .- Thus,
building approximate RC of our uncertain LMI can be reduced to bounding from above the
latter norm. We are about to investigate the latter problem in the case when || - || is || - ||,

1 <p < o0, that is, in the case when the norm to be bounded is ||.4

p,00-

5.2 Bounding ||.A]

b,o0

In the sequel, we focus on building efficiently computable upper bound on the quantity ||.Al|p oo,
where

k
A€ = Z{gAe :RF — 8V (5.2.1)
/=1

here A’ are symmetric v x v matrices (“columns” of the linear mapping .A).

Computational status of the problem. There is not that much known about the compu-
tational status of the problem of computing ||A|y . for generic A € L(R¥,S¥). Of course, the
problem is easy when p = 1 (see Section 1.3.1):

| Al[1,00 = max |AZ|oo = max ||A£H272. (5.2.2)

1<t<k 1<t<k

This is the only case when the problem is known to be easy; on the other hand, the only known
cases when the problem is provably NP-hard are those of p = 2 [20] and p = oo [8]. When
p = oo, the problem is NP-hard already when the “columns” Af are restricted to be of ranks
< 2. The latter case covers the MAXCUT problem [8], which implies, in particular, that it
is NP-hard to approximate ||Al|s 0o Within 4% accuracy (see Section 1.3.2), even when A’ are
restricted to be of ranks < 2.

Known approximation results for the problem of computing ||Al|,~ are restricted to the
cases of p =2 and p = .
e For the case of p = 2, an efficiently computable upper bound on ||A||2,« was proposed in

[6], where it is proven that the tightness factor of this bound does not exceed min[kz, V%]
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e For the case of p = oo, an efficiently computable upper bound on ||Al|sc,cc Was proposed
in [6], where it was proven that the bound is tight within the factor v/kv. This result was
significantly improved in [8], where it was proven that the tightness factor of the bound in
question does not exceed O(1),/z1, where y is the maximal rank of the matrices A°.

Strategy. Summarizing the above discussion, we have in our disposal efficiently computable
upper bounds on || Al|p. for the cases of p = 1 (where the bounds in fact are exact) and of
p = oo, and our strategy will be to “interpolate” these bounds from the endpoints 1, co of the
range of p to the entire range of p, similarly to what was done in Chapter 4.

Before implementing our strategy, we present the results on bounding ||A||ec 00 from [8].

Matrix Cube Theorem and bounding || Ao 0. Similarly to Section 5.1.3, we start from
the following simple observation:

(O): The relation || Al|so,0o <t is equivalent to the fact that

S GA T V(E gl < 1). (5.2.3)
J4

A simple sufficient condition for the validity of (5.2.3) is given by the following immediate
observation:

Lemma 5.1 Assume that there exist matrices X, € S such that
Xo= AL Xp= - A

and
> Xy <t
V4

Then (5.2.3) is valid.

Indeed, with X, as in the premise of Lemma we have S &A¢ < S X, < tI for all £ with
¢ ¢

1€]loc < 1. O
Lemma 5.1 implies the following simple

Corollary 5.1 The optimal value in the explicit convex optimization problem

t,X1,...,7k

U(A) = min {t Xy = AL Xy = —AN =1, k)X < tl} , (5.2.4)
y4

where At are the “columns” of the linear mapping A¢ = 3. &AL : RF — S, is an upper bound
L

on || Al|sc,c0-

The Matrix Cube Theorem [8] quantifies the quality of the bound ¥, (.A) in terms of the maximal
rank of the matrices A*. The result is as follows:
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Theorem 5.1 [Matrix Cube Theorem, [8]] Consider a linear mapping A& = 3" & A" : RF — S¥,
l
and let
— 1
po= max Rank(A").

Then
”‘AHOO:OO é \IIOO(A) é ﬂ(M)HAHOO,OO) (5.2.5)

where Voo (A) is given by (5.2.4), and Y(s) is a universal nondecreasing function of positive
integral argument s such that

ﬁﬂ%:LﬁQ):%,M@::2mm0@)§ 7s/2 for all s. (5.2.6)

We add to this the following simple observation:

Lemma 5.2 One always have
U (A) < K| Alloo,00- (5.2.7)

Indeed, let r = 1121?<Xk|Aé‘oo = [|All1,00- Since [€]|1 > ||€]|oo, We have r < || Allso,00. Now,the

optimization probfer;l in the right hand side of (5.2.4) has a feasible solution X, =rI, ¢ =1, ..., k,
t = kr, so that U (A) < kr < k|| Alloc,c0- O
We have arrived at the following

Corollary 5.2 Let p be the mazimal rank of the “columns” A of a linear mapping A¢ =
S &AL RF — SY. Then
‘

Qp, k) = min[d(p), k] < O(1) min[\/p, k] < O(1) min[/v, k].

Implementing the strategy. We start with the following observation (cf. Proposition 4.1):

Proposition 5.2 Let A =Y & A" : RF — SY be nontrivial (not all A* are zeros), and let
l

f(@) =log (Al 1 ) :[0.1] = R.

Function f is well-defined convex nonincreasing function of o € [0,1], and this function is
Lipschitz continuous with the constant Ink.

Proof. By symmetry, we have

o (1143 ) = o (1.4°

. — * . * o .
-mwd) %%%%@Aﬁb) Wm_%,

fa(a)

here | - |5, is the norm conjugate to | - | (that is, |- |5, = |- ]1). By Proposition 1.1, every
one of the functions f4(«a) is either identically —oo, or is a convex, nonincreasing and Lipschitz
continuous, with constant logk, function of « € [0,1], It follows that the latter properties are

shared by f(a) = sup ;ax <1 fa(c). =
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Invoking Lemma 4.1, we extract from Proposition 5.2 that

p—1

1 p=1 p=1
€ [1,00] = [llpoe < IMAIF o AllsZoo < k5 [ Allpor (5.2.9)

whence, invoking Corollary 5.2,

p—1 p—1

[ Allpoo < Wp(A) = [LAIF o ¥od (A) <K 2O (k) [ Al

— )4
po= max Rank(A®),

(5.2.10)

where Wo.(A) is given by (5.2.4) and Q(u, k) is given by (5.2.8). Note that bound V¥,(A) is
efficiently computable along with || Al[1,0c = max |A?|oo. We have arrived at the following result,

which is the main result of this Chapter:

Theorem 5.2 Let A¢ = 5. &A¢ be a linear mapping from R* to S, and let
¢
= k(AY).
= g k()

Then || Allpoo admits an efficiently computable upper bound ¥,(A) given by (5.2.10), and the
tightness factor of this bound do not exceed
p—1 p—1 —1 p—1 p=1 p—1
O,k p) = K7 (minfd(), k)5 < O (minfy7i, )7 < (DK (minly/s, k)5
(5.2.11)
where the universal function Y(s) satisfies (5.2.6).

Discussion. A. Let us look how large could be the tightness factor ©. In view of (5.2.6), we

have )

O, p, k) < O(1)k »* (min[/v, k)7
It follows that

O(u,p, k) < 0(1){ (5.2.12)

In the most interesting case of p = 2, we have

O(u, 2, k) < 0(1){

In the case of p = 2, k = O(1)v, our tightness factor coincides, within a factor O(1), with the
tightness factor y/min|v, k] of the bound on ||A||2,,c presented in [6] (note that this bound is
different from Wy(A)). In contrast to this, when k << v or k >> v, our tightness factor is
essentially worse than the one for the bound from [6]. Note, however, that the analysis we have
carried out so far deals with the worst case of u = v, which is not the case in applications
we are primarily interested in, that is, applications in uncertain Semidefinite Programming. In
these latter applications, especially those coming from Robust Control, i is usually a moderate
absolute constant, like 2 or 4 (see [8]), while v can be large. When p = O(1), bound (5.2.11)

becomes )

O, p k) < O()k7® < O(1)ki,

NI
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where the “worst case” corresponds to p = 2, and in this worst case our tightness factor os
O(l)k‘i, which is much better than the tightness factor \/mink, v] of the bound from [6], pro-
vided that v >> V/k, which is nearly always the case in applications.

B. Let us look what are the consequences of our bounding scheme for || A||, o in the context of
uncertain Semidefinite Programming (Section 5.1.3), where we are interested to build a tractable
approximation of the RC of an uncertain LMI, that is, of the semi-infinite constraint

k
> &eAda] 2 Afa] V(€ IE]l, < 1), (5.2.13)
/=1

in the domain
X = {z: Alz] > 0};

here z € R" is a design vector, and A[z], Ai[x], ..., Ax[x] are symmetric v X v matrices affinely
depending on z. As it was explained in Section 5.1.3, given an efficiently computable upper
bound ®(A) on the norm [|Al|, of a linear mapping A € L(R",S"”), we can approximate
(5.2.13) in X with the efficiently verifiable constraint

Alz] = 0 & ®(A,) <1, (5.2.14)

where

Aol =D &AM 2] Ay[2] A2 [a);
V4

this approximation is safe, in the sense that every feasible solution of the approximation is
feasible for (5.2.13), and the tightness factor of the approximation does not exceed the one of
the bound ¥(-).

We are interested in the case when the bound ®(-) in question is W,(-). In this case, the
approximation becomes the system of constraints

) —sAlz] 2 Aglz] < sAlx], £=1,..
1) Yir Adal, Yo m —Agfal, 6=1,...k
2) XY = tAlz]

¢

1 p—1

c) srtr <1
d)  Alz] >0

a

o o

(5.2.15)

~~ ~~ A~

in variables X s,t,Y7,..., Yy, in the sense that a candidate solution x € R"™ satisfies (5.2.14) if
and only if = can be extended, by properly chosen s,t, Y7, ..., Y} to a feasible solution of (5.2.15).

Indeed, when x € X, (a) can be equivalently rewritten as —sI < A~Y2[x]Ag[z] A~/?[x] <

sI, that is, (a) says exactly that s > ||Az|l1,0c. Similarly, setting X, =

AV2[2]Y, A712[z], we see that (b) says exactly that t > W, (A,). With these

observations, a possibility for a given x € X to be extended to a feasible solution of

1 p—1

(a — c) is equivalent to the inequality ¥, (A;) = V] (Az) ¥ (Az) < 1.
A severe drawback of approximation (5.2.15) is that the approximation is not a system of convex
constraints on all variables involved, due to the presence of products sA[z], tA[x] and constraint
(c), which defines a nonconvex set in the quadrant s,t > 0). As a result, the projection X of
the feasible set of the system on the space of X-variables can be a non-convex set, which makes
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it unclear how achieve the ultimate goal associated with approximate RC, which is to optimize
over X a given convex objective. There is, however, a way to circumvent, to some extent, this
severe drawback. Specifically, note that as far as the projection X" of the feasible set of (5.2.15)
on the space of z-variables is concerned (this projection is all we are interested in), we lose
nothing when making (c) an equality rather than inequality, that is, when setting s = t!~P. The
resulting system of constraints in variables x,t, Y7, ..., Y} is

(a) —t'"PA[x] = Aylx] <tV PA[x], £L=1,...k

(b.1) Yo Aga], Yor —Agfa], £=1,...k

(b.2) Y, < tA[z] : (5.2.16)
¢

d) Alz] =0

When t is treated not as a variable, but as a fixed parameter, (5.2.16) becomes a system of
explicit convex constraints on the variables x, Y7, ..., Y%, so that we can efficiently optimize a
given (convex) objective f(x) over the projection X* of the feasible set of this system onto the
space of z-variables. Now we can choose a “resolution” v > 1, say, v = 1.5, and approximate X
by the union of X* over t’s of the form 9, M_ < q < M, where integers M_, M, are chosen
in such a way that the segment [y~ ,yM+] definitely covers all values of ¢ which might be of
interest. In applications, it usually is not a big deal to choose appropriate M_, M ; moreover,
when v is not too close to 1, one usually can ensure that K = M, — M_ + 1 is a moderate
integer. With this approach, the problem of optimizing a given convex objective over X, reduces
to solving K efficiently solvable problems of optimizing the objective over X7, M_ < ¢ < M.,
and choosing the best — with the smallest value of the objective — among the optimal solutions
to these K problems. It is easily seen that the tightness factor of the resulting approximation
scheme is just by factor 7 larger than the tightness factor of the underlying upper bound Wy(-).
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